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Decomposition Based IPM-Warmstarts: Overview

e (Anotated) whistle-stop tour of

— Stochastic Programming
— Interior Point Methods
— Warmstarting Interior Point Methods

e Reduced tree based SP warmstarts
e Decomposition based SP warmstarts

e Numerical Results
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Stochastic Programming:

A Stochastic Programming Problem is given by

min, , gz + Eele(§) y(€)]
s.t. Ax = b,

T )z +W(Ey&) =h(&) as.
x>0,y >0

This models a decision process © — & — y(&)

ISMP, 23-28 August 2009, Chicago 3



M. Colombo, A. Grothey Decomposition-Based Warmstarts

Stochastic Programming:

A Stochastic Programming Problem is given by

min, , gz + Eele(§) y(€)]
s.t. Ax = b,

T )z +W(Ey&) =h(&) as.
x>0,y >0

This models a decision process © — & — y(&)
Deterministic equivalent:
For a discrete distribution £ ={&;: P(§ =&) =pi}i, (T =4{pi, &)

min cjx + .. picl y;

s.t. Ax =D,
Tix + Wy, = h; Vi
r >0,y 20
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Structure of Deterministic equivalent
The constraint matrix of the deterministic equivalent

min iz + .. picly;
I Wi 1 ] Y1 hy

Ws 15 ( (7 \ ( ho \

S.t. e :

W, T,

| A\E)

is a column bordered block-diagonal matrix.

Structure can be exploited
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Multistage Stochastic Programming

(models decision process x1 — & — x9(&s) — ... — &p — xp(ér))

/. Scenario 1

‘\‘ Scenario 2 4‘=

/‘ Scenario 3

.\~‘ Scenario 4 SR —

Period 1 Period 2 Period 3

Scenario Tree Constraint Matrix
= nested column bordered block-diagonal constraint matrix

Symmetrical event tree with K realizations/node and T periods corresponds to

KT —1

KT=1 gcenarios —
K —1

nodes (blocks)
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Applications

(Multistage) Stochastic Programming has many applications
e Portfolio Optimization
e Planning under uncertainty
e Electricity Generation Planning (involving hydro or wind)
e ctc

Solving Stochastic Programming Problems:

Problem: size of deterministic equivalent quickly becomes very large
= Difficult for standard solvers. Suitable approaches are:

e Decomposition (Benders, L-shaped method)

e [nterior Point Method

(Gondzio, G. (2005): solved multistage SP problem with 10° variables
on 1280 processors in under 2h)

ISMP, 23-28 August 2009, Chicago §
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Stochastic Programming Warmstarts

e Idea: speed up solution process by crash-starting from a smaller tree

e But: IPMs are notoriously bad at exploiting a known starting point

/' Scenario 1

.\. Scenario 2 JI

Scenario 3

.\~. Scenario 4 S —

Period 1 Period 2 Period 3

Scenario Tree Constraint Matrix
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Interior Point Methods (for LP)

minc' st. Ax = b (LP)
z >0
Optimality conditions: c—ATh—s = 0
Axr = b
XSe =0 (KKT)
r,s > 0

ISMP, 23-28 August 2009, Chicago 8
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Interior Point Methods (for LP)
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Interior Point Methods (for LP)

mincT:U—,uZh"lxz- st. Ax = b (LP)
r > 0
Optimality conditions: c—ATh—s =0
Ar = b
XSe = ue (KKT)
x,s > 0

Central Path:
The set of all solutions to the optimality conditions for p > 0.

The central path joins the analytic center (for u = oo) with the LP
solution (for p = 0).

Neighbourhoods (of the central path)

No(8) = {(z, N\, s) € F': || XSe — pel|ly < 0u}
N_oo(y) = {(z, N\ 8) € F i wys; > vy}

where FV = {(z,\,5) :c— A"\ —5=0,Az = b, 2,5 > 0}.

