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Alexander modules of irreducible C-groups

Vik. S. Kulikov

Abstract. We give a complete description of the Alexander modules of
knotted n-manifolds in the sphere S™2 for n > 2 and the Alexander mod-
ules of irreducible Hurwitz curves. This description is applied to inves-
tigate the properties of the first homology groups of cyclic coverings of
the sphere S™"2 and the complex projective plane CP? branched respec-
tively along knotted n-manifolds and irreducible Hurwitz (in particular,
algebraic) curves.

Introduction

The class C of C-groups and the subclass H of Hurwitz C-groups (see the
definitions below) play a very important role in the geometry of submanifolds of
codimension two. For example, it is well known that knot and link groups (given
by their Wirtinger presentations) are C-groups and any C-group G may be real-
ized as the group of a linked n-manifold with n > 2, that is, as the fundamental
group 71(S™*2\ V) of the complement of a closed oriented n-manifold V' (without
boundary) in the (n + 2)-dimensional sphere S™*2 (see [1]) and conversely. Note
that a C-group G is isomorphic to m1(S™*2\ | | S™) for some union | | S™ of linked
n-dimensional spheres with n > 3 if and only if HoG = 0 (see [2]). Some other
results describing the groups 71 (S™"*2\ | | S™) can be found in [3] and [4].

Let H C CP? be an algebraic (or, more generally, Hurwitz!) curve or a pseudo-
holomorphic curve with respect to some w-tamed almost complex structure on CP?2,
where w is the Fubini-Study symplectic form on CP?, deg H = m. The Zariski-
van Kampen presentation of m = 71 (CP? \ (H U L)) endows 7 with the structure
of a Hurwitz C-group of degree m, where L is the line ‘at infinity’. (In other words,
L is a fibre of the linear projection pr: CP? — CP'! and is in general position with
respect to H. If H is a pseudo-holomorphic curve, then the projection pr is deter-
mined by a pencil of pseudo-holomorphic lines.) As proved in [7], every Hurwitz
C-group G of degree m can be realized as the fundamental group 71 (CP?\ (HUL))
for some Hurwitz (resp. pseudo-holomorphic) curve H, deg H = 2™m, with singu-
larities of the form w” — 2™ = 0, where n depends on the Hurwitz C-representation
of G. Thus the class H coincides with the class {m (CP?\ (HUL))} of fundamen-
tal groups of complements of ‘affine’” Hurwitz (resp. ‘affine’ pseudo-holomorphic)

IThe definition of Hurwitz curves can be found in [5] or [6].
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curves. It contains the subclass of fundamental groups of complements of plane
affine algebraic curves.
By definition, a C'-group is a group together with a finite presentation

Gw = (T1, ., | 71 = W | yxjwi jk, wi ik € W), (1)

where W = {wi,j7k €EF,|1<ij<m1<k< h(i,j)} consists of elements
of the free group F,, freely generated by x1,...,x,, (it is possible that w;, j, x, =
Wiy jo ks fOT (i1, 71, k1) # (i2,j2, ko)) and h: {1,...,m}? — Z is some function. Such
a presentation is called a C-presentation (C' means that all the relations are given
by conjugations). Let ¢y : F,, — Gy be the canonical epimorphism. The elements
ew(z;) € G, 1 < i < m, and their conjugates are called C-generators of G. Let
f: Gy — G2 be a homomorphism of C-groups. It is called a C-homomorphism if
the images of the C-generators of G; under f are C-generators of Go. C-groups are
considered up to C-isomorphism. Some properties of C-groups were investigated
in [7]-[10].

A C-presentation (1) is called a Hurwitz C-presentation of degree m if the word
wj ;.1 coincides with the product ...z, for every i = 1,...,m. A C-group G is
called a Hurwitz C-group (of degree m) if there is an m € N such that G possesses
a Hurwitz C-presentation of degree m. In other words, a C-group G is a Hurwitz
C-group of degree m if there are C-generators 1, ..., x,, generating G such that
the product z; ... x,, belongs to the centre of G. Note that the degree of a Hurwitz
C-group G is not canonically defined: it depends on the Hurwitz C-presentation
of G. We denote the class of all Hurwitz C-groups by H.

It is easy to show that G/G’ is a finitely generated free abelian group for any
C-group G. Here G’ = [G, G| is the commutator subgroup of G. A C-group G is said
to be irreducible if G/G' ~ 7. We say that G consists of k irreducible components
if G/G' ~ ZF. If G is a Hurwitz C-group realized as the fundamental group
71 (CP?\ (HUL)) of the complement of some Hurwitz curve H, then the number of
irreducible components of G is equal to the number of irreducible components of H.
Similarly, if a C-group G consisting of k irreducible components is realized as the
group of a linked n-manifold V' (that is, G = 71(S"2\ V)), then the number of
connected components of V' is equal to k.

The free group F,, with fixed free generators is a C-group. For any C-group G we
have a well-defined canonical C-epimorphism v: G — F; sending the C-generators
of G to the C-generator of F;. We denote its kernel by N. Note that if G is an
irreducible C-group, then N coincides with G’. In what follows we assume that all
C-groups under consideration are irreducible.

Let G be an irreducible C-group. The C-epimorphism v induces the exact
sequence of groups

1-G/G" - G)G" L5 Ty — 1,

where G = [G',G’]. The C-generator of F; acts on G'/G"” by conjugation:
27 'g&, where g € G’ and 7 is one of the C-generators of G. We denote this action
by t. The group Ay(G) = G'/G” is abelian and the action t endows Ay(G) with
the structure of a A-module, where A = Z[t,t~!] is the ring of Laurent polynomials
with integer coefficients. The A-module Ag(G) is called the Alezander module of
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the C-group G. The action ¢ induces an action h¢ on Ac = Ag(G)®C, and it is easy
to see that its characteristic polynomial det(hc — t1d) belongs to Q[t]. Let a € N
be the smallest positive integer such that adet(hc — tId) € Z[t]. The polynomial
A(t) = adet(hc — t1d) is called the Alezander polynomial of the C-group G. If H
is an algebraic, or Hurwitz, or pseudo-holomorphic irreducible curve in CP? (resp.
if V. S"*2 is a knotted (that is, connected smooth oriented without boundary)
n-manifold, n > 1) and we put G = 71 (CP? \ (H UL)) (resp. G = m1(S"T2\ V),
then the Alexander module Ag(G) of the group G and its Alexander polynomial
A(t) are called the Alexander module and Alezander polynomial of the curve H
(resp. of the knotted manifold V). We note that the Alexander module Ay(H) and
the Alexander polynomial A(t) of the curve H are independent of the choice of the
generic (pseudo-holomorphic) line L. Some results concerning Alexander modules
of knotted spheres are to be found in [11], [12].

Properties of Alexander polynomials of Hurwitz curves were studied in [6]
and [13]. In particular, it was proved that if H is an irreducible Hurwitz curve
of degree m, then its Alexander polynomial A(¢) has the following properties:

(i) A(t) € Z[t] and deg A(t) is even,

(ii) A0) = A1) =1,

(iii) A(t) divides the polynomial (™ — 1)™~2.

Moreover, a polynomial P(t) € Z]t] is the Alexander polynomial of an irreducible
Hurwitz curve if and only if the roots of P(t) are roots of unity and P(1) = 1.

Suppose that G = 71 (CP?\ (HUL)) is the fundamental group of the complement
of an irreducible ‘affine’ Hurwitz curve of degree m (resp. G = w1 (S™" T2\ V) is the
group of a knotted n-manifold, n > 1). The homomorphism v: G — F; determines
an infinite unramified cyclic covering foo: Xoo — CP2\ (H U L) (resp. foo: Xoo —
S"t2\ V). We have H;(Xo,Z) = G'/G" and the action of t on H;(Xeo,Z)
coincides with the action of a generator h of the covering transformation group of
the covering f.

For every k € N let mody: F; — pux = Fy/(t*) be the natural epimorphism to
the cyclic group uy of order k. The covering f, factors through the cyclic covering
fi: Xj, — CP?2\ (HUL) (resp. fi: X, — S™2\ V) associated with the epimor-
phism mody, ov, foo = f}, 0 gr. Since any Hurwitz curve H has only analytic singu-
larities, the covering f; can be extended (see [6]) to a map fr: X — X branched
along H and possibly along L. Here X, stands for a closed four-dimensional variety
which is locally isomorphic over each singular point of H to the complex-analytic
singularity given by w* = F(u,v), where F(u,v) = 0 is a local equation of H
at the singular point. Over a neighbourhood of every common point of H and L,
the variety X, is locally isomorphic to the singularity given locally by w* = vu?,
where d is the smallest non-negative integer such that m + d is divisible by k.
If fi*(L) C Sing X}, then X}, can be normalized (as in the algebraic case) and
we obtain a covering fk norm - Xk norm — CP?, where X knorm 15 a singular analytic
variety at each of its finitely many singular points. The map fk’norm is branched
along H and possibly along the line L ‘at infinity’ (if £ does not divide deg H,
then fk’norm is branched along L). One can resolve the singularities of )Ek,norm
and obtain a smooth manifold X, dimgp X; = 4. Let 0: X} — )?k,norm be the
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resolution of singularities, F = o~ !(Sing X knorm) the proper transform of the set
of singular points of X %,norm, and fk = fk’norm oco. The action h induces an action
hy, on X, and an action hy, on Hy(X},7Z).

Similarly, the covering fi: X; — S™*2\V can be extended to a smooth map f:
Xy — S™*2 branched along V, where X}, is a smooth compact (n + 2)-manifold,
and the action h induces actions hy on Xy and hg, on Hi(Xg,Z). The action hy,
endows Hi (X, Z) with the structure of a A-module.

It was shown in [6] that for any Hurwitz curve H the covering space X can
be embedded as a symplectic submanifold in a complex projective rational 3-fold
whose symplectic structure is given by an integer Kahler form. It was also proved
that the first Betti number by (X ;) = dime Hy (X, C) of X}, is equal to Tk,£1, where
7k,1 is the number of roots of the Alexander polynomial A(t) of the curve H which
are kth roots of unity not equal to 1.

Let M be a Noetherian A-module. We say that M is (t—1)-invertible if multipli-
cation by t — 1 is an automorphism of M. A A-module M is said to be t-unipotent
if there is an n € N such that multiplication by ¢" is the identity automorphism
of M. The unipotence index of a t-unipotent module M is the smallest & € N such
that

t" —1e Am(M)={f(t) eA| f(t)v=0 Yve M}.

Let M be a Noetherian (¢ — 1)-invertible A-module. The t-unipotent A-module
A, (M) = M/(t* —1)M is called the kth derived Alezander module of M. If M is
the Alexander module of some C-group G (resp. knotted n-manifold V' or Hurwitz
curve H), then A, (M) is called the kth derived Alexander module of G (resp. of V/
or H) and is denoted by Ax(G) (resp. by Ax(V) or Ap(H)).

Here are the main results of this paper.

Theorem 0.1. A A-module M is the Alexander module of a knotted n-manifold
form =2 if and only if M is a Noetherian (t — 1)-invertible A-module.

Theorem 0.2. Suppose that V is a knotted n-manifold, n > 1, and fi: Xy — S™2
is the cyclic covering branched along V. Then Hy(Xg,Z) is isomorphic as a A-
module to the kth derived Alexander module Ap(V) of V.

Similar statements hold for algebraic and, more generally, Hurwitz (resp. pseudo-
holomorphic) curves. Namely, we have the following theorems.

Theorem 0.3. A A-module M is the Alexander module of an irreducible Hurwitz
(resp. pseudo-holomorphic) curve if and only if M is a Noetherian (t — 1)-invertible
t-unipotent A-module. In particular, the Alexander module of an irreducible alge-
braic plane curve is a Noetherian (t — 1)-invertible t-unipotent A-module.

The unipotence index of the Alexander module Ayg(H) of an irreducible plane
algebraic (resp. Hurwitz or pseudo-holomorphic) curve H is a divisor of deg H.

Corollary 0.4. The Alexander module Aq(H) of any irreducible plane algebraic
(or Hurwitz, or pseudo-holomorphic) curve H s finitely generated over Z, that is,
Ao(H) is a finitely generated abelian group.

A finitely generated abelian group G is the Alexander module Aq(H) of some
irreducible Hurwitz or pseudo-holomorphic curve H if and only if one can find
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a positive integer m and an automorphism h € Aut(G) such that h™ = 1d and
h —1d is also an automorphism of G.

Theorem 0.5. Suppose that H is an algebraic (or Hurwitz, or pseudo-holomorphic)
irreducible curve in CP?, deg H = m, and fi: X — CP? is a resolution of singu-
larities of the cyclic covering of degree deg fi = k branched along H and possibly
along the line L ‘at infinity’. Then

H(Xx \E,Z) ~ Ap(H), Hi(X1, Q) ~ Ax(H) ® Q,

where E = o~ 1(Sing )?k,norm) and Ay (H) is the kth derived Alexander module of H.

