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1. (i) Ais an algebra. First N € A is clear. Next if A € A, and n € A°, then n ¢ A and then
n+5 ¢ A, since otherwise n = (n+5) — 5 would be in A, which it isn’t, and if n > 5 thenn—5 ¢ A
since otherwise n = (n —5) + 5 would be in A. So n € A° implies n +5 € A°, and if n > 5 then
n—>5 € A° hence A° € A.

Also if A,B € Aand n € AU B, then n € either A or B (or both). Sayn € Athenn+5€ A
son+5H € AU B, with the same conclusion if n € B. In the same way n —5 € AU B if n > 5. So
AUB e A
(ii) Not an algebra: [0, 1] is in .4 but its complement is not.

(iii) This is an algebra. Suppose A € A. Then if A is finite R\ A® = A is finite, whereas if R\ A is
finite then A° = R\ A is finite, so in either case A° € A.

Also if A, B € A, then either A and B are both finite or one of them has finite complement. In
the former case, AU B is finite. In the latter, if say A€ is finite, then R\(AU B) C A€ is also finite.
So in each case a U B € A.

2. Let X be the maximum of the two numbers. The possible values of X are 1,2,--- 6. The sets
of the partition are then Aj,--- , Ag where Ay is the set of pairs (4,7) with max(i,j) = k. There
are 0 sets.

3. Fori =0,1,2,3 let A; be the set of outcomes with exactly ¢ heads. Then Q = U?_jA; is the
required partition. We have Ag = {TTT}, Ay ={HTT,THT,TTH}, A, ={HHT,HTH,THH},
As;={HHH}.

4. There is one algebra for each way of partitioning €2 into disjoint non-empty sets, and a simple
count shows there are exactly 15 such partitions (1 with a single set of size 4, 4 with two sets of
size 3 and 1, 3 with two sets of size 2, 6 with three sets of size 2-1-1, and one with 1-1-1-1).

5. It is clear that A is closed under finite unions, so it remains to show that A € A implies A° € A.
To simplify notation let D denote the collection of all sets D such that either D or D¢ belong to
B. Then if A € A we can write A = U]_,C,, where C; € C. Then A° = NI.,Cy and we have
Cs = Ufileij where D;; € D. Then z € A if and only if, for each ¢ = 1,2,--- ,n, x belongs to at
least one D;; where 1 < j < k;. Then we can write A° = U(Dy;, N--- N D,;,) where the union is
over all choices of jq,---, 7, with 1 < j; < k;.

6. (i) This is countable: let ry,ry, -+ be the rationals arranged in a sequence. Then for each n,
the set A, of triples (a, b, r,) with a,b € Q is countable as the set of pairs of rationals is countable
(lectures), so U, A, is countable

(ii) not countable - if it was countable then since Q is countable, (0,0.1) would be countable, which
can be disproved by using decimal expansions (just as the proof in lectures that R is uncountable).
(iii) this is countable: let Ay be the set of all sequences (m,) such that m,, = 0 for n > k. Then
Ay is in one-one correspondence with the set of all k-tuples of integers, which is countable by the
argument used to show (i). Then the given set is U2, Aj which is countable.

7. Suppose A € C. Then if A is countable R\ A° = A is countable, whereas if R\ A is countable
then A°= R\ A is countable, so in either case A° € C.

Now suppose Ay, As,--- € C and let A = U Ag. If all Ay are countable then A is the union of a
sequence of countable sets and hence countable. Otherwise there exists k£ such that Aj is countable
and then A C A¢ is also countable. In either case A € C. Hence C is a o-algebra.

Then, if A is the algebra defined in 1(iii), C is a o-algebra containing .A. On the other hand
if D is any o-algebra containing A then, as any countable set is a countable union of finite sets,
D contains all countable sets, and then also their complements, so C C D. So C is the g-algebra
generated by A.
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8. Let A be the o-algebra generated by the open intervals. It was shown in lectures that any open
interval is in B, hence A C B. On the other hand any interval of the form [a,b) can be written as
a countable intersection of open intervals N, (a — %, b) and so is in A and similarly for intervals
like [a, 00) and (—o0, b). Since B is generated by such intervals we conclude that A = B.

9. We have ) = Ay € A. If A € A then A = Ag for some E and then A° = Ag. € A. Finally if
By, By, --- € Athen B; = Ap, for some E; C N and then U;B_Ap € A where F' = U,;E;. So Ais a
o-algebra.

