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Portfolio Optimization: Asset and Liability Management
e A setofassets/ = {1, ..., J} isgiven(e.g.bonds,stok, realestate).

e At ewerystaget = 0,....,7—1 we canbuy or selldi erent assets.

e Thereturnof assetj at staget is uncertain (but distributionis known).

We have to make investmeh decisionswhat to buy or sell,at whidh time stage

Objectives:
e maximizethe nal wealth MeanVariancefornulation:
e Minimizethe assaciatedrisk maxE(X) — pVan(X)

Extensiongleadingto nonlineamoadels)
e di erent risk measuregone-sidedexpectedshortfall/valueat risk)

e (nonlinear)utility functions
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Modelling: Multiperiad Mean-\arianceModel

Variables:
zh, positionin asset; at time ¢.

x5, b, amoun of assetj bough/sold at time t.
Parameters:

v; valueof assetj
r;: return of assety whenheldat time ¢

L, C; liabilities/cashcortributions at time ¢

Objective:
maxE(X) — pVar(X), X = (1—c) ) wvl;
J
Constraints:
x?,t = (1+ Tt—l,j)x?,t—l — Tt 5’7?',15—1 (invertory)
Cr+ (1—c) Y wah, = L+ (I+c) Y wval, (cashbalance)
J J
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

O

Stochastic Programming: usee\ert tree
(t,n-1)

(t-1,a(n))

O

e Stages represenpoints in time at whidh decisionsretaken.

e Nodes represenpossibldutures(givenby asseteturnsand probabilities):

r\"") return of assetj at node (¢, n).
Pty Probability of readingnode (¢, n).
Lt ny, C.y liability payment/cash-corribution at node (¢, n).
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Asset and Liability Management as Stochastic Program

With ewerynode: = (¢,n) we assaciatevariables:

xﬁi the positionin asset; at nodez;

), x%, theamoun of assetj bougl/sold at node:.

and constraints:

1+ r; j)a:h T xf] — xlz’] + x5,V (invertory)

Z(1+ vzl + L = Y (1—c)va, + C;  (cashbalance)
j

Objective is sumover nal stagescenarios

min E(X) — pVar(X) = E(X) — pIE[()_( — E(X))’]

‘(1—ct)szZ —p | > pl--]

ZELT iELT
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Multistage Stochastic Programming

/' Scenario 1

.\. Scenario 2 4‘=

Scenario 3

_—® g
.\A. Scenario 4 SR ——

Period 1 Period 2 Period 3

Scenaridree Constrain Matrix

Symmetricaé\ert treewith K realizationst eat nodeand’’ periadscorrespnds

to
K'—1

KT-1 scenarios i
K -1

nodes(blocks)
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Structure of Objective

B(X) - pVar(X) = E(X) — p[[E(X?) - E(X)’]

ZPZZU] zy szZ(Uj [szzv] 13]2

i€Lp zeLT J €Ly g

Densecornvex Hessian
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A. Grothey

Solving Large Financial Planning Problems on Blue Gene

Structure of Objective

E(X) — pVar(X) = E(X) - plE(X?) - E(X)
szzv] zg ZpZZ(UJ szzvj zg]
i€Lp zeLT J €Ly J

Alternatively:

with Y= Z plzvj Z]

E(X)

€L

—pVar(X) =y —p

sz(?}j 13)2 o y

ZELT J

2]

2]:>

Densecornvex Hessian

,,,,,,,,,,,,,,,

Sparsenoncorex Hessian
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Solving Large Financial Planning Problems on Blue Gene

ALM: Structure of matrices A and (Q:

Matrix A

Matrix @)