ISMP, 23-28 August 2009, Chicago 8
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Path Following Methods

e choose xg, Ao, 5o > 0, it = x S0/M

e compute Newton step (Ax, As, a\) for (KKT) and given pu™ < pu.
e compute stepsizes

a=max{a:r+arr >0,s+as>0,(x,s) € N,(7)}

a>0
e take step
ry = x4+ 0.995aax
Ar = A+ 0.995aa)
s+ = z+0.995aas
e update pu:
-
,u+:(7x+8+, 0<o<1
n

ISMP, 23-28 August 2009, Chicago 9
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Warmstarting Interior Point Methods

e Many applications require the solution of a series of optimization problems
(SQP, B&B, MPC, etc)

e Simplex/Active Set Methods are easy and efficient to warmstart

e [PM Warmstart is seen as difficult to impossible

e One of the main arguments against IPM

ISMP, 23-28 August 2009, Chicago 10
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Warmstarting Interior Point Methods

e Many applications require the solution of a series of optimization problems
(SQP, B&B, MPC; etc)

e Simplex/Active Set Methods are easy and efficient to warmstart

e [PM Warmstart is seen as difficult to impossible

e One of the main arguments against IPM

Some research (among others)

e Mitchell, Todd 92

e Hippolito '93

e Lustig, Marsten, Shanno '94
e (Gondzio 98

e Gondzio, Vial '99

e Yildirim, Wright '02
e Gondzio, G. '03/°08
e John,Yildirim '06

e Benson,Shanno '06

= Message:

e Warmstarting IPMs is possible! (Can save around 50%-60% of iterations)

ISMP, 23-28 August 2009, Chicago 10
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Warmstarting Interior Point Methods

Aim: Use information from solution process of

minc'z st. Az = b (LP)
z >0
to construct a starting point for (nearby problem)
miné' ¢ st. Az = b (ITIS)
r >0

where A~ A, b b, ¢~ c
e [t is not a good idea to use the solution of (LP) to start (LP).

o Unlike for the Simplex/Active Set Method!

ISMP, 23-28 August 2009, Chicago 11
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Why?

Hippolito (1993): Search direction is parallel to nearby constraints

Modified Problem

)

—

Origina Problem

= only small step in search direction can be taken

ISMP, 23-28 August 2009, Chicago 12
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Warmstarting Heuristics

Idea: Start close to the (new) central path, not close to the (old) solution

Modified Problen

Origina Problem

= Start from a previous iterate and do additional modification step.
e Yildirim/Wright ('02): Weighted Least Squares (WLS), Newton correction
e Gondzio/G. (’03/°08): Splitting Directions, Unblocking

ISMP, 23-28 August 2009, Chicago 13
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Interior Point Warmstarts: Theoretical Results

A typical warmstart results is (Assume A = A):

Lemma (based on Yildirmm/Wright '02). Let (z, A, s) € N3(6y) for problem (LP)
then the full WLS step (Az, AX, As) in the perturbed problem (LP) is feasible
and

(z 4+ Az, A+ AN, s + As) € Ny(6)

s 00 1 u
e < ———min :
" =20(d) on+1"4C(d)||d||

provided that

= “small 0., large p©”

C'(d) is the Renegar condition number of the problem d = (A, b, ¢):

C(d) = ”(id‘)’ p(d) = “distance to infeasibility”
p
Ac Ab
and Ope = —— + 2C(d)—r
| |
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Results for LP problems (NETLIB) (Gondzio, G. '08)
T T : T T
° ° b perturbed e®
° ° ° ¢ perturbed
70 r ° ° A perturbed ee ]
4 ° d ° °
[ ] ° A d [ ]
60 |- . ° . . o o . o ° .
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Stochastic Programming Warmstarts

e Idea: speed up solution process by crash-starting from a smaller tree

e But: IPMs are notoriously bad at exploiting a known starting point

The aim of a crash-start is to construct (cheaply) a point on (or near) the central
path.

primal feasibility dual feasibility centrality
Ar = b S TN +s = ¢ XSe = pe
Ty + Wy = h; WEN + 2z = pic; YiZie = pe
x,s,Y,z2 > 0

The (unique) solution is denoted by

(@u(T), yu(T), AT ), 5,(T ), 2(T))

ISMP, 23-28 August 2009, Chicago 16
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Stochastic Programming Warmstarts

e Idea: speed up solution process by crash-starting from a smaller tree

e But: IPMs are notoriously bad at exploiting a known starting point

The aim of a crash-start is to construct (cheaply) a point on (or near) the central
path.

primal feasibility dual feasibility centrality
Ar = b S TN +5 = ¢ XSe = pe
Tw+ Wy = h; WEN + 2 = pic; YiZie = pe
x,s,y,z > 0

The (unique) solution is denoted by
(@u(T), yu(T), Mul(T ), 5u(T ), 2u(T))

