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Lecture 1: Towards the Million-Body Problem: Direct N-Body Codes

References.

The N-body problem in its astrophysical setting.

Initial conditions. Units. Example - cold collapse.

Virialisation and virial equilibrium.

Example - Plummer's model.

Orbital motions, core collapse, crossing and relaxation times.
Code structure: time steps, Euler and Hermite integrators
Quality control, error growth

Complexity. Acceleration in hardware and software. GPU.
Regularisation.

Lecture 2: Star Clusters from Birth to Death: Computer Simulation
Gas and mass segregation
Stellar evolution, collisions
The Galactic tide
Software for star cluster simulation
Example: simulating a star cluster in a tidal eld
The simulation of globular star clusters
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Applications of Direct N-Body Schemes in Astrophysics

I open clusters (e.g. M67, on the left)

I globular clusters (M4 here; some day, on the right; see lecture
2)




Applications of Direct N-Body Schemes in Astrophysics
(continued)

I (some) young dense clusters - e.g. in the Magellanic Clouds
(left)
I galaxy dynamics - e.g. the Antennae (some century)




The N-body Problem



The N-body Problem

I N point masses (this approximation is good while separation
of two stars is much greater than the sum of their radii)



The N-body Problem

I N point masses (this approximation is good while separation
of two stars is much greater than the sum of their radii)

I classical gravitation and equations of motion (this
approximation is good except close to horizon of black hole, or
for close binaries emitting gravitational waves)



Equations of motion: example of N =3

Force on 1 due to 2 is in the direction of r, ry, i.e. the unit vector
rs rq . Gmyim;

- ., and has magnitude ———.

Jra 1 L 2 1) e

(mj is mass of star i, G is universal constant of gravitation.)




Equations of motion (continued)

Gmimy(ra  ri)

J 7 . Therefore total
o 1Iq

Therefore force on 1 due to 2 is

force on 1is
&3
_— X Gmlmj(rj I’l)
myry = —'r- 3
[T JEE

In the N-body problem the equation of motion for body i is

. x ri T
ri= G m;j

T i3
i Tl



Initial Conditions

These are 3N second-order ordinary differential equations

) require 6N initial conditions.

Usually one uses the three initial cartesian components of position
r; and the three initial components of velocity v; r; of the N
particles.



Initial Conditions

These are 3N second-order ordinary differential equations

) require 6N initial conditions.

Usually one uses the three initial cartesian components of position
r; and the three initial components of velocity v; r; of the N
particles.

Example: cold collapse

Initial conditions:
I All velocities are zero
I Particles are distributed uniformly in a sphere

(Movie)



Dynamic Equilibrium

I The system “quickly” reaches a “steady state”
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Dynamic Equilibrium

I The system “quickly” reaches a “steady state”

I The steady state is in “dynamic equilibrium”, i.e. there is no
overal expansion or contraction of the system, or other bulk
motion, even though all particles are in motion.

I A dynamic equilibrium is also a state of “virial equilbrium”,
which can be analysed in terms of the Virial Theorem.

10
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The Virial Theorem, and Energy Conservation

De ne the total kinetic energy T, the total potential energy V, the
total energy E and the total “moment of inertia” | by

b\

1 2 e
T = > myvs (Kinetic Energy)
=1
R m;m; .
vV = ) - - (Potential Energy)
=1 =1, (1 Tl
E = T+ V (Total Energy)
M\l
| = mijrii? (“Moment of Inertia”):

i=1
Then from the equations of motion we deduce
1= 4T + 2V (Virial Theorem)
E = constant (Energy Conservation)
Proofs: Binney and Tremaine, Secs.4.8.3, 7.2.1, Appendix D.2.



Virial Equilibrium

In dynamic equilibrium, [ is approximately constant, and so | '
From the Virial Theorem | = 4T + 2V we deduce

2T+ V' 0
Using total energy E = T + V we deduce

T+E'0) T ' E
and similarly v ' 2E:

12

0.



Total mass

Mass, length and time scales
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Mass, length and time scales

I Total mass
b\l

M= mj
i=1
I Characterise system size by “virial radius” R de ned by
GM?

V= ——:; where M is total mass
2R

13
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Mass, length and time scales

I Total mass
b\l

M= mj
i=1

I Characterise system size by “virial radius” R de ned by

GM? _
V= ﬁ; where M is total mass

I Characterise speeds by (mass weighted) mean square speed
2= 2T
M
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Mass, length and time scales

Total mass
b\l

M= mj
i=1

Characterise system size by “virial radius” R de ned by

GM? _
V= ﬁ; where M is total mass

Characterise speeds by (mass weighted) mean square speed
2= 2T
M

De ne time scale

2R L
ter = ~ (“Crossing time”)



Other useful expressions and de nitions

. A GM
In virial equilibrium V = 2T, and so v? = TR

The virial ratio is de ned to be Q = 171 and is 0.5 in virial
equilibrium.
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Other useful expressions and de nitions

. A GM
In virial equilibrium V = 2T, and so v? = —.

2R
T
The virial ratio is de ned to be Q = 171 and is 0.5 in virial

equilibrium.

Another measure of the size of the system is the half-mass radius,
the radius of a sphere containing the innermost half of the mass,
measured with respect to the “centre” of the system.

More generally, a “lagrangian radius” is the radius of the
sphere containing a given xed fraction of the mass.
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Other useful expressions and de nitions

. A GM
In virial equilibrium V = 2T, and so v? = TR

T
The virial ratio is de ned to be Q = 171 and is 0.5 in virial

equilibrium.

Another measure of the size of the system is the half-mass radius,
the radius of a sphere containing the innermost half of the mass,
measured with respect to the “centre” of the system.

More generally, a “lagrangian radius” is the radius of the
sphere containing a given xed fraction of the mass.

Observational astronomers may prefer the half-light radius, the
radius of a disk containing the innermost half of the light, since it
can be “easily” measured.



N-body Units
This is a conventional system of units in which

G =
M =
R =

These are often used in N-body simulations.
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N-body Units
This is a conventional system of units in which
G =
M =
R =

These are often used in N-body simulations.

Example

GM
We have v? = R
Suppose a star cluster has M = 10°M ;R = 5pc. Tp convert a

M
velocity from the N-body code to km/s, multiply by % where G
is expressed in the same units (e.g. km/s, M , pc),i.e. G' 0:0043.



