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ON FAMILIES OF SELF ADJOINT OPERATORS 

§1. Introduction 

In this paper, we shall discuss the behaviour of the eigen-

values of a family of Dirac operators, and in particular, calcu-

late the local contributions to the spectral flow in terms of 

easily obtained algebraicaldata. 

We start with a compact oriented manifold M, fibred over 

the circle l' S , with map 1T: 

M 

+ 1T 

1 
S 

This induces a map on homotopy: 

and we may therefore construct the infinite cyclic covering M 

of M, the sheets of which are labelled by elements of~. So, 

now M is fibred over R 

Let N denote the fibre; we shall assume throughout this 

paper that N is even dimensional, say dim N = 2ni so that 

dim M = 2n + 1. 

Each representation of 1T1 (S~) =~, and its corresponding 

character X, gives rise to a local coefficient system Xs 

on M, and thus to a self-adjoint operator: 

produced from the Dirac-type operator on M, associated ~vith X 

(namelY ± *d ± d'* : see definition 2.1 for the precise form) • 
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The characters of representations of ~ are given by maps: 

n + "Zn 

for any Z E <1:*. However, unitary representations require that 

I Z I = 1, and thus form a one-parameter fa'ilily specified by e 

ie s.t. e = z. These characters are denoted Xe' 

the identity, the above operator DX (i.e. 

in [1 J. We will abbreviate D to 
Xe 

So, we have obtained a one-parameter family De 

operators on neven(M' ) 
'Xe ' . parametrised by 

When X is 

is that discussed 

of self-adjoint 

Any such 

family has an associated natural invariant, namely the spectra~ 

flow which we shall now define. In §8, we shall show how D e 
can be conjugated to operators all acting on the same space, and 

varying linearly with e ( see Lemm a 8. 1) . Thus the associated 

eigenvalues, which must all be real since the operators are self-

adjoint, will also depend real analytically on e (see proposition 

8.2) • Intuitively, one understands this last statement as 

follows. 

smoothly. 

As e moves around 1 S , the eigenvalues will change 

They cannot 'suddenly appear or disappear', since then 

the number of eigenvalues for a fixed e would change abruptly, 

which it cannot do, due to the self-adjointness (see diagram 

below) . The rigourous proof of this statement involves Puiseaux 

expansions (see §8, Proposition 8.2) 

Since and are identical, thus the eigenvalues of 

De must come into coincidence for e's differing by multiples of 

21r. The spectral flow is defined to be: 

n - n -+ 
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----_ .. _----""'--. 

e 

where n+ is the number of eigenvalues crossing A = a from 

-ve to +ve and n is the number of eigenvalues cros.sing 

A = a from +ve to -ve, counting multiplicies of eigen-

values, as 8 flows from a to 2~. (See the diagram below) . 

Since M is fibred over Sl with fibre N, there is a 

map: 

N ~ N 

corresponding to each element of These are the 

monodromy actions. In particular, we refer to the mapping 

corresponding to 1 € ~ as the monodromy map: 

T N ~ N • 

This map induces a mapping of the cohomology H*(N}: 

T* :H*(N) ~ H*(N) 

- ------------ -~~~ 



·4 

t;~~----~ '~'" 
\ ~ -.--------------

To lui spectTaJ flow::-I 

;.~--- \,--- \ 
. \ ------~-

\ 

x x 
9=0 -I -I 

~. --------

/ 

Our aim is to relate this monodromy map T* to the 

eigenvalue variation of the Dirac operators {De} More 

precisely, we shall find the multiplicities of intersection 

of the graphs of eigenvalues of the De against e with the 

e-axis; and the associated crossing numbers at such inter-

sections, in terms of the monodromy. We shall obtain a local 

version of the global result that: 

(spectral flow of eigenvalues of De as· e varies round Sl) 

