RATIONAL CHEREDNIK ALGEBRAS AND HILBERT SCHEMES II:
REPRESENTATIONS AND SHEAVES

I. GORDON AND J. T. STAFFORD

ABSTRACT. Let H. be the rational Cherednik algebra of type A, _1 with spherical subalgebra U, =
eHce. Then U, is filtered by order of differential operators with associated graded ring grU. = C[h @
h*]W, where W is the n-th symmetric group. Using the Z-algebra construction from [GS] it is also
possible to associate to a filtered H.- or U.-module M a coherent sheaf @(M) on the Hilbert scheme
Hilb(n).

Using this technique, we study the representation theory of U. and H, and relate it to Hilb(n) and

to the resolution of singularities 7 : Hilb(n) — b & h*/W. For example, we prove:

e If ¢ =1/n, so that L(triv) is the unique one-dimensional simple H.-module, then ®(eL.(triv)) 2
Oz, , where Z,, = 771(0) is the punctual Hilbert scheme.

e If c =1/n+ k for k € N then, under a canonical filtration on the finite dimensional module
Le(triv), greLc(triv) has a natural bigraded structure which coincides with that on H%(Zy, £F),
where £ 2 Ogjip(n)(1); this confirms conjectures of Berest, Etingof and Ginzburg.

e Under mild restrictions on ¢, the characteristic cycle of ®(eA (1)) equals > s KuxlZy], where

K, are Kostka numbers and the Z, are (known) irreducible components of 7~ (h/W).
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2 I. GORDON AND J. T. STAFFORD
1. INTRODUCTION

1.1. Let ¢ € C. We assume throughout the paper that ¢ ¢ % + Z and, for simplicity, we will also assume
in this introduction that ¢ ¢ Q<. The aim of this paper is to study the representation theory of the
rational Cherednik algebra of type A,_1, denoted H., and its spherical subalgebra U, = eH.e and to
relate H.- and U.modules to sheaves over the Hilbert scheme of points in the plane.

Glimpses of such a connection appear in [G2] and [BEG2] where it is shown that finite dimensional H,-
and U.-modules deform the sections of some remarkable sheaves on Hilb(n). A more formal relationship
is provided by the main theorem from the companion paper [GS]. In order to describe that result recall
that both H. and U, can be filtered by degree of differential operators with associated graded rings
grH, =2 Clh@bh*]* W and grU. = C[h @ b*]", where h C C" is the reflection representation of the n'"
symmetric group W; one can therefore regard U, as a deformation of C[h @ h*]"". The theorem below
provides a second way of passing to associated graded objects which shows that U, can also be regarded
as a noncommutative deformation of a homogeneous coordinate ring of the Hilbert scheme Hilb(n) (this

scheme provides a crepant resolution 7 : Hilb(n) — b & b*/W).

1.2. Theorem. [GS, Theorem 1.4] There exists a filtered Z-algebra B such that

(1) U.-mod, the category of finitely generated U.-modules, is equivalent to B-qgr, the quotient category
of finitely generated graded B-modules modulo those of finite length;

(2) gr B, the associated graded ring of B, is isomorphic to (the Z-algebra associated with) the homo-
geneous coordinate ring Py HO(Hilb(n), £*) for a certain ample line bundle £ on Hilb(n).

The construction of B is described in more detail in Subsection 3.5. In brief B = Gaizjzo By,
where B;; is the (Ucqs, Ueyj)-bimodule that provides a Morita equivalence between U,1; and Uy, and
multiplication in B is given in matrix fashion: B;; Bj C B;j, but B;; Beg, = 0 if j # £. One should regard
B as being a little like a Rees ring, but in a situation where one may not have any proper ideals. Each

B;; is filtered by order of differential operators, which induces the desired filtration B = [ Jord" B on B.

1.3. Theorem 1.2 provides the following recipe for passing from a left U.-module M with a good filtration
A to a coherent sheaf ®(M) = @ (M) on Hilb(n). Each M (k) = Bjo®y, M has an induced tensor product
filtration A defined by A"M (k) = >, ord’ Byy ® A"~"M. This induces a filtration on M = B ® M,
again written A, whose associated graded object gr, M is a finitely generated gr B-module. Finally, by
the theorem, gr, M corresponds to a coherent sheaf ®(M) on Hilb(n).

This also works for any filtered H.-module (N,T"): use the induced tensor product filtration A on
eH,®p. N to construct a sheaf ®(N) = @, (eH. ® N) on Hilb(n). Under our hypotheses on ¢, tensoring
with eH. gives a Morita equivalence between H. and U, [GS, Theorem 3.3], so D is really the same
construction as ®.

The basic technique of this paper is to exploit the functors ® and d to better understand the repre-
sentation theory of U, and H..

1.4. This works particularly well for O, the category of finitely generated H.-modules on which C[h*]
acts locally nilpotently. The basic building blocks here are the standard modules A.(u), where pu €
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Irrep(W) is an irreducible representation of W. These are analogues of Verma modules over a simple
complex Lie algebra; in particular A.(u) = C[h] ® p as left C[h]-modules. It follows from this that, for
any good filtration A on eA.(u), the associated variety V(anng 7, (gry eAc(p))) = h/W C h @ h* /W is
independent of p.

An interesting phenomenon occurs if we follow the procedure of (1.3) since the characteristic variety
V(ann(gr, eZ:(/,u))) of e/A—C\(/u) is a subvariety of Hilb(n) that does depend upon p. We will state the
result using a finer invariant called the characteristic cycle, Ch(A.(u)), which counts the irreducible

components of the characteristic variety of ®(A.(u)) in Hilb(n) with multiplicities (see (2.7) for the

formal definition).
Theorem. (Theorem 6.7) Let A () be the standard H.-module corresponding to u € Irrep(W). Then
Ch(A.(0) = 3 KonlZl,
A

where K, are Kostka numbers as defined in (3.11) and the Z\’s are the irreducible components of

Z =17 Y(h/W) described in (6.4).

When n = 2 and ¢ = 1/2 an easy direct proof of this and other theorems is given in (6.12-6.14) which

the reader may like to use as an introduction to the results of this paper.

1.5.  The above theorem illustrates a fact that will appear repeatedly in this paper: important modules
M over H. or U, correspond naturally to important sheaves and combinatorial data on Hilb(n).

One reason why Theorem 1.2 and the functors ® and o provide a bridge between Hilbert schemes and
Cherednik algebras is that the construction of B carries key elements from both theories. For instance,
the shift functors (Bj+1,; ® —) are fundamental to the theory of Cherednik algebras; they are also the
analogue of the endo-functor (£ ® —) in Coh(Hilb(n)): given a U,-module M with a good filtration
A, we show that £ ® ®A(M) = Op(Bet1,c ® M) for the appropriate filtration I' (see Lemma 4.4). As
Proposition 1.7 and Theorem 1.8 illustrate, this is important since it enables one to study whole families

of modules simultaneously.

1.6. A consequence of Theorem 1.4 is that the Grothendieck group K(O.) is naturally isomorphic to
the top degree Borel-Moore homology group Hs,—2(Z,C) (see Corollary 6.10). If [GGOR, Remark 5.17]
is confirmed,! this can be considerably refined: the characteristic cycles of the simple modules in O, give
a canonical basis of Ha,_2(Z, C) which corresponds to Leclerc and Thibon’s lower canonical basis of the

ring of symmetric functions. The details can be found in Subsection 6.11.

1.7.  The category O, also includes the finite dimensional H.-modules: they occur precisely when ¢ = r/n
for some r € N with (r,n) = 1. In such a case H. has a unique finite dimensional simple module
L.(triv) (see (5.2) for the notation) and every finite dimensional H.-module is a direct sum of copies of
Lc(triv). We note that Ly /, (triv) is one-dimensional and, by [GS, Proposition 3.16], that eLj_ 1/, (triv) =
Byo ®u, eLy jn(triv), for k € N.

LThis has been announced recently by Rouquier.
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Proposition. (Proposition 5.4) Give Ly ,,(triv) the trivial filtration A° = Ly ;,,(triv). Then &J(Ll/n(triv)) %I

Oz, where Z,, = 7=(0) is the punctual Hilbert scheme.

1.8. Let ¢ =k +1/n and give eL(triv) = By ® eLy,(triv) the tensor product filtration induced from
the trivial filtration on eL;, (triv). Then greL.(triv) and (under an analogous filtration) gr L.(triv) are
bigraded: one component of this grading is induced from the Euler grading on differential operators; the
other comes from the fact that we have taken an associated graded module. Similarly, ;I\>(Lc(triv)) is a
(C*)2-equivariant sheaf on Hilb(n). Using Proposition 1.7 we are able to identify this sheaf, and we can
then describe the corresponding bigraded characters of gr L.(triv) and greL.(triv). Modulo a technical

change in the filtrations, this gives the following result, the first part of which confirms conjectures of

Berest, Etingof and Ginzburg, [BEG2, Conjectures 7.2 and 7.3].

Theorem. (Theorem 5.11 and (5.12)) Let ¢ = k+1/n for some k € N. Then there are natural filtrations
A on eL.(triv) and L.(triv) such that
(1) there are bigraded isomorphisms gr Le(triv) = H(Z,,, P®@ L¥~1) and gr, eL.(triv) = H°(Z,, LF);
(2) under this bigrading, gry eL.(triv) has Poincaré series equal to the (t,q)-Catalan-like number

defined by [GH1, (3.26)].

1.9. A further example of an H.-module corresponding to an important sheaf is given by the module
H, itself. Under the order filtration ord of differential operators, Theorem 4.5 shows that </I50rd (H.) =P,
the Procesi bundle on Hilb(n). This is a remarkable rank n! bundle that arises from Haiman’s isospectral

Hilbert scheme. See (3.7) or [Ha2] for more details.

1.10. There is a second construction that produces a coherent sheaf on Hilb(n) from an H.-module N
with a good filtration I', and which provides a potential connection between our Z-algebra construction
and the Fourier-Mukai equivalences of Bridgeland-King-Reid. The construction is described as follows.
Theorems of Bridgeland-King-Reid and Haiman provide an equivalence of categories D(C[h @& h*]+ W) =
D(Hilb(n)) from the bounded derived category of finitely generated C[h & h*] * W-modules to that of
coherent sheaves on Hilb(n). Applying this equivalence to the finitely generated C[h @ h*] x W-module
grp NV, regarded as a complex concentrated in degree zero, gives a bounded complex U(N) = Up(N) of
coherent sheaves on Hilb(n).

In all the examples we have calculated, the complex U(N) is quasi-isomorphic to $(N) We ask
whether this is true in general; we are only able to show that there is a surjective mapping from the
zeroth cohomology sheaf W(N) onto ZIS(N ), see Proposition 4.11. If this question had a positive answer
it would imply that all higher cohomology of P* ® &)(N ) must vanish. A vanishing theorem in this spirit,
which has consequences for symmetric function theory, has been proposed in [Ha3, Conjecture 3.2], see

(4.12).

1.11. Our final application is an analogue of the Conze embedding [Co] for U.. The Dunkl-Cherednik
map [EG, Proposition 4.5] provides an inclusion U. < e(D(h*8) * W)e = D(h™2)" and it is straight-
forward to see that this actually embeds U, into the Weyl algebra D(h/W). Our analogue of the Conze

embedding gives a precise description of the U,-module structure of this algebra:
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Proposition. (Proposition 8.5) Under the natural identifications, D(h/W) = Uy Bro, where the
B}, = Homy, (Bko, U.) are projective left U.-modules. Thus D(t/W) is a flat left U.-module.

Once again, this corresponds to a fact about Hilbert schemes: in this case it is the result from [Hal,

Section 2] that shows that the subset Uny of Hilb(n) is isomorphic to the affine space A2,

1.12. Plan. The paper is organised as follows. In Section 2 we study filtered Z-algebras and their
modules and show that classical facts concerning characteristic varieties and characteristic cycles for
filtered noetherian algebras do generalise to Z-algebras. Section 3 provides some background material
while Section 4 sees the construction of the functors ® and ® and a discussion of their relationship to
the equivalences of Bridgeland-King-Reid. In Section 5 we study the effect of ® and ® on the finite
dimensional simple U.- and H.-modules, in particular using this to determine their bigraded characters.
Our results on characteristic cycles for O, are presented in Section 6, whilst analogous results for Harish-

Chandra modules are proved in Section 7 and the Conze embedding is constructed in Section 8.

2. GRADED AND FILTERED MODULES FOR Z-ALGEBRAS

2.1.  Throughout this paper a Z-algebra will mean a lower triangular Z-algebra. By definition, this is a
(non-unital) algebra B = @iz ;>0 Bij where multiplication is defined in matrix fashion: B;; Bji C By
fori >3 >k >0 but B;; By, = 0 if j # ¢. Although B cannot have a unit element, we do require that
each subalgebra Bj; has a unit element 1; such that 1,b;; = b;; = b;1;, for all b;; € By;.

Let B be a Z-algebra. We define the category B-Grmod to be the category of N-graded left B-modules
M = @ieN M; such that B;;M; C M; for all ¢ > j and B;; M;, = 0 if k # j. Homomorphisms are defined
to be graded homomorphisms of degree zero. The subcategory of noetherian graded left B-modules will
be denoted B-grmod. In all examples considered in this paper B-grmod will consist precisely of the
finitely generated graded left B-modules.

A module M € B-Grmod is bounded if M, = 0 for all but finitely many n € Z and torsion if it
is a direct limit of bounded modules. We denote the category of torsion modules by B-Tors. The
corresponding subcategory of B-grmod is denoted B-tors; thus B-tors just consists of bounded, noetherian
modules. Finally, in order to obtain geometric categories, we construct the quotient categories B-Qgr =

B-Grmod/B-Tors and B-qgr = B-grmod/B-tors. We write 7(M) for the image in B-Qgr of M € B-Grmod.

2.2. We will be interested in two types of examples of Z-algebras.

First, suppose that S = @nzo S, is a noetherian N-graded algebra. To S we associate a Z-algebra
S = Di>i>0 §ij by setting §ij = S,_; with multiplication induced from that in S. Define categories
S-Grmod, ..., S-qgr in the usual manner. In particular, S-Grmod denotes the category of Z-graded S-
modules, from which the other definitions follow as in the last paragraph. As explained in [GS, (5.3)] we
have equivalences S-Qgr ~ §—Qgr and S-qgr ~ §—qgr. If S is commutative and generated as an Sy-algebra
by S1, then S-qgr and hence §—qgr are equivalent to Coh Proj(5), the category of coherent sheaves on
Proj(S) [EGA, Proposition 3.3.5].

Second, suppose that {R,, : n € N} are Morita equivalent noetherian algebras, with the equivalence

induced from the progenerative (R, 41, Ry,)-bimodules P,. Define R;; = P,_1®pg, ,® - QR 2 Pi+1®R;
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Pj and Rj; = R;, fori > j > 0. The corresponding Z-algebra Rz, = @iZjZO R;; will be called the Morita
Z-algebra associated to the data {R,, P, : n € N}. We again have a useful description of Rz-qgr,

Lemma. [GS, Lemma 5.5] Let Ry be a Morita Z-algebra as above. Then

(1) each finitely generated graded left Ry-module is noetherian;

(2) the association ¢ : M — @@, - Rno ®r, M induces an equivalence of categories Ro-mod —

neN
Ryz-qgr.

2.3. Associated graded techniques. A number standard constructions for unital noetherian rings
extend routinely to Z-algebras: those that will be useful in this paper are the notions of associated
graded modules and characteristic cycles.

In order for filtrations of a Z-algebra R to work properly, the filtrations on the various components
R;; need to be compatible. The abstract requirements for this are quite lengthy and so we will assume

that we are in the following special situation.

(1) R=Ry = @iZjZO R;; is the Morita Z-algebra associated to the data {R,, P, : n € N}.

(2) Each R; is a noetherian domain, and each P; has rank one (on one side and therefore the other).
As a result, we may identify each R,1 = Endg, (P,) with a subring of the quotient division
ring, say D, of Ry.

(3) There is a ring E C D containing each R; and P; such that E has an ascending N-filtration F*E

with a commutative associated graded ring grp E.

The point of these assumptions is that we can take the induced filtrations {F¥R;;} on the R;; and hence
on R itself. It is then routine to check that this filtration is compatible with the ring structure of R and
so we obtain an associated graded Z-algebra
grp R = @ grp Rij, where grp Rij =
12520 neN
The final assumption that we will make is:

(4) grp R g, the Z-algebra associated to some finitely generated commutative graded domain S.

