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KAHLER-RICCI SOLITONS ON
COMPACT COMPLEX MANIFOLDS WITH C,(M) > 0

Huar-DonGg CA0, GANG TIAN AND XIAOHUA ZHU

Abstract. In this paper, we discuss the relation between the existence
of Kéahler—Ricci solitons and a certain functional associated to some com-
plex Monge-Ampere equation on compact complex manifolds with positive
first Chern class. In particular, we obtain a strong inequality of Moser—
Trudinger type on a compact complex manifold admitting a Kéhler—Ricci
soliton.

0 Introduction

In this paper, we study the existence of K&ahler—Ricci solitons by using
properness of a certain functional. Our approach is similar to that of [T]
(also see [TZ1]) for Kéhler—Einstein metrics. A Kéhler metric g on a com-
pact complex manifold M with first Chern class ¢; (M) > 0 is called a
(homothetically shrinking) Kéhler-Ricci soliton if there is a holomorphic
vector field X on M such that the Kahler form w, of g satisfies
Ric(wg) —wy = Lxwy,

where Ric(wg) denotes the Ricci form of w, and Ly is the Lie derivative
operator along X. In particular, if X = 0, such a ¢ is a Kéhler—Einstein
metric. So Kéhler—Ricci solitons can be regarded as a generalization of
Kahler—Einstein metrics of positive scalar curvature. Ricci solitons have
been studied extensively in the recent years ([K]|, [H], [C], [M2], [T], [TZ2,3],
[WZ], etc.). One motivation is that they are very closely related to the sin-
gular behavior of limit solutions of certain PDEs which arise from geometric
analysis, such as Hamilton’s Ricci flow [H] and certain complex Monge—
Ampere equations associated to Kahler—Einstein metrics [T]. Kahler-Ricci
solitons are special Ricci solitons. It was proved recently in [TZ2] and
[TZ3] that there exists at most one Kéahler—Ricci soliton on any compact
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Kahler manifold with positive first Chern class, modulo holomorphic auto-
morphisms. This extends the uniqueness theorem of Bando and Mabuchi
for Kéhler—Einstein metrics with positive scalar curvature [BM].
Let g be a Kéhler metric on M with its Kéhler form
Wy = % Z gﬁdzi NdzZ;,
2%

representing ci(M). Then there is a smooth real-valued function h, such
that

Ric(wg) —wy = ‘/_08h
Suppose that X is a holomorphic vector field on M so that the integral
curve Kx of the imaginary part Im(X) of X consists of isometries of g. By
the Hodge decomposition theorem, there exists a unique smooth real-valued
function fx = fx(wy) on M such that

{ixwg = ‘/__159X ,

fM GXW fM Wg =

Set

M (wy) = {w e O (M) \ wy = wy + X200 > 0, Im(X)(¥) = o} .

The following functional on M x(wy) was introduced in [TZ3],

ng () = ng () — %/M weexwg — log <% /M ehg—ww;> 7

where

T _ n1k9+stX
Ju, () = 27TV Z nl/ <// (st)k(1—st) X ()dtd.s)

xaw/\(‘)w/\ww/\uﬂ; 1=k

Let Ko(2 Kx) be a maximal compact subgroup of the automorphisms
group of M such that o-n=n-0 for any n € Ky and any 0 € Kx. Then a
Kahler—Ricci soliton with respect to X on M must be Ky-invariant by the
uniqueness theorem in [TZ2]. We introduce

DEFINITION 0.1. The functional ng( -) is said to be proper with respect
to X if for any sequence {1;} of Ky-invariant functions in Mx (wy),

i@}?’wg (wz) = +o00,

whenever lim; . 1, (¢;) = +00. Here

I, () = — /wz —un).
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We note that the above definition is independent of the choice of wy
since functional F,,(-) satisfies a co-cycle condition (cf. section 1). The
following was essentially proved in [TZ2].

Theorem 0.1 [TZ2]. Suppose that ng(-) is proper with respect to a
holomorphic vector field X on M. Then there is a Kadhler—Ricci soliton
with respect to X on M.

This theorem says that the properness of I, ,(+) is a sufficient condition
for the existence of Kahler-Ricci solitons. Since we did not state this result
as a theorem in [TZ2], we will include its proof here following [TZ2].

In [TZ3], we proved that ng( -) is bounded from below if there is a
Kahler—Ricci soliton on M. The main purpose of this paper is to show
that F, ,(-) is actually proper wherever M admits a Kéhler-Ricci soliton.
This shows that ng(-) is also a necessary condition for the existence of
Kahler-Ricci solitons (cf. section 5). Suppose that M admits a Kahler—
Ricci soliton wgig with respect to some holomorphic vector field X. We
define a weighted inner product on C*°(M) by

(6,0) = /M gipelx @RS

and denote by
M(M,wis) ={ue C®M) | Apgsu+ X(u) =—u}.

