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The total surgery obstruction

by Andrew Ranicki, Princeton University

Let n2 5,

According to the Browder-Novikov=-Sullivan-Wall theory of surgery
(r®11,0B2] 4[N3,[8u1],[W1]) & finite n=-dimensional Poincard complex X is homotopy
equivalent to a compact topological menifold if and only if

i) the Spivak normal fibration ))X:X'——ﬂBG(k) (k»n) admits a topological

reduction D'X:X-——-)BTOP(}:), in which case topological transversality applied to

n+k n+k

a degree 1 map pyiS -~——7T(IJX) gives a topological manifold M" = P;I (x)Cs

and a map of topological bundles b:;&‘——*—?ﬁ& covering the degree 1 map
f = le t M ——X, and hence a surgery obstruction B(f,b)€.Ln(n1(X))

ii) there exists a topological reduction.ﬁ& such that 6(f,b) = 0, in which
case the normal map (f,b):M-—->X is normal bordant to a homotopy equivalence.
The theory was initially developed in the smooth and PL categories; the extension
to the topological category is due to Kirby and Siebemmann ([KS]).

We present here the preliminary account of a theory which replaces the
two-stage obstruction with a single invariant, 'the total surgery obstruction'.

We shall only consider the oriented case, but in principle there exists
an unoriented version involving twisted coefficients. For the sake of the
s=-cobordism theorem we shall be working with simple homotopy types and the Wall
Ls-groups, but there is also an ordinary homotopy version which we discuss briefly
at the end. Thus Poincaré complexes will be finite, simple and oriented;
manifolds will be compact, topological and oriented,

The invariant lies in one of the groups SL(X) (defined for any space X)
appearing in an exact sequence of abelian groups

e H () — T 5T, (my (X)) ——> & (1) ——> B (GE) —>eue
where E&oiﬁ a 1-connective Sl-spectrum with Oth space homotopy equivalent to G/TOP

and ¢, is a universal assembly map. Both ;&Oand S, were originally constructed by
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Quinn ([91],[Q2]) using geometric methods. Here, Egoand o, are constructed using
algebraic methods, and the grouPSAg*(X) are the relative homotopy groups of a map
of simplicia131-spectra U,:X+AEEO————>££O(n1(X)) inducing the assembly maps
Oy tHy (X3 L) = me(X ALG) —» 1y (T (r, (X)) = Lo(n, (X)) (X, = Xofptd).
There are also defined relative groups g*(X,Y) for pairs (X,Y), to fit into an
exact sequence of abelian groups
. Ty :
cos —H (X,T;1,) —2y Ln(n,l(Y)—;nr,](X)) -——-—)/gn(X,Y)——>Hn_1(X,Y,EO)——?... .
The functorvg, satisfies the first five of the seven Eilenberg-Steenrod axioms
for a homology theory, failing excision and dimension:

g,(pushout square) = Cappell's Unil, , g,(pt.) = 0.

Theorem 1 An n-dimensional Poincaré complex X determines an element s(X)eég(X),

the total surgery obstruction of X, such that s(X) = O if and only if X is

simple homotopy equivalent to a closed topological manifold. The image of s(X)
in Hn_1(X;E§O) is the obstruction to a topological reduction of the Spivak normal
fibration yX:X————+ESG.
1
There are also relative versions (and even n=-ad versions) of Theorem 1%

Theorem 1 (rel) An n~dimensional Poincaré pair (X,Y) determines an element

s(X,Y)ngn(X,Y) such that s(X,Y) = O if and only if (X,Y) is simple homotopy
equivalent to a menifold with boundary.

L]

Theorem 1 (rel 3) An n-dimensional Poincaré pair (X,¥) with manifold boundary Y

determines an element sa(X,Y)Gagn(X) such that sb(X,Y) = 0 if and only if
(X,¥) is simple homotopy equivalent to a manifold with boundary by an equivalence
which restricts to a homeomorphism of the boundaries.

(]
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The obstruction theory of Sullivan [Su1] for the problem of deforming a
homotopy equivalence of manifolds to a homeomorphism has a natural expression
as a total surgery obstruction:

Corollary 1 A simple homotopy equivalence of closed n~dimensional manifolds

fiM — X determines an element s(f)e&n+1(x) such that s(f) = 0 if and only if
f is homotopic to a homeomorphism.

Proof: Let W be the mapping cylinder of f, so that (W,MU-X) is an
(n+1)=dimensional Poincaré pair with menifold boundary. Define

s(£) = sa(W,MU-X)€8n+1(W) (=8 (X) by the homotopy invariance of '8,,) .

n+1
By Theorem 1 (rel d) s(f) = O if and only if there exists a topological
s-cobordism (W';M',X') simple homotopy equivalent to (W;M,X) by an equivalence
which restricts to homeomorphisms of the boundary components. Now apply the
topological s-cobordism theorem (in dimension n+1) 6),

]

There are also relative versions, Corollary 1 (rel) and Corollary 1 (reld).

Given an n-dimensional Poincare complex X let XTOP(X) be the topological
manifold structure set of X, defined as usual to be the set of equivalence
classes of pairs

(closed n-dimensional topological manifold M,

orientation preserving simple homotopy equivalence fiM ———> X)
under the relation

(M,£)~(M!,f') if there exist a homeomorphism ht M ——>M' and a

homotopy f'hxf:M —>X .,

Define similarly structure sets %TOP(X,Y) for Poincaré pairs (X,Y), and also

gTaop(X,Y) for Poincaré pairs (X,Y) with manifold boundary Y.
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Corollary 2 If X is a closed n-dimensional manifold the function
5 ¢ /STOP(X)——HSHH(X) 3 (£:M——>X) —> s(f)
is a bijection, and there is & natural identification of the Sullivan-Well

surgery exact sequence
oo ——> )&Taop(qu ,8(Xx&)) —_— [xxzﬁ ,3(Xxb1) ;G/TOP,*)] —-——e—-)Lm_,] (m, (X))

——— JFP(x) ——> [%,6/70F] —2—1_(x, (X))
with the exact sequence

..._.—+/8 (X) —— = (X;EO);':‘*-—»L

(n1(X))

n+2 n+1 n+1
e f 0 s B (KL — s T (x, (X))
In particular,

ACOP (ka3 (xxa®) =4

s @, (e, a(x A ;6/10P,*] = H_, (G3E) (k320) .

(]

n+k+1

Again, there are relative versions, Corollary 2 (rel) and Corollary 2 (reld).
If (X,3X) is an n~dimensional manifold with boundary there are natural
identifications
AT (xxak,3(xx05)) = 3

8§OP(ka,b(ka)) =3

(x,9%)
n+k+1 7! k}O)

(x) .

n+k+1

We shall only sketch a proof of Theorem 1 here., There are 4 main
ingredients:
i) the Browder-Novikov-Sullivan-Wall theory in the topological category
i1i) the isomorphisme 6:n,(G/TOP) ——> L, (1) defined by the surgery obstruction
iii) transversality in Quinn's category of normal spaces and spherical fibrations
iv) the algebraic theory of surgery.
We start with a brief account of iv) - the first two instalments of a full

account are due to appear shortly ([R2]).
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Given a group m and a (left) Z{n]-module chain complex C let Té€ Z, act on

-1 .
0B, (O = CB,C/\xpey - 5 x@y|x,7€C, gen’ by T(xsy) = (=1 %117] yox, ana define tne

1l

H (HomZ[z ](W C® ] c))

C))

Z,~hypercohomology ™)
groups
Z.,~hyperhomology Qn(C)

with W the free

H (w (c®

Z[Z i Z{n]

%[Z J=module resolution of Z W : ... —-»Z[Z ]_./l_ti_,z[zz ]—1—?—7 Z[TZ Je—— 0,

0 eQ™(C) §@ €(0®ZE | ) pesle? o\
An element is an enuivalence class of collections

veq (o) iwse(c%m ) -gls57 0%

such that
-1 .
d(@ﬁ) + (_)n+s ('~Ps_1 + (')ST(Ps-’l) = 0€(C @Z[ ]C)n+s-’l (57/0,(‘)__,l = 0)

av) + (" Ny e (% v ) = 0ele®y 0

s+ ( s? O) .

Z(rn ] n-s=1
symme tric L) .
The L=-groups (nz 0) are defined to be the algebraic Poincare

quadratic L, (n)

symmetric

cobordism groups of n=-dimensional . Poincaré complexes over Z{m]
quadratic

(QELRON s

, With c:cn——>c _1—->...—->C __d_>C & based f.g., free Z[n]-module
1(c,weQn<C)) z

1 0

95 € (C®ZZ,[11:]C)11

(1+D)v € (C®ZZ[1:]C)11

chain complex such that slant product with the cycleg defines a

simple chain eguivalence c¢™* = Hom (C,Z[n])n_*————rC. The quedratic Legroups

Z{ =]
are L-periodic, Ln(n) = Ln_‘_h_(n) , being just the Wall surgery obstruction groups.
The symmetric L-groups were introduced by Mishchenko [Mi]; they are not in general
L=-periodic, ™Mw) £ Ln#}(n:). There are defined symmetrization maps

14T 3 Ln(n)-———>Ln(n:) i (€W —s (C, (1+T)V )
which are isomorphisms modulo 8-torsion, The cobordism classes of (n~1)~-dimensional
quadratic Poincaré complexes with an n~dimensional symmetric Poincaré null~cobordism

A
define hypergquadratic L-groups Lo(x) (n»1) of exponent 8 which fit into a long

exact sequence of abelian groups

A H -
oo — L ()~ 12 T TR —E s () N s
[ 2.9C) symmetric
For example, is the Witt group of non-singular forms over Z[n].
LO ) quadratic
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The L-~groups of the trivial group n = {1} are given by

" %Z (signature) Z (%(signature))
Z., (deRham) 0
12(1) = 2 , L(1) =
0 n z, (Arf)
fo] 0]
Zg (signature (mod 8)) G
rn %, (deRham) 1
(1) = if n & (mod &)
0] 2
Zz (Arf) 3

An n~-dimensional geometric Poincaré complex X is an n-dimensional finite
CW complex together with a fundamental homology class [Xjé’Hn(X) such that cap
product defines a simple chain equivalence of based f.g. free Z[n,](x)]-module
chain complexes
[XIn-: ¢ —c@ ,
with C(i) the cellular chain complex of the universal cover }'{J. Applying

HA(Z® ~) to a diagonal approximation H:C(X) ——>Hom w,c@e c(D
Z[Z%] 77

Zn, (X)]
and evaluating A:Hn(x)h—in(C(f)) defines an n-dimensional symmetric Poincaré
complex over Z[m, (X)3 (C,9) = (C(X),A[X]), and hence a symmetric signature geometric
Poincaré bordism invariant
o*(x) = (C(X),00x]1) € L (n, (X))

(which was introduced by Mishchenko [Mi]). Given a group morphism n 1 (X)—»7 we shall
denote the image of ¢*(X)¢ Ln(rc,i(X)) in L®(x) also by 9*(X). For example,
if n = bk v*(X) €Lb'k(’l) = %Z is just the ordinary signature of X.

