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Abstract. The Bass—Heller—Swan-Farrell-Hsiang—Siebenmann decomposition of the Whitehead
groupK1(Ap|z, z71]) of a twisted Laurent polynomial extensioty[z, z 1 of aring A is gener-

alized to a decomposition of the Whitehead grdji A, ((z))) of a twisted Novikov ring of power
seriesA,((z)) = Ap[[z]][z—l]. The decomposition involves a summafid (A, p) which is an
Abelian quotient of the multiplicative groufyy (A, p) of Witt vectors H4-a; z +a212+- - e ApllZ]].

An example is constructed to show that in general the natural surjeétien 0)4b — W1(A, p) is

not an isomorphism.
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0. Introduction

We obtain a splitting theorem for the Whitehead gr&igA ,((z))) of the Novikov
ring of power series\, ((z)), which is an analogue of the well-known splitting the-
orem for the Whitehead groufd1(A,[z, z~%]) of the Laurent ring of polynomials
Ap[Z, Zil]-

Let A be an associative ring with 1. Given an automorphjsmA — A let z
be an indeterminate over such that

az = zp(a) (a € A).

The p-twisted polynomial extension rind,[z] is the ring of ponnomiaIsZ;?‘;o

a;z’ with a; = 0 € A for all but a finite number ofi > 0. The p-twisted power
series ringA,[[ z]] is the ring of power seriei‘j‘;o a;z’/ for arbitrarya; € A. In-

vertingz we also obtain the-twisted Laurent polynomial extension riag[z, z71]

of polynomials} 72 a;z/ with a; = 0 € A for all but a finite number of
J € Z, and thep-twisted Novikov formal power series ring, ((z)) of polynomials
> a;jz) witha; =0 € A for all but a finite number of < 0.

j=—00
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The Whitehead groups of the polynomial rings split as
K1(A,[z]) = K1(A) @ Nilo(4, p),
K1(Aplz,z7']) = K1(A, p) @ Nilo(A, p) @ Nilo(A, p™)

with K1(A, p) the class group of pair€P, ¢) with P a f.g. (finitely generated)
projective A-module andp: P — P a p-twisted automorphism, amdilq(A, p)
the reduced class group of paif®, v) with P a f.g. projectiveA-module and
v:. P — P anilpotentp-twisted endomorphism ([BHS], [B], [FH], [S]).

The augmentation

o
Ay llz]] = A, Zajzj — dg
=0

induces a split surjectioR1(A,[[z]]) — K1(A), with the kernel
NK1(A,[[z]]) = ker(K1(A,[[z]]) — K1(A))

such that
K1(A,[[z]]) = K1(A) & NK1(A,[[z]]).

Pajitnov [P1] identifiedV K1(A,[[z]]) with the subgrougVi(A, p) € K1(A,[[z]])
represented by the Witt vectors, that is the unitd jifi z]] of the type

w=1+) a;z/ € A[[z]]".
j=1

MAIN THEOREM. The Whitehead group of the Novikov ring splits as
K1(A,((2))) = K1(A, p) ® Wi(A, p) & Nilo(A, o).

This splitting was obtained in the untwisted case: 1 in Chapter 14 of [R2] by
using general results on the algebr&ieheory of localization-completion squares,
such as

Aplz] — Aplz.z7Y]

Apllz]] — A, ((2)).
In principle, the general method also works in the twisted case, using the equival-
ences of exact categories

{f.g. projectiveA-modulesP with a nilpotentp-twisted
endomorphism: P — P}

~ {z-primary torsionA ,[z]-modules of homological dimensior} 1
~ {z-primary torsionA ,[[z]]-modules of homological dimensior} 1
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but here we prefer to use a direct method. Section 2 of this paper is devoted to a
direct proof of the Main Theorem, which follows the direct proof of the splitting
theorem forky(A,[z, z7]), except for the (Higman) linearization result which
does not have an analogue ®§(A,((2))).

Our Main Theorem is used in the work of the first author [P2] to define a non-
Abelian logarithm in the twisted case. Here is the corollary which is used in [P2],
and which follows immediately from the proof of the Main Theorem, given in
Section 2.5.

COROLLARY 0.1. The homomo’[phisrﬁ‘\z: Wi(A, p) — K1(A,((2))) induced
by the inclusion has aleft inverg: K1(A,((z))) = Wi(A, p), which satisfies:

(1) B, vanishes on the image & (A) in K1(A,((z))),
(2) Ba(t(2)) = 0, with 7(z) € K1(A,((2))) the torsion of the invertibld x 1-
matrix (z).

Write the multiplicative group of Witt vectors iA ,[[z]] as
W(A, p) = 1+zA[[z]] € A,llz]1°,
with Abelianization
W(A, p)* = W(A, p)/[W(A, p), W(A, p)].

It was claimed in Proposition 14.6 of [R2] that the natural surjectiom, p)?> —
W1(A, p) is an injection, at least in the untwisted case- 1. In Chapter 3 of this
paper we correct this, constructing a family of explicit counterexamples, already in
the untwisted case = 1.

1. Class and Torsion

We recall the definitions of th& -groupsKg, K, of additive and exact categories,
and also of the less familiar isomorphism torsion group of [R1].

The class groupKy(C) of an exact categor{ is the Abelian group with one
generator }] for each isomorphism class of objedisin C, and one relation

[L] —[M]+[N]=0
for each short exact sequencedn
O—-L—->M-—N-—0O0.

TheWhitehead grougK1(C) of an exact categor§Z has one generaten /) for
each automorphisnf: M — M in C, and relations
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() t@—t(f)+7(g) =0
for each automorphism of a short exact sequende in

0 L M N 0
e f 8
0 L M N 0

(i) tgf M—> M)y=t(f: M—> M)+1(g: M > M)
for automorphismgf, g: M — M inC.

The algebraick -groupsKo(A), K1(A) of aring A are defined by
K;(A) = K;(P(A))
with P(A) the exact category of f.g. projectivé-modules;K;(A) is called the
Whitehead group oA.

PROPOSITION 1.1 ([B], p. 397, [R1], Prop. 1.1et A be an additive category
with the split exact structure: a sequence

0 L—' -mMm—1 N 0
is exact if and only if there exists a morphiam N — M such that
(Gu): LON—>M
is an isomorphism.

(i) The Whitehead groug1(A) is (isomorphic to) the Abelian grouf’; (A)
with one generator (f) for each automorphisnf: M — M in A, and relations

r((g ]‘f,): MEBM/—>M€BM/):r(f: M= My+t(f: M —> M)

for automorphismg': M — M, f': M’ — M’ and any morphisrd: M’ — M,

(gf: M > M)=1(fg: N— N)
for isomorphismsf: M — N,g: N - M in A.

(i) The Whitehead grou’;(A) is (isomorphic to) the Abelian groufiy (A)
with one generatot ( f) for each automorphisnf: M — M in A, and relations

(fOf MM >MeM)=t(f: M —> M) +t(f: M - M)

(for automorphisms': M - M, f': M' — M),
tgf M->M)=1(f: M—> M)+1(g: M > M)

(for automorphisms': M - M,g.: M — M),
t(gf: M > M)=1(fg: N— N)

(for isomorphismsf: M — N,g: N — M).
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Proof. Let S be the set of automorphisms An and letR, R, R” C Z[S] be the
subgroups defined by

R = {t(e) — T(f) + t(g) for an exact sequence-8 ¢ —» f — g — 0,
t(gf) — t(f) — t(g) for automorphismg, g},
R ={z(f) — r(é }’) + 7(f’) for automorphismg, f/,
t(gf) — t(fg) forisomorphismsf, g },
R"={t(f) —t(f & f") + t(f’) for automorphismg, f’,
t(f) — t(gf) + t(g) for automorphismg, g,
t(gf) — t(fg) forisomorphismsf, g },

so that
Ki(A) =Z[S]/R,  Ki(&) =Z[S]/R,  Kj(A) =Z[S]/R".