Theorem 0.2. Let M be a compact complex manifold which admits a
Kéahler—Ricci soliton wgg with respect to some holomorphic vector field X
and G(2 Kx) be a compact subgroup of Ky with o -1 = n- o for any
o € Kx and n € G. Suppose that any G-invariant smooth function on
M is perpendicular to the space A1(M,wks) with respect to the weighted
inner product defined above. Then there are two positive numbers ¢ and
C such that for any G-invariant v in Mx (wy),

1
Fogs(¥) 2 clugs () ™75 = C. (0.1)
In particular, was( -) is proper under the same assumption.

The proof of Theorem 0.2 is inspired by [T] and [TZ1], where the authors
proved a fully non-linear inequality of Moser—Trudinger type for Kéhler—
Einstein manifolds. In fact, inequality (0.1) in Theorem 0.2 is equivalent
to the following inequality,

- 1 1
/ e_ww%s < C'exp {JWKS (W - CJwKS(T/}) Ants — V/ ¢w?<s} . (02)
M M
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Inequality (0.2) generalizes the corresponding one in [T] and [TZ1]. Recall
that on S? with the standard Riemannian metric such an inequality is just
a kind of the stronger version of Moser—Trudinger inequality [A], [T].

The organization of this paper is as follows. In section 1, we give a
proof of Theorem 0.1 following [TZ2]. In section 2, we give an estimate for
a certain heat kernel on manifolds with modified positive Ricci curvature.
In section 3, a C%-estimate for certain complex Monge-Ampeére equations
is obtained. In section 4, we prove a smoothing lemma by using Hamilton’s
Ricci flow. Theorem 0.2 will be proved in section 5.

Acknowledgment. The third author would like to thank Professor
T. Mabuchi for valuable discussions during his visit at Osaka University
in the spring of 2001.

1 An Analytic Criterion for Kahler—Ricci Solitons

Let (M,g) be an n-dimensional compact Kéhler manifold with the first
Chern class ¢;(M) > 0. Denote by Aut®(M) the connected component of
the automorphism group of M. Let K be a maximal compact subgroup of
Aut®(M), then the Chevalley decomposition allows us to write Aut®(M) as
a semi-direct decomposition [FM],
Aut®(M) = Aut, (M) x Ry,

where Aut, (M) C Aut®(M) is a reductive algebraic subgroup and the
complexification of K, and R, is the unipotent radical of Aut°(M). Let
n-(M) be the Lie subalgebra of Aut,(M).

Let X € n,(M) such that the one-parameter subgroup K x generated by
Im(X) is contained in K, where Im(X) denotes the imaginary part of X.
Choose a Kx-invariant Kahler metric g on M with the Kahler form wy.
Then by the Hodge decomposition theorem, there is a unique smooth real-
valued function 6x = 0x(wy) of M such that

7 XWg = %59 X,
fureug = g =V,
wg A ... Awy. The first relation above implies
Lxwg = dix(wg) = %859)(.
We consider the following complex Monge-Ampere equations with pa-
rameter ¢ € [0, 1]:

det(g;5 + ¢;7) = det(g;7) exp {h — Ox — X(p) — tp},

n —

where Wy

(1.1)
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where h = hy is a smooth real-valued function on M defined by

{Ric(wg) —wg = gﬁgh,

h _
f uewy = f MWy -
Then one can check that wy = wy + g@&b is a Kéahler—Ricci soliton with
respect to X, i.e. wy satisfies
Ric(w¢) — Wy = LXw¢,

if and only if ¢ modulo a constant is a solution of equation (1.1); for ¢ = 1.
In fact, (1.1); is equivalent to

Ric(wg,) — Lx (wg,) = twg, + (1 — t)wy , (1.2)
where ¢; is a solution of (1.1);.
Since
d . .
E</ ef’X*X(@)th) :/ (A/¢t+X(¢>t))€9X+X(¢t)WZt =0,
M M
we have
/ eex+X(¢>t)th :/ e9xw3 =V. (1.3)
M M

Integrating (1.1); after multiplying by e/x+X (@) it follows that

/ eh_wtwg =V.
M

Therefore, differentiating the above identity, we get
. 1
/ d)teh_wtw; = ——/ qbteh_wtwg. (1.4)
M tJm

Set
M(wy) = {¢> € C(M) ‘ wp = wy + Y100 > o}

and
Mx(wg) = {¢ € M(wy) [ Im(X)(¢) =0} .
We define the following two functionals on My (wg) (cf. [TZ2]):

. 1
R T e
and Lo
oy () = V/o /M Ps (eexwg - 69X+X(¢S)wgs) Nds, (1.5)

where ¢4(0 < s < 1) is a path from 0 to ¢ in Mx(w,). Since ng(d)) is
independent of the choice of a path, by choosing ¢s = s¢, one can show
that J, , (#) defined here coincides with one in the introduction. It is known
that there are two uniform positive constants ¢; and ¢p such that

c1ly, (¢) < fwg (¢) — ng (¢) < coly, (9), (1.6)
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where I, (¢) = ¢ [y, o(wy — w}).
Let

Puy@) = Toy(0) = 55 | o

1
:—%/ / é569X+X(¢S)w$SAds.
0 JM

By simple computations, one can show that for any two functions ¢ and ¥
in Mx (wg), the following co-cycle condition is satisfied,

ng(¢) = ng((b) +Fw¢(¢ - ¢)7
where F% (Y —9¢) = —% fol fM ¢869X+X(¢S)wgs A ds and ¢ is a path from
0 to (¢ — ¢) in Mx (wy).