N-body Units (continued)

We have
G =1
M =
R =1
In these units:
GM _1
I The characteristic speed v? = — = =
2R 2
N 2R p_
I The crossing time t;, = 7 2
1 5 1
I The total energy E = E/\/lv = 7

16



Signi cance of the crossing time

I Time scale of cold collapse
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Signi cance of the crossing time

I Time scale of cold collapse
I Time scale of approach to virial equilibrium
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Signi cance of the crossing time

I Time scale of cold collapse
I Time scale of approach to virial equilibrium
I Time scale of orbital motions in virial equilibrium

17
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Plummer's model

I A particular model of a system in virial (and dynamic)
equilibrium with convenient analytical distributions

. 3M . .
I Density (r) = - (ais the “scale radius”)
4 a% 1+r2=a2>"
GM

I Potential (r) =

7=

1
I Velocity distribution at radius r: f(v) / (n EVZ

Vi< 2

3
In N-body units, G=M=1and a = 6



Core collapse: Two simulations
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Lessons from the simulations

Evolution on two time scales:

20



Lessons from the simulations

Evolution on two time scales:
I orbital motions (crossing time scale; see above)
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Lessons from the simulations

Evolution on two time scales:

I orbital motions (crossing time scale; see above)

I much slower evolution of the statistical distribution: evolution
of the central density

I This is the statistical result of numerous “close” encounters
between pairs of particles

I This process is called “two-body relaxation”, or “collisional
relaxation”

I It acts on a time scale called the “relaxation time”
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Lessons from the simulations

Evolution on two time scales:

I orbital motions (crossing time scale; see above)

I much slower evolution of the statistical distribution: evolution
of the central density

I This is the statistical result of numerous “close” encounters
between pairs of particles

I This process is called “two-body relaxation”, or “collisional
relaxation”

I It acts on a time scale called the “relaxation time”
Other observations:
I Plummer's model is in dynamical equilibrium

I The slow increase in the central density is called “core
collapse”



(Two-body) relaxation time

Local de nition t. = ———— where

mG2In N
v is the velocity dispersion (root mean square velocity)
is the space (mass-)density
m is the particle mass
is a constant (about 0:11 for equal masses)
N is number of particles

21
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(Two-body) relaxation time

I Local de nition t, = ———— where
mG2in N

I v is the velocity dispersion (root mean square velocity)
I is the space (mass-)density

I mis the particle mass

I is aconstant (about 0:11 for equal masses)

I N is number of particles

I Global de nition: half-mass relaxation time
Nl=2 r3:2
h
mi2G=2In( N)’
I rp is the half-mass radius (containing the innermost half of the
system; see above); comparable with the virial radius
I In virial equilibrium,

where

trp = 0:138

N
i 0:1mtcr
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Signi cance of the relaxation time

I Time scale of core collapse (Source: Makino J, 1996, ApJ,
471, 796)
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Signi cance of the relaxation time (cont)

Time scale of escape (actually several/many t)
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Signi cance of the relaxation time (cont)

Time scale of mass segregation (if there is a distribution of

masses, the heavier particles sink to the centre on a time
scale which is a fraction of t;)
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The Two Types of Stellar Dynamics

I Collisional stellar dynamics deals with phenomena on time
scales of a few t
I evolution and escape in open and globular star clusters
I evolution of some galactic nuclei
I Collisionless stellar dynamics deals with phenomena on time
scales much less than t
I virial equilibrium
I cold collapse
I orbital motions of stars inside star clusters

Note: the “collisions” are not physical collisions, but gravitational
interactions



Post-collapse evolution

Depends on boundary conditions:

26

I “isolated” system: towards core collapse, binaries form in the
core, liberating energy, which expands the system on the time

scale ty, (by a feedback mechanism). As r, expands, t
increases. The sys

v [1%, 50%, 90%] [NBODY]
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Formation of Binaries - an example
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Post-collapse evolution (continued)

I “tidally limited” systems, i.e. systems affected by the
gravitational eld of the surrounding galaxy: stars escape
(roughly speaking) at a tidal radius r;, where external forces
become dominant. Mass is lost on time scale t; r; contracts,
r, contracts (eventually). System dissolves in few t,.

N = 8K, with stellar evolution

500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time (Myr

Plotted (from the top): rz, rp and the 1% Lagrangian radius
(see above)
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Post-collapse evolution (continued)

In fact stars escape along “tidal tails”. Here is the example of Pal 5
(Source: Odenkirchen et al, AJ, 126.2385)

Decl. [deg, 32000]

236 235 294 #31 £3g B3l B30 228 228 227 EE8  2ES PB4
R4, [deg, TEOOO]



N-body codes
The equations of motion to be integrated are

. X ri T

ri = G m]—s
i Tl

(see derivation above)

These can be written in the equivalent form

ri = Vj
n I I’j
vi = a= Gmj——
g AT

where rj; v; are the position and velocity of the ith particle.

30
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The Integration Algorithm

Example: Euler method Algorithm:

ri(t) + tvi(t)
vi(t) + ta(t)

ri(t+ 1)
vi(t+ )

where tis the “time step”. In this approximation, the velocity and
acceleration of the particle are held constant for the duration of the
time step.



Accuracy of the Euler Method

A more accurate integrator for the position is Taylor's Theorem:
rift+ ) =ri)+ tvil)+ S0 07 a) + = D7)+

where j; = a;, i.e. the derivative of the acceleration, called the
“jerk”.

In Euler's algorithm we ignore all except the rst two terms. This
may be a satisfactory approximation if the series converges

suf ciently rapidly.

The radius of convergence of a Taylor Series is governed by the
“distance” to the nearest singularity of the function being
expanded. Here, this means the maximum value of t for which
the function r;(t + t) is well behaved.

32
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Time Step Control: Theory

The function rj(t + t) is not well behaved if r;(t + t) =rj(t+ 1),
i.e. there is a collision between a pair of particles. The time taken
to reach collision is of order the distance between the particles
divided by their relative speed.

It follows that the time step must be limited by

jri i
ViV’

where is a constant of order 1.
Since this must be true for each pair of particles,



34
Time Step Control: Practice

The Taylor series for r; is
rift+ ) =ri)+ tvil)+ S0 07 al) + = D7)+

This converges rapidly if £( 1) jji(0)j ()2 jai(t)j (and similar
relations between successive pairs of terms), i.e. if

jaij.
i’
This criterion would work well except if, by chance, the
denominator were small. Therefore the criterion of choice
incoporates several such ratios:
!
jaiigiii + jiiFdi=dt
jd?j=dt2j5dj;=dtj + jdj;=dtjTj;j




Choices of Time Step
!
jaigii+ fiFdi=dg
jo?j=dtj=dj;=dtj + jdj;=dtjjj
This expression varies with time, and is different for different
particles. The following implementations are possible.
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Choices of Time Step
!
jaigii+ fiFdi=dg
jo?j=dtj=dj;=dtj + jdj;=dtjjj
This expression varies with time, and is different for different
particles. The following implementations are possible.

I Fixed time step (the minimum over all particles for the entire
simulation): too short, can't be predicted - impractical
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I Variable individual time step - near-optimal, but requires
extrapolation.
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Choices of Time Step

|

. jeHi + jiiFdi=d
jo?j=dtj=dj;=dtj + jdj;=dtjjj

This expression varies with time, and is different for different

particles. The following implementations are possible.

