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Abstract In this paper, we propose and analyse an approximate variantof the level method
of Lemaréchal, Nemirovskii and Nesterov for minimizing nonsmooth convex functions. The
main per-iteration work of the level method is spent on (i) minimizing a piecewise-linear
model of the objective function and (ii) projecting onto theintersection of the feasible region
and a level set of the model function. We show that, by replacing exact computations in both
cases byapproximate computations, in relative scale, the theoretical iteration complexity
increases only by a small factor which depends on the approximation level and reduces to
one in the exact case.

Keywords Level method· Approximate projections in relative scale· Nonsmooth convex
minimization· Sensitivity analysis· Large-scale optimization

Mathematics Subject Classification (2000)65K05 · 90C06· 90C25

1 Introduction

In this paper, we consider the problem of minimizing a Lipschitz continuous and convex
objective function on a compact and convex feasible set. We assume that all information
available to us about the objective function be given by a first-order oracle. That is, at each
iteration, the oracle outputs the function value and an arbitrary subgradient of the objective
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School of Mathematics, University of Edinburgh, King’s Buildings, Edinburgh, EH9 3JZ, United Kingdom
E-mail: peter.richtarik@ed.ac.uk



2 Peter Richtárik

function at the current iterate. This information can be used to construct a piecewise linear
and convexmodelof the objective function, always underestimating it.

There are several approaches in the literature for exploiting this object to design algo-
rithmic schemes for solving the optimization problem. InKelley’s method[1], for example,
the next iterate is simply chosen to be the minimizer of the model function. It is known,
however, that this strategy leads to an unstable method withbad practical and theoretical
performance. In fact, simple examples can be constructed for which the number of itera-
tions needed by Kelley’s method is exponential in the dimension (see Section 3.3.2 in [2]).
Several versions ofbundle methods[3], [4], on the other hand, pick the next iterate to be
the minimizer of the model function penalized by a simple quadratic centered at the cur-
rent “prox-centre” and scaled by the current “penalty parameter”. It appears that finding
good updating strategies for the former is not as easy as for the latter. Thelevel method,
developed by Lemaréchal, Nemirovski and Nesterov [5], sets the next iterate to be theexact
projection of the current point onto a certain level set of the model function. The level value
is chosen to be smaller than the best of the function values observed so far but higher than
the minimum of the model (setting it equal to this minimum corresponds to Kelley’s strat-
egy), which also has to be computedexactly. It turns out that the level value can be updated
in a very simple way, as a fixed convex combination of the two changing bounds mentioned
above. As a consequence, the method depends only on the choice of a single parameter. One
of the effects of this approach is that of stabilizing Kelley’s idea in practice. In addition,
the theoretical complexity no longer depends on the dimension of the problem. In fact, it is
optimal, uniformly in the dimension. Although this is also the case, for example, with the
simplesubgradient method[6], level method is in many situations much better in practice.
For examples of other related methods we refer the reader to [7–12].

Contribution. The main work at every iteration of the level method is spent on (i) minimiz-
ing a piecewise-linear model of the objective function and on (ii) projecting onto the level
set of the model function. In this paper, we show that by replacing exact computations in
both cases byapproximate computations, in relative scale1 (in a certain sense which will
be precisely defined in Section 2.2), the theoretical iteration complexity increases only by a
small factor depending on the level of approximation (for more detail see Theorem 4.1 and
the subsequent discussion). Moreover, our analysis gives asmooth interpolation between
the approximate and the exact methods, retaining the original complexity in the exact case.
In other words, while spending less work on the subproblems,the new approach still retains
the good theoretical guarantees of the level method. Our goal in this work is to describe the
essential core of the theory in a concise manner. Extensions(for instance to feasible sets
of special structure, to the situation with unknown Lipschitz constant and diameter of the
feasible set), applications and numerical implementationwill be the focus of a follow-up
work.

Contents.The paper is organized as follows. Section 2 is dedicated to aconcise description
of our version of the level method. In Section 3 we study approximate projections and derive
a technical inequality which will be used in the iteration complexity analysis, contained in
Section 4. In Section 5 we comment on possible approaches to finding approximate solutions
to the two subproblems and in the last section we give a few concluding remarks.

