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Black hole stability

» Price: Schwarzschild; wave, Maxwell, Einstein: t=3-2/.

» Wald: Schwarzschild; wave: bounded.

» Christodoulou-Klainerman: R*3: wave, Maxwell,
Einstein: t3/2, t75/2, t77/2,

» Blue-Soffer, Blue-Sterbenz, Dafermos-Rodnianski:
Schwarzschild, wave: t1.

Vast literature: Finster-Kamran-Smoller-Yau, Dimock-Kay,
Whiting, Bachelot, Hafner, Nicolas.



Outline

» Conserved (generalised) energy.

» Sobolev estimate

1/2
If(xo)| < C (/\f|2+ \v2f\2d3x) .

» No spherical harmonic decomposition.



Schwarzschild manifold

ds® = (1 —2M/r)(—dt?+(1 — 2M/r)2dr®) + r*(d6* + sin® 0d¢?).

dr, =(1 —2M/r)"tdr,
r=3M <—=r, = 0.

Symmetries T = {T, ©;}.

r = 3M photon sphere, orbiting geodesics = trapping.



Maxwell equations

Fiag) =0
VirFag =0,
VF,s =0.

» Decoupled problem.

» |nitial data

Fas({0} x R x §%) =(Fo)as

(with constraint).



Spinor decomposition

(1—2M/r)"?(0, + 9,.),
(1—2M/r)"*(d; - d,.),
m =r""(0p + sin(0) 1 0y).

/
h

up =t+r,

u_=t—r,.



Vector fields: “conserved quantities”
Energy-momentum tensor:

Tas-
Energy:
T :at,
Er[F](t)
— / Taﬁ Tadl/'8
{t}xRxS2
2 2 2
:/ (‘¢1| " |do| " |91 ) (1 —2M/r)r*dr.d*w,
{t}xRxS? 4 2 4

d
S ErlFI0) =o.



K =(t* + r,%)0; + 2tr.0,,

Ex[F](t) =
% / (U3_|¢1‘2 + (U_2i_ + UE)‘¢0|2 + U%|¢_1|2> (]. - 2M/r)dr*d2w.

d
= ElFI(t)

= / <1 - (1 — w)) |pol?(1 — 2M/r)r?dr,d*w.
{t}xRxS2

'

Positive in compact set

Spin reduction: ¢, satisfies a wave equation.



Sobolev estimates

» Sobolev estimate:

1/2
\f()?)|§</ \f|2+\V2f\2d3x) .
R3

» ©; is a symmetry = if F solves the Einstein equation, so
does Lo, F.

» Trade derivatives: use the Maxwell equation and
control over T, ©; derivatives to control 0,, derivatives.



Details

Spin reduction:

Xn:EK[ﬁ%F] <C<§EK[£TF] +§ET[£TF] )

Derivative trading:

X={T,R,0, %},
Flenr =YY |LEF(X, X)].
k=0 X;eX

Z |L2LRF (X1, X2)| <|Flx ns1T

Xjex



Main result: Decay estimates

)1/2

t=0

Constant depends on energies of F and 8 derivatives. Initial
data need not be restricted to finitely many spherical
harmonics or to vanish on the event horizon.



Future work

» Reach conjectured decay
» Yang-Mills and linearized gravity on Schwarzschild

» Kerr

Discussing with Lars Andersson (AEI) and Nikodem Szpak
(AEI).
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