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Abstract. The Novikov complex of a circle-valued Morse functign: M — S is constructed
algebraically from the Morse-Smale complex of the restriction of the real-valued Morse function
f : M — R to a fundamental domain of the pullback infinite cyclic coMer= f*R of M.

1. Introduction

The relationship between real-valued Morse functions and chain complexes is
well understood. The Morse-Smale complex of a Morse funcfianM — R

on a compaciz-dimensional manifold is defined using a choice of gradient-
like vector fieldv satisfying the transversality condition, to be a based f.g. free
Z[71(M)]-module chain comple& S (M, f, v) with rank ., s CMS (M, £, v)

= ¢;(f) the number of critical points off with index i, and the differen-

tials defined by counting the downwardgradient flow lines in the univer-

sal coverM of M. The pair(f, v) determines a handlebody decomposition

M = UO U, D' x D"~" with onei-handle for each critical point of indéxand

the Morse-Smale complex is the cellular chain compledo€MS (M, f,v) =
C(M).

The relationship between circle-valued Morse functigns M — S* and
chain complexes is more complicated, and not so well understood. A lift of
to the pullback infinite cyclic coved = f*R is a real-valued Morse function
f : M — Ronanon-compact manifold, so traditional Morse theory does not ap-
ply directly. The methods developed (by Novikov, Farber, Pajitnov, the author and
others) to count the critical points gfuse the structure of the fundamental group
ring Z[z1(M)] as a Laurent polynomial extensionZifz, (M)], as well as a com-
pletion and a localization d&[1(M)]. For any mapf : M — S* with M and
M connected the rin@.[r1(M)] = Z[m1(M)lolz, 271 = Zlmi(M)]elz][z 7]
is thea-twisted Laurent polynomial extension with: w1(M) — m1(M) the
monodromy automorphism and = za(a) (a € Z[z1(M)]). The completion
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ZImi(M)] = ZIm (M) 1o ((2)) = ZIm(M)]1e[[z]1[z~ 1 is called theNovikov ring
of Z[1(M)]. Let ¥ be the set of square matricesAfry(M)lq[z] C Z[r1(M)]
which become invertible ifZ[1(M)] under the augmentatian— 0. The non-
commutative localizations ~*Z[r1(M)] of Z[z1(M)] (in the sense of Cohn
[C]) is a ring with a morphisnZ[z{(M)] — X ~'Z[x1(M)] such that any
ring morphismZ[z1(M)] — R which sendsX to invertible matrices inR
has a unique factorizatioB[r1(M)] — X ~'Z[71(M)] — R. The inclusion
Zlmi(M)] — Z[n/l(T/I)] sendsX to invertible matrices ilZ[n/l(T/I)], so there is
a natural ring morphisnX ~Z[my(M)] — Z[m1(M)].

Avector field on a manifold/ is a section : M — 1), of the tangent bundle
7. The gradient of a Morse functiofi: M — Ris a sectiorV f = (3f/dx;) :
M — t;; of the cotangent bundlg,, with zeros the critical points of . A vector
fieldv : M — 14 is 'gradient-like’ for f if there exists a Riemannian metric
Bty =t5,0nMsuchthaBov =V f: M — t;,. Av-gradient flow liney :

R — M satisfiesy’(t) = —v(y () € ty(y (). The limits lim_, _o, y (t) = p,
lim,_. . y(t) = ¢ € M are critical points off. For every non-critical point

M thereis a-gradientflowline/, : R — M (whichis unigue upto scaling) such
thaty, (0) = x € M. The unstable and stable manifolds of a critical pgire M

of indexi are the open manifold®“(p, v) = {x € M | lim,_, _» y.(¢t) = p},
Ws(p,v) = {x € M| lim,_ o y.(t) = p} which are diffeomorphic t&R’, R~
respectively. Let;7 (f) denote the space of all gradient-like vector fielder

f which satisfy the Morse-Smale transversality condition that for any distinct
critical pointsp, ¢ € M the submanifoldsv*(p, v), W¥(q, v) C M intersect
transversely. For € G7 (f) and critical pointgy, ¢ € M of indexi, i — 1 there

is only a finite number of-gradient flow lineg/ : R — M which start ap and
terminate at, and choosing orientations there is obtained an algebraic number
n(p,q) € Z.

A circle-valued Morse functiory : M — S? lifts to a real-valued Morse
function f : M — R on the infinite cyclic coveM = f*R. LetGT (f) be the
space of all vector fields on M which lift to a gradient-like vector field on M
satisfying the transversality condition, so thiat G7 (f).

Novikov [N] and Pajitnov [P1] used the completiﬁﬁm)] to construct
geometrically for any circle-valued Morse functiogh: M — S! andv €
GT(f)abasedf.g. fre@[n/l(T/I)]-module chain complex¥?*(M, f, v) such
that ranli@)]ClN””(M, f,v) = ¢;(f),with¢; (f) the number of critical points
of f with indexi. As in the real-valued case the differentials are defined by
counting théy-gradient flow lines in the universal COVAL. Moreover thereis a
chain equwalence‘NO“(M fiv) >~ C(M Z nl(M)])WIth C(M Z[nl(M) ) =

Z[nl(M) 1 ®Zzy (M) C(M) theZ[nl(M)] coefficient cellular chain complex of
M, for anyCW structure onM.
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Pajitnov [P2,P3,P4] constructed for any Morse functipn M — S! a
CO-dense subspadg?CT(f) C GT(f), such that fon € GECT (f) the co-
efficients in the corresponding Novikov compléx’°*(M, f, v) are rational,
in the sense that™*" (M, £, v) = Z[m1(M)] ® 51710,y CT4 (M., £, v) for
a based f.g. frees~'Z[1(M)]-module chain complex”% (M, f, v), with
a chain equivalenc€”“ (M, f,v) ~ C(M X 1Z[mw1(M)]). (Strictly speak-
ing, C*% (M, f,v) was only defined for abeliam; (M), when the natural ring
morphismX ~1Z[r1(M)] — Z[n/l(T/I)] is injective, but this was for algebraic
convenience rather than out of geometric necessity.)

ForaMorse functiorf : M — S'whichistransverse regular at0S* the lift
f: M — Ris transverse regular @t c R, and the restriction to a fundamental
domain is a Morse functioffy = 7| : (My: N, Ny) = F_(I; {0}, {1}) —
(I; {0}, {1}) with ¢; (fn) = ¢;(f) critical points of index, andN; a copy ofN.
Everyv € GT(f) liftsto v € GT(f), andvy = v| € GT (fx) determines a

handlebody decompositiody = N x IU|J (J D' x D™~ with onei-handle
i=0¢;(f)
for each index critical point of f. Given aCW structure onV with ¢;(N) i-
cells use the handlebody structure Miy to define aCW structure onMy with
¢i(N) +¢;(f) i-cells. (In practice, th€ W structure will be the one determined
by a Morse functionV. — R). The inclusiorg : N — My induces an inclusion
of based f.g. fre&[m1(M)]-module chain complexes : C(N) — C(MN)
with N, My the covers ofN, My induced from the universal covéd of M.
Write the inclusion ofN; in My ash : N — My, and note that in general
N1 = h(N) is not aCW subcomplex ofMy. A chain approximatiorfor 4 is
a Z[r1(M)]-module chain map : C(N;) = a«C(N) — C(My) in the chain
homotopy class induced by the map: N — My as given by the cellular
approximation theorem. For any choice of chain approximatidrarber and
Ranicki [FR] defined algebraically a basedf. g. fl8e'Z[ 1 (M)]-module chain
complexC*® (M, f, v, h) such that rank-17,, sy CF* (M, f,v, h) = c;(f) as
a deformation of thes ~1Z[r1(M)]-coefficient Morse-Smale complex

C"S(My, fn,vn; 2 ZIm(M)])

= X 2wy (M)] ®gpyary €M (M, fv. vw)
with a chain equivalenc€ “® (M, f,v, h) ~ X~ YZ[x1(M)] @zimyary C(M).
There is also &[r1(M)]-coefficient version

CFR(M, f,v, hi Z[m(M)]) = Z[m1(M)] ® 517500y CT X (M. f. v, h) .

Cokernel Theorem 6.6 The chain complex of [FR] is isomorphic to the cokernel
of the morphism of based f.g. frézrlz[nl(M)] module chain complexes=

g —zh : Z1C(N)ulz, 271 — X 1C(My)olz, z~1] which is a split injection

in each degreeC X(M, f, v, h) = cokel¢). 0
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The expressiorlCrR(M, f, v, h) as a cokernel makes it possible to prove
invariance results such as :

Invariance Theorem 6.7.Let f : M — S be a Morse function, and let €
GT(f). For any regular value$), 0’ € S*, CW structures onN = f~1(0),
N =f~ 1(0") and chain approximation's : aC(N) — C(MN) h aC(N) —
C (My) there is defined a simple isomorphism of based f. g. Xte&Z [, (M)]-
module chain complexes’?(M, f, v, h) = CFR(M, f,v, 1'). O

Here, simple means that the torsion of the isomorphism is in the image of
{£m1(M)} € Ko(ZZ[ma(M))).

Givenf : M — S*, v e GT(f) and aCW structure oV = f~1(0) C M
we shall say that a chain approximatibfi“ : aC(N) — C(MN) is gradient-
like if it counts thev-gradient flow lines in the universal COVAS. (The precise
definition is given in 6.8).

Isomorphism Theorem 6.10. For v € GT (f) with a gradient-like chain ap-
proximationké” there are basis-preserving isomorphis@¥°’ (M, f,v) =
CFR(M, f,v, h¢™; Z[my(M)]) andCP4 (M, f,v) = CFR(M, £, v, h¢'%). O

Pajitnov [P3] (Theorem 7.2) showed that every G7(f) is C%-close to
v¥’ e GECT(f) with a gradient-like chain approximatioef™ : C(N) —
C(My). A similar construction was obtained by Hutchings and Lee [HL]. In
fact, Cornea and Ranicki [CR] prove that every G7 (f) admits a gradient-
like chain approximatioms”,

The plan of the paper is as follows. Section 1 is purely algebraic in na-
ture, concerning the chain homotopy properties of the algebraic mapping cones
and cokernels of chain maps. The glueing properties of the Morse-Smale com-
plex CMS(M, f,v) are described in Sect. 2 for finite unions, and in Sect. 3
for infinite unions. Section 4 gives a brief account of the Cohn localization.
Section 5 deals with the cokernel and infinite union construction of chain com-
plexes over a twisted polynomial extensidg[z, z 1] for any ring A with au-
tomorphismu : A — A, the localization® —*A,[z, z~1] and the Novikov ring
Aq((2)) = Aql[z]1[z~1]. The Cokernel, Invariance and Isomorphism Theorems
are proved in Sect. 6.