I Fixed time step (the minimum over all particles for the entire
simulation): too short, can't be predicted - impractical

I Variable shared time step (the minimum over all particles at
the current time) - forces all particles to take same ¢ -
inef cient.

I Variable individual time step - near-optimal, but requires
extrapolation.

I Block time steps ( t =2 kik=0:1:2;:: ) - shares
extrapolation



Individual Variable Time Steps

4( etc

36

Particle
[6;]

10

Time

Extrapolation step: rj(t + t) = rj(t) + tv;(t)
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The Hermite Integrator

A generalisation of Euler.

First stage:
Eulerir; = rj+v; t
Vi = vitat
Hermite:r; = rj+v; t+—-a; t°+ —-a; t
2 6
1 2
Vi = vjta t+ Ea,- t

followed by a second stage (corrector) involving values of a;; a; at
the end of the time step (Hermite only).
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The Hermite Integrator: Correction Step

Let v; a;]j be velocity, acceleration and jerk at the start of the step,
and v®a%j%be the values at the end (computed after the rst stage
using above formulae). Then the corrected formulae are

o= r+ E(Vi+V,Q) too@ a)t +E(Ji+l,o) t
— 1 1.0 .\ 2.
Vi = v+ E(a,-+a?) t E(J’ j,') te:

These can be proved from the Taylor approximations

A+ 0 = O+ v+ 50 P a0+ 50 070+ 52( 0% 50
= 0%ito
vt 0 = v+ ta+ 30 0710+ 5 0%50+ 5 0%

given approximations for j,-;]',- derived later.
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Computation of the Jerk

The acceleration is

_ X i 1y,
a= G mj——-—=,
i Tl
and so the jerk is
I
A ViV (vi vj(ri r)) '
ji ai= G m — .l3 3—! .’5](ri r) -
=1 T Iri T

These are also computed at the end of the time step (values a?;j?)



Computation of Derivatives of the Jerk

We have approximate Taylor Series for a and j:

a‘O

R T I
+ tj+=( )G+ =(t
a j 2( )7 6( )]

jO

. R
+ tji+=( 7;
j j 2( )

from which j;j are given as

2[ 3(a @) t(@2j+]9
(12

6[2(a_a%+ t(i+|9
(0

40
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Basic structure of a direct N-body code

1. Initialisation of rj;vj; aj;a;; t; tnext;, all i, where
tnext; = t;+ t; is the next time to update particle i
2. Choose i minimising tnext;
3. Extrapolate all r; to tnext;
4. Compute new a;; a;
5. Correct new r;, compute new v; (Hermite integrator)
6. Compute new tnext;
7. Repeat from step 2
Notes

this does not include block time steps
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Some Simple N-Body Codes with Variable Individual Time
Steps

1. Binney & Tremaine 1e, 1987, PUP, Appendix 4.B (fortran)

2. Heggie & Hut, The Gravitational Million-Body Problem, 2004,
CUP Appendix A, (matlab, C)

3. Hut & Makino, The Art of Computational Science (ruby)
http://www.artcompsci.org/

4. http://www.nbabel.org/codes
(C++,CUDA,F95,IDL Java,PerIDL,PyC++,Python,R)



Quality control
How do you know that the results of a simulation are correct?
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How do you know that the results of a simulation are correct?
I There are no useful exact solutions
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Quality control

How do you know that the results of a simulation are correct?
I There are no useful exact solutions

I Conserved quantities (Momentum, Angular Momentum,
Energy). The most sensitive is energy.

Energy error per output time

8e-05

6e-05
4e-05
2e-05

-2e-05
-4e-05

-6e-05

Cold collapse: N = 1024

10
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Quality control

How do you know that the results of a simulation are correct?
I There are no useful exact solutions
I Conserved quantities (Momentum, Angular Momentum,
Energy). The most sensitive is energy.

Cold collapse: N = 1024

() 8e-05
£

S 6e-05 |
3

£  4e05f
o

5 2e-05 |
o

)

S -2e05 |
=)

3 -4e-05 |
W -6e-05

2 4 6 8 10

I Are your answers reasonable?

43



Growth of Errorsin  N-body simulations
Experiment: start two N-body simulations with slightly different
initial conditions (say, one coordinate of one particle differing by
10 %). How fast do the differences grow?

a0 El-_'_ T T T T r T I T T T T T T | |

3]
=]

(b) N = 256

o
(=]

In dr

[ S A |

=

o
TTTT T [T T[T T[T T

tn

11

T
,r
g
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Growth of Errors in - N-body simulations (continued)

The growth of errors is exponential

The time scale (in units of the crossing time) varies very
slowly with N

For a Plummer model, with equal masses, it is of order 0:1t,,.
Growth of error approximately 108 when

exp(t=0:1t,)) = 108, i.e. t' 4t, ' 12N-body units

After a short time the positions and velocities of particles are
wrong

We assume that the statistical properties of the simulation are
correct
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“Complexity”

Recall structure:

1.

N o gk~ e

Initialisation of rj; vj; tnext; (update time = t; + ), a;;a;, all i.
Done once

Choose i minimising tnext; Proportionalto N
Extrapolate all r; to tnext; Proportionalto N
Compute new a;; a; Proportionalto N

Correct new r;, compute new v; (Hermite integrator)
Compute new tnext;

Repeat from step 2

For each time step t, the computational effort is
approximately proportional to N.

2 and 3 can be improved. The main bottleneck is 4.
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“Complexity” (continued)

. . . r . . .
I Typical time stepis t v where v is typical speed and r is
typical distance to nearest neighbour,
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“Complexity” (continued)

. . . r . . .
Typical time step is  t v where v is typical speed and r is
typical distance to nearest neighbour,

Hence typical time stepis R=N*=, where R is the virial

radius. In N-body units (see frame 6) v 1, R =1, and so
t N =
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“Complexity” (continued)

. . . r . . .
Typical time step is  t v where v is typical speed and r is
typical distance to nearest neighbour,

Hence typical time stepis R=N*=, where R is the virial
radius. In N-body units (see frame 6) v 1, R =1, and so

t N =
Each time step takes of order N operations, and there are N
particles.
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“Complexity” (continued)

. . . r . . .
Typical time step is  t v where v is typical speed and r is
typical distance to nearest neighbour,

Hence typical time stepis R=N*=, where R is the virial
radius. In N-body units (see frame 6) v 1, R =1, and so
t N =

Each time step takes of order N operations, and there are N
particles.

