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Preface 

The idea of writing this book came roughly at the time of publication of 
my graduate text Lectures on Modules and Rings, Springer GTM Vol. 189, 
1999. Since that time, teaching obligations and intermittent intervention of 
other projects caused prolonged delays in the work on this volume. Only a 
lucky break in my schedule in 2006 enabled me to put the finishing touches 
on the completion of this long overdue book. 

This book is intended to serve a dual purpose. First, it is designed as 
a "problem book" for Lectures. As such, it contains the statements and 
full solutions of the many exercises that appeared in Lectures. Second, this 
book is also offered as a reference and repository for general information in 
the theory of modules and rings that may be hard to find in the standard 
textbooks in the field. 

As a companion volume to Lectures, this work covers the same math
ematical material as its parent work; namely, the part of ring theory that 
makes substantial use of the notion of modules. The two books thus share 
the same table of contents, with the first half treating projective, injective, 
and flat modules, homological and uniform dimensions, and the second 
half dealing with noncommutative localizations and Goldie's theorems, 
maximal rings of quotients, Frobenius and quasi-Frobenius rings, conclud
ing with Morita's theory of category equivalences and dualities. Together 
with the coverage of my earlier text First Course in Noncommutative 
Rings, Springer GTM Vol. 131, these topics comprise a large part of the 
foundational material in the classical theory of rings. 

An integral part of Lectures is the large collection of six hundred exer
cises distributed over the seven chapters of the book. With the exception 
of two or three (which are now deemed too difficult for inclusion), all 
exercises are solved in full in this problem book. Moreover, some 40 new 
exercises have been added to the present collection to further broaden its 
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coverage. To facilitate the cross-referencing, I have by and large used the 
same numbering scheme for the exercises in the two books. Some exceptions 
to this rule are explained in the Notes to the Reader section on page xiii. 

Problem solving is something truly special in mathematics. Every stu
dent trying to learn a mathematical subject with any degree of seriousness 
finds it helpful or even necessary to do a suitable number of exercises along 
the way, to help consolidate his or her understanding of the subject matter, 
and to internalize the myriad of information being offered. This exercise 
book is intended not to supplant this process, but rather, to facilitate 
it. There are certainly more exercises in Lectures than the author can 
realistically expect his readers to do; for instance, §3 alone contains as 
many as 61 exercises. If my teaching experience is any guide, most students 
appreciate doing some exercises in detail, and learning about others by 
reading. And, even in cases where they solved exercises on their own, they 
find it helpful to compare their solutions with more "official" versions of 
the solutions, say prepared by the author. This is largely the raison d' etre 
of a problem book, such as the present one. 

What this book offers, however, is more than exercise solutions. Among 
the exercises in Lectures, only a rather small number are of a routine 
nature. The others range from nontrivial to medium-difficult, difficult, 
challenging, to very challenging, although they are not explicitly identi
fied as such. In quite a few cases, the "exercises" are based on original 
results of other authors published in the research literature, for which no 
convenient expositions are available. This being the situation, a problem 
book like this one where all exercise solutions are independently written and 
collected in one place should be of value to students and researchers alike. 
For some problems that can be approached from several different angles, 
sometimes more than one solution is given. Many of the problem solutions 
are accompanied by a Comment section giving relevant bibliographical, 
historical or anecdotal information, pointing out latent connections to other 
exercises, or offering ideas on further improvements and generalizations. 
These Comment sections rounding out the solutions of the exercises are 
intended to be a particularly useful feature of this problem book. 

This book is an outgrowth of my lecture courses and seminars over the 
years at the University of California at Berkeley, where many of the problem 
solutions were presented and worked over. As a result, many of my students 
and seminar participants have offered corrections and contributed useful 
ideas to this work; I thank them all. As usual, the warm support of my 
family (Chee King; Juwen, Fumei, Juleen, and Tsai Yu) was instrumental 
to the completion of this project, for which no words of acknowledgement 
could be adequate enough. 

Berkeley, California 
September 25, 2006 

T.Y.L. 
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Notes to the Reader 

Since this Problem Book is based on the author's "Lectures on Modules 
and Rings", the two books share a common organization. Thus, just as 
in Lectures, the main text of this book contains seven chapters, which 
are divided into nineteen sections. For ease of reference, the sections are 
numbered consecutively, independently of the chapters, from §1 to §19. 
The running heads offer the quickest and most convenient way to tell what 
chapter and what section a particular page belongs to. This should make 
it very easy to find an exercise with a given number. 

Each section begins with its own introduction, in which the material in 
the corresponding section in Lectures is briefly recalled and summarized. 
Such short introductions thus serve as recapitulations of the theoretical 
underpinnings of the exercises that follow. The exercises in §8, for instance, 
are numbered 8.1, 8.2, etc., with occasional aberrations such as 8.5A and 
8.5B. The exercise numbers are almost always identical to those in Lectures, 
though in a few cases, some numbers may have shifted by one. Exercises 
with numbers such as 8.5A, 8.5B are usually added exercises that did not 
appear before in Lectures. 

For the exercise solutions, the material in Lectures is used rather freely 
throughout. A code such as LMR-(3.7) refers to the result (3.7) in Lectures 
on Modules and Rings. Occasional references are also made to my earlier 
Springer books FC (First Course in Noncommutative Rings, 2nd ed., 2001) 
and ECRT (Exercises in Classical Ring Theory, 2nd ed., 2003). These are 
usually less essential references, included only for the sake of making further 
connections. 

The ring theory conventions used in this book are the same as those 
introduced in LMR. Thus, a ring R means a ring with identity (unless 
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otherwise stated). A subring of R means a subring containing the identity 
of R (unless otherwise stated). The word "ideal" always means a two-sided 
ideal; an adjective such as "noetherian" likewise means both right and left 
noetherian. A ring homomorphism from R to S is supposed to take the 
identity of R to that of S. Left and right R-modules are always assumed 
to be unital; homomorphisms between modules are (usually) written on 
the opposite side of the scalars. "Semisimple rings" are in the sense of 
Wedderburn, Noether and Artin: these are rings R that are semisimple as 
(left or right) modules over themselves. Rings with Jacobson radical zero 
are called Jacobson semisimple (or semiprimitive) rings. 

Throughout the text, we use the standard notations of modern math
ematics. For the reader's convenience, a partial list of the ring-theoretic 
notations used in this book is given on the following pages. 
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Z 
N 
Q 
lR 
C 
Zn 
Gpoo 
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c, ~ 

<;; 
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Dij 

Eij 
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Mn(S) 
GLn(S) 
GL(V) 
Z(G) 
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[G:H] 
[K:F] 
mR, Rm 
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R ' R 
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Chapter 1 
Free Modules, Projective, and 
Injective Modules 

§1. Free Modules 

Free modules are basic because they have bases. A right free module F over 
a ring R comes with a basis {ei: i E I} (for some indexing set 1) so that 
every element in F can be uniquely written in the form I:iEI eiri, where all 
but a finite number of the elements ri E R are zero. Free modules can also 
be described by a universal property, but the definition given above is more 
convenient for working inside the free module in question. We can also work 
with F by identifying it with R(I) , the direct sum of I copies of R (or more 
precisely RR). The direct sum R(I) is contained (as a submodule) in the 
direct product R1 , which is usually "much bigger": we have the equality 
R(I) = RI iff I is finite or R is the zero ring. 

If F = R(I), the cardinality III of I may be (and usually is) called 
"the rank" of F, with the understanding that it may not be uniquely 
defined by F as a free module. If I is infinite (and R -=I- 0), then the 
rank of the free module F happens to be uniquely determined. However, 
f.g. (finitely generated) free modules need not have a unique rank. This 
leads to a definition: R is said to have (right) IBN (invariant basis number) 
if, for any natural numbers n, m, Rn ~ Rm (as right modules) implies that 
n = m. These are the rings for which any free right module has a unique 
rank. For instance, local rings and nonzero commutative rings have this 
property. 

A ring R is Dedekind-finite if xy = 1 implies yx = 1 inR, and R is 
stably finite if any matrix ring Mn(R) (n < (0) is Dedekind-finite. The 
latter notion is related to IBN, in that any nonzero stably finite ring has 
IBN. 
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Two more conditions arise naturally in connection with the study of 
free modules. We say that R satisfies the rank condition if the existence 
of an epimorphism Rk ~ Rn implies that k 2: n; and we say that R 
satisfies the strong rank condition if the existence of a monomorphism 
Rm ~ Rn implies that m ::::: n. (Here, k, m, n are natural numbers.) This 
terminology is justified by the fact that the strong rank condition implies 
the rank condition (though not conversely). For any nonzero ring R, we 
have 

Stable finiteness ===} rank condition ===} IBN, 

and all three are left-right symmetric conditions. The "strong rank condi
tion" defined above, however, is not left-right symmetric, and should more 
properly be called the right strong rank condition. 

Much more about the relationships between the various notions above 
is given in LMR-§1. Some of it is highly nontrivial, e.g., the fact that any 
nonzero commutative ring satisfies the strong rank condition. There is also 
an interesting relationship between the rank condition and stable finiteness: 
a ring R satisfies the rank condition iff it admits a homomorphism into a 
nonzero stably finite ring. This is a result of P. Malcolmson (see LMR
(1.26) ). 

The exercises in this section cover additional material on the vari
ous conditions above, as well as the hopfian and cohopfian conditions on 
modules. For instance, the behavior of many of these conditions under 
the formation of matrix rings, polynomial rings and power series rings 
is studied. Some of these exercises require rather serious work, e.g. the 
construction of a Dedekind-finite ring R for which M 2 (R) is not Dedekind
finite (Exercise 18). The example of a "free group ring" gives a very good 
illustration of the possible failure of the strong rank condition (Exercise 
29). 

Exercises for § 1 

Ex. 1.1. Give a matrix-theoretic proof for "stable finiteness * rank con
dition" (for nonzero rings). 

Solution. Assume that the rank condition fails for a ring R =1= O. Then, 
for some integers n > k 2: 1, there exist an n x k matrix A and an k x n 
matrix B over R such that AB = In. (See LMR-(1.24). The matrices A, B 
are obtained from an epimorphism R~ ~ RR and a splitting thereof, with 

n> k 2: 1.) Let A' = (A, 0) and B' = (~) be n x n completions of the 



§l. Free Modules 3 

rectangular matrices A, B. Then 

A' B' = (A, 0) (~) = AB = In, but 

B'A' = (~) (A, 0) = (BOA ~) # In, 

so R is not stably finite. 

Comment. Instead of using the completions A' and B' above, we can also 

write A = (g,) ,B = (D, D') where C,D E Mk(R). From AB = In, we 

get CD = h, C'D = 0, CD' = 0 and C'D' = In - k . From these, we see 
easily that DC # h, so R is not stably finite. 

Ex. 1.2. A student gave the following argument to show that any algebra 
A over a field k has IBN. "Suppose A is generated over k by {Xi: i E I} 
with certain relations. Let be the quotient of A obtained by introducing the 
further relations Xi Xj - XjXi = 0 (Vi, j). Then A has a natural surjection 
onto A. Since the commutative ring A has IBN, it follows from LMR-(1.5) 
that A has IBN." Is this argument valid? 

Solution. No! The flaw of this argument lies in the fact that the commu
tative ring A may be the zero ring. In that case, A does not satisfy IBN, 
so we cannot apply LMR-(1.5). 

Ex. 1.3. Let V be a free right module of infinite rank over a nonzero 
ring k, and let R = End (Vk)' Show that, for any positive integers 
n, m, Mn(R) and Mm(R) are isomorphic as rings. 

Solution. The endomorphism ring R was introduced and studied in LMR
(1.4). It is shown there that RR ~ RR: for any n, m 2 1. Taking en
domorphism rings of these free right R-modules, we then obtain a ring 
isomorphism Mn(R) ~ Mm(R). (This means, of course, that R itself is 
isomorphic to all the matrix rings Mn(R)!) 

Ex. 1.4. Does every simple ring have IBN? 

Solution. The answer is "no." Take any nonzero ring R which does not 
have IBN. Let I be a maximal ideal of R. Then S = R/ I is a simple ring, 
and we have a surjection R ---.. S. Since R does not have IBN, it follows 
from LMR-(1.5) that S also does not have IBN. 

Comment. A much harder question is: Does every domain have IBN? The 
answer also turns out to be "no": see the discussion in the paragraphs 
following LMR-(9.16). 

Ex. 1.5. Suppose the ring R admits an additive group homomorphism T 
into an abelian group (A, +) such that T( cd) = T( de) for all c, d E R. 
(Such a T is called a trace map.) If T(l) has infinite additive order in A, 
show that R must have IBN. 
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Solution. Suppose R'R ~ R'R. Then there exist an m x n matrix A and 
an n x m matrix B over R such that AB = 1m and BA = In. Taking 
(ordinary) traces, we have 

m = tr(AB) = Li Lk AikBki' and 

n = tr(BA) = Lk Li BkiAik. 

Applying T, we get 

Since T(l) E A has infinite additive order, we must have m = n, as desired. 

Ex. 1.6. A module MR is said to be cohopfian if every R-monomorphism 
<p : M -+ M is an isomorphism. Show that, if MR is an artinian module, 
then M is cohopfian. 

Solution. Assume, for the moment, that <p(M) ~ M. Since <p is an injec
tion, <p2 (M) ~ <p( M). Repeating this argument, we see that <pn+ 1 (M) ~ 
<pn(M) for all n. Therefore, we have a strictly descending chain 

contradicting the fact that M is an artinian module. 

Comment. A module MR is said to be hopfian if every R-epimorphism 
<p: M -+ M is an isomorphism. The "dual" version of this exercise is also 
true: if MR is a noetherian module, then M is hopfian. This is proved in 
LMR-(1.14) by a dual argument. 

Ex. 1.7. A ring that is Dedekind-finite is also known as von Neumann 
finite. Is every von Neumann regular ring von Neumann finite? 

Solution. The answer is "no." Let V = elk EEl e2k EEl ... where k is any 
division ring. Since Vk is a semisimple module, R : = End(Vk) is a von 
Neumann regular ring by FC-(4.27). Let x, y E R be defined by 

y(ei) = ei+l and x(ei) = ei-l (i ~ 1), 

where eo is taken to be O. Then xy = 1 E R, but yx -1= 1 (since yx(ed = 0). 
Therefore, R is not von Neumann finite. 

Comment. Although a general von Neumann regular ring need not be von 
Neumann finite, various classes of von Neumann regular rings are known 
to be von Neumann finite. For instance, let R be a unit-regular ring, in the 
sense that any a E R can be written in the form aua for some unit u E R. 
Then, whenever ab = 1, we have 1 = ab = (aua)b = au. This shows that 
a = u- 1 E U(R), so R is von Neumann finite. 
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Ex. 1.8. A module MR is said to be Dedekind-finite if M ~ M EB N (for 
some R-module N) implies that N = O. Consider the following statements: 

(A) M is Dedekind-finite. 
(B) The ring E : = End(MR) is Dedekind-finite. 
(C) M is hopfian (any surjective a E E is bijective). 

Show that (C) ::::} (A) ¢:} (B), and that (C) ¢:} (A) if every R-epimorphism 
M ---+ M splits (e.g., if M is a projective module). Give an example to show 
that, in general, (A) *" (C). 

Solution. (A)::::} (B). Let a, bEE be such that ab = 1. Then b: M ---+ bM 
is an isomorphism (since bm = O::::} 0 = a(bm) = m). Also, we check easily 
that M = bM EBker(a) , so (A) forces ker(a) = O. Since a is clearly surjective, 
we have a E U(E), and hence ba = 1 E E. 

(B)::::} (A). Suppose MR is not Dedekind-finite. Then we have a decom
position M = Mo EB N where N -I 0 and there exists an isomorphism 
7r : M ---+ Mo. Let bEE be the composition of 7r with the inclusion map 
Ma ~ M, and let a E E be defined by alN == 0 and alMa = 7r- 1 . Then 
clearly ab = 1 E E; but ba -lIE E since ba(N) = O. Thus, E is not 
Dedekind-finite. 

(C)::::} (A). Suppose again that M is not Dedekind-finite. Using the nota
tions in the last paragraph, we have a surjection a: M ---+ M that is not 
bijective (since a(N) = 0). 

Next, assume that every R-epimorphism M ---+ M splits. To prove (A) ::::} 
(C), suppose M is Dedekind-finite, and consider every surjection f: M---+ 
M. Let 9 be any splitting for f. Then M = ker(f) EBim(g) and im(g) ~ M, 
so (A) implies that ker(f) = 0, as desired. 

In general, (A) does not imply (C). For instance, over Z, let M be 
the Priifer p-group U~=l Cpn where Cpn denotes a cyclic group of order 
pn(p = prime). It is well-known that M is an indecomposable group, so Mz 
is Dedekind-finite. However, M/Cp ~ M yields an epimorphism M ---+ M 
with kernel Cp , so M is not hopfian. (The endomorphism ring E here is the 
ring of p-adic integers; this is a commutative domain, which is, of course, 
Dedekind-finite.) 

Comment. The following consequences of the exercise are noteworthy. In 
the case where M = RR, we have E = End(RR) ~ R. Therefore, the 
exercise implies that RR is Dedekind-finite (as a module) iff R is Dedekind
finite (as a ring). Applying the exercise to RR (for all n < (0), we see also 
that R is stably finite iff all free modules RR are Dedekind-finite, iff all RR 
are hopfian. This was stated without proof in LMR-(1.7). 

Ex. 1.8*. (1) If MR is not Dedekind-finite, show that M contains a copy 
of N EB NEB··· for some nonzero module N. Is the converse true? (2) Is a 
submodule of a Dedekind-finite module also Dedekind-finite? 
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Solution. Say M = MI EB N, where MI ~ M, and N =1= O. Then MI ~ 

M2 EB N, where M2 ~ M. Continuing this construction, we arrive at a 
submodule of M that is isomorphic to N EB NEB· ... 