An n-dimensional geometric Poincaré complex X carries a stable
equivalence class of Spivak normal structures

(IJX:X——>BSG(k),FX=Sn+k———7T(uX)) ,

such as arise from an embedding X‘.‘:Sm'k (k>)n) by taking a closed regular

neighbourhood W of X in Sm‘k and setting
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- %
gk 1 —> 2 W X ,w
JDX : Sn+k collapse S:f1+1<:/£_,,n+k_w = W/

As usual, [X] = h(px) nu, eHn(x), with h = Hurewicz map : =
X

= T())X) .

n +k(T())X) ) —->Hn+k(T(,;X) )y

T(l)x) = Thom space of »,, U, = Thom classéﬁk(T())x)), f = reduced (co)homology.

'

X

A normal map of n-dimensional geometric Poincaré complexes
(£40) = (M2, p)——— (X, 3, Py)
is a map £f:M-——X of degree 1, f,[M] = [X] €H (X), together with specified Spivak
normal structures (4 ’FM , (2 ’/DX) and a stable map of spherical fibrations
by *71) covering f such that T(b) (/M) = pxén (T(/) )). Such a normal map
determines an n-dimensional quadratic Poincaré complex over 22[1:1()()] (C,¥), aund
there is defined a quadratic signature normal map bordism invariant
o (f,b) = (C,\V)€Ln(n,l(X))
such that
(141) 0, (£,b) = 0*(1) = o*(X) € Lm, (X)) .
Here, C = C(fl) is the algebraic mapping cone of the Umkehr Z[n,l(x)]-module chain map

1 ~ ([Xj ] ') f n=3*

» an -
£ :c:(x)——>c(x)n — I e =

c(M)

with M the cover of M induced from the universal cover f of X by f, and ¥ is defined
as follows, Let uﬁ:ﬁ——» M j—»BSG(k) . ;/fi—a X i—)BSG(k), so that b lifts

to a stable map g:Uﬁ——-—» ‘)}”{ covering fﬁ———» ¥X. The induced map of Thom spaces

T(%’) =T())ﬁ)—-—-)T(l/£) has an equivariant S-dual stable w, (X) -equivariant map
B ~ ~ ~ ~,
F:I X+——»EMM+ (}\(; = ¥olpt.Y) inducing £l:c(¥)—>c(M on the chain level,

[ ~ Yo
and such that (2 f)F:'l:z“’X —_— z”x . The evaluation of the composite

v ¢ (x) {88J0INEE ) § (N fpy BEOJOCTAON o (C(M))-—-——-—)Qn(C(f )

on the fundamental class [X] eHn(X) defines V = F[X]QQn(C(f )), where ey is

A, ¥
induced by the natural projection e:C(M)——>C(f’) and = = 1:1()(), The standard

~ od ~
map kl;loE): X5 (”M)/n — 5 Z':'“IJI_‘-/T: is a group completion in homology, so that

i (512 M /x) = z[zz3® - k€>91Hn(E2 x k(i;gﬁ)/nmcomains Hnmzzxzzcﬁ’x M) /n) =@ (C(M)

as a direct summand,
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An n-dimensional normal map (f,b):M-——X in the sense of Browder and
Wall is a degree 1 map fsM— 4 X from an n~dimensional manifold M to an
n-dimensional geometric Poincaré complex X, together with a stable map b:bh-——*£{K
of topological bundles covering f, where Lﬁ:M'—~——>BSTOP(k) is the normal bundle
of an embedding Mc Sn+k. The algebraic theory of surgery identifies the surgery
obstruction of (f,b) with the quadratic signature of the underlying normal map
of geometric Poincaré complexes (f,Jb):(M,JLM,PM)——*——>(X,ka,fx)

8(f,p) = o7 (f,I0) € Ln(n,l(X)) .

An n=-dimensional normal space is a triple

k

(%, 21X ———>BSG (k) ,Ipxzs”" ——> 1))

consisting of an n-dimensional finite CW complex X, an oriented spherical
fibration L& and a map/DX. There are evident notions of normal pair, normal bordism,
normal space n=-ad, Given a normal space (XJ{X,pX) it is possible to construct a

n-*___) c (’}“{’)

stable n1(X)-equivariant map G:f»Z~———*XF§; inducing [X1n =:C(X)
on the chain level, with Z an equivariant S-dual of T(ﬂf) and [X] = h(PX)/7UL&an(X).
The quadratic construction now applies to define a hyperquadratic signature
normal bordism invariant

e (x) € T, (X))
(where d*(X) is short for 8*(X,VX,FX)) such that HE*(X) = (C,W)EELn_1(n1(X)),

ne*

~. ~
with C the algebraic mapping cone of [X]IN=:C(X) — C¢(X). An n-dimensional

geometric Poincare complex X is essentially the same as an n-dimensional normal

- ~ >
B"* ___50(X) is a chain equivalence, in which

space (X,b&,px) such that [X] 0 =:C(X)
case <bk’PX) is a Spivak normal structure, 2 = i;, G =1 and
T*X) = gvr (€ TN, (1)) , B*W) = o€l (n, (X)) ,

If (X,Y) is an (n+1)-dimensional normal pair with Poincaré boundary Y there is

- . 4 ] . 3
defined a quadratic signature (normal,FPoincare)=-bordism invariant

TUX, D) = (C,¥)e L (r, (X))

o~

= 0%, ) and

NS,
such that C is the algebraic mapping cone of [XJN =:C(X)

(H4TIT (X, ) = 0 *(Y) € L7, (X))
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The mapping cylinder W of a normal map of n-dimensional geometric Poincaré'complexes
(f,b):(M,»M,PM)—~———>(X,Ai,BX) defines an (n+1)-dimensional normal pair (W,Mu=~X)
with Poincaré boundary MU-X, such that

T WMO-X) =T, (f,D)EL (n,(X))
The various signature maps fit together to define a natural transformation of
exact sequences of abelian groups (for any space K)

Nw——sB i 9w 5 9l —— ..,

l & o [&

voe— 2@ 0) B _(r, (0) L 1R G (0)— T P () —> .

Slf(K) geometric Poincaré complexes
with Slf(K) the bordism groups of ) normal spaces mapping to K.
SZ?’P(K) (normal,Poincaré) pairs

I should like to thank Frank Quinn for inventing normal spaces (rq31), and
for suggesting that they should have a hyperguadratic invariant. Unfortunately,
the results and comnstructions of [Q1],[Q2],[Q3] have not yet been fully documented.
The theory announced here is independent of Quinn's {although evidently influenced
by its philosophy), with the following two exceptions:
i) Normal space transversality: given a spherical fibration V:K ——>BSG(k) over

a finite CW complex K and a map f:Sn+k<————>TO)) to the Thom space T(») it is

. -1 k
possible to deform ? by a homotopy to a map (alsc called P } for which X=p ()< s

has the structure of an n~dimensional normal space (X,VX,PX) with

o ———
v, s xfl ik >BSG(K)  , Py ghtk collapse on+k/qiek _y - yow ——T(w,)
for some closed regular neighbourhood W of X in Sn+k, and with

P I

Along with the relative normal transversality for maps of n-ads. It follows that

n+k FX

> T(Wy) >T(¥) .

the maps

n+k PX

N FaN
ﬂn(K)-——a H (KMSG) 5 (X, 0y ,py)—> (8 > T(0y) X, A T02) —> K AMSG(k))
are isomorphisms, by analogy with the Pontrjagin-Thom isomorphisms for smooth bordism

S0
Qh (K)*zinn(K;MSO) obtained by smooth transversality. (I am indebted to Norman Levitt

for an elementary handle exchange argument establishing normal space transversality).
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ii) Poincaré surgery: in the starred discussion surrounding Theorem & below
(and Theorem 4 itself) we shall make use of the geometric Poincaré surgery theory
initiated by Browder [B3], and developed further by Levitt [Le], Jones [J1] and
Quinn [Q3]. Some details of the theory still remain obscure, especially in the
non~simply-connected case. The main result of this theory is an exact sequence

oo —> I_(n, () —> 2L7(K) -——>SI§(K)—I-I§*—> L (e () —> ...,

or equivalently that the quadratic signature maps 0}=?§1§?K)————*Ih(n1(K)) are
isomorphisms, for any space K., It is immediate from the Wall realization theorem
for surgery obstructions that the quadratic signature maps are split surjective,
so thatnl;f;f(x) = Ln(n,I(K))e?, but it it is not so easy to see that ? = O (although

almost certainly true). In particular, the proof of Theorem 1 makes no use of

geometric Poincaré surgery, relying instead on the algebraic Poincaré surgery of [R2].

Assuming ? = O it is in fact possible to give an alternative proof of Theorem 1
which makes no use of algebraic Poincaré surgery, relying instead on geometric

Poincaré surgery. (Follow the same steps as in the proof below, but with the

geometric Poincaré QEP(K(n,1)) | symmetric
bordism spectrum N in place of the
normal space 21 (K(n,1)) hyperquadratic
|\ }QO(R) N.P
I-spectrum « If ?2 = O the quadratic signature map 0’,:&, ! (K(n,1))——)EEO(Tt)§

@O(n)
to the suspensign of the 1-connective guadratic I-specirum is a homotopy equivalencel.
The original simply-connected surgery theory of Browder and Novikov was
reformulated in terms of classifying spaces for normal maps (such as G/0,G/PL,G/TOP)

by Sullivan [Sul] and Casson, and the non~simply-connected surgery theory of Wall
was reformulated in terms of geometric classifying spaces by Quinn [Q1],
see Rourke [Ro] and §17A of Wall [W1]. We shall now outline an algebraic construction
of surgery classifying spaces, leading to an algebraic formulation of surgery.

