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THE ALGEBRAIC CONSTRUCTION OF THE NOVIKOV
COMPLEX OF A CIRCLE-VALUED MORSE FUNCTION

ANDREW RANICKI

ABSTRACT. The Novikov complex of a circle-valued Morse function f : M — St
is constructed algebraically from the Morse-Smale complex of the restriction of the
real-valued Morse function f : M — R to a fundamental domain of the pullback
infinite cyclic cover M = f*R of M.

Introduction.

The relationship between real-valued Morse functions and chain complexes is
well understood. The Morse-Smale complex of a Morse function f : M — R
on a compact m-dimensional manifold M is defined using a choice of gradient-
like vector field v satisfying the transversality condition, to be a based f.g. free
Z|m1(M)]-module chain complex CMS(M, f,v) with

rankZ[wl(M)}Ci]V[S(Ma fa'U) = Ci(f)

the number of critical points of f with index ¢, and the differentials defined by
counting the downward v-gradient flow lines in the universal cover M of M. The
pair (f,v) determines a handlebody decomposition on M with one i-handle for each
critical point of index ¢

m

M=JJDxD",

i=0¢;(f)
and the Morse-Smale complex is the cellular chain complex of M
CMS(M, fv) = C(M) .

The relationship between circle-valued Morse functions f : M — S! and chain
complexes is more complicated, and not so well understood. A lift of f to the
pullback infinite cyclic cover M = f*R is a real-valued Morse function f : M — R
on a non-compact manifold, so traditional Morse theory does not apply directly.
The methods developed (by Novikov, Farber, Pajitnov, the author and others)
to count the critical points of f use the structure of the fundamental group ring
Z[m1(M)] as a Laurent polynomial extension of Z[r1(M)], as well as a completion
and a localization of Z[m (M)]. For any map f : M — S! with M and M connected

the ring Z[m1(M)] is the a-twisted Laurent polynomial extension

Zlm(M)] = Z[m(M)alz,27"] = Z[m(M)]alz]lz""]
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with  : 71 (M) — 71 (M) the monodromy automorphism and
az = za(a) (a € Z[m (M)]) .

The completion

—

Zm(M)] = Z[m(M)]a((2)) = Zm(M)]al2][z]

is called the Novikov ring of Z[m(M)]. Let ¥ be the set of square matrices in
Z|m1(M)]a[2] C Z[m1(M)] which become invertible in Z[m (M)] under the aug-
mentation z +— 0. The noncommutative localization X 71Z[r;(M)] of Z[r(M)]
(in the sense of Cohn [C]) is a ring with a morphism Z[ry(M)] — S~ 1Z[m (M)
such that any ring morphism Z[m;(M)] — R which sends X to invertible matrices
in R has a unique factorization Z[r;(M)] — X ~'Z[mr1(M)] — R. The inclusion

Zm (M)] — Z[m)] sends X to invertible matrices in Z[m(M)], so there is a
natural ring morphism X~ 'Z[my (M)] — Z[m1 (M)].
A vector field on a manifold M is a section of the tangent bundle of M

v M— T

The gradient of a Morse function f : M — R is a section of the cotangent bundle

Vi = (0f/0xi) : M — 7y = | ] Homg(ra(z),R)

TEM

with zeros the critical points of f. A vector field v : M — 7 is ’gradient-like’ for
f if there exists a Riemannian metric 3 : 7as = 74, on M such that

Bov = Vf : M—T1y.
A v-gradient flow line v : R — M satisfies

V(1) = —v(v(t) € Tm(¥(1)) -

The limits

thm v(t) = p, tlim v(it) = qe M
are critical points of f. For every non-critical point x € M there is a v-gradient
flow line 7, : R — M (which is unique up to scaling) such that ~,(0) = =z € M.
The unstable and stable manifolds of a critical point p € M of index i are the open

manifolds . .
W p,v) = {ze M| lim 7(t)=p;,

W2(p,v) = {z € M| lim ,(t) = p}

which are diffeomorphic to R?, R™~¢ respectively. Let G7(f) denote the space
of all gradient-like vector fields v for f which satisfy the Morse-Smale transver-
sality condition that for any distinct critical points p,q € M the submanifolds
W“(p, ) Ws(q, ) C M intersect transversely For v E g ( f) and critical points
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~v : R — M which start at p and terminate at ¢, and choosing orientations there is
obtained an algebraic number n(p, q) € Z.

A circle-valued Morse function f : M — S! lifts to a real-valued Morse function
f + M — R on the infinite cyclic cover M = f*R. Let G7(f) be the space of all
vector fields v on M which lift to a gradient-like vector field 7 on M satisfying the
transversality condition, so that v € GT (f).

Novikov [N] and Pajitnov [P1] used the completion Z[m (M)] to construct geo-
metrically for any circle-valued Morse function f : M — S! and v € GT (f) a based

—

f.g. free Z[m (M)]-module chain complex CN°V(M, f,v) such that

Nowv o
rankz[m)}ci (Ma fa 'U) = Cz(f)

with ¢;(f) the number of critical points of f with index i. As in the real-valued case
the differentials are defined by counting the v-gradient flow lines in the universal
cover M. Moreover, there is a chain equivalence

CNOU(M,f,U) ~ C(M;Z[WI(M)])

with

OO 2Zfm (M) = Z{m (M)] @zpr, () (M)
the Z[m)]-coefﬁcient cellular chain complex of M, for any CW structure on M.

Pajitnov [P2,P3,P4] constructed for any Morse function f: M — S a C%-dense

subspace GECT (f) C G7T (f), such that for v € GECT(f) the coefficients in the
corresponding Novikov complex CN°V(M, f,v) are rational, in the sense that

CNOU(Ma f7 ’U) = Z[ﬂ-l (M)] ®E_1Z[7r1(M)} Cpaj(Ma f7 ’U)

for a based f.g. free X~1Z[m; (M)]-module chain complex CP% (M, f,v), with a
chain equivalence

CPY(M, f,v) ~ C(M;S "Z[m (M) .

(Strictly speaking, C% (M, f,v) was only defined for abelian m;(M), when the
natural ring morphism Y7 'Z[r(M)] — Z[r1(M)] is injective, but this was for
algebraic convenience rather than out of geometric necessity.)

_ For a Morse function f: M — S ! which is transverse regular at 0 € S! the lift
f+ M — R is transverse regular at Z C R, and the restriction to a fundamental
domain is a Morse function

fno= Tl o (My;N,Ny) = T (1{0}, {1}) — (I; {0}, {1})

with ¢;(fn) = ¢;(f) critical points of index i, and N7 a copy of N. Every v € G7 (f)

lifts to v € G7(f), and vy = v| € G7 (fn) determines a handlebody decomposition

My = NxIUO UDixDm—i
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with one i-handle for each index ¢ critical point of f. Given a CW structure on N
with ¢;(IV) i-cells use the handlebody structure on My to define a CW structure
on My with ¢;(N) + ¢;(f) i-cells. (In practice, the CW structure will be the one
determined by a Morse function N — R). The inclusion g : N — My induces an

inclusion of based f.g. free Z[m (M)]-module chain complexes
g+ C(N) = C(My)

with N ) My the covers of N , My induced from the universal cover M of M. Write
the inclusion of Ny in My as h: N — My, and note that in general N3 = h(V) is

not a CW subcomplex of My. A chain approzimation for h is a Z[m1 (M )]-module
chain map

h: C(N) = aC(N) — C(My)
in the chain homotopy class induced by the map h : N — My as given by the
cellular approximation theorem. For any choice of chain approximation h Farber

and Ranicki [FR] defined algebraically a based f. g. free ¥~ Z[r; (M )]-module chain
complex CFE(M, f,v,h) such that

faﬂkz—lz[m(M)}CiFR(Ma [y, h) = Ci(f)
as a deformation of the X1 Z[r; (M)]-coefficient Morse-Smale complex
CMS(MN:fNaUNQE_IZ[Wl(M)]) = E_IZ[WI(M)] ®z[m(ﬁ)} CMS(MNafN:UN)

with a chain equivalence

CFR(Ma fvvvh) = E_IZ[WI(M)] ®Z[7r1(M)} C(M) .

—

There is also a Z[m1 (M )]-coefficient version

—

CFR(M, f,0,h; Z[m (M)]) = Z[r(M)] @s-120m (ary CTE(M, f,0,h) .

Cokernel Theorem 6.6. The chain complex of [FR] is isomorphic to the cokernel
CFR(M, f,v,h) = coker(¢)
of the morphism of based f.g. free ¥~1Z[m(M)]-module chain complezes
¢ = g—zh : TIC(N)alz,27Y] = S71C(My)alz, 271
which s a split injection in each degree. [

The expression CF®(M, f,v,h) as a cokernel makes it possible to prove invari-

R P
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Invariance Theorem 6.7. Let f : M — S be a Morse function, and let v €
GT(f). For any regular values 0,0" € S, CW structures on N = f~1(0), N’ =
f~Y0") and chain approzimations

h . aC(N) — C(My) , h' : aC(N') — C(My)

there is defined a simple isomorphism of based f. g. free ¥ "1Z[m(M)]-module chain
complexes
CTR(M, f,v,h) = CTR(M, f,v, 1) . O

Here, simple means that the torsion of the isomorphism is in the image of
{£m(M)} C Ki(S7Z[m (M))).

Given f : M — S, v € GT(f) and a CW structure on N = f~1(0) ¢ M we
shall say that a chain approximation

K o aC(N) — C(My)

is gradient-like if it counts the v-gradient flow lines in the universal cover M. (The
precise definition is given in 6.8).

Isomorphism Theorem 6.10 For v € GT (f) with a gradient-like chain approxi-
mation h9"% there are basis-preserving isomorphisms

CNov(M, f,v) = CFE(M, f,v,ho™; Z[m (M)]) |
CPY (M, fv) = CFR(M, f,v,h") . O

Pajitnov [P3] (Theorem 7.2) showed that every v € G7 (f) is C°-close to v9" €
GECT(f) with a gradient-like chain approximation h9® : C(N) — C(My). A
similar construction was obtained by Hutchings and Lee [HL]. In fact, Cornea and
Ranicki [CR| prove that every v € G7 (f) admits a gradient-like chain approxima-
tion h97®.