We shall prove thaR = R’ = R” by first showing thatR € R’ C R and then
R'C R"CR.

() (R € R’) Given an automorphism of a short exact sequende in

0 L i M— N 0
e f g
0 L " M—" N 0

there exists a morphism: N — M such that
h=@Gu). LO&N > M

is an isomorphism, with inverse of the form

h—1:<']’.>: M- L&N.

Now

hlfh:<g “{gu): LON > LON.

Thus
t(e) —t(f)+1(g) = (t(e) —t(h ' fh) + () + (x(h ™  fh) — T(f)) € R’
andR C R’.
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(i) (R’ € R) Every automorphism if is of the form

_(f dY . / /
a_(o f,).M@M—>M69M

and fits into an automorphism of a short exact sequence

0 M MoM M’ 0
/ @ !
0 M MoM M’ 0

so that
() —t(f) —t(f') € R.

(iii) (R" € R”) For any elementary automorphismAn

16_ / !
(O 1).M€BM - MeM

the automorphisms

101

g=|010) MMM > MM D>M,
001
100

h=|010: MMM MM oM
Oel

are such that

(é i)@l:ghglhl: MoM oM >MoM &M

so that

1le .
r(o 1>€R.

More generally, for any automorphism of the type

f e . A A
(0 f,>. MoM > MM

we have

(67) G)-6"1)
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so that

r<£ ;,) — r<£ ]9/) € R".

(iv) (R” € R’) For any automorphismg: M - M,g: M - M

(gg (1)>=<f(>’) 2) (g f91>: MoM—>MeM

and for any automorphisim: M — M we have the Whitehead lemma identity

a 0 la 1 0\/1 a)/0 -1\
(0 a—l)=(o 1)(—05_1 1)(0 1)(1 o)MGBM_)M@M’

so that

t(f) —t(gf) +1(g) € R

For any isomorphismg: M — N,g: N > M

gf 0 \_( 0 &)\ (0-fT.
(5 os) = (2 8) (7 70 ): mev—wen

and for any isomorphisrh: M — N we have

0 —nt 10\ (1 -r1t(10).
(6 )=G(6 )G mov—men

sothatr(gf) — 7(fg) € R'. ThusR” C R'. O

DEFINITION 1.2 ([R1]). Theisomorphism torsion.grou;KifO(A) of an additive
categoryA is the Abelian group with one generatdf°( /) for each isomorphism
f: M — Nin A, and relations

T%gf: M — P)=1°(f: M — N)+1°(g: N —> P),

D f: MM — NON')=1(f: M — N)+1°°(f': M — N').

Every automorphism is an isomorphism, so there is an evident forgetful map
Ki(A) - K£(A); T(f) > T°°(f).

This map is an isomorphism if every isomorphismiins an automorphism.

A functor F: A — B of additive categories induces morphisms of the torsion
groups

F: Ki(A) > KiB); t(f: M > M) — t(F(f): FIM) —> F(M)),

F: KS%A) — KISOB); ©'°(f: M — N) > tF(f): F(M)— F(N)).
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Remarkl.3. (i) There is an essential difference between(A) and K'°(A).
An equivalence of additive categories: A — B induces an isomorphism
F: Ki(A) = Ky(B), but the induced morphisn: KIS°(A) — KS(B) may
not be an isomorphism. See (ii) below for an example.

(i) For any ring A let B = B(A) be the additive category with objects based
f.g. free A-modules andA-module morphisms, and lét ¢ B be the full subcat-
egory with objectsA” with the standard basis = {ej, ez, ..., ¢,}, Wheree; =
©,...,0,1,0,...,0). The inclusionF: A — B is an equivalence of categor-
ies such thatF: K°(A) = Ki(A) — KS°(B) is not an isomorphism: ib =
{b1, by, ..., b,} is a non-standard basis fa" and f: (A",e) — (A", D) is the
isomorphism inB defined byf = 1: A" — A" thents°(f) € KIS°(B) is not in
the image ofF'.

DEFINITION 1.4. (i) Given a category let Iso(A) be the subcategory with the
same objects, but only the isomorphisms as morphisms.
(i) An isomorphism torsion structurg on an additive categor is a functor

F: Iso(A) — Iso(A)
which is the identity on objects, and such that
F(fefH=F/e F(f):
FMeM)Y=M&d&M — FIN®N)=N®N'

for any isomorphismg: M — N, f': M' — N'.
(iii) The F-relative torsionof an isomorphismf: M — N in Ais

() =c(F(H)TH 0 M — M) € Ki(A).
(iv) An isomorphism torsion structurg is idempotentf F2 = F.

PROPOSITION 1.5.Let A be an additive category, and lét: Iso(A) — Iso(A)
be an isomorphism torsion structure.

(i) TheF-relative torsion function defines a morphism

o KISoA) — Ki(A);
TO(f: M > N) > " () =t(F()Lf: M —> M).
(i) F induces an endomorphism of the Whitehead group
F: Ki(A) - Ki(A;t(f: M > M) - t(F(f): M > M)
such that

1— F: Ki(A) > KIA) ——v Ki(A).
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(i) If F is idempotent

F?2=F: Ki(A) > K1(A),

im(zf: K5°(A) - K1(A) = im(1— F: Ki(A) - Ki(A))

= ker(F: K1(A) — K1(A)),
Ki(A) =im(F: Ki(A) — K1(A)) @ im(zh).
Proof. Immediate from 1.1. O

PROPOSITION 1.7. LefA be a ring such that the rank of f.g. freemodules

is well defined. Thecanonical idempotent isomorphism torsion structorethe
additive categoryB(A) of based f.g. freed-modules

F" Iso(B(A)) — Iso(B(A))

sends every isomorphisni: M — N to the isomorphismF@(f): M — N
sending the given basis & to the given basis oV .

PROPOSITION 1.7. (i)fhe canonical idempotent isomorphism torsion structure
F®@onB(A) induces
F@"=0: K1(B(A)) = K1(A) — K1(A).
(ii) The F®@relative torsion
P KPOB(A)) — Ki(B(A)) = Ka(A);
O(f: M — N) > o7 (f) = t(F ()1 M — M)

is the standard way of assigning a torsion to an isomorphism of based f.¢gAfree
modules, defining a surjection splitting the forgetful nkagB(A)) — KIS°(B(A)).

(iii) The F*@-relative torsion of a chain equivalencé: D — E of finite chain
complexes iB(A) is the usual torsiort (f) € K1(A).

Given a ring morphisn¥: A — B regardB as a(B, A)-bimodule by
BxBxA— B; (bx,a) — b.x.F(a).
As usual,F induces a functor
F: {A-module$ — {B-module$, M — B, M
which in turn induces morphisms of the algebr&iegroups
F: Ki{(A) — K;(B) (i=0,1).
PROPOSITION 1.8. (i)A ring endomorphisn¥: A — A determines an iso-
morphism torsion structure

F: Iso(B(A)) — Iso(B(A))
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and hence a relativé’-torsion
tf KISOB(A) — K1(A);
TO(f: M > N) > 5 () =t(F() L f: M —> M).
(i) If F = F?: A — A the isomorphism torsion structure is idempotent and

F?2=F: Ki(A) - Ki(A),

im(z?: KE°(B(A)) — K1(A) =im(1— F: Ki(A) — K1(A))

=ker(F: Ki(A) — K1(A)),
K1(A) =im(F: K1(A) = K1(A)) ® im(zh).

DEFINITION 1.9 ([R1], p. 211). Thésomorphism torsiomf a contractible finite
chain complexC in an additive categorj is

T5%(C) = %°(d 4 T': Codq = Ceven) € KI°(A)

with d + I' the isomorphism inA defined for any chain contractiofl: 0 ~
1. C— Chy

P Codd = C1BC3BC5@ -+ - —> Ceven
= Co®C0Cs®---.

d 00...
'd O0...
Ord...