= The stochastic programming warmstart schemes attempt to (cheaply)

find an approximation to (x,(7 ),y (7T ), \u(T), s,(T ), 2,(T))

= Reduced tree based warmstart (Colombo, Gondzio, G. '09)

ISMP, 23-28 August 2009, Chicago 16
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Stochastic Programming Warmstarts

IC1[Co[C3[C4s[C5]Cg[C7[CgCq [Ciq

3 -

—2 &
B,|A,
® . %
-.IIIIIII'>> = Bs As

(v con

b 2
B - -

@

Bid |Add 0
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Stochastic Programming Warmstarts

ICERICEN C ; [BMNIEEN C; IBRlc s [Co [C g
B,|A,
=
BslAsg by
G B, As b
Bgl|Ag Iy
Big |A1g EO

e Select sample scenarios
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Stochastic Programming Warmstarts

u I
Ty

'\‘;‘

e Select sample scenarios

o Aggregate Scenarios/Reduce Problem

ISMP, 23-28 August 2009, Chicago 17
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Stochastic Programming Warmstarts
[Ci[Cr[CalCs]C7 |

'\‘;‘

e Select sample scenarios

o Aggregate Scenarios/Reduce Problem
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Stochastic Programming Warmstarts
[C1[Cr[CaCsC7 |

To solve the problem by warmstarting, reverse the process

ISMP, 23-28 August 2009, Chicago 18
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Stochastic Programming Warmstarts
[C1[Cr[CaCsC7 |

X1 X2 [Xa [ X5 [ X7
Z1 |22 |Z4g|Zs |Z7

slslslsls]

To solve the problem by warmstarting, reverse the process

e Find central point for reduced problem
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Stochastic Programming Warmstarts

“u
m
4

|5 |

To solve the problem by warmstarting, reverse the process
e Find central point for reduced problem

e [ixpand the problem to original size

ISMP, 23-28 August 2009, Chicago 18



M. Colombo, A. Grothey Decomposition-Based Warmstarts

Stochastic Programming Warmstarts
[CilCzICalCalCsiCr[C7[Cs[C7[C7 |

X1 [ X2 X4 [ X5 X7
Z11Z> Zy |Zg Z7 E §

To solve the problem by warmstarting, reverse the process

==

==

Ny

e Find central point for reduced problem

e Expand the problem to original size (by duplicating scenarios)
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Stochastic Programming Warmstarts

X1 X2 X4 [ X4 [ X5 [X7 X7 X5 [ X7 X7
Z1|Zo |Za|Zy|Zs |Z7 |27 |25 |27 |27
> NS T T _ |

To solve the problem by warmstarting, reverse the process

=

SISIFISISsIFISIE[F

e Find central point for reduced problem
e Expand the problem to original size (by duplicating scenarios)

e Expand solution to primal/dual feasible point for expanded problem

ISMP, 23-28 August 2009, Chicago 18
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Stochastic Programming Warmstarts

Co Cs[ColC1g

X1 X2 [ X4 X4 [ X5 |X7 [ X7 [|X5 [X7[X7
21122 24|24y |25 |27 |27 |25 |27 |27

NS

Aqg

sIsIFISsIsIsIsl=]

AlC
To solve the problem by warmstarting, reverse the process
e Find central point for reduced problem

0

e Expand the problem to original size (by duplicating scenarios)
e Expand solution to primal/dual feasible point for expanded problem

e Use this to warmstart full problem

ISMP, 23-28 August 2009, Chicago 18
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Reduced Tree Warmstart: Results

e SP test problems & Capacity assignment problems
e Ranging from 1,000 - 100,000 variables

120

2500

T
T
I warmstarted I varmstarted
[ Jcoldstarted [ coldstarted

100
2000 |

80 ]

1500 |

60

1000 -

500 [

0 5 10 15 20 25 0 5 10 15 20 25

Number of IPM iterations Total solution time (s)

-50.5% -42.1%

ISMP, 23-28 August 2009, Chicago 19



M. Colombo, A. Grothey Decomposition-Based Warmstarts

Crash starting Interior Point methods

The aim of a crash-start is to construct (cheaply) a point on (or near) the central
path.

primal feasibility dual feasibility centrality
Ax = b ZiTT)\,j—l—S = ¢y XSe = pne
T+ Wy, = h; WéT)\,;JrZ,- = D;C Y, Z,e = pne
x,s,y,z > 0

Analysis of reduced tree warmstart scheme:
e The tree expansion constructs a primal/dual feasible (not central) point
e Scenario changes destroy primal/dual feasibility.