The plan of the paper is as follows. §1 is purely algebraic in nature, concerning
the chain homotopy properties of the algebraic mapping cones and cokernels of
chain maps. The glueing properties of the Morse-Smale complex CM9(M, f,v) are
described in §2 for finite unions, and in §3 for infinite unions. §4 gives a brief
account of the Cohn localization. §5 deals with the cokernel and infinite union
construction of chain complexes over a twisted polynomial extension A,[z, 27| for
any ring A with automorphism a : A — A, the localization X1 A, [z, 271] and the
Novikov ring A, ((z)) = Aa[[2]][z7!]. The Cokernel, Invariance and Isomorphism
Theorems are proved in §6.

The remainder of the Introduction is an outline of the proof of the Cokernel,
Invariance and Isomorphism Theorems in the special case when f, : m (M) —
71(S1) is an isomorphism, so that

m(M) = {1}, Zm(M)] = Z[z,27'],
Sz (M) = (14 22[2) 20z 27 |

—_—
7l /A xr\] 77/ /7 \\



The Novikov complex of a Morse function f : M — S with respect to v € GT (f)
is the based f. g. free Z((z))-module chain complex

C = CNU(M, f,v)
with

do : Ci = Z((2))"Y) = Cicy = Z((2))" P s p— > n(p,9)7

q

where n(p, 27q) is the algebraic number of 7-gradient flow lines in M from a critical
point p € M of index i to a critical point § € M of index i — 1, using the transver-
sality property of v to ensure that these numbers are finite. Here z : M — M is
the generating covering translation parallel to the v-gradient flow of f.

_ z
M -
7 N My N My 271N 2 My 272N
lZfN lfN lz_lfN
R [ * * L
-1 0 1 2

If 0 € S! is a regular value of f the Morse function

fx =1+ (MxsN27'N) = F ({0} (1) — (1 {0}, {1})

has ¢;(fn) = ¢i(f) critical points of index i. Each critical point p € M of f can
be regarded as a critical point p € My of fy. For v € GT(f) the Morse-Smale
complex of fy with respect to vy € G7(fn) is the based f.g. free Z-module chain
complex

CMS(MNvava) = F

with
dr : Fr = 290w Fiy = 2500 ps Y n(pg)
q
where n(p, q) is the algebraic number of vx-gradient flow lines in My from a critical
point p € My of index ¢ to a critical point § € My of index 7 — 1.

The Novikov complex CV°V(M, f,v) = C counts the T-gradient flow lines which
start at a critical point p € 2 My C M and terminate at a critical point § €
My C M with k < j. The Morse-Smale complex CM¥(My, fn,vn) = F only
counts such flow lines with j = k = 0. In order to construct C' from F' we glue
together an infinite number of copies of an ’algebraic fundamental domain’ which
gives an algebraic picture of the way the vy-flow lines enter My at z='N and either

1 4 e, 71 e 4 ™ 0 N T ey 4 AT
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As above, given an arbitrary CW structure on N = f~1(0) with ¢;(IV) i-cells
use the handlebody decomposition

My = NxIUO |J p'x D™,
1=0¢;(f)

to give My a CW structure with ¢;(IN) + ¢;(f) i-cells, one for each i-cell of N and
one for each i-handle of (My; N,2z7tN). The cellular chain complex of My is of
the form C(My) = E with

0 dp

where

D = C(N), F = C(Mn,N xI) = CM3(My, fn,vn) ,
D; = ZC'L‘(N)’ E;, = 7.6 (N)+ei(f) . F, = Zci(f)’

Let h: D — E be a chain approximation for the inclusion h : z7'N — M, with
components

hE

The cellular Z[z, z~1]-module chain complex of M is the algebraic mapping cone
C(M) = C(g—zh:Dlz,27'] — E[z,271]) .

The chain complex of Farber and Ranicki [FR] was defined to be the based f. g. free
¥~ 1Z[z, 27 -module chain complex

CFR(M, f,0,h) = F
with
df = dF-i—th(l—th)_lc : 131 = E_lFi[z,z_l] — Ai_l = E_lFi_l[z,z_l]

a deformation of 71 F[z, 271]. The inverse of 1 — zhp is defined over the Novikov
ring Z((z)) by

(1—zhp)™' = 14+ zhp +2%(hp)* + 2*(hp)* + ...
so the induced Z((z))-module chain complex is
CFR (M7 f7 v, h? Z((Z))) = Z((Z’)) ®E_1Z[z,z—1] CFR(M7 f7 v, h) = F
with

df = dF-i‘iZth(hD)j_lC . Fz = FZ((Z)) —>Fi_1 = Fl_l((Z)) .



8

The chain approximation h is an algebraic model for the v-gradient flow across a
fundamental domain (My; N, 27t N) of M. The formula for dz is interpreted in §5
as the generating function for the number of flow lines in M of prescribed length,
with hr(hp)?~tc counting the flow lines which start in My and terminate in 27 My,
crossing the j walls N, zN, ..., 27! N between the adjacent fundamental domains
MN,ZMN, .. .,ZjMN.

The algebraic treatment in §1 of cokernels of chain maps will be used in §6

to prove that the inclusions 131 — YIE; [z,z_l] induce the isomorphism of the
Cokernel Theorem 6.6
CFR(M, f,v,h) = coker(¢)

with
¢ = g—zh: X7 'D[z, 27 = X7 B[z, 271 .

A chain homotopy k : h ~ h’ : D — E determines an isomorphism of ¥ 71Z[z, 271]-
module chain complexes
coker(¢) = coker(¢’)

(Proposition 5.3) giving the isomorphism of the Invariance Theorem 6.7
CTR(M, f,v,h) = coker(¢) = coker(¢') = CTH(M, f,v,h')

in the special case N = N’. The general case is proved by an algebraic treatment
of handle exchanges (Proposition 5.4).

For a gradient-like chain approximation
hgra
h9re — ( gl])ra) caD; — E; = D; ®F;
W

the algebraic numbers of T-gradient flow lines between critical points of f : M — R
are given by

(P, q)-coefticient of dp : F; — F;_4 if j =0
TL(}_Q, Zjﬁ) - (2_9’ G)-Coefﬁcient of h%Ta(h%a)j_lc = F_ ifj>0
’ if j <0

for any critical points p,q € My of fxy with index ¢,7 — 1 respectively. It follows
that for any —oo < j < k < 0o the Morse-Smale complex of the real-valued Morse
function

fN[.vk‘)] = f| :
(M [j, k); 2N, 2" N) = F ([ k) 5} {k)) U #My; 2N, z7FN)
é*—k
— ([, kl; {7}, {k})
CMS(MN[v ] fN[v ] UN[.vk‘)])
= ZJ ' Eydp + 2h (14 25 - 4 2P (R )i e)
=k

= coker — zh9"% : Z 2D — Z



9

Passing to the direct limit as k — oo gives the Morse-Smale complex of the proper
real-valued Morse function

faljso0) = FI ¢ (My[f,00),0Mylj,00)) = F ([j,00), {j})
= (U My, 279N) = ([j,),{j})

f{=—00
to be
CM3(My[j,00), fnlj, 00), vn[j, 00)) = h%r}CMS(MN['ak’]afN['ak]aUN['ak])

o coker — zh9"% : Z 2D — Z L)E

f{=—o00

Passing to the inverse limit as j — —oo gives the Isomorphism Theorem 6.10 for
the Novikov complex, with a basis-preserving Z((z))-module isomorphism

CNOU(Ma fa'U) = anCMS(MN[ L Oo)va[ja Oo)v'UN[j7 OO))

>~ coker(g — zh?"* : D((2)) — E((2)))
o PR, fo, 07 2(())

Ihe geometric differential in C = CN°Y(M, f,v) is just the algebraic differential in
F = CFR(M, f,v,h97%; Z((2))), with

do(®) = Y > n(p,79)'7
q JEZ
= (dr + ) ZRG (W) o))
j=1

= (dr +2h" (1 = 2h5") " )(P)

= dz(p) € F,_ 1 = 761 ’
so that there is also a basis-preserving ¥~ 'Z[z, 2~ !]-module isomorphism

CPI(M, fv) = CTR(M, fL0,h)

The projection

p: C(M;Z((2))) = C(g—2h"": D((2)) — E((2)))
— coker(g — zh?"™* : D((2)) — E((2))) = CNov(M, f,v)

pieces together v-gradient flow lines in M from their intersections with the translates
2?Myn C M (j € Z) of the fundamental domain My ; p is a chain equivalence with

torsion
[ee)

m(p) = Z(—)HIT(l —zh" . Di((2)) — Di((2)))
1=0
= TLdet(i==hg™: Dit(z) = D)
1=0

—~ —~
Y xr/I\N — T (/7 A\ T (7N o~ T (FT\ -~ YX7/F7\
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with W(Z) = 1+ 2Z][|#]] under multiplication. The kernel of p corresponds to the
closed orbits of the v-gradient flow lines in M, which avoid the critical points of f
and so do not contribute to the Novikov complex, and which are counted by the
torsion of p.

I am grateful to Andrei Pajitnov for valuable suggestions for improving the
preprint version of the paper.

1. Cones and cokernels.

The Novikov complex of a circle-valued Morse function f : M — S* will be shown
in §6 to be isomorphic to the cokernel of a chain map constructed from the Morse-
Smale complex of a fundamental domain for the infinite cyclic cover M = f*R of M;
the algebraic mapping cone of the chain map is a cellular chain complex of M. This
section is accordingly devoted to the relationship between the algebraic mapping
cone and the cokernel of a chain map. The algebraic mapping cone is a chain
homotopy invariant. The cokernel is not a chain homotopy invariant, although
it is a homology invariant. The main novelty of this section is the introduction
of an equivalence relation on chain maps called ‘chain isotopy’, which is stronger
than chain homotopy, and is such that the cokernels of chain isotopic maps are
isomorphic. The chain map with cokernel the Novikov complex depends on a choice
of chain map in a chain homotopy class ; a different choice will give a chain isotopic
chain map, with isomorphic cokernel.

Let A be a ring. The algebraic mapping cone of an A-module chain map
¢o:D—FE

is the A-module chain complex C(¢) defined by

Cyie1
de(g) = (dg ( ng ¢) : C(@p)i = E;®Di—1 —C(p)i-1 = Eic1 @ Do .

