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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Overview

� Asset and Liability Management

{ Mean-Variance Formulation/Stochastic Programming

{ Structure of Problem

� OOPS (Interior Point Solver)

{ Interior Point Methods

{ Structure Exploitation through Object Oriented Design

� Challenges in Massively Parallel Implementation

{ Communications ) Data Management

{ Granularity of Computations

� Further Developments
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Portfolio Optimization: Asset and Liability Management

• A setof assetsJ = {1, ..., J} is given(e.g.bonds,stock, realestate).

• At every staget = 0, ..., T−1 we canbuy or selldi�erent assets.

• The return of assetj at staget is uncertain (but distribution is known).

We have to make investment decisions:what to buy or sell,at which time stage

Objectives:

• maximizethe �nal wealth

• minimizethe associatedrisk

}

⇒
MeanVarianceformulation:

maxIE(X) − ρVar(X)

Extensions(leadingto nonlinearmodels)

• di�erent risk measures(one-sided,expectedshortfall/valueat risk)

• (nonlinear)utilit y functions
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Modelling: Multiperiod Mean-VarianceModel
Variables:
xh

j,t positionin assetj at time t.

xs
j,t ,xb

j,t amount of assetj bought/sold at time t.

Parameters:

vj valueof assetj

rj,t return of assetj whenheldat time t

Lt, Ct liabilities/cashcontributions at time t

Objective:

maxIE(X) − ρVar(X), X = (1−ct)
∑

j

vjx
h
j,T

Constraints:

xh
j,t = (1 + rt−1,j)xh

j,t−1 − xs
j,t−1 + xb

j,t−1 (inventory)

Ct + (1−ct)
∑

j

vjx
s
j,t = Lt + (1+ ct)

∑

j

vjx
b
j,t (cashbalance)
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Stochastic Programming: useevent tree

2

1ξ

ξ (t,n)

(t-1,a(n))

(t,n-1)

• Stages represent points in time at which decisionsaretaken.

• Nodes represent possiblefutures(givenby assetreturnsandprobabilities):

r
(t,n)
j return of assetj at node(t, n).

p(t,n) probability of reachingnode(t, n).

L(t,n), C(t,n) liability payment/cash-contribution at node(t, n).
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Asset and Liability Management as Stochastic Program

With every node i = (t, n) we associatevariables:

xh
j,i the positionin assetj at node i;

xb
j,i, x

s
j,i the amount of assetj bought/sold at node i.

andconstraints:

(1 + ri,j)xh
π(i),j = xh

i,j − xb
i,j + xs

i,j,∀j (inventory)
∑

j

(1 + ct)vjx
b
i,j + Li =

∑

j

(1− ct)vjx
s
i,j + Ci (cashbalance)

Objective is sumover �nal stagescenarios

minIE(X) − ρVar(X) = IE(X) − ρIE[(X − E(X))2]

= (1− ct)
∑

i∈LT

pi

∑

j

vjx
h
i,j − ρ




∑

i∈LT

pi[· · · ]




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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Multistage Stochastic Programming

1

2

3

Period 1 Period 2 Period 3

Scenario 1

Scenario 2

Scenario 3

Scenario 4

4

5

7

6

ScenarioTree Constraint Matrix

Symmetricalevent treewith K realizationsat each nodeandT periodscorresponds
to

KT−1 scenarios
KT − 1
K − 1

nodes(blocks)
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Structure of Objective

IE(X) − ρVar(X) = IE(X) − ρ[IE(X2) − IE(X)2]

=
∑

i∈LT

pi

∑

j

vjx
h
ij − ρ

[

∑

i∈LT

pi

∑

j

(vjx
h
ij)

2−[
∑

i∈LT

pi

∑

j

vjx
h
ij]

2

] ⇒

Q

Q

Q

Q

Dense,convexHessian
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Structure of Objective

IE(X) − ρVar(X) = IE(X) − ρ[IE(X2) − IE(X)2]

=
∑

i∈LT

pi

∑

j

vjx
h
ij − ρ

[

∑

i∈LT

pi

∑

j

(vjx
h
ij)