The remainder of the Introduction is an outline of the proof of the Cok-
ernel, Invariance and Isomorphism Theorems in the special case yihen
mi(M) — mi(SY) is an isomorphism, so that; (M) ={/1},\Z[nl(M)] =
Zlz, 271, T (M)] = (1 + zZ[z) ' Z[z, z 7' and Z[w(M)] = Z((2)).

The Novikov complex of a Morse functiofi : M — S* with respect taw ¢
GT(f) isthe based f.g. freB((z))-module chain comple€ = C¥*(M, £, v)
with

de : G = Z(R)" > Ciy = L(@) 1 5> Y n(p.9)7
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wheren(p, z/g) is the algebraic number af-gradient flow lines inM from

a critical pointp € M of indexi to a critical pointg € M of indexi — 1,
using the transversality property ofto ensure that these numbers are finite.
Herez : M — M is the generating covering translation parallel to the
gradient flow off. If 0 € S' is a regular value of the Morse functionfy =

Fl s (My; N,z IN) = 701 (0}, (1) — (75 {0}, (1)) hasci(fy) = ¢ (f)
critical points of index. Each critical pointy € M of f can be regarded as a
critical pointp € My of fy. Forv € GT (f) the Morse-Smale complex gfy
with respect tovy € GT (fy) is the based f.g. freE-module chain complex
CMS(MN, fN, UN) = F with

dr : F, = 7)) F_q = 7.ci-1(f) P> Zn(ﬁ’ )
q
wheren(p, g) is the algebraic number afy-gradient flow lines ilMy from a
critical pointp € My of indexi to a critical pointg € My of indexi — 1.

The Novikov complexCV°*(M, f,v) = C counts thev-gradient flow lines
which start at a critical poinp € z/My C M and terminate at a critical point
g € Z*My c Mwithk < j.The Morse-Smale compleX”$(My, fy, vy) =
only counts such flow lines witlh = & = 0. In order to construaf from F we
glue together an infinite number of copies of an 'algebraic fundamental domain’
which gives an algebraic picture of the way theflow lines entetMy atz =N
and either die at a critical point gfy in My or exit atN.

As above, given an arbitra§W structure onV = f~1(0) with ¢; (N) i-cells

use the handlebody decompositibfiy, = N x 1 U U Ue, () D' x D™, to give

My aCW structure withe; (N) + ¢; (f) i-cells, one for eachtcell of N and one
for eachi-handle of(My; N, z~*N). The cellular chain complex dff is of the
form C(My) = E with

dE= ch :EizDi@Fi—)Ei_l:Di—l@E—la
0 dr

whereD = C(N), F = C(My,N x I) = CM5(My, fn,vy), D; = Z5WN),
E; =7Z5WMNtalD =740 ¢ = (é) :D; > E;=D;®F,.Leth: D - E
be a chain approximation for the inclusian: z7*N — M, with components
h = <hD> : D; - E; = D;®F;. The cellulaZ[z, z~*]-module chain complex

of M is the algebraic mapping cog&M) = C(g—zh : D[z, z7Y] — E[z,z71]).
The chain complex of Farber and Ranicki [FR] was defined to be the based f. g.
free ¥ ~1Z[z, z71]-module chain complex "®(M, f, v, h) = F with

dp = dp+zhr(L—zhp) Y1 F, = S Flz,z7 Y — Foi= 7' F oz, 271
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a deformation ofX ~1F[z, z71]. The inverse of 1- zhp is defined over the
Novikov ring Z((z)) by (1 — zhp)™ = 1+ zhp + 22(hp)?> + 22(hp)3 + . . .,
so the inducedZ((z))-module chain complex €% (M, f, v, h; Z((2))) =
2((2)) @x-171;..-1 CFRM, f,v,h) = F with

dr = dp +Y Zhphpy e o F; = F(@) = Fin = Fra(@) -
j=1

The chain approximation is an algebraic model for thegradient flow across
a fundamental domai/y; N, z71N) of M. The formula fordz is interpreted
in Sect. 5 as the generating function for the number of flow line® inf pre-
scribed length, wittk (4 )’ ~1c counting the flow lines which start iy and
terminate inc/ My, crossing thg wallsN, zN, ..., z/~1N between the adjacent
fundamental domain&fy, zMy, ..., 7/ My.

The algebraic treatment in Sect. 1 of cokernels of chain maps will be used in
Sect. 6 to prove that the inclusioRs — X ~1E;[z, z7] induce the isomorphism
CFR(M, f,v, h) = coker¢) of the Cokernel Theorem 6.6, with= g — zh :

Y D[z,z7Y1 - X 'E[z,z7']. A chain homotopyk : h ~ h' : aD —

E determines an isomorphism cokgy = coker¢’) of X 1Z[z, z~*]-module
chain complexes (Proposition 5.3), giving the isomorphism of the Invariance
Theorem 6.7

CFR(M, f,v,h) = coker¢) = coken¢p’) = CFRM, f,v, )

in the special cas¥ = N’. The general case is proved by an algebraic treatment
of handle exchanges (Proposition 5.4).
gra
For a gradient-like chain approximatidr§™ = hgm : Dy - E; =
hF
D; & F; the algebraic numbers @tgradient flow lines between critical points
of f : M — R are given by

(p, g)-coefficient ofdy : F; — F;_, if =0
n(P,z2’q) = {(p,7q)-coefficient ofhs’* (h% )/ ~*c: F, — F,_4 if j >0
0 if j <O

for any critical pointsp,qg € My of fy with indexi,i — 1 respectively. It

follows that for any—oco < j < k < oo the Morse-Smale complex of the
real-valued Morse functionfy[j, k1 = f| : (Myl[j, kl;z7/N,z7*N) =



The algebraic construction of the Novikov complex 751

F K G KD — (L. K ). (kD) is

CMS(Mylj, k1, fulJ, k] vn[Jj, kD

= (ZZ FudFJrZthgm (hp "™ 1)

L=—k

= coker(g—zhg’“: i D — i Z[E> .

l=—k+1 0=—k
Passing to the direct limit als — oo gives the Morse-Smale complex of the

proper real-valued Morse functiofy[j, 00) = f| : (My[j, 00), dMy[j, 00))
=7 (1j.00). 1j) — (1j. 00). {j}) to be

CMS(Mylj, 00), fnlj,00), uylj, 00))
= lim CMS(MLJ, k1, fnlj, k], v j k1)

= Coker(g —zh%": Z D — Zz E

{=—00

Passing to the inverse limit gs— —oo gives the Isomorphism Thseorem 6.10
for the Novikov complex, with a basis-preservifig(z))-module isomorphism

CNOU(M, f, 'U) = I(lmJCMS(MN[]a OO), fN[j’ OO), vN[j’ OO))
cokel(g — zh¥* : D((z)) — E((2)))
= CTR(M, £ v, k¥ Z((2))) -

12

The geometric differential i = CNov(M, £, v)isjustthe algebraic differential
in F = CrR(M, f,v, h¥*; Z((z))), with

de() = )Y n(B,JDIq = dr+ Y IhT WY T o®)

q JjeiL j=1
= (dr +zh{ A= 2h5) 0 B) = dp(p) € Fiy = 2971

so that there is also a basis-preserviBglZ[z, z~*]-module isomorphism
CPa(M, f,v) = CFR(M, f,v, h¢"). The projection

p: C(M;Z((2))) = C(g—zh*"": D((z)) > E((z)))
— cokel(g — zh®* : D((2)) — E((2))) = CN"(M, f,v)
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pieces togethar-gradient flow lines inV from their intersections with the trans-
latesz/ My C M (j € Z) of the fundamental domaii ; p is a chain equiva-
lence with torsion

T(p) = Y (Hr(L- 2kl Di((2) — Di((2))
i=0

— []det2 - zr5" : D) - Ditn) "
i=0
e W(Z) C Ki(Z((z))) = Ki(Z) ® Ko(Z) & W(Z)

with W(Z) = 1+ zZ[[z]] under multiplication. The kernel gf corresponds to
the closed orbits of the-gradient flow lines iV, which avoid the critical points
of f and so do not contribute to the Novikov complex, and which are counted
by the torsion ofp.

| am grateful to Andrei Pajitnov for valuable suggestions for improving the
preprint version of the paper.

1. Cones and cokernels

The Novikov complex of a circle-valued Morse functign: M — S* will be
shown in Sect. 6 to be isomorphic to the cokernel of a chain map constructed from
the Morse-Smale complex of a fundamental domain for the infinite cyclic cover
M = f*R of M; the algebraic mapping cone of the chain map is a cellular chain
complex of M. This section is accordingly devoted to the relationship between
the algebraic mapping cone and the cokernel of a chain map. The algebraic map-
ping cone is a chain homotopy invariant. The cokernel is not a chain homotopy
invariant, although itis a homology invariant. The main novelty of this section is
the introduction of an equivalence relation on chain maps called ‘chain isotopy’,
which is stronger than chain homotopy, and is such that the cokernels of chain
isotopic maps are isomorphic. The chain map with cokernel the Novikov com-
plex depends on a choice of chain map in a chain homotopy class; a different
choice will give a chain isotopic chain map, with isomorphic cokernel.

Let A be a ring. Thealgebraic mapping conef an A-module chain map
¢ : D — E isthe A-module chain comple&(¢) defined by

dew = () @)y = B @Dy C@)s = Ea6D,
Cp) — 0 dD . (¢)z - i ®Di1— ((]5),,1 - i-1D D 2.
The natural projections

p : C(@)i = Ei ® Di—1— cokelg : D; — E;); (x,y) = [x]

define a chain map : C(¢) — coker¢).
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Proposition 1.1.For an injective chain mag : D — E the natural projection
p : C(¢) — coker¢) induces isomorphisms in homology : H*(C(¢>)) ~

H,(cokel(@)).