It should be noticed that the epimorphism Hy (X \ E,Z) ~ Ap(H) — H1(X},Z)
induced by the embedding X\ E < X} need not be an isomorphism in the general
case of Hurwitz curves (see Example 4.6 below).

Corollary 0.6. Suppose that H is an algebraic (or Hurwitz, or pseudo-holomorphic)
irreducible curve in CP?, deg H = m, and fi: X — CP? is a resolution of singu-
larities of the cyclic covering of degree deg fr, = k branched along H and possibly
along the line ‘at infinity’. Then the following assertions hold.

(i) The first Betti number by(Xy) of X is even.

(ii) If k = p" for some prime p, then Hy(Xy,Q) = 0.

(iii) If k and m are coprime, then Hy(Xy,Z) = 0.

(iv) H1(X2,7Z) is a finite abelian group of odd order.

Note also that any C-group G can be realized (see [7]) as m (A%\(CNA?)), where
A% ={|z] <1} x {|Jw| < 1} C C?is a bidisc and C C C? is a non-singular algebraic
curve such that the restriction of pry: A? — {|z| < 1} to C'N A? is a proper map.
Therefore the analogues of Theorems 0.1, 0.2 and Corollaries 0.4, 0.6 hold in this
case as well.

The proofs of Theorems 0.1 and 0.3 are given in §3. In §1 we describe the
properties of Noetherian (t—1)-invertible A-modules. §2 is devoted to the properties
of Noetherian t-unipotent A-modules. In §4 we prove Theorems 0.2, 0.5 and give
some other corollaries of them.

The author is grateful to the Max Planck Institute (Bonn, Germany), where this
paper was written.

§ 1. Properties of (¢t — 1)-invertible A-modules

1.1. Criteria for (¢ — 1)-invertibility. Before describing (¢ — 1)-invertible
A-modules, we recall that the ring A =Z[t,t~!] is Noetherian. Each element f € A

can be written as ‘
f= > at ezt

n_<i<ng

where n_,ny,i,a; € Z. If n_ > 0 for some element f € A, then f € Z[t]. Such
elements are called polynomials.
For every n € Z, n # 0, we have a well-defined Z-homomorphism

F0) =Y at = ) = Y .
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The image f(n) of an element f(t) is called the wvalue of f(t) at n. If f(¢t) is
a polynomial, then its value f(0) = ag is also well defined.

Lemma 1.1. A Noetherian A-module M is (t — 1)-invertible if and only if multi-
plication by t — 1 is a surjective homomorphism of M.

Proof. This follows from a more general statement. Namely, every surjective A-
endomorphism f: M — M of a Noetherian A-module M is an isomorphism. Indeed,
if ker f # 0, then the chain of submodules

ker f C ker f2 C --- C ker f" C

is strictly increasing because f is surjective. This contradicts the Noetherian prop-
erty of M.

Let M be a Noetherian (¢t — 1)-invertible A-module. We consider an element
v € M and write M,, = (v) for the principal submodule of M generated by v. Since
M is Noetherian, every principal submodule of M is contained in some maximal
principal submodule of M.

Lemma 1.2. Every mazimal principal submodule M, of a (t — 1)-invertible mod-
ule M is (t — 1)-invertible.

Proof. Since M is (t — 1)-invertible, there is an element v; € M such that v =
(t — 1)vy. Therefore M, C M,,. Since M, is a maximal principal submodule of M,
we have M, = M,,. Therefore v; € M, and multiplication by ¢t — 1 determines
a surjective endomorphism of M,. To complete the proof, we apply Lemma 1.1.

Every principal submodule M, C M is isomorphic to the module A/ Ann,,, where
Ann, = {f € A | fv = 0} is the annihilator of v. The annihilator Ann, of any
element v € M is an ideal of A. We write

Ann(M ﬂAnnU—{g eEA|gltyhv=0 YveM}
veM

for the annihilator of the module M.

Lemma 1.3. A principal A-module M = A/I is (t — 1)-invertible if and only if the
ideal T contains a polynomial f(t) such that f(1) =

Proof. Let M be generated by an element v € M. If the ideal I = Ann, contains
a polynomial f(t) with f(1) =1, then f(¢) may be written in the form

f) = (t=1g(t) +1 (2)

for some polynomial g(t). Therefore v = (¢t — 1)v1, where vy = —g(¢t)v. Thus
multiplication by ¢ — 1 is a surjective endomorphism of M. Hence multiplication
by t — 1 is an automorphism of M by Lemma 1.1.

Conversely, if M is (t — 1)-invertible, then there is an element v; € M such that
v = (t — 1)vy. Write v; = h(t)v for some h(t) € A. We have (1 — (t —1)h(t))v = 0.
Therefore 1 — (t — 1)h(t) € Ann, = I. There is a positive integer k such that
f@) =t"(1—(t—1)h(t)) € INZ[t]. 1t is easy to see that f(1) =1
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As a consequence of Lemma 1.3, we obtain the following lemma.

Lemma 1.4. Every principal submodule of a principal (t — 1)-invertible module M
is (t — 1)-invertible.

Proof. Indeed, suppose that M is generated by an element v € M, and the sub-
module M; is generated by v; = h(t)v. Then Ann, C Ann,,.

Since M is (¢t — 1)-invertible, Lemma 1.3 yields a polynomial f(t) € Ann,
with f(1) = 1. Applying Lemma 1.3 again, we see that M; is (¢ — 1)-invertible
because f(t) € Ann,,.

Proposition 1.5. Every submodule of a Noetherian (t — 1)-invertible A-module M
is (t — 1)-invertible.

Proof. Let N be a submodule of M. Since M is a Noetherian A-module, the sub-
module N is generated by finitely many elements, say v1,...,v,. Every principal
submodule M,, C N C M is (t—1)-invertible by Lemmas 1.2 and 1.4. It follows that
multiplication by ¢ — 1 is a surjective endomorphism of N because it is surjective
on each of the submodules M,, C N and the elements vy,...,v, generate the
module N. To complete the proof, we apply Lemma 1.1.

Proposition 1.6. Every quotient module of a Noetherian (t — 1)-invertible A-
module M is (t — 1)-invertible.

Proof. This follows from Lemma 1.1.

Lemma 1.7. Let My, ..., My be Noetherian (t—1)-invertible A-modules. Then the
direct sum M = @f;l M; is a Noetherian (t — 1)-invertible A-module.

Proof. This is obvious.

Corollary 1.8. Any Noetherian (t—1)-invertible A-module M is a quotient module
of the direct sum @?:1 A/I; of principal (t — 1)-invertible A-modules A/I;.

Proof. Since M is a Noetherian A-module, it is generated by finitely many elements,
say v1,...,Un. Proposition 1.5 implies that every principal submodule M,,, C M is
(t — 1)-invertible. Clearly, there is an epimorphism €. ; M,, — M.

Remark 1.9. An abelian group G possesses the structure of a (¢ — 1)-invertible
A-module if and only if it has an automorphism ¢ such that ¢ — 1 is again an
automorphism. If G is finitely generated and such an automorphism ¢t € Aut G is
chosen, then G is a Noetherian A-module.

We note that an abelian group may have many (¢ — 1)-invertible A-module struc-
tures. For example, the group Z/9Z admits 3 such structures: either tv = 2uv,
or tv = 5v, or tv = 8v, where v is a generator of Z/9Z.

Theorem 1.10. A Noetherian A-module M is (t —1)-invertible if and only if there
is a polynomial f(t) € Aun(M) such that f(1) = 1.

Proof. It M is (t — 1)-invertible, then each of its principal submodules M, is also
(t — 1)-invertible by Proposition 1.5. Hence, by Lemma 1.3, the annihilator Ann,
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of every v € M contains a polynomial f,(t) such that f,(1) = 1. If M is generated
by v1,...,vn, then the polynomial f(t) = f,,(t)... fy, (t) has the desired property.

Let us show that if there is a polynomial f(¢) € Ann(M) with f(1)=1, then M
is a (t — 1)-invertible module. Indeed, in this case every principal submodule M,
of M is (t — 1)-invertible by Lemma 1.3. Since multiplication by ¢ — 1 is an isomor-
phism of every principal submodule M, of M, we conclude that this multiplication
is an isomorphism of M.

Theorem 1.10 implies that every Noetherian (t —1)-invertible module M s a tor-
sion A-module and, therefore,

dimg M ® Q < oo.

The following proposition will be used in the proofs of Theorems 0.1 and 0.3.

Proposition 1.11. Any Noetherian (t — 1)-invertible A-module M is isomorphic
to a quotient module A™ /M, of the free A-module A™, where the submodule M; is
generated by elements wy,..., Wy, ..., Wurr of A" with the following properties.

(i) Fori=1,...,n we have w; = (0, o0, fi(8),0,. .., 0), where the polynomial
fi(t) occupies the ith position and satisfies f;(1) = 1.

(i) We have wnij = (t — DWpqj = ((t = 1)gjn(t),..., (¢ = 1)gjn(t)) for j =
1,...,k, where the g;,(t) are polynomials.

(iii) If the polynomials of the form t™ — 1 belong to Ann(M), then there is
an m € N such that t™ — 1 € Ann(M) and the vector wy4; equals (0,...,0,t™ —1,
0,...,0), where the polynomial t™ — 1 occupies the ith position fori=1,...,n.

Proof. We choose any generators vy, ..., v, of the Noetherian A-module M. By
Theorem 1.10 there are polynomials f;(¢t) € Ann,, such that f;(1) = 1. Clearly,
there is an epimorphism

h: @A/(fi(t)) — M

of A-modules such that h(u;) = v; for u; = (0,...,0,1,0,...,0), where 1 occupies
the 7th position. The kernel N = ker h is a Noetherian A-module. Let this kernel
be generated by

Unp+1 = (gl,l(t)vu'agl,n(t))v B Untk = (gk,l(t),“'?gk,n(t))~

There is no loss of generality in assuming that all the g; ;(t) are polynomials.

The A-module @, A/(fi(t)) is (t — 1)-invertible by Theorem 1.10, and N is
also a (t — 1)-invertible A-module by Proposition 1.5. Hence the elements 4,1 =
(t — Dtnigt, .-y Upik = (t — 1)upip also generate N.

If there is an m € N such that the polynomial ™ —1 belongs to Ann(M), then the
elements (0,...,0,t™—1,0,...,0) belong to N. Therefore we can add the elements
(0,...,0,t™ —1,0,...,0) to the set of elements %41, ...,U,+r (that generate the
module N) and reorder the resulting set of generators t,11,...,Un+r (Where we
put k := n+k) in such a way that @,+; = (0,...,0,t"—1,0,...,0) forj =1,...,n,
where t" — 1 occupies the jth position.
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To complete the proof, note that the kernel M7 of the composite hov: A™ — M
of h and the natural epimorphism v: A" — @, A/(fi(t)) is generated by the
elements

w; = (0,...,0, f;(1),0,...,0), i=1,...,n,

where the polynomial f;(t) occupies the ith position, along with the elements

wn+i:(fi,l(t)a"'7fi,n(t)) EATL7 izl,"'ak7

where the coordinates f; ;(t) of each w,; coincide with the coordinates g; ;(t)
of tinyi = (Gi,1(t),---,Gsn(t)). This proves the proposition.

1.2. Z-torsion submodules of (¢ — 1)-invertible A-modules. An element v
of a A-module M is said to be of finite order if there is an m € Z \ {0} such that
mv = 0. A A-module M is called a Z-torsion module if all the elements of M are of
finite order. Given any A-module M, we write Mg, for the subset of M consisting
of all elements of finite order. It is easy to see that Mg, is a Z-torsion A-module.
If M is a Noetherian (¢ — 1)-invertible A-module, then Mg, is also a Noetherian
(t — 1)-invertible A-module and Propositions 1.5, 1.6 imply that there is an exact
sequence of A-modules
0— Mg, — M — M; — 0,

where M is a Noetherian (¢t — 1)-invertible A-module containing no non-trivial
elements of finite order.

Let M = Mg, be a Noetherian (¢ — 1)-invertible A-module. Since M is finitely
generated over A, there is an integer d € N such that dv = 0 for all v € M.
(We call such a number d an exponent of M.) Let d = pi'...pl" be the prime
factorization. We write M (p;) for the subset of M consisting of all elements v € M
such that p’v = 0. It is easy to see that M(p;) is a A-submodule of M. We call
M (p;) the p;-submodule of M.

Theorem 1.12. Let M = Mg, be a Noetherian (t—1)-invertible A-module with expo-
nent d = py* ...p. Then M is isomorphic to the direct sum of its p;-submodules:

M= @M(l)i)-

Proof. The proof coincides with that of the corresponding theorem for abelian
groups (see, for example, Theorem 8.1 in [14]).