The natural projections
p: C(@)i = E;® D1 — coker(¢: D; — Ey) ; (z,y) — [7]

define a chain map

p : C(¢) — coker(o) .

Proposition 1.1. For an injective chain map ¢ : D — E the natural projection
p: C(¢) — coker(¢) induces isomorphisms in homology

Di - H*(C(qb)) = H*(coker(qb)).

Proof. The short exact sequences of A-module chain complexes

0—F—C(¢p) = D1 —0

raY Y ¢ bl I Y 2 Y ra%
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induce long exact sequences in homology, which are related by a natural transfor-
mation

= Hi(D) 5 Hi(E) —= Hi(C(¢)) —> H; 1 (D) —= -

-+ — H;(D) il H;,(E) — H; (coker(qb)) — H;, (D) —---

It now follows from the 5-lemma that the induced morphisms p, are isomorphisms.

As usual, a chain homotopy between chain maps ¢, ¢’ : D — E
0:¢~¢ : D—E
is a collection of A-module morphisms 6 : D; — E;;1 such that for each ¢
¢ —¢ = dgb+06dp : D; — E; .
Chain homotopic chain maps have isomorphic algebraic mapping cones:

Proposition 1.2. A chain homotopy 0 : ¢ ~ ¢’ : D — E determines an isomor-
phism of the algebraic mapping cones

r=(p %) s e —cw.

If D, E are based f. g. free then I is a simple isomorphism.
Proof. By construction. [

In general, the cokernels of chain homotopic chain maps are not isomorphic (or
even chain equivalent). The following relation will be convenient in dealing with
cokernels of chain maps, in order to avoid this problem.

Definition 1.3 A chain isotopy between chain maps ¢,¢' : D — E
v p~¢ 0 D—E

is a collection of A-module morphisms v : E; — F;+1 such that

(i) for each i
¢ = (1 +dpy+9dp)p : D; — E;

defining a chain homotopy
Yo ¢~ ¢ D—E,

(ii) each
1+dpy +9de : E; — E;

g
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Proposition 1.4. Chain isotopy is an equivalence relation on chain maps.

Proof. Reflexivity: every chain map ¢ : D — F is isotopic to itself by 0 : ¢ ~ ¢.
Symmetry: for any chain isotopy 9 : ¢ ~ ¢’ : D — FE define a chain isotopy
Y~ ¢ ~ ¢ by

’QD_ = —(1+dE’¢+¢dE)_1’¢ . Ei—>Ei+1,

with
1+depy” +9¢ dpg = (1+dgp+de) ' : E; — E; .

Transitivity: for any chain isotopies ¥ : ¢ ~ ¢', ¢/ : ¢/ ~ ¢"” : D — E define a
chain isotopy ¥ : ¢ ~ ¢ by

v = Y +9'(1+dpy +de) : E; — Ein
with

14+dpy" +¢9"de = (1 +de’ +¢'de)1 +dey +dg) : E;— E;. O

Isotopic chain maps have isomorphic cokernels:

Proposition 1.5. A chain isotopy ¢ : ¢ ~ ¢’ : D — E determines isomorphisms
of chain complezes

0= (o V) o -
r = [1+dgy+9ds] : coker(d) — coker(d)
and a chain homotopy
s 1 rp =~ pq : C(¢) — coker(¢')
with p: C(§) — coker(@), p' : C(¢) — coker(d') the projections.

Proof. The isomorphism ¢ is a special case of 1.2.
The isomorphism r is given by the morphism of exact sequences

D ¢ E coker(¢p) —=0

N‘/1+dE¢+¢dE =\r
¢/

D E coker(¢') —0
The A-module morphisms
s : C(¢)i = Ei® Di—1 — coker(¢' : Dip1 — Eir1) 5 (2,y) = [(2)]

define a chain homotopy

AN I 2T AN
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in the diagram

C(¢') —— coker(¢’) . ]

Definition 1.6 An embedding of chain complexes is a chain map ¢ : D — E such
that each ¢ : D; — Fj; is a split injection. [

Proposition 1.7. Let ¢ : D — E be an embedding of A-module chain complezes.
(i) The natural projection p: C(¢) — coker(¢) is a chain equivalence.

(ii) If each D;, E;,coker(¢ : D; — E;) is a based f.g. free A-module, then p is a
chain equivalence with torsion

oo

T(p) = Y _(-)7(&) € Ki(4)

1=0

where T(&;) € K1(A) is the torsion of the short exact sequence of based f.g. free
A-modules

51- -0 Dl ¢ Ez COkeI’(¢ . Dl — El) —0 .

(iii) If : ¢ ~ @' : D — E is a chain isotopy then ¢’ : D — E is also an embedding.
With bases as in (ii), and the isomorphism given by 1.5

r = [1+dgy +vdg| : coker(¢p) = coker(¢’)

has torsion

T(r) = Y (=)'(r(&) — (&) € Ki(A) .

i=0
Proof. (i) Extend each ¢ : D; — E; to a direct sum system
¢ J
D; E; F;
e k

with F; = coker(¢ : D; — E;). Let

c = edEk . Fi—>Di_1 N dF = jdEk . Fi—>Fi_1,

so that there is defined an isomorphism of chain complexes (¢ k) : E/ — E with
_(dp ¢\ | o _ oo Y .
dp = B, = D;oF,—FE,_| = Di1®F_1.
0 dF 7 7

The chain map p: C(¢) — F = coker(¢) is given by

[ - N\ /7 I\ T o~ T b ml
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The chain map g : F — C(¢) defined by

—C

g = (k) : F,—C(¢)i = E;® D

is such that
pg =1: F—F,h:gp=~1:C(p)—C®)

with h the chain homotopy

0 0
h = (e 0) : C(@p); = E;®Di—1 —C(p)iy1 = Eiy1 D D;.

Thus p: C(¢) — F, g: F — C(¢) are inverse chain equivalences.
(ii) Immediate from the O-dimensional case, which follows from the sum formula

7(f9) = 7(f) + 7(9)-

(iii) By the chain homotopy invariance of torsion, the sum formula, the identity
7(¢) = 0 with ¢ as in 1.5 and (ii)

T(r) = 7(p") —7(p) + 7(q)
= 7(p') — 7(p)
= i (&) =) (—)i7(&) € Ki(4) . O
=0 1=0

Proposition 1.8. Let E be an A-module chain complex of the form

0 dp

Let ¢ : D — E be a chain map, with

o = (¢D) : Dy —E;, = D;QF;.
OF

(i) If each ¢p : D; — D; is an automorphism then
(a) ¢ is an embedding of chain complexes.
(b) The chain complex F defined by

ds = dp —¢p(¢p)'c « F; = Fi—>F_y = Fi,

1 such that the inclusions F; — E; induce an isomorphism of chain com-
plexes
F = coker(¢) .

(¢) The natural projection p : C(¢) — coker(¢) is a chain equivalence. The
chain complex K defined by

oK = (( d)DQf)D ¢DdD?¢ )~ 1)

T o~ T Y o~
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(i.e. the algebraic mapping cone of the isomorphism of chain complezxes

¢p : D = (D;,dp) — (D, ¢pdp(ép)~1)) is contractible, and fits into an
exact sequence

0— K — C(¢) P, coker(¢) — 0
with

Ki = Di1®&D;—C(¢p)i = Dica®D; & E; ;
(xay) = (xvyaQSF(qu)_l(y)) .

(d) If D, F are based f. g. free the natural projection
p : C(¢) — coker(¢) = F

is a chain equivalence of based f.g. free A-module chain complexes with

torsion
T(p:C(¢) = F) = —7(K) = =Y (=)'7(¢p: D; — D;) € K1(A) .
1=0

(ii) Given a chain homotopy of chain maps
0:¢ ~¢ : D—FE

with ¢p, ¢’p = Di — D; automorphisms write

0
0 = (GD) Dy — FEiy1 = Diy1 @ Figq .
ja

The morphisms defined by

_ (0p@D)™" O\ L L o n L m — poa R
Y = (Gp(cbp)‘l 0) . B, = D;&F, —E = D;®F,

are such that
¢ = (1+dgy+vde)¢ : D; — E; .

Thus if each 1 +dgy +Ydg : E; — E; is an automorphism there is defined a chain
1sotopy of embeddings
v ~¢  D—FE

and as in 1.5 there is defined an isomorphism

r = [L+dpy +¢dg] : coker(¢) = coker(¢') .

Moreover, if D, F are based f.g. free the isomorphism

~ ~
— ~ 1 I\ ~N 1 aaUIN A~ TV
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18 simple, with

oo

7(r) = Y (=)(7(¢p : Di = D;) = 7(¢p : Dj — Dj))
1=0
= OGKl(A) .

Proof. (i) (a) Each ¢ : D; — E; is a split injection.
(b) It is clear that the inclusion F' — E induces a chain map F' — coker(¢). The
A-module morphisms

(—¢r(op)™t 1) : E; = D;OF, - F, = F,
induce the inverse chain isomorphism coker(¢) — F.

(c) Immediate from 1.7 (i).
(d) Apply 1.7 (ii), noting that the short exact sequence

(%)
_ -1
E 0 D; or D, & F; ( ¢F(¢D) 1) F; 0

has torsion
7(&) = —7(¢p: Di — D;) € Ki(A) .

(ii) It follows from
(v 0 ) (22) - (‘“))
0 dp OE
c
dF

Dy —FE; 1 = Di 1 ®F 1,
)6 4
oys OF

dp
that

(1+dg +vdp)p = (((1) (1))+(dé) di)(giggﬁgj 8)

If 1+dgy+dg : E; — E; is an automorphism then ) : ¢ ~ ¢’ : D — FE is a chain
isotopy, and by 1.7 (iii)

IR

T F2F) =3 (-)'(7(&) - 7(£))

— N (2)(7(¢p : Di — D) —7(¢lp : D — DL)) € K1(A) .
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Now there is defined an isomorphism of short exact sequences

(cbp) 1
£ 0 D, ¢F D& P, (=¢r(¢p)~ 1) 3 0
/ 1+dgy +YdE r
(d)P) / / \—1 ‘/
g 0—> D _NTF/ D, & F, (=¢F(ép)" 1) F\/i 0

so that R R
T(?“ZFZ‘ _)Fi/) = T(l—l—dE’gD-i-wdE 1 B —>EZ) EKl(A) .
The chain complex automorphism 1+ dgy + ¥dg : E — FE is chain homotopic to
1:F— F, so
T(r:F—F) =Y (-1)'7(r: F; — F))
i=0

= ) (-1)'7(L+dpt +de : B; — E;)
i=0
= 7(1+dpy +9¥dg : E — E)

The formula dl? =dr — ¢r(¢p)~te: F; — F;_; was first obtained in [FR,2.3].