The converse of the first part of (1) is not true. For instance, let R 
be the Z-algebra generated by x, y, with the relations y2 = yx = O. By 
FC-(1.26) , 

(*) R = Z[x] EB Z[x]y = Z[x] EB E9:o Z· xiy 

is a left noetherian ring, and hence Dedekind-finite (say by the first part 
of (1)). This in turn implies that M = RR is Dedekind-finite. However, 
(*) shows that M contains a copy of N EB NEB· .. where N is the right 
R-module given by Z with x and y acting trivially. (Each Z . xiy is a right 
ideal isomorphic to N R') 

The construction above also gives a negative answer to (2), since MR 
is Dedekind-finite, while NEB NEB· .. is not. 

Comment. For the question in (1), we have used a noncommutative exam
ple. We can equally well give a commutative one. Take an (additive) abelian 
group N =1= 0, and let I = NI EBN2 EB'" where Ni ~ N. Now make R = 1EBZ 
into a (commutative) ring by introducing the (unique) multiplication with 
respect to which 12 = O. The module M = RR is Dedekind-finite (since R 
is commutative). But, for each i, Ni <;;; R is an ideal isomorphic to N R with 
I acting trivially. Thus, M contains a copy of N R EB N REB· ... 

Ex. 1.9. Show that a ring R is not Dedekind-finite iff there exists an 
idempotent e i- 1 in R such that eR ~ R as right R-modules. 

Solution. By the Comment following Exercise 8, R is not Dedekind-finite 
iff there exists an R-isomorphism RR ~ RREB'x for some R-module X =1= O. 
This means that R = eR EB (1 - e)R for some idempotent e =1= 1 such that 
(eR)R ~ RR. 

Ex. 1.10. Let M, N be modules over a ring R with a surjection f : N ----* 

M and an injection 9 : N ----* M. Show that f is an isomorphism under 
either one of the following assumptions: 

(1) N is a noetherian module, or 
(2) R is commutative and M is finitely generated. 

Solution. (1) We shall think of 9 as an inclusion map, so that N "be
comes" a submodule of M. Consider the following submodules of N: 

Xn = {x EN: f(x) EN, ... , r-l(x) E N, and r(x) = O}, 

which form an ascending chain. Thus, under (1), we have Xn - l = Xn for 
some n. Let Xl E ker(f). Since f is surjective, there exist X2, ... , Xn E N 
such that 
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Letting x = Xn , we have then f(x) = Xn-l, ... , r-l(x) = Xl, and 
r(x) = f(xI) = O. Thus, X E Xn. But then X E Xn- l , which yields 
0= r-l(x) = Xl. This proves that ker(J) = 0, so f is an isomorphism. 

(2) Under the hypotheses in (2), assume instead that there exists n E 

ker(J) \ {O}. Let mb ... , mk generate M, and pick ni E N such that 
f(ni) = mi· Say ni = Lj rijmj, and n = Lj rjmj, where rij, rj E R. Let 
Ro be the subring of R generated (over Z·l) by the finite set {r ij, r j }. By 
the Hilbert Basis Theorem, this is a (commutative) noetherian ring. Now let 
Mo (resp. No) be the Ro-submodule generated by {mil (resp. {ni' n}). 
Then No ~ N n Mo, and f restricts to a surjection fo : No -+ Mo, with 
n E ker(Jo) \ {o}. But No is f.g. over Ro, so it is a noetherian Ro-module. 
This contradicts what we have proved in (1). 

Comment. This very interesting exercise is taken from p. 61 of the book of 
Balcerzyk and J6sefiak, "Commutative Noetherian Rings and Krull Rings", 
Halsted Press/Polish Sci. Publishers, 1989. Several special cases of this 
exercise are noteworthy. 

Let M be a noetherian module over any ring R. Case (1) above implies 
that M is hopfian: this case was done in LMR-(1.14). It also implies that 
M EB X cannot be embedded into M unless X = 0: this case was done in 
LMR-(1.36). The present conclusion is thus much stronger. Next, assume R 
is commutative and M is f.g. The conclusion in Case (2) generalizes a well 
known result of Vasconcelos and Strooker, which says that M is hopfian. 
(For more details and relevant citations on this case, see ECRT-(20.9).) 
The conclusion in the present exercise, covering the case N ~ M, is again 
stronger. For instance, if N ~ Rk, the exercise yields the following: 

If M is generated by ml,"" mk, and contains linearly in
dependent elements nl, ... , nk, then ml,"" mk form a free 
R-basis for M. 

This case is covered (with a matrix-theoretical proof) in Thm. 5.10 in 
W.C. Brown's book, "Matrices over Commutative Rings", M. Dekker, New 
York, 1993. 

Ex. 1.11. (Jacobson, Klein) Let R be a ring for which there exists a 
positive integer n such that cn = 0 for any nilpotent element c E R. Show 
that R is Dedekind-finite. 

Solution. Let ab = 1 E R. Following a construction of Jacobson, let 
eij = bi(l- ba)a j (i,j 2:: 0). In FC-(21.26), it is shown that these elements 
in R satisfy the matrix unit relations eijek£ = 8jkei£ where 8jk are the 
Kronecker deltas. Imitating the construction of a nilpotent Jordan matrix, 
let c = eOI + el2 + ... + en-l,n, where n is as given in the exercise. By a 
direct calculation using the above matrix unit relations, we see that 

2 
c = e02 + el3 + ... + e n -2,n, 

c3 = e03 + e14 + ... + en -3,n, 
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etc. In particular, en+! = O. By the given hypothesis, we have 0 = en = 
eo,n = (1 - ba )an. Now right multiplication by bn gives ba = 1. 

A somewhat different approach to the problem, due to A. A. Klein, is 
as follows. Given ab = 1, note that 

(1) (1- bia i )(l-lJ1a j ) = l-lJ1a j for i 2': j, and 
(2) a(l - bia i ) = (1 - bi-Iai-I)a for i 2': 1. 

Using these, we can check that, for d = (1 - bnan)a, we have 

d2 = (1 - bnan )a(l - bnan)a 

and inductively, 

= (1- bnan)(l- bn-Ian-l)a2 

= (1- bn-Ian-l)a2, 

di = (1 - bn-i+!an-i+1 )ai for i:::; n + 1. 

In particular, dn+1 = O. By the given hypothesis, we have 0 dn 

(1 - ba )an , and so ba = 1 as before. 

Comment. In the two solutions given above, the elements e and d in R look 
different. However, they have the same n-th power, (1- ba)a n , so one may 
wonder if they are the same to begin with. Indeed, it can be shown that 
e = d (so the two solutions offered for the exercise are mathematically 
equivalent!). To see this, we induct on n, the case n = 1 being clear. 
Assuming the conclusion is true for n - 1, we have 

e = (eOl + ... + en-2,n-l) + en-I,n 
= (1 - bn-Ian-I)a + bn- l (l - ba)a n 

= [(1- bn-Ian- I ) + bn- l (l_ ba)a n- I] a 

= (1 - bnan)a 

= d. 

Jacobson's construction of the eij's appeared in his classical paper "Some 
remarks on one-sided inverses," Proc. Amer. Math. Soc. 1(1950), 352-355. 
A predecessor of Jacobson's paper is that of R. Baer, "Inverses and zero
divisors," Bull. Amer. Math. Soc. 48(1942), 630-638. Klein's construction 
of the element d comes from his paper "Necessary conditions for embedding 
rings into fields," Trans. Amer. Math. Soc. 137(1969), 141-151. A ring S 
is said to satisfy Klein's Nilpoteney Condition if, for any n, any nilpotent 
matrix N E Mn(S) satisfies Nn = O. The results presented in this Ex
ercise (applied to matrix rings) imply that any ring S satisfying Klein's 
Nilpoteney Condition is always stably finite. 

Klein has also shown, however, that Dedekind-finite rings need not have 
the bounded nilpotency property in the statement of this exercise. 
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Ex. 1.12. For any ring R, we can embed R into S = Mn(R) by sending 
r E R to diag (r, ... , r). Therefore, S may be viewed as an (R, R)-bimodule. 
Show that SR ~ R'l and RS ~ (RR)n2

, with the matrix units {Eij : 1 :::; 
i, j :::; n} as basis. 

Solution. With respect to the given right R-action on S, the scalar mul
tiplication Eij . r (r E R) is easily seen to be a matrix with (i,j)-th entry 
r and other entries zero. Therefore, any matrix s = (aij) E S can be 
expressed in the form s = L Eij aij' Clearly, this implies that S R is free on 
the basis {Eij : 1 :::; i, j :::; n} so S R ~ R'l. The same result for RS follows 
similarly. 

Ex. 1.13. (Montgomery) Let I be an ideal of a ring R contained in rad R 
(the Jacobson radical of R). Show that R is stably finite iff R/ I is. 

Solution. We shall use the following crucial fact about the Jacobson rad
ical of a ring S (see FC-(4.8)): 

(1) If J is an ideal in rad Sand S = S / J, then an element a E S has an 
inverse (resp. left inverse) iff Ii E S does. 

Using this, we see immediately that 

(2) S is Dedekind-finite iff Sis. 

For the given ring R in the problem and any n :::: 1, let S = Mn(R). 
Then, by FC-p.61, 

J: = Mn(I) <;;; Mn(rad R) = rad S, and 

SjJ = Mn(R)/Mn(I) ~ Mn(R/I). 

By (2), S = Mn(R) is Dedekind-finite iff SjJ ~ Mn(R/I) is. Since this 
holds for all n, it follows that R is stably finite iff R/ I is. 

Comment. The result in this exercise is an observation in M.S. Mont
gomery's paper "von Neumann finiteness of tensor products of algebras," 
Comm. Algebra 11(1983), 595~610. 

For the following exercises ((14) to (17)), let "P" denote anyone of the 
properties: IBN, the rank condition, or stable finiteness. 

Ex. 1.14. Let S = Mn(R), where n :::: 1. Show that R satisfies the property 
"P" iff S does. 

Solution. (1) Suppose S has IBN. Since we have a ring homomorphism 
E:: R ~ S sending r E R to diag (r, ... ,r), LMR-(1.5) implies that R 
also has IBN. Now suppose S does not have IBN. Then there exist positive 
integers p =1= q and matrices A, B of sizes p x q and q x p over S such that 
AB = Ip and BA = I q • Viewing A, B as matrices over R, of sizes np x nq 
and nq x np (where np =1= nq), we see that R does not have IBN. (We could 
also have used Exercise 12 for this conclusion.) 
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(2) Suppose S satisfies the rank condition. By LMR-(1.23), the existence 
of the ring homomorphism E: R ----; S above implies that R also satisfies 
the rank condition. Now suppose S does not satisfy the rank condition. By 
LMR-(1.24), there exist integers p > q 2: 1 and matrices A, B of sizes p x q 
and q x p over S such that AB = Ip. Viewing A, B as matrices over R, of 
sizes np x nq and nq x np (where np > nq 2: 1), we see that R does not 
satisfy the rank condition. (Alternatively, use Exercise 12.) 

(3) Suppose S is stably finite. Since E: R ----; S is an embedding of 
rings, LMR-(1.9) implies that R is stably finite. Now suppose S is not 
stably finite. Then for some p, there exist matrices A, B E Mp(S) such 
that AB = Ip =1= BA. Since Mp(S) = Mpn(R), it follows that R is not 
stably finite. 

Ex. 1.15. (Small) Let S = R[[xll (power series ring in one variable x over 
R). Show that R satisfies the property "P" iff S does. 

Solution. (1) Note that there is a homomorphism from R to S (the 
inclusion map) and also a homomorphism from S to R (sending 2::0 aixi 
to aD). From LMR-(1.5) and LMR-(1.23), it follows that, for "P"= IBN or 
the rank condition, R satisfies "P" iff S does. 

(2) We are now left with the case "P" = stable finiteness. Suppose S is stably 
finite. Clearly, the subring R ~ S is also stably finite. Finally, suppose R 
is stably finite. Consider the ideal (x) ~ S generated by x. Since 1 + (x) 
consists of units of S, (x) ~ rad S. We have Sj(x) ~ R, so by Exercise 13, 
the fact that R is stably finite implies that S is stably finite. 

Ex. 1.16. (Small) Let S = R[x]. Show that R satisfies the property "P" 
iff S does. 

Solution. If "P" = IBN or the rank condition, the same proof given in (1) 
of the last exercise works here. Thus, we need only handle the case where 
"P" is stable finiteness. If R[x] is stably finite, certainly so is the subring 
R. Finally, assume R is stably finite. By the last exercise, R[[xll is stably 
finite. Therefore, the subring R[x] ~ R[[xll is also stably finite. 

Ex. 1.17. (Cohn) Let R = lim Ri (direct limit of a directed system of rings 
-----> 

{Ri : i E I}). Show that, if each Ri satisfies the property "P," so does R. 

Solution. (1) Suppose R fails to have IBN. Then there exist natural 
numbers n =1= m and matrices A, B over R of sizes m x nand n x m 
respectively, such that AB = 1m and BA = In. For a suitably chosen index 
i E I, there exist matrices AI, BI over Ri of sizes m x nand n x m which 
map to the matrices A, B under the natural map Ri ----; R. The fact that 
AB = 1m and BA = In implies that, for some index j 2: i, both of the 
matrices AIBI - 1m and BIAI - In over Ri map to the zero matrix over 
Rj . This implies that Rj does not have IBN. 



§1. Free Modules 11 

(2) If R fails to satisfy the rank condition, then (by LMR-(l.24)) there 
exist integers m > n ~ 1 and matrices A, B over R of sizes m x nand 
n x m such that AB = 1m. The same argument used in (1) shows that such 
matrices can already be found over some R j , so R j fails to satisfy the rank 
condition. 

(3) Suppose AB = In where A, B E Mn(R). For a suitable index j, we 
can find A', B' E Mn(Rj) with A'B' = In such that A', B' map to A, B 
respectively under the map Mn(Rj) -+ Mn(R). If Rj is stably finite, then 
B' A' = In over Rj , and so B' A' = In over R. This shows that R is also 
stably finite. 

Ex. 1.18. Construct a ring R such that R is Dedekind-finite but M2 (R) 
is not Dedekind-finite. (In particular, R is not stably finite.) 

Solution. (Sketch) Following a construction of Shepherdson (in the 2 x 2 
case), let R be the k-algebra generated over a field k by {s, t, u, Vj W, x, y, z} 

with relations dictated by the matrix equation AB = 12 where A = (: ~ ) 

and B = (~ ! ). Thus there are four relations: 

(*) sx + uz = 1, sy + uw = 0, tx + vz = 0, and ty + vw = l. 

Our goal is to show that R is a domain (in particular R is Dedekind-finite), 
but that M2 (R) is not Dedekind-finite. 

The idea here is that we can bring the elements of R to a "normal form" 
by using the relations (*). Notice that these relations enable us to make 
the following "replacements": 

(**) sx = 1 - uz, sy = -UW, tx = -vz, ty = 1 - vw. 

Let us say that a monomial M in {s, t, u, Vj W, x, y, z} is in normal form if 
there is no occurrence of the strings sx, sy, tx, ty in M. More generally, 
we say that a sum of monomials l:i Mi is in normal form if each Mi is in 
normal form. Upon making the replacements (**) repeatedly, we can write 
each element in normal form. Note that the symbols s, t, x, y do not appear 
on the RHS's of the equations in (**), so each replacement does get rid 
of one "bad" string (sx, sy, tx or ty) without creating another one. This 
guarantees the "convergence" of our algorithm for reducing elements of R 
to normal form. 

The same observation, basically, also guarantees the uniqueness of a 
normal form of an element of R. (The point is that there is no "interference" 
among the four relations written out in the form (**), so that our algorithm 
can proceed essentially uniquely.) 

We can now define a degree function 15: R \ {O} -+ {O, 1, 2, ... } by 
taking the degree of the nonzero elements of R, expressed in their unique 
normal forms. The fact that R is a domain will follow if we can show 
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that for nonzero a,;3 E R (in normal form), a;3 also has a degree, namely 
6"(a) + 6"(;3). For this, we may assume that a,;3 are homogeneous, say of 
degree m and n. Consider a typical monomial ao (resp. ;30) appearing in a 
(resp. ;3). The product ao;3o is already in normal form unless, say ao ends 
in sand ;30 begins with x. In this case we would replace the string sx in 
ao;3o by 1 - uz. The term 1 will only contribute to terms of lower degree 
(than m + n), so if ao = as and ;30 = XT, we have 

ao;3o = a(sx)T = a(1 - UZ)T == -aUZT 

modulo terms of lower degree. Here, aUZT is in normal form, and can be 
"cancelled out" only if there is another monomial a1 = au in a, and another 
monomial ;31 = ZT in ;3. But then a;3 contains a1;30 = aUXT which is in 
normal form and cannot be cancelled out in the full expansion of a;3. This 
shows that a;3 # 0 and in fact 6"(a;3) = 6"(a) + 6"(;3). 

It is now easy to see that M2(R) is not Dedekind-finite. Indeed, the 
matrices A, ;3 E M2 (R) satisfy, by definition, AB = h but BA # h since 
its (1, 2)-entry has the nonzero normal form xu + yv. 

Comment. J.C. Shepherdson's construction appeared in his paper "In
verses and zero-divisors in matrix rings," Proc. London Math, Soc. 1(1951), 
71-85. Using similar methods, P.M. Cohn has constructed (for any n 2': 1) 
a ring R for which Mr(R) is Dedekind-finite for all r :::; n, but Mn+1 (R) 
is not Dedekind-finite; see his paper "Some remarks on invariant basis 
property," Topology 5(1966), 215-228. Noting that Mn(R) ~ R ®k Mn(k), 
one can consider more generally finiteness questions for tensor products of 
k-algebras; see M.S. Montgomery, "von Neumann finiteness of tensor prod
ucts of algebras," Comm. Alg. 11(1983), 595-610. Among other results, 
Montgomery showed that the tensor product of a stably finite algebra with 
a PI algebra remains stably finite, and that, if K / k is an algebraic field 
extension of degree> 1, there always exists a k-domain A such that A®kK 
is not Dedekind-finite. 

