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probabilities for the number of positives among the uninspected units. Below, a description is given
of how such extensions can be incorporated in the BN discussed so far.

Let us imagine that one was interested in reasoning about a sampling problem in very broad
terms. For example, let us accept a setting in which it might not be of immediate interest to know—
prior to the analysis—the probability of there being exactly one, two, four, seven or whatever number
of positives in the sample. Rather, consider a scenario in which one wishes to start with a rather broad
idea of there being, for instance, some or many positives in a sample. Such general propositions are
often retained in processes known as case preassessment (Cook et al., 1998), i.e. procedures that
are intended to help the scientist to evaluate expected findings prior to examining any evidential
material.

A node that can be helpful in approaching such questions is Pre (see Fig.3), a discrete chance
node with states labelled ‘none (0)’, ‘few (1–5)’, ‘some (6–10)’ and ‘many (11–20)’. Pre is, in some
sense, a summary node because its states accumulate the probabilities associated with specified
groups of states of the nodeZ. For example, the probability of the state few (1–5) is given by∑

z Pr(Z = z) for z = 1,2, . . . ,5. Note that the intervals cumulated in Pre are chosen arbitrarily
and may be modified as required. For example, the category ‘many’ may have different meanings
in cases with different sample sizes. The node table of Pre can be completed through the use of an
expression of the following form:

if ( Z == 0, ‘none (0)’,

if ( Z <= 5, ‘few (1–5)’,

if ( Z <= 10, ‘some (6–10)’, ‘many (11–20)’))).

This expression assigns a probability of 1 to the state none (0) of Pre ifZ is in the state
0 (otherwise a probability of 0 is assigned), a probability of 1 to the state few (1–5) of Pre ifZ as-
sumes one of the states 1, 2, . . . or 5 (otherwise a probability of 0 is assigned), a probability of 1 to
the state some (6–10) of Pre ifZ assumes one of the states 6, 7, . . . or 10 (otherwise a probability
of 0 is assigned) and a probability of 1 to the state many (11–20) of Pre ifZ assumes one of the
states 11, 12, . . . or 20 (otherwise a probability of 0 is assigned). The probabilities obtainable for
the various states of Pre will later be used for the preassessment of sampling scenarios.

FIG. 3. Extended BN for sampling from small consignments based on a beta-binomial distribution. Node definitions are given
in Table3.
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46 A. BIEDERMANN ET AL.

Onemay also wish to form more general statements aboutY, the number of positive items among
those not inspected. For this purpose, a Boolean summary node, denoted byY > V?, is adopted.
The role of this node is to provide a probability for the event that the number of positives among the
units not inspected (nodeY) is at least, or greater than,V , a user-specified integer number. NodeV
is a discrete chance node with statesv = 0,1, . . . ,20. Both,V andY, are parental variables of the
nodeY > V?. The expressionY >= V can be used to complete the table ofY > V? automatically.
The nodeV is supposed to be instantiated while using the BN, so there is no particular requirement
to which the respective prior probabilities must conform

(
except

∑
v Pr(V = v) = 1

)
.

Some means is needed, however, to assure that one cannot address illogical queries via the
nodeV . It would not be meaningful, e.g. to contemplate about whether the number of positives
among the uninspected units,Y, is greater thanS, the number of items in the consignment that are
not inspected. Thus, the highest numbered state ofV that one should be allowed to select is depend-
ing on the actual state ofS. This constraint onV is implemented through the use of a node ‘V legal?’
in much the same way as was done in Section3.1 with the nodeM legal?.V legal? is a Boolean
node whose node table can be completed by using the expressionS >= V .

There is a third sort of summary node displayed at the far right-hand side in Fig.3. These nodes
take the task of providing a probability for the event that the true proportion of positives is greater
than a certain level. For example, the Boolean node Prop> 0.7? provides the probability ofθ (repre-
sented by the node Prop) being greater than 0.7, given specific instantiations made at other nodes in
the BN. The expression Prop> 0.7 defines the probabilities needed to complete the respective node
table. In Fig.3, some nodes are displayed with levels commonly of interest in sampling scenarios,
i.e. 0.5, 0.7, 0.75, 0.9 and 0.95. An advantage of having several of these nodes is that one can have a
simultaneous representation of the probability distributions within these nodes and observe changes
in them when evidence is entered at other nodes.

An alternative local network structure for evaluating the probability of the proportionθ being
above a certain limit is shown in the lower right part of Fig.3. Here, the user can select a limit of in-
terest by instantiating the discrete chance nodeP to one of its numbered states 0, 0.05,0.1,0.15, . . . ,
0.95,1. In turn, the node Prop> P? evaluates the probability of the proportion being greater than
the user-specified limit (nodeP). As for the above mentioned nodes, the node Prop> P? is Boolean
and the probability table is completed by using an expression of the form Prop> P.