2. The Morse-Smale complex CM3(M, f,v).

This section recalls the properties of the Morse-Smale complex CMS (M, f,v) of
a real-valued Morse function on an m-dimensional cobordism

fo (M;N,N') — (1;{0},{1})

with respect to any v € G7T (f).

0

Definition 2.1 The Morse-Smale complez of f : M — R with respect to v € GT (f)
is the based f.g. free Z[m (M)]-module chain complex CMS(M, f,v) with

(i) rankzpq, (v CMS (M, f,v) = ¢;(f), with one basis element p for each critical

I B S (N T R T T Y o L e I o
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(ii) the boundary Z[m; (M )]-module morphisms

d: CMS(M, f,0) = Z[m (M) = CMS(M, f,v) = Z[r (M)]e ()
P nP.0q

q

with n(p, q) € Z the algebraic number of v-gradient flow lines in M joining
ptogqg. O

A Morse function on a cobordism
f+ (M;N,N") — (I;{0},{1})
and v € G7 (f) determine a handlebody decomposition
M=NxIulJ MW
i=0c;(f)

with ¢;(f) i-handles h* = D' x D™~ Given a CW structure on N with ¢;(N)
i-cells e C N let M have the CW structure with

ci(M) = ¢i(N)+ ci(f)

i-cells : there is one i-cell e x I C M for each i-cell e’ C N, and one i-cell k' C M
for each critical point of index i. Let M be the universal cover of M, and let N, N’
be the corresponding covers of N, N'.

Proposition 2.2. The Morse-Smale complex CMS (M, f,v) is the relative cellular
chain complez of (M,N x I)

CMS(M, f,v) = C(M,N x1I).

Proof. See Franks [Fr|. O

Definition 2.3 Given a Morse function f: (M;N,N") — (I;{0},{1}), v € GT (f)
and CW structures on N and N’ write

D =C(N),D = CN),E=C(M),F =CMM,fv) = CM,NXI).

(i) The cellular chain complex of M is of the form
dD C
dp = B = Dok, —FE,1 = Di1®F;_
0 dp

for a birth chain map c: Fy41 — D, that is

— o~ AT RN
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(ii) The natural map g : N — M is the inclusion of a CW subcomplex, inducing
the embedding

A crossing chain approximation

h:CN)=D —>CM) = E
is a chain map induced by the inclusion h : N’ — M — in general this is not the
inclusion of a C'W subcomplex, so the construction requires the cellular approxi-

mation theorem, and the CW structures only determine a chain map A up to chain
homotopy. The components of

h = (hD) . D, - E; = D;®F
hr

are such that
dDhD +ChF = hDdD/ : D; — Di—l N
thF = hFdD/ . D; — Fi—l
defining a death chain map
hgp : D' - F
and a survival chain homotopy
hD:ChFZOZD/ﬁD*_l. O

Remark 2.4 For a Morse function
f+ (M;N,N') — (I1;{0},{1})
with v € GT7(f) there are 4 types of v-gradient flow lines, which we shall call
a, 3,7, 0, corresponding to the 4 morphisms
dF . Fi—>Fi_1 , C ¢ Fi—>Di_1, hF . D;—>FZ, hD . D;—>Dl,

as follows :

(a) complete: « starts at an index i critical point p € M and terminates at an

index ¢ — 1 critical point ¢ € M.
(b) birth: [ starts at an index ¢ critical point p € M and terminates in N.

(c) death: v starts in N’ and terminates at an index i critical point p € M.
(d) survival: § starts in N’ and terminates in N.
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A crossing chain approximation h : D’ — E corresponds to the flow lines which
start in N/, i.e. those of death and survival type. Pajitnov [P4,84] obtained an
analogue of the cellular approximation theorem for the gradient flow : for any
Morse function f : M — S' with regular value 0 € S! it is possible to choose
v € GT(f) and handlebody structures on N and N’ such that

(i) every survival v-gradient flow line in M which starts in an i’-handle of N’

ends in an i-handle of N with ¢ < ¢/,

(ii) there is a finite number of rel 0 homology classes of survival flow lines as in
(i) with i =/ — 1,

(iii) there exist dp,c,hp as in 2.3 which actually count the flow lines of type
a, 3,7, and hp counts the rel @ homology classes of survival flow lines § as
in (i),

(iv) the function which sends y € M\Crit(f) to the endpoint ®(y) € N UCrit(f)
of the flow line of f which starts at y

$ : M\Crit(f) — NUCrit(f) ; y — @(y)
restricts to a function
N'N®HN)—= NN®N'); 2’ — &(z')
which is a partially defined map N’ — N inducing the ’partial chain map’
hp : D' = C(N')— D = C(N).

(See also Hutchings and Lee [HL]). O
We shall now express the Morse-Smale complex CM5 (M, f,v) of a Morse function
fo (M;N,N") —([0,2];0,2) (v € GT(f))

which is transverse regular at 1 € [0,2] in terms of the Morse-Smale complexes
CMS(M', f',0"), CMS(M", f",v") of the restrictions
fro=fl+ MNN) = f7([0,1: {0}, {1}) — ([0, 1]: {0}, {1}) ,
o= (MNTNT) = fTH 2l {1 {2)) — (1,25 {13,{2])

using choices of CW structures for N, N', N” and crossing chain approximations

o C(N)—=CM), ' : C(N")—C(M") .

M/ M//

N/ N//
l f/ l f//
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If f' (vesp. f”) has ¢;(f') (resp. ¢;(f")) critical points of index i then f has
ci(f) = alf') +elf”)

critical points of index i.

Terminology 2.5 Write the various chain complexes, birth, death, survival and
crossing chain approximations for (f’,v’) and (f",v") as

D = C(N), D = C(N'), D" = C(N"),
E' = C(M), E" = C(M"),
F/ _ CMS(M/ f/ U/) F// _ CMS(M// 1" UH)

/
dpr = (dé) dCF/) : B = Diy®F - E;_1 = D 1®F,_,,
dp c” " / 1" " / "
dgr = 0 dpn B = DieoF; -k, = D; 1®F_,,

/
F/

1 h’%/ 11 1 / 1

h/}/?//

Define the chain complexes F, E by

/ 7
dF _ (dF/ hF/C ) . F’L — F,L'/ @ F,L'// N L, = Fwil_1 @ F1i//_1 ,

0 dF//
dp ¢ Ry
dE = 0 dF/ h}:/ C//
0 0 dpr

Ei = D,L @ Fi/ @ Fi// — Ei—l = Di—l @ Fi/—l @ Fi//—l 5
and let

c: F—-D,1,h = (hD) : D' - E
hE

be the chain maps defined by

cC = (C/ h/DC//) . Fz = F;@Fiﬂ—)Di_l,
hp = hph'h : DY — D, ,

h/ h//
hF — ( F///D/) :D;/_)FZ :Fi/@Fi//' |:|
F//

Proposition 2.6. (i) The Morse-Smale complezx of
f=ruf’ - (M;N,N") = (M;N,N)U(M";N',N") — ([0,2]; {0}, {2})

with respect to v =v"Uv" € GT(f) is the algebraic mapping cone

~NMS/ar r YA Y]] —/\
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of the chain map a: F)' | — F' defined by

a: Flyy = Zm@D1 V) = Fl = Zm )15 50 > n(@ug)ug
q wEm(M)

with n(p,uq) € Z the algebraic number of v-gradient flow lines in Mjoiningﬁ e M"

to uq € M.

(ii) For any death chain map h'p, = D' — F' of (f',v’) and any birth chain map

" F]l ., — D" of (f,v") there exists a chain homotopy

b:a~ hpd : F/ - F

such that

(a) b determines a simple isomorphism

I = ((1) jib) : Cla) = CMS(M,f,’U)—>F _ C(h/F/C//)’

(b) eI : CMS(M, f,v)sp1 — D = C(N) is a birth chain map of (f,v),
(c) the cellular chain complex of M is

C(M) = C(cl)

and there is defined a simple isomorphism

1ol : E—C(M),
(d) A@®I)h:D" =C(N) — C’(M) is a crossing chain approzimation for (f,v),
with components a death chain map

N 7
(1@ Dh)p = IThp = (hF,h%,/;bhF,,)

;- CMS(Ma fv)i = F/eF/

(2

and a survival chain map

((1@I)h//)p = hp = h/D /l/)’ : D;l—>Di .

Proof. (i) This is a direct consequence of the construction of the Morse-Smale
complex (2.1).

(ii) Use the handlebody decomposition of M (resp. M', M"") determined by (f,v)
(resp. (f',v"), (f”,v")) to extend the CW structure on N (resp. N, N') to a CW
structure on M (resp. M’, M""). The existence of a chain homotopy b : a ~ hpc’ is
immediate from the observation that a and h’., ¢” are both connecting chain maps
for the triad of CW subcomplexes M D M’ D N

P PN P AN —/
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which is unique up to chain homotopy. Property (a) is just an application of 1.2.
The composite of cellular approximations to the inclusions N — M"”, M" — M
is a cellular approximation to the inclusion N — M, giving (b),(c) and (d). O

Remark 2.7 Cornea and Ranicki [CR] obtain a sharper version of 2.6 : for any
Morse map

f=ruf" (M;N,N") = (M;N,N")u (M"; N',N") — ([0, 2]; {0}, {2})

and v = v Uv"” € GT(f) there exist Morse maps

~

f:M—-R,g: N = f11)=R

~

and v € GT (f), w € GT(g) such that

~

(a) (f,v) agrees with (f,v) outside a tubular neighbourhood of N’
ffMl—el+¢e = Nx[l—el+ec M

for some small € > 0.
(b) (f,v) restricts to translates of (g, w)

(f,0)
(

)
<)

| = (94,wy) + N x{l+¢/2} =R,
| = (g—,w_) : N'x{l1—¢/2} =R

)

Y
Y

~

2

with
Crit;(9+) = Criti(g) x {1+¢/2},
Crit;(9—) = Crit;(g) x {—¢/2},
Criti(f) = Crit;—1(g+) U Crit;(g—) U Crit;(f) .