A chain mapf: D — E of finite chain complexes ia is a chain equivalence
if and only if the algebraic mapping cor& f) is contractible.

Remark1.10. We refer to Section 4 of [R1] for the precise definition of the
isomorphism torsion of a chain equivalenge D — E of finite chain complexes
in A, which involves thesignpairing

€: Ko(A) x Ko(A) — K5°(A),

01):M€BN—>N€BM).

AMLIND > e, Ny = o=((9 §

The isomorphism torsion of a chain equivalentes of the form

T0(f) = T(C(f)) + (M, N) € KI°(A) (%)

with M, N objects inA. The isomorphism torsion depends only on the chain
homotopy class off. The sign term in(x) is necessary in order to ensure that
the isomorphism torsion of the composite of chain equivalentesD — E,

g. E — F have the logarithmic property

T%(gf) = T(f) + T%(g) € KA.
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For any isomorphism torsion structufeon A and any objectd/, N in A

01 01\
F(l 0>:(1O).M€BN—>N€BM.

Thus theF -torsion of a sign is
" (e(M, N)) =0 € K1(A)

and the sign term itix) can be ignored foF-torsion purposes.

2. The Main Theorem

The terminology used to deal with polynomial extensions is developed in 2.1. In
Sections 2.2, 2.3, 2.4 we recall the splitting theorems for the Whitehead group of a
twisted polynomial extensioA ,[z], the power series ring ,[[z]] and the Laurent

ring A,[z, z71], paving the way to the proof in Section 2.5 of the Main Theorem
on the Whitehead group of the Novikov riag, ((2)).

2.1. MODULES, MATRICES, POLYNOMIAL EXTENSIONS, ETC.

We shall work with left modules over rings. Let be a ring with a unit (non-
commutative in general). AA-module morphism of finite direct sums afmodules

fiMiOM@---®M;, - Nt®ON,®---®N,

can be identified with the x ¢ matrix f = (fij)1<i<p.1<j<q With entriesA-
module morphismg;;: M; — N;, such that

q q q
f(xl’ X2, .0 7xq) = Zflj(x/)’ Zfz;(x/), cee Z fp/(xj)
j=1 j=1 j=1

An A-module morphismA — A can be identified with an element af using the
isomorphism of additive groups

A — Homy (A, A), ar (x — xa).

Thus forMy; = My = --- = M, = Ny = N, = --- = N, = A we can identify
a morphism of f.g. freed-modulesf: A — A? with a p x ¢ matrix (f;;) with
entries

fi; € Hom4(A, A) = A.

We shall be working with the twisted polynomial ring,[z] and its extensions
A,llz]]. A,((2)), which are defined for an automorphismm A — A of the ring
A and an indeterminate over A such thataz = zp(a) for a € A, as in the
Introduction.
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A p-morphismof A-modulesM, N is a morphismf: M — N of the underly-
ing additive groups such that

flax) = p(a) f(x) (a € A).

The composite ofp-morphismsf: M — N, g: N — P is a p>morphism
gf: M — P.

For anyA-module M andk € Z let z*M be theA-module with elements*x
(x € M) and

x4y =2+ ), a@x) =K @x) (x,y e M,a e A).
The function
{k: M — Z*M; x — Z*x

is ap~*-isomorphism.
A pF-morphismf: M — N of A-modules determines atrmodule morphism

zkf: M—>sz;x|—>zkf(x)

and everyA-module morphisnd — zXN is of this form. Thus there is no essential
difference betweep*-morphismsM — N andA-module morphism3/ — zEN.
For any f.g. freeA-module A” there is a define@-isomorphism

b = p®p---®p: A" —> A",
(a1, az, ..., a,) — (p(a), p(az), ..., p(a,))
or equivalently am-module isomorphism
Zen DAY — ZAn; (Ll]_, az, ..., an) = Z(,O(al), ,O(Clz), cee p(an))

For any automorphism: A — A andk e Z the ring morphisnpf: A — A
induces a functor

(p*): {A-module$ — {A-module$; M — ("M
with a naturalA-module isomorphism
(,ok)!M — 7*Mm, (a,x) — Zax.

For the inclusion: A — A,[z] we write the inducedi ,[z]-module as
o
Al ®aM =My[z] =) /M.
j=0
For anyA-moduleM

o
Aplz, 271 @M =M,[z,z71 = Z M

j==00
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and for a f.g.A-moduleM

]

A llell ®a M = M,[[2]l = [ [ /M,

j=0

-1 00
Ap(@)®aM=My(@)= ) ZMe]]M.
k=0

j=—00
DEFINITION 2.1. LetR be one of the rings
Aplzl, AL llz]l, Aplz, 271, Ay ((2)).

(i) Af.g. projective R-module isA-inducedif it is of the form R ® 4 P for a f.g.
projective A-moduleP.
(i) Let P4(R) be the additive category of-induced f.g. projectivR-modules.

In particular, every f.g. fre®-module isA-induced from a f.g. freel-module
R"=R®j A".

If Pis af.g. projectiveA-module andQ is any A-module it is possible to write
everyA ,[z]-module morphismyf: P,[z] — Q,[z] as a polynomial

f=Ydf Pl=) P> 0,ld=) 0;
j=0 k=0 =0

Z x> Z ZZj+kfj(xk)
k=0

j=0 k=0
with coefficientsp’/-morphismsf;: P — Q such that{j >0]| f; # O} is finite.
Similarly for A,[[z]], A,[z,z7, A,((2)).
PROPOSITION 2.2LetR, P, (R) be as in Definition 2.1. The forgetful functor
Ps(R) — P(R)

from the additive category of-induced f.g. projectiv&R-modules to the additive
category of f.g. projectiv&®-modules induces an isomorphism of Whitehead groups

K1(P4(R)) = K1(P(R)) = K1(R).
Proof. For any f.g. projectived-modulesP, Q

Homp, (g (R ®4 P, R ®4 Q) = HOMz(R ®4 P, R ®4 Q). O
The forgetful functoP,(R) — P(R) is an equivalence of additive categories,

but the induced morphistiS°(P,(R)) — KIS°(P(R)) is not an isomorphism (cf.
Remark 1.3).
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PROPOSITION 2.3Let R be one of the rings

A, lz], A,ll2]l-
(i) The inclusionA — R is split by the augmentation map
R — A; Zajzj — agp.
j=0

(i) The composite of the augmentation and the inclusion is an idempotent
endomorphism

F: R— R; iajzf > do.
j=0
(i) The Whitehead group at splits as
Ki(R) = K1(A) & NK1(R)
with
NK1(R) = ker(Ki(R) — K1(A))

im(1— F: Ki(R) — K.i(R))
= ker(F: Ki(R) — K1i(R)).

(iv) F determines an idempotent isomorphism structure
F: Iso(P4(R)) — Iso(P4(R))
with a relative F-torsion

tf KISOP4(R)) — NK1(R),
T(f: M > N) >t (f)=t(F())1f: M —> M).

Proof. (i), (ii), (iii) Clear.
(iv) Every morphism inP4 (R) is of the form
f=) fizZli M=R®,P—>N=R®,0
j=0

for some f.g. projectivet-modulesP, Q andp’/-morphismsf;: P — Q.If fis
an isomorphism then so is

F(f)=for M=R®4 P> N=R®j 0.
The idempotent isomorphism structure is defined by

F: 1S0(P4(R)) — 1S0(PA(R)); T(f: M — N) > t(fo: M — N). O
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In the situation of Proposition 2.3 we shall write the natural isomorphism as
B = B1® B2: K1(R) - K1(A) ® NK1(R)
and the inverse isomorphism as
B =C=C1®Cy: Ki(A) & NKi(R) — Ki(R).
The components
Bi: Ki(R) — Ki(A), C1: K1(A) — Ki(R)
are induced by the augmentati®n— A; z — 0 and the inclusiom — R, with

B1C1 = 1: Ki(A) — Ki(A),
C1By = F: K1(R) — K1(R).