Since the ring A = Z[t,t~!] is Noetherian, every ideal I of A is finitely generated.
We write Ipo1 = I NZ]t] for the corresponding ideal of the polynomial ring Z[t]. It is
well known that I = A, that is, every ideal I of A is generated by polynomials.

We recall that Z[t] is a factorial ring. Its units are precisely the units of Z, and
its prime elements are either primes of Z or polynomials q(t) = Y a;t* that are
irreducible in Q[¢] and have content 1 (that is, the greatest common divisor of their
coefficients a; is equal to 1). For any non-zero polynomials qi(t),q2(t) € Z][t],
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Euclid’s algorithm enables us to find polynomials hy(t), ha(t), r(t) € Z[t] and
a constant d € Z, d # 0, such that

hi(t)qu(t) + ha(t)ga(t) = dr(t), 3)
where r(t) is the greatest common divisor of the polynomials g1 (t) and ga(t).

Lemma 1.13. Suppose that M is a Noetherian (t — 1)-invertible A-module and
t" — 1 € Ann(M) for some n = p", where p is a prime. Then M is a Z-torsion
module.

Proof. 1f the polynomial " — 1 = (t — 1)(t"~! + -+ + ¢ + 1) belongs to Ann(M),
then g, (t) =t""1 + ...+t +1 € Ann(M) because M is (t — 1)-invertible. When
n = p", each factor in the formula

r r p—1 o
g =@ t) = T[>t
i=1 i=1;=0

is an irreducible element of A.

By Theorem 1.10 there is a polynomial f(¢) € Ann(M) with f(1) =1. If n = p”
for some prime p, then the polynomials f(t) and g,-(t) have no common irreducible
divisors. Indeed, if g(t) is a divisor of f(t), then we must have g(1) = +1 since
f(1) = 1, but ®,:(1) = p for each i. Therefore one can find polynomials hy(t),
ha(t) and a constant d € N such that hq(¢) f(t) + ha(t)gpr (t) = d. Hence if g,-(t) €
Ann(M), then d € Ann(M) and, therefore, M is a Z-torsion module.

1.3. Principal (¢ — 1)-invertible A-modules. Let I be a non-zero ideal of the
ring A. We denote by I,, the subset of I, consisting of all polynomials f(t)
of the smallest degree (let m be this smallest degree). Note that if f(¢) € I,,, \ {0},
then f(0) # 0.

Consider any polynomials fi(t), f2(t) € I, and write them as f;(t) = d;q;(t),
where d; € Z and the polynomials ¢;(¢) have content 1. We have ¢1(t) = ¢a(t).
Indeed, their greatest common divisor r(t) satisfies degr(t) < m and, moreover,
degr(t) = m if and only if ¢;1(t) = ¢2(f). On the other hand, (3) implies that
dah (t) f1(t)+diha(t) f2(t) = dydadr(t) for some polynomials hq(t), ho(t). Therefore
dydadr(t) € Iy and we must have degr(t) = m.

Applying Euclid’s algorithm for integers, we see that if polynomials f;(t) = d;q(t)
belong to I, for i = 1,2, then dyq(t) also belongs to I,,,, where dy is the greatest
common divisor of d; and ds. Thus there is a polynomial f,,(t) = dnq(t) € I,
such that all polynomials f(t) € I, are divisible by f,,(¢). The polynomial f,,(t)
is uniquely determined up to multiplication by +1. It will be called a leading
generator of the ideal I.

Let I be a non-zero ideal of A and f(¢) = d,,q(t) a leading generator of I. Then
all the polynomials h(t) € I are divisible by ¢(¢). Indeed, arguing as above, we
easily see that if r(¢) is the greatest common divisor of f(¢) and h(t), then there is
a constant d such that dr(t) € I. Since deg ¢(t) is the minimal degree of polynomials
belonging to I, we must have the equality r(t) = q(¢).
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The arguments above and Lemma 1.3 prove the following proposition.

Proposition 1.14. Let M = M, be a principal (t — 1)-invertible A-module gener-
ated by an element v. Then the ideal Ann, is generated by a finite set of polynomials
fi(t), ..o, fr(t), where fi(t) = d;qi(t), d; € Z, d; # 0, and the content of q;(t) is
equal to 1 for alli. Moreover, the polynomials f1(t), ..., fx(t) possess the following
properties.

(i) deg f1 < deg fa < --- < deg fi.

(i) fi(0) # O for all i.

(ili) q1(1) =

(iv) ¢ ()\qz()foriZQ k.

(v) If k > 1, then |di| > 1, dkfl and qx(1) = 1.

A set of generators of Ann, is said to be good if it possesses properties (i)—(v)
in Proposition 1.14.

Principal (¢ — 1)-invertible A-modules M = M, are classified on the basis of
properties of their annihilators. We say that M, is of finite type if in a good
system f1(t),..., fr(t) of generators of Ann, the leading generator fi(t) = d is
a constant (that is, ¢1(¢) = 1). A module M, is said to be of mized type if in a good
system fi(t),..., fx(t) of generators of Ann, the degree of the leading generator
f1 = d1q1(t) is greater than zero and we have |d;| > 2. The arguments above imply
that if a principal (¢ — 1)-invertible A-module M = M, is not of finite or mixed
type, then the leading generator f;(t) of a good system of generators of Ann, is
equal to a polynomial ¢;(t) with ¢;(1) = 1. Therefore Ann, is a principal ideal
generated by ¢ (t) because all the polynomials h(t) € Ann, are divisible by ¢ (¢).
Such principal (¢ — 1)-invertible A-modules are said to be biprincipal.

It is easy to see that if M = M, is a principal A-module of finite type and d; € Z
is the leading generator of a good system of generators of Ann,, then the orders of
all elements of M divide d;. Hence a principal A-module M, is of finite type if and
only if it is a Z-torsion module.

If M = M, is a biprincipal A-module, then it has no non-zero elements of
finite order. Indeed, let ¢(t) be a generator of Ann,. If an element v; = h(t)v has
order m, then mh(t) € Ann,, that is, mh(t) is divisible by ¢(¢). Since t is a unit
of the ring A, we can assume that h(t) is a polynomial. Since M, is a biprincipal
module, the polynomial h(t) must be divisible by ¢(t), that is, v; = 0.

If M = M, is a A-module of mixed type, then there is an exact sequence
of A-modules

0— M — M — My —0,

where M, is a principal A-module of finite type and M is a biprincipal A-module.
Indeed, let diqi(t) be the leading generator of Ann,. Put v; = ¢1(¢)v. Then we
easily see that the A-module M; = M,, C M (generated by v1) is of finite type
while the A-module My = M/M; ~ A/(¢1) is biprincipal.

1.4. Finitely Z-generated (¢t — 1)-invertible A-modules. Every A-module M
may be regarded as a Z-module, that is, an abelian group.
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Proposition 1.15. A Noetherian A-module M is finitely generated over 7Z if and
only if there is a polynomial

q(t) = z": a;t' € Ann(M)

such that a,, = ag = 1.

Proof. We begin by proving this in the case when M = M, is a principal A-module.

If there is a polynomial ¢(t) = Y1 a;t" € Ann, with a, = ag = 1, then we
easily see that M is generated over Z by the elements v, tv, ..., " tv.

Suppose that the A-module M = M, is finitely generated over Z and let
hi(t)v, ..., hy(t)v be its generators. Since multiplication by ¢ is an isomorphism
of M, we can assume that the h;(t), i = 1,...,m, are polynomials with h;(0) = 0.
Put n — 1 = max(deg hy1(t),. .., deg hm(t)). Since hi(t)v, ..., hy(t)v generate M
over Z, one can find integers by,...,b, and cq,..., ¢, such that

v = Zbihi(t)v and t"v = Z cihi(t)v.
=1 i=1

Therefore the polynomials 1 — 5" b;h,(t) and t" — > ¢;h;(t) belong to Ann,. Then
the polynomial t™ + 1 — > (b; 4+ ¢;)h;(t) has the desired properties.

In the general case, a Noetherian (¢ — 1)-invertible A-module M is generated by
a finite set of elements vy, ..., v,,. Hence M is finitely generated over Z if and only
if the principal submodules M,, C M are all finitely generated over Z.

If g(t) € Ann(M), then ¢(t) € Ann,, for i = 1,...,m. In particular, if there
is a polynomial ¢(t) = Y ;a;t" € Ann(M) with a, = ag = 1, then all the M,,
(and therefore M) are finitely generated over Z.

If the principal submodules M,, C M are finitely generated over Z, then there
are polynomials ¢;(t) = Z?;o a;jt/ € Ann,, such that a;,, = a;o = 1. Put
n =>»_n;. Then we have

n—1

qt) = qi(t)...qu(t) =t" + 1+ Z a;t’ € Ann(M)

since ¢(t) € Ann,, for all v;. The proposition is proved.

Proposition 1.15 implies that many (¢ — 1)-invertible biprincipal modules
M =A/I are not finitely generated over Z. More precisely, it is easy to see that
a biprincipal (t — 1)-invertible module M = A/I is finitely generated over Z if and
only if the ideal I = <q(t)> is generated by a polynomial q(t) = Y. a;t" such
that q(1) = 1 and the coefficients ag and a,, are equal to £1.

For example, the (¢t — 1)-invertible biprincipal module

My, = A/{(m+ 1)t —m)

is never finitely generated over Z for m € N.



Alexander modules of irreducible C-groups 317

Theorem 1.16. Let M be a Noetherian (t — 1)-invertible Z-torsion module. Then
M s finitely generated over Z.

Proof. By Theorem 1.12, the module M is isomorphic to the direct sum @M (p;)
of finitely many p;-submodules. Hence it suffices to prove the theorem in the case
when M has exponent p”, where p is a prime. By Corollary 1.8, M is a quotient
module of the direct sum @?:1 A/I; of principal (¢t —1)-invertible A-modules A/I;.
In our case there is no loss of generality in assuming that each ideal I; contains
the constant p™# for some r; € N. Thus it suffices to prove the theorem in the case
when M = M, is a principal (¢ — 1)-invertible A-module of exponent p”. In other
words, the ideal I = Ann, contains the constant p” and a polynomial g(t) with
g(l) =1. _ _

Suppose that 7 = 1 and g(t) = > a;t’. We put gi(t) = >_,,,, a;t’ and g(t) =
g(t) —g1(t). Then g(t) € Ann, because g(t), g1(t) € Ann,. It is easy to see that the
numbers g(1) and p are coprime since g(1) =1 and g1(1) =0 (mod p). Moreover,
by the construction of g(t), every coefficient of g(t) is coprime to p. Multiplying
G(t) by t=%, we can assume that g(0) # 0. Write g(¢) = Y./~ a;t. Since a,, and p
are coprime, one can find integers b; and ¢; such that bia,, + c;p = 1. Similarly,
there are integers by and co such that beag 4+ cop = 1. Therefore the polynomial
(bt + b2)g(t) + p(c1t™F! + ¢3) belongs to I and can be written as

h(t) =™+ 1+ (11 + bodi)t'.

i=1

Thus M, is finitely generated over Z by Proposition 1.15.

We now consider the general case of a principal (¢t — 1)-invertible A-module
of exponent p”. Suppose that any principal (¢ — 1)-invertible A-module M’ of
exponent p"t with r; < r is finitely generated over Z. Let M = M, be a principal
(t — 1)-invertible A-module of exponent p” and M,, the submodule of M generated
by v1 = p"~'v. Then M, is of exponent p and the quotient module M; = M, /M,,
is of exponent p”~'. The proof now follows from the exact sequence

0— M, — M— M/M, — 0.

Corollary 1.17. Every Noetherian (t — 1)-invertible Z-torsion module is finite.
In other words, it is a finite abelian group.

Lemma 1.18. The group G = @._,(Z/2"Z)™ possesses no structure of a (t—1)-
invertible A-module if r; # r; for i # j and one of m; is equal to 1.

Proof. Suppose that G possesses the structure of a (¢t — 1)-invertible A-module.
Then the subgroup 2"G of G is a A-submodule of G for any r and Propositions 1.5
and 1.6 yield that the groups 2"G and G/2"G are (t — 1)-invertible A-modules.
Hence there is no loss of generality in assuming that

G = (2/22) & <é(2/2"2)mi>,

i=1
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where all r; > 2 and m; > 2. We choose generators vy, ...,vy,4+1 of G with m =
>, m; in such a way that

G ~ (Z)2Z)v, ® (wé—él(Z/TiZ)vi)

=2

where all 7; > 2. Consider the Z-submodule G of G consisting of all elements v € G
of order at most 4. Clearly, G is a A-submodule of G and is generated over Z (and
hence over A) by 91 = v; and v; = 27 2v;, i = 2,...,m + 1. It is easy to see that
we have an isomorphism of abelian groups

G~ (2)2L)0, & <hé§(2/42)vi>.