1 Results on convergence in relative scale are rare in the continuous optimization literature; for some recent
work see [13–15].
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2 Approximate Level Method

Consider the problem
f ∗ := min

x∈Q
f (x), (1)

whereQ ⊂ R
n is a compact and convex set with DiamQ ≤ D, f is convex and Lipschitz

continuous with constantL andQ⊆ dom f . As we have alluded to in Section 1, we assume
that at iterationk we have access tof (xk) and f ′(xk) only, where f ′(xk) is an arbitrary
subgradient off at the current iteratexk. Having collected this information aboutf for
pointsx0, . . . ,xk ∈ Q, we construct themodel function

f̂k(x) := max
0≤i≤k

{ f (xi)+ 〈 f ′(xi),x−xi〉}, (2)

which is a piecewise-linear and convex function underestimating f .
Let us denote theminimal valueof the model function (2), resp. therecord valueof the

objective function, by

f̂ ∗k := min
x∈Q

f̂k(x), resp. f ∗k := min
0≤i≤k

f (xi). (3)

Note that the following relations hold for allk:

f̂k ≤ f , f̂k ≤ f̂k+1, and f̂ ∗k ≤ f̂ ∗k+1 ≤ f ∗ ≤ f ∗k+1 ≤ f ∗k . (4)

The first inequality states that the model function always underestimatesf , the second says
that the model function grows as we add new cutting-planes toit. Observe that due to the
last set of inequalities we know that the quantity

δk := f ∗k − f̂ ∗k (5)

is nonincreasing, and that we can stop once it gets bellow thetarget error toleranceε .
The level method at every iteration solves two subproblems:(i) minimization of the

model function and (ii) Euclidean projection onto a certainlevel set of the model function.
In Sections 2 and 2.2 we formally describe acceptable approximate solutions of these two
subproblems and then in Section 2.3 proceed with describingour algorithm in more detail.
We postpone the question ofhow to obtain these approximate solutions in practice until
Section 5.

2.1 Minimizing the Model Function

We assume that the minimal value of the model function is at every iteration computed
only approximatelyin the following sense. We fix a parameter 0≤ γ < 1 and obtain a point
x∗k ∈ Q such that

f̃ ∗k := f̂k(x
∗
k) ≤ (1− γ) f̂ ∗k + γ f ∗k . (6)

Note that the choiceγ = 0, which is the case in the level method, corresponds to finding the
exact minimizer. If we define

δ̃k := f ∗k − f̃ ∗k , (7)

then (6) is equivalent to(1− γ)δk ≤ δ̃k. Furthermore, fromf̂ ∗k ≤ f ∗k and (6) we getf̃ ∗k ≥ f̂ ∗k ,
which in turn givesδ̃k ≤ δk. Putting these two observations together, we obtain the following
useful bounds:

(1− γ)δk ≤ δ̃k ≤ δk, k≥ 0. (8)
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In words, the pointx∗k approximately “closes the gap”δk, in relative scale, with accuracy
governed by the parameterγ . The true gapδk is assumed to be hard to compute, while the
approximate gap̃δk is thought to be easier to obtain.

Note that the inequality

δ̃k ≤ (1− γ)ε (9)

implies

f ∗k − f ∗ ≤ δk

(8)
≤ δ̃k

1− γ
(9)
≤ ε ,

and hence it is a good stopping criterion for our method. The following relations will be
useful later in the complexity analysis section:

(1− γ)δ̃k

(8)
≤ (1− γ)δk ≤ (1− γ)δi

(8)
≤ δ̃i , k≥ i. (10)

2.2 Projection Subproblem

Further, we choose alevel parameter0< α < 1, define thelevel valueby

lk(α) := (1−α) f̃ ∗k +α f ∗k , (11)

and consider thelevel set

Lk(α) := {x∈ Q : f̂k(x)≤ lk(α)}. (12)

Note that the classical level method of Lemaréchal, Nemirovskii and Nesterov [5] uses
f̂ ∗k instead of f̃ ∗k in the definition of the level value, which corresponds to thechoiceγ = 0
in our setting. In our method, the next iteratexk+1 is chosen as an approximate Euclidean
projection, in relative scale, of the previous iteratexk onto the level set. Level method instead
works with exact projections. Let us define the concept more formally.