3.3 Standard analysis

Figure4(i) shows the BN described in Sections3.1 and3.2. The network is in its initialized state,
nodes are expanded and no evidence is entered. The user can now start to interact with the model.
Below, this is illustrated through the standard analysis of a hypothetical scenario. The analysis is
termed ‘standard’ because similar queries could also be processed using conventional sampling soft-
ware mentioned in Section1. More specific queries will be considered in Sections3.4and3.5.

Consider again a collection of individual bags filled with powder, some of which are suspected
to contain an illegal drug (Section3.1). Let the consignment be of sizeN = 15. Imagine that within
some criminal investigation procedure, there is a need to learn more about the proportion of positive
units in this consignment.

Before going into details, let us note that some assumptions will be made, notably about the prior
probabilities for the proportion as well as for the number of items that will be inspected. Although
such assumptions may be considered as debatable, they should not, however, be a primary concern.
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ANALYSIS OF SAMPLING ISSUES USING BNs 47

FIG. 4. Extended representation of a BN for sampling from small consignments (Fig.3): (i) initialized state, (ii) state after
instantiation of the nodesM legal?,V legal?,N, M , P, V andZ (indicated in bold over a grey-shaded area). Node definitions
are given in Table3. Note that state probabilities of all nodes are displayed in percent on a scale from 0 to 100.
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48 A. BIEDERMANN ET AL.

Thereader may readily modify these assumptions to suit his own preferences. The primary aim here
is to illustrate how the proposed BN works and how it can aid scientists to reason about the problem
of interest and answer queries efficiently.

Recall from Section3.1 that there are two adversarial positions, denoted ‘prosecution’ and ‘de-
fense’ (nodeH ), which are given—a priori—equal weight. Imagine also that in the view held by the
investigating magistrate (prosecution), no preference is given to any of the possible proportions, in
which case(Prop| Hp) hasa Beta(1,1) distribution. Such a viewpoint may be held, for instance, in
a case where the bags have been discovered during a routine control of a vehicle and there is little,
if any, other information that would tend to link to suspect to a drug affair.

Note that the scenario would have been different if the seizure of the bags were preceded by
intensive investigations during which it might have been learned (e.g. through intercepted commu-
nications) that there is an intention of the suspect to acquire certain amounts of illegal drugs. In such
a case, the investigating magistrate could justify higher prior beliefs and choose shape parameters of
the beta distribution so as to assign higher probabilities to proportions greater than 0.5.

For the purpose of the current scenario, the distribution for the node Prop, given that the defense
standpoint is true, i.e. Pr(Prop| Hd), is described by a Beta(2,5) distribution. This is an expression
of increased beliefs in proportions lower than 0.5 relative to proportions greater than 0.5.

Next, consider the initialized network shown in Fig.4(i). Prior to the evaluation of the scenario,
the nodesM legal? andV legal? are set to true (Fig.4 ii). The reason for this instantiation is purely
formal: the aim is to avoid inadvertent, logically inconsistent instantiations.

One can now start, for instance, by telling the model that the case of interest covers a total
of 15 units. This is done by instantiating the state 15 of the nodeN. This is shown in Fig.4(ii),
where the respective state of the nodeN is displayed in bold over a grey-shaded area. Note that
Fig. 4(ii) also contains other instantiated nodes. These will be discussed shortly. Instantiations will
be made sequentially and the changes in the probability distributions of certain nodes will be studied
stepwise. Because of limitations of space, however, the state of the BN after each instantiation cannot
be displayed here. Figure4(ii) illustrates the state of the BN after providing all the instantiations
relevant to the current scenario.

Some of the immediate consequences (not shown in Fig.4) of instantiating the nodeN to 15 are
as follows:

• The probabilities of the states 16–20 of the nodeS, defined as the number of items in the consign-
ment that are not inspected, all reduce to 0. Stated otherwise, the model states that it is impossible
to have a number of uninspected items which is larger than the size of the consignment.

• In analogy toS, the probabilities of the states numbered 16–20 of the variablesM , Z and Y
reduce to 0 as well. With respect to the variableM , i.e. this means that, givenn = 15, one cannot
inspect a number of itemsm > 15. This is one instance of the use of the constraint defined by the
nodeM legal? (Section3.1).

Note also the strict dependency between the probability distributions of the nodesS andM . For s,
n=0,1, . . . ,20 withs6 n and omitting Pr(M legal?= true)= Pr(V legal?= true)= 1 for clarity,

Pr(S= s | N = n) = Pr(M = n− s | N = n).