,,,,,,,,,,,,,,,

Aurora 2007, Vienna



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Stochastic Programming approach to Financial Planning

e Popularwith academicgractitionersseensuspicious

— Largeproblemsizes ]
— Placesconstraims on maodel (?) [

e Traditionallysohedby decompsition

— NestedBenderdDecompsitionaka L-shagd methal
— Workswell for LP models
— Unclearhow to extendto quadratic/nonlineamodelsL]

e Or soledby Interior Point Methads

— Usetayloredlinearalgebra
— Only certaintypesof constraiis areallovable(?) [

= StructureExploitationis key to succesfuimplemenation
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OOPS - Object Oriented Parallel (Interior Point) Solver

e Mantra: \T ruly largescaleproblemsarenot only sparseout structured”
(dueto e.g.dynamicsuncertainy, spatialdistribution etc.)

e Exploiting structureis keyto buildinge cient IPMs for largeproblems:

— Fasterlinearalgebra

— Reducednemoryuse(by useof implicit factorization)
— Possibiliy to exploit (massie) parallelism

— We assume that structure is known! = noautomaticdetection.

e OOPSIs a generapurpose(parallel) Interior Point soher

— Not tunedto arny particularhardware
— Not tunedto ary particularproblem(structure).

e OOPScurrenly sohesLP/QP problems.

e NLP extensiorsohesnonlinear nancial planningproblems
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Interior Point Methods

minc'z + %azTQaz st. Ax = b (QP)
x>0
Optimality conditions: .+ Oy —Aly—2=0
Ar = b
XZe = 0(ue)
x,z > 0
= NewtonStep:
—Q A" T =z & e+ Qr— Ay —2 |
A 00O y|=1& | = |b—Ax (NS-QP)
Z 0 X || =z | T2 | | pe — XZe ]

= Reducedo

o ]l

where = X7, X = diadz), Z = diag>)
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Linear Algebra of IPMs

Main work: solhe

for seeralright-hand-sidest eat iteration

= Two stagesolutionprocedure
e factorize = LDL'
e badksole(s)to computedirection( z, y) + corrections

= changeswumericallybut not structurally at eat iteration

Key to e cient implemenation is exploitingstructureof in thesetwo steps
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Example: Bordered Block- Dlagonal Structure (Schur complement)

0 1
- E % E% §% L L%%
. .+ Lpo L
| {z 22 )
L LT
o Cholesky-liéfactorscan be obtainedby Smur-compleme:n

i = L;D;L] Lio= BiL;'D;' i=1...n
C = 0 — Z?:l Li,ODiLZO C = LQDQLS—

e And the system x = b canbe solhed by

g Ty = Yo
Zy = Lol(bo — ZLz’,OZi) T = LET(y- _ L-Toxo)
yi _ Di_lzi 1 Z,

e Operations(CholeskySole, Product) areonly performedon sub-blaks
= Canalsoexploitstructurein sub-blaks
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Tree Representation of Problem Structure

-----------------------------------------------------------------------

Kk Angular Structur
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OOPS: Object-oriented linear algebra implementation

e Everynodein block elimination tree hasown linearalgebramplemeration
(dependingonits type)

e Implemeimation is realisationof an abstractlinearalgebranterface.

e Dierent implemerationsfor di erent structuresareavailable.

matrix

X

BorderedBlockDiagonal

factorize
SolveL

Solvelt
M Schur complement
y=MX B general sparse

y=Mtx
i% linear algebra

) RankCorrector

\

SparseMatrix

Implementations based op ! 5 )

Matrix Interface

/

Rank corrector 5 —
implementations ;

s

= Rebuildblock elimination tree with matrix interfacestructures
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Sources of Structure

(linear) dynamics: x;, = Ax; + By,

uncertainty:

commonlst stagedecisiontoday)
recoursactionin 2ndstage(tomorrav)
To+ Wiy = Ny

almost\independett’ divisions
skharea co1mnimnoin resource

Z Bz’ X; — b
1=1

And mary others... Alsonested structures.