Hence the computational effort per N-body time unit is of
order N:N:N1=8 = N8,
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“Complexity” (continued)

. . . r . . .
Typical time step is  t v where v is typical speed and r is
typical distance to nearest neighbour,

Hence typical time stepis  R=N'=, where R is the virial
radius. In N-body units (see frame 6) v 1, R =1, and so
t N =

Each time step takes of order N operations, and there are N
particles.

Hence the computational effort per N-body time unit is of
order N:N:N1=8 = N8,

. . ¥
Core collapse takes a few relaxation times, and My N=n N
Ccr

P— .
(see frames 4,9), where t;; = 2 2. Hence the computational
effort to core collapse varies as N'%2=In N, or roughly N°.
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The Development of N-body Simulations in History

Though computers have doubled in speed every 18 months until
recently (Moore's Law), they have doubled in N much more slowly:

about a factor 10 every 10 years.
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Accelerating force calculation: software

1. Nelghbour Scheme (Ahmad-Cohen)
force from a few neighbours (“irregular force” or “neighbour
force”) calculated more frequently than force from
non-neighbours (“regular force”).
I Requires each particle to keep a list of neighbours
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Accelerating force calculation: software
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2. Tree codes (hierarchical schemes)

I Group distant sets of particles, and approximate their force by
the force of their centre of mass

I Requires use of trees as data structures

I Little used for collisional simulations, because the accuracy of
the force calculation is much lower than for direct summation
methods
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Accelerating force calculation: software

1. Neighbour Scheme (Ahmad-Cohen)

I force from a few neighbours (“irregular force” or “neighbour
force”) calculated more frequently than force from
non-neighbours (“regular force”).

I Requires each particle to keep a list of neighbours

2. Tree codes (hierarchical schemes)

I Group distant sets of particles, and approximate their force by
the force of their centre of mass

I Requires use of trees as data structures

I Little used for collisional simulations, because the accuracy of
the force calculation is much lower than for direct summation
methods

3. Grld based methods
compute the gravitational potential by solving Poisson's
equationr > =4 G; where is the mass density.

I The system is still represented by particles.

I Poisson's equation solved by Fast Fourier Transforms

I Rarely used in collisional N-body simulations, again because
of relatively low accuracy.
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Accelerating force calculation: hardware
1. Parallel computation. Example (code fragment of NBODY1)
DO 10J=1,N
IF (J.EQ.)) GO TO 10
Al =X(1J) - XI
A2 =X(2,J)-YI
A3 =X(3,J) - ZI
RIJ2 = A1*Al + A2*A2 + A3*A3 + EPS2
A5 = BODY(J)/(RIJ2*SQRT(RIJ2))
FIRR(1) = FIRR(1) + A1*A5
FIRR(2) = FIRR(2) + A2*A5
FIRR(3) = FIRR(3) + A3*A5
10 CONTINUE
I The calculation of A1*A5, A2*A5, A3*A5 can be done
simultaneously for different particles J, because there is no

data dependency

I Calculations for different J-particles can be farmed out to
different processors on the one parallel computer, and/or
different cores on a single processor.

I Code: NBODY6++
(ftp://ftp.ari.uni-heidelberg.de/pub/staff/spurzem/nb6mpi/)
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Accelerating force calculation: hardware (continued)

2. Video cards (Graphics Processing Unit = GPU)

I Price £200 (complete entry-level system £1200)
I Speedup x500 (one GPU)

Figure: GeForce GTX 285 GPU (left); 4-GPU server (Supermicro) (right)
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Software re nements

Close encounters and few-body subsystems

Two problems when particles come very close together:

1.

Subtraction of positions of two close neighbours causes an
increase in relative rounding error

Reduced time step, and the simulation may slow down
dramatically.
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Close encounters and binaries. I. Offset “regularisation”

Suppose particles i; j form a bound pair, or experience a close
encounter. Use offset variables (Jacobi coordinates) r; R de ned
as

mjr; + mjr;
m; + mj
r=r rg

and write equations of motion in terms of r; R: e.g.

0 .0
i

. r

r= G(mj+ mj)jr? +a
where Omeans we omit force due to i;j.
Advantage : avoids rounding error in repeated calculation of r; ;.
Note: R is centre of mass position vector, r is position of particle j
relative to particle i
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Close encounters and binaries. Il. KS regularisation

Singularity in

OaQ

r= G(m-+m-)r +a
T

requires small time steps for close and/or eccentric binaries.

KS regularisation is subtle change of variables which removes
the singularity.



Example: one-dimensional regularisation

Unperturbed binary motion is

where we have scaled to units such that G(m; + mj) = 1.
Introduce new variables z; (transformed coordinate and time)
such that
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One-dimensional regularisation (continued)

Since x = 7z2, x = 2zz.
Since dt=d = x,

d
X = ZZZOE where Omeans d=d
2270
= ~ since dt=d = x
220
—
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One-dimensional regularisation (continued)

Since x = 7z2, x = 2zz.

Since dt=d = x,
d
X = ZZZOE where Omeans d=d
2z20
= ~ since dt=d = x
— 220.
x
Differentiating again with repect to time gives similarly
. 2790 7@
X = ? 2?
1 . .
= 2 (equation of motion)
1
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One-dimensional regularisation (continued)

We have
2200 2 1
B AT A
Hence
@
ZOO = Z_ i
z 2z I
1 222 1
S22z z
]
1 1 1
= 2z =x* =
2 X
= —=hz
where 1 1
h==x*> Z=:
2 X
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One-dimensional regularisation (continued)

Now
1, 1
= —X —_
2 X
is just the energy of the binary (per unit [reduced] mass); the
kinetic energy is x2=2, the potential energy is 1=x. Thus in the

transformed equation of motion

h

1

00_ .

z°°= =hz;
2

the coef cient of z is constant. This is the simple harmonic
oscillator equation.
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One-dimensional regularisation (continued)

Now

2 X
is just the energy of the binary (per unit [reduced] mass); the
kinetic energy is x2=2, the potential energy is 1=x. Thus in the
transformed equation of motion

1 1
h = Zx?

1

00_ .

z°°= =hz;
2

the coef cient of z is constant. This is the simple harmonic
oscillator equation.
Bottom line : we have transformed the one-dimensional Kepler

problem
1

X2
(which is singular at x = 0) into the simple harmonic oscillator
equation, which is regular everywhere.

X =
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Two-body regularisation: practicalities

Recall: regularisation is the process which transforms the Kepler
equation of motion into the simple harmonic oscillator equation. It
was established in the one-dimensional case.

Need a three-dimensional version. This exists and is called
KS (or quaternion) regularisation.