(c) The v-gradient flow lines are in one-one correspondence with the broken
v-gradient flow lines i.e. joined up sequences of v-gradient flow lines which
start at critical points of f”/ and terminate at critical points of f.

(d) The Morse-Smale complex of (f,v) is of the form

dF/ h/F'/ 0 0

0o =i 0 0
CMS(M’f’v) o 0 1 dD/ C//
0 0 0 dpr

CMS(M, f,%) = FleD, ,eD,&F,

— CMP (M, ]?,17) = F_ oD, ,oD;_®F,

d

with D' = C(N', g, w), giving choices of 'gradient-like’ crossing chain ap-
proximations h’, h” such that the chain homotopy in 2.6 (ii) is

b=0:a~ hpd :
F// = CMS(Mllv //,U//)—>F;_1 = CMS(Mlvflvvl)*—l
(i.e. a = h’mc") and the simple isomorphism

I 2 CMS(M, fv) = Cla) = F = C(hlpc")
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3. The proper Morse-Smale complex.

The construction of CM9(M, f,v) applies just as well to a proper real-valued
Morse function on a non-compact manifold :

Definition 3.1 Let (M,0M) be a non-compact manifold with compact boundary
and a proper real-valued Morse function

fo (M,0M) — ([0,00),{0}) ,

and let v € GT(f). The proper Morse-Smale complex CMS(M, f,v) is defined
exactly as in the compact case, with

(i) CMS(M, f,v) the based free Z[r; (M)]-module generated by ~;(f), the set
of critical points of f with index ¢,
(ii) the boundary Z[m; (M )]-module morphisms are given by

d: CMS(M, f,v) = Zm (M) — CM(M, f,v) = Zfm (MO ;

P >, npudug

(7 uemy (M)

with n(p, uq) € Z the algebraic number of v-gradient flow lines in M joining
p to ugq.
0]

Given a proper Morse function f : (M,0M) — ([0,00),{0}) and a gradient-like
vector field for f and a CW structure for OM let M have the CW structure given
by the handle decomposition

M =oMxI1ul]J [ Jn.
=07 (f)
The expression of 2.6 for the Morse-Smale complex of the union of two Morse
functions on adjoining compact cobordisms will now be applied to obtain an iso-
morphism between the Morse-Smale complex CM (M, f,v) and the relative cellular

chain complex of (]Tj ,OM )
I CMS(M, f,v) = C(M,0M).
Terminology 3.2 For j =0,1,2,... let
fol = 11
(MLENGLNG 1)) = 7105+ 1000 4+ 1) — (6,7 + 1 {5} G+ 1)

be the Morse functions on compact cobordisms given by the restriction of f.

o

8
°
)
)
[




The inclusions

glil = Nljl — M[j], hls] = N[j+1] — M[j]

induce embeddings of based f.g. free Z[m1(M)]-module chain complexes

gli] = C(N[j)) = C(M[j)

and chain maps

Write

Proposition 3.3. Let f : (M,0M)
and let v € GT (f).

(i) The cellular chain complex of (M,0M) is of the form

C(M,0M) = coker(g—h:Y C(N[j)) =Y C(M
7=0

J=0

a based free Zm (M)]-module complex with basis the images of the basis elements
in S C(M[j], N[j]), and may be expressed as
3=0

dpp)  hrocll]  hephopicl2]  hephopihopcl3]

0 Clpm thC[Q] th hD[Q]C[g]
dcmﬁ,aﬁ) - 0 0

dp2 hppgc[3]

. Cy(M,0M) ZF i1 (M, M) ZE1

— ([0,00),{0}) be a proper Morse function,

25
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(ii) The Morse-Smale complez of (f,v) is of the form

doms (i fo) =
dons (arfo), £10] w{o0]) M50,1] M5S0, 2] M50, 3]
0 dos (i), fa,001) MS[1,2] MS[1, 3]
0 0 doss (), fi2)ef2) ¢ 0(2,3]
: CMS(M, fv) = ZCNS(M[k],f[k‘],v[k])
k=0
— CMP (M, f,v) ZOMS £15), 0[4])
with

MO, k] CMS(MIK], fIk], v[k]) — CMT (M), 5], 0l4]) (G < k)
counting the v-gradient flow lines in the universal cover M which start at an index
1 critical point of f[ | and terminate at an index i — 1 critical point of f[ ].

(iii) There exists an isomorphism of chain complexes

I : CMS(M, f,v) = C(M,0M)

of the form
= 1+ > blj',j] « CMS(M, fv) = > Filj]— Ci(M,0M) = > Fij’]
J'<J Jj=0 Jj'=

Proof. (i) The exact sequence
00 B - & N o
0— S o) L= S o)) — C(M,08) — 0

is just the chain level Mayer-Vietoris sequence for the union
M = Mleven| U MJodd]
with

Mileven| = U M]j] , Mlodd] = U Mj
j even ; odd

The matrix formula for coker(g — h) is a direct application of 1.8 (i) (b) with

& = g—h = (1_1hD\ D, —FE. = D.pF, .
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noting that each

1 _hD[O} 0

0 1 —hpy ... © ,
l-hp =109 o P B = RN = B = YR

is an automorphism, with inverse

1 hpj hpphop
1 0 1 hpp
1—hp)! =
(1=hp) 0 0 1
b = ZFz[]]_)Ez = ZFz[]]
7=0 7=0

(ii) By construction.
(iii) For k =1,2,... define the Morse function

U = 0 k] — [0, k],

I
o,
ol
ﬂ(
~
S,

and assume inductively that there is given an isomorphism
1[0, k] : CMS(MI0, K], f[0, k], v[0,k]) = C(M][0,k],0M)

of the form

K = 1+ bl 7]

J'<g

CM3 (M0, k], f]0, k], v[0, k]) ZFl ' M0, k],0M) = > Fij'].

Now apply 2.6 (i) to the Morse function
fl0,k+1] = [fl0,k]U f[K] :
M[0,k+1] = M[0,k]UMI[k] — [0,k +1] = [0,k]U [k, k+1],

extending I[0, k] to an isomorphism I[0, k + 1] of the same form, and pass to the
direct limit to obtain an isomorphism

= lim I[0,k] : CMS(M, f,v) = lim CM5 (M0, k], f[0, k], [0, k])
k k
— C(M,0M) = 1_n;0( M0, k], dM) .

of the form
I =1+ b4 O

J'<g
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4. The Cohn noncommutative localization.

We refer to Cohn [C] and Schofield [Scho] for general accounts of the localization
Y71R of a ring R inverting a set ¥ of square matrices. The natural morphism
R — Y7!'R has the universal property that a morphism of rings R — A which
sends X to invertible matrices in A has a unique factorization

R—-Y'R—A.
The Gerasimov-Malcolmson normal form expresses every morphism of f.g. free
¥ ~! R-modules
¢ : YR - ©IRP
as a composite
¢ = foolg : ¥R - ¥7IR™ S ¥TIR™ L RTIRP
(nonuniquely) for some R-module morphisms
f:R"—>RP o:R"->R",g: R"—=R"
such that o is ¥~! R-invertible.
Proposition 4.1. (Sheiham [Sh,3.1]) Given a ring morphism € : R — A let ¥ be

the set of all square matrices in R which become invertible in A.
(i) The ring morphism € extends to a ring morphism

e : XT'TR—A.
(ii) An endomorphism of a f.g. free ¥~ R-module
¢ : IR - XTIR"
is an automorphism if and only if e(¢) : A™ — A™ is an A-module automorphism.
Proof. (i) By the universal property of R — L7 'R.
(ii) It is clear that if ¢ is an automorphism then so is €(¢).

Conversely, suppose that €(¢) is an automorphism. Express ¢ in the Gerasimov-
Malcolmson normal form

¢ = folg : IR - ¥R
for some R-module morphisms
f:R"—>R" o: R"—R",g: R"—R"

such that €(o) : A™ — A™ is an automorphism. The R-module endomorphism
defined by

0 = (0 _f) : R"®R™ - R"@®R"
g o
is A-invertible, since the induced ¥~! R-module endomorphism
_ ¢ _f 1 0 . -1 n m -1 n m
9—(0 5 o1y 1 YT (R"®R™) - X (R"®R™)

is A-invertible. Thus 0 : X7} R" ® R™) — Y~ Y(R™ @ R™) is a ¥~ R-module
automorphism, and hence so is ¢. [

In the application of Cohn localization in §5 below

€ : R = A.[2] > A; 2z—0.
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5. Polynomial extensions.

The relationship between the algebraic mapping cone and cokernel worked out
in §1 will now be applied to the algebraic situation arising from a circle-valued
Morse function f : M — S'. The actual application to the Novikov complex
CNov(M, f,v) will be carried out in §6.

Definition 5.1 Let A be a ring with an automorphism o : A — A, and let z be an
indeterminate over A such that

az = za(a) (a€ A) .

(i) The a-twisted Laurent polynomial extension of A

Anlz, 271 = Z ZA = Aulz, 27

j=—o00

is the ring of polynomials > a;27 (a; € A) such that {j € Z|a; # 0} is finite.
j=—00

(ii) The a-twisted Novikov completion of Aa|z,271]

k
Au((@) = m 3 #A = AR

is the ring of formal power series > a2’ (a; € A) such that {j < 0]a; # 0} is
j=—0o0

finite. O

Given an A-module B and j € Z let 2B be the A-module with elements z/x
(x € B) and

a(Zr) = Fdl(a)z, Pr+2 = F(x+2) (a€ A2 €B).

The induced A, [z, 271]-module is then given by

Az, 27 ) ®a B = Balz,271] = Z 2B .

j=—o00
For any A-module C and k € Z the A-module morphisms 2/ B — 2*C' are given by
270 . B - 2RC Pr e 2R0(x)
with 6 : B — C a morphism of the additive groups such that
8(ax) = o (a)f(x) €C (a € A,z € B) .