PROPOSITION 1.1. Let ¢ be a solution of (1.1), for all s <t. Then

Fuyft) = =7 [ (1y(60 = Ly (00)ds.

Proof. Differentiating (1.1), on s, we have

A/(ﬁs + X((Zss) = _(S(ﬁs + ¢s) (17)
Then by using (1 7) and (1.4), we get
d
%(IWQ(QSS) - wg Qbs = __/ d’s 6X+X(¢S W¢5)
- | o (A B + X (§4)) et X Gl

= V /M ¢s(8¢s + ¢5)66X+X(¢S)wgs

_ L / Ga(56s + o) 0557

= V%(/M(—%) B > / P50

— 1 d h—s¢s, ,n
_sVd:s(/Ms( Ps)e w9>

_ 14 N Ox X (),
= SV ds <A48( st)e (.U¢S .

It follows that
(5L (05) = Ty (95))) = (g (5) = Ty (65))
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and consequently,

ng (¢t) = _% /M ¢€9X+X(¢t)w? - (ng ((Zst) - ng (¢t))

1

= _ZA (‘Z—Wg((bs) - Jwg (¢s))d$ O

REMARK 1.1. It was proved in Lemma 3.2 in [TZ2] that
%(ng (¢s) - ng (d’s)) 2 0.
Recall that the functional F, , () is defined as

Fuy($) = Fuoy (¢) — log <% /M eh‘wa)

- 1 n 1 ¢
Jug (V) — v /M weexwg — log <V /M e w”g) )

and ng( -) is called proper with respect to X if for any sequence {¢;} of
Ky-invariant functions in M x (wy),

mi—ﬂ)oﬁ‘(dg (@Z)z) = +o00,
whenever lim; . I, (1;) = 400, where Ko(2 Kx) is a maximal compact

subgroup of automorphisms group Aut(M) of M such that o-n=n-o for
any 0 € Kx and n € Kj.

Proof of Theorem 0.1.  We use arguments from [TZ2]. Assuming the
functional ng is proper, we shall prove the existence of a Kéahler—Ricci
soliton with respect to X on M. This is equivalent to proving that there is
a solution of (1.1); for t = 1. It suffices to prove that I, (¢;) is uniformly
bounded for any solution of (1.1); for 0 < ¢ < 1. This is because C3-norm
of ¢; can be uniformly bounded by I,,,(¢:) and the set of parameter ¢ for
which there exists a smooth solution of (1.1); is non-empty and open (cf.
[TZ2]). By the implicit function theorem, one can show the solution of
(1.1); varies smoothly with ¢ < 1. Without the loss of generality, we may
assume that the Kahler form w, is Ko-invariant. Then all solutions ¢; are
all Kp-invariant.
By Proposition 1.1, we have

R0 =1 [ (Lf60 = L (o)as —10s (5, [ o)

1
< —log (V/ eh_¢tw5> . (1.9)
M
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On the other hand, by using (1.1); and concavity of the logarithmic func-
tion, one can deduce

1 e ) 1t .
~log <V /Meh @wg) - /MéteeerX(@)%t

< % /M gl < O (1.10)
Combining (1.9) and (1.10), we get
E,,(¢) <C.
Therefore, the assumption of properness on ng(-) implies
L, (o) < C,

and consequently, there is a Kdhler—Ricci soliton on M with respect to X. O

2 A Heat Kernel Estimate

In this section, we give an estimate on the heat kernel of a linear elliptic
operator P associated to a Kahler form w and a holomorphic vector field
X on M, where P = P, = A+ X(-) is defined on the space Nx =
{u e C®(M) | Im(X(u)) =0}. As a consequence, we derive a lower bound
of the Green function of P. The method here follows that of T. Mabuchi in
[M1] with modifications which in turn were inspired by Li-Yau [LY]. Note
that P is a self-adjoint elliptic operator on Ax with respect to the inner
product,

(6,9) = /M XL,

LEMMA 2.1. Let w be a Kéahler form on M and X a holomorphic vector

field on M with
Ric(w) — Lxw > 0,

and
NOx <k,

for some positive number k, where 0x = 0x(w) is defined as in section 1
for Kahler form w. Let v(x,t) be a positive smooth solution on M x (0, c0)
of equation (P — %)v = 0. Suppose that

lim sup t(v_2<5v,5v> — v ) < 2n,
=0 prx {1}

where v, = Ov/0t. Then there is a positive number C depending only on

m1 = —max6fx and mo = —minfx
M M
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such that

v(z,t1) < o(y,t2)(2) < exp {(t2—t1) " (x,9)2 /240 th(ta—t1)}, Vi<ty,
(2.1)
where r(x,y) denotes the distance between x and y associated to metric w.

