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Surgery

» A surgery on an m-dimensional manifold M™ uses an
embedding f : S” x D™™" < M to construct a new
m-dimensional manifold

M = (M—f(S"x D™ ™) u D"t x gm=n—1

The surgery kills the homology class £.[S"] € Hn(M).

» The trace of the surgery is the (m + 1)-dimensional cobordism
(W; M, M") with

Wt = M x [0,1]U D" x D™

» In fact, every cobordism is a union of such elementary
cobordisms.

» Note that surgery is very invasive, changing the homotopy
type (e.g. connectivity).



Surgery theory

The theory (1963-) addresses the basic questions:
» When is a space homotopy equivalent to an m-dimensional
manifold?
» When is a homotopy equivalence of m-dimensional manifolds
homotopic to a homeomorphism?
The theory is most effective for m > 5, when these questions
can be answered using a combination of bundle theory and
quadratic forms.

» In general, the answers are no, but in an interesting way.

» The low dimensions m = 3,4 are special, with a rich inner life

below the level of the high dimensional theory.

Surgery theory motivates a new homotopy theoretic
understanding of double points of maps of manifolds, based
on a geometric version of the classical Hopf invariant (1938)
in the homotopy groups of spheres.



The intersection pairing A

> Let M be an oriented m-dimensional manifold. The universal
cover M has group of covering translations is the fundamental
group ™ = w1(M). The diagonal map

Ay - M=M/m— MxM; as (3,3)

induces the intersection pairing in the homology Z[r]-modules

A = Hp(M) X Hm_n(M) — Z[r]
which is bilinear, and such that
Ax,y) = (-1)"™"\(y,x) € Z[r] (=g * €n).

» Submanifolds K", L™~ " C M represent homology classes

[K] € Hy(M), [L] € Hn—n(M). If K, L intersect in a finite
number of points (the generic case) can define

M[K][L]) = |IKNL|e€Z[n].



A(f, f) = 0 is necessary but not sufficient for surgery

For n > 2 the image of the Hurewicz map
h o wp(M) = 7o(M) — Hp(M)

is the Z[m1(M)]-submodule of the homology classes
represented by maps f : 5" — M.

A homology class x € im(h) C Hp(M) can be killed by surgery
if and only if x is represented by an embedding f : $" — M
with an extension b: §" x D™™" — M.

(Whitney, 1940s) For 2n < m every map of manifolds
f: N"— M™ is homotopic to an embedding.

For m = 2n it is necessary but not sufficient for x to be
represented by a map f : §” — M such that

AF,f) = Mx,x) = 0€Z[r(M)] .



Double points
» For any map f : N — M there is defined a Zy-equivariant map
fxf : NxN—->MxM; (xy)— (f(x),f(y))

with the generator T € Z, acting by T(x,y) = (y, x).
» The ordered double point set of f is the free Zy-set

Dy(f) = (Fx ) Y Ay) — Ay

= {(x,y) e Nx N|x#yeN,f(x)="~f(y) e M}.
The Zo-set S = (f x f)"1(Ap) € N x N is the union
S= SZ2U(S—SZ2) = Zy-fixed points U free Zo-set = Ay U Dy(f) .

> Do(f) = Da(f)/{(x,y) ~ (y,x)} is the unordered double
point set. The projection

Dy(f) — Da(f) 5 (x,y) — [x,y]
is a double cover.
» f: N — M is an embedding if and only if D>(f) = 0.




Immersions

An immersion of manifolds f : N" & M™ is a local
embedding.

A regular homotopy between immersions fy,f; : N — M is a
homotopy

f @ Nx[0,1] = M ; (x,t) — fi(x)

such that each f; : N — M is an immersion.

For 2n < m every map f : N — M™ is homotopic to an
immersion.

For 2n < m every immersion f : N” & M™ is regular
homotopic to an embedding.