2−[
∑

i∈LT

pi

∑

j

vjx
h
ij]

2

] ⇒

Q

Q

Q

Q

Dense,convexHessian
Alternatively:

with y =
∑

i∈LT

pi

∑

j

vjx
h
ij

IE(X) − ρVar(X) = y − ρ




∑

i∈LT

pi

∑

j

(vjx
h
ij)

2 − y2





⇒

−1

Q

Q

Q

Q

Sparse,nonconvexHessian
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

ALM: Structure of matrices A and Q:

Matrix A Matrix Q




















−1

A

A

A

B

B

A

B

d d d d

B

B

A

B

A

A










































−1

Q

Q

Q

Q





















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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Stochastic Programming approach to Financial Planning

• Popularwith academics,practitionersseemsuspicious

– Largeproblemsizes✘

– Placesconstraints on model (?) ✘

• Traditionallysolvedby decomposition

– NestedBendersDecompositionaka L-shapedmethod

– Workswell for LP models✔

– Unclearhow to extendto quadratic/nonlinearmodels✘

• Or solvedby Interior Point Methods

– Usetayloredlinearalgebra

– Only certaintypesof constraints areallowable(?) ✘

⇒ StructureExploitationis key to succesfulimplementation
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

OOPS - Object Oriented Parallel (Interior Point) Solver

• Mantra: \T ruly largescaleproblemsarenot only sparsebut structured"
(dueto e.g.dynamics,uncertainty, spatialdistributionetc.)

• Exploitingstructureis key to buildinge�cient IPMs for largeproblems:

– Fasterlinearalgebra

– Reducedmemoryuse(by useof implicit factorization)

– Possibility to exploit (massive) parallelism

– We assume that structure is known! ⇒ noautomaticdetection.

• OOPSis a generalpurpose(parallel)Interior Point solver

– Not tunedto any particularhardware

– Not tunedto any particularproblem(structure).

• OOPScurrently solvesLP/QP problems.

• NLP extensionsolvesnonlinear�nancial planningproblems
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Interior Point Methods

minc>x + 1
2x

>Qx s.t. Ax = b

x ≥ 0
(QP)

Optimality conditions: c + Qx − A>y − z = 0
Ax = b

XZe = 0(µe)
x, z ≥ 0

⇒ NewtonStep:




−Q A> I

A 0 0
Z 0 X









� x

� y

� z



 =





ξc

ξb

rxz



 =





c + Qx − A>y − z

b − Ax

µe − XZe



 (NS-QP)

⇒ Reducedto
[
−Q − � A>

A 0

] [
� x

� y

]

=
[

ξc − X−1rxz

ξb

]

where� = X−1Z, X = diag(x), Z = diag(z)
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Linear Algebra of IPMs

Main work: solve
[
−Q − � A>

A 0

]

︸ ︷︷ ︸

�

[
� x

� y

]

=
[

r

h

]

for severalright-hand-sidesat each iteration

⇒ Two stagesolutionprocedure

• factorize� = LDL>

• backsolve(s)to computedirection(� x, � y) + corrections

⇒ � changesnumericallybut not structurallyat each iteration

Key to e�cient implementation is exploitingstructureof � in thesetwo steps
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Example: Bordered Block-Diagonal Structure (Schur complement)
0

B
B
B
@

Φ1 B>
1

. . . ...

Φn B>
n

B1 · · · Bn Φ0

1

C
C
C
A

| {z }
Φ

=

0

B
B
B
@

L1
. . .

Ln

L1,0 · · · Ln,0 L0

1

C
C
C
A

| {z }
L

0

B
B
B
@

D1
. . .

Dn

D0

1

C
C
C
A

| {z }
D

0

B
B
B
@

L>
1 L>

1,0
. . . ...

