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§0. Introduction
— = =]

These are notes for lectures of John Milnor that were given

as a seminar on differential topology in October and November,

1963 at Princeton University.

Iet W be & compact smooth manifold having two boundary

components V and V' such that V and V' are both deform-

ation retracts of W, Then W is said to be a h-cobordism

between V and V' ., The h~-cobordism theorem states that if in

addition V and (hence) V! are simply connected and of dimen-
sion greater than 4 , then W is diffeomorphic to V X [0, 1]
and (consequently) V 1is diffeomorphic to V' , 'The proof is
due to Stephen Smale [6]. This theorem has numerous important
applications —— including the proof of the generalized Poincaré
conjecture in dimensions > § —— and several of these appear

in §9. Our main task, however, is to describe in some detail a

proof of the theorem.

Here is a very rough outline of the proof. We begin by
constructing a Morse function for W (§2.1), i.e. a smooth
function £ : W —> [0, 1] with V = £5(0), V' = £75(1)
such that f has finitely meny critical points, all nondegen-
erate and in the interior of W. The proof is inspired by the
observation (§3.4) that W is diffeomorphic to V X [0, 1] if
(and only if) W eadmits a Morse function as sbove with no crit-
ical points. Thus in §§4-8 we show that under the hypothesis

of the theorem it is possible to simplify a given Morse function
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f until finally all critical points are eliminated, In §h, ;g
is adjusted so that the level f£(p) of a critical point p is
an increasing function of its index, In §5, geometrical condi-
tions are given under which a pair of critical points p, q of
index A and A + 1 can be eliminated or 'cancelled'. In §6,
the geometrical conditions of §5 are replaced by more algebraic
conditions —— given a hypothesis of simple connectivity. In

§8, the result of §5 allows us to eliminate all critical points
of index O or n , and then to replace the critical points of
index 1 and n -1 by equal numbers of critical points of
index 3 and n - 3, respectively. In §7 it is shown that the
critical points of the same index A can be rearranged among
themselves for 2 < A <n - 2 (§7.6) in such a way that all
critical points can then be cancelled in pairs by repeated appli-

cation of the result of §6. This completes the proof.

Two acknowledgements are in order. In §5 our argument is
inspired by recent ideas of M. Morse [11][32] which involve
elteration of a gradient-like vector field for f , rather than
by the original proof of Smale which involves his ‘'handlebodies?,
We in fact never explicitly mention handles or handlebodies in
these notes. In §6 we have incorporated an improvement appearing
in the thesis of Dennis Barden [33], namely the argument on our
pages 72-T73 for Theorem 6.4 in the case A =2 , and the state-

ment of Theorem 6.6 in the case r = 2.
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The h-cobordism theorem can be generalized in several direc-
tions. No one has succeeded in removing the restriction that V
and V' have dimension > 4, (See page 113.) If we amit the
restriction that V and (hence) V' be simply connected, the
theorem becomes false. (See Milnor [34].) But it will remain
true if we at the same time assume that the inclusion of V
(or V') into W is a simple homotopy equlvalence in the sense
of J. H. C. Whitehead. This generalization, called the s-cobor-
dism theorem, is due to Mazur [35], Barden [33] and Stallings.
For this and further generalizations see especially Wall [36].
Lastly, we remark that analogous h- and s-cobordism theorems

hold for piecewise linear manifolds.
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Section 1. The Cobordism Category \.
f—e—— e e ]

First some familiar definitions. Euclidean space will be
denoted by R- = {(x]_,...,xn)lxi €eR, 1=1,...,n) vhere
R = the real numbers, and Euclidean half-space by

Rl:- = [(xl,c-o,xn) € Rnlxn _>_ O} .

Definition 1.1, If V 1s any subset of R°, & map

£f: V —> Rm is smooth or differentiasble of class d® if £ can

be extended to amap g: U —> Rm, where U DV 4is open in Rn,

such that the partisl derivatives of g of all orders exist and

are continuous,

Definition 1,2. A smooth n-menifold is a topological manifold

W with a countable basis together with a smoothness structure J

on M, )2 is a collection of pairs (U,h) satisfying four conditions:

(1) Bach (U,h) € J consists of an open set U(C W

(called a coordinate neighborhood) together with a homeomorphism h

which maps U onto an open subset of either Rn or Ri .
(2) The coordinate neighborhoods in J cover W,

(3) 1 (Ul’hl) and (Uz,hz) belong to J, then

~1 n
Byho": By(U; N U,) —> B or R,

is smooth,
(4) The collection J is maximal with respect to property

(3); 1.e. if any pair (U, h) not in 3 is adjoined to

Ji then property (3) fails,




The boundary of W, denoted Bd W, is the set of all points

in W which do not have neighborhoods hameomorphic to R (see

Munkres [5, p.8]).

