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1. Introduction

1.1. One parameter Iwahori-Hecke algebras of finite Coxeter groups have
Kazhdan-Lusztig bases of geometric origin; the same is predicted for unequal pa-
rameters, and wished for complex reflection groups. These bases are fundamental in
Lie theory and play a significant role in the representation theory of Iwahori-Hecke
algebras.

1.2. In this note we are interested in labelling the irreducible representations of
non-semisimple specialisations of Hecke algebras of complex reflection groups. We
will use category O for the rational Cherednik algebra and the KZ functor together
with elementary algebraic and combinatorial arguments to construct canonical basic
sets in many cases — see 3.2 for the definition. For finite Coxeter groups our ob-
servations can be stated as follows. (Similar statements hold for complex reflection
groups of type G(¢,1,n).)

THEOREM. Let W be a finite Coxeter group and H(W) be the corresponding
Hecke algebra with unequal parameters specialised in C. Let KZ : O(W) — H(W)
denote the KZ functor, L(E) and A(E) the irreducible and standard representations
in OW). Then {KZ(L(E)) : E € Irrep(W),KZ(L(E)) # 0} is a canonical basic set
for H(W) and there is a symmetric bilinear form on KZ(A(E)) which is zero or
factors through KZ(L(E)).

1.3. Regarding the first claim above, the existence of canonical basic sets for
finite Coxeter groups has been known for some time thanks to work of Jacon and
others, [15], [21I]. Existing proofs in type B, however, use Ariki’s theorem on
the categorification of Hecke algebra representations; our proof does not. If we
use the earlier work we get an explicit combinatorial description of the irreducible
representations in O(W) killed by KZ; this appears to be new.
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1.4. The existence of symmetric bilinear forms on modules is also not surpris-
ing. Geck has shown that all Iwahori-Hecke algebras of finite Coxeter groups admit
at least one cellular algebra structure, [9], [1T]. In the unequal parameter case, it is
even expected that there are several different cellular structures depending on the
choice of a weight function defining the Hecke algebra; Geck has proved this pro-
vided a series of conjectures of Lusztig hold. As a consequence each Hecke algebra
is expected to admit a family of cell modules, depending on the choice of weight
function, and these will carry a symmetric bilinear form such that the quotient by
the radical of this form is either zero or irreducible. But this is precisely what KZ
of the standard modules of rational Cherednik algebras do, without assumptions.
We show that these modules agree with the appropriate cell modules, whenever
the cell modules exist. It is worth pointing out that Lusztig’s conjectures are not
yet known to hold for type B in general. They are, however, known to hold for
“dominant” choices of weight function and in this case [13] shows the cell modules
are the Specht modules of [4]. So, for a special choice of parameters in this case
— and more generally for G(¢,1,n) — we can identify the image of the standard
modules under KZ with these Specht modules; in general they are different.

1.5. The paper is organised as follows. In the following section we recall the
definition of Hecke algebras for complex reflection groups and category O for ratio-
nal Cherednik algebras. In Section 3 we discuss basic sets, while in Section 4 we
prove that KZ of the standard modules have symmetric bilinear forms and compare
this with existing results in the finite Coxeter group case. We end by studying
the G(¢,1,n) case where we require combinatorial arguments to produce complete
results.

2. Hecke and Cherednik algebras

2.1. Notation. Let W be a complex reflection group with reflection represen-
tation h. Let A be the set of reflecting hyperplanes in b.

For H € A let Wy be the pointwise stabiliser of H in W, set ey = |Wx| and
let U = UHGA/W Irrep(Wpy). Since Wy is a finite cyclic group, we may identify
elements of U with pairs (H, j) where 0 < j < ey and the irreducible representation
of Wy is given by det” [y, .

Given H € A, choose ay € h* with keray = H and let vy € b be such
that Cvy is a Wy-stable complement to H. Let b™® = b\ Uy 4 H and By =
w1 (b8 /W, z9) where x( is some fixed basepoint.