= (signature of monodromy induced on middle cohomology) 

~~~~-~~~~~.-~- ---_ ... _---
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which in itself is an easy consequence of the Atiyah-Singer 

index theorem (see §2, Theorem 2.2). 

More generally, we are trying to link the local behaviour 

of the eigenvalues of De with the monodromy on cohomology. 

This local behaviour involves properties such as: 

(i) e 's where an eigenvalue vanishes; 

(ii) number of eigenvalues vanishing at that value of e; 

(iii) the order of contact of such an eigenvalue with the 

e -axis; 

(iv) the crossing numbers of such eigenvalues. 

The monodromy contains information such as: 

(i) the number of Jordan blocks, their sizes and corresponding 

eigenvalues; 

(ii) the signatures of the Jordan blocks (see §11, Theorem 11.5). 

To obtain a link we split the problem into three stages: 

H (N) ++ Hc (M) Coker D . 

The first stage connects Nand M, and is discussed in §§3~ 4. 

See Theorems 3.1 and 4.6~ The second stage is the connection 

between the 'analytic' cohomology of M, and the 'algebraic', 

i.e. compactly supported, cohomology of M. This is discussed 

in §5, see Theorem 5.3. Finally, in §6 we connect H a and 

the cokernel of D (considered as a module over the analytic 

functions on Sl), see Theorem 6.2. 

The Hermitian form on Hn(N) (middle dimensional 

cohomology) which we use is the standard one; that is: 

c 
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This we relate to a certain Hermitian form on Coker D, see 

§7, Theorem 7.1. 

This Hermitian form we relate to the eigenvalue structure 

of De. The eigenvalue structure of De is found using 

perturbation theory in §8. In §9, we apply the theory of 

normal forms, from Appendix II, so as to produce the connection 

between local De eigenvalue structure and the Hermitian form 

on Coker D, and hence with the Hermitian form on H(N). 

This gives our main Theorem 9.1. 
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§2. The global result 

In this section, we wish to show that the spectral flow 

of De (e E 8 1') is equal to the signature of the natural form: 

(a. ,(3) = f N a. 1\ S ( 2 .1 ) 

on the middle cohomology Hn(N) of N. The signature is 

usually called the signature of N, sign(N). 

For each e E 8 1 , we have an operator De defined: 

Hermitian 
D2 = dd* +'d*d e where d* denotes the adjoint of such that 

d with respect to theA inner product on p-forms: 

(0.,13) + fM a. 1\ *6 . (2.2) 

Let q be the dimension of M, i.e. 2n + 1. Then we 

define a map: 

T 

w + (*w) (2.3) 

where * denotes the Hodge star operator on nP . Then: 

T2 = (-l)~(q-P) (q-p-1)+!:iq(q-1) (_1)~P{P-1)+!:iq(q-1) .*2 

2 2 
= (-1) q -q-qp+p . (-1) p (q-p) 

2~ ) 
= (-1) q ~q = 1 

and 



.---------~ 

since if 0 E: QP, then dTf.u E: Qq-p+l 

However, if 

then <dx ,y> 

P-l x E: Q , 

- f dx /\ (*y) - M 

f d(x /\*y) - (_l)a x 
= M 

, 
x '/\ d (*y) 

8· 

= (-l)P<x, (* -ld*)y> since f Mdw = 0 by Stokes' Th. 

where <, > denotes the inner product (2.2). That is: 

d* = (-l)P(*-ld*) 

r 
= (-1)P(-l) (q-ptl) (,-1) (*d*) since if w E: QP 

then d,*w E: 
n~-P+l 

= (_l)q(P-l)-l(*d*) 

= (_l)q(P-l)-l(*d*) since q2 - q is even 

= -r d-r, by above • 

= (dT - Td) 2 since (dT) (Td) = d 2 = 0 as 

and (Td) (dT) = Td 2T = 0 • 

Hence we define: 

~------ ~--~~--~~ ~ --~~ 
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Definition 2.1. Da = (dT - Td) 

On nP,D
e 

= (_1)~P(p-1)+\q(q-1)d* - (_1)~P(P+1)+\q(q-1)*d 

= (-1) ~p (p-l) +\(~ (q-1) (d* + (-1) p+1 *d) 

"even ~ "even, When we use maps ,. ~ ,. q is even, and thus De 

is ±(d* - *d). Now, we have ensured that the 

Laplacian. 

We now proceed to prove: 

Theorem 2.2. The spectral flow of the eigenvalues of De 

around Sl equals the signature of N. 

The proof that the spectral flow is defined in this case, 

i.e. that the different branches of eigenvalues can be separated 

out, can be found in §8 (proposition 8.2). To prove theorem 

2.2, we can construct a new space: 

X=Mx [O,lJ 

and define on it an operator: 

v = D t + a/a t . 

We map the parameter t EO [0,1 J to 27fi t e on and so for 

each t, there is an associated self-adjoint operator Dt , 

that is D 27fit 
e 

Now X has two boundaries: 

So = M x {oJ 

Each of these boundaries gives a space L2 (S)', which we can 

split: 

~------ -- ---
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where is specified by a positive spectrum for Dt' and 

H
t 

is specified by a negative spectrum for Dt . The bound ary 

conditions used at the two ends SO' SI' are that: 

near t = 0 

near t = 1 . 

We prove theorem 2.2 in two parts: 

Lemma 2.3. Index (0 (X')) = (spectral flow of De) 

Lemma 2.4. Index (0 (X')) = sign (N) 

Here X' = M x S 1 . 

Proof of Lemma 2.3. The Atiyah-Patodi-Singer formula [IJ, for 

the index of V, when applied -to the cylinder: 

Xt = M x [O,tJ 

gives: 

2 index (0 (Xt )) = n t - nO + fXt L 

where nt(s) = Z(sgn A) IAI-s is summed over eigenvalues of 

Dt and n t denotes the limiting value of nt(s) as s + 1. 

The integral on the right-hand side varies continuously with 

t this is the only information we require about the 

behaviour of this term. The factor '2' comes in, since 

the 0 defined here acts on the space of even-dimensional 

forms only, whereas that in [IJ acts on the space of all forms. 

However, index(O(Xt )) is an integer, arid thus can jump 

by integer amounts as t varies continuously from 0 to 1. 
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The integral is a continuous function of t, and thus, if 

t = to is a value at which index(V(Xt » jumps, then: 

where ~t denotes the change as t passes through to . 
o 

Since n(s) = ~(sgn A) IAI-s 

~t (n t ) = 2 (crossing number for eigenvalues of Dt' 
o 

at t = to ). 

This is because as we.pass through t = to' only those terms 
, 

in n(s) corresponding to eigenvalues of Dt crossing zero 

change, and they change by: 

±2IAI-s (sign is the crossing number) 

As s~· 0, this just gives twice the crossing number. 

Thus 2~t (index V(Xt » = 2 x (crossing number at to) 
o 

Hence the total jump in index is: 

index (D (Xl» - index (0 (X
O

» = 

= 

~ 

jump points 
to 

~ 

jump points 
to 

:6.
t 

(index 0 (Xt ) ) 
o 

(crossing number at 

= (spectral flow of eigenvalues of Dt ). 

However, X = X I and Xo = M x {O}. 

just index (V (X) ) . 

So, the left hand side is 

.------~~~~~~~~~~~~~----~~--~~~~~~~- -~~~~---'--~------ - ----~ 
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o t , { 

J 
\ 
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Hence index (V (X» = (spectral flow of D
t 

eigenvalues). 

However, and D 
1 

are identical, and so Tl = o 
Thus 2 index (V (X» = Tl1 - TlO + fXL by Atiyah-Patodi-Singer 

fonnula 

= 2 index(V(X'» 

where XI = M x Sl is a manifold without boundary. 

So index (V (XI» = (spectral flow of, Dt eigenvalues). 

Q.E.D. 

Proof of Lemma 2.4. To .connect the index of V with the 

signature of N, we use the main Atiyah-Singer index theorem 

[ 2 ] . 

Since M is fibred over with fibre N, XI = M x Sl 

is fibered over Sl x Sl = T2 with fibre N: 

M -+- XI 

+ N + N 

S' 
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Let DO be the signature operator on x_ Then the 

operator V = Dt + ala t on X I can be written as 

V=D .0D 2 -
N T 

For, suppose we consider a form on X. This can be 

written as a function of Sand u, where u is the Sl 

variable in M_ So, we start with a form: 

w(S,u) 

which has: 

w (S ,u + 2rr) is. = e wee ,u) 

w (S + 2rr ,u) = w (e ,u) • 

When we untwist, 

w(e,u) = eieu~(s,u) 

say. Thus, ~ is now periodic with periods 2rr. 

However I V as defined on ~ acts as: 

~(e,u) -+ e-ieu V (e iSu ~(e/u)) 

ieu) 'X eeieuJ + e De~(S,U + B~(e,U) 

= (D + a/ae)~ + (iu + eB)~ 

where B is the symbol of De" 

So, the symbol of V is eB + iu. It is thus DN 

teYisored by D 2' where we twist by a line bundle L . 
T 

( 
~-- .---------- --- ---- -----
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Thus index(V) = index(DN ~ D 2) 
T 

= index 2 (D 2 ~ index (DN) ) 
T T 

where index (D
N

) ~ K(T 2 ) . 

Since L describes the twist, thus: 

(index D
N

) = (sign N) ~ L 

i.e. (index V) = (sign N) index 2(D 2 ~ L) . 
T T 

However, D 2 
T 

is just 3. This is due to the 

term in the above symbol, which just means on 
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'iu' 

The 

first Chern class of L is 1 , due to, the iue e twisting 

above. 

So index 2(D 2 ~ L) = index 2 (a ~ L) 
T T T 

= 1 - g + C 1 (L) 

= 1 