Given an abelian group G let K(G) be theSi-spectrum with kth term the
Eilenberg-MacLane space K(G,k). Given a connective spectrum R let 3§ denote the

1-connective covering of R, is.e. the fibre of the evident map R —— E(no(g)).
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symmetric
Let n be a group. A

Poincare n-ad over Z[n] is an n=-ad of chain
quadratic

symmetric
complexes of based f.g., free Z[n]-modules, together with a simple

Poincare
quadratic
duality. (See §0 of Wall [W1] for the general properties of n-ads). For example,

an algebraic Poincare 1~ad (resp. 2-ad) is the same as an algebraic Poincare complex
symme tric .
(resp. pair). The Poincare n-ads over Z[n] are the simplexes of
quadratic

L(x)
~(k+1)-connected Kan complexes

(k€Z) such that

ILk(n)
N = 2, w (15) = P
(k€Z,n+k 2 0)
Slllk(n) = k+1(rc) . nn(n-k(rc))= Ln+k(n) .
o) = {55 |xy0}
Thus
]I.O(Tr) =

is a connective Sz-spectrum such that
= {Z_ () x>0}

nn(Eo(n)) = 1)
(n3z0)
n (Ly(n)) = L (x)

The cofibre of the symmetrization map 1+T:Eo(7‘) §___‘Eo(ﬂ;) is a connective ﬂ-spectrum
A A
_l'_L_O(Tz) = {]1: k(n)|k;0} such that

2
~0 %) (apn
nn(EJ_ () =4 4
L(x) (n=0)
which fits into a fibration sequence of spectra

1+T
Lol g —E Z u

Eo(n) —_— _ﬁ'.,_o(n) —-H—+EEO(W)§ —»Z‘Eo(n) .

The tensor product of chain complex n-ads defines pairings of LL~spectra

1

® : %0 A L2(p) ——— 20rxp) , @3 EOm) A Lo(p) — I Eluxp)

®: B%mp £Op) ———> Lnxp)

for any groups n,P . On the L-group level the tensor product of chain complexes
defines pairings

® : L(nIB ,L7(P) ——L™ P nxp) , @ LUmI® T (p) ——L,  (nxp)

® : PUm @ L (p) —— L™ (wp) .
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mo(1) = ;,_o
We shall write QI_»O(‘I)§= Ly« Both EO and io are ring spectra; every algebraic
1) = &°
0

L-spectrum above is an IL -module spectrum. There is defined a commutative braid

of fibration sequences of spectra

/m\\
I, z’ £(10(1)) sE%
14T / J /‘ \ V’
e
0 AQ 0
Iy i g
/ \ / H 14 \
£ k(1) % 5L, =’
~__ 7 ~__ 5 147
| 2P (x)
Given a space K let YZN be the connective Q-spectrum of Kan complexes
(X)

geometric Poincaré
of maps f:X—K from n-ads X to K such that
normal space

geometric Poincareé
(n3} 0) is the nth bordism group of K.
normal space

7 (PF(0) = (1)
v @) =00 (K)
The cofibre of the forgetful map A (K)— RN(K) is denoted by I *FT(K), so that
nn(ZE\I’P(K)) =Q§’P(K) (n30) is the nth (normal,Poincaré) pair bordism group of K.
The cartesian product of topological n-~ads defines pairings of spectra
® : (KA 2T (1) ——— BTk x 1)
@+ 2N 2L —— A& x 1)
® : 9P (0)A A P (L) — 2 P x 1)
for any spaces K,L., We shall write %Q(pt.) =53Q' (Q =P,N,(N,P)}. Let K be the
suspension spectrum of K+ = Ku{pt.} , with kth term EkK+ = SkAK+. A singular simplex
geometrie Poincaré

in K is a particular example of a n~ad mapping to K, so there
normal space
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g .K ————ryLP(K)
is defined a forgetful map . The composites

G*:x *_,nN(K)

ot 1 kAR I T Py af — 25 2P
3% ¢ K+,\,91N .___m“uo A e dw

o, I_{+N2_N9P_d__/\_1_> ?_lP(K)Aﬁ_N’P ____—) @N,P(K)

induce the assembly maps appearing in the natural transformation of exact sequences

o> 1 (KA B (0D — B (G2 —— B (P —— L.,

n+1
O
oo B0 > QF(x) LK) S P —— .

The assembly maps 8*:Hn(K;2.N)——>S7.§(K) are isomorphisms inverse to the natural maps
SlI;Il(K) —_— Hn(K;_M_SE) = Hn(K;zg\I) , identifying MSG = YL_N by normal transversality.
(The Pontrjagin-Thom isomorphisms Hn(K;M_S_(_))vﬁ—v Qio(K) have & similar expression

as assembly maps).

The chain complex of the universal cover X of a geometric Poincaré n-ad X
defines a symmetric Poincaré n-ad over Z[n1(|X|)] (c(X),A[X]), so there is defined
a map of .Q-spectra

g* + 250 ——— 1%, (R)
inducing the symmeitric signature U*:S’Zi(K)——-)Ln(n,‘(K)) in the homotopy groups.
normal space
Similarly for{ n-ads, with a map of Q-spectra
(normal ,Poincaré) pair
8+ 1 (R ——— £, ()

oyt 2T — 5L (5, (D)

hyperquadratic e"‘ :QN(K) ¢~—+Ln(1r. (x))
inducing the signature . The pairings ®
quadratic T e ﬂljl_'_,](K)——)L (n.](K))

defined for the Yl—spectra correspond to & for the L-spectra. In particular,

U*::@.P——'»ILO
~ N AD is a morphism of ring spectra.
g —— I
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For an Eilenberg-Maclane space K = K(w,1) the composite
o s K, —— > AP0 50
can be defined algebraically, using the standard simplicial model for K(m,1).
On the 1-skeleton K(u,'l)“) = n d* sends g&n to the 1~dimensional symmetric
Poincaré complex over Z[n] Or*(g) = (C,¢€Q1(C)) defined by

1ms 0 *-_-1-3'1 1
—_

Z[w] d

(9]
o
Q
H

This is the symmetric Poincaré complex corresponding to the simple automorphism
g:(Z[%],1)—>(Z[n],1) of the non-singular symmetric form over Z[=x] (Z[n],1).
For the generator gen = Z d*(g) is just the symmetric Poincaré complex (g™
of K(Z,1) = 5§,

Given a space X use the composite

O* X, K, (X,1), — > 10(x, (X))

G

*
(which is also the composite o*:X, or, SEP(X) %QO(M(X))) to define assembly

maps of spectra

g
0%+ X A B0—T2T 5 1% AR —2— 50x, (x))

Ou t E A By — T2 10, OIA Ly — B L (r (D)

—+
A AT ®
—_—

t X AL 1%, (AR —B— 0, 1))

=+

and hence a natural transformation of exact sequences of abelian groups

voe—— B (GED) —* 1 (GE L 1 GRS A ) — ...

cr,j’ o> * Ty

veo——r L (n, ()= 13 (00) L BB ) Es 1 (e (0 — s

Define the quadraticj-groups J.(X) of a space X by
/xn(x) = 1 (CorX ALy—>Lo(n, (X)),

to fit into an exact sequence of abelian groups

s
oo B (XL ) ———> (1, (0) ——F (1) ———>B_ (X Bp) —> ..o
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The construction of the algebraic assembly maps &, and of the groups gl(X) was
motivated by Quinn's analysis of the surgery exact sequence in terms of geometrie
assembly maps ([Q1],(Q2]), and by the higher Whitehead groups Wh,(X) of
Waldhausen [Waj. Loday [Lo] has obtained similar maps in the context of Karoubi's
hermitian K~theory, and also in algebraic K~theory. The maps ¢, are L-theoretic
analogues of the maps H,(X;g(z))———%'K,(Z[n1(X)])used to define Wh,(X) to fit
into an exact sequence

oo —>H (GK(Z)) —— K (Z[n,(X)]) ——>Wn (X) —H _ (GK(Z) — .o
with K(Z) the spectrum of the algebraic K-theory of Z, n(K(Z)) = X,(Z),
For example, Wh1(K(n,1)) = Wh(n), Who(K(n,1)) = ﬁé(%[n]). The group5‘5:(x) are thus

L~theoretic analogues of Wh,(X).

topological
Transversality din the category allows us to replace the Thom
normal
- MSTOP ‘@STOP
spectrum by the homotopy equivalentS)-spectrum SIN of Kan complexes of
MSG

" topological manifold
n-ads, (It may be objected that we have ignored the absence

normal space

of topological transversality in dimension &, but there is at least enough of it

to define a forgetful map E§292~————*§§P, which is all we need. See Scharlemann [Schl).

Let MS(G/TOP) be the fibre of the forgetful map MSTOP —>MSG, the spectrum with

kth space MS(G(k)/TOP(k)), the homotopy-theoretic fibre of MSTOP(Xk)—— MSG(k).

Then TMS(G/TOP) is homotopy equivalent togyN’STOP, the cofibre of~Z§TOP-———?EIN.
' symmetric g = 05TOP(x) —— 1P, (K))

The J hyperquadratic signature map G*:ﬂg(K)———~———+ in(n1(K)) factors through
quadratic U;:ﬂﬂ;iTOP(K)————+Ln(n1(K))

the algebraic assembly map

(TP = 1 (s MSTOP)-——» 1 (50— 1A, (1)

n

a* : Q1 N(K) = H (K MSG)———»H (X; 1L )—A-—A»L (n (K))

N STOP(K)

v, 1 H_(K;M3(G/TOP) ).LHH(K;EL_O) ~——*—>Ln(1t1(K)) .
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(These factorizations can be interpreted in terms of characteristic numbers,

in particular for the surgery obstructions of normal maps of manifolds, which can
then be used to determine the homotopy types of the IL-spaces, following the work
of Sullivan [Sul1] and Morgan and Sullivan [MS] in the simply=-connected case.