There is a result due to P.M. Cohn which asserts that any domain 
can be embedded into a simple domain. Let R denote again Shepherdson's 
domain constructed in the solution to this exercise, and let S be any simple 
domain containing R. Then S is Dedekind-finite, but M 2 (S) is not since 
AB = 12 # BA in M2(R) <:;; M2(S). This enables us to produce a "simple" 
example for the present exercise. (I thank P.M. Cohn and K. Goodearl for 
relaying to me this interesting remark.) 

Ex. 1.18'. True or False: if an upper triangular matrix (Z ~) over a 

ring k is invertible in M2 (k), then x, yare units in k? 

Solution. Taking an inverse (~ ~) for (Z ~) in M2 (k), we have the 

equations ax = 1 = yd. Thus, x is left-invertible, and y is right-invertible. 
If k is Dedekind-finite, we can conclude that x, y E U(k). But if k is not 
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Dedekind-finite, this conclusion need not hold, as the following construction 
shows! 

Let x, Y E k be such that yx = 1 -I- xy. Then xy is an idempotent, and 
z : = 1 - xy is its "complementary" idempotent. Consider the triangular 
matrices 

A = (~ ~), and B = (; ~) 
in R = Mb(k). Since zx = x - xyx = 0 and yz = y - yxy = 0, we have 

AB = (Xy + Z2 zx) _ I and BA = (YX yz) - I yz yx - 2, ZX z2 + xy - 2· 

Thus, A, B are invertible in R, but x, Y ~ U(k). 
In a similar spirit, we can also take 

C= (~ ~), and D= (; ~1), 
withCD=DC=h 

Comment. To complete the discussion, we might add the comment that, 
if an upper triangular matrix is invertible in the ring of upper triangular 
matrices, then its diagonal entries are indeed units in the coefficient ring, 
and conversely. The first counterexample offered in the solution above is 
from the author's paper: "Corner ring theory: a generalization of Peirce 
decompositions", in Algebra, Rings, and Their Representations, Proc. Int'l 
Conf. in Algebras, Modules, and Rings (Lisbon, 2003), pp. 153-182, World 
Scientific, Singapore, 2006. 

Ex. 1.19. Show that a ring R -I- 0 satisfies the strong rank condition iff, 
for any right R-module M generated by n elements, any n + 1 elements in 
M are linearly dependent. 

Solution. Suppose first that, in any right R-module M generated by n 
elements, any n + 1 elements in M are linearly dependent. Then, for any 
n, RR cannot contain a copy of R~+1. This implies that R satisfies the 
strong rank condition. Conversely, assume that R satisfies the strong rank 
condition. Let M be any right R-module generated by Xl, ... ,xn , and let 
Yl, ... , Yn+ 1 E M. Let 7f: Rn ----+ M by the R-epimorphism defined by 
7f(ei) = Xi (where {ed is the standard basis in Rn), and let Ii E Rn(l ::; 
i ::; n + 1) be such that 7f(fi) = Yi. By hypothesis, il,··· ,fn+l must 
be linearly dependent. Applying 7f, we see that Yl, ... , Yn+1 are likewise 
linearly dependent. 

Ex. 1.20. Let I: R ----+ S be a ring homomorphism such that S becomes 
a flat left R-module under I (i.e., the functor - Q9R S is exact on 9JtR). 
Show that if S satisfies the right strong rank condition, so does R. Using 
this, show that if S satisfies the strong rank condition, then so does the 
direct product S x T for any ring T. 
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Solution. Consider any R-monomorphism RR -+ Rrk Tensoring this with 
the fiat left R-module S, we get an S-monomorphism SE! -+ S'S. If S 
satisfies the strong rank condition, then this implies that m ::; n, so we 
have shown that R satisfies the strong rank condition. 

Now suppose S satisfies the strong rank condition, and let R = S x T, 
where T is any ring. Here we have the projection map f : R -+ S. The 
module RS (defined via f) is a direct summand of RR. Thus, RS is a 
projective, and hence fiat, module. By the first part of this exercise, we 
conclude that R = S x T also satisfies the strong rank condition. 

Ex. 1.21. If a product ring R = S x T satisfies the strong rank condition, 
show that either S or T must satisfy the strong rank condition. 

Solution. Suppose neither S nor T satisfies the strong rank condition. 
Then there exist an embedding S~+l -+ SE! for some m, and an embedding 
T;+1 -+ TT for some n. We may assume that m = n. (If, say m > n, add 
T;-n to both sides of T;+l -+ TT') By taking products, we obtain easily 
an embedding Rr;+l -+ RR' which contradicts the assumption that R 
satisfies the strong rank condition. 

Ex. 1.22. Let "P" be the strong rank condition. Redo Exercises (14), (16), 
and prove the "if" part of Exercise 15 for this "P." 

Solution. (1) Suppose S = Mn(R) satisfies "P." Consider the usual em
bedding c : R -+ S, defined by c(r) = diag (r, ... , r). Viewing S as a 
left R-module via c, we have RS ~ RRn2 by Exercise 12. In particular, 
RS is a fiat module. Applying Exercise 20, we see that R satisfies "P". 
Now suppose S does not satisfy "P". Then, for some m, there exists an 
embedding S~+ 1 -+ SE!. Since we also have S R ~ Rrl, this leads to an 
embedding R~2(m+l) -+ Rrlm. Hence R does not satisfy "P". 

(2) Suppose A = R[[xll satisfies "P". Viewing A as a left R-module via the 
embedding R -+ A, we have RA ~ R x R x . .. ,which is a fiat module. 
Therefore, it follows from Exercise 20 again that R satisfies "P". 

(3) If T = R[x] satisfies "P", then so does R since here RT ~ R (frR EB"', 
which is free and hence fiat. Finally, suppose R satisfies "P". Consider a 
homogeneous system of linear equations 

over T, with m > n. Write 

d 

aij(x) = L aijk Xk 
k=O 

The system of equations amounts to 

d' 

and Yj = LY£jX£. 
£=0 

0= L j (Lk aijkxk) (L£ Y£jXe) = Lk,£ (Lj aijkY£j )xkH 
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for all i. Since i ranges here from 1 to n, and k+e ranges from 0 to d+d', this 
leads to a homogeneous linear system over R with n( d + d' + 1) equations, 
in the m( d' + 1) unknowns {YRj}. Since R satisfies "P", we can solve this 
system nontrivially over R if d' is chosen so large that 

d'(m - n) > ned + 1) - m. 

Therefore, the given system of equations (*) has a nontrivial solution over 
T. This shows that T has the property "P". 

Ex. 1.23. If R satisfies the (right) strong rank condition, does the same 
hold for S = R[[x]]? 

Solution. The answer, in general, is "no". However, it is not easy to find 
a counterexample. To present as short a solution as possible, let us appeal 
to a later exercise in §10 and also make full use of the results in LMR. Let 
R be a domain. According to Exercise (10.21), R satisfies the strong rank 
condition iff R is a right Ore domain; that is, iff aRnbR -=1= 0 for any a, b -=1= 0 
in R. Now, by LMR-(10.31A), there exist (right and left) Ore domains R 
for which S = R[[xJl is not right Ore. By Exercise (10.21), such domains 
R satisfy the strong rank condition, but the power series rings R[[xJl over 
them do not. 

I do not know if it is any easier to find a counterexample where R is 
allowed to have O-divisors. 

Ex. 1.24. Let R be a ring that satisfies the strong rank condition, and let 
f3: R(I) --> R(J) be a monomorphism from the free (right) module R(I) 
to the free module R(J), where I, J are (possibly infinite) sets. Show that 
III ::; IJI· 
Solution. We may clearly assume that III, IJI are both infinite cardinals. 
Let {ei: i E I} and {ej: j E J} be bases for R(I), R(J) respectively. 
For each i E I, fix a finite set Si c::;: J such that f3( ei) is in the span of 
{ej : j E Sd. Since I JI is infinite, the collection of sets {Si: i E I} is a set 
of cardinality::; IJI. If III > IJI, there would exist infinitely many indices, 
say i1 ,i2 , ... E I such that Sil = Si2 = ... = S (say). But then f3 would 
induce an injection from eil REB ei2R EB ... to R(S), which contradicts the 
strong rank condition. 

Ex. 1.25. Let R -=1= 0 be a commutative ring such that any ideal in R is 
free as an R-module. Show that R is a PID. 

Solution. We first check that R has no O-divisors. Let a -=1= 0 in R. If 
ar = OCr E R), then (aR) . r = O. Since aR is a nonzero free right R
module, we must have r = O. Therefore, R is a (commutative) domain. Let 
A be any nonzero ideal in R. By the given hypothesis, A has a free R-basis 
{ei : i E I}. If I contains two elements i -=1= j, the equation ei ej -ej ei = 0 E I 
would give a contradiction. Therefore, we must have III = 1, and so A is a 
principal ideal, as desired. 
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Comment. For a noncommutative version of this exercise, see Exercise 
10.26. 

Ex. 1.26. Let R be any ring such that any right ideal in R is free as an 
R-module. Show that any sub module of a free right R-module is free. 

Solution. Since free modules are projective, the hypothesis implies that 
R is a right hereditary ring. A quick way to solve this problem is to use a 
basic result on right hereditary rings due to 1. Kaplansky. According to 
Kaplansky's Theorem (LMR-(2.24)), any submodule M of a free right 
R-module is isomorphic to a direct sum EBi Ii where the Ii's are suitable 
right ideals in R. Since each Ii is free (by assumption), it follows that M 
itself is free. 

Ex. 1.27. Let R be a ring and lE <::;; R be an ideal that is free as a left 
R-module with a basis {bj : j E J}. For any free left R-module A with 
a basis {ai : i E I}, show that lEA is a free left R-module with a basis 
{bjai : j E J, i E I}. 

Solution. Since A = EBi Rai and lE is a right ideal, 

Writing lE = EB j Rbj , we have 

If r(bjai) = 0 where r E R, then rbj = 0 (since Rai is free on ai) and hence 
r = 0 (since Rbj is free on bj ). Therefore, R· bj . ai is free on bjai, and 
hence lEA is free on {bjai : j E J, i E I}. 
Ex. 1.28. Let Rand lE be as in Exercise 27, and let Ql ~ lE be a left 
ideal in R that is free as a left R-module. Show that (1) for each i 2: 0, 
lEi Ql/lEi+1Ql and lEi llEi+ 1 are both free left RIlE-modules; (2) there is a 
long exact sequence of left RIlE-modules: 

lE2 lEQl lE Ql R R 
···---+----+-----+----+----+----+----+0 

lE3 lE2Ql lE2 lEQl lE Ql ' 

where all modules except RIQl are free over RIlE. (Such a sequence is called 
a free resolution for the RIlE-module RIQl.) 

Solution. Applying the last exercise to A = Ql, we see that lEQl is R
free. By induction on i, it follows that each lEiQl is R-free, and therefore 
lEi Ql/lEi+1Ql is RIlE-free. In the special case when Ql = R, this implies that 
lEi /lEi+ 1 is also RIlE-free. Since lE <::;; Ql (and lE is an ideal), we have a 
filtration of left ideals: 

R ~ Ql ~ lE ~ lEQl ~ lE2 ~ lE2 Ql ~ lE3 ~ ....• 

From this, we get the long exact sequence (*), where, as we have just 
observed, all modules except RIQl are free over RIlE. 
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Ex. 1.29. Let G be a free group on a set of generators {Xi: i E I} and let 
R be the group ring kG, where k is a commutative ring. Show that, as a left 
R-module, the augmentation ideal m (the kernel of the augmentation map 
€: R ----+ k defined by € (LZEG azz) = Lz az) is R-free with basis {Xi -1 : 
i E I}. 

Solution. Our strategy will be to show that, for any left kG-module M 
and any given set of elements {mi : i E I} ~ M, there exists a unique 
R-homorphism f: m ----+ M such that f(Xi - 1) = mi for all i E I. It is 
easy to see that m = Li R . (Xi - 1), so the uniqueness of f is clear. In the 
following, we must show the existence of f. 

To construct f, we use the notion of a cross-homomorphism from group 
cohomology. A map c: G ----+ kGM is called a cross-homomorphism if it 
satisfies 

c(yz) = yc(z) + c(y) (V y, z E G). 

In the case of a free group G as above, for any set of elements {mi : i E I} ~ 

M, there exists a cross-homomorphism c: G ----+ M such that C(Xi) = mi for 
all i E I. To define con G, note that if c does exist, we must have c(l) = 0 
and therefore C(X;:-l) = -x;:-lc(Xi) = -x;:-lmi. Using this information as a 
guide, we can define c on a reduced word w E G by induction on the length 
of w, as follows. We start with c(l) = 0, C(Xi) = mi, and c(X;:-l) = -x;:-lmi 
for words of length ~l. For a reduced word w = yWo where y has length 1, 
we take 

With these definitions, it is straightforward to verify (again by induction 
on word length) that c: G ----+ M is a cross-homomorphism. With this map 
c in place, we can then define f: I.2t ----+ M by 

f (LZEG azz) = LZEG azc(z) (a z E k, Lz az = 0) . 
(Of course, all sums involved are finite sums.) Clearly, 

f(Xi - 1) = C(Xi) - c(l) = C(Xi) = mi (V i E I), 

so we need only verify that f is a kG-homomorphism. Since f is clearly 
k-linear, we are done by carrying out the following computation, where 
y E G and Lz azz Em: 

f (Y· Lz azz) = Lz az c(yz) 

= Lz aAYc(z) + c(y)) 

= y Lz azc(z) + (Lz az) c(y) 

= y. f (Lz azz) . 
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Comment. Certainly, the cross-homomorphism c: G --+ M can be con
structed in a more conceptual way. Using the action of G on M, we can 
construct a semidirect product A = M ><I G which contains M as a normal 
subgroup with G as a complement. Given the elements {mi : i E I} <;;; M, 
we can define a splitting <p of the surjection A --+ G by taking 

<p(Xi) = (mi' Xi) E A. 

For any z E G, <p(z) has then the form (c(z), z) E A, and z f---t c(z) is the 
desired cross-homomorphism. 

The fact that {Xi - 1 : i E I} forms a free kG-basis for Ql means that, 
for any element a E Ql, there exist unique elements Oia E kG such that 

We can extend each Oi to a k-linear map kG --+ kG by specifying that 
Oi (k) = O. The maps Oi (i E 1) are called the "Fox derivations with respect 
to Xi"; they are k-linear endomorphisms of kG characterized by the 
derivation properties 

and the property that Oi(Xj) = Oij (the Kronecker deltas). More generally, 
it can be shown that each ideal power Qln (n 2': 1) is kG-free with basis 

and there is a formula for a E Qln analogous to (*) using higher Fox 
derivations. 

It follows from this exercise that, if III 2: 2 and k =I=- 0, then R = 
kG does not satisfy the left (or right) strong rank condition, although R 
does satisfy the rank condition since k does and we have the augmentation 
homomorphism E from R to k. In the case where k = Z, the freeness of Ql 

as a (left) kG-module implies that the n-th homology (and cohomology) of 
G in any ZG-module M is trivial for n > l. 

Ex. 1.30. Let G and k be as in the preceding exercise, and let H be a 
subgroup of G. It is known that H is also a free group, say, on a set of 
generators {Yj : j E J}. Let G/H be the coset space {gH: 9 E G} viewed 
as a left G-set, and let k[G / H] be the permutation kG-module with k-basis 
G/H. Let a : kG --+ k[G/H] be the kG-module homomorphism induced 
by the natural G-map G --+ G/H. Show that, as a left kG-module, ker(a) 
is free with basis {Yj -1 : j E J}. (This generalizes the last exercise, which 
corresponds to the case H = G.) 

Solution. Let R = kG, !l3 = ker(a), and 
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It is easy to see that all Y E H map to 1 in the quotient module R/'13o. 
From this, we see that '130 = '13. Thus, R'13 is generated by {Yj -1 : j E J}, 
so it only remains to prove that the elements Yj -1 (j E J) are left linearly 
independent over R. Suppose 2::j rj(Yj - 1) = 0, where rj E R. Fix a coset 
decomposition G = U£ g£H with respect to H. Then R = kG = ffi£ grkH, 
so we can write rj = 2::£ g£ Sj£ where Sj£ E kH. From 

we see that 2::j Sj£(Yj - 1) = 0 E kH for each €. Since the augmentation 
ideal of kH is free on {Yj -1 : j E J} as a left kH-module (by Exercise 29), 
it follows that Sj£ = 0 for each j and each €. Therefore, rj = 2::£ g£Sj£ = 0 
for each j, as desired. 

Ex. 1.31. Let k be any commutative ring, and E be any (multiplicative) 
group. Fix a presentation of E by generators and relations, say, 

1 --+ H --+ G --+ E --+ 1, 

where G (and hence H) is free. (Here H is the normal subgroup of G 
generated by the "relations.") Let Qt = ker(E) and '13 = ker(a) be as in the 
last two exercises. Show that k, viewed as a left kE-module with the trivial 
E-action, has the following free resolution. 

in the category of left kE-modules. 

Solution. As shown in the last two exercises, Qt, '13 ~ kG are both free as 
left kG-modules, and we have clearly '13 ~ Qt. Since H is normal in G with 
G / H ~ E, we can identify k [G / H] with the group ring kE. The map a in 
Exercise 30 is just the k-algebra homomorphism induced by the projection 
G --+ E. Thus '13 = ker(a) is an ideal in R = kG, with R/'13 ~ kE. The 
quotient R/Qt ~ k is a left module over kG (and kE) with the trivial group 
action. Therefore, Exercise 28 yields the desired resolution (*) of k by free 
left modules over R/'13 ~ kE. 