since the genus of a torus is 1. 

Thus index V = (sign N) index 2(D 2, ~ L) 
T T 

= (sign N) 0 

Q.E.D. 

Putting Lemmas 2.3 and 2.4 together gives Theorem 2.2. 
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§ 3 • The connection between H(N) and H (M) c 

15 

Let H (M) denote the cohomology of M with compact c 

support. We represent M as N x ~. Def ine a map: 

by using w -+ X[O,lJ (t) (w /\ dt) for W E nP(N) where 

X[O,lJ(t) denotes the characteristic function of the 

interval [O,lJ in . t (we often abbreviate this to 
di5.mbL1licm 

The above defines a map on the level of/feEms which can be 

extended to a map on cohomology. For, if: 

then w = d<p. Thus: 

which corresponds to zero cohom'ology class in 

Furthermore, if [X [ 0 ,1 J. W /\ d t J = 0 in then 

X [0,1 J W /\ dt = dx some x E n~ (M) • Let us write x as: 

x = y + Z /\ dt 

some forms y, z on M, not involving dt, of degrees 

P,P - 1 respectively. Then: 

dx = dy + dz /\ dt + dt /\ ay/at 

and so = dz + (-l)P ay/at } 

o = dy 

(i) 

( ii) 
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Since x is compactly supported, we may integrate (i) over 

a sufficiently large interval containing [O,lJ so that 

[yJ = O. 

HP (N) . 

Hence w is a closed form, and [wJ = a in 

Thus the above map is injective. 

Since M is fibred over ~ with fibre N, the space 

M is contractible to N, and so the cohomologies of M and 

N are identical. Thus the above map is bijective: 

(The map is linear, and HP(N) is finite dimensional as N 

is compact) . 

The map preserves the. overall integral: 

I (w t\ d t) X [ a f 1 J = IN f~ X[O,l] wildt 

M 

= iN w 

by definition. However, 

where Q denotes the space of all forms on M with compact c 

support. 

The shift operator Ton, M is defined by: 

M-+-M 

(x,t) -+- (x,t+l) 

for all x IS N, t IS ~. This induces an operator, which we 

also call T, on the forms on M, and thus also on the 

cohomology of M. So, the ring: 
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t th h 1 HPC+l (M-) , ac s on e co erno ogy spaces and 

thus these cohamologies can be viewed as A-modules. 

There is also an action on HP(N) given by the monodromy 

T on N. So HP(N) can be viewed as an A-module, where 

-1 
A = C[T,T ]. It can also be viewed as an A-module: il~ is 

free, whereas H is not free. 

Suppose W E HP(N). The image of Tw in H~+1 (~). is: 

Xeo ,1] (Tw 1\ dt) (T* has been abbreviated to T) 

At a point (x,t) (x E N,t EJR) 

[X[O,I] Tw 1\ dt](x,t) = ((Tw) (x) 1\"dt)XCO,I] 

( T [X CO, l]w 1\ d t ]) (x, t) = (( W 1\ d t) X CO, 1 ]) (x, t - 1) 

= ((Tw 1\ dt) XCI,2]) (x ,t) 

Thus, since ( (Tw) (x) 1\ dt)XCO,'l] and (TW 

in the same cohomology class, the image of 

HP+1 (M) 
:.. 

is the image under T of the form c 

corresponding to w E HP(N) . Hence: 

+ 

Hp+1(M) 
c 

T 
-7-

T 
-7-

is a cormnutingsquare. 

+ 

HP+1 (M) 
c 

1\ dt) X[l,2] 

Tw E HP(N) 

HP+1 eM) in c 

are 

in 

Note that in order to make T, T correspond, we have 

chosen T to be the inverse of the 'natural' map, that iSlil 

it is the monodromy on N (or induced on nP(N) or HP(N» 

when t is reduced from 1 to O. 
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The maps: 

are bijections, and preserve the A-module structure. So, we 

have obtained: 

Theorem 3.1. There exists a bijection: 

and this map transforms the A-module structure of HP(N) 

the A-module structure of HP.+1 (n ). . c 

into 

The map we chose above is by no means unique. The cleanest 

way is to use: 

w -+ 0 (W A dt) 

where 0 is the delta function at t = O. This uses distribu-

tions, but creates problems in the next section. This map 

is the 'spiky' extreme. On the other extreme, we may use: 

W -+ S (t) (W A dt) 

00 

where S is a C function of integral 1. However, the 

map we used is in between these two extremes - it is used so as 

to simplify the reasoning in §4. 

- --~~-~~~-
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§4. The Fourier Transform 

The space, Qc ' consists of forms on M with compact 

support. For any form w € Qc ' define its Fourier transform 

w, a form on M dependent on ~ by: 

Definition 4.1. 
~-k k 

(T w)~ . 

The form w has coefficients in the space of Laurent 

series in ~. Restricting w to a fODm on N x [O,lJ, we 

see that it has only a finite number of Fourier components. 

This is because: 

~-k -k . 
( T w) I Nx [ ° , 1 ] = T - (w I Nx [ k , k + 1 J) / 

which vanishes for all k € ~" except a finite number, since 

w is compactly supported. 

Note also that: 

A ~-k k 
w (~) I Nx [a ,a + 1 J = L: ( T w) I NX.[ a ,a + 1 J ~ 

= 

k€~ 

--k k 
L: T (wINx[k+a,k+a+lJ)~ 

k€~ 

= Ta ~ -T-(k+a) (wi )rk 
£.. Nx [k+a, k+a+l ] '-:> 

kdl 

where Q, = k + a 

Ta -a ~ Q, 
~Q, = ~ L: ( T - r.J I Nx [ ° , 1 J 

~*€~ 

Ta -a A 

= ~ (w ( ~) I Nx [ ° ,1 J) 

and hence w (~) is determined uniquely by its value on 

N x [O,lJ: the rest is essentially just shifted. 

Thus w (~) can be considered as a form on M, since: 

" ~ A 

W ( ~ ) I NX [1 ,2 J = 1/~ T (w ( ~) I Nx [ ° , 1 J) 
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So w(~) is a form on M which twists by 1/~ 1 what we 

would call an element of: 

Q (M;X -e) 

where ie 
~ = e 

Lemma 4.2. 

Proof: Now 

= T (w I r ) f 
--k 

Nx [ 0 , 1 ] / Nx L k , k + 1 ] 

= E f w since T preserves 
kE:;Z Nx [ k , k+ 1 ] 

integrals 

= f~ w since M is fibred over ~,fibre N 

Q.E.D. 

We define an inner product on Hn(N): 

Definition 4.3. 

This inner product is indefinite, and its signature is, by 

definition, sign (N). By theorem 3.1, we have a bijection 

product on 

to Hn+1 (Qc) f 

Hn +1 (Q) 
c 

and thus we can induce an inner 

By the above, any form w E Qc can be mapped to its 

Fourier transform a form w on M, which depends on ~. 

Since N is compact, Hn(N) is finite dimensional, and thus 

so is We shall abbreviate to H . c The 

action of T on ~.. has a characteristic polynomial, and so 
,rC 



peT) [w] = 0 
.:..~ 

in H c 

k.Seme polynomial p. 
A. 

The map a -+ a gives: 

Ta -+ L: (T-k(Ta))l;k 
k€Z 

= L: (T-(k-l) a) l;k 

kE~ 

~-k k+1 
= L: (T a) l; = 

kE~ 

So, if [w] E Hc ' then 

p(T)w = dx 

t;;a 

some x E Q c and polynomial p. 

p (t;;)w = dx·. 
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Thus, taking Fourier transforms, 

We define an inner product on Qc by: 

Definition 4.4. If a,b E Qc ' define: 

(a, b) 

When x,y E Hc' define 

Thus 

< x ,y> = f ~ ~ 1\ Y 

(a,b) = Res 
t;; =0 ,co 

<x,b> dt;;. 
pet;;) l; 

Here, <, > is a pairing on H I 
C 

with values in the ring 

of Laurent series in l;. The symbols Res and Res 
t;;=O,co 1l;1=1 

,(which we shall use later) denote a sum of residues over all poles 

in the list of l; -values: t;; = o ,co in the first case , and 

Il; I = 1 in the second case. 
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Proposition 4.5. The inner product (,) on Qc induces 

a well-defined inner product on 

Proof: We must show that: 

( i) if p(T)a = dx' I we get 

interchange of x, x' i 

(ii) if p(T)q(T)a = d(q(T)x) , 

H c 

the 

we 

same 

get 

result for (a,b) 

the same result for 

on 

(a, b) if we replace p and x, by p.q and q(T)Xi 

(iii) 

(iv) 

(v) 

(vi) 

(i) 

(a, b) is independent of the choice of p and 

if b = db (a,b) = Oi 
1 

if a = da 
1 

(a,b) = o i / 

(a,b) = (-1) (deg ~ (deg b) (b,a) ; 

Now Res I<X,b> dr;1 _ Res I<X',b> d;1 
r;=O,oo per;) r; r;=0,00 per;) ~ 

= Res 
1;;=0,00 I <x-x' ,b> d-; I 

per;) ~ 

= 

= 

I 
< x -x I ,q ( T ) b> d ~ I 

Re s p ( r;) q ( r; -1 ) ~ 
r;=0,00 

Res I<X-X',dY > dr;1 
r;=O,oo p(r;)q(r;-l) r; 

= ± Re s I < d (x -x I ) ,y> d 1; 
1;=0,00 p(r;)q(r;-l_) r; 

= 0 since d(x-x ' ) = 0 

(using (b) below) 

(using (d) below) 

i.e. (a,b) is unchanged when we replace x by x' . 

-

Xi 

(ii) Now Res [<q(T)X,b>~) = Res [<X,b>~) (using (a) below) 
r;=0,00 p(r;)q(r;) r;J r;=O,oo. per;) ~ 

and so we get the same result for (a,b) using: 

q(T)x, p(r;)q(r;) 
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as we do using x,p(~) . 

(iii) Suppose that: 

p(T)a = dx 

q (T) a = dx' . 

We wish to show that replacing p, x by q,x' leaves the 

inner product (a,b) unchanged. Let r be the h.c.f. of 

p,q. Then r can be expressed as ps + qt some polynomials 

s.t. Thus, 

[ (a, b) us i ng (r I t ( T) x' + s (T) x) J 

= [(a,b) using (P/(~)(;)(t(;)XI + s(T)x»J by (ii) 

= [(a,b) using (P,X) J, by (i) 

and similarly l.h.s. equals (a,b) calculated using q,y. 

Hence the values of (a,b) calculated using p, x and using 

q, yare equal. 

(iv) Suppose that b = db1 , dx = p(T)a Then 

(a,b) = Res «X,b> d~J 
~=O,oo 

