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Zhese a r e  notes f o r  l e c t u r e s  of John Milnor that were given 

as a seminar on d i f f e r e n t i a l  topology i n  October and November, 

1963 a t  Princeton University. 

Let W be a compact smooth manifold having two boundary 

components V and V1 such t h a t  V and V' a r e  both deform- 

a t i o n  r e t r a c t s  of W. B e n  W is said t o  be a h-cobordism 

between V and Vt . The h-cobordism theorem a t a t e s  t h a t  if i n  

addi t ion  V and (hence) V1 are simply connected and of dimen- 

s ion  g rea te r  than 4 , then W is diffeomorphic t o  V X [O, 11 

and (consequently) V is diffeomorphic t o  V' . Ihe proof is 

due t o  Stephen Smale [ 6 ] .  'Ihis theorem has numerous important 

appl ica t ions  - including the proof of the  generalized ~ o i n c a r e  

conjecture i n  dimensions > 4 - and eeveraJ. of these appear 

i n  $9. Our ma,in task,  however, i s  t o  describe i n  some d e t a i l  a 

proof of t h e  theorem. 

Here is a very rough ou t l ine  of t h e  proof. We begin by 

construct ing a Morse function f o r  W (02.1), i .e. a smooth 

funct ion f : w -> [o, 11 with v = C1(0) , v 1  = f1(1) 

such t h a t  f has f i n i t e l y  many c r i t i c a l  points,  all nondegen- 

e r a t e  and i n  t h e  i n t e r i o r  of W. 'ihe proof is inspi red  by the  

observation (63.4) t h a t  W i s  diffeomorphic t o  V X [o, 11 i f  

(and only i f )  W admits a brae f'unction as above with no c r i t -  

i c a l  points .  %us i n  554-8 we show that under the hypothesis 

of t h e  theorem it is  possible  t o  simplify a given Morse funct ion 



f un t i l  f ina l ly  all c r i t i c a l  points are eliminated. In $4, f 

is ad jueted so that  the leve l  f (p) of a c r i t i c a l  point p is 

an increasing f'unction of i t s  index. In $5, geometrical condi- 

tions are  given under which a pa i r  of c r i t i c a l  points p, q of 

index h and h + 1 can be eliminated or *cancelleds. In $6, 

the geometrical conditions of $5 are replaced by more algebraic 

conditions - given a hypothesis of simple connectivity. In 

$8, the resu l t  of 95 a o w s  us t o  eliminate all c r i t i c a l  points 

of index 0 or  n , and then t o  replace the critica3.points of 

index 1 and n - 1 by equal numbers of c r i t i c a l  points of 

index 3 and n - 3 , respectively. In $7 it i e  shown tha t  the 

c r i t i c a l  point6 of the same index h can be rearranged among 

themselves for  2 < A < n - 2 (97.6) i n  such a way t ha t  all - - 
c r i t i c a l  points can then be cancelled i n  pairs by repeated appli- 

cation of the r e su l t  of 16. !his completes the proof. 

I k o  acknowledgements are i n  order. I n  $5 our argument is  

inspired by recent ideas o f .  Me Morse Ell] [32] which involve 

al terat ion of a gradient-like vector f i e l d  for f , rather than 

by the original  proof of Smale which involves h i s  'handlebodie8'. 

W e  i n  fact never expl ic i t ly  mention handles or handlebodies i n  

these notes. In 66 we have incorporated an Improvement appearing 

i n  the thesis  of Dennis Barden [33], namely the argument on our 

pages 72-73 for  'Iheorem 6.4 i n  the case h = 2 , and the state-  

ment of Theorem 6.6 in the case r = 2. 