Proof. The short exact sequencesA¥module chain complexes

0 E—C(¢p) = Dy1— 0, 0— D-25 E = coker¢) — 0

induce long exact sequences in homology, which are related by a natural trans-
formation

.- —= H{(D) 2= Hy(E) —> H;(C(¢)) —> H;_1(D) — - -

\Ll ll l[’* ll
.- — Hy(D) % H;(E) — H;(cokeN$)) —= H;_1(D) — ---

It now follows from the 5-lemma that the induced morphismsare isomor-
phisms. O

As usual, achain homotopy : ¢ ~ ¢’ : D — E between chain maps
¢,¢' : D — Eisacollection ofA-module morphismg : D; — E;,; such that

¢/—¢ = dEQ—l-QdD . D,' — Ei.
Chain homotopic chain maps have isomorphic algebraic mapping cones :

Proposition 1.2. A chain homotopy : ¢ ~ ¢ : D — E determines an
1+6
01
D, E are based f.g. free thehis a simple isomorphism.

isomorphism/ = : C(¢) — C(¢') of the algebraic mapping cones. If

Proof. By construction. O

In general, the cokernels of chain homotopic chain maps are not isomorphic
(or even chain equivalent). The following relation will be convenient in dealing
with cokernels of chain maps, in order to avoid this problem.

Definition 1.3. A chain isotopyy : ¢ ~ ¢’ : D — E between chain maps
¢,¢' : D — E is a collection ofA-module morphismgs : E; — E; 1 such
that

(i) for eachi
¢ = (L+dey +¥de)¢ : Di — E;,

defining a chain homotopy ¢ : ¢ ~¢' : D — E,
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(i) each 14+ dpy + Ydg : E; — E; is an automorphism. O

Proposition 1.4.Chain isotopy is an equivalence relation on chain maps.

Proof.Reflexivity: every chainmagp : D — E isisotopictoitselfbyQ ¢ ~ ¢.
Symmetry: for any chain isotopy : ¢ ~ ¢’ : D — E define a chain isotopy
Yo i¢ ~obyy = —(A4dpy +yde) W E; > Eiq, With 1+dpy ™ +
V=dp = (1+dg¥ + ¥dp) ™' E; > E;.
Transitivity: for any chain isotopieg : ¢ ~ ¢', ' : ¢’ ~ ¢” : D — E define
a chain isotopy)” : ¢ ~ ¢” by

V' = v+ V' A+dey +¥dp) : Ei > Eina

with 1+dE1ﬁ//+1ﬂ”dE = (1+dE1ﬁ'/+¢'/dE)(l+dElﬁ+¢'dE) . Ei —> Ei. O

Isotopic chain maps have isomorphic cokernels :

Proposition 1.5.A chainisotopy) : ¢ ~ ¢’ : D — E determinesisomorphisms
of chain complexes

g= (é if‘p) L C@) > C@).

r=[1+4+dgy + ¥dg] : cokelgp) — cokerg’)
and a chain homotopy : rp >~ p’q : C(¢) — coken¢’) with p : C(¢p) —
cokerg), p’ : C(¢') — coker¢’) the projections.

Proof. The isomorphisng is a special case of 1.2.
The isomorphisnr is given by the morphism of exact sequences

D ¢ E cokerl¢p) ——=0
ELlerEw +Ydy =|r
D ¢ E coken¢’) —=0

The A-module morphisms
s : C(¢)i = E;® Di_1— cokeg': Diy1 — Eiy1); (x,y) = [Y ()]

define a chain homotopy: rp >~ p’q in the diagram

C(¢) —L— cokerg)

e
s
~
2N

/

C(¢') —L— cokex¢) . 0
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Definition 1.6. An embeddingf chain complexes is a chain ma&p: D — E
such that each : D; — E; is a splitinjection. O

Proposition1.7.Let¢p : D — E be anembedding ef-module chain complexes.
(i) The natural projectiorp : C(¢) — cokel(¢) is a chain equivalence.
(i) If each D;, E;, coken¢ : D; — E;) is a based f.g. freet-module, then
p is a chain equivalence with torsion(p) = Y (-)'t(&) € Ki(A), where
i=0
(&) € K1(A) is the torsion of the short exact sequence of based f.g. free
A-modules

51' 0] D; ¢ E; COke|(¢ D, — E,) —0.

(i) If ¥ : ¢ ~ @ : D — E is a chain isotopy theg’ : D — E is also
an embedding. With bases as(if), and the isomorphism given by 1x5=
[1+depy + ¥dg] : coken¢) = coker¢’) has torsion

T(r) = Z(—)i(f(E{) — (&) € K1(A) .

i=0

Proof. (i) Extend eacl® : D; — E; to a direct sum system

¢ J
D= E, = F,
e k

with F; = cokel¢ : D; — E;). Let
C=€dEkZ F}-—)Di_l,dp =]dEk . E_)Fi—15
so that there is defined an isomorphism of chain compléxé$ : E' — E with

dgp = dp c : E = Di@Fi—>ELl = D 1®F;_1.
OdF i i

The chain mapp : C(¢) — F = coker¢) is given by
p=1(0:C¢y =E@D1—F.
The chain mag : F — C(¢) defined by
g = <_kc) : Fi—>C(¢)i = E;® D1

issuchthatpg =1: F — F,h: gp >~ 1:C(¢) — C(¢) with k the chain
homotopy

00
h = (6 0) : C(¢)z = Ei®Di,1—>C(¢)i+l — Ei+l®Di-
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Thusp : C(¢) — F, g : F — C(¢) are inverse chain equivalences.

(i) Immediate from the 0-dimensional case, which follows from the sum formula
t(fg) = t(f) + ().

(iii) By the chain homotopy invariance of torsion, the sum formula, the identity
7(q) = 0 withq asin 1.5 and (ii)

t(r) =t(p) —t(p) +1(q) = t(p)) — ©(p) )
=D ()TE) = D _()T(E) € Ki(A). O
i=0 i=0

Proposition 1.8.Let E be anA-module chain complex of the form

dp = dp ¢ cEE=Di®F - E_1=D;i_1®F_1.
0 dp

ép

bF
() If each¢p : D; — D; is an automorphism then

Let¢:D—>Ebeachainmap,witkb:( ):D,-—> E,=D;®F,.

(@) ¢ is an embedding of chain complexes.
(b) The chain complek defined by
df = dp —¢r(dp)tc : F = Fi— Fi_1 = Fi1

is such that the inclusions; — E; induce an isomorphism of chain com-
plexesF = coker¢).

(c) The natural projectiorp : C(¢) — coken(¢) is a chain equivalence. The
chain complexX defined by

dp 0
dx = i . K,' = Di_ Di Kl'_ = Di_ Di_
K ((—wD ¢DdD(¢D)—l> 1®D = Kia 26D

(i.e. the algebraic mapping cone of the isomorphism of chain complexes

ép : D = (D;,dp) — (D;, ppdp(¢pp)~1)) is contractible, and fits into an
exact sequence

0— K — C(¢) LN cokengp) — 0
with

K; = Di_®D; — C(¢); = Di_1®D:®E;; (x,y) > (x,y, dr(dp) ().
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(d) If D, F are based f. g. free the natural projectipn C(¢) — coker¢) = F
is a chain equivalence of based f.g. fraemodule chain complexes with
torsion

T(p:C(¢) > F) = —t(K) = =Y (=) t(¢p: D; > D) € Ky(A) .

i=0
(i) Given a chain homotop§ : ¢ >~ ¢’ : D — E with ¢p, ¢}, : D; — D;
Op

automorphisms writé = (9
F

) :D; > Eiy1 = Diy1® F;11. The morphisms
defined by

_ (Op(¢p)7t0O\ . . D@ F
1/j_<91r(¢0)_10).El_DleaFl_)El_Dl@Fl

are such that

Thus if eachl + dgy + Y dg : E; — E; is an automorphism there is defined a
chain isotopy of embeddings: ¢ ~ ¢’ : D — E and as in 1.5 there is defined
an isomorphismr = [1+ dgy + ¥dg] : cokel¢p) = coker¢’). Moreover, if
D, F are based f.g. free the isomorphism

r . F = cokel(¢) = coke¢)) = F’

is simple, with

t(r) = Y (=)' (t(pp: Di —> Di) — 1(¢), : D; > D)) = 0€ Ky(A).
i=0

Proof. (i) (&) Each¢ : D; — E; is a split injection. R
(b) It is clear that the inclusiolr — E induces a chain map — coken(¢).
The A-module morphisms

(—¢r(¢p) 1) : E; = Di®F - F, = F,

induce the inverse chain isomorphism caler— F.
(c) Immediate from 1.7 (i).
(d) Apply 1.7 (ii), noting that the short exact sequence

(&)

gi : 0 D,’ D,'

_ -1
@F,-( ¢r(¢p) " 1) F, 0

has torsion
(&) = —1(¢p : Di = D;) € K1(A) .
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(i) It follows from

dp ¢ ép . b ' ~ | |
(0 d€><¢5) a <¢E)dD' Di = Eix = Di1 @ Fia,

oy ¢ép\ _ (dp c 0p 0p ‘ s |
(¢i) - (d)F) - <O dp> (95) + (95> dp : Di— E; = D;®F,

that

-1
a+@w+wm¢=(fé$+(%gg(x£$4$
" (QD(¢D)1 0) (dD ¢ )) (¢D)
0r(¢p)"20) \ O dr oy
= <¢,D> = ¢/ :Di—>E, = D;®F;.
P

If1+degy +vdg : E; — E;isanautomorphismthef : ¢ ~¢': D — Eis
a chain isotopy, and by 1.7 (iii)

trF=F) =

D () T(E) =T

i=0

= Y (2)'(x(¢p : D; > Di) — T(¢}, : D, — D)) € K1(A) .
i=0

Now there is defined an isomorphism of short exact sequences

(%)
br (—¢pr(pp) t D)

&0 D; D; ® F; F; 0
1+dey + Yde l”

(¢b) i
’ —L(g) T
& :0—— D o Di@FiMl F'i—=0

so that

t(r:F,— F) = t(1+dg¥ +¥dg : E; — E;) € K1(A) .
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The chain complex automorphismkizy + ¥ dg : E — E is chain homotopic
tol: E— E,soO

o0
(r: F — l?/) = Z(—l)ir(r : 1?1 — F\i/)
i=0

=) (“V't@+de¥ +¥dp : E; > E) =t(L+dgy +Ydp : E — E)
i=0
=1t(l:E— E) = 0e K1(A).

O

The formulads = dr — ¢r(¢pp)~tc : F; — F;_; was first obtained in
[FR,2.3].