Definition 2.1 (Approximate Projection) Let C be a convex set, x/∈ C,z∈ C andρ ≥ 0.
We say that z is aρ-approximate projectionof x onto C, if

‖x−z‖2 ≤ (1+ρ) inf
y∈C

‖x−y‖2. (13)

Here‖ · ‖ denotes the standard Euclidean norm inR
n, i.e.,‖x‖ := 〈x,x〉1/2, where

〈x,y〉 :=
n

∑
i=1

x(i)y(i) = xTy, x,y∈ R
n,

andx= (x(1), . . . ,x(n))T .

Let us remark at this point that in Section 3 we establish a simple inequality that holds for
approximate projections and that this will be useful in our complexity analysis (Section 4).
Then, in Section 5.2, we show that approximate projections can be computed, in principle,
using interior point methods.
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2.3 The Algorithm

Having sketched the ingredients of the method in previous subsections, we now proceed
to a formal detailed description.

Approximate Level Method

(1) Input:
f , Q, L, D, x0, ε > 0

(2) Choice of parameters:
(a) 0< α < 1, 0< γ < 1, β > 1

(b) Set projection accuracy toρ =
ω2

2ω +1
, whereω =

(1− γ)4(1−α)2ε2

βL2D2

(3) For k≥ 0 iterate:
(a) Computef ∗k and f̃ ∗k and setδ̃k = f ∗k − f̃ ∗k
(b) STOP ifδ̃k ≤ (1− γ)ε
(c) Computexk+1 as anρ-approximate projection ofxk ontoLk(α)

The first two steps of the method describe the input (see Table1) and the choice of
parameters (see Table 2). For a discussion about reasonablechoice of parameters please
read the discussion following Theorem 4.1. The main iterative part is described in step 3.
Note that the stopping 3(b) criterion corresponds to (9).

object meaning
f objective function
Q feasible set
L Lipschitz constant off
D (upper bound on the) diameter ofQ
x0 an initial feasible point
ε target accuracy of the master problem (1)

Table 1 Input data.

parameter meaning
α parameter defining the level set
β an auxiliary parameter indirectly controllingρ
γ relative accuracy with which we minimize the model function
ρ relative accuracy with which we compute projections

Table 2 Parameters of the algorithm.
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3 Approximate Projection Inequality

The analysis of the level method applied to problem (1) (Section 2.2.1 in [2] or Section 3.3.3
in [2]) makes use of the first-order necessary optimality conditions for the projection sub-
problem. The projection point has to be exact for the analysis to go through. In this section,
we will construct optimality conditions that hold at an approximate minimizer, i.e., an ap-
proximate projection point. This leads to a relaxed inequality, which can be successfully
substituted into the original analysis, yielding the desired sensitivity result.

The main goal of this section is to show that condition (13) implies an inequality of the
form

‖x−z‖2+‖z−y‖2 ≤ (1+ω)‖x−y‖2, y∈C,

for certainω = ω(ρ). Note that ifρ = 0, we can chooseω = 0, which follows from the
first order necessary conditions for the projection problem. Our goal is to generalize this for
positive values ofρ .

To make the exposition in the rest of this section lighter, itwill be useful to establish
some notation. For vectorx∈ R

n and a scalarr denote

B(x, r) := {s : ‖s−x‖ ≤ r},
∂B(x, r) := {s : ‖s−x‖ = r},

H (x) := {s : 〈s,x〉 ≤ 0}, and

∂H (x) := {s : 〈s,x〉= 0}.

We will use this full notation in the statements of the theorems and resort to the simpler form
B,∂B,H and∂H in the proofs.

In our first lemma we compute the optimal value of the problem

p∗ := p∗(x, r,y) := max{‖z−y‖2 : z∈ B(x, r)∩H (x)}, (14)

for a triple(x, r,y) satisfying a certain condition.

Lemma 3.1 Fix 0 6= x∈ R
n, r ≥ ‖x‖, y∈ H (x), let

R :=
√

r2−‖x‖2, (15)

and byŷ denote the projection of y onto∂H (x), i.e.,

ŷ= y− 〈y,x〉
‖x‖2 x. (16)

Then
p∗(x, r,y) = R2+‖y‖2+2R‖ŷ‖. (17)

Proof For r = ‖x‖ the statement is trivial sinceB∩H = {0} and hence in problem (14) we
havez∗ = 0 andp∗ = ‖y‖2. From now on assume thatr > ‖x‖. First, note that the objective
function can be written as

‖z−y‖2 = ‖z−x‖2+2〈z−x,x−y〉+‖x−y‖2

= ‖z−x‖2+2〈z,x−y〉−‖x‖2+‖y‖2. (18)
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Case 1. Assume ˆy= 0; that is,y= tx for somet ≤ 0. In this case〈z,y〉 ≥ 0 for all z∈H .
Therefore, in view of (18), all feasible pointszsatisfy

‖z−y‖2 ≤ r2−‖x‖2+‖y‖2,

with equality precisely whenz∈ ∂B∩∂H . Note that this agrees with (17).