These are all intuitively reasonable properties.
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ANALYSIS OF SAMPLING ISSUES USING BNs 49

Next, imagine that the prosecution is considering the option of inspecting five units. Information
pertaining to the event that five units have been inspected is communicated to the model by instan-
tiating the state 5 of the nodeM . After this, the state of the BN reflects the truthstate of the various
variables given this newly acquired piece of information. For example, it can now be observed that
Pr(S = 10 | N = 15,M = 5) = 1, meaning that when five (nodeM) out of a total of 15 units
(nodeN) are inspected, there will, logically, remain 10 uninspected items (nodeS).

Another logical consequence of instantiating nodeM to 5 is that the probabilities of the states
6,7, . . . ,20 of the nodeZ, the number of positives among the inspected units, reduce to 0. Con-
versely, the statesz= 0,1, . . . ,5 have probabilities different from 0 (not shown in Fig.4).

Assume the prosecution’s case to be true (Pr(H = Hp) = 1). An immediate consequence of
this is that all the states (intervals of size 0.05 representing the range of possible proportions be-
tween 0 and 1) of the variable Prop have equal probabilities. Consequently—given that five items
are inspected—there must also be equal probabilities of observing 0, 1, . . . ,5 positive units. In the
BN, the following is obtained:

Pr(Z = z | M = 5, H = Hp) = 1/6 (z= 0,1, . . . , 5).

Below, this digression is not continued and the nodeH is set back to be uninstantiated.
A further step of evaluating the current scenario consists in incorporating knowledge about the

number of items found to be positive. For the purpose of illustration, let this number be five (nodeZ).
The BN with the nodesN, M and Z instantiated then allows various information to be extracted,
some of which may be completed through further instantiations. Consider the following:

• The node Prop displays a beta posterior distribution over discretized intervals representing pro-
portions in the range of 0–1. It can be noted that the higher the proportion, the higher its prob-
ability (see also Fig.4 ii). The probability of the proportion lying between 0.95 and 1, e.g. is
0.2455.

• The nodes at the far right-hand side in Fig.4(ii) sum up the probabilities of proportions greater
than a certain threshold. For instance, the probability displayed in the node Prop> 0.9? is 0.4344,
which is the sum of the probabilities associated with the interval states ‘0.9–0.95’ (probability
0.18892) and ‘0.95–1.0’ (probability 0.2455) of the node Prop. More formally stated, the result
is obtained by solving the following:

Pr(Prop> 0.9 | m, z) = Pr(Prop> 0.9 | m, z, H = Hp)× Pr(H = Hp | m, z)

+ Pr(Prop> 0.9 | m, z, H = Hd)× Pr(H = Hd | m, z), (m, z= 5).

Note that Pr(Prop> 0.9 | m, z, H) evaluated by using the BN yields the same result as integrat-
ing the following (Aitken, 1999) (form, z= 5):

∫ 1

0.9
θ z+α−1(1− θ)m−z+β−1 dθ/B(z+ α, m− z+ β),

which, due tom= z, reduces to
∫ 1

0.9
θ z+α−1(1− θ)β−1 dθ/B(z+ α, β),
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50 A. BIEDERMANN ET AL.

where

B(z+ α, β) =
Γ (z+ α)Γ (β)

Γ (z+ α + β)

and

α = β = 1, if H = Hp, and α = 2, β = 5, if H = Hd.

• It may be of interest to evaluate the probability of the proportion being greater than a certain
valueP which is not covered by one of the predefined summary nodes Prop> 0.5?, Prop> 0.7?,
Prop > 0.75?, Prop> 0.9? and Prop> 0.95?. As shown in Fig.4(ii), 0.8 could be one such
value. Following the instantiation of the nodeP to 0.8, the node Prop> P? will display the
probability of the proportion being greater than 0.8. Again, the value displayed in Prop> P? is
the sum of the (posterior) probabilities of the respective interval states of the node Prop.

• The nodeY plays an essential role because it provides a probability distribution for the number
of positives amongS, the units of the consignment that have not been inspected. This distribution
is a beta-binomial distribution which, in its general form, writes as follows (Aitken, 1999):

Pr(Y= y | m, s, z, α, β)

=
Γ (m+ α + β)

(s
y

)
Γ (y+ z+ α)Γ (m+ s− z− y+ β)

Γ (z+ α)Γ (m− z+ β)Γ (m+ s+ α + β)
(y = 0,1, . . . ,s). (5)