p (~) ~ 

= Res [<::~l> d~l 
1;=0,00 

= ± Res «:7~~1> d~l (using (d) below) 
~=O,oo 

= ± Res 
[<p(T)a,b1> d1;] 

p (1;) ~ 
. 

~=O,oo 

---------- ---
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However, using (a) below, this r.h.s. becomes: 

( d;J ± Res <a,b1> ~ = 0 
1;=0,00 

since <a,bl > is a Laurent polynomial. 

(v) Now, if a = dal , we can use x = aI' p = I to get: 

(vi) 

---_._---

(a,b) = Res ·«<ll,b> d~) 
:1;;=0,00 

= ° since 

Finally, (a, b) 

<al,b> is a Laurent polynomial . 

= Res 
[<j{ _,b> . d~] 

1;=0, P ( ~) 

~ 

= Res [<X''l(Tlb> d~] (using (b) below) 
1;= ° , 00 p ( 1;) q ( i; -1 ) 

where p(T)a = dx, q(T)b = dy 

= 

= Res' [(_l)deg x+1 <dx,~> _ dl;] 
1;=0,00 p(l;)q(1; 1) i;; 

(using (d) below) 

= Res [(-lldeg x+1 <p(T)a,y> d~] - -1 1;=0,00 p(l;)q(1; ) 

= Res 
-r (-1) deg x+l <a:, y> d~l 1;=0,00 q(l;-l) 

(using ( a) below) 

= Res [(_l)deg X+I(_l) (deg a) (deg y) 
1;=0,00 

= 

<y,a>(~-l) dl;] 
q(l;-l) i; 

Res [ (-1) deg a) (deg 
z=oo, ° 

-1 where z = I; 

b-l) l<y,a>ld~J 
. q(z) ~ 
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= (-1) (deg a) (deg b) (b,a) 

as required. 

In this proof, various properties of <, > have been used: 

(a) <p(T)x,y> = p(s)<x,y>. 

(b) <x,p(T)y> = ~(s-l)<x,y>. 

( c ) < x ,y> (s ) = < y , x> (f-1 ) 

(d) Ox+1 <dx,y> = (-1) <x,dy>. 

Since <, > defined in definition 4.4 is a sum: 

k[f --k /\ 1 L: s . - (T x) GJ y) 
kE:?L M 

and T, d commute, thus (d) holds. As the Fourier transform 

of P(T)x is 
1\ 

p(s)x, thus (a) holds. Clearly (b) follows 

from (a) and (c): 

<x,p(T)y> ( s) = <p (T) y ,x> (~-1) by (c) 

= --1 --1 
p(s )<y,x>(s ) by ( a) 

- -1 
by (c) = p(s )<x,y> . 

So, finally, we must prove (c) . However, 

Z;k [J ~ cr-kx) A Y] <x,y>(s) = L: 
kEfl 

= L: ~k f~ (T-kx A y) 
kE:?L 
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= -k f --k -x) r; ~ (y /\r 

(since M is odd dimensional, a /\ b = b /\ a 

whenever a,b have complementary dimensions) . 

since T preserves integrals 

as required. 

Q.E.D. 

We shall now show that this inner product on H 
c 

is 

identified with that on H(N) under the map in Theorem 3.1. 

Theorem 4.6. The map of Theorem 3.1 transforms the inner 

product of definition 4.3 to t~at of definition 4.4. 

Proof. Suppose a,S E Hn(N) correspond to a,b E ;~+1. Then: 

p(T)a = 

for ~ome x E 

( a,b) = 

= 

= 

dx 

;n. Thus: c 

Res f ;1 
x/\b di; 
p (i',;) ~ i',;=O,oo 

Res L: [i- ;kx'/\b 

i',;=O,C'J kEZG )M P (i',;) 

Res L: [J~ ;kXAb] 
i',;=O,oo k;:::O 

+ Res 2: 
i',;=O ,00 k>O 

i',; -k d~ ] 
1 di',; -

i',;ltp( i',;) i',; 

The polynomial p may be assumed, without loss of 

generality to be of the form: 

(* ) 
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+ ... + 

with a O "I O. For, if p(z) = z.Q,q(z) some .Q, > 0 with 

q (z) of the above form, then: 

T.Q,q(T)a = dx 

i.e. q(T)a = d(T-.Q,x) 

and so we can replace p by q, so long as x is replaced 

by 
--.Q, 
T x . 

Henc~ IIp(s) can be written as a series in s with 

first term l/ao' near ~ = O. The res~dues at 0 in the 

second term for (a,b) above (*), thus all vanish. To 

investigate the residues at s = 00, put z = lis. Then: 

However, 

k z 

p (liz) 

zk/p(l/z) = zk/(a
o 

+ a1/z + ... + ap/zP ) 

k+p p = z /(a +a z+ ••• + aOz ) p p-l 

and thus the residues at s = 00 in the first term in (*) above, 

all vanish, except possibly for k = 0 . 

(a,b) = Res L: 
s=O k2:0 

+ Res L: 

[I - 1'<x A hi] k 1 
M s p(s) 

--k 
T x 

Thus 

dz -
z=O k2:0 [IM -] 1 1\ b) k 

z p(l/z) z 

= L: [fM Tkx A b] (coeff of sk in 
k2:0 

+ L: [b T-kx A h] (coeff of k 
s 

k2:0 

---------

~/p (s) ) 

in lip (lis) ) (i) ) 
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However, p(T)a = dx and since a,b are the images of 

a,S ~ Hn(N) in Hc' thus: 

Thus 

dt. 

a = X[O,1J a 1\ 

dt} 

dt 

(see § 3) . 

b = X[O,1J S 1\ 

f ~k 
~ (T x 1\ b) = J: t ~k 

(T x 1\ S 1\ dt) 

= IN Tk [C+l Z dt] 1\ S 

where z is that part of x involving 

no· dt's . 

Let x = z + Y 1\ dt where y,z are forms not involving 

Then dx = dz ± az/at 1\ dt + dy 1\ dt. Since: 

dx = p(T)a 

= p(T) (X[O,1J a) 

= p (Tll'a) on that part of M where 11 < t < 11 + 1 
11 

=> dz = ° 
and az II dy ± -- = P (T a) at 11 

on that part of M where 11 < t < 11 + 1 . 

A solution of this equat~on is thus: 

z(x,t) 

Therefore, 

f
k+1 

zdt 
k 

From (i), we thus obtain: 

if 

if k ~ -1 

if k ~ ° 



(a, b) 
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= k~O UNTk [I~:+l Zdt] A s] (coeff. of in p ~ ~) ) 

+ k;O U NT-k [C+l adt] A sJ (coeff. of in _1_) 

P (!) r;; 

(coeff. of r;; 0 in 1 
P (r;;) ) 

(coeff of 
k r;; in _1 )] 

p (Z) 

k 
r;; in _1_-_') 

(
1) 

p -r;; 

k-1 
+ 2: 2: 

k>O s=O f 
s-k-P (T a) B) (Coeff. of 

N s 
in _1_) 

1 p (-) 

00 00 

+ L: L: 
s=O k=s+1 

k;O [fNPkal'll] (Coeff. of ,0 in 

[f N P s (T -.( k-s) 1 All (Coef f. of ,k-s 

r;; 

1 

in 1 
s 1 ) 

in 
Pk 

L: k 1 ] 
k:e:O r;; p(~) 

Ps 
s 1 ] 

00 00 

+ 2: 2: 
s=O Q,=1 

in 

putting Q, = k - s 

= ~ IN a~ + ~ [IN aAi] (Coeff of ,0 in 1) 

+ ~1 [IN(T-'a)Aij [Coeff. of " ~ 1J 

since last term vanishes. Q.E.D. 

--- --------
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§ 5. The relation between Ha and H 
c .... 

Let Q
a consist of all forms w E Q* (M) such that 

00 

(Tnw) s:-n l: 
n=-oo 

converges pointwise in s: when s: is on the unit circle 

ls:I = I, and is COO convergent on compact subsets of M. 

Let Ha denote the homology of the Qa complex. As noted 

in §3, there are many possible maps H(N) -+ H , 
c all of which 

are equivalent. For the purpose of this section, all forms 

00 

are C . This is achieved by 'rounding the corners' of 

x [0,1 Ja. /\ dt in the map of, § 3. 

Define A'to be the ring of analytic functions on SI. 

Then ~a is an A'-module, the action of 

def ined by T . 

By Theorem 10.11 (see §10), we obtain: 

""' 
Proposition 5.1. Ha = Hc 'i-=~A I 

A' on Q 
a being 

Now = H(Q ) c is the homology of forms with compact 

support on M. The Fourier transform (Def ini tion 4.1) 

transforms w E ~c to w (s:) E Q(M;Xe) where s: = e -ie 

Thus H c can be written as a direct sum of parts, each 

corresponding to a particular s: : 

H = lI'> H (s:) 
c <D c 

s: 
(s: E (t*) 

where is the homology associated with Q(M;X). So 

H can be identified with that part of H corresponding a c 

to s: E Sl. 

By Proposition 5.1, 

ED 

1s:1=1 
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The inner product on H , 
c 

as defined in Definition 4.4 

is: 

(a, b) = 

where p(T)a 

roots on Sl , 

(a ,b) = 

Res 
1;;=0,00 

= dx some 

then: 

Res f~ 1 I;; 1 =1 

for 

polynomial 

" xl\b dl;; 
P(I;;) I;; 

p. 

a,b E H c 

If P has all its 

by the residue theorem, since the only roots of p are on the 

unit circle. 

So, the inner product defined on Q , .a and thus on 

which is induced by the inner product. defined on Qc (or Hc) 

is given by: 

Definition 5 . 2 . If a,b E H a' define: 

(a,b)H Res f~ 
xl\b 'dl;; = p (I;;) a 11;;1=1 I;; 

The inner product on Hc is thus a direct sum of inner 

products on the individual H~I;;). The inner product on Ha 

is, when H a is identified as: 

precisely the restriction of the inner product on Hc ' and 

is thus also a direct sum. 

We thus obtain: 

Theorem 5.3 

(i) Hc can be written as a direct sum of spaces H(I;;) 
c ' 

and then H is isomorphic to the direct sum of those H(I;;) a c 

corresponding to 1 I;; E S . 

_____ L ____ _ 
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(ii) The inner product on H decomposes into inner products c 

on H ( 1;) 
c ' 

and that on H a is the sum of those parts of the 

H inner product on H ( I; ) spaces where II; I = 1. c c 

Note that inner products can be defined between spaces of 

forms like ~*, which do not have an associated unique 

dimension - that is, between forms which are linear combinations 

of forms of different dimensions. This is done using linearity, 

and 'incompatible' dimensions give rise to a zero result. For 

example, the inner product defined on H* c (Definition 4.4) is 

only 'compatible' between forms a, b of degrees s.t. 

deg(x) + deg(b) = 2n + 1 

i.e. deg(a) + deg(b) = 2.(n + 1) 

For any other pair we obtain a zero result. 



§ 6 • The connection between Coker D 

The operators act on 

and H a 

for 
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1 e E 8 . 

We can consider the family De to consist of operators dependent 

ie 1 Olt1CllyucallY on a variable I',; = e E 8. Thus, we can consider its 

. t b b f ~even(MiXe) ~mage 0 e a su space 0 oG defined as Im(De)' 

