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Abstract In this paper, we propose and analyse an approximate varfitimt level method
of Lemaréchal, Nemirovskii and Nesterov for minimizingisaooth convex functions. The
main per-iteration work of the level method is spent on (ijpimiizing a piecewise-linear
model of the objective function and (ii) projecting onto thiersection of the feasible region
and a level set of the model function. We show that, by reptaekact computations in both
cases byapproximate computationsn relative scale the theoretical iteration complexity
increases only by a small factor which depends on the appadion level and reduces to
one in the exact case.
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1 Introduction

In this paper, we consider the problem of minimizing a Lipgckontinuous and convex
objective function on a compact and convex feasible set. ¥gerae that all information
available to us about the objective function be given by &&rder oracle. That is, at each
iteration, the oracle outputs the function value and artramnyi subgradient of the objective
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function at the current iterate. This information can beduseconstruct a piecewise linear
and convexnodelof the objective function, always underestimating it.

There are several approaches in the literature for expipitiis object to design algo-
rithmic schemes for solving the optimization problemKilley’s method1], for example,
the next iterate is simply chosen to be the minimizer of thelehdunction. It is known,
however, that this strategy leads to an unstable method baithpractical and theoretical
performance. In fact, simple examples can be constructedlticch the number of itera-
tions needed by Kelley’'s method is exponential in the dir@nésee Section 3.3.2 in [2]).
Several versions dbundle method§3], [4], on the other hand, pick the next iterate to be
the minimizer of the model function penalized by a simpledyatic centered at the cur-
rent “prox-centre” and scaled by the current “penalty paseri. It appears that finding
good updating strategies for the former is not as easy adéolatter. Thdevel method
developed by Lemaréchal, Nemirovski and Nesterov [5§ gt next iterate to be tlexact
projection of the current point onto a certain level set eftodel function. The level value
is chosen to be smaller than the best of the function valussrged so far but higher than
the minimum of the model (setting it equal to this minimumregponds to Kelley’s strat-
egy), which also has to be computexkctly It turns out that the level value can be updated
in a very simple way, as a fixed convex combination of the twengfing bounds mentioned
above. As a consequence, the method depends only on the di@isingle parameter. One
of the effects of this approach is that of stabilizing Kekeiglea in practice. In addition,
the theoretical complexity no longer depends on the dinoensf the problem. In fact, itis
optimal, uniformly in the dimension. Although this is aldeetcase, for example, with the
simplesubgradient methofb], level method is in many situations much better in piti
For examples of other related methods we refer the read@ri2].

Contribution. The main work at every iteration of the level method is spenfijominimiz-
ing a piecewise-linear model of the objective function andig projecting onto the level
set of the model function. In this paper, we show that by m@pfaexact computations in
both cases bypproximate computationgn relative scalé (in a certain sense which will
be precisely defined in Section 2.2), the theoretical itenatomplexity increases only by a
small factor depending on the level of approximation (forendetail see Theorem 4.1 and
the subsequent discussion). Moreover, our analysis giveaaoth interpolation between
the approximate and the exact methods, retaining the atigomplexity in the exact case.
In other words, while spending less work on the subprobléngsnew approach still retains
the good theoretical guarantees of the level method. Ourigdlais work is to describe the
essential core of the theory in a concise manner. Extengfonsnstance to feasible sets
of special structure, to the situation with unknown Lips$zitonstant and diameter of the
feasible set), applications and numerical implementatiihbe the focus of a follow-up
work.

Contents.The paper is organized as follows. Section 2 is dedicatecttmeise description
of our version of the level method. In Section 3 we study apipnate projections and derive
a technical inequality which will be used in the iteratiommquexity analysis, contained in
Section 4. In Section 5 we comment on possible approachewdiadi approximate solutions
to the two subproblems and in the last section we give a fewluding remarks.