The double point set D(f) of an immersion f : N" & M™ is
generically a (2n — m)-dimensional manifold, e.g. if there are
no triple points. Thus if m = 2n Dy(f) is 0-dimensional.
Surgery theory needs to know: when is an immersion

f : S" a5 M?" regular homotopic to an embedding?



p(f) = 0 is necessary and sufficient for surgery

» Given a group m and e = +1 or —1 let
Q(Z[r]) = Zlnl/{g —cg g e}

» Theorem (Wall, 1966) The unordered double point set of a
generic immersion f : N" 95 M?" determines an element

W) = ey € QuyZIm (M)
[x,y]eDa(f)
with g ,) € £m1(M) an index associated to each ordered
double point (x,y) € Da(f), such that

8 = (7) g4, € Tm(M).

For n > 3 u(f) = 0 if and only if f is regular homotopic to an
embedding. For f : N = S" 9 M?" with an extension

b:S" x D" 9> M?" the condition 1i(f) = 0 is necessary and
sufficient to kill £, [S"] € Hn(M) by surgery.



The figure 8 immersion

» Example The figure 8 immersion f : S 95 S? has a single
unordered double point, with

w(f)=1€Q(2) =12, .
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Capturing double points by homotopy theory

» Problem Compute p(f) using homotopy theory!

» Programme (Crabb-R.) Capture the double points of
immersions using Zy-equivariant stable homotopy theory, via
the ‘geometric Hopf invariant’'.

> A framed immersion (f, b) : N" & M™ has a k-stable Umkehr
map F : YKM* — SkEm=nN+ for some k > 0, with YAM+
the k-fold suspension of M = M U {o0}.

» If (f, b) is regular homotopic to a framed embedding
(fo, bo) : N < M then F is homotopic to the k-fold suspension
Yk Fy of an unstable map Fy : Mt — ™" N+,

» The double points of (f, b) correspond to the generalized Hopf
invariants of the Umkehr map F.

» These are hardly new ideas. But new constructions are needed
to deal with the non-simply-connected case 71 (M) # {1}.
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Stable homotopy theory

The smash product of spaces X, Y with base points xg € X,
o € X is the quotient space

XAY = (X xY)/(X % {y}U{x}xY).

The suspension of a pointed space X is ©X = X A St

For example, Sk = £K(5%) (k > 1).

For k > 0 a k-stable map F : X = Y of pointed spaces X, Y
is a pointed map of k-fold suspensions F : ¥¥X — YkY.
Given pointed spaces X, Y let [X, Y] be the set of homotopy
classes of maps X — Y. For example, 7,(X) = [S", X].

The stable homotopy group is

{X;Y} = lim[Z"X,"Y]

k
The failure of the stabilization map [X, Y] — {X; Y} to be a
bijection is detected by generalized Hopf invariants.
E.g. [S%,SY =0, [S3,5%] =7, {S% S} = Zy.
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Framed embeddings

» The Umkehr (or Pontrjagin-Thom) map of a codimension 0
embedding X" — Y is the projection
F : Y/ QY =Y/(Y-X) = X/OX.
» A framed embedding (f,b) : N — M™ is an embedding

f : N — M together with an extension of f to a codimension
0 embedding b: N x D™=" — M, with an Umkehr map

F: MF—=NxD™"/NxSm "t = ym=ny+

» Pontrjagin-Thom isomorphism (1952) For any m-dimensional
manifold M™ there is a 1-1 correspondence between the set of
cobordism classes of framed embeddings (f, b) : N" — M™
and [M*,S™"]. The homotopy class of a generic map
g : Mt — S™ " corresponds to the cobordism class of the
framed embedding (f,b) = g| : N" = g~ 1(*) — M with

g = projoF : MT — ¥m "Nt  gm=n
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Framed immersions

» A framed immersion (f,b) : N” & M™ is an immersion
f : N % M together with an extension of f to a codimension
0 immersion b: N x D™™" a5 M.