17he h-cobordism theorem can be generalized i n  sever& direc-  

t ions .  No one has succeeded i n  removing the  r e s t r i c t i o n  t h a t  V 

and V' have dimension > 4. (see page l3.3. ) If we omit the  

r e s t r i c t i o n  t h a t  V and (hence) V' be simply connected, t h e  

theorem becomes f a l s e .  (see Milnor [34]. ) But it w i l l  remain 

t r u e  i f  we a t  t h e  same time assume t h a t  the  inc lus ion  of V 

(or  V' ) i n t o  W is  a simple homotopy equivalence i n  t h e  senee 

of J. H. C. Whitehead. This generalization, ca l led  t h e  s-cobor- 

dism theorem, i s  due t o  Mazur [35], Barden (331 and Sta l l ings .  

For t h i s  and f u r t h e r  general izat ions see  e spec ia l ly  Wall 1361. 

3 

Lastly, we remark t h a t  analogous h- and s-cobordism theorems 

hold f o r  piecewise l i n e a r  manifolds. 
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Section 1. The Cobordiem Category 
I m 

First some familiar definitions. Euclidean apace w i l l  be 

denotedby R~ = ((5 ,..., x )Ixi E R, i = l , . . ,  where n 

R P the r e a l  numbers, and Euclidean half-space by 

Definition 1.1. If V i s  eny subeet of R ~ ,  a map 

f :  V R~ is smooth or dif'ferentieble o i  claaa C? if  f can 

be extended t o  a map g: U Rm, where U 3 V i s  open in Rn, 

euch tha t  the pa r t i a l  derivatives of g of a l l  orders exis t  end 

are c o n t i n u c ~ ~ ~ .  

Definition 1.2. A smooth n-manifold is a topological manifold 

W with a countable basis together with a smoothnese structure 4 
- on Me is  a collection of' pairs ( ~ , h )  satisfying four conditions: 

(1) Each ( ~ , h )  E c m s i s t e  of? an open set U C W 

(called a coordinate neighborhood) together with a homeomorphism h 

n which maps U onto an open subset of e i ther  R~ or R+ , 

(2) The coordinate neighborhoods in 08 caver W. 

(3) If (ul,hl) and (u2,h2) belong t o  4, then 

i s  smooth. 

(4) The collection r8 i a  maximal with respect t o  property 

(3) i.e. if any pair  (u, h )  not In  $ is adjoined t o  



The boundary of W, denoted Bd W, is the se t  of all points 

in  W which do not have neighborhoods haneanorphic t o  FIn (see 

Definition 1.3. (wj Vo, v1) i e  a smooth manifold t r i a d  i f  

W i s  a compact smooth a-manifold and Bd W is the disjoin* union 

of two open and closed submanifolds Vo and V1 . 
If (w; Vo, V1), (w' j Vi, Vi) are two smooth manifold t r iads  

and h: V1 ----+ V i  18 a diffeomorphism (i .e .  i homeomorphism such 

that  h and h-' are smooth), then we can form a th i rd  triad 

(W % W l j Vo, V; ) where W % W is the space formed from W and 

Wt by identifying points of V1 and V i  under h, according t o  

the following theorem. 

Theorem 1.4. There ex is t s  a smoothness structure for - - - 
W % W1 compatible with the given structures (i.e. so tha t  each --- --- 
inclusion map - W 4 W U, Wf, Wl -4 W % W' - is  - a diffeomorphism 

~ n t o  i t s  image.) - -  
8 is unique up t o  a differnorphiam leaving Vo, h(vl) = V i  , 

and V; fixed. 
-.-- - 

The proof will be given in  $ 3 . 
Definition 1.5. Given two closed smooth n-manifolds M 0 knd 

% (i.e. Mg , 5 compact, Bd Mg - Bd M.,. = I), a cobordiam from Mo 

t o  ie a 5-tuple, (wi Vg, V1j ho, hl), where (wj Vo, V1) is a 
l 

am& menifold t r i a d  and hi: Vi 4 M is a diffemorphism, 1 = 0, 1. 