Proof. Let f =Inv and F = t((0f,0f) — f;). Then

PE +tPf,
= t((tru(VV)Of, 9f) + (tro(VV)Of, Of) (2.2)
+X((1,91) + INVIIIP + IVVF?) .
For simplicity, we choose a local holomorphic coordinate system (z1, ..., z,)

near each point p such that gﬁ(p) = 0;; and fﬁ(p) = 0i; f;7(p). By a direct
computation, one sees that

fitiz = (f5 + fiRyg),
filz7 = filz
Xi(fif5)i + X5, = fi(X5 1) + F(X5 1)
Inserting the above identities into (2.2), we obtain

PE > t((0f,0(P[)) +((Pf),0f)) —tPfi+ L(Af)?

and

2.3
= 2t((Pf),0f ) —tPf, + L(Af)% 2
Since o
Pf_ft: _<af78f>7
we have A
F=—tPf,
and s 1a
Hence by (2.3), we get
. . . . 2
(P—@)E>-20F,0)~1F+ L (E+X(N) . (24)
Let m; = —sup,cp Ox(x) and mo = —infyepr Ox(x). As in [M1], we

define a monotone-increasing function 7 on [my,ms] by
S
1
= —d
n(s) exp/m =
where by = €™2(1 4+ n). Then 7 is a solution of the ODE on [m, ms],

/1 / / 2
1 g (n_) ‘
noon 7
Moreover, one can check that the number C' defined by
C= min n(s) (1= (1=n(s) 'n(s)n)?)

s€[my,ma]
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is positive, and

Let F = n(—0x)F. Then by (2.4), one can show that
(P— 2)F > —2(0F,0f) —

ot
0o

+(z -2 2(n))wXHF

+07 (= 2X(F) — FAbx)

4 n_lt_1F277_1(1 (- 77_177/n)2)

_ _ 2
+ Ly [ F( =) = X()]
By the assumption in the lemma, we have

(P— &) F=-20F0f) -2y " X(F) - (1 + &) F+ G (25)
Applying the maximal principle to the function F(x,t) on M x (0,T],

we get from (2.5), ~
F(x,t) <C7'(2n +kt),

for any (x,t) € M x (0,T], and consequently,
v(:z;,t)_2<5v(:z:,t),5v(a:,t)> — v(x,t)_lvt(:z:,t) <C! (27” + k‘) ,
for any (x,t) € M x (0,00). Now by integrating the above estimate as

in [LY], we can immediately obtain (2.1). O
Let H = H(z,y,t) be a fundamental solution on M x M x [0,00) of

equation 5
(P 8t) v(z,y,t) =0, (2.6)

i.e. H is a smooth solution of (2.6) satisfying
H(x yt) —H(y,w t),
H(z,y,t) = [y, H(z,2,t — s)H(z,y.s)e?Xw",
limy_o0 H(z,y,t) = 0:(y) .

By using the asymptotic behavior of H, for each fixed x € M, one sees
that

lim sup t(H *(0H(x,-,t),0H(z,-,t) > —H 'H;) < 2n.
=0 prx (¢}

Moreover, following an argument by Li and Yau (cf. [LY, Lemma 3.2]), we
can deduce

LEMMA 2.2. Let Z; and Zy be two measurable subset of M. Let T,6,7
be three positive numbers with 7 < (1 + 2§)T. For each z,y € M and
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0 <t <7, denote
Fm,T(yat) = H(y,',t)H(a:,-,T)eexw”.
A
Then
— Z1)2 R(a: 22)2
Fop(-t 2,0x, n < T(:L’, ) F, T
/22 ISR exp{z(l o7 T oy 2o o el D)

where r(x, Z1) = inf.cz, r(z,2) and R(x, Z3) = sup,cz, r(z, 2).

ProposITION 2.1. Let H(z,y,t) be a fundamental solution on
M x M x [0,00) of equation (2.6). Suppose
Ric(w) — Lxw >0,

and
A9X < ka

for some positive number k. Then for any § > 0 we have

vol (B, (V1)) /ol (B, (VD) * H (. y.1)

< (146)*/¢ exp {—M +15(2+0)C k + LI i} ,

4t(14-30+252) 45(1+6) 26

where \;E)/I(By(\/z_f)) = fo(\/Z) efxw" and
{T({I},:y) - \/z}-i- = max {O,T(Iﬂ,y) - \/%} :
Proof. First applying Lemma 2.1 to the function F, r(y,t) with (t1,t2) =
(T, 7 = (1+9)T), we have
" T_15_1 2
F:B,T(xa T) S Fm,T(ya 7—)(1 + 5)% exXp {#

Let Z; = By(vt) and Zy = B,(v/t). Then integrating the square of the
above inequality over all y € Zs and using Lemma 2.2, it follows that

vol (B, (V1)) Fyr(z, T)?