» General position For any framed immersion (f, b) : N & M™
and k > 2n — m+ 1 the product framed immersion

(f,b) x0 : N3 M x D*; x— (f(x),0)

is regular homotopic to a framed embedding
(f',b') : N — M x D* with Umkehr k-stable map

F : MxD¥/9 = $kMt — NxD**m=n/5 = YK(Zm"NT).

The stable homotopy class F € {MT; ™ "N*} is a regular
homotopy invariant of (f, b).

» If (f,b) is regular homotopic to a framed embedding
(fo, bo) : N < M then F is homotopic to the k-fold
suspension YXFy of the Umkehr map Fo : Mt — ¥m™ "N+,
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The stable Zj-equivariant homotopy groups

> Given pointed Zy-spaces X, Y let [X, Y]z, be the set of
Zo-equivariant homotopy classes of Zjy-equivariant maps

X =Y.
» The stable Zj-equivariant homotopy group is

{X; Y}z, = limlim[UT ALVTAX, UT ALVT A Y]y,
U 14

with U, V running over finite-dimensional real vector spaces,
and LV = V with the Zs-action T : LV — LV;v +— —v.

» Example The Zy-equivariant Pontrjagin-Thom isomorphism
identifies {S%; S%}, with the cobordism group of
O-dimensional framed Z,-manifolds (= finite Zp-sets).

The decomposition of finite Zy-sets as fixed U free determines
an isomorphism

0.0y ~ e _ clay fc_ cl 7o, 15| =157
(5% 5%, = 207; S = S U(S-57) — (157, 27— ) |
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The quadratic construction in homotopy theory

The quadratic construction on a pointed space X is defined
for any inner product space V to be the pointed space

Quv(X) = S(LV)T Az, (X A X)
with S(LV) = {v € V| |lv|| = 1} the unit sphere in V/, and

T : S(LV)—-S(LV); vie —v,
T XAX—=XAX; (x,y)—(y,x) .

The projection Qy(X) = S(LV)T A (X A X) — Qy(X) is a
double cover away from the base point. For 1 < k < oo write

Q(X) = Que(X) . Qu(X) = Que(X), Qo(X) = lim Qi(X) -
k

—

» Example Qo(X) = {pt.}, Q1(X) = XA X.
» Example Qx(YF) = (K71 xz, (Y x Y))*.
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Zy-equivariant stable homotopy theory
= fixed-point + fixed-point-free

» Theorem (Crabb, 1980) For any pointed spaces X, Y there is
a split exact sequence of abelian groups

0— {X;Qu(Y)} —={X; YA Y}z, L= (XY} =0
with T € Z, acting by the identity on X and

{X: Qu(Y)} = lm[ES(LV)*AX, LVEAYAY]z, (S-duality)
v
> p is given by the Zj-fixed points, and is split by
o {X; Y} = {X;YAY}z,; F— AyF.
> The injection is induced by projection (lim S+ — ot

{X; Qoo(y)} = {X; aoo(y)}zz - {X; YA Y}Zz :
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The geometric Hopf invariant h(F)
» The geometric Hopf invariant of a k-stable map
F:3kX - TkY is
h(F)=(FAF)Ax — AyF € ker(p: {X;YAY}z, = {X;Y})
= im{X; Qu(Y)} = {X;YAY}z).
» Proposition (i) The function
h:{X;Y} = {X;Q(Y)}: F— h(F)
is nonadditive, being quadratic in nature:
h(F + G) = h(F) + h(G) + (F A G)Ax

(i) If F €im([X, Y] — {X;Y}) then h(F) = 0.
The stable Zy-equivariant homotopy class of h(F) is the
primary obstruction to the k-fold desuspension of F.