=2

By Proposition 1.5, G is a (t — 1)-invertible A-module. Multiplication by # is
a module automorphism of G. Write

m—+1
t’t_}l = a0 + 2 Z bi’l_)i,
=2
m—+1 (4)

tﬂj:@jﬂl+zcj7iﬁi7 j=2,....m+1,
=2

where each coefficient a; is equal to 0 or 1.

We claim that a; = 1. Indeed, assume that a; = 0. Since multiplication by ¢ is an
automorphism and o1, .. ., ,,41 generate G, we must have an equality v, = > d;tv;,
where one of the d; is odd for some ¢ > 2 as a; = 0. Furthermore, v; is an element
of order 2, whence 2 E:’:; d;tv; = 0. On the other hand, t0s, . .., t¥,, 1 are linearly
independent over Z/47Z since s, . .., Uy, are linearly independent over Z/4Z and
multiplication by ¢ is an automorphism. Thus the equality 22;’;51 ditv; = 0 is
impossible if any of the d; is odd and, therefore, the coefficient a; in (4) must be
equal to 1.

We claim that G' cannot be (¢ — 1)-invertible. Indeed, we have

m—+1
) = 0y + 2 Z b; ;.
=2

Therefore
m+1

(t — 1)171 =2 Z b;v;.
=2

Repeating the argument above with ¢ replaced by ¢ — 1, we see that multiplication
by ¢ — 1 is not an automorphism of G since (¢t — 1)7; is a linear combination of the
elements Vs, ..., Up41. The lemma is proved.
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Theorem 1.19. Consider an abelian group

n

G=Gi& (EB(Z/WZ)”“),

i=1

where vy # r; fori # j and G is a group of odd order. Then G admits the structure
of a (t — 1)-invertible A-module if and only if m; > 2 for alli=1,...,n.

Proof. By Theorem 1.12, if M = Mg, is a Noetherian (¢ — 1)-invertible A-module
of exponent d = pi'...pl», then M is the direct sum

M=@M(pi)

of p;-submodules that are (¢t — 1)-invertible by Proposition 1.5. Each submodule
M (p;) with p; odd is of odd order and, by Lemma 1.18, the submodule M (2) of M
is isomorphic (as an abelian group) to @le(Z/QWZ)mi, where m; > 2 for all
i=1,...,k

To prove the converse statement, we make three remarks. First, a finite direct
sum of (¢ — 1)-invertible A-modules is also a (¢ — 1)-invertible A-module. Second,
for every prime p > 2, the (t — 1)-invertible A-module M = A/I, where the ideal T
is generated by the number p” and the polynomial 2¢ — 1, is isomorphic to Z/p"Z as
an abelian group. Third, if n > 2, then the (¢ — 1)-invertible A-module M = A/I,
where the ideal [ is generated by the number 2" and the polynomial t” — ¢ + 1, is
isomorphic to (Z/2"Z)™ as an abelian group.

§ 2. t-unipotent Z[t,t!]-modules

2.1. Properties of t-unipotent A-modules. The following proposition is a sim-
ple corollary of Propositions 1.5 and 1.6.

Proposition 2.1. Fvery A-submodule My and every quotient module M/My of
a Noetherian (t — 1)-invertible t-unipotent A-module M is a (t — 1)-invertible
t-unipotent A-module.

Lemma 2.2. Let M,..., M, be Noetherian (t — 1)-invertible t-unipotent A-
modules. Then the direct sum M = @] _, M; is a Noetherian (t — 1)-invertible
t-unipotent A-module.

Proof. By Lemma 1.7, M is a Noetherian (¢ — 1)-invertible A-module and there are
k; € N such that t* — 1 € Ann(M;). Since every polynomial t* — 1 (i = 1,...,n)
is a divisor of t* — 1, we easily see that t* — 1 € Ann(M) for k = ky...k,. The
lemma is proved.

Proposition 2.1 and Lemma 2.2 yield the following proposition.

Proposition 2.3. A Noetherian A-module M is (t—1)-invertible and t-unipotent if
and only if each of its principal submodules M, is (t — 1)-invertible and t-unipotent.
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Theorem 2.4. Any Noetherian (t—1)-invertible Z-torsion A-module is t-unipotent.

Proof. Let M be a Noetherian (¢t — 1)-invertible Z-torsion A-module. By Corol-
lary 1.17, M consists of finitely many elements. Hence the automorphism of M
defined by multiplication by t has finite order, say k. Then t*v = v for allv € M or,
in other words, t* — 1 € Ann(M). The theorem is proved.

The following propositions describe biprincipal (¢—1)-invertible t-unipotent mod-
ules and principal (¢t — 1)-invertible t-unipotent modules of mixed type.

Proposition 2.5. Let M = A/I be a biprincipal (t — 1)-invertible t-unipotent
A-module, where the ideal I = (g(t)) is generated by a polynomial g(t). Then
the following assertions hold.

(i) All the roots of g(t) are roots of unity.

(ii) g(t) has no multiple roots.

(iii) If € is a kth root of unity (that is, & = 1) and k = p” for some prime p,
then & is not a root of g(t).

(iv) g(1) = £1.

(v) degg(t) is even.

Proof. To prove assertions (i) and (ii), note that t* — 1 € I for some k because M
is a t-unipotent module. Hence t* — 1 is divisible by g(#).

Let us prove (iii)—(v). By Theorem 1.10 there is a polynomial f(¢) € I with
f(1) = 1. We have f(t) = h(t)g(t) for some polynomial h(t) € Z[t] since I is
generated by ¢(t). Thus ¢g(1) = 1 (and we may assume that g(1) = 1) because we
have

1= £(1) = h(1)g(1),

where h(1),g(1) € Z. On the other hand, if a primitive p"th root £ of unity is
a root of g(t) for some prime p, then g(¢) must be divisible by the p"th cyclotomic
polynomial ®,-(¢). In other words, there is a polynomial h(t) € Z[t] such that
g(t) = @, (t)h(t). Thus 1 = g(1) = ®,-(1)R(1) and we obtain a contradiction
because ®,-(1) = p.

To complete the proof, we use assertions (iii) and (iv) to conclude that the
numbers £ = £1 are not roots of g(¢), whence all the roots of ¢g(¢) are non-real.
Since g(t) € Z[t], we see that if ¢ is a root of g(t), then so is its complex conjugate £.
Therefore deg g(t) is even (because we have & # ¢ for all roots of unity different
from +1). This proves the proposition.

Proposition 2.6. Let M = A/I be a principal (t — 1)-invertible t-unipotent A-
module of mized type and let f(t) = dg(t) be the leading generator of the ideal I,
where d € N and g(t) is a polynomial of content 1. Then g(t) satisfies conditions
(i)~(v) of Proposition 2.5.

Proof. Let v be a generator of M and let M; be the A-submodule of M generated
by v1 = g(t)v. We have an exact sequence of A-modules

0— M, — M — M/M; — 0,
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where M; is a principal module of finite type and My = M/M; is a biprincipal
A-module isomorphic to A/{g(t)). By Proposition 2.1, My is a (t — 1)-invertible
t-unipotent module. Hence the proposition follows from Proposition 2.5.

Let M be a Noetherian (¢t — 1)-invertible t-unipotent A-module. The unipotence
index of M is the smallest k € N such that t* — 1 € Ann(M).

Lemma 2.7. If M is a Noetherian (t—1)-invertible t-unipotent A-module of unipo-

tence index k, then Zi:ol tt € Ann(M).

Proof. We have t* —1 = (t —1) Zf:_ol t' € Ann(M). Since M is a (t — 1)-invertible
A-module, it follows that (Zf:_ol ti)v =0 for all v € M. The lemma is proved.

Lemma 2.8. Every Noetherian (t — 1)-invertible A-module M of unipotence index 2
s a finite Z-module of odd order.

Proof. 1t follows from Lemma 1.13 and Corollary 1.17 that M is finite. By
Lemma 2.7 the polynomial ¢ + 1 belongs to Ann(M). Therefore tv = —v for
all v € M. In particular, if v is of order 2, then tv = v. This is impossible since M
is (t — 1)-invertible. Hence M has no elements of even order. The lemma is proved.

Proposition 2.9. A cyclic group G of order n = pi*...plm (where p1,...,pm
are primes) possesses the structure of a (t — 1)-invertible A-module of unipotence
index k if and only if the polynomial Zi:ol t* has a root a; # 1 in the field Z/p;Z
for every j=1,... m.

Proof. By Theorem 1.12 it suffices to consider only the case when m = 1, that is,
n = p" for some prime p.

Suppose that the cyclic group G of order n = p" possesses the structure of
a (t — 1)-invertible A-module of unipotence index k. Then the subgroup G, =
p" LG consisting of all elements of order p is also a (¢t — 1)-invertible A-module of
unipotence index k. Therefore Zi:ol t' € Ann(G)). Let v € G, be a generator
of Gp. Since G, is a (t — 1)-invertible module, we have tv = av for some a # 1
(mod p). Hence Zi:ol a'v = 0. It follows that Zi:ol a’ =0 (mod p), that is, the
polynomial Zi:ol t* has a root (different from 1) in the field Z/pZ.

Conversely, let a Z 1 (mod p) be a root of the polynomial Zi:ol t* in the field
Z/pZ and let v be a generator of the cyclic group G of order p". We define an
action of t on the Z-module G by putting t(v) = av. This endows G with the
structure of a (¢t — 1)-invertible A-module since a # 1 (mod p). It is easy to see
that t* — 1 € Ann(G). The proposition is proved.

Theorem 2.10. Every Noetherian (t — 1)-invertible t-unipotent A-module M 1is
finitely generated over Z.

Proof. The theorem follows from Proposition 1.15 since the polynomial t¢ — 1
belongs to Ann(M) for some k € Z.
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Using Theorem 2.10 and the structure theorem for finitely generated Z-modules,
we see that for every (¢ — 1)-invertible ¢t-unipotent A-module M, we have the iso-
morphism (of Z-modules)

M ~ Mz, @ ZF, (5)

where Mg, is the submodule of M consisting of all elements of finite order. The
rank k of the free part of M in the decomposition (5) is called the Betti number of
the Noetherian (¢ — 1)-invertible t-unipotent A-module M.

Theorem 2.11. The Betti number of any Noetherian (t — 1)-invertible t-unipotent
A-module M is even.

Proof. By definition, the Betti number of M coincides with the Betti number of
the Noetherian (¢ — 1)-invertible t-unipotent A-module Mfee = M /May,.

The module M;,... has no non-zero elements of finite order. Hence the annihilator
Ann, of every element v € My is a principal ideal generated by some polynomial
go(t) that satisfies conditions (i)—(v) of Proposition 2.5.

Suppose that M. is generated by vy, ..., v, over A. Then there is a surjective
A-homomorphism

f: A/<gv1 (t)> & A/<gvm (t)> — Mree.

We regard the modules M =aA / <gvi (t)> and Miee as free Z-modules and write

hyr (resp. har,,.) for the automorphism of M (resp. Mfpee) of multiplication by .
It is easy to see that the characteristic polynomial A(t) = det(hz; — t1d) coin-
cides with the product g,, (t) ... gy, (t) up to a sign. The characteristic polynomial
A(t) = det(hpg,., —t1d) divides the polynomial A(t) since the homomorphism f is
surjective and t-equivariant. It follows that all the roots of A(t) are roots of unity
different from +1 and, therefore, deg A(t) is even. To complete the proof, we note
that the Betti number of My, coincides with deg A(¢).

2.2. Derived Alexander modules. Given any Noetherian (¢ — 1)-invertible
A-module M, we consider an infinite sequence of Noetherian (¢t — 1)-invert-
ible t-unipotent A-modules

Ap(M) = M/(t" —1)M,  neN. (6)

The module A,,(M) is called the nth derived Alexander module of the A-module M.
We note that A;(M) = 0 since M is (¢t — 1)-invertible. It is also clear that
An(A,(00)) = 4,01,

We easily see that every A-homomorphism f: M; — Ms of (¢t — 1)-invertible
modules determines a well-defined sequence of A-homomorphisms

fn*: An(Ml) - An(M2>7

n € N. In other words, the map M — {An(M)} is a functor from the category
of Noetherian (¢ — 1)-invertible A-modules to the category of infinite sequences of
Noetherian (¢ — 1)-invertible t-unipotent A-modules.
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Proposition 2.12. If 0 — M, EEIY VR Ms — 0 is an exact sequence of
Noetherian (t — 1)-invertible A-modules, then

An(My) ~ Ay (M)]im frn (An(My)).

IfM = @le M; is the direct sum of the Noetherian (t—1)-invertible A-modules M;,
then

Proof. This is obvious.

Proposition 2.13. Suppose that p is a prime, v € N and M is any Noetherian
(t — 1)-invertible A-module. Then the derived Alexander module Ay (M) is finite.

Proof. This follows from Lemma 1.13 and Corollary 1.17.