2. The Morse-Smale complexC¥S (M, f, v)

This section recalls the properties of the Morse-Smale con®EX M, £, v) of
areal-valued Morse function on anrdimensional cobordisrfi : (M; N, N') —
(I; {0}, {1}) with respect to any € GT (f).

Definition 2.1. The Morse-Smale complexXt f : M — R with respecttw €

GT(f) is the based f.g. fre&[m1(M)]-module chain complex¥S(M, f, v)

with

(i) rankgir,ayCHMS (M, f,v) = ¢i(f), with one basis elemerj for each crit-
ical pointp € M of indexi, corresponding to a choice of liff € M,

(i) the boundaryZ[z1(M)]-module morphisms

d : CIMS(Ma fv U) = Z[nl(M)]cl(f) — C%i(M, f’ v) — Z[n—l(M)]Ci—l(f) :
P ) nB.0q
q

with n(p, §) € Z the algebraic number dtgradient flow lines i/ joining

ptog. O

A Morse function on a cobordisrfi : (M; N, N') — (I; {0}, {1}) andv €

GT(f) determine a handlebody decompositith= N x I U |J |J &' with
i=0¢;(f)

ci(f)i-handlesi’ = D' x D™=, Given aCW structure onV with c;(N) i-cells

e’ C N let M have theC W structure withe; (M) = ¢;(N) + ¢ (f) i-cells: there
is onei-cell¢! x I ¢ M for eachi-celle! ¢ N, and ong-cell k' ¢ M for each
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critical point of indexi. Let M be the universal cover dff, and letN, N’ be the
corresponding covers &, N'.

Proposition 2.2.The Morse-Smale compleX!S(M, f,v)istherelative cellular
chain complex ofM, N x I)

cMS(M, f,v) = C(M,N x I) .

Proof. See Franks [Fr]. a

Definition 2.3. Given a Morse functiory : (M; N, N’) — (I; {0}, {1}), v €
GT (f) andCW structures oV andN’ write

D=CN), D'=C(N), E=C(M), F=C"5M, f,v)=C(M,NxI).

(i) The cellular chain complex off is of the form

de = (P ¢)  E = Di@F > E1 = D10©F 4
0 dr

for abirth chain mape : F,,1 — D, thatis

E = C(M) = C(c).
(i) The natural mag : N — M is the inclusion of & W subcomplex, inducing
é) : C(ﬁ) =D — C(M) = E. A crossing chain
approximationh : C(N') = D' — C(M) = E is a chain map induced by
the inclusionk : N’ — M — in general this is not the inclusion of @W

subcomplex, so the construction requires the cellular approximation theorem,
and theC W structures only determine a chain nfapp to chain homotopy. The

hD) : D — E; = D; & F; are such that

the embedding =

components ok = (
hrp
le’lD-i-ChF = hDdD/ . Dz/ —> Di—ls thF = hFdD’ . Dl/ — Fi—l

defining adeathchain mapkyr : D’ — F and asurvival chain homotopy
hp :chp>~0:D — D,_. O

Remark 2.4.For a Morse functionf : (M; N, N') — (I; {0}, {1}) with v €
GT (f) there are 4 types af-gradient flow lines, which we shall call 3, y, 3,
corresponding to the 4 morphisms

dF2Fi—>Fi_1,C2F}—)Di_l,hFiDl{—>F'i,hDZD;—)D,',

as follows :
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(&) completew starts at an index critical point p € M and terminates at an
indexi — 1 critical pointg € M.

(b) birth: 8 starts at an indexcritical pointp € M and terminates itv.

(c) death:y starts inN’ and terminates at an indexritical pointp € M.

(d) survival:s starts inN’ and terminates itV

A crossing chain approximatioh : D’ — E corresponds to the flow lines
which start inN’, i.e. those of death and survival type. Pajitnov f@fpbtained

an analogue of the cellular approximation theorem for the gradient flow : for any
Morse functionf : M — S* with regular value Q= S* it is possible to choose

v € GT (f) and handlebody structures éhand N’ such that

() every survivalv-gradient flow line inM which starts in ar’-handle ofN’
ends in an-handle ofN withi < i/,

(i) there is a finite number of rél homology classes of survival flow lines as
in(i)with i =" — 1,

(i) there existdg, ¢, hr as in 2.3 which actually count the flow lines of type
o, B, ¥, andhp counts the reb homology classes of survival flow linés
as in (ii),

(iv) the function which sends € M\Crit(f) to the endpoine(y) € N U
Crit(f) of the flow line of f which starts ap

@ : M\Crit(f) - N UCTrit(f); y — @(y)
restricts to a functio?é’' N ®~Y(N) - NN®(N'); x’' — & (x’) whichis a
partially defined magv’ — N inducing the "partial chain magp : D' =
C(N')y — D = C(N).
(See also Hutchings and Lee [HL]). O
We shall now express the Morse-Smale comlé&’ (M, f, v) of a Morse
function
f : (M;N,N") - ([0,2];0,2) (v e GT(f))
which is transverse regular atl[0, 2] in terms of the Morse-Smale complexes
CMS(M’, f',v"), CMS(M”, f”,v") of the restrictions
fl=fl: (M:N,N) = f7(0,1]: {0}, {1}) — ([0, 1]; {0}. {1}) ,
= fl: (M";N'.N") = 1L 2; {1}, {2) — (1, 2]; {1}, {2})

using choices of W structures folV, N’, N” and crossing chain approximations
W :CN)Y— CM),h:C(N")y— CM").If f/ (resp.f”) hasc;(f") (resp.

¢i (f")) critical points of indexi then f hasc;(f) = ¢;(f) + ¢;(f") critical
points of index.

Terminology 2.5. Write the various chain complexes, birth, death, survival and
crossing chain approximations fof’, v') and(f”, v”) as

D=C(N),D'=C(N'),D" =C(N"), E' = C(M'), E' = C(M"),
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F/ — CMS(M/ f/ U/) F// — CMS(M// f// U//)
dD C/ / l /
e = (0 dF,) PEi=Di®F — Eia=Dia®F_y,

/!
dyr — (dg dcp,) B =D|®F > E =D @®F
1 h/[) / / o n h/l/)r
h' = :D; - E;=D;® F,h" = %

) : D} —> B = D@ F/.
F//

Define the chain complexds E by

dF’ h/ /C//
dr = F F,=F ®F' - F_1=F _,®F",,
F <O dp// ) i i 1 i—-1 i—-1

dp ¢ h'yc”
dE = 0 dF/ h/F,CH . El' = D,’ &) Fi/ (&) Fi// — Ei—l = D,‘_]_ D Fi/fl ) E/Ll7
0 0 dp

hp

andletc: F — D, 1, h = <
hr

> : D” — E be the chain maps defined by

c=(c'hpc"): F;=F ®F' — Dj_a,
W,

h//

hD = h/Dh/b’ . Dz// — D,‘,/’lF = (
F//

)ID;/%E:F}/@F;/. 0O

Proposition 2.6.(i) The Morse-Smale complex of
f=fUf':(M;N,N")=M"; N,NYUM"; N', N") — ([0, 2]; {0}, {2})
with respectta =v'Uv” € GT (f) is the algebraic mapping cor@"s (M, f, v)
=C(a: F/ , — F')ofthe chainmap : F; , — F’ defined by
a: F/ = Zlr (M) -
F =ZImD) s B> > 3 n(p ugug
q uemy(M)

with n(p, uq) € Z the algebraic number di-gradient flow lines inM joining
peM' touge M.

(i) For any death chain map’., : D’ — F’ of (f’,v’) and any birth chain
mapc” : F/,, — D’ of (f”,v") there exists a chain homotopy. a >~ h',,c” :
F/ , — F’such that

(@) b determines a simple isomorphism

I = (cl) if) : Cla) = C™S(M, f,v) — F = C(hpc"),
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(b) cI : CMS(M, f,v)yp1 — D = C(N) is a birth chain map of £, v),

(c) the cellular chain complex off is C(M) = C(cI) and there is defined a
simple isomorphismi & 7 : E — C(M) ,

(d) 1@ I)h : D" = C(N) — C(M) is a crossing chain approximation for
(f, v), with components a death chain map
(@D = Thy = (hF’hD,;,/i P

):D;’ — C"(M, f,v); = F/oF/
F//

and a survival chain map(1® I)h")p = hp = h'yh’, : D — D;.

Proof. (i) This is a direct consequence of the construction of the Morse-Smale
complex (2.1).

(i) Use the handlebody decompositionMf(resp.M’, M") determined by f, v)
(resp.(f’, v), (f, v")) to extend the” W structure orV (resp.N, N)toaCW
structure onM (resp.M’, M"). The existence of achainhomotapya ~ hrc’is
immediate from the observation thaandh’,,¢” are both connecting chain maps
o0: F/ = = C(M, M Verl — C(M', N) = F’forthe triad ofCW subcomplexes

M D M/ D N, which is unique up to chain homotopy. Property (a) is just an
application of 1.2. The composite of cellular approximations to the inclusions
N"— M", M" — M is a cellular approximation to the inclusiov’ — M,
giving (b),(c) and (d). g

Remark 2.7.Cornea and Ranicki [CR] obtain a sharper version of 2.6 : for any
Morse map

f=fuf”:(M;N,N")y = (M;N,NYUM’; N', N") - ([0, 2]; {0}, {2})

andv = v Uv" € GT(f) there exist Morse mapﬁ M— R, g: N =
£~1(1) - Randd € GT(f), w € GT (g) such that

@) (f,TD agrees with( f, v) outside a tubular neighbourhood &f f~—1[1 —
€,1+e]l= N x[1—¢€,1+ €] C M forsome smalE > 0.
(b) (f,v) restricts to translates of, w)
(f.9) 1= (g, ws) : N'x{1+€/2} >R,
(f.9)I1=(g—,w-) : N'x{l—¢/2} >R
with
Crit;(g+) = Criti(g) x {1+ ¢€/2}, Crit;(g-) = Crit;(g) x {—€/2},
Crit;(f) = Crit;_1(g4) U Crit;(g_) U Crit;(f) .
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(c) Thev-gradient flow lines are in one-one correspondence with the broken
v-gradient flow lines i.e. joined up sequencesafradient flow lines which
start at critical points of” and terminate at critical points gf.