2.2. For any positive integer e we will write ¢, for exp(2my/—1/e) € C.

2.3. Hecke algebras. Let {q,} be a set of indeterminates with v € U and
set k = C[{q*'}].
Let H be the Hecke algebra of W over k, the quotient of k[By,| by the relations

H (Tu — ¢, am,;) =0,

0<j<em

where there is a relation for each H € A and where Ty is a generator for the
monodromy around H, see for instance [2] §4].
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HypoTHESIS. The algebra #H is free over k, of rank |[W|. There is a sym-
metrising form ¢ : H — k that becomes the canonical symmetrising form on
C[W] = H @k C on specialising qg ; to 1.

This hypothesis is known to hold for all but finitely many irreducible complex
reflection groups, and it is conjectured to be true in general [2] §4C].

2.4. Given any C-algebra homomorphism O : k — k, we will let Hg denote
the specialised algebra H ®y k. The cyclotomic specialisation © : k — C[¢T!] will
be important to us. For this we pick a set of integers m = {m,} and then send q,
to ¢, where ¢ is either an indeterminate or a non-zero complex number. We will
denote this He by Hq,m.-

2.5. There is a positive integer n so that after adjoining an nth root z of g,
Hg.m becomes split semisimple. Let E € Irrep(W) and let sp € C[z*!] be the
associated Schur element of H, ., where ¢ is an indeterminate (see [ §2B]). We
set

ap = —valy(sg) = —val.(sg)/n and Ap = —deg,(sg) = —deg.(sg)/n.

2.6. Cherednik algebras. Let {h,} be a set of indeterminates with u € U
and set R = C[{h,}]. Let H be the rational Cherednik algebra over R attached
to W, see [23], §5] whose notation we follow. As an R-algebra H has a triangular
decomposition R[h] @r R[W] @r R[h*]. The commutation relation between y €
h C R[h*] and = € h* C R[] is given by

o] = g,y + 3 Spomloma)

HeA (vrr, am)

where
eg—1
YH = Z Z det(w)fj(hH,j — hH,j—l) w.
weWg\{1} \ j=0
Again, given any ¥ : R — R, we define Hy = H®R R.

2.7. Category O and the KZ functor. Let ¥ : R — R with R a local
commutative noetherian algebra with residue field K, and let v : R — K be
the extension of ¥ to K. Given E € lrrep(W), set cg € K to be the scalar by
which the element — 3, 4 Z;ial (X wew, (detw)w) p(hy ;) € Z(K[W]) acts
on F ®c KEI

2.8. Set Oy to be the category of finitely generated Hy-representations that
are locally nilpotent for the action of h C R[h*]. This is a highest weight category,
[18] and [23] §5.1]. Its standard objects are Ay (E) = Hy ®@pg[p+uw (R®c E) where
E € Irrep(W), and its ordering is defined by

Ay (F) < Ag(F) if and only if ¢cp — cg € Z~yp.

Henceforth we will write E <g F if cp — cg € Z~y.

n the rational Cherednik algebra literature, including [23], the function cg is usually taken
to be the negative of the cg here; but in the context of this paper the above definition is more
natural.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



80 MARIA CHLOUVERAKI, TAIN GORDON, AND STEPHEN GRIFFETH

2.9. Let R be the completion of C[{h,}] at a maximal ideal corresponding to
the point {h,} € CY. Consider Rasa k-algebra via the homomorphism that sends
qp ; to exp(2my/—1hp ;). Thus for any homomorphism ¥ : R — R which factors
through R there is a corresponding homomorphism © : k — R. Then there is an
exact functor

KZy : Oy — Heo — mod

3. Category O and basic sets

3.1. Let {h,} € CY and let g, = exp(2m\/—1h,) for each u € U. Let 1 :
R — C and 0 : k — C be the corresponding specialisation maps. In this case each
Ay (E) has an irreducible head which we write as Ly (E). We define two sets of
‘Ho-representations

(1) Sq(E) = KZy(Ay(E)) and Dy(E) = KZy(Ly(E)).
Set B C Irrep(W) to be the E € Irrep(W) such that D,(E) # 0. For E € B, set
¢p :=min{cp : F € lrrep(W) such that [S,(F) : Dy(E)] # 0}.

PROPOSITION. (a) The set {D,(E) : E € B} is a complete set of pairwise
non-isomorphic irreducible Hq-representations.