See Wall [W3], Jones [J2], Taylor and Williams [TaW] for generalizations to the
non-simply-connected case. In [TaW] it is shown that the algebraic L~-spectra
become generalized Eilenberg-MacLane spectra localized at 2, and wedges of
bo-coefficient spectra localized away from 2).

e ,®:RjARk———>Rj+k,1k:sk———>Rk§

let BRG be the classifying space for stable R-oriented spherical fibrations over

Given a ring S}-spectrum R = %Rk=S\R

finite CW complexes, and let R_ be the component of 'léno(g) in Ry, If 11:0(3) = Z

@
the morphism R —> K(%) induces a forgetful map BRG ———>BK(Z)G = BSG, and there
is defined a fibration sequence of spaces

R

& > BRG > BSG .

In particular, we have defined a commutative braid of fibration sequences
/—_\

o sx% " > ss
&T / \J /
i 5%

N pd

IL G

A0
Te
with L, the Oth term of Ij= _I_L_O(’l)§, i.e, the connected Kan complex of quadratic

Poincaré n-ads over Z such that nn(ILO) = Ln('l) (nzM.
We have defined a commutative sguare of ring spectra
*

mstop %, m°
: E
) 6" AQ

MSG ———> IL .

topological bundle & :K —>»BSTOP(k)

An oriented over a finite CW complex K has a
spherical fibration P:K ——» BSG(k)

MSTOP- U() € E5(T() ;MSTOP)
canonical orientation { | ok , and hence also a canonical
MSG- U(B) € H(T(B);MG)
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0
- a*U(e) € (1) ; EO)
. o Orientationy = | oK 4 0.+ There is induced a morphism of fibrations
n- g*U(ple B (T(p);L)
G/TOP > BSTOP >BSG

e Lm

ILO ———— BLL G ~—-——-—> B]L G
with T :G/T0P ———> IL, the map associating to each singular simplex A —>G/TOP the
quadratic Poincaré n-ad v,(f,b) over Z of the normal map of manifold n-ads
(£,b)tM ~——— A that it classifies. Now ¥ :G/TOP————)ILO induces the surgery
obstruction isomorphisms
S, = 0 : n,(G/TOP) ——-vn:,,(ﬂao) = L, (1) ,
so that it is a2 homotopy equivalence by J.H.C.Whitehead's theorem. The right hand
square is thus a homotopy-theoretic pullback, and for any spherical fibration
F:K———-)BSG(k) there is an identification of sets of equivalence classes
%stable topological reductions ?:K —BSTOP of @:K —_— BSG(k)}
= {pairs (V,h) consisting of a map V:’T(F)-—»]Ifk and a homotopy
notogvevo: T(ﬁ)—)ﬁ:k}
for some fixed map \}}:T(ﬁ)———rﬁ,—k representing the canonical EO- orientation
G*ﬁ(\a)eﬁk(w(@);@o) = [T(ﬁ),ﬁfk]. We thus have an equivalence of categories
{stable oriented topological bundles (over finite CW complexes)}
R {stable spherical fibrations with an EO- orientation 1ifting the

canonical iO_ orientation} .
Localizing away from 2 we have the Sullivan [5u2] characterization of stable
topological bundles as KO[%]—oriented spherical fivrations, with

w31 = Bolzl , L0371 = pol3l , £°031= KD .

I should like to thank Graeme Segal and Frank Quinn for discussions pertaining to
the I-theoretic characterization of topological bundles, (It is in fact equivalent
to the Levitt-Morgan~Brumfiel characterization of stable topological bundles as
spherical fibrations with geoemtric Poincaré transversality [LeM],[BM]. Unstably,
the result G(k)/I/‘-O\P;(k) = G/TOP (k2> 3) of Rourke and Sanderson [RS] applies to

show that there is an equivalence of categories
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{oriented topological k-block bundles (over finite CW complexes)}
= {(k—’l)-spherical fibrations with an EL_O-orientation lifting
the canonical io- orientation}
The homotopy equivalence ¢,:G/TOP —— 1, is not an H-map from the H-space
structure on G/TOP defined by the Whitney sum of bundles to the H-space structure
on ]Lo defined by the direct sum of quadratic Poincaré n-ads. The latter is
equivalent to the Quinn disjoint union of surgery problems addition, and also
to the Sullivan characteristic variety addition in G/TOP. The former is expressed
in terms of the latter by (a,b)r———aebe(a®b). Madsen and Milgram [MM] show
that there exists no (2-local) homotopy equivalence B(G/TOP)-——-—)]IL._,1 extending
the above diagram to the right by a commutative square
BSG ———— > B(G/TOP)
| l
8% ——— &, .
Here, Il'u_,l is the 1st term of EO’ the delooping of ]LO defined by the universal
cover of the connected Kan complex I_,(1) of quadratic Poincaré n-ads over Z
such that nn(ll._,l(’l)) = Ln_,](’l) (n21). Localizing at 2 we have
10(1)(2) = iﬁo(K(Z(z)"“i)“ K(Z, 4i42)) § T_o(1) 5y = ﬁ (K(E(a),41+1)*K(z ,4ie3))
Y x Li+

T eem, x5,y

(2) (2)

£ - E(Z(a))"iDo(EqiME(?Zz) x5*143g (7)) gt

K(zZg)) ).

Given an oriented spherical fibration ﬁ:K—rBSG(k) over a finite CW complex X
define
w(B) = HEO(pe B (T(B)iLy)
the image of the canonical fLO- orientation U"U(ﬁw)eH (T(ﬁ @O ) under the map H
appearing in the exact sequence
cor > ENP) s Ly S 15(2(p); B0 —T > H(2(R): BY) —E B )i - e

By the above, @ admits a stable topological reductlon‘G.K——-—)BSTOP if and
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only if t(é) = 0. (We have that t(P) is a torsion element, and that
1, 1 0, bis2 Ll
Lolzl = bsol51 , Eprpy = ;0T K(Z,)x 27 E(Z5y)) .
Localized at 2 t(p) can be expressed as a stable characteristic class
o
1 li=1,e. NP P Livl, ..,
t(P)(Z)é R (K3 Z, ) edm(H (K5 Z2g) —H (K52 5))) «
Away from 2 t(F) is the obstruction to a KO[%]—orientation of,@
1 ~ k] 1
(P51 = KO (1@ ).
. . . . . - TOP
Given an n-dimensional geometric Poincaré complex X let J (X) be the
topological normal map bordism set of X, defined as usual to be the set of
equivalence classes of normal maps (f,b):M—->X in the sense of Browder and Wall,
under the relation
(£,b)~(£',b') if there exists a normal map
((g;£,£"),(c3b,0M)) ¢ (N3M,M}) —— (X xI;Xx0,X x1) .
The surgery obstruction function

5 :trTOF

(X)—— L (n (X)) 5 (£,0)— o, (£,I0)
fits into the Sullivan-Wall surgery exact sequence of sets

L, q(xq (0) —> 8P — 370 L2 1 (n, (0)
In the case ]‘EOP(X) # P (i.e. if the Spivak normal fibration £, :X —> BSG admits
a topological reduction) we shall express 8 in terms of the assembly map
G’*:Hn(x;lo)——‘Ln(n,l(X)).

Let G(k)/TOP(k) denote the homotopy-theoretic fibre of the forgetful map
J:BSTOP(k)——> BSG(k), as usual, and let MS(G(k)/TOP(k)) be the homotopy-theoretic
fibre of the forgetful map of Thom spaces J:MSTOP(k) —> MSG(k) (k3 0).

The canonical topological bundle 7k:G(k)/TOP(k) ———>BSTOP(k) has a canonical
fibre homotopy trivialization hk:Jyk'z Jek:G(k)/TOP(lg)————)BSG(k). The canonical
MSTOP-orientation U(flk)e }'Ik(T(?k) ;MSTOP) is represented by the induced map of
Thom spaces

ulgy) ¢ Ty = 56 (K /T0P(K)) — MSTOR(K) ,

using h, to identify T(‘?k) = 7(e5) = Ek(G(k)/TOP(k))+. The canonical
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MSTOP-orientation U(Ek)é Hk(T(Ek);MSTOP) of the trivial topological bundle

sk:G(k)/TOP(k)—————»BSTOP(k) is represented by the composite

1
U(e®) : () = Zk(G(k)/TOP(k))+ collapee ok(sOy _ gk X  msrop(k) .
The fibre homotopy hk:J?kifJek:G(k)/TOP(k)———4>BSG(k) determines a homotopy
T(h,) : J'U(?k)'l‘JU(Ek) : Zk(G(k)/TOP(k))+-—-)MSG(k) s
and hence a map
[ ¢ (k) /rop(k) — SLXMs(a(k) /T0P(k))

k
such that

I
adjoint U(9,) - adjoint U(e®) 1 alk) /ToP(k) —Es 5MS(G(X) /TOP(k) ) —> 352 FMSTOP(K)
(up to homotopy). The maps Pk (k2 0) fit together to define a map
M= Lipl, : G/TOP = Lig G(k)/TOP(k) > us(e/TOP) = I_,;_L_x’nSZkT‘is(G(k)/TOP(k)) .
K k Kk

Now Q?MS(G/TOP) is the infinite loop space corresponding to the (normal,manifeld)

=15, N, STOP

bordism spectrum with a dimension shift, MS(G/TODP) = T , and so can be

regarded as a Kan complex of (normal,manifold)-pair n-ads. The quadratic signature

of such n~ads defines a map

oo
T 5L MS(G/TOP) ———> 1L,
The map " :G/TOP ————%Q?MS(G/TOP) sends a singular simplex in G/TOP to the mapping

cylinder of the normal map of manifold n-ads that it classifies. The composite

i o9
v, : G/ToP — S Hs(a/T0P) — 85 I,

is the homotopy equivalence defined previously.