considered as formally dependent on 1',;. 

80 (Coker D) refers to the space of forms in 

Qeven(MiXe) which can be written as analytic functions of 

I',; = e ie , up to an equivalence re~ation under which: 

iff (w 1 -w 2 ) = D¢ some ¢ in this space of 'analytic' forms 

80, we are considering D as a map: 

v -+ V 

where V is the space of all forms w which depend analytically 

on 1',;, and for each ie even 
I',; = e ,w(l',;) E Q (MiX e). This map 

takes w (I',;) to (DeW (1',;» • 

Define Qm = {(w/p(T» where w E Qa and p is a non-zero 

polynomial withzeros only on Izl = 1}/-

where is the equivalence relation: 

-
w/p (T) w' /p'(T) 

iff p' (T) w = p (T ) w ' 

In this section we investigate the connection between 

Coker D and Ha , and in the next section, We shall discuss 

their inner products. 

Lemma 6.1. If W E Qa , then there exi·st unique x 1 ,x2 E Qm 

such that 
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and p(T)X1 = dYl 

some polynomial p whose roots are all on I zj = 1, and some 

Y1 ,y 2 EO: Q a' 

That is, Xl = d(element of 

Proof Let w(a) = L: 
n=-:o 

Then 
- ia ~ Tw (a) = e . w (a), and so 

and = d*(element of Q ). 
m 

Suppose 

MO is a fundamental region for the action of T on M, i.e. of 

the form N x [O,lJ. 

Then = L: 
n=-:o 

=> 

and so 

However, M is compact, and so the Hodge theorem for the 

coefficient system Xa provides, for generic a, a Green's 

function Gc;;' so that: . 

where is our Dirac-type operator. The points at which 

such a does not exist are those with ker(DC;;) ~ 0 . 

There are finitely many such C;;'s, namely the eigenvalues of T. 

We reduce the situation to a finite-dimensional one by 

introduciBq a cut-off, so that we only examine those parts of 

the space V spanned by eigenvectors of D corresponding to 

----------
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eigenvalues A s.t. IAI ~ c where c is a suitable cut-off. 

The value of c is chosen so as to include all those eigen-

values crossing zero at some 8. 

Then, for s i {Sj} 

we have 

where 

where S. 
J 

However, 

are the exceptional SIS, 

are analytic functions 

of away from the S . • 
J 

Their behaviour near S . I S may have 
J 

poles. Since the situation is finite-dimensional, thus these 

poles are all of finite order. Let 

n. 
p(s) = II(s - s.) J 

j J 

where n. 
J 

is the order of the pole at 

(i = 1,2)· 

have no poles. Define: 

Then, the Fourier transform of 

y. = p(T)w .. 
1 1...---;:;-

Thus (p(T)w) = p(s)w(8) 

y. 
1 

is 

Then: 

i8 -p(e )w.(8), 
1 

= d(p(s)w1 (8)) + d*(p(s)w 2 (8)) 

= dYl + d*y 
2 

Hence p(T) = dYl + d*y 2 

Moreover, w = x 1 + x 2 where: 

i.e. 
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I f:" Tn&: I (e ) e -ine de xl = 21T 
TnM on 

0 

I f 21T - - . e 
x 2 = 21T 

o Tnd*w2(e)e-~n de 

since I w = 21T 
on 

So x l ,x 2 E ~a' while YI'Y2 E ~a and p is a polynomial all 

of whose roots are on the unit circle. 

Q.E.D. 

Using this lemma, we now show the equivalence of Ha and 

Coker D, exhibiting the isomorphism. 

Theorem 6.2. ILa :: Coker D 

Proof: Define a map e from Ha to Coker D as follows. 

Any element of Ha can be repr~sented as [x+yJ where: 

[x J 

[y J 

H even 
E a 

H odd 
E • a 

We define the map as: 

e Ha + Coker D 

[x+y J + [X+TY J . 

Well-defined in Coker D 

(i) Since [x+yJ E Ha' there exists a polynomial p(T) such 

that 

some 

p(T) (x+y) = d(x'+y') 

x' E 
Qodd 

a ' 
"even • y' E ,)~ a 



Thus p(T)x = dx' } 

= dy' and p(T)y 

By Lemma 6.1, 3 x j ,y j E Q a (j = 1,2) s . t . 

y' = y + Y 1 2 

and q(T)x1 ,q(T)Y1 E Imd 

some polynomial q(T) in T, whose roots all lie on Izl = 1. 

Hence 8 ([x+y]) = [x + TY] 

and p(T)q(T)8([x+y]) = q(T)[dx'+Tdy'] 

= 0 

since D = dT + Td and d* = TdT (see~, Definition 2.1). 

Thus 8([x+y]) E Coker D. 

( ii) We next show that if w = x + y, even odd 
x E Q

a 
(M) lYE Q

a 
(M) 

vanishes in Ha' then: 

8([w]) =0 

in Coker D. So, suppose that: 



x=dx', 

y = dy J , 

x' E 

y' E Q even (M) • 
a 
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Then e ([wJ) = dx' + TdyJ. Apply Lemma 6.1. to x', y': 

where q (T) xI' q (T) y 1 E 1m d 

q (T ) x 2 ' q (T ) y 2 E 1m d * , say d * z 2 I d * z 2 ' 

some polynomial q (T) . Thus: 
/ 

q(T)e ([wJ) = [dd*z2 + Tdd*z 'J 2 

= [(d T +T d) (d T z 2 +d * z 2 ' ) J 

i.e. e ( [w J) = [(dT+Td) (TX 2+Y2) J 

= 0 in Coker D 

as required. 

Injectivity 

Suppose [X+TyJ = e([x+yJ) vanishes in Coker D. 

is, XT.1"Y = Do- some cr E Qev. 
a 

p(T)x = dx' } 

= dy' 

( *) 

p(T)y 

Then since x,y E Ha' 

That 

some x' E 
, Qeven 

YEa and some polynomial p whose 

roots are all on Izl = 1. 

Thus p(T) (Tdo- + dTcr) = p(T) (x + TY) 

= dx' + Tdy' • 
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By uniqueness of the representation in Lemma 6.1, 

-

} 
p(T)dTO = dx' 

-p(T)do = dy' 

and comparing with (*) above, x = dTO, Y = dO. Thus 

x + y = dTO + do, and is thus a closed form. So, it 

vanishes in that, hence proving injectivity. 

Surjectivity 

Suppose that: 

[wJ E Coker D • 

Then, for some polynomial p with all its roots on the unit 

circle, 

p(T)w = DT) 

some T) E Qa . 

Hence w = D</>, some </> 

element of Q ). 
m 

w = (d T + Td) </> 

Thus: 

= d(T</» + L(d</» 

= > [w ] = e ( [d ( T </> + </» J) 

E Ime 

with p(T)</> = T) (this </> is an 

since d (T</> + </» E H • a This is because: 

p(T)d(T</> + </» = d(TT) + T)) 

= 0 since we are in Ha 

---- ---~ -~-~ ~-- ------- (- ---~--- - ---
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Hence e is surjective. 

Q.E.D. 

There is therefore a map from a subset of H(N) to Coker D 

which is a bijection. This is given by the composition of 

the maps so far outlined. 
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§7. Calculation of the quadratic form on Coker D 

In the last section, we described a map: 

e Ha + Coker D 

[x + yJ + [x + TyJ 

for n even 
X € 36 a ' The quadratic form on 

(Definition 5.2) was: 

L: (TK-x/\b) e; -k 

(a,b) = - Res 
1 e; 1 =1 

k de; 
P (e;) e; 

( *) 

where p(T)a = dx, some polynomial p, / all of whose roots are 

on the unit circle. 

Let ~ = dd* + d*d be the Laplacian on neven(M;Xe)' 

be the Green's operator for ~. For generic Let G~ 

ie e 1= e;. 
J 

for the finite number of special pOints e; ; , 
J 

invertible, and so: 

~G~ = G~~ = 1. 

e, i.e. 

~ is 

Define Gd = d*G~. Then for a,b E Ha' let p be a poly-

nomial with roots only on jzl = 1 such that: 

p(T)a = dx . 

The pairing: 

(see Definition 4.4) 

on n* extends to a pairing on n*. a m However, 



d (G d a) = dd *G 11 a 

= (dd* + d*d)G a 11 

= a • 

~ 

since da = 0 

Thus, if (Gda) has no poles, then: 

J 
-k-k ~ 

(a,b) = - Res E - s T (Gda) A b 
Isl=1 k M 
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using (*) with x replaced by Gda and p replaced by 1. 

So: 

( a , b) = - Re s J M~ 
Is 1=1 

= - Res <Gda,b> 
1 s 1=1 

If, however, has poles of s . , 
J 

then we can find 

a polynomial p whose roots lie on the unit circle, (and which 

are the s .) , 
J 

such that: 

~ 
is in Ha' as its Fourier transform p(s) (Gda) has no poles. 

Then, we obtain: 

(a ,b) 1 J -k-k = - Res p(s) kE M~s, TWA b 
1 s 1=1 

1 = - Res p(s) <w,b> . 
I?; F1 

By defintion, when <, > is extended from Qa to Qm 

and so the inner product on Ha can be written: 

(a,b) = - Res <Gda,b> 
Is 1=1 
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Theorem 7.1. Under the isomorphism of Theorem 6.2 between 

H a 
and Coker D, the inner product on 

5.2) corresponds to the inner product: 

( a , b) = - Re s < ( "C G d + G d "C) a, "C b > 
I r,; I =1 

on Coker D. 

H a (see Definition 

Note that here again, <,> is the extended inner product. 

Proof: Suppose that x = xl + x 2 and y = Yl + Y2 are 

elements of Qa" Thus: 

x 1 'Yl E r6
even 
a 

/ 

x 2 'Y2 E r6
0dd 
a 

and p(T)x. = dx. '} l l 

for i = 1,2 

p(T)y. = dy. I 
1. l 

some polynomial p whose roots are all on the unit circle, 

and s orne x. I , y. I E r6 * . 
1. l a 

Thus, 

(X,y)H 
a 

= - Res C<Gdx 1 'Yl> 
1r,;1=1 

since Gdx 1 E r6
0dd 
a ' Gdx 2 E 

Qeven 
a 

Yl E r6
even 
a ' Y2 E 

Qodd 
a 

by above 

+ <Gd x 2 'Y2>J 

and so the cross-terms have incompatible dimensions: for 

<a,b>, compatibility means that aa + ab = 2n + 1 (i.e. 

dimensions have opposite parities) . 
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However, e ([x]) = [Xl + TX
2

] 

'i'hus 

<TG z5:jx ,y > = <dTG .6. X 1 ,Yi = 

:} 
etc/ 1 1 

as dY2 = 0, <da, S> = ±<a,dS> 

< T GfE;r x 2 ' Y 2 > = <dG.6.x 2'Y2> = 
(,-...-,f 

<TG£)TX1 'Y2> = <TdG.6.x l'Y2> = 