Conditions (1)—(3) occur reasonably frequently. One case is given by taking the R; = U.; (see (3.5)),
but one can also take appropriate factor rings of the enveloping U(g) of a semisimple Lie algebra g,
where the progenerators arise from translation functors (see, for example, [JS]). Condition (4) is more

stringent, although Theorem 1.2(2) shows that it does apply when R; = U.y;.

2.4. Keep hypotheses (1)—(3) of (2.3) and let M = |JA*M be a filtered left Ry-module. Each module
M (i) = Rip ®pg, M is then filtered by the tensor product filtration

(2.4.1) ARM (i) = F'Rig @ A0
LeZ

We therefore obtain an associated graded grp R;-module gry M (i) = @ A*M(i)/A*"1M(i). Sum-
ming over all ¢ gives an associated graded grp R-module gry M = @D grp M(i) for the R-module M =
P,z M(i). When Hypothesis 2.3(4) holds we can and will regard gry M as a graded S-module.
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We say that A is a good filtration on M if gry, M is a finitely generated grp Rop-module. Similarly, a
filtration A on M is good if gry M is a finitely generated gr, R-module. If m € APM ~ Ai=*M, we write
o(m) = [m+ A*"1M] € gry M for the principal symbol of m.

2.5. Lemma. Keep Hypotheses (1)-(3) of (2.3) and let M be a left Ro-module.

(1) If A is a good filtration on M then the induced filtration A on M is good.
(2) Given two good filtrations A and T' on M, there exists a positive integer t such that, for all n and
k,
A"M (k) € T"HM(k) € A"T2M(k).
(3) Assume that Hypothesis (2.3)(4) also holds and regard gr, M as an object in S-grmod. Define
the associated radical ideal N = Ny; ofM to be the radical ideal N = /T of I = anng (grAM).
Then N 1is independent of the choice of good filtration A.

Proof. (1) Since the filtration A on M is good, we may pick generators m; for M with m; € AJiM \
AJi=1M such that the principal symbols o(m;) generate gry M. Pick a free Rp-module G = @ Rog;
and filter G by putting g; in degree j;; thus G is filtered by ®"G = @(F" 7/ Ry)g;. Then the natural
surjection o : G — M given by g; — m; is filtered surjective in the sense that, for each n, we have
a(P"G) = A" M. Equivalently, « induces a surjection gr« : gre G — gry M.

Now consider the induced map G(k) = Rjo ®r, G — M (k). The tensor product filtration (2.4.1)
on G(k) induces a surjection ay, : "G (k) - A" M (k) for all n and k and hence a surjection of graded
groups gray, : greG(k) — gryM (k). Since G is free, we have, for each n and k,

O"G(k) =Y F" IRy @®G =Y F" IRy @ (F/ 7' Ro)gr = > (F"7" Rio) @ gy
J Jit t
The filtration ®G(k) is therefore the natural filtration on the (weighted) direct sum of copies of Ry
and so the associated graded module grg G is just the weighted sum E = &, S[j;]. Since grA]T/[/ is a
homomorphic image of F, it is finitely generated.

(2) By [KL, Corollary 6.12] the desired equation holds for &k = 0. By (2.4.1) it then holds for each k,
with the same value of ¢.

(3) By using intermediary filtrations, as in [MR, Lemma 8.6.11], we may assume in part (2) that
t =1 for k =0 and hence for all k. As in the proof of [MR, Lemma 8.6.12], we then obtain short exact

sequences

(2.5.1) 0—>Z—>grA(M)—>Y—>O and O—>Y—>ng(M)—>Z[1]—>O,

where Y = @, @, A" M (k)/T"M (k) and Z = @, @, "M (k)/A"M (k). If J = anng(grp M), then
it follows that 12 C J and J2 C I. O

2.6. Definition. Keep the hypotheses of Lemma 2.5(3). Then Ny; is a graded ideal of S and we define
the characteristic variety Char(M) of M to be the projective subvariety V(Ny;) of Proj(S) defined by
N7;- The lemma ensures that this subvariety is independent of the choice of good filtration A, and so it

is an invariant of M. A second variety associated to M is

Charg(M) = V(anng, g, (gry M)) C Spec(gr Ro).
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In order to avoid any possible confusion with Char M we will always call Chary M the associated variety

of M, as it is sometimes termed in the literature.

2.7. Characteristic cycles. In the classical situation of filtered noetherian rings it is often useful to
refine the characteristic variety of a module to the characteristic cycle; see, for example, [Bj2, Remark 5.7].
As we show next, this also works for Z-algebras.

Keep the hypotheses and notation of Lemma 2.5, and write Min M for the set of prime ideals minimal
over the associated radical ideal Ny;. If P € Min M , we define Ny p o be the length of the (necessarily
finite length) Sp-module Mp. We note that if S;p; = S[C~*]o, where C denotes the set of homogeneous
elements in S\ P, then ng; ,, also equals the length of the Syp-module grA(]T/[/)S[C’l]O. The characteristic
cycle Ch M is defined to be
(2.7.1) ChM = Y nyV(P).

Min M
Clearly this is a finite sum with finite coefficients. By the next result it is also a well-defined notion. We
remark that the more usual associated cycle of gr, M will not be used in this paper and so there should

be no confusion in our notation.

Lemma. Keep the hypotheses (1-4) of (2.3) and let M be a left Ro-module. Then the characteristic
cycle Ch M is independent of the choice of the good filtration A used in its definition.

Proof. Suppose that the module M has two good filtrations A and I" and, for the moment, write Chy M
for the characteristic cycle of M induced from A. As in the proof of Lemma 2.5(3) we may assume that
t =1 in the conclusion of part (2) of that lemma, and hence that we have the two short exact sequences

(2.5.1). Tt follows immediately from those sequences that (gry, M)p and (grp M)p have the same (finite)
length for any P € Min M. In other words, Chy M = Chr M. a

2.8. Assume that Rg satisfies hypotheses (1-4) of (2.3). We will need to understand how characteristic
cycles relate to short exact sequences of Rp-modules. In general one does not obtain additivity on
such sequences since embedded primes cause problems—a standard example is given by the short exact
sequence of C[z]-modules 0 — () — C[z] — C — 0. The standard way around this is to only look at
the components of the characteristic variety of maximal dimension and we do the same here.

Thus, if M is a finitely generated filtered Rg-module, write Min’ M for the subset of Min M consisting
of those prime ideals P for which dim V(P) = dim V(Ny;) and let rCh M be the corresponding restricted
characteristic cycle:

(2.8.1) rChM = Y ny V(P).
Min’ M

By Lemma 2.7 this too is well-defined.

Lemma. Assume that Ro satisfies hypotheses (1-4) of (2.3) and let 0 -~ A — B L, ¢ = 0 be a short
exact sequence of finitely generated left Ryo-modules. Then precisely one of the following cases occurs:
(a) dim Char(A) < dim Char(B) = dim Char(C) and rCh B = rCh(C;
(b) dim Char(A) = dim Char(B) > dim Char(C) and rCh B = rCh A;
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(¢) dim Char(A) = dim Char(B) = dim Char(C) and rCh B =rCh A+ rChC.

Proof. Choose a good filtration I" on B and give A and C the induced filtrations A = "B N A and
I'*C = B(I''B). It is an easy and standard exercise to check that this induces a short exact sequence
of gr Rp-modules and that the analogue of the lemma holds for the restricted characteristic cycles of
those graded modules (see, for example, [Bj2, Formula 5.8]). Unfortunately the induced tensor product
filtration on ﬁ, etc, need not be filtered exact and so one will not necessarily obtain a short exact sequence
of associated graded modules. So the proof needs to be a little more involved.

In order to simplify the notation, we want to assume that S is generated in degree one, which is easy
to arrange. By [EGA, Lemme 2.1.6(v) and Proposition 2.4.7(i)], some Veronese ring S = @ S;,, is
generated by S(()") = Sy and S;n) = S, while Proj(S) = Proj(S™) for any such n. Thus if we pass to the
Veronese Z-algebra R(™ = D Rin jn, with associated graded ring gr R = S/(\"), then the associated
cycle of R™ ®pr, B will equal that of B. Thus we may assume that S is generated in degree one.

Consider the induced short exact sequence 0 — A—B i C — 0. Give B the tensor product filtration
I, which it is convenient to write as I'. Give A the induced filtration I'; thus I™A(k) = A(k)NI™B(k) for
all m, k. It is unnecessary to do this with C since, as in the proof of Lemma 2.5(1), I™C(k) = B(me(k))
for all m, k. It is immediate that 0 — ™A —TI™B —TI™C — 0 is exact for each m and hence that the

associated complex of graded modules
(2.8.2) 0 — gry A— gry B—grpC—0

is exact.

By Lemma 2.5(1), gry B is finitely generated and therefore, by Hypothesis 2.3(4), so is gry A. Pick an
integer ¢ such that gry A is generated by @D, <; gr5 A(j). Define a new filtration A on gzt =D, A(i) by
defining A = I on A(t) and the tensor product filtration thereafter; thus A™A(i) = > FiR @™ A(t),
for ¢ > t. The choice of ¢ and the fact that S is generated in degree one ensures that

gry A(m) = Z Sm—j gry A(]) = St grp A(t),
J<t
for all m > t. Pulling this back to /let gives
TIA(m) = " F'Rypy ® N 7" (R @ A) = A A(m),
v>0
for any m >t and j > 0. In other words, A = r.

Now consider characteristic cycles. Under the tensor product filtration grp B and grr EZt only differ in
the first ¢ terms and so in Proj(S) they have the same characteristic variety and restricted characteristic
cycle. So we may work with Egt- But now the choice of good filtration on A(t) is irrelevant, so we may
choose the filtration A = I' on A(t) and the original filtrations I' = T' on B(t) and C(t). By (2.8.2) we

therefore obtain a short exact sequence
(2.8.3) 0— gry /~12t — grp EZt — grp 52,5 — 0,

for which the restricted characteristic cycles of the three terms are rCh A, respectively rCh B and rCh C.
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It is now routine to see that the conclusion of the lemma is satisfied. Indeed, if P € Min’ B , then
localising (2.8.3) at P gives a short exact sequence of finite dimensional Sp-modules and so the dimensions

add: né,P:nA,P"‘”C‘,P' O

3. RATIONAL CHEREDNIK ALGEBRAS AND HILBERT SCHEMES

In this section we collect some of the basic material we need concerning rational Cherednik algebras

and Hilbert schemes.

3.1. The rational Cherednik algebra of type A. Let W = &,, be the symmetric group on n letters,
regarded as the Weyl group of type A, _; acting on its (n — 1)-dimensional reflection representation
h C C™ by permutations. We will always identify h* with its image in the coordinate ring C[h] and we fix
a basis {x;} of h*. Let S = {s = (i, 7) with ¢ < j} C W denote the reflections, with reflecting hyperplanes
as = 0. The polynomial § =[], s o € C[h] will be important, in part because h™& = b\ {6 = 0} is the
subset of h on which the action of W is free. Notice that § transforms under W by the sign representation
sign.

Given a variety Z we will write D(Z) for the ring of differential operators on Z. Let D(h™8) « W
denote the skew group ring of D(h™#) by W; thus, by definition, wf = w(f)w, for all f € D(h™8) and
w € W. For ¢ € C the rational Cherednik algebra of type A, is the C-subalgebra H. of D(h*8) x W
generated by the multiplication operators h* C C[h] = C|xy, ..., x,_1], the group algebra CW, and the

Dunkl operators

(3.1.1) yi = 0; — ans(yi)agl(l — ), where 0; = 9/0x;.

ses

3.2. By [EG, Theorem 1.3] there is a Poincaré-Birkhoff-Witt isomorphism of C-vector spaces
(3.2.1) C[h] ®c CW ®¢ C[h*] = H,,

under which C[h*] identifies with the subalgebra of H. generated by h = @?;11 Cy;.

Equation 3.2.1 can be interpreted as follows. For any variety Z, one has a natural filtration on
D(Z) by order of operators and this induces a filtration on D(h™8) « W and its subalgebras by defining
elements of W to have order zero. If R is a subalgebra (or subset) of D(h*8) « W, let ord” R denote the
operators of order < n in R. The associated graded ring of R will be written ogr(R) = @ ogr(R), where
ogr™(R) = ord™(R)/ord" !(R) and the resulting graded structure of ogr(R) will be called the order or
ogr gradation.

If we filter H, in this way, then (3.2.1) implies that ord® H. = C[h] * W, ord" H. = b + ord” H, and
ord" H, = (ord1 H.)® for i > 1. Moreover, the associated graded ring ogr H. = €D ogr” H, is isomorphic
to the skew group ring C[h & h*] = W.

3.3. The spherical subalgebra. Let e € CW be the trivial idempotent and e € CW be the sign
idempotent; thus e = [W[~' Y, wand e = |[W|~1 3" . sign(w)w. The spherical subalgebra of H.
is the algebra U. = eH e while the related algebra U = e_H.e_ is called the anti-spherical subalgebra.
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By [BEG2, Proposition 4.1] these algebras are related through the identity
(3.3.1) U = 6 'U 6 = e5 "Heyide.

3.4. By (3.3.1), eH.y10e is an (Ugy1, U:)-bimodule but the results of this paper require that it is also
a progenerator on both sides. This fails for special values of ¢ € (—1,0) (see [GS, Remarks 3.14]) and so

throughout this paper we will need to make the following assumption:

Hypothesis. Set C = {z : z = & where m,d € Z with 2 < d < n and z ¢ Z}. Assume that c € C is

such that c ¢ % + Z. If ¢ is a negative rational number assume further that ¢ & C.

Remarks. (1) If n =2 and ¢ € % + N, then all the results of this paper do also hold as stated. The
reason is that [GS, Theorem 3.3] is easy to prove directly for Cherednik algebras of type A; (see [GS,
Remark 3.14(1)]) and this is the only place where the restriction ¢ ¢ 1 + Z is used.

(2) Using the identities H, = H_, and U, = U_, from [De, Section 2], analogues of the results in this
paper do hold for ¢ € C. The details are similar to the arguments of [GS, Corollary 3.13] and are left to

the interested reader.

3.5. Assume that ¢ satisfies Hypothesis 3.4. Then [GS, Corollary 3.13] implies that the shift functors
Se : Ues-mod — Ugy1-mod : N — eH.110e @y, N

and
§C : He-mod — H.yi-mod : M — H.i16e @y, eM

are equivalences of categories. For ¢ > j > 0 set

(3.5.1) Bj;(c) = Bj; = Ucy; and B,;(c) = B;j = (eHcyid€e)(eHcyi—10€) - - - (eHey j+10€),

where the multiplication is taken in D(h™8) « W. Since each eH.4;de is projective, multiplication gives

a natural isomorphism
(3.5.2) eH.;de QUi eH.i;_10e OUpyin  OUoyjpa eHcyji10e = Byj.

As a result we have a Morita Z-algebra
B =B(c) = @ Bij
12520
associated to the data {U.i;, eH.4;de;i € N} By setting E = D(h'8) « W with the order filtration, we
see that the requirements (1-3) of (2.3) are fulfilled.

3.6. The Hilbert scheme. We next want to relate U, and B to Hilbert schemes. Let Hilb®C2 be
the Hilbert scheme of n points on the plane, which we realise as the set of ideals of colength n in the
polynomial ring C[C?]. If we identify the variety S"C? of unordered n-tuples of points in C? with the
categorical quotient C2" /W, then the map 7 : Hilb®C? — S™C? which sends an ideal to its support

(counted with multiplicity) is a resolution of singularities [Na, Theorem 1.15].
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Consider the W-equivariant map h @ h* — C2?". To fix notation, let h be the hypersurface z = 0
in the first copy of C™ and similarly let h* be the hypersurface z* = 0 in the second copy of C"; thus
C[C?"] = C[h @ b*|[z,z*]. Define

Hilb(n) =7 (b @ h*/W).
In [Ha2, Ha3], Haiman proves a number of fundamental results about Hilb®C2. The analogous results for
Hilb(n) will be needed in this paper but, by [GS, Lemma 4.9 and Corollary 4.10], they follow routinely
from Haiman’s work. In particular, 7 restricts to a crepant resolution of singularities 7 : Hilb(n) —

b b /W.

3.7. Write A° = C[h @ b*]W, J° = C[h @ bh*] and set A' = C[h @ h*]*&" and J' = C[h @ h*]AL. For
k > 1, define A* = (AY)* and J*¥ = (J1)* for the respective k" powers using multiplication in C[h @ b*].
Finally, write
(3.7.1) A=Ared = A%A't)  and S =P JH* =Clho ][ 6]

k>0 k>0
for the corresponding Rees rings at the ideals A'd, respectively J'§. By [GS, Corollary 4.10], Hilb(n) =
Proj(A). Moreover X,, = Proj(.S) is the reduced fibre product

Xp — bob”
(3.7.2) ’Jl J
Hilb(n) ——— b & b*/W.

and the map p is flat of degree n!.