+C‘1kT5} . (2.8)

—r(x, Z1)? 3t
< 4n)C r(x, Zy -1
<(1+49) exp{2(1+25)T+2C' k:T(5+2T6 For(z,T),
and consequently,
\/fgl(Bx(\/Z))/ H(x,-,T)%e/* "
A
= vol(B.(Vt)) Furr(z,T) (2.9)
—r(z, Z1)? _ 3t
< an/C r(x, Z1 1 '
<(1+49) eXp{72(1+25)T+20 kT5+—2T(5
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On the other hand, applying Lemma 2.1 to the function H(z, z,t) in 2
with (t1,t2) = (¢, = (1 + 0)t), we have for any z,y,z € M,
H(z,y,t)? < (140" H(x,2T)%exp {T_15_17“(y, 2)2 + 26’_1de} .
Integrating this inequality over all z € Zj, and using (2.9), we can get

(2.7). O
Theorem 2.1. Let ¢ € Mx(wy). Suppose that
Ric(w¢) - wa¢ > )\w¢, (2.10)
and
A9x(W¢) <k,

for some positive numbers \ and k. Then there is a uniform constant C
depending only on A and k such that

1
sup(—¢) < —/ (—gb)eeX(%)wZ +C. (2.11)
M VJum
Proof. Let ui(po = 0),7i =0,1,..., be the increasing sequence of eigenvalues

of operator —P = —(A,, + X(-)) associated to metric wy. Then by using
the standard Bochner technique, one can obtain puy > A (cf. [TZ2]). Let
G(z,y) be the Green function with [,, G(z,)e’* (‘%)wg = 0 associated to
the operator P. Then

G(x,y)zf (H(z,y,t) — ) dt.
0
Since . o
Ho(l',y,t) = H(ZL‘,y,t) - V = Ze_uitfi(x)fi(y)a
i=1

we have
Ho(z,x,t 4 to) < e M Hy(x, 2, 1)), (2.12)
for any tg,t > 0, where f;(x) denote the eigenfunctions of y;.
In [M2], it was proved under the condition (2.10) that there is a uniform

constant C such that
Diam(M,wy) < %
Choose tg = %Diam(M, wg)?. Then by Proposition 2.1 we have
Ho(x,x,to) < Cg, (2.13)

for some uniform constant Cy depending only on A and k.

By using (2.12) and (2.13), we get

Glo) 2 = [t = [ (a0 Hofy 1) e

0

> —C5.
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Note that Ay, (—¢) > —n and

sup ([ X(¥)llcoary S e (2.14)
YeEMx (wg)

for some uniform constant ¢ = ¢(wy, X) (cf. Lemma 5.1 in [Z]). Therefore
applying the Green formula to function —¢, we prove

1
sup(—¢) = 7 / (@) @ — inf /M P(=6(+))G(x, )" g

- / eOx @l inf [ (A, (—0)—X(6))Gla, )X ol
M

M

_1 /M )X @) 1+ CV (n + | X ()l co(an))
< ‘1/\/M 9X(Wd>w +C. .

3 A CP-Estimate for Solutions of (1.1);

LEMMA 3.1. There are two positive numbers ¢; and co < 1 such that for
any ¢ € Mx (wg),

1Ly (9) < Loy () = Juy (8) < callu, (9) - (3.1)
Proof. Let wsg = w + 8%85(]5. Then one can compute
ng ((Zs)
ex+sX(¢
V/ ¢/ ds s0) N ds
= ds / dp N Dpelx T5X(9) A
27TV 0
1—k _Ox+sX (3:2)
TR, ([
X aw&m%w -k
nv— k —k
< .
<S5 01;)0 100 NIS A Wh AW
and
g (0)

_nv— Ox+stX(p)
= 27TV ; dt/ ds/ tdg A Oge /\wstd)
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_nv— o n—1-k _0x+stX(¢)
= 27TV / </ / (st)* st) e dt A\ ds

X agb A 8¢ Awh Awpmtk (3.3)

Comblmng (3.2) and (3.3), we get
Jo(0) > G 1,(9),

and consequently, prove the second inequality of (3.1).
On the other hand, we have (cf. [TZ2]),

Loy (9) — ng (¢)

_ - k+1 _n—1—k _0x+sX(¢)
= 27rV / (/ s) e ds
X 8¢ A 8gz§ Awh Awp=1oF (3.4)
s W~ k 1—k
> 57 C2kzOCn 106 A IS A wh AwiTIE,
Hence, combining (3.2) and (3.4), we also prove the first inequality of
(3.1). O

PROPOSITION 3.1. Let ¢ = ¢(t > to > 0) be a solution of equation (1.1);.
Then there are two uniform constants C7 and Cy depending only on X and
to such that

oscyr ¢ < Ch /M P(wy —wy) +Ca. (3.5)

