MAT-4-EAP Essentials in Analysis and Probability M10

1. (a) State what is meant by an algebra and a o-algebra of subsets of a set Q. Give an example

of an algebra which is not a o-algebra.
[8 marks]

(b) What is meant by a Borel subset of R?
Let (f,) be a sequence of continuous real-valued functions of R, and let F' be the set of z € R
such that f,(x) converges to a limit in R as n — oco. Show that F' is a Borel set.
[9]

(c) What does it mean to say that a function f : Q — R is measurable with respect to a o-algebra
A on Q7
Show that if (f,,) is a sequence of functions on €2 which are measurable w.r.t A and f,, converges
pointwise to f on €2 then f is also measurable w.r.t. A.
8]

2. (a) Define the notions of additivity and countable additivity of a set function on an algebra of
subsets of a set ().

Let A be the algebra of all subsets of N which are either finite or have finite complement, and
define p on A by u(E) = 0 if E is finite and u(E) = 1 if E° is finite. Show that u is additive but
not countable additive.

(8]

(b) Let E be the set of all € [0, 1] such that the decimal expansion of « does not contain the digit
3. Explain why E can be expressed as F = N2, E,, where £, is the union of 9" intervals, each of
length 10™". Deduce that E has Lebesgue measure 0.
Hence show that, if F'is the set of real x such that the decimal expansion of x contains the digit
3 only a finite number of times, then F' has Lebesgue measure zero.
[11]
Indicate briefly how your argument could be modified to show that the set of real x whose
decimal expansion contains the sequence 345 only a finite number of times has Lebesgue measure
zZero.
[6]

[OVER]



3. (a) Define the notion of simple function on a measure space (€2, F, u) and explain briefly (without
proofs) how simple functions are used to define the integral [ fdu of a nonnegative measurable
function f.

(8]

(b) Consider an infinite sequence of tosses of a fair coin. Define a random variable Y by Y =
>, 47%Y, where Yy, = 1 if the kth toss is a head and 0 if it is a tail. Find an increasing sequence
of simple functions converging to Y and hence evaluate EY.

[7]
(c) State the Monotone Convergence Theorem, and use it to show that
1, 00 1
x{x +log(l —z)}dr = — —
b ontt e = =30y
By writing m as a difference of two fractions, or otherwise, evaluate the sum on the right.
[10]

4. (a) Let (E)) be a sequence of events on a probability space (w, F,P). Suppose that

> re i P(E)) < co. Show that, with probability 1, Ej occurs for only finitely many values of k.
Hence show that, if (X}) is a sequence of random variables each having an exponential distri-

bution with expectation 1 (i.e. P(X; > x) = e™* for x > 0), and if @ > 1, then with probability 1

there exists n such that X < alogk for all &k > n.

(8]
(b) State the Dominated Convergence Theorem, and apply it to the series 1 — 23+ 2% —- - - to show
that
/1 de 11
o L+a3 4 7
[9]

(c) State the Strong Law of Large Numbers.
Let X1, X, -+ be independent random variables, each having a uniform distribution on [0, 1].
Let Y, = (X1 -+ X,)"". Show that, with probability 1, ¥, — e~ as n — oo.
(8]

[End of Paper]



Solutions

1. (a) A collection A of subsets of € is an algebra if (i) 2 € A, (ii) A € A implies A° € A and (iii)
A, B € Aimplies AU B € A. For a o-algebra (iii) is replaced by Ay, As, -+ € A implies Ua,, € A.

One example of an algebra which is not a o-algebra is the collection A of subsets of N which
are either finite or have finite complement. Then the set of all even integers is not in A but is the
union U2 {2k} of a sequence of subsets of A, so A is not a o-algebra.

(b) A Borel set is a set belonging to the o-algebra B generated by all intervals of the form [a,b)
with a,b € R.

Note that any open set in R is a countable union of intervals of this form, and hence is a Borel
set.

Now F' is the set of all x € R such that, for all £ € N there exists nyg € N such that for
all m,n > ng we have |fn,(z) — fu(z)] < . Thus F = M2 UX_; Nisng Nusng Ekmn where
Erpn = {2 1 |fn(2) — fu(z)] < % Now Ej.n is open since f,, — f, is continuous, hence Ej,,, € B,
and as B is a o-algebra it follows that F' € B.

(c) f is measurable iff {w : f(w) > a} € A for every a € R.

For any a € R we have {x : f(z) > a} = {z :for some k € N there exists m such that for all

n >m we have f,,(z) >a+k™'} =052, U N {z: fulx) >a+ k™ '} € A

2. (a) An additive set function is a mapping p : A — [0, 00] such that p(@) =0 and p(EU F) =
w(E) + u(F) whenever E and F' are disjoint sets in A. p is countably additive if in addition
w(E) =>7" u(E,) whenever Ej, Ey, - -- are disjoint sets in A with union E € A.