Associated to these objects we have three important vector bundles: the rank n tautological bundle B
on Hilb(n) whose fibre above I € Hilb(n) is the n-dimensional vector space C[C?]/I; the Procesi bundle
P = p.Ox, of rank n!; and the line bundle £ = A"B . By [Hal, Proposition 2.12] £ = Ogjpm)(1), the
ample line bundle associated to the isomorphism Hilb(n) = Proj(A).

3.8. The given definitions of A and S agree with those used in Section 6 of [GS], but not with those
used in the earlier sections of that paper where the (isomorphic) rings A°[A't] and C[h @ h*][J ] are
used. The reason for caring about the distinction is that W acts on S via its natural action on C[h @ bh*],
and on P = p.Ox, by the permutation action on X,. By [GS, (4.6) and Corollary 4.10] the induced

actions agree under our chosen action:

(3.8.1) H°(Hilb(n), P ® £) = Jis? as W —representations.

In contrast, W acts on & with the sign representation and so acts on J¢ by sign®d [GS, loc.cit.].

3.9. Let A= Disi>0 A'7I§7J be the Z-algebra associated to A as in (2.2). By [GS, Theorem 6.4(2)]
(3.9.1) ogrB =eAe> A

whenever c satisfies Hypothesis 3.4. Hence requirement (4) of (2.3) is also satisfied. Combined with (3.5)
this implies that:
If ¢ € C satisfies Hypothesis 3.4, then Theorem 1.2 holds for U, and, moreover, we can apply all

the results from Section 2.
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3.10. Partitions. We will use the same conventions for partitions and W-representations as was used
in [GS]. Thus lrrep(W) denotes the set of irreducible representations of W, up to isomorphism. These
irreducible representations will be parametrised by partitions g = (u1 > p2 > +-+ > g > 0) of n, where

the understanding is that p; = 0 for i > ¢. The Ferrers diagram of p is the set of lattice points

d(p) ={(4,7) e NxN:j < pip}.

Following the French style, the diagram is drawn with the ¢-axis vertical and the j-axis horizontal, so
the parts of u are the lengths of the rows, and (0,0) is the lower left corner. The arm a(x) and the leg
I(x) of a point « € d(u) denote the number of points strictly to the right of z and above x, respectively.
See [GS, (2.6.1)] for a typical example. The transpose partition pt is obtained from p by reflecting the
Ferrers diagram about the line y = z, in other words exchanging the rows and columns of p.

The partition statistic of a partition p is n(u) = Y, pi(t — 1). We will always use the dominance
ordering of partitions as in, for example [Mac, p.7]; thus if A and p are partitions of n then A > p if and
only if Zle A > Zle w; for all k > 1. Thus, as in [Mac, Example 1, p.116], the trivial representation

triv is labelled by (n) while the sign representation sign is parametrised by (1™) and so triv > sign.

3.11. For a pair of partitions u, A let K,x(t,s) be the Kostka-Macdonald coefficients defined in [Mac,
VI, (8.11)]. Their specialisations yield the classical Kostka numbers K, » = K,x(0,1). By definition,
these numbers give the transition matrix between the bases of the ring of symmetric functions given by
the Schur functions, s,, and by the monomial symmetric functions, m,; thus s, = > ,_, K.amx. By

[Mac, I, (6.5)], K, =1 and K, =0 unless x> .

3.12. The punctual Hilbert scheme. Let 0 € S?C? be the zero orbit. The punctual Hilbert scheme,
Zn, is defined to be 7 ~1(0), the fibre of the resolution 7 : Hilb®C? — S™C? above 0. By [Hal, Proposi-
tion 2.10] Z, is reduced. Since 0 € h@bh*/W we also have Z, = 771(0). Let m = C[h & h*]}¥ <«C[h @ h*|V
be the maximal ideal corresponding to 0. Since Hilb(n) = Proj A, we have Z, = Proj(A/Am).

Lemma. Let P and L be the bundles defined in (3.7). Then, for all k > 0, there is a vector space

isomorphism H(Z,, LF) = A*6* JAF§Fm and a W -equivariant isomorphism of vector spaces
(3.12.1) HO(Z,, P ® £F) = J*6% ) J* 6% m.

Proof. Once we set up the notation, this is an easy consequence of [Ha3, Theorem 2.2]. We first prove
(3.12.1). Let Py, By and £; = A" B; denote the vector bundles on Hilb®C? analogous to P, B and £
on Hilb(n), as in [GS, (4.5)]. By construction, the restriction of Py (respectively £1) to Z, equals the
restriction of P (respectively £). Set £ = kn and define R(n, ¢) = HO(Hilb"C2, P; ® BY), where B = B*.
Finally, let W* C &, act on BY by permutations.

Let m; < C[C?"] be the maximal ideal corresponding to 0. It follows from [Ha3, Theorem 2.2] that
R(n,0)/R(n, l)m, = H°(Z,, P; ® BY) while, by definition, if e; denotes the sign representation of W

then £F = (BY)e*. As the action of W is trivial on P, we therefore obtain

HO(Zy, P@LY) = H(Zy, Pr@ L]) = H(Zn, (PL@B})*) = H*(Zn, Pr@B)™ = R(n,0)* /R(n, £)*m,.
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By [GS, Lemma 4.9(1) and (4.6.2)] R(n, €)% /R(n,f)%*m, = J*5*/J*6*m W-equivariantly. Combined
with the last display, this proves (3.12.1).
By [GS, Lemmas 4.4(1) and 4.9(1)], A*§* equals the triv-isotypic component of J*§* , while OHilbm) =

PW. Substituting these observations into (3.12.1) gives
H(Zy, £%) 2 HO(Zy, (P ® £9))" 2 AFgh/ A" g,
as required. |

3.13. Torus action. In Section 5 we will need two refinements on Lemma 3.12: first that the isomor-
phisms are bigraded under the appropriate torus action and second that we can determine the dimensions
of HY(Zy, £F) and H%(Z,,P ® L¥). Both results are implicit in Haiman’s papers, but take a while to
explain.

We begin with the torus action. The torus T? = (C*)? acts linearly on C? as the group of diagonal
matrices of the form 7, ; = diag{s™!,¢7!}; thus, as in [Ha3, (12)], T? acts on C[C?] = C[z,y] by 7s:x =
sx, Tsty = ty. This induces a T?-action on S"C? and Hilb"C?; furthermore, since h & h*/W C S"C? is
T2-stable, there is an induced T2-action on Hilb(n). This action further restricts to the punctual Hilbert
scheme Z, since the zero orbit in h @ h*/W is invariant under T2.

As in [Ha3, Section 2, p.377], there is an induced T?-equivariant structure on the tautological bundle
B and on the Procesi bundle P arising from the action of T? on C[C?], respectively C[h & h*]. Conse-
quently, £ = A"B is also a T?-equivariant sheaf. Analogously, the vector bundles B, P1, £1 over Hilb"C?
introduced in the proof of Lemma 3.12 have natural T?-equivariant structures.

Of course, one also obtains induced actions of T? on the sections of each of these bundles. This
action can be equivalently described by a Z2-grading: an element f is homogeneous of weight (i, ) if
Teif =8 f UM = EB” M is a bigraded decomposition of a module M arising from such a T2-action,
then the Poincaré series of M is the Laurent series p(M,s,t) = >, ; st/ dim M. The reader should

note that the variables s and ¢ appear in the opposite order in [Ha3, (46)].

3.14. The action of T? on C[h @ h*] also induces a bigrading on A* and J* and the element J is
bihomogeneous for this action with weight (N,0), where N = n(n — 1)/2. We have the following

refinement of Lemma 3.12.

Corollary. The isomorphisms of Lemma 3.12 restrict to identifications of bigraded components
Akgk Jhgk N i+NE
AkFm ) '

Proof. Set ¢ = nk, for some k, and let J*¥ denote the C[C?"] analogue of J*, as in [GS, (4.3)] . By [GS,

i+NEk,j
0 k\ij ~
) and H (ZH,P®£ )j = (m

(2,057 = (
(4.6.1)], there is an isomorphism

(3.14.1) J* = R(n, 0) = H°(Hilb"C?, P, @ L}).

We claim that (3.14.1) is T?-equivariant. For the second isomorphism this is just [Ha3, (69)]. Note, here,
that the extra variables a; and b; used in the definition of R(n,¢) in [Ha3, (17)] have bidegree (1,0),
respectively (0,1). The first isomorphism in (3.14.1) is constructed explicitly in the third paragraph of

the proof of [Ha2, Proposition 4.11.1] and is clearly T?-equivariant, as claimed.
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As in the proof of Lemma 3.12, J*¥/J*m = J¥/J¥m; = H°(Z,,P ® £¥) and, by (3.14.1), this isomor-
phism is T?-equivariant. Since § is bihomogeneous of degree (N, 0), this proves the second isomorphism

of the lemma. As in the proof of Lemma 3.12, the first equation follows by taking W-fixed points. O

3.15. For the next result we need some notation. By [Ha3, Proposition 3.1] the T?-fixed points on

Hilb(n) are labelled by partitions of n: to any partition 7 we associate the monomial ideal
(3.15.1) Iy =C-{z"y": (r,s) ¢ d(n)} < Clz,y],

regarded as a point of Hilb(n). We also recall that the Catalan number C%) is defined to be

C(k):1(<k+1)n).

" kn+1 n

Lemma. For all k > 1, we have dimH%(Z,, P ® £F~1) = (kn+1)""! and dim H°(Z,, £F) = e,

Proof. As in the proof of Lemma 3.12, we may replace P and £ by P; and £; and so, by [Ha3, Theo-
rem 2.2], the hypothesis of [Hal, Theorem 2] is now valid. Thus, by [Hal, (1.7) and Theorem 2|, and in
the notation of that paper, dim H’(Z,, £}) = Cy(,,k)(l, 1) = C'). This proves the second formula.
For a partition p of n, set Qi) = [T,eq(,y (1 — ") (1 — s7H@)¢1+aln)) and write
B, = Z s*tY, II, = H (1—s"tY) and P, = Z s K, (571 dim A
(z,y)ed(n) (@) €d(i) )

(z,y)#(0,0)

We claim that HO(Z,, P @ £571) has the Poincaré series

(3.15.2) p(H*(Zn, PL @ LK), 5,1) ZP s Dn(w) (k=D (1 — g)(1 — £)IT, B, (p) "

We prove the claim by following the derivation of [Ha3, Theorem 3.2]. A locally free, T?-equivariant
resolution Vo — Oz, of Opjpsce-modules is given by [Ha3, Proposition 2.2]. Since £57! = (A" By )®*—1
is a direct summand of B?"(k_1)7 [Ha3, Theorem 2.2] shows that H!(Hilb"C2, P, @ LV ™' © 0y) =
H(Z,, Py @ £X71) = 0 for all i > 0. Combining these observations means that

p(H(Zo, Pr@ LE7Y),5,t) = p(HO(HILC%, P @ LI © Og,), 5,)

= ) (~1)p (H'(HID"C?, Py @ LY ' @ V), 5,1) .
>0
By [Ha3, (35)], the sheaves P; ® £LF~! ® V; are acyclic for the global section functor. Thus, combining
the last displayed equation with the Atiyah-Bott-Lefschetz formula [Ha3, Proposition 3.2] gives

(3.15.3)

p (HY(Zy, Pr @ L571), 5,1) Z; (1) ® LY N (1) @ Vi(1,), 8, t) Qp)
S p(Li(L), 5,0 Q)Y (—1)p (Pi(LL) @ Vi(1L),s.t).
1z 720

As was shown in the proof of [GS, Proposition 4.8], p(£i(1,),s,t) = s”(”)t”(“t), while the final sum in
(3.15.3) is computed in [Ha3, (89)] (the individual terms in [Ha3, (89)] are defined in Equations (71),
(73) and (88) of [Ha3]; note, however, that the convention [Ha3, (46)] for Poincaré series differs from

ours). These computations combine to give (3.15.2), as claimed.
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By [Hal, (1.9)] we have }° ;) l(z) = n(u) and, similarly, 3° ;) a(z) = n(ut). Applying these
formulee to (3.15.2) gives
P (1= s)(1—#t)skn)knu)1T B
(3.15.4) p(HY(Zn, P @ L571),5,8) = Z (1= 5)( )s nBu
o Hde(u) (ta(w) _ 81+l(m)>(8l(w) _ t1+a(a:)>

The right hand side of this equation is the same as [GH1, (3.27)], provided one specialises the formal
variable X = (z1,2,...) from [GH1, (3.27)] to 1 = - = 2, = 1 and z; = 0 for ¢ > n. Now [GHI,
(3.27)] can be computed from [GH1, Theorem 4.1]. Let e,, denote the n*® elementary symmetric function
and note that, if g = 1 and X is as above, then e,[X (1 4+ ¢+ ...+ ¢")] = e, [ X (kn+1)] = (kn +1)" in
the notation of [GH1, Introduction]. Therefore, specialising [GH1, Theorem 4.1] to ¢ = 1 (which means
taking s = ¢ = 1 in our notation) gives

1

dimH(Zo, PLo £177) = 1=y

enlX(14+q+...+ ") = (kn+ 1),

as required. |
3.16. 'We note for use in (5.12) that the derivation of (3.15.2) also yields

(3.16.1) PHO(Za, £F), 5,8) = 3 skr0knl) (1 — 5)(1 — )1, B, Q(u) ™.
I

This is the two variable Catalan-like number Cflk)(s, t) of Garsia and Haiman, as defined in [Hal, (1.10)].

4. REPRESENTATIONS OF H, AND COHERENT SHEAVES ON Hilb(n)

4.1. Throughout the section we assume that ¢ € C satisfies Hypothesis 3.4 although, by the observations
from Remark 3.4(2), analogues of the results proved here do hold for more general values of c.

The results of the previous sections allow us to associate a coherent sheaf ®, (M) on Hilb(n) to any
U.- or H.-module M with a good filtration A and in this section we investigate the general consequences
of this construction. These results will begin to explain one of the central theses of this paper: ®, (M)
carries much deeper information about the structure of M than does, for example, the associated graded
A% module gry M. One reason for this is that the fundamental Morita equivalence between U, and U, 1,
and with it the more subtle information about U.-modules, is lost in passing to the associated graded
rings but survives in our approach—in the notation of (3.7) it becomes the shift functor (£ ® —) for
coherent sheaves (see Lemma 4.4). In Proposition 4.11, we show that there are intriguing connections

between the map ® and the Bridgeland-King-Reid equivalences.

4.2. Associated sheaves. Given a filtered noetherian ring R, write R-Filt for the category of R-modules
equipped with increasing exhaustive filtrations and whose morphisms respect those filtrations. Let R-filt
be the full subcategory of R-Filt consisting of modules with good filtrations. By (2.2) and (3.9.1), graded
modules over ogr B = A are the same as those over A. In the notation of (2.4) we therefore have a
functor

® : U-Filt — Qcoh Hilb(n) (M,A) — O (M) =m(gry M),

where 7 is the quotient map from A-Grmod to A-Qgr ~ QcohHilb(n). Lemma 2.5(1) implies that ®
restricts to a functor ® : U.-filt — Coh Hilb(n) .
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We will often abuse notation by writing just ®(M) when the filtration on M is clearly understood,
but we will write 5 (M) = ®5 (M) if we need to specify the initial algebra U..

Similarly, we have a functor & : H.-Filt — Qcoh Hilb(n). More precisely, if (N,I') € H.-Filt then
applying the functor E. = (eH. ® —) to (N,T') gives an object (eN,T'g) € U.-Filt by setting T (eN) =
el'*(N). Thus we can extend ® to

& : H,Filt — QcohHilb(n)  (N,T) — ®x(M) for (M,A) = (eN,Tg).

If (N,T) € H.Ailt, then gry eN = @el™N/el™ 1N is a homomorphic image of the finitely generated
C[h @ b*]"-module gr N and so A is also a good filtration. Thus, as before, it follows from Lemma 2.5

that ® restricts to a functor ® : H,-filt — Coh Hilb(n).

4.3. Warning. The careful reader has noticed that we have two filtrations in play at the moment. In
(3.9.1) we used the order filtration on the bimodules B;;, whilst in (2.4.1) and (4.2) we have insisted
on the tensor product filtration for modules. For general modules these two filtrations can differ (an
example is given in [GS, (7.4)]) and so one can ask whether ®(U.) actually equals Ogiih(n)- It does, by
[GS, Lemma 7.2].