Further details on this result are given inAppendix B. In the currently discussed example,α =
β = 1 would be needed in order to use (5) for evaluating the prosecution’s case. The defense
case is evaluated by usingα = 2 andβ = 5. Note that one can also evaluate the distribution
for Y without instantiating the nodeH . This means that the probability distribution forY is
evaluated by using a distribution forθ which reflects both the prosecution’s and the defense’s
view, weighted through the probabilities associated to each state of the nodeH . This is shown
in Fig 4(ii). Here, the probability distribution forY can be found to agree with the following
(allowing for rounding error):

Pr(Y = y | m, s, z) = Pr(Y = y | m, s, z, αp, βp)× Pr(Hp | m, z)

+ Pr(Y = y | m, s, z, αd, βd)× Pr(Hd | m, z), (6)

with y = 0,1, . . . , s and the subscripts p and d ofα andβ denoting the values of the shape pa-
rameters for the beta distribution ofθ proposed by, respectively, the prosecution and the defense.

• The BN can also process queries that relate to cumulative probabilities for the number of pos-
itives amongS being greater or equal thanv, a user-specified number (wherev 6 s, with v,
s = 0,1, . . . ,20). For illustration, imagine that one is interested in evaluating the probability
of there being at least three positives among the uninspected units. By instantiating the nodeV
to 3, the nodeY >= V? provides a result which agrees with the one obtained by the repeated
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ANALYSIS OF SAMPLING ISSUES USING BNs 51

applicationof (6):

Pr(Y >= V | m, s, z) =
10∑

y=3

[Pr(Y = y | m, s, z, αp, βp)× Pr(Hp | m, z)

+ Pr(Y = y | m, s, z, αd, βd)× Pr(Hd | m, z)]

= 0.9925,

wherem= z= 5, s= 10, αp = βp = 1, αd = 2 andβd = 5.

3.4 Preassessment

Consider again a scenario as described in section3.3(see also Fig.4). There is a consignment of size
N = 15 and it is of interest to gather evidence with the aim of inferring something about the propor-
tion of positives in the consignment. Assume again a customer, e.g. an investigating magistrate, who
is considering the option of paying the analysis of a sample of five units while being somewhat uncer-
tain about whether or not to proceed in this way. The forensic scientist may thus be asked—prior to
the examination—to evaluate the probabilities for various outcomes and the respective degree of sup-
port in favour of the customer’s proposition. Analyses of this kind are known as preassessment (Cook
et al., 1998) and can aid the customer in, e.g. deciding on allocating (monetary) resources.

Table4 provides probabilities for observingZ = 0,1, . . . ,5 positives in a sample of five units
(from a consignment covering 15 units) when the prosecution’s case is that the proportion of pos-
itives in the consignment is greater than 0.75 (column 3) and when the defense’s case is that the
proportion of positives in the consignment is lower than 0.5 (column 4). The values are taken from
the BN described in section3.3with instantiations made at the appropriate nodes. The prosecution’s
case is evaluated by fixingN to 15,M to 5 and Prop> 0.75? to true. The defense’s case is evaluated

TABLE 4 Probabilities for observing Z= 0,1, . . . ,5 positives in a sample of five units (from a
consignment covering 15 units) when the prosecution’s case is represented byProp> 0.75 (column3)
and that of the defense byProp< 0.5 (column4). Columns5 and6 contain values for the likelihood
ratio V (V−1) in support of the prosecution’s (defense’s) case for findings Z= 0,1, . . . ,5. The last
two lines provide probabilities and likelihood ratios when the findings are summarized in terms of the
categories none(0) and f ew (0)

Prop> 0.75 Prop< 0.5 V V−1

Z 0 0.0002 0.3281 0.0006 1640.5
1 0.0031 0.2969 0.0104 95.774
2 0.0251 0.2188 0.1147 8.7171
3 0.1130 0.1146 0.9860 1.0175
4 0.3107 0.0365 8.5123 0.1175
5 0.5480 0.0052 105.38 0.0095

Pre None(0) 0.0002 0.3281 0.0006 1640.5
Few (1–5) 0.9998 0.6719 1.4880 0.6720
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by fixing N to 15,M to 5 and Prop> 0.5? to false. Note that in both cases,H has been set toHp (it
is assumed here that, during preassessment, there are no competing prior beliefs). The effect of this
is that the probability distribution of the node Prop will have equal probabilities for, respectively,
each state greater than 0.75 (i.e. five states with probabilities of 0.2 each) and each state smaller than
0.5 (i.e. 10 states with probabilities of 0.1 each).