—~{eeel o [+
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ALM: Structure of matrices A and (Q:

Matrix A

Matrix @)

,,,,,,,,,,,,,,,
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Structures of A and () imply structure of

"

,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,
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Results (ALM: Mean-\arianceQP formulation):

Problem | Stages Blk Assets Scenarios | Constraints  Variables |iter time procs  machine
ALM1 5 10 5 11.111 66.667 166.666 | 14 86 1 SunFire 15K
ALM?2 6 10 5 111.111 666.667 1.666.666 | 22 387 5 ¢
ALM3 6 10 10 111111 1.222.222 3.333.331| 29 1638 5 ¢
ALMA4 b 24 b 346.201 | 2.077.207 5.193.016| 33 856 8 *
UNSI1 5 35 b 360.152 | 2.160.919  5.402.296 | 27 872 8 *
ALMb5 4 64 12 266.305| 3.461.966 9.586.981| 18 1195 8 *
ALMG6 4 120 b 1.742.521 | 10.455.127 26.137.816| 18 1470 16 ¢
ALM7 4 120 10 1.742.521| 19.167.732 52.275.631 | 19 8465 16 *
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BlueGene /L (Edinburgh, Scotland)
e 2048Processors

e 0.7GHz256Mb
e R,.. = 4.7TFlops

e #148in top500.org list

HPCx (DaresburyEngland)

e 1600IBM Power-4 Proces-
SOrs

e 1.7GHz300Mb
o 1R, = 6.2TFlops

e ~ #100 In top500.org list \ =
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ALM: Size of largest problem

Optimizationof 21 assetgstock market indices)

=- Scenaridree needdo capture:
e correlationsf 21 assets

e correlationsver time periads

= 100brandesover 6 stages= 10'* scenarios

Better:
e Scenaridreegeometry:128-30-16-10-5=4 16 million scenarios.

e Scenaridree generatedising simulated geometricbrownian motion with
meanreversion.

e = 1.01billion variables 353 million constraims
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Issues for Massiv ely Parallel Implemen tation

Communications

) Memory/Data management
Granularity of Computations

) Sparsity of multilevel linear algebra
Bootstrapping

) How to get the data onto the processors
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Exploiting Parallelism: Bordered Block-Diagonal Structure:
e Distribution of computations:

_ T — RSN SR |6
pr C:)C 1 ch— LDyl C1? Bl D1L1]B1 (I'E /Factorize
° [ (] e’
Sol
proc n| @= LDih | Cy= Bl D8] | & /
proc 1z=13", | k=B LiDiz | ;7 yi= D124 %= L5'(h— B GL'DX)
. : I . .
oy : 5
- - Il = = =
proc njzh,= nlbn l= Baln'Dnzn | — Y= Dn ]Zn Xn= LnT(Yn— B1|_nTDnXo)
e Storage:
_________ - On separate processt
T rocessor 1
| | Bl | Xl P . B onal processors

Communications

@, B Xn processor n

B[ Bn. . all processors

29
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Memory Management

e Datafor problemrequire2.6GBof memory
=- needto split informationbetweenprocessors

e To eat nodein block-eliminationtree a setof processorss assigned

e LinearAlgebraisimplemerted sothat processorsomnunicatewhenneeded

Distribution of leading matrix blocks
amongprocessorsnplies

e Distribution of sulordinateblocks

e Distribution of row/column vector
corributions
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Granularity of Computations: Parallel division of the problem

e In ALM problemsmatricesup to ~ 500000— 1.000000variablescan be
treatedasunstructuredsparsematriceson oneprocessor

e Problemhas: — 128 rst lewel nodeswith 10000000variablessad.
— 3840secondewel nodeswith 350000variablesead.

