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Abstract

In the present work the evolution of a Davydov soliton in an inhomogeneous medium will be considered. The Zakharov
system of equations, which describes this soliton, consists of a perturbed non-linear Schrddinger (NLS) type equation plus
a forced wave equation. This system is not exactly integrable for a homogeneous medium and its Lagrangian is non-local.
It has recently been shown that this type of soliton has a long enough lifetime, even for non-zero temperature, so as to be ¢
possible mechanism for the transfer of energy along lelix. In the present work, the effect of temperature inhomogeneities
on the behaviour of this soliton will be studied. As the soliton propagates through such an inhomogeneity, both dispersive
and non-dispersive waves are generated. The stability of the soliton to this radiation is studied. The evolution of the Davydov
soliton solution of the Zakharov equations in an inhomogeneous medium will be studied using an approximate method based
on averaged conservation laws, which results in ordinary differential equations for the pulse parameters. It is shown that the
inclusion of the effect of the dispersive radiation shed by the soliton for the NLS equation and the non-dispersive (hyperbolic)
radiation shed by the soliton for the forced wave equation is vital for an accurate description of the evolution of the Davydov
soliton. It is found that the soliton is stable even in the presence of hyperbolic radiation and that the temperature gradients
have significant effects on the propagation of the soliton, even to the extent of reversing its motion.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The mechanism of energy transfer along a protein chain via the propagation of a Davydov soliton has been
recently revisitedl]. In particular, the stability of the Davydov soliton under thermal fluctuations is still a matter of
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current investigation. 1f2] it was shown that the Davydov soliton is stable at constant temperatures above 300 K.
The problem of the influence of temperature gradients on this soliton has, however, not been considered.

The aim of the present work is to study the evolution of the Davydov soliton as it propagates into and through a
temperature gradient. As the coupled Davydov soliton propagates into and through the inhomogeneous temperature,
it evolves and sheds radiation. This shed radiation has two components, dispersive radiation for the NLS equation
and non-dispersive (hyperbolic) radiation for the wave equation. To obtain a good description of the evolution
of the Davydov soliton, the interaction between the non-dispersive radiation and the dispersive soliton must be
understood. An approximate method for pulse propagation for the NLS equation was develfletdésed on an
averaged Lagrangian. By solving the linearised NLS equation, the variational equations obtained from the averaged
Lagrangian were extended to include the effect of the dispersive radiation shed by an evolving pulse. However, the
Zakharov equations have a non-local Lagrangian, but local conservation laws. Hence a trial function similar to that of
[3] will be used in the conservation equations for the Zakharov equations to obtain approximate equations for pulse
evolution, as was done K¢]. By Noether’s theorem, these two methods are equivalent for a conservative system.

Asin[3], the equations obtained from the conservation laws will be extended to include the effect of the radiation
shed as a pulse evolves. In this regard, there is a new feature which is absent in previous radiation analyses for
NLS-type equations. This new feature is that the accelerating pulse will radiate non-dispersive, hyperbolic waves
in the coupled wave equation. Once proper account is made of these shed hyperbolic waves, excellent agreement is
obtained between solutions of the approximate equations and full numerical solutions of the Zakharov equations.
The main effect of the shed hyperbolic waves on the coupled pulses is to take away momentum so that the pulses
in the NLS and wave equations can travel at the same velocity. The approximate equations are tested for extreme
conditions for a perturbation theory and good quantitative agreement is found. We remark that even if the radiation
in the amino-acid is of large amplitude and alters the motion of the soliton, the soliton can still act as a viable
mechanism for energy transfer. The radiation mechanism found in the present work is to be expected whenever
dispersive and non-dispersive waves are coupled.

This paper is organised as follows. The next, second, section summarises the known results and gives the back-
ground for the present study. The approximate Zakharov equations are then given for a Davydov soliton in a
temperature gradient. The third section derives the approximate equations from conservation laws, while the fourth
section extends these approximate equations to include the effect of the shed radiation, with the fifth section com-
paring solutions of the approximate equations with full numerical solutions of the Zakharov equations. Finally, the
last section presents conclusions.

2. Formulation

The Davydov equations describe the collective motion of a protein ¢Bhiin this model the protein chain is
idealised as a discrete chain with peptide groups at each site of the chain. These peptide groups are in turn linked
together by amino-acids with the peptide groups described in terms of their quantum excitations. The model then
couples the quantum compressional motion of the amino-acids to the peptide groups by the exchange of phonons
which can excite transitions in the peptides and vice versa. The quantum mechanics of this model system was
formulated by Davydoy5]. A simple, modern formulation is given [6].