1 Results on convergence in relative scale are rare in théncants optimization literature; for some recent
work see [13-15].
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2 Approximate Level Method

Consider the problem
f* :=minf(x), (1)
xeQ
whereQ C R" is a compact and convex set with Dign< D, f is convex and Lipschitz
continuous with constarit andQ C domf. As we have alluded to in Section 1, we assume
that at iterationk we have access tb(xc) and f’(x) only, where f'(x) is an arbitrary
subgradient off at the current iteratey. Having collected this information about for
pointsxo, ..., Xk € Q, we construct thenodel function
fi() == max{f(x)+ (f'(x),x—X 2
09 = max{ £ 0x) + ((x),xx) ), 2
which is a piecewise-linear and convex function underestiimg f.
Let us denote theninimal valueof the model function (2), resp. threcord valueof the
objective function, by

fi = leg fu(x), resp. fi:= Or2i|§r1kf(xi). (3)

Note that the following relations hold for &l

fu<f, fu<firr, and ff <y, <f <fi,<fl (4)

The first inequality states that the model function alwaydenastimates, the second says
that the model function grows as we add new cutting-planés @bserve that due to the
last set of inequalities we know that the quantity

&=y — f¢ (5)

is nonincreasing, and that we can stop once it gets bellowatiyet error tolerance.

The level method at every iteration solves two subproblefjigninimization of the
model function and (ii) Euclidean projection onto a certiawvel set of the model function.
In Sections 2 and 2.2 we formally describe acceptable appeig solutions of these two
subproblems and then in Section 2.3 proceed with descritimglgorithm in more detail.
We postpone the question bbw to obtain these approximate solutions in practice until
Section 5.

2.1 Minimizing the Model Function

We assume that the minimal value of the model function is atyeieration computed
only approximatelyin the following sense. We fix a parametex(y < 1 and obtain a point
X € Qsuch that B A A

fic i= f(X) < (=) e +vfi. (6)
Note that the choicg = 0, which is the case in the level method, corresponds to finitiie
exact minimizer. If we define . B
O = fl: - fl:7 (7)
then (6) is equivalent tol — y) & < a( Furthermore, fronﬁj < ff and (6) we geflj > ﬁj,
which in turn gives& < &. Putting these two observations together, we obtain theWoig
useful bounds:

(1-Y&<&<d k>0 ®)
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Inwords, the poink; approximately “closes the gag, in relative scalewith accuracy
governed by the parametgr The true gap is assumed to be hard to compute, while the
approximate gapx is thought to be easier to obtain.

Note that the inequality

&< (L-ye €)
implies

® & ©
S L < — <
fi ffﬁfl_y,&

and hence it is a good stopping criterion for our method. Tewing relations will be
useful later in the complexity analysis section:

1-9& 2 a-pa<a-pa<s k=i (10)
2.2 Projection Subproblem
Further, we chooselavel parametebd < a < 1, define thdevel valueby
(o) :=(1—a)ff +afy, (11)
and consider thievel set
Lda):={xeQ: fi(x) <lk(a)}. (12)
_Note that the classical level method of Lemaréchal, Nevski» and Nesterov [5] uses
f¢ instead off; in the definition of the level value, which corresponds to¢heicey = 0
in our setting. In our method, the next iteradg ; is chosen as an approximate Euclidean

projection, in relative scale, of the previous itergt®nto the level set. Level method instead
works with exact projections. Let us define the concept momally.

Definition 2.1 (Approximate Projection) Let C be a convex set,&C,z< C andp > 0.
We say that z is p-approximate projectioof x onto C, if

Ix—2|[> < (1+p) inf [Ix—y]|>. 13)
yeC

Here|| - || denotes the standard Euclidean normiRihi.e., ||x|| := (x,x)1/2, where

n

(xy) = le@y“) =x'y,  xyeR"

i=
andx= (xM ... xMT,

Let us remark at this point that in Section 3 we establish akdimequality that holds for
approximate projections and that this will be useful in complexity analysis (Section 4).
Then, in Section 5.2, we show that approximate projecti@mshe computed, in principle,
using interior point methods.
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2.3 The Algorithm

Having sketched the ingredients of the method in previobsections, we now proceed
to a formal detailed description.

Approximate Level Method

(1) Input:
f,Q, L, D, X%, e>0

(2) Choice of parameters:
(@o0<a<l, O<y<1, B>1
_ W  (1-y)*1-a)%e?
(b) Set projection accuracy = 201 wherew = BL2D?

