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Abstract The aim of this paper is to demonstrate a new approach to siodvin-
earized (n-1) security constrained optimal power flow (SEQDRoblem by a struc-
ture exploiting interior point solver.

Firstly, we present a reformulation of the SCOPF model, incivimost matrices
that need to be factorized are constant. Hence, most faatamns and a large number
of backsolve operations only need to be performed once gfivaut the interior point
methods (IPM) iterations.

However, assembling the Schur complement matrix remaipgresive in this
scheme. To overcome this, we suggest to use precondititarathiie method to solve
its corresponding linear system. We suggests several shémpick a good and
robust preconditioner based on combining different “a&tivontingency scenarios
of the SCOPF model.

These new schemes are implemented within Object-Orieraedl® Solver (OOPS),
which is a modern structure-exploiting primal-dual intefpoint implementation.
We give results on several SCOPF test problems. The largasime contains 500
buses. We compare the results from the original IPM implaatem in OOPS and
our new reformulation.
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1 Introduction

The optimal power flow (OPF) problem describes a minimum etesttricity gener-
ation model that takes into account generation level caims;, line flow constraint
and bus voltage constraint. However, the normal OPF moaeltinecessarily secure
against equipment failure.

Therefore, attention has turned to an improved model: tleai8g-Constrained
Optimal Power Flow (SCOPF). This model guarantees thatémsmission networks
can successfully transfer power flow not only under the baseark topology, but
also for any contingency state caused by losing segmentseofie¢twork, such as
power transmission lines. The downside is the typicallgdasize of the SCOPF
model.

On the other hand, interior point methods (IPM) have prowehé robust and
successful methods for solving various power system prabl@Nei et al 1996;
Quintana et al 2000; Capitanescu et al 2007). One advanfad@Vbis that they
are applicable to large problems and can easily exploitlprolstructure (Gondzio
and Grothey 2009). Structure exploiting IPM have been appid solving SCOPF
problems (Karoui et al 2008; Qiu et al 2005; Petra and AniteX¥10). In detail, Qiu,
Flueck, and Tu (2005) solve the nonlinear SCOPF model witiuetsire exploiting
IPM. They use an iterative method, namely GMRES, to solvatising Schur com-
plement system. Their preconditioner is derived from theebease scenario of the
power system network without any other contingency comsidlePetra and Anitescu
2010 also use an iterative method but use random contingetecbuild the precon-
ditioner. They showed that the preconditioned method atdp®as a direct approach
on medium-sized problems but experiences a bottleneckrgerlaroblems.

In this paper, we will present a new approach to solve thesllngarized SCOPF
problem. Firstly we revisit the standard Schur complemactofrization for the SCOPF
and present a reformulation in which most matrices that neduk factorized are
constant throughout the IPM iteration. Thus we only regaisingle factorization of
these matrices to solve the problem. Nevertheless assenthg Schur complement
matrix is still computationaly expensive, so as a seconu\steuse a preconditioned
iterative method to solve the Schur complement system isgré of Qiu et al (2005)
and Petra and Anitescu (2010). We investigate two mainreiffeschemes to build
the preconditioner by combining the contributions of “aeticontingencies.

The paper is organized as follows. In Section 2, the strectdithe linearized
DC SCOPF model is described above. We give a symmetric ttemstion of the
model. In Section 3, we firstly recall the linear algebra derior point methods.
Then we present a reformulation of the SCOPF, resulting mstamt factorizable
matrices. In Section 4, numerical results from tehe faz&tidon-based approaches
are presented. Comparisons are given between the origtivabpproach in OOPS
and our new approaches in OOPS. Finally, in the last seatiersuggest to use an
iterative method to solve the Schur complement system astisé how to build an
effective preconditioner based on active scenarios.
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2 Structure Analysis of the SCOPF M odel

A power system network consists of buses (notes)#, transmission linese ¥
and power generatogse ¢. Power generators are allocated at buses, that is, for each
generatog, og € % gives the bus to which it is connected. We @geo denote the
set of contingencies, indexed byin this paper, we only consider line failures, hence
¢ C . andc is the index of the contingent transmission line. Pararseigg gives
the line/bus incidence under contingency casee. ay takes value -1 ib is the start
bus of line I; 1 ifb is the end bus of ; otherwise takes 0. Herce= {ay ¢} is the
node-arc incidence matrix when lieés missing. The lower/upper bound of the real
power output of generatgris given bypé,f'” andf;" denotes the power flow limit on
transmission liné. We assume the voltage lewélin the whole network is constant.
Parametersyg, d, andr, denote the location of power generatprpower demand
at busb and reactance of link respectively. The problem variables are defined as
following: pg is the real power generation at generagpf’ is the line flow in linel
under contingency anddy is the voltage phase at bbsn contingency scenaria