Candidates for regularisation recognised by short time steps
Deregularisation if the binary is too strongly perturbed

Still requires short time step for close binary

Freeze unperturbed binaries
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Higher-order subsystems: triples, quadruples, etc

I hierarchical triples are binaries constantly perturbed by a third
body: there is a procedure called “slow-down” which follows
secular perturbations with (much) larger time step

&
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Higher-order subsystems: triples, quadruples, etc

I hierarchical triples are binaries constantly perturbed by a third
body: there is a procedure called “slow-down” which follows
secular perturbations with (much) larger time step

&

N

I non-hierarchical triples, quadruples: chain regularisation, a
generalisation of offset and KS regularisation; there are
specilisations to triples and quadruples; codes TRIPLE,
CHAIN on Aarseth's download page (frame 1)
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Exercises from Lecture 1

1. Compute the half-mass radius of a uniform sphere of radius a.

2. Compute the value of G in units of solar masses, parsecs and

km/s. What is the unit of time in these units?

. For cold collapse initial conditions, prove that the time to
. a 3= . I .
collapse is p— > where a is the initial radius of the
GM

sphere and M is its total mass. (Hint: write down and integrate

the equation of radial motion of a particle at the edge of the
sphere.)
. In N-body units, for a system in virial equilibrium, show that

the mean square speeq)if 1=2, the virial radius is 1, and the
crossing time is t,, = 2 2.
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Exercises for Lecture 1 (continued)

5. Show that
ter | RY?
and
t In N’

for a system in virial equilibrium, where Ry, is the half-mass
radius. (Hint: Assume that R=Ry, is a constant of order unity,
and work in N-body units.)

6. Find the number of oating point arithmetic operations
required to compute the three components of acceleration of
one star due to the gravitational attraction of one other (see
frame 5).
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The view from my of ce in Edinburgh, Scotland



a > wnh e

Lecture 2: "Star Clusters from Birth to Death: Computer
Simulation”

Essential Astrophysics

Gas

Stellar evolution
Collisions

External forces
Primordial binaries
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Gas

I Star clusters form from the action of gravity and turbulence
from gas and dust in molecular clouds.
Movie: Matthew Bate

(http://www.astro.ex.ac.uk/people/mbate/Cluster/clusterRT.html)
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Gas

I Star clusters form from the action of gravity and turbulence
from gas and dust in molecular clouds.
Movie: Matthew Bate
(http://www.astro.ex.ac.uk/people/mbate/Cluster/clusterRT.html)
I After stars form, remaining gas is expelled by UV radiation
and stellar winds from OB starsls&or supernova explosions.
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Primordial Mass Segregation

Star clusters form with subclumps

In each subclump, rapid mass segregation occurs, sending
most massive stars to core of each clump.

Clumps merge to form virialised cluster, but mass segregation
is largely preserved (McMillan et al, 2007, ApJ, 655L, 45)
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Initial conditions for  N-body simulations:

No gas
Virialised system

(Optional) Primordial mass segregation. (This can be set up
by starting from unsegregated initial conditions and then
letting the simulation run for an interval, see frame 7.)
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Stellar evolution

Three levels of sophistication

1. Give each star a (main sequence) lifetime and, at that time,
immediately change its mass to that of the appropriate stellar
remnant (black hole, neutron star, white dwarf). Quick and
effective method for approximate modelling of dynamical
effects of stellar evolution.
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2. Use formulae which have been tted to the results of stellar
evolution models. This gives the evolution of the mass, radius,
temperature, from which magnitudes and colours can be
derived. This is the most common method.
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last decade. Requires robust code. Slow.
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Stellar evolution

Three levels of sophistication

1. Give each star a (main sequence) lifetime and, at that time,
immediately change its mass to that of the appropriate stellar
remnant (black hole, neutron star, white dwarf). Quick and
effective method for approximate modelling of dynamical
effects of stellar evolution.

2. Use formulae which have been tted to the results of stellar
evolution models. This gives the evolution of the mass, radius,
temperature, from which magnitudes and colours can be
derived. This is the most common method.

3. Use a “live stellar evolution” code. Only attempted within the
last decade. Requires robust code. Slow.

Similar tools are also needed to deal with stellar evolution of binary
stars.
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Stellar evolution as a dynamical mechanism

Stars lose substantial mass especially in post-main sequence
evolution.

Usually assume speed of this lost mass is much bigger than
escape speed (mass loss instantaneous).

If a star (speed v, potential energy ) instantaneously loses
mass m > 0, the change in energy of the cluster is

m(v?=2+ )>0
Stars which evolve fastest are concentrated to centre by mass
segregation, where | jis largest.
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Stellar Collisions

Initial conditions may be dense (10°M within 1pc), and collisions
may be frequent, especially for massive stars (which have large
collision radii, and have segregated to the densest part of the
cluster).

Example: Simulation M4 (initially N = 453000 single stars and
binaries, half-mass radius 0.6pc; see frame 7)

Simulation M4

Number of collisions
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Collision products in star clusters: blue stragglers

Left: the globular cluster NGC 6397
Right: composite colour-magnitude diagram of several clusters,
including NGC 6397 (W. Harris)

Globalar C‘Iusﬁz: Nac .'S

. ‘Pog‘elble'heliqm A * — - - 3
S ‘Bleig stragglers - : * . Sy
s Normial (€0) white dwarf:
" Gatatlysmic'variables+ .+
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Treatment of Collisions

Alternatives:

I Sticky spheres: assume stars coallesce to give a single more
massive star



72
Treatment of Collisions

Alternatives:

I Sticky spheres: assume stars coallesce to give a single more
massive star

I Catalogues of precomputed collision simulations (not available
yet in any collisional N-body code). Example: Jamie Lombardi



72
Treatment of Collisions

Alternatives:

I Sticky spheres: assume stars coallesce to give a single more
massive star

I Catalogues of precomputed collision simulations (not available
yet in any collisional N-body code). Example: Jamie Lombardi

I Live computation of collisions as they happen.
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Treatment of Collisions

Alternatives:

I Sticky spheres: assume stars coallesce to give a single more
massive star
I Catalogues of precomputed collision simulations (not available
yet in any collisional N-body code). Example: Jamie Lombardi
I Live computation of collisions as they happen.
Note:
I For an experimental project aimed at integrating stellar

dynamics, stellar evolution and collision hydrodynamics, see
http://amusecode.org/
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External Forces - the Galactic Tide

I Consider a cluster moving on a circular orbit about the
Galactic Centre

I Use a rotating, accelerating frame of reference with origin at
the centre of the cluster, and x-axis pointing to the Galactic
Centre.

Galactic orbit of cluster

X

luster centt

y

Galactic Centre

I This introduces centrifugal and Coriolis accelerations.



External Forces - the Galactic Tide (continued)

Star

SRS TR

Centre of the Galaxy

Position vector of the star is R + r, where

I R is the position of the centre of mass of the cluster with

respect to the centre of the Galaxy.

