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An invertible matrix (aij) over Z[G ] represents 0
in the Whitehead group Wh(G ) if . . .
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and consider the more general coefficient ring C, where C" is the integer
ring of a finite algebraic extension h' of the rational field k. We first
investigate the algebra R{G, /;;'). and determine the structure of its
integer ring, and of the unit group of that integer ring. We then show
that a unit of finite order in R{G, C) is trivial, and that the ranks of the
unit groups of R(G,C) and of the integer ring of R(G,k') are equal.
This suffices to prove, for the particular case of the rational ring C, that
R(G. C) has non-trivial units unless either the orders of all the elements of
G divide four, or they all divide six, in which case R(G,C) has only trivial
units. In § 3 we consider groups all of whose elements have finite order,
and shoAv that, if G is such a group, and R(G, C) has only trivial units,
then either G is Abelian, or it is the direct product of a quaternion group
and an Abelian group, all of whose elements other than the identity have
order two. In § 4 we show that R(G}C) has only trivial units if G belongs
to a class of infinite discrete groups that includes free groups and free
Abelian groups.

Section 5 is concerned with a condition on G which can be expressed as
follows: Consider the following transformations on a matrix j|a,-,||,
i, j—1, .... n, whose elements are in R(G,C):

(a) Multiplying a row on the left, or a column on the right by
± e ; that is, replacing the row (aiv ..., ain) by (±ea,-i> ..., ±ea,-n)>
o r t h e c o l u m n (au, ..., ani) b y (±alte, ..., ±anie), eeG;

(b) Adding to one row (column) of | \atj\ | a left (right) multiple
1.2) of another row (column) by an element in R{G, C); that is}

replacing the row (aiv ..., ahl) by (a^+ra^,..., ain+rajn), or the
column (au, ..., ani) by {axi+aur, ..., ani-]-anjr), i=£j, reK;

(<;) Bordering j|alV|| with a row and a column of zeros meeting
in a 1; t h a t is., p u t t i n g au+1 = an+li —0}i=l,...,n, an+ln+1 = 1;

or the inverse of this.

Then the condition on G is that if |ja,v|| has a left inverse |ja:i:,-,||, so that

(1-3) Za*arj = Su (i, j = 1, ..., n),
r=l

then ||a,-y|| is transformable into the one-rowed matrix || 1|| by a sequence
of transformations (1.2).

The converse, that if a matrix ||aw|| has a left inverse, so has any
matrix derivable from it by transformations ( 1 2 ) , is, of course, always true
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Wh(Z) = 0 I. Every invertible matrix
(aij) over Z[Z] = Z[x , x−1] represents 0 in Wh(Z)
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Consider now the functions

+Si", fa = a

An admissible transformation (5. 2a) alters at most one of them. Hence
an admissible sequence of transformations such that, when the transfor-
mations of the sequence are applied successively to (5.4), at each stage
one of 1^1, \<f>2\, I fa1 is reduced, must be of finite length. Suppose now
that (5.5) represents the result of applying such a sequence of maximal
length to (5.4). Then no admissible transformation applied to (5.5)
reduces the absolute value of any of the corresponding functions

But the transformation a§v>->4iv>+ro(l+ea)(l+e)a£iv) leaves a™ and aliv>
unaltered, and carries a3

iv) into (a$v)-\-4mfa)(l-\-e)(l-\-e*). I t is therefore
an admissible transformation, and changes <f>3 into fa+imfa. Hence, for
all integral values of m, we have \<f>z-\-^in<f>i\ ^ l^l- Therefore either
^ = 0 or 21^31 < I ^ |. Similarly, either fa = 0 or | fa | ^ 21 <f>31. That is
to say, either fa=0, <£3 = 0 or |^ i | = 2|^3 | . But the equation in
a(iv) corresponding to (5.1) is soluble for A,- in R(O, C). Hence, putting
e = 1, we have, for some integral values, of /L ,̂ /U2, /X3,

Hence fa ^ 0, | fa | i=- 21 <f>31. Therefore fa — 0. Similarly, fa — 0, so that

4iv) = a2
iv)(l-e)(l+e2), agv> = ... = a™ = 0.

Treating similarly the functions fa = a^v)—j8fv)+yilv)—8$_iv>, ^2 =
 a2iv)

5
 w e

can reduce this to the form a(v), 0, ..., 0. The theorem now follows, since
all the units in B(G, C) are trivial.

THEOREM 15. The matrix condition of § 1 holds for the free cyclic
group.

Let ||atj || be a matrix whose elements are in R(O, C), where O is the free
cyclic group generated by x. Obviously we can transform || a(j || by means
of transformations (1.2) so that it contains only positive powers- of x.
Moreover we can transform it so that it contains no power of x higher
than the first. For let xn, n > 1, be the highest power of x in ||a,-,!|, and
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Wh(Z) = 0 II. The Higman linearization trick: every element in Wh(Z)
is represented by a linear matrix (aij) = (bij + cijx)
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let cbij=VijXn-\-qijy where qti contains no power higher than the (n— l)-th,
and p{j is an integer. Then we have

0

9a

0

-»

and the assertion follows by induction on n.
Suppose, therefore, that aij = bij-\-cijx, where 6ti and % are integers.