In [5,6] the variables:, () denote the probability of finding one quantum of excitation in the peptide at site
These variables are normalised so that

Z |an|2 =1 1)

n=—oo
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The variabless, () are then the quantum mechanical average for the displacement of the amino-acid:at site
Schrddinger’s equation for the syst¢hj then gives the equations of motion for these variables in the form

Ed,, = _j(an—i-l +ay,—1) + X(,Bn—&-l - lgn—l)ans (2)
mBy = w(Bni1 — 2Bn + Bu-1) + x(ant1l* — lan—1/?). @)

In these equationg’is a measure of the dipole—dipole interactianis the restoring force in the molecular chain,

m the mass of the amino-acid agds a measure of the effectiveness of energy transfer from one peptide group to
another, analogous to a susceptibi[fy6]. In the continuum limit these equations become the Davydov equations,
which are, with the change of variables — ¢ andg, — 8,

) B2 9B
ih— = —-J—= + 2x9p—, 4
or anZ T Xy “)
92 92 ¥
— —w—s = 2x—|¢|°. 5
Moz —wo g =2xo 19l (5)
It is now convenient to introduce the new variable
B
- 6
T (6)
and to obtain the amino-acid displacement in the form
o0
por=— [ ek @)
X

With these new variables the Davydov equations are the same as the Zakharov equations for the interaction of ¢
wave packet with non-dispersive radiation governed by the wave equatign for

A problem which has been studied is the stability of the Davydov soliton under temperature fluctuations. There
are two different approaches to this. In the first approach a random force of Langevin type is aBde¢Bidor
B. It was shown by7] that for temperatures of the order 10 K the soliton is unstable since it decays very rapidly as
compared with the minimum time required to transport energy along the chain.

The second approach is to use the appropriate quantum mechanical statistical @y8talgethis approach the
thermal motion of the phonons is shown to screen, with the Debye factor, the strength of the long-range dipole—dipole
interactions. This screening results in a modificatiog/af Eq. (4)for ¢. It was shown ir[5,8] that 7 becomes a
functional of the displacemeng . It was further shown that the decreasg/idue to screening results in the soliton
being stable for temperatures above 300 K. The studg]aissumed the adiabatic approximation

P B

w2 0 (®)
and also assumed that the screegfaslas independent of position. However, this study did not include the waves
which may be emitted by the soliton as it evolves. Another s{8flyook into account the non-adiabatic motion
of the amino-acids and included the dependence of the screening on the displaggmagtsn it was found that
solitons are stable for temperatures above 300 K.

In the present work a complementary point of view is taken. A8Jithe motion will be taken to be non-adiabatic
and as in[5] it will be assumed that the screening does not depend. dtiowever, it will be assumed that the
temperature is inhomogeneous and is slowly varying along the chain. The effect of a temperature gradient on a
soliton will then be studied. In this work, we take, ag5h, the equations for the peptides in the form:

do h% %

ih— + —¢€

o T gz~ 2TA—e e+ GlelPp =0, 9)
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where 1— exp(—W) is the effect of the phonon vibrations which produce the screening of the dipole—dipole
interactions, the consta6tis the effect of the coupling of the motion of the chain with sound waves in the adiabatic
approximation and/ is the mass of the peptid8,6].
In the non-adiabatic approximation the equations governing the protein chg#) ared (5)with the screened
given as inEq. (9) In normalised variableggs. (4) and (5)ake the forms
dp 1%

i—+-— —271—¢€e" =0, 10
o Tamz ~ 2 )¢+ ng (10)

¥B P P,
?—ﬁzﬁlwl . (11)
In the present work, the term21 — e~ ") is assumed to be slowly varying along the protein chain.
In order to understand the effect of temperature gradients on a soliton, the Zakharov syStEn(t0) and (11)
for the chain will be taken in the form
o 2 ax?
Pn Py P,
pr il i Q|E| (13)
on changing to E in order to conform with the usual notation for the Zakharov equations. The first of these Zakharov
equations is a perturbed non-linear Schrodinger (NLS) equation, while the second is a forced wave equation. In the
protein chain contextf(x) accounts for a localised thermal effect. Ffoconstant, the Zakharov equations has the
Davydov soliton solution

—nE+ fXE=0, —oco<x<oo, t=>0, (12)

— Vit .
E— aSGCh(a%) e|[(1/2)(a2/(1—V2))t+V(x—(1/2)Vt)+ft]’ (14)
2
a x—Vt
= ——secﬁ er— B 15
1=y (“ /—1_V2) (15)

The object of the present work is to determine the effect of changing medium on this Davydov soliton, go that
changes.

Itis well established that on keeping= —|E|2/(1— V?2) even in the non-uniform region, the soliton accelerates
or decelerates as it enters the region of non-uniform medium describgd hyHowever, when the effect of the
waveequation (13Js included, a new feature appears. From the wave equation it can be seen|fhatlenges
in the non-uniform region, a substantial amount of radiatiomwill be produced in addition to the already present
soliton(15)in 5. This radiation will be found to have an influence on the motion of the soliton in both #redr
modes. This influence of radiation is missed if only the NLS equation is considered by keepirgE|%/(1— V?).

In particular, the question of the persistence of the soliton is decided by the shed radiation. Therefore, proper account
of the shed radiation is needed in order to study the effect of non-uniform temperature on the soliton.