Suppose (Aj, Ag, - - - ) forms a partition of R. Since R is uncountable at least one A must contain
more than one point, say x,y € Ay with x # y. Now let B be an open interval containing = but not
y. Then B is a Borel set but cannot be expressed in the form UjcgA; (for if it could, since z € B
we must have k € E but then y € B, a contradiction).

10. A is the set of z such that there exists m € N such that for all n € N we have |f,(z)] < m. So
we have A = UX_ N, A,,, where A, = {x : |f.(z)] < m} is a closed set. Hence A is a Borel set.

11. Let U = U,U, be the union of a family (U,,) of open sets. Let x € U. Then z € U, for some a.
Since U, is open there is 6 > 0 such that the ball B = {y : |x — y| < ¢} is contained in U,. Then
B C U. Hence U is open.

By taking complements it follows that the intersection of any family of closed sets is closed.

12. The Cantor set E is expressed as N, L, where each FE), is a finite union of closed intervals
and hence is closed. So by problem 11 E' is closed.

13. Fixa € Rand let A ={z: f(z) > a}. We have to show A is a Borel set. Now x € A iff either
x > a and x is irrational, or < —a and z is rational. So A = {(a,00) NQ°} U {(—o00,—a) N Q}.
As the intervals are Borel sets and Q is Borel, so also is A.

14. If @ > 0 then {z : k(z) > a} = {z : h(z) > a'?} U {z : h(z) < —a'/?} is a Borel set. And if
a < 0 then {z : k(z) > a} = R so in all cases it is Borel. Hence k is a Borel function.
Now if f and g are Borel functions then f + g and f — g are Borel (lectures) and by the first

part so are (f + ¢)% and (f — g)?. Then finally so is fg = i{(f +9)2 = (f—9)*}

15. Suppose B, € Aand B = U, B,,; we need to show that B, € A. Let A, = B,N(BU---B,,_1)° €
A. Then the sets Ay, Ay, --- are disjoint and B = U, A, € A.

16. Suppose f is C-measurable. For each a € R let E, = {z € R : f(z) > a}. Then for each a,
either I, is countable or Ef is countable. Now R = U,z E,, and R = U, ¢z ES so we cannot have
E, countable for all a or E countable for all a. Also E, countable implies £, countable for d > a.
Hence there is b € R such that E, is countable for a > b and E is countable for a < b. Then
Ey = UpEpi -1 is countable and {x : f(x) < b} = U, Ey  _, is also countable. Hence {z : f(x) # b}
is countable, as required.

Conversely, if there is a countable set £ and b € R such that f(x) = b for © € E° then the set
E.{z : f(z) > a} is countable if ¢ > b, and has countable complement if a < b, so in either case
E, € C, and hence f is C-measurable.

17. If E is a subset of [0,00) let E; = EU{—z : x € E}. Then £ — E gives a one-one corre-
spondence between subsets of [0, 00) and symmetric subsets of R. This correspondence preserves
complements (w.r.t. [0,00) and R respectively) and countable unions, so g-algebras on [0, c0) cor-
respond to o-algebras of symmetric subsets of R. Hence A corresponds to the o-algebra on [0, c0)
generated by sets of the form {z € [0,00) : x > b}, and this is the algebra of Borel subsets of [0, c0).
So A consists of all sets of the form Eg where E is a Borel subset of [0, 00), and these are precisely
the symmetric Borel subsets of R.
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18. Let A, B € A be disjoint. Then A° and B¢ cannot both be finite. If A and B are both finite
then AU B is also finite and p(AU B) =0 = p(A) + pu(B). If A and B¢ are finite then (AU B)° is
finite, so p(AUB) =1=0+1= pu(A) + pu(B). So in all cases (AU B) = pu(A) + u(B) and so u
is additive.

Now let A, = {n} for n € N. Then U,A,, = N and u(N) = 1 but p(A,) = 0 for each n so
> u(A,) =0 and so p is not countably additive.

19. (Note: question should say p({r}) = (|p|> + ¢*)~'). From lectures we know that there is a
measure 4 with the given property (and say p(0) = 0 - the case r = 0 not being covered by r = §
with p # 0). We have to show finiteness. Now

p@Q =Y ur< D P+ =2> 0+

reQ p#0,p€Z,qEN p,g€EN

0o oo q 00
<4 Y PH)T=4) Y 0+ §422q‘3=421q‘2 <00
p

p,qEN;p<q q=1 p=1 g=1 p=1

s}

as required.