Definition 1.3. (W; Vo vl) is a smooth manifold triad if

W 1is a compact smooth n-manifold and Bd W 1is the disjoins union

of two open and closed submanifolds VO and Vl .

It (W Vo Vl), (w; Vi, Vé) are two smooth manifold triads
and h: V, —> vy is a diffeomorphism (i.e. : homecmorphism such
that b and b are smooth), then we can form a third triad

| B 1
(W U, W' Y, v2) where W U W is the space formed from W and

and V!

W' by identifying points of V 1 under h, according to

1
the following theorem.

Theorem l.k. There exists a smoothness structure J _1:21_'

W Uh W' compatible with the given structures (i.e. 8o that each

inclusion mep W —>W U W', W' —>W U W' is & diffeomorphism

- onto its image.)

o is unique up to a diffecmorphism leaving VO’ h(Vl) =V,

and Vé fixed.

The proof will be given in § 3 .

Definition 1.5. Given two closed smooth n-manifolds M0 and

M, (i.e. M), M, compact, Bd M, =BdM = @), a cobordism from M,

to M, is a 5-tuple, (W; Vor Vy5 By, hl)' where (W; Voo Vl) is a

smooth manifold triad and h,: V, —> M

i* Y1 1

Two cobordisms (W; Vo» V5 By hl) end ((W'; vy,

MO to M]. are equivalent if there exista & diffeomorphism g: W —> W!

is a diffeomorphism, 1 =0, 1.

Vi; by, bi) from

[ 4
carrying VO to VO and Vl to




Vi such that for 1 = 0,1 the following triangle commnutes: 3

givy

Then we have a category (see Eilenberg end Steenrod,
[2,p.108]) whose objects are closed manifolds and whose morphisms
are equivalence classes ¢ of cobordisms, This means that cobordisms
satisfy the following two conditions., They follow easily from 1l.h
and 3.5, respectively.

(1) Given cobordism equivalence classes ¢ fram M o to
Ml and c¢' fram Ml to MQ, there is a well-defined class cc?
from MO to M2 This composi.tion operation is associative,

(2) For every closed manifold M there is the identity

cobordism class = the equivalence class of

‘M

(M x I MxO,Mxl;p,pl), pi(x,i)=x, xeM 1=0,1.

o)
That is, if ¢ 1is a cobordism class fram Ml to Mz’ then

LMlc a ¢ =CLM2.

Notice that it 1s possible that cct! = "M , but ¢ 1is not

"M . For example




¢ 1s shaded. ¢! 1s unshaded.
Here ¢ has a right inverse c!', but no left inverse. Note that the
manifolds in a cobordism are not assumed connected.

Congider cobordism classes from M to itself, M fixed.
These form a monoid H‘M , 1.e. a set with an associative composition
with an identity., The invertible cobordisms in HM form a group
GM . We can construct some elements of G, by taeking M = M!

M
below,

Civen a diffecmorphism h: M —> M', define ¢, as the
class of (M X I; Mx 0, Mx1; J, hy) where J(x,0) = x and

hl(X,l) =h(x), xeM.,

Theorem 1,6.

¢n1 = Cpmn for any two diffeamorphisms

h: M ——> M' and h': M' —_— M,

Proof: Iet W=MXTI Uh M* X I and let Jh: MXI —>W,
Jh,: M! X T —> W be the inclusion maps in the definition of

chch, . Define g: M X I —> W as follows:

g(x)t) = Jh(xyzb) 0

IN

ct

IN
-

g(x,t) = Jh.(h(x),Et-l) < t

-
IN
[
.

Then g 18 well-defined and is the required equivalence,




M ¥——s M

Definition 1.7. Two diffecmorphisms hO’ hlz
are (smoothly) isotopic if there exists a map £: M X T —3> M?
such that

(L) £ 4s smooth,

(2) each f,, defined by ft(x) = £(x,t) , 18 a diffeomorphism,

(3) £ =1 , £ =h .

Two diffeomorphisms h , hy: M —> M' are pseudo-isotopic™

if there is a diffecmorphism g: M X I ——> M! X I such that

g(x,0) = (ho(x),O) , &(x,1) = (hl(x)’l) .