(b) If E € B, then [Sy(E) : Dy(E)] = 1.

(¢) For E € B, we have cg = Cg;

(d) If [Sy(F) : Dy(E)] # 0 for some F € Irr(W) and E € B, then either F' = E or
Cg < Cp.

PROOF. Part (a) follows from [18, Theorem 5.14]. Then since the functor KZy
is exact, we have

[Sq(F) : Dg(E)] = [Ay(F) : Ly(E)] if  KZy(Ly(E)) # 0.

Since Oy is a highest weight category, the composition series of Ay (F') consists of
Ly(E)’s with E <, F and we have [Ay(E) : Ly(E)] = 1. So (b) holds. Now,
let E € B and Sg = {F € lrrep(W) : [S,(F) : Dy(E)] # 0} = {F € lrrep(W) :
[Ay(F) : Ly(E)] # 0}. We have E € Sg. If F € Sg with F # E, then E <, F,
whence c¢g < cp. Therefore, cp = ég and (c) and (d) hold. O

3.2. Basic Sets. In the situation of the above proposition, we say that B
is a basic set with respect to c. More generally, if we have another function
f i lrrep(W) — C and a subset B’ C Irrep(W) that satisfy the properties of
Proposition Bl with f replacing ¢, then we say that B is a basic set with respect to
f- A basic set with respect to f is unique.

In the case that we let ¢, = exp(27y/—1m,,) for integers {m,} € ZY and we
use the a-function defined in [24] then, using the KZ-functor to identify Irrep(TV)
with Irrep(Hquot(k)), @ basic set with respect to a is exactly the canonical basic set
in the sense of Geck-Rouquier [16].

3.3. The functions a, A and c. Recall from[ZT]the basepoint xg € §™8, and
from 24 the cyclotomic Hecke algebra H,, ,, over C[g*!] where w is an indetermi-
nate. Let K = C(q), so that Hg ,» = K ®cjg=1] Hg,m is split semisimple, with a
bijection between Irrep(W) and Irrep(H ). Let 7 be the central element of the
pure braid group Py = m1(h*8, x¢) defined by the loop s +— exp(27y/—1s)x¢ and
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let wg () denote the scalar in C[g*!] by which 7 acts on the irreducible represen-
tations of H g ,, corresponding to E. Recall ¢ denotes the canonical symmetrizing
form on H,,,,. By combining [Il Proposition 2.8] and the formulas for wg(w) and
t(7) in [I (1.22) and Theorem 2.1.2(b) respectively] with [I, (6.5) and Lemma 6.6],
we have
wE(Tr) _ ,ap—Agp
t(m) '
Setting hy ; = mp,; gives a specialisation map ¢ : R — C. The formulas for
wg(m) and ¢(7) mentioned above then show that

2) o+ s =5 (L) W=t ¥ 3

t(m) HEA j=0

Thus we see that orderings on Irrep(TW) determined by the functions ¢ or a + A are
equal.

4. Forms and Standard Modules

4.1. Let {h,} € RV, R the completion of R at {h,} and ¢, = exp(2mv/—1h,,)
for all u € U. We have homomorphisms

R-—Y-R and k—2>R
N N
C C.

Let Q = Quot(f%) and O¢ : k — R — Q the corresponding embedding. Setting
E"=Q ®pz KZy(Ay(E)) gives a bijection E — ET from Irrep(W) to Irrep(He,,).

4.2. We will assume for the next few sections that there is a k-algebra anti-
involution o of H. It passes to any specialisation of H. We assume further that
there is a non-degenerate symmetric bilinear form ( , ) : Ef® ET — @ that satisfies
(he,€') = (e,o(h)e’) for all e,¢’ € ET and h € Hy,,.

4.3. We do not know how restrictive the assumptions of are. However,
it is elementary that they hold for all Coxeter groups and for the groups of type
G4, 1,n):

e For W a finite Coxeter group we take o(7,,) = T,,—1. The non-degenerate
symmetric form arises, for instance, as in the first part of the proof of [7,
Proposition 4.3].

e For W be a complex reflection group of type G(¢,1,n) we take o(T;) = T;
for 0 < i < n — 1, where the T; are the usual generators, defined for
instance in [2l Theorem 3.6]. This induces an anti-involution of H and
the form may be deduced from [4, p.398].