Case 2. Assume ˆy 6= 0. It follows from (18) that, if all optimal solutionsz∗ of

q∗ := max
‖z−x‖2≤r2

〈z,x〉≤0

〈x−y,z〉 (19)

satisfy‖z∗−x‖ = r , then

p∗ = r2+2q∗−‖x‖2+‖y‖2. (20)

Indeed, we will show that the Lagrange multiplierλ at any optimal pointz∗ of (19)
corresponding to the first inequality is positive, and hence‖z∗ − x‖ = r . The Lagrangean
dual of (19) is (there is no duality gap)

q∗ = min
λ ,µ≥0

Φ(λ ,µ),

where

Φ(λ ,µ) =







+∞, if λ = 0, y+(µ −1)x 6= 0,

0, if λ = 0, y+(µ −1)x= 0,
1

4λ ‖y− (2λ +1−µ)x‖2+λR2, if λ 6= 0.

Since we assume that ˆy 6= 0, we cannot havey+(µ−1)x= 0 for anyµ and hence the optimal
λ must be positive. Note that, for any fixedλ > 0, the value ofΦ(λ ,µ) is minimized withµ
such thaty−(2λ +1−µ)x= ŷ. Hence, we can instead solve the following one-dimensional
convex problem:

q∗ = min
λ>0

1
4λ ‖ŷ‖2+λR2. (21)

Its minimizer isλ ∗ = ‖ŷ‖
2R and substituting this into (21) andq∗ into (20) gives (17). ⊓⊔

The main result of this section is a simple consequence of thefollowing lemma.

Lemma 3.2 Let 0 6= x∈ R
n andρ ≥ 0. Then for r2 := (1+ρ)‖x‖2 and

ω := ρ +
√

ρ2+ρ , (22)

we have the following inequality

‖x−z‖2+‖z−y‖2 ≤ (1+ω)‖x−y‖2, y∈ H (x), z∈ H (x)∩B(x, r). (23)
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Fig. 1 Lemma 3.2 – approximate projection.

Proof Fixing arbitraryy∈ H , Lemma 3.1 implies that

max
z∈H ∩B

‖x−z‖2+‖z−y‖2 ≤ max
z∈H ∩B

‖x−z‖2+ max
z∈H ∩B

‖z−y‖2

(17)
= r2+(R2+‖y‖2+2R‖ŷ‖)

(15)
= (1+2ρ)‖x‖2+‖y‖2+2ρ1/2‖x‖‖ŷ‖.

It thus remains to argue that the last expression is upper-bounded by(1+ω)‖x− y‖2.
Using (16) and (22), this inequality can be equivalently written as

(ω −2ρ)‖x‖2−2ρ1/2[‖x‖2‖y‖2−〈x,y〉2]1/2+ω‖y‖2−2(1+ω)〈x,y〉 ≥ 0. (24)

Observe, however, that forω ≥ 2ρ we have

(ω −2ρ)‖x‖2−2
√

ω(ω −2ρ)‖x‖‖y‖+ω‖y‖2 =
(√

ω −2ρ‖x‖−
√

ω‖y‖
)2

≥ 0.

Since〈x,y〉 ≤ 0, notice that this inequality isstrongerthan (24), provided thatω ≥ 2ρ and
√

ω(ω −2ρ)≥ ρ1/2. Solving forω in terms ofρ in the latter quadratic gives (22). ⊓⊔
We can now proceed to the main result of this section.

Theorem 3.1 (Approximate Projection Inequality) Let C be a convex set and x a point
not lying in this set. If z∈ C is a ρ-approximate projectionof x onto C, withρ ≥ 0, and
ω = ω(ρ) is given by(22), then

‖x−z‖2+‖z−y‖2 ≤ (1+ω)‖x−y‖2, y∈C.