(d) The Morse-Smale complex ¢f , v) is of the form

dp I, 0 0

A 0 —dp O O
dCMS(M,f,TJj = 0 1 dD/ C//
0O O O dp

MM, f.0) = F&D_,&D¢F

— CMi(M, f,0) = F_,®D;_,®D|_;®F,
with D’ = C(N’, g, w), giving choices of 'gradient-like’ crossing chain
approximationg:’, 1’ such that the chain homotopy in 2.6 (ii) is

b=0:ax~hlc":F' =Cc"SM", f",v")
— F_ =C"5(M', ', v)sa
(i.e.a = h'’,¢") and the simple isomorphism
I : CM5(M, f,v) = Cla) > F = C(hpc")

is the identity. O

3. The proper Morse-Smale complex

The construction oCMS(M, £, v) applies just as well to a proper real-valued
Morse function on a non-compact manifold :

Definition 3.1. Let(M, d M) be a non-compact manifold with compact boundary
and a proper real-valued Morse functign (M, 9M) — ([0, 00), {0}), and let

v € GT(f). Theproper Morse-Smale compléX’S(M, f, v) is defined exactly
as in the compact case, with

(i) CcMS5M, f,v) the based fre&[r;(M)]-module generated by (f), the set
of critical points of f with indexi,
(ii) the boundanZ[m,(M)]-module morphisms are given by

d: CYSM, f,v) = ZImMDY — MM, f,v) = ZImMD) ) ;

P> Y n(pugug

q uemi(M)
with n(p,ug) € Z the algebraic number of-gradient flow lines ini
joining p'toug.
O
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Given a proper Morse functiofi: (M, aM) — ([0, co), {0}) and a gradient-
like vector field for f and aCW structure foro M let M have theCW structure
given by the handle decompositiof = M x I UL, U, #'- The expres-
sion of 2.6 for the Morse-Smale complex of the union of two Morse functions
on adjoining compact cobordisms will now be applied to obtain an isomor-
phismI : CMS(M, f,v) = C(M,dM) between the Morse-Smale complex
CMS5(M, £, v) and the relative cellular chain complex @, o M).

Terminology 3.2. Forj =0,1,2,... let

FUT=f1: ML NGL NG 42D = 007+ 0 UL G+ 1)
- (. J+1E L+ 1)

be the Morse functions on compact cobordisms given by the restrictipnidfe
inclusionsg[j] : N[j]l — M[jl,hlj]: N[j+1] — M[jlinduce embeddings of
basedf.g. fre&[71(M)]-module chain complexed j] : C(N[j]) — C(M[;j])
and chain maps[j] : C(N[j + 1)) — C(M[j]). Write

DIjl1 = C(NLjD, Eljl = C(M[j]), FIjl1 = C(M[j], N[j]),
doit — dpij cljly .
TN 0 dpyyy)

Ei[jl1 = Dilj1® Fljl = Ei_aljl = Di_alj1® Fi_lj],

gljl = <) : Di[jl — Ei[j1 = Di[jl1® Filj],

Wj+1 = (U pij 41— Bl = Diljle Rl
hrpja

o

O

Proposition 3.3.Let f : (M, dM) — ([0, 00), {0}) be a proper Morse function,
and letv € GT ().
(i) The cellular chain complex @i, d M) is of the form

C(M,dM) = cokel(g —h: Y _C(N[jl) - > _ C(M[j]).
j=0 j=0
a based fre&Z[71(M)]-module complex with basis the images of the basis ele-

ments inY. C(M[j], N[j]), and may be expressed as
j=0

drio) hriocl1] hrohprycl2] hriohprhprzicl3] - . .
0 drpy hrel2] hrhpizcl3]

degit g = 0 0 drp2) hri2c[3]
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oo oo
D Ci(M,0M) = ) Filk]l— Cia(M.0M) = ) Fialjl.
k=0 j=0

(i) The Morse-Smale complex@f, v) is of the form

dCMS(M,f,U) =
dCMS(M[O],f[O],U[O]) CMS [0, 1] CMS [0, 2] CMS [0, 3] ce
O dCMS(M[l],f[l],v[l]) CMS[]., 2] CMS[]., 3] ce
O O dCMS(M[Z],f[Z],U[Z]) CMS[Z, 3] e

L CMS(M, ) = ) CMS(MIKD, fIK], vlk])

k=0
00

— CMIM, fv) = Y CMIMILL FI1 VD

j=0
with
MS[j, k) CMS(MIK], fIk], vik]) — CMS(MIJ1, £171, v[jD) (j < k)

counting thev-gradient flow lines in the universal covéd which start at an
indexi critical point of f[k] and terminate at an index— 1 critical point of
fLl.

(iii)_There exists an isomorphism of chain complekes CMS5(M, f,v) =

C(M, dM) of the form

=1+ bl j1: CSM, fov) = Y Fljl
J'<i J=0

— Ci(M,0M) =Y Fl[j'l.
j’'=0

Proof. (i) The exact sequence
o] N —h oo - ~ ~
0— Y cNy £ Sl — ¢, ait) - 0
j=0 j=0
is just the chain level Mayer-Vietoris sequence for the unibr= M[ever] U
M[odd], with

Mlever = | J MLjl. Mlodd = [ M(j].
j even j odd
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The matrix formula for cokég — k) is a direct application of 1.8 (i) (b) with

noting that each

1 _hD[O] O
O 1 —hD[l] > >
1-hp =10 0o 1 E; = Y Fljl1—> Ei = Y Fljl
. j=0 j=0
is an automorphism, with inverse
1 hpioy hpoyhppy
0 1 hpy .
1—hp)t=]0 0 1 :Z [J]—)E_ZF
j=0
(i) By construction.
(i) For k = 1, 2, ... define the Morse function
k
f10.k] = Uf[] = fl : M0kl = [ JMLj]l = £710.k] — [0,k],
j=1

and assume inductively that there is given an isomorphism

110, k] : CMS(M[O, k], [0, k1, v[0, k]) = C(M[O, k], dM)

of the form
110, k] =1+ blj', j
J'<i
k N N k
CiMS(M[Q k], f10, k], v[O, k]) =ZE'[J'] — Ci (MO, k], oM) =ZF1'[J"] .
j=0 j'=0

Now apply 2.6 (i) to the Morse function

fI0, k411 = fI0, k1 U fIk] :
MI[O, k + 1] = M[O, k] U M[k] — [0,k + 1] = [0, k] U [k, k + 1],
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extending/ [0, k] to an isomorphisni [0, k + 1] of the same form, and pass to
the direct limit to obtain an isomorphism

= lim 1[0,k] = CY5(M, f,v) = limC*>(M[O, k], f10, k], v[O, k])
— C(M,oM) = Ln)kC(M[O k1, 0M) .

of the form/ =1+ > b[j, jl. a

J'<J

4. The Cohn noncommutative localization

We referto Cohn [C] and Schofield [Scho] for general accounts of the localization
>R of aring R inverting a sety of square matrices. The natural morphism
R — X ~1R has the universal property that a morphism of riRgs> A which
sendsX’ to invertible matrices imM has a unigue factorization

R— X R—>A.

The Gerasimov-Malcolmson normal form expresses every morphism of f. g. free
>~ 1R-modulesp : ¥~1R" — X ~1R? as a composite

¢ = folg . TTIR" > ¥7IR" — yIR™  xIRP

(nonuniquely) for som&-module morphismg : R — R”, o : R™ — R,
g : R" — R™ such that is ¥ ~1R-invertible.

Proposition 4.1.(Sheiham [Sh, 3.1]5iven a ring morphisng : R — Alet X
be the set of all square matrices Riwhich become invertible id.

(i) The ring morphisne extends to a ring morphisen: X~1R — A.

(i) An endomorphisnp : ¥ 1R" — X ~1R" of af.g. freeX ~1R-module is an
automorphism if and only #(¢) : A" — A" is an A-module automorphism.

Proof. (i) By the universal property oR — X ~1R.
(ii) It is clear that if¢ is an automorphism then sodsp).

Conversely, suppose thatp) is an automorphism. Expregsn the Gerasi-
mov-Malcolmson normal form

¢ — fo_—lg . 2—1Rn — 2—1Rn

for someR-module morphismg : R — R",0 : R —- R™, g : R" - R"
such thak(o) : A™ — A™ is an automorphism. ThB-module endomorphism
defined by

0 = <o_f> : R"®R" — R"® R"
g o
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is A-invertible, since the induce® —'R-module endomorphism

— ¢_f 1 0 . -1,/ pn m -1, pn m
0 = (0 G><0_1g1> . YR @ R™) — YR @ R™)

is A-invertible. Thu® : ¥~Y(R" @ R™) — Y ~Y(R" @ R™) is aX ~1R-module
automorphism, and hence safis o

In the application of Cohn localization in Sect. 5 below

€ : R = A4zl > A; z— 0.

5. Polynomial extensions

The relationship between the algebraic mapping cone and cokernel worked outin
Sect. 1 will now be applied to the algebraic situation arising from a circle-valued
Morse functionf : M — S with v € GT(f). The actual application to the
Novikov complexC"?" (M, f, v) will be carried out in Sect. 6.

Definition 5.1. Let A be a ring with an automorphism: A — A, and letz be
an indeterminate ovet such that

az = za(a) (a e A).

(i) The x-twisted Laurent polynomial extensioh A

Adz, 7Y = Z A = Az, 7Y

j=—00

is the ring of polynomials Y~ a;z/ (a; € A) suchtha{;j € Z|qa; # 0} isfinite.
j=—00

(ii) The a-twisted Novikov completion of, [z, z71]

k
Au(@) = lime Y Z/A = Aulllllz ™Y

%
j=—00

is the ring of formal power seriesy a;z/ (a; € A) suchthafj < 0|a; # O}
j=—00

is finite. O

Given anA-moduleB andj € Z letz/ B be theA-module with elements’ x
(x € B)and

a(@x) = Zal(@)x, Zx+7/x = ZZ(x+x)(@e A x,x €B).
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The inducedd [z, z~1]-module is then given by

oo
Aulz, 2 ®a B = Bolz,z71 = ) Z/B.

j=—0

For anyA-moduleC andk € Z the A-module morphisms’/ B — zXC are given

by
X0 1 /B > FC: x> o)

with 6 : B — C a morphism of the additive groups such that
f(ax) = a*(@)f(x)eC(ac A, xeB).