Thus the aim of the present work is to study the influence of the non-dispersive radiation shed by the Davydov
soliton as it propagates in and through the region of non-uniform media, this radiation being governed by the wave
equation (13) The effect of this radiation on the evolution of the Davydov soliton will be determined using an
approximate method based on thaf3jf This approximate method is based on the use of an averaged Lagrangian.
While the Zakharoequations (12) and (18p not possess alocal Lagrangian, they do possess anon-local Lagrangian
which can be obtained via changing the dependent variables as

t
u =/ (n+ |E|?) dt, (16)
0
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which results in the transformed equations
OE 19°E

|_ —_

ot + 2 9x2
Pu Pu 9 E[2
a2 9x2 Bt

It should be noted that the variahlds an artifical variable and is not the physical amino-acid displacement. This

coupled set of equations in the variableand E has the Lagrangian

3
- EB—L; +|EPE + f(x)E =0, (17)

(18)

L= / [i(E*E, — EE") — |EL|? + |E|* + u? — u? — 2|E\?u; + f(x)|E|?] dx . (19)

This Lagrangiarn(19) could now be used to derive approximate equations for the evolution of a Davydov soliton
following the work of[3]. However, the transformatigii6) leads to non-local equations for the parameters of the
modulated soliton, which are not a suitable set of approximate equations to study its evolution. Therefore in the next
section, we shall use the basic conservation equations for the Zaldguwations (12) and (13) obtain equations

for these parameters. On the other hand, the Lagrari@rdoes indicate the appropriate conservation equations

to use since it is clear from this Lagrangian that conservation of momentum includes the soliton in both the NLS
and wave equations and the generated radiation and not each equation separately.

3. Approximate equations

We shall now seek an approximate solution of the Zakharuations (12) and (1®ased on the method {H].
We therefore seek approximate solutions in the form

E— asech(ﬂ) gl V] | g dlot Vil (20)
w

n = —Asech (u) . (21)
w

In these trial solutions, the amplitudeand A, width w, positiony, velocity V, phaser andg are functions of time

t. The first term in(20) and the trial functior§21) are varying soliton-like pulses, as can be seen on comparing with

the soliton solutiong14) and (15) The second term in the trial soluti¢@0) for E represents the low frequency

dispersive radiation in the vicinity of the pulge[3]. As the pulse inE evolves, it sheds dispersive radiation in

order to reach a steady state. That this radiation in the vicinity of the pulse is independeandbie seen from the

following group velocity argument. The dispersion relation for linear waves for the &¢L@tion (12for f = 0

is w = k?/2, wherew is the frequency of the waves ahds the wavenumber. Hence the group velocity of these

waves iscqg = k, so that low wavenumber waves have low group velocity relative to the pulse and so stay with the

evolving pulse. This shelf of radiation under thepulse is represented ky As the shed dispersive radiation has

small amplitude relative to the pulsg] « a. The dispersive radiation cannot, of course, remain independent of

x away from the vicinity of the pulse. Hence, as[8], it is assumed that the shed radiation is flat in the region

y—1£/2 <x < y+ £/2 around the pulse arglis taken to be zero outside of this region. The form of the radiation

outside of this region will be considered in the next section. As the wguation (13)s non-dispersive, the phase

and group velocities for any shed waves are 1, so that there is no shelf of radiation under thejpulée iamark

that the terny is also present for the homogeneous cfse 0 since initial conditions which are not exact solitons

always shed low wavenumber radiation in order to evolve to a soliton[Sfate
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The initial condition to be used in the present work is the Davydov soliton sol(tibnand (15) The Davydov
soliton starts at = 0 with amplitudez = ag and velocityV = Vy. Therefore, the initial values of the parameters
in the trial solutiong20) and (21)re

J1- V8

a = ap, w=-—-, V =V, y=0 and g=0. (22)
ao

Before proceeding to the approximate equations derived from the trial fund@®sand (21) let us derive a
qualitative description for evolution of the pulses on assuming that all of the parameters in the trial functions are
constant, except foy andV = y, and thatg = 0, so that any shed dispersive radiation is neglected. Let us also
assume that, A andw are related as for the Davydov solit¢i¥) and (15with f = 0, so thatw = /1 — VZ/a

andA = a?/(1— V?). Substituting these restricted trial functions into the Lagran¢i@) we derive the averaged
Lagrangian by integrating infromx = —oo to co. Taking the variational equation yrfor this averaged Lagrangian

gives the equation for the soliton position as

d 2 a*w ap
(e am) Y] -5 -0 )

where the potentiah(y) is

b= /OO f(x)seck

X —

Y dx. (24)

w

The details of the motions of the pulses depends on the detailed foftm)ot.et us therefore consider the special
case

0 x <0,
f)={mx O0O<x<L, (25)
mL x> L.

This form for f represents the left-hand end of the chain at room temperature and the right-hang-dndt the
temperaturenL. In this case, the potentié24)is given by
cosh L — y)/w]
cosh(y/w) > ’

#(y) = wmlL — mw? Iog( (26)

which is a monotonic function. Based on this potential, we have two possible motions. When the potential is
decreasing, the soliton accelerates and leaves the inhomogeneous region with changed velocity. On the other hand
when the potential is increasing and the initial energy is lower than the maximum potential barrier, the soliton will
partly penetrate the inhomogeneous region and then bounce back. For the p@@éiptiadre is no possibility that
the soliton will stop in the inhomogeneous region, as the potential is monotone.