Comment. For k = Z, (*) is known as Gruenberg resolution of the trivial 
ZE-module Z. This free resolution is of basic importance in the cohomology 
theory of groups, and is especially useful in computing the low dimensional 
homology and cohomology groups of the group E. 

Ex. 1.32. Show that any nonzero submodule M of a free module FR 
contains a copy of a nonzero principal right ideal aR. 

Solution. We may assume M is a cyclic module xR. In this case, we may 
further assume that F is a free module of finite rank, say F = Rn. We 
write x = (Xl, ... , Xn) (Xi E R), and induct on the number m of nonzero 
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coordinates Xi. If m = 1, say 

Xl i= 0 = X2 = ... = Xn , 

then xR ~ xlR and we are done. If m :::::: 2, assume, for convenience, that 
Xl, ... , Xm are the nonzero coordinates, and consider annr(xi) (1 ::; i ::; m). 
In case these annihilators are all equal, we will have xR ~ xlR again 
(by the isomorphism X1Y f---) xy, Y E R). Therefore, we may assume, say 
annr(xd CZ annr (x2). Fix an element Y E R such that X1Y = 0 but X2Y i= 0, 
and let 

X' = xy = (0, X2Y, ... ,XmY, 0, ... ,0) i= 0, 

which has fewer than m nonzero coordinates. Since x'R = xyR ~ xR, we 
are done by applying the inductive hypothesis to x'R. 

Comment. The result and its proof in this exercise come from the paper 
of H. Bass, "Finitistic dimension and a homological generalization of semi
primary rings," Trans. Amer. Math. Soc. 95(1960), 466-488. 

Of course, the exercise remains true if the free module FR is replaced 
by a projective module PR, since P can be embedded into some free FR. 

Ex. 1.33. Let FR be a free R-module on the basis {el, ... , en}, 0: = 
elal + ... + enan E F (ai E F), and A = 2:i Rai. Let f be an idempotent 
in R. Show that the following are equivalent: (1) A = Rf; (2) 0: . R is a 
direct summand of F isomorphic to f R with 0: f-+ f. 

Solution. (1) =} (2). Write f = L-i riai where ri E R. Since ai E Rf, 
we have ad = ai. Let cp E HOffiR(F, j R) be defined by cp(ei) = jri, and 
7jJ E HomR(fR,F) be defined by 7jJ(fr) = o:r(Vr E R). Note that 7jJ is 
well-defined, for, if fr = 0, then air = adr = 0 for all i, so o:r = O. Since 

cp7jJ(fr) = cp(o:r) = Li friair = f2r = jr 

for all r E R, cp is a surjection split by 7jJ. In particular, cp(o:) = f defines 
an isomorphism o:R ~ f R, and F = o:R EEl ker( cp). 

(2) =} (1). Write F = 0:. REEl K and let cp: o:R ----t f R be an isomorphism 
with cp( 0:) = f. We may think of cp as in HomR (F, f R) with cp( K) = O. 
Let cp(ei) = fri where ri E R. Since 

f = cp(o:) = Li cp(ei)ai ELi Rai = A, 

we have Rf ~ A. On the other hand, 

cp(o:f) = cp(o:)f = f2 = f = cp(o:) 

implies that o:f = 0:. Therefore ai = ad E Rf for all i. This shows that 
Rf = A, as desired. 

Comment. The result in this exercise comes from the same paper of H. Bass 
referenced in the Comment on the last exercise. 
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Ex. 1.34. ("Unimodular Column Lemma") Let F = EB7=1 eiR and a = 
2::i ei ai E F be as in Exercise 33. 

(1) Show that 2::~1 Rai = R iff a . R is a direct summand of F free on 
{a}. 
(2) In case 2::7=1 Rai = R, show that a direct complement of a . R in F is 
free ofrank n-1 iff there exists a matrix (aij) E GLn(R) with ail = ai for 
all i. 

Solution. (1) follows by applying Exercise 33 to A = 2::i Rai with the 
idempotent f = 1 E R. For (2), assume that 2::i Rai = R. Note that the 
isomorphism type of a direct complement of a . R is uniquely determined 
(being isomorphic to F / a· R). If such a complement is ~ Rn-l , there exists 
a basis {al, ... , an} on F with al = a. Then the matrix expressing the 
{aj} in terms of the {ei} is in GLn(R) with first column (al, ... ,an)t. 
Conversely, if there exists (aij) E GLn(R) with ail = ai for all i, we can 
define aj = 2::i eiaij E F (1 :::; j :::; n). These form a basis for F with 
al = 2::i eiai = a, so a . R has a direct complement EB7=2 aiR ~ Rn-l. 

Ex. 1.35. Let R be a ring with IBN such that any direct summand of 
RR is free (for a fixed n). Show that 2::7=1 Rai = R iff the column vector 
(al, ... , an)t can be completed to a matrix in GLn(R). 

Solution. The "if" part is clear by considering an inverse of a matrix in 
GLn(R) completing the column vector (aI, ... ,an)t. Conversely, assume 
that 2::7=1 Rai = R. Then, for a = 2:: eiai in Rn = EB~l eiR, we have 
Rn = aR EB K for some K. By assumption, K must be free (and f.g.), 
and IBN implies that K ~ Rn-l. By the last exercise, it follows that 
(al, ... , an)t can be completed to a matrix in GLn(R). 

Comment. The best known case in which the conclusion of the exercise 
applies is when R is a commutative PID. In the case R = Il, the exercise 
goes all the way back to Charles Hermite. In general, a unimodular column 
(aI, ... , an) t need not be completable to an invertible matrix. The standard 
counterexample is over the coordinate ring of the 2-sphere, R = I1t[x, y, z], 
with the relation x2 +y2 + z2 = 1. Here, the column (x, y, z)t is unimodular, 
but the existence of a matrix in GL3(R) with first column (x, y, z)t would 
contradict the "Hairy Ball Theorem" in topology; see p. 34 of my book 
Serre's Problem on Projective Modules, Springer-Verlag, 2006. A direct 
complement to the free module generated by a = xel + ye2 + ze3 in R3 is 
stably free, but not free, over R; this module corresponds to the tangent 
bundle of the 2-sphere. 

§2. Projective Modules 

Projective modules are important because they arise as direct summands of 
free modules. In general, they need not be free. A good example of a (f.g.) 
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nonfree projective module is given by a nonprincipal ideal in the ring of 
algebraic integers in a given number field. For a noncommutative example, 

take R to be the triangular ring (~ ~) over a field k; both P = (~ ~ ) 

and Q = (~ ~) are projective right R-modules, and they are not free 

since any fg. free R-module must have k-dimension divisible by 3. 
It is convenient to think of projective modules as direct summands of 

free modules, but the "textbook definition" for PR to be projective is that 
the functor HomR(P, -) be exact (instead of just left exact). The required 
right exactness for HomR(P, -) amounts to the usual "lifting property" 
for homomorphisms from P (to an epimorphic image of any module). A 
very important characterization for a projective module is the Dual Basis 
Lemma in LMR-(2.9). This lemma implies that any projective module P 
injects into its double dual by the canonical map E: P -7 P**. In case P 
is fg. (and projective), P* is also fg. projective, and E is an isomorphism 
(Exercise 7). In general, however, neither statement is true (Exercise 8). 

In the case of a commutative ring R, the (f.g.) "rank 1 projectives" 
over R present an important class of modules for study. They can be put 
together into an abelian group, with binary operation given by the tensor 
product. Of course, the elements of this group are not quite the projective 
modules themselves, but rather isomorphism classes of them, denoted by 
[Pl. The abelian group formed this way is Pic(R), called the Picard group 
of R; its identity element is [Rl since 

[R]· [P] = [R ®R P] = [Pl. 

Various examples of Picard groups are given in LMR-§2. 
The "rank" of a projective module P over a (nonzero) commutative 

ring R is defined via localizations. In general, the "rank" of a fg. locally 
free module P over R is only a function 

rkP: Spec R -7 Z, 

where Spec R is the Zariski spectrum of R. If this happens to be a constant 
function n, then we say P has rank n. Exercise 21 summarizes a number of 
standard facts about the rank from Bourbaki. In particular, we learn from 
this exercise that, among the f.g. modules, the projective ones are precisely 
those P for which rk P is a continuous (or equivalently, locally constant) 
function. Much more information about f.g. projectives in the commutative 
case is given in Exercises 22-31. 

Two important classes of rings defined via the notion of projective 
modules are the right hereditary (resp. semihereditary) rings. A ring R 
is right hereditary (resp. semihereditary) if every right ideal (resp. fg. right 
ideal) in R is projective (as a right R-module). Over a right hereditary ring 
R, any projective right module is isomorphic to a direct sum of right ideals 
(Theorem of Kaplansky), and over a right semihereditary ring R, any f.g. 
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projective right R-module is isomorphic to a direct sum of f.g. right ideals 
(Theorem of Albrecht). 

In studying the notions of hereditary and semihereditary rings, the 
following examples should be kept in mind: von Neumann regular rings are 
always semihereditary and, among the commutative domains, the heredi
tary ones are the Dedekind domains, and the semihereditary ones are the 
Priifer domains. Dedekind domains are just the noetherian Priifer domains. 
In the noncommutative case, we have to be more careful as usual, since 
right (semi)-hereditary rings need not be left (semi)-hereditary, as shown 
by examples in LMR-(2.33) and LMR-(2.34). 

One of the nicest hereditary rings is the ring of n x n upper triangular 
matrices over a division ring k. Some interesting characterizations of right 
artinian right hereditary rings are given in LMR-(2.35). 

The last section of LMR-§2 introduces the notion of the trace ideal of 
a right R-module PR: this is defined to be L im(f) where f ranges over 
the dual P* = HomR(P, R). Denoted by tr(P), this is always an ideal 
of R, and in fact an idempotent ideal if PR happens to be projective. An 
important result in this connection is that a f.g. projective module P over 
a commutative ring R is faithful iff tr( P) = R (or, iff P is a generator, in 
the terminology to be introduced in a later section). Over any ring R, the 
f.g. projective generators are important since they can be used to produce 
other rings that are "Morita equivalent" to R. 

The most challenging exercise in the following may be (8'), which is 
assigned as an "Extra Credit" problem! Though not essential to the main 
development in the text, this exercise provides a good test for the reader's 
problem-solving skill. 

Exercises for § 2 

Ex. 2.1. Let S, R be rings and let sPR be an (S, R)-bimodule such 
that PR is a projective right R-module. Show that, for any projective S
module Ms , the tensor product M ®s P is a projective right R-module. 
In particular, if there is a given ring homomorphism S ---7 R, whereby 
we can view R as an (S, R)-bimodule, then for any projective S-module 
Ms , M ®s R is a projective right R-module . Deduce that, for any ideal 
5.2l ~ S, if Ms is any projective S-module, then M/M5.2l is a projective right 
S/5.2l-module. 

Solution. Fix an S-module Ns such that M EB N ~ S(J) (free right S
module with a basis indexed by I). Then 

(M ®s P) EB (N ®s P) ~ (M EB N) ®s P ~ S(J) ®s P. 

The RHS is just a direct sum of III copies of P, so it is a projective right 
R-module. It follows that M ®s P is also a projective right R-module. 
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The statement concerning the ring homomorphism S ----+ R follows 
by taking P = SRR. For the last statement in the exercise, consider 
the projection map S ----+ S/'2J. For any projective right S-module Ms , it 
follows from the above that M ®s (S/'2J) ~ M/M'2J is a projective right 
S/'2J-module. 

Ex. 2.2. Show that a principal right ideal aR in a ring R is projective as 
a right R-module iff annr(a) (the right annihilator of a) is of the form eR 
where e is an idempotent of R. 

Solution. Consider the exact sequence of right R-modules 

0----+ annr(a) ----+ R L aR ----+ 0, 

where f is defined by left multiplication by a. If aR is projective, this 
sequence splits. Then annr(a) is a direct summand of RR, so annr(a) = eR 
for some e = e2 E R. Conversely, if annr(a) = eR where e = e2 E R, then 
the direct sum decomposition R = eR EEl (1 - e)R implies that 

aR ~ R/eR ~ (1 - e)R, 

which is a projective right R-module. 

Comment. The following important special cases of this exercise should be 
kept in mind. 

(1) If annr(a) = 0, then aR is a free R-module of rank 1, with a singleton 
basis {a}. 

(2) If a is itself an idempotent, then indeed aR is projective. In this case, 
annr(a) = eR for the complementary idempotent e : = 1 - a. 

Rings R for which all principal right ideals are projective ("principal 
=} projective") are called right PP-rings, or right Rickart rings. For more 
information on these rings and examples of them, see LMR-§7D. 

Ex. 2.3. (Ojanguren-Sridharan) Let a, b be two noncommuting elements 
in a division ring D, and let R = D[x, yJ. Define a right R-homomorphism 
cp: R2 ----+ R by cp(l, 0) = x + a, cp(O, 1) = y + b, and let P = ker(cp). 
Show that (1) P is a f.g. projective R-module with PEEl R ~ R2, and (2) 
P is isomorphic to a right ideal of R. 

Solution. The image of cp contains 

(x + a)(y + b) - (y + b)(x + a) = ab - ab E U(D) = U(R). 

Therefore, cp is onto. Since RR is projective, cp splits. It follows that 

R2 ~ ker (cp) EEl im (cp) = PEEl R, 

so P is a f.g. projective (in fact stably free) R-module . 
It is quite easy to see that P is isomorphic to a right ideal of R. In fact, 

for the right ideal A, = (x + a)R n (y + b)R, we have an R-monomorphism 
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'lj;: A -7 P defined by 'lj;(f) = (g, -h) if 

f = (x + a)g = (y + b)h E A. 

This map is also surjective since, for any (g, -h) E P, 

0= i.p(g, -h) = (x + a)g - (y + b)h 

implies that (g, -h) = 'lj;(f) for f = (x + a)g = (y + b)h E A. Thus, 
P~A. 

Comment. This example is drawn from the paper of M. Ojanguren and 
R. Sridharan, "Cancellation of Azumaya algebras," J. Algebra 18(1971), 
501-505. In this paper, it is also shown that the stably free R-module P 
constructed above is not free, but 3 . P( = P EEl P EEl P) is free. 

The general study of f.g. projective right modules over Rn = 
D[Xl, ... ,xnl was started by A. Suslin (see Trudy Mat. Inst. Steklov. 
148(1978), 233-252), who proved that if D is finite-dimensional over its 
center Z(D), then any f.g. projective module P of rank(*) > 1 over Rn is 
free. Later, in "Projective modules over polynomial extensions of polyno
mial rings," Invent. Math. 59(1980), 105-117, J. T. Stafford proved that, 
as long as Z(D) is infinite, any f.g. projective right Rn-module is either free 
or else isomorphic to a right ideal of Rn. It follows that (assuming Z(D) 
is infinite), for any projective right ideal P ~ Rn , r . P is in fact free for 
any r 2: 2. 

(Note. The finite direct sum r . P of r copies of P is often written also 
as pr.) 

Ex. 2.4. Let P be a projective right R-module that has R as a direct 
summand. If P EEl Rm ~ Rn where n > m, show that pm+l is free. 

Solution. Say P ~ REEl Q, where Q is a suitable right R-module. Then 

(1) 

On the other hand, 

(2) 

is free. Adding copies of Q to the two sides, and using the fact that n 2: 
m + 1, we see that Rm+l EEl Qm is also free. Going back to (1), we conclude 
that pm+l is free. 

Comment. This exercise is taken from the author's paper, "Series summa
tion of stably free modules," Quart. J. Math. 27(1976), 37-46. 

Ex. 2.5. Suppose R has IBN and f.g. projective right R-modules are free. 
Show that R is stably finite, and hence R satisfies the rank condition. 

(*) Here, the rank of P may be defined as dimD P / P( Xl, ... , xn). 
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Solution. To check that R is stably finite, suppose Rn ~ Rn EEl L, where 
L is some R-module. By assumption, L ~ RS for some s, so IBN yields 
n = n + s. Thus, L = 0, and we have checked that Rn is Dedekind-finite 
for any n; that is, R is stably finite. The fact that R satisfies the rank 
condition now follows from LMR-(1.22). 

Ex. 2.6. Use a cardinality argument to show that the Z-module M = 
Z x Z x ... is not a projective Z-module. (Do not assume that subgroups 
of free abelian groups are free.) 

Solution. We modify the proof given in LMR-(2.8) as follows. Assume 
that M is projective. Then M ~ F for a suitable free abelian group F 
with basis {ei: i E I}. Since P : = Z EEl Z EEl ... ~ M is countable, we 
can decompose I into a disjoint union h U 12 such that h is countable 
and P is contained in the span FI of {ei: i E h}. Let F2 be the span 
of {ei: i E h}. The group M j M n FI has an embedding into the free 
abelian group F j FI ~ F2. We will get a contradiction if we can show that 
M j M n FI contains a nonzero element 0: that is divisible by 2n for any 
n 2: 1. Consider the set 

Since FI is countable but S is not, S contains an element 

a = (2CI' 4C2, 8C3,"') ~ Fl. 

Then 0: : = a + M n FI E Mj(M n Fd\{O} is divisible by 2n for any 
n since 

0: = (2CI,"" 2n-Icn_l, 0, 0, ... ) + (0, ... ,0, 2ncn, 2n+lcn+I,"') + M n FI 

= 2n (0, ... , 0, cn, 2Cn+I,"') + M n Fl. 

Comment. The result in this Exercise is due to Reinhold Baer. In connec
tion to this classical result, one can ask a number of questions, the answers 
to which mayor may not be easy. For instance, are the following subgroups 
of M free? 

