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Hidden symmetries and Kerr wave decay

Joint with Lars Andersson.
» Kerr spacetime

» parameters: M mass and Ma angular momentum.
» rotating black hole, expected end state.
> black hole for |a] < M; a =0 is Schwarzschild.

» Wave: V*V 9 = 0, decoupled, important equation, model.
» Goal: robust tools (hopefully) for Kerr stability.

> We consider |a] < M, exterior r > ry.

» Result: t~1+12IC decay for |a| < M [arXiv:0908.2265].
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Minkowski stability

» Friedrich

» Christodoulou- Klainerman
» Lindblad- Rodnianski
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Kerr wave decay: other results

» |a] < M, mode decay: Finster-Kamran-Smoller-Yau
» |a|] < M: Dafermos-Rodnianski, Tataru-Tohaneanu, Tataru

» (Builds on earlier Schwarzschild Morawetz and conformal
energy results: taba- Soffer, B- Soffer, B- Sterbenz,
Dafermos- Rodnianski, Metcalfe- Marzuola- Tataru-
Tohaneanu, Luk. See also Donninger- Schlag- Soffer. )

» spectral and scattering results.
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Energy momentum tensor

Energy-momentum tensor:

T[w]aﬁ ZVoﬂ/)V,m/J - goaﬁ(v”ﬂvbvwdj)'
Px[¥la =T[¢]asX”,

Ex[4](Z) = /Z Px[]adv®.

Properties:
1. T timelike, = Et > 0.

2. S a symmetry, = Same properties for Ex[S].
(generalised symmetry S: V¥V 1 = 0 gives V*V 59 = 0)
3. Ex(t2) — Ex(t1) = [ T¥]ap VX d* 1,
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Schwarzschild basics

» Exterior region (t,r,(0,¢)) = (t,r,w) € R x (2M, o) x S2.

» Also use Regge-Wheeler coordinate (?72 = ( — @)
r(0) = 3M.

» Use ' for radial derivative.

» Rewrite the wave equation (u for & = ru.

0=0"+Vi+Ri
R :Ragag + RA52 Ago

1 2M
_ 2
——8t+r2<1—r)A52

» Killing vectors: S; = {0¢,©x,0,,0,}.
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T = 0, is a timelike Killing vector
—> it generates a positive conserved energy.
Or, by integration by parts:

0 =(0:)(02.4 + Vi + R)
=(0:0) (071 + 02 i1 + Vi + Ra, Ag2)

—0+ at(% (05 + (900 + Vi + Ra,| NT?)
+ Or.((r — 2M)(terms))+ X - (terms).
Ex(t) _/ (02 + (0.5 + VI + Ra,| NiPdx
par

ET(t2) :ET(tl).
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Higher energy and L™ estimate

Second-order symmetries:

S, =S% = {87, 0:0,,0,0;},
n—1
ErnaB)(t) =) > Ev[Sal(t).
i=0 SeS,
Heuristically, for r > rg > 2M:
< supky,r > fOHE’”%oo(zt) S suprsnl|As2 < tSO/U||%2(s2)

< ||8,*A52T1||i2():t)
S Er[Asi(t)
< Evsld)(t)
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Model black holes

[Figure goes here]

» Some null geodesics terminate on ™.
> Assume M ~ R x (ry,o0) x S2.

» In stationary spacetime, consider null orbits -null geodesics
which, projected in the quotient, are constant or periodic.

» In Schwarzschild, null orbits at r = 3M. In Kerr, at
3M + O(a). All unstable.
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Local energy decay

Goal:
Forrp <n<m<oo
and (R x [r1, r] x $2) N {null orbits} = 0.

r
/ / / 1032 + 10,52 + | Fil2d*x.
RJrn JS2
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Morawetz (local energy) estimate in Schwarzschild

A =F0,,

(additional terms)
Illustrate method by integration by parts:

0 =(F0,.u)(02 1+ Vii+ Ri)
=(0r.5)5(F)(0..8) + 5(~F) (9. R) D

+lo.ts
+ 0:(FU'0:1) + 0,((1 — 2M/r)(terms)).

F bounded =[5 |Fi/0:0|d*u < Er.