(3) For k> Qiterate:
() Computef; and f; and sedy = f; — f;
(b) STOP if§ < (1—y)e
(c) Computex 1 as anp-approximate projection of, onto % (a)

The first two steps of the method describe the input (see THbénd the choice of
parameters (see Table 2). For a discussion about reasortaditee of parameters please
read the discussion following Theorem 4.1. The main iteegpiart is described in step 3.
Note that the stopping 3(b) criterion corresponds to (9).

object | meaning

objective function

feasible set

Lipschitz constant of

(upper bound on the) diameter @f
an initial feasible point

target accuracy of the master problem (1)

n X OO -

Table 1 Input data.

parameter| meaning
a parameter defining the level set
B an auxiliary parameter indirectly controlliny
y relative accuracy with which we minimize the model function
P relative accuracy with which we compute projections

Table 2 Parameters of the algorithm.
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3 Approximate Projection Inequality

The analysis of the level method applied to problem (1) ®e@&.2.1 in [2] or Section 3.3.3
in [2]) makes use of the first-order necessary optimalityditions for the projection sub-
problem. The projection point has to be exact for the anafysgo through. In this section,
we will construct optimality conditions that hold at an apgmate minimizer, i.e., an ap-
proximate projection point. This leads to a relaxed ineitalvhich can be successfully
substituted into the original analysis, yielding the dedisensitivity result.

The main goal of this section is to show that condition (13)lies an inequality of the
form

Ix—2f* +[|lz—y||* < (1+ w)lIx—yl*, yeC,

for certainw = w(p). Note that ifp = 0, we can choose» = 0, which follows from the
first order necessary conditions for the projection probl&ur goal is to generalize this for
positive values op.

To make the exposition in the rest of this section lightewilt be useful to establish
some notation. For vectore R" and a scalar denote

B(xr) ={s:|s—x| <r},
0B(xr):={s: |s—x|=r},

H(X) :={s: (s,x) <0}, and
0 (x) :={s: (s,x) =0}.

We will use this full notation in the statements of the theaseand resort to the simpler form
B,0%8,7 andd A in the proofs.
In our first lemma we compute the optimal value of the problem

pti=pr(xny) = max{|lz—yII? : ze B(xr)N A (X))}, (14)
for a triple (x,r,y) satisfying a certain condition.
Lemma 3.1 Fix 0#X € R", r > ||x||, y € #(x), let
Ri=/r2—[x|?, (15)

and byy denote the projection of y ontb#(x), i.e.,

Then
pr(x,1,y) = R+ [lyl[* + 2R|Y]]. a7

Proof Forr = ||x|| the statement is trivial sinc® N .7 = {0} and hence in problem (14) we
havez* = 0 andp* = ||y||?>. From now on assume that> ||x||. First, note that the objective
function can be written as
Iz YII? = |z X"+ 2(z—xx—y) + [[x - y]®
= [[z=xI[*+2(z.x—y) — x|+ [IylI*. (18)
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Case 1. Assumg= 0; that is,y = tx for somet < 0. In this casézy) > O for allze 7.
Therefore, in view of (18), all feasible pointsatisfy

lz= Y% < r® = [Ix|>+ [IyII?,
with equality precisely whemec d 8N d.7Z. Note that this agrees with (17).

Case 2. AssumgZ 0. It follows from (18) that, if all optimal solutions® of

g = max (X—V,2) (29)
llz—x|[2<r?
(zx)<0
satisfy||z* —x|| =, then
P =r2+20" — X2+ [yl (20)

Indeed, we will show that the Lagrange multipli#rat any optimal pointz* of (19)
corresponding to the first inequality is positive, and hejige— x|| = r. The Lagrangean
dual of (19) is (there is no duality gap)

* = min ®(A
q AT,'QO (A, 1),

where

+00, if A=0y+(u-1)x#0,
P(A,u)=1<0, if A=0y+((u—-1)x=0,
aly— (@A +1—wx2+AR%, if A#O.
Since we assume thgt£'0, we cannot have+ (( — 1)x = 0 for anyu and hence the optimal
A must be positive. Note that, for any fixad> 0, the value of®(A, ) is minimized withyu

such thay— (2A +1— u)x =Y. Hence, we can instead solve the following one-dimensional
convex problem:

* a1 a2

=minA AR, 21

q" = min gz [¥II°+ (21)

Its minimizer isA* = % and substituting this into (21) amgd into (20) gives (17). ad
The main result of this section is a simple consequence dbtlmving lemma.