(1) QI = {(al,a2,"'): an E 2Z for sufficiently large n}. 
(2) Q2 = {(2bl , 4b2, 8b3,.··) : bi E Z}. 
(3) Q3 = {(al,a2," .): the ai's are eventually constant}. 
(4) Q4 = {(aI, a2, .. . ): the ai's are bounded}. 

For QI and Q2, the answers are "no". In fact, QI :2 2M and 2M ~ M is 
not free, so QI cannot be free. The map 

defines an isomorphism from M to Q2, so Q2 is also not free. However, Q3 
and Q4 turn out to be free. In fact, by a general theorem of Specker and 
Nobeling, if X is any set, then any additive group of bounded functions 
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from X to Z (where functions are added pointwise) is free. For the relevant 
literature, see E. Specker: "Additive Gruppen von Folgen ganzen Zahlen," 
Portugaliae Math. 9(1950), 131-140, and G. Nobeling: "Verallgemeinerung 
eines Satzes von Herrn E. Specker," Invent. Math. 6(1968), 41-55. For a 
ring-theoretic treatment of the Specker-Nobeling Theorem and its gener
alizations, see G. Bergman: "Boolean rings of projection maps," J. London 
Math. Soc. 4(1972), 593-598. 

There is, of course, also the question of generalizing the results from 
Z-modules to modules over other rings. Again, the situation is far from 
easy. I. Emmanouil has pointed out to me that the techniques used here 
can be generalized to show that, over any commutative noetherian domain 
R which is not a field, the R-module R x R x '" is not free. Much earlier, 
S. Chase has shown that for any domain R with a nonzero element p such 
that npn R = 0, the left R-module R x R x ... is not projective: see his 
paper "On direct sums and products of modules," Pac. J. Math. 12(1962), 
847-854. 

In general, one can consider arbitrary direct products, instead of just 
countable ones. (This was done in Chase's article, where a lot of useful 
information can be found.) For any infinite set I, the direct product ZI 
is clearly still nonfree, since it contains a copy of ZN. However, another 
theorem of Specker guarantees that any countable subgroup of ZI is free. 
(For a proof, see p. 115 of D. J. S. Robinson's book "A Course in the 
Theory of Groups", Springer-Verlag, 1982.) For general products R1 over 
arbitrary rings, the freeness questions become more murky as it involves 
subtle consideration of cardinal numbers. 

Ex. 2.7. Let P be a f.g. projective right R-module, with a pair of dual 
bases {ai, fi: 1 ~ i ~ n}. For a E P, let a E P** be defined by f a = f(a), 
for every f E P*. (Note that, since P* is a left R-module, we write linear 
functionals on P* on the right.) Show that 

(1) {Ii, ail is a pair of dual bases for P*; 
(2) P* is a f.g. projective left R-module; and 
(3) the natural map E: P ---+ P** defined by E(a) = a (for every a E P) is 
an isomorphism of right R-modules. 

Solution. (1) We must verify that f = I: U ai) fi for every f E P*. 
Indeed, computing the RHS on any a E P, we have 

(L U ai)fi) (a) = L f(ai)fi(a) = f (L adi(a)) = f(a). 

(2) By the Dual Basis Lemma, (1) implies (2). 

(3) In LMR-(2.1O), it is already shown that E is injective. By the equation 
f = I:U ai)fi, we know that {fi} is a generating set for P*. Applying 
this conclusion to the pair of dual bases {Ii, ai} for P*, we see that {ad 
is a generating set for P**. Since ai = E( ai), it follows that E : P ---+ P** is 
surjective, so E is an isomorphism. 
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Comment. The fact that c : P --+ P** is an isomorphism (in case P is f.g. 
projective) can also be proved by making a reduction to the case where 
P is f.g. free. In the case P = RR, we have P* = RR, and P** = RR, 
(using suitable identifications). The map c is now the identity map from R 
to R. Taking finite direct sums, we see that c is also an isomorphism for 
P = Rn. For a general f.g. projective module P, fix a module Q such that 
P EB Q ~ Rn. Since cPtBQ = cp EB cQ is an isomorphism, it follows that cp 

is also an isomorphism. 
What about the f.g. assumption? Ostensibly, the formal calculation in 

(1) above works for any pair of dual bases {ai,fi}. However, this is not 
so. If the set {ai,Jd is infinite, we have no way of knowing that, for any 
f E P*, f o'i = f (ai) is zero for all but finitely many i. Without this, the 
sum Li (J o'i) fi becomes meaningless. More information on the relation be
tween P and P** in the non-f.g. case can be found in the next two exercises. 

Ex. 2.8. Give examples of (necessarily non-f.g.) projective right R-modules 
P, PI such that (1) the first dual P* of P is not a projective left R-module, 
and (2) the natural embedding of PI into Pi* is not an isomorphism. 

Solution. (1) Let R = Z, and let P be the non-f.g. free R-module 
Z EB Z EB .... Then 

P* = Homz (Z EB Z EB···, Z) ~ Z x Z x .... 

By LMR-(2.8), this is not a projective Z-module. 

(2) Let R = Q, and PI = QEBQEB···, a (free) Q-vector space of countable 
dimension. As in (1), we have Pi ~ Q x Q x ... , which is a Q-vector space 
of uncountable dimension. Clearly, its dual Pt* is also a Ql-vector space of 
uncountable dimension. Therefore, the natural embedding c : PI --+ pr 
cannot be an isomorphism. 

Comment. In the solution to (2), we worked with the field Ql since the fact 
that Q is countable makes it easy to see that Q x Q x ... is of uncountable 
Q-dimension. In general, it is true that k x k x ... is of uncountable k
dimension over any field k, so we could have chosen PI = k EB k EB ... over 
any field k in the solution of (2). 

Ex. 2.8'. (Extra Credit) Let M be the Z-module Z x Z x ... and let 
el, e2, ... E M be the standard unit vectors. 

(1) For any f E Homz(M, Z), show that f(ei) = 0 for almost all i. 

(2) Using (1), show that, for the free Z-module P = ZEBZEB···, the natural 
map c: P --+ P** is an isomorphism. 

Solution. We first prove (2), assuming (1). Since P is Z-free, c is an 
injection by LMR-(2.1O). To show that c is a surjection, consider any 
f E Homz(P*,Z). As in Exercise 8, we may identify P* with M. By (1), 
there exists n such that f(ei) = 0 for i > n. Let N = Zen+1 x Zen+2 x ... , 
and let 9 = fiN. Since 9 is zero on Zen+1 EBZen+2 EB ... , LMR-(2.8)' implies 
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that 9 == 0. Therefore, for ai = f(ei)(i ~ 1) and a = (al,a2,"') E P, we 
have 

f(XI,X2,"') = f(XI,'" ,xn,O, ... ) + f(O, ... ,0,Xn+I,Xn+2,"') 

= xd(ed + ... + xnf(en) 

= ",",00 Xiai 
L....i=l 

= c:(a)(xI,x2"")' 

Thus, f = c:(a), as desired. 
To prove (1), let us assume, instead, that f(ei) =f. 0 for infinitely many 

i's. By keeping only these i's, we may assume that f(ei) =f. 0 for all 
i ~ 1. Also, replacing ei by -ei if necessary, we may assume that each 
ai : = f(ei) > 0. Fix any prime p f aI, and define two sequences {Yn, Xn : 
n ~ I} ~ N inductively on n as follows: YI = Xl = 1, and for n > 1, Yn = 
Xlal + ... + Xn-l an-I, Xn = PYn' Note that 

Yn = Yn-l + Xn-l an-l = Yn-l(l + pan-d (Vn ~ 2), 

so Xn = PYn is divisible by Yi for all i ::; n. Now, for any n: 

f(XI, X2,"') = f(XI,"" Xn-l, 0, 0, ... ) + f(O, ... , 0, Xn, Xn+l,"') 

= Yn + f(O, ... ,0,Xn,Xn+I,"') 

is divisible by Yn (since each of Xn, Xn+l, ... is). As the sequence Yn ~ 00, 

this implies that f(XI,X2,' .. ) = 0. From 

f(XI,X2,"') = f(l,O,O, ... ) + f(0,PY2,PY3,"') 

= al + pf(O, Y2, Y2,"')' 

We have therefore pial, a contradiction! 

Comment. The analysis of the homomorphisms from M = Z x Z x ... 
to Z comes from E. Specker's study of "growth types"; see his paper 
referenced in the Comment on Exercise 6. In particular, Specker showed 
that the Z-dual of M is P = Z EEl Z EEl .... The generalization of this to 
an arbitrary direct product M = ZI was taken up by E. C. Zeeman, in 
what appears to be his maiden paper, "On direct sums of free cycles," J. 
London Math. Soc. 30(1955), 195-212. Zeeman showed that the Z-dual of 
the direct product ZI is the direct sum Z(I), assuming, however, the "axiom 
of accessibility of ordinals." Zeeman's work was motivated by algebraic 
topology. He remarked that Z(I) and ZI are the groups of finite integral 
chains and infinite integral cochains, so the statement that 

Homz(ZI, Z) ~ Z(I) (along with Homz(Z(I), Z) ~ ZI) 

expresses a duality between them. Our ad hoc treatment in the case I = N 
follows the paper of G. A. Reid, "Almost free abelian groups," Tulane 
University Lecture Notes, 1966/67. I thank Rad Dimitric for pointing out 
the references above, as well as for providing the remarks below. 
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In general, over any ring R, a right R-module E is said to be slender 
if, for any R-homomorphism 

f: R x R x··· ----7 E, 

we have f (ei) = 0 for almost all i (where, as before, el, e2, . .. are the 
standard unit vectors in R x R x ... ). Part (1) of the Exercise says precisely 
that the Z-module Z is slender. Let us say that a ring R is (right) slender 
if the right regular module RR is slender; it is known that this is the case 
iff the free right R-module P = REB REB· .. is "reflexive", i.e. isomorphic 
to its double dual by the map c. (This, however, need not imply that 
any free right R-module is reflexive.) There do exist rings which are not 
slender. For instance, any field k is certainly non-slender; see the Comment 
on Exercise 8. It might appear to a casual reader that the proof for Z 
being slender in this exercise would generalize to show that a PID with 
a nonzero prime element p is slender. This is not the case since the ring 
R = Zp of p-adic integers turns out to be not slender. An R-homomorphism 
f: R x R x ... ----7 R with f(ei) -=f. 0 for all i is given by 

f(al, a2, ... ) = ",00 an pn, 
L.....n=1 

noting that the series E~=I an pn is convergent in Zp since the n-th term 
an pn ----7 0 in the ultrametric topology. More generally, any module that 
is complete in a nondiscrete metrizable linear topology is not slender. 
For this and much more information on slender modules/rings and their 
applications, see Dimitric's forthcoming book "Products, Sums and Chains 
of Modules," Cambridge University Press. 

Ex. 2.9. Let R = Z [eJ (e 2 = -5) be the full ring of algebraic integers 
in the number field Q( e). 

(A) Show that the ideal IB = (3, 1 + e) is invertible, and compute IB-I 

explicitly. 
(B) Show that IB and the ideal Q( = (2, l+e) (considered in LMR-(2.19D)) 
represent the same element in Pic(R). 
(C) Show that Q(EBQ( is free of rank 2, and construct a basis for it explicitly. 

Solution. We first compute IB-I = {x E Q(e) : xlB <::;; R}. Since 3 E IB, 
any element in IB-I has the form x = (a + be)/3 where a, b E Z. The 
condition for x E IB-I is that (a + be) (1 + e) E 3R. Now 

(a + be)(1 + e) = (a - 5b) + (a + b)O, 

so the condition is 31(a + b). Writing a = 3n - b (where n E Z), we have 

x = (3n - b) + be = n _ b. 1 - O. 
3 3 

Therefore, IB-I = Z ·1 + Z· (j where (j = (1 - 0)/3. Since IBIB-I contains 

3·1- (1 + 0) . (j = 3 - (1 - 02 )/3 = 3 - 2 = 1, 
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we see that lBlB-1 = R, so lB is an invertible ideal. (Of course, R is a 
Dedekind ring, so we expect every nonzero ideal to be invertible.) Moreover, 

(1) a ·lB = a(3, 1 + 0) = (1 - 0, 2) = (2,1 + 0) = m, 
so multiplication by a gives an R-isomorphism from lB to m. In particular, 
[lB] = [m] E Pic(R). 

Clearly, m, lB are comaximal ideals, so mlB = m n lB. We have therefore 
an exact sequence: 

(2) h k o ------> m lB ------> m Ell lB ------> R ------> 0, 

where h(e) = [e, -e] for e E mlB, and k[a, b] = a + b for a E m and bE lB. 
(Here, we use square brackets to express the elements of the external direct 
sum.) Now 

mlB = (6, 2(1 + 0), 3(1 + 0), 2(0 - 2)) = (6, 1 + 0, 2(0 - 2)) 

is just (1 + O)R, since 2(0 - 2) = 2(1 + 0) - 6 and 6 = (1 + 0) (1 - 0). 
Therefore, from the (split) exact sequence (2), we have 

(3) 

A free R-basis for m Ell lB is thus given by 

(4) el = [-2, 3] and e2 = h(1 + 0) = [1 + 0, -(1 + 0)]. 

In view of (1), a free R-basis for m Ell m is given by 

(5) II = [-2, 3a] = [-2, 1-0] and 12 = [1+0, -a(I+0)] = [1+0, -2]. 

For a little computational fun, we might also check directly that II, 12 are 
linearly independent in m Ell m and that they do span this R-module. 

The former follows quickly from the fact that 

det C -=-20 1 ~20) = 4 - (1 - ( 2 ) = -2 ¥= 0, 

and the latter follows from the equations 

(6) 
(7) 
(8) 
(9) 

2II + (1 - 0)12 = [2, 0], 
(1 + O)II + 312 = [1 + 0, 0], 

(1 + O)II + 212 = [0, 2], 
(-2 + O)II + (1 + 0)12 = [0, 1 + 0], 

and the fact that the four elements on the right generate m Ell m. 
Comment. It is well-known that Q(O) has class number 2, so Pic(R) ~ 

7l../27l... Since ~ is not a principal ideal (See LMR-(2.19D)), we have in fact 
Pic(R) = {I, [m]} = {I, [lB]}. In general, it follows from the Steinitz 
Isomorphism 

A Ell B ~ R Ell AB ~ R Ell (A ® B) 
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(for nonzero ideals A, B in a Dedekind ring R) that, if [AJ E Pic(R) has 
order m < 00, then A EEl ... EEl A (n copies) is R-free iff min. 

Ex. 2.10. (1) Show that a Dedekind ring R has trivial Picard group iff R 
is a PID, iff R is a unique factorization domain. (2) Deduce from (1) that 
a semilocal Dedekind ring is a PID. 

Solution. (1) If R is a PID, it is well-known that R is a UFD. If R is a 
UFD, then LMR-(2.22) (F) gives Pic(R) = {I}. Finally, if Pic(R) = {I}, 
then every invertible ideal in R is principal. Since R is a Dedekind ring, 
every nonzero ideal is invertible, and hence principal. This shows that R is 
a PID. 

(2) If R is (commutative) semilocal, we know from LMR-(2.22)(D) that 
Pic(R) = {I}. If R is also Dedekind, then (1) shows that R is a PID. 

Comment. For a more powerful statement than (2), see Ex. 2.11B(2) below. 

Ex. 2.llA. (Quartararo-Butts) (1) Let I be a f.g. ideal in a commutative 
ring R such that annR(I) = o. If AI' ... ' An are proper ideals of R, show 
that U~=l (Ai I) S;; I. (2) Show that, if an invertible ideal of R is contained 
in the union of a finite number of ideals in R, then it is contained in one 
of them. 

Solution. (1) We induct on n. To start the induction, we must show first 
Al I <;;: I. If Al I = I, then, since I is f.g., a familiar determinant argument 
shows that (a-l)I = 0 for some a E AI. But annR(I) = 0, so a = I, which 
contradicts Al i- R. For n ;::: 2, we may assume that the desired conclusion 
is true for n - 1 ideals. 

Case 1. Al + A2 i- R. By the inductive hypothesis, there exists x E I such 
that x ~ (AI + A2 ) I and x ~ U~=3 (Ai I). Clearly, x ~ Aj I for all j. 

Case 2. In view of Case 1, we may assume here that the ideals AI, ... , An 
are pairwise comaximal. Then each Ai is also comaximal to Bi = I1#i Aj . 
If BiI s;:;; Ail for some i, then 

which is impossible by the case n = 1. Thus, for each i, there exists 
Xi E BiI\AJ For x = Xl + ... + Xn E I, we have then x ~ U~=l (Ai I), as 
desired. 

(2) Suppose an invertible ideal I is not contained in anyone of the ideals 
C1, ... , Cn. Then C~ : = Ci n I S;; I. Let I-I denote the usual "inverse" of 
I in the total ring of quotients of R. Then each CII- l is a proper ideal of 
R (for CII- l = R would imply C: = I by multiplication by I). Since I is 
f.g. (by LMR-(2.17)), and 

annR (I) s;:;; annR (I rl) = annR (R) = 0, 
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we can apply (1) to get 

I :J Un ((C~ I-I) I) = Un C' ..... i=l 2 i=l t' 

which clearly implies I ct U~=l Ci . 

Comment. The above results appeared in the paper of P. Quartararo and 
H.S. Butts: "Finite unions of ideals and modules", Proc. Amer. Math. Soc. 
52(1975),91-96. The special case of (1) for invertible ideals I has appeared 
earlier in the paper of R. Gilmer and W. Heinzer: "On the number of 
generators of an invertible ideal", J. Algebra 14(1970), 139-151. 

