Mathematical Techniques IlI
(PHY 317)

Exercise Class 9
Friday, December 11th

You may use the following properties of the Laplace transform, which we
(will) have proven in class:

L L{t"} (s) = S
2. L {exp(at)} (s) = -
3. L{sinat} (s) =

Tt
4. L{cosat} (s) = ==

s24a?

5. L{sinhat} (s) = z°=

a2

6. L {coshat} (s) = ==
7. L{exp(at) f(t)} (s) = F(s —a)
8. LA{t"f(t)} (s) = (=1)"F")(s)
9. L {10 (s) = [~ F(0) do
10. L {f™} (s) = s" F(s) — 3207y s 177 £0)(0)
11. £ {fg f(7) dT} (s) = FS)
12. L{fy J(t = 1) g(r) dr } (5) = F(5) G(s)

The notation is such that F(s) = L{f(t)} (s), and G(s) = L{g(t)} (s);

where

LR} (5) = / T fyetdr

Exercise 1.
Suppose that f(t) is a periodic function with period T’ that is, f(t +
T) = f(t) for all t. Prove that the Laplace transform F(s) of f(t) is
given by

1 T
F(S):m/o fltyedt,



which converges for Re(s) > 0.
Use this to compute the Laplace transform of the function f(¢) which
is 1 for ¢ between 0 and 1, 2 and 3, 4 and 5, etcetera and 0 otherwise.

Exercise 2.
Solve the following integral equation:

f(t)=1—/0(t—7)f(7)d7-

(Hint: Take the Laplace transform of the equation, solve for the Laplace
transform F'(s) of f(t), and finally invert the transform.)

Exercise 3.
Show that the differential equation:

fr(t) +wf(t) = u(t),
subject to the initial conditions f(0) = f’(0) = 0, has

1 t
F(t) = —/ u(r) sinw(t — ) dr
w Jo
as its solution.
(Hint: Take the Laplace transform of both sides of the equation, solve
for the Laplace transform of f and invert.)

Exercise 4.
We have seen above that the Laplace transform of t" is n!/s" 1. Sup-
pose that we consider the Laplace transform of ¢*, where z is a complex
number with Re(z) > 0. This is given in terms of the Euler I" function,
defined by

['(z) E/ = teTtdt .
0

Prove that Gt 1)
z Z+
Lt} (s) = Tl
provided Re(z) > 0. (This is required for convergence of the integral.)
Prove that
Fz+1)=2T(z2),

for Re(z) > 0. Compute I'(3).