» Example Let X = Sl Yy =59 The geometric Hopf invariant
of a k-stable map F : ¥kX = Skt1 . yky = Sk js

h(F) = mod 2 Hopf invariant(F) € {X: Q-.(Y)}! = Z- .
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The Zs-equivariant Umkehr map

> Let (f,b) : N" % M™ be a framed immersion, and let
(F.b) : N>M = Mx D

be a framed embedding regular homotopic to (f, b) x 0, with
Umkehr map F : M'JOM' = TkM+ — Thk+m=npn+,
» The Zjy-equivariant product framed embedding

(f' < b xb) : NxN— M xM
restricts to a Zp-equivariant framed embedding
(f' x /b x b)| : Da(f)>"~™ < M x D¥ x Dk
with Zs-equivariant Umkehr map

G . M+/\(Dk % Dk/a) N 52(f)+/\(Dk+m_nX Dk.;.m_,,)/a ‘
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Double points via the geometric Hopf invariant

» Double Point Theorem (Crabb+R.) If (f,b): N" & M™ is a
framed immersion the geometric Hopf invariant of the Umkehr
map F : TKM* — Yk+m=nN+ (k large) factors through the
ordered double point set Dy(f)

h(F) = (LAI)G

€ ker(p : {M*; SN+ A TMIANF Y, s (M TN

= im({M*; Qu(E™"NT)} — {MF; EmonNE A TmonN+
with i : Da(f) — N x N the inclusion, and

M= *>G 52(f)+ A (Dm—n X Dm—n)/a IA 1> ym=np+ A Tm—np\+
» The identity (F A F)Ap+ = Asgmnpy+ + h(F) in

{M*; Zm="NT AEMNT Y, is the stable Zy-equivariant

homotopy version of the identity of Zj-sets

(f x )Y Ay) = AyUD(f)C Nx N .



An example

Example Let X = Y = S%. For any integer d > 1 define a
framed immersion of O-dimensional manifolds

(f,b) : N = {1,2,....d}+ M = {1}
with double point set
Do(f) = {(i)|1<ij<d, i#j}
and Umkehr map
F=1vlv.--v1:
X = Mt = St > ¥Nt = StvStv...vSt.

Let p: LNt — XY = S! be the projection. The geometric
Hopf invariant of the degree d 1-stable map

pF : X = St -yy = ¢!

is

h(pF) = |Dy(f)] = d(d—1)/2 € {X;Qx(Y)} = Z.

20
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The Wall self-intersection 1 is a generalized Hopf invariant

> Let M be an m-dimensional manifold with universal cover M.
A framed immersion (f, b) : N" & M™ lifts to a
71(M)-equivariant framed immersion (f,b) : N = f*M ¢ M
with a 71 (M)-equivariant Umkehr map
F:ZkMt — ghktm=npy+,

» The geometric Hopf invariant h(F) : Mt + Quo(E™ "N*) is
m1(M)-equivariant. The non-simply-connected version of the
Double Point Theorem factors h(F) through the double point
set Do(f).

> In particular, for m = 2n the factorization expresses the Wall
quadratic self-intersection in terms of h(F)

u(f) = h(F)/m(M)
€ {M*; Quo(X"N*) /m1(M)}z, = Qyo(Z[mi(M)]) .



22

Surfaces

Every connected surface M (= 2-dimensional manifold) is of
the type
M? = closure(# S x S* — %J D?)
g
for some genus g > 0, with OM = LEISI for some h > 0.

The homology Z-module H;(M) = Z?€ has basis
{al, az,...,dg—1, azg}, with

A Hl(/\/l) X Hl(/\/l) — 7 )
(=) if {i,j} = {2k — 1,2k}
0 otherwise .
If g > 1 every a; € H1(M) can be killed by surgery on M,
resulting in a surface M’ of genus g — 1 and OM' = OM.
Every surface M admits a framed embedding
(f,b) : M — S"*2 (n > 1). In general, a surgery on M will
not respect the framing.