4.4. Recall the definition of the H-representations S,(E) and Dy (E) given in
([@. The following theorem is motivated by [18] Proposition 6.5].

THEOREM. Assume that W satisfies the assumption of 2 Then there is a
symmetric bilinear form ( , ) : Sq(E) ® Sq(E) — C which, for all s,s" € Sy(E) and
h € Mg, satisfies (hs,s") = (s,0(h)s"), and such that Dy(E) = Sy(E)/rad( , ).
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ProoF. The functor KZy is represented by a projective object Pkz,v € Ow,
18] §5.4] and [23] §5.2]. The highest weight structure on Oy gives a finite filtration
of PKZ,\II

0C---CPTCP CP'C C Py,
where each section P?/Pi*! is a direct sum of standard modules Ay (E) for which
i < cp < i+ 1, each appearing with multiplicity dim(F), [18 Proof of Theorem
5.15]. We apply KZy to this to get a filtration of KZy (Pxz,w) = He whose sections
are direct sums of KZy(Ag(F)) for various E.

The above filtration of He then induces a filtration of He, whose sections are
direct sums of (ET)™ ¥ where i < c¢p < i + 1. Define another filtration on He,,
by setting (Q ®r H)Z" to be the sum of the Ef-isotypic components of He, where
c¢g > 4. This induces a filtration ’Hgi =HoN(Q @r H)Z of He.

We claim this equals the above filtration by KZg (P*)’s. By construction Q ®p
KZy(P) = (Q ®r H)>" so we deduce for each i that KZg(P?) C Hz' and the
quotient is torsion. But Hg'/KZy(P") C He/KZy(P?) and this is a free R-module
since it has a filtration by KZg(Ay(E))’s, each of which is free over R. Thus there
is no torsion, and we have the claimed equality.

By [18| Proposition 5.21] and [23] Proposition 4.30] there is a V-filtration of
Pyzw

0C--CP1CPCPj1C - C Pz,
where each section Pj11/P; is a direct sum of Vg (E)’s with j < cg < j+ 1. Let

K; = Hom p(KZy (Pxz,w/Pj), R) so that we have a filtration of right He-modules
0C- - CKjy1 CK; CK;_y C--- CHomp(KZy(Pezw), R) = Homp(He, R).

We consider all of the above right He-modules as left modules via 0. As the mapping
z = (y = t(o(x)y)) from He to Hompz(He, R) is a left He-isomorphism, we then
have a filtration K, of He by left He-modules.

We claim that each K; = ng . All K; are free over R since each V(E) is a free
R-module, [23] Proposition 4.19] and KZy (—) = Homo,, (Pxz.w, —) and so preserves
R-projectivity. Thus the sections K; /K11 = Hom s(KZy (Pj11/P;), R) are a direct
sum of Hom 3(KZy (Ve (E)), R)’s with j < ¢p < j + 1. On extending scalars to Q
the filtration thus has sections that are direct sums of (ET*)4m# = (E1)dimE where
j < cg < j+ 1. Furthermore, the quotients Heo/K; are R-free. Hence arguing as
in the third paragraph of this proof we see that K; = 'ng as claimed.

It follows that K; = P7 and so HomR(KZ\p(V\I,(E)),R) ~ KZgy(Ay(E")) for
some E’ € Irrep(WW). Passing again to @ we see that E’ must have the property
that E'T =~ E*. By our assumption we have ET* = ET so that B/ = E and

We now specialise the above isomorphism to an isomorphism of Hg-representations

Homc(KZw(Vw (E)), (C) = KZw(Aw(E))

In Oy, there is a unique (up to a scalar) non-zero homomorphism Ay (E) — V,(E),
[23| Proposition 4.19], and this factors through L, (FE). Applying KZ, to this we
find a homomorphism

(3) ¢5 : KZy(Ay(E)) = KZy(Vy(E)) = KZy (Ay(E))
which factors through KZ,(Ly(E)).
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By definition Sy(E) = KZy(Ay(E)). So @) induces a bilinear form S (E) ®
Sq(E) — Cvia (s, s") = ¢r(s)(s’). By construction it satisfies (hs, s’) = (s,o(h)s’)
for all h € Hy. This proves the first part of the theorem.