20. We first show that u(A) > 0 for all A € C. If A is countable this follows from the definition. If
A° is countable then p(A°) <> a, <bso u(A) =b— pu(A°) > 0.

Next we show countable additivity. Let A, Ay, -+ € C be disjoint and let A be there union.
Then it is impossible for more than one of the A, to have countable complement. This leaves
two cases. First, if all Ay are countable, then pu(A) = > a0 = Y, > ca an = > u(Ag).
Second if one of the A, say A;, has countable complement (and the rest are countable) then
A° is countable and Af = A°U U, Ag. Thus p(AS) = (A9 + > oo, w(Ag). hence p(A) =
b— (A =b— p(AS) + > 00, w(Ag) = p(Ay) + > 00, u(Ar) = >0, w(Ag) as required. Finally
w(R) =b— u(d) =b < oo so uis a finite measure.

21. If A € G then for some n, A depends only on the first n tosses, which means

A = U, .50)epA(51, -+, 5,) where I is a subset of the set of possible choices for (s; - - - s,). Then we
define pu(A) = 27"#FE (where #E is the number of members of E). This definition is independent
of the choice of n - if we replace n by n + 1, then each (s;---s,) € E is replaced by two sets
(s1-+-s,H) and (s1---5,T), so the size of E doubles but we replace 27" by 27""! so we get the
same value for p(A).

If now A, B € G are disjoint, then we can choose n so that both depend only on the first n
tosses, and then we can write A = U,..s,)epA(S1, -+, 5n) and B = Us,..s,)erA(s1, - -, 5), where
E and F are disjoint. Then (AU B) =2"#(EUF) = 27"#E +27"#F = p(A) + u(B) so p is
additive.

Now suppose A(sy,---,s,) C UgEy where E, € G. Write F,, = Uj*,E,,. Suppose there
is no m such that A(sy,---,s,) C Fy,,. Then we can write A(sy, -+ ,8,) = A(s1,-+, 80, H) U
A(sy, -+ ,8p,T). Now, if A(sy,-+-,8,, H) C F,,, and A(sy,--+,8,,T) C F,,, then we would have
A(sy,--+,s,) C F,, where m = max(my, msy), and this is not true. So for at least one choice of
Spe1 = H or T we have that A(sy, -, S,+1) is not contained in F), for any m.

Then we can repeat this process and obtain s, 9,--- so that, for any r > n, A(sy, -+ ,s,) is
not contained in any F,,. Then let w = (s1,82,-+). Then w € A(sy,---,s,) C UE, sow € E,,
for some m. But E,, € G, and so depends only on the first r tosses, for some r. But then
A(s1,--+,8) C E, C F,, a contradiction. This shows that A(sy,---,s,) C F,, for some m as
required.
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Now we use this result to show p is countably additive on G. Suppose A € G and Fy, Ey,--- € G
are disjoint with union A. We have to show 1(A) = >~ u(Ey). As A € G we can write A = Uj_, B;
where each B; is of the form A(sy, -, s,), so that by the above result B; C U;” . Then A C Uk_lEk
where m = maxj_, m;. But the Ek are disjoint and A = U2 | Ej. Hence A= U}f:lEk and E), = ()
for k > m. So pu(A) =>"7", w(Ex) = > ro, 1(Ey), proving countable additivity.

22. We use the correspondence between E and the set ) of problem 21, as described in section 1.4.
This is a one-one correspondence under which the o-algebra Br of Borel subsets of F maps to the
o-algebra F on (2 generated by G. Then the measure u on F constructed in problem 19 corresponds
to a measure v on Bg - meaning that if B € Bg then v(B) = u(A) where A is the corresponding
set in F. Then if I is one of the constituent intervals of FE,, I N E corresponds to A(sy,--- ,s,) for
a suitable choice of s; - - s, so that v(I N E) =27".