With these notations, the linearized SCOPF model is desgi@is below

SCOPF Model: min z CyPy 1)
=54
st py<pg<py, Vge¥ )
—fF<ff<f", VieZLcew ©)
Py + Z apf=dy, VbecB\Vcec? (4)
glog=b le?
V2 C
- apd,, Vl#c
fe={ " bez% (5)
0, l=c
%, =0, Vce?. (6)

In this model the variablegS are only fixed up to a constant. Hence we %t: 0
at a designated reference s

Constraints (2) and (3) represent the power generatiotsliamd line flow limits,
respectively. Whereas constraints (4) and (5) refer toitteatized Kirchhof Current
Law and Kirchoff Voltage Law, respectively. This resultiligear model is known as
the “DC model” as there is no reactive power flow in the modeite\that in the DC
model, it is assumed that there are no transmission line$oss

To analyze the structure of the DC SCOPF model (1) - (6), we tiaitpg are the
only variables which affect all contingencies. Without sinieration ofpg, the rest
of the problem may be decomposed into separate sub-problesath contingency,
and each sub-problem is similar in structure to the origfF problem. In fact, the
only difference between the standard OPF and the contiygartzproblem is that
in the latter the broken line is missing.

We use subscript 0 to denote the sub-problem without anydirtage, corre-
sponding to the basic OPF condition. Other subscript nusiibemote the correspond-
ing contingent situation, e.g, “1” denotes the case in whied 1 has tripped. Then,
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after we reorder the variables of the SCOPF problem by cgetinies as

floa 687 f|17 6[} RS f|‘(é/‘a 6[‘)%/‘5 pga (7)

the whole constraint coefficient matrix can be reformed aargel sparse bordered
block diagonal matrix in which each diagonal block matrixregponds to one con-
tingency. The structure of the bordered block diagonal im&rshown in Figure 2.
This coefficient matrix can become very large with incregsize of the power sys-
tem network and number of contingencies. With every linegatconsidered in the
network, we need to add another diagonal block into the model

Furthermore, within each contingencywe always present Kirchoff \oltage Law
before Kirchoff Current Law and reorder the variables as

fe, 5, . fﬁf‘, o5 Obys s 53\%\ (8)
It is worth mentioning that we do not introduce line flow vénlies of the collapsed
line, f¢, and the reference bus voltage phase variakﬂ%s(ﬁ), for any contingency
case. This step is the equivalent of removing the fixed cokifrom the coefficient
matrix.

In the following, we use a 3-bus power network as an examphieszribe the
structure of the coefficient matrix of the SCOPF problem. Aaven in Figure 1, this
3-bus system contains three transmission lines and fowargens. We only consider
the contingency created by the loss of the line from bus 1 g2 ith the above

1 2

S HO

Fig. 1: 3-bus system

orderings, (7) and (8), the coefficient matrix of the 3-bustsgn without the fixed
columns is visualized in Figure 3. The black blocks in the riéggindicate the non-
zero elements. In detail, the first six rows in the Figure Jegpond to the base
case while the next five correspond to the single contingeFtoy first three rows,
the 7th and the 8th rows denote the Kirchoff Voltage Law cgwomding to the two
contingency cases, respectively. The final column blockesponds tgyq variables.

Through simple reformulation we can achieve that the diagblock matrices
become symmetric. Because of the assumption that theréassim the transmission
line, the total demand must be equal to the total power génardience, we may
replace the KCL constraint at one specific bus by the tota¢gtion constraint. We
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Fig. 2: Block angular matrix

Fig. 3: 3-bus example with the SCOPF Model

choose to eliminate the KCL at the reference bgisThe corresponding new model

is given below:

ge¥ be#

Modified Model: min z CgPyg (9)
geYy
st pg <pg<py, Vge¥ (10)
—fF <fe<f, vee?,le L\ {c} (11)
pg+ ap ff=dp,Vbe B\ {bo},ce ¢ (12)
glog=b le.£\{c}
2
ff=—— ands, Vee¥,le L\ {c} (13)
"I be AT bo}
> pg= > b (14)
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Fig. 4: Constraint matrix of the modified model.