We now prove that this form is symmetric. By construction, the homomorphism
¢ arises from applying KZg to the canonical homomorphism Ag(E) — Vy(E).
Denote this by @ : KZg(Ag(E)) = KZy (Ve (E)) 2 KZy(Ay(E))*. We then have
that (s,s’) equals the image of ®z(5)(s) in the residue field C where  and § are
lifts of s, 5" to KZy(Agy(£)). We can extend ®p to an He,-mapping ®p ®p Idg :
Ef KZy(Aw(E))®zQ — KZy(Vy(E))®zQ = E™. By assumption this must be
a scalar multiple of the isomorphism induced by the form ( , ) on Et. As this form
is symmetric, it follows that ®5(3)(s') = ®£(5')(5) and this implies the symmetry
of (,).

Finally the radical of the form ( , ) is the kernel of the homomorphism ®z. By
construction the quotient of S, (E) by this is KZy(Ly(E)) = Dy(E). O

REMARK. We have assumed that {h,} € RY so that the value of cg is real for
all E € Irrep(W). The same proof works, however, if we assume that {h,} € zRY
for some complex number z, and it is this more general form that will be used in
Proposition (if A there is not real). It is more painful to write down a version
of this theorem when {h,} is an arbitrary complex U-tuple.

4.5. Geck’s cell modules. Assume now that W is a finite Coxeter group. A
weight function is a function L : W — Z such that L(vw) = L(v) + L(w) whenever
L(vw) = £(v) + ¢(w), where ¢ denotes the length function for W. It is equivalent
to a set of integral valued parameters {Lpyo,Ly1}tmea with L(syg) = Lyo =
—Lp,1. This gives a cyclotomic Hecke algebra H, ; over the Laurent polynomial
ring k = C[¢*"] defined by Hecke relations (Ty — ¢“(55)) (T + ¢~ (1)) = 0 for all
H € A. The paper [9] defines a cellular algebra structure on H, ;, and hence on its
specialisations, provided that the conjectures (P1)-(P15) of [22] Conjectures 14.2]
hold.

4.6. The general theory of cellular algebras produces a set of cell modules for
My 1, and each cell module carries a symmetric bilinear form, see for instance [9]
Example 4.4]. We can now identify these with the standard modules defined in ()
and their forms defined in Theorem [£4]

PROPOSITION. Let 6 : k — C send quo to exp(2miAL(sy)) and qua1 to
exp(—2miAL(sg)) for some A € C. Assume that (P1)-(P15) hold so that Hg is a
cellular algebra. Then for E € Irrep(W) there is an isomorphism between the cell
module Wy(E) defined in [9l Example 4.4] and the standard module S,(E) which
preserves the symmetric bilinear forms.

PrOOF. Let © : k — k be defined by g, — ¢“G1) and qH1 — g Ln) g0
that H, 1 = He. Let R be the completion of R at the point h o = AL(sg), hp1 =
—AL(sg) and let C[[h]] be the completion of C[h] at h — A. Then we have ¥ : R —
R — CJ[[h]] be defined by hgro — hL(sg) and hgq — —hL(sg) and a commutative
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diagram

R R —2 C[]

I I

kK —2 - K

where the right vertical map sends ¢ to exp(2my/—1h).

As explained in [9] Example 4.4] the cell representations Wy(E) are obtained by
specialisation from cell modules W, 1,(E) defined over k (which themselves are con-
structed by pulling back representations from the asymptotic ring along Lusztig’s
homomorphism #H, ; — Jz ®z k). Hence, for the first part of the proposition, it
is enough to show that the cell representations on k extended to C[[h]] are isomor-
phic to the representations KZg (Ag(E)) of Theorem 4l By [I1l §5, particularly
Theorem 5.5 and the comments preceeding Remark 5.4] the cellular structure re-
spects the decomposition of Irrep(W) into two-sided cells with respect to L, so the
isomorphisms follow from the arguments of [I8| §6] and the characterisation of
KZy(Ag(E)) we have given in the proof of Theorem 4] provided we know that c is
compatible with the ordering on two-sided cells. By (@), we have that the ordering
induced by c is the same as that induced by a+ A, and so it is enough to check that
both a and A are compatible with the two-sided cells. This follows as explained in
11l Remark 5.4] for a and by [22] Corollary 21.6] and [3, Proposition 2.8] for A.