Lemma 3.2 Let0# xc R" andp > 0. Then for P := (1+ p)||x||> and

w:=p+4/p>+p, (22)

we have the following inequality

Ix=2|?+lz=yI* < A+ w)x=y|?, ye#(X), zeA(XNNBXxT).  (23)
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Fig. 1 Lemma 3.2 — approximate projection.

Proof Fixing arbitraryy € 7, Lemma 3.1 implies that

max [x—z|°+[lz—y[* < max [x—2z>+ max |z-y|?
zeHNA zeHNAB zeHNA

D2 (R |ly|2+2R)9])

(15) Y
2 (14 20) X2+ Y12+ 202X 19]-

It thus remains to argue that the last expression is uppemded by(1+ w)|x —y]|/.
Using (16) and (22), this inequality can be equivalentlytieri as
(@—20) X7 = 20 2[[XII¥1* = (xy)*]Y* + wlly]* — 2(1+ w)(x,y) > 0. (24)

Observe, however, that fov > 2p we have

(w—20) X7 —2v/w(w=2p) x| || + wllyl? = (v/&—2p|x| —@\Ml)z 0.

Since(x,y) < 0, notice that this inequality istrongerthan (24), provided thab > 2p and
V/w(w—2p) > p¥2. Solving forw in terms ofp in the latter quadratic gives (22). O

We can now proceed to the main result of this section.

Theorem 3.1 (Approximate Projection Inequality) Let C be a convex set and x a point
not lying in this set. If z C is a p-approximate projectionf x onto C, withpo > 0, and
w = w(p) is given by(22), then

Ix—2I* +[lz— Y| < (1+ w)x-yII”, yeC.

Proof By appropriate shifting we can without loss of generalitguane that the projection
point be the origin. We now apply Lemma 3.2 and note €at.7Z sinced 7# is a support-
ing hyperplane t& at the origin. ad

Note that forp < 1 we have the estimae+ \/p?+p < ,/p++/P + p, and hence we
can replace (22) by
w=(V2+1)pY2. (25)
On the other hand, ip > 1, we havep + v/p2 + p < p++/2p?, and so we can replace (22)
by
w=(V2+1)p. (26)
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4 lteration Complexity Analysis

In this section, we modify the analysis of the classical lewethod by replacing exact
minimization of the model function bgpproximate minimizatioand exact projection onto
the level set byapproximate projectionas described in the previous section.

4.1 Three Lemmas

The auxiliary results of this part will be used in establighour main convergence result
in Section 4.2. Lemma 4.1 says that if the values of the (predaly easily computable)
gapd, fori=Kk,...,p, stay above a certain fraction of the “initial” valdg, i.e., if there is
not enough progress from iteratiérto iterationp, then the poink;, must necessarily lie in
the intersection of the level setg (o) for i =Kk, ..., p. This property will be exploited in

Lemma 4.3, which is in turn used in the proof of the main result
Lemma 4.1 (cf. Lemma 3.3.1, [2))If fori =k,...,pwe haveENSp >(1- G)a, then
Xy € NP L(a).

Proof For anyi € {k,..., p} we have

~ @) . . ~ ~ @ ~ (1,11

fi(xp) < fp(Xp) = ;(:) fo—Op<fi—-(1-a)d<f—-(1-a)§ < |
The claim now follows by comparing the resulting inequastiwith the definition of the
level sets (12). ad

The statement and proof is analogous to that of Lemma 3.32],iwhich is formulated
with exact gaps instead. The latter is thus recovered as a special case/wit.

Note that the Lipschitz constahbf f is an upper bound on the norms of all subgradients
of f evaluated at points d. The following result says that if the current gap is largpent
the size of the next step will also be large.