Lemma 1.8, Isotopy and pseudo-isotopy are equivalence

relations,

Proof: Symmetry and reflexivity are clear, To show transi-

tivity, let ho, hl’ h2: M ——> M! Dbe diffeomorphisms and assume

we are given isotopies f, gt M X I ~———3> M! between h0 and hl
and betveen hl and h2 respectively, Ilet m; I —> I be a
smooth monotonic function such that m(t) =0 for o0 <t < 1/3,
and m(t) =1 for 2/3 <t < 1. The required isotopy

k: M X I —> M! between ho and hl is now defined by

k(x,t) = £(x,m(2t)) for 0<t <1/2, and k(x,t) = g(x,m(2t-1))
for 1/2 <t < 1, The proof of transitivity for pseudo-isotopies

is more difficult and follows from Lemma 6,1 of Munkres [5,p.59].

*®
In Munkres' terminology hO is "I-cobordant" to h1 .

(see [5,p.62].) 1In Hirsch's terminology hO 1s “concordant" to h,.




It is clear that if ho and hl are 1sotopic then they are

pseudo-isotopic, for if f: M X I ——> M' 18 the isotopy, then
~N A

f: MXI —> M' X I, defined by f£(x,t) = (ft(x),t), is a
diffecmorphism, as follows from the inverse function theorem, and

hence is a pseudo-isotopy between ho and hl « (The converse

for M = sn, n > 8 1is proved by J. Cerf [39].) It follows from

this remsxrk and from 1.9 below that if ho and hl are isotopic,
then ¢, =¢ .
By By

Theorem 1.9. ¢, = Geomsa ho is pseudo-isotopic to h

0 1 1

Proof: Iet g: MXTI — M! XTI be a pseudo-isotopy
1l

between h. and h., Define h_

. |
0 1 oxI.M XY —>MxXI by

(n-t

o X 1)(x,t) = (hal(x),t) « Then (hal Xx1l) o g is an

end ¢ .
1 hO

equivalence between cy

The converse 1s similar,




Section 2, Morse Functions

We would like to be able to factor a given ecobordism into
a composition of simpler cobordisms, (For example the triad in

Figure 2 can be factored as in Figure 3.) We make this notion

precise in what follows,

Vo
FIGURE 2 FIGURE 3




Definition 2.1, Iet W be a smooth manifold and

f: W —> R a smooth function, A point p e W 18 a critical

point. of f 1f, in some coordinate system,

of of of -
= = ,ee = = 0 ., Such a point 1s a non-degenerate
Bxl D 8x2 o an D

2
critical point if dEt(gizaf—, ) # 0. For exasmple, if in Figure 2
173'p

f 1is the height function (projection into the z-axis), then f has

four critical points Pys Py p3, Py,s all non-degenerate.

Lemma 2.2 (Morse). If p 1s a non-degenerate critical

point of £, then in scme coordinate system sbout p,

f(xll"‘)xn) = constant "xi- (XX "{+<+1+ooo +x121 for

some AN between O and n .

N 1s defined to be the index of the eriticel point p.

Proof: See Milnor [4, p.6] .

Definition 2,3, A Morse function on a smooth manifold triad

(W; /Y Vl) is a smooth function f: W ——> [a,b] such that

(1) £7Ha) = vy, £70) =V, ,

(2) M1 the critical points of f are interior (lie in

W - BAd W) and are non-degenerate,

As a consequence of the Morse Lemma, the critical points of
a Morse function are isolated. Since W 1s compact, there are only

finitely many of them,




Definition 2.4, The Morse number p of (W; Yy Vl) is

the minimum over all Morse functions £ of the number of critical
points of £,

This definition is meaningful in view of the

following existence theoren,

Theorem 2.5, Every smooth manifold triad (W; 'Y Vl)

possesses a Morse function,

The proof will occupy the next 8 pages.

Lemua 2,6, There exists a smooth function f£: W —— [0,1]

with f-l(o) = VO ’ f’l(l) =V, , such that f has no critical

point in & neighborhood of the boundary of W,

Proof: ILet Ul’ coey uk be a cover of W by coordinate

i

vl’ and that if Ui meets B4 W the coordinate mep

hi: Ui —_— Rl_: carries Ui onto the intersection of the open

neighborhoods. We may assume that no U, meets both VO and

unit ball with Rl:_ .

