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ABSTRACT. Werner Meyer constructed a cocycle in H?(Sp(2g,7Z); Z) which computes the
signature of a closed oriented surface bundle over a surface, with fibre a surface of genus g.
By studying properties of this cocycle, he also showed that the signature of such a surface
bundle is a multiple of 4. In this paper, we study signature cocycles both from the geometric
and algebraic points of view. We present geometric constructions which are relevant to the
signature cocycle and provide an alternative to Meyer’s decomposition of a surface bundle.
Furthermore, we discuss the precise relation between the Meyer and Wall-Maslov index. The
main theorem of the paper, Theorem provides the necessary group cohomology results
to analyze the signature of a surface bundle modulo any integer N. Using these results, we
are able to give a complete answer for N = 2,4, and 8, and based on a theorem of Deligne,
we show that this is the best we can hope for using this method.

INTRODUCTION

Given an oriented 4-manifold M with boundary, let (M) € Z be the signature of M.
As usual, let ¥ be the standard closed oriented surface of genus g. For the total space £
of a surface bundle ¥, — E — ¥, it is known from the work of Meyer [29] that o(E) is
determined by a cohomology class [r,] € H*(Sp(2¢g,Z);Z), and that both o(E) and [r,] are
divisible by four. This raises the question of further divisibility by other multiples of two.

Indeed, the higher divisibility of its signature is strongly related to the monodromy of
the surface bundle: it is known since the work of Chern, Hirzebruch and Serre [I1] that
trivial monodromy in Sp(2¢,Z) implies signature 0. Rovi [33] showed that monodromy in
the kernel of Sp(2g,7Z) — Sp(2g,7Z/4) implies signature divisible by 8, and very recently
Benson [4] proved that the monodromy lying in the even bigger theta subgroup Sp?(2g,7Z)
implies signature divisible by 8. This settled a special case of a conjecture by Klaus and
Teichner (see the introduction of [I§]), namely that if the monodromy lies in the kernel of
Sp(2g,7Z) — Sp(2g,7Z/2), the signature is divisible by 8. This result also follows by work of
Galatius and Randal-Williams [I5], by completely different methods.

Let us briefly recall the more general importance of the divisibility of the signature in
the topology and geometry of manifolds: 4k-dimensional compact oriented hyperbolic man-
ifolds have signature equal to 0, 4-dimensional smooth spin closed manifolds have signature
divisible by 16.

In the first sections of this paper, we start by giving a review of essential notions: in
particular, we review forms, signature, Novikov additivity and Wall non-additivity of the
signature, and include a discussion of the relation between the Meyer cocycle and the Maslov
cocycle. Furthermore, we describe the geometric constructions relevant to the signature
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cocycle. In [29], Meyer constructs his cocycle by decomposing the base space of the surface
bundle into pairs of pants and then using Novikov additivity of the signature. Here we
present an alternative construction in Figure [0}

In Section |3| we explain the cohomology of Lie groups seen as discrete groups and its
relationship to their usual cohomology. Specifically, in Section [ we study the case of the
unit circle seen as a discrete group and give expressions for the restriction of the Meyer and
Maslov cocycles in this setting.

In [5], we constructed a cohomology class in the second cohomology group of a finite
quotient $) of Sp(2¢,Z) that computes the mod 2 reduction of the signature divided by 4 for
a surface bundle over a surface.

The main theorem of this paper, Theorem|[7.2] presents an extensive study of the inflations
and restrictions of the Meyer class to various quotients of the symplectic group. It provides
the necessary group cohomology results to analyze the signature of a surface bundle modulo
any integer N. Its upshot can be summarized in the diagram below, valid for ¢ > 4, which
illustrates the connection between Meyer’s cohomology class, on the bottom right, and the
central extension $ of § regarded as a cohomology class, on the top left. The group $) is
the smallest quotient of the symplectic group that contains the cohomological information
about the signature modulo 8 of a surface bundle over a surface.

7.2 = HX($): 7./2) = H2($:7./8) = 7./2
Z)2 = H*(Sp(29,Z/4); )2) —— H*(Sp(29,Z/4); Z/8) = /2

Z/2 = H(Sp(2g, Z); Z.,/2) —— H*(Sp(29, Z); Z,/8) = Z/8

7 = H*(Sp(29,Z); Z) ——— H*(Sp(29,2); Z) = Z.

In these new computations, we focus on g > 2. Our reasons for that are threefold: when
g = 1,2, the signature of surface bundles over surfaces is 0 anyway [29], so that we do not
need these cases for our purposes. But while ¢ = 2 compares in a reasonable way to the
higher genera, the cohomology of Sp(2,Z) and its quotients behave quite differently: even
though part of the properties we investigate are shared by all ¢’s, the common pattern is
more often lost when g = 1. Finally, as it happens that Sp(2,Z) = SL(2,Z), the cohomology
of this group has been studied in depth in other contexts [11 [6, 21].

We apply Theorem to the study of the signature modulo N for surface bundles. The
outcome is the following:

Theorem 7.3. Let g > 4 and @ be a finite quotient of Sp(2g,Z). If ¢ € H*(Q;Z/N) is a
cohomology class such that for the monodromy x: 7 (X) — Sp(2¢, Z) of any surface bundle
Xy — E — X, we have

o(E) = —<>‘<*p*(20), (X)) € Z/N,



then N = 2,4, or 8. If N = 2 or 4, the value (x*p*(c),[2s]) € Z/N is always 0. Here
p: Sp(29,7Z) — @ denotes the quotient map.

Furthermore, we generalize this result to arbitrary coefficient rings and show that any
cohomology class on a finite quotient of the symplectic group yields at most 2-valued infor-
mation on the signature of a surface bundle over a surface since it lies in the 2-torsion of
the arbitrary coefficient ring. This explains the choice of the study of the signature modulo
8 by showing that it is the best information a cohomology class on a finite quotient of the
symplectic group can provide.

The paper is complemented by three appendices: Appendix[A]contains background on the
homology and cohomology of discrete groups. Appendix [B|collects computations of the first
and second homology and cohomology of the mapping class group, the symplectic group and
some of its quotients, as will be often used in the main sections. Finally, Appendix [C]is a
biography of W. Meyer by W. Scharlau.
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1. THE SIGNATURE
1.1. Forms. Let R be a commutative ring. The dual of an R-module V' is the R-module
V* = Homg(V,R) .
The dual of an R-module morphism f: V' — W is the R-module morphism
[roWr —= Vg (e g(f(2))) -
As usual, we have an isomorphism of abelian groups
V'@ V" — Homp(V,V") 5 f@gr— (z— (y— f(2)9(y))) .
If V is f.g. free then so is V*, and the natural R-module morphism
Vs VT a e (f — ()

is an isomorphism, in which case it will be used to identify V = V**.
A form (V,b) over Ris af.g. free R-module V together with a bilinear pairing b: V' xV —
R, or equivalently the R-module morphism

b:V—V"; 2+ (y— b(z,y)) .

A morphism of forms f: (V,b) — (W, ¢) over R is an R-module morphism f: V' — W such
that

fef =b:V-—>V"
or equivalently

c(f(x), f(y) = b(ﬂg, y)e R (x,yeV).



For ¢ = £1 a bilinear form (V,b) is e-symmetric if
b(y,z) = eb(z,y) ER (z,y€V),
or equivalently eb* = b € Hompg(V,V*). For € = 1 the form is symmetric; for e = —1 the

form is symplectic.
Given a form (V, b) over R the orthogonal of a submodule L C V' is the submodule

Lt = {zeV|b(x,y)=0c Rforallyc L} .
The radical of (V,b) is the orthogonal of V
Vit = {zeV|bla,y)=0c Rforally c V}.
The form (V,b) is nonsingular if the R-module morphism
b: V— V" x+—— (y— b(x,y))

is an isomorphism, in which case V+ = 0.
A lagrangian of a nonsingular form (V,b) is a f.g. free direct summand L C V such that
L+ = L, or equivalently such that the sequence

0 L v 0

is exact, with j: L — V the inclusion. The metabolic e-symmetric form defined for any
e-symmetric form (L*, \) by

. B « (0 1
) = wor (! )

is a nonsingular e-symmetric form over R with lagrangian L.
Proposition 1.1. (i) A nonsingular e-symmetric form over R admits a lagrangian if and
only if it is isomorphic to H*(L*, \) for some e-symmetric form (L*,\).
(ii) For any nonsingular e-symmetric form (V,b) over R and o € Aut(V, b) the image a(L) C
V is a lagrangian of (V,b).
(iii) For any lagrangian L of H(RY) there exists o € AutH(RY) such that L = a(RY & 0).
(iv) For any (—e)-symmetric form (L,0) there is defined an automorphism

o = (é (1)) . HY(L) — H(L)
and hence a lagrangian of H¢(L)

a(l) = {(z,0(x)) e L& L |x € L} .

(v) For any nonsingular e-symmetric form (V,b) over R there is defined a lagrangian of

A = {(x,x)eVaV]|izeV}.
For any a € Aut(V,b) the image of the diagonal lagrangian under the automorphism

1@ a: (V,6) & (V,—b) —> (V,b) & (V, ~b)
is a lagrangian of (V,b) & (V,—b)
graph(a) = (1®a)(A) = {(z,a(z))|zeV}CVRV . O
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Example 1.2. (i) The intersection form of a 2n-dimensional manifold with boundary (M, 90M)
is the (—)"-symmetric form (H™(M,0M),bys) over R

bar: H'(M,0OM;R) x H*(M,0M;R) — R ; (z,y) — (x Uy, [M])
with radical
H™(M,0M;R)* = ker (H"(M,0M;R) — H"(M;R)).
If M is closed then (H"(M;R), bys) is nonsingular.
(ii) If (V,0N) is a (2n + 1)-dimensional manifold with boundary then

ker (H"(ON;R) — H"(N;R)) C H"(ON;R)
is a lagrangian of (H"(ON;R), bsy).
1.2. Signature.

Definition 1.3. The signature of a symmetric form (V,b) over R is defined as usual by
o(V,b) = dimgV, — dimgV_ € Z

for any decomposition
(V.b) = (Vi,b4) @ (Vo,b-) & (Vo,0)

with (V,by) (resp. (V_,b_)) positive (resp. negative) definite.

Definition 1.4. The signature of a 4k-dimensional manifold with boundary (W, 0W) is
o(W) = o(H*(W,0W;R),by) € Z .

We shall only be concerned with the case k = 1.

Proposition 1.5. (Novikov additivity of the signature)
The signature of the union Wy U Wy of 4k-dimensional manifolds with boundary along the
whole boundary components is

U(W1UW2) = U<W1)+U(W2) . O

The following construction is central to the computation of the signature of singular sym-
metric forms over R, such as arise from 4-dimensional manifolds with boundary.

Proposition 1.6. (Wall [39]) Let (V,b) be a nonsingular e-symmetric form over R, and let
Ji: Ly =V, go: Ly =V, jg: Ly — V be the inclusions of three lagrangians such that the
R-module

A = A(Ll,LQ,L:g) = {(CL,b,C)ELI@LQ@Lg’a‘i‘b‘i‘C:OGV}
= ker((j1 j2J3): L1 ® Lo ® Ly — V)

s f.q. free.
(i) The form (A,a) over R defined by
0 jibj2 0
a= (0 0 O0]:AxXxA—R;
0O 0 0

((a,b,c), (a’,b/,c’S)) — b(b,a’) = —=b(c,ad’) = b(c, V) ,



is (—e€)-symmetric, with radical
(LiNLy)® (Lo Ls)® (LsN Ly) c

A+ = A
LiNLyNLs -

(ii) The (—e)-symmetric form
ey o (0 j7by
(A, o) = (ker((jgbjl J3b52): L1 @ Ly — L), (0 31092»
is such that there is defined an isomorphism f: (A,a) = (A’ a') with

f:A— A ={(a,b) € Liy® Lyla+be L3} ; (a,b,c) — (a,b) .

(iii) If j3bjo: Lo — L% is an isomorphism there is defined an isomorphism of (—e)-symmetric
forms

1 o~
ety ey | (L, —(7052) (52652) T (2bg,)) —— (A, d) .
(_(ngﬁ) 1(13691)) (L1, = (37b72) (j3bJ2) " (G5 b1)) (A", o)
Proof. (i) See Wall [39].
(ii)4+(iii) Immediate from (i). O
Remark 1.7. The construction appeared independently later in the work of Leray [24],
clarifying earlier work of Maslov [27].

Definition 1.8. (Maslov [27], Wall [39], Leray [24]) The Wall-Maslov indez for any con-
figuration of three lagrangians L, Ly, L3 of a nonsingular symmetric form (V,b) over R is
defined to be the signature

T(Ll,L27L3) = O'(A(Ll,LQ,Lg),Cl) ez .

Proposition 1.9. (Wall non-additivity of the signature [39]) Let (W, 0W) be a 4-dimensional
manifold with boundary which is a union of three codimension 0 submanifolds with boundary
(Vl/ia 8+Wz U a—m/i)7 1= 17 27 3;

(W, 8W> - (W1 U WQ U Wg, G,Wl L (9,W2 LI G,Wg)

such that Wi N Wy, Wo N W3 and W3 N W1 are three 3-manifolds with the same boundary
surface

WiNWonWs = oWiNW,) = oWenW;) = 9(WsnNWy) = X
The signature of (W,0W) is
o(W) = o(Wy) +o(Wa) +o(Ws) —o(A(Ly, Lo, L3)) € Z
by

with the three lagrangians of (H'(3;R), by)
Ly = ker (H'(Z;R) — H'(Wo N W3 R)),
Ly = ker (H'(S;R) — H' (W3 N Wi R)),
Ly = ker (H'(%;R) — H' (W N Wy R)) . O

Remark 1.10. The Novikov additivity of the signature is the special case of the Wall non-

additivity of the signature when the glueing is done along the whole boundary.
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0_Wh

W3

0_-Ws3

FIGURE 1. The union W; U W5 U W3

Definition 1.11. (i) Let Ny, N2 be two 3-manifolds with the same boundary
ON; = N, = %, ,

i.e. such that there are given embeddings i;: ¥, — N; (j = 1,2) with i;(3,) = ON;. The
twisted double is the closed 3-dimensional manifold

D(Nl,NQ,il,iQ) = (Nll_lNg)/{zl(x) NZQ(ZL')|1’ € Eg} .
(i) Let Ny, No, N3 be three 3-manifolds with the same boundary
8N1 = 8]\72 == 8N2 - Z 5

i.e. such that there are given embeddings i;: ¥ — N, (j = 1,2,3) with ¢;(X) = ON,. The
thickening of the stratified set

Ny Us NaUs N3 = (Np U Ny U N3)/H{ig(z) ~ig(z) ~ig(z) |z € X}
is the 4-dimensional manifold with boundary
(W (N1, No, N3, 22), OW (Ny, Na, N3, X))
= (D(Ny, No,iy,i9) X I U D(Ng, N3, ig,13) x I U D(N3, Ny,is,i1) X I,
D(Ny, No, iy, i) U D(Ny, N3, ig,i3) U D(N3, Ny, i3,11)) .
Proposition 1.12. As in Definition (ii), let Ny, No, N3 be 3-dimensional manifolds

with the same boundary
ON; = ON; = ON; = ¥.
The nonsingular symplectic intersection form over R
(V.b) = (H'(ZR),by)

has three lagrangians

L, = Im(H'(N;R) — H'(%;R)) (i =1,2,3),
such that the signature of the thickening W (N1, No, N3, X)) is given by

o (W(Ny,Nay N3, X)) = —7(Ly, Lo, L) €7 .