TWO cobordims (wj Vo, Vlj ho, hl) and (w' VA, Vij h& h i )  from 1 
*o t o  M1 are equivalent i f  there ex is t  a diffeomorphism g: W -4 W 1  '3 
carrying Vo t o  Vt, and V1 t o  I 



'i such that for i = 0,l  the following triangle ccamrmtes: 

Then we have a category (see Eilenberg and Steenrod, 

[2,p.1081) whose obdects are closed manifolds and whose morphism 

ere equivalence classes c of cobordisms. This means that cobordiems 

satisfy the following two conditions. They follow easily *can 1.4 

and 3.5, respectively. 

(1) Given 

5 and c t  f r o m  

from M t o  %. 
0 

c obordism equivalence 

y t o  , there is  

classes c from M t o  
0 

a well-defined claas ccg 

This  composition operation is  associative. 

(2) For every closed manifold M there is the identity 

cobordism class 
L~ 

P the equivalence class of 

That is, if  c is a cobordism class frm t o  l$, then 

Notice that  it i e  possible that cct  = rM , but c is not 

bM . For example 



c is  shaded. c c  is  unshaded. 

Here c has a r ight  inverse c ' ,  but no l e r t  inverse. Note tha t  the 

manifolds in  a cobordism are not assumed connected. 

Consider cobordism classes from M t o  i t s e l f ,  M fixed. 

These form a monoid HM , 1.e. a se t  with an aesociative cclnposition 

with an identity. The invertible cobordisms i n  HM f o m  a group 

G~ . We can construct soneelements of GM by taking M = M1 

below. 

Given a diffemorphism h: M d M1, define ch as the 

class of (M x Ij M x 0, M x l y  j, hl) where j(x,0) 3 x and 

hl(x,l) = h(x), x e M . 
Theorem 1.6. chch, = c fo r  any two diffeomorphisme hth - - - 

h: M &MI - and 

Proof: Let - 
jh, : Mt x I + W  

Chcht Define g: 

h': M' & M" . 
%I -. M x I % Mt x I and l e t  Jh: M % I d W, 

be the inclueian mapa in  the  definition of 

M x I \ W as fo l lme:  

Then g i s  well-defined and ie the  required equivalence. 



Def i n i t i m  1.7. Two differnorphiems h hl: M ---+ MI 

are (smoothly) isotopic if there exis ts  a map f: M x I d M t  

such tha t  

(1) f i s  smooth, 

(2)  each ft, defined by ft(x) 2 f ( x , t )  , is  a diffeomorphism, 

Two d l  ffeomorphisms %, hl: M -+ MI are pseudo-isotopic' 

i f  there is a diffecanorphism g: M x I *-a M t  x I such that  

Lemma 1.8. Isotopy and pseudo-isot opy are equivalence - - 

Proof: Symmetry and reflexivity are clear. To ahow kransi- - 
t i v i ty ,  l e t  ho, hl, h2: M --+ M' be differnorphiems and assume 

we are given isotopies f, g: M x I M I  between h and hl 
0 

and between hl and h2 respectively. Let m: I -3 I be a 

smooth monotonic function such tha t  m(t) = 0 for o < t < 113, - - 
and m(t) = 1 for  213 < t < 1. The required isotopy - - 
k: M x I 4 M I  between h and hl is  now defined by 

0 

for 112 < - t < - 1. The proof of t r ans i t iv i ty  for  pseudo-isotopies 

is more d i f f i cu l t  and fo l l a r s  from Lermna 6.1 of Munkres [5,p.593. 
* 

In Munkrest terminology h is  "I-cobordantn t o  hl . 
0 

(see [5,p.62]. ) In E i r s c h ~ s  terminology h i s  "concordantn t o  hl. 
D 



It is clear that if ho and hl are isotopic then they are 

diffemorphism, as follows frm the inverse f'unctian theorem, and 

hence is a pseudo-isotopy between h and hl .  h he converse 0 
11 

for  M = S , n > - 8 is proved by J. ~ e r f  [39J, ) 1t follars fran 

this  remark and frm 1.9 below that if ho and 

then c = c . 
ho hl 

Theorem l.9, c = c is 
ho hl 
- ho - 

4 are isotopic, 

pseudo-isotopic t o  hl . - 
Proof: Let g: M x I ---+ Mt x I be a pseudo-ieotopy - 

between h and hl. 
0 Define hi1 x I: Mt x I -M x I by 

(hi1 X l ) ( x , t )  = (h;l(x),f) . Then (hi1 x 1) 0 g is an 

equivalence between c and c . 
hl ho 

The converse is similar. 