Example 2.14. Consider the module M,, = A/{(m+ 1)t —m), where m € N. Its
nth derived Alexander module

An (M) ~ Z/((m +1)" — m”)Z

is a cyclic group of order (m + 1)™ — m™, and multiplication by ¢ is given by

to = (—1)"+1m(§(—1)i (7;) (m+ 1)"—2'—1)1}

for all v € A, (M,,).
Proof. The module M,, = A/{(m + 1)t —m) is isomorphic to the A-submodule

Z[miﬂ, mTH] C Q, where we put t = mLH and tv = miﬂv for v € Q. Therefore
we have

A (M) ~ My /(" — 1)M,, ~ Z{mgl, mT—J / <<m711)n - 1>.

We easily see that the module Z [#_H, m?“] is equal to the sum of the Z-submodules
Z)7A5) and Z[ ] C Q:
7 m 7 m—+1 7 1 47 l
im+1 m | |m+1) m

Indeed, it is clear that
_ 1 =
v/ P e 7
im+1" m | |m+1)

We also have

m

(m + 1)” _ i ()m"
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and, therefore,

We similarly have

n—1 n
1 (n 1 m
=Nyt ) —— () — )
(m+ 1) ;( ) i) TV
In particular % = == —1and m—ﬂ =1- m’il Using induction, we see that
s G € Z[ML mT] for all n and, therefore,
1 1 1
z|—|+z|~| cz| - L
m-+1 m m+1 m
Hence,
1 n
A M)~z om N\
m m+1 m+1
m  m+1
~7|— — n*—m").
{m—i—l7 m }/<(m+ ' m")

We claim that every element v € Z[m g "’:{1} is equivalent to some element
Vin € Z C Z[T-H’ 2] modulo the ideal I = ((m + 1)™ —m™). To see this, it
suffices to prove that for every k there are vy, i, in r € Z such that

: (mod 1) : (mod 1)
— = Vin mo , — = Uy, mo .
mk ok (m+ 1) ok

We concentrate on proving the existence of v, j, since the proof of the existence
of wjp ; is similar. We have

(WL Z< > F=0 (mod I)

and, therefore,

1 = n 1
— = ) —  (mod I).
mt j=1§_n <” i k) i )
In particular,
1 2 n ,
E—Z( ) )mj (mod I).
m e\ 1

The existence of v;;, ;, now follows by induction on k.
It follows from this argument that

A = 2| I LS - )

m—+1 m
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is a cyclic group generated by the image 1 of the element
m  m+ 1]

IEZ[
+1° m

We have ((m+1)"—m™)1 = 0, whence the order of A, (M,,) divides (m+1)"—
We claim that the order of A,,(M,,) is equal to (m + 1) —m™. Indeed, suppose
that k € Z satisfies k1 = 0. Then

b= (X a5 b ) (ns -,
i1 <1<l J1<J<J2
where a;,b; € Z. Multiplying both sides by (m + 1) and m72 if iy > 0 or jo > 0,
we obtain the equality
(m+1)2m?”k =C((m+1)" —m")

with some constant C' € Z. It follows that (m + 1)™ — m”™ divides k because the
numbers m, m + 1 and (m + 1)™ — m™ are pairwise coprime.
To calculate the action of ¢ on the cyclic group

Ap(My) = Z/((m +1)" —m")Z,

we note that

tl = mLH = (—1)”+1m<§(—1)" (7;) (m+ 1)”“)1

because an argument similar to the previous one yields that
1 _ n+1 n—i—1

Proposition 2.15. An abelian group G is isomorphic (as a Z-module) to the
derived Alexander module Ay(M) of some Noetherian (t—1)-invertible A-module M
if and only if G is a finite group of odd order.

Proof. By Lemma 2.8 it suffices to prove that for every finite group G of odd order
there is a Noetherian (¢ — 1)-invertible A-module M with Ay(M) ~ G.
We represent G as a direct sum of cyclic groups,

and let n; = 2m; + 1 be the order of Gj.

For every i we consider the A-module M,,, in Example 2.14. Then As(M,,,) is
a cyclic group of order (m; + 1) — m?2 = 2m; + 1. Hence the proposition follows
from Proposition 2.12 if we put
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Theorem 2.16. Let M be a Noetherian (t — 1)-invertible t-unipotent A-module
of unipotence index k. Then the sequence Ay(M),..., A, (M),... of its derived
Alezander modules has period k, that is, A, (M) ~ A, k(M) for alln. If n and k
are coprime, then A, (M) = 0.

Proof. Since the unipotence index of M is equal to k, Lemma 2.7 yields that the
polynomial fi(t) = Zf;ol t* belongs to Ann(M). Moreover, to obtain A, (M)
from M, we need only take the quotient of M by the relations f,(t)v = 0 for all
v € M, where f,(t) = Y7 t'. To prove the periodicity of the sequence (6), it
remains to note that
frtr(@) =" fi() + falt).

Suppose that n, k are coprime and polynomials f;(¢), f.(t) belong to Ann(M).
Applying Euclid’s algorithm to fi(¢t) and f,(¢), we easily deduce the existence of
polynomials g (t) and g, (¢) such that

Fe(®)gr(t) + fa(t)gn(t) =1
since n and k are coprime. Therefore Ann(M) = A and thus A, (M) = 0.

Example 2.17. The A-module M = A/(t> — ¢t + 1) has the following derived
Alexander modules:

Agkil(M) = 0, A6k:|:2(M) ~ Z/3Z, A6k+3(M) ~ (Z/QZ)Q

Multiplication of Z/37Z by t coincides with multiplication by 2. Multiplication of
(Z/27)? by t coincides with a cyclic permutation of the non-zero elements
of A6k+3(M).

Proof. The unipotence index of M is equal to 6 because t2 — ¢ + 1 divides % — 1.
Therefore Agrt1(M) = 0.

To compute Agg2(M), it suffices to find Ax(M). We have Ax(M) = A/(t? —
t+1,t+1). Since

2 —t4+1=(t—-2)(t+1)+3,

we have A/(t? —t+1,t+1) = A/(t +1,3) ~ Z/3Z.

To compute Agir3(M), it suffices to find Az(M). We have Az(M) = A/(t? —
t+ 1, + ¢+ 1). Since

Pht+l=t>2—t+1+2t,

we have A/(t? —t+ 1,2 +t+ 1) = A/{(t* +t +1,2) ~ (Z/27Z)>.

To compute Agg4(M), it suffices to find A4(M). We have Ay(M) = A/(t? —
t+1,t34+t>+t+1). Since

B2 Ft+1=(t+2)F —t+1)+2t -1,

we see that the module A/(t? —t + 1,3 + 2+t +1) = A/{(t? —t + 1,2t — 1)
is isomorphic to the quotient module M/(2t — 1)M. Let v be a generator of the
biprincipal module M. Using the basis v; =wv, vo =tv of M over Z, we easily see
that the module (2¢ — 1)M is generated by the elements 2vy — vy and t(2vy —vy) =
ve — 2vy because tvy = vy — v1. Using another basis e; = vy, es = vo — 2v1, we
have 2vy — v; = 2e5 + 3ey, that is, (2t — 1)M is generated by 3e; and ey over Z.
Therefore Ay(M) ~ Z/3Z.
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8§ 3. Alexander modules of irreducible C-groups

3.1. Proofs of Theorems 0.1 and 0.3. We recall that the class of irreducible
C-groups coincides with the class of fundamental groups of knotted n-manifolds V'
for every n > 2. Knot groups are also C-groups when given by the Wirtinger presen-
tation. Similarly, the class of irreducible Hurwitz C-groups coincides with the class
of fundamental groups of complements of irreducible ‘affine’” Hurwitz (or pseudo-
holomorphic) curves. It contains the subclass of fundamental groups of comple-
ments of algebraic irreducible plane affine curves. Therefore speaking about the
Alexander modules of knotted n-manifolds (resp. irreducible Hurwitz or pseudo-
holomorphic curves) is the same as speaking about the Alexander modules of irre-
ducible C-groups (resp. irreducible Hurwitz C-groups). Therefore Theorems 0.1
and 0.3 are equivalent to the following theorems.

Theorem 3.1. A A-module M is the Alezander module of an irreducible C-group
if and only if it is Noetherian and (t — 1)-invertible.

Theorem 3.2. A A-module M is the Alexander module of an irreducible Hurwitz
C-group if and only if it is a Noetherian (t — 1)-invertible t-unipotent A-module.
The unipotence index of the Alexander module Ao(G) of an irreducible Hurwitz
C-group G of degree m is a divisor of m.

Proof. Let

G=(x1,...;Zm |T1,...,Tn) (7)
be a C-presentation of a C-group G and let F,, be the free group freely generated
by the C-generators x1, . .., Z,,. We write % for the Fox derivative (see [15]). This

is an endomorphism of the group ring Z[F,,] over Z of the free group F,, such that

a%i: Z|F,,] — Z|F,,] is a Z-linear map with the following properties:

ox; Juv  Ju ov

81’1 nI 81'1 8:51 8301

for all u,v € Z[F,,]. The matrix

(®)

or;
AG) = v, <T) € Maty, o (Z[t, t1])
6$J‘
is called the Alexander matriz of the C-group G given by presentation (7), where
the r; (i = 1,...,n) are the relators of G and the homomorphism v, : Z[F,,] —
Z[F1] ~ Z[t,t~'] is induced by the canonical C-epimorphism v: F,, — Fy.

The following lemma is a generalization (to the case of C-groups) of a well-known
assertion concerning the Alexander matrices of Wirtinger presentations of knot
groups (see [15]).

Lemma 3.3. Let A(G) be the Alexander matriz of a C-group G given by the pre-
sentation (7). Then the sum of the columns of A(G) is equal to zero.

Proof. Each relator r; has the form

— ey =11
r=wr;w T,

+1 +1

where w is a word in the letters 77", ..., 2", and x;, z; are letters.
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Let us use induction on the length I(w) of the word w to show that

m 8/]"
AR

k=1

If I(w) = 0 (that is, 7 := z;2; "), then we have

1 if k=,

b
V*(T): 1 ifk=1
3xk
0 ifk+#7jand k#L

In this case we see that Y ;" | v, (8672) —0.

Suppose that the equation -, s (ﬁ) = 0 holds for all words r = wmjw_lel

with /(w) < L. Consider any word r = wx;w™'a; " of length I(w) = L + 1. Put
r = wlxjwflel, where w = 25wy, € = £1, and [(wy) = L. We consider only the
case when i # j, i # 1, j # 1 and £ = 1. The proof that Y, V*(%) =0 in all
other cases is similar.

It follows from (8) that

tv. (G2) if k#4, k#j, k#1,
(ar) Lt () -t if k=4,
V|l — | =
Oy, tv. (52-) if k=,

ta(g) +1) =1 if k=1
and it is easy to see that > ;. v, (%) = 0. The lemma is proved.

For every monomial a;t' € Z[t] we consider the word

We,pi (21, 22) = (m2x1x2 (lH))

For every polynomial g(t) = E?:o a;t" € Z[t] we put

Wy(ry (21, T2) Hwa v (21, 22).
=0

We also associate with any polynomial f(¢) = (1 —t)g(t) + 1 the word
ey (71, T2) = Wy (71, xz)xlwg_é) (21, 22)25 " 9)
For every vector u = (1—t)u = ((1—t)g1(t),...,(1—t)gm(t)) we consider the word
Tu(T1y .y Tg1) = wy(z1, . .. ,xm+1)xm+1w;1($17 . ,xmﬂ)x;@il, (10)
where

Wy (Z1,. - Tpg1) = ngi(t)(ziamm+1)~
=1
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Lemma 3.4. Take a polynomial f(t) = (1 —t)g(t) + 1 and a vector

U = ((1 - t)gl(t)v ceey (1 - t)gm(t))'

Then we have

0 or., .
Vy <(;;(1t)> = f(1), V*(5;i> =(1—1t)g:(1), i=1,...,m.

Proof. Take f(t) = (1 —t)g(t) + 1. It follows from (8) that

Owy(ry(T1,2)\ awg_é)(th) B
(PG ) = (P ) =)

since we have wg(t)(xhxg)w;é) (z1,22) =1 and

Vi (Wo(r) (21, 02)) = v (Wa,0i (21, 22)) =1,

ow,, i -
Vs (walt (th)) = q;t".
a.’El

Therefore,

y 87‘f(t) . 8(wg(t)($17mg)mlwg(i)($1,$2)$51)
* 8$1 * 8£E1

=9(t) +1=1g(t) = f(1).

The proof of the second equation of the lemma is similar.

Proposition 3.5. The Alexander module Ao(G) of the C-group G with the presen-
tation (7) is isomorphic to the quotient module A~ /M (G), where the submodule
M(G) of A™~1 is generated by the rows of the matriz A formed by the first m — 1
columns of the Alexander matriz A(G).