Proof. This is a special case of Proposition [L.9 O
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N1

N3 U N Nj U N
3 1 +x @? 1 2
o “
“°\> by Vy—i—
N 2
(N2 @] Ng) x I

N: N:

F1GURE 2. The thickening of Ny Uy Ny Uy N3

We shall use the group inclusion

S =, S0(2) C Sp(2.R) ; ¢FTie s (cos27ra —stwa)

sin2ma  cos2ma
as an identification.

Example 1.13. Let ¢ = 1. The space L; of the lagrangians of the nonsingular symplectic

form over R?
0 1
- (s (% )

consists of all the 1-dimensional subspaces L C R?, which are of the type

sin a

Lo = Im ((Cosm> : ]R—)]REBR) CRaR (a€0,1)),
with an injection

L, — Sp(2 ]R) C Lo ey g2mia (COS 2ma  —sin 271'@)

sin2wa  cos2ma
For any ay,as,as € [0,1) the inclusions

COoSs Ta;

Ji = ( >IR—>R@R(Z':1,2,3)
sin7a;

with images the lagrangians j;(R) = L,, C R @ R are such that

Jibjr = sinm(ap —a;): R —R.
8



As in Lemma (ii) there is defined an isomorphism of symmetric forms over R

f: (A(Lay, Lay, Lag), @)

01
_ ker<(cos7m1 COS Tas COSWag):REBREBR_}R@R)’ 00
0 0

sinma; sinwas sinmas

o O O

i) (A/(LCU? La27 Las)v Cl/)

_ (ker ((sinm(a; —az) sinm(as —az)) : ROR — R), (8 sin 7r(a02 - aJ)) .

If a1, as, as are not all distinct then b = 0, and 7(L,,, La,, Lay) = 0. If ag # a3 then Lemma
[1.6] (iii) gives an isomorphism
1 o~
ety e (R =(7652) (52652) " H (G2 651)) —— (A, d) .
(s ) ¢ (B —Gre) o) b)) —= (&)
It follows that for any aq,as, a3 € [0,1) the Wall-Maslov index is
T(Lam L,, L(IB) = T(A<La17 Loy, La3>7 Cl)
= T(A/(L¢117 Loy, Las)v a/>
= 7(R, —sinnw(a; — ay)sinm(ay — az)sinmw(ag — aq))
= —sign(sinm(a; — ag)sinm(ag — ag) sinmw(az — ay)) .
Lemma 1.14. If o € Sp(2¢,R) then 7(a(L1),a(La), a(L3)) = 7(Ly, Lo, L3).
Proof. This is clear from the definition. O

Lemma 1.15. If Ly, Lo, Ly, Ly are lagrangians in R?9 then
7(Ly, Lo, L3) — 7(Ly, Lo, Ly) + 7(Ly, L3, Ly) — 7(Lo, L3, Ly) = 0.
Proof. See for example Py [32, Théoreme (2.2.1)]. O
Now suppose that the symplectic form over R
(R*"2,0) = (R¥,b)® (ROR,(,))

is formed from (R%, b) by adjoining new basis elements vy, 1 and wyy1 with (v 1, v,41) = 0,
(Wyi1,wgq1) = 0 and (vgi1,wy41) = 1. Then given any lagrangian L in (R?9,b), we may
form the lagrangian L = L & R,y in (R*972)b).

Lemma 1.16. Setting A = A(Ly, Ly, Ls), we have an isomorphism
(A,8) = (A, 0) ® (Rugys,0)

In particular, we have

T(il, f/z, f/3) = 7(L1, La, L3).
Proof. The space A consists of vectors

(@,0,6) = (a+ Mygi1,b+ g1, ¢+ vvgi1)
9



with (a,b,¢) € A and A + g+ v = 0, and the symmetric form (A, @) is given by
b((a,b,é), (@, v, &) = ab,a)
= a(b,d’) = b((a,b,c),(d,b,)) . O

Lemma 1.17. Let (V,b) be a nonsingular symplectic form over R.
(i) The graph of an automorphism a:: (V,b) — (V,b) is a lagrangian of (V &V, b & —b)

graph(a) = Im ((014) : V—>V@V) cVeVl.
(ii) For any automorphisms a;: (V,b) — (V,b) (i =1,2,3) let

ii= (o) o= wovea-y

(2

be the inclusions of the three graph lagrangians. For i # k
ji(b @ —b)jr = b—ajbay = b(l—a;'ay): V— V",
so that
(A’(graph(ay), graph(as), graph(as)), @)

|
- ("ef(ﬂ—a?al1—a§1a2>:V@V—>V),(g . 0 OQ))) '

If one of 1 — a;'ay, is 0 then b’ = 0 and 7(graph(ay), graph(az), graph(as)) = 0. If 1 —
azlay: V — V is an isomorphism there is defined an isomorphism of symmetric forms

<_(b - 04§[’042)1_1(b — a§b@l)> + (V. =(b — afbaz)(b — a3bag) (b — ajbay))

—— (A'(graph(a1), graph(as), graph(a)), b')
so that
7(graph(a1), graph(az), graph(azs))
= 7(V,—(b — ajbay)(b — ajbay) 1 (b — aibay))
= 7(V,=b(1 — oy o) (1 — aztan) (1 — az tay)) .
Proof. (i) By construction.
(ii) Apply Lemma O
Note that the graph of any element o € Sp(2¢, R)
graph(a) = {(z,a(z)) |z € R*} C R* ¢ R*
is a lagrangian of the symplectic form
(RQQ S RQQ, (("L‘a y)a (:L‘/7 y/)) — <.I, I‘/> - <y7 ?/,>) )
and that the signature of the double mapping torus (§2.3 below) is

o(T(0,0)) = ~r(graph(1), graph(c). graph(a) € 2



In what follows, when we write Sp(2g, R)® we mean the same group Sp(2g, R), but with the
discrete topology. For more details on the cohomology of Lie groups with discrete topology
see Section [3l

Definition 1.18. The Meyer cocycle 7,: Sp(2g,R)° x Sp(2g,R)? — Z is defined by
7y(c, B) = 7(graph(1), graph(c), graph(a3)).
Remark 1.19. It follows from Lemma m that 7, is a cocycle on Sp(2¢g,R)°. By Lemma
[L.14] we have
74(a, B) = 7(graph(a™"), graph(1), graph(5)).
So the subspace A consists of triples

((z, a7 (2)), (~2 =y, —2 — ). (v, B(y)))
with z,y € R? such that a='(z) + 8(y) =  +y. Thus A is isomorphic to the space
{(z,y) eER¥@R¥ [ (@™ — L)z + (8 - 1)y = 0},
with symmetric form
b((z,9),(2",y) = {e+y,1-B)y) .
This is the definition found in Meyer [29], except that the original cocycle was on Sp(2g,Z).

0 1) ) , so that identifying V' = C have b = —1 =

Example 1.20. Let (V,b) = (R@R, (_1 0

e~™/2, For a € [0,1) let

— 627r1a

(COS 2ma —sin2mwa
O{ g

sin2ma  cos2wa ) € Aut(V,a) = Sp(2,R) ,
so that

l—a = (2sinma)em@H/2) — (2sin7ra)( sin7a Cos7ra>

—cosma Ssinwa
(i) For any a1, as, az € [0,1) let a; = ™% (j = 1,2,3). By Lemmam (ii) the Wall-Maslov
index of the graph lagrangians graph(«;) in (V & V,b @& —b) is
T(graph(ay), graph(az), graph(as))
= 7(V,—a(l —a;'ap))(1 — aztas) (1 — az'ay))
= 7(V,—e ™/2((2sin7(ay — ap))e™ @2~ 1t/2))((2sin 7t(ay — ag))em(@2mas+1/2))—1
((2sin7(a; — ag))e™(@—as+1/2)))

—2sinm(ag — aq) sinm(a; — ag))
sin7(ay — ag)

= —2sign(sinm(a; — ag) sinm(ay — ag) sinm(az — ay)) € {0,2, -2} .

= 7(V,

(ii) By (i) the evaluation of the Meyer cocycle on a = €2™¢, 3 = ™ € Sp(2,R) is

mi(a, B) = T(graph(1), graph(c), graph(a/3))

= —2sign(sinmasinwbsinz(a + b)) € {0,2, -2} .
11



We now consider another cocycle 7, on Sp(2g, R)?, again defined in terms of the Maslov
index. We shall see in Theorem below that it is cohomologous to the Meyer cocycle 7,
but not equal to it. (For g =1 see Example [1.22)).

Definition 1.21. The Maslov cocycle 7,: Sp(2g, R)° x Sp(2¢g,R)° — Z is defined as follows.
Choose a lagrangian subspace L C R?9, and set

(e, B) = 7(L, (L), aB(L)).

It follows from Lemma that this is independent of the choice of L, and that
Tola, B) = 7(a (L), L, B(L)).

Example 1.22. Using the inclusion

[0,1) =5 SO(2) C Sp(2,R) ; a — ¥ = (COSQWQ —sm27m)

sin2ma  cos2wa

as an identification we have that for g = 1 Example gives the Meyer cocycle on [0, 1)
to be

71:10,1) x [0,1) — Z ; (a,b) — —2sign(sinTasinwbsinm(a + b)) .
The Maslov cocycle is given by
710 [0,1]x[0,1] — Z; (a,b) — 7(Lo, Lora; Lor(a+s)) = —sign(sin 2wa sin 2wbsin(2m(a+b))) .
The Dedekind (( ))-function is defined by
{z} —1/2 if x € R\Z,
0 if x €7,
with {x} € [0,1) the fractional part of x € R, and is such that

2((2z)) — 4((z)) = sign(sin27x) ,

(( )):R—>(—1/2,1/2) ; 37'—>((£K)) — {

2(((x))+ ((y)) — (z+y))) = —sign(sinmzsinTysinm(z+y)) .
Thus
ni(a,b) = 4(((a)) +((0)) = ((a+10))) ,
7i(a,b) = 2(((2a)) + ((2b)) — ((2a +20))) ,
71(a,b) — 1{(a,b) = —sign(sin2ma) — sign(sin 27b) + sign(sin 27(a + b)) € Z

and
[n] =[] € H*(Sp(2,R)";Z) .
(See also Example [4.4])

Remark 1.23. Gilmer and Masbaum recall a result of Walker in [16, Theorem 8.10] that
states in their notations that [7‘;] = —[r,] for every g > 1. This is because they have the
convention that 7,(c, #) is the signature of the surface bundle over a pair of pants defined by
a, f [16, p. 1087], while Meyer [29, p. 243] and this paper (Definition and just above)
take the opposite convention, that 7,(c, §) is minus the signature of the surface bundle over

a pair of pants defined by «, .
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Proposition 1.24. Embed R* in R**2 by adjoining new basis elements vy and wyy 1, and
consider the corresponding embedding Sp(2g, R)° — Sp(2¢g + 2, R)°.

(i) The Maslov cocycle 7)., on Sp(2g + 2,R)° restricts to the Maslov cocycle T, on
Sp(29,R)’.
(ii) The Meyer cocycle 7,11 on Sp(2g+2,R)° restricts to the Meyer cocycle T, on Sp(2g, R)°.

Proof. (i) This follows immediately from Lemma [I.16]

(ii) For a € Sp(2g,R)°, the graph of o considered as an element of Sp(2g + 2,R)° is the
direct sum of the graph of a considered as an element of Sp(2¢g, R)° and graph(1) C R2 @ R2.
So apply Lemma twice. O

2. SURFACE BUNDLES AND THE MAPPING TORUS CONSTRUCTIONS

In section we recall the classification of oriented surface bundles ¥, -+ E — B with
the fibre 3, the standard closed surface of genus g and the base B an oriented manifold with
boundary (which may be empty). We shall be particularly concerned with the construction
of surface bundles in four specific cases of the base B, in each of which £ is obtained from
the monodromy morphism 7(B) — I'; to the mapping class group of ¥, by a geometric
mapping torus construction:

(i) for a circle ([2.2),

(ii) for a pair of pants (2.3)),
(iii) for a punctured torus (2.4),
(iv) for a surface (2.5).

Note that when we talk about a punctured surface we mean a surface with a boundary
component for each puncture.

In Section [2.6] we construct a geometric cocycle 7 € H?(T'y; Q4) for the oriented cobordism
class (= signature) of the total space E of a surface bundle ¥, - E — B = %, over a
surface.

2.1. Classification of surface bundles. Let Homeo(X,) be the topological group of self-
homeomorphisms « : ¥, — X, and let Homeo™ (3,) C Homeo(3,) be the subgroup of the
orientation-preserving self-homeomorphisms. A surface bundle ¥, — E — B is oriented if
the manifolds B, F' are oriented and the structure group of the bundle is Homeo™ (3,), so
that F is also an oriented manifold. We shall only be considering oriented surface bundles.
Let EHomeo™ (X,) be a contractible space with a free Homeo™ (%, )-action, so that the
surface bundle over the classifying space BHomeo™ (3,) = EHomeo™ (%,)/Homeo™ (%,)

¥, — EHomeo™ (%) X Homeot (335) g — BHomeo™ (%,)

is universal. We shall only consider Homeo™(3,) for ¢ > 2, when the connected com-
ponents are contractible. The set of connected components is the mapping class group
I, = moHomeo™ (3,), the discrete group of isotopy classes of orientation preserving home-
omorphisms a: X, — ¥,, and the forgetful map BHomeo+(Zg) — BI'y is a homotopy

equivalence.
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Proposition 2.1. (Farb and Margalit [14, pp. 154-155]) For g > 2, every surface bundle
Yy =+ E — B s isomorphic to the pullback of the universal surface bundle along a map
B — BTy, with the monodromy defining a bijective correspondence

{isomorphism classes of surface bundles ¥, - E — B} ~
B, BHomeo" (X,)] = [B, BL,] = {homotopy classes of maps x: B — BT} . O
We shall be mainly concerned with surface bundles ¥, - F — B when B is a connected

n-dimensional manifold with boundary, so that E is an (n + 2)-dimensional manifold with
boundary. For n = 1,2 the forgetful map

[B, BI'y| — {conjugacy classes of x € Hom(m(B),T';)}
is a bijection, so a surface bundle ¥, — F — B is determined by the monodromy group

morphism x: m(B) — I,.

Example 2.2. For the circle B = S' a surface bundle ¥, -+ F — S! is classified by the
monodromy map o € [S', BT';], with E isomorphic to the mapping torus T'(c) (§2.2 below).

For h,k > 0 let X5 5 be the connected surface obtained from the closed surface ¥ by k
punctures

(Shes O8hse) = (d.(zh\ D2, Sl>

with Euler characteristic x(3x) = 2 — 2h — k. A surface bundle
Yy — (E,0F) — (Zh 4, 0%0k)
is classified by the monodromy group morphism
X (Eng) = (T1LY1 T Yns 21, 2 | [Tyl [ yn] = 20 z) — Ty
T, Yi—> Bi, 2 —> ;.
Example 2.3. For the pair of pants, P = ¥ 5 a surface bundle ¥, — (E,0E) — (P,0P) is
classified by the monodromy morphism
x:m(P) = (z,y) — Ty zr—a, yr—pf

with F isomorphic to the double mapping torus T'(a, 8) (§2.3 below) and 0E = T'(a) L
T(P)UT(ap).