Section 2. Morse Functions 

We would 

a canposition of 

like t o  be able t o  factor a given cobordism into  

simpler cobordiema, c or example the t r i a d  i n  

M e r e  2 can be factored a~ i n  Mgure 3 , )  We make t h i s  notion 

precise in what follows. 

FIGURE 3 



Definition 2.1, Let W be a smooth manifold and 

f: w 4 R a smooth function, A point p t: W 18 a c r i t i c a l  

point. of f i f ,  in  some coordinate system, - 
= 0 . Such a point Is a non-degenerate 

ce i t i c  a1 point i f  det ( a2f 1 ) 0  or example, i f  in  Figure 2 - 
1 3 P  

f is the height function (projection into  the z-axis), then f has 

four c r i t i c a l  points pl, p2, p3, pq, all non-degenerate, 

Lemma 2.2 ( ~ o r s e ) .  If p is a non-degenerate c r i t i c a l  - - -  
point of f ,  then i n  same coordlnate system about p, 

f(xl, ..,, x ) = constant 2 
" X1 - 0 . .  

2 
n - x + <+I + ... + x2 n for 

some A between 0 and n , 

h i s  defined t o  be the index of the c r i t i c a l  point p, - 

Definition 2.3, A Morse function on a smooth manifold t r i a d  

(wj Vo, V1) i s  a smooth function f: W ----5 [a,b] ouch that  

(2)  All  the c r i t i c a l  points of f are in te r ior  ( l i e  i n  

W - Bd W) and are nm-degenerate, 

As a coneequence of the Morse Lemma, the c r i t i c a l  points of 

a Morse function are isolated, Since W is  compact, there are only 

f i n i t e l y  many of them. 



Definition 2.4. The Morse nuniber p of (w i  Yo, v1) i 8  Cc 

the  minimum w e r  sll Morse function8 f of the  number of c r i t i c a l  

points of 

'Phis definition is meaningf'ul i n  view of the  

following existence theorem. 

Theorem 2.5. hrery smooth manifold t r i a d  (wi Vg , V1) - - 
possesses a Morse function, -- 

m e  proof w i l l  occupy the next 8 ~ a g e s .  

Lemma 2.6. mere  exis ts  a smooth function f :  W --+ [0,1] 

with - f91(0) = V 
0' 

fW1(l) = V1 , B U C ~  t ha t  f has no c r i t i c a l  -- -- 
point i n  a neighborhood of the boundam of W. 

Proof: 

neighborhoods. 

V1, and tha t  i f  

n 
hi' Ui d R+ 

unit b a l l  with 

On each 

L e t  U1, ..., % be a cwer of W by coordinate 

We may assume tha t  no Ui meets both V and 
0 

Ui 
meets Bd W the coordinate map 

carr ies  Ui onto the intersection of the open 

se t  Ui define a map 

Ui 
meeta V [respectively vl] l e t  f i  = Ihi d 

where L i s  the map 

x (respectively 1 - xn] . n 

If Ui does not meet Bd W , put fi a 112 identically . 