This potential ambiguity occurs several times in this paper—one instance occurs in the next lemma—

but in each case it is resolved by [GS, Lemma 7.2].

4.4. Shift Functors. Recall from (3.7) that £ = Ojpm) (1), the Serre twisting sheaf corresponding to
the Rees ring A. The role of the shift functor (£ ® —) in Qcoh Hilb(n) is played by the shift functor S,

in the noncommutative world:

Lemma. Assume that c € C satisfies Hypothesis 3.4 and let (M, A) € U.-Filt. Define (M',\’) € U.y1-Filt
by setting M' = S.(M) = (eH.y10e) ®u, M together with the tensor product filtration A" from by (2.4.1).
Then ®5TH(M') = @5 (M) ® L.

Proof. Recall from (3.5.1) the definition of B;;(c). By construction M (i) = Bjo(c) ®u, M and
(441) M/(Z) = Bio(c + 1) ®Uc+1 M/ = BH_L()(C) ®Uc M = M(’L + 1)

As in (4.3) we should be careful to compare the two filtrations on M’(i) given by this equality. By
definition and [GS, Lemma 7.2], A’ is given by
i (AEM'(i) = >4 ppwer0rd” Bio(c+ 1) ® ord” Big(c) @ A M
R = Y orwprord® Bir1o(c) @ AYM = A*M(i+1).
Thus (4.4.1) is also an equality of filtered modules.

The sheaf ®5(M) on Hilb(n) corresponds to the graded A-module grAJT/[/ = @,>08ra M(i). The
action of A7 taking gry M(i+ 1) to gry M (i + j + 1) is induced from the mapping

Bitji1it1(c) ®u, oy M(i+1) — M(i+j+1).

Similarly the action of A7 on gry, M’(i) is induced from the map B;4;;(c+1) @y M'(i) — M'(i+7).

ct+i+1

Since Bjtjt1,i+1(c) = Biyji(c+ 1), it follows from (4.4.1) that these actions are equal for all j and all
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i > 0. Thus, (4.4.2) implies that (gr, M)[1] = @D,>o8ra M(i+1) and gry, M = Do 8ra M'(i) are

equal as graded A-modules. Since £ = Ogjp(n) (1), this is equivalent to the conclusion of the lemma. [

4.5. Many of the results of this paper can be interpreted as saying that important H.-modules cor-
respond via d to important sheaves on Hilb(n). We give one example of this philosophy here—for the
module H. itself. Comparing this result with (3.7.2) shows that one can think of H. as a noncommutative

analogue of the isospectral Hilbert scheme X, .

Theorem. Assume that c € C satisfies Hypothesis 3.4. Then ogr(efl\f/c) =Di>0 eJF5* and <$ord(Hc) ~ P,
the Procesi bundle on Hilb(n).

Proof. We emphasise that if we begin with (N,A) = (H,,ord), then @(HC) is defined by the tensor
product filtrations on the summands Bjo®y, eH, of eA/HC = @ Bro®y, eH. = @ N (k) rather than the ord
filtration. However, by [GS, Lemma 7.2], these filtrations are equal. So the identity ogr(ng{c) = @PeJks*
of graded vector spaces is immediate from [GS, Proposition 6.5]. That this is an identity of A-modules
then follows from [GS, Lemma 6.7]. Since X,, = Proj S for S = @ J*&*, in the notation of (3.7.1), this
implies that &)(HC) >~ 71(S) = P, as required. O

4.6. Recall from (2.6) the definitions of the the characteristic variety Char M C Hilb(n) and the
associated variety Charg M C h@bh* /W for (M, A) € U.filt. As has been mentioned in the introduction,
Char M carries more subtle information M than Charg M. Nevertheless these two varieties are connected
and we will show in Proposition 4.8 that Charg M = 7(Char M), under the resolution of singularities 7.

In a weak sense this shows that the natural diagram

B qgr —~— U,mod

grl lgr
CohHilb(n) —*— A%mod

commutes. One can show by example that the stronger commutativity result, 7,.(gry(M)) = gry (M),
does not always hold.

We begin with an abstract lemma.

Lemma. Let R =JF'R and S =J F'S be subrings of a filtered ring D = ;5o F'D and T an (S, R)-
sub-bimodule of D. Assume that grp D is commutative, that grp R = grp S under the induced filtrations
and that the induced filtration F on T is good on both sides. Let (N, F) € R-filt and give T @r N the
tensor product filtration F. Then I = anng,  g(grp N) C anng,  s(grp(T' ® N)).

Proof. We drop the subscript F' from all graded modules. The commutativity of gr D implies the fol-
lowing: take ¢ € gr/ T and 7 € gr' R = gr S, and lift ¢ to ¢ € FT and lift 7 to elements r € F'S and
ro € F'R. Then, r1q = gr, modulo Fi+i—1T,

Recall from (2.4) that the principal symbol of n € N is written o(n). Now let @ € I, = I Ngr* R
and pick a typical generator, say o(q ® n) of gr'(T ® N), where ¢ € F'T and n € F!"'N. Lift a to
elements a € F*S and b € F¥R. Since o(b)a(n) = 0, clearly bn € FF+(=i=1(N). By the last paragraph,
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aq — qb = c € F¥*~1T and so
a(@gen)=gh@n+c@n=q@bn+c®nc FF 1T o N).
In other words, ao(q ® n) = 0 and hence agr(T ® N) = 0. O

4.7. Corollary. Let Ry be a Morita Z-algebra satisfying Hypotheses (1-4) of (2.3) and suppose that M
is a finitely generated left Ro-module. Then Charg M = Charg(Rio ®r, M) for all k > 0.

Proof. Set Q = Ryo. Pick a good filtration A of M and give @ ® M the tensor product filtration I'; by
[GS, Lemma 6.7(2)] this is a good filtration. Since Charg M is independent of the choice of good filtration
[Bj2, Proposition 5.1], it is determined by anng,(g,)(gry M). The hypotheses of Lemma 4.6 are satisfied
by R =Ry, S =Rk, T =Q and N = M and so that lemma implies that Charg M 2O Chary(Q ® M).
The lemma may also be applied to the rings R = Ry, S = Ry with the modules T = P = Q* and
N = @Q ® M, with its good tensor product filtration I'. By hypothesis, @ is a progenerator and so
P®p, N = (P®g, Q) ®r, M = M. Thus the lemma now implies that Charg(Q ® M) = Charg N D
Charg(P ® N) = Charo M and hence that Charg M = Chary(Q @ M). O

4.8. We can now relate Charg M to Char M for a finitely generated U.-module M, where ¢ satisfies
Hypothesis 3.4. We will also need this result in other contexts and so we generalise it slightly. Let Ry
be a Morita Z-algebra that satisfies Hypotheses (1-4) of (2.3). The graded ring S = @ S; of (2.3)(4)

satisfies Sy = gr Ry and so we have a natural surjection 7/ : Proj S — Spec gr Ry analogous to 7.

Proposition. Let Ry be a Morita Z-algebra that satisfies Hypotheses (1-4) of (2.3) and let M be a
finitely generated left Ry-module. Then 7/(Char M) = Charg M.

Remark. As was remarked in [GS, (1.3)], Theorem 1.2 can be regarded as a kind of analogue for
Cherednik algebras of the Beilinson-Bernstein equivalence of categories for enveloping algebras. Under

this analogy, the proposition for U, corresponds to [BB, Theorem 1.9(c)].

Proof. Identify Sy = gr Ry and set I = anng,(gr M) and J = anng(gr M) If P =@, P is a graded

prime ideal of S that does not contain the irrelevant ideal Sy = €, S;, then the corresponding varieties

i>0
satisfy 7/(V(P)) = V(Fy). For an arbitrary graded ideal of S we have to worry about occurrences of
Sy. Thus, let K = P, K; denote the largest ideal L of S such that L(S;)™ C J for some m > 0.
By definition V(J) = V(K) but now the prime ideals P minimal over K do not contain Sy. Thus
V() = 7' (V(K)) = V(Ko).

A standard exercise shows that K = anng((gr M )>t), for t > 0. For some such ¢ pick s such
that (gr M)Zt is generated by @jzt gr M(j) as an S-module. Clearly Ky = ﬂ;:t anng, gr M (j). By
Corollary 4.7 /T = \/anng, (gr M(j)) for each such j and so VI = /K. By the conclusion of the last
paragraph, this implies that 7/(Char M) = Charg M. O

4.9. Let M € U.-mod be pure in the sense that each nonzero submodule has the same Gelfand-Kirillov
dimension as M. By Watanabe’s Theorem [Wt], C[h @ h*]" is Gorenstein and so Gabber’s theorem
says that the associated variety Charg M is equidimensional (see, for example, [Bj2, (5.2)] and [Bjl,

Theorem 7.1]). It would be interesting to know if the analogous result holds for Char:
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Question. If M € U.-mod is pure, is Char M equidimensional?

4.10. The BKR equivalence. In the final result of this section, Proposition 4.11, we show that there
is an interesting connection between ® and the Bridgeland-King-Reid equivalence of categories.
We start by giving a version of that equivalence of categories that is appropriate for h @ h*/W. Recall

the following commutative diagram from (3.7.2).

X, —l— pap

g |
Hilb(n) —— h @ b*/W
Let D(Hilb(n)) denote the derived category of complexes of quasicoherent sheaves on Hilb(n) with
bounded coherent cohomology and let D" (h@b*) be the derived category of complexes of W-equivariant

quasicoherent sheaves on h@ h*, again with bounded coherent cohomology. Equivalently, D" (h@®h*) can

be identified with the derived category of bounded complexes of finitely generated C[h & bh*]* W-modules.

Theorem. ([BKR, Theorem 1.1] and [Ha3, Corollary 5.1]) The functor ¥ : DV (h & h*) — D(Hilb(n))

given by F — (p. o LFf*(F)W is an equivalence of triangulated categories.

Proof. By [GS, Corollary 4.10], 7 : Hilb(n) — b & b*/W is a crepant resolution of singularities and
Hilb(n) is irreducible. Since W preserves the symplectic form on @ bh*, the result will therefore follow
from [BKR, Corollary 1.3] once we show that Hilb(n) = § @ h* /W, the W-Hilbert scheme on h @ h*.
By definition the points of h & h* /W are (isomorphism classes of) W-clusters on h @ h*; that is, cyclic
C[h @ b*] * W-modules which both carry the regular representation as W-modules and are generated by
the trivial representation.

Let C?"//W denote the W-Hilbert scheme on C2". Any central element of C[C?*"] x+ W acts by
scalar multiplication on a W-cluster in C?", so there is a morphism p : C*"/W — S"C2.  Since
h @ b* /W consists of the clusters which are annihilated by the elements z and z* of (3.6), it follows
that p~1(h @ h*/W) = h @ h*/W. By [Ha2, Theorem 5.1] there is an isomorphism of S"C2-varieties
v : C?" /W — Hilb"C?. Since Hilb(n) = 771(h @ h* /W) this induces the required isomorphism b &
h* /W = Hilb(n) .

Finally, we compute the functor giving the equivalence of categories, since the functor we want is not
quite that of [BKR] or [Ha3]. As is explained by [Ha3, Corollary 5.1 and Proposition 5.3], adjusted to
our setup over h @ h*, the equivalence D(Hilb(n)) — DV (h @ h*) is given by a = RI'x, (P ® —), with
inverse O(1) ® (p. o Lf*)*8". Consequently, if we replace a by the functor Rl'x, (P(—1) ® —) ® sign,
which is obviously still an equivalence, then its inverse will indeed be the functor (p. o Lf*)" that we

require. (|

4.11. Theorem 4.10 gives a second way in which to construct coherent sheaves on Hilb(n) from objects
of HAfilt. Let (N,T') € H.-filt. Then grp N is a finitely generated C[h & h*] x W-module, which we
consider as an object of DY (h @ h*) concentrated in degree zero. Applying the functor of Theorem 4.10
to this module gives a complex ¥(N) = ¥r(N) of coherent sheaves on Hilb(n). Finally, taking the zeroth
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homology of ¥ gives the functor
VY . H-filt — Coh Hilb(n), (N,T) — (paf*(grp N)W

The following proposition shows this functor is closely related to the functor d obtained from our Z-

algebra construction.

Proposition. For every (N,T') € H.-filt there is a surjective mapping WA(N) —» EI;F(N) of sheaves on
Hilb(n).

Proof. To prove the proposition we will first study free H.-modules, and then pass to the general case

via free H.-resolutions. The result for free modules follows from the following result.

Sublemma. Let R, : H. — H. be the mapping given by right multiplication by an element x € H,.
Then B0 (H,) = P = ®oy(H,) and the induced map ¥° (R,): P — P coincides with U(R,).

ord ord

Proof of the sublemma. This just amounts to unravelling the definitions and we begin with 0.

Recall from (4.3) that the ord and tensor product filtrations coincide on eH.. It is therefore clear that
the map ogr R, : ogr eH c — ogr eH ¢ induced from R, is just given by right multiplication by the principal
symbol o(z) € C[h @ b*] « W of x. Write o(x) = > py7, for some p, € Clh @ h*] and v € W and recall
from (3.1) that multiplication in C[h @ h*] «* W is defined by wf = w(f)w for w € W and f € C[h @ bh*].
By Theorem 4.5, ogr J{C =S5 = @kzo J*S* where the isomorphism is induced on each summand from
the natural isomorphism ©~! : e(C[h @ h*] * W) = C[h @ bh*] given by epy = eyy~1(p) — v~ 1(p), for
p € C[hdbh*] and v € W. Therefore, at the level of graded A-modules, the map ;I;(Rw) isthemap S — S
defined by

(4.11.1) jooej = Y eipyy = > v py),  forj e JRR.
Y Y

Now consider U°. The map f : X,, — h@®bh* is W-equivariant, so the pullback f* sends W-equivariant
coherent sheaves on h @ h* to W-equivariant coherent sheaves on X,,. We identify the category of W-
equivariant coherent sheaves on h @ h* with C[h @ bh*] « W-mod and, by (3.7), write X,, = Proj S. In this
language, if M is an object of C[h @ b*] * W-mod, then f*(M) = S ®cjpey-) M with W acting diagonally
on the right hand side. Similarly, the functor p, : Coh X,, — Coh Hilb(n) corresponds to the restriction
functor from graded S-modules to graded A-modules.

The map ogr R, : ogr H. = C[h ¢ b*] « W — C[h & b*] « W is clearly given by right multiplication by
o(x) and so, by the last paragraph, W°(R,) is given by the homomorphism of graded A-modules

(4.11.2) Ro(z) : (S ®cppaps) (CH®H* ]« W)W — (S @cppen (Clh @ b*]« W)W

defined by right multiplication by o(z). We need to compare this to (4.11.1). There is a natural
identification

X8 5 (S@cCW)Y = (S @cpen (Clh® ]« W)W
given by

b= % Z g(b)®cg — % Z 9(b) ®cpop-1g  forbe S.
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Write o(x) = > py7, as before. Composing the map x with (4.11.2) yields the mapping S — S given by

bH—Zg gy 1o ,Zg ® gps7y

= n,zgv Yopy) @ gy = > v bpy)
ol

Thus ¥°(ogr R,) coincides with ®(R,) as graded A-module maps from S to S. As in the proof of
Theorem 4.5, 7(S) = P € CohHilb(n) and so the sublemma follows. O
We return to the proof of the proposition and let (N,I") € H.-filt. By [Bjl, Section 2.3.11], we can

construct an exact sequence in H.-filt

(4.11.3) o4 g 2 g, 2, TN

where the F; are filtered free H.-modules whose filtrations shift the ord filtration and the induced complex

(4.11.4) Ld) gr F; Ld> grF; 4 grd .. _&d gr Fy cal grr N — 0

is a free resolution of gri V. In particular the maps d are given by right multiplication by matrices with
entries from H, and so the sublemma can be applied to them. By Theorem 4.5, if we apply ® to (4.11.3)

we obtain the complex of coherent sheaves on Hilb(n)

(4.11.5) ... erd pon; grd PONi—1 grd =~ grd péno 81 &’(N) , 0,

where n; is the rank of F; over H. and grci is obtained from d by repeated use of (4.11.1). As in the
proof of Lemma 2.5(1), the surjectivity of n implies that final map gr7 in (4.11.5) is also surjective.
Unfortunately, as happened in the proof of Lemma 2.8, one cannot expect that grd~ is right exact and so
we can only conclude that the zeroth cohomology of the deleted complex (4.11.5) surjects onto ().
On the other hand, (p.f*(—))" is a right exact functor and so W°(N) is the zeroth cohomology of
the functor (p.f*(—))" applied to the deleted complex (4.11.4). By the sublemma, this new complex is
just the deleted complex (4.11.5). The proposition follows. O

4.12. It is natural to ask whether Proposition 4.11 is the shadow of a much stronger statement.

Question 1. Let (N,T") € H.-filt. Is there a quasi-isomorphism of coherent sheaves between </I\>F(N) and
U (N)? In other words is W2 (N) = <T>F(N) and do the homology sheaves H' (Ur(N)) vanish fori > 0%

It is instructive to rephrase the final part of this question. As we observed in the proof of Theorem 4.10,
the inverse to W is the functor RI'(P(—1) ® —) ® sign. By [Ha2, (45)] P(—1) = P*, the dual bundle of

P. Thus the following question is a special case of Question 1.
Question 2. If (N,T) € H.-mod, does H'( Hilb(n), P* ® EI\>F(N)) =0 fori>0°?