Other forms of the inhomogeneit§(x) will lead to different trajectories of the soliton. For example, if

fx) = a(x — x1)? (27)

the soliton will oscillate in the inhomogeneous region and eventually settle onto a steady state with zero velocity
due to the shedding of radiation.

Let us now return to the general trial functiof2®) and (21for which all the parameters are functions of time
The ordinary differential equations governing these parameters will be derived from conservation equations for the
Zakharovequations (12) and (13The NLSequation (12possesses the mass and energy conservation equations:

9, 19
—I|E ~_—(E*E,—E = 2
I8t| | +28x( «—EE) =0, (28)
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.0 2 2 2 19 * * * E9] = 2i 23}’)
|§(|Ex| — 2f1E|” + 2n|E|") + Ea[ExExx— ExExn+2(n — N(E"E, — EE)] = 2I|E]| 5 (29)
and the moment of momentum equation
|—[x(E*E — EQ)] + ——[x(E*EXX+ EE:X) — 2x|EX|2 — E*E, — EE*C]
= 2x|E|? a—ZXIEI 2f' = 2|E,?, (30)

where the superscrigt denotes the complex conjugate. In addition, the wegeation (13)possesses the mass
conservation equation

d (dn o [dn 0 -
—N\=)-—=(—+—IE|") =0 31
8t<8t> 8x<8x+8x| |> (31)

Finally, the NLSequation (12and the wavequation (13possess the total momentum conservation equation

d .. 10
E[I(E*Ex - EE;) + ] + __[E*Exx+ EE;X - 2|Ex|2 - 'h - ﬁx]

an 32
ax 9x?
For the form of the inhomogeneity, let us take a slight generalisation of the linea(2&m

an
=2|15|28 —2|E%f + ——|E)%. (32)

N X < x1,
) =1mx—x1)+ fi x1 <x<x2, (33)
fo X > X2,
where
_ f2 - fl. (34)
X2 — X1

This profile for f is just a linear gradient with levef; in x < x1 going to the levelf; atx = x, and represents an
arbitrary linear temperature gradient.

Substituting the trial function€0) and (21)nto the conservation and momesfjuations (28)—(32)ve obtain,
after some algebra,

%(nw) = % [ZA —w 2 —mkx2—y) ’[anh)62 + m(x1—y) tanh + i+ f2i| (35)
2a? — —
nawd—g = i(1 — Aw?) + m&w |:(x2 —-y) taﬂhx2 —(x1—Y) taﬂhx1 y]
d 3w w
3 5 cosh(xz — y)
m&w? log [—cosh(xl — | (36)
d (d? 5, dA dw
< (— —4Aa2w> = —4d*w 2Aaza, @7

d
3w =0, (38)
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d A%y - -

— |:(2a2w +08HV + —} = ma&w (tanhx2 Y _ tanh y) . (39)
dr w w w

dy

— =V 40
5 (40)

Eq. (37)is the equation for conservation of energy for the pulse for the NLS equéatipr{38)is the equation for
mass conservation for the pulse for the wave equation, on assumin@\thgt= 0 initially, and Eq. (39)is the
equation for total momentum conservation. On combimiggations (35)—(37}he mass conservation equation for
the pulse for the NLS equation can be obtained

d
E(Zazw + g% =0. (41)

The final parameter to be determined is the ledgifithe shelf under the pulse for the NLS equation. This parameter
was determined bjB] by requiring that the frequency of oscillation of the solution of the approximate equations for
the pulse evolution near the fixed point matches the NLS soliton oscillation frequency. Linearising the approximate
equations (35)—(4®@bout the soliton fixed point

J1=V2 2
W= — A= a , f=constant V = constant (42)
a 1-Vv2
gives
321 —-Vv2
g VIV 43
: (43)

on noting from the soliton solutiofi4) that the soliton oscillation frequency is
a2
2(1-V2)~
The valuez is the fixed point value of the NLS soliton amplitude. For consténj, this fixed point value can be
determined from the energy conservatemuation (37)However, whenf(x) is not constant this cannot be done.
Hence the values af andV in the expressiofd3) for ¢ are taken to be their local valuesraaither than their fixed
point values, as was done [8].

The system of ordinary differentiafjuations (35)—(403 not yet complete as the effects of the dispersive radiation
shed by the pulse for the NLS equation and the non-dispersive radiation shed by the pulse for the wave equation
have not been included. The effect of these two components of the shed radiation will be considered in the next
section.