Iet X be an n-dimensional geometric Poincaré complex, and let

k

(43X ———>BSG(K) , £, 1877 —— T0W))

be a Spivak normal structure., The composite

. otk ﬂx 4
SRR ———-——-»T(JJX) —> XA T(IJX)

is an S-duality map between X _ and T(L&), so that for any spectrum

R = ng,ERk———+Rk+1} there are defined isomorphisms
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R .
. U . T J ~ . R .
oy H (T(vX) iR) = L:;']:m (z T(‘)x)’Rj“]_,'—_’Hmk-*(X’g) = L:S.m “n+j+k—*(x+’\Rj) H
. . e . ag.
e n+j+k X 3 J -
{gj.z T(IJX)——+Rj+*}b—~—>§S — X ATTEy) ——I5 X AR LY

A t i 22 LY/l
ny two Spivak normal structures on X ( X,/OX), ()Jx,px) are related by a stable

fibre homotopy equivalence c:/)X~—>u)'{ over 1:X —»X such that

S
= 1 1 3 1
T(C)‘(PX) = ernn+k,('l‘(p5()), and any two such fibre homotopy equivalences are
related by a stable fibre homotopy. The Browder~Novikov traunsversality
construction of normal maps identifies

TTOP(X) = the set of equivalence classes of topological normal structures

oy . ont+k
(Vy3X ———> BSTOP(k) , py 3§

0.
j’T P

—— 2l .
Thus if (X) # P and Xy = ((fo,bo):Mo——-*X)eifTOP(X) is the normal map bordism
class associated to some topological normal structure (¥

!DO:S

TTOP(X) X the set of equivalence classes of stable topological reductions

ot X ———BSTOP(kp) ,

n+k, —-——»T(z)o)) we have the usual bijections (depending on xo)

~

VX ——> BSTOP of Ju iX ——> BsG(k,) ,

and

%o * S,TOP

with ()X —3 BSTOP(k,),p,:S
TOP(

(x) -~ [X,G/TOP] ; ((£4,00) 1M —>X)b——> (2, =2,¢)

n+ky —_ T(z},l)) a topological normal siructure

.tk _Po N -
X). Let %5350 > T(po) ,X+M(uo) be the

S=duality map determined by (UO,PO). The image of the canonical MSTOP-orientation

associated to (f,],b,‘)CT

U(po)eﬁk(T(Do);MSTOP) under the S-duality isomorphism

X, ~ STOP
O 2 H (T(2)) ;MS8TOP) ———H (X;MSTOP) =517
. TOP
is the MSTOP-orientation [X1g = (My,f)eRSTOR(X) of X determined by (£0,50)€T"  (X).

For any MSTOP-module spectrum R = {'RJ,,ER.——)R.

. i i
; ja1? .MSTOP(J)ARk—+Rj+k} there is

defined an R-coefficient Thom isomorphism
k
~0U,) + BOXR) ——>  O(T(w)iR)
0 = Oo . U(I)O)/\g‘. ®
.d b > J ,
le; 2K —> R }r—s {slr(v) (L IAZIX, MSTOP(k)AR ~——>Rj+kO} )

so that the composite
0 U(;)O)-J'- .ko O(O
[Xlgn - : B (YR ——— | (T(uo);g)—l-—»Hn(X;g)
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is an R~coefficient Poincaré duality isomorphism. (This point of view derives from
G.W.Whitehead's treatment of orientability with respect to extraordinary
(co)homology theories, and from Atiyah's reformulation of Thom's smooth cobordism

theory in terms of MSO-orientations). In particular, MSTOP and MS(G/TOP) are

MSTOP-module spectra. Let € :G/TOP—r QPMsTOP = _gnﬂkMSTOP(k) be the map which
restricts to the adjoints (G(lr)/TOP(k)) —»S)k'MSTOP(k) of the canonical
MSTOP=-orientations U(?k):z (G(k)/TOP(k))+———* MSTOP(k), so that
r £ —f’
# -1 : G/TOP —> S2 M3(G/T0P) —> SIMSTOP
Given a topological bundle 3:X ——>BSTOP(j) and a fibre homotopy trivialization

h Jr]-s‘]’X———) BSG(j) there is defined a topological normal structure

n+k, szo 3 3 T(he’l)
(9) =Qevyix —> BSTOP(k,) 0,18 ———>T1(»y) = T(e’ex) > T(2))
where k,1 = j+k0. The image of the classifying map (Y].h):X-——*G/TOP under the
TOP

bijection x s [X, G/‘I‘OP]-——}j' (X) is the bordism class of the normal map

(i‘ ) M, —> X associated to ()) P,] . The composite

Fy - -V U(vo kg
[X,6/TOF] ——>[X,,'2 MSTOP] = H (X MSTOP) —_—— 7 5h (T(D ) ; MSTOP)

(=[%,,&/TOF]) sl T(he)* |k,
~ b (T(e‘]eu) iMSTOP) ™ H (T(U) MSTOP)

k
sends (r{,h)e {X,G/TOP] to the canonical MSTOP-orientation U(7)1)€ fi (T(v,l);MSTOP).

The composite
Xy T(nel)*™ " .k, .
a, = it (T(v ) $MSTOP) —x it (T(sJeuo);MSTop)
29k >
0 0
—_— 3 H (T(:DO) ;MSTOP) 2, Hn(X;MSTOP)
is the S~duality isomorphism determined by (2)1,p1). The composite
o % 0 (X3 n-
[X,G/TOP] —> [X,t MS(G/TOP)] = H (X;MsS(G/TOP)) ——L-»Hn(x;Ms(GgTop))
2350

N,STOP

sends (rl,h)e[X,G/TOP] to (WyU, =W, M, 0 =M )eST 7

X 0!
cylinder of fi:Mi———->X (i = 0,1). Let O’*[X]OGHn(X;EO) be the Eo-orientation of X

(X), where W, is the mapping

determined by [one Hn(X;MSTOP), so that there is defined a commutative diagram
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[X,G/TOP] L, [x, " MS(G/TOP) ] MS(G/TOP) )————>H (X;M3(G/TOP))

N,STOP
q, |2 l @ =Roaa ™
O,

I X0 -

1
~J .
[X,I] > B (X5L) .

Furthermore, there is defined a commutative diagram

Sty 00— Q170

4Lk

LA
H (XL0) ——— L (x, (x)) ,
and

N,P
w My wo,M1u—Mo) = (w,, ,M,lu-X) - (wO,MOu-x)eQn+1(x) .

Thus the surgery obstruction 8(f;,b,) = 04(H Mu-K) €L (x (X)) of (£4,b,)€T O (X)
is given by

8(£q,0,) = T, (W0 M =Mg) + Ty (W5, M0-X)

Vx o
= T (x,) + e(fo,bo)eLn(n,l(X)) ’

where U',(x1)€L (x,(X)) is the image of (f1,b ) under the composite

F*[X] p- o
’J’Top(x) _—, [X,G/T0F)] .__in__,n 6631 —‘—an(n1(x)) .
We now define the total surgery obstruction s(X) ESn(X) of an n=~dimensional

k

geometric Poincaré complex X, as follows., Let (Jk:X—*BSG(k),pX:Sm' ———rT(JI »

n+k IDX

be a Spivak normal structure of X, and let oG:S T(u )——>X /\T(v ) be the

corresponding S-duality map. Consider the commutative diagram
(X ~
. X
B (289 —=— B (GE) Lm, (X))

doL sl

(T s B — 5B (T —— s Ty (2, ()

k+1

The canonical ILO-or:Lentat:Lon Vv = U*U(v e Hk(T(uX) )1s such that

* k41

i) H(V) = t(D YeH (T(A)X);Eo) is the obstruction to a stable topological

reduction of ‘)X

ii) G*c(x({f) = 0%(X) = Jr*(X)e in(n,l(x)) is the hyperquadratic signature of X,

with T*(X) € 1%(x, (X)) the symmetric signature of X.
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~
Thus T, (@, B(V)) = HIO*(X) = 0€L, _,(x,(X)), and working on the L,(m, (X)) -space
level we can use the E[ﬂ:1(X)]-coefficient Poincaré duality on the chain level to
obtain an explicit null-homotopy of a simplex representing V,(GXH(\?))G L, 4 (n,](X)),

and hence an element s(X)¢& nn(o":X+/\_I_1._0——>gO(n1(X))§) =3n(X). The image of

k+1

s(X) in H _,(X;Ly) is the S-dual of t(vx)efi (T(23) ;L) If t(%) = O choose a

3Jl‘OP

stable topological reduction »,:X —> BSTOP of » (X) be the

v let xg = (fo,bo)e

corresponding normal map, and let [X]O = O(X(G‘*U(vo))€ Hn(X;EO) denote the

Eo-orientation of X determined by the canonical Eo-orientation of 2

(v e Hk(T(vX) ;EO). By the above, the surgery obstruction function is given by

8 :,J,TOP(X)——-)LH(K,](X)) ; x,]':———>G'*(x,]) + e(xo) .

where 0,(x;) is the evaluation of the composite

x v [XJ 0=
3TOPx) =25 £x,6/108) 25, (%, 1) = BOX; 1) —-—'ZO———>Hn(X;1_L_O)—O—"‘—>Ln(n1(X)) .
The composite 'J'TOP(X) —e—‘an(n,l (X))—-»/SH(X) sends every element xqejTOP(X) to

s(X)exn(X), and the inverse image of s(X) in Ln(n:,\(X)) is precisely the coset of

the subgroup im(o":Hn(X;EO)~——)Ln(n1 (X))) consisting of the surgery obstructions

e(x,l)eLn(n1 (X)) of all the elements x,‘E’)’TOP(X). The surgery exact sequence has

been extended to the right

L g (g (0) — 570 "0 Lo r Gy (0)— 3 (0 —— B (GE) — e

70P
with s(X) = 0€§ (X) if and only if there exists a normal map x; = (f;,b)€T  (

n=-1
X

with surgery obstruction e(f'l’b’i) = OéLn(n:q(X)), i.e, if and only if X is simple
homotopy equivalent to a closed topological manifold,

This completes the sketch of the proof of Theorem 1.
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In order to identify &TOP(X) =8n+1 (X) for an n-dimensional manifold X
note that an element xe&l” (X) is defined by a peir (y,z) consisting of a normal
map bordism class yéHn(X;Eo) =3TOP(x) such that v (y) = o(y) = 0€L (x (X)),
together with a particular solution z of the associated surgery problem, Such a
pair (y,z) is essentially the same as a homotopy triangulation (f:M-——)X)e&Top(X).
The function 5n+1(x)—>&TOP(X) ; x = (y,2)——> (f:M—>X) is an inverse for
the total surgery obstruction function s:&TOP(X)—->gn+1 {x).