We shall writez 1B asaB.
For a f.g. freeA-module B and anyA-moduleC every A,[z, z~1]-module
morphismy : By[z, 271 — C,lz, z71] is given by

o]

1// = Z Zjlﬂj . Z kakl—> Z Z Zj+k1//j(xk)

j=—00 k=—o00 j=—00k=—00
with ¥; : B — z/C A-module morphisms such tht € Z | y; # 0} is finite.
Similarly, everyA, ((z))-module morphismy : B,((z)) — C,((z)) is given by

oo o0

170\ = Z Zjl/ﬁ\j : Z kak}—> Z Z ZjJrkT’ﬁ\j(xk)
j=

—00 k=—00 Jj=—00 k=—00
with ¥, : B — z/C A-module morphisms such thgt < 0| ; # 0} is finite.

Definition 5.2. Let ¥~1A,[z, z7] be the localization ofd,[z, z~*] inverting
the setX of square matrices iA,[z] C Aqlz, z~1] which become invertible in
A under the augmentation

€ Aylzl— A; z— 0. O

Proposition 5.3.Let D, E be f.g. freeA-module chain complexes, and et
D — E,h:aD — E be A-module chain maps such that

g = L :D;—>E, = D,®F;,, h = i taD; — E; = D;®F;,
0 hr
dp = dp ¢ cE, = D;®oF, > Ei_1 = D 19 F;_1.
0 dr

Given bases foD, F let E have the corresponding basis.
(i) TheX~1D,[z, z71]-module morphism

¢ =g—zh : Dz, 771 — T E, [z, 271
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is an embedding, the natural projection: C = C(¢) — C = coker@) is a
chairLequivaIence, and the inclusioAs— E; induce an isomorphismi = C
with F the X 1A, [z, z7t]-module chain complex given by

dp =dp +zhr(L—zhp) Y : Fy = Z7HF)olz, 271
— Fi_1= X Y F_1alz. 271

Ii@ is given the basis determined by the base®o#" and the isomorphism
F = C then
t(p:C=0) = =Y ()t —zhp : T HDalz. 7Y

i=0
— Y Di)olz, 2771 € Ki(Z 7 ALz, 7).

(i) An A-module chain homotop¥ : » ~ h' : aD — E determines a
¥ 1A,[z, z71]-module chain isotopy

Vi =g—zh~¢ =g—zh : T Dz, 77— T E, [z, 271

and simple isomorphisn@ = C’, F = F', C = C' of ¥~1A,[z, z~1]-module
chain complexes wherg = C(¢), C' = C(¢’) etc., with

T(C=C) = 0e Ky (T Az, 271,

t(C=C) = ) ()t —zhp: T Diulz, 27— Z7HDialz, 271D
i=0

=Y ()t = zhy: 2N D)alz. 27— ZHDi)alz. 271
i=0

=0e¢ Kl(z_lAa[Z» Z_l]) .

(i) Let{D )}, {E(k)}, {F(k)} be the inverse systemsAfmodule chain com-
plexes defined by

oo k

D(k) = Dulz.z7%/ ) /D = ) /D,
j=k+1 Jj=—00
00 k
E(k) = Eolz,27%/ Z JE = Z ZE,
Jj=k+1 j=—00

F(k) = cokel(g —zh : D(k) - E(k))
with structure maps the natural projections

D(k)— Dk —1), E(k) > E(k—1), F(k) = F(k—1).
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The short exact sequence of inverse systemsrabdule chain complexes

0= D= Et) - Fk) — 0

induces a short exact sequence of the inverse iniiz))-module chain com-
plexes

. g§—zh .
0— I(lm «Dk) - I(|m +Ek) — LmkF(k) -0
with
imD(k) = Do((2)) . M E(k) = Eo((2)) .
Moreover, the inclusionsg; — E; induce isomorphisms

Aa((2)) ®-1p,zc F = lim  F(k) .

Proof. (i) Immediate from 1.8 (i), since
. ¢D _ 1- ZhD .
o= (0r) - ()
T HD)alz. 27 > ZHEDalz. 271 = T7HD; @ Falz. 27

With¢p = 1—zhp : ZH(Dp)alz, 2711 = Z7HD))ulz, 271 1@ T A[z, 271
module automorphism.
(if) Write the A-module chain homotopy : h ~ k' : «D — E as

k
k = (kI;) caD; —> Ei1 = Dipa® Fiya,

so that
h/D hD _ dD C kD kD . ) o ' :
(0)-(2) - (8 2) )+ () - em - mon
Define aX A, [z, z7*] chain homotopy
0 :¢~¢ : TIDz, 27 - T EL [z, 27 Y]
by
o = (%) = (~%») .
9F —ZkF ’
2 NDNelz, 27 = DTN EDlz, N =27 Diy1 @ Fiyn)alz 271

As in 1.8 (ii) the ¥ 1A, [z]-module morphisms

v = Op(¢pp) 10\ _ [(—zkp(l—zhp)~* 0\ .
~ \Or(pp)t0) = \—zkp(1—zhp)™t0) °
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2 HEN Mzl =Z7HD; @ F)olz] — X HE) 2] = 2 HD; @ F),lz]

are such that
¢ = (L+degy +V¥de)p : D— E.

The ¥ 1A,[z]-module endomorphism
_ 10 dp ¢ —sz(l—th)‘lo
n —zkp(L—zhp)~1 0\ (dp ¢
—zkp(L—zhp) 10\ 0 dr
0 ZHEDalz] & ZTHE[2]

has augmentation afi-module automorphisma(1 + dgy + ¥dg) = 1: E; —
E;, sothat 4+ dpy + Ydp : T HEDelz] = 2 NE)e[z] is a X 1A,[z]-
module automorphism by 4.1, ant defines a chain isotopy : ¢ ~ ¢’ :
¥ D,[z] - X 1E,[z]. Define the isomorphisms

g = (éi‘{‘p) L C = C@) > C = C@).

r = [1+dg¥ + ¥de] : C = cokeg) — C' = cokel¢))
as in 1.5, withy simple. By 1.8 (ii) and (i)

) =t(p:C~C)—1(p :C' ~C)

=Y ()t —=zhp: T HDi)alz. 27 > Z7HDalz. 271
i=0

=Y ()t =2k : Z7HDielz 27 = ZTHDalz. 27
i=0

=0e Ki(Z A0z, 271 .

(iii) The A-module chain mag (k) = g — zh : D(k) — E(k) is of the type
considered in 1.8, with the components of

$k) = (¢D(k)> . D(k), — E(); = Dk, @ F k),

¢r (k)
given by
1—zhp O .. . .
¢p (k)= 8 é _ZfD | :pwi=>" /D - D)= D,

j=—00 j=—00
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O—Zh]: 0 .
0 0 —zhp... koo A
or) = o o o |:Dti= Z 77D — E(k);= Z ZE;.

j=—00 j=—00

As in 1.8¢p (k) is an automorphism, with inverse

thDZZ(hD)Z...
01 zhp ... koo L
o) '=0 0 1 .. |:Dkn=)_ ZDi— D= D,

j:—oo j=7OO

and the chain complex (k) defined by

dF ZhFC ZthhDC e

-1 0 dF ZhFC
df(k) =dr —¢pr(k)ppk) ¢ = 0 0 dr

k k
Fkyy = ) ZF—Flhi = ) 7F
j==o0 j==00
is such that the inclusionB(k); — E(k); induce isomorphisms'(k) = F (k)
and(IankF(k)_E I(m_kng). The |dent|f|cat|on<LmD(k) = D,((z)) is immedi-
ate from the identifications

k k-1 k k-1
D(ky = > /D > Dk—-1 = Y /D: Y x> Y .
j=—00 j=—00 j=—00 j=—00

Similarly for lim ¢ E (k) = Eq((2)), lim ¢ F (k) = F. The short exact sequence of
inverse systems

¢
0—- Dk)-E(k)—> F(k) >0

determines an exact sequence of the inverse and derived limits

. g—zh . .

0— lim(D(k) — lim ¢E(k) — lim ¢ F (k) — lim /'D(k) — ... .
Since the structure mapp (k) — D(k — 1) are onto the derived limit is
Lim «ID(k) = 0, and the inverse limits actually fit into a short exact sequence
. b . .
0 — lim ;D (k) ~ lim ( E (k) — lim . F (k) — 0

asrequired, witkp = g —zh. Alternatively, identify cokefp) = F by adirect ap-
plication of 1.8 (i). O
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The following result on algebraic handle exchanges will be required in Sect. 6.

Proposition5.4.LetD, D', E*, E~ be f.g. freeA-module chain complexes, and
let

g :D—-EY ¢g:D—-E ,h":D —-E" h :aD— E”
be A-module chain maps such that
+ 1) . + + o 1\ . - / -
g = O.Di—>E,-=D,'€BF,-,g= 0 D, - E =D, ®F
hi h
h*:( 2):Dg—>El.+=Di@Fi+, h:( D):aD,~—>Ei_:D;€BFi_,
hF hF
dp ¢T
dE‘*':(ODdF+):Ei+=Di®Fi+_)Ei1=Dil@Fi+1a

dp ¢~ - ’ - - ’ -
dE:<0 dF):Ei =D;®F —E =D 9F_,.

Given bases foD, D', F*, F~ there are now defined two collections of data as
in5.3

(¢:D—>E,h:aD— E,F), (g:D — E',h:aD — E', F')

with

dDC
dp = Ei=Di®F > E 1=D; 1® F,_1,

0 dr

dF+h+C_ — _
dF=(0 ;F_>:E:E+®Fi - Fa=FL,®F
c:(c+hJFrc_):Fi:Fi+€19E_—>D,~_1,g:(é):DiaEi:Di@Fi,

g hphp) | + oy e
hp =hjhy, :aD; — D;, hp = he caDi — F,=F"Q@F,

and
dD/ ¢ Y / / / / /
dp=("g 4, ) El=Di@F — E_1=D_1®F 4,

d 0 _ , _
dp = <h;Fc++ dF_>:Fi/:Fi+@Fi - Fifl:Fitl@Fi—l’
¢ = (hz,cJr c_) :F/=F"®F —D._,, ¢ = (é) :D, - E/ =D, ®F/,
h+
Wy, = hph}, :aD] — D!, h/F=( _F+>:aD;—>E/=E.+®Fi_.
hghp,
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The cokernels of the corresponding embeddings of the based f.g. free
X 1A,[z, z71]-module chain complexes

¢p=g—zh: X D,[z, 271 > T E, [z, 271,
. -1 -1 -1 -1
¢' =g —zh': XDz, 2] > YTE [z, 2]

are related by an isomorphism of the based f.g. g€ A, [z, z~*]-module chain
complexed : coke¢) = cokeK¢’) which sends basis elements#gbasis
elements), witld = 0 or 1.