The likelihood ratioV (V−1) that each possible outcome provides in support of the prosecution’s
(defense) case is shown in the far right-hand side of Table4 (columns 5 and 6). For example, there
is a probability of 0.3107 to observe four positives in the sample covering five units ifHp is true and
a probability of 0.0365 for the same event ifHd is true, which would provide a likelihood ratioV of
approximately 8.5 (8.5123 actually) in favour of the prosecution’s proposition. What can be retained
from the compilation of the data in Table4 is that the defense can obtain higher likelihood ratios
than the prosecution. The highest possible value of the likelihood ratio in support of the defense case
is about 1640, while the prosecution can expect a maximum likelihood ratio of approximately 105.
The difference lies, however, in the probabilities with which these likelihood ratios may be obtained.
The prosecution can expect to obtain the highest possible likelihood ratio (about 105)—given their
proposition were true (i.e. Pr(Prop > 0.75?= true) = 1)—with a probability of 0.548, whereas
the defense can expect the highest possible likelihood ratio given their proposition being true (i.e.
Pr(Prop< 0.5?= true)= 1) with a probability of 0.3281.

The two lines at the bottom of Table4 contain (i) the probabilities of the states of the node Pre,
i.e. the probabilities of observing 0 and at least 1 positive, respectively, and (ii) the likelihood ratios
obtained from Pr(Prop> 0.75)and Pr(Prop< 0.5). An evaluation at the node Pre is interesting here
insofar as the prosecution has an overwhelming probability of obtaining evidence that will support
their case (through a weak likelihood ratio, however). Generally, the cumulative classes (for groups
of the number of positives) may be more informative when the consignment and the sample size are
larger. The node Pre has been retained here in order to illustrate the idea that propositions in a case
preassessment can be framed on various levels of detail.

The values shown in Table4 refer to hypothetical cases and are for the purpose of illustration.
With the use of the proposed BN, one can readily evaluate probabilities for the nodesZ and Pre
given other target propositions (nodes located at the far right-hand side in Fig.4). Generally, the
procedure may be useful for providing a customer with an assessment of the probabilities and the
evidential value of potential outcomes.

3.5 Likelihood-ratio evaluation in prosecution and defense counselling

Sampling issues should not only be considered as a problem of drawing inferences about the pro-
portion of units in a consignment that are of a certain kind (e.g. containing something illegal). As
shown in the section3.4, it may also be of interest to reason about possible outcomes prior to the
stage of examination, for which purpose the likelihood ratio provides a key measure.

Another instance in which the likelihood ratio is of interest is one where a customer seeks assis-
tance in preparing his case. Imagine again a consignment of sizeN = 15. A sample of five units has
been analysed (M = 5) and each of these items has been found to be positive (Z = 5). It is further
assumed that the proposition of the prosecution is that the proportion of positives in the consign-
ment is greater than 0.75, which is a rather firm opinion that a predominant part of the consignment
contains illegal substance. What is, in such a situation, an advantageous proposition (i.e. a statement
about Prop) for the defense?
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Questionsof this kind can be addressed by evaluating likelihood ratios with various defense
propositions. An example is shown in Table5. All values shown in this table were calculated with
the previously described BN (implemented in HUGIN). Column 3 in Table5 shows likelihood ratios
that are obtained when assuming Prop> 0.75 in the numerator and Prop< 0.75 (Prop< 0.7,
Prop< 0.5, Prop< 0.3, Prop< 0.2, Prop< 0.1) in the denominator. These values indicate that the
likelihood ratio tends to increase in favour of the prosecution’s case the lower the proportion that is
assumed in the defense’s case. It might be thought that a defense strategy should seek propositions
that tend to weaken the likelihood ratio in favour of the prosecution’s case. In the current scenario,
this would mean that the defense’s proposition needs to admit higher values for the proportion of
positives in the consignment. Conversely, however, the higher a proportion admitted by a defense
proposition, the more similar that proposition will be to that forwarded by the prosecution. This
property of the likelihood ratio appears intuitively reasonable. Notably, were the prosecution and the
defense assuming, in the extreme, the same propositions, then the likelihood ratio would obviously
reduce to 1.

For the purpose of illustration, columns 4 and 5 of Table5 provide additional likelihood ratios
for scenarios in which the prosecution’s case is described by Prop> 0.9 and Prop> 0.95. An
interesting observation here is that for a given proposition forwarded by the defense, the higher the
proportion retained by the prosecution, the higher the likelihood ratio.

Nevertheless, concerns are sometimes raised by investigating magistrates, as experienced by the
authors, that the defense may criticize the sampling strategy by arguing, e.g. ‘Your evidence consists
of a sample of five units, each of which has been found to be positive. However, the size of the
consignment is 15; there still are 10 remaining units and you have no evidence that they also contain
an illegal substance, essentially because they have not been inspected’. A scientist may be asked by
his customer whether such a statement is credible and how it may be countered.