(44)

4. Radiation loss

The dispersive radiation shed by the pulse in the NLS equation has small amplitude. Therefore, away from the
pulse, this radiation is governed by the linearised NLS equation

0E  19%E
i— + = —— E=0. 45
8t+28x2+f(x) (45)

For generalf(x), this linearised equation does not have an exact solution. Howevg&)ifs taken to be slowly
varying, then to first order, the transformation

E=Ué" (46)



164 J. Herrera et al. / Physica D 191 (2004) 156-177
results in the linearised NLS equation

U 102U

=0. 47
2 ox2 (47)

This is the same linearised NLS equation that was considerd@]ltp determine the effect of shed dispersive
radiation on the evolution of a soliton-like pulse for the NLS equation. Therefore, full details of the calculation of
the effect of this radiation will not be given here, only a brief outline, with the full details givgs]in

From the linearised NL8quation (47)it can be shown that the mass shed to the right of the pulse as dispersive
radiation is given by

d

o
p /} U= MU Uy (48)

For constantV, this is the same as the mass shed in dispersive radiation to the left of the pulse. On solving the
linearised NLSequation (47using Laplace transformg], can be related t& via the convolution integral

N sigad [TUGHE/2,D)
U, <y+2,t)_ V2e il e d. (49)

This relation betwee/, andU has been derived under the assumption thét constant. IfV is not constant,
then determining the mass flux from the evolving pulse would involve a moving boundary value problem with the
moving boundary, the edge of the shelf under the pulse, unknown and determined by the solution of the approximate
equations of the previous section. However, if the inhomogeneous region is slowly varying, thi#ie slowly
varying and so can be taken to be constant to first order.

The mass loss expressi¢ft), and a symmetric one for mass loss to the left of the pulse, can now be added to
the conservation of mass equation for the pdd to give the new mass conservation equation for the pulse which
takes account of mass loss to dispersive radiation

d i E u(y +£/2, r)

—(2a°w + £g%) = 2v/2Im | e/ 4y* )= | =L de|. 50

dt(aw+ §) V2 [ ! y+ dt VTt — 1) de (50)
It was noted i3] that the phase af(y + ¢/2, 1) is slowly varying since the shelf is small in magnitude and flat.
Hence both: andu™* in (50) can be replaced by = |u(y + ¢/2, t)|, so that the mass conservatieguation (50)
becomes

t
%(Zazw +0g%) = —2r(t)% / AC (51)

0 /m(t—1)

By linearising the mass conservatiequation (41about the soliton fixed poir{t2) it is found that

2 = 8\/1__[2aw 2av/1— v2+zg] (52)

as in[3].
When the mass loss {51) is added to the approximagguations (35)—(40kEg. (36)for g becomes
dg 242

raw— = —(1— Aw?) + maw | (x2 — y) tanh 22—
d 3w

—(x1—Y) tanhxl — y]
w

B 2 cosh(xz — y) B
m&w? log [—cosh(xl ) 2arawg. (53)
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The loss coefficient is
3a 1d ' r@@
a'_svl—vﬂrdné 7t — 1)

The system of approximate equations governing the evolution of the pulses for the Zakharov equations, including
dispersive radiation shed by the NLS pulse, is t(&5), (37)—(40) and (53)

Now that the effect of the radiation shed by the pulse in the NLS equation has been calculated, we need to
determine the effect of the non-dispersive radiation shed by the pulse in theegpaation (13) The form of this
shed non-dispersive radiation can be seeRim 1(a) which shows the full numerical solution of the Zakharov
equations (12) and (13)r a monotonic decreasing potential with= 8,x> = 9, f1 = 0 andf> = 0.1. The details
ofthe numerical method used to obtain this solution will be given in the next section. The Davydov soliton accelerates
through the inhomogeneous region and emerges with a larger velocity and higher amplgad#b) and (¢) show
comparisons between the full numerical solution and the solution of the approxémesons (35), (37)—(40) and
(53) for the amplitude of thé pulse and the velocity of the puls&s It can be seen that the agreement between the
approximate and numerical solutions is not good. The reason for this difference can be sefeig figa). It can be
seen from this figure that there is a relatively large lump of radiation in the amino-acid displacementlyiage
ahead of the main pulse, which moves with the NLS soliton. It is this shed non-dispersive (hyperbolic) radiation
which must be taken into account in the approximate equations.

On examining the trial functio(21)for the amino-acid displacement wayeve note that it does not take account
of any non-dispersive radiation shed by th@ulse as it evolves. We therefore need to modify the approximate
equations for take account of the shed wave seefrig. 1(a). To find the form of this shed wave, we integrate the
waveequation (13for a given| E|? using the D’Alembert solution to obtain

(54)

1 1 X+t 1 r! x+(—1) )
n(x, 1) = 5[no(x — ) + no(x + n] + 5 / v(§) dé + 5 / / |Elg (&, 7) dg dr, (55)
2 2 x—t 2 0 Jx—(t—71)

where the initial conditions fon aren(x, 0) = no(x) andn,(x, 0) = v(x). Given|E|, this is an exact solution for
n. However,| E| is not known, so we use the trial functi¢20) for E instead.