Proof. Use 5.3 to identify cokep) = F, cokel¢’) = F’ with F, F’ the based
f.g. free X 1A,[z, z7t]-module chain complexes defined by

dp =dp +zhp(L—zhp) e F = 27 Y (F)elz, 27— Fig
= XN (Fi1alz, 271, ~

dp =dp + zhp(L— zhly) Y F
= XN FDolz, 77 = F_y = Z7NF_Dalz, 7.

Define an isomorphisnd : F = F’ of based f.g. frees ~1A4,[z, z~1]-module
chain complexes by

I:F=X"YF"®F )lz.z 11— F
=Y NFT @ F )olz, 271 (6T, x7) = (¢, zx7). O

6. The Novikov complexe N> (M, f, v), CP¥ (M, f,v), CFR(M, f, v, h)

This section starts with a review of the geometric constructions of the Novikov
complexCV°*(M, f,v) and the Pajitnov complek ”“ (M, f,v) of a circle-
valued Morse functionf : M — S* with respect tov € GT(f). Then the
proper real-valued Morse functiofi: M = f*R — R is used to identify the
Novikov complex with the inverse limit of the proper Morse-Smale complexes
CNY(M, f,v) = lim CMS(M(k), f(k), v(k)) of the proper real-valued Morse

functions f(k) = F| : M(k) = f [—k,00) — [—k,o0) (k > 0) with
v(k) = v|. Thisis followed by a review of the algebraic construction of the chain
complexCPR(M, f, v, h) of Farber and Ranicki [FR]. Finally, all this is put
together to prove the Cokernel, Invariance and Isomorphism Theorems already
stated in the Introduction. In particular, fore G7 ( f) with a gradient-like chain
approximatiorm# * there exist basis-preserving isomorphismi& (M, f,v) =
CFR(M, f, v, h¢™; Z[m(M)]) andCP9 (M, f,v) = CFR(M, f, v, h¢9).

The infinite cyclic cover ofv determined byf : M — Stis

M= f"R={(x,y) e M xR| f(x) = [yl € S1},
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with f : M — R; (x, y) — y. The generating covering translation M —
M; (x,y) — (x,y—1)is parallel to the downward-gradient flow (and so acts
from right to left, or rather from top to bottom). Assume tétand M = f*R
are connected, so that(M) = m1(M) x, Z with a = z, : T11:(M) — 71(M)
the monodromy automorphism. The group rifigr1(M)] = Zm1(M)]4[z, 271

is thea-twisted Laurent polynomial extension @fr1(M)]. Write the Novikov

ring of Z[xy(M)] asZ{my(M)] = ZIm1(M))a((2)) = ZImy (M)al[2]][z 1.

Definition 6.1. ([N], [P1]) The Novikov complexCV°*(M, £, v) of a Morse

functionf : M — Stwithrespectta € GT (f)isthe based f.g.fr%[n/l(T/I)]-

module chain complex with

0] rankzw)]ClN"”(M, f»v) = ¢;(f), with one basis elemert for eflch crit-
ical pointp € M of indexi, corresponding to a choice of lif € M

(ii) the boundar)Z[n/l(T/I)]—module morphisms are given by

ci(f) ci-1(f)

= CMYM, fov) =ZmD]T

P Y (P ugug

q uemi(M)

d:CN(M, f.v) = Z[m(M)]

with n(p, uq) € Z the algebraic number a@fgradient flow lines inZ from
ptoug. O

Let ¥ ~1Z[r1(M)] be the localization of[r1(M)] defined in 5.2.

Definition 6.2. (Pajitnov [P2,P3,P4])
For a Morse functionf : M — St andv € GECT(f) the Novikov complex
is of the formCNeV (M, £, v) = Z[m1(M)] ® -1, CT“ (M., £, v) with the
Pajitnov complexC?% (M, f, v) a based f.g. free¢ ~1Z[m1(M)]-module chain
such that rank 1., C Y (M, f,v) = ¢;(f). O

From now on it will be assumed that® S* is a regular value off, with
inverse image a codimension 1 framed submaniféftt! = f~1(0) c M™.
Thusf : M — Ris transverse regular @t c R, and cuttingV alongN gives a

cobordism(My; N,z7IN) = f 1(I; {0}, {1}) which is a fundamental domain

for M = |J z/My with a Morse functionfy = f| : (My; N,z7N) —

Jj==00

(Z; {0}, {1D.
Proposition 6.3. The Novikov complex of a Morse functign: M — S* with
respect to any € G7 (f) is the inverse limit

C(M, f,v) = lim C"5(MK), f &), v(k)
of the Morse-Smale complexes of the proper real-valued Morse fungti@ns=
Fl:MKk) = F [k, 00) = s z/My — [—k, o0) on the non-compact

Jj=—00
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manifolds with boundary(M (k), oM (k)) = 7_1([—k,oo),{—k}) =
(Uf?oo 7/ My, zXN) with respect to the projections

k+1
CMSMk+1), fk+1),v(k+1) = C ( U szN,zk+1N)
J

j=—00
k+1
—C| | My, My
j=—00

k
=C ( U szN,z"N) = CYS(M®K), £(K), v(k)) .
J

i—— o0

Proof.ldentify CNo*(M, f,v) = I(ikaMS(M(k), f(k), v(k)) using the expres-
sion of the Novikov ring as the inverse Iiniﬂ[m)] = le v Zm1(M)]y (k) of
the Z[1(M)]-modules

k
Zla (M) (k) = Z Z ZIm(M)] C Zlmy(M)] = Zlma(M)]alz, 271

j=—00

with respect to the natural projections

ZIay(M)]o(k + 1) — Z[ma(M)]a (k) ; Z a7 Z 4z . O
Jj=—00 j=—00
As before, letf : M — S* havec;(f) critical points of indexi. The
real-valued Morse functiorfy = f| : (My:; N,z *N) — (I; {0}, {1}) has
¢i(fn) = ¢;(f) critical points of index, and as in Sect. 2 there is a handle de-

compositionMy = N x I U |J |J h'. Let N have aCW structure withc; (V)
i=0c;(f)

i-cellse’ c N and letMy have the correspondingW structure Wlthc, (N)
i-cells of typee’ x I C My andc; (f) i-cells of typeh C My. Let M be the
universal cover oM, and letMy, N be the corresponding coversify, N. The
inclusiong : N — My il induces an inclusion of the celluld@i{x1(M)]-module
chain complexeg : C(N) — C(My). The inclusiom : 771N — My induces
aZ[m1(M)]-module chain map : aC(N) — C(MN)
Now M = My /(N = z~1N) has aCW structure withe; (M) = ¢;(f)+ci(N)+
ci_1(N) i-cells.

The following terminology will be used in dealing with the cellular chain
complexes associated to the fundamental doroé#ig; N, z N) of M.
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Terminology 6.4. As in 2.3 write
= C(N), E = C(My), F = C"(My, fy,vn) = C(My,N x 1),

dy = dp ¢ cEE =D ®F, - E,_1=Di_1®F_1.
0 dr

The inclusiong : N — M, h : z7'N — M induce chain maps

g:<(])->:Di—>Ei:Di@Fi,h:<ZD)IO[D,'—>E,':D,'@F,'.
F
O

Definition 6.5. ([FR]) Given a Morse functiorf : M — S* with regular value
0 e S, v e GT(f), achoice ofCW structure forN = f~1(0) C M, and a
choice of chain approximation: «C(N) — C(My) letCFR(M, f, v, h) =

be the based f.g. freE ~1Z[71(M)]-module chain complex given by

F = S 1Ci(My, N)olz, 271 = 2 Z[m (M),
dp = dcgiy &) +zhr(1—zhp)Yc : F, — Fi_q. O

Cokernel Theorem 6.6.(i) The inclusionsF; — X~1C;(My)qlz, z71] in-
duce a basis-preservin@nd a fortiori simpl@ isomorphism of based f.g. free
X ~1Z[r1(M)]-module chain complexes

CTR(M, f, v, h) = cokel(g—zh: X2 C(N)alz, 21— Z71C(My)alz, 27H).
(i) The natural projection

p: COM; T ZmM)]) = C(g —zh - E71C(N)alz, 271
— ZIC(My)ulz, z7H) = CTRM, £, v, h)

is a chain equivalence of based f.g. flBe'Z[x1(M)]-module chain complexes
with torsion

T(p) ==Y ()1(l=zhp : Z7'Ci(N)alz. 27 > Z7Ci(N)alz. 27H)

€ Ki(Z ' Zm(M))).

Proof. This is a direct application of 5.3 (i). a

Invariance Theorem 6.7. Let f : M — S! be a Morse function, and let
v € GT(f). For any regular value,0 e S CW structures onN =
£~1(0), N' = f~1(0) and chain approximations : «C(N) — C(My), h’ :
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aC(N') = C(My) there is defined a simple isomorphisti® (M, f, v, h) =
CFR(M, f,v, h') of based f.g. fre&€ ~Z[71(M)]-module chain complexes.

Proof. The case G= 0/, N = N’ is given by 5.3 (ii). So assumes8 0’ € S*, and
let I+, I~ C S* be the two arcs joining 0 and.@ he restrictions of £, v)

(frooh) =l MY N N) = f7HIT{0)L{0) - (I {0}, {0)) .
(fTov) = (Ao (M 3N N)= 1T {04 {0) — (I {0}, {0}
are Morse functions with gradient-like vector fields such that
(fN’ UN) — (f+’ U+) U (f_’ U_) .
(My:N,z7'N) = (M*; N, N')U(M~; N, N) — ([0, 1]; {0}, {1}),
(fN” UN’) = (fiv Uﬁ) U (er’ U+) :
(My; N',z7'N') = (M™; N, N)U(M*; N, N') - ([0, 1]; {0}, {1}) .
Use the handlebody structure @ *; N, N’) (resp.(M—; N’, N)) determined
by (f*,v") (resp.(f~, v7)) to extend theC W structure onV (resp.N’) to a

CW structure onM™ (resp.M ™). The inclusions ofC W subcomplexeg™ :
N — M*, g~ : N' = M~ induce inclusions of subcomplexes

¢t :D=CWN)—>Et=CMt),g :D =CWN)—>E"=CWM).