Proof By appropriate shifting we can without loss of generality assume that the projection
point be the origin. We now apply Lemma 3.2 and note thatC⊂H since∂H is a support-
ing hyperplane toC at the origin. ⊓⊔

Note that forρ ≤ 1 we have the estimateρ +
√

ρ2+ρ ≤√ρ +
√

ρ +ρ , and hence we
can replace (22) by

ω = (
√

2+1)ρ1/2. (25)

On the other hand, ifρ > 1, we haveρ +
√

ρ2+ρ ≤ ρ +
√

2ρ2, and so we can replace (22)
by

ω = (
√

2+1)ρ . (26)
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4 Iteration Complexity Analysis

In this section, we modify the analysis of the classical level method by replacing exact
minimization of the model function byapproximate minimizationand exact projection onto
the level set byapproximate projection, as described in the previous section.

4.1 Three Lemmas

The auxiliary results of this part will be used in establishing our main convergence result
in Section 4.2. Lemma 4.1 says that if the values of the (presumably easily computable)
gapδ̃i , for i = k, . . . , p, stay above a certain fraction of the “initial” valuẽδk, i.e., if there is
not enough progress from iterationk to iterationp, then the pointx∗p must necessarily lie in
the intersection of the level setsLi(α) for i = k, . . . , p. This property will be exploited in
Lemma 4.3, which is in turn used in the proof of the main result.

Lemma 4.1 (cf. Lemma 3.3.1, [2])If for i = k, . . . , p we haveδ̃p ≥ (1−α)δ̃i, then

x∗p ∈ ∩p
i=kLi(α).

Proof For anyi ∈ {k, . . . , p} we have

f̂i(x
∗
p)

(4)
≤ f̂p(x

∗
p) = f̃ ∗p

(7)
= f ∗p − δ̃p ≤ f ∗p − (1−α)δ̃i

(4)
≤ f ∗i − (1−α)δ̃i

(7), (11)
≤ l i(α).

The claim now follows by comparing the resulting inequalities with the definition of the
level sets (12). ⊓⊔

The statement and proof is analogous to that of Lemma 3.3.1 in[2], which is formulated
with exact gapsδi instead. The latter is thus recovered as a special case withγ = 0.

Note that the Lipschitz constantL of f is an upper bound on the norms of all subgradients
of f evaluated at points ofQ. The following result says that if the current gap is large, then
the size of the next step will also be large.

Lemma 4.2 (cf. Lemma 3.3.2, [2])If {xk} is a sequence of points generated by the approx-
imate level method, then

‖xk+1−xk‖ ≥
(1−α)δ̃k

L
.

Proof Indeed,

f (xk)− (1−α)δ̃k ≥ f ∗k − (1−α)δ̃k

(7), (11)
= lk(α)

≥ f̂k(xk+1)

(2)
≥ f (xk)+ 〈 f ′(xk),xk+1−xk〉
≥ f (xk)−L‖xk+1−xk‖.

⊓⊔

Boundedness of the feasible setQ is only needed in the last two results.
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Lemma 4.3 Let ω be chosen as in Theorem 3.1. If for some p≥ k we have

δ̃p >

√
ωLD

(1−α)(1− γ)
, and δ̃p ≥ (1−α)δ̃i, i = k, . . . , p,

then

p−k+1≤ L2D2

(1−α)2(1− γ)2δ̃ 2
p −ωL2D2

.

Proof In view of Lemma 4.1, pointx∗p lies in Li(α) for all i = k, . . . , p. We can therefore
individually for eachi use Theorem 3.1 withx= xi , C = Li(α), z= xi+1 andy= x∗p. This

together with Lemma 4.2 and the inequalityδ̃i ≥ (1− γ)δ̃p (see (10)) implies

‖xi+1−x∗p‖2 ≤ (1+ω)‖xi −x∗p‖2−‖xi+1−xi‖2

≤ (1+ω)‖xi −x∗p‖2−
(1−α)2(1− γ)2δ̃ 2

p

L2 .

After rearranging the terms and summing up these inequalities fori = k, . . . , p we get

(p−k+1)
(1−α)2(1− γ)2δ̃ 2

p

L2 −ω
p

∑
i=k

‖xi −x∗p‖2 ≤ ‖xk−x∗p‖2.

The result now easily follows by replacing the norms in the last expression byD and rear-
ranging the terms. ⊓⊔

4.2 The Main Result

We are now ready to state the main result of this paper, the iteration complexity of the
Approximate Level Method.