Fig. 5: The modified model for the 3-bus exam-
ple.

After this process, the coefficient matrix of SCOPF probléhtss block-angular
form, as shown in Figure 4. In addition, if we order all theigafes according to (7)
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and (8), the block diagonal matricBscan now be represented by a symmetric matrix
as

_[ReAL
Pe= |5 | (15)

whereR¢ = diag(\%,\%,...,%) andA; is the bus-line node-arc matrix in con-
tingency case. Note that in this modified model, matricés do not contain the
index of the reference bus. As mentioned, the column bord(alFo,Fl,...,Fm)
corresponds to the power generations variap}ed he matrices¢ have the form

0
S (16)

whereJ € 2(1#1-1>191 is the bus-generator incidence matrix with 0-1 entries eNot
that since we ignore the KCL on the reference bysn the reformulated model,
matrix J now is the bus-generator incidence matrix without the namteesponding
to the reference bus. Furthermore, the last row now is giyetihé total generation
constraint (14).

The corresponding coefficient matrix of the 3-bus exampshevn in the Figure
5. Comparing to the structure of the original model, we domesd the 4th and 9th
rows in Figure 3, which correspond to the KCL of the referebas by for both
contingencies. Instead, we now have one extra diagonak iBlgc

Note that the leading diagonal block entry of the matriegss the diagonal ma-

trix Re = diaq\%, \%, ey %). Since parameters andV denote the reactance of
the transmission lineand voltage level respectively, entriesRy are bounded well
away from zero and all the have the same order of magnitude. In other words, ma-
tricesR¢ should be well-scaled. Moreover, matéx is a node-arc incidence matrix
with full row rank. Therefore, matriceB; are invertible and can be stablyDL -

decomposed without need for regularization.

3 Linear Algebraof Interior Point Method

Interior point methods (Wright 1997) are a powerful tool tdve large or extremely
large optimization problems. In this section, we descrle basic background of
interior point methods and discuss some details of theiakgebra issues encoun-
tered when solving the SCOPF problem of the previous sediostly, we consider
the linear programming problem in standard form

min c'x s.ttAx=b, x> 0. (17)

Its corresponding barrier problem is
n
min c'x— Z Inx; s.t.Ax=Dh, (18)
=1

whereu > 0 is a barrier parameter.
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The generic framework of interior point method is to derivstforder optimality
conditions of the corresponding barrier problem and perfbiewton steps towards
their solution while decreasing to zero between steps. Here we use the so-called
augmented system form to compute the Newton dire¢ion Ay) as

—OAT] [Ax]  [&—X71&
Wolm s a9
where
Ed = C_ATV—L (20)
éy = pye—XZe
and

O0=X"1Z, X=diagxs,xz,....%n), Z=diagz,z,...,z).

The main computational effort of IPM is solving system (1®hich is done by
~OAT
A 0
the structure of the coefficient matrix affects the IPM inmpéntation. To apply IPM,
we build the augmented system matrix corresponding to thetsired coefficient
matrix from Figure 4.

After reordering rows and columns, the augmented systemixnzdn be ex-
pressed as Figure 6, where block matri€gs € {0,1,...,|%]|,G} represent the ap-
propriate sections of the diagonal mat@x This reordered matrix is double bordered
block diagonal and each diagonal block matrix is itself agraented system matrix
corresponding to one contingency sub-problem.

obtainingLDLT factors of the matri . In the following, we explore how

Po

P, F
P, F

Fo F .

Fig. 6: Reordered augmented system matrix.
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To simplify the notation, we use the form (21)
(ol Bl
®, BJ

@, B,

By B2 -+ Bn @

to refer to the reordered augmented system in Figure 6, where%’ |+ 1, & €
Z" M1 =0,...,nandBj € Z"™0 M i =1,...,n. Matrix ® has N= S ,n; rows and
columns.