Cellular approximations to the inclusiong : N' — M*, h= : z7IN — M~
induce chain maps

Wt :D =C(N)—> Et=C(M"),h~ :aD =aC(N) > E-=C(M").

A direct application of 5.4 gives a simple isomorphism of based f.g. free
X ~1Z[r1(M)]-module chain complexes

CFR(M, f, v, h) = cokel(g—zh) = CFR(M, f, v, h') = cokelg'—zh'). O

Definition 6.8. A crossing chain approximatioh : oz(l(ﬁ) — C(My) is
gradient-likeif for any critical pointsp, g € My of fy : My — R with index
i,i — 1 the algebraic number @tgradient flow lines iV joining p to z/g is

(p, q)-coefficient ofdr : F; — F;_; if j=0
n(p,72’q) = {(p,§)-coefficient ofhp(hp)/~tc: F; — F,_1 if j >0
0 if j <O.
A gradient-like chain approximatiolnwill be denoted by:s$"“. O

Remark 6.9.(i) Pajitnov [P4] proved that for any Morse functigh: M — S?*
andv € GECT (f) there exists a handlebody structure/dnvith a gradient-like
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chain approximations™ : «C(N) — C(My) (cf. Remark 2.4).

(ii) Cornea and Ranicki [CR] prove that for any Morse functjpn M — S* and
v € GT(f) there exists & W structure oV = f~%(0) with a chain approx-
imation 2 such thatCN°v(M, f, a) is simple isomorphic tq(F;),((z)), dr +
zhp(1 — zhp)~c) by showing that there exist Morse functiofis: M — S?,
g: N — Rwithv € GT(f), w € GT(g) such that(f’, v") agrees with
(f, v) outside a tubular neighbourhood 8f f "} [—¢, €] = N x [—€,e] C M
for some smalk > 0, and(f’, V') restricts to translates d@f, w) (f', V)| =
(g+, ws) 1 N x {£e/2} — S1\{0}, with Crit;(g) = Crit;(g) x {£e/2} and
Crit; (f") = Crit;_1(g,) U Crit;(g_) U Crit;(f). Thev-gradient flow lines are
in one-one correspondence with the brokégradient flow lines i.e. joined up
sequences af -gradient flow lines which start and terminate at critical points of
f. The Morse-Smale complex ¢f , ¥) is of the form

—dp 0 O
"M, F.v) = [(Dica® D ® Falz.z7 1, [ 1= 2hp dp ¢
_ZhF 0 dF

with
D = CM5(N,g,w), F = CM"5(My, fv,vn) etc.

The cellular chain complex of the cov&N of My induced from the universal
coverM of MisE = C(My) = (D; ® F,, déj dc )). (This is the circle-valued

F
analogue of Remark 2.7). Thus the algebraic mapping cone di[thg M)]-

module chain map = (1_ZhD> : Dolz, 271 = Eulz,z7YisC(g) =

_ZhF
CMS(M, f',v') and the cokernel of the induced~1Z[x,(M)]-module chain
map is coketX ¢ : XD, [z,z71 = X 1E,[z,z7Y) = CFR(M, £, v, h).

The kernel of the projectiok = ker(p : X~1C(¢) — cokeX1¢)) is an
algebraic model for the closed orbits of thegradient flow. As in 1.8 (i) (c)
identify

g — dp 0 _
K= \(=0'A=zhp) A —zhp)Ydp(L—zhp))
Ki = XY Di1® Di)olz. 271 = Kily = 27X Di_2® Di_1)olz, 271

(iii) In applying 2.6 and 3.3 tof : M — S, v € GT(f) with a gradient-like
chain approximatiorké™, the Morse-Smale complexes of unions of copies of
a Morse functionfy : (My; N; z7*N) — (I; {0}, {1}) andvy € GT (fv), the
chain homotopy in 2.6 and the higher chain homotopidg, j’']in 3.3 are 0. In
particular, the Morse-Smale complex of the proper real-valued Morse function

0 0
= U#mw="7:M = |J M =7 10,00~ [0.00)

k=—00 k=—00
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is given as a based fré&frr, (M)]-module chain complex by

0 o0
cMSM T = (Z zkﬂ,dF+szh¥“(h%’“>f1c) :

= j=1

The coefficients ofi§“ (1§ “)/~1c count thev-gradient flow lines which start at
an index critical point of M, , crossj translates ofV ¢ M, and terminate at an
indexi — 1 critical point of M. O

Isomorphism Theorem 6.10Given a Morse functiorf : M — S with regular
value0O € S, v € GT(f), a choice ofCW structure forN = f~%0) c M,
and a choice of chain approximatign: aC(N) — C(My) there is defined a
simple isomorphisnd;, : CNV(M, f,v) = CFRM, f, v, h; Z[n/l(T/I)]) (resp.
I, : CPY9(M, f,v) = CFR(M, f,v, h)) of based f.g. fre®-module chain com-
plexes withR = Z[n/l(T/I)] (resp.E*jZ[nl(M)]). For a gradient-like chain
approximationhs* aC(N) = C(My) the simple isomorphismg,s« are
basis-preserving.

Proof. By 6.3 the Novikov complex is the inverse lim&N"(M, f,v) =

lim  F (k) of the inverse systefF (k) = CMS(M(k), f(k), v(k))}of the Morse-
SmaleZ[r1(M)]-module chain complexes of the proper real-valued Morse func-
tions

k
Fk) = Tl o (M), aM (k) = (U z’MN,sz) — ([, 00), {=k}) .

Jj=—00
By 3.3 there is defined an isomorphism of inverse systéns) : F(k) —
k ~
cokef(lg — zh : D(k) — E(k)) with D(k) = Y. z/C(N) and E(k) =

j=—00
k -
> z/C(My). Theinverse limits are given by 5.3 (iii) and 6.3t0<b_e limk) =

j==00

C(N)o((2)) and i E(k) = C(My)a((2)), with
lim ycoker(g — zh : D(k) — E(k))
= coker(g — zh : lim ¢ D(k) — lim ,E (k))
= cokel(g — zh : C(N)a((2)) = C(My)o((2)))
~ CFR (M, 1, v,h;Z[n/l(Tm) .
Definel, to be the induced isomorphism of inverse limits
Iy = lim i Iy(k) : CY" (M, f,v) = lim ¢ F (k)

— lim ycokei(g — zh : D) — E®K)) = C™% (M, £, v, h; Zm(M)]) .
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For a gradient-like chain approximati@d™ 3.3 gives identifications

oo
dryp = dC(MNﬁ)-f-ZZth(thm)j_lc :
j=1
k k
Fkyi = Y ZCi(My, N) > F(kyia = ) 2/Cia(My, N)

j:—oo j=7OO

(as in 6.9 (iii)). Passing to the inverse limitas—> oo gives

o0

~ o~ j1,8ra graNj—1 .

denovat, fv) =dC(MN’N)+Zz1hF (h% e
j=1

CNY (M, f,v) = Ci(My, N)o((2)) = CNP(M, f,v) = Ci_1(My, N)o((2))

so thatlyea : CN°(M, f,v) = CFRM, f, v,hg”’;Z[n/l(T/I)]) is a basis-
preserving isomorphism, with zero torsion. There exists a chain homatopy
he s @C(N) — C(My) sothatr(I) = t(lyea) = 0 € K1(Z[r1(M)]) by 5.3
(ii). Similarly for X ~1Z[71(M)]-coefficients. O

Remark 6.11.(i) The formulae given by 6.7 and 6.10
t(p: C(M; Z7Zmy(M)]) — CP9 (M, f,v))

= =Y ()l —zhf" ZTC(N)alz. 27 = Z7HCH(N)alz. 27H)
i=0

€ Ki(Z ' ZIm(M)))
o(p: C(M: Zim(M)]) — CV" (M., £, v))

_ i(—)ir (1= 2n§" : ¢ (N ZimOn)
i=0

— Ci (N Zima)1)) € K (2w (M)))

are generalizations of the formulae of Hutchings and Lee [HL] and Pajitnov
[P5],[P6] counting the critical points of : M — S, the ¢-function of the
closed orbits of the gradient flow (corresponding:§0’) and the Reidemeister
torsion of M. Schitz [Sch1l],[Sch2] extended these formulae to the closed orbits
of a generic gradient flow of a closed 1-form using Hochschild homology and a
chain equivalence of the tyge: C(M; Z{zi(M)]) — CN*(M, f, v).

(i) See Chapters 10,14,15 of [R] for the splitting theorems for the torsion groups
Kl(Zm)]), K1(X71Z[r1(M)]) in the caser = 1 (which extend to the case

of arbitrarya, Pajitnov and Ranicki [PR]) and for the expressions of the torsions
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7(1—zhp) interms of (noncommutative) characteristic polynomials. For any ring
A the classical Bass-Heller-Swan splittikg (Alz, 7)) = K1(A) @ Ko(A) ®
Nilo(A) @ Nilo(A) generalizes to splitting%k 1 (X ~A[z, Z—l])V: Ki(A) @
Ko(A)®Nilg(A) @V (A) andK1(A((z))) = K1(A) @ Ko(A) & Nilg(A) &V (A)

with V(4) Kl(A((z))) the image of the multiplicative group of noncommuta-
tive Witt vectorsiv (A) = 1+zA[[z]],andV (A) € K1(¥~*A[z, z~*]) theimage

of the subgroup of the noncommutative rational Witt vectdteéd) € W(A)
generated by H zA[z]. (In [R] it was claimed that the natural surjections
WA — V(A), W(A)™ — V(A) are isomorphisms, but an explicit coun-
terexample was constructed in [PR]). The torsions of the chain equivalgnpes
are such that (p) € V(A) € Ki(X*Alz,a]), 7(p) € V(A) € K1(A((2))
respectively, withA = Z[z1(M)].

(iii) The natural map> —*A[z, z71] — A((z)) is injective for a commutative ring

A, sinceinthis cas® ~'A[z, z ]isjustthe localization of\[z, z 1] inverting all

the elements of type % az € A[z, z71] (a € A). Sheiham [Sh] has constructed
an example of a noncommutative riigsuch that¥ —*A[z, z71] — A((2)) is

not injective.

(iv) Farber [F] extended the construction of Farber and Ranicki [FR] to obtain an
algebraic Novikov complex for a closed 1-form, but did not relate it to the geomet-
ric Novikov complex. a
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