=- needto decompseproblemat seconde\el
(with 1280processors> 3 blocks per processor)

/
/@ @/128 \d\Q
)

// 30 node /Qnode \
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Sparsity of Linear Algebra (glestedBorderechlod«Diagonaé)
T

2
O, Bl L
@_g d,, BZL”Z’@_LL’L_E L, z
B1 -+ B, &g Lo1 -+ Loy C

Factorizematrix by S¢wur complememn

e Factor ,= L,D;,L}

e BuildC = (- > .(L;'BHTDy(L;'BI)

e FactorC' = L.D.L!
Work tendsto be dominatedby formingV; = L;' B and V'V,
=~ e KeepV, assparseaspossible.

e Requiregarefulexploitationofsparsiy whenlL; itself
Is availablethrough Sdur-complemen
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Sparsity of Multilevel Algebra
Dominan costis forming Sdur complemein
C= o-) V/'DyV;, whereV;= L 'Bf
1=1

= Needto sole a systemfor eat columnof B}

“““““ 1 Lo
' 1
g v o-d

Aurora 2007, Vienna 29



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Sparsity of Multilevel Algebra
Dominan costis forming Sdur complemein
C= o-) V/'DyV;, whereV;= L 'Bf
1=1

= Needto sole a systemfor eat columnof B}

Aurora 2007, Vienna 29



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

Problem:Data for the problemis =~ 25 GB. We have 512MB/nade on BlueGene.
How to getthe dataonthe processor®

Data canbe represeted as

e core:64variables22 constraims

e scenaridree (topology probability, returnsfor eat node): 2.6 GB
Still doesnot t ononeprocessor

e Scenaridree data (probabillity, returns) canbe generated/readn on eat
processoasneeded

e Scenaridreetopologyneedsz 30MB

This is all that OOPSneeddo decideonthe allocationof blocks to processors
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Bootstrapping 11
1. Readproblemdimensions,
generatescenaridree topologyand matrix tree (30MB)

2. Call OOPS:Divide matrix tree amongprocessors,
setup datastructureson eat processor

3. Generate/Readh scenaridree dataon eery processor
4. On ewery processorCall-ba& to generatoto |l in SparseMatrixdata

5. Start solutionprocess
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Bootstrapping

e Setup (shape of) Scenaridlree
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Bootstrapping

e Setup (shape of) Scenaridlree

/A
N

e Convertto AlgebraTree
(without data)

/A

e

s

/A
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Bootstrapping

e Setup (shape of) Scenaridlree

/A
N

e Convertto AlgebraTree
(without data)

w
~

e Assignprocessors 1,

/A

/\
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Bootstrapping

e Setup (shage of) Scenaridlree 1;2 \3

e Convertto AlgebraTree
(without data)

w
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&

e Assignprocessors 1,

/A
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Bootstrapping

e Setup (shage of) Scenaridlree 1;2 \E%

e Convertto AlgebraTree
(without data)

e Assignprocessors 1,

w

D

(&)
/
A w]]

ol
(@)
/\

o]
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Bootstrapping

e Setup (shape of) Scenaridlree

e Convertto AlgebraTree
(without data)

e Assignprocessors

e Divide betweenprocessors
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Bootstrapping

e Setup (shape of) Scenaridlree

e Convertto AlgebraTree
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e Assignprocessors
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e Loaddataonead processor
(core+ generatescenarios)

5,6,
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Bootstrapping

e Setup (shape of) Scenaridlree
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5,6,

e Sole
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Results

StagesBlk Assets ScenariobConstrairhs

Variablesiter time procs madine

7 128
/7 64
7 128
7 128

6 12,831,87
14 6,415,93
13 12,831,87
21 16,039,80

364,159,366 153,982,47
7 96,239,056 269,469,33
3179,646,223 500,443,044

742 3923 512 BG/L
539 4692 512 BG/L
845 6089 1024 BG/L

B52,875,799,010,507,96

) 853 3020 1280 HPCx
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Results