Example 2.4. For the punctured torus, = ¥ ; a surface bundle ¥, — (E,0F) — (Q, 0Q)
is classified by the monodromy morphism

x:m(Q) = (r,y,z|[z,y =2) — Ty, 20— a, yr—fp, 2—7
with v = [a, 8], and FE isomorphic to the commutator mapping torus S(a, 8) (§2.4 below)
and 0Q = T'(v).

Example 2.5. For the punctured surface, B = ¥, ; a surface bundle ¥, — (E,0F) —
(X1, Sh) is classified by the monodromy morphism
X m(Bn1) = (@LY1 T Yn, 2| [Ty [ yn] = 2) — Ly

T, Yir— Bi, 27y
14



with [aq, 5] ... [ow, Br] = v € 'y, E isomorphic to the multiple commutator mapping torus

S(ai, B, an, Br) ( below), and OE = T'(7).

2.2. Surface bundles over a circle. We will now explain in more detail the geometric
construction of surface bundles over S*.

Definition 2.6. The mapping torus of & € Homeo™ (3,) is the closed 3-dimensional manifold
T(a) = %y x[0,1]/{(2,0) ~ (a(z),1) |z € 5y} ,
a surface bundle over S?
Sy — T(a) — S' = [0,1]/{0 ~ 1}

with monodromy [a] € T',.

FIGURE 3. A mapping torus is a bundle over S!

By Proposition 2.1 the function

[S*, BT',] — {isomorphism classes of surface bundles ¥, — F — S'} ;
— (8y = T(a) — S

is a bijection. A surface bundle X, — T'(a) — S* extends to a surface bundle
Ny — (6T (), T(r)) — (D?, 5"
if and only if & =1 € Ty, in which case (6T(a), T'(a)) = 2, x (D?,S") up to isomorphism.

Lemma 2.7. Let a, 3, € Homeo™ (3,), then the following mapping tori are homeomorphic
() T(a) = T(a™)
(i) T(e) = T(yar™),
(i) T(aB) = T(S0).

Proof. (i) The map T'(a) = T(a™'); (z,t) — (x,1 —t) is a homeomorphism.
(ii) The map T(a) — T(yay™); (z,t) — (y(x),t) is a homeomorphism.
(iii) The map T'(af) — T(Ba); (x,t) — (B(x),t) is a homeomorphism. Note that (iii) is
an immediate consequence of (ii). O
15
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2.3. Surface bundles over a pair of pants. The pair of pants is the oriented surface with
boundary defined by the thrice-punctured 2-sphere

(P,0P) = (X03,0%03)
= (clL.(S*\(D*U D*u D?)),S*usStush)
with x(P) = —1. The pair of pants P is homotopy equivalent to the figure 8, S* v S, so
that the three inclusions S* € P — P induce morphisms
m(SY) = Z—m(P) = Z+Z = {(r,y) ; hr—x, lyr—y, 13— ay .

Example 2.8. For any o € Homeo™ (3,) let Ny, Ny be the two null-cobordisms of 3, x {0, 1}
defined by

i1: 3y x{0,1} — N; = ¥, x I (z,0) — (z,0), (z,1)

Qg 3y x{0,1} — Ny = ¥, x I (2,0) — (z,0), (z,1)
The twisted double is the mapping torus of «

D(Ny, Na,iy,i0) = T(a) .

Definition 2.9. For any «, 3 € Homeo™ (%,) let Ny, N, N3 be the three null-cobordisms of
¥, x {0,1} defined by

[l

i1: 3y x{0,1} — Ny = ¥, xI; (2,0) — (2,0), (z,1) —> (2,1),
ig: 3y x{0,1} — Ny = X, xI; (2,0) — (z,0), (z,1) — (a(z),1),
ig: 3y X {0,1} — N3 = X, xI; (2,0) — (2,0), (z,1) — (B(2),1) .

The double mapping torus of a, 3 € Homeo™ (X,) is the thickening
(T(a, B),0T (e, B)) = (W(Nq, No, N3, X,),0OW (Ny, No, N3, 3y))
= (T(a)x IUT(B) x IUT(af) x I, T(a) UT(B)UT(af3))
which is a surface bundle over the pair of pants

Y, — (T, 5),0T (v, B)) — (P,0P) .

Remark 2.10. The double mapping torus can also be expressed as the union of three copies
of ¥y x I x I, as follows:

T(a,B) =

(Bg x 1) x {10, 1/2], 1} UpLira: (syumg)x{10.1/2113 - (205) < {[0.1/21.0) (Xg X 1) x {[0,1/2],0}U
(Bg x I) x {[1/2,1], 1} Uapurd: (£,05,)x{[1/2,1],1}—(S,0) x {[1/2,1], -1} (g X 1) x {[1/2,1], =1}U
(Xg x 1) x {[1/2,1], 0} Uavira: (2,05,)%{11/2,.11,0}—(Sgusy) x{0,1/2,—13 (Zg X 1) x {[0,1/2], =1} .

See Figure |5|for the construction. The figure also shows how to glue the three pieces together
to obtain the desired mapping tori for each of the boundaries.
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FIGURE 5. The construction of T'(«, ()
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By Proposition [2.1] the function
[P,BT,] = [S'V S', BT,
— {isomorphism classes of surface bundles ¥, - E' — P} ;
(@, 8) — (Xy = T(ev, 5) = P)
is a bijection.

2.4. Surface bundles over a punctured torus. The punctured torus is the 2-dimensional
manifold with boundary (Q,0Q) = (311,S5")

Sl

FIGURE 6. The punctured torus (Q, 0Q)

with x(Q) = —1. The punctured torus Q is homotopy equivalent to the figure eight SV S,
with the inclusion 0Q) — @ inducing the morphism

m(0Q) = Z—m(Q) = Z+Z = (z,y) ; 1 [z,y] .

Definition 2.11. The commutator double torus of , 3 € Homeo™ (3,) is the 4-dimensional
manifold with boundary

(S(a,8),05(a, 8)) = (T(a) x I Ur@yur(ga-1p-1 Tla, B 87, T([a, 8])) ,

which is a surface bundle over the punctured torus

29 — (S(Oé,ﬁ),aS(Oé,ﬂ)) o (Q78Q> .

T(er,Ba™tp7)

lT([Ou Al

FIGURE 7. The construction of S(«, f3)
By Proposition [2.1] the function
Q,BT,] = [S'Vv S BT,
— {isomorphism classes of surface bundles ¥, - E — Q} ;
(@, ) — (Bg = S(a, §) = Q)

is a bijection.
18



2.5. Surface bundles over a surface. Meyer [28, Satz III. 8.1] used a decomposition of
Y along 3h + k — 1 Jordan curves to express the signature o(E) € Z of a surface bundle

Zg — F — Eh,k

in terms of the monodromy x: m1 (X, %) — ['y. In the special case k = 1 we shall now obtain
such an expression for o(F) using 2h — 1 Jordan curves, with ;1 a union of h — 1 pairs of
pants and h punctured tori, which gives a more direct relationship between the algebra and
the topology.

Definition 2.12. The multiple commutator mapping torus of aq, 1, ao, Ba, ..., an, B, €
Homeo™ (3,) with commutators ; = [ay, 3] is the 4-manifold

S(an, Bryag, Bay ...y o, Br) =

S(a, Br) U S(ag, B2) U---US(an, Br) UT(71,72) UT(1172,73) U+ - UT (7172 - - Yro1,7n)
with boundary
dS(ay, B, as, Ba, ... o, Br) = T(nv2.--7nm)
which is a surface bundle

ZJg — (S(abBl?aQaBQa s 7ah75h)7T<lef>/2 .- 7h>) — (Zh,hsl) .

T(v1 T(v172) T(v1v273) T(yive...vn =1)

W T(717Y2 -+ Yh—1,7h)

S(az, B2) S(as, B3) S(an, Br)

FIGURE 8. The construction of S(ay, f1, ag, fe, . .., ap, Br)

Proposition 2.13. For any expression of v € Homeo™ (3,) as a product of commutators
Y = [ala 51][0427 ﬁZ] e [aha Bh] € Homeo+(2g)
there is defined a surface bundle over the punctured surface ¥j, 3
S —> (0T(7), T(7)) — (¥n1, %)
with
5T(7) = S(ala 51a Oég,ﬁg, s 7ah7ﬁh) .
The surface bundle over ¥, extends to a surface bundle over the closed surface ¥y,

Yy — 6T (7) Ur(y) By x D> — 1 Ut D? = 3,
19



if and only if [y] =1 € T,. O

T(717v2 -+ Yh=1,7h)

S(az, B2) S(as, B3) S(an, Br)

FIGURE 9. The construction of 67'(7) U,y X4 x D?

In Figure [9] and in what follows, 7; = [ay, 3;]. By abuse of notation, in the computa-
tion below we will also write a;,7; for their image in I'; under the canonical morphism
Homeo™ (%,) — T'y.

To compute the signature of the surface bundle E = 67'(7y) Ur(,) Xy X D? we use the
canonical projection p: I'y — Sp(2¢,Z) and Novikov additivity of the signature, together
with the fact that o(3, x D?) = 0 and the decomposition of each S(a;, 5;) as the union of
T(o;) x I and T(cv, Ba™'371).

o(E) =0 (6T(v) Ur(y) £y x D?)

=0T 4o (5% %)

=0 (S, 1) U S(ag, B2) U+ US(an, fr) UT(11,72) U~ UT (1172 ... Ya-1,7)) +0
(Ui S(ai, 82) + 0 (T(71,72)) + -+ o (T(r2 - - Yn1, )

= o (Ui (T(os) XIUT(Ozz,ﬁZ TN+ (Tn,e) + -+ o (T2 - - Ya-1,7m))
h

- ZTQ (p(7i); p Z Ty (p p(ir1)), where 3 =172 .. i

Il
Q

Note that this expression 001nc1des, up to differences in notation, with the expression in [29,
Satz 1, (14%)].

2.6. Geometric cocycle. Let €2, be the n-dimensional oriented cobordism group. It is
well-known that

QozZ,lengﬁg,:O
and that the signature defines an isomorphism
o:Q —7Z; M+ o(M).

We shall also use the result:
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Proposition 2.14. [I4, Theorem 5.2] For g > 3 the mapping class group I, is perfect, i.e.
every v € I'y is a product of commutators

v = lay, Billag, Ba] ... lan, Bu] €Ty . O
Proposition 2.15. (i) If I, is perfect we have a geometric central extension
1—>Q4—>fg—>Fg—>1
with
fg = {(a €Ty, 07 (a) = null-cobordism of T'(«x))} ,
Ty x Ty — Ty 1 (0, 6T(), (B,6T(B))) — (aB, T(a, B) U ST () UOT(B)) .

(ii) A section I'y — fg; a— 0T () determines a cocycle

79°: Ty x Ty — Q5 (a, ) — T(a, ) UIT (o) UOT(B) U T (cf5)
for the class [19°] € H*(Ty; Q).

Proof. (i) Note that since since 23 = 0, and the mapping tori T'(«), T(8) and T'(af3) are
3-dimensional closed manifolds, then the nullbordims 67" («), 67°(5) and 6T («f3) always exist.

(i) By definition, for G a group and A an abelian group, a cocycle is a function 7 : GXG —
A such that

T(z,y) +7(2y, 2) = 7(y,2) + 7(2,y2) € A (2,y,2 € G) .

(See also Definition [A.2{i).)

In order to see that 79 described above is indeed a cocycle, we start by noting that there
is a 4-dimensional manifold with boundary the disjoint union of mapping tori 7'(a)) UT'(5) U
T(af~y) UT(y). This manifold can be described either as the union of the double mapping
tori T'(a, B) UT (af,y) or as T(B,~v) UT(a, Bv), as depicted geometrically in Figure

FIGURE 10. T(a, ) UT(af, ) = T(8,~) U T (e, 57)

Note also that

(2.16) o (T, B)) + o (T(af,7)) = o (T(5,7)) + o (T'(a, 57)).-
Now in order for 79¢° to be a cocycle, the following identity has to be satisfied,
(2.17) T, B) + 7B, ) = TI°(B,v) + 79°(«v, 7).

In the context of Equation (2.17)), addition should be interpreted as disjoint union of man-
ifolds and the equal sign means that the two sides belong to the same bordism class in €.
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Since there is an isomorphism o: €4 — Z, to check that these manifolds belong to the same
bordism class we will only need to check that they have the same signature. That is,

o (T(a, B) U ST (a) UST(5) U 5T(aﬁ)) ‘o (T(aﬁ, Y)Y U ST (af) U ST (7) U (5T(aﬂ’y)>

— o (T(8,7) UT(8) UdT(7) UST(H)) + o (T, ) UT () UST(B) UDT(a) ) .

Using Novikov additivity of the signature and Equation (2.16)), we see that this identity
holds, and hence 79 is a cocycle. ([l

3. COHOMOLOGY OF LIE GROUPS MADE DISCRETE

For any discrete group G the group cohomology H?(G;Z) is isomorphic to the degree two
cohomology H%(BG;Z) of the classifying space BG. It classifies central group extensions

1 —-7Z—G—G—1.
A cocycle 7 : G x G — Z determines a central group extension
1 —>7Z—7Zx,G—G—1
with
Zx;G={(m,a)|meZ,ac G}, (ma)(n,b)=(m+n+r7(a,b),ab) .
A (finite dimensional) Lie group G has a classifying space BG as a topological group. The
singular cohomology H?(BG;Z) classifies covering groups
1 —2Z—G—G—1

where G is again a Lie group.

We write G° for the same Lie group, but with the discrete topology. Following Milnor
[30] (see also Thurston [38]) we write G' for the homotopy fibre of G° — G. The goal of this
section is to recap some of what is known about the natural map H*(BG;Z) — H?(BG®;Z).

Example 3.1. Let G = R, the additive group of the real numbers. Since G is contractible
we have G = G°.

Now R is a Q-vector space of dimension equal to the cardinality of the continuum. Since
Q is a filtered colimit of rank one free groups, we have H;(BQ?) = Q and H;(BQ°) = 0 for
i > 1. The Kiinneth theorem then gives H;(BR®) = A{(R), the ith exterior power of the
reals over the rationals. This is a rational vector space of dimension equal to the continuum.
By the universal coefficient theorem,

H'(BR’; Z) = Ext(Af ' (R), Z),

which is again a large rational vector space (note that Ext(Q,Z) is already an uncountable
dimensional rational vector space).

Example 3.2. Let G = U(1) = S'. The universal cover of G is R, so we have a pullback
square

R — R

||

Gl —— G,
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Since R is contractible, this implies that G' = R?. Thinking of U(1) as a K(Z, 1), we have a
fibre sequence

K(Z,1) — KR’ 1) — K(G°,1) — K(Z,2).
We have H,(BG?) = R/Z, H,(BR’) = R°. The Gysin sequence of the fibration S —
K(R?, 1) — K(G°1) is

.-+ — Hy(BG®) — Hy(BR’) — Hy(BG®) — Hy(BG®) — Hy(BR®) — H,(BG’) — 0
and therefore takes the form
o — RJZ — AY(R) — Hy(BG’) — Z — R* — G° — 0.
Since there are no non-trivial homomorphisms from R/Z to a rational vector space, it follows
that
Hy(BG®) = A3 (R).
In cohomology, we have H'(BG?;Z) = 0 and
H*(BG®;7) = Ext(R/Z,7) = 7. & Ext(R, Z),

a direct sum of Z and a large rational vector space.