The identification of the structure sets &gop(xmk,a(xmk)) (k>0)
for an n-dimensional manifold with boundary (X,0X) with a sequence of universally

defined abelian groupsxg (X) is implicit in Quinn's identification ([Q21)

n+k+1
of the surgery obstruction function
o :‘)’aTOP(XxAk,a(chk)) = [xxd, 200" 56/T0P, ¥ —— 1L (n, (0)

with the restrictions of universally defined abelian group morphisms

A H (X)) —— L (e, (X))

(X;é§)r——+ Hn+k(x;§)). See the forthcoming Princeton Ph.D, thesis of

n+k
to im(H

n+k
Andrew Nicas for induction theorems for the structure sets which exploit this
group structure. (I am indebted to Larry Siebenmann for the following description
of the assembly map A, Given a finite CW complex X let W be the closed regular
neighbourhood of X for some embedding X ©S? (q» dimX). Then (W,0W) is a franmed
g-dimensional manifold with boundary, enjoying universal Poincaré duality,
et é_&: %t-k =525(._k_1 |kEEZk be the connectiveSl-spectrum with kth space 0—6-}{ the
Kan complex of normal meps of menifold n~ads such that nn_'_k(ee_k) = Ln(’l) (n,n+k3 0)
i.e. Quinn's surgery spectrum, with £'O ELO(’])XG/TOP {@1]. Define

At E (X)) = B (Wg) = BITNW,0W58) = [0, 3 ] —> Ly (g (X))
by sending a simplicial map (W ,8W)——-—>(s€.n_q,*) to the surgery obstruction
G,(f,b)eLn(n,l(X)) of the n-dimensional normel mep (f,b):M—>N obtained by
glueing together (Massembling') the normal maps classified by the composites
Aqﬁ—-aw—bﬁn_q, which comes equipped with a reference map N——W =X,

The guadratic signature map O, :é ——»go(ﬂ is a homotopy equivalence, and

Tyt B(GLY) = H (0GR ——H OGE(1D) = B (G4 —R— T (x, (X)) ).
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Any simple homotopy invariant of an n-dimensional geometric Poincare
complex X which vanishes if X has the simple homotopy type of a manifold can now
be expressed in terms of the total surgery obstruction s(Xkégn(X). We bave already
dealt with the obstruction to a topological reduction of the Spivak normal fibration,
the image of s(X) in Hn_1(X;;EO). Examples of geometric Poincaré complexes without
topological reduction were first obtained by Gitler and Stasheff [GS], and Wall -
of course, at the time it was only clear there was no PL reduction, but the
subsequent computation TOPVPiﬂrK(Zb,B) implied that there was also no topological
reduction., (The Hambleton-Milgram [HM] geometric Poincaré splitting obstruction
for a double cover of a 2m-dimensional geometric Poincaré complex X (which need
not be oriented) is a part of the topological reducibility obstruction, being the
image of s(X)Qme(Xw) under the composite

B, ) —— B G -Pemy (BR, L) — oL, (Z3) = Z,
where w refers to homology and L~theory with orientation-twisted coefficients,

p:X -———+B22 is the classifying map of the covering, and ¢ is the codimension 1
Arf invariant). The symmetric signature 0*(X)€ Ln(n1(X)) is a simple homotopy
invariant of X such that d*(X)E.coker(d*:Hn(X;EEO)————»Ln(n1(X))) vanishes if X
has the simple homotopy type of & manifold. We shall express this invariant in
terms of s(X) in Theorem 2 below. For example, if n = 2m and x1(X)-———* T

is a morphism to a finite group m, the image of this invariant in

coker( *:Hn(K(n,1);;EO)————>Ln(n))6§Z[%] is the corresponding multisignature of X
reduced modulo the multisignatures of closed manifolds, i.e., those with equal
components (cf, p.175 of Wall [W1]). The L4-dimensional geometric Poincaré complexes
X of Wall [W2] such that m,(X) = zp . o (X) # pd*(X)(:Ll*m) = Z are thus detected
by this invariant. (There is no problem in defining the total surgery obstruction
s(X)egh(X) for n{4, or in showing that s(X) = O if X has the simple homotopy

type of a manifold, However, the usual difficulties with low-dimensional geometric

surgery prevent us from deducing the converse).
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The construction of the assembly map 0;:X+AILO————+E£O(E1(X))§ generalizes
to a natural transformation of commutative braids of fibration sequences of spectra
@ X AL ——> L, (X))
(for any space X), from

IN(1+T)

to
14T
‘/\o o
Eo(n1(X))\§ /_15'(1:1(;()) K(L %, (X))
747 J /
L, (X)) : Uy (00 g £, ()

Nk
/
N
VA

2 K (%, (0)) i

~_ 7 S~z "

The relative homotopy groups of all the maps appearing in O’:X#\E —-——->E(n1 (x))

define a commutative braid of exact sequences of abelian groups
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A(x): /Sn(x)§ A%
b 4
//////;' { ’ g
B (1:1°01)) \gn(x)/ \/3 ()
ot § n-1

\_/W

and there are defined a commutative diagram with exact rows and columns

- . .
. . .
. .

o L

A * A b
oo 1 GED T 27 (e, (0) —— R0 ——r (20— L

H H HL H
v v, v

oo H (L) — 2 L (r, (X)) ——> K () ——>H__,

14T 14T 1+Tl 14T

* v \ 7
e — B (GEY) — L 12, (X)) ———— £ ——— K

ql J) J J
20, &% ¥ 2n )
oo (GE)) T B (1)) ——— AR ———H

l \

<

<
&
<

1%, 8 (g o, 4*x)
and the corresponding diagram with ﬁo A in place of A0 3,
L7, A (X g L7, 5*(X)
If X is an n-dimensional geometric Poincaré complex the image of the total
surgery obstruction s(X)Q&n(X) in Hn_,I(X;EO) is the image under H of the

. ~0 . . o] ~0
canonical IL - orientation [X]€& Hn(X;E e

A J
(X']L )————) soe
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For any space X there is defined a commutative exact braid

H (X3 Ly) o L () L)
5 (5% A0
£21(x0) 1 (x;1°(1)) \ H_ GRS,

giving rise to the exact sequence
coe —H OGES) ——> 1P (r, (X)) 0B (X519(1)) ——— 32(X) g — B _ (GE)— e &
Theorem 2 Let X be an n-dimensional geometric Poincaré complex, with total
surgery obstruction s(X)egn(X).
i) The symmetrization (’l+T)s(X)§€ln(X)§ is the image of
(symmetric signature O*(X),fundamental class [X])€Ln(n1(X))eHn(X;Lo(1)) '
so that (‘I+T)5(X)§ = O if and only if X has &n Eo-orientation [X]€Hn(X;EO) which
assembles to O*([X]) =9U*(X)¢C Ln(ﬂ:1 (x)).
ii) The imsge of (‘I+T)s(X)§egu(X)§ in Hn—1(X;EO§) is the obstruction to an
EO- orientation of X, or eguivalently of the Spivak normal fibration VX:X———-)BSG.
iii) The symmetrization (1+T}s(x)e)3n(x) is the image of tr*(x)eLn(n,l(x)), so that
(1+7)s(X) = 0 if and only if U*(X)E im(G’*:Hn(X;EO)*—*Ln(nq(X))).
[3
It should be noted that the symmetrization maps
14T Xn(x) -———»/Q'Sn(x)§
are isomorphisms modulo 8~-torsion (for any space X), since the hyperquadratic
L-groups i*(‘n:,] (X)) are of exponent 8, and hence so are n,(io§) = i*(1),2‘(X)§.
PThus if X is an n~dimensional geometric Poincaré complex s(X) [%] =0 G/Xn(X) [-;-]
if and only if X has a KO[%J-orientation [X]eKOn(X)[—;{I which assembles to the
symmetric signature away from 2 0*[X] = &*(X) [-%] €Ln(n1 (X))[%]. Here, we can
identify the assembly map d*:Hn(X;E,_O) ———-—an(n1(x)) localized away from 2
with the composite KOn(X)[%]——?KOn(K(n,l(X),1))[%]—+11't—»1:n(n1(x))[%] = Ln(n,l(x))[%],

[¢]
where 11.1: is as defined on p.265 of Wall [W1l, and & {-;-] = E[%] as before,
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An n~dimensional geometric Poincaré complex X carries an equivalence
class of triples (U"(X),[}?],j) consisting of a map G‘(X):ﬁn——>_§o(n1(x))
representing the symmetric signature 0*(X)< [§_n,Eo(ﬂ:,}(X))] = Ln(n,](X)), a map
[,}Z] :_S_n——> X+A io representing the canonical @O_ orientation
['i]e [§n,X+A@O] = Hn(X;io), and a homotopy

3t g 0= ¢ 5t —— L, () .

Fixing one such triple (O"(X),[)?],j) we can express the original two-stage
obstruction theory for X to be simple homotopy equivalent to a manifold entirely
in terms of the algebraic IL-spectra: /STOP(X) # H if and orly if

i) [i]e im(J:Hn(X;Eo)-——» Hn(X;io)), in which case a choice of map
[x1:58" —» X AL and homotopy g:JI[X]= [X7:5" —> X A L0 together with j
determine an element 6([X],g) € Ln(n,I (X)) with images s(X)(-IXn(X),
v *([X]) -o*(X) € Ln, (X))

ii) there exists a pair ([X],g) such that 8([X],g) = O.