Lemma 4.2 (cf. Lemma 3.3.2, [2])If {x«} is a sequence of points generated by the approx-
imate level method, then

(1- a5

— >
(X1 — || > 3

Proof Indeed,

f(x)—(1-a)d > fi—(1-a)d
DLD (@)

> fe(Xer1)
D0+ (F %) X — %)
> (%) — L% — Xl |-

Boundedness of the feasible §gts only needed in the last two results.
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Lemma 4.3 Letw be chosen as in Theorem 3.1. If for some g we have

x VLD x : .
o> ————, and o> (1-a)g, i=Kk,....p,
P (1—a)(1—y) P ( ) p
then -
L<D
—k+1< p :
P T (1-0))(1-y)20% - wl?D?
Proof In view of Lemma 4.1, poink;, lies in Z(a) for all i =k,..., p. We can therefore

individually for eachi use Theorem 3.1 with = x;, C = 4(a), z= X1 andy = Xp- This
together with Lemma 4.2 and the inequaly> (1 - y)J, (see (10)) implies

12 =Xl < (14 ) % —XplI — [[¥i42 =
2 252
(1-0)(1-y)°%
L2 '

< (L+ w) % — x5 1%~
After rearranging the terms and summing up these inegeslitiri =k, ..., p we get

1-a)?(1-y)?8 P . ,
(p—k+1) 2 e —wZ(lei —X5][% < [|x — x5 ][%.
i=

The result now easily follows by replacing the norms in the Expression by and rear-
ranging the terms. ad

4.2 The Main Result

We are now ready to state the main result of this paper, thatide complexity of the
Approximate Level Method.

Theorem 4.1 (Iteration Complexity) Lete,a,B,ybe suchthae >0,0<a <1, >1
and0<y< 1, and let

_ - _ (1-a)*(1—y)*?
w1 MM 9T e

P @7)

Then the Approximate Level Method producesapproximate minimizer of problem
(1) after no more than

1 LZDZJ 29)

N= {(B—l)(l—v)“ “alaPz_a) " &
iterations.

Proof The proof closely follows that of Theorem 3.3.1 in [2] witletmain difference being
that we use Lemma 4.3 instead of Lemma 3.3.3 in [2]. Assunte tha

SN > E. (29)
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Let p(0) = N and inductively defing(1), p(2),... in the following way. If p(j) is well-
defined and the set

s—-:{ie{m p(i)—1} : &y >S”}
j - [ N p| 1

is nonempty, then lep(j+1) =max{i : i € §}. If Sj is empty then let := j and stop the
process having definga(0), p(1),..., p(l).

Now definek(j) = p(j+1)+1for j=0,...,1 —1, and finally putk(l) = 0. Note that
we have constructed a partition {,1,...,N} (|n reverse order) intb+ 1 sets as follows

{0,1,...,N} ={k(),...,p(H}u{k(l —1),...,p(l =) }U---U{k(0),...,p(0)}. (30)

I -1 lo

Note that, by construction, for eagh=0,...,l we have
Sy = (1—a)a. ielj, (31)
and . . .
- On(i_ o o (8) (1—-y)dn (29
. %(-1 o) y) (1-y)e
%> T " Tal @A ay - (A a)y ~ (A ay 2
Moreover, fori =0,...,N we have
(10) LD
51—y @-ye®@ _vBAD . JolD (33)

1-y)@d-a) " 1-y)(d-a)

Relations (31), (32) and (33), together with the fact tvadnd p satisfy (22), allow us
to use Lemma 4.3 individually on each of the partitions totgetdesired result:

Nyl & Y (P() k(D) +1)
J:
(Lem2a43) | L2D2
= (1—y)2(1—a)25§(j)—wL2D2
(32) L2D2 ' 1
<
— —WV\2(1 — 2 _y)2g2 212
T A
@7 L2D2 | 1
T T ar A e
_ L2D2 | B(l_a)Zj
S e P N I
BL2D? ad 2j
< 1—a)9!
F-Da-yra-ape Y
B L2D2

(B-D(A-y*(1-a)*(1-(1-a)?) e

We have thus shown thatdf; > &, it follows thatN + 1 < c. Conversely, iN > c—1 (which
holds ifN > |c|), we havedy < ¢. O
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Looking at (28), the optimal choice of the parametei is +o (this implies the exact
projections case since them— 0 and hencep — 0, see (27))y = 0 (this corresponds to
minimizing the model function exactly, see (6)) and= 1 — \/iz In this case our analysis
gives the complexity estimate

; (34)

recovering the existing result for the level method [5, 2].