3.1 Default structure-exploiting technique
The linear algebra implementation in OOPS (Gondzio and@s2009) and also

in others’ framework (Karoui et al 2008; Qiu et al 2005) usdsazk Cholesky type
factorization. That is, we have

®=LDLT, (22)
where
L1
Lo
L= ; (23)
Ln
I—n,l I-n72 Ln,n Lc
D,
D,
D= . : (24)
Dn
Dc
and
& =LDL, Vvi=1,....n (25)
Lni =BiL;'D;Y, Vi=1,...,n (26)
n
C=dy— zisicpi—lsﬁ = LDcL!. (27)
i=

We use this factorization and the corresponding back-sa@geence to obtain the
solution of the systen®x = b, wherex = (X1, ...,Xn,Xo) andb = (b4,...,bn,bp).
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The steps of the back-solve are indicated by the followirgsace

z=Lt, i=1..,n (28)
n

70=LcYbo— S Lniz), (29)
e o2,

yi=D'z, i=0,...,n (30)

o =L Yo, (31)

Xj = Ll_T(yI _LI,iXO)a i = 1)"'7n (32)

From (25) - (27), it is obvious that we can avoid factorizitg tentire aug-
mented system matrig directly. Instead, we find the Cholesky factors of the smalle
augmented matrice®;. In addition, it is often better to calculate the contrilbnts
Bi® B[ in (27) by terms

Bio B = (L 'B/)"D; ML B, (33)

The implementation in OOPS (Gondzio and Grothey 2009) s\;(vesLi‘lBiT and
computes‘;/iT Dflvi by getting row-wise access ¥. Then for all rows j in Vj, we
update the Schur compleme@t:= C— (rj* ro)/dj, whered;j is the corresponding
entry ofDD;.

It is worth mentioning that in this default method, mat@x= X; 1Z; and hence
©; change in each IPM iteration. In addition, the valueXa&fndZ tend toward zero
or infinity when the IPM converges, hence it regularizatibthe factorization of®,
is required. More details can be found in Altman and Gond89@).

3.2 Structure Exploitation for SCOPF model

The augmented sysTtem matrix for the SCOPF problem has fotin(igh diagonal
—6 P
blocks &, = P, 6
given by (15), are themselves of augmented system formatystric and invertible.
An obvious question is how we can take advantage of this fact.
In the following, we introduce a new method in which we avadtbrizing ma-
tricesq. Instead, we decompose the matriBgsFor instance, solvingix; = bj, that

IS
-6 P[] [x1] _[bia
[ P, 0] {Xi,z} - [bnz}’ (39

is equivalent to the sequence

. Unlike the general situation, now coefficient matriégs

%1 =P b, (35)
X2 = P H(bi1+6Oixi1), (36)

wherePi‘1 is given by itsL DL T factors. In order to make the notation easier and clear
to read, in the following we keep using= CDi‘lbi to indicate the process (35)-(36).
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On the other hand, since now we do not have access to CholastorsL i, D;
andLiT of @ anymore, the back-solving process (28)-(32) needs to Haaeg by
process (37)-(41).

z=ao, i=1...n (37)
n
=L (bo— Y Biz), (38)
o2
Yo = D¢', (39)
X0 = L(?TyOa (40)
Xi=7z—® Bixo, i=1,...,n (41)

Note that while matrice®, depends or® = X;1Z; and change in every IPM
iteration, P; is constant throughout and hence only needs to be factoozee. In
addition, there is no need to use additional pivoting andileg@zation in order to
factorizeP;. Therefore, back-solves with; should be very stable and improve the
quality of the solution to the system.

With the modified model, we still need to compute the Choldskyorization of
the Schur compleme@ in (27). This however is a small system since the dimension
of matrix C is the number of power generatong, plus one.

In order to formC in (27), we now cannot use the form (33) anymore since we
do not have access tdDL T factors. We have three alternatives to build ma@ix

A) We can evaluat@i‘lBiT by solvingng + 1 linear systems according to sequence
(35)-(36), whereng is the number of power generators. After we compgrelBiT by
this scheme, we then multiply the solutions Biyto obtain the contingency contri-
butionB;j @ 'B[. This is the default method of our model, which we use to campa
with the next two more sophisticated alternatives.

B) As we described in the last section, block matriBéshave the form a 3 8 ,

whereld is the bus-generator incidence matrix and hence each caoddihicontains
only one non-zero element. Note that the last block columBjois a zero col-
umn. If we take the special structuresloind @ into consideration, the contribution
Bi®'B[ in (27) can be further reduced to

- 0J'] ,_1][00
Bid B = [0 O]avi 1L o]' (42)

Recalling the solving sequence of (35)-(36), we find that now

1T _ o1 [00] [ PP
(Di BI _(Di |:J0 - PrTaPrlJ )

where the first sub-block matrix of the solution, thaljs'J, is a constant matrix. On
the other hand, sub-blodk T @,P; 1J changes between each IPM iteration because



Solving Security Constrained Optimal Power 11

the term@; is changing. Therefore, we only need to compute the corretipg sub-
solutionx; 1 (35) once. We may save these solutions and then reuse théva liater
IPM iterations.