This question is rather similar to [Ha3, Conjecture 3.2] which asks the following: Let B; denote the
tautological rank n bundle and P; the Procesi bundle on Hilb"C?2, as in the proof of Lemma 3.12. Then:

Conjecture. [Ha3] Does H (Hilb*C?, P; @ BY*) = 0 for all i > 0 and all £ > 0.
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5. FINITE DIMENSIONAL U.-MODULES AND THEIR CHARACTERISTIC VARIETIES

5.1.  We assume throughout the section that ¢ € C satisfies Hypothesis 3.4. Some of the most interesting
H.-modules are the finite dimensional ones, which exist if (and only if) ¢ = r/n, for some r € N with
(r,m) = 1 [BEG2, Theorem 1.2]. For such ¢, the irreducible finite dimensional modules are just the
modules L(triv), as defined below in (5.2). In particular the module L, (triv) is one-dimensional (see
[BEG2, Proposition 2.1}) and each Ly, (triv) is induced from L/, (triv) via the shift functors S.

Our Z-algebra techniques are particularly well suited to studying these modules and we give the
details in this section. We first prove in Proposition 5.4 that 5(L1/n(triv)) is simply Oz, where Z,, is
the punctual Hilbert scheme. This statement contains within it information about each Ly /,4(triv) and
this allows us to answer conjectures of Berest, Etingof and Ginzburg from [BEG2, Section 7]. Essentially,
these questions ask for a bigraded decomposition of the associated graded modules of L/, (triv) and
eL 4k (triv). However, the formal statement uses slightly different filtrations from the ones use so far

and so we refer the reader to Theorem 5.11 for the precise statement.

5.2. Category O.. As in [GGOR] or [BEG1, Definition 2.4], we define O, to be the abelian category
of finitely-generated H.-modules M for which the action of C[h*] on M is locally nilpotent. By [Gu,
Theorem 3] O, is a highest weight category. Given p € Irrep(W), we define the standard module A (1) €
O., to be the induced module
Ac(p) = He ®cy=psw 1y

where C[h*] * W acts on p by pw - m = p(0)(w - m), for p € C[h*], w € W and m € u. It follows from
the PBW Theorem 3.2.1 that A.(u) is a free left C[h]-module of rank dim(y). It is shown in [BEGI,
Section 2] that each A.(u) has a unique simple quotient L.(u), that the set {L.(u) : u € lrrep(W)}
provides a complete list of non-isomorphic simple objects in O,, and that every object in O, has finite

length.

5.3. The following observation will be used several times.

Lemma. Let U’ and U be subrings of a filtered C-algebra D = UiZO FiD and T a (U',U)-submodule of D.
Give U’', U and T the induced filtration and suppose that U has a 1-dimensional module C = U/n with the
trivial filtration F"(C) = F°(C) = C for all r > 0. Then, under the tensor product filtration on T @y C,
we have F(T ® C) = (F'T) ® C and a surjective grp U'-module map grpT/grp T grpn — grp(T @ C).

Proof. Clearly F(T @ C) = Y. F'"'"T ® F"(C) = F{(T) ® C = (F'T + Tn)/Tn. This induces a
surjective map F'T/F='T — (F'T +Tn)/ (F"™'T +Tn) = F{(T @ C)/F'~(T ® C), and hence a
surjection grp T — grp(T ® C). The kernel of this map contains grp(Tn) 2 grp(T) grp(n). O

54. Let ¢ = 1/n. By [BEG2, Proposition 2.1] or [G2, Lemma 4.6] the H.-module L.(triv) is one
dimensional. Thus, if we give L.(triv) the trivial filtration T%(L.(triv)) = L.(triv) for i > 0, then
grp Le(triv) = C is the trivial C[h & b*] * W-module concentrated in degree 0. The first main result
of this section identifies the Hilb(n)-module <’I;(Lc(triv)).

Proposition. Let ¢ = 1/n and give L.(triv) = C the trivial filtration T'. Then CTDF(LC(triv)) =~ Oy .

n
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Proof. Recall that A =@+, Ak§* Tdentify eL.(triv) with N = U,./m for the appropriate ideal m. Filter
N by FO(N) = N, and write N(k) = By ®u. N as in (2.4). By [BEGI, Remark, p.306] b and b*
annihilate L (triv), so m = ogr(m) = C[h @ h*]", the maximal ideal of A° = C[h @ h*]" corresponding
to the zero orbit. For any & > 0, (3.9.1) and Lemma 5.3 combine to give a surjection

Akék Ogl’Bko
: >~ — N(k
s ARk, ogr Byoogrm ~ e N(k)

and, hence, a surjection 1 : A/Am — gr(N). On the other hand, Lemma 3.12 shows that H°(Z,, £¥) =
Ak§k JARSFm and so Oz, is the Hilb(n)-module corresponding to the graded A-module A/Am.
In order to complete the proof of the proposition it therefore suffices to show that 7 is an isomorphism,

which we do by computing dimensions. By comparing Lemma 3.15 and [BEG2, Theorem 1.14] we obtain

ok 1 k+1
dim A*6% /AR 5k m = il (( —; )n) = dim eL.(triv) = dim N (k).
Since the maps 7y are surjections they are therefore isomorphisms. Hence, so is 7. (|

5.5.  Asremarked in (5.1), the simple module L.(triv) is finite dimensional whenever ¢ = r/n with r € N
and (r,n) = 1. It would be interesting to know whether an analogue of Proposition 5.4 holds for these

modules:
Problem. If c=r/n with (r,n) =1, find ZI;(LC(triv)) under some natural filtration on L.(triv).

A shadow of the answer will be given in (6.9) which computes the restricted character of L(triv).

5.6. By [GS, Proposition 3.16], Bio ®u, eL.(triv) = eL.4x(triv) for k& > 0 and so Proposition 5.4
also contains information about the modules eL; ,, 1 (triv). For the rest of this section we will study the
consequences of this observation. In particular we will determine the bigraded structure of the associated

graded modules of these modules, thereby answering the conjectures from [BEG2, Section 7].

5.7. Torus action revisited. As we will discuss, this bigraded structure is the standard one for rings
of differential operators, but it is not quite the bigrading used in (3.13) and [Ha3]. Instead, we need to
consider a second action of T? on C[C?] = C[z, ], this time given by 7 - = stx, 75,y = st~ y. This
induces new T2-structures on Hilb(n), Z,, P, L, etc.

It is routine to check that, if an element f is bihomogeneous of weight (i,j) for the action in (3.13),
then under this new action 75 - f = s"™7¢'~7 f and so f is bihomogeneous of weight (i + j,i — j). Thus,
under the present torus action, Lemma 3.14 provides the following identification of bigraded components:

Ak gk i+Nk,j+Nk Jhek i+Nk,j+Nk
(w) (Gam)

5.8. Euler operator. As in [GS, (2.4)] the rings of differential operators D(h) and D(h™8) have a

(5.7.1) HO(Z,, L) = . HYZ,,PoLk)d

graded structure, given by the adjoint action [E, —] of the Euler operator E =5 x;0; € D(h). We will
call this the Fuler grading and write E-deg for the corresponding degree function; thus E-degx; = 1 and
E-degd; = —1. Since E € D(h)", E commutes with W in D(h*®) x W and so this grading extends to
that ring with E-degW = 0. By inspection, (3.1.1) implies that the elements y; defined there also have

degree —1 and so each H., is also graded under [E, —] and we continue to call this the Euler grading.
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It is well-known and easy to check that the E-grading is compatible with the order filtration on
D(b*e) « W, in the sense that [E,ord™ D(§™8) « W] C ord™ D(h*8) « W for all n > 0. Thus, we obtain
an induced grading, again called the E-grading, on the associated graded object ogr D(h*¢8) « W =
C[h*8 @ h*] « W and its subrings. Clearly this is again given by E-degh* = 1 (which we define to mean
that E-deg(xz) = 1 for every 0 # = € h*) while E-degh = —1 and E-degW = 0. In other words, the
E-grading coincides with the grading induced by the second component of T? in (5.7); which is the point
of defining that action.

5.9. The first conjecture from [BEG2, Section 7] asks whether the isomorphism from Proposition 5.4
can be extended to an appropriate T2-equivariant isomorphism. However the T2-action in [BEG2] is not
the one arising from the ord filtration and E-grading; we must replace the ord filtration by the filtration
tot defined by the total degree of differential operators. Fortunately, as we next show, it is easy to pass
between the two filtrations.

We begin with the formal definitions. The filtration tot is defined on D(h*8) « W and its subspaces
by giving W total degree zero and b @ h* ~ {0} total degree one. As usual, for any subset M of
D(b*ee) « W, we write tot” M for the elements m € M of total degree tot-deg(m) < r and denote the
associate graded object by tgr M = 697'20 tgr™ M, where tgr” M = tot” M/tot"! M. It follows from
(5.8) that commutation by E preserves the ord and tot filtrations on D(hH™8) « W and therefore induces
a grading on B;; and its associated graded modules. Write tot™® B;; (respectively ord™® B;;) to denote
the elements of tot” B;; (respectively ord” B;;) with E-degree equal to s. The E-graded decompositions
tgr” Bij = @,y ter™® Bi; and ogr” B;; = @ ogr™® B;; are defined analogously. By construction, this

bigraded structure on tgr B;; is simply the one coming from the T2-action of (5.7).

Lemma. For each i > j > 0 there is an isomorphism tgrB;; — ogrB;; which identifies tgrT s By;

with ogr™® B;;. These isomorphisms induce a Z-algebra isomorphism tgr B — ogr B.

Proof. We fix i > j > 0 throughout the proof. By [GS, Lemma 6.10 and Corollary 6.14(1)] the action of

E on B;; is diagonalisable. Therefore

8 d™®
tgr B;j = @ED ts:rt 1,5 B and ogrB;; = @@ o:zr Ls BU

SEL r€Z SEZL TEL

If b € ord” By; ~ ord" ! B;j, set ord-deg(b) = . Then tot-deg(h) = E-deg(b) + 2ord-deg(b) and so

ord”* B;; = {be€ B;;:ord-deg(b) < r and E-deg(b) = s}
= {be B;; : tot-deg(b) < 2r + s and E-deg(b) = s}

= tOtQTJH%S Bij-

This proves the first claim of the lemma. The second claim follows since the map tgrB — ogr B is

induced by the identity map on B. O
5.10. Assume that ¢ = 1/n. By [GS, Proposition 3.16] we can identify

(5.10.1) 6L0+k(tl’iv) = eHc+k(5e_ QU1 6Hc+k_1(5€ QUpy—o  OUcgy 6H0+1(56 Ru, C
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and
(5102) Lc+k(triv) = Hc+k5€— ®Uc+k71 6H0+k_1(56 ®Uc+k72 s ®Uc+1 6H0+156 Ru, C.

These modules have an E-gradation and a filtration induced from the tensor product tot-filtration, which
induce a bigraded structure on tgr L.y (triv) and tgreL.4(triv). Moreover, since the tot filtration is W-
stable, tgr L. (triv) is then a bigraded W-module.

We need a minor extra adjustment to the tot filtration in order to state (and prove) the conjectures
from [BEG2]. To be precise, the conjectures are stated in [BEG2] for the tensor product filtration arising

from the isomorphism
(5.10.3) eLeip(triv) 2 eHepe Qu,,, , eHepp1e- Qu, oy -+ Ov,,, eHepre- @y, C.

In other words, one ignores the copy of § in each tensor summand of eL.;r. We will write the tot
filtration arising from (5.10.3) as totg. Of course, this is only a book-keeping device to account for the

powers of § and so it follows immediately that

(5.10.4) tgry® e Loy g (triv) = tgr" PVESTNR oL (triv) where N =n(n—1)/2 = degd.
Using (5.10.2) in place of (5.10.1), the same comments apply to L.4x(triv) and give

(5.10.5) tgry” Loy (triv) = tgrm PVESTNE L (triv).

5.11. We now confirm [BEG2, Conjectures 7.2 and 7.3].

Theorem. Let ¢ = 1/n and k € N. Give L.(triv) the trivial filtration, and consider the T?-action of
(5.7).
(1) Give eL.y(triv) the tensor product filtration arising from (5.10.1). Then there is a bigraded
isomorphism tgrg eLyy(triv) = HO(Z,, L£F).
(2) Give Loyi(triv) the tensor product filtration arising from the identity (5.10.2). Then there is a

W -equivariant, bigraded isomorphism
tgrg Loy x(triv) = HO(Zy, P ® L¥71) @ sign.

Proof. (1) By Lemma 5.9 and [GS, Lemma 7.2], the tensor product filtration on B;; induced from the
tot filtration on the By, coincides with the tot filtration on B;;. So we need not distinguish between
them. As in the proof of Proposition 5.4, identify L = eL.(triv) = C = U,./m and give L the trivial
filtration. Then, for any k > 0, the induced tensor product filtration on L(k) = eL. (triv) is equal to
the one coming from the tensor product filtration on the right hand side of (5.10.1). By Lemma 5.3 there
is a surjection n* : tgr(Byo)/ ter(Bro) tegr(m) — gr L(k). This is clearly a graded morphism under both
the tot and E-gradings.
Now tgrm = m = C[h @ h*]}. Thus (3.9.1) and Lemma 5.9 give bigraded isomorphisms
tar Bro 7+ Nk,s+Nk ([ Aksk r+Nk,s+Nk
((tgeroxtgrﬁ)) - (Mm)
for all r,s € Z. By (5.7.1), this final term is isomorphic to H°(Z,, £¥)™*. Thus, (5.10.4) and (5.11.1)

(5.11.1)

combine to show that, for each r and s, the map n* restricts to a surjection Nrs HO(Zy, LF)5 —
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tgry” eLet(triv). Finally, by Lemma 3.15 and [BEG2, Theorem 1.14], we know that dimc H%(Z,, £F) =
dim eL¢yg(triv) < co. Therefore, each 1, ; must be an isomorphism and we are done.

(2) In this case, the filtration on each L.y(triv) is the one coming from the tensor product filtration
on the right hand side of (5.10.2). However, by [GS, Lemma 7.2] this is the same filtration as that coming
from the tensor product filtration on L.ty = M ®y, C, where M = H.1deBy_19. Thus, by (5.10.5),

(5.11.2) tots® Leyy, = tot" TVRsTNE A1 @ C.

By Lemma 5.3 there is a surjection x : tgr M/(tgr M)(tgrm) —» tgr(Lcyx), which is bigraded under the
tot and E gradings. By [GS, Proposition B.1],

(5.11.3)
tng r+Nk,s+Nk N Jkil(sk r+Nk,s+Nk o . kalé‘kfl r+N(k—1),s+N(k—1)
s ~ (2% &~ gion v
tgr M tgrm Jk=15km & Jk=1§k—1m
for all 7, s € Z. By (5.7.1), again, the right hand side of (5.11.3) is isomorphic to H(Z,, P@L*~1)"*®sign.
By construction and Lemma 3.12, each of these identifications is W-equivariant. Therefore, (5.11.3) and

(5.11.2) combine to give a W-equivariant surjection
X" HO(Zn, P ® L5 @ sign — tery Loy

for each r and s. By [BEG2, Theorem 1.11] and Lemma 3.15 we know that dimtgrg L.y = (kn+1)""! =
dim H(Z,, P ® L£k1) for all k > 1. Hence x™* is an isomorphism, as required. a

5.12. Using (3.15.2) and (3.16.1) one can explicitly write down the two variable Poincaré series for
Leyi(triv) and eL.qg(triv) arising from this theorem. Of course, by (5.7), those formulee need to be
slightly modified to apply here but, for example, it follows from (3.16.1) that under the grading of this

theorem, eL(triv) has the two-variable Poincaré series p(eL.1(triv), s, t) = C,gk)(st, st=1).