Since the initial condition is the Davydov solit¢t4) and (15)the initial conditions;g andv in the D’Alembert
solution can be explicitly calculated. Then using the trial func{@®) for E, integrating the D’Alembert solution
(55) by parts gives

B a® xX—y 1 (T, x—y(o)+t—1\ d 1
n(x,t)_—msecﬁ( — >_§fo |:a seci"r( " )El—i-V(r)

2sech x—y@®-0C—-1 i 1 d 56
+ a“sec ( ” e T. (56)
For constant velocity, this expression foi is exactly the Davydov solito(lL5). Notice that the extra term if56)
comes from the waves radiated due to the pulse acceleration. Now the fixed point of the apprexjnaditens
(35)—(40)has

a2

A=—.
1-v2

To be consistent with the trial functiq@1), let us therefore replace /(1 — V?2) in (56) by A, which is valid in the
limit of slowly varying V.
Now integrating the wavequation (13pives the mass conservation equation

(57)

/OO n(x, 1) dx = /00 n(x, 0) dx = 2A(0)w(0) (58)

—00 —0o0
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for the wave equation. Substituting the D’Alembert expressiom f&6) into this mass conservation equation, we
obtain

A = (59)

A(0)w(0) N 2 /l A @w() V() V(1)
wn  w®Jo (1-V2(1)?

This mass conservation equation replaces the mass consemgtiation (38pf the approximate equations of the
previous section. The mass shed as non-dispersive (hyperbolic) radiation by the pulse in the wave equation, which
is due to the acceleration of the pulse, is given by the integral te(&0in

The full set of approximate equations governing the evolution of the Davydov soliton, including the effects of
shed dispersive and non-dispersive radiation, is {88, (37), (39), (40), (53) and (59If the effect of the shed
non-dispersive radiation is not included, the approximate equations aré%e37)—(40) and (53)

5. Resaults

In this section, full numerical solutions of the Zakhaemuations (12) and (18)ill be compared with numerical
solutions of the approximate equations. Numerical solutions of the diijusation (12)were obtained using a
pseudo-spectral method based on that of Fornberg and WHitltdrithis method involves calculating the dispersive
and non-linear terms in the NLS equation using fast Fourier transforms (FFTs) and then propagating the resulting
ode forward in timer in Fourier space using a fourth-order Runge—Kutta method. The equation (13was
solved using standard second-order finite differences with the forcing Bigcalculated using FFTs. Finally, the
approximate equations were solved numerically using a fourth-order Runge—Kutta method, with the integral in the
loss coefficient54) calculated using the trapezoidal rule based methddXdfwhich deals with the singularity at
t=r.

Let us first consider the case of increasing inhomogeneity, in which case the soliton passes through it. As a
first example, let us return to the example showirign. 1, which in the previous section was used to suggest the
importance of the shed hyperbolic radiation. The inhomogeneity extendstfram8 to x, = 9 and has a small
jump of 0.1. The length of the inhomogeneity is comparable to the width of the soliton, and so appears as an abrupt
jump to it. It can be seen frofig. 2(a) that including the effect of the shed non-dispersive radiation results in much
improved agreement with the full numerical solution for the soliton amplitydgarticularly in the mean of the
amplitude oscillations. However, the damping effect of the calculated non-dispersive radiation loss is too great and
the amplitude oscillations are damped at too great a rate as compared with the full numerical $eityti§h) and
(c) show comparisons between the full numerical and approximate solutions for the wave pulse ampéindie
the pulse velocity, respectively. Again, including the non-dispersive radiation loss results in excellent agreement
in the mean, but results in too rapid a damping of the amplitude and velocity oscillations.

Fig. 3shows comparisons between the full numerical solution of the Zakharov equations and the solution of the
approximate equations for a jump of height 0.1 extending fram- 1 to x, = 2. As the Davydov soliton starts
atx = 0, there is some overlap of the forward tail of the soliton into the inhomogeneous region. The length of the
inhomogeneous region is again comparable to the width of the sdlitgn3(a) and (b) show comparisons of the
full numerical and approximate solutions for the NLS pulse amplituded the wave equation pulse amplitudle
respectively. There is reasonable agreement between the full numerical solution and the solution of the approximate
equations with non-dispersive radiation loss, with again the damping of the amplitude oscillations in the approximate
solution being too great. However, the inclusion of the effect of the non-dispersive radiation loss is needed in order to
obtain agreement with the full numerical solution, with the solution without non-dispersive radiation loss oscillating
about the initial amplitudeFig. 3(c) shows the comparison for the pulse velodityThe effect of the inclusion of



11 : : : : 1.4 : : : :
1.08 135
13
1.06
1.25
1.04 10
a A
1.02 115
11
1
1.05
0.98 .
0.965 20 20 60 80 700 0955 20 20 60 80 100
() t (b) t
0.45 : : : :
0.4 ..... e e 1
o \/\/\/\
V
0.3 |
0.25 ]
0.2 |
0.155 20 20 60 80 100
(c) t

Fig. 2. Comparison between full numerical solution of Zakharov equations and solution of approximate equations for the initial c(@Rjitidgthszy = 1 andVy = 0.2 for x; = 8,
x2 =9, f1 =0andf; = 0.1. (—) full numerical solution; (——-) solution of approximate equations with loss to non-dispersive radiation; (- - -) solution of approximiatesagithat
no loss to non-dispersive radiation. (a) Amplitudef NLS soliton, (b) amplitudet of soliton in wave equation and (c) velocityof the pulses.