More generally, it is shown in Sah and Wagoner [34] p. 623] that if G is a simply connected
Lie group such that the simply connected composition factors of G are either R or isomorphic
to universal covering groups of Chevalley groups over R or C then the integral homology
Hy(BG?) is a Q-vector space of dimension equal to the continuum.

Example 3.3. Let us examine the real Chevalley group Sp(2¢, R). In this case, the universal
cover is given by

1 —7Z — Sp(29,R) — Sp(2¢,R) — 1.
Thus —~—

H*(BSp(2g,R)’; Z) = H*(BSp(29,R); Z) & H*(BSp(29, R)’; Z)
is a direct sum of Z and a Q-vector space of dimension equal to the continuum.

In light of the size of H2(BG?; Z), we clearly need to restrict the kind of cocycles we should
consider, in order to identify the central extensions which are also covering groups; namely
those that are in the image of H*(BG;Z) — H?(BG®; 7). It is clearly no use trying to restrict
to continuous cocycles; for example if G is connected then the only continuous cocycles are
the constant ones. So what should we try? This problem was solved by Mackey [26], as
follows.

Recall that given a topological space, the Borel sets are the smallest collection of subsets
containing the open sets, and closed under complementation and arbitrary unions. A map is
a Borel map if the inverse image of every Borel set is a Borel set. Theorem 7.1 of Mackey’s
paper [26] implies that under reasonably general conditions, given just the Borel sets and a
group structure on G consisting of Borel maps, there is a unique structure of locally compact
topological group on G for which these are the Borel sets and group structure. The proof
depends on Weil’s converse to Haar’s theorem on measures, described in Appendix 1 of Weil
[40]. In particular, the topology can be obtained by taking for the neighbourhood system of
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the identity element in G the family of all sets of the form A~'A, where A is a Borel set of
positive measure.

The consequence of Mackey’s theorem which we wish to describe is as follows. Given a
cocycle G x G — Z which is also a Borel map then consider the covering group

1 —7Z—G—G—1.

The group G inherits a Borel structure, as the underlying set is G x Z. This is compatible
with the group structure, and so by Mackey’s theorem G is a topological group in a unique
way. Uniqueness of the structure of topological group on GG implies that the topological
group G /Z is isomorphic to G, and therefore the map G — G is continuous. It follows that
G is a Lie group.

Definition 3.4. The Borel cohomology H%(G;Z) is the abelian group of Borel cocycles on
G modulo coboundaries of Borel cochains G° — Z.

Milnor [30, Theorem 1] proved that for any Lie group G with finitely many connected
components the natural map H?(BG;Z) — H%*(BG®;Z) is injective.

Theorem 3.5. For any Lie group G with finitely many connected components, the image of
the injection H*(BG;Z) — H*(BG?;Z) is equal to the image of H3(G;Z) — H*(G%;, 7).
Proof. By the commutativity of the diagram

H?*(BG,7Z) —— H*(BG°;7Z)

H%(G;Z) —— H*(G?; 7).

This can be found in [9, below Theorem 2.1]. It follows from work of Wigner [41], and can
be best understood by combining [31, Theorem 10] (see also [10, Theorem 38]), and [2, p.
1518). O

4. COCYCLES ON S0

We are concerned in this section with certain Borel cocycles 7: S x S — Z on the
(discrete) circle group S*°, and the covering groups they define. We shall think of S1° as the
unit interval [0, 1] with the endpoints identified, using the group isomorphism

0,1]/(0 ~ 1) —— S ; g3 20

as an identification.
The “standard cocycle” is given by
0 ifo0
7:10,1) x [0,1) — Z ; (a,b) —> 7(a,b) = 1
1 if1l
This defines the extension

1—7—R— S 1.
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We shall say that a cochain f is nice if it is piecewise constant. In other words, S* is divided
into a finite number of intervals with open or closed ends, on each of which f is constant.
We shall say that a coboundary 7 is nice if it is the coboundary of a nice cochain, and we
shall say that a cocycle is nice if it is the sum of a nice coboundary and an integer multiple
m of the standard cocycle. Every nice cocycle defines a topological covering group of S*,
and by Theorem and Proposition below, the quotient of the nice cocycles by the nice
coboundaries gives Hz(S'; Z) = 7Z, with generator the class [7] of the standard cocycle. The
integer m, which we call the covering number of the cocycle 7, is thus well defined. If m =0
then the covering is trivial:

1—7Z—SY¥x7Z— 8% 1,
while if m # 0, the covering takes the form
1—72—R’ %, Ly — S¥ — 1.

(See Definition for background on group extensions.)
We can draw a picture of a nice cocycle 7 in an obvious way, by dividing [0, 1] x [0, 1] into
subregions where 7 is constant.

Example 4.1. The standard cocycle gives the following picture:

This is a Borel cocycle on S'° because it is piecewise constant on Borel subsets.

Theorem 4.2. The picture of a nice cocycle has only horizontal, vertical and leading diagonal
boundary lines. The covering number can be computed by looking at the diagonal lines only.
For each diagonal line segment, we compute ((value of cocycle above the line segment) minus
(value of cocycle below the line segment)) x length of line segment, normalised so that the
number of segments in the main diagonal is equal to one. Adding these quantities gives the
covering number.

Proof. The quantity described in the theorem is additive on nice cocycles, so we only need to
check the theorem on the standard cocycle and on coboundaries. For the standard cocycle,
there is just one diagonal line segment, and the difference in the values from below to above
the line segment is one, so the theorem is true in this case. For a nice coboundary ¢ f, the
diagonal lines happen where f(a + b) changes in value. For each point in the unit interval
where f changes value, the total normalised length of the one or two diagonal line segments
representing the change in value of f(a + b) is equal to one. So we are adding the changes
in value of f as f goes once round S'. The total is therefore zero. U

Notice that in this theorem, the values of 7 on the boundaries of regions are irrelevant to
the computation of the covering number.
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Example 4.3. For any p, q € Z define the nice cochain

p if0<a<1/2,
,q):10,1) —Z; ar—>
f(p,q): [0,1) a {q f1/2<a<1
with nice coboundary

0f(p,q):[0,1) x[0,1) — Z; (a,b) — f(a) + f(b) — fla+b) .
For any m € Z the picture of the nice cocycle m(standard) + ¢ f(p, ¢) has 8 regions

m+q m—+q
p m —p+2q

2p —q m+q
p p

with covering number

S(20 =) =p) + (m+a—p) + 3((m+0) — (m—p+2) = m.

Example 4.4. We illustrate the theorem with the two cases that will be of interest to us in
understanding the Meyer cocycle 1 of Definition for g =1 (Example [1.20))

71:10,1) x[0,1) — Z;
-2 if0<a+b<1,
(a,b) — —2sign (sin(ma) sin(wb) sin(w(a 4+ b))) = 0 ifa,bora+b=0,1,
2 fl<a+b<?2
and the Maslov cocycle 7 of Definition for g =1 (Example
71:[0,1) x [0,1) — Z ; (a,b) — —sign (sin(27a) sin(27d) sin(27(a + b)) .

The diagrams for these are as follows:
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In the terminology of Example 4.3
71 = 4(standard) 4+ § f(—2,-2) ,
71 = 4(standard) + o0 f(—1,—-3) ,
so that the covering number is equal to 4 in both cases. Now
f(1,—1)(a) = sign(sin2ma) ,
so that the cocycles differ by the coboundary
7 (a,b) —1(a,b) = —df(1,—1)(a,b)
= —sign(sin 27wa) — sign(sin 27b) + sign(sin 27(a + b)) .
and
n] = [1]] = 4€ H}(SY,Z) = 7Z.
(See also Example and Remark [1.23])

5. THE SYMPLECTIC GROUP Sp(2¢,R)

In this section, we examine the homotopy type and cohomology of Sp(2¢g,R), and use this
to compare the cocycles described in Sections [I] and [4]

Theorem 5.1. Let G be a Lie group with finitely many connected components, and let K be
a maximal compact subgroup. Then as a topological space, G is homeomorphic to a Cartesian
product K x R, where d is the codimension of K in G. In particular, the inclusion of K in
G is a homotopy equivalence.

Proof. See Theorem 3.1 in Chapter XV of Hochschild [19]. O

In the case of Sp(2¢g,R), a connected Lie group of dimension g(2g + 1), the maximal
compact subgroup is the unitary group U(g) of dimension g>. Thus as a topological space,
we have Sp(2g,R) = U(g) x RIW+D,

Proposition 5.2. The inclusion U(g) — Sp(2g,R) of topological groups is a homotopy
equivalence. Thus we have m(Sp(2g,R)) = Z and

H*(BSp(2¢,R);Z) = Zcy, . . ., ¢,
where ¢; € H*(BSp(2g,R); Z) = H*(BU(g); Z) denotes the i-th Chern class.
Proof. This follows from Theorem and well known properties of U(g). O

As m(Sp(2g,R)) = Z, the universal cover is a group Sp(2g, R) sitting in a central extension
1 — Z — Sp(29,R) — Sp(2¢9,R) — 1.
Provided g > 4, pulling back the universal cover of Sp(2g, R) to the perfect group Sp(2g,Z)
gives the universal central extension

e~ —

1 — Z — Sp(2g9,Z) — Sp(29,7Z) — 1.
For more about this group, see Section [7.2]
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Corollary 5.3. The coset space Sp(2g,R)/Sp(2g — 2,R) is homeomorphic to a Cartesian
product S?971 x R, U

Corollary 5.4. The inclusions
S'=U(1) — Sp(2,R) — Sp(4,R) — --- — Sp(2¢, R)
mduce isomorphisms on .
Proof. By the long homotopy exact sequence of a fibration. 0
Corollary 5.5. The Borel cohomology Hz(Sp(2g,R); Z) is isomorphic to Z, with generator

c1. The restriction map
HE(Sp(29,R); Z) — Hp(Sp(2g9 — 2,R); Z)
s an isomorphism.

Proof. Proposition contains the information that H%(Sp(2¢g,R);Z) = Z. The claim on
the restriction map follows from the Serre spectral sequence of a fibration and the fact that
Sp(2g,R)/Sp(2g — 2,R) is (29 — 2)-connected for g > 2. O

Theorem 5.6. The cohomology class in H5(Sp(29,R); Z) = H*(BSp(29,R);Z) = Z defined
by the Meyer cocycle 7, and the Maslov cocycle T, are both equal to 4c;.

Proof. Remember from Theorem 3.5 that H%(Sp(2g,R);Z) = H*(BSp(2g,R);Z), which is
Z by Corollary and that it injects into H?(Sp(2g,R)%; Z). It follows from Proposition
and Corollaries that it suffices to prove the second statement for the subgroup
St =U(1) € Sp(2,R). In this case, the Meyer cocycle is represented by the first diagram in
Example [£.4] while the Maslov cocycle is represented by the second diagram. According to
Theorem , these both have covering number 4. The standard cocycle on S* is Borel and
has covering number 1 (see beginning of Section . By Corollary it is thus the restriction
to S of a cocycle on Sp(2,R) representing c;. d

6. THE SIGNATURE OF A SURFACE BUNDLE MODULO EIGHT

Let ¥y — E — X}, be a surface bundle, with fibre the surface X, of genus g > 1, and base
the surface X, of genus h > 1. We shall use the Z/4-coefficient monodromy
m(2n) — 'y — Sp(29,Z) — Sp(2¢,Z/4)

to provide a recipe for computing the signature of the 4-manifold £ modulo eight.
We start with some generalities about central group extensions and commutators.
For any abelian group A there is defined a cap product pairing

H?(Sp; A) x Hy () — Ho(Sp; A) = A 5 (0, [Sh]) — (0, [S4])
with [¥;] € Ho(Xp) the fundamental class. In the first instance, we obtain a formula for
(0,[21]) € A in terms of the central extension
1 —A—mEh)e — m(2,) — 1

classified by 0 € H*(Zp; A) = H?*(m(34); A). The fundamental group of ¥, is the one
relator group given by

Wl(zh) = <a1,bl7az>bz, ., ap, by \ 7")
28



where r = [ay, b1][ag, ba] - - - [ap, by] is the single relator.
Lemma 6.1. (i) The central extension classified by 1 € H*(71(34);2) 2 Z
1 — Z 5 m(Sh)1 = m(5)) — 1
s given by
m(Xn)1 = (a1, b1, ... an, by, 7| [ar, 7], ..., [ba, 7], 7 = [a1,b1] - - - [an, bn]) ,
imZ—m(Zp)1; 1— 1.
(i) Let 1 = A — m1(3h)s — m(Xr) — 1 be the central extension classified by an element
o€ H*(Xp; A) 2 H*(m1(21); A) =2 Hom(Hy(m1 (X)), A) 2 A .

Then
m1(Xh), = coker (Z — m(Zp)1 X A)

fits into a morphism of central extensions

1 —>Z;>7r1(2h)1 L m(Zh) — 1

b H

11— A1 () —— m (Sh) — 1

such that
(0,[Zn]) = x ([a1, bu][az, ba] - - - [an, by]) € A C m1(35h)o -
(iii) For any group G, abelian group A and cohomology class ¢ € H*(G; A) let

1 —A—G-25G—1

be the central extension of G by A classified by c. A group morphism f: m () — G
determined by elements uy, vy, ..., up, vn € G such that [uy, v1] -+ - [up,vp] € A, with f(a;) =
p(u;), f(b;) = p(v;). The pullback central extension H of w1 () by A

1

Vo)

A H T (X)) — 1
T
A——G——G

18 classified by )
Fre) = [ur,va] -+ - [un, vn] € H?(m1(p); A) = A
so that H = m1(34) (o) -
Proof. (i) This can be seen by construction. We propose also a more general method that
will be useful in the rest of the proof.
Since h > 1, ¥y is a K(m1(Xy), 1), so that

Hy(m(Zh)) = Hi(Sh) = Z%" , Hy(mi(Zh)) = Ho(Sh) =7 .

In particular,
Exty (Hi(m1(2n)), Ha(m1(21))) = 0,

and so the universal coefficient sequence shows that

H?(m(S4); Ha(m1(24))) — Homz(Ha(my(3h)), Ha(m1(2h)))
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is an isomorphism. In particular, lifting the identity homomorphism gives a well defined
generator of H%(m1(X); Z) = Z, corresponding to the central extension 1 — Z — m1(3); —
m1(2n) — 1 of the statement.

Recall (see also Definition that if G is a quotient of a free group F' by relations R
then Hy(G) = RN [F, F|/[R, F]. If R C [F, F] there is a canonical central extension

1 — Hy(G) = R/[R,F] — G = F/[R,F] — G = F/R — 1

classified by 1 € H*(G; Ho(G)) = Homz(Hy(G), Hy(G)) (see details on page 48| in Appendix
[A). In particular, for G = m1(3), Ho(G) = Z, this gives the extension 71(X;); with the
presentation in the statement of (i).
(ii) We are considering the cokernel of the natural map
Z>n+— (r",o(n)) € m(3n); x A.

The map i, is given by a — [(1, —a)], the map p, by [(u,a)] — p(u) and x by u — [(u,0)].