6. CHARACTERISTIC CYCLES

6.1. In this section we expand on the results from Sections 4 and 5 in order to understand the charac-
teristic varieties Char M C Hilb(n) and the characteristic cycles Ch M for category O-modules M (the
reader should recall the notation and conventions from Section 2 concerning these objects). Even for a
standard module A = A.(p), the answer is quite subtle and in marked contrast to the usual associated
variety Charg A C h & h*/W. Indeed, Chary A is clearly independent of p whereas Char A varies with
and even determines y. The precise result is given in Theorem 6.7 which also gives an explicit formula
for the characteristic cycle Ch A. Our results are less complete for other objects of O., but they are
sufficient to show in Corollary 6.10 that K(O,) is isomorphic to the top degree Borel-Moore homology
group Ha,_2(Z,C) for the variety Z = 7=1(h/W).

As usual we will assume that ¢ satisfies Hypothesis 3.4 throughout the section.

6.2. Before proceeding, we will need a minor variant of [GS, Corollary 4.13]. Let C[p]°" = C[p] /C[n]*V C[v]]]
denote the algebra of coinvariants. For u € lrrep(W) define the fake degree of p1 to be the polynomial

fu(v) = Eiso[ClHIEY = plo”.
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Recall from (5.8) that C[h @ h*] has a natural Z-grading called the E grading. Given an E-graded
module M = @ M;, we will write the corresponding Poincaré series as p(M,v) = > v* dim¢ M;.

Lemma. Set N = n(n — 1)/2 and write K = hC[h & h*] C C[h @ b*| for the ideal generated by the
elements of . Then J*6%/J*6* K is E-graded for any k > 1 and has Poincaré series
i S S o))
H?:Q(l - ')
Proof. As in [GS, (4.13)], it is routine to check that the given modules are E-graded.
Let C = C[h*]}¥. Since J' is symmetric in h and b*, it follows from [GS, Corollary 4.13] that J*/J*C

(6.2.1) p(JF6% | TESR K v)

has Poincaré series

D> Fu (1) fu ()P =D ] 41
- [Tims (1 = %) ’

The derivation of this formula in [GS] was obtained by noting that the fundamental invariants, which

H?:l(l - Ui).

(622)  p(J*/I*Cw) (1— o)

where [n],! =

provide the generators of C, form an r-sequence in each J*. This allows one to obtain the Poincaré series
for J¥/J*C from the Poincaré series for J* given by [GS, Corollary 4.11]. By [GS, Lemma 4.4(2)], the
natural generators of K also form an r-sequence in J* and so the same argument can be used to find the
Poincaré series of J*/JFK.

In more detail, the generators of K all have degree —1 while the fundamental invariants have degrees

—2 > —r > —n and 6* has degree Nk. In the notation of [GS, (4.11)], the formula [GS, (4.13.3)] gives
=2 s=v,t=v—1

Using the same argument one obtains:

p(J*5* ) JRSF K v) = N ((1 — ) Ip(J*, s, t))

s=v,t=v—1

Comparing these two formulze gives

k sk 7k sk oNE(L o)l vk k 7k
p(J¥6" [ J¥6 K, v) = T, (1 —v) p(J*/J"Cv) = mpu /J"C,v).
Combined with (6.2.2) this implies (6.2.1). O

6.3. The next few results give partial information on the characteristic cycle Ch A for a standard module
A that will be used in the complete description of Ch A in Theorem 6.7.

For a W-module V and u € Irrep(W) set V,, = (V ® u)"'. By construction, the fibres of the Procesi
bundle P carry the regular W-representation and so P, is a vector bundle of rank dim p. Write K =
hC[h & h*] as in (6.2). It follows from (3.7) that C[h & h*] = O(X,,) = H(Hilb(n),P). Thus C[h & bh*]
acts on P and so PK and (PK),, are naturally defined for any p € lrrep(W).

Let ¢ > 0. We give A.(u) the induced filtration T*(A.(u)) = ord" H.- (1® ). Since A.(p) = Clh] @ p,
this is the same as the trivial filtration T*(A.(u)) = A.(p) for all ¢, but the present formulation will be

more convenient in the sequel.

Lemma. For each y € Irrep(W) there is an isomorphism ®r (A (1)) = P./(PK), of sheaves on Hilb(n).
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Proof. Let X = H. ®c[y+) C, filtered by I''(X) = ord" H. - (1® C), and set
X(k) = Sc+k—1 0---0 SC(BX) = eHC(k:) ®C[h*] C, = By Ru, eH, ®C[h*] C for k € N.

The filtration T' on X induces the tensor product filtration on X (k), which we also call I'. By [GS,
Lemma 7.2], the tensor product and ord filtrations on Byo®p, e H.. coincide and so T* X (k) = (ord" e H.(k))-
(1® C) for all t+ and k. Thus, by Theorem 4.5, there is a surjective mapping p’ : J¥6¥ — grp X (k).
Moreover, since C[h*] acts trivially on 1 ® 1 € X, this factors through a surjection

pr T X (b,

Since the E-gradation commutes with the ord-filtration and the isomorphism of Theorem 4.5 is E-
graded, the map p is E-graded. Comparing [GS, Corollary 6.14(2)] with Lemma 6.2 shows that X (k)
(which equals N (k) in the notation of [GS]) and J*§%/.J*6* K have the same Poincaré series under the
E-grading. Since p is surjective on each (finite dimensional) component, it is therefore an isomorphism.
Equivalently, p induces an isomorphism grp. X ®k20 NALYPLILY @

There is a natural action of W on X (k) given by w-(r®1) = rw=t®1 for w € W and r € H.(k), with
the induced action on gr, X (k). We next show that p is W-equivariant under this action. For r € H.(k),
let 7 denote the image of the principal symbol o(r) in J¥§¥/J*6* K. The definition of multiplication
in D(h™8) « W from (3.1) says that wrw™! = w(r), for r € C[H|C[h*] € H.ir and w € W. By [GS,
Lemma 6.11(1)] and (3.2.1), eH.(k) C eH.+r = eC[h]C[h*] and so the construction of p’ implies that,

under the natural action of W on J*§*,
p(w(P) = ew(o(r)®1 = ews(Nw ™ ®1 = eo(rw ' @1 = w(p(F)) mod J*6F K

for all such 7 and w. Thus p and (by construction) the functors S.;; are indeed W-equivariant.
Next, give H.®cy+j.w CW the W-action analogous to that on X so the isomorphism X = H.®c[y}«w
CW is W-equivariant. Then

(6.3.1) XN = [HC ®(C[h*]*W (CW]M = H, ®(C[l]*]*W ((CW)N = H, ®(C[h*]*WM = AC(M).
Since p and the S; are W-equivariant, (6.3.1) induces an isomorphism
(6.3.2) (JE6% ) TRV ), = (grp X (K)) e = gra(Xpu(k)) = gry eAc(p) (k).

Thus (6.3.2) induces an isomorphism of graded A-modules

k Sk
(6.3.3) An() = @(%) .

k>0

Finally, we need to translate this equation to one involving sheaves. Consider the short exact sequence

Jk 6k

ie Y
kZOJ(5K

(6.3.4) 0— @JkékK — @Jkék —
k>0 k>0

of A-modules. By (3.7), the image of this sequence in A-qgr = Coh Hilb(n) is isomorphic to the short
exact sequence of sheaves 0 — PK — P — P/PK — 0. By (3.8.1) this isomorphism is W-equivariant
and so the module @kzo(Jk‘sk)u € A-grmod has image P, € CohHilb(n). Combining these facts shows
that the image of (6.3.3) in Coh Hilb(n) is precisely P,/(PK),. O
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6.4. To describe the characteristic cycles of objects from O. we need to recall a set of Lagrangian
subvarieties which were introduced by Grojnowski in [Gr, Section 3] (see also [Na, Sections 7.2 and 9.2]).

Recall from (3.6) that we identify C?" /W with S"C?, write 7 : Hilb®C? — C?"/W and identify b with a
subspace of C" x0 C C2". Set C' = 7 ~1(C" x 0); equivalently C' = {I € Hilb®C? : Supp C[z,y]/I C S"C}
where ¢ = {(2,0) : z € C} C C2. By [Gr, Proposition 3], C is a pure variety of dimension n. To
describe its irreducible components, we use the stratification S"C? =[] Aen S A\C? where, for a partition

A= (\1,..., ) with exactly r non-zero parts,
T
S\C? = {Z Ni[zi] © x1,..., 2, € C* are distinct}.
i=1

By [Gr, Proposition 3] or [Na, p.111] the irreducible components of C are the closures C of the subva-
rieties

Cy = C n {I € Hilb"C? : Supp C[x,y]/I € S»C?}.
Moreover, dim Cy = n for all n.

Set Z = 771(h/W) which, by the last paragraph, is equal to Cn Hilb(n). We will occasionally
write Z = Z(n) when we need to specify n. In order to identify the components of Z, we recall from
[GS, Proof of Corollary 4.10] that the identification C[C*"]" = C[h @ h*]"V [z, z*] induces a factorisation
Hilb®C? = Hilb(n) xC2, where C2 = Spec C[z, z*]. It follows that C' = Z x C and so we have proved the

following result.
Lemma. The variety Z is pure of dimension n — 1 with irreducible components
Z\ = Hilb(n) NC, for X € Irrep(W). O
In this notation, the punctual Hilbert scheme Z, equals Z(,).

6.5. Lemma. If u € Irrep(W) then Char(A.(p)) is a union of subvarieties Zy, for some A € Irrep(W).

In particular, Char(A.(u)) is equidimensional.
Proof. By Lemma 6.3, we need to calculate the support variety of the sheaf P,/(PK),. By (6.3.4),
7(SuppP/PK) = V(KNCh ey ") = b/W,

as a subvariety of b @ h* /W. Therefore, by the definition of Z, we have Supp P,./(PK), C Z.
Let {y1,...,yn—1} be a basis of h. Arguing as in [GS, (4.9.2)] we see that y1,...,yn—1 is a regular

sequence in S = C[h D h*][tJ16], the Rees ring of X,,, and so we have an W-equivariant Koszul resolution

n—1 i
0—0x, ® /\h*_>'.._>OX"’®/\h*—>.'.—>OX”_>O(?:jn 0.

Tensoring this by u, applying p,. and taking W-fixed points gives an exact sequence

n—1

(PK),

As this resolution has length n — 1, the new intersection theorem [BKR, Corollary 5.2] implies that the

irreducible components of the support of the cohomology sheaves have codimension at most n — 1 in
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Hilb(n). In other words, the irreducible components of Supp P, /(PK), have dimension at least n — 1.
Since Supp P, /(PK), C Z, the result therefore follows from Lemma 6.4. O

6.6. Lemma. The multiplicity multyz  (P/PK) equals 1.

Proof. Let Py denote the Procesi bundle on Hilb"C?, as in the proof of Lemma 3.12. Then P/PK =
P1/(P1K + P1(z,z*)) under the embedding C[h @ h*] — C[h @ h*][z,z*] = C[C?"] of (3.6).

For a partition A of n, recall that the monomial ideal I from (3.15.1) is a point of Z,. We claim, as
is well-known, that I is also a point of Zy. To see this, suppose that Y._; A;[¢;] € S\C?* Nh. Then the

ideal
i

I\ a) = () (4 Cla,y] + (= — @)Cl, y])

i=1
clearly belongs to Zy. Since S\C? is stable under the T? action of (3.13), so is Zx. Thus, I =
lim; o I(A, tq) is also in Z).

Since I is killed by z, the geometric fibres of P/PK and P;/(P1K + P1z*) at I, are equal. Let
T? act on C? as in (3.13), and use the conventions of (3.13) for the corresponding bigraded decom-
position Pi(Ix) = >, P1(1x)”. These bigraded components are W-modules; indeed, by [Ha3, (46)
and Proposition 3.4] (which is proved in [Ha2, Section 3.9]), the bigraded W-equivariant structure of
P1(Iy) is given by [P1(I))] = Eu S"(A)K,L,\(t,s_l)[u]. Factoring P; by P1 K + P1z* kills precisely the
elements with positive h-degree, and so the bigraded W-structure of P1(I,)/(P1K + P1z*)(1,) is given
by >, 8" K, (0,s71)[1]. Specialising s to 1 and using (3.11) shows that the W-equivariant structure
of these fibres is given by
(6.6.1) ) = (EKTW*)(A) = Zﬂiju]-

In particular (3.11) implies that dim (P/PK)(I,)) = 1. As the dimension of the geometric fibre at I,
is an upper bound for the multiplicity of P/PK along Z,), this implies that multz, P/PK < 1.

On the other hand, by construction, P(,) = Omiip(n) and so there is an inclusion
Oz, = OHibm)/ (K N Omipm)) € P/PK.
Since Z(,) is an irreducible component of Z it follows that 1 = mult Zin Oz < mult Zim P/PK. O

6.7. We can now describe the characteristic cycle of any standard module in terms of the varieties Z

and the Kostka numbers K, from (3.11).

Theorem. Let A.(u) be the standard H.-module corresponding to p € Irrep(W). Then
Ch(Ac(p)) = ZK;M[Z/\]-
A

Remarks. (1) By (3.11), K,» = 0 unless © > X and K,, = 1. Combined with the theorem, this
therefore shows that p is determined by Char A.(u).

(2) Very recently, Gan and Ginzburg [GG] have used D-modules to give another way of defining the
characteristic cycle of a category O.-module as a subscheme of Hilb(n). It would be interesting to know

the relationship between their cycle and ours.
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Proof. By Lemma 6.5 it remains to determine the multiplicity of P, /(PK), along each Zx. We will do
this by reducing to the case of Lemma 6.6.

We first need to introduce some notation. Let m € N and write 7,,, : Hilb™C? — C?*™/&,,, for the
crepant resolution. The Procesi bundles for Hilb(m) and Hilb”™C? will be written as P(m) and P;(m)
respectively, whilst the analogue of K will be written K(m). For a € C, set

_ Pylm) i Bom) Pty — PO
= PR+ P ez PO = Plm) = mr ey

As in [Ha2, Definition 3.2.4] or [GS, (4.2)], the isospectral Hilbert scheme X,,, (which is the C>™ analogue

fLa(m)

of X,,) is described as a set by

Xm = {(Iapla"'apm) T e HllmeQa P1,...,Pm € CQa Supp[ = Z[pl]} :

We have multz, P(n) = multyz, P1o(n). If I is a generic point of Z, then multz, Pio(n) =
mult; P1,0(n), the multiplicity of P1(n) at I in Hilb®C?2. Therefore

(6.7.1) multz, P(n) = mult; Py o(n).

Write Supp I = > [pi] = M[a] + - - Arlgr] for distinet ¢1,...,¢- € C = C x {0}. By [Ha2, Lemma 3.3.1]

and induction there is a neighbourhood of (I,p1,...,p,) € X,, that is isomorphic to a neighbourhood of

the point

((Il7q17"'7q1)7(127q2a"'7q2)7"'7(17“aq7“a"'aqr)) S X}\l XX}\Q Xoeee XX}\,.-
Here Iy, ..., I, are the primary ideals with support Ai[q1],. .., Ar[gr] such that Iy N---N1T. = I. Tt follows
that

(P11 =(p:0x)1 = PO tprw) = BOx)thgrra) @ @ (O3 ) Uyt

@ ®(,P1»Qj ()\j))Ij7

where the summations are over all distinct orderings of py, ..., p,. As the stabiliser of (p1,...,p,) € C*"

is isomorphic to the Young subgroup Sy = Sy, X --- x Sy, there are n!/|S,| different orderings. Hence

(6.7.1) implies that

— — I~ —
(6.7.2) multz, P(n) = mult; P1o(n) = |‘Zik| H multy; Py g, (),
j=1

where the multiplicities of the final term are taken at I; in HilbY C2.