Choose a par t i t ion of unity (qi) subordinate t o  the c w e r  { Ui) 

(see Munkres [5,p.181) and define a map f :  W d [0,1] by 

where f i(p) is understood t o  have the value 0 outside U men 
i 

f is  c lear ly  a well defined smooth map t o  [0,1] with fn1(0) = V 
0' - 

( 1 )  = V . Flnally we verify tha t  df' 0 on Bd W. Suppose 

q E V [respectively q E V 1. Then, f o r  saue i, cpi(q) 0, 
0 1 

1 s € Ui. let hi(p) = (X (P) 
n 

. x  ( p ) )  Then 

Now f (z) has the 0~me value, 0, [respectively 11  for all j 
J 
k acpj a k 

and C - = 7 ( Z '91) = 0. So, a t  q, the first  sumand 
jal axn ax j=1 

af i ie zero. The derivative (q) equals 1 [respectively -11 
ax 

3 and it is  easi ly  seen tha t  the derivatives (q) all have the 
ax 

afi same sign es 7 (q) , j = 1, , mu8 af (q) + 0. 13 
ax axn 

follows tha t  df' f. 0 on Bd W, and hence df  0 i n  a neighbor- 

hood of Bd W. 

The remainder of the proof is more d i f f icu l t .  We w i l l  

a l t e r  f by stages i n  the in te r ior  of W eliminating the 

degenerate c r i t i c a l  points. To do t h i s  w e  need three lemmas which 

apply t o  Euclidean space, 



Lennna A (M. Morse). - If f is a c2 mapping of an open - -  --- I I. 
subset U c Rn t o  the r e a l  l ine  then fo r  almost all l inear  

c. 7 - - -- 
mappings L: R~ & R, the m c t i o n  f + L has only nondegenerate - -- 
c r i t i c  a1 points. 

By "almost all" we mean except f o r  a se t  which has measure 

zero i n  H-(R~,R) 2 Rn . 
- Proof: Consider the manifold U x H ~ ( R ~ , R )  . It has 

d(f(x)  + ~ ( x ) )  = 0 means tha t  L = -df(x) it is clear  tha t  the 

correspondence x 3 (x, -df(x)) is a diffeomorphism of U onto M. 

Each ( x , ~ )  e M corresponds t o  a c r i t i c a l  point of f + L, and 

t h i s  c r i t i c a l  point i s  degenerate precisely when the matrix ( 
a2f 
-1 

is singular. Now we have a projection a: M & H ~ ( R ~ , B )  

sending ( x , ~ )  t o  L. Since L = -df(x) , the projection is 

nothing but x & -df(x)  . Thus T is c r i t i c a l  a t  ( x , ~ )  e M 

2 
precisely when the matrix ~ I J  = -(a f/ax ax ) is  singular. It 

i 3  
follows tha t  f + L has a degenerate c r i t i c a l  point ( for  same x )  

i f  and only if L is  the image of a c r i t i c a l  point of 

~f t: Ee R~ is any c 1 - -- the image of the m s p , - - - -  
se t  of c r i t i c a l  points of r has measure zero in Rn. -- - - 

This gives the desired conclueicm. 



Lemma B. Let  K be a cornpact eubeet of an open se t  U - -- ---- 
i n  R*. If f: U d R is c2 and has only nondegenerate - .111 .L --- 
c r i t i c a l  points in K, then there is a nmiber 8 > 0 such tha t  - ---- -- 
if g: U ' R i s  c2 and at all p o i n t ~  of K aatiefiee - - --- 

1, 3 = 1,. . . ,n , then - g likewise has only nondegenerate c r i t i c a l  -- 

6 Proof: Let - + ... 

a2f Then I df( + I det(?, ,_ )I is  s t r i c t l y  positive on K. Let p > 0 

be i ts  minimum on K. Choose 8 > 0 so s m a l l  t ha t  (1) implies t h a t  

and (2) -lies t h a t  

J 

at al l  points I n  K. The result followe. 

Lema C. Suppose h: U d Uc 18 a differnorphiem of 

one open subset of onto another and car r ies  the  ccanpsce s e t  -- - - - - - 
K C U anto Kt C U* . Given a number 6 > 0, there is  a number - -- --- 
6 > 0 such that if a smooth map f : U' d R s a t i s f i e s  ---- - 


















































































































































































