23. First note that if € > 0 then we can find F, Fy,--- € A such that > u(Fi) < MA) + ¢, and
A C UFy. Then if we let F' = UF), we have FF € F, A C F, and A\(F) < A\(A) + e. Using this with
e =n~', we can find, for each n € N, a set E,, € F, such that A C E,, and A\(E,) < AM(A) +n~ %
Then let = N, E, € F. Then A C E, so \(E) > AA). Also A(E) < M(E,,) < M(A) +n~! for each
n, so A(E) < A(A). Hence A(E) = A(A).

24. Forn € Nlet F,, = E, NE; ;. Then F, € F, the sets I}, F5,--- and E are all disjoint, and
E, = EU (U2, Fy) for each n € N. Then u(E,) = u(E) + > o, 1(F,). So the series > u(F},)
converges, and p(E,) — pu(E) = ro w(F,) — 0 as n — oo.

25. u(En) = > ep, M({k}) = oo since there are infinitely many k € E,, and p({k}) = 1 for each.
If m € N, E, then m > n for all n, which is impossible, so N, E,, = 0, so u(N,E,) = 0.

26. Let E be the set of z € [0,1] having no 7 in its decimal expansion. Then E = N, E,, where
E,, is the set of x € [0,1 having no 7 in the first n places. Then E, is the union of 9" intervals of
length 10~ and so A(E,) = (55)" and so A(E) = 0. Likewise for each k € Z the set of © € [k, k + 1]
having no 7 following the decimal point has measure 0, and taking union over k the set of z € R
having no 7 has measure 0.

Now let F,. be the set of x € R having no 7 in its decimal expansion following the r’th place
after the decimal point. Then in the same way as above we have A(F,.) = 0, and so A(F') = 0 where
F = U2 F, is the set of x € R having at most finitely many 7’s in its decimal expansion.

For the second part, we consider the decimal expansion of z in blocks of 10 digits following the
decimal point. Let now E, be the set of = € [0, 1] such that none of the first n blocks is precisely
9876543210. E,, is a union of (10'° — 1)™ intervals of length 1071" so A\(E,) = (1 — 107%™ — 0 as
n — oo. Then the set of z € [0, 1] not having the sequence 9876543210 anywhere in its expansion
is a subset of N, E,, and hence has measure 0. In the same way as before it follows that the set of
x € R having at most finitely many occurrences of this sequence has measure 0.

Finally let A be the set of all finite sequences of digits from {0,1,---,9}. Then A is countable
(this is essentially problem 6(iii)). For each sequence o € A let G, be the set of © € R which have
at most finitely many occurrences of the sequence o in their expansion. The argument given above
for 9876543210 can be applied to any sequence and gives \(G,) = 0. Let G = UyepG,. Then (by
the countability of A) we have A\(G) = 0, and if z € G° then every sequence ¢ occurs infinitely often

in the expansion of x.
27. We have ¢(s) = 1(s™® + ') s0 ¢/(s) = 3(—as "+ (1 — a)s™®) which is 0 for s = 59 =
a(l —a)~'. We see also that ¢'(s) > 0 for s > s5 and < 0 for s < s¢, so the minimum value of ¢ is

&(s0) = %a‘a(l — a)* ! and then P(X,, < an) < ¢(so)" as in the notes.
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28. Let G, be the algebra of sets which depend only on the first n tosses. Each set in G, is a union

of sets of the form A(sy, -+ ,s,), and we can define an additive set function P, on G, by setting
P, (A(s1,- -+ ,8,)) = pfq" " as in the question. To obtain a set function on G we need to check con-
sistency, i.e. that P, and P,,; agree on G,. For this it is enough to check it for A(sy, -+ ,s,).

If sq,---,s, consists of k H’s and n — k T’s then, since A(sy, - ,s,) = A(sy, - ,8y, H) U
A(sy,- -+, sp,T), a disjoint union, we have P, 1(A(s1, -+ ,5n)) = Puy1(A(s1,- -+, Sn, H))
+ P (A(sy, -+, 8, T)) = p"H g F + phgn=FH = pFgn=F =P, (A(sy,- -+ , 8,)) as required.

Thus we obtain an additive set function P on . It now follows from the argument used in
problem 21 that it is countable additive (that argument in fact shows that any finitely additive set
function on G is countably additive).