If we want to be using approximate projectionfd { +o, y < 1) and/or minimizing
the model function approximately only ¢& 0), we will have to pay, in comparison with the
worst-case estimate for the exact method (34), by an ineri@etthe number of iterations by
the constant factor 8

OBV = Ea

Table 3 lists the values d(,y) for several choices of the constafisand y. The
effect of largey is very strong and hencgshould be kept small. The dependencefois
very weak. For instance, if we uge= 16 andy = 0.1, we need 63% more iterations, in
theoretical worst case, as compared to the number of eratiquired by the level method.

[B/y] 01] 02] 03] 04] 05] 06] 07] 08] 0.9]
2 [ 305 488 8.33 | 15.43 | 32.00 | 78.13 | 246.91 | 1250.00 | 20000.00

4 || 203 | 3.26 | 5.55 | 10.29 | 21.33 | 52.08 | 164.61| 833.33| 13333.33
8 || 174 | 279 | 476 | 8.82 | 18.29 | 44.64 | 141.00| 714.29 | 11428.57
16 || 1.63 | 2.60 | 4.44 | 8.23 | 17.07 | 41.67 | 131.69 | 666.67 | 10666.67
32 || 157 | 252 | 430 | 7.96 | 16.52 | 40.32 | 127.44| 645.16 | 10322.58
64 || 1.55| 2.48 | 4.23 | 7.84| 16.25| 39.68 | 125.42 | 634.92 | 10158.73
128 || 1.54 | 2.46 | 420 | 7.78 | 16.13 | 39.37 | 124.43 | 629.92 | 10078.74
256 || 1.53 | 2.45| 4.18 | 7.75 | 16.06 | 39.22 | 123.94| 627.45| 10039.22

Table 3 Factors6(f3,y) increasing the complexity of the approximate level metheccampared to the
(exact) level method.

Let us now briefly remark on the complexity result of Theorer i light of the ap-
proximation degree required for the two subproblems: (idimizing the model function
and (ii) projection. In the case of the first subproblem, weetghown that a precision pro-
portional to the current gap (precision in relative scale) imdependenbf the target error
tolerancee of the master convex problem is sufficient (we may choosen&tancey = 0.1
or y=0.01). In a certain sense this is to be expected as the computéehum enters the
algorithm only through the level value, which can be seang, albeit fixed, convex com-
bination of the the minimum and the best upper bound. For ¢versl subproblem, our
analysis requires (see (27)) that the projections be matterelative accuracy

p =O(w?) :O(Lf—l;).

5 Solving the Subproblems

We have shown that, in theory, one does not lose anything lngothe two principal
subproblems (steps (4a) and (4c)) of the level method ontycimately. However, we
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have not describetlow to perform these approximate computations. In this sectian
outline some possible approaches. Our discussion is nattrteebe exhaustive.

5.1 Minimizing the Model Function

Consider any optimization methdd for minimizing a (convex) functiolg on Q with guar-
anteed and computabliégeration complexity. That is, we assume that for any- 0, M

is accompanied with an explicit formula for the number ofatensN(k) = N(k,g,Yo)
needed for the method to find a feasible pgigty), starting from the initial iteratgo, for
which the residuag(yn(«)) — 9" is at mostk. Let us start with a simple observation about
this setup.

Lemma 5.1 For k > 0and0 < y < 1, at least one of the following conditions is satisfied

() 9(Yngx)) < (1—Y)g" +v9(Yo),
(i) 9(yo) <g*+(1+y)k.
Proof Observe that if
9(Yo) — g(yN(yK)) > K, (3%)

then

I(Yn(yx)) <G+ YK <"+ y(9(Yo) — I(Yn(yk)))
<g +y(9(Yo) —9")
=(1-y)g" +y9(Yo)-

On the other hand, if condition (35) does not hold, then
9(Yo) < K+9(Yn(yk)) < 9"+ (1+Y)K,
finishing the proof. ad
Applying this result to the model function, we obtain thddaling corollary.