The nodeY shown in the BN in Fig.4(ii) can be helpful in answering such questions. It can
be seen, e.g. that the probability that there are zero positives among the 10 uninspected items is as
low as 0.00034, which is well below one per thousand. It can further be observed that there is a
probability>0.99 (nodeY >= V?) that there are at least three positives among the 10 uninspected

TABLE 5 Likelihood ratios V for varying prosecution and defense propositions relating to the proportion
of positives in a consignment of size15. The evidence consists of five positives in a sample of five units.
The prior probability distribution of the proportion (of positives) is of type beta withα = β = 1. Three
propositions referring to proportions above0.75 are assumed for the prosecution (upper right part of the
table). Six propositions referring to proportions below0.75are assumed for the defense (left-hand side of the
table). The resulting likelihood ratios are shown in columns3–5(in lines4–9)

Defensecase Prosecutioncase

>0.75 >0.9 >0.95
Prop Pr(Z = z5 | Prop) 0.5480 0.7809 0.8830

<0.75 0.0396 13.8 19.7 22.3
<0.7 0.0280 19.6 27.9 31.5
<0.5 0.0052 105 150 170
<0.3 0.0004 1370 1952 2208
<0.2 0.0001 5480 7809 8830
<0.1 1.67× 10−1 3.28× 104 4.68× 105 5.29× 105
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items. By instantiating the nodeV to 6, one can find that there is still a probability>0.9 (0.9147
actually) that there are at least six positives among the 10 remaining units. In the light of these
observations, a potential argument as stated above does not seem to have firm grounds. It is flawed
insofar as it ignores the fact that observations made on inspected items can tell one something about
a consignment’s uninspected items.

4. Large consignments

With larger consignments (which may be as small as 50,Aitken, 1999), sampling can be considered
as being with replacement. A Bayesian method for the estimation ofθ , the proportion of positives in a
consignment, is given inAitken (1999) and used below in a BN environment. As a major difference
to the approach discussed in Section3, no evaluation is made of the number of positives among
uninspected units.

The presentation of the BN in this section will focus on the potential of BNs (i) to facilitate the
adjustment of inferences due to changes in prior beliefs (through direct selection of the shape param-
etersα andβ, implemented in terms of distinct nodes) and (ii) to account for possibly misclassified
data (i.e. the erroneous determination of a unit being positive or negative). The latter appears to be a
rarely discussed aspect of sampling in forensic contexts.

4.1 BN for sampling from large consignments

Figure5 shows a BN useable for sampling from large consignments. In analogy to Section3, the
proportion of positives in a consignment is taken to be unknown. It is modelled with a beta dis-
tribution. A discrete chance node Prop with intervals 0–0.05, 0.05–0.1, . . . ,0.95–1 is used for this
purpose. The probabilities assigned to the intervals of Prop are determined by a beta distribution
whose parameters (α andβ) are provided by the nodesa andb (parents of Prop). The states of these
latter nodes consist of numbers 0.5,1,2, . . . ,10. The choice of these numbered states is a subjective

FIG. 5. A BN for sampling from large consignments. The definitions of the nodes Prop,P, Prop > P?, Prop > 0.5?,
Prop > 0.7?, Prop> 0.75?, Prop> 0.9? and Prop> 0.95? are as given in Table3. The nodes unit 1 to unit 5 and test 1
to test 5 have states positive and negative denoting, respectively, the true (but unknown) characteristics of items 1–5 and
the outcomes of tests conducted in order to determine the characteristics of each item. The nodesa andb each have states
numbered 0.5,1,2, . . . ,10 and provide the shape parameters for the beta distribution used in the node Prop.
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one.Other values (>0) might be defined as required. The value of 0.5 is included because the nodes
a andb instantiated to this value allow the node Prop to have a beta(0.5, 0.5) distribution which
is sometimes used to represent prior beliefs according to which either no (or nearly none of the)
units or all (or nearly all) items are positive. Note that the probability table of the node Prop can be
completed in HUGIN usingthe expression Beta(a, b) (as mentioned earlier in Section3.1).

A particular aspect of the BNs shown in Figs2 and5 consists in the way in which sampling
procedures are modelled. In the beta-binomial BN discussed in Section3.1, a single nodeZ is used
to implement the overall numberz of positives among a sample ofm items (nodeM). In the BN
shown in Fig.5, a separate node is used to represent the target characteristic (positive or negative) of
each item of a sample. In addition, a distinction is made between the true, but unknown, condition
of an item (i.e. containing or not an illegal substance) and what is observed in the course of an
experiment designed to ‘detect’ the presence or absence of that target characteristic. Note that in
Fig. 2, the observation of a positive (measurement) was equated with the examined unit being truly
positive, which is a simplification of the underlying states of reality. Such distinctions are advocated,
e.g. in the context of DNA profiling analyses (Thompsonet al., 2003), but are also challenged in
other forensic disciplines (Saks and Koehler,2005).