29. We have, for any s with 0 < s <1, that

n — —an n n— —an n n
P(X, <an)= ) (k)pkqn F<sTm Y (k>8’“p'“q F< s (ps+q)" = o(s)
k<an

k<an

where ¢(s) = s™%(ps + ¢q). To get the most from this inequality we choose s € (0, 1] to minimise
é(s). We find that ¢'(s) = s~ {p(1 — a)s — qa}. So if we set sy = oi—ay and note that sp <1
since « < pand ¢ =1—p < 1 —q, then we have ¢'(sy) = 0, and also ¢'(s) is positive for sy < s <1
and negative for 0 < s < s¢, so we can conclude that ¢ has a minimum at sy and ¢(sp) < ¢(1) = 1.
So we set u = ¢(so) = (%) "*(2)* and then v < 1 and P(X < an) < u™

For the second part, we follow the argument in section 2.3 and let By, = {w : X,, < n(p — 1)}
and Cp, = {w : X;, > n(p + 1)}, and we need to show that Z P(B,) < oo and Y P(Cpi) < 00
for each k. So we fix k and apply the first part with a = , using the fact that X, has B(n, p)
distribution, and obtain u < 1 such that P(B,;) < u" for each n. For C,;, we use the fact that
Cor = {w :n— X, <n(q— 1)}, and note that n — X,, has B(n, q) distribution. Then we can apply
the first part with ¢ in place of p and o/ = ¢ — + < ¢, and obtain v’ < 1 so that P(C,) < u™ for

each n, and the rest of the argument goes as in the p = % case.

30. We take the measure P of problem 25 and transfer it to £ using the correspondence between )
and E described in section 1.4. Then the set of points of E whose ternary expansion starts with a
given sequence of 2’s and 0’s of length n corresponds to a set A(sy, - ,s,), so the measure of the
set is pFg"F

31. Define u(E) = A(¢(FE)) for Borel sets E. This is well-defined since ¢(FE) is then a Borel set,
and one easily checks p is a measure, and p([a,b]) = A([¢(a), ¢(b)]) = ¢(b) — ¢(a).

32. (i) By definition A\y(E) is inf > Ao(R,) taken of all sequences of rectangles R, of the form
la, b) X [¢, d) such that F C U, R,,. Now, given such a sequence R,, we can find, for each n, a sequence
(Qnm) of non-overlapping closed squares with sides parallel to the axes, such that R, = UgR,m,

and then A\o(R,) =D, Ao(@nk). Then E C U, ,,Qnm and an Ao(Qnm) = D, Ao(Ry). It follows
that Ao(E) > inf >, A\o(Qy) and the reverse inequality follows from the countable additivity of As.

(ii) For a square @ with sides parallel to the axes the result is immediate since Ay(Q)) is {* where
[ is the length of its side. Now if £ € £2 and E = {ax : z € E} then, if (Qf) is a sequence
of axis-parallel squares with £ C U(); then E C Uka where Q) = {ax : v € Q) and then

AME) <3 (B = a3, Aa(Ey) and it follows that A(E) < a?Xy(F) and the reverse inequality
in proved in the same way. The proof for {x 4+ ¢: x € E} is similar.

(iii) Suppose @’ is an axis-parallel square with side b. Then \y(Q’) = b%. And Ry(Q’) is obtained
from Ry(Q) by translation and multiplication by b, so by (i) A2(Q’) = b*X2(Q) = b?a = aXo(Q'). Tt
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the follows from (i), by the same sort of argument as used in (ii), that Ao(Rg(E)) = aX2(E) for any
E e’
Then Ao(Rag(Q)) = Xa(Ra(Re(Q))) = a*® and repeating we get Aa(R.9(Q)) = a". Now let
_={27Y2%r 12 € Q} and Q, = {21/2 :x € Q}. Then X\ (Q-) = 3, and X (Q4) = 2, and
Q- C Ry9(Q) C Q. for each n. Hence 1 < a™ <2foralln € Nsoa = 1. Hence Ay (Rg(E)) = Xo(E)
for all E € L2

33. Let X,, =Y, 27%Y}, then X, is simple, taking the values j27" for j = 0,1,---,2" — 1, the
sequence (X,,) is increasing and X,, — X pointwise. And EX,, = >} 27"EY}; = p(1 — 27") since
EY, = p for each k. Hence EX = lim, EX,, =p

34. If x € [0,1) has triadic expansion 0.€;€; - - -, where each ¢; is 0,1 or 2, then z = Y 77 37%¢,.

When x € F, each ¢ is 0 or 2, and under the correspondence with the coin-tossing sample space
we have €, = 2V}, where Y}, is as in problem 33, and so z = )", , 37%Y},. Then, since v corresponds

to the probability P, we have [xdv(z) =E(2 1o, 37%Y}) =2p> 2, 37" = p since EY}, = p

35. For each n € Z let g(w) = ne for all w such that ne < f(w) < (n+ 1)e. For each w € Q there
is a unique n with this property, so g is well-defined, and it has the required properties.