[s it possible to regain primal-/dual- feasibility & centrality?

ISMP, 23-28 August 2009, Chicago 20
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Decomposition based Warmstarting Scheme

Idea: e Use estimate of first stage decisions x, s from reduced tree 7p.

e Given these solve scenario subproblems to get (y;, z;, \;)\Vi € 7.

ISMP, 23-28 August 2009, Chicago 21
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Decomposition based Warmstarting Scheme

Idea: e Use estimate of first stage decisions x, s from reduced tree 7p.

e Given these solve scenario subproblems to get (y;, z;, \;)\Vi € 7.

Given z, s the conditions for a point on the central path (almost) decompose into

Wiyi = hi =Tz
Wi+ 2 = pic;
YiZ,e = pne

which are the optimality conditions for the scenario subproblem

: T
min,, pic; Y — M Zj Iny;; |
st. Wiy = hi — Ta (Pi(z))
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Decomposition based Warmstarting Scheme

Idea: e Use estimate of first stage decisions x, s from reduced tree 7p.

e Given these solve scenario subproblems to get (y;, z;, \;)\Vi € 7.

Given z, s the conditions for a point on the central path (almost) decompose into

Wiyi = hi =Tz
Wi+ 2 = pic;
YiZ,e = pne

which are the optimality conditions for the scenario subproblem

: T
min,, pic; Y — M Zj Iny;; |
st. Wiy = hi — Ta (Pi(z))

Note: o Disregard the global dual constraint: » . TN, + s = cp.

e Satisfied (approximately) if 7p ~ 7.

ISMP, 23-28 August 2009, Chicago 21
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Decomposition based Warmstarting Scheme: Algorithm

e Input: Reduced tree 7g, target u : ur.
1. Solve P(7g) to find (2, 5) := (2, (Tr)Su(TR)).

as approzimation to (x,,.(7T),s,,.(T))

2. Vi:Solve scenario subproblems Py()

to get pr-centers (Ui, 2i, Ai) = (Ypuis Zir Api)-
as approzimation to (Y, (7T ), 2, (T ), Ay (T))

e Output: (z,y, A, 8, 2) as the warmstart point for P(7).

ISMP, 23-28 August 2009, Chicago 22
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Decomposition based Warmstarting Scheme: Algorithm
e Input: Reduced tree 7g, target u : ur.
1. Solve P(7g) to find (2, 5) := (2, (Tr)Su(TR)).

as approzimation to (x,,.(7T),s,,.(T))

2. Vi:Solve scenario subproblems Py()

to get pr-centers (Ui, 2i, Ai) = (Ypuis Zir Api)-
as approzimation to (Y, (7T ), 2, (T ), Ay (T))

AN

e Output: (7,9, A, 8, 2) as the warmstart point for P(7).

Rationale:

o [f TR ~ T
e then (5’37 §> = (xMT(TR)SMT<TR>) ~ (xMT<T>SMT(T>)
e and thus (y, 5‘7 2) = Y (TN (T)s 2 (T)

ISMP, 23-28 August 2009, Chicago 22
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Decomposition based Warmstarting Scheme: Analysis

AN
AN

By construction (z, 9, A, §, 2) is
o (entral

e Primal feasible

ISMP, 23-28 August 2009, Chicago 23
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Decomposition based Warmstarting Scheme: Analysis

AN
AN

By construction (z, 9, A, §, 2) is
o (entral
e Primal feasible

Dual feasibility depends on residual in > . TT\; + s = ¢y;

{?

= O(|A = A\(T)|| = O(d(T, Tp))

ISMP, 23-28 August 2009, Chicago 23
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Decomposition based Warmstarting Scheme: Analysis

AN

By construction (z, 9, A, §, 2) is

o Central
o Primal feasible

Dual feasibility depends on residual in >, T\, + s = ¢y;

{?