Theorem 4.1 (Iteration Complexity) Let ε ,α ,β ,γ be such thatε > 0, 0< α < 1, β > 1
and0≤ γ < 1, and let

ρ =
ω2

2ω +1
with ω =

(1−α)2(1− γ)4ε2

βL2D2 . (27)

Then the Approximate Level Method produces anε-approximate minimizer of problem
(1) after no more than

N =

⌊
β

(β −1)(1− γ)4 × 1
α(1−α)2(2−α)

× L2D2

ε2

⌋

(28)

iterations.

Proof The proof closely follows that of Theorem 3.3.1 in [2] with the main difference being
that we use Lemma 4.3 instead of Lemma 3.3.3 in [2]. Assume that

δN > ε . (29)



Approximate Level Method for Nonsmooth Convex Minimization 11

Let p(0) = N and inductively definep(1), p(2), . . . in the following way. If p( j) is well-
defined and the set

Sj :=

{

i ∈ {0,1, . . . , p( j)−1} : δ̃p(i) >
δ̃p( j)

1−α

}

.

is nonempty, then letp( j +1) = max{i : i ∈ Sj}. If Sj is empty then letl := j and stop the
process having definedp(0), p(1), . . . , p(l).

Now definek( j) = p( j +1)+1 for j = 0, . . . , l −1, and finally putk(l) = 0. Note that
we have constructed a partition of{0,1, . . . ,N} (in reverse order) intol +1 sets as follows

{0,1, . . . ,N}= {k(l), . . . , p(l)}
︸ ︷︷ ︸

Il

∪{k(l −1), . . . , p(l −1)}
︸ ︷︷ ︸

Il−1

∪· · ·∪{k(0), . . . , p(0)}
︸ ︷︷ ︸

I0

. (30)

Note that, by construction, for eachj = 0, . . . , l we have

δ̃p( j) ≥ (1−α)δ̃i , i ∈ I j , (31)

and

δ̃p( j) >
δ̃p( j−1)

1−α
>

δ̃p(0)

(1−α) j =
δ̃N

(1−α) j

(8)
≥ (1− γ)δN

(1−α) j

(29)
>

(1− γ)ε
(1−α) j . (32)

Moreover, fori = 0, . . . ,N we have

δ̃i

(10)
≥ (1− γ)δN > (1− γ)ε (27)

=

√

βωLD

(1− γ)(1−α)
≥

√
ωLD

(1− γ)(1−α)
. (33)

Relations (31), (32) and (33), together with the fact thatω andρ satisfy (22), allow us
to use Lemma 4.3 individually on each of the partitions to getthe desired result:

N+1
(30)
=

l

∑
j=0

(p( j)−k( j)+1)

(Lemma 4.3)
≤

l

∑
j=0

L2D2

(1− γ)2(1−α)2δ̃ 2
p( j)−ωL2D2

(32)
≤ L2D2

(1− γ)2(1−α)2

l

∑
j=0

1
(1−γ)2ε2

(1−α)2 j − ωL2D2

(1−α)2(1−γ)2

(27)
=

L2D2

(1− γ)2(1−α)2

l

∑
j=0

1
(1−γ)2ε2

(1−α)2 j − (1−γ)2ε2

β

≤ L2D2

(1− γ)4(1−α)2

l

∑
j=0

β (1−α)2 j

(β − (1−α)2 j)ε2

<
βL2D2

(β −1) (1− γ)4(1−α)2ε2

∞

∑
j=0

(1−α)2 j

=
β

(β −1)(1− γ)4(1−α)2(1− (1−α)2)

L2D2

ε2
︸ ︷︷ ︸

c

.

We have thus shown that ifδN > ε , it follows thatN+1< c. Conversely, ifN≥ c−1 (which
holds ifN ≥ ⌊c⌋), we haveδN ≤ ε . ⊓⊔
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Looking at (28), the optimal choice of the parameters isβ →+∞ (this implies the exact
projections case since thenω → 0 and henceρ → 0, see (27)),γ = 0 (this corresponds to
minimizing the model function exactly, see (6)) andα = 1− 1√

2
. In this case our analysis

gives the complexity estimate

N ≤ 4L2D2

ε2 , (34)

recovering the existing result for the level method [5,2].
If we want to be using approximate projections (β < +∞, γ ≪ 1) and/or minimizing

the model function approximately only (γ > 0), we will have to pay, in comparison with the
worst-case estimate for the exact method (34), by an increase in the number of iterations by
the constant factor

θ(β ,γ) :=
β

(β −1)(1− γ)4 .