The components
By: Ki(R) —> NKi(R), Cy: NK1(R) = K1(R)
are the natural surjection and injection, with

B,C; = 1: NK1(R) - NK1(R),
CyB, = 1—F: Ki(R) — K1(R),
B,Cy 0: K1(A) > NK1i(R),
B1Cy; = 0: NK1(R) = K1(A).

2.2. THE WHITEHEAD GROUP OFA,[7]
By Proposition 2.3 we have
K1(Aplz]) = K1(A) & NK1(A,[z])
with
NEK1(Ay[z]) = ker(K1(A,[z]) — Ki(A))

im(1— F: Ki(A,[z]) = K1(A,[z]))
= ker(F: Ki(A,[z]) — Ki(A,[2])),

where
o0
F: Aylz] = Aylz]; Zajz-’ — ag.
=0

We shall now recall the identification &f K1 (A,[z]) with the reduceg-nilpotent
class grouiNilg(A, p).
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A p-endomorphismv: P — P is nilpotentif for somek > 1
vW=0: P> P.
PROPOSITION 2.4. (i)A linear morphism ofA-induced f.g. projectived ;[z]-
modules
o =ag+zo1: Qylz] = Ry[z]

is an isomorphism if and only #,: Q@ — R is an A-module isomorphism and
(a0)ta1: Q — Q is a nilpotentp-endomorphism.

(if) (Higman linearization trick Every element ak1(A,[z]) is the torsionr («)
of a linear automorphism of a f.g. freg,[z]-module.

The nilpotent class grouiNilg(A, p) is the class group of the exact category
Nil (A, p) with objects

(P = f.g. projectiveA-module v: P — P nilpotentp-endomorphism
that is
Nilo(A, p) = Ko(Nil(A, p)).
Thereduced nilpotent class grouﬁl o(4, p) is defined to be
Nilo(4, p) = coker(Ko(A) — Nilo(4, p))
with
Ko(A) — Nilo(A, p); [P] = [P, 0],
and is such that
Nilo(4, p) = Nilo(4, p) & Ko(A).
It is also possible to viewdil o(4, p) as
Nilo(A, p) = cokenKo(Z) — Ko(Nil (4, p)))

with Nil (A, p) the full subcategory of N4, o) with objects(F, v) such thatF' is
af.g. freeA-module, and

Ko(Z) = Z — Ko(Nil(A, p)); [Z"] > [A", 0].

THEOREM 2.5 ([BHS], [B], [FH]). The function
Nilo(A, p) = NK1(Ay[z]); [P,v] = t(1—zv: Pylz] — P,[z])

is an isomorphism.
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The following construction of nilpotent classes from isomorphismg-afduced
f.g. projectiveA ,[z]-modules will be generalized in Section 2.3 to a construction
of Witt vector classes from isomorphisms afinduced f.g. projectived ,[[ z]]-
modules.

PROPOSITION 2.6. (iAnisomorphism afi-induced f.g. projectivel ,[z]-modules

k
0=3"da: 0]~ Rli]

j=0
determines an objectP, v) in Nil (A, p), with

P =cokera|: 75720, [z7Y — 27 R, [z7Y)),
v: P— P,[x] — [zx].

(il) For a linear isomorphism
a=ao+za1: Qplz] > Ry[z]
the object in(i) is given up to isomorphism by
(P,v) = (Q, —(a0) ).

(iif) The torsion of an automorphism of afrinduced f.g. projectived ,[z]-
module

k
o = szaj: 0,[z] = 0,[z]
j=0
splits as
T(a) = t(ao) + T(L—zv: Pplz] = Pylz]) € K1(Ay[z])

with (P, v) asin(i).
(iv) The isomorphism

B = B1® By: Ki(Ay[z]) — K1(A) @ Nilo(4, p)
has components
Bi: Ki(Ay[z]) — K1(A); © (Z ajz/t AlZ]" — Ap[Z]n)
j=0

— T(ag: A" — A"),

k
By Ki(A,[z]) — Nilo(4, p), T (sz'aj: A" — Ap[z]") = [P, v]

Jj=0
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and the inverse isomorphism

B =C=C18Cy: Ki(A) @ Nilg(A, p) > K1(A,[2])
has components

Cy: Iil(A) — K1(Ap[z]); t(ao: A" — A") > t(ao: Aplz]" — A,lz]"),
Cz: Nilo(A, p) = K1(Ap[z]); [P,v] = t(1—zv: P,[z] — P,[z]).

(v) For F: A,[z] = A,[z], z — zthe relativeF-torsion function of 2.3
o0 KEP(Pa(A,[2])) — NK1(4,[z]) = Nilo(4, p)

sends the isomorphism torsion of an isomorphismdeahduced f.g. projective
A,[z]-modules

k
0=3"da;: 0]~ Rli]

j=0
to the class of the nilpotent objecP, v) in (i)
(@) =[P, v] € Nilo(4, p).

Proof. This is standard except for the isomorphism torsion interpretation in (v),
which is just an interpretation of (i)—(iv) in terms of the material in Section 1. See
Proposition 2.14 for a detailed proof that tAemodule P in (i) is f.g. projective,
and thatv: P — P is a nilpotentp-morphism. O

DEFINITION 2.7. Thenilpotent torsionis the group morphism given by the rel-
ative F-torsion construction of Proposition 2.6 (v)

v=1"1 Kf(Pa(A,[2]) — Nilo(A, p); 7%%(c) = [P, 1],
The split surjectionB, in Proposition 2.6 (iv) is the composite

By: K1(A,[z]) — KISo(PA(A,[z])) —— Nilo(4, p).

Remark2.8 In view of 1.10, it is also possible to define the nilpotent torsion
v(f) € Nilg(A, p) of a chain equivalenc¢: D — E of A-induced f.g. projective
A,[z]-module chain complexes, which depends only on the chain homotopy class
of f and has the logarithmic property fg) = v(f) + v(g).
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2.3. THE WHITEHEAD GROUP OFA,[[Z]]

The splitting of K1(A,[z]) in Section 2.2 is now extended ,(A,[[z]]). How-
ever, there is an essential difference between the decompositions

K1(Ap[z]) = K1(A) @ NK1(A,[z]),
K1(A,[[z]]) = K1(A) ® NK1(A,[[z]])

in that there is no analogue f@f (A,[[z]]) of Higman linearization foK1(A,[z]).
As in Proposition 2.1 we have

NK1(Ayllz]D) = ker(Ki(A,[[z]]) — K1(A))
= im(1— F: Ki(A,[[z]]) — K1(A,[[z]])
= ker(F: Ki(A,[[z]) — Ki(A,[[z]]))

where

F: Aylz]] — A,llz]l; Zajzj — ag.
j=0

PROPOSITION 2.9.An A,[[z]]-module morphism ofi-induced f.g. projective
A,[[z]]-modules

o = szaji Pp[[Z]] — Q,o[[z]]

j=0

is an isomorphism if and only ify: P — Q is an A-module isomorphism.

DEFINITION 2.10. (i) AWitt vectorin A,[[z]] is a unit of the type

w=1+ Zajzj e Ayllz]]°.

j=1

(i) Let W1(A, p) S Ki1(A,[[z]]) be the subgroup of the torsiongw) of Witt
vectorsw.

PROPOSITION 2.11 ([P1]).