= O(|A = ATl = OW(T, Tir))

Wasserstein distance: a standard measure of distance between trees
T ={(pi,&)} Tr ={(pi, &}

is the Wasserstein or T ransportation distance:

)

W(T,Tg) = %12161 < Z Z 1& — fanzj an = T}, an =T ¢ -
\ (m:6)ET (WJ,SJ)ETR )
ISMP, 23-28 August 2009, Chicago 23
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Decomposition based Warmstarting Scheme: Theoretical Results
Given

o Ly ||h(&) —h(&)| < Lyli€ = €|
o EI ||qu(TR)HOO < B7 VTR

o Lo=3C(@)(C)d] + prn)x(W)Ly

o C\ = 4x(W)|TIIC() [C@Td] + prnl?/r
Lemma. We have
2
i

IM(T) = Ml < Cr\B\/ LoV Wi(T, Tr)

= “small W(7,73), large p”

ISMP, 23-28 August 2009, Chicago 24
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Decomposition based Warmstarting Scheme: Theoretical Results

AN

Theorem. Let w = (2,9, A, §,2) be the warm-start point for problem P(7)
obtained by following the above algorithm starting from the reduced tree 7. If

2 T 2
W1<T,TR) < 92 min ||d|| -, M .
C(d) C? 42n+1)* 160(a)

then the warmstart is successful, that is the full WLS step is feasible and
(& + Az, G4+ Ay, A+ AN, §+ As, 2+ Az) € NL(6).

ISMP, 23-28 August 2009, Chicago 25
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Decomposition based Warmstarting Scheme: Theoretical Results

AN

Theorem. Let w = (2,9, A, §,2) be the warm-start point for problem P(7)
obtained by following the above algorithm starting from the reduced tree 7. If

2 T 2
W1<T,TR) < 82 min ||d|| -, M .
C(d) C? 42n+1)* 160(a)

then the warmstart is successful, that is the full WLS step is feasible and
(& + Az, G4+ Ay, A+ AN, §+ As, 2+ Az) € NL(6).

A similar result can be proven if we only require approximate
pr-centers!

ISMP, 23-28 August 2009, Chicago 25
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Decomposition based warmstart: Extension to Multistage SP

e [asy to generalize to multistage SP N K

e Decompose problem at 2nd stage . :
= Pi(x) is based on subtree @ 7777777777 i

e Solve each subtree and assemble
warmstart point I N

_________________________________

ISMP, 23-28 August 2009, Chicago 26
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Test Problem Characteristics

Problem stages scenarios rows columns nonzeros
fxm3-6 3 36 6,200 12,628 57,722
fxm3-16 3 256 41,340 85,575 392,252
pltexpA4-6 4 216 26,894 70,364 143,059
swing8-4 8 65,036 262,142 349,522 786,422
mmix-50 2 b0 32951 72517 366,817
mmix-100 2 100 65,901 145,017 733,617
watson10-64 7 64 15,101 28,097 72,648
watson10-128 8 128 26,237 49,153 128,648
watson10-256 9 256 43517 82,177 218,888

ISMP, 23-28 August 2009, Chicago

27
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Numerical Results

Problem cold reduced decomp

1iter time |1ter time|iter time
txm3-6 24 379 14] 11 3.9
txm3-16 62 46.2| 21 187 19 37.0
pltexpA4-6 68 30.3| - -1 40 23.0
swings-4 35 69.8| 66 114.9| 14 72.9
mmix-o0 31 11.5] 25 &7 10 18.6
mmix-100 35 273 48 29.1] 13 8.3
watsonl0-64 | 58 11.8] 89 158 6 9.2
watsonlO-128| 74 26.1[106 34.2| 15 20.8
watsonl0-256| 85 51.6] - -1 48 56.7

ISMP, 23-28 August 2009, Chicago
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Residuals

e Plotted are log;, of &, &, &

e Problems: fxm6, fxml6, pltexp, swing° U

| EP
S

i logyo & ’

ISMP, 23-28 August 2009, Chicago 29
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Distance from central path

6 T T T

I
I cold
@ reduced
[ ldecomp

. 3
logyg || — wy|

ISMP, 23-28 August 2009, Chicago 30



M. Colombo, A. Grothey Decomposition-Based Warmstarts

Possible Efficiency Gains

e Scenario subproblems can be warmstarted from reduced tree solution

e Only resolve scenario subproblems for which reduced tree solution has large
residuals
= Hybrid Reduced Tree/Decomposition warmstart.

ISMP, 23-28 August 2009, Chicago 31
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Conclusions

e [PM can be warmstarted

e Can exploit stochastic programming structure to significantly speed-up so-
lution.

e Decomposition based warmstart shows potential for further time-savings.

Future Work:

e [ixplore Hybrid-Scheme

e Warmstart scenario subproblems

ISMP, 23-28 August 2009, Chicago 32
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