897

12T-9ST (#002) T6T A eaisAud/ [e1s eiauaH ¢



11 T T T T 135 T T T T

1.08 i 1.3 E
1.06 | 1.25 A ]
N\ ~
1.2
1.04 /
a 1.15 .
1.02 1 A
11 ]
Th  fE R T T e et et e e _
1.05 ]
0.98 ] L
0.96 E 0.95 ]
0.945 20 20 60 80 100 095 20 20 60 80 100
@ t (b) t
0.4 : : : :
0.35 I .... T et e ettt e e e s |
03} )
V i
025 | ]
02} |
015 | ]
015 20 20 60 80 100
(c) t

Fig. 3. Comparison between full numerical solution of Zakharov equations and solution of approximate equations for the initial c(@®)itidgthseo = 1 andVy = 0.1 forx; = 1,
x2 = 2, f1 = 0andf, = 0.1. (—) full numerical solution; (——-) solution of approximate equations with loss to non-dispersive radiation; (- - -) solution of approximiatesagiiat
no loss to non-dispersive radiation. (a) Amplitudef NLS soliton, (b) amplitudet of soliton in wave equation and (c) velocityof the pulses.

L2T—-9GT (#002) T6T A eaisAud/ e 1s eiduaH

69T



04T

1.06 T T T T T 13 T T T T T

1.05

1.25
1.04
1.2
1.03 A
a 1.15
1.02
1.1
1.01
(&
L 1.05 T
)
: o)
0.99 1 1 L L ! 1 ! ! ! L ! Q
0 20 40 60 80 100 120 0 20 40 60 80 100 120 o}
() t (b) t %
T
0.45 , ; ; . . 2
%28
O
QO
e o
04}t ] 2
’ =y
~
0.35 S
E
\% &
0.3 ?
AN
]
3
0.25
0.2
0.15 0 20 20 60 80 100 120
(©) t

Fig. 4. Comparison between full numerical solution of Zakharov equations and solution of approximate equations for the initial c(@®)itidthsag = 1 andVp = 0.2 forx; = 8,
x2 =18, f1 = 0 and f2 = 0.1. (—) full numerical solution; (——-) solution of approximate equations with loss to non-dispersive radiation; (- - -) solution of approximatesequat
with no loss to non-dispersive radiation. (a) Amplitudef NLS soliton, (b) amplitude of soliton in wave equation and (c) velocityof the pulses.



1.2 T T T T T

2.6

1.2
0

(b)

115
11
a
1.05
1 i
0.95
09 1 1 1 1 1
0 20 40 60 80 100
@ t
0.8 T T
075}
07}
0.65 | A
v
0.6}
0.55
0.5
0455 20 20
(©

Fig. 5. Comparison between full numerical solution of Zakharov equations and solution of approximate equations for the initial c(@®)itidgthszo = 1 andVy = 0.5 for x; = 8,
xp = 13, f1 = 0 and f> = 1.0. (—) full numerical solution; (——-) solution of approximate equations with loss to non-dispersive radiation. (a) Amplgtitie.S soliton, (b)

amplitudeA of soliton in wave equation and (c) velocityof the pulses.

60

80

100

120

L2T—-9GT (#002) T6T A eaisAud/ e 1s eiduaH

T.T



172 J. Herrera et al. / Physica D 191 (2004) 156-177

the non-dispersive radiation loss is not as great in this case, but its inclusion leads to reasonable agreement with th
full numerical solution. Again the damping of the velocity oscillations is too great in the approximate solution.

As the length of the inhomogeneous region becomes longer, the agreement between the approximate and ful
numerical solutions becomes better. This is because when the length of the inhomogeneous region is long compare
with the soliton width, the soliton parameters are then slowly varying, which increases the validity of the approximate
equations. This is particularly the case with the analysis of the effect of the hyperbolic radiation, which is based on
V being slowly varyingFig. 4 shows comparisons between the full numerical solution of the Zakharov equations
and the solution of the approximate equations for such a long inhomogeneous region extending fo08nto
x2 = 18. It can now be seen that there is excellent agreement between the full numerical and approximate solutions,
as expected. In particular, the inclusion of the effect of the shed non-dispersive radiation is vital in order to obtain
good agreement with the full numerical solution. Indeed, the non-dispersive radiation is much more important than
the dispersive in driving the evolution of the Davydov soliton.

As the height of the inhomogeneity decreases and its slope increases, the velocity of the pulse approaches the son
limit 1.0. Fig. 5shows an example for which the inhomogeneity decreases by 1 over a disiange = 5. In this
figure the approximate solution without non-dispersive radiation loss has not been shown as without non-dispersive
radiation loss, the approximate velocity rapidly approaches 1 and the approximate equations become singular. Henc
for large decreases in the inhomogeneity, the inclusion of the non-dispersive radiation loss is vital. It can be seen
from Fig. 5a) and (b) that there is excellent agreement between the full numerical and approximate solutions for
the pulse amplitudes and A, except that the period of the amplitude oscillations for the approximate solution is
much shorter than the numerical period. The agreement for the velocity shdvig ic) is good, with again the
approximate oscillation period being much shorter than the numerical period. The numerical oscillaticarsdin
V also show an anharmonic component. The initial conditiongEdrandn and their full numerical solutions at
t = 120 are shown itrig. 6. It can be seen that the large change in the height of the inhomogeneity has caused
a large precursor to develop ahead of the non-dispersive pulse. There is also a long, low precursor ahead of the