Let s: m(X5) — m(25)1 be a section of p, with associated cocycle m: m (Xp,) xm1(2,) = Z
satisfying i(m(z,y)) = s(x)s(y)s(zy)~'. The composition yos is a section of p,. We compute
the associated cocycle:

xs(@)xs(y)xs(zy) ™ = x (s(x)s(y)s(xy) ™) = x (i(m(x,y))) = is (o(m(z,y))).

This shows that the group extension coker (Z — m;(X;)1 X A) corresponds to o.

We can evaluate o on [X),] € Hay(mi (X)) via the induced map in Hom(Hy (w1 (X)), A): we
have obtained a lifting y of p

11— Z— 5 m (S —— m(Sy) — 1
Lol
11— A—"5m(Eh)e — T () — 1

with Z — A; 1 (o, [24]) =35 (x ([a1, b1][az, ba] - - - [an, br])).

(iii) Apply (ii) with o = f*(c) € H?(m(Z5); A): consider the commutative diagram
1 — 72— m (X)) — m(X,) — 1
L b H
l— A—m(Xh)e — m (X)) — 1
| b L
1 A—"0G—"—G 1.
The morphism f is given by [(a;, 0)], [(b;,0)], [(1, —a)] — u;, v;,i.(a) respectively. Note then
that

<f*(c)v [Eh]> = <07 [Zh]>
=iy (x (lar, 0i][az, b2 - - - [an, by]))
which is mapped to G via i. to [u1,vy] - [up, vn] € i.(A) 2 A X H?*(m,(24); A). O

Let N > 0; for N = 0, Z/N is the infinite cyclic group, and for N > 1, Z/N is the finite
cyclic group of order N.
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Example 6.2. The central extension

1 —Z/N — m(3,) — m(3,) — 1
classified by 1 € H*(m1(X,); Z/N) = Z/N is
Wl(zh) = <alabla s 7ah7bh7r‘ [al77n]7 RN [bh,T],T - [alabl] U [a'habh];TN> )

—_—

Z/N — m(Zp) ; 1L— 7.
Meyer [29] proved that o(E) = 0 for a surface bundle ¥, — E' — %) with g < 2.

Lemma 6.3. Let g > 3.
(i) The cohomology class
[7y) =4 € H*(Sp(29,Z); Z) = L
corresponds to the central extension
1—7Z — Sp(29,2)y — Sp(29,Z) — 1
with cocycle determined by the signatures of the double mapping tori
Tg: Sp(2gvz) X Sp(2g>Z) — Z ; (Ol,ﬁ) — —U(T(&,ﬁ)) .
(ii) For a surface bundle F =¥, - E — B =%},

o(E) == (X" ([1]) , [En]) € 4Z
with x: m(3,) = Sp(2g,Z) the monodromy. The cohomology class x*([7,]) € H*(m1(Xh); Z)
classifies the extension
1 —Z — m(Zn)g@) — m(Zp) — 1
with cocycle
m1(Zp) X m1(Ep) — Z 5 (o, B) — —o (T (X(a), X(B))) -
For x(a;) = u;, x(b;) = v; € Sp(2g,Z) this is the pullback of the central extension of Sp(2g,7Z)
in (i)

1—— 7 —— 1 (Sh)ga) —— m(Sh) —— 1

L

1—— 7 ——Sp(2g,Z)s —— Sp(2¢,7) —— 1
with

(—=o(E),1) = (0,u1) (0,v1) (0,uy") (0,07") -+ (0,uz) (0,v1) (0,u;,") (0,v,") € Sp(29,Z),
(iii) The Z/2-reduction of [1,]/4

Z)267)2 ifg=3,

Z/2 ifg>4

ml/= {f’o) € H(Sp(20,2)2/2) = {

corresponds to the central extension

—_—
o~ —

1 —7Z/2 — Sp(29,Z) — Sp(29,Z) — 1
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such that for a surface bundle ¥, — M — ¥,
o(E)/4 = (X" ([1]/4), [En]) € Z/2 .

Proof. (i)+(ii) Meyer [29].

(iii) From (i) we have that [r,]/4 = 1 € H?*(Sp(29,Z);Z) = Z is the generator of this
cohomology group. By naturality of the universal coefficient theorem and because the group
Sp(2g,Z) is perfect for g > 3, one has a commutative diagram

HA(Sp(29, Z); Z) ——*—— H*(Sp(29,2):2,/2)

; :

Hom(H2(Sp(29,72);Z), Z) 2 Hom(H.(Sp(29,7);7Z),7]2).
Lemma [B.1J(iii), (v) and gives

Hy(Sp(29,Z);Z) = {

H?(Sp(29,Z);Z) = Z if g > 3, and

Z@Z)2 if g=3,
Y/ if g >4,

Z)2®7)2 ifg=3
H?*(Sp(29,7):7./2) = ’
(Sp(29,2);Z/2) {Z/2 g >4

Consulting Lemma @, the map 7, has image

7)23 {0} if g=3,
Z]2 if g >4

and ry([7,]/4) is
{(1,0) if g =3, -

1 if g > 4.

7. SIGNATURE OF SURFACE BUNDLES MODULO AN INTEGER

7.1. Signatures of surface bundles mod N for N < 8. In [5] we showed the existence
of a cohomology class in the second cohomology group of a finite quotient $) of Sp(2g, Z)
that computes the mod 2 reduction of signature/4 for a surface bundle over a surface.

We recall this theorem in detail hereafter. It chases the cohomology class from the finite
group $) = Sp(2g,7Z)/ R to Meyer’s class on Sp(2g,7Z). We include details of low genus cases,
which makes the theorem a little hard to follow, so afterwards we summarise the situation
in a diagram valid for g > 4.

As in [5] we write I'(2g, N) < Sp(2g,Z) for the principal congruence subgroup consisting
of symplectic matrices which are congruent to the identity modulo N.

Definition 7.1. For ¢ > 1 we write K (resp. %)) for the subgroup of Sp(2¢g,Z) (resp.
Sp(2¢g,7Z/4)) consisting of matrices

I'+2a 2b
( 9% [+2d> € Sp(2g, Z) (vesp. Sp(2g,Z/4))
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satisfying:
(i) The vectors of diagonal entries Diag(b) and Diag(c) are even, and
(ii) the trace Tr(a) is even (equivalently, Tr(d) is even).

Theorem 7.2. Let g > 2.
(i) R (resp. ) is a normal subgroup of Sp(2g,Z) (resp. Sp(2g,Z/4)). We write § for the
quotient Sp(2g,7Z)/8R = Sp(29,Z/4)/2).
(ii) The quotient T'(2g,2)/8& < $) is an elementary abelian 2-group (Z/2)?9.
(iii) There are commutative braids of extensions

/\

1(29,4) Sp(29,7Z) 9 Sp(29,Z/4)  Sp(29.Z/2)

\/\/ N NS

R Sp(29,7Z/4) sp(29,7/2)

N\
QJ (Z/2)29+1

(iv) The extension
1 — (2/2)* " — $ — Sp(2¢9,7Z/2) — 1

does not split. The finite groups in the braids have orders

Sp(29,2/2)] = 2° [1(2% — 1) . |Sp(2g, Z,/4)] = 2969+ [] (2% — 1) |

i=1 i=1
5] = 2040 [[(2% — 1) , 9] = 22+06) | [sp(2g,2,/2)] = 20001
i=1
(v) The group $) has a double cover
1—7Z/2—H—H—1

which is a non-split extension of Sp(2g,7/2) by an almost extraspecial group E of
order 22972 namely E is a central product of Z./4 with an extraspecial group of order
2291 Purthermore, the conjugation action offj on E induces an isomorphism between
9/Z(H) = H/Z(H) and the index two subgroup of Aut(E) centralising Z($) = Z(E).
The groups fit into a commutative braid of extensions
/\ ) /\
/2 O

Sp(29,Z/2)
NN
NS

/2"

(vi) The cohomology class in H*($);Z/2) determined by the central extension $ inflates to a
non-zero class [1,] € H*(Sp(2g,7/4);Z/2), to a non-zero class in H*(Sp(2g,7Z); Z/2),
and also to a non-zero class in H*(Ly;Z/2) for g > 3. If X denotes the double cover of

Sp(2g,Z/4) corresponding to [r,], we have:
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7.2 9
NN
@/ S\Wg,zg

(vii) Forn > 2, the inflation map induces an isomorphism
)20 L)2GL)2 ifg=2,
H?*($;Z/2) = H*(Sp(29,Z/2"); Z]2) = { 7./2 © Z.]2 if g =3,
7/2 if g > 4.
(viii) For g > 3 the inclusion of Z/2 in Z/8 sending 1 to 4 induces an isomorphism
H*(Sp(29,Z/4); Z)2) — H*(Sp(29. Z/4); Z/8).
(ix) We have

H?(Sp(29,2); Z) = {Z BEE =2

Z if g =3,

ZISOLI2®L)2 ifg=2,
H*(Sp(29,Z);Z/8) = S Z/8 ® Z/2 if g =3,

7/8 if g > 4.

Z/8DZL/2 ifg=2
The image of reduction modulo eight is /8ez/ z.fg ’
7/8 if g = 3.

(x) For g > 3 the inflation map
H?(Sp(2g,Z/4); A) — H*(Sp(2g,Z); A)

is injective for any abelian group of coefficients A with trivial action.

(xi) Pulling back the universal cover of Sp(2g,R) to Sp(2g,Z) gives a group S[@,/Z):

—_——

1 —7Z —Sp(29,Z) — Sp(29,Z) —— 1

I

1—Z—Sp(2¢9,R) —— Sp(2¢9,R) —— 1.

This is the universal central extension for g > 4.

For g =3, Sp(2g,7Z/2) has an exceptional double cover, and the pullback of Sp(2g,Z)
and this double cover over Sp(2g,Z/2) gives the universal central extension of Sp(2g,7Z),
with kernel Z X 7./2.

For g = 2, Sp(2g,7Z) is not perfect, so it does not have a universal central extension.
But the cohomology class defined by the pullback is a generator for a Z summand of
H?*(Sp(4,Z);Z) 2 Z®Z)2.
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(xii) The Meyer cocycle is four times the generator of H*(Sp(2g,7Z);Z) = Z for g > 3, and
four times the generator of the Z summand for g = 2.

(xiii) Following the mon-zero cohomology class in H?($;7/2) corresponding to the central
extension given in through the maps described in f

H*($;7/2) — H*(Sp(29,7/4);Z./2) — H*(Sp(29,7/4); 7Z./8) — H*(Sp(2g,7); 7/8)

gives the image of the Meyer cohomology class under reduction modulo eight

H*(Sp(29,7); Z) — H*(Sp(29,Z); Z/8).

Following it through

H*($;7./2) — H*(Sp(29,7/4); Z./]2) — H*(Sp(29,Z); Z,/2)

gives the image of one quarter of the Meyer cohomology class under reduction modulo
two.

Proof.
(i)
(iii)

(iv)

(i) See [5, Theorem 2.2(i)].
See [5, Theorem 2.2(ii)].

The left diagram holds by definition of the groups in presence.

The upper left sequence of the right diagram is already in the left one. The
upper right one is to be found in [5, after Theorem 5.1]. Note that this shows that
sp(29,7/2) = I'(29,2)/I'(2g,4). This observation proves the exactness of the lower
left sequence as well. The lower right one holds by the third isomorphism theorem
for groups. The right triangle commutes: it is a composition of quotient maps. The
left one commutes as well: it is a composition of inclusions, by definition of ) and
using sp(2¢,7Z/2) = 1'(2g,2)/I'(2g,4). The square commutes:

/(ﬁ/F(QQ»‘l))l l/(ﬁ/F(QQA))

See [5, Theorem 2.2(iii)] for the claim on the extension.

For the order of Sp(2g,7Z/2), see [12], 2.3]. For the order of §), combine the order of
Sp(2g,7Z/2) with the short exact sequence in the diagram on the right of (fii). The
order of sp(2g,Z/2) is given in [5, Theorem 5.1]. Using again the diagrams of (i),
we obtain successively |9)| and |Sp(2¢,Z/4)].

The existence of the non-trivial double cover of § is implied by [5, Theorem 6.12,
Corollary 6.14] for g > 3 and by the cohomology group tables in [5] for g = 2.

By definition, an almost extraspecial group of order 22972 is a central product of
Z/4 with an extraspecial group of order 2271, Tts center is a copy of Z/4.

Griess [I7, Theorem 5 (b)] (see also [5, Section 3]) shows that the group $ is
an extension of Sp(2g,7Z/2) by an almost extraspecial group of order 22972, that we
denote by E, and that £/Z($) is isomorphic to the subgroup of index 2 in Aut(E)

that centralizes the center of E. Moreover Z($)) = Z(FE) (caveat: the statement in
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Griess’s theorem that says Z(22971) = Z($) is wrong, but his proof shows the correct
assertion).

The isomorphism $/Z()) = $/Z($) follows from the fact that the preimage of
Z($) is exactly Z($): indeed |Z($)| = 4, and Z($) maps to Z($) with kernel Z/2.

To see that |Z($)] is (at least) 2, proceed as follows: the action by conjugation of
Sp(2g,7/2) on the kernel of the extension (Z/2)%9*! is trivial for exactly all elements
of Sp(2g,7/2) that lift to an element of Z($). Recall that the action is given through
the isomorphism Sp(2¢,Z/2) = O(2g + 1,7/2) [5, before Remark 5.3]. The elements
that act trivially are therefore the ones lying in the radical of the bilinear form. This
is one dimensional, isomorphic to Z/2.

The commutative braid of extensions is implied by [5, Theorem 2.2(ix)].

Commutativity of the diagram implies that § is non-split as an extension of
Sp(2g,7/2): the existence of a section of H — Sp(2g,7/2) would imply the exis-
tence of a section of $ — Sp(2¢,Z/2), and this would contradict (iv]).

If g = 2, then there is more than one isomorphism class of groups §, and thus 9,
fitting in this diagram. The particular group $ described here is one candidate. This
can be checked using the representation of the double cover §) given in [4].

(vi) [, Corollary 6.14 and Corollary 6.5] imply the inflation of the class corresponding to

$) to a non-zero class in H?*(Sp(2g,7/4);7Z/2) and in H*(Sp(2g,7Z);Z/2) for g > 3.

For g = 2, the inflation of the class of § to non-zero classes in H*(Sp(4,Z/4);Z/2)
and in H%(Sp(4,Z);Z/2) can be taken from the second statement of (iiii).

The further inflation to a non-zero class in H*(I'y;Z/2) follows from the isomor-
phism H?(Sp(2¢,7Z);Z/2) = H*(T,;Z/2) for g > 3 (see Lemma , which also
shows that the statement does not hold for g = 2).

The braid of extensions describes the groups in presence.