Let A, B € A be disjoint. Then A° and B¢ cannot both be finite. If A and B are both finite
then AU B is also finite and u(AU B) =0 = p(A) + pu(B). If A and B¢ are finite then (AU B)° is
finite, so (AU B) =1=0+1= u(A) + u(B). So in all cases (AU B) = pu(A) + pu(B) and so p
is additive.

Now let A, = {n} for n € N. Then U,A,, = N and u(N) = 1 but p(A,) = 0 for each n so
> u(A,) =0 and so p is not countably additive.

(b) Let E be the set of x € [0,1] having no 3 in its decimal expansion. Then E = N, F, where
E, is the set of z € [0,1 having no 3 in the first n places. For each sequence s1$s - -+ s, with each
s; € {0,1,---,9}, the set of z € [0, 1] with decimal expansion starting 0.s - - - s, is an interval of
length 107", and there are 9" choices of s;---s, with no s; = 3. So FE,, is the union of 9" intervals
of length 107",

Then A(E,) = ($5)" and so A(E) < (55)" for each n, so A\(E) = 0.

Likewise for each k € Z the set of x € [k, k + 1] having no 3 following the decimal point has
measure 0, and taking union over k the set of x € R having no 3 has measure 0. Now let F, be the
set of z € R having no 3 in its decimal expansion following the r’th place after the decimal point.
Then in the same way as above we have A(F,.) = 0, and so A(F) = 0 where F = UX | F, is the set
of z € R having at most finitely many 3’s in its decimal expansion.

For the second part, we consider the decimal expansion of z in blocks of 3 digits following the
decimal point. Let now E, be the set of = € [0, 1] such that none of the first n blocks is precisely
345. Then E, is a union of 999" intervals of length 1000~ and the conclusion follows in the same
way.



3. (a) A simple function is a measurable function which takes only finitely many values. A
simple function f can be expressed as f = > ", A\ixp, where E; € F. Then one defines [ fdp =
Yoy Aip(E;) and shows that this is independent of the choice of representation. One also shows
that f < g implies [ fdp < [ gdp for simple f and g. Then if f is nonnegative and measurable,
one constructs an increasing sequence (f,,) of simple functions such that f, — f pointwise. Then
the sequence ([ f,du) is increasing, so tends to a limit, which is defined to be [ fdu. To show it
is well-defined one checks that any other increasing sequence of simple functions converging to f
gives the same result.

(b) Let X,, = >}, 47"V}, then X, is simple, taking values j4™" for j € {0,1,---,4™ — 1}, the
sequence (X,,) is increasing and X,, — X pointwise. And EX,, = > 47*EY), = £ 37} 47F =
%(1 —47") since EY}, = % for each k. Hence EX = lim, EX,, = =

(c) The MCT states that if (f,,) is an increasing sequence of nonnegative measurable functions and
f=lim, f, then [ f,du — [ fdpu.

For |z| < 1 we have log(l —2) = —v — & — % —--- s0
1z 2 =, gt
—2
— log(1 — =4+ 4+ 4=
ool -~ =54 e e =D

Since the terms in this series are all nonnegative, we can apply the MCT to the sequence of partial
sums and deduce that — fol 72z + log(l — z)}de = 30, L [Tan-lgy =3 1

n=1 nt+1 Jo n=1 n(n+1)"

1 1
We have (H)—ﬁ—n—ﬂsothesumtoNterm51s1———|—————|—~-ﬁ—N+l 1—N—+1and
= 1.

letting N — oo gives Zn 1n n+1)

4. (a) If F is the event that Ej, occurs for infinitely many k, then F' = N9°_, U2 Ej and then for
each m we have P(F) < P(U, Ex) < > 1o, P(E;). The assumption ) P(Ej) < oo implies that
Yore P(Eg) — 0 as m — oo, so P(F) = 0 as required.

P(Xy > alogk) = e~8k = k=@ and S~ k= converges since o > 1 so the result follows from
the first part.
(b) The DCT states that if (f,,) is a sequence of measurable functions on 2 such that f, — f
a.e., and if there is a nonnegative function ¢ € L'(u) such that for each n, |f,| < ¢ a.e., then

S fadp — [ fap.

Let fu(x) =1—23+ 2% —.- - + (=) = H%i&"“ Then f,(z) — ﬁ pointwise on [0, 1)
and |f,(x)] <2 on [0,1) so the DCT, applied to the sequence (f,,) and Lebesgue measure on [0, 1],
and with ¢(z) = 2, gives fol fo — 01 11";3. Since fol fo=1—-3+3— -+ g 11 it follows that

1 de Zoo (=1)"

0 14+xz3 n=0 3n+1"
(c) The SLLN states that if X7, X5,--- are independent random Variables with the same distribu-
tion, having expectation p and finite variance, then with probability 1, Z b1 Xk — L aS M — 00.

Let Zy, = log X;. Then Z, are independent with the same d1str1but10n and E(Z) = fo log xdx =

[zlogz —1]) = —1. Also E(Z2) = fo log x)%dx is finite so the variance is finite. Then by the SLLN,
with probability 1, + Zk:l Zr — —landsoY, =exp(: Y} Z;) —e L.