1.5 r T T T
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-15¢+ E

-2.5

0 50 100 150 200
X

Fig. 6. Full numerical solution of the Zakharequations (12) and (13pr the initial conditiong22) with ag = 1 andVp = 0.5 forx; = 8,
x2 =13, f1 = 0 and f> = 1.0. (—) initial condition for| E|; (——-) initial condition fory; (- - -) solution for|E| at = 120; (- -—)solution for
natt = 120.
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Fig. 7. Solution of the Zakharaequations (12) and (13)r the initial conditiong22) with ag = 1 andVp = 0.5forx; = 8,x, = 13, f1 = 0 and

f2 = 2.0. (a) Full numerical solution: (—) initial condition f¢E|; (——-) initial condition fom; (- - -) solution for| E| atz = 50; (—-—)solution
for n atr = 50. (b) Velocity of pulses: (—) full numerical solution; (- - -) solution of approximate equations with non-dispersive radiation loss.

NLS pulse. We finally note that these solutions for large inhomogeneity show that thermal fluctuations can have an
important effect on the motion of a Davydov soliton and could even prevent its propagation.

Fig. 7is for an even greater increase in the inhomogengity: 0 atx1 = 8 and f» = 2 atxy = 13.Fig. 7(a)
shows the initial conditions fgrE| andn and their full numerical solutions at= 50. It can be seen that the NLS
pulse has broken up, with a large precursor ahead of the main pulse. There is also a much smaller precursor ahead o
the pulse im. The reason for the break-up of the NLS pulse can be seenfigni(b). The full numerical solution
shows that the velocity of the NLS pulse oscillates aroline: 1. ForV > 1, the NLSequation (12becomes
defocusing when coupled to a pulse solutige — Vt) of the waveequation (13)Hence wherV > 1, the NLS
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pulse starts to break up. It can be seen fileign 7(b) that there is not good agreement between the full numerical
and approximate solutions. However, good agreement is not expected as the approximate equations are not vali
when the original pulses break up.

When there is decreasing inhomogeneity, so fhat f1, the Davydov soliton can evolve in two possible ways.

For small initial velocities, the soliton will penetrate into the inhomogeneity and bounce back, while if the initial
kinetic energy is larger than the height of the potential barrier, the soliton will go through the inhomogeneity.

Fig. 8shows an example for which the initial kinetic energy is large enough so that the pulse can propagate through
the decreasing inhomogeneitfy(< f1). The inhomogeneous region itself is of length 0= 8 andx, = 18, so
that it is long compared with the soliton width. It can be seen ffig1 §a) and (b) that the agreement between
the full numerical solution and the approximate solution with non-dispersive radiation loss for the pulse amplitudes
a and A is reasonable, especially compared with the approximate solution without non-dispersive radiation loss.
However, the agreement between the full numerical solution and the approximate solution with non-dispersive
radiation loss for the pulse velocity shown inFig. 8(c) is excellent. Again the approximate solution without
non-dispersive radiation loss is not in good agreement with the full numerical solution.

Fig. 9shows comparisons between the full numerical solution of the Zakharov equations and the solution of the
approximate equations for a long inhomogeneous region from 8 to x, = 18 for which the inhomogeneity
decreases and the Davydov soliton bounces back from it as it does not have enough initial kinetic energy. For
this example of a soliton bouncing back from the inhomogeneity, the inclusion of loss to the shed non-dispersive
radiation results in excellent agreement with the full numerical solution. This example shows the dominant effect
of the non-dispersive radiation on the motion of the soliton. It can be seenRgn®c) showing the velocity
evolution that non-dispersive radiation loss makes little difference to the pulse velocity.

6. Conclusions

Pulse propagation in a temperature gradient, governed by the non-integrable Zakharov equations has been stuc
ied and approximate equations derived for this evolution which include the coupling between the dispersive and
non-dispersive waves. Since the Zakharov equations have a non-local Lagrangian, conservation laws were use
to derive the approximate equations. However, while the Lagrangian was non-local, it did suggest the appropriate
conservation equations to be used. Unlike previous studies of NLS-type equations, for which the radiation shed by
an evolving pulse was purely dispersj8e4,9,12] or the pulse equation is coupled to a diffusion equdti@j, there
was for the Zakharov equations radiative loss due to the non-dispersive (hyperbolic) nature of the wave equation.
The main effect of this hyperbolic loss was on the soliton velocity. The hyperbolic waves shed by the pulse for the
wave equation were found to carry a relatively large amount of mass and momentum. This was found to be the
case even when the local acceleration of the pulse was small, but the accumulative effect of the inhomogeneity wa:s
large. It was found that temperature gradients do not destabilise the soliton, but can substantially alter its dynamics
to the extent of preventing the propagation of the soliton and reversing its motion.

It was also shown that radiation processes which involve hyperbolic radiation have a very strong influence on the
dynamics of the soliton.
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