Proof. To describe the Alexander module of a C-group G, we follow [16] (see
also [8]). Given a C-group G with C-presentation (7), we consider the following
complex K with a single vertex (. Its one-dimensional skeleton is a wedge prod-
uct of oriented circles s; (1 < ¢ < m) that are in one-to-one correspondence with
the C-generators of G in the presentation (7). Furthermore, K\ (Us;) = I, BZ
is a disjoint union of open discs. Each disc D; corresponds to the relator r; =

€41 €i,k;
ji:l e x];kz o
by identifying the boundary dD; = D;\ D; and the closed path s
Clearly, m (K, z9) ~ G.

The C-homomorphism v: G — F; determines an infinite cyclic covering f: K—K
such that 7, (K) = N and Hy(K,Z) = N/N', where N = kerv. The group F; acts
on K.

x in (7), where ¢, ; = £1. This disc is glued to the wedge product Vs;

€i,1

Jin ”'sji,ki C Vs;.
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Let Ko = f- ((E()) and let K 1 be the one-dimensional skeleton of the complex K.
We consider the following exact sequences of homomorphisms of homology groups
with coefficients in Z:

0

Hy(K)

— HQ(I?,.[?l) L Hl(kl,f{-o) —7 Hl(K,Ko) 0 (11)
|0

Ho(Ko)

l

The action of F; on K endows each group in these sequences with the structure
of a A-module. We fix a vertex pg € f(o. Let p; =t'pg be the result of the action of
the element ¢’ € F; on the point py. Then H; (f(l, f(o) is a free A-module whose
generators s; are edges that join py to p; and are mapped by f onto the loops s;.
The result of the action of ¢* on the generator 5; is an edge that begins at the
vertex p; and is mapped by f onto the loop s;.

The free A-module Ho (K, K1) is generated by the discs D; (i = 1,...,n) that
correspond to the relators r; = :E xj’k‘ . Each disc D; is glued to the one-

dimensional skeleton along the product of paths

t5(51 1) €i,1 t(s(gl 2)+51 ISEL »2 t5(51 k; )+Zl 1 87 lsel ki
Jz,l Ji2 7" Jik;

where (1) = 0 and 6(—1) = —1. It is easy to verify that the coordinates of the
elements o(D;) € Hl(f(l,f(o) in the basis 51, ..., 5,, coincide with the rows A; of
the Alexander matrix A(G) of the C-group G with the presentation (7).

It follows from the vertical exact sequence in (11) that (B(5:)) = (t — 1)po
for each generator §; of the module H; (K1, Ky). We choose a new basis of this
module by putting e¢; = §; — S, i =1,...,m—1, e;, = 5,,. Then [(e;) € ker 9 for
i=1,...,m—1andker d is generated by S(e1), ... ,ﬁ(em 1) Hence we may identify
the module Hy(K) with ﬁ(H{(f(l, IN(O)) where H/ (K1, Ky) is the free submodule
generated by the elements eq,...,e,,_1 of the free A-module H (Kl, KO)

The matrix formed by the Coorehnates of the elements «(D;) in the basis
€1, ..., en coincides with the matrix A(G) obtained from A(G) by replacing the last
column by a column of zeros. Hence H; (f( ) is isomorphic to the quotient module
of the free A-module H} (K1, Kq) ~ @;1711 Ae; by the submodule M (G) generated
by the rows of the matrix A(G) formed by the first m — 1 columns of A(G). This
proves the proposition.
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We use Proposition 1.11 to prove that every Noetherian (¢ — 1)-invertible
(resp. t-unipotent) A-module M is the Alexander module of some irreducible (resp.
Hurwitz) C-group. By Proposition 1.11 every Noetherian (¢ — 1)-invertible A-
module M is isomorphic to a quotient module A™/M; of the free A-module A™.
Here the submodule M is generated by elements w1, ..., U, ..., Unr of A™ such
that

(i) we have u; = (O7 .0, fi(),0,. .., 0) fori=1,...,m, where the polynomial

fi(t) occupies the ith position and f;(1) =1,

(11) we have Um+j = (1 - t)am-‘rj = ((1 - t)gj,l(t)’ RS (1 - t)gj,m(t)) for j =

1,...,k, where the g;,(t) are polynomials.
If M is a t-unipotent A-module of unipotence index n, then we can also assume
that

(iii) we have wpqgr; = (0,...,0,t™ — 1,0,...,0) for « = 1,...,m, where the

polynomial t” — 1 occupies the ith position.

We write each polynomial f;(t) as f;(t) = (1 — t)g;(¢) + 1 and consider the
C-group

G=(x1,.. ., Tms1 | "1,y "rnt)

with relators r; := ¢, ) (2, Tpy1) for i = 1,...,m and rpqj = ru(T1,. . Tpy1)
for j =1,...,k, where the words ;) and r, are defined by (9) and (10). We put

._ —n 1
Tmkti 2= Ty 1T, 2y if
Umtk+i = (0,...,0,tn — 1,0,...,0) e M,

for i = 1,...,m. Let G be the group defined by the presentation

G = <$1,...,l‘m+1 | 7“1,...,7“2m+k>.

Lemma 3.4 implies that the matrix A(G) (vesp. A(G)) formed by the first m
columns of the Alexander matrix A(G) (resp. A(G)) coincides with the matrix U
(resp. U) formed by the Tows uy,..., Uik (T€Sp. Ui,...,Uzmik). Therefore, by
Proposition 3.5, the Alexander module Ay(G) (resp. Ag(G)) coincides with M =
A™ /My, where M is generated by the rows ui, ..., Umir (T€Sp. U1, ..., Usmik)-

We note that G (resp. ) is an irreducible C-group since all the C-generators
x1,...,T,, are conjugate to ,,,1. Moreover, G is a Hurwitz C-group. Indeed, the
relators rp,r4; (j =1,...,m) imply that 27, belongs to the centre of G. Since
all the x; are conjugate to x,, 1, we have x}' = x| for all i = 1,...,m. Hence
the product x7 ...z}, | also belongs to the centre of G, and G possesses a Hurwitz
presentation

G = <y17~-~7yn(m+1) |f17~-~>7:2m+k7
yin+1yi_7bl.|-_jvi =0,1,....mj=2,...,n,
[yi, (y1 . ..yn(m+1))],i =1,...,n(m+ 1)>,

where the relators 7; = 7i(y1,...,Yn(m+1)) are obtained from the relators r; =
ri(z1,..., Tm+1) by substituting y;n4q for z;, j=1,...,m+ 1.
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The following lemmas complete the proofs of Theorems 0.1 and 0.3.

Lemma 3.6 [17]. The Alezander module Ao(G) = G'/G" of an irreducible C-group
G is a Noetherian (t — 1)-invertible A-module.

Proof. Since G is an irreducible C-group, its commutator subgroup G’ coincides
with the kernel of the C-epimorphism v: G — F;. By the Reidemeister—Schreier
method, if C-generators zi,...,x, generate G, then the elements a;, =
xﬁlximm( nt1) (i=1,...,m—1,n€Z) generate G'. Hence the module 4o(G)=G'/G"
is generated by the images a; ,, of the elements a; ,, under the natural epimorphism
G’ — G'/G". The action of t on Ag(G) is defined by the conjugation a — x,az;}!
for a € G'. Therefore t@;, = ;1. Thus the module Ay(G) is generated over A
by @1,0,...,Gm-1,0 and is therefore a Noetherian A-module.

To show that Ay(G) is a (t — 1)-invertible A-module, we note that every element
g € G may be written as g = 2% a, Where a € G and k = v(g). Hence the group
G' is generated by the elements [z7 a, 2k b], where a,b € G’. Therefore Ay(G) is

generated by their images [z, a, zk b]. Tt is easy to see that

(2l a, 2 b] = [x7, a] (ax)s ™ (b, a” ]x;l(”Jrk)a_l)[a,x?,fk]

m?

(@b, 2, ). (12)
It follows from (12) that

(27 a,zk b] = (" — Da+ (1 —t"™a + " F 1 — )b

_ tn(l _ tk)d + tk(tn _ t— 1 (Z terkb ZtH»n) (13)

since az*[b, ail}x,_n(m_k) —1 ¢ G". We now easily see that multiplication by ¢ — 1
is an epimorphism of Ag(G) onto itself since the elements of the form [z7,a, zk b]

m
generate Ag(G) over Z. To complete the proof, we apply Lemma 1.1.

Lemma 3.7 [13]. The Alexander module of a Hurwitz irreducible C-group of
degree m is a Noetherian (t — 1)-invertible t-unipotent A-module of unipotence
index d, where d is a divisor of m.

Proof. If G is a Hurwitz group of degree m, then it is generated by C-generators
ZT1,...,Tym such that the product z;...x,, belongs to the centre of G. By
Lemma 3.6, the Alexander module Ao(G) = G'/G" is a Noetherian (¢ —1)-invertible
A-module. Multiplication of the module Ay(G) by ¢ is induced by the conjugation
a+— zgar,! for a € G'. Since v(z™) = v(xy...7,), there is an element ay € G’
such that 2" = apx1 ... 2. Hence conjugation by 27} is an inner automorphism
of G'. Therefore the induced automorphism ¢™ of G'/G" is the identity.

3.2. Alexander modules of C-products of C-groups. Let G, G2 be irre-
ducible C-groups and let € Gy (resp. y € G2) be one of the C-generators of G
(resp. Gi2). We consider the amalgamated product G, *p—y} Go. If G and Gy are
given by C-presentations

Gl = <$1,...,xn ‘ R1>,

(14)
G2 = <y17"‘7ym | R2>’
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where ¥ = x, and y = ym, then the group Gi x(,—,3 G2 is given by the
C-presentation L
(T1, s Tn1,Y1, - Ym—1,2 | R1 U Ra), (15)

where each relator 7; € R, (resp. 7; € R») is obtained from r; € Ry (resp. r; € Ra)
by substituting the letter z for the letter x,, (resp. ym,).

If 2/ € G1 and 3y’ € G5 are other C-generators of these groups, then there are
inner C-isomorphisms f;: G; — G; such that fi(2') = x and f2(y') = y because
all the C-generators of an irreducible C-group are conjugate to each other. Hence
there is a C-isomorphism

f1 * f2: Gl *{z’:y’} Gg — Gl *{m:y} GQ.

In other words, the group Gy #,—,) G2 is independent (up to C-isomorphism) of
the choice of the C-generators x and y. We denote this group by G *¢ G5 and call
it the C'-product of the irreducible C-groups G and Gs.

Proposition 3.8. The Alezander module of the C-product G = G1 x¢ Go of irre-
ducible C-groups G and Gy is isomorphic to the direct sum of the Alexander mod-
ules of G1 and Ga:

Ao(GQ) = Ap(G1) ® Ap(G2).

Proof. This follows easily from Proposition 3.5. Indeed, if G; and G are given
by the presentations (14), then Proposition 3.5 yields that the Alexander module
Ap(G) of the irreducible C-group G = G; *¢ G2 (given by the presentation (15))
is isomorphic to the quotient module A"*™~1/M(G), where the submodule M (G)
of A"*™m=1 is generated by the rows of the matrix

T A 0
A= ( 0 Ag) '
Here A; (resp. Ay) is the matrix formed by the first n — 1 (resp. m — 1) columns

of the matrix A(G1) (resp. A(G2)). It is now easy to see that Ag(G) = Ao(G1) @
Ap(G3). The proposition is proved.

Let
G={(x1,...,%m | T1,...,T0) (16)

be a C-presentation of some C-group G. The number dp = m — n is called the
C-deficiency of the presentation (16). The number dg = maxdp, where the max-
imum is taken over all C-presentations of G, is called the C-deficiency of the
C-group G. Clearly, the C-deficiency satisfies dg <k if the C-group consists of k
irreducible components. In particular, if G is an irreducible C-group, then dg < 1.

Lemma 3.9. Let G = Gy x¢ G2 be the C-product of the irreducible C-groups G
and Go. Then
dg > dg, +dg, — 1.

In particular, if dg, = dg, =1, then dg = 1.
Proof. This follows from formula (15).
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3.3. Presentation graphs of C-groups. We associate a presentation graph I'p
with each C-presentation (16). The vertices of I' p are labelled by the generators app-
earing in (16). (In particular, there is a one-to-one correspondence between the ver-
tices of I'p and these generators.) The edges of I'p are in one-to-one correspondence
with the relators r; appearing in (16). If r; :=w); Yay, oo ) wi(zy, .. ,xm)a:i_zl,
then the corresponding edge connects the vertices z;, and x;,.

Clearly, the C-deficiency satisfies

dp = dimHo(Fp,R) — dimHl(Fp,R).

Therefore the C-deficiency dg of an irreducible C-group G is equal to 1 if and
only if G possesses a C-presentation whose graph T'p is a tree.
A C-presentation
G=(x1,...,Tm |71,y n) (17)

is said to be simple if each relator r; in (17) is of the form

B B
Tj = Ly T Tig Ty,

for some i1,49,13 € {1,...,m} (that is, the relator r; is given by z;, = z%lxilzia).