We shall write z~ !B as aB.

For a f.g. free A-module B and any A-module C' every A,[z, 2 !]-module mor-
phism

R = N O I | '~ T  —11
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is given by

o= Y Ay Y e Y Y ()

j=—00 k=—o0 j=—00 k=—o00

with 1; : B — 2/C A-module morphisms such that {j € Z|v; # 0} is finite.
Similarly, every A, ((z))-module morphism

¥ i Bal(2)) = Cal(2))

is given by

b= D0 A Y e 30 3 ()
j=—o00 k=—o0 j=—00 k=—00
with 1; : B — 2/C’ A-module morphisms such that {j < 0]; 0} is finite.

Definition 5.2 Let X' A,[z,27!] be the localization of A,[z,27!] inverting the
set 3 of square matrices in A, [z] C Aq[z, 27 1] which become invertible in A under

the augmentation
€1 Auz] A 2—0. O

zFE E 27 1F

2D D 21D =aD 272D

Proposition 5.3. Let D, E be f. g. free A-module chain complezes, and let g :
D — E, h:aD — E be A-module chain maps such that

g = ((1)) Dy — B = Di®F;,

h = (hD) . (J,/DZ—>EZ = Dz@an
hr

0 dp

Given bases for D, F' let E have the corresponding basis.
(i) The ¥1Dg[z, 2~ ']-module morphism

¢ = g—zh : X D,[z,27] = 2T B[z, 271
1s an embedding, the natural projection
p: C = C(¢) —C = coker (o)

1s a chain equivalence, and the inclusions F; — E; induce an isomorphism

~ ~
T o~ Y
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with F the Y1 A, [z, 27 Y]-module chain complex given by

d;: =dp + zhp(l — ZhD)_lc :
F\i = E_I(Fi)a[z,z_l] - Ai—l = Z_I(Fi—l)a['zaz_l] :

If@ 18 given the basis determined by the bases of D, F' and the isomorphism F=C
then

(p:C~C) = — Z(—)iT(l —zhp : X 7H(D)alz, 27 = 27Dz, 27 )
=0
c Ki(X Az, 271) .

(ii) An A-module chain homotopy

k : h h . aD — E

12

determines a X1 Ay [z, 27 1]-module chain isotopy
V¢ =g—zh ~ ¢ = g—2zh : SID,[z,27] = 2T E [z, 271
and simple isomorphisms of X1 Ay [z, 27 |-module chain complexes
c2C ,Fx2F,Cx=C(
where C'=C(¢), C' =C(¢') etc., with
r(C=2C) = 0 Ki(X Az, 27 1Y),

T(C=C") = > (=)l —zhp : S (Di)alz, 271 = S7H(Di)alz, 27 1))
1=0

=) (=)' r(L = zhlpy : ST (Dy)alz, 2 = B7H(Di)alz 27 1))
=0
= 0 Ki(X ' Au[z,27Y) .

(iii) Let {D(k)}, {E(k)}, {F(k)} be the inverse systems of A-module chain com-
plexes defined by

%) k
D(k) = Dalz,27"/ > 2D = .Z AD

j=k+1 j=—o00
%) k
E(k) = Eulz,27']) Y #E = ) E,
j=k+1 j=—o0

F(k) = coker(g— zh: D(k) — E(k))

with structure maps the natural projections

™77\ ™/7/171 1\ /7 \ /7 1\ /7 )\ /71 1\
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The short exact sequence of inverse systems of A-module chain complexes

0— D)’ =" B(k) — F(k) — 0

induces a short exact sequence of the inverse limit A, ((z))-module chain complezxes
—zh
0—lmD(k)" — lim E(k) — lim F(k) — 0
k k k

with

lm D(k) = Dal(z)) . im B(k) = Eal(2)) -

k

Moreover, the inclusions F; — E; induce isomorphisms

Aa((2)) @14,z F 2 lim F(K) .
k

Proof. (i) Immediate from 1.8 (i), since
. qu . 1-— ZhD .
o= (&) = ()
SN (Di)alz, 27 = BTN Ealz, 27 = STHDs @ Fi)alz, 27

with
¢p = 1—zhp : X1 (Dy)alz, 27 — S7HD)alz, 27

a Y71 A, [z, 27 ]-module automorphism.
(ii) Write the A-module chain homotopy k: h ~ h' : aD — E as

k= (kD) caD; - Eign = Dig1 @ Figq
so that

h'p hp\ _ (dp c kp kp . , D, .
(h’F)_(hF) = (0 dp ) \kp ) T\ hyp )@ 2 @Di—= B = Di® I

Define a X7 A, [z, 27 1] chain homotopy

0 : ¢ ~ ¢ : D[z, 27 = ST EL [z, 27
by

0 — 9D o —Z/{?D .
o 9F o —Z/{?F ’
N7 Di)alz, 27 = TN Ei)alz, 27 = 2THDig © Fipa)alz, 271

As in 1.8 (ii) the X1 A,[z]-module morphisms

o= (snionis 0) = (ke mam b))

—“—1/77\ T 1 -1/ ~ 1™\ T 1 ——1/7\ T 1 -1/ ~ 1™\ T 1
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are such that
¢ = (14+deg +¢dg)p : D— E .

The $71 A,[2]-module endomorphism
. 1 0 dp c —Z]{?D(l — ZhD)_l 0
L+dpy +vds = (0 1) * ( 0 dF) (—Z/{?F(l—zhp)_l 0
n —Zk‘D(l—ZhD)_l 0 dp c
—Z/{TF(l—ZhD)_l 0 0 dr
BT (Ei)al2] = ZTH(Eal2]
has augmentation an A-module automorphism
e(l+dpy+9de) = 1 : E; — E; |

so that
L+ dey +¢de : 7' (Eialz]l = 71 (Ei)al?]

is a X1 A,[z]-module automorphism by 4.1, and ¢ defines a chain isotopy
Vo p ~ ¢ NTID,[2] = X B[] .

Define the isomorphisms

= (1 +epp

At ECECORTN T

r = [1+dg+vdg] : C = coker(¢p) — C' = coker(¢)
as in 1.5, with ¢ simple. By 1.8 (ii) and (i)
T(r) = 7(p: C~C)—7(p/: €'~ ")

oo

= (=)'7(1 = zhp : X7 (Di)alz, 27 — 7Y Di)alz, 271])
=0

.

S sl S (Dl 2 5 (Dl o)
=0 ei_;(l(z—lAa[z,z—l]) :
(iii) The A-module chain map
GK) = g =h : D(E) — B

is of the type considered in 1.8, with the components of

o) — (22F)N L Do L B — D) @ Flk):
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given by

(el
&
= >
]
N

;..O
]

ép(k) = 0 1

- O

k
D)y = Y 2D —D(k)i = > #D;,

o
I
w
>
=
o

o
5
=
I
o O
o O
N
e >
=

k

j=—00 j=—00
As in 1.8 ¢p(k) is an automorphism, with inverse

1 ZhD Zz(hp)z
0 1 ZhD
0

op(k)~" = 0 1

and the chain complex F'(k) defined by

dF ZhFC ZQhFhDC
0 dF ZhFC

df(k) = dF—¢F(k)¢D(k)_lc = 0 0 dp
k k
F(k‘)l = Z ZjFi —>F(k’)1 = Z ZjFi
j=—0o0 j=—0o0

is such that the inclusions F(k); — E(k); induce isomorphisms
F(k) = F(k), imF(k) = lim F(k)
k k

The identification limD(k) = D, ((2)) is immediate from the identifications
k

k
D(k) ZzJD —- Dk —-1) = ZZ]D szxjH szx].
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Similarly for

() = Ea((:)  lmF(k) = T .

k
The short exact sequence of inverse systems
¢
0— D(k)—-FE(k)— F(k)—0
determines an exact sequence of the inverse and derived limits
—zh
0 — limD(k)’ = lim E(k) — lim F(k) — lim' D(k) — ... .
k k k k
Since the structure maps D(k) — D(k — 1) are onto the derived limit is
lim'D(k) = 0
k
and the inverse limits actually fit into a short exact sequence

0— %D(k)ﬁ i (k) — lim F(k) — 0

as required, with ¢ = g — zh. Alternatively, identify coker(¢) = F by a direct
application of 1.8 (i). O

The following result on algebraic handle exchanges will be required in §6.

E* E~ aEt

D D’ aD aD’

Proposition 5.4 Let D, D', ET,E~ be f.g. free A-module chain complexes, and let
gt :D—-E", g : D —-E ,ht : DSE", h : aD—E"

be A-module chain maps such that
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Given bases for D, D', F* F~ there are now defined two collections of data as in
5.3
(9:D— E,h:aD— E,F), (¢:D — E' ) :aD — E'|F')

with

0 dp

dF+ h;c_ + — + _
dF = 0 d . Fz = Fz @Fz —>Fi_1 = Fi—l@Fi—l 5
-

c = (C+ h;c_)  F, = Fi+@Fi__)Di—1:
g = ((1)) : Di—E = D;oF,
hD = hBhl_) . (J,/Di—>Di,

+ —
hp = (hF@D) caD; — F, = FroF
hF

and

/
dgr = (dD/ C ) D Bl = DioF - E_, = Di_1®F_,,
0 dp

dpi 0 _ )
dpr = (h;c-i- dF—) D F) = F@F —F_, = FL,oF,,

¢ = (hpet ¢) : F = Ff@Fi__’D;—u

0
Wy = hphf : aD,— D,

g = (1) : D;_’Ez/ = DQ@F;:

_l’_

The cokernels of the corresponding embeddings of the based f.g. free Y1 A, [z, 271]-
module chain complexes

¢ = g—zh : X' Dy[z, 27 = BT B[z, 271,
¢/ — g/ _ Zh/ . E_ID;[Z,Z_I] — E_IE;[Z,Z_I]

are related by an isomorphism of the based f.g. free X7t Ay[z, 27 t]-module chain
complexes
I : coker(¢p) = coker(¢')

which sends basis elements to z° (basis elements), with 6 = 0 or 1.
Proof. Use 5.3 to identify

~
1 /N - 1 /N 7
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with F , F’ the based f. g. free X1 A, [z, 27 ]-module chain complexes defined by

df = dp-l-zhp(l—zhp)_lc :

F = STV F)alz, 27 = Fioy = S Fis1)alz, 271,
dp, = dp + 2h/e(1 — zh/p) "t
F = SV F)alz,z V= F_, = S™YF_Dalz, 271 .