Hence when we build the Schur compleme€rih every IPM iteration, we reuse
P 1J and just need to compute the teRp' O.P; 1J. Then, we multiply the result by

0J" I
00 to get the contributions

Bio Bl =3P TOP 1. (43)

C) As (33) in the default method, we can reformulate (43) as
Bi® ‘Bl =Viav, (44)

whereV; = P;1J. Note thatV; is constant throughout the IPM iterations. Then, we
may compute/] ©V; by getting row-wise access 4. However, this may not speed
up the process. In fact, unlike the situation in (33) wheiféBiT is typically sparse,
matrix V; now is obtained by taking columns froRy ! which is dense. Hence, we
tend to use routing DSYRK of CBLAS to perform this symmetriatnx operation.

In this section, we presented four methods to solve the aotgdesystem. They
are summarized in Table 1. Compared with the default metivedexpect that the
second method should require less memory since now we omlg tee factorize
smaller matrice$;. On the other hand, the third and fourth method should requir
more memory since they need to save partial solutions ofr!@t!)leiT. Compared
to the second method, the third method should definitely save on computing
the Cholesky factorization and back-solving the lineateys We expect the third
method to be the fastest one to solve the linearized SCOP#epng. In addition,
for each®~1b operation according to (35) and(36), we need to do four Isatkes
with the L-factors o}, consisting of two in (35) and two in (36). That is because we
only haveL DL access to smaller matri%. However, in Method 1, we only require
two backsolves albeit wit the larger factors @f. Hence we are interested in how
method 1 and method 2 would behave since they both have theiadvantages and
disadvantages.

Table 1: Four different methods

| Detail |  Factorization | B 1B! | Save Data
Method 1 | Default method. Eq(22)-(33) Row-wise access toj = L 'B] N
Method 2 Refer to A) Eq(34)-(41) Compute (43) from right to left N
Method 3 Refer to B) Eq(34)-(41) Compute (43) from right to left Y
Method 4 Refer to C) Equations (34)-(41) Call DSYRK Y
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4 Numerical results

To demonstrate the efficiency of our approaches, we usedadegst networks with
different number of buses: 3, 26, 56, 100, 200, 300 and 50@mnthese test prob-
lems, examples with sizes 26 and 56 are modified from the IEEEproblems. The
test models with more than 56 buses are made up randomly agiBggrid-like dis-
tribution network. The number of generators are fixed asfooeh of the number
of buses and other values of parameters, such as reactamgererated as uniform
random data, using the same parameter range as the IEEEdbms. For all the
test problems, we ensure that each bus is connected to tiverketith at least two
transmission lines to guarantee that the n-1 SCOPF forionlé meaningful and
feasible. The number of variables and constraints in eatipteblem are shown in
Table 2. The last column denotes the number of nonzero elsnrethe coefficient
matrix.

Examples are tested on a 2.33GHz Intel(R) Xeon(R) computar4GB RAM,
running Redhat Enterprise Linux. The code is compiled witt\gith compile option
-02.

Table 2: Problem details of the test problems.

buses| generators| contingencies| variables  constraints  nonzeros
3 4 2 17 14 35

26 5 40 2,630 2,626 7,929
56 7 79 10,648 10,642 31,060
100 25 180 50,344 50,320 165,649
200 50 370 210,779 210,730 701,249
300 75 565 488,534 488,460 1,635,824
400 100 760 881,339 881,240 2,960,399
500 125 955 1,389,194 1,389,070 4,674,974

The tolerances of finding the optimal solution is set to®%.@For all these prob-
lems, we compare the time and the number of IPM iterationsdbring these ex-
amples to convergence. In addition, we also focus on the mermaquirement of the
these different methods. We use OOPS to test our differévitiffplementations.
The results of those four methods are represented in Table 3.