Remark 3.10. If the presentations (14) of irreducible C-groups G7 and Go are sim-
ple, then so is the presentation (15) of their product G = G; *¢ G2, and the
graph I'p of the presentation (15) is the wedge product I'p =T'p, V.—z, —, I'p, of
the graphs I'p, and T'p, of the presentations (14). In particular, if I'p, and I'p, are
trees, then I'p is a tree.

Lemma 3.11. Every C-group G possesses a simple C-presentation of C'-deficiency
dp = dg.

Proof. Let G be given by a C-presentation of C-deficiency dp = dg and let r :=
w‘lmiwx;1 be one of its relators (so that w™'z;w = x;), where w = i} ... x5
is a word in the group F,, and ¢, = +1. Then we can add k — 1 new generators
Tm41s-- -, Tmik—1 and replace r by the k simple relations

Tmy1 = 2" 2Ty

Tm42 = xi_;zz7n+1x§227

—€k—1 €k—1

Tmtk—1 = T4, | Tm+k—2T;, >

. — T Ek Ek
€Ty = l'ik $m+k71$¢k .

Clearly, we get a new C-presentation which has the same C-deficiency and defines
the same C-group G.

3.4. Alexander modules of C-groups possessing C-presentations whose
graphs are trees. Lemma 3.11 shows that an irreducible C-group G possesses
a simple C-presentation whose graph is a tree if and only if the C-deficiency dg is
equal to 1.
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Proposition 3.12. If M = @", M; is the direct sum of the biprincipal
(t —1)-invertible A-modules M; = A/( f;(t)), then there is an irreducible C-group G
such that the C-deficiency dg is equal to 1 and Ag(G) ~ M.

Proof. Consider the C-group given by the presentation
G = (x1, 72 | wriw oy h), (18)

where w = w(x1,x2) is a word in letters zy1, x2 and their inverses. Note that
the C-deficiency of G is equal to 1. Applying Proposition 3.5, we see that the
Alexander module Ay (G) of an irreducible C-group G given by the presentation (18)
is a biprincipal (¢ — 1)-invertible A-module.

Conversely, it was shown in the proof of Theorem 3.1 that every biprincipal
(t — 1)-invertible A-module M = A/(f(t)) is the Alexander module of some irre-
ducible C-group given by (18). To complete the proof, we apply Proposition 3.8
and Remark 3.10.

Corollary 3.13. Let M = @, M; be the direct sum of the biprincipal (t — 1)-
invertible A-modules M; = A/{f;(t)). Then for every n > 2 there is a knotted
sphere 8™ C S"*2 such that

Ao (m (S™F2\ 8™)) ~ M.

In particular, a polynomial f(t) € Z[t] is the Alexander polynomial A(t) of some
knotted sphere S™ C S™*2 with n > 2 if and only if f(1) = +£1. Moreover, the
Jordan blocks of the Jordan canonical form of the matriz of the automorphism hc
acting on Ag(S™) @ C can be of arbitrary size.

Proof. Let G be an irreducible C-group given by a simple presentation whose graph
is a tree. As shown in [1], for every n > 2 there is a knotted sphere S™ C S"+2
such that 71(S"*2\ §") ~ G. This proves the corollary.

Proposition 3.14. Let G be an irreducible C-group of C-deficiency dg = 1. Then
its Alexander module Ao(G) has no non-zero Z-torsion elements.

Proof. Let G be given by a C-presentation
G=(z1,...,Tm |1,y Tm—1)- (19)

By Proposition 3.5 the Alexander module Ag(G) is isomorphic to the quotient
module A™~1/M(G), where the submodule M(G) of A™~! is generated by the
rows of the matrix A formed by the first m — 1 columns of the Alexander matrix
A(QG) of the group G given by (19). The size of the matrix A is (m — 1) x (m — 1).

Lemma 3.15. The determinant A(t) = det A satisfies A(1) = +1.

Proof. The proof coincides with that of the corresponding statement for knot
groups (see, for example, [15]).

We denote the rows of the matrix A by Aj, j =1,...,m —1. The mod-
ule Ap(G) has a non-zero Z-torsion element if and only if there is a vector
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uw = (fi(t),..., fm—1(t)) such that u ¢ M(G) and ku € M(G) for some k € N.
Assume that there is such a vector u. Then there are elements g;(t) € A such that
ku =" g;(t)A; and at least one coefficient of one of these elements g;(t) is not
divisible by k.
There is no loss of generality in assuming that all the elements f;(t) and g;(t)
belong to Z[t]. By Cramér’s rule we have
A;(t)
9j (t) - A(t) ’

where A;(t) is the determinant of the matrix obtained from A by substituting the

row ku for the row A;. Hence all the coeflicients of all the polynomials ij((tt)) are

divisible by k, a contradiction.

Remark 3.16. Let G be an irreducible C-group given by a presentation of C-
deficiency dp = dg = 1 and let A be the matrix obtained from the Alexander
matrix A by removing its last column. Then the determinant A(t)= det.A coin-
cides with the Alexander polynomial Ag(t) of the group G.

3.5. Finitely Z-generated Alexander modules of irreducible C-groups.

Theorem 3.17. The Alezander module Ao(G) of an irreducible C-group G is
finitely generated over Z if and only if the leading coefficient a,, and the constant
coefficient ag of the Alezander polynomial Ag(t) = > .1, a;t' of G are equal to £1.

Proof. By Theorem 3.1, Ag(G) is a Noetherian (¢t — 1)-invertible A-module. Let
Ao(G)gn be the Z-torsion submodule of the Alexander module A¢(G). By Theo-
rem 1.16, the module Ay(G)qn is finitely generated over Z.

Consider the quotient module M = Ay(G)/Ao(G)sin. It is Z-torsion free. Hence
there is a natural embedding M — Mg = M ® Q. We have dimg Mg < oo since
M is a Noetherian A-torsion module.

Let hqg be the automorphism of Mg induced by multiplication by t. By definition,
we have Ag(t) = adet(hg — t1d), where a € N is the smallest positive integer such
that adet(hg — t1d) € Z[t].

If the Alexander module Ay(G) is finitely generated over Z, then M is a free
finitely generated Z-module. Let h be the automorphism of M induced by multi-
plication by ¢. We have det h = £1 and

det(h — t1d) = det(hg — t1d) € Z[{].

Therefore Ag(t) = det(h — t1d), the leading coefficient satisfies a,, = (—1)", where
n =1k M, and we have ag = det h = £1.

Now suppose that the leading coefficient a,, and the constant coefficient ag of
the Alexander polynomial Ag(t) of G are equal to £1. By the Cayley—Hamilton
theorem, Ag(t) € Ann(Mg). Therefore Ag(t) € Ann(M) and the module M is
finitely generated over Z by Proposition 1.15. The theorem is proved.

Remark 3.18. Let G be a C-group given by a C-presentation G = (x1,...,Zy, |
r1,...,7r) and let A(G) be its Alexander matrix. Then the Alexander polynomial
Ag(t) coincides (up to multiplication by +¢*) with the greatest common divisor of
the (m — 1)-rowed minors of A(G).
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3.6. Alexander modules of some irreducible C-groups. At the end of this
section we compute the Alexander modules for some irreducible C-groups.

Example 3.19. The Alexander module Ay(Br, 1) of the braid group Bry,41 is
trivial if m > 4 (or m = 1) and is isomorphic to A/(t? —t + 1) for m = 2,3.

This statement is well known, but we give a proof for completeness.

Proof. The braid group Br,, 1 is given by the presentation

Brm,—i—l - <:L’1,...,J?m | [‘riaxj] for ‘/L 7]‘ 2 27

-1 -1,.-1 -
i1 vy wy for i= 1,...,m—1>.

We note that this is a C-presentation of an irreducible C-group.
By Proposition 3.5, to calculate Ag(Br,,+1) we must find the matrix A(Br,,41).

The relations [x,,,2;] (i =1,...,m — 2) yield the rows
(0,...,0,t—1,0,...,0), (20)
where ¢ — 1 occupies the ith position for ¢ = 1,...,m — 2. If m > 4, then the

relator [@,,—1,x1] yields the row
(t—1,0,...,0,1—1). (21)

If m > 4, then the rows (20) and the row (21) generate the submodule (¢ —1)A™~!
of A™~1. On the other hand, these rows belong to the module M (Br,,;1). It
follows that Ag(Br,,+1) = 0 since Ag(Br,,+1) =~ A™~1 /M (Br,,+1) is a Noetherian
(t — 1)-invertible A-module and (¢ — 1)A™~! C M (Bry,41).

If m = 2, the presentation of Brs contains only one relator

= $1$2I1$51$;1$51.

We have l/*(aé);) = 1+1t? — t and, therefore, Ap(Brz) ~ A/{t?> —t + 1).

If m = 3, the presentation of Bry contains only three relators:

N -1, —-1_-1
T1 = X1X2T1To T Ty ,

o -1,.-1,.-1
Ty 1= X2X3T2X3 Ty T3 ,

r3 = $11'3.’E;1$§1.

I\ _ O\ _ (02 _pe_
V*<8x1) o _V*<8.’E2) o V*(8m2> =1t t+17

87’3 -

Therefore the module M (Brs) C A? is generated by the vectors

We have

vp= (2 —t+1, - —t+1)), vy = (0,t% —t + 1), v3 = (1—1,0).
Hence Ag(Brs) ~ A/(t? —t +1).
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Example 3.20. The Alexander module of the C-group
G = (w1, @2 | (a7 wg) @ (27 he) My t),  meN,

is isomorphic to Ag(G) ~ A/{(m + 1)t —m).

These irreducible C-groups are interesting because they are non-Hopfian for
m > 2 and, therefore, they are not residually finite. The group G,, is isomor-
phic to the Baumslag-Solitar group (a,z1 | 7 'a™a1a~(™+Y) (see [18]) if we put
x9 =x1a. We also note that, by Corollary 3.13, each of these groups can be realized
as m(S*\ S?) for some knotted sphere S? C S*.

Proof. Straightforward calculations show that

( or > .
V|l =— | =—mt " +m+1,
(9:61

where 7 := (2] @2)™2y (2] 'xe) ™25 . Therefore the Alexander module Ag(G) is
isomorphic to A/{(m + 1)t — m).

8§ 4. The first homology groups of cyclic coverings

4.1. Proofs of Theorems 0.2 and 0.5. We prove Theorems 0.2 and 0.5 simul-
taneously.

In the notation of the introduction, let X be either the sphere S"*2 (case I) or
the projective plane CP? (case I1), and let X’ be either the complement of a knotted
n-manifold V' in S™*2 or the complement of the union of an irreducible Hurwitz
curve H and a line L ‘at infinity’ in CP2. We recall that the fundamental group
G = 71 (X') is an irreducible C-group.

Consider the infinite cyclic covering f = foo: Xoo — X’ corresponding to the
C-epimorphism v: G — Fy with kerv = G’. Let h € Deck(Xo/X') ~ Fy be
the covering transformation corresponding to a C-generator x € F;. We regard X’
as the quotient space X' = X /F1. In such a situation Milnor [19] considered an
exact sequence of chain complexes

0— O (Xoo) " /(X 0) L5 C(X) — 0,

which gives an exact sequence of homology groups with integer coefficients:

o Hy (Xoo) 9 H (X o) L5 HU(XT) -2 Ho(Xoo) — 0, (22)
where t = h,.

The action h, endows each group H;(Xs) with the structure of a A-module,
and Hy(Xo) ~ G'/G" is the Alexander module of the C-group G. If we regard
the H;(X’) as A-modules with the trivial action of ¢, then (22) becomes an exact
sequence of A-modules. We also note that the action of ¢ € A on Hy(Xw) >~ Z is
trivial, that is, ¢ is the identity automorphism of Hy(X o).

Let (h¥) C Fy be the infinite cyclic group generated by the element h*. Then we
can regard the manifold X} as a quotient manifold: X = X../(h¥). Moreover,
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we have X’ = X} /ux, where p, = Fi/(h¥) is the cyclic group of order k. We
write hy for the automorphism of X, induced by h. Then hy is a generator of the
covering transformation group Deck(X,,/X’) = p acting on Xj,.

In case I it is easy to see that the manifold X, can be embedded in a compact
smooth manifold X with the following properties.

(i) The action of hy, on X, and the map f;: X, — X’ extend to give an action
(again denoted by hy) on Xj and a smooth map

fki Xk — X ~ Xk/{hk}

(ii) The set of fixed points of hy coincides with f, '(V) = V. The restriction
fk\V: V — V of fr to V is a smooth isomorphism.