Now we need to check that the forms agree (up to non-zero scalar). Let {, )’
denote the bilinear form on S, (E) arising from the cellular structure, and continue
with the notation from (,) for the form defined in Theorem 4l Since the c-
function is compatible with the ordering in the cell datum for Hgy, we see that
the non-zero S,(E)/rad(, )’ form a basic set with respect to the c-function, [19]
Proposition 3.6]. Thus D,(E) = S,(E)/rad(, )’ and since D,(E) appears only
once as a composition factor of Sq(E), the radicals of (, ) and (, )’ are equal. It
then follows that, up to scalar, the forms are the same. ([l

REMARK. The same proof works in type G(¢,1,n) to show that the standard
modules S;(E) agree with the Specht modules (intertwining the symmetric bilinear
forms) defined by the cellular structure on the Ariki-Koike algebras in [4], provided
that the parameters hg ; are chosen to belong to the “asymptotic region” (see [23]
Proposition 6.4] for the explicit description of this region). This proviso is necessary
since it is only in this case that the ordering given by the c-function is compatible
with the ordering by dominance of multi-partitions.

4.7. Currently (P1)-(P15) are known to hold for all finite Coxeter groups ex-
cept type B,, where in general they are only known to hold in the asymptotic
region, [12] and [8], Corollary 7.12]. Nevertheless, we will give another argument in
the next section that will imply the B,, case of the following result.

COROLLARY. Let W be a finite Coxeter group and let ¢ : R — C be defined by
Y(hpo) = AL(sg) and Y(hg1) = —AL(sg) for some weight function L : W — Z
and complex number . Then KZ,(Ly(E)) # 0 if and only if E belongs to the
corresponding canonical basic set.

The canonical basic sets are known explicitly, [10].
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5. Type G(¢,1,n)

5.1. We are going to consider the case W = G(¢,1,n) and in particular study
the existence of canonical basic sets for the Hecke algebra Hy where ¢ is induced
by ¢(hy ) = 2 — 7 and ¢ (hg) = %, Y(hy) = 0 where (sg,...,s,-1) € Z* and

€

€ € Z~q. In other words, we will study the Ariki-Koike algebra with relations
4)  (Li=¢)Ti+1)=0,  (To—¢)(To—¢) - (To—¢) =0.

5.2. There are several different cyclotomic specialisations to the above Ariki-
Koike algebra and they may have distinct a-functions attached to them. To deal
with this generality we follow the combinatorial construction of the a-functions in
[15] and show that they are all compatible with the highest weight structure on
Oy.

To this end as well as the integer e and the ¢-tuple (sg,...,s,_1) € Z* we will
need u = (ug, . ..,ur—1) € QF, a list of rational numbers such that 0 < u; —u; < e
whenever ¢ < j. Set t; =s; —uj, forall 0 < j <{¢—1, and t = (to,...,te—1).

5.3. Recall that the irreducible representations of G (¢, 1,n) are labelled by the
set of (-partitions of n, [20 3.1]. We will denote this by A — E* € Irrep(G(£, 1,n)).

5.4. Given A = (A ... A=) an f-composition of n, the set of nodes of
is the set

A ={(a,b,c):0<c<l—1,a>1 1<b< A9}
Let v = (a(y),b(7),c(v)) = (a, b, c) be a node of X. We let
cont(y) =b—a, ¥(vy)=cont(y)+ s. and n(vy) = cont(y) + t..

Fix z to be a positive integer greater than or equal to n+ 1 — min{¢;}. Define
for each 0 < i < £ — 1 the set By, 1(AND) = {0\ —t+t;+2: 1<t <r+[t]}
where [t;] denotes the integral part of ¢;. Now let

K1(A\) > ka(N) > kg(A) > -+«

be the elements of these sets, written in descending order. We will denote this list

by k¢(N).
We define
(5) ne(A) = Y (i = Dri(N)
i>1
and
(6) ag(A) = ng(A) — ng(0).