36. For any choice of Y, =0 or 1 (i.e. for any w), Y (w) has a ternary expansion whose kth digit is
2Y). So Y(w) € E, and hence py is a measure on E. Now if [ is a component interval of E,, for some
n, corresponding to a sequence of n digits each 0 or 2, then Y~}(I) = A(sy, -, s,) where (s;---5,)
is the corresponding sequence of H’s and T’s. So py (1) = P(A(s1,-+ ,s,)) = v(I) where v is the
measure found in problem 27. This is true for all component intervals of all E,, so py (F) = v(F)
for all sets in the o-algebra generated by such I, i.e. for all Borel subsets of E. So py = v.

37. fol ri(log x)Pdr = [‘”q+ (log x)? ] 01 f}:lx(logx)p fe = — 27 [ ' 29(log z)P~'dx. Repeating
Pyl Pyl
we get fo 2i(log x)Pdx = qi)lp fo = q+11))p21
Then 7% = e~oloer = S~ o%' Now logz < 0 for 0 < z < 1 so each term in the

series is positive, and we can apply the MCT to deduce fol r%dx = "(log z)"dx =
Do 1) =370

38. If 2 > 0 then P(Y < ) = P(X? < 2) = P(X < 2/?) = min(2/2,1). So Fy(x) =0if z < 0,
/2 0<z<1,and 1if X > 1.

39. If x > 0then P(Z > 2) =P(X >z and Y = 1) = pe™® so Fz(r) = 1 — pe®. Similarly if
x < 0 then P(X < z) = (1 —p)e®. Then we see that the density function is fz(z) = pe™® for x > 0
and (1 — p)e® for z < 0. Then E(e?/?) = [ e*/2fy(z)dz = (1 — p) fi)oo e 2dx +p [ e dr =
A =p)+2p=301+2p).

40. (a) If E is a Borel set let ET = EN[0,00). Then f7(E) = EtN{zx: —x € ET} which is a
symmetric Borel set, and any symmetric Borel set F is equal to f~(F), so o(f) is the collection of
all symmetric Borel sets in R.

(b) f'({z > A}) = {z > A3} and any a € R is \}/3 for some A so o(f) is the o-algebra generated
by all sets {x > a} for a € R, i.e. B.

(c) If F is a subset of [—%,Z] we define p(F) = US°(F, UG,) where F,, = {2nm +x : © € F}

272

and G, = {(2n+1)7 —z : 2 € F}. Thenif £ € o(f), and F' = EN[—-F, 7], we have E = p(F),
and F is a Borel subset of [-%,Z]. On the other hand, if F' is a Borel subset of [-%,Z], and

279 272
L= {sinx:x € F}, then L is a Borel set (since sin~" is continuous on [0,1]), and p(F) = f~1(L) is

in o(f). So o(F) is the collection of all sets of the form p(F') where F is a Borel subset of {7, 7].

41. P(X, > alogn) = e 8" = n=> and Y n~® converges if a > 1 and diverges if @ < 1 so the
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result follows from the Borel-Cantelli theorem.

P(Y, < alogn) = P(X, < alogn for k=1,2,--- ,n) = (1 —n")" < (e “)* =™ ° using
the fact that 1 —x < e ™ for x > 0. Then if € > 0 and we set « = 1 — ¢, we have n® > 2logn for
large nsoe ™ <n~?and then Y P(22 <1 —¢) <Y e™ < oo and by Borel-Cantelli again, a.s.

logn

> 1 — e for n large enough. On the other hand, by the first part a.s.

Toen
er?ough, SO a.s. 13;”” — 1.