NEK1(A,[[z]]) = Wi(A, p) € Ka(A,[[z]]).
Proof. By Proposition 2.3 an endomorphism of a f.g. frég{[z]]-module of
rankn

o0

o = Zaizi: Ap[[Z]]n - Ap[[z]]n

i=0
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is an automorphism if and only éfy: A" — A" is anA-module automorphism, in
which case the torsion of is the sum

(@) = t(ao) + 1(B) € K1(A,[[z]])
with
B=(ao)ta=1+) pz': Al]]" — A"
i=1
The diagonal entries in the matrik= (8;,) are Witt vectors
Bij € L+ zA,[[z]] C A [[Z]]* A< j<n)

so thatg can be reduced by elementary row operations to an upper triangular matrix
with diagonal entries Witt vectors

wp % ... 0k

0 wy ... = . .
y=|. 0 T ALy - Al

0O O . wy,

Thus
() = t(ao) +7(B)
= (a0 +T(y) = T(@0) + Y_ T(w;)

j=1
€ Ki(A,llz]D.
In this terminology
Bi(t(a)) = t(ao) € K1(A),
By(t(@) = t((ao) @) = Y t(w)) € Wi(A, p). O

j=1

The proof of the Main Theorem will make use of the following construction of
elements iflW1(A, p), analogous to the construction 2.6 of elementdilg(A, p).

DEFINITION 2.12. Thewitt vector torsioris the group morphism given by
wi KF°Pa(A,[[2]]) — Wi, p); T°(e) > w(@) = (o) a0
Equivalently, this is the relativé&-torsion of Proposition 2.3
o1 KPP AAI[]D) > NK1(A,[[2]]) = Wa(4, p)
with F: A,[[z]] — A,llz]];z +— O.
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Remark2.13. Inview of 1.10, itis also possible to define the Witt vector torsion
w(f) € Wi(A, p) of a chain equivalenc¢: D — E of A-induced f.g. projective
A,[[z]]l-module chain complexes, which depends only on the chain homotopy class
of f and has the logarithmic properiy( fg) = w(f) + w(g).

2.4. THE WHITEHEAD GROUP OFA [z, z7}]

The aim of this section is to describe the decompositiork ofA [z, z~Y]) in a
way which will serve as a model for our main result on the decomposition of
K1(A,((2))).

PROPOSITION 2.14. (iAn isomorphism ofi-induced f.g. projectivet [z, z7%]-
modules

k-

o= Z Zjaj: Qp[szil] - Rp[szil]
J==k+

determines an objectP, , v,) in Nil (4, p~1) and an object P_, v_) in Nil (A, p),
with

P, = cokellay: 2 Q,[z] — R,[z]),

vy: Py — Py [x] — [27%],

P_ =coketa_: z*71Q,[z7Y] = z 'R, [z,

v_: P_— P_; [x]+— [zx],

with o, , @_ restrictions ofw.
(i) The constructions df) define group morphisms

vet KiP(Pa(A,lz. 27) — Nilo(A, p™0): 7%%a) > [Py, v4],
v_t K§°(Pa(A,lz. 27]) — Nilo(A, p);: %) > [P, v_].

Proof. (i) Itis clear thatP, is a f.g.A,[z]-module, and that there is defined an
A-induced f.g. projectivet ,[z]-module resolution

00— 0,lz] e R,[7] -~ Py 0
with

my = projection: R,[z] — Py,
and similarly for theA ,[z~!]-module P_ with a resolution

m—

0—— %710, [z7 5 z7IR,[z7Y P 0.
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It follows from the commutative diagram

ky—1
0—— & opl@ 1l —— Qplzzl — Y Jdo——0

j=—k_
id al

0 — Zf+ 0plz] @zik*lep[zfl] G®e Rp[Z,Zil] — P O P

0

that there is defined af-module isomorphism

ke—1

Y do=roeor,

j=—k-
so thatP,, P_ are f.g. projectived-modules. Theo~t-endomorphism
z: Ry[z] = Ry[z]; x — zx

fits into the commutative diagram

0— 70,2 o R,[z] T P, 0
Z Z V4
00— X Q,[a] = R [z] ——— P, 0

Write the inverse of as

l—

at=p= Y B Rz > Qulz, 27

j=—t+

for somet, ¢_ > 0. For anyx € R,[z]

P x = ap( ) = a B Y) € imast 2 Q2] = Ryl2])
so that

() (x) =0 € P
Thusv,: P, — P, is nilpotent, with

(vt =0: P — P,.
Similarly, thep-endomorphism

Rz = R[] x>
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fits into the commutative diagram

00—+ Z*kflep[Zfl] i; ZilRp[Zil] T P 0
771 771 v_
00—+ Z*kflep[Zfl] o ZilRp[Zil] T P 0
and

(v )t =0: P.—> P_.

(if) The composite of isomorphisms df-induced f.g. projective ,[z]-modules

ki

o= Z dajr Qplz, 27 = Rolz, 27,
j=—k_

Ky
o = Z zjoz;Z Rylz, 271 — Splz.z71]
Jj=—k"_
is an isomorphism oft-induced f.g. projectived ,[z, z~}]-modules

k++k;_
o =da= Z zja;’: Qp[z,zfl] — Sp[z,zfl]
Jr—y

such that the corresponding nilpotent objects fit into exact sequences
0— (Py,vy) — (PLV)) — (P, v)) — 0,
0—= (P_,v.) = (P'V) = (P ,v)—=0. O
DEFINITION 2.15. (i) Theautomorphism class groupf A, p is the class
group
Auto(A, p) = Ko(Aut(A, p))

of the exact category AUM, p) of pairs(P, ¢) with P a f.g. projectiveA-module
and¢: P — P ap-isomorphism.

(i) ([S]). The class-torsion groupK1(A, p) is the quotient of Auj(A, p) by the
subgroup generated by the differend®s ¢) — (P’, ¢’) for which there exists an
isomorphismi: P — P’ such that

t(h~*¢'"Yzh)¢: P — zP — zP' — P' — P) =0 K1(A).
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The groupKi(A, p) fits into the long exact sequence
1- i j 1—
K1(A) =% K1(A) — K1(A, p) —+ Ko(A) =2 Ko(A)
with
i: Ki(A) — Ki(A, p); t(a: A" - A") — [A",0,a] — [A",6,].
Jj: Ki(A, p) — Ko(A); [P,¢] — [P].

THEOREM 2.16 ([B], [FH], [S]).There is a natural decomposition
K1(A,[z,z7Y]) = K1(A, p) @ Nilg(A, p) ® Nilo(A, p~b)
with the map
C=C10C® Cs:
K1(A, p) @ Nilg(A, p) ® Nilg(4, p™) — K1(A,[z,z7Y)
defined by
C1: Ki(A, p) = K1(Ap[z,z71);
(P,¢) — t(zp: Pz, 271 — Plz, 271,
Ca: Nilo(A, p) —> K1(Ay[z. 27D
(Py,vi,) > 1 —zvpt (PY)plze 27 = (P),lz, 27,
Cs: Nilg(A, p™1) — K1(A,[z, 27 ]);
(Po,v ) 1=zt (PO [z, 27 — (PO),lz.z71)

an isomorphism.
The inverse isomorphism

C!'=B=B1®B®Bs: Ki(A,[z,z7'])
— K1(A, p) ® Nilg(A, p) ® Nilo(A, p1)
is constructed as follows:

LEMMA 2.17. (i) The following sequence is atrinduced f.g. projectivet ,[z]-
module resolution oP, :

0 @Po, L] X% (P, le] = Py 0

with

¢ zP. — P, zx — x (ap-isomorphism,

Zé'il — Vil (ZP+),0[Z] g (P-i-)p[z]; szxj = ZZij - szv+(x.j+1)’
j=0

j=1 j=1

Tt (POl = Pes )2 Do) (1),

j=0 j=0
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(if) The twoA ,[z]-module resolutions foP,. are related by a commutative diagram

0 A" —— Al —— P 0
&+ [+ id
2ty Ty
0 (zP4),lz] (P1),l2] Py 0
with

Fot (P[] > Py D) x> Y ()l (xp),

j=0 j=0

frt Ayle]" = (Pp)lals szaj = szn+(aj)’

Jj=0 Jj=0

00 oo J
g A" — (2P [zl Z /b > ZZZi(V+)"_i(yj)

j=k+ j=1i=1
() 00
froy Z b | = ZZ])’]'
J=k+ j=0

Regarding the commutative diagram in 2.17 (ii) as a chain equivalence of one-
dimensional4-induced f.g. projectived ,[z]-module chain complexes