In case I, the covering f;, can be extended to a map fk norm )?k,n(,rm — X which
is branched along H and possibly along L, where the variety X k.norm 1S a singular
analytic variety near its finitely many singular points. Let o: X — )?k,norm be
a resolution of these singularities, £ = o~ !(Sing X k.norm) the proper transform of
the set of singular points of )Z'kmorm, and fj, = fkmorm o 0. We denote the proper
transforms of H and L by R = fl;rllorm(H) and R = f,;rllorm(L). The restriction
of fkmorm to R is one-to-one. The restriction of fk,norm to Ry is a kg-sheeted cyclic
covering, where kg = GCD(k, m) and the ramification index of fkmcrm along R,
is equal to koo = k% As in the algebraic case, we easily see that R, is irreducible.
We denote the proper transform of R by R = o~ '(R). Note that ko divides m. If
we put mg = kﬂo, then my € N.

We write X, = X, \ E for the non-singular part of X knorm- We have embeddings
ik: X]; ‘—>Xk andjk: Xk — Xk.

In cases I and II, the action of hy on X} endows the group Hi(Xy,Z) (resp.
H,(X},,Z)) with the structure of a A-module such that the homomorphism

igs: Hi (X}, Z) — Hy(Xy,Z),

induced by the embedding i: X, — X}, is a A-homomorphism. Clearly, the homo-
morphism iy, is epimorphic.

In case I let S C X} be a germ of a smooth surface that is transversal to V at
the point p € V, and let 4 C S be a small circle centred at p. Since V is a smooth
connected submanifold of codimension 2 in X}, we see that ker iy, is generated by
the homology class [¥] € H1(X},,Z) that contains the cycle 7.

It is clear that ¢([5]) = [§], where ¢ = hy,.. Moreover,

fk*(h/]) = :tk[’y] € Hl(X/7Z) ~ 7,

where [y] is the generator of Hy(X’,Z) represented by a simple loop v around V'
lying in a surface transversal to V.

In case II let S C Xj be a germ of a smooth surface that is transversal to R
at the point p € R, and let ¥ C S be a small circle centred at p. Clearly, the
homology class [§] € Hq1(X},,Z) is invariant under multiplication by ¢ and we have
[« ([7]) = k[v], where [y] is the generator of H, (CP?\ (H UL),Z) ~ Z.
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We similarly let L; € CP? be a complex line transversal to L at the point
g € L'\ H, and let 7, be a simple small loop around ¢ lying in L;. Then fkfl('yoo)
splits into a disjoint union of k¢ simple loops Jsci, @ = 1,...,kg. Since R
is irreducible, any two loops 7., and ¥ ; belong to the same homology class
in Hi(X},Z) (to be denoted by [7s]). It is easy to see that t(Foo,i) = Yoo,it1-
Therefore the homology class [V € H1(X],Z) is invariant under multiplication
by t. We also note that fi.([Yoo]) = keom[y] = kmo[y] because [vo] = m[y].

Lemma 4.1. The A-module H,(X},,Z) is isomorphic to
AR(G) @ Hi(Xp)1 ~ Ax(G) @ Z,
where A(G) is the kth derived Alexander module of the C-group G and
Hy(Xp)1 = {h € Hi(X},Z) | (t —1)h = 0}.

Proof. To calculate the groups Hi(X},,Z), we use the exact sequence

o Hy(Xoo, ) S H (X, Z) 25 HY (XL Z) -2 Ho(Xoe,Z) — 0 (23)

for the infinite cyclic covering gr = gook: Xoo — X},. This sequence is constructed
similarly to (22).
Using (23), we get the short exact sequence

0 — Hy(Xoo)/(tF — 1) Hy (Xoo) 255 Hy(X]) -2 Ho(Xoo) — 0, (24)

which is a sequence of A-modules.
We introduce the notation

My =kerd = im g, ~ Hy(Xo0)/(t* — 1)H1(X o)

and MQ = HI(X]/C)l

We have Hy(Xo,Z) ~ Z. Choose a generator u € Hy(Xs,Z) and let v; €
H,(X},,Z) be an element with d(v1) = u. Then we have (t — 1)v; € ker @ because
Hy(Xw,Z) is a trivial A-module and 0 is a A-homomorphism. We fix such an
element vq.

By Theorems 0.1 and 0.3, H; (X, Z) = Ag(G) is a Noetherian (¢ — 1)-invertible
A-module. Therefore, by Proposition 1.6,

My ~ Hi(Xo0)/(tF —1)H(Xoo) = Ar(G)

is also a Noetherian (¢ — 1)-invertible A-module and Theorem 1.10 yields a polyno-
mial g1 (t) € Ann(M;) with g1 (1) = 1. We fix such a polynomial ¢, (¢).
Consider the element 97 = g1(¢)vy1. Since 9(v1) = ¢1(1)u = u, we have

(t = 1)or = (t = Dga(t)or = g (8)(t — Loy = 0

because (t — 1)v; € M. It follows that v; € Ms.
We note that My N My = 0 since M is (t — 1)-invertible. Therefore d maps Mo

isomorphically onto Hy(X oo, Z), that is, the exact sequence (24) splits and we have
H,(X},Z) ~ My & M;. The lemma is proved.
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Lemma 4.2. The homomorphism f.: H1(X},,Z) — Ho(X',Z) has the following
properties:

(1) ker.fk* = Ak(G) C Hl(X],wZ)a

(ii) im fre = kZ C Z ~ H,(X',Z) and the restriction of fr. to Hi(X})1 is an
isomorphism of Hy(X},)1 onto its image.

Proof. The group H;(X’,Z) is isomorphic to G/G’' ~ Z. Similarly, the group
H,(X},,Z) is isomorphic to G} /G),, where G}, = ker vy,

v = mody ov: G — py, = Z/(h*),
and fr.: H1(X},Z) — H1(X',Z) coincides with the homomorphism
irs: G /G — GG’

induced by the embedding iy : G — G.

Let the C-group G be given by a C-presentation (7). To describe ker iy, and
imig,, we again consider the two-dimensional complex K described in §3.1. The
complex K has a single vertex z(. Its one-dimensional skeleton is a wedge product
of oriented circles s; (1 < j < m) corresponding to the generators of G appearing

in (7), and KO\ (Usi) = |_|§.:1 lo)j is a disjoint union of open discs. For each
j =1,...,1, D; corresponds to the relator r; appearing in (7). Here [ is the
number of relators r; in the presentation (7).

The embedding ix: Gy — G of groups determines an unramified covering fy:
K, — K, where K} is a two-dimensional complex with k vertices p1,...,pk,
Ix(p;) = wo. The proper transform f~!(s;) = |_]f 1 8,5 of each edge s; is a disjoint
union of k edges 5js, 1 < s < k. The proper transform 4Dj) = |_|§:1 BLS of
each disc DJ is a disjoint union of k& open discs D] s, 1 <s< k.

Let hj be a generator of the covering transformation group Deck(Ky/K) = py
acting on Kj. The homeomorphism hj induces an action hys on the chain complex
C.(K}) and an action t on the groups H; (K}, Z) endowing each of these groups with
the structure of a A-module. This structure on Hy (K}, Z) coincides with the struc-
ture on Hy (X}, Z) defined above if we identify the groups Hy (K}, Z) and H (X}, Z)
by means of the isomorphisms H;(Ky,Z) ~ Gi/G), and Hi(X},,Z) ~ G /G,

Consider the sequence of chain complexes

R —id Frox
= ==

C.(Ky) C.(Ky) 2 (k) — 0.

We easily see that im(hg. — id) = ker fi. and

ker(hp, — id) = ( kf hi*) C.(Ky)
=0

The proof of the lemma now follows from the exact sequence

> Hy (C. Ky ker(hge —id))) "= Hl(Kk) e 1 ()

0 Ho(C. (K ker(hi — id))) =3 Ho(Ky) 255 Ho(K) — 0 (25)
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since

im [ Hy (C. (K ker(hi —id))) "= Hy (Ky)] = Ak(G),

Hy(K) ~Z,
Ho (C.(Ky/ ker(hy. —id))) =~ Z/kZ,
Jis

are A-modules with the trivial action of ¢ and the exact sequence (25) is a sequence
of A-homomorphisms of A-modules. The lemma is proved.

Theorem 0.2 follows from Lemmas 4.1 and 4.2 because kerig, is generated
by [¥] € Hi(X')1 and we have fi.([¥]) = k[v].

In case II we similarly get ker iy = Hi(X},)1. Indeed, ker iy, is generated by the
elements 7 and Yo, € Hi(X},)1 ~ Z and we have fi. ([J]) = k[y]. Hence the group
H,(X})1 is generated by the element [7].

As a corollary, we see that the restriction of iy. to the submodule Ay(G) of
H,(X},,Z) is an isomorphism between Ay (G) and H; (X}, Z). Therefore the follow-
ing lemma yields Theorem 0.5.

Lemma 4.3 [6]. The homomorphism ji.: Hi(Xk, Q) — H1 (X, Q) is an isomor-
phism.

4.2. Corollaries of Theorems 0.2 and 0.5.

Corollary 4.4. Let V be a knotted n-manifold with n > 1 and let fr: X) — S"+2
be the cyclic covering of degree k branched along V. Then the following assertions
hold.

(i) The first Betti number by (Xy) of Xy is even.

(i) If k = p", where p is a prime, then the group Hy(Xy,7Z) is finite.

(iii) A finitely generated abelian group G can be realized as Hy(Xy,Z) for some
knotted n-manifold V. with n > 2 if and only if there is an automorphism
h € Aut(G) such that h¥ = Id and h — Id is again an automorphism of G.
In particular, Hy(X9,Z) is a finite abelian group of odd order, and every finite
abelian group G of odd order can be realized as Hi(Xa,Z) for some knotted n-sphere
forn > 2.

Proof. This follows from Theorems 0.1, 0.2, 2.11, Proposition 2.13, Corollary 3.13
and Examples 2.14, 3.20.

Corollary 0.4 follows from Theorems 0.3 and 2.10.
Corollary 0.6 follows immediately from Lemma 4.3 and Corollary 4.5 since the
homomorphism jj.: Hi(Xy,Z) — Hi(Xy,Z) is an isomorphism and we have

Corollary 4.5. Suppose that H is an algebraic (resp. Hurwitz or pseudo-holomor-
phic) irreducible curve in CP?, deg H = m and fi: X — CP? is a resolution of
singularities of the cyclic covering of degree k branched along H and possibly along
the line L ‘at infinity’. Put X = Xy \ E, where E is the proper transform of the
set of singular points of the cyclic covering. Then the following assertions hold.
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(i) The sequence of groups Hy(X1,Z), ..., H1(Xy,Z),... has period m, that is,
Hy (X, Z) ~ Hi(Xktm, Z). o

(i) The first Betti number bi(Xy) is equal to the number ry 41 of roots of the
Alezander polynomial A(t) of the curve H which are kth roots of unity not equal
to 1. In particular, by (Xy) is even.

(iii) If k = p", where p is a prime, then the groups Hy(Xg,Z) and Hy(X,Z) are
finite.

(iv) If k and m are coprime, then Hy(Xy,Z) = 0.

(v) A finitely generated abelian group G can be realized as Hy(Xk,Z) for some
Hurwitz (resp. pseudo-holomorphic) curve H if and only if there is an automor-
phism h € Aut(G) such that h® = 1d for some divisor d of k and h — 1d is again
an automorphism of G. Moreover, if the group G is realized as Hy(Xy,Z) for some
curve H, then d divides deg H. In particular, Hy(X2,7) is a finite abelian group of
odd order, and every finite abelian group G of odd order can be realized as Hy (X2, Z)
for some Hurwitz (resp. pseudo-holomorphic) curve H of even degree.

Proof. This follows from Theorems 0.3, 0.5, 2.11, 2.16 and Propositions 2.13, 2.15.

We note that there are plane algebraic curves H such that the homomorphisms
Jrw: H1 (X, Z) — Hy (X, Z) are not isomorphisms.

Example 4.6. Let H C CP? be the curve of degree 6 given by the equation
Q%(20, 21, 22) + C*(20, 21, 22) = 0,

where @ and C' are homogeneous forms of degrees deg @) = 2, deg C' = 3 such that
the conic Q = 0 and the cubic C' = 0 meet each other transversally at 6 points.
Then we have As(H) ~ Z/37 but H1(X»,7Z) = 0.

Proof. The curve H has six singular points (cusps) lying on the conic @ = 0. It is
known ([20], see also [21]) that 71 (CP? \ (H U L)) ~ Brs as a C-group. Therefore
Ao (H) ~ Z/3Z (see Examples 2.17 and 3.19). It is also well known that the minimal
resolution of singularities of the two-sheeted covering of CP? branched along H is
a K3-surface, which is simply connected.

We note that the sequence of homology groups H;(Xg,Z), k € N, need not be
periodic in the case of knotted n-manifolds V' C S™*2. For example, let S? C S*
be a knotted sphere with 71(S*\ S?) ~ G,,, where G,, is the group studied in
Example 3.20. (Corollary 3.13 shows that this group can be realized as the group
of a knotted sphere.) Then H;(X},Z) is a cyclic group of order (m + 1) — m*
(see Example 2.14).
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