74

I r is the position of a star relative to the centre of mass of the

cluster
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External Forces - the Galactic Tide (continued)

Position vector of the staris R+ r
Velocity of the staris! (R +r)+r, where
I I is the angular velocity of the cluster about the centre of the
Galaxy
I ris the vector whose components are the time derivatives of
the components of r in the rotating frame



75
External Forces - the Galactic Tide (continued)

Position vector of the staris R+ r
Velocity of the staris! (R +r)+r, where
I I is the angular velocity of the cluster about the centre of the
Galaxy
I ris the vector whose components are the time derivatives of
the components of r in the rotating frame
Similarly the acceleration is

(¢ (R+D+nN+( (R+r)+r)
(¢ R+D+1r)+( r)+7)
(0 (R+r)+21 r+7

= 1 cr gR+r)

where
I ¢ is the gravitational potential due to the other stars in the
cluster
I ¢ is the gravitational potential due to the Galaxy



External Forces - the Galactic Tide (continued)

Equation of motion of star:

@ R+M))+28 r+f=r1 cr g(R+r)
Equation of motion of (centre of mass of) cluster:

' (I R=r s[R)

Subtracting,

@ n+2 r+f = r ¢cr g(R+1)+r
"r ¢ rr g(R)

) r+28 o+l (0 D+ s(R)]=

Cc

c(R)
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External Forces - the Galactic Tide (continued)

Equation of motion of star:

@ R+M))+28 r+f=r1 cr g(R+r)
Equation of motion of (centre of mass of) cluster:

' (I R=r s[R)

Subtracting,

@ n+2 r+f = r ¢cr g(R+1)+r
"r ¢ rr g(R)

) r+28 o+l (0 D+ s(R)]=

Interpretation:
2 r Coriolis acceleration
' (! r) -centrifugal acceleration
riir g(R) Galactic tidal acceleration

c(R)
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External Forces - the Galactic Tide (continued)

Centrifugal and tidal accelerations derivable from a potential:

( )
@ n+rm g(R)=r %(! T)? 1!22 1 @

where r = (X1; X2; X3); r = jrj.
If ¢ isthe potential of an axisymmetric galaxy with a plane of
symmetry, the tidal potential reduces to two terms. (See frame 20.)



External Forces - the Galactic Tide (continued)

Potential and equipotentials in the plane of motion of the
cluster
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Primordial Binaries

79

Example: globular cluster NGC288 (Bellazzini et al, 2002, AJ, 123,
1509). Binary fraction' 0:1 0:2in centre.

22

24

T
Int

| 5766 sters

T
Ext

| 2013 stars

Primordial binaries re-
quire treatment by regu-
larization, chain regular-
ization, slow-down, etc
(frames 1-7).



Slow down
Equation of relative motion of binary components is

G(my + my)r N

r3 f

r=v;, v=

where
I ris relative position vector of components
lv=r
I mgy; my is mass of binary components
I fis perturbation of other stars

Replace by
r= 1' = E—G(ml * mZ)r + f;
C C r3

where C 1. Can take time step larger by factor C without

altering long-term perturbations
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Flow control

81

Each integration step may involve any of the following possibilities

=

N
= o

© ©® N ok~ wDd

Standard integration (may be KS)
New KS regularisation

KS termination

Output

3-body regularisation

4-body regularisation

New hierarchical system
Termination of hierarchical system
Chain regularisation

Physical collisions

. Stellar evolution
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Each integration step may involve any of the following possibilities

=

N
= o

© ©® N ok~ wDd

Standard integration (may be KS)
New KS regularisation

KS termination

Output

3-body regularisation

4-body regularisation

New hierarchical system
Termination of hierarchical system
Chain regularisation

Physical collisions

. Stellar evolution
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Professional N-body codes

1. NBODY®6 (Aarseth): general purpose hardware [and optional
GPU]
2. NBODY6++ (Spurzem): parallel computers

3. AMUSE (everyone): Python, FORTRAN, C++, C,
experimental; includes a Hermite code, NBODY1h, a
Barnes-Hut tree code, etc. Available from
http://amusecode.org/

4. starlab (McMillan, Hut, Makino, Portegies Zwart): general
purpose/GPU-enabled hardware (no KS regularisation)

5. Available from http://www.ids.ias.edu/ starlab/install/

Example: a small star cluster in a tidal eld (starlab)



Decl. [deg, 32000]

A Small Star Cluster in a Tidal Field (continued)

" i A L L L L L I
236 235 234 29D 232 B31 B30 2RO 228
R4, [deg, TEOOO]
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How to Simulate a Star Cluster in a Tidal Field with NBODY6

1. Go to the web page
http://www.ast.cam.ac.uk/ sverre/web/pages/nbody.htm

Download nbody6.tar.gz, man6.pdf, intro nbody6.pdf
Uncompress the code (“gunzip nbody6.tar.gz”)
Untar it (“tar xvf nbody6.tar”)

Go to the source subdirectory (“cd Ncode)

Make the code (“make”)

Go to the parent directory (“cd ..")

Make a directory for your runs (“mkdir test”)

Go there (“cd test”)

© 0O N g A~ WD
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How to Simulate a Star Cluster in a Tidal Field (continued)

10. Create an input le tt.in with the following:
12000
1000 1 550000 95 1
0.02 0.03 0.3 2.0 10.0 500.0 2.0D-04 1.0 0.5
0010106000
0101110130
1020020002
0000000001
0000000000
1.0E-05 1.0D-04 0.2 1.0 1.0E-06 0.001
2.310.00.2000.02010.0
05000

11. Run the code (“../Ncode/nbody6 < tt.in > tt.out”, 5 mins)

(This is the rst example for NBODY®6 in intro_nbody6.pdf, Sec.13,
with changes to several lines, and one additional line.)
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How to Simulate a Star Cluster in a Tidal Field (continued)

12. Typical output extract:
T=10. N=1000<NB>=42KS=0NM=0MM=0NS =
1000 NSTEPS = 1468021 295 222836 615 DE = 2.7E-06 E =
-0.249313
<R> RTIDE RDENS RC NC MC RHOD RHOM CMAX <Cn>
Ir/R UN NP RCM VCM AZ EB/E EM/E TCR T6 NESC VRMS
#10.81 11.20.04 0.217 48 0.091 11. 46. 4. 69.00.4900
0.000 0.0000 0.0219 0.000 0.0002.84601.2

13. For illustration we extract and print some numbers from the
last line with the awk script
fif ($1=="#1") print $21,$5,$2,$3g
(These are time in millions of years, and the core!, half-mass
and tidal radii.)
1The core radius is, roughly speaking, the radius of the inner part of the

system, in which the density differs by less than a factor of about two from the
central density.
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How to Simulate a Star Cluster in a Tidal Field (continued)
14. Now use gnuplot to plot these radii: inside gnuplot, enter

set log y;plot 'tt.radii' u 1:2wl”u 1:3wl"u l:4 wl
(Note: " means two separate single quotes)