(fir84): Clag: Z9A[2]" — Aplz]")
— Cz ™t =i @Py),lz]l = (P),lzD)

we have that the algebraic mapping cone is a short exact sequercmdficed
f.g. projectiveA ,[z]-modules

C(fr 81): 0= (A" [2] = (2P ® A", [2] — (Py),[z] — O.
Choosing a splitting there is obtained Ap[z]-module isomorphism

h="2h;: (P @ A", [ — (2P, & A"),[2].
j=0
The components are’-morphisms
hj: Py @7"A" — P, @ A" (j =0

with ho: Py @ z¢A" — zP. @ A" an A-module isomorphism. Use the
p-isomorphism

27 ho: PL @A - PL@ A" x> 27 (ho(x))
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and theA-module isomorphisms
@) AT > A
(a1, az, ..., ay) = 2 (p" (an), P (a2), ..., P (an))
by 2TAY > A"z Nag, az, .. an) > (p(ay), p(a2). ... p(an))
to define go-isomorphism
¢ =A@ 20,z tho) (1@ (6,)"): P, ® A" - P, @ A"
The component®; of C = B~ are given by
Bi: Ki(A,lz,z7D) = Ki(A, p); t(@) = [Py ® A", ¢] —[A", 6],

Bz: Ki(Aplz,z7"]) — Nilo(A, p); () > [P_, v_],
Bs: Ki(Ap[z.z71]) = Nilo(4, p™): t(@) = [Py vy].

2.5. THE WHITEHEAD GROUP OFA,((z2))

The splitting of K1(A,[z, z71]) in Section 2.4 is now extended ®1(A,((2))).
However, as forK1(A,[z]), K1(A,[[z]]) there is an essential difference between
the proofs of these results: there is no analoguekfpiA,((z))) of the Higman
linearization trick by which every element a&f1(A,[z, z7%]) can be represented
by a linear automorphism

a=ag+zar: Az, 27" — Alz, 27"
We shall show that the map
C=C1®Co0Ca: Ki(A, p) ® Wi(A, p) & Nilo(4, p™1) — K1(A,((2)))
defined by

Ci: Ki(A, p) = Ki(A,((2))); (P, ) = t(z¢: P,((2)) = P,((2))),
Ca: Wi(A, p) = Ki(A,((2); w > w,
Cs: Nilo(A, p™) — K1(A,((2)));

(P.v) > 11—z Py((2)) > P,((2))

is an isomorphism by constructing an explicit inverse

o~

Cil = § = §1 ® §2 ) §3: Kl(Ap((Z)))
— K1(A, p) ® Wi(A, p) @ Nilo(A, pb).

The definition ofB is based on the constructions of several auxiliary objects, to
which we now proceed.



THE WHITEHEAD GROUP OF THE NOVIKOV RING 351

An elementr € K1(A,((z))) is represented by an automorphism of a f.g. free
A,((z))-module

oo
=Y a;i A(R)" = A((2)"
j=—k
with coefficientsp’/-morphismsx;: A" — A", for somek > 0. Write the inverse
ofx as

o0
at=p=" B A, ()" = A,((2)"
j=—t
for somet > 0.
Now we can define the object which plays the most important role in our con-
struction: theA-module

P = coker@: z“A,[[z]l" — A,llz]l")

with & the restriction ofx.

LEMMA 2.18. (i) P is a f.g. projectiveA-module.
(i) Thep~t-endomorphism

z: P—> P;x+— zx

is nilpotent.
Proof. (i) Itis clear thatP is a f.g.A,[[z]]-module, and that there is defined a
f.g. free A, [[z]]-module resolution

a T

0 FA" 2 AL P 0

with

m = projection: A,[[z]]" — P.

To show thatP is a f.g. projectiveA-module, consider the commutative diagram

0 A" = Al ——— P 0
id B
k=1
0 FAJMN" — A — Y A 0
j=—t
id y
0 FA" S Al —— P 0
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with B the restriction of8, andy the A-module morphism defined by

yi 2 A" = Al D x> 2y,

j=—¢ j=0

It follows from the identity
yB = @P)la,qar =11 A llzl]" — A,llz]]"

that P is a direct summand of the f.g. frebmodulez’;ie z/ A", and hence af.g.
projective A-module. In fact, theA-module defined by

0 = cokerB: A,[[z]]" — z7*A,[[z]]")

is such that there exists atitmodule isomorphism

k—1
POHQO= Z A"

j=—t

(i) Recall thatP is not only a leftA-module, but also a lefd ,[[z]]-module.
The left multiplication by the elemente A,[[z]] defines ap~!-endomorphism of
the A-moduleA ,[[z]]"

2t Apllz]]” — Apllz]]”; x > zx

which induces @~*-endomorphism of thet-module P
v: P—> P;x+— zx

with a commutative diagram

a T

0 A" 2 A lLE])" P 0
0 FA" - A ] = P 0

Foranyx € A,[[z]]"
o = ap(Zx) = @B x)) eim@: AL [[Z]]" — ALl
so that

Vi r(x)=0e P
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and

Vit =0: P — P. O

We thus obtain an element
(P,v) € Nilo(4, pb).

Define anA ,[[ z]]-module morphism

w: Pyl[z]] — P; szxj — Zvj(xj).
Jj=0 Jj=0
Note that the right hand side of the formula is well defined sinienilpotent, and

therefore the sum contains only a finite number of terms.
Identify

Pl =[]/, Pl =[]/ P

j=1 j=0

By analogy with 2.17:

LEMMA 2.19. (i) The following sequence is atrinduced f.g. projectivel ,[[ z]] -
module resolution oP:

0 Pl =2 P[] ——— P 0

with
{‘l: zP — P;zx — x,

20t = v 2Pl = Pollells D xie Y x =) 2iv(xgaa),
=0

j=1 j=1
o0 o0
T P[] > Py D x> Y vix)).
j=0 j=0

(i) The two A,[[z]]-module resolutions forP are related by a commutative
diagram

0 AN —— A [l]]" —— P 0
g f id
0 Pl =% P[] ——— P 0




354 A. V. PAJITNOV AND A. A. RANICKI

with

fr A" = Plllls Y Zaj = Y 2im(a)),

Jj=0 Jj=0

00 [
g A" = 2Pl Y b ) Y vy
j=k

= j=1i=1
(f&“(g Zjbj) = E z’y,-).
Jj=k j=0

Proof. (i) The sequence is part of a direct sum system-ahodules

-1y 7

P,[lz]]

T o

Z
zP,[[2]] P,

with the A-module morphisms defined by

o: P— Plz]]; x — x,
i Pllell = 2P [lall; ) x> Y 27 (Z Vk(xj+k+l)>
j=0 j=0 k=0
such that

Too=id: P - P,
to(z¢ M —v) =id: zP,[[z]] — zP,[[z]l.
oo+ (z¢ t—v)or =id: P[z]] — P,[[z]].

(i) By construction. O

Regard the commutative diagram of Lemma 2.19 (ii) as a chain equivalence of
one-dimensional-induced f.g. projectivet ,[[ z]]-module chain complexes

(f.g. k) C@: A, [[z]l" — A,llz1")
— C(zg ™t —v: zP[[z]] = Pollz]D.

By Definition 2.3 and Remark 2.3 we now have a Witt vector torsion
w(f, g, k) € Wi(A, p).