(2

-_)a[z,z_l] B = Z_l(F-Jr @F-_)a[z,z_l];

6. The Novikov complexes CN°V(M, f,v), CT% (M, f,v), CFE(M, f,v,h).

This section starts with a review of the geometric constructions of the Novikov
complex CV°U(M, f,v) and the Pajitnov complex CT% (M, f,v) of a circle-valued
Morse function f : M — S with respect to v € G7(f). Then the proper real-valued

Morse function o
f: M= ffR->R

is used to identify the Novikov complex with the inverse limit of the proper Morse-
Smale complexes

CNoU(M, fv) = l%nCMS(M(k‘), f(k),v(k))

of the proper real-valued Morse functions
- ——1
fk) = fl + M(k) = f [-k,00) = [k, 00) (k = 0)

with v(k) = v|. This is followed by a review of the algebraic construction of the
chain complex C¥E(M, f,v,h) of Farber and Ranicki [FR]. Finally, all this is put
together to prove the Cokernel, Invariance and Isomorphism Theorems already
stated in the Introduction. In particular, for v € G7 (f) with a gradient-like chain
approximation h9"® there exist basis-preserving isomorphisms

CNoU(M, fv) = CFR(M, f,0,h97; Z[m (M) |
Cpaj(M, f,'U) ~ CFR(M, f,'l),hgTa) )

The infinite cyclic cover of M determined by f : M — S is
M = f'R = {(z,y) € M xR| f(z) = [y] € §'},

with
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The generating covering translation
2 M—M; (2,y) = (z,y = 1) .

is parallel to the downward v-gradient flow @d so acts from right to left, or rather
from top to bottom). Assume that M and M = f*R are connected, so that

7T1(M) = ﬂl(M) XQZ
with L L
a =z, : m(M)—m(M)

the monodromy automorphism. The group ring of 71 (M) is the a-twisted Laurent
polynomial extension of Z[my (M)]

Zlm(M)] = Z[m (M)]alz, 27" .

Write the Novikov ring of Z[m1 (M)] as

— _ _

Zm(M)] = Z[m(M)]a((2)) = Z[m(M)]a[[2]][z7"] -

Definition 6.1 ([N], [P1]) The Novikov complex CN°?(M, f,v) of a Morse function

f: M — St with respect to v € GT(f) is the based f.g. free Z[m)]-module
chain complex with

(i) rank, —— CNov(M, f,v) = ¢;(f), with one basis element p for each critical

Zlmy (M)]
point p € M of index i, corresponding to a choice of lift p € M

(ii) the boundary Z[m; (M )]-module morphisms are given by

d . CNY(M, f,v) = Zw)]c(f N, f,v) = Z[w/l(]\\i)]%_l(f);

P> Y. npugug

q u€m(M)

with n(p,uq) € Z the algebraic number of v-gradient flow lines in M from
p to ug. [
Let X71Z[mr1(M)] be the localization of Z[m1(M)] defined in 5.2.

Definition 6.2 (Pajitnov [P2,P3,P4])
For a Morse function f : M — S! and v € GECT (f) the Novikov complex is of the
form

CNOU(Ma f7 ’U) = Z[ﬂ-l (M)] ®E_1Z[7r1(M)} Cpaj(Ma f7 ’U)

with the Pajitnov complex CT (M, f,v) a based f.g. free ¥~ Z[m; (M)]-module
chain such that

ranky - 1Z[m(M)}CPaJ(M fiv) = c(f). O

From now on it will be assumed that 0 € S! is a regular value of f, with inverse
image a codimension 1 framed submanifold

A7, — 1 r—17/A\ — A TM
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Thus f : M — R is transverse regular at Z C R, and cutting M along N gives a
cobordism

_ — -1
(Mn;N,z"'N) = f (I;{0},{1})
which is a fundamental domain for M
M = U ZjMN
j=—00

with a Morse function

fv = fl « (My;N,27'N) — (I;{0}, {1}) .

z
M zMn My 2 1My
f zN N 27N 272N
lZfN lfN lz_lfN
-1 0 1 2

Proposition 6.3 The Novikov complex of a Morse function f : M — S' with
respect to any v € GT (f) is the inverse limit

CNoU (M, f,v) = l%nCMS(M(k‘), f(k),v(k))

of the Morse-Smale complexes of the proper real-valued Morse functions

k
—-1

fR) = T2 M) = T '[ho0) = |J #/My — [~k 0)
j=—00
on the non-compact manifolds with boundary
T k .
(M(k),0M (k) = F ([k,00),{=k}) = ( | #My,2"N)
j=—00
with respect to the projections
k+1
CMI(M(k+1), f(k+1),0(k+1)) = C( ) 2/My,25'N)
j=—00

k+1 k
—C(|J #My, 2" My) = C(|J #Mn,2PN) = CMS(M(K), f(k),v(k)) .
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Proof. Identify
CNoU(M, fv) = l%nCMS(M(k),f(k)yv(k))
using the expression of the Novikov ring as the inverse limit
Zlmi(M)] = liTmZ[m (M)]a (k)

of the Z[m1 (M )]-modules

k

Zm(M)a(k) = ) FZm(M)] C Zm (M)] = Z[m(M)lalz,27]

j=—o00

with respect to the natural projections

Zlm (M)]a(k+1) — Z[r (M Z ajz) Z ajzl .

j=—00 j=—00

As before, let f: M — S! have ¢;(f) critical points of index i. The real-valued
Morse function

fnv =TI+ (My;N,z7'N) — (I;{0},{1})

has ¢;(fn) = ¢;(f) critical points of index i, and as in §2 there is a handle decom-
position

My = NxIUU Uh’
1=0¢;(f)

Let N have a CW structure with ¢;(N) i-cells ' C N and let My have the
corresponding CW structure with ¢;(N) i-cells of type e’ x I C M My and c;(f)
i-cells of type h' C Mpy. Let M be the universal cover of M, and let M, N, N be the
corresponding covers of My, N. The inclusion g : N — My induces an inclusion of
the cellular Z[m; (M)]-module chain complexes g : C(N) — C(My). The inclusion
h:z N — My induces a Z[m (M)]-module chain map h : aC(N) — C(My).

N L Mn <h— 27IN

Now M = My /(N = 27! N) has a CW structure with

ci(M) = ¢i(f) +ci(N) 4+ ci-1(N)

11
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The following terminology will be used in dealing with the cellular chain com-
plexes associated to the fundamental domain (My; N, 271 N) of M.

Terminology 6.4 As in 2.3 write
D = C(N), E = C(My), F = CM™%(My, fx,vn) = C(Mn,N xI),

dp = (dD C) B = Dok, —FE, 1 = Di1®F_1.
0 dp

The inclusions
g:N—-M,h:2'N—->M

induce chain maps
1

h = (hD) caD; - E; = D;®F,. O
hr

Definition 6.5 ([FR]) Given a Morse function f : M — S! with regular value
0€ St ve GT(f), achoice of CW structure for N = f~1(0) C M, and a choice
of chain approximation h : «C(N) — C(My)

CPR(M, fv,h) = F
be the based f. g. free ¥71Z[r(M)]-module chain complex given by

F; = S7'Ci(My, N)ulz, 27 = S Zm (M)]50) |
de = d +zhp(l—zhp)te : F;, - Fq. O

)

C(My,N)

Cokernel Theorem 6.6. (i) The inclusions 131 — E_lCi(MN)a[z,z_l] mnduce a
basis-preserving (and a fortiori simple) isomorphism of based f. g. free ¥~ 1Z[m1 (M)]-
module chain complexes

CFR(M, f,v,h) = coker(g— zh: SCO(N)alz, 271 — E_lo(MN)a[z,z_l]) .
(ii) The natural projection

p : C(M;27'Zm(M)]) = C(g—zh: X7 ON)alz, 27 = 27C(My)alz, 271)
— CFR(M, f,v,h)

is a chain equivalence of based f. g. free X1 Z[m1(M)]-module chain complexes with
torsion

T(p) = =Y (2)'7(1=zhp : B7'Ci(N)alz, 2] = BT Ci(N)alz, 2 7))
1=0

1 =1 s\
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Proof. This is a direct application of 5.3 (i). O

Invariance Theorem 6.7 Let f : M — S be a Morse function, and letv € GT (f).
For any regular values 0,0" € S, CW structures on N = f~1(0), N’ = f~1(0)
and chain approximations

h i aC(N) — C(My) , h' : aC(N') — C(My)

there is defined a simple isomorphism of based f. g. free ¥ "1Z[m1(M)]-module chain
complexes
CFR(M7 f7,U7 h) g CFR(M7 f7,U7 h/) *

Proof. The case 0 = 0, N = N’ is given by 5.3 (ii). So assume 0 # 0’ € S!, and
let IT, 1~ C S! be the two arcs joining 0 and 0’. The restrictions of (f,v)
(ff,o*) = (f,0)) « (MT;N,N') = f7H{I;{0},{0'}) — (I*;{0},{0'})
(f707) = (f,o) = (M7;N',N) = f~H(I75{0'},{0}) — (I7;{0'},{0})
are Morse functions with gradient-like vector fields such that
(fvson) = (ffo")U(f~,07) -
(Mys N,27IN) = (M*3N,N') U (M3 N', N) — ([0, 1]; {0}, {1}) ,
(fnron) = (f70)U(fF07)
(My;N',z7'N') = (M~ ;N',N)u (M*;N,N’) — ([0,1]; {0}, {1}) .

Use the handlebody structure on (M™*; N, N’) (resp. (M~ ; N’, N)) determined by

(fT,vT) (resp. (f~,v7)) to extend the CW structure on N (resp. N’) to a CW

structure on M+ (resp. M ). The inclusions of CW subcomplexes g™ : N — M™,
~: N’ — M~ induce inclusions of subcomplexes

gt : D =CWN)=Et =CWM*),g : D =CN)—=Et =CM).

Cellular approximations to the inclusions h* : N — M™*, h™ : 27! N — M~ induce
chain maps

ht D = CN)—>Et =CM*Y),h” :aD = aC(N)—=E~ = C(M").