Since the ordinary elementary transformations on integer matricesf are a
particular case of transformations (1.2), we may suppose either that
||613|| or that ||clV|| has diagonal form. But if ||a,v|| has an inverse, the
determinant | atj | has the value ±xP, so that at least one of | &,-,-1, | c(j | is zero.
If \bti\ is zero suppose that ||6,-3|| is reduced to diagonal form; otherwise
suppose that ||%|| is reduced to diagonal form. Then some column of
\\dij\\, which we may take to be the last, consists either entirely of integers
or entirely of integer multiples of x. In the latter case multiply it by ar1.
By a further manipulation of rows, this column can be made to take
the form

(0,0, ..., 0,A),

where, since ||alV|| has an inverse, A= ± 1 . Hence the order of the matrix
can be reduced without destroying its linearity. By an induction on
order the theorem follows.

Appendix.

The purpose of this appendix is to show that, if two groups are indicable
throughout, so are their direct product and their free product.

LEMMA. / / a self-conjugate subgroup H of a group 0 and the corre-
sponding factor group G/H are both indicable throughout, then 0 is indicable
throughout.

Let K be a subgroup of 0 not consisting of the identity alone. If K is
contained in H, it can be indexed, since H is indicable throughout. If,

j" See, for instance, those given by M. Bocher, Introduction to higher algebra (New
York, 1907), 268, ex. 2. The interchange of two rows, or columns, can be brought about
thus: (a, b)-+(a, a+b)->( — b, a + b) ->( — b, a) ->(&, a), so that this type of transformation
is superfluous,
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Thom’s 1954 paper on cobordism

       Commentarii Mathematici Helvetici 28, 17-86 (1954)
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The statement of the Thom transversality theorem

une sous-variété paracompacte: le seul changement par rapport au cas 
compact est que le «rayon» du voisinage tubulaire doit être pris variable.) 
Dès lors, l'ensemble des A tels que A 0 f n'est pas t-régulière sur Np-q 
est une réunion dénombrable d'ensembles maigres de H, donc aussi un 
ensemble maigre, sans point intérieur. Ceci nous permet d'énoncer le 
théorème: 

Théorème J. o. Soit f une application de classe On de la variété yn 
dans la variété MP, et soit Np-fi. une sous-variété paracompacte de MP, 
et T un voisinage tubulaire normal de Np-fi. dans Mp. Il est possible de 
trouver un homéomorphisme A de T sur lui-même, arbitrairement voisin de 
l'identité dans H, tel que, si t' = A 0 f: 

i) L'image réciproque t'-1(NP-fl.) de Np-fi. soit une sous-variété de Vn, 
de dimension n - q : Wn-fI. différentiablement plongée de classe On . 

ii) L'espace fibré des vecteurs normaux à Wn-q dans Vn soit canonique­
ment isomorphe à l'espace induit de la structure fibrée des vecteurs normaux à 
Np-q dans Np. 

o. Le théorème d'isotopie. La propriété énoncée ci-dessous ne nous 
servira que dans la partie IV, et dans le cas Vn compacte seulement; 
aussi ne l'établirons-nous que sous cette hypothèse. 

Soit f une application de classe On de la variété Vn dans Np, 
t-régulière sur la sous-variété compacte Np-q. Supposons qu'on ait défini 
en chaque point y de Np-q un système de q-fonctions coordonnées nor­
males Y1' Yz . . . Yq , tel que dans un voisinage de y, Np-q soit définie 
par les équations Y1 = Y2 = ... = Yq = O. Np-q étant supposée com­
pacte, on pourra définir Np-q avec un nombre fini de systèmes (Yi)' 
A l'aide d'une métrique riemannienne dans Vn, on définira un voisinage 
tubulaire Q de la sous-variété Wn-q = f-1 (Np-q) , et dont le rayon e 
sera pris assez petit pour satisfaire à la condition suivante: 

Soit x un point de Wn-q, Bœ la q-boule géodésique normale en x à 
Wn-q: les fonctions (Yi) associées à Y = f(x), sont, pour tout x, un 
système de fonctions coordonnées pour la q-boule Bœ. Il est évidemment 
possible de satisfaire à cette condition, puisque f est supposée t-régulière, 
et que Wn-q est compacte. 

Soit A un élément du groupe H, voisin de l'identité. On se propose 
d'étudier l'image réciproque g-1 (NP-q) , où g = A 0 f. Il est clair, 
tout d'abord, que si A est assez voisin de l'identité, l'application g est 
elle aussi t-régulière sur Np-q; en effet, si on prend A assez voisin de 
l'identité pour que Il A (y) - Y Il dans Np soit strictement inférieure 
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