In order to calculate the right hand side of (6.7.2), we need to assume that each I; is a generic
point of the scheme V; = ?Azl(Aj [¢;]) € HilbYC2. We will confirm by a dimension count that this
can be achieved. Since dimV; = \; — 1, we have dim(V; x --- x V) = Z;Zl()\j — 1). We may choose
the r-tuple (q1,...,q,) from a non-empty open subset of {(q1,...,¢) : Z;:1 Ajgr = 0}. Then as
we vary the g¢;’s in this parameter space the spaces Vi x --- x V. sweep out a variety of dimension
Z§=1(>‘j —-1)+(r—1) =n—-1=dimZ,. We conclude that I can be chosen so that the I;’s are

generic. It follows that multy, Py g, (X;) = multy, P14, ();). Shifting the base from g; to 0 and writing
Z(m) = T, *(0) for the punctual Hilbert scheme in Hilb™C? shows that

m

multvj fl,qj ()\j) = multz(/\j) ﬁl}o()\j) = multz(/\j) f()\j).
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By Lemma 6.6 this final multiplicity equals 1. Combined with (6.7.2) this gives multz, P(n) = n!/|S|.

Finally we compute multz, P(n),. As the dimension of geometric fibres bounds multiplicity from

above, and I € Zy, (6.6.1) shows that
(6.7.3) multz, P(n), < dim P(n)(I\), = K.
Hence

n! = - . :
m = multz, P(n) = ;multzA P(n), dimy < ;KM dim v.
By [Mac, Remark following I(7.8)], > K, dimv = dim Indg:(c = n!/|Sx| and so (6.7.3) is an equality

for each . O

6.8. It would be interesting to know if there is a result analogous to Theorem 6.7 that holds for the
simple modules L.(x), but we are unable to prove this. Indeed we do not even know whether the
characteristic varieties Char L.(u) are equi-dimensional; this is a special case of of Question 4.9. The
theorem does however provide information about the restricted characteristic varieties rCh L.(u), as

defined in (2.8.1).
Corollary. For all i € Irrep(W) there exist integers ax ,, € N such that

(6.8.1) rCh(Le(p) = [ZJ+ Y ax,ulZyl.
A<p

Proof. Recall from Lemma 6.4 that each Z) has dimension n — 1. As in (3.10), the partition (1) corre-
sponding to the sign representation of W is minimal in the dominance ordering. By [GS, Remark 3.6(2)]
Lc(sign) = Ac(sign). Hence rCh Lc(sign) = >, K1n)\[Zx] = [Z(n)], by Theorem 6.7 and (3.11). This
begins an induction.

Now fix a partition p and suppose that (6.8.1) holds for all partitions v < u. By [GS, Lemma 3.5
and Remark 3.5(1)], there is a short exact sequence 0 — M — A.(u) — L.(u) — 0 where the simple
composition factors of M are of the form L.(v) for v < u. By the inductive hypothesis and Lemma 2.8(c)
rCh M =) Z,] for some b, € N. On the other hand, by Theorem 6.7 and (3.11), rCh A (i) =
(Zu) + >°5<, Kun[Z2]. Applying Lemma 2.8, again, shows that

v<p bl’[

rCh Le(11) = rCh A (u) — rCh M = [Z,]+ > axu[Zs],
A<p

for some ay , € N. This completes the induction step and hence the proof of the lemma. O

6.9. One case where it is easy to identify rCh L.(u) is when p = triv and L, (triv) is finite dimensional;
thus ¢ = r/n with (r,n) =1 by [BEG2, Theorem 1.2]. In this case, Charg L(triv) is the zero orbit 0 in
h @ h*/W and so Proposition 4.8 shows that Char L, (triv) C 771(0) = Z,. By Corollary 6.8, this forces
Char L(triv) = rCh L.(triv) = [Z,].

6.10. Let Ha,_2(Z,C) be the top degree Borel-Moore homology group of the variety Z. By Lemma 6.4
and [Na, Section 8.2], the irreducible components Zy of Z form a basis of Ha,_2(Z,C), so its dimension

is equal to the number of partitions of n.
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Corollary. Taking the reduced characteristic cycle rCh M of a module M € O, induces an isomorphism

of vector spaces rCh : K(O.) ®z C = Ha, _o(Z,C).

Proof. We first check that rCh is well-defined. So for any short exact sequence 0 — My — My — M3 — 0
in O., we must show that rCh M; = rCh M;+rCh Mj. Since every object in O, has a finite composition
series, it is enough by Lemma 2.8(c) to prove that dim Char L.(u) = n — 1 for all p € lrrep(W). But
this is immediate from Corollary 6.8.

As K(O;) ®z C and Ha,—2(Z,C) are vector spaces with bases {[L.(u)]} and {[Z,]}, respectively,
Corollary 6.8 also shows that the matrix which represents rCh for these choices of bases is unitriangular

when we order by the dominance ordering. As such a matrix is invertible, rCh is an isomorphism. [

6.11. In this subsection we give a refinement of Corollary 6.10 that also justifies the comments made in
(1.6) from the introduction.
According to [Gr] and [Na, (9.13)] there is an isomorphism
£ @P Hon—2(Z(n),C) = Clpp : k €N
n>0
between the cohomology of the Lagrangian subvarieties Z(n) C Hilb(n) and the space of symmetric func-
tions. Under this identification [Z,] is sent to the monomial symmetric function my, [Na, Corollary 9.15].

Thus by Theorem 6.7 and (3.11)
(6.11.1) §(rChA (1) =Y Kuama = s,
A

the Schur function of p.

For generic ¢, O, is semisimple and so this gives a natural description of K(O.) in terms of symmetric
functions. When O, is not semisimple this is insufficient, and this is the case we examine here. By
[BEG1, Corollary 2.11] and [Du], O. is not semisimple if and only if ¢ € C, as defined in (3.4). We fix
such a value of ¢ and we assume that O, is equivalent to Sq-mod where S, = Sy(n,n) is the ¢-Schur
algebra and g = exp(2mic) is a primitive eth root of unity. As mentioned in the introduction, this is
conjectured in [GGOR, Remark 5.17] and a proof has recently been announced by Rouquier.

Under this assumption, and in the notation of [GS, (3.5)], there is an equality of multiplicities
(6.11.2) [Ac(A) s Le(7)] = [Wo(A) : Fo(T)].

The multiplicities on the right can be described as follows, where we refer the reader to [LT] for all
definitions and notation. Let F,, be the v-deformed Fock space representation of U, (gA[@), a deformation
of the space of symmetric functions in an indeterminate v. The standard basis {|\)} of F, indexed
by all partitions corresponds to the basis of symmetric functions given by the Schur functions. By
[LT, Theorem 4.1], there exist upper and lower canonical bases of F,, written {G(\)} and {G~(\)}

respectively. If we write
Gp) =Y du@l) and G\ =) enla)lp),
A Iz

then dy,(q) € Z[q] and ey, (q) € Z[g™1].
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If we consider only partitions of n, then by [LT, Section 4] these bases are related by the matrix

equality

(6.11.3) lex(a™)] = [dnepr ()]

The confirmation of [LT, Conjecture 5.2] in [VV] shows that dy:,:(1) = [Wy(X) : Fy(u)]. Combined with
(6.11.2) and (6.11.3), this implies that rCh(L.(\)) = 571(2# exp(1)s,) = EHG(N)yp=1). In other

words,

Proposition. Assume that O. is equivalent to Sy-mod and pick X € Irrep(W). Then the reduced char-
acteristic cycle rCh(L.())) is exactly the canonical basis element (G~ (\)y=1) in Hap_2(Z,C) corre-

sponding to the lower canonical basis element G~ (\) of the ring of symmetric functions from [LT].

Remark. Thanks to [VV], the polynomials dy,(¢) are parabolic Kazhdan-Lusztig polynomials. This
hints at the possibility that the rational Cherednik algebra connects Macdonald theory with Kazhdan-
Lusztig theory by providing a bridge between ¢-Schur algebras and Hilbert schemes. As an example of
this, Theorem 6.7 and (6.11.2) give a number of different positive integral factorisations of the Kostka

matrix in terms of evaluations of various Kazhdan-Lusztig polynomials.

6.12. An example. The results of this section are nicely illustrated by the case n = 2 and ¢ = %
(By Remark 3.4(1) all the results of this paper do hold in this case.) For these values of n and c,
[EG, Proposition 8.2] implies that U, = C(2?, zy, y?) = U(sl(C))/(Q2), where © is the Casimir element.
Moreover, M = eA.(triv) identifies with the non-simple Verma module over U(sl3(C))/(€2) while N =
eA.(sign) embeds into eA.(triv) with factor L(triv) = C.

First consider M and note that M =2 C[z?] as a module over C[z?] = C[h]". Give M the induced
ord filtration A: thus M = A°M. Now, M(1) = eH.110e @ M = eA 11 (triv) = C[z?], by [GS, Propo-
sition 3.16]. However, the tensor product filtration on M(1) is a little subtle. Indeed, since 6 = z it is
clear that

A°M (1) D eClz?|zde ® 1 = Clx?]a?,
but one can check that the first occurrence of 1 in the filtration comes from eyde ® 1 = —2e ® 1. Thus,

under the tensor product filtration A, one has A°M (1) = C[z?]2? and A*M(1)/A°M (1) =2 C. We leave

it to the reader to prove, by induction, that

Lemma. As above, take n =2, ¢ = % and let M = eA (triv) D N = eA.(sign). Pick k > 1.
(1) The tensor product filtration A on M (k) = Bk, @M satisfies A°M (k) = C[z?]2?* and x?~2¢ €

AN M (k) ~ AT M (k) for 0 <i < k.
(2) gra M = Dy @ Dy, where Dy = Cla2]a® & Cla2]a* @ -~ and Dy = C © 40 A. Consequently,
rCh M = Char M =V + Vo, where Vi = Ziny and Vo = Z(y, is the punctual Hilbert scheme.
O

Note that part (2) of the lemma is in accordance with Theorem 6.7. We emphasise that V (gr M ) has
two components whereas V (gr N ) has just one. In contrast, under the ord filtration M and N both have

associated graded module isomorphic to C[z?] and so Charg M = Charg N.
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6.13. Keep the notation and hypotheses from (6.12). Proposition 5.4 and Theorem 6.7 imply that
L = eL,(triv) satisfies gry L = Dy with rCh L = Z(n), while N = eA(sign) satisfies gry N = D; with
rCh N = Z(;»). This also follows from the computations in (6.12). Indeed, give N the filtration induced
from that on M. Then N = C[z?]z? and N(k) = eA.x(sign) = Beyk.e ® N = Clz?]z?*+2. Repeating
the argument from (6.12) then shows that N (k) = A°N (k) for all k, whence the result.

6.14. There are a couple of consequences of these computations that are worth noting. First, for a
U.-module P, even one in category O, it is important to use the tensor product filtration on ﬁ, even if
the ord filtration would appear more natural. For example, suppose that one begins with M = eA(triv)
as above and gives each M (k) = C[z?] the ord filtration I'; thus T°M (k) = M (k) for each k. Then
grp M = C[z2] ® C[#?] - - -. But this module has a different characteristic variety to the variety Char M
computed in (6.13). This does not contradict the earlier results since an easy variant of the proof of
Lemma 2.7 can be used to show that grp M cannot finitely generated as an A-module.

Second, recall from (4.3) that the tensor product and ord filtrations on the B;; are equal. The last
paragraph shows that the analogous result fails for M = eL(triv).

7. BIMODULES

7.1. In this short section we show how to extend our results on the characteristic varieties of one-sided
modules to H.- and U.-bimodules, and we discuss the resulting characteristic varieties of Harish-Chandra
bimodules. Since it requires no extra work, we will actually prove these results for (U, U;)-bimodules
and so we will assume throughout that ¢,d € C satisfy the hypothesis of (3.4). As usual, analogues of

the results proved here do hold for more general values of ¢ and d.

7.2. Let w be the anti-automorphism of D(h™8) x W defined by w(z) = x, w(y) = —y and w(w) = w™?
forx € h*, y € h and w € W. By [GGOR, (4.2)], w restricts to an involutive anti-automorphism on both
H. and U.. Let RX S denote the usual external tensor product of two C-algebras R and S. Then we can
identify the category (U, U)-bimod of finitely generated (U,, Uy)-bimodules with the category of finitely
generated left U. X Ug-modules: for any such bimodule M and m € M, we set (p X q) - m = pmw(q) for
p € U. and q € Uy.

We have a straightforward generalisation of Theorem 1.2.

Theorem. If ¢,d satisfy Hypothesis 3.4 there exists a filtered Z-algebra C' such that
(1) (Ue, Ug)-bimod is equivalent to C-qgr;
(2) grC, the associated graded ring of C, is isomorphic to (the Z-algebra associated with) the ho-
mogeneous coordinate ring @ o H (Hilb(n) x Hilb(n), 7{L*F @ 73L%), where m; denotes the
projection map onto the j*" component of Hilb(n) x Hilb(n).

Proof. As above, we replace (U.,Uy)-bimod by U, X Us-mod. By (3.5), the (U.y1 R Uyy1,U. K Uy)-
bimodule eH, . 10e X eHy.10e induces a Morita equivalence between U, X Uz-mod and U1 XUy 1-mod.

Hence, defining C' to be the Morita Z-algebra associated to the data

{Uc+i X Ud+i7 6H0+i+1(56 X eHd+i+1(5€ ;1€ N}
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and applying Lemma 2.2 gives the first part of the theorem.
In the notation of (3.5.1), C;; = B;;(c) ¥ B;;(d) for all ¢ > j > 0. If we give C' the componentwise
tensor product filtration,
chij = Z ord” BU X ord® Bija
r+s<k
then we deduce from [GS, Theorem 6.4(2)] that
grC= P grB; KgrB; = @ HO(Hilb(n), £/77) RH (Hilb(n), L).

12520 12520

The right hand side of this equation is the Z-algebra associated to the graded algebra

@5 HO(Hilb(n), £¥)®H(Hilb(n), £*) = E)H°(Hilb(n) x Hilb(n), =1 L* @ m5L"),
k>0 k>0

which proves part (2) of the theorem. |

7.3.  Write (U,, Uy)-bifilt for the category of (U, Uy)-bimodules M with a good filtration A; by definition
this means that (ord’ U,)(AY M)(ord” Uy) € A" %M, for all 4, j, k and that the associated graded object
gry M is finitely generated as an (ogr U, ogr Ug)-bimodule. Under the identification of (U, Uy)-bimod
with U, K Uyz-mod, this category is simply U, W Uy-filt. Thanks to Theorem 7.2, the requirements (1)—(4)

of (2.3) are fulfilled, and so we have a natural functor
Y : (U, Uyg)-bifilt — Coh(Hilb(n) x Hilb(n)) (M,A) — mgry M.

We wish to adjust T’ to take account of the twisting by w which occurs when we pass from (U.., Uy)-bimod|]
to U. X Ugz-mod. Note first that the ord filtration is preserved by w, so we obtain an induced action of w
on C[h @ h*] C ogr D(h™8) « W given by the formulee in (7.2). Clearly this is also induced by the auto-
morphism @ of h ¢ h* which is the identity on § and multiplies h* by —1. Then @ induces automorphisms

of Hilb(n) and h @ h* /W which we also denote by w. We set
T=(1xw*) oY : (U.Uqg)-bifilt — Coh(Hilb(n) x Hilb(n)).

Following the discussion in Section 2, we define the characteristic variety Char M C Hilb(n) x Hilb(n)
of a finitely generated (U, Uy)-bimodule M to be the support variety of T M, for any good filtration
A. Similarly, the associated variety Charo M C (h @ h*)/W x (h @ h*)/W is the support variety of
(1 x @w")(grp M).

7.4. Harish-Chandra bimodules. Under the canonical embeddings of C[h]" into U, and Uy any
(U, Ug)-bimodule M inherits the structure of a C[h]"-bimodule. Similarly, M is a C[h*]"-bimodule.
Following [BEG1, Definition 8.8] a Harish-Chandra (U.,Uy)-bimodule can therefore be defined to be a
finitely generated (U., Uy)-bimodule on which the induced adjoint actions of C[p]"Y and C[h*]" are locally
nilpotent. We let ;HC,4 denote the category of Harish-Chandra (U,, Ug)-bimodules, a full subcategory of
(Ue, Ug)-bimod.

Proposition. If M € ;HCy, then Char M C Hilb(n) X ggp«/w Hilb(n) .
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Remark. The variety Hilb(n) xygp-/w Hilb(n) is an analogue of the Steinberg variety T*B x T*B
which features prominently in geometric representation theory. We refer the reader to [BB, Section 3]

for results on the characteristic varieties of Harish-Chandra bimodules in the Lie-theoretic context.

Proof. Set Q@ = (h @ h*)/W x (h @ h*)/W and let T be a good filtration on M. We claim that the
associated variety Charg M is contained in the diagonal A of 2. Given the claim, Proposition 4.8 implies

that
Char M C (7 x7)"!(Charg M) C (7 x 7)"'(A) = Hilb(n) xygp- w Hilb(n),

where 7 : Hilb(n) — h @ h*/W is the usual resolution of singularities. Thus the proposition follows.