Table 3 lists the values ofθ(β ,γ) for several choices of the constantsβ and γ . The
effect of largeγ is very strong and henceγ should be kept small. The dependence onβ is
very weak. For instance, if we useβ = 16 andγ = 0.1, we need 63% more iterations, in
theoretical worst case, as compared to the number of iteration required by the level method.

β/γ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

2 3.05 4.88 8.33 15.43 32.00 78.13 246.91 1250.00 20000.00
4 2.03 3.26 5.55 10.29 21.33 52.08 164.61 833.33 13333.33
8 1.74 2.79 4.76 8.82 18.29 44.64 141.09 714.29 11428.57

16 1.63 2.60 4.44 8.23 17.07 41.67 131.69 666.67 10666.67
32 1.57 2.52 4.30 7.96 16.52 40.32 127.44 645.16 10322.58
64 1.55 2.48 4.23 7.84 16.25 39.68 125.42 634.92 10158.73

128 1.54 2.46 4.20 7.78 16.13 39.37 124.43 629.92 10078.74
256 1.53 2.45 4.18 7.75 16.06 39.22 123.94 627.45 10039.22

Table 3 Factorsθ (β ,γ) increasing the complexity of the approximate level method as compared to the
(exact) level method.

Let us now briefly remark on the complexity result of Theorem 4.1 in light of the ap-
proximation degree required for the two subproblems: (i) minimizing the model function
and (ii) projection. In the case of the first subproblem, we have shown that a precision pro-
portional to the current gap (precision in relative scale) and independentof the target error
toleranceε of the master convex problem is sufficient (we may choose, forinstance,γ = 0.1
or γ = 0.01). In a certain sense this is to be expected as the computed minimum enters the
algorithm only through the level value, which can be set toany, albeit fixed, convex com-
bination of the the minimum and the best upper bound. For the second subproblem, our
analysis requires (see (27)) that the projections be made with relative accuracy

ρ = O(ω2) = O

(
ε4

L4D4

)

.

5 Solving the Subproblems

We have shown that, in theory, one does not lose anything by solving the two principal
subproblems (steps (4a) and (4c)) of the level method only approximately. However, we
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have not describedhow to perform these approximate computations. In this section, we
outline some possible approaches. Our discussion is not meant to be exhaustive.

5.1 Minimizing the Model Function

Consider any optimization methodM for minimizing a (convex) functiong onQ with guar-
anteed and computableiteration complexity. That is, we assume that for anyκ > 0, M
is accompanied with an explicit formula for the number of iterationsN(κ) = N(κ ,g,y0)
needed for the method to find a feasible pointyN(κ), starting from the initial iteratey0, for
which the residualg(yN(κ))−g∗ is at mostκ . Let us start with a simple observation about
this setup.

Lemma 5.1 For κ > 0 and0< γ < 1, at least one of the following conditions is satisfied

(i) g(yN(γκ))≤ (1− γ)g∗+ γg(y0),
(ii) g(y0)≤ g∗+(1+ γ)κ .

Proof Observe that if

g(y0)−g(yN(γκ))≥ κ , (35)

then

g(yN(γκ))≤ g∗+ γκ ≤ g∗+ γ(g(y0)−g(yN(γκ)))

≤ g∗+ γ(g(y0)−g∗)

= (1− γ)g∗+ γg(y0).

On the other hand, if condition (35) does not hold, then

g(y0)< κ +g(yN(γκ))≤ g∗+(1+ γ)κ ,

finishing the proof. ⊓⊔

Applying this result to the model function, we obtain the following corollary.

Corollary 5.1 If we choose

g := f̂k, y0 := arg min
0≤i≤k

f (xi), and κ :=
ε

1+ γ
,

whence g∗ = f̂ ∗k and g(y0) = f ∗k , then either inequality(6) holds for x∗k = yN(γκ), or y0 is an
ε-solution of (1), or both.