The BN in Fig.5 has the following structure: Binary nodes labelled ‘unitn’ with states positive
and negative represent propositions according to which thenth item contains illegal substance. The
result of a diagnostic test applied to thenth item is modelled by a binary node ‘testn’ with states
positive and negative. The outcome of a test depends directly on the presence or absence of the
respective characteristic. Directed edges are thus adopted between the nodes testn and unitn. Five
pairs of nodes unitn and testn are incorporated in the current model. For routine use, more trials
may be needed and additional nodes can be added analogously.

There may be circumstances shedding doubt on the result of a test. The sample condition or er-
roneous experimental settings are possible reasons for this. Thus, a test may not always turn out to
be positive when the unit is truly positive or may turn out to be positive when in fact the unit is not
positive. Generally, two probabilities can be used to describe the accuracy of a test: the probability
of a test being positive when the sample is truly positive, Pr(testn = positive | unit n = positive),
and the probability of a test being negative when the unit is actually negative, Pr(testn = negative|
unit n = negative). Sometimes, these two values are referred to as a test’s sensitivity and speci-
ficity (Kaye, 1987;Robertson and Vignaux, 1995;Balding, 2005;Lindley, 2006, e.g.). They can
be used to complete the probability table of the nodes testn. Note solely that a test is taken to in-
dicate the presence or absence of a unit’s target characteristic with certainty if one assumes that
Pr(testn = positive | unit n = positive) = Pr(testn = negative| unit n = negative) = 1. For the
purpose of the current discussion, a hypothetical value of 0.99 is chosen for both these probabilities.

The probability of an individual unit containing or not containing an illegal substance depends
directly on the proportion of units in the consignment that contain illegal substance. Directed edges
are thus adopted between the nodes unitn and the node Prop. The probability tables of the nodes
unit n can be completed through the expression Distribution(Prop, 1− Prop).

Besides, there are also nodes other than those discussed so far in this section, namely, Prop,
P, Prop > P?, Prop> 0.5?, Prop> 0.7?, Prop> 0.75?, Prop> 0.9? and Prop> 0.95?. The
definition of these variables is as given in Table3.

Figure6(i) depicts the BN in its initialized state. It is contrasted with an evaluation of a hypo-
thetical scenario shown in Fig.6(ii). Here, a uniform prior probability distribution is assumed for
the proportion of positives in the consignment. This is obtained by instantiating the nodesa andb
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FIG. 6. Different states of a BN for sampling from large consignments. The definitions of the nodes Prop,P, Prop > P?,
Prop> 0.5?, Prop> 0.7?, Prop> 0.75?, Prop> 0.9? and Prop> 0.95? are as given in Table3. The nodes unit 1 to unit 5
and test 1 to test 5 have states positive and negative denoting, respectively, the true (but unknown) characteristics of items 1–5
and the outcomes of tests conducted in order to determine the characteristics of each item. The nodesa andb each have
states numbered 0.5,1,2, . . . ,10 and provide the shape parameters for the beta distribution used in the node Prop. Part (i)
shows the BN in its initial state. Part (ii) shows the BN with a beta(1,1) prior distribution for the node Prop (nodesa andb
instantiated to 1) and four units tested positive (nodes test 1 to test 4 instantiated to positive). The state probabilities of all
nodes are written in percent on a scale between 0 and 100.

 at U
niversity of E

dinburgh on D
ecem

ber 5, 2011
http://lpr.oxfordjournals.org/

D
ow

nloaded from
 

http://lpr.oxfordjournals.org/


ANALYSIS OF SAMPLING ISSUES USING BNs 57

to the state 1. The evidence consists of positive testing results obtained following the inspection of
four units. This information is entered by instantiating the nodes test 1 to test 4 to positive. The
node Prop then shows an updated (posterior) probability distribution for the proportion of positives
in the consignment. As may be seen, the result is that higher proportions become more probable.
Cumulative probabilities for various intervals of proportions are displayed at the far right-hand side.
One can note, for instance, that there now is a probability greater than 0.95 (which was 0.5 prior to
the inspection of the four units) that the proportion of positives is greater than 0.5, a result that is in
agreement withAitken (1999).

In the current example, each observation of a positive test result provides a likelihood ratioV of
99 for the respective unit being in fact positive (V = sensitivity/(1− specificity)). This stems from
the particular definition of the test’s sensitivity and specificity, both of which were set to 0.99.

In a more general case, the scientist could enter one observation at the time and subsequently
observe the changes in the probability distributions for the nodes of interest. This may be useful
when there is a need to see whether the findings are such as to satisfy a criterion of the kind ‘is there
a probability of at leastp that at least a proportionθ of the entire consignment is positive?’.

