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Overview

Kerr: rotating black hole, expected end state.

parameters: M mass and Ma angular momentum.

black hole for |a] < M.

a = 0 is Schwarzschild.

We consider |a| < M, exterior r > ry.

Wave: VAV, = 0, decoupled, important equation, model.

vV V. vV vV v VY

Joint with Lars Andersson.
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Previous results

» |a] < M, mode decay: Finster-Kamran-Smoller-Yau
» |a] < M: Dafermos-Rodnianski, Tataru-Tohaneanu

» (Builds on earlier Schwarzschild Morawetz and conformal
energy results: taba- Soffer, B- Soffer, B- Sterbenz,
Dafermos- Rodnianski, Metcalfe- Marzuola- Tataru-
Tohaneanu, Luk.)

» spectral and scattering results.
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Energy-momentum tensor

Energy-momentum tensor:

T[w]aﬁ :vo/(bv,@q/} - ga,@(v’y"pvfyw)'

Given a vector-field X, 4-momentum

PXW’]Ox :T[¢]aﬁxﬁ7
Ex[4](%) = /z Px[]adv®.

Assume spacetime is foliated by ¥; with timelike, future-oriented
normal

Ex[¢](X¢) =Ex[¥](t) = Ex[¢] = Ex(t)
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Energy-momentum properties

Properties:
1. If T timelike,
then Et > 0.
2. If X is Killing,

then Ex(t) = Ex(tl)
Otherwise: Ex(t2) — Ex(t1) = [ T[¢]apV XA d* 1,

3. We call S a (generalised) symmetry when
ViV =0 = VV,S5¢ =0,
If S is a symmetry,
then Ex[S%] has the same properties as Ex[)].
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Problems:
1. No positive conserved energy
2. Lack of sufficient symmetries for Sobolev estimates

3. Complicated orbiting geodesics, filling an open set.
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Symmetry algebra

The set of symmetries forms a graded algebra.
Iterated Lie derivatives along Killing vectors are symmetries.
In Kerr, there are Killing vectors

ata 8¢
There is also the (hidden) symmetry:

o
cos” 303+ 2 sin’ 00

Q —89 sin 00y -l-
sind

Order n generators:

Sn :{8?f8g¢QnQ ‘ Ng, n¢, nQ S N’ n —+ n¢ —+ 2”Q = n},
So ={ld}, S1={0:0s}, S2={07,0:04,05,Q} = {Sa}.

Pieter Blue Hidden symmetries and Kerr wave decay



Higher energies and momenta for S, vectors

Let
Ex.nalt] =) Ex[Sy],
i=0 S€S;
W =>"> " [Sy.
i=0 S€§;
Let

T[1, ¥2lap =(1/4) (T1 + ¥2lap — Tl1 — ¥2las) ,
T[1]abap =T[Sa; Sp¥lagp-

Given X2, et
PXLb[w]a :T[ql}l]ibaﬁxibﬁ,
Exalv] = [ Praliladi”.
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The blended energy

0y is timelike for r large
Or + wrOy (with wy = a/(r2 + a%)) is timelike for r near r...
Let

TX :815 + X(.UH6¢

Et, ny1(t2)—ET1, nv1(t1)

%]
<JalC / / Laupp 10,91l 0t nd* g
t1
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Morawetz estimate

Wave equation takes form (8,A8, - A‘lR(r)éSE) Y =0.
(A = r? —2Mr + 2°)

Build A22 from R2, £, and weights z and w, where
L35, =07 + 95 + Q.

Suitable choices = Et, 3 > CEpas.
(Lower-order terms)
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Morawetz estimate (cont.)

Get TibagvaAa—bﬂ like

1/2

3/2_1/2 z Z pa
A3/271/ (3,WA1/2 (—3rAR>) (0rSa)(0r Spi))

+w (0,5R?) (05 RE) £7(0653) (0555)
1
+ 5 (0002 (9w (0, 5R2) ) ) £2(Sa0)(Sp0).
So
Er 3(t)+ET 3(t1)
1 2 1 2 2 1 4
> C [ 10008+ Losur (0013 + | FB) + % 10lad*h.
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Bounded energy argument

Et, 3(t2) — ET, 3(t1) 2|a|C/((Ioca/isation))|831/;|2d4,ug

>la|C(ET, 3(t2) + ET, 3(t1)).

1+ |a|C
Et, 3(t2) < 21

—F t
<1 lc T,.3(t1)
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Pointwise estimate

(Away from horizon:)
Since X + a?sin?00? = Q + 835,

/!AwFsin@deqséC/ (1020 + 19392 + |Qu[?) sin §dod
S2 52

§C/ |0, |3r%dr
<CEr 3

By spherical Sobolev

[(t, r,0,6)] <CEY%
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The conformal energy

Introduce r,

dr _r2 — 2MR + a2
dr. r? 4 a2 ’
ug =t =+ r,.

Let

K =(t2 4 r2) T, + 2Ntr.,.,
(r? + a%)?
(r2 4+ a2)2 — a2Asin? 6’

=

N is used to cancel worst term in deformation.
Lower-order term for second worst.
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The conformal energy (part 2)

For Ek 3, worst remaining term in deformation like

|alt* Laupp [0r0 2100 2.

Morawetz estimate gives roughly a gain of t~ for integrability.

)
Eies(T) — Ex3(1) <|a|C / B (H)dt 4
1

Ek3 <l CEk 3(1)
+ CEr 1
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Pointwise decay

For r fixed, K ~ t2 T, so local energy decays like t2HalC,

[W(t, r,0, )| <t C (Ex5(1) + Er, 7)
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Theorem: On Kerr with |a] < M,

—_1 —1/2+]a|C
N D 1LL /2+al
N
AN
AN
Dt71+|8|c \\
\\
AN
AN
N
N
_l’_
H “ 2
N
N
r = const N

Initial data

D? = [[¢/(0)* = Et,.0(0) + Ex,5(0) + En3(0).
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