More precisely, the algebraic mapping cone is a short exact sequeAeimdficed
f.g. projectiveA , [[z]]-modules

C(fig. k) 0— (A", [[z]] = P & A"),[[]] = P,llz]] — O.
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Choosing a splitting there is obtained Ap[[ z]]-module isomorphism
h=3"2lh;: (P @AM, (2]l — @P @ A", [[<]
j=0

such that the components gré&morphisms
hj: POZ*A" > zP@ A" (j=0)

with hg: P @ zFA" — zP @ A" an A-module isomorphism, and

(ho) *h =14 2/ (ho) *h;: (P @ z*A"),[[2]] — (P & z*A"),[[z]]

j=1
an automorphism of an-induced f.g. projectived ,[[ z]]-module, such that
T°(f, 8, k) = Th) € K¥°(P(A,[[2]])
w(f, g, k) =" (f, 8,k) ="' (h) = t((ho) ")
€ Wi(A, p) = ker(K1(A,[[z]]) — K1(A))

with F: A [[z]] = A,[[z]]; z — O. R R
Continuing with our preparation for the construction Bf! = C, use the
p-isomorphism

2 ho: P® A" > P@®z7A" x > 27 (ho(x))
and theA-module isomorphisms

KON A" = FAY (ar,ap, ... ay) > (M), pF(a2), ..., pF(an)

20, ZTA" > A" 2 Nay ap, ... ay) > (plar), p(az), ..., p(ay))
to define go-isomorphism

¢=01820)z ho(1@*6)"): POA" > P A"

We define an inverse for

C=C1®Cr®C3: Ki(A, p) ® Wi(A, p) ® Nilo(A, p™) — Ki1(A,((2)))
by setting

B =B1® B,® Bs: K1(A,((2))) > Ki(A, p) & Wi(A, p) ® Nilo(A, p7)
with

B1: K1(A,((2))) — Ki(A, p);

T(a: Ay((2)" = Ap((@)") > [P @ A", 9] —[A",6,],

By: K1(A,((2))) = Wi(A, p);

T(a: Ay((@)" = Ay (@) — w(f, g, k) = t((ho) "h),
Bs: K1(A,((2))) — Nilo(A, p™);

T(a: Ay((@)" = Ap((2)") — [P, v].
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We have to verify that the maﬁ% are well defined, that
Eaj - I: ilifil;é_jj
and that
C1B1 + C2B; + C3B3 = Id: K1(A,((2)) = K1(A,((2))).
The identities
B,C; =0if i # j, B1C1 = ldi,(a, ) ByCs = LN

_1)

are easily reduced to the corresponding identites inktitbeory of Laurent poly-
nomial ring (Subsection 2.4). The identiBsC» = Idy, 4., is a matter of a trivial
computation, once we have proved tiatis well defined. This is proved below
just after the next lemma, which provéss = Id.

LEMMA 2.20. For everyA,((z))-module automorphisia: A,((z))" — A,((z))"
7(a) = (C1B1 + C2B, + C3B3)7 (@) € K1(A,(()).

Proof. Apply A,((z)) ®a,z — to the chain equivalence of one-dimensional
A-induced f.g. projectived ,[[ z]]-module chain complexes

(f.g. k) C@: A, [[z]l" — A,llzll"
— Czt ™t —v: zP[[z]] — P,[lz]D

to obtain a chain equivalence of contractible one-dimensidnimduced f.g. pro-
jective A, ((z))-module chain complexes

1 (f,g.k): C@: Z"A,(@)" = A,((2))")
— C(zt 1 =v: 2P, ((2)) = P,((2))).

Use theA,((z))-module isomorphisms

75 AL @) = A ()),
771 2P, ((2) = Py((2)

to defineA, ((z))-module isomorphisms

C@: Z°A,((@)" = A ()" = Cla: Ay(@)" — A ()",
C@E™—v: zPy((2) = Py((@) =C(A -z P((2) = P,((2)))

with

C3Bat(@) =t(1— 271 P,((2)) = P,((2)) € K1(A,((2))).
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It now follows from the sum formula for torsion that the morphism
Ca: Wi(A, p) > K1(A4,((2)); w > w
sendsB,t (o) = w(f, g, k) to
C2Bat(e) = T() — C1Bit(e) — C3Bat(@) € K1(A,((2))). m
From now on, we shall writd,(z («)) as Bx(«). We have to check thak, is

well defined, that is
(i) B2(B o) = Ba(B) + Bal) € Wi(A, p),

(i) §2(a) =w(f, g,k) € Wi(A, p) does not depend on the choicekof

The general observation is that the composite of two automorphisms of a f.g.
free A,((z))-module

e¢]

a=) Zaj, o= Jaj AR = A ()

=k ==k

is an automorphism

o =da= Y i AJ@) = A,(R) (K =k+Kk)
j:—k”

such that the cokernet,[[ z]]-modules

P =coken@: z*A,[[z]]" — A,[lz]".
P' = coker@': XA, [[z]]" — A,[lz1").
P" = coker@": z¥ A [[z]]" = A,[[z]")

fitinto a short exact sequence
0->ZP—>P - P -0

which in principle gives (i). The case
o =10 A,((2)" — A ((2)" k=1

in principle gives (ii). However, for the sake of precision we shall now verify (i)
and (ii) in detalil.

We first make another general remark. LRtbe anA,[[z]]-module which
admits anA-induced f.g. projectived ,[[ z]]-module resolution

R: 0 — M,[[]] — N,[[z]] — P — O.
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Any two such resolution®;, R; are related by a chain equivalengg — R with
an isomorphism torsion's°(R; — R,) € K;°(A,[[z]]). Denote the Witt vector
torsion class (Definition 2.3) by

o (Ry, R2) = w(t™(R1 — Rp)) € Wi(4, p).

For any three such resolutio®, R,, Rz we have the sum formula
0 (R1, R3) = 0 (R, R2) + 0 (Rz, R3).

Thusifa: A,((2))" — A,((z))" is an automorphism
w(f, g, k) =o(ula, k), 0(x, k) € Wi(A, p)

whereu (a, k) andd («, k) are the following resolutions of the modute= P (k, «):

(@, k) 0—» 24 (2] —Zv A [[])" —~ P — 0 )
and
0(a, k): 0 — zP,[[]] “% P[] -~ P — 0. ®)

PROPOSITION 2.21The element
o(u(a, k), 0(a, k) € Wi(A, p)

does not depend on
Proof. It suffices to check that the passage frbmo £ + 1 does not change the
invariant. Let us consider the following diagram:

0 0 0

Zk+lAp [[Z]] n E» Zk+lAp [[Z]] noc ZkAp [[Z]] n

@ o [ e @

FAE" e A" —2 A (2]

hs)

i

0 P’ Pk+1a) 2+ Pk,a) —— 0




THE WHITEHEAD GROUP OF THE NOVIKOV RING 359

The two columns on the right are exacily(o, k + 1) and u(«, k). The squares
and are obviously homotopy commutative, and this implies the exist-
ence of the bottom line. Recall that tkemodulesP (k, o), P(k + 1, @) come
equipped with nilpotenp~—t-homomorphismsy, and, respectivelyy,,1. Endow

the A-module P’ = z¥A with the zero nilpotent endomorphism, then the bottom
line becomes an exact sequence in the category of modules and their nilpotent
p~t-endomorphisms. This exact sequence induces the following diagram:

0 0 0

P[] —> 2Pk + 1, o), [[2]] — 2Pk, @), []]

4)

Plllel] — Pk + 1, ), [[z]] — P(k, @), [[2]]

0

0 P’ Pk+1 a) b P(k, o)

where all the rows are exact sequences, and the two columns on the right are
the resolution® (k + 1, o) and respd(k, «). The computation ob (u(a, k +
1), 6(a, k + 1)) is reduced to the comparison of the resolutions represented by
the central columns of the both diagrams.