Corollary 5.1 If we choose

g:= fx, yo.—argogglgqf(m), and K=1ry

whence § = ﬂ:‘ and dyo) = fi, then either inequality6) holds for % = yn(y«), Or Yo is an
&-solution of (1), or both.

This means that we either find a pokjtsatisfying (6) inN = N(ey/(1+y)) iterations
of methodM, or the best current iterate ésoptimal for our master problem. It is likely, al-
though we do not provide computational results in this papet in practical computations
we do not need to run methadd for the full number of iterationdl. Instead, we can check
at every iteration or after a fixed number of iterations wkettondition (35) is satisfied, in
which case we stop.

If a self-concordant barrier for the 9@tis available, we can use an interior-point method
in place ofM.
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5.2 Projection Subproblem

In this section, we outline how one can, in principle, solve &pproximate projection
problem at iteratiok using an interior-point method (IPM). For this we need taiass that
a self-concordant barrier (with paramefeyof C = % (o) be available. This is the case, for
instance, whe® is polyhedral. Byxc we denote thanalytic centerof C. If, for instanceC
is represented as

C={xeR":a'x<b,i=1..m}

for some vectors; € R andb € R™, and we assume th@thas nonempty interior, then the
analytic center o€ is the minimizer of the logarithmic barrier function

W(x) := ilog(bi —a'x).

Further, let
m(z) ==inf{t : xc+t1(z—xc) € C},

which is the Minkowski function o€ with pole atxc. For more details about these notions
please refer to [16].
To lighten up the notation in what follows, let
gx):=|[x—x/|?>,  g.:=ming(x) >0, and g':=maxg(x).
xeC xeC

We are interested in finding @approximate minimizer of onC, in relative scale, as de-
fined by the inequality (13).

Theorem 5.1 If the stopping criterion(9) is not satisfied, then the path-following interior-
point method of Section 3.2 ¢§16], as applied to the problem of minimizing g on C and
initialized at some point  intC, outputs a point x satisfying

9(x) < (1+p)9. (36)
after no more than
235
N=0(1)v8In <7) 37
WV =) 7
Newton steps, where

(1+ ﬁ&—yfl N (1+ %)Zfl'

Proof By Theorem 3.2.1 in [16], ilN iterations of the IPM we obtain poimtsuch that

9(9) — 9. <P'(9"—9.)- (39)
The triangle inequality/g* < /g, + D and the estimatg/g, > %(1— a)a( (see Lemma 4.2)
imply
* 2
g (1+ i) . (40)
O« (1—a)d

The relation (36) then follows by combining (39) and (40)eTihequality in (38) is a con-
sequence of the assumption that the stopping criteriontisattsfied. ad
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If we want to use Theorem 5.1 in the framework of our approxérevel method, we
need to be able to ensure that inequality (36) holds. Thexgfocomputable upper bound
on the number of steps given by (37) is needed. The constant term in (37) depends onl
on the parameters of the IPM algorithm and can be evaluatega&onable choice of the
parameters makes this term equal to 7.36). All that remaitise availability of an interior
pointz of C for which we have a reasonable positive lower bound ernz). This seems to
be a difficult task. It is desirable to design a method whicés of this complication—an
algorithm capable to give a certificate that (36) is satisfied

On the other hand, observe that the strong dependenzéanfdp’) on € does not pose
any problem for an IPM as this quantity appears under a ltsgariSince the dimension
of the subproblem grows with increasing iteration cokief the master program, it would
be interesting to develop a first-order method for solving dpproximate projection sub-
problem. Eventually, executing even a single iterationrofRM becomes impossible due to
memory limitations.

6 Conclusions

We have shown that it is possible to extend the exact levehodeto the inexact case, in
which approximate projections and approximate minimaatf the model function, both
in relative scale, are performed. Moreover, under our weaiSE iteration complexity results,
this was done at the cost of a small multiplicative factoypdiminishing to one as the level
of exactness of both computations increases. This worklua lte viewed both as a sen-
sitivity analysis of the level method to the level of exastmef the two main computations
involved and as a smooth interpolation between the appiaeiand the exact methods, re-
taining the original complexity in the exact case. We hawsented the core of the theory
only; extensions, generalizations, practical considematand numerical experiments are
beyond the scope of this paper and are left for future rekearc
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