Let I = anngq)(grr M) and write Graph(w) = {(z,0(2)): 2 € h@bh*/W} C Q. Since the definition
of Charg in (7.3) has a twist by @*, the claim is equivalent to the assertion that V(I) C Graph().
To prove this, note first that, as in [EG, Appendix D], gr U. K gr Uy inherits a Poisson structure from
multiplication in U, X Uy. For a,b,a’,t’ € C[h @ h*]" this is given by

{aX®b,a’ Kb} = {a,a'} KbV + aad’ K {b,b'},

where the bracket { , } on C[h @ h*]" is the one arising from multiplication in either ogr U, or ogrUy.
(These two brackets are the same since they are both equal to the one arising from the canonical
symplectic structure on h @ bh*.)

Since M is a Harish-Chandra module, p X 1 — 1 X w(p) acts locally nilpotently on M for any element
p € C[H]" or p € C[h*]". We will write p = o(p) for the principal symbol of p € U, (or p € Uy). Since
grp M is finitely generated, on passing to associated graded modules, it follows that pX1—1Xw(p) € VI
for all homogeneous elements p € C[h]" or p € C[h*]". As w is an anti-automorphism of Uy we have

{w(P),w(§)} = w{§,p} for any homogeneous elements p, § € ogrU. = ogr Uy and so
PR1I-1Rw(p), (K1 -1XKw(@)} = {H ¢ H¥1+1X{w(),w(@} = {H Rl -1Rw{p,q}),

for any such p, §. By Gabber’s integrability theorem [Ga, Theorem 1] or [Bj2, Theorem 1.3], {/T,+/I} C
VI while, by [Wa, Appendix 2], C[h @ h*]" is generated by the homogeneous elements in C[h]", C[h*]V
and their iterated Poisson brackets. The displayed equation therefore implies that /I contains r &1 —
1Xw(r) for all r € C[hdh*]". In other words, V(I) C Graph(@). This completes the proof of the claim,

and hence of the proposition. O

7.5.  The obvious analogue of Proposition 7.4 also holds for the category of Harish-Chandra (H., Hy)-
bimodules. The reason is that, thanks to the natural analogue of [GS, Theorem 3.3], the idempotent

functor which sends M € (H,., Hg)-bimod to eMe € (U., Uy)-bimod is an equivalence of categories.

7.6. Questions. We end this section with several questions and comments about Harish-Chandra mod-
ules.

Let Y be the variety Hilb(n) xggqp+/w Hilb(n) introduced in Proposition 7.4. It follows from the proof
of Theorem 4.10 that the resolution of singularities 7 : Hilb(n) — b @& h* /W is semismall in the sense
of [Na, Definition 6.7]. Following [Na, Section 6.2] we can make this more precise. First, h & h* /W is
stratified as in (6.4) by the locally closed subvarieties Sy = (h @ h*/W) N S\C? for \ a partition of n.
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The resolution 7 then restricts to a topological fibre bundle 7 : 7=1(Sy) — S\ with fibre equal to the
product of punctual Hilbert schemes Zy,y x --- X Z(y,), where A = (A1,..., ;) has exactly r nonzero

parts. If we set

Yy={(z,2)eY :7(z) =71(2) € S\}
then Y = [[, Y\ and dimY) = (2r —2) + (n —7) + (n — r) = 2(n — 1) for each A with r nonzero parts.
Thus Y is pure of dimension 2(n — 1) with irreducible components equal to the closures of the various
Y.

This raises two questions:

(1) Does every Harish-Chandra bimodule have (restricted) characteristic cycle equal to a weighted
sum of the Y ?
(2) If so, what are those weights for important Harish-Chandra bimodules, for example the bimodules

Bij(c) from (3.5.1)? Further examples of Harish-Chandra bimodules appear in [BEG1, Section 8§].
7.7. Recall from [CG, Section 2.7] the convolution product on Borel-Moore homology.

Lemma. Under the convolution product there is an algebra isomorphism
= H4(n—1) (Y, (C) = Rep(W) ®z C,
where Rep(W) is the representation ring of W.

Proof. This follows immediately from the formalism of [CG, Section 8.9]. Indeed, let z € Sy. Since
771 (x) is irreducible, the local system on Sy associated to Ha(,—, (7! (x),C) is trivial. Applying
[CG, Corollary 8.9.8 and Proposition 8.9.9(b)] shows that Hy(,,—1)(Y,C) is a commutative semisimple
C-algebra with basis labelled by partitions of n. Since Rep(WW) ®z C has a non-degenerate associative
bilinear form given by the inner product on characters is non-degenerate, it is semisimple, and so the

lemma follows. O

A solution to the next problem would provide a significant refinement of the lemma.
Problem. Identify the T?-equivariant Grothendieck group K™ (Y') under the convolution product.

7.8. When ¢ = d, write ;HCq = HC.. It is known that HC,. is monoidal under tensoring over U,,
and that HC,. is equivalent to CW-mod as a monoidal category for ¢ € N, [BEG1, Lemma 8.3 and
Theorem 8.5]. It acts on O, by tensoring over H.,.

Question. Is there a ring isomorphism © : K(HC.) — Rep(W) such that

(1) the following diagram commutes.

K(HC) @, C—EB o, (Y.C)
o\, /'
Rep(W) ®z C

(2) K(O.) corresponds to the regqular representation under the map sending [A.(\)] to [N\ ?
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Implicit in these questions is the assertion that the simple objects of HC. can be labelled by partitions
of n; once again, this is known only for ¢ € N where it follows from the equivalence of monoidal categories
HC. ~ CW-mod. One can ask: Does such an equivalence exists for all ¢ ¢ C.

If part (1) of the question is true, then Question 7.6(1) would follow for simple and hence all Harish-

Chandra modules.

8. A CONZE EMBEDDING

8.1. Let @ be a minimal primitive ideal in the enveloping algebra U(g) of a semisimple complex Lie
algebra g. A classic result of Conze [Co] shows that U(g)/Q embeds in a Weyl algebra A,, = D(C™) in
such a way that the restriction to U(g)/Q of the canonical D(C™)-module O(C™) is a Verma module.
Moreover, D(C™) is a union of Harish-Chandra bimodules P/ coming from the translation principle [JS,
Proposition 5.5].

The main result of this section shows that the natural analogue of this result holds for U.. Indeed, as we
show, U, < D(h/W) = |J P;, where the P, are the natural analogues of the Harish-Chandra bimodules
P/: they are the duals of the progenerative bimodules B;o(c). In particular, D(h/W) is a flat left U,-
module. As might be expected from the earlier sections, this result also corresponds to a basic fact about
Hilb(n). In the notation of [Hal] we consider the principal affine cell V' = Oy~ in Hilb(n) corresponding
to the partition (17). It follows from [Hal, Corollaries 2.7 and 2.8] that V = C?*"~2 is the open set
D(8) = Hilb(n) \V(8) complementary to the zero set of §. As we show, ogr D(h/W) =JI A" = O(V).

8.2.  We now turn to the proofs of these assertions. Pick ¢ € C satisfying Hypothesis 3.4.
For i € Nlet P/, = 6 'e_Hciit1e and notice that, by (3.5), this is the dual of the progenerative

K2

(Uctit1,Ueti)-bimodule B;yq 4(c). Thus, for i > j >0,
P} = Pl Pl - Pt = (By(e)'

is a progenerative (Ueyj, Ucyi)-bimodule. By [GS, Lemma 6.11(1)], B;j(c) € Uecyi N Ucyit1 and so, by

induction, U, C P? C P?,,, for all i > 1.
8.3. Lemma. For all ¢ >1, P} C D(h/W).

Proof. Pick i > 0. The algebra H.; ;41 acts naturally on C[h] (see the proof of [EG, Proposition 4.5]) and
so Pl.y =07 te_H.y;i1e acts naturally on C[h™8]. It is important to notice that (3.3.1) is an equality in
D(h*8) « W and so the action of H.4; on C[h™¢] induced from that of P/, ; does equal the action coming
from the inclusion H.4; C D(h*8) « W.

In fact, the action of P;,; on C[h™¥] restricts to an action on C[h]" = C[h/W]. To see this note that,
for p € H.y; 11, the element e_pe maps C[h]" to e_C[h] = C[h]*&". Since C[h]*&" = §C[h]"", we conclude
that 6~ *e_pe maps C[h]" to itself.

It remains to check that elements §~te_pe € P! ', 1 are actually differential operators on C[p]". But if
q € C[h]" then [q,6 te_pe] = 6 te_[q,ple. By [BEG1, Lemma 3.3(v)] C[h]" acts ad-nilpotently on H,;
and so ¢ also acts ad-nilpotently on 6~ 'e_pe € P/ ;. By definition, this means that P/, C D(h/W).

By induction, the same is true for the multiples Pij of these spaces. O
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8.4. We next want to understand |Jd—?A?. To begin, consider Hilb®C? and the corresponding union
U, 67"A?, where AY = C[C*"]W, Al = C[C?"]s'e", and A’ = (A')" in the notation of [GS, (4.3)]. We
bigrade A? and hence the A? by the Euler and order gradations; thus C[C?"] = Cluy, ..., Un,v1,. .., Vp]
is graded by bideg(u;) = (1,0) while bideg(v;) = (—1,1), and we have chosen our variables so that W
acts by permutation of the subscripts.

In the notation of [Hal, Section 2] we want to consider the affine open cell U = U(1ny C Hilb"C2. By
[Hal, Corollary 2.7], O(U) is generated by elements ADA(*I}?,) where, by [Hal, (2.22) and the paragraph
after (2.32)], the Ap are a basis of A' and A(jny = 6. Thus O(U) = |J0~*A’ = C[6~*A']. Moreover, by
[Hal, Corollary 2.8], Oy = O(U) is a polynomial ring R = Cley,...ep,a1,...,a,] (where our indexing
differs by one from Haiman’s). By [Hal], the e;’s are the elementary symmetric functions in the u;’s
and so (possibly after reordering) bideg(e;) = (j,0) for each j. Note that e; = ) u; = 2, in the notation
of (3.6). The a; are the coefficients of the Lagrange interpolation polynomial ¢, (z) = Y i a;z'" ! =
225 05 [y (2 — i) (g — ug) L. Since this polynomial is homogeneous as a polynomial in either the v’s
or u’s, with total degrees 1 in the v’s and 0 in the u’s, it follows that bideg(a;) = (—j,1) for each j. In
this case it is not easy to express the element z* = > v; from (3.6) in terms of these variables, but at
least bideg(z*) = (—1,1) = bideg(ay).

Now consider Hilb(n). By [GS, Lemma 4.9(1)] and the comments of the last paragraph, A =
A%/(e1,z*). Therefore,

Jo7'A" = Cly~ A" = Cl5 A/ (e1,2") = R/ (e1,2").

Since S = R/(e1) is a domain, the element z* is a regular element in S of the same bidegree as the element
a1. Thus the factor rings C[6~1A] = S/(z*) and S/(a1) have the same bigraded Poincaré series. On the
other hand, the restriction of Oy to Hilb(n) is clearly just the open subvariety D(d) complementary to
V(9) in Hilb(n). Combining these observations gives:

Lemma. C[6~1Al] = Jd'A" = O(V), where V. = D(5). Also, C[6~LA'] has the same bigraded
Poincaré series as the polynomial ring Clea, . ..e€n,az,...,a,], where bideg(e;) = (4,0) and bideg(a;) =

(=1,1). |
8.5.  We can now prove our analogue of the Conze embedding.

Proposition. Assume that c € C satisfies Hypothesis 3.4. Then D(h/W) = ;5o P. Moreover,
ogrD(h/W) = U ogrP? =C[s 1A' = O(V),
where V 22 C*"=2 s the open affine subvariety D(5) of Hilb(n).

Proof. By (3.5) the P? are progenerators for U.. Give P the induced filtration ord arising from the
order filtration ord on D(h**8) x W. There is a potential ambiguity, here, since P can also be given an
order filtration induced from the order filtration on D(h/W). However, thanks to [Le, Lemma 3.2.1 and
Proposition 3.5] the restriction map D(h*&)" — D(h™8 /W) is a filtered isomorphism and so the two

filtrations agree. In particular, ogr P? C gr D(h/W).
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If j > 0, then [GS, Lemma 6.8] shows that
ogr ijﬂ =d"togrle_Heijr1e) =0 te_(Ch@h* x W)e = O(5 1A,

where © : C[he @ h*]W — e(C[h™8 @ h*]" )e is the isomorphism given by O(f) = efe. Therefore, by
induction and [GS, Lemma 6.7

O(5 ' A") = O((67A)") = (ogr PY)(oar F}) -+ (ogr PI™") C ogr P

and so, by Lemma 8.3,

(8.5.1) ClstAY = U 57*A" is isomorphic to a subspace of U ogr P C ogrD(h/W).

i>0 i>0
Clearly each P? is graded under the E-grading and so gr P? has an induced (E,ord) bigrading, as in
(8.4). Now C[h]" = Clea, ..., e,] is a polynomial ring whose generators have degree and hence E-degree
E-deg(e;) = ¢. Since the equation O.,e; — €;0., = 1 in D(h/W) is E-homogeneous, E-deg 9., = —i for
each i. Therefore ogr D(h/W) = Clea, ..
bidege; = (i,0) and bidegd; = (—i,1).

By (8.5.1) and Lemma 8.4, C[6~*Al] is therefore a bigraded algebra with exactly the same bigraded

.yen,da,...,dy] is a polynomial ring whose generators satisfy

Poincaré series as that of its overring ogr D(h/W). Since the bigraded components of these algebras are
finite dimensional, they must be equal. In particular, (8.5.1) implies that UiZO ogr P? = ogr D(h/W)
and hence that Uizo P? = D(h/W). Finally, as ogr D(h/W) is a polynomial ring, this also implies that
V = Spec(C[6~1 A%]) is isomorphic to C*"~2. O

8.6. Since the P? are projective left U.-modules we obtain:

Corollary. Keep the hypotheses and notation of Proposition 8.5. Then D(h/W) is a flat left U.-module.
|

We remark that D(h/W) will typically not be a flat right module over U.. Indeed this even fails for

n = 2, when U, is a primitive factor ring of U(sly) (see [JS, (5.7)]).

INDEX OF NOTATION

A, alternating polynomials, A = @ A*§*, (3.7) Euler operator E = Y z;4;, E-deg, (5.8)
A= D0 AP (3.9) e, e_, trivial and sign idempotents, (3.3)
B, the tautological rank n bundle, (3.7) fake degrees fr, (6.2)
B =@ Bjj, (3.5) good filtrations, (2.4)
C, the set of singular values for ¢, (3.4) H., the rational Cherednik algebra, b, §*, (3.1)
C, C, (6.4) Hilbert schemes Hilb®C?, Hilb(n), (3.6)
Char, characteristic varieties, (2.6),(7.3) I,,, monomial ideal for partition p, (3.15.1)
Charg, associated varieties, (2.6),(7.3) Irrep(W), the irred. reps. of W, (3.10)
Ch, characteristic cycle, (2.7.1) Jt=C[h @ h*] AL, (3.7)
rCh, restricted characteristic cycle, (2.8.1) K, (t, s), Kostka-Macdonald coefficients, (3.11)
dy ={(i,7) e NxN:j < pit1}, (3.10) L.(7), simple O.-module, (5.2)
d=Tl,es s (3.1) L=NA\"B= Ouinw(l), (3.7
Ac(T), the standard module, (5.2) O, category O for H., (5.2)
dominance ordering on lrrep(W), (3.10) ord, ogr, order filtration and gradation, (3.2)
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P = p.Ox,, , the Procesi bundle, (3.7) 7 : Hilb*C? — C*" /W, (3.6)
Pu, Vi, (6.3) 7 : Hilb(n) — h @ h*/W, (3.6)
®, B, (4.2) tot, tgr, total degree filtration/gradation (5.9)
Poincaré series p(M, s,t), p(M,v), (3.13),(6.2) triv, the trivial W-representation, (3.10)
qgr, Qgr, (2.1) U. = eH_e, the spherical subalgebra, (3.3)
p: Xn — Hilb*C?, (3.7.2) W = G,, the symmetric group, (3.1)
o(m), the principal symbol of m, (2.4) Z =Z(n) =0t (h/W), Zy, (6.4)
sign, the sign representation of W, (3.1) Zn = Z(y), the punctual Hilbert scheme, (3.12)
T2-action (3.13), (5.7)
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