Consider the squa as a map of two resolutions corresponding to modules
P’ andP(k + 1, «). Using the diagram (3) it is easy to prove:

LEMMA 2.22. There is an epimorphic chain homotopy equivalence

C () — w(a, k)

with kernel the chain complex
(0 — 2, [ =%+ 2424, 2] — 0). (5)

Sketch of the proofThe composition of two maps of resolutions, — the first

corresponding t, the second t is homotopic to zero, being a lifting
of the zero mapP’ — P(k, ). This implies a direct construction of the map

C () — u(a, k), and checking through this construction leads to the proof of
the lemma. O
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Let
£ ={0 — zP'[[z]] — P'[[z]] — O}. (6)
Similar reasoning gives the following:

LEMMA 2.23. There is an epimorphici-induced chain homotopy equivalence
n: C () — O(a, k) with kernel
ker(m) = C(id: & — &).

In particularC () is a resolution forS(k, «). It follows from the preceding
lemmas that

o (c () 6(a, k)) —0=0 (c () , ule, k)) ,
and therefore
o (ua. k), 0. k) = o (¢ (i) . ¢ ([]))- (7)
Let
n=1{0— A [[]]" — A, [[]]" — O} (8)

PROPOSITION 2.24There is a commutative diagram @f,[[z]]-module chain
complexes and chain maps

0 we,k+1) — C () .30 0

(9)

0 0

O, k+1) — C () %)

(here X stands for suspension in the category of chain complexes, and all the
horizontal arrows areA-induced homomorphisms).
Proof. Consider the following square of chain complexes.

ik +1, )

n
(10)

& Ok +1, )
(Here the upper horizontal arrow comes from the sqethe lower comes from
, the vertical arrows are the maps of resolutions, induced by the identity maps of
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the corresponding complexes). The square (10) is homotopy commutative (indeed,
all these complexes are actually resolutions of the correspongjfig]]-modules,

and to check the homotopy commutativity it suffices to check the commutativity on
the level of the modules themselves, which is obvious). By the basic properties of
the algebraic mapping cone construction this implies the existence of the left square
(strictly commutative) of (9) and the rest of this diagram is now obvious. [

Therefore,
7 (c([@).c (@)
=o(u(o, k+1),0(a,k+ 1)+ 0 (M), Z(§)) (11)
and the proof of Proposition 2.5 is concluded. O

We can now identify
By(a) = o (u(e, k), (. k) € Wi(A, p)
and proceed to the next step of the verification. It is quite obvious that
Ba(a ® B) = By(a) + Ba(B), Ba(id) = 0 € Wi(A, p),

so B, is a well-defined magK1(A,((z))) — Wi(A, p). It remains to check that
this map is a homomorphism.

PROPOSITION 2.25.B,(8 o a) = B2(B) + Ba(ar) € Wi(A, p).

Proof. Note first of all that it suffices to prove the proposition for the particular
case whemB(A,[[z]]") C A,[[z]]". (Indeed, the general case is easily reduced
to this particular one considering = ¢V where¢: A [[z]]" — A,[[z]]" is
defined byz (x1, ..., x,) = (zp(x1), ..., zp(x,)), andN is sufficiently large).

For this particular case the proof goes on the same lines as the proof for Pro-
position 2.5. Consider the following diagram:

0 0 0

FAN" S A" - A"

A

[ Ba B (12)

A" —2+ A, [2]" —2~ A, [[2])"

0 Pk, @) ——~ P(k, Ba) -2~ Pk, ) ——— 0
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where the squares in the middle are obvious, and the bottom line is obtained from
these two squares. Form the diagram

0 0 0
0 2Pk, )[[t]] — zP(k, B)[[t]] — 2Pk, B)[[1]] —— O
(13)
0 Pk, )[[z]] — Pk, B)[[z]] — Pk, B)[[z]] — O
0 P(k,o) ——— P(k, o) —L— P(k,f) ——— 0
The rest of the proof repeats step by step the proof of Proposition 2.5 with the
corresponding changes. O

3. On the Image of the Witt Vectors in the Whitehead Group

The Main Theorem reduces the computation of the gy , ((z))) to the com-
putation of three groups. Two of these three summands are classical algebraic
K -theoretic groupski(A, p) andNilg(A, p~1), which have already appeared in
the computation oK (A,[z, z71]). Much less is known about the third summand
W1(A, p). By definition

Wi(A, p) =im(W(A, p) — K1(A,((2))))
with

W(A, p) = {1+ a1z +axz®+ - |a; € A} C A
the subgroup of the Witt vectors in the multiplicative group of uRiits- A ,[[z]]°.
The aim of this section is to obtain some partial information about the Abelian
groupWi(A, p).

For any groupG we write the commutators in the usual fashion as

(.81 =28’ g1 eG(g. g €G),

and denote by;“® the Abelian quotient o6 by the normal subgrougd, G] € G
of the elements € G which can be expressed as products of commutators

X = l_[[grv g;] €G.

r=1
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There is a natural surjection
J: W(A, p)*” — Wi(A, p) (14)

so thatW (A, p)? is in a sense a first approximationa (A, p), and the problem
of computing ofWy(A, p) may be viewed as the problem of computing the group
kerJ. The next step of approximation can be obtainedviand the factorization

7

W(A, p)ab Qlab

K1(A,((2)))

where the vertical arrow is induced by the natural inclusion. In particulad 'ker
kerJ. It turns out that key’ is easily described in terms of the grotifxA, p)*

and the conjugation action &f on this group. This can be done in a more general
framework of semidirect product of groups, and this is the aim of the next section.

3.1. ON SEMIDIRECT PRODUCTS OF GROUPS

The semidirect product of groupd, K twisted by a homomorphisra: K —
Aut(H) is the group

G=Hx¢K
in which every element € G has a unique expression as a product
x=hkeG (heHkekK)
with
(haka)(hokz) = ha§ (k1) (h2)kikz € G, E(k)(h) = khk™' e H
and there is defined a short exact sequence of groups

i

1 H

G -1+ K 1 (15)
with
i: H—> G;h+— h, ji G— K; hk+— k.
The Abelianization7* is aZ[ K]-module via
Z[K] x H® — H®; (nk, h) — &£(k)(h") = kh"k 2.
In our applications we shall have

G=Al' =% =H x; K
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with

H=W(A,p), K=A", £: K — Aut(H); k — (h — khk™1).
PROPOSITION 3.1.For any semidirect produot = H x; K the kernel of the
induced morphism of Abelian groupf$: H* — G is given by

ker(i"’) = ker(e)H* < H*

withe: Z[K] — Z; k — 0the usual augmentation.
Proof. (i) We prove first that kei*? > (kere)(H“). It suffices to observe that
foranyh e H, ke K

i(§(k)(h) —h) = [k, h] € G,
so that
i“PE(k)(h) —h) =0 e G™.

(i) Now for the reverse inclusion: we have to show thakife H is such that
i(x) € [G,G] then [x] = y(h) € H® for somey € ker(e), h € H. For any
hk,h'k’ € G we have

[hk, W'K'] = &(k)(W)EK'k™Y) (hh)EK ™Y (k'Y [h, W[k, k] € [G, G].
If x € His such thai(x) € [G, G] then

x = []lhk k] € G
r=1
for someh, € H, k, € K with

ﬁ[k,, k]=1€eK
r=1

and

i) = Y E®WEKRK ™ hh)EKRT (k)

r=1

= > (€)= EGTN) + ERk — ERTD) (k)

r=1
ker(e)H> € H. O

m
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3.2. EXPLICIT EXAMPLES
Now we return to Witt vectors. The direct application of Proposition 3.1 gives
kerJ' = (kere)(W(A, p)*) (16)

wheree: Z2l — Z is the augmentation in the group ring of the graipThis
result leads quickly to the construction of non-trivial elements inJkeindeed,
any element of type = &£(a)(x) — x wherea € A, x € W(A, p) isinkerJ'. If

x=1+pz(p A
theny has a following representative:

y=al+ a1+ B2)" e W(A, p). (17)
Assume now thap = id, andafa~t # B. The elemeng is of the form
1+ (@fa™ — B)z + O(z%) (18)

and it does not belong td{{ (A, p), W(A, p)] since every element
1+aiz +az®+ - € [W(A, p), W(A, p)]

obviously hasi; = 0.
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