Proof. Let 0y = 0x(wg). First we note
Ay = =0 — X (hy,) + ¢,
for some constant c. Clearly ¢ < oscy |0’ |, since 0y changes the sign. By
using the fact (cf. the relation (1.2)),
hu, = 0% — (1 —t)¢ + const.

h
We have Ny = =y — | X, + (1 = )X ($) +

< 20scu |0x] + 3| X ()| < C7,

for some uniform constant C]. Applying Theorem 2.1, we see that there is
some uniform constant C depending only on X and ¢, such that

1 e n /
sup(~6) < 37 [ (~o)ewy+ . (36)
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On the other hand, by using the Green formula, we have
1
sup ¢ < V/ qﬁeexw; + C% (3.7)
M M

for some uniform constant C% (cf. Lemma 5.3 in [TZ3]). Hence, combing
(3.6) and (3.7), we get

1 /
oscy @ < v /M qb(eexw; - eexwg) + Ch + Cf.
By using (1.6) and (3.1), we prove (3.5). O

4 A Smoothing Lemma

In this section, following an approach in [T], we will prove a smoothing
lemma by using Hamilton’s Ricci flow. This lemma will be used in the
proof of Theorem 0.2. Let w be any Kéahler form in ¢y (M) > 0 such that

{Ric(w) —Lxw>(1-¢€w, (4.1)
!X(hw - Hx(w))‘ < ecy,
for some constant ¢; and 0 < € < 1. We consider the heat equation

9u — Jog <7(w+§85u)n) +u—hy +0x(w)

ot W @ ’ (4.2)

u|t:0 =0.
Note that eq. (4.2) is the scalar version of the modified K#hler—Ricci
flow
%wt = — Ric(wy) + wy + Lxwy .
Here wy = w + %65%, and u; = u(x,-). Denote by hy = hy, and 6; =
Ox(w), then it follows from the above equation and maximum principle

that
ht - Qt - —% + Et
where ¢ depends on t only. Also, ug = 0 and hence ¢ = 0.
We list a few basic estimates for the solution w(z,t). Differentiat-
ing (4.2), we get

ou
Z()=(A+X)(Z)+ <E> (4.3)
Applying the maximum principle, we have
LEMMA 4.1. Let u; be a solution of (4.2). Then

Jurll oo < € || hw — Ox(w)|| o -

and 5 .
‘ 8_1tLHC’0 <e th _GX(W)HC’O‘
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LEMMA 4.2.
(A4 X)(he — 0;) > —(c1 +n)eet

Proof From eq. (4.3), we have

u — w2

o (A+X)(57)) = (A+X)* (5) + (A+X) (5) = [VV (5)]
<(A+X)2 () +(A+X) ().
It follows from the maximum principle that
(At X)(he = 0) > e inf(A + X) (hy — Ox () -

On the other hand, (4.1) implies that, at ¢ = 0,

(A+ X)(hy — Ox(w)) = —(c1 +n)e.
Then the lemma follows directly. a

M%QP

LEMMA 4.3.
2 2
&l + IV (Fu) o < €l — 6x () o
Proof. By direct computations, we have
GG =@+ (3 - VEII+2(3)"
and
)
5 (Iv @)
(2 w12 = oun |2 (2
= A +X) ([V(G°) = IV (3 = 99 (3" + |9 (3]
Hence

5 (5" +t v (3P)

w12 2 (2
@A+ (5241 EF) +2((@) +e[7 ().
Lemma 4.3 follows from the maximum principle again. a

Set 1

v = h1 - 91 — V/M(hl 91)6 w1 .

LEMMA 4 .4.

2(c1 + V
et < 25V, x0) o

Proof. By Lemma 4.2, we have
(A+X)v+ (c1 +n)ee >0.
It follows that

/ (A4 X)v+ (a1 + n)ee‘eelwln = / ((A+ X)v + (1 + n)ee)ew™
M M

= (c1 +n)eeV .
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Hence, by applying the Poincaré inequality and Lemma 4.1, we have

—/ |v]?ef wy ™ <—/ |Vo|?eftwl

= / A+Xve wi”

— / A+X)v+clee]ee wy"

A

V”””CO /M ((A+ X)v + (1 + n)ee)e w”

< 2e%(c; + n)el| he, w)HCo .
This shows the lemma is true. O

LEMMA 4.5. We have
[v]lco < C(n,cra, M) (1 + [|he — Ox (w)]| o) €/, (4.4)
provided that the following condition holds: there exists a constant a > 0
such that for any rg € M and 0 < r < 1,
(Br(z0)) > ar®™™ (4.5)
with respect to the metric wq.

Proof. Pick r = /21 and cover M by geodesic balls of radius . For
any « € M, we have x € B,(x¢) for some xy € M. Now

1
inf |v|? entt < = / |v]?e% wy™
Br (o) Br(z0)

< 2(c1 +n)e?V?