L>
n L>

n,0

L>
0

1

C
C
C
A

| {z }
L>

• Cholesky-like factorscanbe obtainedby Schur-complement:

� i = LiDiL
>
i Li,0 = BiL

−>
i D−1

i , i = 1, . . . n
C = � 0 −

∑n
i=1 Li,0DiL

>
i,0 C = L0D0L

>
0

• And the system� x = b canbe solvedby

zi = L−1
i bi

z0 = L−1
0 (b0 −

∑

Li,0zi)

yi = D−1
i zi

x0 = L−>
0 y0

xi = L−>
i (yi − L>

i,0x0)

• Operations(Cholesky, Solve,Product) areonly performedon sub-blocks
⇒ Canalsoexploit structurein sub-blocks
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Tree Representation of Problem Structure












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D30

C31
A

D1 D2

D D1211 D10 B B11 12 D D D D B B B21 22 23 20 21 22 23

C32

⇒ Organisationof LinearAlgebra,Parallelism
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OOPS: Object-oriented linear algebra implementation

• Everynodein block elimination tree hasown linearalgebraimplementation
(dependingon its type)

• Implementation is realisationof an abstractlinearalgebrainterface.

• Di�erent implementationsfor di�erent structuresareavailable.

Di

Bi

RankCorrector

Rank corrector

implementations

D

R

SparseMatrix

general sparse

linear algebra

matrix

y=Mtx

y=Mx

SolveLt

SolveL

factorize

Schur complement

Implementations based on

BorderedBlockDiagonal

M
at

rix
 In

te
rf

ac
e

⇒ Rebuildblock elimination tree with matrix interfacestructures
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Sources of Structure

(linear) dynamics: xt+1 = Axt + But

B

B

B

-I

-I

-I

A

A

A

uncertainty:
common1st stagedecision(today)
recourseactionin 2ndstage(tomorrow)
Tx + Wi yi = hi

T

T

T

W

W

W

almost\independent" divisions
sharea common resource
k∑

i=1

Bi xi = b

B B B

A

A

A

And many others.. . . Alsonested structures.
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ALM: Structure of matrices A and Q:

Matrix A Matrix Q

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Structures of A and Q imply structure of �
:


















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

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Q
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Q

dT

A  T
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BTBTBT

BT

BT BT
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
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
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
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
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A
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dd
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B

dT

dT

B

dT

dT

A

A  TQ

A

A  TQ

B

B

BTBT

A  T

A

A

A  T

−1

−1















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
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
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

(
Q A>

A 0

)

P

(
Q A>

A 0

)

P−1
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Results (ALM: Mean-VarianceQP formulation):

Problem Stages Blk Assets Scenarios Constraints Variables iter time procs machine

ALM1 5 10 5 11.111 66.667 166.666 14 86 1 SunFire 15K

ALM2 6 10 5 111.111 666.667 1.666.666 22 387 5 “

ALM3 6 10 10 111.111 1.222.222 3.333.331 29 1638 5 “

ALM4 5 24 5 346.201 2.077.207 5.193.016 33 856 8 “

UNS1 5 35 5 360.152 2.160.919 5.402.296 27 872 8 “

ALM5 4 64 12 266.305 3.461.966 9.586.981 18 1195 8 “

ALM6 4 120 5 1.742.521 10.455.127 26.137.816 18 1470 16 “

ALM7 4 120 10 1.742.521 19.167.732 52.275.631 19 8465 16 “
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BlueGene/L (Edinburgh,Scotland)

• 2048Processors

• 0.7GHz,256Mb

• Rmax = 4.7TFlops

• #148 in top500.org list

HPCx (Daresbury, England)

• 1600 IBM Power-4 Proces-
sors

• 1.7GHz,800Mb

• Rmax = 6.2TFlops

• ≈ #100 in top500.org list
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ALM: Size of largest problem

Optimizationof 21assets(stock market indices)

⇒ Scenariotreeneedsto capture:

• correlationsof 21assets

• correlationsover time periods

⇒ 100branchesover 6 stages= 1012 scenarios

Better:

• Scenariotreegeometry:128-30-16-10-5-4⇒ 16million scenarios.

• Scenariotree generatedusingsimulated geometricbrownian motion with
meanreversion.