100 T T
‘ttradii u 1:2 ——
"ull3 ——

"ul4 ——

0.01 L L L L L L
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How to Simulate a Star Cluster in a Tidal Field (continued)

The problem here is a badly formatted line in tt.out (which may
occur at different places in different runs, or not at all):
#14.157.116.17 0.512 4 0.016 26. 63. 3. 52.3 0.33 0 3 15.535
0.0523 1.0487 2.579 0.000101.52 641 0 0.3

which can be circumvented with a modi ed awk script:

100

fif ($1=="#1") f e =
print $(NF-2),$5,$2,$3

g o - 1
g

. \ A /"77”"\ \\ /\/\/ \\'4
(NF is the number of VUVAVEER A
elds in the line, nor- oV v

mally 23)

L L L L L L
0 50 100 150 200 250 300 350
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How to Simulate a Star Cluster in a Tidal Field (continued)

The simulation nishes too soon. The third input line is

0.02 0.03 0.3 2.0 10.0 500.0 2.0D-04 1.0 0.5

and can be changed to (say)

0.02 0.03 0.3 2.0 10.0 2000.0 2.0D-04 1.0 0.5

and the run repeated (after deleting les OUT3, HIARCH and
ESC). This takes a bit longer if it runs to completion. Then

100

L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000
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Statistical Signi cance of the Results

Repeat the simulation with a different random number seed.
Line 2 of input is

1000 1 5 50000 95 1

Change to

1000 1 550001 95 1

Plot core radii of both runs:

I w il \ "M“ m“‘”\
‘H\J\m fi \H V| /1
H Il V |

o1} I |

L L L L L
0 200 400 600 800 1000 1200
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Termination of Run on Energy Error

Signalled at end of output by something like

ADJUST: TIME = 1014.00 Q = 0.26 DE = -3.25E-04 E =
-0.179861 RMIN = 7.5E-03 DTMIN = 8.1E-04 ECLOSE = 0.17
TC = 24 DELTA = -3.7E-06

CALCULATIONS HALTED * * *

Two solutions:

1. Rerun with new accuracy parameters (analogous to in time
step criterion): ETAI, ETAR, ETAU (see de ne.f).
Disadvantage: gives an essentially different run, because of
rapid growth of errors (frame 2)

2. Rerun with greater tolerance of error: parameter QE in input
line 3
0.02 0.03 0.3 2.0 10.0 2000.0 2.0D-04 1.0 0.5
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NBODY6: Other Standard Output

fort.12: time and logio of Lagrangian radii
I A Lagrangian radius is a radius containing a xed fraction of
the mass.
I The fractions used are in the line “DATA FLAGR” in lagr.f in the
Ncode subdirectory

1%, 10%, 50% and 90% Lagrangian radii

Log Radius

Il f

R

#”W |

L L L L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800
Time

i 1




NBODY®6: Other Standard Output (continued)

I fort.83: information on the stellar properties of the particles
I Typical output
1000 0.0
111.98.238 3.471 0.546 4.295
215.57.3453.304 0.517 4.268
314.46.647 3.157 0.492 4.243

I These are
N TIME (number of particles, time)
NAME KW RI M1 ZL1 R1 TE (for each single star)
where

NAME identi es the star

KW: stellar type (see end of de ne.f in Ncode)

RI: distance from the cluster centre (units of the core radius)
M1: mass (solar masses)

ZL1: log luminosity (solar luminosities)

R1: log radius (solar radii)

TE: log effective temperature (K)

93
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NBODY6: Other Standard Output (continued)

Data for a single time can be obtained with the following awk script
(snapshot.awk)

fif (NF==2) t = $2¢g
fif (t==time&&NF==7) print $0g

where the time is given in the awk command:
awk -f snapshot.awk time=0.0 fort.83 > snap0.0

Then the colour-magnitude (actually Teg-L) diagram is given with
gnuplot:

plot [4.3:3.4] 'snap0.0' u 7:5
(The plot range [4.3:3.4] shows that T should increase to the left.)



Log L
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Example: HR Diagram at 0 and 1 Gyr

"CM" diagram at 0 and 1 Gyr

‘ 'sﬁap0.0' u 7:‘5 +
- 'snap1000.2' u 7:5
L v, . ]
++++
L ++*++++ i
ey,
iy,
++++++ +*++++ X
B ++++++++ X 7
Hy
! ! ! ! ! ! ! !
4.3 4.2 4.1 4 3.9 3.8 3.7 3.6 35 3.4

Log Teff
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Documentation

1. intro nbody6.pdf: a cookbook; de nitions and examples of
input and output variables. Inclusion of primordial binaries
illustrated on p.30.

2. man6.pdf: an expanded account of most of the topics touched
on in this lecture

3. Gravitational N-body Simulations, Sverre J. Aarseth
Cambridge: CUP, 2003, £43, 413pp: everything you might
want to know about N-body codes
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Documentation

1. intro nbody6.pdf: a cookbook; de nitions and examples of
input and output variables. Inclusion of primordial binaries
illustrated on p.30.

2. man6.pdf: an expanded account of most of the topics touched
on in this lecture

3. Gravitational N-body Simulations, Sverre J. Aarseth
Cambridge: CUP, 2003, £43, 413pp: everything you might
want to know about N-body codes

Sverre Aarseth
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The Grand Challenge: N-body simulation of globular clusters

The problem:

I the largest published N-body simulation to reach core
collapse has N 10° (frame 3);

I progress is about a factor 10 (in N) every 10 years
I the median globular clusterhas N 5 10°
I maybe we can simulate the median globular cluster by 2018
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The Globular Cluster Palomar 14

The rst and only globular cluster to be modelled with direct
N-body simulation (Hasani Zonoozi et al, 2010,
arxiv1010.2210)

Simulation took 1 month with 5% primordial binary fraction.
Initial conditions:

I Ry (half-mass radius) 20pc

I N (number of stars) 0:7 1 10°

Ity (half-mass relaxation time) 5 10%yr




Simulation of the Globular Clusters of the Milky Way

. T
Assume computational effort / t—Nloz3 (see frame 2)
rh

The Globular Clusters of the Milky Way
T

log i, (y)

Plot shows absolute magnitude and half-mass relaxation time of
the Milky Way globular clusters (Harris catalogue 2010), with lines
of constant complexity, separated by factor 10.
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Techniques for fast simulation I: Scaled  N-body simulations

I Technique: simulate a cluster which has N stars by a model
with N N stars.

I Principle: adjust other parameters to preserve time scale of
essential processes
3:2Nl=2
I Relaxation: t, / (see frame 9). Hence choose

=

i
In( N)
N 23

|
In N’

model with half-mass radius R, = R, —
LAY In N
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Techniques for fast simulation I: Scaled  N-body simulations

I Technique: simulate a cluster which has N stars by a model
with N N stars.