(ai7aj) =
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Seifert surfaces

> For any knot k : ST C S3 there exists a Seifert surface M?
with boundary M = S! and a framed embedding
(f,b) : M — S3 such that f(OM) = k(S*) c S3.

» Example The trefoil knot k : ST  S3 has a Seifert surface
which is a punctured torus

M = c.(S'xSt-D?)cS3

» Surgery theory for Seifert surfaces preserving the framing can
be used to classify knots.
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The traditional Hopf invariant
» The linking number of disjoint knots k, k' : ST ¢ S3 is
Lk(k,k") = IMNK(SYH| ez

for any Seifert surface M for k.
» The Hopf invariant of a framed embedding (f, b) : S* C S3 is
the linking number

H(f,b) = Lk(f,f,) € Z

of the disjoint knots defined by the restrictions of
b:Slx D?— S3

f=b|:S'%x(0,00—S%, f,=b|:S"x(1,0)— S3.

» The Hopf invariant defines an isomorphism

H @ m3(52) = [$3,87 —= Z: (f,b) — H(F, b)
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The Hopf link

» Use the rotation homeomorphism

S1 - S0(2) ; x = (cost,sint) — R(x) = C?:tt Czéntt>

to define a framed embedding (f, b) : S* C S3 by
b : D*xS* — S% = D*xS*USxD?; (y,x) — (R(x)(y), x)
with £(S1) = b((0,0) x S1), b((1,0) x S*) C S3 linked circles.

» (f, b) has Hopf invariant H(f,b) = 1 € Z, and Umkehr map
F:S3—-33(sHt = $3vs?; z—1(2)
where 7 : S3 — S2 is the Hopf map with H(n) = h(n) = 1.
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The mod 2 Hopf invariant

» The mod 2 Hopf invariant of a framed embedding
(f,b) : St C S™"1 is the homotopy class of the derivative
db: St — SO(n + 1) (obtained using bundle theory)

Ho(f,b) = dbe m(SO(n+1)) = Zo (n>2) .

» Can also be detected from the Umkehr map F : S"t1 — 7
using the Steenrod square in the mod 2 cohomology

Ho(f, b) = S¢* = H"(X;Zs) = Zy — H"™(X; Zy) = 7y

of the mapping cone X = S" Ug D"*2.

» The mod 2 Hopf invariant defines an isomorphism

Hy o mf = {S% 5% = limmaia(S7) = Zs .
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The quadratic function of a framed surface

Let (f,b) : M? — S"*2 be a framed surface, with Umkehr
map F : S"? — ¥"M+,

Every element x € Hi(M) is represented by a framed
immersion (x, a) : S! & M with Umkehr map

(x,a)* : MT + S xD'/o = S*vSt.
The quadratic function of (f, b)
pp : Hi(M) = Zy ; ((x,a): S' 9 M) —
mod 2 Hopf invariant of ¥"(x, a)*F : $"+2 — §n+1

is a quadratic refinement of the intersection pairing A, with

A, y) = po(x+y) — pb(x) — us(y) € Za .

It is possible to kill x € Hi(M) by framed surgery on (M, b) if
and only if x generates a direct summand of H;(M) and
wp(x) =0 € Zy.
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The cobordism of framed surfaces
> Let QF be the cobordism group of framed surfaces
(f,b) : M? — S"*2 (n large).
» Theorem (Pontrjagin, 1950) The Arf invariant function
Qf =73 = {5% 5% =limm12(5") — Z2 ;
g
(M, b) — Arf(M,b) = >_ pb(azk—1)mb(a2k)
k=1
is an isomorphism.
> The generator (S x S1,b) € QF has
Hi(S' xSY) = Z&Z, a1 = (1,0), a» = (0,1),
pp(x,y) = x+xy+y €y,
Arf(Sl X Sl,b) = Mb(al)ub(az) = 1l¢ Qg = Zo .

The exotic framing b of S x S? restricts to the framing of the
punctured torus Seifert surface M2 C S3 of the trefoil knot.