• ⇒ 1.01billion variables,353million constraints
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Issues for Massiv ely Parallel Implemen tation

� Communications

) Memory/Data management

� Granularity of Computations

) Sparsity of multilevel linear algebra

� Bootstrapping

) How to get the data onto the processors
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Example: Bordered Block-Diagonal Structure (Schur complement)
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• Cholesky-like factorscanbe obtainedby Schur-complement:

� i = LiDiL
>
i Li,0 = BiL

−>
i D−1

i , i = 1, . . . n
C = � 0 −

∑n
i=1 Li,0DiL

>
i,0 C = L0D0L

>
0

• And the system� x = b canbe solvedby

zi = L−1
i bi

z0 = L−1
0 (b0 −

∑

Li,0zi)

yi = D−1
i zi

x0 = L−>
0 y0

xi = L−>
i (yi − L>

i,0x0)

• Operations(Cholesky, Solve,Product) areonly performedon sub-blocks
⇒ Canalsoexploit structurein sub-blocks
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Exploiting Parallelism: Bordered Block-Diagonal Structure:
• Distribution of computations:

Factorize

proc n

proc n

proc 1

proc 1

Solve

x = L  (y − B L  D x )

nnn
−1

y = D  z1

z = L  b

1
−1

y = D  z−T
nn
−1

1

n n

1

L D L

n

n n n n
−T −1 T

C
 =

   
  −

   
 CΣ

i
0

Φ
i

Φ = L D L

z = L  b

n n

−
T

n n nl = B L  D z

−T
11111l = B L  D z−1

C = B L  D L  B

0
0

0x 
=

 L
  y

1

n

1

n

Φ = 

0
0

0−
1

T

1
−T

x = L  (y − B L  D x )n n n
−T

−T

−T

1 1 1
T

1 C = B L  D L  B1 1 1
−T

1 1 1
T−1

Σ i
i

l =
 b

 −
   

l
0

1 1 1 011

0nnn

n C
 =

 L
 D

 L
0

T 0
0

y 
=

 D
  z−

1
0

0

n

z 
=

 L
  l

• Storage:

Φ

Φ

0

n

1

n

n

T

T
1 x

y y y

x

x0

0

n

n

1

1

all processors

processor n

processor 1Φ

1B B

B

B

Communications

On all processors

On separate processors
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Memory Management

• Data for problemrequires2.6GBof memory.
⇒ needto split informationbetweenprocessors

• To each nodein block-eliminationtreea setof processorsis assigned

• LinearAlgebrais implementedsothat processorscommunicatewhenneeded

Distribution of leading matrix blocks
amongprocessorsimplies

• Distribution of subordinateblocks

• Distribution of row/column vector
contributions

11

2

3 3

2

1

5

6 6

5

654

1 2 3 1−3 4 5 6 1−6

6
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4

4−6
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1 2 3 1−3 4 5 6 4−6 1−6
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3
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Granularity of Computations: Parallel division of the problem

• In ALM problemsmatricesup to ≈ 500.000− 1.000.000variablescan be
treatedasunstructuredsparsematriceson oneprocessor

• Problemhas: – 128�rst level nodeswith 10.000.000variableseach.

– 3840secondlevel nodeswith 350.000variableseach.

⇒ needto decomposeproblemat secondlevel
(with 1280processors⇒ 3 blocks per processor)

30 nodes 30 nodes

128 nodes
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Sparsity of Linear Algebra (nestedBorderedBlock-Diagonal)

Φ =

2

6
6
6
4

Φ1 BT
1

. . . ...

Φn BT
n

B1 · · · Bn Φ0

3

7
7
7
5

, Φ = LLT , L =

2

6
6
6
4

L1
. . .

Ln

L0,1 · · · L0,n C

3

7
7
7
5

Factorizematrix by Schur complement:

• Factor � i = LiDiL
T
i

• Build C = � 0 −
∑

i(L
−1
i BT

i )TDi(L−1
i BT

i )

• FactorC = LcDcL
T
c

Work tendsto be dominatedby formingVi = L−1
i BT

i andV T
i Vi.

⇒ • KeepVi assparseaspossible.