Quartararo and Butts defined an R-module M to be a u-module if 
M = Ml + ... + Mn for submodules {Ml , ... , Mn} implies that M = Mi 
for some i. Part (2) of this exercise is tantamount to the assertion that 
any invertible ideal in R is a u-module over R. A (commutative) ring R 
is called a u-ring if every ideal in R is a u-module, and a urn-ring if (more 
strongly) every R-module is a u-module. Such rings are characterized in 
the paper of Quartararo and Butts cited above. 

Ex.2.11B. (Gilmer-Heinzer) Let I be an invertible ideal in a commutative 
ring R. If an element a E I is contained in only finitely many maximal ideals 
ml, ... , mn of R, show that 1= Ra + Rb for some bEl. 

Solution. By Ex. 2.11A(1) (applied to our invertible ideal l), there exists 
an element bE 1\ U~=l (mil). Let B be the ideal I-lb. Then IB = Rb, and 
b ~ mil implies that B ct mi for each i. It follows that Ra + B is contained 
in no maximal ideals of R, and so Ra + B = R. Multiplying this equation 
by I, we get aI + Rb = I, and a fortiori, 1= Ra + Rb. 

Comment. This exercise may be thought of as a generalization of the fact 
that, in a (commutative) semilocal ring, any invertible ideal is principal. In 
fact, this statement corresponds precisely to the case a = O. 

The result in this exercise appeared in the paper of Gilmer and Heinzer 
cited in the Comment on Ex. 2.11A. The proof above shows that the result 
can be improved a bit. The conclusion of the exercise would have held if we 
had imposed a weaker hypothesis, namely, that the ideal I-la is contained 
in only a finite number of maximal ideals ml, ... ,mn . Under this hypothesis 
(and by the same work), we would have I-la + B = R, and multiplication 
by I would have given Ra + Rb = I for a tighter argument. 

An interesting corollary of the Gilmer-Heinzer result is the following: if 
every non O-divisor in a commutative ring R is contained in only finitely 
many maximal ideals, then every invertible ideal of R is generated by two 
elements a, b, where a can be any prescribed non O-divisor in I (which 
always exists by LMR-(2.17)). For a comparable result, see Ex. 2.11D 
below. 

Ex. 2.11C. For any Dedekind domain R, deduce the following conclusions 
from the last exercise: 
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(1) For any ideal 1 ~ R and any nonzero element a E R, there exists bE 1 
such that 1 = Ra + Rb. 
(2) R is either J-semisimple or a PID. 

Solution. (1) follows from the last paragraph of the Comment on 
Ex. 2.11B, since any nonzero ideal of a Dedekind ring R is invertible, and 
any nonzero element in R is divisible by only finitely many prime ideals of 
R. 
(2) Say J : = rad(R) =I- O. For any nonzero ideal 1, we have J. 1 =I- 0, so 
there exists a nonzero element a E J . 1 ~ 1. By (1), we have 1 = Ra + Rb 
for some bE 1. This yields 1 = J. 1 + Rb, so Nakayama's Lemma implies 
that 1 = Rb. 

Comment. (1) above is a well-known classical result, but (2) seems to have 
been observed in few textbooks. The latter is a rather striking statement: 
for instance, it "subsumes" the fact (Ex. 2.10(2)) that a semilocal Dedekind 
ring is a PID. (If a Dedekind ring R has only finitely many maximal ideals 
ml, ... , mn , then 

0=1- ml"·m C nn m· = rad(R) 
n - i=l ' , 

and this implies that R is a PID by (2).) 

Ex. 2.llD. (Gilmer, Matlis) If an invertible ideal 1 in a commutative ring 
R is contained in only finitely many maximal ideals ml, ... , mn of R, show 
that 1 = Ra + Rb for some a, b E 1. 

Solution. As in the solution to Ex. 2.11B, there exists an element b E 

1\ U~=l mJ The ideal 1-1b cannot be contained in any mi (since 1-1b ~ mi 
would imply that bE mJ, by the invertibility of 1). Therefore, 1 + 1- 1b is 
contained in no maximal ideals of R, and so 1 +1- 1b = R. Multiplying this 
equation by 1, we get 12 + Rb = 1. Now the ideal 1/ Rb in the ring R/ Rb 
is f.g. and idempotent. By LMR-(2.43), this implies that 1/ Rb is generated 
by a suitable (idempotent) element a + Rb in R/ Rb. From this, we have 
clearly 1 = Ra + Rb. 

Comment. The result in this exercise appeared in E. Matlis's paper: 
"Decomposable modules", Trans. Amer. Math. Soc. 125(1966),147-179, 
and somewhat later in the Gilmer-Heinzer paper cited in the Comment on 
Ex. 2.11A. In a footnote to the latter paper commenting on this result, 
Gilmer and Heinzer stated that "We may have been aware of its validity 
before Matlis was", citing another related result given without proof in 
Gilmer's paper "Overrings of Priifer rings" in J. Algebra 4(1966),331-340. 

Since Priifer domains are natural generalizations of Dedekind domains, 
the results in Ex. 2.11B-D put into focus the question whether any f.g. 
ideal in a Priifer domain is 2-generated (i.e. generated by two elements). 
This was proved to be the case for Priifer domains of (Krull) dimension 1 by 
J. Sally and W. Vasconcelos in "Stable rings", J. Pure & Applied Algebra 
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4(1974), 319-336. But for dimension 2, the question was later answered in 
the negative by H.-W. Schiilting in his paper: "Uber die Erzeugendenanzahl 
invertierbarer Ideale in Priiferringen", Comm. Algebra 7(1979),1331-1349. 
Schiilting considered the "real holomorphy ring" of the rational function 
field lR. (x, y). This is a Priifer domain of dimension 2, and Schiilting showed 
that the fractional ideal generated by {I, x, y} is not 2-generated. Prior to 
Schiilting's result, RC. Heitmann has shown that, in any (commutative) 
domain of dimension n, any invertible ideal is (n + 1 )-generated; see his 
paper: "Generating ideals in Priifer domains", Pac. J. Math. 62(1976), 
117-126. Later, for any n, R Swan constructed an n-dimensional Priifer 
domain with a f.g. ideal that is (necessarily) (n + I)-generated, but not 
n-generated; see his paper "n-generator ideals in Priifer domains" , Pac. J. 
Math. 111(1984), 433-446. 

Ex. 2.12. Let R be a commutative local ring. Since Pic(R) = {I} by 
LMR-(2.22)(C), we know that any invertible ideal [ of R is principal. Give 
a direct proof for this fact without using the notion of projective modules. 

Solution. Since [is invertible, there exists an equation ~i biai = 1, where 
ai E [ and bi E [-1 ~ Q (the total ring of quotients of R). Since R is a local 
ring, we may assume that u : = b1a1 E U (R) (see FC-(19.1)(5")). Then, 
for any a E [, we have a = a1(b1a)u- 1 E a1R, so [= a1R, as desired. 

Ex. 2.13. In LMR-§2D, it is stated that "Pic" is a covariant functor from 
the category of commutative rings to the category of abelian groups. Supply 
the details for a full verification of this fact. 

Solution. Let P be any f.g. projective (right) R-module of rank 1, and let 
f: R --> 8 be any homomorphism from R to a commutative ring 8. We 
know already that P 0R 8 is a f.g. projective 8-module. Let us now verify 
that it has rank 1. For any prime ideal SiJ of 8, P = f-1(SiJ) is a prime ideal 
in R, and we have a commutative diagram 

f R _____ .8 

I f' I 
Rp -----+-. 8,+, 

where f' is a "localization" of f. Since the localization Pp has rank 1, we 
have 

(P 0R 8) 08 8,+, ~ (P 0R Rp) 0Rp 8,+, ~ Rp 0Rp 8,+, ~ 8,+,. 

This checks that P 0R 8 is a rank 1 (f.g. projective) 8-module. Therefore 
[P] ~ [P 0R S] defines a map 

f* : Pic (R) --> Pic (8). 

For [P], [Q] E Pic(R), we have a map 

'P: (P 0 R 8) 08 (Q 0 R 8) ---t (P 0 R Q) 0 R 8 
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defined by <p((p ® s) ® (q ® s')) = (p ® q) ® ss' with an inverse defined by 
(p ® q) ® s f-4 (p ® s) ® (q ® 1). It is easy to check that <p is an 5-module 
homomorphism, so it is an isomorphism. We have therefore 

f* [Pl' f*[Q] = [P ®R 5j· [Q ®R 5] 
= [(P ®R 5) ®s (Q ®R 5)] 
= [(P®RQ) ®R5] 

= f* [P®RQ] 
= f* ([P] . [Q]), 

which shows that f* is a group homomorphism. If f: R -> 5 and 9 : 
5 -> T are homomorphisms of commutative rings, it is routine to verify 
that (g 0 f)* = g* 0 f* as group homomorphisms from Pic(R) to Pic(T). 
Therefore, "Pic" is a covariant functor from the category of commutative 
rings to the category of abelian groups. 

Ex. 2.14. Let R be the (commutative) ring of real-valued continuous 
functions on [0, 1], with pointwise addition and multiplication for functions. 
Let 

P = {f E R: f vanishes on [O,E] for some E = E(f) E (0, I)}. 

Show that P is the union of a strictly ascending chain of principal ideals 
Al ~ A2 ~ ... in R (In particular, R does not satisfy ACC on principal 
ideals. ) 

Solution. For n :::: 2, let an E P be the piecewise linear function [0, 1] -> lR 
which is zero on [0, lin] and whose graph on [lin, 1] is the line segment 
joining the two points (lin, 0) and (1, 1). Note that an+! rt anR since 
any function in anR must vanish on [l/(n + 1), lin] but an+l doesn't. On 
the other hand, an E an+1R. To see this, define a function gn on [0, 1] by 
gn(x) = a if x E [0, lin], and gn(x) = an(x)lan+l(x) if x E (lin, 1]. This 
gn is continuous on (l/(n + 1), 1) and is zero on [0, lin], so gn E R. It 
follows that an = an+! . gn E an+! R, and we have an ascending chain of 
principal ideals 

a2R ~ a3R ~ . .. ~ anR ~ ... 

in P. For any f E P, take n E N such that f vanishes on [0, lin]. Using the 
above argument for f (instead of an), we see that f E an+!R. Therefore, 
P = Un2:2 anR, as desired. 

Comment. The reason the ideal P is of interest is that it is a count ably 
(but not finitely) generated projective R-module. This is shown in LMR
(2.l2D). 

Ex. 2.15. (1) Let R be a commutative ring, with [Pj [Qj = 1 in Pic(R). If 
P can be generated by two elements, show that P EB Q 3:! R2. (2) For the 
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Schanuel modules 

introduced in LMR-(2.15), construct an explicit isomorphism Pr ffi P- r S:' 
R2. 

Solution. (1) Since P can be generated by two elements, there exists a 
surjection 0:: R2 ---» P. Therefore, P ffi pI S:' R2 where pI = ker(o:). 
Forming the exterior algebras of the two sides, we get 

A (R2) S:' A (P ffi PI) 
S:' A (P) ® A (PI) 

S:' (RffiP) ® (RffiPI) 
S:' R ffi (P ffi PI) ffi (P ® PI) . 

Therefore, we must have 

P ® pI S:' A 2(R2) S:' R, and P ffi pI S:' Al (R2) S:' R2. 

The former shows that pI S:' P* S:' Q, so the latter yields P ffi Q S:' R2. 

(2) Let us first recall the construction of Schanuel modules. Let S be a 
commutative ring containing R, and let 9 E S be an element such 
that g2, g3 E R (and therefore gn E R for all n 2: 2). For any r E R, the 
R-submodule Pr = (l+rg, g2) <;::: S generated by l+rg and g2 is projective 
of rank 1, called a Schanuel module. A direct calculation (see LMR-(2.15)) 
shows that the inverse of [Prj E Pic(R) is given by the Schanuel module 
P- r . Thus, by the general fact proved in (1), we should have PrffiP- r ~ R2. 
The point of (2) is to construct an explicit isomorphism. 

The procedure for finding such an isomorphism is to set up first the 
surjection 0:: R2 ---» Pr defined by 

o:(el) = 1 + rg, 0:(e2) = g2, 

where {el' e2} is the standard basis for R2. The rest of the calculation 
consists of showing that ker( 0:) S:' P -r' In order to shorten the calculation, 
we shall only present the net results below. 

Along with 0:: R2 ---» Pr constructed above, let us set up another 
homomorphism (3: R2 --+ P- r = (1 - rg, g2), defined by 

(3(ed = _r4 g2, (3(e2) = (1 + r2g2) (1 - rg). 

We shall verify that the map (0:, (3): R2 --+ Pr ffi P- r is onto. Since both 
R2 and Pr ffi P -r are projective of rank 2, the map (0:, (3) must then be an 
isomorphism. Consider the following elements in R2: 

II = (1 - r 4g4) el + r4g2 (1 + rg) e2, 

h = g2 (1 + r 2l) (1 - rg) el + r4g4 e2, 

h = _g4 el + g2 (1 + rg) e2, 
f4 = _g2 (1 + r2g2) (1 - rg) el + (1 - r4l) e2. 
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By direct computations: 

{ a (fd = (1 - r 4g4) (1 + rg) + r 4g2 (1 + rg) g2 = 1 + rg, 
(3 (fd = (1 - r 4g4) (_r 4g2) + r 4g2 (1 + rg) (1 - rg) (1 + r2g2) = 0, 

{ a (iz) = g2 (1 + r2g2) (1- rg) (1 + rg) + r 4g4g2 = g2, 
(3 (iz) = g2 (1 + r2g2) (1 - rg) (_r 4g2) + r 4g4 (1 + r2g2) (1 - rg) = 0. 

This shows that the image of (a, (3): R2 -+ Pr EB P- r contains Pro We 
finish by showing that the image of (a, (3) also contains P- r . For this, we 
compute 

{ a (h) = -g4(I+rg)+g2(I+rg)g2 =0, 
(3 (h) = _g4 (_r 4g2) + g2 (1 + rg) (1 - rg) (1 + r2g2) = g2, 

{
a (f4) = _g2 (1 + r2g2) (1 - rg) (1 + rg) + (1 - r 4g4 ) g2 = 0, 
(3 (f4) = -g2(1 + r2g2) (l-rg) (_r 4g2 ) + (l_r 4g4) (1 + r2g2) (1- rg) 

= (l+r 2g2)(I-rg). 

This shows that the image of a EB (3 contains ° EB Q where Q is the 
R-submodule (g2, (1 + r2g2)(1 - rg)) ~ P- r . Noting that g2(1 - rg) 
g2 _ rg3 E R, we see that Q also contains 

Therefore, Q = P- r , and we have shown that im (a, (3) ::2 P- r , as 
desired. 

We stress again that the idea of the above calculation is that we de
compose R2 into (Rh + Riz) EB ker(a) with a: Rh + Riz ~ Pr, and then 
construct an explicit isomorphism (3: ker a ~ P -r by realizing ker( a) as 
Rh + Rf4· The upshot of the whole calculation is that the following two 
elements 

[a (el), (3 (edl = [1 + rg, _r4g2] , 

[a (e2) , (3 (e2)l = [g2, (1 + r2g2) (l-rg)] 

form a free basis for the direct sum Pr EB P -r! 

Ex. 2.16. (Modified Projectivity Test) Let lB be a class of objects in 9JtR 
such that any module in 9JtR can be embedded in some module in lB. Show 
that, in testing whether a right module P is projective, it is sufficient to 
check that, for any R-epimorphism g: B -+ C where BE lB and C E 9JtR, 
any R-homomorphism h: P -+ C can be "lifted" to a homomorphism 
f: P-+B(suchthath=gof). 

Solution. Suppose the lifting property above holds for P. To check that 
P is projective, consider any R-epimorphism g' : A -+ D, and any R
homomorphism hi : P -+ D, where A and D are arbitrary right R-modules. 
We would like to "lift" hi to an R-homomorphism 1': P -+ A. 
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Fix an R-module B E IE for which we have an embedding A ~ B. 
Construct the module 

c = (B EB D) /{(a, - g'(a)) : a E A}, 

for which we have the "pushout" diagram 

g' 
A -----I ..... D 

1 
B ___ g_-... C 

where g(b) = (b, 0) and i(d) = (0, d). It is easy to check that i is injective 
and 9 is surjective. Let 

h = i 0 h' : P ---+ C. 

Since B E IE, the given hypothesis implies that there is a homomorphism 
f: P ---+ B such that h = 9 0 f. Now, for any pEP, we have 

h(p) = (0, h'(p)) and (g 0 f) (p) = (f(p) , 0). 

Therefore, (f(p) , 0) - (0, h'(p)) E {(a, -g'(a) : a E A}, which implies that 
f(p) E A. This means that f(P) ~ A. Letting f': P ---+ A be the map 
defined by f (with its codomain B replaced by A), we have then h' = g' 0 f 
(in view of the injectivity of i). 

Comment. Assuming the material in LMR-§3, we'll see that IE may be 
taken, for instance, to be the class of all injective right R-modules. Thus, we 
get a criterion for projective modules formulated in terms of the lift ability 
of homomorphisms to injective modules. 

Ex. 2.17. Let P be a projective right module over a von Neumann regular 
ring R. Show that any f.g. submodule M ~ P is a direct summand of P 
(and hence also a projective module). 

Solution. Since P can be embedded in a free module, we may as well 
assume that P is free. Since M is f.g., we may also assume that P ~ Rn for 
some n < 00. Suppose M can be generated by m elements. By adding copies 
of R to P, we may assume that n 2 m. Then there exists f E EndR(P) 
with f(P) = M. Now 

EndR(P) ~ EndR(Rn) ~ Mn(R) 

is a von Neumann regular ring (see ECRT-(21.10B)). Therefore, there 
exists 9 E EndR(P) such that f = fgf. Then e : = fg is an idempotent 
endomorphism of P. We have 

f(P) = fgf (P) ~ e(P) ~ f(P), 

so M = f(P) = e(P) is a direct summand of P, with direct complement 
(1 - e)(P). 
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Comment. In the case P = RR, this exercise says that any f.g. right 
ideal of R is a direct summand. This is a well-known property of a von 
Neumann regular ring: see FC-(4.23). It gives a good motivation for the 
present exercise. Note that the solution above actually provides another 
proof of this property, independently of FC-(4.23), but using the fact that 
any finite matrix ring over a von Neumann regular ring is von Neumann 
regular. 