Comparing these four different implementations, we find tha second method
needs the least amount of memory while the third one is thesasAs we expected,
both the third and the fourth methods require more memorgesive need to save
additional data. Furthermore, in comparison to Method 1thde 2 requires less
memory for all test problems but spends more time on solvamger systems. In
fact, the performance of the second method is better thaddfault method if the
network size is less than 300. Method 4 is comparable to tfaaitlenethod in speed
only if the size is less than 400. But it require too much mossrmary. Focusing on
the memory consumption side, since the second method octiyrizes the smaller
dimensioned matri¥; and does not save extra information, it consequently needs
least memory. For the systems with size more than 100 busefyuwnd the default
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Table 3: Test results from four methods in OOPS.

Method 1 Method 2
size | usertime(s) memory iter§ usertime(s) memory iters
3 <0.01 5.2MB 8 <0.01 5.2MB 8
26 0.21 7.6MB 13 0.17 7.4MB 13
56 1.00 14.3MB 15 0.82 13.5MB 15
100 9.02 54.6MB 20 7.45 42.5MB 20
200 65.97 220MB 27 61.93 161MB 27

300 251.70 531MB 34 261.07 378MB 33
400 955.32 985MB 59 1023.71 699MB 53
500 1552.80 1593MB 49 1877.23 1109MB 47

Method 3 Method 4
size | usertime(s) memory iters usertime(s) memory iters
3 <0.01 5.2MB 8 <0.01 5.2MB 8
26 0.17 7.5MB 13 0.16 7.5MB 13
56 0.77 14.1MB 15 0.72 14.0MB 15
100 6.16 53.1MB 20 5.39 53.1MB 20
200 45.23 244MB 27 41.88 244MB 27

300 177.39 667MB 33 167.85 663MB 33
400 655.50 1380MB 53 659.22 1366MB 54
500 1195.77 2467TMB 47 1252.20 2466MB 47

method requires less memory than both the third method amthfonethod. This is
due to the fact that the default algorithm needs to build itegV; = Li‘lBiT. This
technique is used to reduce the memory need for large omegtydarge problems, in
which the matrice¥; are always sparse. On the other hand, the matqu:esP(lJ
are smaller in dimension but very dense, hence it may redgsse memory in the
small test problems but it needs much more memory for thetgrgpblem.

Among these four IPM implementations in OOPS, we note thahate3 is the
best one if we only focus on its speed. Hence saving the pdeta when we build
the Schur complemef@ can definitely speed up the solution process.

However, due to saving partial results it requires too muelmory and assem-
bling the Schur complement is computationally expensiendt it is not well suited
for large problems. To overcome this difficulty, in the neatton, we use an iterative
solver within Method 3 to avoid buildinG.

5 Preconditioned Iterative M ethod

In all methods discussed so far in the previous section, veel te build the Schur
complemenC = @&y + z?zlJT PgTO. Pi‘lJ as a dense matrix and factorize it@s=
LcDeL L. Since forming the inside terd P TP, 1J explicitly is expensive, we
suggest to use an iterative method to solve the linear sySteya- bg— 3! ; Biz, as
steps (38) to (40) now can be replaced by an iterative solver.

The advantage of an iterative solver is that the matrixamgtoductCx can be
performed cheaply and quickly by evaluating the valxe= ®ox+31_; J"P; T &P Jx
from right to left.
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To make an iterative method work, it is crucial to choose adgo@conditioner.
However, choosing a good preconditioner is still sometlihg “black art” and the
best choice is heavily problem dependent. There are a fegestigns in the literature
to cover SCOPF problem. Sine@ = @, — 3", Bi® B[, involves a sum of all
scenarios, an appealing idea is to construct the preconditiby using a subset of
scenarios instead of all of them. This preconditioner iscbas

n
M=ad——- 5 Bio ‘B, (45)
M

|‘ |ie

where.7 is a set of indices of the contingency scenario. Note thate@al (2005)
just use the base case scenaro0 without any line failures to build the precondi-
tioner while Petra and Anitescu (2010) use a random sampderdfngencies.

When we evaluated the performance of the IPM implementstiorthe previ-
ous sections, we found that some contingency scenarios riray\ery large entries
into the Schur complement after several IPM iterations.dtatl, sometimes the en-
tries of theit" contingency contributiod” Pi‘TO.Pi‘lJ are much larger than the en-
tries in other different contingency scenarios. In factewhlwve compute the factor
G = X;1Z; in the saddle point matrig;, we found that one or several theta value
xj‘lzj are very large compared to others. These very large valeesased by a slack
variable corresponding to an active line flow limit congttan a particular contin-
gency scenario. In addition, this specific contingency adertypically contains this
small slack variable through the whole IPM process evendghdhe theta factor is
changing iteration by iteration. We define these kind of cwy@ncies as “active con-
tingencies”.