• Requirescarefulexploitationofsparsity whenLi itself
is availablethroughSchur-complement.
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Dominant costis formingSchur complement:

C = � 0 −
n∑

i=1

V T
i DiVi, whereVi = L−1
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i

⇒ Needto solve a systemfor each columnof BT
i

Bi
TBi

TΦ = L D Li i i i
T

=

=

L Vi i
T=
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A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

Problem:Data for the problemis≈ 25GB. We have 512MB/nodeon BlueGene.
How to get the dataon the processors?

Data canbe represented as

• core:64variables,22constraints

• scenariotree(topology, probability, returnsfor each node): 2.6GB

Still doesnot �t on oneprocessor

• Scenariotree data (probability, returns)canbe generated/readin on each
processorasneeded

• Scenariotreetopologyneeds≈ 30MB

This is all that OOPSneedsto decideon the allocationof blocks to processors
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Bootstrapping II

1. Readproblemdimensions,
generatescenariotreetopologyandmatrix tree(30MB)

2. Call OOPS:Dividematrix treeamongprocessors,
setup datastructureson each processor

3. Generate/Readin scenariotreedataon every processor

4. On every processor:Call-back to generatorto �ll in SparseMatrixdata

5. Start solutionprocess
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• Setup (shape of) ScenarioTree

Aurora 2007, Vienna 32



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

• Setup (shape of) ScenarioTree

• Convert to AlgebraTree
(without data)

Aurora 2007, Vienna 32



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

• Setup (shape of) ScenarioTree

• Convert to AlgebraTree
(without data)

• Assignprocessors 1,2,3,4

5,6,7,8

Aurora 2007, Vienna 32



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

• Setup (shape of) ScenarioTree

• Convert to AlgebraTree
(without data)

• Assignprocessors 1,2,3,4

5,6,7,8

1,2

3,4

5,6

7,8

Aurora 2007, Vienna 32



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

• Setup (shape of) ScenarioTree

• Convert to AlgebraTree
(without data)

• Assignprocessors 1,2,3,4

5,6,7,8

1,2

3,4

5,6

7,8

1

2

3

4

5

6

7

8

Aurora 2007, Vienna 32



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

• Setup (shape of) ScenarioTree

• Convert to AlgebraTree
(without data)

• Assignprocessors

• Dividebetweenprocessors

1,2,3,4

5,6,7,8

1,2

3,4

5,6

7,8

1

2

3

4

5

6

7

8

Aurora 2007, Vienna 32



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

• Setup (shape of) ScenarioTree

• Convert to AlgebraTree
(without data)

• Assignprocessors

• Dividebetweenprocessors

• Loaddataon each processor
(core+ generatescenarios)

1,2,3,4

5,6,7,8

1,2

3,4

5,6

7,8

1

2

3

4

5

6

7

8

Aurora 2007, Vienna 32



A. Grothey Solving Large Financial Planning Problems on Blue Gene

Bootstrapping

• Setup (shape of) ScenarioTree

• Convert to AlgebraTree
(without data)

• Assignprocessors

• Dividebetweenprocessors

• Loaddataon each processor
(core+ generatescenarios)

• Solve

1,2,3,4

5,6,7,8

1,2

3,4

5,6

7,8

1

2

3

4

5

6

7
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Results

StagesBlk Assets ScenariosConstraints Variables iter time procs machine
7 128 6 12,831,873 64,159,366 153,982,47742 3923 512 BG/L
7 64 14 6,415,937 96,239,056 269,469,35539 4692 512 BG/L
7 128 13 12,831,873179,646,223 500,443,04845 6089 1024 BG/L
7 128 21 16,039,809352,875,7991,010,507,96853 3020 1280 HPCx
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Results

StagesBlk Assets ScenariosConstraints Variables iter time procs machine
7 128 6 12,831,873 64,159,366 153,982,47742 3923 512 BG/L
7 64 14 6,415,937 96,239,056 269,469,35539 4692 512 BG/L
7 128 13 12,831,873179,646,223 500,443,04845 6089 1024 BG/L
7 128 21 16,039,809352,875,7991,010,507,96853 3020 1280 HPCx

Parallel Efficiency/Scaling

nodes peak Mem time Comm Cholesky Solves MatVectProd

16 426MB 2587 (1.00) 24 1484 (1.00) 956 (1.00) 28.8 (1.00)