The fact that a f.g. submodule of a projective module PR is projective 
actually holds over any right semihereditary ring R, according to LMR
(2.29). 

Ex. 2.18. Show that any f.g. projective right R-module P can be repre
sented as e(Rn), where e: Rn ---) Rn is left multiplication by some idempo
tent matrix (aij) E Mn (R). With respect to this representation, show that 
tr(P) = 'E. RaijR, and deduce that Mn(tr(P)) = Mn(R) e Mn(R). 

Solution. Choose a suitable module Q such that P EB Q = Rn, and let 

be the projection onto P with respect to this decomposition. Then clearly 
e2 = e, and eRn = P. Let aj be the jth column of e (so aj E P), and let fJ 
be the linear functional on P mapping any vector in P to its jth coordinate. 
We claim that {aj, fj: 1::; j ::; n} are a pair of dual bases for P (as in 
the Dual Basis Lemma). In fact, for any vector x = (Xl,"" Xn)t E P, we 
have 

X = ex = (bllXI + bl~X2 + ... ) = I:
j 

(b~j) Xj = I:
j 

ajfJ(x). 

bnlXI + bn2X2 + . . . bnj 

(This calculation is hardly surprising, since the {aj, fJ} on P are con
structed exactly as in the general proof of the Dual Basis Lemma.) 

Now we can calculate the trace ideal tr(P) of P. According to LMR
(2.41), tr(P) is generated as an ideal by the elements {fi(aj)} (with respect 
to any pair of dual bases). Since fi (aj) is just aij, we have tr( P) = 
'E. RaijR. 

To calculate the ideal Mn(R) eMn(R) in Mn(R), we consider the matrix 
product (rEij)e(Ek1r'), where r, r' E R, and Eij , Ekl are matrix units. 
By explicit matrix calculation, we see that 

rEij eEkl r' = rajk r' Ei/. 

Forming sums of matrices of this type, we see that Mn (R) e Mn (R) is just 
Mn(tr(P)). 

Ex. 2.19. If, for any n, any idempotent in Mn(R) is conjugate to some 
diag (1, ... , 1, 0, ... , 0), show that any f.g. projective right R-module is 
free. Show that the converse is also true if R has IBN. 
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Solution. In general, if e, e' are conjugate idempotents in Mn(R), say 
g-le' 9 = e where 9 E GLn(R), then 9 restricts to an R-module isomor
phism eRn --t e'Rn. Now consider any f.g. projective right R-module P. By 
Exercise 18, we can represent P in the form eRn where e = e2 E Mn(R) (for 
some n). By assumption, e is conjugate to some e' = diag(I, ... , 1,0, ... ,0) 
with, say, m ones (m :::; n). Then eRn ~ e' Rn ~ Rm is free. Conversely, 
assume R has IBN, and that any f.g. projective right R-module is free. 
Consider any e = e2 E Mn(R). Then Rn = eRn EEl (ker e), so by the given 
assumption, there exist R-isomorphisms 

for suitable integers m, t. By IBN, we must have n = m + t. Now let 
9 = 'P EEl 't/J, which is an isomorphism from Rn to Rm EEl Rt = Rn, so 
9 E GLn(R). Let e' be the projection from Rn to Rm, so in matrix form 
e' = diag(I, ... , 1,0, ... , 0) with m ones. By the above construction, we 
have clearly ge = e' 9 so e is conjugate to e', as desired. 

Comment. An explicit example of an idempotent matrix not conjugate to 
any diag(l, ... , 1, 0, ... ,0) should help. We know exactly how to construct 
one: using a non-free f.g. projective module. For the Dedekind domain :£::[0] 
with 02 = -5, take the familiar rank 1 projective ideal ~ = (2, 1 + 0) in 
Exercise 9. In that exercise, we worked out a basis 

11 = [-2, 1 - 0], 12 = [1 +0, -2] 

on ~ EEl~. Let 1f E EndR (~EEl~) be the projection map onto the first 
coordinate. Using the basis {11, h} on ~EEl~, and referring to the equations 
(6), (7) in the solution to Exercise 9, we have 

1f Ud [-2,0] = -211 + (0 -1)12, 
1f(h) = [1+0,0] = (0+1)11+ 3/2. 

Therefore 1f "corresponds" to the idempotent matrix e = (0 __ 21 () 11) , 
whose kernel and image are both isomorphic to ~. Since ~ is not free by 

LMR-(2.19) (D), e is not conjugate to G ~). (This fact can be verified 

directly by a matrix computation, using the fact that U(R) = {±1}.) Of 
course, e cannot be conjugate to ° or I2 either. 

Ex. 2.20. For right modules A, B over a ring R, define 

cr = GA, B: B 12)R A* ---t HomR(A, B) 

by cr(b 12) J)(a) = bf(a), where b E B, a E A, and f E A* = HomR (A, R). 
(Recall that A* E RV1t.) Show that, for any given A E V1tR, the following 
are equivalent: 
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(1) A is a f.g. projective module. 
(2) (JA, B : B ®R A* ----+ HomR(A, B) is an isomorphism for all B E 9J't R. 
(3) (JB, A: A ®R B* ----+ HomR(B, A) is an isomorphism for all B E 9J't R. 
(4) (JA, A: A ®R A* ----+ EndR(A) is an epimorphism (resp. isomorphism). 

Solution. We shall show (1) ==} (2) ==} (4) ==} (1), and (1) ==} (3) ==} (4). 

(1) ==} (2) and (3). We fix a pair of dual bases {ai, fi : l ::::; i ::::; n} for A. 
Construct 

T : HomR (A, B) ----+ B ®R A* by T(h) = L h(ai) ® fi, 

p: HomR (B, A) ----+ A ®R B* by p(g) = L ai ® (Jig), 

where h E HomR(A, B) and g E HomR(B, A). We claim that T, pare 
respectively the inverses for (J A, Band (J B, A. Indeed 

for any a E A, so (J A,BT = Id. Also, 

T(JA,B(b®f) = L(JA,B(b®f) (ai)®fi 

= L bf(ai) ® Ii 

= b ® L f(ai)fi 

=b®f 

in view of Exercise 2.7(1). Therefore, TOA, B = Id. The prooffor p being the 
inverse for OB,A is similar (and easier since it doesn't use Exercise 2.7(1)). 

(3) ==} (4) and (2) ==} (4) are trivial. 

(4) ==} (1). Let 2: ai ® fi E A ®R A* be a preimage ofIdA E EndR(A) 
under the surjection (J A, A. Then for any a E A: 

a = (JA,A (Lai ® fi) (a) = L adi(a). 

By the Dual Basis Lemma LMR-(2.9), A is a f.g. projective R-module. 

In Exercises 21-31 below, R denotes a commutative ring. 

Ex. 2.21. (Bourbaki) Let PR be a f.g. R-module. We say that P is locally 
free if the localization Pp of P at any maximal (or prime) ideal p is free 
over the local ring Rp. (It turns out that these P's are exactly the f.g. 
flat modules; see Exercise 4.15.) For such a locally free (f.g.) module P, 
define rk P : Spec R ----+ Z by (rk P)(p) = the (uniquely defined) rank of 
the free module Pp over Rp. Here, Z is given the discrete topology, and 
the prime spectrum Spec R is given the Zariski topology. (The Zariski 
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closed sets are of the form V(m) = {p: p;2 m}, where m ranges over the 
ideals of R.) Show that the following are equivalent: 

(1) P is a projective R-module. 
(2) P is finitely presented; that is, there exists an exact sequence Rm -+ 

Rn -+ P -+ 0 for some integers m, n. 
(3) rk P is a continuous function from Spec R to Z. 
(4) rk P is a "locally constant" function; i.e., for any p E Spec R, rk P is 
constant on a suitable neighborhood of p. 

Solution. Since Z here is given the discrete topology, the continuity of 
rk P: Spec R -+ Z amounts to the fact that the preimage of any singleton 
set is open. This in turn amounts to the fact that the function rk P is 
locally constant. Thus, we have (3) {:} (4). Since clearly (1) =} (2), it will 
suffice to show that (4) =} (2) and (2) =} (1) + (4). 

(2) =} (1)+(4). Assume P is finitely presented. Then, for any R-module 
N and any multiplicative set S <;;; R, the natural map 

is an isomorphism. This is easily proved by first checking the case where 
P ~ Rk (for any finite k), and then going to the case of a finitely presented 
P by using 

Rm ----+ Rn ----+ P ----+ 0 

and the left-exactness of "Hom" (cf. Exercise 4.12). Suppose (rk P)(p) = k 
at a given prime p. Then there is an isomorphism R~ ~ P p• Using the 
isomorphism (*) for S = R \ p, it is easy to construct an element f E S for 
which there is an isomorphism R7 ~ Pf' (Here and in the following, the 
subscript f means localization at {Ii : i 2 o}.) Therefore, rk P takes the 
constant value k on the open neighborhood 

D(f) : = {p E Spec R: f tJ. p} 

of p. This checks (4). To check (1), we must show that, for any surjection 
A --* B of R-modules, the induced map 

is also a surjection. It suffices to check that Pp is surjective for any prime 
p. Using (*), we can "identify" Pp with the map 

HomRp (Pp,Ap) ----+ HomRp (Pp,Bp) , 

which is certainly surjective since Pp is free. 

(4) =} (2). (Sketch) Assuming (4), we first prove the following: 

(t) For any prime p, there exists f tJ. p such that P f is Rf-free. 
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To see this, let k = (rkP)(p). Since P is f.g., we can find an R
homomorphism T : Rk ----t P which localizes to an Rp-isomorphism Tp : 
R; ----t Pp. Then, for a suitable 9 ~ p, T localizes to an Rg-epimorphism 
R; ----t Pg • Now, by our assumption (4), there exists an h ~ P such that Pp' 
is free of rank k over R p' for any p' E D(h). By rank consideration, we see 
that Tp' : R;, ----t Pp' is an isomorphism for every p' E D(f), where I : = gh. 
This means that Tj : RJ ----t P j localizes to an isomorphism at every prime 
of Rj, so Tj is itself an isomorphism. This proves (t). From this, it follows 
that the set of I E R for which Pj is Rrfree generates the unit ideal in 
R. Therefore, there exists a finite set {II, ... , Ir} c::.; R with 2: Rli = R 
such that Pji is RJ.-free for all i. Now let T = rI=l Rji' and consider the 
natural (injective) map R ----t T. Since 2: Rli = R, the functor - ®R T from 
R-modules to T-modules is exact. Fix any exact sequence of R-modules 

o ----t X ----t Rn ----t P ----t O. 

If we can show that X is f.g., then P is finitely presented. Tensoring the 
above sequence with T, we get 

o ----t X®RT ----tTn ----tP®RT----tO. 

Since each P®RR/i 9! Pji is Rji-free, the T-module P ®RT is projective. 
Thus the last sequence splits, so X ®RT is f.g. as a T-module. Pick elements 
{Xi ®ti: 1::; i ::; N} which generate X ® R T, and let Y = 2: RXi c::.; X. 
Then X ®R T = Y ®R T leads to (X/Y) ®R T = 0, which in turn leads 
to X/Y = O. Therefore X = Y = 2: RXi is f.g., as desired! 

Comment. The proof of the last implication (4) => (2) above is a bit 
sketchy. We did not include all the details in order to keep the length 
of the proof within reasonable bounds. Readers who desire to see more 
details should consult Bourbaki's "Commutative Algebra," pp. 109-111, 
Hermann/ Addison-Wesley, 1972, or the author's "Serre's Problem on Pro
jective Modules", Chapter I, Monographs in Math., Springer-Verlag, 2006. 

The argument used in the last part of the proof of (4) => (2) is known 
as the method of "faithfully flat descent." We have couched the argument 
in such a way that we can reach the desired conclusions without another 
axiomatic detour. A more detailed treatment of faithfully flat descent can 
be found in LMR-§4H. 

In general, a I. g. locally free (= f.g. fiat) module P over a commutative 
ring R need not be projective. For instance, Let R be any non-noetherian 
commutative von Neumann regular ring, and let I be a non-principal ideal. 
Let P be the cyclic R-module R/ I. Then P is locally free since every 
localization Rp(p E Spec R) is a field by LMR-(3.71). However, P is not 
projective, for otherwise 0 ----t I ----t R ----t P ----t 0 would split, and I would 
be a principal ideal. For certain classes of rings (e.g. noetherian rings), f.g. 
flat modules will be projective. For results of this nature, see LMR-( 4.38) 
and Exercises (4.16), (4.21). 
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Ex. 2.22. Keeping the notations in Exercise 21, show that a subset S ~ 

Spec R is clop en (closed and open) iff S = V(eR) for some idempotent 
e E R. Using this, show that the following statements are equivalent for 
any nonzero ring R: 

(a) R has no idempotents other than 0, 1. 
(b) Spec R is connected. 
(c) Every f.g. projective R-module has constant rank. 

Solution. We first prove the equivalence of (a), (b) and (c), assuming the 
first part of the exercise. 

(a) =} (b). Suppose Spec R = S U T, where S, T are disjoint open (and 
therefore clopen) sets. By the first part of the exercise, S = V( eR) for some 
idempotent e E R. By (a), we have either e = 0 or e = 1, so S is either 
Spec R or 0. 

(b) =} (c). rkP: Spec R ---+ Z is a continuous function according to Exercise 
21. Since Z here has the discrete topology and Spec R is connected, the 
image of the map rk P must be a singleton. 

(c) =} (a). Suppose R has an idempotent e i- 0, 1. Then the cyclic 
projective R-module P = eR has rank 1 at any prime containing 1 - e, and 
rank 0 at any prime containing e. (In other words, rk P is the characteristic 
function for the nonempty subset V(R(l - e)) C;; Spec R.) 

To prove the first statement in the exercise, consider any clop en set 
S ~ Spec R. The complement T of S is also clopen, so we have S = V(Q(), 
T = V(123) for suitable ideals Q(, 123 ~ R. Since no prime ideal can contain 
both Q( and 123, Q( + 123 = R. On the other hand, any prime contains Q( n 123 
(since it contains either Q( or 123). Therefore 

Q( n 123 ~ n p = Nil(R) 
PESpec R 

Fix an equation 1 = a + b where a E Q( and b E 123. Then (ab)n = 0 for 
some n ::::: 1. Let Ql' = an Rand 123' = bn R. Since 

V(Ql) ~ V(Ql'), V(123) ~ V(123'), and V(Ql') n V(123') = 0, 

we must have V(Ql) = V(Ql') and V(123) = V(123'). As before, Ql' + 123' = R, 
so there is an equation 1 = an s + bnt for suitable s, t E R. Letting e = an s 
and f = bnt, we have ef = anbnst = 0 and e + f = 1. Multiplying the 
latter equation by e shows that e2 = e, and the relations 

V(Q(') c::: V(eR), V(123') c::: V(fR), V(eR) n V(fR) = 0 

show that V(eR) = V(Q(') = V(Q() = S. 

Comment. For a follow-up to this exercise, see Exercise 7.31 in Chapter 3. 
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Ex. 2.23. The support of an R-module P is defined to be 

suppP = {p E Spec R: Pp -I- O}. 

For any f.g. P E 9J1 R , show that supp P = V(ann P). Deduce that Pp -I- 0 
for all primes p iff ann P ~ Nil(R). 

Solution. In general (without any assumption on P), we have supp P ~ 

V(ann P). For, if a prime p ~ V(ann P), then there exists r E (ann P)\p. 
Since Pr = 0 and r localizes to a unit in Rp, we have Pp = 0, so p ~ 

supp P. 
Conversely, consider any prime p ~ supp P, so that Pp = O. If Pis f.g., 

we will have Pr = 0 for some r ~ p. Now r E (ann P)\p, so p ~ V(ann P). 
This proves the equality supp P = V(ann P). 

For the second conclusion in the exercise, note that Pp -I- 0 for all primes 
iff Spec R = supp P = V(ann P), iff ann P ~ n {all primes} = Nil (R). 

Ex. 2.24. For any f.g. projective R-module P, show that P is faithful iff 
the function rk P : Spec R -4 Z is everywhere positive. (In particular, a 
f.g. projective module P R of rank n > 0 is always faithful.) 

Solution. By LMR-(2.44), ann P always has the form f R for some idem
potent fER. By the exercise above, rk P is everywhere positive iff f R = 
ann P ~ Nil(R), iff ann P = 0, iff P is faithful. 

Comment. In LMR-(2.44), it is also shown that P is faithful iff the "trace 
ideal" 

tr(P) = L {im(<p): <p E P*} 

of P is the whole ring R. 

Ex. 2.25. Suppose P, Q E 9J1R are such that P ®R Q ~ Rn where n > O. 
Show that P and Q must be faithful f.g. projective R-modules. 

Solution. Fix a generating set {Pi ® qi : 1 ::::; i ::::; m} for the R-module 
P ®R Q, and consider the R-homomorphism f: Rm -4 P defined by 
sending the standard basis vectors of Rm to the Pi'S. Then 

is a split epimorphism. Now tensor the above with P to get a split epimor
phism: 

Identifying Q ®R P with Rn , we see that f ®R (Q ® P) is essentially "n 
copies" of f. An easy argument shows that f itself must already be a split 
epimorphism. Therefore, P is a f.g. projective R-module. 