I Principle: adjust other parameters to preserve time scale of
essential processes

322 \j1=22
I Relaxation: t, / (:1(71\1) (see frame 9). Hence choose
1 ]
‘18 123
N In N
model with half-mass radius R, = R, —
hT TN In N

I Escape: time scale (for a tidally limited cluster) is/ N ¢,
(Baumgardt, 2001, MNRAS, 325, 1323) — does not scale
correctly.

I Similar issues with timescales of (i) collisions and (ii) binary
evolution



101

Techniques for fast simulation II: Monte Carlo codes

Aims to follow the evolution on time scale of t;y(  tor)

Each star characterised by its radius r (distance from cluster
centre), energy E and angular momentum J
In each time step (/ ty), for each star,
I r chosen appropriately for an orbit of energy E and angular
momentum J
I E and J are changed slightly according to theory of relaxation
(cumulative effect of gravitational encounters)
Includes approximate treatments of
I Binaries (interactions treated with cross sections or on-the-y
computation of individual interactions)

I stellar evolution (as in N-body codes)
I steady tide
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Techniques for fast simulation II: Monte Carlo codes
(continued)

Exclusions

I unsteady tides
I cluster rotation
I non-spherical cluster

Advantage: speed. Even the cluster 47 Tuc (N' 2 10°)
takes a few days (single core)

Availability: soon available within AMUSE (see frame 1)
See Giersz et al, 2008, MNRAS, 388, 429
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A Case Study: the Globular Cluster M4

Present-day parameters (Heggie & Giersz, 2008, MNRAS, 389,
1858)

Distance from the sun 1.72 kpc (Harris catalogue)

N*' 80000

Ry " 2:9pc

|
|
|
Ity 3 10%yr
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M4: Initial conditions

Monte Carlo simulation takes 1 day. Best initial conditions which
we found in a multi-parameter search:

I N' 453000
I Rp' 0:58pc (half-mass radius)
I fp ' 0:07 (binary fraction)
After 12 Gyr of evolution this gives fairly satisfactory tto

Surface brightness

j j Tragere‘m\ .
. MC Model

I Surface brightness pro le !

i

I Velocity dispersion pro le '”t\
]

V-mag

I Mass functions at two radii

. . . .
0.1 1 10 100 1000 10000
radius (arcsec)
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N-Body Models of M4

A realisation of these initial conditions is at
http://www.maths.ed.ac.uk/ heggie/m4-fort.10.gz (31Mb).
Initial unit of N-body time is 0.017 Myr.

With NBODY6 each unit of time initially took about 3hrs,
hence expect entire simulation would take 240 yr.

Monte Carlo simulation shows that Ry, increases from 0.58 pc
to 3.2 pc, and N decreases from 453 000 to 80 900. Hence
simulation will accelerate.

If we assume wall-clock time W varies with time t as

t . . .
dwW / —N°= we nd total duration of simulation 5 yr.

Howevé?, most of the speedup is towards the end; after 2
years the simulation will have reached only 360 Myr. (Now,
after 2 months, reached 7 Myr.)

Other factors (e.g. increased proportion of unperturbed
binaries) may accelerate the calculation further.
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A Faster N-Body Simulation

I Treat binaries as dynamically “inert”, i.e. as a single particle
with total mass equal to the sum of the component masses

I Calculation initially 20-30 times faster; total duration 3
months?

I Reached 80 Myr after 1 month.

The following results, however, are from the full simulation with
active binaries.
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Results 1. Mass segregation

Mean mass (first and last 10%)

2 T T T T T T T

18 + 1

Mean mass (solar masses)

Time (Myr)

Note: initial relaxation time 60 Myr.
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Results 2. Binary fraction
Binary fraction
0.07 T T T T T T T T T
L
0.068 p
N
N
Y
0.066 [+ 1
+
5
g
S 0064 % R
g
>
©
£ 0062 | p
[9)

0.06 p
0.058 - |
0.056 . . . . . . . . .

0 05 1 15 2 25 3 35 4 45 5
Time (Myr)

Note destruction of softest binaries (large semi-major axis)
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Results 3. Binary fraction in the core

Binary fraction in the core

0.063 T T T T T T
+
0.062 . 4
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> 0057 | ++ T+ +*++ S+ LTSN S g
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¥ Frar L e L
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0.055 - o TAT *, 4
+
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+
0.054 | 4 1
+
0.053 L L L L L L
0 1 2 3 4 5 6 7
Time (Myr)

Note continued segregation of binaries into the core
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Radius of the core

Results 4. Radius of the core

Time (Myr)

0.34
031

03 |
0.29

snipel 2109

0.28
0.27
0.26
0.25

Increase by “heating” caused by rapid onset of mass loss by stellar

evolution at 4.5Myr
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Results 5. Number of upper main sequence stars

Number of Upper Main Sequence Stars
117700 T T

117650

/

117600
117500

117450 1
117400 1

117350

%ﬁ
117550 | 5 R
5
4
%
EY
%

N (m>1.1Mg,,)

117300

117250 I I I I I I

Time (Myr)

At about 4.8Myr the most massive stars leave the main sequence.



Results 6. Number of black holes
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Number of black holes
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Half-mass radius

0.84

0.83

0.82

0.81

0.8

0.79

0.76

Results 7. Half-mass radius

Half-Mass Radius
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Progress of the Simulation

Rate of progress of the computation
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The Future

I GPU-enabled parallel version of NBODY6++ (in progress)
I Clusters of GPUs, e.g. NAOC Beijing (image: P. Berczik)
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Exercises for Lecture 2

1. The x- and y-equations of motion for a star in the tidal eld of
a point-mass galaxy are
x+2ly 312x = a,
y 2'x = ay
where ay; a, are the components of acceleration due to the

other cluster stars and the constant ! is the angular velocity
of the cluster around the galaxy.

. . X, .
1.1 By approximating ay., as GMr—3y, where M is the total mass
of the cluster and r? = x? + y?, show that there is an
. . GM
equilibrium point at (r;; 0), where r? = 3z Deduce that the

mean density inside the tidal radius r; is constant (as the
cluster loses mass).

1.2 Far from the cluster, a, and a, may be neglected. In that
approximation, nd solutions of the above equations of moti on
in which x and y are linear functions of time. What does this
have to do with tidal tails?
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Exercises for Lecture 2 (continued)

2. A uniform star of mass M and radius a has potential energy

3 GM? :
. Two such stars approach head-on with speed v

each. Show that the stars may be completely destroyed only if

6 GM
vz > 55 What is this minimum v if the star has solar mass

and solar radius? Compare with the typical speed of stars in a
globular star cluster ( 10km/s).
3 Download NBODY®6, run the simulation described in this

lecture, and plot the tidal, half-mass and core radii against
time.
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