32 232MB 1303 (0.99) 13 743 (1.00) 485 (0.98) 18.0 (0.80)

64 132MB 688 (0.94) 6 377 (0.98) 270 (0.88) 13.0 (0.55)

128 84MB 348 (0.93) 3 187 (0.99) 139 (0.86) 9.0 (0.40)

256 56MB 179 (0.90) 3 93 (0.99) 73 (0.82) 5.8 (0.31)

512 46MB 94 (0.86) 2 47 (0.98) 39 (0.76) 3.9 (0.23)
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Further Developments: Warmstarting

Possibilitiesfor warmstartingarerarelyusedin StochasticProgrammming

• Solutionapproachesfor SP(BendersDecomposition/IPM) don't warmstart
well

• \In terior Point Methodscannotbe warmstarted"
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Results (Efficient Frontier)

MeanVarianceformulation:
maxIE(X) − ρVar(X)

E
xp

(X
)

StdVar(X)

1.24

1.235

1.23

1.225

1.22

0.05 0.1 0.15 0.2 0.25
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Results (Efficient Frontier)

MeanVarianceformulation:
maxIE(X) − ρVar(X)

E
xp

(X
)

StdVar(X)

1.24

1.235

1.23

1.225

1.22

0.05 0.1 0.15 0.2 0.25

constraints variables procs ρ =0.001 0.005 0.01 0.05 0.1 0.5 1 5 10

223,321 76,881 1 14 14 14 14 14 13 17 16 17

14 5 5 5 4 5 5 8 8

533,725 198,525 1 14 14 14 14 14 15 18 18 17

14 5 5 5 6 5 5 9 10

5,982,604 16,316,191 32 24 23 24 23 25 22 24 23 24

24 8 11 13 11 13 12 12 14

70,575,308 192,478,111 512 52 53 45 43 44 42 44 46 46

52 13 13 15 15 16 16 23 25

⇒ 50%-60%of iterationssavedon average
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Idea: UseWarmstartto speedup solutionof StochasticProgram

• Solve problemon a reduced scenariotree�rst

• Copy solutionvectorsfromnearby scenariosto constructstartingpoint for
full problem.

• Solve full problem(usingthis startingpoint)

⇒ Savesup to 60%of iterationson problemup to 4096scenarios.
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Construction of the warm-start iterate

Nodesin the reducedtree:
the solutionis alreadyavailable

Remainingnodes:
copy the solutionfromthe corresponding
reduced-treenode
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Conclusions:

• OOPSis a generalpurposeIPM solver with object-oriented linearalgebra

• Will scaleup to massively parallelarchitecture

• Cansolve problemswith 109 variablesusingdirect factorizationmethods

• Allowsthe solutionof realistic�nancial planningproblems
Future Work on OOPS:

• Extendwarmstartingprocedure:

– IPM di�cult to warmstart

– Multi-StepScheme

– Complexity of such a scheme

– Carry over to otherstructures(PDE constrainedoptimization)

• Incorporationof iterative solvers(structuredpre-conditioners)

• Integrateinto structuredmodellinglanguage
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Object-Oriented Parallel Solver (OOPS):

References:
• J. Gondzio and A. Grothey, Parallel interior point solver for structured quadratic pro-

grams: application to financial planning problems, Annals of OR 152 (2007), Vol 1, pp

319–339.

• J. Gondzio and A. Grothey, Solving nonlinear portfolio optimization problems with the

primal-dual interior point method, European Journal of Operational Research, 181 (2007),

Vol 3, p.1019-1029.

• J. Gondzio and A. Grothey, Exploiting Structure in Parallel Implementation of Interior

Point Methods for Optimization, Tech. Rep. MS-04-004, School of Maths, University of

Edinburgh, Dec 2004.

• J. Gondzio and A. Grothey, Direct Solution of Linear Systems of Size 109 Arising in Op-

timization with Interior Point Methods,in: Parallel Processing and Applied Mathematics,

Lecture Notes in Computer Sciences 3911.

Aurora 2007, Vienna 40