< HAL DT, — ()] o

Hence 12
inf |v] < C(n,c1,a, ) /2 | — H .
By (z0)
Assuming infp () [v] = v(zy), then

[o()] < |v(z) = v(wo)| + v(z) <7 sup |V + v(x)

By (xzo
< eth Oy (w H 1/20n41) 4 o 1/2(nt1) Hh H1/2
< O'(1 4 ||hy — Ox (W) o) €/2HD),
This finishes the proof of Lemma 4.5. O

PROPOSITION 4.1 (Smoothing lemma). Let w € ¢;(M) > 0 be any Kahler

metric satisfying (4.1). Then there is another Kéher form v’ = w+ % O0u
such that
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(1) llullco < ellhy, = Ox(w)]

1

(2) |IB =02 < C(n,cr,a, )1 + [|he — Ox(w)]|co)e™™ D, where
C(n,c1,a,\1) Is a constant depending only on the dimension n, the
Poincare constant A\, constants ¢; and a appeared in (4.5).

Proof. We shall prove that wq satisfies the above two conditions of the
proposition under the assumption (4.5). By Lemma 4.1, it suffices to check
the second condition only.

Since 1
/ !
—/ MV =1,
Viu

by (4.4) in Lemma 4.5, we have
|7 — 6| co < C(n,c1,a, M) (1 + e — Ox (W)l o) /2D (4.6)
For any two points z,y in M, if the distance d(z,y) < /2 +1) then
Lemma 4.3 implies that [V (R —¢')| < e||h, — 0x(w)]||co and hence
(W —0')(z) — (W' — ') (y)
d(z,y)
On the other hand, if d(z,y) > €'/2(*+1) then (4.6) implies that

| < eth —HX(W)“0061/4(TL+1)-

‘(h/ _ 9/)(IE) — (h/ _ 9/)(y)| < C’(n,cl,a, )\1)(1 + ||hw _HX(W)‘|CO)€1/4(H+1)'
d(z,y) B

This completes the proof of Proposition 4.1. O

5 Properness of F,, . (v)

We are now ready to prove Theorem 0.2 stated in the introduction. The
method here is analogous to one in [T] for Kdhler—Einstein manifolds with
positive scalar curvature.

Proof of Theorem 0.2. Let wig be the Kahler form of Kahler—Ricci soliton
gks and wy = wy = Wis + %85@[}. We consider the complex Monge—
Ampere equations with parameter ¢ € [0, 1]:

{det(g,-j +;5) = det(g;;) exp {hy — Ox — X(p) — te},
(gﬁ + (pij) > 0.

Clearly, —t¢ modulo a constant is a solution of (5.1); for t = 1. Since ¢ is G-
invariant, by the implicit function theorem, there are G-invariant solutions
of (5.1) for ¢ sufficiently close to 1. In fact, in [TZ2], it was proved that
there are G-invariant solutions of (5.1); for any ¢ € [0,1]. This is because

(5.1)
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I, (0t) = Ju,(¢t) is nondecreasing in ¢ (cf. Remark 1.1 in section 1), and
consequently the C3-norm of ¢; can be uniformly bounded (cf. [TZ2], [Y]).

Put w; = wy + g@gcpt. Then wy = wig. Moreover, by (1.2), we have
ho, —Ox(wi) = —=(1 =)o + c
Ric(wt) — Lx (wt) = twe + (1 — t)w > twy,

where ¢; is determined by
/ e—(1=0prter Ox (@) yn
M

In particular,
leel < (A =Olleelcoan s N = 0x @il poary < 201 = Bligelloogary »

and
| X (he, = Ox (wi))| = [(1 = )X (20)]

< (1 =t)(IX (et — )| + [ X(@)]) < (1 —t)er(wrs, X) -
Hence by applying Proposition 4.1 to each w;, we obtain a modified Kahler
form w; = wy + %85% satisfying

[uellcoary < 2e(1 = t)|leellcoqary
gl < Clnyer,a ) (1+ 101 = Opullenan) (1 = 1A,

As before, there are 1 such that wxg = Wy + g@&;t and

g = (wé)nehwg—9X(w;)—X(u3t)—zZt _
It follows from the maximum principle that
o1 =1 — U+, (5.2)
where pu; are constants with
el < 2(e + 1) (1 = )llpellcoar) + 1 (wrs, X) .- (5.3)

Hence, ¢ is uniformly equivalent to ¢ as long as 1/~Jt is uniformly bounded.
Consider the operator ®, : C*1/2(M) — C%1/2 by

By — Y=155)" _
@tw):log((“’” 3 9) >+hw;—9X(w£)—X(¢)—¢-
KS

Its linearization at ¢ = 0is (—A —1—X(-)), so it is invertible in the space
of G-invariant functions by the assumption of Theorem 0.2. Then by the
implicit function theorem, there is a § > 0, such that if the Hoélder norm
||hw£ ||Cl/2(wKS) with respect to wig is less than d, then there is a unique 1

such that ®;(¢) = 0 and [|¢h¢]| p2.1/2 < C(6).
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We observe that
Mo 227" Nwgs, a2 s3mao,
whenever %w;{s < W' < 2wkg, where a is a constant appeared in (4.5) and
agp is a constant such that
aor®™ <wps (Br(z)), VYazeM.
Now we choose tq such that (1 —ty) < (6/4Cy)*™+1) and