:} 
. '~. 

as dG.6.x l = 0 

<GYi,Tx1,TY1 > = <TdG .6. x 1 ,TY? = 

= 0 as dY l = 0 • 

r-----
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However, <Ta,Tb>= 

= 

since Ta" Tb = (_1)9 a • Clb a" b 

= <a,b>, since p(2n+1-p) is always even. 

and hence: 

( x , y) H = - Re s < (T G d + G d T ) e (x) ,T e (y) > • 
a It,; 1=1 

Q.E.D. 

Finally, note that TGd + GdT = G
D

" For, 

T Ll = T (dd * + d * d) 

= T (dTdT + TdTd) as d* = TdT 

= TdTdT + dTd as 

= (T dT d + dT dT ) T 

i. e. T, Ll commute, and hence T, G Ll commute. Thus: 

= Tdd*TG Ll + dd*GLl 

since TdTd* = d*2 = 0, dTd* = Td*2 = 0 

and G
Ll

, T commute 
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= (d*d + dd*) Gil 

= ilGilo 

Hence TGd + GdT is the Green's operator of Td + dT = D. 

We denote it by G
D

. Thus the inner product corresponding to 

definition 5.2. on Ha is given by: 

Corollary 7.2. (a,b)coker D = - Res 
1c;1=1 
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§8. Perturbation theory 

Consider De as a family of operators on the spaces: 

Since, for each e, the space on which De acts is different, 

it is difficult to compare their eigenvalues, or do any kind 

of perturbation theory. So, we must either: 

(a) conjugate De' so as to obtain operators depending on e, 

which act on a common space, and then apply the standard 

perturbation theory; 

or 

(b) consider De as the restriction of a fixed operator V 

(not to be confused with the operator of §2) on ~even(M) 

to a :Subspace: 

and then Ve can be defined as the subset of V satisfy-

ing a certain 'algebraic' condition - algebraic in ie e 

This approach is essentially the one used in the last two 

sections. 

involves a twist of 

around S 1 , d f' we can e lne a map: 

-ieu w -+ e' w 

where u is the function: 

u(x) 1 
= 21fi 10g(1f(x)) (x E M) 

ie e as we go 
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and TI is the projection of M onto SI, considered as a 

subset of <1:* • 

The conjugated operator De is: 

and 

= (DO + eB)w 

where B is a constant operator; that is, it does not depend 

upon e. Thus we have: 

Lemma 8.1. The operators De can be conjugated so as all 

t th neven(M,:Xo) , ac on e same space .G and they become: 

some operator B independent of e. 

These new operators all act on the same space. All their 

eigenvalues are real, since the original V is self-adjoint 

and thus has real eigenvalues., Only a finite number of 

eigenvalues, thought of as functions of e, cross the e-axis, 

as e varies. Let P be the orthogonal projection of 

neven(M"XO) t h N .G on 0 t e space : 

N = <Ne : De has a zero eigenvalue> 

where Ne is the null space of De" For each e, Ne is 

finite-dimensional, and there are only a finite number of 



possible e IS which give non-trival Ne . 

be finite-dimensional. 
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Hence N must 

So {PD
e 

P} is a one-parameter family of operators which 

depend on e in a linear manner, and have the same local 

eigenvalue properties as {De} • They do, however, act on a 

finite-dimensional space, unlike the {De}. 

We now consider the situation in which we wish to determine 

the local behaviour of eigenvalues of a family of (finite-

dimensional) Hermitian matrices: 

A + 6B . 

Their characteristic equations are given by: 

f(6,A) = 0 

for some polynomial f on A,6, whose roots for A are real 

for all values of 6. The local behaviour of such a root can 

be written in a Puiseaux expansion as a series in (e 

some m. Let it3 le~ding term be: 

A _ A ( e - e ) r 1m 
o 

6 ) 11m 
o 

say, some constant A. Since the number of real roots is 

constant (all roots are real), m = I, and so we can describe 

the eigenvalues locally, and therefore globally, by analytic 

functions of 6. Hence: 

Proposition 8.2. The eigenvalues of D6 are real analytic 

functions of e E Sl. 

We will now use perturbation theory to find this leading 

term in the local behaviour near a value e = 6 0 of e at 

which the eigenvalue vanishes. Without loss of generality, 
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e = 0, and the order of contact is m say. So, we suppose 

that the local behaviours of the eigenvalue and corresponding 

eigenvector are given by: 

)" = )" (m) em + )" (m+l) em+1 + •.. 

+ ..• 

Let {v.} be the eigenvectors of A, with corresponding 
-~ 

eigenvalues )" .. 
~ 

Then: 

(A+8B) (~(O)+8~(l)+ ... ) = (e(m),,(m)+ ... ) (~(O)+e~(l)+ ... ) 

with, say, v(O) = v. where )". = O. ,We assume {v.} to be 
-~ ~ -~ 

an orthonormal system, which it is possible to choose since A 

is self-adjoint.; 

Equating coefficients of e r , we obtain: 

AV(r) + BV(r-l) = 0 ~r < m (i) 

(r = m) (ii) 

Lemma 8.3. In the above situation: 

( a) <~iIBI~(r» = 
e<mi 

if r < m - 1 

if r = m - 1 

(b) Xv (r) (r-l) where X = -B-1A, for r < m = v . 
(c) v (r) = -GBv (r-l) + ex(r) some ( r) 

in the null space, ex 

of A, for 1 ::; r < m. -- 1. 

Proof 

(a) Now from (i), (ii) 

if r < m 

if r = m 
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However, Av. = 0, 
-~ - and A is self-adjoint. Thus: 

<~iIBI~(r-1» = 

{: (m) 

if r < m 

if r = m 

and so 

<~iIBI~(r» -r if r < m - 1 

A. (m) if r = m - 1 

(b) Since, from (i) , 

Bv (r-l) + AV(r) = 0 for r < m 

=> v (r-l) = ~B-1AV(r) , 
/ 

= xv(r) 

where X = -B-1A . 

(c) From (i), 

=> A. .<v·lv(r) > + <v.IBlv(r-1) > = 0 
J -J - J-

<v·lv(r) > = - 1/11.. <V
J
.IBlv_(r-1) > 

-J - J 
and so if A.. ~ 0 . 

J 

Thus = - GBv(r-1) + a(r) some a(r) E N(A). 

Q.E.D. 
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§9. Comparison of eigenvalue and inner product structures 

on Coker D. 

Consider a single eigenvalue crossing at 6 = 6 0 . 

6 0 = 0, and so: 

D6 = A + 8B 

where A = DO' However, 

i8u . i8u + e d(TW) + (~6e du) A TW] 

i.e. B = i(T(du A W) + du A tw) 

Thus, 

~Bw = (dT + Td) (T(du A W) + du A TW) 
~ 

= -du A dw + Td*(duATW) + d*(duAW) - T(duAdTW) 

= -du A dw + T(d*duATW) - T(duAd*TW) 

+ d*du A W - du A d*w - T(duAdTW) 

= -du A (d+d*)w - T(duA(dT+d*T)W) 

+ d*du A W + T(d*duATW) 

W.l.o.g., 



However, d + d* = TD and d*du = 0 

1 => 7DBw = - du A TDw - T(duADw) 
~ 

So B,D anti commute , and thus B,G anticommute. 

as 

However, if w is in the basis, then: 
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Also 

(i) when w contains 'du' f the first tenn vanishes;. 

(ii) when w does not contain 'du ' , the second tenn vanishes. 

It is easy to check the signs, and one finds that the right-

hand side B always w, on'even fonns. Thus: 

Note that B is the symbol of the Dirac-type operators De. 

In Lermna 8.3, -1 
X = -B A, and so its adjoint with 

respect to the inner product <X,TY>, the natural positive 

definite inner product, is: 

-1 
X* = -AB . 

since A, B are self-adjoint. Thus: 



r---

X*G = -AB-IG 

= AGB- l (B -1 ,G anti-commute) 

= GAB- l (G = GA) 

= -GB -1 A (B -1 ,G anti-commute) 

= GX • 

By Corollary 7.2, if <a, b>' = Res f
M
-(; A b) 

1<; 1=1 

(a,Xb)Coker D = -<GDa,Xb>, 

= -<X*GDa,b>' 

by above 

= (Xa,b)Coker D ° 
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then 

So X is self-adjoint, with re'spect to this inner product; 

and thus iX is skew-adjoint with respect to ( ) , Coker DO 

However I if e = ij.lv (j.l) Y = -iX, then: 
41 -' 

(i) Y is skew-adjoint w.r.t. 

( ii) Ye = e 
41 -j.l-l 

if 

, ) Coker D· 

and Ye = a -1 

As we will show in §ll (see Theorem 11.5), the signature 

of the inner product on this space is: 

m+l 
'-2-

sign of cd-1) 

where a = (e I,ea) -m- -

if m 

if m 

is even 

is odd 

This is because Coker D is spanned by: 

----- - ~--~--~-- --~- -
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m-l v., ev., ... e v.. 
-~ -~ -~ 

However, in Coker D, Im D is identified with zero. Since 

D = A + e B, thus, multiplication by e is identified with 

i.e. 

and thus m-1 v.,ev., ..• ,e v. 
-~ -~ -~ 

-1 -1 m-l 
Y..., (-B A)y"', •.. , (-B A) Y... 

are identified with: 

(m-l) 
Y...O' ••• , Y.. using v = v(m-l) . This gives the part 

of Coker D associated with Ai(e) crossing zero at e = 0 • 

So 

=> 

However, 

CI. 

since BGB = -BBG = G 

= -<Y...(O) IBIy"'(r+l» 

= 

= 

= 

= 

by Lemma 8.3(c) 

and <VjIBIY..(O» = 0 whenever Aj = 0 

from Lemma 8.3(a) 

for r + 1 < m 

for r + 1 = m 

(~-l ' ~O) 

( -1) m -1 (Y.. (m -1) , Y.. ( 0) ) 

( -1 ) m -1/2 ( -A (m) ) 

(-1 )m+l/2 A (m) . 

So, the signature of that part of Coker D corresponding 

to this crossing is: 

-------~~-~~-~-
~~~--~-~~-~ ~~-- ---
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if m is even 