For example, recalling the three bus system, we found ththeinontingency case
one, when the line from bus one to bus two fails, flow on linefimus one to bus three
is close to its upper bound, resulting in the correspondiacksvariable to be close
to zero. This results in the corresponding theta vatru’ai to be of order 10times
larger than the others. Because of this, it is crucial thaesé¢hactive contingencies
should be included in the preconditioner. Now we suggestdifferent methods to
build .# based on active contingencies in (45).

In the first approach,we compute the s¢tin each IPM iteration. In each IPM
iteration, we check all the contingencies and consider oretactive if and only if
the ratio between the largest and the smallest theta factardger than 19 We do
not save the previous contingency scenarios in th¥isatd reset the set before each
IPM iteration. We name this approach the "active” method.

In the second approach we update the #eivhen we find “active” contingencies.
We use the same ratio, 4@ denote whether or not a contingency is active. However,
this time once we add the indices of these contingenciesititave then never move
them out from the set throughout the whole IPM procedurerdfoee, the number
of the components o/ is at least non-decreasing and could potentially grow in in
pace with the IPM iterations. We call this approach the “clative” method.
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5.1 Numerical Result

To test our approach, we use preconditioned GMRES as ttaivtersolver and use
the same test problems as in the last section. The tolerafted is 1076,

Firstly, we solve the model by GMRES with the preconditiomeitd only by the
base case. Its numerical results are shown in the Table 4, Weeuse our two new
approaches to build the preconditioner. The correspondisglts are shown in the
Table 5.

Table 4: Using base case as the preconditioner
Base case preconditioned |
size | usertime(s) memory iters
3 <0.01s 5.2MB 8
26 0.252s 7.4MB 13

Table 5: GMRES with different preconditioners

Cumulative Active
size | usertime(s) memory iterg usertime(s) memory iters
3 <0.01 5.2MB 8 <0.01 5.2MB 8
26 0.25 7.4MB 13 0.25 7.4MB 13
56 1.30 13.5MB 18 1.29 13.5MB 18
100 8.08 43.4MB 20 9.50 43.4MB 28
200 44.36 163MB 27 44.98 163MB 27
300 177.49 387MB 35 168.89 387MB 33
400 395.36 717MB 53 546.76 717MB  >70
500 742.13 1155MB 47 941.42 1155MB  >70

It is worth mentioning that with the base case preconditiome can only solve
the 3 and 26 buses systems. The test problems with size mame5th buses fail
because GMRES does not converge to the required toleraner.f&r the problems
with 3 or 26 buses, we also need to change the tolerance of @WRé&nually for
several IPM steps to force GMRES to converge.

However, as shown in the Table 5, almost all the test probamde solved with
our preconditioner. This is true even if we set the GMRESr#ulee fixed as 10'2. In
addition, we find that the cumulative method performs béektan the active method.

Comparing to the numerical results from the previous sactie find advantages
in using an iterative method rather than a direct method. gzoed to the Table 3,
the cumulative method is faster than Method 3 and only reguapproximately half

1 We find OOPS cannot solve this problem before exceedingeitation limit of 70. If we use gcc
with compiler option -g, OOPS can solve this problem in théh3BM iteration. If we turn to use option
-O2 or -03, it cannot converge within 70 iterations. If we sidler that OOP can solve this problem in 53
iterations, it needs 5227/70x 53 = 39536 seconds roughly.
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the solution time of the default method. Moreover, its meyeruirements are also
much less than the default method and Method 3.

5.2 Conclusions

To summarize, this paper presents results on solving SCQO&thgms by several
structure-exploiting implementations of IPM and also lgyative method.

Firstly, we suggest a new way of organizing the linear algeiiiPM applied to
SCOPF that avoids most factorizations. Then we turn to esative method to over-
come the difficulty of forming the Schur complement matrixalddition, we discuss
and test several schemes of how to build an efficient and tqivasonditioner. We
introduce the concept of active contingencies and dematedtiow to use it to build
the preconditioners. The numerical tests show us that withbest approach, the full
IPM performance can be cut down by over half the time requicechpared to the
default method.
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