Pieter Blue Hidden symmetries and Kerr wave decay



Integrate over spacetime:
CEr > 1+ 1l +lo.ts,
1= | @0 0.0
p
Il = / i(—F) (0, R) ud>u
P

1 2M
(ar*R) - 8r*(_a? + RASQASZ) - 8, <r2 (1 - r)> A52

We want / and I/ to be positive (or nonnegative). Idea:
» Choose 0,,R >0
» Choose (—F)(0r,R) = (—F)0, (712 (1- y)) A2 elliptic.
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Schwarzschild potentials

[Sketch of Rs2]

» Take F = —w(0,,Rgs2), w positive.
S (=F)(0nRag,)As2 = W(@,*RA52)2A52 is elliptic.
» Near r = 3M, convexity of Ra_, implies 7’ > 0.
Away from r = 3M, choose w to get F' > 0.
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Use the vector
K =(t> + r2)0; + 2tr,0,,

to generate an energy which is ~ t2 stronger than T energy.

The Morawetz (local energy) estimate (and tricks) gives a uniform
bound on this energy, from which one concludes for

QM <n <r<n<oo, u(t,r,w) <t L.

The corresponding decay rate at null infinity follows by the same
argument. Using transport equations and Stokes’ theorem, the t~!
decay rate can be extended to the horizon.
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Kerr

Problems:
1. No timelike, Killing vector: no positive, conserved energy.

2. O¢, 04 only Killing vectors:
Et[k"u] doesn't control Sobolev norms,

3. Photon orbits: “trapping”.
Can’t prove Morawetz estimate using a vector field.

4. (No timelike, Killing vector for K).
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Use blended energy
» Stationary vector field timelike for r large Ot.
» Null generator extension timelike for r near ry 0+ wpOy.
» For |a| small overlap.

Let

Ty =0t + XwHO.

Timelike in full exterior.
Failure to be conserved controlled by Morawetz (local decay)
estimate.
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Hidden symmetries

Hidden symmetry from Carter Killing 2-tensor

cos2 6

Q= S—ag sin 09y + 002 + a?sin? 09?2,

0
Symmetry algebra

S2 ={Sa}a = {07, 0:04, 03, Q},

|Aseul? < |Quf* + |87 ul® + |03ul?,
Er[Aseu] <> Er[Saul.
a
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Wave equation:
1
0=0,A0u-+ ZRU

1
= 0,A0,u + ZRQSQU

For Morawetz:

Idea:
1. F=-w(0,R2)S, gives w(0,,R)?> = Il >0.
2. Instability of null orbits = F’ is elliptic,c, = [ > 0.
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A few technical details

Let

L=1L35,=Q+ 07+ 03,
F2 = —w(d,R?)
AL = Flapby,
Tlulabap = (1/4) (T[Sau + Spulas — T[Sau + Spulag) .

Epes = / TobosAZEYdr?

t

The argument then goes like a standard energy-momentum
argument.

Boot strap with small a gives bounded energy and Morawetz (local
energy) estimate.

Pieter Blue Hidden symmetries and Kerr wave decay



Conformal energy

Let

K =(t*>+ r?) T, + 2Ntr0,,,
(r? + a%)?

N :
(r2 + a2)2 — a2Asin? 0

N is used to cancel worst term in deformation.
Lower-order term for second worst.
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Pointwise decay (stationary decay)

For r fixed, K ~ t2 T, so local energy decays like t—2talC

[(t, r,0,¢)| <t C (Exa(1) + Er, 7)

» Near ZF, (t + r,)~V/2+Clal(t — )1,
» Near Ht, (t — r,)~1HClal,

(Use hyperboloidal surfaces instead of null surfaces near Z+.)
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Maxwell

Take null frame L, N, e?, eB. Null decomposition:

do = F(L, N) + iF(e” — ieB, e? + ieB) p=F(L N)

Fspan(eA’eB)AB = 0€pB.

Wave-like equation: Clgg + a>W(r,8)éo = 0. For small a, not ¢
symmetric, get similar decay.

For ¢ rotation symetric components need to project our stationary
modes.
Use of Q subtle.
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Why is there a loss?

For Ek 3, worst remaining term in deformation like

’a‘t2lsuppx’|8r¢’2|8¢¢|2'
Morawetz estimate gives roughly a gain of t~! for integrability.
T
Ek,3(T) — Ex,3(1) S!a!C/ t 1 Egs3(t)dt + ...,
1

d
~ —Ex 3 =|a|Ct 1
g FK3 |al K3

Ex 3 <tlalc’ CEx3(1)
+ CEr, 1
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