This depends on both s and on u. If we choose u; = je/¢ for 0 < j < ¢—1 then ay
agrees with the definition of a-function given in [21I] and studied in the context of
Uglov’s work on canonical bases for higher level Fock spaces. On the other hand,
in type B (¢ = 2), another choice of u is presented in [I5] 6.7] which produces the
a-function arising from the Kazhdan-Lusztig theory for the Hecke algebras with
unequal parameters as in This definition is therefore captures all a-functions
for G(¢,1,n) in the literature.
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5.5. Generalising the dominance order for partitions, we will write ()<t ()
if we(N) # re(NV) and 30 ki(N) < S0 ky(N) for all ¢ > 1. Tf A and \ are /-
compositions such that k¢ (A) < kg(N), then ag(\) > ag(N).

LEMMA. Let u, p' be l-compositions with k¢(p) < ke(p'). Let X (respectively
X ) be an L-composition obtained from p (respectively p') by adding an extra node
B (respectively B'). If n(B) < n(p’), then rg(X) < re(N).

PROOF. Let kt(p) = k1 > ko > kg > -+ and ke(p) = k) > kh > K5 > -+
By hypothesis we have Zle Ky < 25:1 K}, for all t > 1.

The nodes 5 and 3’ are added to the end of a row (which may be empty) of
the compositions x4 and p’. This implies that there exist j and j’ such that

ko) = (o) \ 71 U L5 + 1} and mg(V) = (e (1) \ {5, 1) U (s + 1},
where r; +1 =n(8) + 2z and £}, +1 = n(p’) + 2. Since n(B) < n(B'), we must have
Kj < K;-/. Setting kg = k() = 00, there exist 1 <1 < j and 1 <!’ < j’ such that

ki <k <kj+1<k_1 and m;», <rp < /@;, +1<kp_q.

We then have kg(X) = k1 > ko > kg > -+ and ke(N) = k) >k, > k4 > -+ | where
Ki fori<lori>j+1; Ky fori<!l ori>j +1;
kz—{fij+1 for i = andké:z{f@;/—i—l for i =1';
Ki_1 forl <i<j+1, Ki_q forl’ <i<j +1.

One then shows 22:1 ki < Zt k! for all t > 1, and that there exists some ¢ such

that the inequality is strict, b;:éis‘éinguishing the six cases:
U<I<j<jiU<I<yi <l <j<i<jI<U<j<j; 1<l <j <y
I<j<l <y
We conclude that s (A) < re(N). O

A variation of the above lemma has been first used in the proof of [15] Propo-
sition 5.7.15]. It is needed for the proof of Proposition 5.6, which is a generalisation
of the result of Geck and Jacon.

5.6. Let v and 4" be nodes of f-compositions. We write v < +/ if we have
V() <9(Y) orif I(v) = J(7') and c(v) > (7).

PROPOSITION. Let A\, X' be £-compositions of n. Suppose that there exist or-
derings Yi,Y2, -, Yo and Y1, Ys, ..., yh, of the nodes of A and N respectively such
that, for alli=1,...,n,

Vi <V or Y =7
Then either A = X or ag(A) > ag(N).

PrOOF. For all 1 < i < n, we have n(vy;) < n(v}), unless 7; = ;. If there
exist 1 <1 # j < n such that v; # v}, 7; # 7; and 7; = 5, then we can exchange
7; and 7} in the ordering of the nodes of \" and get n(v;) < n(v;) and ~; = ;.
Therefore, we obtain orderings 31, fa, ..., 3, and 31,85, ..., 3., on the nodes of A
and X' respectively such that for some r € {0,1,...,n}

e 3, =0 fori=1,...,r,
o n(Bi) <n(B) fori=r+1,...,n

L4 {ﬁvﬂrla-'-vﬁn}m{ﬁ;+17"'7ﬁvl’t [Z)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CELL MODULES AND CANONICAL BASIC SETS 87

Let p be the ¢-composition defined by the nodes f51,...,5,. If r = n, then

A = X. Otherwise, we have [\] = [p]U{Br11,..., B} and [N'] = [u]U{B] 11, ., B, },
where

(7) n(Bi) <n(p;) forr+1<i<n.