if m is odd 

That is, it is the crossing number of the eigenvalue at e = o. 

Since we have obtained maps, which composed give: 

thus, for ~ on the unit circle (i.e. e ie ), the signature 

of the inner product on the subset of Hn{N) corresponding 

to the eigenvalue ~ of T, must equal that of the corres-

ponding subset of Coker D. By above, this is the local com-

ponent of the spectral flow for that one eigenvalue crossing. 

Those ~ ~ ~* with I~I ~ 1 come in pairs, as eigen-

values of T on Hn(N) , by Theorem 11.5 (§11). These components 

of Hn(N) are annihilated when we map to Coker D. However, 

the total signature on a pair of such spaces, corresponding to 

--1 
~,~ vanishes (see §11, Theorem 11.5), and hence the total 

spectral flow is just sign N, the signature of our indefinite 

inner product on Hn(N). 

Theorem 9.1. Suppose ~ is a compact oriented smooth manifold 

fibred over S, with fibre Ni and let M be its infinite 

cyclic covering. Let De de~ote the Dirac~type operator on 

(,)even(M ) 
.~ ,X e ' the space of forms on M with local coefficient 

system twisted by ie e Let T denote the induced monodromy 

action on the homology H{N) of N. Then: 

(i) There exists a mapping 

H(N) + Coker D 

which is an isomorphism when restricted to the parts of H(N) 

corresponding to eigenvalues of T on the unit circle. 
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(ii) Jordan blocks of T on H(N) correspond to eigenvalues 

of De crossing zero, and the crossing number at e = eO of 

an eigenvalue is the signature of the Jordan block corres-
is 

ponding to the eigenvalue e 0 of T. 

(iii) Those Jordan blocks corresponding to eigenvalues of T 

not on the unit circle, come in pairs, and their signatures 

cancel out, so not contributing to the total. 

Thus summing the results in (ii) and noting (iii), we 

obtain the global result of Theorem 2.2. 

The argument here can mostly be generalised to the case 

where IT M + 8
1 is just a map, and not a fibration. In 

that case, §6's results remain unaltered, although Lemma 6.1 

must be changed to include an extra term with 

We must then consider only the torsion parts 

of Ha' Hc' Coker D, whereaS in our case, the whole spaces 

were torsion. The final result is, however, exactly the same, 

with the above provisos. 

-(-----



§10. Appendix I: Analytic and algebraic homologies 

Define Qc to be the subset of Q (M) consisting of 

forms with compact support. Let Hc be the corresponding 

homology. Let: 
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A = ring of 'algebraic' functions (Laurent polynomials) 

A' = ring of 'analytic' functions on Sl . 

We shall show that: 

H = H la A' a c A 

where Ha is the h' -module homology, and Hc is the A-module 

homology (obtained using the Fourier transform, see §4). The 

proof is along the lines of Serre [3J. See also Lang [4J. 

Definition 10.1. We say that B is A-flat if whenever the 

sequence of A-modules: 

E -+ F -+ G 

is exact, the sequence: 

is also exact. 

Definition 10.2. We say that (A,B) is flat if B/A is 

A-flat as an A-module. 

So, we must show that (A,A') is a flat pair. From this 

it follows that: 
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Define Tor~(B,E) = (ith homology of F ~ E), where F 

is the complex which resolves B, as a free resolution of 

A-modules: 

F 

", 
Then Tor?(B,E) = 0 for all A-modules E if B is A-flat. 

Theorem 10.3. (A,B) is flat iff B is A-flat and the map 

E + E ~A B, for any A-module E is injective. 

Proof: 

(i) Suppose that B is A-flat, and: 

E + E ~A B 

is injective for all A-modules E. Since: 

o + A + B + B/A + 0 

is exact, thus: 

is exact. However, trivially: 

A 
TorI (A,E) = 0 

and thus: 

o + Tor~(B,E) + Tor~(B/A'E) + E + B ~A E 

is exact. 

Our assumption is that the map: 

--- --------~-
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E -+ E 0
A 

B 

is exact, and thus A Tor 1 (B/A ,E) maps into o in E. This 

gives an exact sequence: 

o -+ TOr~(B,E) -+ TOr~(B/A,E) -+ 0 . 

Hence, we must have: 

Tor~(B,E) ~ Tor~(B/A,E) 

Since B is A-flat, the l.h.s. is trivial, and thus so is the 

r.h.s.. So B/A is A-fla~', and hence (A,B) is flat. 