(In geometric terms ([X],g) corresponds to a topological reduction BX:X—> BSTOP
of the Spivaek normel fibration IJX:X-——> BSG, and if (£,0):M——> X is the
associated normal map then 8{([X],g) = 6(f,b)EL (uq(X)) is the surgery obstruction,
and [X] = f,(M]€H (X ):1.s the image of the canonical IL ~orientation

(M eH (ML ©) of the manifold M, so that T*([X]) = T*(M)€ L (n (X)),

The invariant (‘I+T)s(X)§€/Sn(X)§ is the primary obstruction of a distinct
two-stage theory: %TOP(X) £ P if and only if

i)' there exists an _I_[JO" orientation [X]éHn(X;_]L_O) such that
*([X]) = I*(X)€ L n 4(X)), in which case a choice of representative map
[x3: S — X, /\ILO and of a homotopy h: d“(X)”d‘[X] S —> 1L (1:1KX)) together
with j determine an element 8{[X],h) € /Sn+‘l (X)§ with images s(X)eg x),

J[x] - [X]e Hn(x;g §)
ii)' there exists a pair ([X],h) such that 8({X] h)§ = 0,

e X+

(In the previous theory the primary obstruction t(Vy)eH (2(oy) s By = Hn—’l(X;EO)

is a torsion element, with the 2-primary torsion of exponent 8. In this theory
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the secondary obstruction 8([X] ’h)§€gn+1 (X)§ is 2~primary torsion of exponent 8).
Combining the two approaches we have that ATOP(X) # B if and only if there exists
a quadruple ([X],g,h,i) consisting of a map (X] :§n————) X+/\Eo, homotopies
g:J(X]:’[ﬁ] :§n————»X+/\io, h:O*(X) ~0*([X] :_§n—->£:0(n,|(x)), and a homotopy
of homotopies i : (§*g)(Jn) =3 : Jo*(X) ~G*[X] : _S_n-—————>fl_o(n,](x)).
An n-dimensional manifold X carries an equivalence class of such guadruples
([XD,g,h,4), with [X]€H_(X;5°) the canonical LO-orientation, J[X] = [X]€H (x;87)
the canonical io- orientation, and G*([X]) = 0*(X)€ Ln(rr,,l(X)) the symmetric
signature. Conversely, an n~dimensional geometric Poincaré complex X is simple
homotopy equivalent to a manifold if and only if it admits such a quadruple
([X],g,h,i). (In geometric terms ([X],g) corresponds to a particular topological
reduction of the Spivak normal fibration I)X, and (h,i) to a particular solution
of the associated surgery problem). We can thus identify:

ATOP(X) = the set of equivalence classes of quadruples ([X],g,h,i) ,
and if XTOP(X) # 8 (i.e. if 8(X) = oegn(x)) then choosing one manifold structure

ATOP(%) we have the bijection of Corollary 2 to Theorem 1

on X as a base point of
8 :XTOP(X)-——-»XIH.,‘(X) ; (£:M—X) ——s(f) .
This defines an equivalence of categories
)lcompact n~dimensional topological manifolds,
homotopy classes of homeomorphisms}
k{n-dimensional geometric Poincare complexes with extra structure ((x1,g,h,1),
homotopy classes of simple homotopy equivalences preserving
the extra structurek .

By the above, an n~dimensional geometric Poinearé complex X is simple
homotopy equivalent to a closed topological manifold if and only if there exists
an element [X]€ Hn(x;go) such that

i) 9[x] = [)?]GHn(X;iO) is the canonical iao-orientation of X, in which case
[X]e Hn(X;EO) is an Eo-orientation (since no(go) = no(io) = LO(’I))

ii) o*([¥X1) =0"(X)€Ln(-u,‘(X)) is the symmetric signature of X
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iii) the relations i) and ii) are compatible on the L-space level, i.e. can
be realized by a quadruple ([X],g,h,i).
In certain cases we can ensure that condition iii) is redundant:
Theorem 3 Let X be an n-dimensional geometric Poincaré complex such that the
hyperquadratic signature map 3*:Hn+1(X;io)——>in+1 (7\:1(}{)) is onto, Then X is
simple homotopy equivalent to a closed topological manifold if and only if there
exists an Eo-orientation [XJe Hn(X;EO) such that J(X] = [f(] eHn(X;iO) and
0*([X]) = 0*(x) € L(n, (X)),
Proof: Given such an Eo-orientation (X] there are defined homotopies

0

g:J[X]’:’[f{] :§n———§ X#\_@ , hio*(X)=0*([X]) :§_n ———)_]_I_,O(n:,](X)). These determine

in+1

an elementa’([X],g,h)e (n,] (X)), the obstruction to the existence of a homotopy

of homotopies i : (&*g)(Jh)'zj : JO'*(X)'-‘:G’*[}E] :§n —_— @O(T:,I(X)). Now
A
Ho*({X],g,h) = o{[X],g) = O(f,b)fiLn(n,](X)) is the surgery obstruction of the

normal map (f,b):M———>X associated to the topological reduction of 2 determined

X
by ([X3,8). By assumptiond ((X1,g,m)¢ im@=:H_, (GE®) — 2w, (0))), so that

e(f,ble im(U’,:Hn(X;_]}go)-——:’Ln(nzq(X))) and there exists a topological reduction
with O surgery obstruction,

0
In particular, suppose that n is a group such that K(w,1) is an n~dimensional

geometric Poincaré complex for which G":Hn(K(n,’l);Eno)—-—-" 1%(n) is an

isomorphism and 9‘:Hn+1(1{(n,1);@0)——-) il (r) is onto, Then K(ux,1) is simple

homotopy equivalent to & closed topological manifold if and only if the composite
-1
0“ A
1 (n) —> Hn(K(n,’l ) ;Eo)_—q—)Hn(K(n,’l) ;EO) sends the symmetric signature

0

A el A
a*(K(n,1)) € L®(x) to the canonical L -orientation [K(x,1)] €Hn(K(n,’l);Eo).

(The hypothesis of Theorem 3 is not satisfied in general: the infinitely generated

oo
C 1 H =
subgroup Z, & Un114k+2(1 3%, 2Z2) coker( L4k+2( ) @Lbfk+2( %2) _ L4k+2( Z* ZZZ) )

constructed by Cappell [C] can be used to detect an infinitely generated subgroup
ZoC coker (F*:H
oG coker(g*:ly, o

the hyperquadratic signature map &‘:Qﬂ(K)——’vin(n,l(K)) is not onto in general).

(K(%*ZZ,1);iO)—-——)iuk‘ﬁ(%*zz)). This zlso shows that



307

For any space K there is defined a natural transformation of exact

sequences
N N,P P L SN
LR Y "—)Sln_'_,l(K)“—_}Qn;;l(K) > QH(K) 'Qn(K)———» s
. l s, :
v,
coo——H (KL)) —— L (x,(K)) > £ (K B (KGED—> ..o

R N, P
with 07, :ﬂn;1(K)—»Ln(n1(K)) the quadratic signature map and

N
n+1

A
el o =1 @ T (680 —on (1)

s 1 QEEM—8 (0 5 (£ —> ) —— £,500) .
In particular, the quadratic signature ¢, (f,b) = 9 (W,MuU-X) ELn(n:,](X)) of a normal
map of n-dimensional geometric Poincaré complexes

(£,0) = (Myu,p) —— (X,45,00)
has image

[0,(£,0)] = £,s() - s(Ved (0,
where W is the mapping cylinder of f, (W,Mu-X)Eﬂljx_:,‘P(X).

For any space K define a morphism of abelian groups

L (n, (K) — Q5(K) 5 x —— (£:X — X)
as follows. let Y be an (n=1)-dimensional manifold (possibly with boundary)
equipped with a map Y ——— X inducing an isomorphism 7:1('!) = 1:1(1().
By Wall's realization theorem every element xeLn(Tt1(K)) is the surgery obstruction
x = & ,(F,B) of a normal map of manifold triads

(F,B) ¢ (25Y¥,Y') ———— (Y x ;Y% 0,T x 1)
such that F| =1 ¢ Y———>Yx0and F| = h : Y'——> ¥ x1 is a simple homotopy
equivalence. Define X = Z/Y iY' to be the n-dimensional geometric Poincaré complex
obtained from Z by glueing Y to ¥' by h, let g:X——>Y¥S1 be the degree 1 map
obtained from F, and define f:X——>K to be the composite

£ o X——g—-nys1 progect:.onA,Y >K .

Now g is covered by a bundle map of topological reductions of the Spivak normal

1
fibrations such that the quadratic signature <4(g,e) € Ln(n,](Yx §')) of the
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corresponding normal map of geometric Poincaré complexes
(gye) : (x,))x,]ox)————»(ns Wy x gt Py x s1)
has image
T (g,e) = xeLn(n,l(K)) .
By the above
[0 (g,0)] = ges(X) - s(zxs)ef (xxsh) ,
and s(Ix8') = O, so that
[x] = £,8(0€5 (K) .
{(Incidentally, the image [x]égn(Y) is the obstruction to deforming the simple
homotopy equivalence h:¥'——Y to a homeomorphism, [x] = s(h) G{gn(Y),
c¢f. Corollary 1 to Theorem 1 above). The composite
L (n, () —— QLK) —E2 8 (1)

is thus the canonical map Ln(n,l(K))——)gn(K).