42. P(X, > k) < 3" P(tosses number j,j +1,---,j +k — 1 are all H) < n27*. Considering
m disjoint blocks of k tosses, we have P(X,, < k) < P(none of the blocks is all H) = (1 —27%)™,
Now if & is the smallest integer > (1 + €)log, n then P(A,) = P(X,, > k) < n2-(F9los2n — p=¢ Gg
Yo P(Ay) <30 277 < oo. Similarly P(B,) < {1 — 9-(1=)loga n} T=alozn = (1 — pe=1)Talomn <
e for n large. So > . P(B,) < co. Then from Borel-Cantelli we deduce that with probability

1,1 —e < X2 < 14 ¢ for r large enough. Now (X,,) is increasing so if 2" < m < 27! then
X2’V‘ Xn X27‘+1 X2’V‘ Xz'r T 27‘+1 Xn
mg@g . Now r+1_7(m)_’138 andthesamefor—,solog—nﬁla.s.
2n—1
43. For n > 1 we have I, = I,,_{ + [sinx(cozz)_l 2n il fo cosz(cosx)* tdr =1, — ﬁfn

0 5221, = I,-1. Now (n+1)(2n — 1)* = 4n® —3n+1<4n so (#=1)? < - for n > 1 and so

I, <, /nLHIn,l and by iteration we get [, < \/LI = 2\/%
Next, putting u = kz gives foﬁ(cos kx)2k3dx =< fo cos) 2’“ du = f (cosu) 2’“ du since each of

the 2k intervals of length 7/2 comprising [0, 7] gives an equal contribution. So [;"(cos kx)?F dr =

205 < \/ﬁ Now m < wk3/? so the series Y ey \/W converges by comparlson and so by

the MCT the series > 5o, (cos kz)?*" converges a.e. to a finite sum f(z), and [ f(z)dx is finite.
Also f is periodic with period m so f is integrable on every bounded interval.

44. (i) On [-1,1], f(x) < |z|~'/2, which is integrable on [—1,1], and on |z| > 1, f(z) < |z|73/2
which is integrable on |z| > 1. Hence f is integrable on R.

(i) [f(z)] < # so f is integrable.

(ili) f(z) - 1 as x — —oo so f > 1/2 on an infinite interval and hence f is not integrable inte-
grable.

(iv) f(x) < e 2 for z large and positive, and f(x) < €%/? for z large and negative. And f is
continuous so is integrable on any bounded interval, hence f is integrable on R.

(v) Writing g(z) = 3352, (coskz)® and K = Jo g, which is finite by problem 43, we have
f(m+1)7rg = K by the periodicity of g. Then for m > 0, on [mm, (m + 1) ] we have f(z) < 9(z)

mm 1+m2ﬂ-2
f(mH < 785 Hence [[7f =30, erl)7rf <K Yo o Toamm < 00. Since f is even it
s also mtegrable on (—o0,0] and hence on R.
_1y-3
45. For 0 < x < 1, we have (1—2?)71/2 = 1+(-1)(— 2?)+1 2)2(, 2 (—p?)24e . = Zn e
P ( )4 "z Since all the terms are nonnegative the MCT gives f 212y =
S, (P4 fol r?dr = ZZO 0377 (%), The integral is [sin~" z]§ = 3.
46. M = %(:E + % 4z + -+) for 0 <z < 1, and as all the terms are nonnegative the MCT
z) _

gives — fo Log( i zo - fo 2" tdr = Zn | = (note sign error in original version of question).
47. We have ['1{1 — (1 — £)"}dz = fo = du = f01(1+u+...+u"_1)du =1+14+.. 41
and [" 1dz = logn giving the first part. Now, writing g,(z) = 1{1 — (1 — £)"} and f,(z) =
2(1 = Z)"X (. (x), we have g,(z) — g(z) = 1(1 — e™*) pointwise on (0,1] and f,(z) — f(z) = &~
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pointwise on [1,00). Since (1 — %)" < e we have f,(z) < e on [1,00) and the DCT gives
[ fo — [T f. For g, note first that if ¢(u) = u” — nu then ¢'(u) = n(u"* —1) < 0 for
u € [0,1], and with v = 1 — £ this gives (1 — £)" > 1 — 2. This gives g,(z) < 1, and we also have
gn(z) > 0, so we can apply DCT again and get fol Jn — fol g. Putting everything together now
gives 7, — folg — [ fasn— oo

48. Let V), = log Xj. Then EY} = fol logzdr = —1 and E(Y?) = fol(log z)*dxr < oo so the SLLN
gives a.s. n71Y 0 Vi — —1so (Xp--- X))/ — el