Note further that one need not only consider the BN for evaluating findings that have actually
been obtained. One may also evaluate the probability with which future trials, given previous obser-
vations, can be expected to yield positive and negative testing results, respectively. This is illustrated
in Fig. 6(ii) where a probability of approximately 0.83 is indicated for the fifth item being positive
(given that the previously inspected four items were all tested positive). Besides considering the
probability of future trials resulting in positive or negative findings, one may also evaluate the infor-
mation that future findings can be expected to provide. More can be learned about such a question by
instantiating, e.g. the node test 5 (not shown in Fig.6). If a positive result is obtained, one can find
that the probability of the proportion being greater than 0.5 would increase a further 2% to approx-
imately 0.98. In case of a negative finding, this probability would decrease by approximatively 6%.

5. Discussion and conclusions

Among the many topics that pertain to sampling in forensic science are those that relate, in one
way or another, to the proportion of units in a consignment that are of a certain kind. Literature has
pointed out that Bayesian methodology is needed if the aim is to formulate probabilistic statements
about a proportion, given particular evidence. One such approach, followed throughout this paper,
has been proposed inAitken (1999). The purpose of the present paper was to present the potential of
a graphical environment to implement this approach and to provide an in-depth study of the rationale
behind its conception.

Analysing sampling issues involves formulating relevant questions and defining parameters of
interest together with their believed dependencies. During this process, one often needs to make
particular assumptions and these crucially affect the characteristics of the resulting model. It is de-
sirable to have some means to provide a concise representation of assumptions that are encoded in a
given model. In addition, forensic scientists may, on occasion, feel the need to reformulate or extend
questions in order to meet specific customer requirements. BNs efficiently support both tasks while
being flexible enough to allow their user to go beyond standard analyses. As was shown, discussions
can readily be extended in order to consider further complications, such as potentially misclassified
data (e.g. the recording of a positive testing result for a unit that is actually negative).
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Someeffort is needed to set-up the proposed BNs in an appropriate software environment. In
addition, some approximations need to be accepted, such as the discretization of a continuous ran-
dom variable (i.e.θ , the proportion of positives in a consignment) over a range of discrete intervals
whose number and width are chosen by the user. However, the reward will be a fully automated
model which is amenable to direct interaction with the scientist. A particular advantage consists in
the potential of asinglemodel to cope with the analysis ofseveral distinctissues, notably case pre-
assessment, likelihood-ratio evaluation and the calculation of posterior probability distributions for
both the proportion of positive units in a consignment as well as the number of positive units among
inspected and uninspected items.
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Appendix A. Beta distribution

The beta distribution provides a means for representing variability of a continuous random variable
over a fixed range (from 0 to 1). Letθ denote such a random variable.θ has a beta distribution with
two parametersα andβ, denoted by Beta(α, β), if its probability density function,f (θ | α, β), is

f (θ | α, β) =
1

B(α, β)
θα−1(1− θ)β−1, 0 < θ < 1,

where

B(α, β) =
Γ (α)Γ (β)

Γ (α + β)

is the beta function and

Γ (z) =
∫ ∞

0
t z−1 e−t dt

is the gamma function. For arguments that are integer, the gamma function produces factorials:

Γ (x + 1)= x!, for integerx > 0,

where

x! = x(x − 1)(x − 2) ∙ ∙ ∙ 1.

Note thatΓ (1/2)=
√

π .

Appendix B. Beta-binomial distribution

The probability function

Pr(Y = y | s, θ) =
(

s
y

)
θ y(1− θ)s−y, y = 0,1, . . . , n,

is called the binomial distribution, where

(
s
y

)
=

s!

y!(s− y)!
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is the binomial coefficient. Generally,Y denotes the number of successes in a numbers of trials
with θ denoting the probability of a success in any individual trial. Following the notation used in
the text (see Table3), (Y | s, θ) is the distribution forY, the number of positive units amongs, the
number units of a consignment that are not inspected, withθ denoting the proportion of positives in
a consignment.

Let θ be a beta distribution (Appendix A). When there arez positives amongm inspected units,
the posterior beta distribution is another beta distribution with parametersα + z andβ + m− z.
The distribution of(Y | s, θ), which is binomial, can be combined with a posterior probability
distribution forθ , i.e.(θ | m, z, α, β), to give a distribution known as a beta-binomial distribution:

Pr(Y = y | m, s, z, α, β)

=
Γ (m+ α + β)

(s
y

)
Γ (y+ z+ α)Γ (m+ s− z− y+ β)

Γ (z+ α)Γ (m− z+ β)Γ (m+ s+ α + β)
(y = 0,1, . . . ,s).
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