Now, let (by,ba,...,bn—) be the nodes B,41,..., 05, ordered with respect to
increasing 7)-function and let (b7,b5,...,b;,_,) be the nodes 8, 4,..., [, ordered
with respect to increasing n-function. We can then add the nodes by,..., b,
(respectively b],...,b),_ ) to p in order to obtain A (respectively ') in the given
order, i.e., we can always add the nodes b; and b, at the same time, for all i =
1,...,n—r. We will prove by induction that n(b;) < n(?}) foralli=1,...,n—r.

Take 1 < ¢t < n —r and assume that n(b;) < n(b}) forall i = 1,...,¢ — 1. If
n(bt) > n(b}), then there exist only ¢ — 1 nodes in {541, ..., By} which have n-value
less than b;. This contradicts Equation (). Hence, n(b;) < n(b}).

We can now apply Lemma .5l repeatedly to obtain that i (\) <k (N), whence

at()\) > at()\’). O

5.7. Now we can compare the ordering by a; with the ordering on Oy, where
1) is defined in [B.1

THEOREM. Let A, X be €-partitions of n. If [Ay(E*) : Ly(EN)] # 0 then
A= XN orag(A) > ap(N).

PROOF. Following [6, Proof of Theorem 4.1], if [A,(E?) : Ly(EX)] # 0, then
there exist orderings v1,7v2,...,7n and ¥1,75,...,7, of the nodes of A and X re-

spectively, and non-negative integers i1, iz, - . ., ity such that, for all 1 <7 < n,
l
pi = e(yi) = () mod € and  pi = e(v) = e(v;) + Z(9(37) = I(7))-

If p; > ¢, then 9(vy;) < 9¥(v}), whence 7; < ~}. Otherwise,

1y = { (i) — (i) if ¢(v;) > c(v])
' C4c(vi) —c(v)), if e(vi) < ce(v)).

Now if ¢(7;) < ¢(v4), then ¥(vy;) < 9(v]), whence v; < .. If e(;) > c(v}), then
I(y:) = () and 7; < . Finally, if ¢(y;) = ¢(]), then cont(y;) = cont(v}) and
v; appears in X)) or v} appears in Me() In either case, we can rearrange the
nodes so that v; = ..

We conclude that there exist orderings v1,7va,...,7n and ¥{,7%5,...,7, of the
nodes of A\ and A respectively such that v; < 7] or 7, = v} for all 1 < i < n.
Proposition 5.4 thus completes the proof. |

5.8. Thanks to the above theorem and the comments in B4 we see, by applying
KZ,, that a canonical basic set exists for Hg. This recovers [21], Main Theorem]
but without using Ariki’s theorem.

On the other hand, invoking Ariki’s theorem gives us the following result, anal-
ogous to Corollary 7. We refer the reader to [21] Definition 3.2] for the combina-
torial definition of Uglov ¢-partitions.

COROLLARY. Let W = G(E, 1,n). Let e € Z~g, (S0,...,50-1) € Z* and define

’(/) :R—C by ’(/)(hHJ‘) = %—% (M’de(ho) = %, ¢(h1) = 0. Then KZ,Z,(LIZ,(E)‘)) 7é 0
if and only if X is an Uglov C-partition with respect to (e; So,...,Se—1).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



88 MARIA CHLOUVERAKI, TAIN GORDON, AND STEPHEN GRIFFETH

5.9. Following the same reasoning as [14] Theorem 3.1] in the £ = 2 case
and using the Morita equivalences in [5, Theorem 1.1], we expect Corollary (.8
generalises to the case where ¥(hgy) = g for k € Z~¢. This, together with [3]
Proposition 2.5], would allow us to generalise the results of Genet and Jacon, [17],
to obtain canonical basic sets for the cyclotomic Hecke algebras associated with
G(¢,p,n), in the cases where Clifford theory works: when n > 2 or n = 2 and p is
odd.
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