StagesBlk Assets ScenariobConstrairhs

Variablesiter time procs madine

7 128
/7 64
7 128
7 128

6 12,831,87

14 6,415,93

13 12,831,87
21 16,039,80

Parallel Efficiency/Scaling

364,159,366 153,982,47
7 96,239,056 269,469,33
3179,646,223 500,443,044
B52,875,799,010,507,9¢

742 3923 512 BG/L
539 4692 512 BG/L
845 6089 1024 BG/L

) 853 3020 1280 HPCx

nodes | peak Mem time Cholesky Solves MatVectProd
16 426MB 2587 (1.00) 24 1484 (1.00 (1.00) 28.8 (1.00)

32 232MB 1303 (0.99) 13 743 (0.98) 18.0 (0.80)

64 132MB 688 (0.94) 6 377 O 98) 270 (0.88) 13 0 (0.55)
128 84MB 348 (0.93) 39 (0.86) .0 (0.40)
256 56MB 179 (0.90) (0.82) .8 (0.31)
512 46MB 94 (0.86) (0.76) 9 (0.23)
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Further Developments: Warmstarting
Possibilitiedor warmstartingarerarely usedin StochasticProgrammming

e Solutionapproabesfor SP (BenderdDecompsition/IPM) don't warmstart
well

e \Interior Point Methads cannotbe warmstarted"
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Results (Efficient Frontier)

1.24

Exp(X)

1.235+

MeanVarianceformulation: 123 |
maXE(X) o Pvar(X) 1.225)

122 +

StdVar(X)
0.05 0.1 0.15 0.2 0.25
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Results (Efficient Frontier)

1.24

Exp(X)

1.235+

123 ¢

MeanVariancefornulation:
maxE(X) — pVar(X) 1225

122 +

StdVar(X)
0.05 0.1 0.15 0.2 0.25

constraints variables | procs | p =0.001 0.005 0.01 0.05 0.1 05 1 5 10
223,321 76,881 1 14 4 14 14 14 13 17 16 17
14 5 5 5 4 5 5 8 8

533,725 198,525 1 14 4 14 14 14 15 18 18 17
14 5 5 5 6 5 5 9 10

5,982,604 16,316,191 32 24 23 24 23 25 22 24 23 24
24 g8 11 13 11 13 12 12 14

70,575,308 192478111 | 512 H2 b3 45 43 44 42 44 46 46
52 13 13 15 15 16 16 23 25

= 50%-60%0f iterationssared on average
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Idea: UseWarmstartto speedup solutionof StochasticProgram

™~
>
~

e Sol\e problemonareduced scenaridree rst

e Copy solutionvectorsfrom nearby scenario$o constructstartingpoirnt for
full problem.

e Sol\e full problem(usingthis starting point)

= Savesup to 60%of iterationson problemup to 4096scenarios.
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Construction of the warm-start iterate

®© 0 ® 0 O
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Construction of the warm-start iterate

- _
Mo
——

&

Nodesin the reducedree:
the solutionis alreadyavailable

—i

t

11 | 12 | 13 | 14 16 | 17 | 18

Aurora 2007, Vienna 38



A. Grothey

Solving Large Financial Planning Problems on Blue Gene

Construction of the warm-start iterate

-
-

N~

N~

e

5

s

Nodesin the reducedree:
the solutionis alreadyavailable

Remaininghodes:
copy the solutionfromthe correspnding
reduced-tre@mode
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Conclusions:

e OOPSis a generapurposelPM soler with object-oriemed linearalgebra
e Will scaleup to massiely parallelarchitecture
e Cansol\e problemswith 10’ variablesusingdirect factorizationmethals

e Allowsthe solutionof realistic nancial planningproblems
Future Work on OOPS:

e Extendwarmstartingprocedure:

— IPM di cult to warmstart

— Multi-Step Sheme

— Complexiy of sud a shheme

— Carry over to otherstructures(PDE constraineptimization)

e Incorporation of iterative solhers(structuredpre-conditioners)

¢ Integrateinto structuredmaodellinglanguage
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Object-Oriented Parallel Solver (OOPS):
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