This means that we either find a pointx∗k satisfying (6) inN = N(εγ/(1+ γ)) iterations
of methodM, or the best current iterate isε-optimal for our master problem. It is likely, al-
though we do not provide computational results in this paper, that in practical computations
we do not need to run methodM for the full number of iterationsN. Instead, we can check
at every iteration or after a fixed number of iterations whether condition (35) is satisfied, in
which case we stop.

If a self-concordant barrier for the setQ is available, we can use an interior-point method
in place ofM.
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5.2 Projection Subproblem

In this section, we outline how one can, in principle, solve the approximate projection
problem at iterationk using an interior-point method (IPM). For this we need to assume that
a self-concordant barrier (with parameterϑ ) of C=Lk(α) be available. This is the case, for
instance, whenQ is polyhedral. ByxC we denote theanalytic centerof C. If, for instance,C
is represented as

C= {x∈ R
k : aT

i x≤ bi , i = 1, . . . ,m}
for some vectorsai ∈ R

k andb∈R
m, and we assume thatC has nonempty interior, then the

analytic center ofC is the minimizer of the logarithmic barrier function

Ψ(x) :=−
m

∑
i=1

log(bi −aT
i x).

Further, let
π(z) := inf{t : xC+ t−1(z−xC) ∈C},

which is the Minkowski function ofC with pole atxC. For more details about these notions
please refer to [16].

To lighten up the notation in what follows, let

g(x) := ‖x−xk‖2, g∗ := min
x∈C

g(x)> 0, and g∗ := max
x∈C

g(x).

We are interested in finding aρ-approximate minimizer ofg onC, in relative scale, as de-
fined by the inequality (13).

Theorem 5.1 If the stopping criterion(9) is not satisfied, then the path-following interior-
point method of Section 3.2 of[16], as applied to the problem of minimizing g on C and
initialized at some point z∈ intC, outputs a point x satisfying

g(x) ≤ (1+ρ)g∗ (36)

after no more than

N = O(1)
√

ϑ ln

(
2ϑ

ρ ′(1−π(z))

)

(37)

Newton steps, where

ρ ′ =
ρ

(

1+ LD
(1−α)δ̃k

)2
−1

≥ ρ
(

1+ LD
(1−α)(1−γ)ε

)2
−1

. (38)

Proof By Theorem 3.2.1 in [16], inN iterations of the IPM we obtain pointx such that

g(x)−g∗ ≤ ρ ′(g∗−g∗). (39)

The triangle inequality
√

g∗ ≤√
g∗+D and the estimate

√
g∗ ≥ 1

L (1−α)δ̃k (see Lemma 4.2)
imply

g∗

g∗
≤

(

1+
LD

(1−α)δ̃k

)2

. (40)

The relation (36) then follows by combining (39) and (40). The inequality in (38) is a con-
sequence of the assumption that the stopping criterion is not satisfied. ⊓⊔
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If we want to use Theorem 5.1 in the framework of our approximate level method, we
need to be able to ensure that inequality (36) holds. Therefore, a computable upper bound
on the number of stepsN given by (37) is needed. The constant term in (37) depends only
on the parameters of the IPM algorithm and can be evaluated (areasonable choice of the
parameters makes this term equal to 7.36). All that remains is the availability of an interior
pointzof C for which we have a reasonable positive lower bound on 1−π(z). This seems to
be a difficult task. It is desirable to design a method which isfree of this complication—an
algorithm capable to give a certificate that (36) is satisfied.

On the other hand, observe that the strong dependence ofρ (andρ ′) on ε does not pose
any problem for an IPM as this quantity appears under a logarithm. Since the dimension
of the subproblem grows with increasing iteration countk of the master program, it would
be interesting to develop a first-order method for solving the approximate projection sub-
problem. Eventually, executing even a single iteration of an IPM becomes impossible due to
memory limitations.

6 Conclusions

We have shown that it is possible to extend the exact level method to the inexact case, in
which approximate projections and approximate minimization of the model function, both
in relative scale, are performed. Moreover, under our worst-case iteration complexity results,
this was done at the cost of a small multiplicative factor only, diminishing to one as the level
of exactness of both computations increases. This work can thus be viewed both as a sen-
sitivity analysis of the level method to the level of exactness of the two main computations
involved and as a smooth interpolation between the approximate and the exact methods, re-
taining the original complexity in the exact case. We have presented the core of the theory
only; extensions, generalizations, practical considerations and numerical experiments are
beyond the scope of this paper and are left for future research.
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