(vii) See [0, Corollary 6.14] for the isomorphism when g > 3 and [5, Theorem 6.12] for the
value of H?($);7Z/2) for g = 3. Let us recall the argument to obtain the case g = 2.
The five-term homology exact sequence associated with
1 —T'(29,2") — Sp(29,Z) — Sp(2¢9,Z/2") — 1
is
H,(Sp(29,Z); Z2) — H,(Sp(29,Z/2"); Z) — Ho(Sp(2g, Z/2"); H1(T'(29,2")))
— H1(Sp(29,Z); Z) — Hi(Sp(29,Z/2"); Z) — 0.
By [5, Lemma 6.2], we have Hy(Sp(2g,Z/2"); H1(I'(2g,2"))) = 0 for g > 2,n > 1. So
for every g > 2,n > 1, the map Hy(Sp(2g,7Z);Z) — H2(Sp(2g,Z/2"); Z) is surjective.
The five-term homology exact sequence associated with
1—99 —5Sp(29,Z/4) — H — 1
1s
Hy(Sp(29, Z/4); ) — Ha($9;Z) — Ho($); H1(D))
— Hy(Sp(29,Z/4);Z) — H,($H;Z) — 0.
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By [B, Lemma 5.5(i) and proof of Proposition 6.6] we have Hy($); H1(2)) = 0 for
g > 1. The map Hy(Sp(29,7Z/4);Z) — H2($;Z) is thus surjective for g > 1. Together
with the above this implies that Hy(Sp(2g,Z/2™); Z) — Hy($;Z) is surjective for all
g,n > 2. Consider the sequence of induced maps

Hom(H2(Sp(29,Z);Z),7Z/2) <— Hom(Hy(Sp(2g9,7Z/2"); Z),7Z]2) <— Hom(Hy($:Z),Z/2).

By the above both are injective for g,n > 2. Insert the values of Hy(Sp(2¢,Z);Z)
(Lemma [B.1J(ii)) and Hs($;Z) [, Tables]. We see that both maps must be isomor-
phisms for g,n > 2. By the universal coefficient theorem this finishes the proof for
g > 3, as each of Sp(2¢g,7Z),Sp(2¢g,7/2"), and $) are perfect.

For g = 2, we need to also consider the Ext-terms coming from H,(Sp(2¢,Z);Z),
H,(Sp(2g9,Z/2");Z), and H,($;Z). By the five-term exact sequences above, the
maps H,(Sp(2g,72);Z) — H1(Sp(2g,Z/2") for every n > 1 and H,(Sp(29,Z/4); Z) —
H,($);Z) are surjective. This implies that

is surjective for all n > 2 as well. Insert the values of H,(Sp(2¢,Z);Z) (Lemma
B.1|[H) and H1($);Z) [5, Tables]. The composition
7]2 = Hy(Sp(29,Z);Z) — H,(Sp(29,Z)2"); Z) — H1($9H;7Z) = Z]2
is surjective, thus also injective. Then each of the two maps is an isomorphism, and
thus by functoriality we obtain isomorphisms also for
Exty,(H1(9; Z), Z/2) — Exty(H\(Sp(29,Z/2"); Z), Z,/2) — Exty(H(Sp(29,Z); Z), Z,/2)
for every n > 2. This together with the preceding results on the Hom-term finishes

the proof for g = 2.
(viil) (See also [8, Chapter 6].) We consider the following short exact sequence:

p

0——7/2—>7/3

7./4 0,

where 7 is the map sending 1 to 4. The induced long exact sequence in cohomology
for Sp(2¢g,7Z/4) is:

P’ ~ H'(Sp(29,Z/4); Z/4)
61

H?*(Sp(29,2/4); Z./2) —i"—~ H*(Sp(2g,Z/4); Z/8) —¥"—~ H*(Sp(2g,Z/4); Z/4)
82

H3(Sp(29,Z/4); Z,/2) —

Let ¢ > 3. Then H'(Sp(2¢9,Z/4);Z/4) = 0 by perfection of the group. Using
the cohomology computations of Point (vii) and Lemma , we thus have an
isomorphism ¢*

ot

H*(Sp(2g,Z/4); Z./2) — H*(Sp(29,Z/4); Z/8).
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(ix)
(x)
(xi)

(xii)

(xiii)

See Lemma ,,.
By [, Corollary 6.5].

See [5l Section 1] for g > 3. For g = 2, consider the following commutative diagram:

Z — Sp(

S LN

The inclusion of the symplectic group Sp(4,Z) C Sp(8,7Z) induces a morphism in
cohomology

00
N
wn
=5
‘o0
8

H2(Sp(8,Z): Z) = 7 —— H*(Sp(4,Z); Z) = Z & Z/2

that maps [r4) = 4 — [r] = (4,0) by Proposition [1.24[ii). For the generators we
obtain 1 — (1,0) (see the proof of below). This proves the statement for g = 2.

See [29, Satz 2] for ¢ > 3, as the map p*: H*(Sp(2¢,Z);Z) — H*(T';;Z) is an
isomorphism (Lemma [B.1|(xiii) ).

For g = 2, consider the commutative diagram

Z.= H3(Sp(6,R); Z) ——— H*(Sp(6,Z); Z) = Z

7 = H(Sp(4,R); Z)—— H2(Sp(4,Z2);7) 2 7. ® 7./2.

The map r is an isomorphism by Corollary [5.5, while the horizontal isomorphism
is given by [I, Proposition 3.1, p. 258], as the groups in presence are cyclic (see
also the proof of Lemma [B.I|[xii)). The injection at the bottom comes from the
same argument: the first Chern class ¢; is sent to §[73] in the top line, and to either
(3[7],0) or (3[m],1) € Z @ Z/2 in the bottom line. But Proposition M(u) says
that the map r sends 73 to 7 even as cocycles; a fortiori this is true for rz on the
restrictions of 73 and 7,. So composing the arrrows shows that ¢; goes to (i[TQL 0),
just as claimed.

For g > 4, the first statement is obtained as follows: denote by [n] € H?*($;Z/2) the
generator corresponding to the extension §. The first map is an isomorphism by ,
the second by , the third is injective by @, so that, using the computations in
and the image of [n] in H*(Sp(2g,Z);Z/8) is 4 € Z/8. By again, this
is exactly the image of [1,] =4 € H*(Sp(2¢9,7Z);Z) in H*(Sp(2g,7Z);Z/8).

For g = 3, consider the following commutative diagram:
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Z)207)2

o

H?($;2,/2) —— H*(Sp(6,Z/4); Z,/2) —— H*(Sp(6,Z/4); Z,/8) —— H*(Sp(6,2); Z/8) «—— H*(Sp(6,Z); Z)

f

H2($9;2,/2) —— H?(Sp(8, Z,/4); Z,/2) —— H?(Sp(8,2/4); Z,/8)—— H?(Sp(8,Z); Z/8) ¢—— H(Sp(8, Z); Z)

o

Z)2

7)26L)2

o

h

o

7/2

7)2 0 L)2

o

k

o

7)2

780 L)2

o

L

o

78

Z

o

o

o

Z

The class [ry] € H?(Sp(8,Z);Z) maps to [r3] € H?*(Sp(6,Z);Z) by Proposition
1.24(ii) and to 4 € H?*(Sp(8,Z);Z/8) = Z/8 by (ix). By again, [73] maps
to (4,0) € Z/8 & Z/2. The map { is thus injective. Then k has to be injective
too, and so does h, and then f. Consequently, the non-zero class f([n]) is mapped
under composition of the maps in the first line of the diagram to ¢(4) = (4,0) €
H?(Sp(6,7Z);7Z/8). As we remarked, this is the image of [r3] in H?(Sp(6,Z);Z/8).
That proves the first statement for g = 3.

For g = 2, we reason in the same way. We have the following commutative dia-
gram:

Z)2®L)2 72 Z)2®L)2® 72 78D L)20 L2 Z®L)2

o o o o

H?($;7/2) —— H*(Sp(4,7Z/4); Z/2) —— H?(Sp(4,7Z/4); Z/8) —— H?(Sp(4,Z); Z/8) +—— H?*(Sp(4,Z);Z)

Tf h k L

H?($9;7/2) — H?(Sp(8,Z/4);Z/2) — H?(Sp(8,7Z/4);Z/8)—— H?*(Sp(8,7Z); Z/8) «+——— H?*(Sp(8,7Z); Z)

o o o o o

Z/2 Z/2 Z/2 7./8 7

The class [ry) € H?(Sp(8,Z);Z) maps to [ra] € H?*(Sp(4,Z);Z) by Proposition
[[.24]ii) and to 4 € H?(Sp(8,Z);Z/8) = Z/8 by (ix). By again, [73] maps to
(4,0,0) € Z/8 B Z/2 ® Z/2. The map ¢ is thus injective. Then k has to be injective
too, and so does h, and then f. Consequently, the non-zero class f([n]) is mapped
under composition of the maps in the first line of the diagram to ¢(4) = (4,0,0) €
H?*(Sp(4,7Z);7Z/8). As we remarked, this is the image of [r] in H?(Sp(4,Z);Z/8).
That proves the first statement for g = 2.

The second statement follows from [5, Theorem 2.2(viii)] for g > 4.
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For g = 3, consider the following commutative diagram:
7272 Z]2® 72 Z]2B7/)2 Z
H?*($;7/2) — H?(Sp(6,7/4);7Z/2) —— H?(Sp(6,7Z); Z/2) «—— H*(Sp(6,Z);Z)
f h 1 &
H?*($;7/2) — H?(Sp(8,Z/4);Z/2) - H?(Sp(8,7Z);Z/2) «—— H*(Sp(8,7Z);Z)

(=23 o) (a1 (=23

7.)2 7.2 7/2 Z

The class 1 € H*(Sp(8,Z);Z) maps to 1 € H?(Sp(6,Z);Z) by Proposition [L.24]ii)
and to 1 € H%(Sp(8,Z);Z/2) = 7Z/2 by Lemma [B.I|[x). By Lemma again, 1
maps to (1,0) € H*(Sp(6,Z);Z/2) 2 Z/2 @ Z/2. The map ¢ is thus injective. Then
h has to be injective too, and so does f. Consequently, the non-zero class f([n]) is
mapped under composition of the maps in the first line of the diagram to ¢(1) =
(1,0) € H*(Sp(6,7Z);Z/2). As we remarked, this is the image of 1 € H?*(Sp(6,Z);Z)
in H*(Sp(6,Z);Z/2). That proves the second statement for g = 3.

For g = 2, we reason in the same way. We have the following commutative diagram:

728 7/2® 7)2 Z)287/207)2 Z® 72

o [ (a3

H?($);7Z/2) —— H*(Sp(4,Z/4);Z.)2) — H*(Sp(4,Z);Z/2) «—— H*(Sp(4,Z); Z)

Tf h 14

H?(9;,Z/2) — H?(Sp(8,Z/4);Z/2) - H?(Sp(8,7Z);Z/2) «—— H*(Sp(8,7);Z)

o o) [ (=23

7.)2 7.)2 7./2 Z

The class 1 € H*(Sp(8,Z); Z) maps to (1,0) € H*(Sp(4, Z); Z) by Proposition [L.24]ii)
(see also the proof of above) and to 1 € H?(Sp(8,Z);Z/2) = Z/2 by Lemma
B.1f). By Lemma again, (1,0) maps to (1,0,0) € H?*(Sp(4,Z);Z/2) =
Z]2® Z)2 & Z/2. The map ¢ is thus injective. Then h has to be injective too, and
so does f. Consequently, the non-zero class f([n]) is mapped under composition of
the maps in the first line of the diagram to ¢(1) = (1,0,0) € H*(Sp(4,Z);Z/2). As
we remarked, this is the image of (1,0) € H*(Sp(4,Z);Z) in H*(Sp(4,Z);Z/2). That
proves the second statement for g = 2. 0
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The following diagram, valid for g > 4, may help clarify the theorem.

7)2 = H*($): 7./2) = H%($):Z/8) = 72

Z/2 = H*(Sp(2g, Z/4); Z,)2) — H*(Sp(2g, Z/4); Z/8) = Z/2

Z/2 = H*(Sp(29,Z); Z/2) —— H*(Sp(29,Z); Z/8) = L/8

This illustrates the connection between Meyer’s cohomology class on the bottom right and
the central extension §) of §) regarded as a cohomology class on the top left.

7.2. Signatures of surface bundles mod N for N > 8. We just explained the existence

of a cohomology class in the second cohomology group of the finite quotient § of Sp(2g, Z)

that computes the mod 2 reduction of signature/4 for a surface bundle over a surface. Here

we explain in detail why this information on the signature is the best we can hope for if we

restrict ourselves to cohomology classes on finite quotients of the symplectic group.
Precisely, we want to show the following:

Theorem 7.3. Let g > 4 and K < Sp(2g,7Z) be a normal subgroup of finite index. If
c € H*(Sp(2g9,Z)/K;Z/N) is a cohomology class such that for the monodromy x: m (X)) —
Sp(2g,7Z) of any surface bundle £, — E — ¥, we have
then N = 2,4, or 8. If N = 2 or 4, the value (X*p*(c),[X1]) € Z/N is always 0. Here
p: Sp(29,7Z) — Sp(2g,Z)/ K denotes the quotient map.

This will be a direct consequence of a more general result (see also Remark [7.6)):

Theorem 7.4. Let g > 4 and K < Sp(2g,7Z) be a normal subgroup of finite index, and A
be a commutative ring. If c € H*(Sp(29,Z)/K; A) is a cohomology class such that for the
monodromy x: m1(X,) = Sp(2g,Z) of any surface bundle £, — E — 3, we have

o(E) = —(X"p*(c), [Xu]) € A,
then (x*p*(c),[Xn]) is the image of 4 € Z in A and lies in the 2-torsion of A. Here
p: Sp(29,Z) — Sp(2¢9,7Z)/ K denotes the quotient map.

Morally, this theorem says that any cohomology class on a finite quotient of the symplectic
group yields at most a 2-valued information on the signature of a surface bundle over a surface
(as it lies in the 2-torsion of the arbitrary coefficient ring A).

The above results rely on the non-residual finiteness of Sp(2g,Z) proved by Deligne [13].
We recall the setup.
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Let Sp(2g,Z) denote the central extension obtained by pulling back the universal cover of
Sp(2g,R) to Sp(2g,Z):

e~

1 — 7 —— Sp(29,Z) —— Sp(29,Z) —— 1

1]

1—Z—Sp(29,R) —— Sp(2¢9,R) —— 1.

P

For g > 4, the group Sp(2g,Z) is the universal central extension of the perfect group

Sp(29,Z).
Let [r,] € H*(Sp(2¢,7Z);Z) denote the class of the Meyer signature cocycle. Recall that
T, =4 € Z = H*(Sp(29,Z);Z) for g > 3.

—_—

Theorem 7.5 (Deligne [13]). For g > 2, the group Sp(2g,7Z) is not residually finite: every
subgroup of finite index contains the subgroup 27.

Proof of Theorem[7.]]. Let Q@ = Sp(2g,Z)/K be a finite quotient of Sp(2g,Z). Denote by
p: Sp(2g,7Z) — @ the projection map. We have a natural isomorphism

—_—

Sp(2g, 2 Z)/K — Sp(29.2)/K
gK —  u(g)K,

—~— e~

where K = w*(K) denotes the preimage of K in Sp(2¢,Z). So [Sp(2¢,Z) : K] < co. By
Theorem . the subgroup K then contains 2.

Note that as Sp(297 Z) is the universal central extension of Sp(2g,Z) for g > 4, the central
subgroup of the extension is isomorphic to the second homology group:

Z = Hy(Sp(29,72);Z), Vg > 4
Claim 1: The map induced by p in homology annihilates the subgroup 27Z:
27 < ker (p.: Ha(Sp(29,Z); Z) — Ha(Q;Z)) -

Proof of Claim 1: As a quotient of the perfect group Sp(2g,Z), the group @ is perfect.