(1= to)llptollcoar (1 — to) V4 HH) = 2o (5.4)
where Cy = Cy(n, 1, a0, M wys). Then by Proposition 4.1 and the above
argument, one can prove that for any ¢ > ¢y, we have

luclcoary < 2e(1 = B)llgdlico, 1¥ellooan < 1
Therefore, by using (5.2) and (5.3), we get

1 — ptllcoary < 6e(1 —t)l|etllcoary + c2, (5.5)
and
sllerllco — e < lledllcoary < 2llerllcoan + c3, (5.6)
for some uniform constants ¢z and c3, as long as 1 —¢ < min{1/12e,1 —1t¢}.
Since fwg (pr) — ng (¢¢) is nondecreasing, by (3.1), we have

Flows(¥) = _ng (¢1)

1
:/0 (ng(CPt) - Jwg(SDt))dt

> (1= ) (Lo, (1) — Juo, (1))

> (1= 1) Ju, (pr)
where € > 0 is a uniform constant. On the other hand, by using the co-cycle
condition of F, (), we have

- - 1 .
Jug (01) = Ju, (1) — v /M(sol — o)X Wi + Fy, (o1 — 1)
~ 1
> Juy(e) = 7 [ (o1 = (g — XX )

> Ju, (01) — oscar(p1 — ¢4) -
It follows by (1.6) and (3.1),
oy (1) = €' L, (01) = 0scar(o1 — 1)
Thus by (5.5) and (5.6), we get
Flpes(¥) > e’ (1= )L, (1) — (1 — t) oscar (g1 — 1)

> €
> e’ (1 — t) L, (1) — 12e(1 = t)?||p1llcoqar) — Ch (5.7)
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= e/ (1 — )Ly (¥) — 12e(1 — t)? 0scprp — Oy, for any t > tg.
Therefore, in case -
oscy 1 < C(l + IwKE(@Z)))
for some uniform constant C, then by choosing t=t in (5.7) and using (5.4),
we see that there are two positive numbers C' and C’ such that
Fis (1) 2 Clluyes ()15 = C', (5.8)
and consequently this would prove the theorem.
In the general case, we shall use a trick in [TZ1]. First by Proposi-
tion 3.1, we have for any ¢t > 1/2,
oscar(pr — ¢1) < Co (14 Lugs (@0 — 1)) -
Set ¢’ = ¢4 — 1. Then applying inequality (5.8) to function v, we get
ng (¢t) — ng (p1) = F"JKS (W)
> Cylluyes (W) — Cy.
On the other hand, by integrating (1.8) from ¢ to 1, we have

A ~

ng (¢1) — ng(‘Pt)

1 1
2 Wg ((101) - V /M ‘Pleexwg B 2(:<J‘*)g ((-Pt) - V /M Soteexw;> (510)

> —(1 = 1)(Loy (1) = Ju, (1))
> —C5(1 = t) Ly, (p1) = —C5(1 — ) L5 (V) -
By using the concavity of the logarithmic function and (3.6), we also have

S (L[ o) <12 | g

(5.9)

i

- (5.11)
< - sup(—t) + Cs < Cs .
M
Hence combining (5.10) and (5.11), we get
ng (CPt) - ng (901) < 05(1 - t)IwKS (1/}) + CG . (512)

From (5.9) and (5.12), we deduce

(1 = ) s (¥) = cgosear(ior — 1) /45 — ¢y
Then as in (5.7), we prove (cf. [TZ1]),

Fiops (1)
> e’ (1 — t) Lo (1) — (1 — t) oscar(or — 1)
> e (1=t) Luges () — (1=)(c5 )" P (1=1) Ly () +ca
> clues ()40 — C,

for some small positive number ¢ and large number C. Thus Theorem 0.2
is proved. O

)4n+5 (5'13)
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REMARK 5.1. By (1.6) and (3.1), we see that the inequality (5.13) is
equivalent to the following non-linear inequality of Moser—Trudinger type,

[ evus < Cexp{iwm(w) — o) - L [ ww%s}
M V Iu

for some positive numbers ¢ and C.

REMARK 5.2. In view of results in [T] and [TZ1], one should be able to
generalize Theorem 0.2 by proving the following:

Flops () > el ()45 — C

holds for any v € Ay(M,wks)*. In the proof of Theorem 0.2, we used
a technical assumption on subgroup G(C Kj) in order to apply the im-
plicit function theorem. We also notice from Theorem 0.2 that (5.13) holds
for any almost plurisubharmonic function on a Kéhler—FEinstein manifold
without any nontrivial holomorphic vector field.
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