On each set U‘.l define a map

as follows, If U, meets Vo, [respectively Vll let £, = Ih,

where L 18 the map

LX= X [respectively 1 - xn] .

If U, does not meet Bd W, put £, = 1/2 identically .

i

Q




Choose a partition of unity [mi] subordinate to the cover {Ui)

(see Munkres [5,p.18]) and define a map f£: W —> [0,1] by

£(p) = @ (2)E () + oot + @ (P)F, (P)

where fi(p) is understood to have the value 0 outside U,.

f 1is clearly a well defined smooth map to [0,1] with f"l(o) =V

f-l(l) =V, . Finally ve verify that af £0 on BAW. Suppose

q € Vb [respectively q e Vl]. Then, for some 1, qi(q) > 0,

and g U, Iet b (p) = (x(p),..0,x"(p)). Then
3¢ k S0 , of of :
—_—= Tt -"— + Q. ——"' + eoe + () "-"" + ses .
3 =1 d P L ad 1P

Now fj(z) has the geme value, O, [respectively 1] for all

k a¢h 3 k
and I —% = { Z J] = 0., So, at gq, the first swmand
J=1 ox ax® J=1

of
is zero, The derivative ——%-(q) equals 1 [respectively -1]

ox
of
and it 1s easily seen that the derivatives ——%-(q) all have the

ox
Bfi St
same sign as ) (a) 3 J = 1, mwwe,k o Thus — (q) f 0. It
ox X

follows that 4f #0 on B4 W, and hence 4af 4 0 in a neighbor-

hood of B4 W.

The remainder of the proof is more difficult. We will
alter f Dby stages in the interior of W eliminating the
degenerate critical points. To do this we need three lemmas which

apply to Buclidean space,

Then

lo.




Iemma A (M. Morse). If £ is a C2 mapping of an open L]

subset U(C R to the real line, then, for almost all linear

mappings L: Rn ~——> R, the function f + L has only nondegenerate

critical points.

By "almost all" we mean except for a set which has measure

zero in HomR(Rn,R) XRY,

Proof: Consider the manifold U X HomR(Rn,R) . It has
a submanifold M = {(x,L)|a(f(x) & L(x)) =0) . Since
a(f(x) + {x)) = 0 means that L = -df(x) it is clear that the
correspondence x —3> (x,-df(x)) 1is & diffeomorphism of U onto M.
Each (x,L) e M corresponds to a critical point of f + L, and

d°¢

this eritical point is degenerate precisely when the matrix (ERE)
is singular. Now we have a projection m: M —> Hom(R",R)
sending (x,L) to L. Since L = -df(x) , the projection is
nothing but x —> -df(x) . Thus T 18 critical at (x,L) e M
precisely when the matrix dy = -(aef/axiaxd) is singular, It
follows that £ + L has a degenerate critical point (for scme x)
if and only if L 1is the image of a critical point of
T M —> HomR(Rn,R) R, But, by the theorem of Sard (see
de Rham {1,p.10]):

If Mn ——>Rn is any Cl map, the image of the

set of critical points 9£ 7 has measure zero in Rn.

This gives the desired conclusionm,
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Jemma B. Iet K 1_35_ a campact subset 9_{ an open set U

in Rn. If f: U——>R 18 02 and has only nondegenerate

critical points in K, then there is a number & > O such that

——— C——— —  w——

if ge U—>R 1is 02 end at all points of K satisfies

Baf Bag

axiax 3 ox 1Bx ]

(1) < 5, (2)

< 8

1, =1,.0eyn , then g likewise has only nondegenerate critical

points in K.
s.1/2
Proof: Iet |ag| = [( ) + ( 5_' ) ] .

2
o f
Then |af] + Idet(g{-g"')l is strictly positive on K. Iet p >0
1°%3

be its minimum on K. Choose & > O 80 small that (1) implies that
[lag] - [ag]| < w/f2

and (2) implies that

Hdet( )l - |det(5§53§')“ < pf2.

Then |dg| + |aet(g)-t5¥-)| > |ag| + Idet(gi-f&—'j-)l - uf2 ~pf2>0
i3

at all points in K. The result follows,

Lemma C. Suppose h: U —> U' is a diffeomorphism of

one open subset 2{ IP onto another and carries the compact set

KCU onto K'C U'. GCiven a number e > O, there is a number

8 > 0 such that if a smooth map f: U' ——> R satisfles




























































































































































































































































































