A direct application of 5.4 gives a simple isomorphism of based f.g. free X ~1Z[m (M)]-
module chain complexes

CFR(M, f,v,h) = coker(g — zh) = CTE(M, f,u,h/) = coker(¢' —zh') . O

Definition 6.8 A crossing chain approximation k : aC(N) — C(My) is gradient-
like if for any critical points p,g € My of fy : My — R with index 4,7 — 1 the
algebraic number of v-gradient flow lines in M joining p to 27 is

(p, q)-coefficient of dp : F; — F;_4 if =0
(p:27) = (b, q)-coefficient of hp(hp)~tc: Fy — Fiy if j >0

- . N
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A gradient-like chain approximation A will be denoted by h97¢. [

Remark 6.9 (i) Pajitnov [P4] proved that for any Morse function f : M — S! and
v € GECT (f) there exists a handlebody structure on N with a gradient-like chain
approximation h9" : aC(N) — C(My) (cf. Remark 2.4).

(ii) Cornea and Ranicki [CR] prove that for any Morse function f: M — S! and
v € GT(f) there exists a CW structure on N = f~1(0) with a gradient-like chain

approximation h9"¢ by showing that there exist Morse functions f’ : M — S,
g: N —Rwitho' € GT(f"), w € GT(g) such that

(a) (f',v") agrees with (f,v) outside a tubular neighbourhood of N
f €€ = Nx[-e e CcM

for some small € > 0.
(b) (f’,v") restricts to translates of (g, w)

(f o) = (g4 ws) = N x{e/2} — SN\{0},
(f o) = (9-,w-) = N x{-¢/2} — S"\{0}
with
Crit;(g+) = Crit;(g) x {€/2} ,
Crit;(9—) = Crit;(g9) x {—€¢/2},
Crit;(f") = Crit;_1(g+) U Crit;(g_) U Crit; (f) .
(c) The v-gradient flow lines are in one-one correspondence with the broken
v’-gradient flow lines i.e. joined up sequences of v’-gradient flow lines which

start and terminate at critical points of f.
—/
(d) The Morse-Smale complex of (f,7) is of the form

CMS(M,f,v') = (Dic1©Di @ F)alz,27Y, | 1 =205 dp ¢ |)
—zh3 " 0 dr
for a gradient-like chain approximation h9"*, with

D = CMS(N,g,w) , F = CMS(MN,fN,UN) etc.

(e) The cellular chain complex of the universal cover My (or rather the cover
of My induced from the universal cover M of M) is

E = C(My) = (Di@Fi,(dé) di))'

(This is the circle-valued analogue of Remark 2.7). Thus the algebraic mapping
cone of the Z[m (M)]-module chain map

6= (1= L Do L B oY
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is the Morse-Smale complex of (7/, v): M —R
c(¢) = CMQLT W)
and the cokernel of the induced ¥ ~!'Z[m; (M)]-module chain map is
coker(X 7 ¢ : X7 Dy [z, 27 = ST EL [z, 27Y]) = CFR(M, f,u,h97) .
The kernel of the projection
K = ker(p: Y 71C(¢) — coker(E719))

is an algebraic model for the closed orbits of the v-gradient flow. As in 1.8 (i) (c)
identify

o dp 0
© = - g (- g tap - kg
Ki = S YD1 ®Di)alz, 27 ] = Kiw = S Y Dia®Di_1)alz,271] .

(iii) In applying 2.6 and 3.3 to f : M — S, v € GT(f) with a gradient-like chain
approximation h9"% the Morse-Smale complexes of unions of copies of a Morse
function

fn © (My3N;z7'N) — (I;{0},{1})

and vy € G7 (fn), the chain homotopy b in 2.6 and the higher chain homotopies
b[j,7’] in 3.3 are 0. In particular, the Morse-Smale complex of the proper real-valued
Morse function

0 0
Ti= U #w="7:M = |J &My =T '0,00) = [0,00)

k=—o0 k=—o0

is given as a based free Z[m (M )]-module chain complex by

0 %)
CMSAIT TN oY) = (Y AFide+ Y ARE (G

k=—oc0 7j=1

The coefficients of A% “(h%“)?~'c count the v-gradient flow lines which start at an

index ¢ critical point of [ M , cross j translates of NcM , and terminate at an index
1 — 1 critical point of M. [

Isomorphism Theorem 6.10. Given a Morse function f : M — S with reqular
value 0 € S, v € GT(f), a choice of CW structure for N = f~1(0) ¢ M, and
a choice of chain approximation h : a«C(N) — C(My) there is defined a simple

isomorphism of based f.g. free R-module chain complexes with R = Z[mi(M)]
(resp. X71Z[my (M))])

I« CNU(M, f,v) = CFR(M, f,v,h; Z[m (M)))

s+ ~Pai/ar £ N ~ ~FR/Ar r  1\\
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For a gradient-like chain approzimation h9® : aC(N) — C’(MN) the simple iso-
morphisms Ipgra are basis-preserving.

Proof. By 6.3 the Novikov complex is the inverse limit
CNOU(M, f,v) = lim F(k)
k

of the inverse system
F(k) = CMS(M(k), f(k),v(k))
of the Morse-Smale Z[r;(M)]-module chain complexes of the proper real-valued

Morse functions

k

f(k) = JI « (M(k),0M(K)) = ( | #/My,2"N) — ([~k,00), {=k}) .

j=—00
By 3.3 there is defined an isomorphism of inverse systems
In(k) : F(k) — coker(g — zh : D(k) — E(k))

with
k k

D(k) = > ZCN), E(k) = > 2C(My).

The inverse limits are given by 5.3 (iii) and 6.3

l%nD(k) = C(N)a((2)) liTmE(k‘) = C(Mn)a((2))

with
%ncoker(g —zh: D(k) — E(k)) = coker(g — zh: %D(k’) — %E(k‘))

= coker(g — zh : C(N)a((2)) = C(My)a((2)))
= CFR(M, f,v,h; Zlm (M)
Define Ij, to be the induced isomorphism of inverse limits
= lm (k) = CY(M, fov) = lm F(k)

N liTmcoker(g —2h: D(k) — E(k)) = CFR(M, f,v, h; Z[m (M)]) .

For a gradient-like chain approximation h9"* 3.3 gives basis-preserving identifica-
tions

dp(k) = dC(ﬂN,ﬁ)+szhF(hga)j_l

7j=1

k k
Z 2 Ci( MN, N ) — F(k)i—1 = Z ZjCi—l(MN:N)
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(as in 6.9 (iii)). Passing to the inverse limit as k — oo gives

dCNo'u(M’fvv) = dC(AA/,[N’N)_i_zzjh%ra(h%“a)j—lc .
=1

CNoY (M, f,v) = Ci(Mn,N)a((2)) — CNP(M, f,v) = Cim1(My,N)a((2))
so that .
Thora @ CNOY(M, f,v) = CFE(M, f,v,h9; Z[r (M)

is a basis-preserving isomorphism, with zero torsion. There exists a chain homotopy
h ~ h9 : aC(N) — C(My)
so that by 5.3 (ii)

—

T(In) = T({pera) = 0€ Ki(Z[m1(M)]) .
Similarly for 71 Z[m (M)]-coefficients. O
Remark 6.11 (i) The formulae given by 6.7 and 6.10

T(p: C(M; 27 Z[my (M)]) — CT (M, f,v))
= =) (2)ir(1—zhE* : ST Ci(N)alz, 27 = ETICH(N)alz, 27Y)
1=0

€ K1 (X' Zm (M) |

7(p: C(M; Z[m (M)]) — CN(M, f,v))

—

= =D (1= 2h" : Ci(N; 2w (M)]) — Co(N; Z[i (M)
1=0

€ K1 (Z[m (M)))

are generalizations of the formulae of Hutchings and Lee [HL] and Pajitnov [P5],[P6]
counting the critical points of f : M — S*, the (-function of the closed orbits of the
gradient flow (corresponding to h;*) and the Reidemeister torsion of M. Schiitz
[Sch1],[Sch2] extended these formulae to the closed orbits of a generic gradient flow
of a closed I/-f'gm using Hochschild homology and a chain equivalence of the type
p: C(M;Z[r1(M)]) — CNov(M, f,v).

(ii) See/C\hapters 10,14,15 of [R] for the splitting theorems for the torsion groups
Ki1(Z[m1(M)]), K1(X7'Z[r1(M)]) in the case o = 1 (which extend to the case of
arbitrary a, Pajitnov and Ranicki [PR]) and for the expressions of the torsions
7(1 — zhp) in terms of (noncommutative) characteristic polynomials. For any ring
A the classical Bass-Heller-Swan splitting

Ki(Alz,271) = K1(A) ® Ko(A) @ Nilp(A) @ Nil(A)
generalizes to splittings

Ki(S7'Alz,27Y) = Ki(A) @ Ko(A) @ Nilp(A) & V(A) |

— ~
- { A7/ N\ )\ T /AN o~ T7 L AN o~ NT*1 7/ AN ~ Y7/ AN\
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with V(4) C K; (A((2))) the image of the multiplicative group of noncommutative
Witt vectors W(A) =1+ 2A[[z]], and V(A) C K1(X71A[z,271]) the image of the
subgroup of the noncommutative rational Witt vectors W (A) C W(A) generated
by 1+ zAlz]. (In [R] it was claimed that the natural surjections W (A4)%® — V(A),

-~

W (A)*® — V(A) are isomorphisms, but an explicit counterexample was constructed
in [PR]). The torsions of the chain equivalences p, p are such that

~

7(p) € V(A) C K1(27"Alz,a]) , 7(p) € V(A) € K1(A((2)))

respectively, with A = Z[m1(M)].

(iii) The natural map X 1A[z,27!] — A((2)) is injective for a commutative ring
A, since in this case X7 A[z, 27| is just the localization of Alz, z7!] inverting all
the elements of type 1 +az € Alz,27 1] (a € A). Sheiham [Sh] has constructed
an example of a noncommutative ring A such that X71A[z,271] — A((2)) is not
injective.

(iv) Farber [F] extended the construction of Farber and Ranicki [FR] to obtain an
algebraic Novikov complex for a closed 1-form, but did not relate it to the geometric
Novikov complex. [J
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