Q.E.D. 

conversely, if (A,B) is flat, then B/A is A-flat, 

and thus: 

TOr~{B/A,E) = 0 . 

Hence, since: 

o -+ TOr~(B,E) -+ TOr~(B/A,E) -+ E -+ E 0 A B 

is exact, so: 

A o -+ TorI (B,E) -+ 0 -+ E -+ E 0 A B 

is exact. Hence: 

(a) TOr~(B,E) = 0 i.e. B is A-flat, since it is true for 

all A-modules E; 

(b) E -+ E 0 A B is injective. 

Q.E.D. 

Theorem 10.4. If A c B c C are three rings, and (A, C) , 

(B,C) are flat pairs, then (A,B) is a flat pair. 

~~~-~~ ~-~-~-
~_ -L_~~~~~~ 



Proof: Suppose 0 + E + F is exact. We wish to show that: 

E ~A B + F ~A B 

is injective. So suppose: 

o + N + E ~A B + F ~A B 

is exact, where N is the kernel of the map: 

Then, since C is B-flat, thus: 

o + N ~B C + (E ~A·B) ~B C + (F ®A'B) ~B C 

is exact. However, 

(E ®A B) ~B C ~ E ~A C . 

Thus 0 + N ~B C + E ~A C + F ®A C is exact. Since C 

is A-flat, thus E ~A C + F ~A C is injective, and so 

N ~B C = 0 • 

But, (B,C) is a flat pair, and so .by Theorem 10.3, the 

map: 

is injective. So N = 0, and thus B is A-flat. 

Also, the composite map: 

E + E ~A B + (E ~A B) ~B c ~ E ~A C 

is injective, since (A,C) 

E + E ~A B is injective. 

flat. 

is flat (by theorem 10.3) . Thus 

Thus"by Theorem 10.3, (A,B) is 

Q.E.D. 
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Theorem 10.5. Suppose E is an A-module of finite type, and 

A is a local Noetherian ring. If E = mE, then E = 0 (for 

any maximal ideal m). 

Proof: Suppose E ~ 0 is generated by el, ... ,en . 

n to be the least number of basis el6nents. 

en E E = mE 

en = L: (x . e . ) 
~ ~ 

some X. E m 
~ 

Since: 

Hence (l-x)e = xle l + ... + x le , and so: n n n- n-l 

Choose 

since (l-x) is invertible in A. 
n 

Thus E is generated by 

a contradiction. So E = 0 . 

Q.E.D. 

Lemma 10.6. Suppose A is a Noetherian ring, and E is an 

A-module of finite type, with an m-fibration, En' that is, 

Then: 

is finite over s = n 
EB (m) 

ndJu {O} 

iff the filtration of E is m-stable (that is, mEn = En+l 

for sufficiently large n). 

n 
Proof: Let F = $ (E ) n r=O r 

and G E E9 ED En $ mE $ 
2 E $ = ... rn . . . . n n n n 

Then G. is an S -submodu Ie of n ES,' and is given to be finite 

over ES' Gince Fn is finite over A. However, 

G G and Vb (Gn ) = E . n n+l s 

Since S is Noetherian, thus ES is finite over S 
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iff ES = GN some N 

iff 

iff the fibration of E is m-stable. 

Q.E.D. 

Lemma 10.7. If E is an A-module of finite type with stable 

m-filtration and F is a submodule, F =FflE, 
n n 

is a stable m-filtration of F. 

then F 
n 

Proof: Now m(F n En) ~ mF n mEn c F n En + l · 

m-fibration of F, and, 

So F is an 
n 

00 

FS = ffi (F ) c E 
n=O n - S 

is finite over S, as S is Noetherian. So, by Lemma 10.6, 

F is m-stable. 

Q.E.D. 

Theorem 10.8. If E is an A-module of finite type, then: 

(a) The topology induced on a sub-module FeE by the 

m-adic topology on E, coincides with the m-adic 

topology on F. 

(b) Any sub-module of E is closed in the m-adic topology on E. 

Proof: 

( a) Applying Lemma 10.7 to n = m E, we see that there exists 

s such that: 

\i"n ~ s . 

That is, ( i) • 

This result is usually known as the Artin-Rees lemma. 
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Thus, since m~ generate the open neighbourhoods of 0 

in E, thus (F n m~) are the induced basis open neighbour-

hoods of 0 and F. From (i), this basis gives an m-adic 

topology on F. Hence any open set in the induced topology 

on F is open in the m-adic topology on F, as required. 

(b) Let F be the intersection of all open sets containing 

O. Then F = mF, since we are using the m-adic topology on 

E. By theorem 10.5, F = O. Thus if P ~ 0, then p t F, 

and so there exists an open set U ~ 0 s.t. P i u. So E 

is separable. 

Suppose E' c E is a submodule. Then, E/E' is 

separable by the above argument. Hence E' is closed in E. 

Q.E.D. 

Theorem 10.9. The map E : E ~ A -+ E 
A 

is bijective if E 

is an A-module of finite type. 

Proof: Suppose that 0 -+ R -+ L -+ E -+ 0 is an exact sequence 

of A-modules, where L is a free module of finite type. 

Since A is Noetherian, R is also of finite type. 

Theorem 10.8 shows that- the m-adic topology on R is induced 

from the m-adic topology on L. 

Clearly E is a quotient of L, since the map L -+ E 

is surjective. Hence: 

o -+ R -+ L -+ E -+ 0 

is exact. Consider the commutative diagram 

--- - -------'-- --- ---------
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----....;~ 0 

'" Elf '" E' 

R a' 
) L S ' 

---'=---~ 

'" E 

E ------;~ 0 • 

Since L is a free module, thus E' is bijective. The 

two rows above are already known to be exact, and thus E is 

surjective. For, if x' E E, then as S' is surjective: 

x' = S' (y') 

some y' E L. But E' is bijective, i.e.: 

y' = E' (y) 

some y E L ~A A, and so: 

x' = steeley»~ 

= E(S(Y» (commutative square) 

Thus E is surjective. 

Since this holds for all finitely generated modules E, 

thus E" applied to R is surjective. Suppose that: 

E(X) = 0 

some x E E ~A A. Then ] y E L ~A As. t. 

S(y) = x . 

So o = E(X) 

= E(S(Y» 

= S'(E'(y» (commutative square) 

=> E' (y) e kereS') = ImCa') 
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Thus E' (y) = a. i (z') some z' € R 

=> z'= t"(z) some z € R ~A A 

since E" is surjective. 

Thus, E'(y) = a.'(E"(Z» 

= E'(a.(Z» 

=> y = a.(z), as E' is injective. 

So x = S (y) 

= S(a.(z» = a 

and thus E is injective . 

Hence E is bijective. 

Q.E.D. 

Theorem 10.10. (A,A) is flat. 

Proof: Now A is A-flat. By Theorem 10.3, we need only 

show that whenever E is an A-module of finite type: 

E -+ E ®A A 

is injective. 

By Theorem 10.9, E is injective. Since E is finitely 

generated, E -+ E is injective. Thus (A,A) is flat. 

Q.E.D. 

Theorem 10.11. Suppose A c B are two rings with A = B. 

Then (A,B) is a flat pair. 

Proof: By Theorem 10.10, (A ,A) , (B,B) are flat pairs. Thus 

by Theorem 10.4 applied to A c Bee where C = A = B, we 

see that (A,B) is a flat pair. Q.E.D. 
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To apply this, put: 

A = ring of Laurent polynomials 

AI = ring of analytic functions on Sl . 

Choose 1 
1:;0 E S • Then the local completions of A, AI are 

identical, namely formal power series about 1:;0. Thus the 

local rings A 1:; , AI form a flat pair by Theorem 10.11. 
0 1:;0 

However, HA I' HA are both expressible as direct sums of 

local spaces H (1:;) 
A I , 

H (1:;) 
A (see § 5) • The above theorem shows 

that locally these spaces are the same: 

H (r;;) = H (1:;) 0 A 
AI AI A 

Summing over all r;; € Sl gives: 

HAl = (eE~l Hie) 1 0 A 
AI 

i.e. HAl = HA 0 A AI . 
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§11. Appendix II : Normal forms in the orthogonal group 

Suppose T is an orthogonal transformation for a certain 

indefinite form. We shall now find the normal form for such 

transformations up to conjugacy - that is, we find parameters 

which specify uniquely the conjugacy class of an element of 

U(p,q) . 

Lemma 11.1. If A EO U(p,q), define for each eigenvalue A 

of ~, a subspace of ~p+q 

VA = ker(A - AI)P+q 

(the A-Jordan block of A). Then VA -f- Vl-l whenever l-l f X··- l 

Proof. Suppose V Then v EO VA' w EO . 
l-l 

(A - AI)mv = 0 

(~ 
n 

0 - l-l~) ~ =;: 

Define < (A k 
-(~ 

.Q, 
ak ,.Q, = A!) Y.., l-l!) ~>. 

that: 

a = 0 k,.Q, 

whenever k ~ m or .Q, ~ n. 

However, 

k .Q,-= < (~-A!) Y.., (~-l-l!) '!!..> (l+~J.1) 
k· .Q, 

-A«~-A!) y",~(~-l-l!) ~> 

- k .Q, 
-l-l<~(~-A!) Y.., (~-l-l!) ~> 

..., 
N such that ..: m,n EO 

Then we are given 

since A preserves the inner product 
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- k ~ = (l-)qd < (~-\~) "'.i' (~j..l~) "!!..> 
k ~+l 

-\< (~-\!) '!..., (~-ll!) !!..> 
- k+l ~ 

j..l < (~-A!) "'.i' (~~!) "!!..> 

= (l-Ail)Cl.k,~ - ACl.k,~+1 - llCl.k+l,~ 

Th . f 11 ~ ,,-1, us, ~ ,... T /\ then Ail - 1 t- 0, and so: 

We apply this repeatedly, starting with k = m - 1, t = n - 1 

and then decreasing ~ to 0; and then carrying on with 

k = m - 2, ~ = n - 1, ... , 0 etc. We then obtain: 

= 0 

=> 

Hence 

Q.E.D. 

We can thus split up the space into orthogonal pieces: 

VA E9 -1 for I A It- 1 (both null) V-A 

VA for 1AI= 1 

Lemma 11. 2. If 1 \ I t- 1, then the action of A on 

VA E9 vI - 1 is completely specified by its.action, B, on VAi 

and then (B-AI) is nilpotent, the action on V~-l being that 

of (BT) -1 • 

Proof: Now are null spaces. Thus A's action on 

-1 
V\ E9 VI is specified by the actions: 

,---- ---------
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B ' Alv-1 
= r . 

But A is orthogonal, and so: 

-1 = <~,!::. v'> 

So i.e. 

for 

rr --I 
B' = B . 

v' E V_-1 
A 
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Since B = Alv ' - - A 

(~-A!) must, by definition of VA' be nilpotent. 

The rest of A's action is given by its action on 

thus 

Q.E. D • 

VA is for vlllich I A I = 1. Suppose 11..0 1 = 1. Then, map A, 

an element of " the Lie group, to say: 

an element of the Lie algebra. Then X is nilpotent, and 

skew-symmetric relative to the quadratic form. 

Lemma 11.3. There exists a decomposition into orthogonal 

indecomposable Jordan blocks for X. 

Proof: Now 

and X (e. .) 
~,J 

Define n. 
J 

X is nilpotent, and so 

<e. .1 i ::;; 
~,J 

= {e. 1 . . ~- ,J 

o 

k> 

(i :<: 1) 

(i = 1) 

to be the number of e .. 
~, J 

a decreasing sequence. 

basis e .. 
~,J 

for each J: 

s.t. 

w.l.o.g. 

Since X is skew-adjoint with respect to the quadratic form: 
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< Xe . ., e k n > = - < e . ., Xek n > 
~,J,N ~,J,N 

=> 

=> <e. ., e k n> 
~ , J ,!Iv 

for k > 1 

for k = 1 • 

We now change basis so that the blocks <e. . >. 
~,J ~ 

for each 

j are mutually orthogonal. 

how to add combinations of 

e. 2 .L e. 1 
~, J , 

'ii, j . 

So, put e'. 2 = e. 2 + 
~, ~, 

Then 

and 

Xe I. 2 
~, 

= e'i-l,2 

Inductively, we need only show 

e. lIs to 
J , 

(C"J. . . +1 e. 1) 
~-J J , 

e. 2's 
~, 

some 

so as to make 

« e. I' e k 1 >C"J. . - . +1) J , I ~ J 

We require to find suitable C"J.l, .. #C"J. s.t. 
it n 2 

this vanishes 

for i = l,2, ... ,n2 , and k = n~ (since the other k's follow 

using the skew-adjointness of X) • However, the equations: 

have a triangular form, and therefore have a solution, since 

the diagonal terms are all 

For, if <e l l,e 1> 
, n 1 ' . 

would look like: 

<e1 ,l,e > ~ O. n
1

,l 

= 0 then the matrix <e. l,e. 1> 
~ , J , 
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o o 

>I: 
o 

and thus there are [nl12J null orthogonal vectors, and 

another vector orthogonal to all of these, while being linearly 

independent of them all. This is impossible in an 

nl-dimensional space. Thus, such a basis exists. 

Q.E.D. 

In the basis, the only non-zero inner products are between 

elements with the same j. So we can now suppose X acts 

indecomposably on one such ~lock say of size n. 

Lemma 11.4. In the above situation, the signature of the inner 

product can only be: 

if n is even 

if n is odd 

and given this Signature, there is a unique conjugacy class in 

the unitary group. 

Proof: Suppose e. is a basis such that X = e. 1 
~ e. ~-

(i=2, .•• ,n; 
~ 

and X = O. e
l 

Since X is skew-adjoint, 

<e. ,e.> = <Xe. l,e.> 
~ ) ~+ ) 

= -< e . l' Xe . > 
~+ ) 

for i < n, j > 1; and 

= 0 for j < n . 

Thus the matrix <~i,~j> looks like 

--~ -----------~--------- ----



with 

gives 

* 

<e.,e.> 
-~ -J 

However, 

i 
f. = L: 
~ 

j=l 

i 
Xf. = L: 

~ j=l 

i-I 
= L: 

j=l 

o 

= {a. . (_l)n-j 
~+J-n 

o 

a change of basis: 

(a. . e .) 
~-J J 

(a .. e. 1) 
~-J J-

(a .. Ie.) 
~-J- J 

= f. 1 
~-

* 

* 

sane a's 

Under this basis change a. -+ S. where: 
~ ~ 

S. = <f.,f > 
~ ~ n 

i 
= < L: a. .e., 

~-J J 

n 
L: 

j=l 
a .e.> 

n,-J J j=l 

= 
i n 

- n-k 
L: L: (a .. a k(-l) a'+k . ~-J n- J -n j=l k=n+l-J 

= 
i j-l _ k 
L: L: ( a . . a

k 
(-1) a. k ) 

~-J J-j=l k=O 

= 
i-I i _ k 

L: L: ( a . . a
k 

( -1 ) a. k) 
~-J J-k=O j=k+l 

( 
---.--~~ 
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(i+j>n) 

(i+j$n) . 
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i-I i-k k-= L.: L.: (a . (-1 ) ak a . . k) 
k=O j=1 J ~-J-

i i-j k = L.: a. [ L.: aka .. k(-I) ] 
j=1 J k=O ~-J-

Using a. = 0, except for a O = 1, a = a we get: 
~ r 

S; = {a. + (a + (-l)ra)a. • ~ ~-r 

a i 

(i > r) 

(i ::; r) 

Thus we can reduce the situation to S. = 0 ~i > 0, by 
~ 

choosing suitable a's, recursively. 

a + r­
(-1) a 

E {JR 
j]R 

for 

for 

r even 

r odd . 

For, 

However, 0../0.. is real for r even and pure imaginary 
~ ~-r 

for odd r. Thus we can match up, and obtain: 

S. = 0 ~i > 0 . 
~ 

We now have inner porduct matrix: 

o 

o 

o o 

where a = (_I)n-l a 

H th [_nJ ence, ere are 2 mutually orthogonal, linearly inde-

pendent null vectors. The dimension of a null space is, 

however, at most min(p,q) where p,qare the dimensions 

of the positive and negative spaces respectively. 

- -- ---~--~---~~-
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Thus p,q 2! [ .!:.] 
2 while p + q = n. Hence: 

(i) if n is even, p = q = n/2 (zero signature) , 

(ii) if n is odd, 

{: 
= ~(n+1) , q = ~(n-1) (signature +1) 

or = ~ (n-1) , q = ~(n+1) (signature -1) 

Case (i). n even 

Here a = -a, and so a is pure imaginary. Using a map 

i. e. 

2 <e. ,e.> -+ 1>..1 <e. ,e.> 
~ J ~ J 

, 
2 

a -+ 1>..1 a, and so w. 1.0. g . a =" ± i. Conjugation 

transforms a = +i into a = -i, and so these cases are 

essentially isomorphic. 

Case (ii) n odd 

Hence a = a'l and so a is real. Suitable scaling will 

give a = ±1. If n = 2k + 1, then put: 

Then 

a. = ~/2 
~ 

b. = ~/2 
~ 

(ei+e2k+2-i) } 

(e
i 
-e

2k
+

4
-

i
J . 

1 ~ i ~ k . 

<a. ,a.> = ~«e. ,e2k 2 .> + <e.,e2k 2 .» 
~ J ~ + -J J + -~ 

= 0 unless i = j 

and similarly, <b.,b.> = 
~ J 

0 unless i = j , 

i, j , <a. ,b.> = <b.,a.> = O. Thus {a. ,b~·} 
~ J. ~ J ~ ~ 

gonal set for 1 ~ i ~ k, all orthogonal to 

= (_1)i-1 a 

and for all 

form an ortho-

e k +1 , with: 
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giving signature ±l according as k (-1) a is +ve or -vee 

So a is determined by the signature. 

Existence 

Finally, we constructively show the existence of a basis 

e. with inner product as defined above. 
-~ 

Case (i) n odd 

By above, we need only find ai' b i (1 :0:; i :0:; k) ,ek +
1 

mutually orthogonal, with: 

<a. ,a.> 
~ ~ 

i <b. ,b.>= (-1) a 
~ ~ 

This is evidently possible, just so long as a, and the 

signature of the space correspond. 

Case (ii) n even 

Put 

and 

Suppose n = 2k. 

a. 
~ 

= 1/12 (e. 
~ 

= 1/12 (e. 
~ 

Then -a is pure imaginary, say a = i. 

i=1,2, .•. ,k 

Then {a.,b.} form an orthogonal basis, and: 
~ ~ 

<a. , a> 
~ ~ 

= (i/2) (2i) (_l)i = (_l)i+l 
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=(i/2) (-2i) (_l)i = (_l)i 

Clearly, such a. 's, b. 's exist so long as the sigriature 
~ ~ 

is zero. Hence, we find the e. 's by inverting the above 
~ 

relations giving a. , b. in terms of the e. . 
~ ~ ~ 

Q.E.D. 

So we note the following: 

Theorem 11.5 

(i) If A is an endomorphism of a complex vector space V, 

let V = $(VA) with V, = $(V, .) 
A A.] 

be 'a Jordan decomposition 

into indecomposable A-modules with (A-AI) nilpotent of 

order n(A,j) on V, .• 
A ,] 

The eigenvalues A and the n(A,j) 

determine the conjugacy class of A in GL(V). 

(ii) If A preserves a non-degenerate Hermitian (indefinite) 

form on V, then the above qecomposition can be chosen s.t. 

V, . 
A,] for IAI = 1 

for IAI "f 1 

are all mutually orthogonal. 

Then, the Hermitian form ,on each V, . 
A,] 

for IAI = 1 

has signature: 

{ 

C 

±1 

if n(A,j) is even 

if n(A,j) is odd 

--------------~-----
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The conjugacy class of A in the (indefinite) unitary group 

is determined by the Jordan block data 

n(A,j) 's) together with the signature 

where 11..1 = 1, and n(A,j) is odd. 

so long as --1 n(A,j) = n(A ,j). 

(A's and 

(±1) for each v, . 
I\,J 

All such data occur, 
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