Hence it possesses a universal central extension () satisfying:
1 —— Hy(Q: 7Z) Q—Q 1.
Denote by E the pullback of Q and Sp(2g,Z) fitting in the following comutative diagram:
1 —— Hy(Q;Z) x {id} — E ——5p(29,Z) — 1

T

1 ——— Hy(QsZ) Q—7 @ L.

The maps p; and p, denote the projections to the first and the second factor respectively,
and

E={(d.9) € @ x Sp(29,2)| (@) = pl) } .
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They are both surjective, as m and p are. Moreover one checks directly that E is a central
extension of Sp(2g,Z). Consequently by the properties of the universal central extension,

there exists a unique map ¢: Sp(2¢,Z) — E such that p; o ¢ = u. We now have the
commutative diagram

e~

1 —— Hy(Sp(2¢,Z); Z) — Sp(2¢, Z)

|

1 —— Hy(Q;Z) x {id} Sp(2¢9,2) — 1

E 2
pll pli pJ/
1 ——— Hy(Q;Z) 0 _ Q 1.

By functoriality (and general knowledge on the second homology of perfect groups) the

leftmost composition p; o ¢ is precisely the induced map in homology p.: Ho(Sp(2¢9,2);Z) —

Hy(Q;Z). Now we have to show that the kernel of this map contains 2H,(Sp(2¢, Z); Z) = 27Z.
Note that

ker (p«: H2(Sp(29, Z); Z) — H2(Q;Z)) = ker (p1 0 ¢) N H2(Sp(29, Z); Z).
To conclude, it is thus enough to show that ker (p; o ¢) contains 2Z. Thus by Theorem

P

it is enough to show that [Sp(2g,7Z) : ker (p; 0 ¢)] < 0.
To this purpose, observe that

ker (pr 0 ¢) = ¢~ ({id} x K) < K = (K) = ¢~ (Ha(Q: ) x K).

But as Q is finite, we have that H*(Q;Z) is finite ([7, III, 10.2] implies that H*(Q;Z) is
torsion, and the cohomology of @ is finitely generated). This together with the universal
coefficient theorem, as @) is perfect, yields that Hy(Q;Z) has no free part (see the diagram
below with A = Z). As the homology of @) is finitely generated as well, the abelian group
Hy(Q;Z) is finite.

Now note that

[(b*l(HQ(Q;Z) x K) : ¢*1({id} x K)| =[H2(Q;Z) x K : {id} x K| = |H2(Q;7Z)| < oc.
Thus

[Sp(29,Z) : ker (p1 o ¢)] = [Sp(29,7Z) : I?][I? : ker (p1 0 @)]

—_—

[Sp(29,Z) : K][¢ (Hx(Q; Z) x K) : 67" ({id} x K)]

— [Sp(29,7) : K][Hy(Q;Z) x K : {id} x K] < 00

as both factors in the last line are finite. This proves Claim 1.

-
(—
/
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As Sp(2¢g,7Z) and @ are perfect, the universal coefficient theorem for cohomology provides
the following commutative diagram:

Hom(p..)

12 12
H*(Q; A) - H?(Sp(29,Z); A)

for any principal ideal domain A.

Claim 2: Im(p*) C To(H?*(Sp(29,7Z); A)), where Ty denotes the 2-torsion.

Proof of Claim 2: As indicated by the commutative diagram, the map p* is defined as
follows:
H*(Q; A) = Hom(H2(Q; Z), A) > a +— aop, € Hom(H,(Sp(29, Z); Z), A) = H*(Sp(2g, Z); A).
Then let g > 4 and n € Hy(Sp(2¢9,72);7Z) = Z. 1f 2 | n, Claim 1 implies p.(n) = 0. So
Hom(p,)(«) is determined by Hom(p,)(a)(1), and we have

2Hom(p.)(a)(1) = Hom(p.)(a)(2) = 0.

This proves Claim 2.

Note that H?(Sp(2g,Z); A) = Hom(H,(Sp(2g,7Z);Z), A) = Hom(Z, A) = A if g > 4.

Now comes the final part of the proof. Let [7,]4 denote the image of [1,] in H?(Sp(2g,Z); A).
Suppose that there exists a class ¢ € H?(Q; A) such that

p*(c) = [rgla-
By Claim 2 we have 2p*(¢) = 0. On the other hand, [7,]4 is the image of [1)] =4 € Z =
H?(Sp(2g,7Z);Z) in A. So we have
p*(c) =44 € Tr(A).

Hence this class ¢ can provide at most the 2-valued information 4 4 on the signature: either

it is 0 in A or not. OJ

Remark 7.6. In particular, setting A = Z/N, we find the following: 45 € T5(Z/N), and
{0} if N is odd,
T5(Z/N) =
2(Z/N) {{O,% if NV is even.

Hence no information is obtained in this way for odd N. For even N, suppose % = 4dy.
Then
N

(7.7) 5 =4 (mod N)
N
(7.8) N5 -4
N
(7.9) 5 4 = gN for some q € Z
(7.10) N(1—2¢) =8
(7.11) 1 —2q is odd and divides 8
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(7.12) 1—2¢=1

(7.13) q=0.

So N =8.

Remark 7.14. If g = 3, the conclusions of Theorems [7.3] and [7.4] still hold, with the same
proof, as the only difference between g = 3 and g > 4 is an additional 2-torsion summand in

the second homology of the symplectic group with integer coefficients (Lemma ) as
well as a 2-torsion factor in the universal extension of Sp(6,Z) (Theorem [7.2)(xi)).

APPENDIX A. HOMOLOGY AND COHOMOLOGY OF GROUPS

Let G be a discrete group, and A a Z[G]-module.
The homology H,,(G; A) and cohomology groups H"(G; A) (n > 0) are the abelian groups
defined in terms of homological algebra by
H,(G;A) = TordNZ, A) = H,(P®yq A),
H"(G; A) = Extzig(Z,A) = Hu(Homzq (P, A))
with P a projective Z[G]-module resolution of Z with the trivial Z|G]-action. In terms of
the classifying space BG
H,(G;A) = H,(BG;A), H'(G;A) = H"(BG;A) (n>0).
We shall only be concerned with the case when A is an abelian group with the trivial
Z|GJ-action. The homology and cohomology groups are related by the universal coefficient
theorem exact sequence
0 — Exty(H, 1(G;Z), A) — H"(G; A) — Homgz(H,(G;7Z),A) — 0 .
For A = 7Z write
H,(G;Z) = H,(G), H'(G;Z) = H"(G)
as usual. We shall only be concerned with the cases n = 1,2, when the homology and
cohomology groups have more direct expressions in terms of group theory.

Definition A.1. Let G be a group.
(i) The commutator of z,y € G is the element
[x,y] = zya~ly T e G .

For any subsets X,Y C G let [X,Y] <G be the normal subgroup generated by the commu-
tators [z,y] € G (r € X,y €Y).
(ii) The first homology group of G is the abelian group

H(G) = G* = G/|G,G].

The group G is perfect if H;(G) = 0, or equivalently G = [G, G].
(iii) The first cohomology group of G is the abelian group

HY(G) = Homy(H,(G),Z) .
(iv) For any abelian group A,
Hi(G;A) = Hi(G)® A, H'(G;A) = Homz(H:(G),A) .
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For any space X and any abelian group A there are defined isomorphisms
HY(X;A) — Homz(H,(X),A) ; fr— (z+— f(x)),
[X,BA] — HYX;A); (f: X — BA) — (f.: m(X) — A) .
It follows that for the classifying space X = BG of a discrete group G the function
H'(G;A) — H'(BG;A) = [BG,BA]; f+— Bf
is an isomorphism.

Definition A.2. Let GG be a group, and A an abelian group.
(i) A cocycle is a function 7: G x G — A such that

T(x,y) +1(xy, 2) =7(y,2) + 7(2,y2) € A (2,y,2 € G) .
(ii) A cocycle 7 determines a central extension
1—A—Ax,G—G—1
with the group structure on A x, G = A x G given by
(Ax;G)x (A%, G) — Ax;G;((a,x),(byy)) —> (a + b+ 7(x,y), xy) .
(iii) A cochain is a function f: G — A, with coboundary the cocycle
0f: Gx G — A;(x,y) —> 0 f(x,y) = flx) + [(y) — f(zy) .

(iv) The second cohomology group H*(G, A) is the abelian group of equivalence classes [7]
of cocycles 7: G x G — A with

7~ 7 if =7 =0f for some cochain f: G — A .
The addition is by the addition of cocycles.
Definition A.3. (i) An eztension of a group G by a group R is an exact sequence
l1—R—F —G—1,

so that R is a normal subgroup of F.
(ii) A presentation of a group G is an extension 1 - R — F — G — 1 with F free.

Definition A.4. (Schur [37], Hopf [20]) The second homology group of a group G is the
abelian group defined for any presentation 1 - R — F — G — 1 to be

Hy(G) = RNI[F, F]/|IR, F]
with a central extension
1— Hy(G) — [F,F]/[R,F| — [F,F]/RN[F,F] — 1.
If G is perfect then [F, F|/RN[F, F] = G.

Example A.5. The second homology group of a free group F'is Hy(F) = 0.
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Definition A.6. (i) An extension 1 - A — B — G — 1 of a group G is central if A is in
the centre of B (i.e. A is abelian and the action of G on A is trivial).
(ii) A morphism of central extensions

l1—+A—B—G—1,1—A—B —G—1
is a commutative diagram of exact sequences
1 A B G 1
117
1 A B’ G 1.
The morphism is an isomorphism if f: A — A’ and g: B — B’ are isomorphisms.
(iii) A central extension 1 — A — B — G — 1 splits if there is an isomorphism

1 A B G 1

|

11— A—AXGE— G —1,

i.e. if B — G is a split surjection.
(iv) The sum of central extensions

1 A, B 2 a 1,
1 A, 2,q 1

is the central extension
11— A-25B, 26—
{(z1,22) € B1 @ By | ji(21) = ja(22) € G}
{(ix(a),i2(a)) |a € A} ’
i12: A —> By ar— [(ia(a),0)] = [0, —iz(a))] ,

Ji2: Bz — G 5 [, 2] — ji(21) = Jo(22) .

BlQ =

Central group extensions 1 - A — B — (G — 1 are classified by the second cohomology
group H?(G; A), which is defined using cocycles, as follows.

Proposition A.7. Let

1 A p-Ltiq 1

be a central extension of a group G.
(i) For any section s: G — B of p the function

To: Gx G — A (u,v) — s(u)s(v)s(uv) ™
s a cocycle such that the function

Ax.; G— B (a,9) — as(g) = s(g)a

47



18 an isomorphism with inverse
B — Ax. G; x+— (z(spx)), p(z)),
and defines an isomorphism of central extensions
l—A—AXx, G—G—1

|

1 A B G 1.

(ii) The function

[s(),s()]: G xG— B; (u,v) — [s(u), s(v)]
is independent of s, with p([s(u), s(v)]) = [u,v] € G.
(iii) H?(G; A) is the abelian group of isomorphism classes of central extensions 1 — A —
B — G — 1, with addition by the sum of central extensions, and the isomorphism class of
any split extension as zero.

Proof. (i) By construction.
(ii) Every element of A is central in G. If s, s" are two sections of p then the function
1

f:G— A=ker(p) ; ur— s'(u)s(u)”
= f(u)s(u) = s(u) f(u) € G, so that for any u,v € G
[8'(w), 8'(v)] = s(w)s(v)s(u)~"s(v) " f(u) f(0) f(w) " fv) ™
= s(u)s(v)s(u)s(v) ! = [s(u), s(v)] € B.

(iii) If 7,7": G x G — A are cocycles such that 7 — 7/ = 0f for a cochain f: G — A the
function

is such that s'(u)

g: Ax, G— Ax. G (a,2) — (a+ f(z),x)
defines an isomorphism of central extensions
l—sA—AXx, G—G——1

| o]

]l —A— AXx.G— G — 1. ]

For any group G and abelian group A the universal coefficient theorem gives a split exact
sequence

0 — Ext,(H,(G), A) — H*(G; A) — Homy(Hy(G), A) — 0 .
Let G be a group defined by a presentation
1 R F G=F/R—-> 1.

Let

1 A G G 1

48



be a central extension of G by the abelian group A. Consider

1 R F F/R 1

Lok

1 A G G 1,

where ¢ is chosen such as to produce a commutative diagram of extensions. Note that ¢
restricts to a map [F, F] — [G, G]. Moreover, as ¢(R) < A < Z(G), we see that ¢([R, F]|) =
{1}. There is thus an induced map
¢: RN[F,F|/[R,F] — AN|[G,G|
r(R, F] — o(r).

This is the map H?(G; A) — Homg(Hz(G), A) from the universal coefficient theorem.

Suppose now that G = F/[R, F|, A = R/[R,F| and R C [F,F]. Then A = Hy(G) by
Deﬁnition and ¢ is the natural map f — f[R, F|. The induced map ¢ is then the identity
in Homz<H2(G), HQ(G))

Proposition A.8. For a perfect group G and any abelian group A the universal coefficient
theorem gives a natural isomorphism

H*(G; A) = Homgz(Hy(G), A)
sending the classifying element (1 -+ A — B — G — 1) € H*(G; A) of a central extension
to a Z-module morphism Hy(G) — A which fits into an exact sequence

Definition A.9. A central extension 1 - A — B — G — 1 is universal if for every central
extension 1 - C' -+ D — G — 1 there is a unique group morphism B — D such that the
composite B — D — (G is the given map B — G, i.e. there is a unique morphism of exact
sequences

1 A B G 1

L]

1 C D G 1.

APPENDIX B. COHOMOLOGY COMPUTATIONS

This appendix presents computations of homology and cohomology groups often used in
the main text.

Lemma B.1. (i) The mapping class group I'; of the closed oriented surface of genus g has

H(T.:Z) = 7/10 if g =2,
e 0y ifg > s
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Indeed, the mapping class groups are perfect Vg > 3.

Z[2 if g=2,
Hy(TyZ) = ZOL/2 if =3,
Z if g > 4.
Z/10 ifg=2
e,z = 0 9=
Z if g > 3.
Z]2®7L)2 if g=2
72 if g > 4.

Z]2 ifg=2,
{0} ifg>3.
Z/2 ifg=2,
{0} ifg>3.

In fact, the symplectic group Sp(2g,Z) and thus all of its quotients, as quotients of the
mapping class group, are perfect Vg > 3.

(i)

H,(Sp(29,2);Z) = {

H,(Sp(29,Z/4);Z) = {

Hy(Sp(29,Z);Z) = {2 SE2 Zz i if?)’
(iv)

Z)267)2 ifg=23,

H(S(29.2/1):2) = {Z§2 R,

(v)

Z®L)2 ifg=

N

(vi)
(Z)202)202/2 ifg=2,
H*(Sp(29,2); 2/2) = { Z/2 & Z./2 if g =13,
| Z/2 if g > 4.
(vii)
(Z/8®Z)20L/2 ifg=2,
H*(Sp(29,2); Z/8) = { Z/S & L2 if g=3,
| Z/8 if g > 4.

(viii)
Z2@ZL20Z)2 if g=2,
H?*(Sp(29,7/4);Z.]2) = { 7./2 & 7./2 if g =3,
72 if g > 4.
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Z)20L)20L/2 ifg=2,

H?*(Sp(29,7/4);Z/8) = { 7./2 ® 7./2 if g =3,

72 if g > 4.