EREEEEER

’
We have the following extension of the Levitt-Jones-Quinn geometric Poincare
surgery exact sequence [ILe],[J1],[Q3]

o= () —— 1 (7, () ——> QRO —— QT —> ...

n+1
Theorem 4 For any space K there is defined e commutative braid of exact sequences

of abelian groups

/\ N(x)/_\ (g (R0)

"”\ \/\ 7
/

ﬁ (x)

o) \v“ (K){’ \(K)/\

Ho* N AT N —7

P
H__,(5:8)

[]

For example, .QP( Tn)

1 (100§ (1), 8 (2™ = 1y(D)

n
(since T :H,(T%;1L;) = i%,l(lil)x,im)c_) Ly(r, (1) = i@o(ril)Lim)).
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From the point of view of geometric Poincaré surgery theory there are

defined equivalences of categories

}stable oriented topological bundles {over finite CW complexes)}

~ Slstable spherical fibrations with an le-orientation 1lifting the canonical

@N—orientation t,

{compact oriented n-dimensional topoclogical manifolds}
s ; n-dimensional geometric Poincaré complexes X with an @P-orientation
[X] € E_(X;9°) which assembles to o*([X]) = (1: x—»x)eQP(x)}
ok oWk
Product with the symmetric signature G*(G!PE)€LL+('I) (=1€Z) of the complex

projective plane (EP2 defines the periodicity isomorphisms in the quadratic L-groups

7H(@F)8 - t L (1) ——L_,(x) (n30)
for any group m. For any space K there is defined a commutative braid of exact

sequences of abelian groups
o

TS P /'_\"8
H +1(K;Lo(1))en (X;L,(1)) H (K;3L) L (n,(X)) s Q(K)

\ / \*‘T“@/ \ (@

K
}1( &(“mp Yo }A(K i) 3,00
L, 4(ngCK)) /Sn+5(x) B (K01 e, (X31,(1)) ,
——— SNe—— T
involving the products d*((I:Pa)%-:EL(’QO——)]LO and the homotopy~theoretic analysis

g, (1) .

il ﬂ
0[2] = bso[ ] v Lopy = z K(L (1)(2))xz
The maps Hn+4(K;EO)HHn(K;LO“))°Hn+2(K;L2(1)) have odd torsion cokernel,
symme tric
(More generally, we have that the signature of a product is given by
quadratic
o* (M XN = o*(M) @ * () € L™ (n, (Mx 1))
« Product with the
7o (1%(£,0) 1M" X NP ——=M xX) = I+ (M@0, (£,0) €L (n, (MxX))
canonical Eo-orientation M eHm(M;E,O) of an m~dimensional manifold M defines a map

M]® ~: X (X)———»g (MKX) (for any space X) compatible with the product map
(I")Q-.L (1! (X))-—>L (1: (Mxx)) (o*(M) =o*([(M])e Lm(n,‘(M))). If X is an

n~dimensional geometric Poincaré complex s(MxX) = [Iﬂ@s(x)e&m (MxX). The maps
appearing above are ()‘*(CCPE)@-:gn(K) [(EP 83 ‘S (CCPZX X) Projey 5 (K))
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Theorem 5 i) If X is a connected n~dimensional geometric Poincaré complex there
are defined periodicity isomorphisms

*(CPA)® - :8n+k(x)-——>o°n+k+,+(x) (kz2)

and an exact sequence

2 * -
d*(cP )®'X o (CPP)® X

o—4 (%) (X) —> Ly(1)—>F_(0) ety GO ——> 00t s

n+5
ii) If (X,Y) is an n-dimensional geometric Poincaré pair with X connected and
Y non=-empty there are defined periodicity isomorphisms

vePip- 1 40—

and an exact seguence

+k+4(){) (k21)

2
oﬁjn(x)w_) £ O —> B (G1(1)

T (CPP)® - g

———-—)Xn_,l (X) n+3(x)_ﬁooo .
L3
In particular, if (X,Y) is an n-dimensional manifold with boundary we have

the structure set 4-periodicity of Appendix C of Essay V of Kirby and Siebenmann [KS]

(which is due to Siebenmann)
X;OP(xwk,a(xmk)) = Xgop(xwk“z*,a(xmk*q)) (=4

for k31, and if X is connected and ¥ is non-empty also for k = 0. In the closed

n+k+1(x)) (n>5)

case fTOP(X) # ngP(XXA?,a(Xxéﬁ)) in general, contradicting Siebenmann's claim
for periodicity in this case also. (This discrepancy was pointed out to me by
Andrew Nicas). For example,

L, (1) if k72

(8N = (ny2)

if k = 0,1
so that
8§°P<snxa‘*,a<snm‘*>> -4

On the other hand,

oP
(5% = 1,(0 £ &M =4 (M = 0 (5.

n+5

) if k21
8 (T = (az 1)
n+ Ly(1) if k=0
so that
TOP

5 (T™xeE, AT ) = -SgOP(Tnx A ekt -

g;+k+1(Tn) =0 (k»0,n25).
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In conclusion, we note that it is also possible to define guadratic /g-groups

%g(X) finite free Lil(n)
appropriate to homotopy types and the L=-groups
XE(X) infinite projective 18 (x)
which fit into a commutative braid of exact sequences of abelian groups
Ty
//”’——~‘\\$
871 (2,5 K (2, (01)) 20 (G P, (X))
12, (X)) 8P<x> INCHED
%,
B (XD,) Z2(x, (1)) Bz, % (zin, (01 82 (0

involving the Tate Ez-cohomology groups of the duality inveolution [Pl+—> [P*]
~
(p* = HomA(P,A), A= ZIu1(X)]) on the reduced projective class group KO(Z[nq(X)]).
There is a similar braid relating £2(X) and £5(x) = §,(X), involving the auality
involution T(f:P —» Q) +——>T{£*:Q* —> P*) on the Whitehead group Wh(nq(x)).
The free symmetric I~groups Lg(n) are related to the projective symmetric
I~groups L‘(n) by an exact sequence
~ i o~
——>Hn“(z sKo(ZLn)) — Lptn) — L0 (n) ——> 825K (&n1))
2350 P 2350
—_—r Lg-q(ﬂ') —> s
(which actually comnects with the quadratic L-group sequence for Lf(n),Lg(n)
on setting LM(w) = Ln+l+k(n) (ng =3, n+kk 3 0), see [R2]) and similarly for
L;(n) = 1*(n), Li(n), Wh{x). Thus it is also possible to define symmetric g-groups
£ (%) 469
h
with properties analogous to those of £%(X) = A*(x), .
450 A
The hyperquadratic I~groups are such that

L*(n)

1]

”~ A n
* - * = *
Lp(n) = Lh(n:) = Ls(n)
and accordingly we define
JS*(X)

Similarly for X* (X)§ , 5 (1) ge

fex) .

It
L

N
42 (x)

A
Xﬁ(x)
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Theorem 1(h) A finite n-dimensional geometric Poincaré complex X determines an
element sUQ&Si(X) such that s(X) = 0 if and only if X is homotopy equivalent to
a closed topological manifold. The image of s(X) in L (X3Eo) is the obstruction
to a topological reduction of the Spivak normal fibration ))X:X — BSG.

The symmetrization (‘1+T)s(X)€§E(X) is the image of the symmetric signature
V*‘(X)eLﬁ(n,‘(X)). The image of s(X) in I?{n(ZZ;Wh(n,l(X))) is the class of the

O P

Whitehead torsion 'C(X)QWh(n:,l (X)) of the chain equivalence [X]N =-:C(X) ——-#C(S{v).
[3
Furthermore, if X is an n-dimensional manifold then gﬁﬂ (X) can be identified with

the set of concordance classes of topological h~triangulations of X, i.e. pairs
(n-dimensional menifold M, homotopy equivalence f:M—>X)

with (M,f) ~(M',f!) if there exist an h-cobordism (W;M,M!) and 2 homotopy equivalence

(g3f,£') ¢+ (W;M,M') ——— (X X I;X x0,Xx1) .
Theorem 1(p) A finitely dominated n-dimensional geometric Poincaré complex X
determines an element s(X)Q%i(X) such that s(X) = O if and only if X’ts’l is
homotopy equivalent to a closed topological manifold, The image of s(X) in
Hn_,](X;EO) is the obstruction to a topological reduction of the Spivak normal
fibration ))X:X——&BSG. The symmetrization (‘I+T)s(X)€8;(X) is the image of the
symmetric signature 9*(X)& L;(n,](X)). The image of s(X) in ﬁn(za;ffo(Z[n,‘(X)]))
is the class of the Wall finiteness obstruction [C(X)] 6%(%[1’:1(}()]).

{]

Theorem 1{p) is the special case of Theorem 1{(h) obtained by first noting that
Xx S’l has the homotopy type of a finite complex and then applying the algebraic
aplitting theorem LIIL_.](EXZZ) = LE_._,I(n)eLE(n) ([R1]) to identify

s(xxs") = (0,8l (xxsT) = 48 (08200 .
(The definitive version of the non=-compact manifold surgery theories of Taylor [Ta]
and Maumary [Ma] should interpret s(X)égﬁ(X) as the total obstruction to X being

homotopy equivalent to & topological manifold allowed a certain degree of

non-compactness, such as an end).
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The invariant s(X)egi(X) may be of interest in the classification of free
actions of finite groups on spheres, the "topological spherical space form problem"
(cf. Swan [Sw], Thomas and Wall [ThW], Madsen,Thomas and Wall [MIW]) since its
definition does not presuppose a vanishing of the finiteness obstruction., If n is a
finite group with cohomology of period dividing n+1, to every generator geHn+1(K(7t,’l))
there is associated a finitely dominated n-dimensional geometric Poincaré complex

o
Xg equipped with an isomorphism n,](Xg)—N—"n, 2 homotopy equivalence Xg—f\—)-" Sn,

n+1

and first k~invariant g€H = (K(w,1)). Ultimately, it might be possible to give a

direct description of s(Xg)Ggi(Xg). In this connection, it should also be mentioned
that the /&-groups (in each of the categories s,h,p) behave well with respect to
finite covers p:X —>» X, with transfer maps defining a natural transformation of
exact sequences of abelian groups

cee—> Hn(X?EO)_E*_.‘,Ln(n,](X))———»/gn(X) ——H 4 (XE) ——.
! ! !l !
1 l » pJ/ pl

e H (TR T s L (0, (D) — 8 (D ———> 8 TiT) — ...

using the canonical S-map p!:ZwX+———> fo-i_i_ to define
! —
P :Hn(X§EO)“_—"Hn(X5_]L_O) ’
and the restriction of n;l(X)—action to m, (X)-action to define
= ! !
p' 3 L (ry (X)L (x, (D) 5 (C,¥)——(p'C,p'¥) .

X geometric Poincaré complex
It is an n~dimensional then so is
(£,b):M—>X normel map

— _y &and
yD) M —> X

(w-“
~ Ml
i

sX) = pls@ed (B , oD = p'o* (V€ L n, (D)

T (3,5) = 2’002, D) € I, (D) :
symmetric

|.9*(x), X*(x)
Similarly for the /g-groups /g é §.
hyperguadratic 2‘(}() s g*(X)§
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