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Schwarzschild manifold

ds2 = (1− 2M/r)(−dt2+(1− 2M/r)−2dr 2) + r 2(dθ2 + sin2 θdφ2).

dr∗ =(1− 2M/r)−1dr ,

r = 3M ⇐⇒r∗ = 0.



Maxwell equations

F[αβ] =0.

∇[γFαβ] =0,

∇αFαβ =0. (1)

◮ Decoupled problem.

◮ Initial data

Fαβ({0} × R× S2) =(F0)αβ (2)

(with constraint).



Sets of vectors

T =
∂

∂t
, R =

∂

∂r∗
, Θ =

∂

∂θ
, Φ =

∂

∂φ

T̂ =(1− 2M/r)−1/2 ∂

∂t
, R̂ = . . .

Bases

X ={T , R , Θ, Φ},

X̂ ={T̂ , R̂, Θ̂, Φ̂}.

Symmetries

O ={Θi},

T ={T , Θi}.



Electric and magnetic components

~EX =F
T̂X

X ∈ {R̂ , Θ̂, Φ̂},

~BX =FYZ X , Y , Z a cyclic permutation of R̂ , Θ̂, Φ̂.

|~E |2 =|~E
R̂
|2 + |~EΘ̂|

2 + |~EΦ̂|
2,

|~B|2 =|~B
R̂
|2 + |~BΘ̂|

2 + |~BΦ̂|
2.



Spherically symmetric solutions

~E
R̂

=
qE

r 2
,

~B
R̂

=
qB

r 2
.

◮ Only spherically symmetric solutions.

◮ Slow r∗ decay, no t dynamics ⇒ reject.



Null tetrad

Null tetrad

l̂ =T̂ + R̂ , n̂ =T̂ − R̂ , r−1eA, r−1eB

←−
l =T + R , ←−n =(1− 2M/r)−1(T − R), r−1eA, r−1eB

L =T + R , N =T − R , eA, eB .

Complex tetrad: replace angular piece by

r−1eA, r−1eB 7→ m =Θ̂ + iΦ̂, m̄

eA, eB 7→ M =
∂

∂θ
+

i

sin θ

∂

∂φ
, M̄ .



Null components

φ1 =F (̂l , m)

φ0 =
1

2
(F (̂l , n̂) + iF (m, m̄))

φ−1 =F (n̂, m̄),

Φ1 =F (L, M),

Φ0 =
1

2
(F (L, N)(1− 2M/r)−1r 2 + F (M̄ , M)),

Φ−1 =F (N, M̄).



Decay estimates

u+ =t + r∗, u− =t − r∗.

t = 0

IH

←−
φ−1 ≤ C2

←−
φ0 ≤ C1u+

−1/2

←−
φ1 ≤ u+

−1 φ1 ≤ C1r
−3/2u+

−1

φ0 ≤ C1r
−2

(
u+−u−

u+u−

)1/2

φ−1 ≤ C1r
−1u−

−1

< C1t
−1



Vector fields: “conserved quantities”

Matter:

Tαβ.

For Xα,

(X )Pα =TαβXα,

EX [F ](S) =

∫

S

(X )Pαdνα,

EX [F ](t) =

∫

{t}×R×S2

(X )Pαdνα.



Vector fields: “conserved quantities” II

(X )παβ =∇αX β +∇βXα.

Stokes’ Theorem
∫

∂Ω

(X )Pαdνα =
1

2

∫

Ω

(X )παβ
Tαβd4x .



Vector fields: “conserved quantities” III

T(̂l , l̂) =|φ1|
2,

T(̂l , n̂) =|φ0|
2,

T(n̂, n̂) =|φ−1|
2.

ET [F ](t) =
1

2

∫

{t}×R×S2

∑

i

|φi |
2(1− 2M/r)r 2dr∗d

2ω

=ET [F ](0).



K =(t2 + r∗
2)∂t + 2tr∗∂r∗

=
1

2
(u+

2L + u−
2N).

4EK [F ](t) =
∫

(
u2

+|φ1|
2 + (u2

+ + u2
−)|φ0|

2 + u2
−|φ−1|

2
)
(1− 2M/r)dr∗d

2ω.

EK [F ](t2)− EK [F ](t1)

=

∫

[t1,t2]×R×S2

t

(

1−
r∗

r

(

1−
3M

r

))

︸ ︷︷ ︸

Positive in compact set

|φ0|
2(1− 2M/r)r 2dr∗d

2ω.



Price equations

NΦ1 =MΦ0(1− 2M/r)r−2,

LΦ0 =M̄Φ1 + cot θΦ1,

NΦ0 =−MΦ−1 − cot θΦ−1,

LΦ−1 =− M̄Φ0(1− 2M/r)r−2.



Spin Reduction

◮ Wave equation

−∂2
t Φ0 + ∂2

r∗
Φ0 =

1

r 2
(1− 2M/r)(−∆S2)Φ0.

◮ Φ0 controls growth of all EK .



Wave estimates

E ′
T
[Φ0](t) = E ′

T
[Φ0](0),

E ′
K
[Φ0](t)− E ′

K
[Φ0](0)

=

∫

[t,0]×R×S2

t ′(1−
r∗

r
(1− 3M/r))| 6∇Φ0|(1− 2M/r)r 2dr∗d

2ωdt,

≤ c sup
t′∈[0,t]

E ′
K
[Φ0](t

′) + CE ′
T
[∆2

S2Φ0]. (3)

For (3), use tχLCg∂r∗ , with χLC supported on |r∗| < t, g ′ > 0,
and g = 0 at the maximum of r−2(1− 2M/r).



E ′
T
[Φ0](t) =

∑

Θi

ET [LΘi
F ](0),

E ′
K [Φ0](t) =

∑

Θi

EK [LΘi
F ](0).

EK [F ](t) ≤
∑

Θi

EK [LΘi
F ](0) +

5∑

k=0

∑

Θi

EK [Lk

Θi
F ](0).
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