(x) The image of the map ro: H*(Sp(2g,7Z); Z) — H*(Sp(29,Z);Z/2) is

Z)267/28 {0} ifg=2
Z)2 & {0} if g =3,
7.)2 if g > 4.

(xi) The image of the map rg: H*(Sp(2g,7Z); Z) — H?(Sp(29,Z);7Z/8) is

Z/8®Z/2® {0} if g=2,
Z/8 ® {0} if g =3,
7/8 if g > 4.

(xii) The map p.: Ho(Ly; Z) — Ho(Sp(29,Z); Z) induced in homology by the canonical sur-
jection p: I'y — Sp(2g,Z) is an isomorphism for g > 3.

(xiii) The map p*: H*(Sp(2g,Z);Z) — H?*(Ty;Z) induced in cohomology by the canonical
surjection p: I'y — Sp(2¢, Z) is an isomorphism for g > 3.

(xiv) The map p*: H*(Sp(29,2);Z/2) — H*(Ty; Z/2) induced in cohomology by the canonical
surjection p: I'y = Sp(2g, Z) is an isomorphism for g > 3.

Proof. (i) For g = 2, we have H{(I's;Z) = Z/10 (see for example [22, Theorem 5.1]).
For Hy(I'9;Z) see [22], after Theorem 6.1]. The universal coefficient theorem and the
properties of Ext allow to easily compute H?(T'y;Z) and H*(T'y;Z/2).

For g > 3, we have H;(I'y; Z) = {0} (see for example [14, Theorem 5.2]). The group
Hy(T'5;Z) is computed in [35, Corollary 4.10]. For g > 4, we have Hy(I'y;Z) = Z
(see for example [22, Theorem 6.1]). From that we easily obtain H?*(T'y;Z) and
H*(T;;Z/2) using the universal coefficient theorem.

(ii) The symplectic group Sp(2g,Z), and thus all of its quotients, is a quotient of the
mapping class group I'y, which is perfect for g > 3 (see for example [I4, Theorems
5.2, 6.4)).

For ¢ = 2, one can abelianize the presentation of Sp(4,Z) given in [3] or [25]
Theorem 2.

For Sp(4,7Z/4), one can compute it using GAP.

(iii) See for example [5, Lemma 6.11] for g > 3.

For g = 2 it was computed using GAP.

(iv) See for example [5, Lemma 6.12] for g > 3.

For g = 2, it can be computed using GAP.

(v) For g > 3, perfection of Sp(2¢g,7Z) together with the universal coefficient theorem
gives an isomorphism

H?(Sp(29, Z); Z) —— Hom(Ha(Sp(29, Z); Z), Z).

Hence using we obtain the stated cohomology group.
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For g = 2, the universal coefficient theorem gives a split exact sequence
Ext; (H1(Sp(4,2); Z), Z) —— H?(Sp(4,Z); Z) —— Hom(Hx(Sp(4, Z); Z), Z.).

Using , together with the properties of Ext, one obtains H*(Sp(4,7Z);7Z) =
Z @ Z)2 as stated.

(vi) For g > 3, perfection of Sp(2g,Z) together with the universal coefficient theorem
gives an isomorphism

H*(Sp(2g,Z); Z.)2) —— Hom(H,(Sp(2g, Z); Z), Z,/2).

Hence using we obtain the stated cohomology groups.
For g = 2, the universal coefficient theorem yields the split exact sequence

Exty,(H,(Sp(29,7);7Z),7./2) — H?*(Sp(2g,7Z); 7Z./2) — Hom(Hy(Sp(29,7); Z),7Z/2).

Using and and the properties of Ext we obtain the required results.
(vii) For g > 3, perfection of Sp(2g,Z) together with the universal coefficient theorem
gives an isomorphism

H*(Sp(29,7); Z./8) —— Hom(Ha(Sp(2g, Z); Z), Z,/8).

Hence using we obtain the stated cohomology groups.
For g = 2, the universal coefficient theorem yields the split exact sequence

Using and and the properties of Ext we obtain the required results.
(viii) For g > 3, perfection of Sp(2g,7Z/4) together with the universal coefficient theorem
gives an isomorphism

H*(Sp(2g,7Z/4); Z.)2) —— Hom(H,(Sp(2g, Z/4): Z), Z,)2).

Hence using we obtain the stated cohomology groups.
For g = 2, the universal coefficient theorem yields the split exact sequence

Exty(H1(Sp(29, Z/4); Z), Z./]2) —— H*(Sp(2g, Z./4); Z./2) —— Hom(H2(Sp(29, Z/4); Z), Z/2).

Points and and the properties of the Ext-functor yield the stated results.
(ix) For g > 3, perfection of Sp(2g,7Z/4) together with the universal coefficient theorem
gives an isomorphism

H?(Sp(29,Z,/4); Z,/8) —— Hom(Ha(Sp(29, Z/4); Z), Z,/8).

Hence using we obtain the stated cohomology groups.
For g = 2, the universal coefficient theorem yields the split exact sequence

Exty (H1(Sp(29, Z/4); Z), Z/8) —— H*(Sp(2g, Z/4); Z/8) —— Hom(H>(Sp(29, Z/4); Z), Z/8).
Points and and the properties of the Ext-functor yield the stated results.
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(x) Naturality of the universal coefficient theorem and perfection of Sp(2g,Z) for g > 3
give a commutative diagram

H?*(Sp(2g,Z); Z.) ——— Hom(H>(Sp(2g, Z); Z), Z.)
|- |
H?(Sp(2g, Z); 7./2) — Hom(Ha(Sp(29, Z); Z), ,/2).
For g = 2, the universal coefficient theorem yields the split exact sequence

Exty(H,(Sp(4,7Z);Z),7Z) — H?(Sp(4,Z); Z) —— Hom(H,(Sp(4,Z); Z), Z)

Exty,(H1(Sp(4,7Z);7),7./2) — H?(Sp(4,7); Z/2) —— Hom(Hy(Sp(4,7Z); Z),7./2).
It is easy to understand the map induced by 7, on the Hom-part: it is just the
concatenation with the reduction morphism on the coefficients Z — Z/2.
For the Ext-part, consider the projective resolution of Hy(Sp(4,Z),7Z) = 7Z/2 given
by
0—Z -7 —7/2—0.
Apply Hom to obtain

0 «—— Hom(Z, Z) «—>— Hom(Z, Z)

0« Hom(Z,Z/2) «2— Hom(Z,Z/2).
The groups we are interested in, Exty(H,(Sp(4, Z); Z), Z) and Exty,(H,(Sp(4,Z); ), 7./2),
are the cohomology groups of this part of the chain complexes. We notice that the

map induced in cohomology is surjective, as the map r is.
The map ry thus has image

Z)2@Z/2® {0} ifg=2,
Z.)2 & {0} if g =3,
Z7]2 if g > 4.

(xi) Naturality of the universal coefficient theorem and perfection of Sp(2¢,Z) for g > 3
give a commutative diagram

H*(Sp(2g,7Z): Z.) ——— Hom(H>(Sp(2g, Z); Z), Z.)

|- |

H?(Sp(2g, Z.); Z./8) —— Hom(Ha(Sp(2g, Z); Z.), Z./8).
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For g = 2, the universal coefficient theorem yields the split exact sequence

Exty(H.1(Sp(4, Z); Z), Z) ——— H*(Sp(4, Z); Z) ——— Hom(H,(Sp(4, Z); Z), Z)

l |- |

Exty,(H,(Sp(4,7);Z),7/8) — H?*(Sp(4,7Z); Z/8) —— Hom(H(Sp(4,Z); Z),7/8).

It is easy to understand the map induced by rg on the Hom-part: it is just the
concatenation with the reduction morphism on the coefficients Z — Z /8.
For the Ext-part, consider the projective resolution of Hy(Sp(4,Z);Z) = 7Z/2 given
by
0—>Z'—2>Z—>Z/2—>O.
Apply Hom to obtain

0 «——— Hom(Z, Z) —2 Hom(Z,7Z)

I
0 +— Hom(Z,Z/8) «— Hom(Z,Z/8).

The groups we are interested in, Exty(H,(Sp(4, Z); Z), Z) and Exty,(H,(Sp(4,Z); Z),Z/8),
are the cohomology groups of this part of the chain complexes. We notice that the
map induced in cohomology is surjective, as the map r is.

The map rg thus has image

Z]20Z/8® {0} ifg=2,
Z/8 & {0} if g = 3,
Z/8 if g > 4.

(xii) Meyer shows in [29, Satz 2] that the image of the cocycle 7, under the composition

of
Homz(H,(Sp(29, Z); Z), Z) = H2(Sp(2g, Z); Z) — H2(Ty; Z) —— Homy (Hy(Ty; Z), Z.)

is a map k € Homy(Hy(I'y; Z),Z) with image 4Z. On the other hand, Barge-Ghys
show in [Il, Proposition 3.1, p. 258] that 7, is four times the cocycle defined by the cen-

tral extension Sp(2¢,7Z), the restriction of the universal cover Sp(2¢g, R) of Sp(2¢g,R)
to Sp(2¢,Z). This means that 7, is four times the generator of H?(Sp(2g,Z);Z),
which maps to four times the generator of H*(T'y;Z). Now this means that the re-
striction of p, to the Z-summand of Hy(I'y; Z) is an isomorphism to the Z-summand
of Hy(Sp(29,7Z);Z).

The case g > 4 is thus settled. For ¢ = 3, we use Theorem 4.9, Corollary 4.10
and the paragraph before in [35], together with [23] Proposition 1.5]: the map
Hy(T's1;Z) — Hy(I's;Z) is surjective, thus an isomorphism, and this implies that
the Z/2-summand of Hy(I'3;Z) is sent isomorphically by p, to the Z/2-summand of
Hy(Sp(6,7Z);Z). The proof of the isomorphism is now complete.
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(xiii) Meyer shows in [29] Satz 2] that the image of the cocycle 7, under the composition

of
H?(Sp(29,7Z);Z) — H2(Fg; Z) —— Homy(Hy(I'y; Z), Z)

is a map k € Homy(Hy(Ty; Z), Z) with image 4Z. On the other hand, Barge-Ghys
show in [Il, Proposition 3.1, p. 258] that 7, is four times the cocycle defined by the cen-

P

tral extension Sp(2g, Z), the restriction of the universal cover Sp(2g, R) of Sp(2¢g, R) to
Sp(2¢,7Z). This means that 7, is four times the generator of H?(Sp(2g,Z);Z), which
maps to four times the generator of H*(T'y; Z), showing that p* is an isomorphism.

(xiv) We showed above that p,: Hy(I'y; Z) — H2(Sp(2¢,Z); Z) is an isomorphism for g > 3.

The universal coefficient theorem and perfection of I'y and Sp(2g, Z) yield a commu-
tative diagram

H?(Sp(2g,7Z): Z/2) —— Hom(H,(Sp(2g, Z); Z), Z,/2)

lp* JrHom(p*)

H*(Ty; Z,)2) ———— Hom(Hy(T'y; Z), Z.)2).

The left vertical arrow must therefore be an isomorphism as well.
For g = 2, recall that by (jil) and the map p* cannot possibly be an isomorphism.
We use the following commutative diagram to study its kernel:

H2(Sp(4,2); Z) — H3(Sp(4, Z); Z,2)
HX(T9; Z) —— HX(T5; Z,)2).
The class [12] € H*(Sp(4,Z);Z) has non-zero image
ra([r]) = [r2]  (mod 2) € H*(Sp(4,Z); Z/2)

by (), from which it follows also that this image has order 2. By [29, Satz 2], the
order of p*([r2]) is 5 in H?*(T'y;Z). But then its image in H?(T'y;Z/2) has to be 0, by
{. So p*: H*(Sp(4,Z);Z/2) — H?*(T'y;Z/2) is not injective and has ry([r]) in its
kernel. 0J

ApPPENDIX C. WERNER MEYER (BY WINFRIED SCHARLAU)

We are grateful to Winfried Scharlau for allowing us to publish here his photo of Meyer,
and the following English translation of an extract from his 2017 biography of Hirzebruch,

[36].
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Werner Meyer (1929-1991) was disabled; he was born
with a cleft palate, which was difficult to operate on.
His speech difficulties ruled out an academic career in-
volving teaching.  His parents were Jehovah’s Wit-
nesses: they were persecuted by the Nazis, and killed
in the Ravensbriick concentration camp in 1944. Werner
Meyer’s brother was executed during the war, on account
of being a conscientious objector. All these circumstances
led to Meyer not getting the education his talents de-

Al /{' : ﬁ served.

When Meyer started working at the Max Planck Institute for Mathematics in June 1983
he submitted the following autobiographical sketch.

After the war, early in 1948, I completed an apprenticeship as an electrical fitter. After
that I worked for several companies as a fitter, a locksmith and a technical draftsman. From
1959 to 1961 I attended the local technical college in Rheydt and obtained a high school
diploma on 31.3.1961. From the spring semester 1962 to the spring semester 1963 I studied
mechanical engineering at the state school of Engineering in Aachen, taking the preliminary
examination for a higher degree in engineering. In order to become a university student I
applied for a scholarship in Duesseldorf, which I obtained on 9th October 1963.

One should add that Werner Meyer was in a sense “discovered” by Wilhelm Junkers, a
mathematician who later became a professor in Duisburg. Junkers was once visiting a firm,
when some of Meyer’s colleagues told Junkers about that eccentric who was always working
on mathematics. Junkers made sure that Meyer could catch up on his high school diploma at
evening classes and that he would enroll in engineering studies in Aachen. It was also Junkers
who introduced Meyer to Hirzebruch so that Meyer could study mathematics in Bonn from
the winter semester 1963/64. It soon became clear that he was extraordinarily gifted. He had
very broad interests and acquired an extensive mathematical knowledge. He remains in the
memories of many students and collaborators as being especially knowledgeable, competent
and helpful. Meyer obtained his doctorate in 1971 under Hirzebruch’s supervision and was
awarded (jointly with Zagier) the Hausdorff Memorial Prize for his dissertation.

After that he stayed on in Bonn under Hirzebruch’s protective wing. He obtained long
term positions at the Sonderforschungsbereich and later at the Max Planck Institute. In 1979
he obtained the “Habilitation” with his work on “Signature defects, Teichmiiller groups and
hyperelliptic fibrations” . In 1986 he was appointed by Bonn University as adjunct professor.
The last years before his premature death were overshadowed by ill health (kidney failure)
— Mathematics was without doubt his greatest happiness in life.

On 15.1.1993 a memorial colloquium took place in Meyer’s honor. Hirzebruch gave a
speech, talking extensively about Meyer’s life and gave a lecture about his work on the
signature of fibre bundles based on the paper “Die Signatur von Flachenbiindeln”. Wilhelm
Plesken gave another lecture about “Constructive methods in representation theory”.

In his report for the Max Planck Society for the period from October 1991 to September
1994 Hirzebruch mentioned Meyer on the very first page:
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“He was able to go deep into the matter. In some lectures and seminars about new research
I used to set problems that I couldn’t solve myself, promising a bottle of wine to whoever could
gwe a solution. Many times the prize went to Werner Meyer. With his great knowledge he
was an outstanding advisor for Masters and Doctoral candidates. He helped many students
even if they were not writing their dissertation officially with him.”
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