Localizing the isomorphism P ®R Q ~ Rn at a prime p, we get 

R; ~ (P ®R Q)p ~ Pp ®Rp Qp. 
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Since Rp #- 0, we have Pp #- O. Therefore, by Exercise 24, P is a faithful 
R-module. 

Comment. The last conclusion can also be deduced by noting that ann (P) <;;:; 

ann (P ®R Q) = ann(Rn) = o. 
Ex. 2.26. Deduce from Exercise 25 that P E 9JtR is f.g. projective of rank 
1 iff there exists Q E 9JtR such that P ®R Q ~ R. In this case, show that 
necessarily Q ~ P*. 

Solution. If Pis f.g. projective of rank 1, it is already shown in LMR-§2D 
that P ®R P* ~ R. Conversely, let P E 9JtR be such that P ®R Q ~ R 
for some Q E 9JtR. By Exercise 25, P, Q are both f.g. projective. For any 
prime p, we have 

Rp ~ (P ®R Q)p ~ Pp ®Rp Qp 

Since Pp, Qp are f.g. free modules over Rp, we must have Pp ~ Rp (for any 
p), so rk P = 1. Finally, tensoring R ~ P ® R Q with P*, we get 

P* ~ P* ® R P ® R Q ~ R ® R Q ~ Q, 

as desired 

Ex. 2.26'. (1) Show that a f.g. projective module PR of rank 1 is a direct 
sum of cyclic modules iff P ~ R. (2) Deduce from (1) that the Picard group 
of a (commutative) von Neumann regular ring is trivial. 

Solution. (1) ("Only if" part) Say P = RXI E9 ... E9 Rxn , where Xi E P. 
Let X = Xl + ... + X n , and Q = Rx s;:; P. Consider any prime ideal peR. 
Since Pp ~ Rp and Rp is indecomposable, we must have (RXi)p = 0 for all 
but one i, and hence Pp = Qp. Since this holds for all primes p, we have 
P = Q. Therefore, the map R -+ P sending 1 to X is a split surjection, 
which must then be an isomorphism since rk P = 1. 

(2) Let R be von Neumann regular, and PR be f.g. projective of rank 
1. Since R is a semihereditary ring. Albrecht's Theorem (LMR-(2.29)) 
implies that P = PI E9 ... E9 Pn where each Pi is isomorphic to a f.g. 
ideal of R. But then Pi ~ eiR for suitable idempotents ei E R, so P is a 
direct sum of cyclic modules. By (1), it follows that P ~ R, so we have 
Pic(R) = {I}. 

Comment. Results such as (1), (2) are typical folklore in commutative 
algebra. For an explicit reference (where these results are used to prove a 
nice fact on invertible ideals in commutative domains of Krull dimension 
1), see the paper of R. C. Heitmann and L. S. Levy: "1~ and 2 generator 
ideals in Priifer rings," Rocky Mountain J. Math. 5(1975),361-373. 

Ex. 2.27. Show that a f.g. projective module PR has rank 1 iff the natural 
map A: R -+ EndR(P) (defined by A(r)(p) = pr) is an isomorphism of 
rings. 
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Solution. By familiar localization facts, A is an isomorphism iff, for any 
prime peR, the localization 

is an isomorphism. (For the isomorphism T used above, see Exercise 4.12.) 
Since Pp is free, Ap is an isomorphism iff Pp ~ Rp. Therefore, A is an 
isomorphism iff rk P = 1. 

Ex. 2.28. Let P be a f.g. projective R-module. Show that there is a natural 
way to define the trace of an R-endomorphism of P so that we get an R
module homomorphism tr : EndR(P) ---) R. The definition should be such 
that, in case P = Rn , we get back the usual trace map on n x n matrices, 
upon identifying EndR(Rn) with Mn(R). 

Solution. We shall use the isomorphism a = ap,p from P 0R P* to 
EndR(P) defined in Exercise 20. We also have a map 0: : P 0R P* ---) R 
which is well-defined by the equation o:(b 0 1) = f(b) (for b E P and f E 
P*). It is easy to check that both a and 0: are R-module homomorphisms. 
We can therefore define tr : EndR(P) ---) R by the equation tr = 0: 0 a-I, 

so that we have a commutative diagram 

P 0R p* __ a_----... EndR(P) 

~/r R 

Clearly, "tr" is also an R-module homomorphism. 
In the case where P = Rn, we identify EndR(P) with Mn(R) by using 

the standard basis {ei: 1 :::; i :::; n} on Rn for writing matrices. Let 
{ej: 1 :::; j :::; n} be the dual basis for P*. Then a(ei 0 ej) is the matrix 
unit Eij in Mn(R). Therefore, the trace map defined above will assign to 
Eij the value 

0: (ei 0 ej) = ej (ei) = tJij (the Kronecker deltas). 

This happens to be the usual trace of the matrix E ij . Thus, our trace 
map on Mn(R) agrees with the usual trace map on the matrix units. Since 
Mn(R) is generated over R by the matrix units, it follows that our trace 
map agrees with the usual trace on all matrices in Mn(R). 

Comment. The reader should try to work out a few properties of the trace 
function defined above on EndR(P). For instance, if cp E EndR(P) and 'ljJ E 
EndR(Q) (where Q is also f.g. projective), we can define an endomorphism 
cp EB 'ljJ on P EB Q. It can be shown that tr(cp EB 'ljJ) is exactly tr(P) + tr(Q) 
in R, etc. 
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In the noncommutative case, the "tr" construction above does not work 
since there is no natural map from P ®R P* to R. (The rule b ® f I--' f(b) 
no longer gives a well-defined group homomorphism.) 

Ex. 2.29. Let P be a f.g. projective R-module, and let {ai, fd (1 :::; i :::; n) 
be a pair of dual bases as in LMR-(2.9) (so that ai E P, fi E P*, and 
a = Li adi(a) for every a E P). Show that T(P) : = Li fi(ai) E R is 
an invariant of P (not depending on the choice of {ai, fi} ). Is the same 
conclusion true if R is not commutative? 

Solution. Again we shall use the isomorphism a : P ®R P* --+ EndR(P). 
We have, for any a E P: 

so a(Li ai ® fi) = Idp . Therefore, by definition, 

tr(Idp) = a (Li ai ® fi) = Li fi(ai), 

where a is the map from P ® R P* to R introduced in the last exercise. 
This shows that T(P) = tr(Idp ) is determined by P independently of the 
choice of {ai, fd. 

In the noncommutative case, the element Li ai ® it E P ® R P* is still 
uniquely determined by P (since it corresponds to Id p under the isomor
phism a. However, the element Li fi(ai) is no longer uniquely determined 
by P. For instance, consider the case P = eR where e E R is an idempotent. 
A pair of dual bases is given by {aI, II} where al = e and II E P* is the 
inclusion map elR "-+ R. We have here lI(al) = al = e. However, we may 
have another idempotent e' E R with P = eR ~ e'R, so the element e E R 
is not determined by the isomorphism type of P. 

Ex. 2.30. Recall that any idempotent (square) matrix defines a f.g. pro
jective module (as in Exercise 18). Show that if e, e' E Mn(R) are idempo
tent matrices that define isomorphic projective modules, then trace (e) = 

trace(e'). Is the same conclusion true if R is not commutative? 

Solution. Let P = eRn = L ajR where aj denotes the jth column of 
the (idempotent) matrix e = (aij). Let fJ be the linear functional on P 
mapping any vector in P to its jth coordinate. We have seen in the solution 
to Exercise 18 that {aj, fj: 1 :::; j :::; n} are a pair of dual bases for P. 
Thus, the invariant T(P) defined in the last exercise can be calculated as 
follows: 

T(P) = L. fj(aj) = L ajj = trace(e). 
J J 

Thus, if e' is another idempotent of Mn(R) defining a projective module 
P' ~ P, we'll have 

trace(e') = T(P') = T(P) = trace(e). 
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In the noncommutative case, the conclusion fails again, as we can show by 
exactly the same example used in the last exercise. The 1 x 1 idempotent 
matrix e E R defines the projective right R-module eR. We may have 
eR ~ e'R for another idempotent e' E R without having e = e'. 

Ex. 2.31. Let PR be a f.g. projective R-module of rank l. 

(a) For a, bE P and f E P*, show that af(b) = bf(a) E P. 
(b) Show that the following diagram is commutative: 

P Q9 P* iJ. EndR(P) 

~~ R 

Here, iJ = iJp,p, A, and a are defined, respectively, m Exercises 20, 
27-28. 
(c) Show that the trace map tr : EndR(P) -7 R defined in Exercise 28 is 
the same as A-1 . 

(d) Show that T(P) = 1 (in the notation of Exercise 29). 

Solution. (a) It suffices to check the desired equation in every localization 
Pp (p E Spec R). Let fp : Pp -7 Rp be the localization of the functional f, 
and fix a basis vector e for Pp ~ Rp. Then a = ex and b = ey in Pp for 
suitable x, y E Rp. Now 

af(b) = ex· fp(ey) = e· xfp(e)y, and 

bf(a) = ey· fp(ex) = e· yfp(e)x 

in Pp, so af(b) = bf(a) E Pp, as desired. 

(b) Take any generator b Q9 f E P Q9 R P*, where b E P and f E P*. For any 
a E P, we have 

(iJ (b Q9 f)) (a) = bf(a). 

On the other hand, 

(Aa(b Q9 f))(a) = A(f(b))(a) = f(b)a. 

Since bf(a) = f(b) a by (a), we see that iJ(b Q9 f) and Aa(b Q9 f) are equal 
as endomorphisms of P. Hence, iJ = Aa. 

(c) Note that all maps in the commutative diagram are isomorphisms. By 
definition, tr: EndR(P) -7 R is the map aiJ- 1, which is just a(Aa)-1 = 
aa- 1A-1 =A-1. 

(d) By Exercise 29 and (c) above, 

T(P) = tr(Idp ) = A-1(Idp ) = 1 E R. 
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Comment. Here is an explicit example. Over the ring R = Z[O] (02 = -5), 
we have the familiar rank 1 projective R-module Q{ = (2,1 +0) <:;;; R from Ex
ercise 9. As we saw in the Comment on Exercise 19, Q{ is isomorphic to the 

image P of the idempotent operator on R2 given by e = (0 __ 21 1 ~ 0). 
By the solution to Exercise 30, we have, indeed, T(P) = trace(2) = 
-2 + 3 = 1. 

Ex. 2.32. Let PR be a projective module that is not f.g. Show that there is 
a split monomorphism f: P -> EBiEI P for a suitable infinite indexing set 
I such that f(P) is not contained in EBiEJ P for any finite subset J <:;;; I. 

Solution. By the Dual Basis Lemma (LMR-(2.9)), we have elements Pi E 
P, fi E P* for i ranging over a suitable (necessarily infinite) indexing set 
I such that, for any PEP, fi(P) = ° for almost all i, and P = L-iPdi(p). 
The map f : P -> EBiEI P defined by f(p) = (Pi!i(P))iEI is then an R
module homomorphism, split by the homomorphism g : EBiEI P -> P given 
by g((ai)iEI) = L-iai. Assume, for the moment, that f(P) <:;;; EBiEJP for 
some finite subset J <:;;; I. Then for any PEP, pdi(P) = ° for any i (j. J. 
But then 

iEI iEJ 

implies that P is generated by the finite set {Pi: i E J}, a contradiction. 

Ex. 2.33. In a ring theory monograph, the following statement appeared: 
"If G is a finite group, every projective module over (the integral group 
ring) ZG is free." Give a counterexample. 

Solution. For G = <g>, a cyclic group of prime order p, let R = ZG, 
S = lFp, R1 = Z, and R2 = Z [(] where ( is a primitive pth root of unity. 
We have a pullback diagram 

(1) 

where i1 is the augmentation map, j1 is the natural projection, and i2, j2 
are ring homomorphisms defined by i2 (g) = ( and j2 (() = 1. (To say that 
the above diagram is a "pullback" means that, for r1 E R1 and r2 E R2 
such that j1(r1) = j2(r2), there exists a unique r E R such that i1(r) = r1 
and i2(r) = r2.) 

We shall construct (for suitable primes p) a f.g. projective R-module 
that is not free. To simplify the construction, we shall use a standard result 
in Milnor's "Introduction to Algebraic K-theory," Princeton University 
Press, 1971. By §2 of this reference, we have the following existence theorem 
on f.g. projective R-modules for a ring R in a pullback diagram as in (1) 
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with at least one of j1, j2 surjective. (In our situation, of course, both 
j1,j2 are surjective.) For f.g. projective modules Pi over Ri and any S
isomorphism a : ji P1 ---. j2 P2 , let 

P ____ ___+_. P1 

1 1 aji 

P2 ___ j_2_-+. j2 P2 

be a pullback diagram, that is 

(2) 

with the R-action 

(3) 

(In the above, j~Pa denotes the S-module S ®R" Pa .) Then P is a f.g. 
projective R-module such that i~P ~ P a for a = 1,2. 

For our specific pullback diagram, it is then easy to produce an example 
of a nonfree f.g. projective module over R = ZC. Let p be any prime 
such that R2 = Z[(] is not a PID; say P2 ~ R2 is a nonprincipal ideal. 
Since R2 is a Dedekind ring, P2 is f.g. projective (but not free) over R2. 
For the prime ideal p = (( - 1)R2' the unique factorization theorem for 
ideals in R2 implies that there is no ideal strictly between PP2 and P2. 
Thus, PdpP2 ~ Rdp ~ lFp. Let P 1 = Z and fix an isomorphism a from 
j~Pl = lFp to j2P2 ~ P2/pP2. Then the f.g. projective R-module P defined 
in (2) is not free since the R2-module i'2P ~ P2 is not free. 

We finish by giving an alternative description of the projective R-module 
P. Fix an element Xo E P2 \pP2, and make the abelian group Q = Z EB P2 
into an R-module by defining 

(4) g·(n,x)=(n,(x+nxo) for nEZ and xEP2. 

This gives a well-defined action, since under this definition: 

gP. (n, x) = (n, (Px + ((p-1 + ... + (+ l)nxo) = (n, x). 

If the isomorphism a : ji P1 ---. j2 P2 is chosen in such a way that 

a(l) = Xo E PdpP2 = j~P2' 

then the R-module P defined in (2) is isomorphic to Q. Indeed, if we define 
o : Q ---. P1 EB P2 by 

(5) O(n, x) = (n, (( - l)x + nxo) for n E Z and x E P2, 

then O( Q) ~ P since 

(( - l)x + nxo = n Xo = n a(l) = a(n). 
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In fact, we have O(Q) = P. For, if (n, y) E P, then jj = a(n) = nxo implies 
that y - nxo = (( - l)x for some x E P2, and hence (n, y) = O(n, x) from 
(5). Clearly, 0 is injective, so it defines a group isomorphism Q --t P. The 
following verifies that this is an R-isomorphism: 

O(g· (n, x)) = O(n, (x + nxo) 
= (n, (( - l)((x + nxo) + nxo) 

= (n, ([(( - l)x + nxo]) 
= 9 . (n, (( - l)x + nxo) 
= g. O(n, x). 

Comment. Note that the R-module Q above contains the R2-module P2 EEl 
(0) (viewed as an R-module via i2), and it is a (nonsplit) extension of 
this submodule by the trivial :lG-module :l. A direct proof for the fact 
that Q is a nonfree projective over :lG (not using Milnor's results on 
pullback diagrams (1)) can be found in W.H. Gustafson's paper, "The 
representation ring of a group of prime order", Comm. Algebra 25(1997), 
2681-2686. In fact, Gustafson showed that, if Q' is constructed from an
other ideal P~ ~ R2 such that P2 + P~ = R2 and P2P~ is principal, 
then Q EEl Q' ~ REEl R. This shows explicitly that Q, Q' are projective 
over R. 

The question whether there exist f.g. nonfree projective modules over 
integral group rings of finite groups was first raised in Cartan-Eilenberg's 
"Homological Algebra" (p. 241). The first such example, Q above over 
:l (g), appeared in D. S. Rim's paper, "Modules over finite groups," Annals 
of Math. 69(1959), 700-712. Rim also showed that the Grothendieck group 
of f.g. projectives over Z(g) is isomorphic to Z EEl Pic(Z[(]) in the notation 
above. 

A class of very easily constructed examples of f.g. projective modules 
over group rings appeared later in R. G. Swan's paper, "Periodic resolutions 
for finite groups," Annals of Math. 72(1960), 267-291. For any finite group 
G and any integer r prime to I G I, let Pr be the left ideal of R = ZG 
generated by rand L9EG g. Swan showed that if s is the inverse of r 
modulo IGI, then Pr EEl Ps ~ R2. Thus, Pr is always a projective R-module. 
While Pr is always free for G cyclic, Swan showed, for instance, that P3 is 
not free for the quaternion group of order 8. 

Later, for the generalized quaternion group G of order 32, Swan con
structed a nonfree :lG-module P such that PEElZG ~ ZGEElZG. Therefore, 
even stably free ZG-modules need not be free, and f.g. projective modules 
over ZG fail to satisfy the cancellation law. For the details, see Swan's 
paper, "Projective modules over group rings and maximal orders," Annals 
of Math. 76(1962), 55-61. On the other hand, if G is the quaternion group 
of order 8, then f.g. projective :lG-modules satisfy the cancellation law; 
in particular, f.g. stably free ZG-modules are free. This is a result of 
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J. Martinet, in "Modules sur l'algebre du groupe quaternionien," Ann. Sci. 
Ecole Norm. Sup. 4(1971), 399-408. 

For non-f.g. modules, the situation is different. For any finite abelian 
group G, for instance, it follows from the results of H. Bass that any non-f.g. 
projective module over ZG is free; see his paper "Big projective modules 
are free," Ill. J. Math. 7(1963), 24-3l. 

The next two problems are suggested by R. Swan. Recall that, for 
any commutative ring R, Q(R) denotes its total ring of quotients, i.e. the 
localization of R at the multiplicative set of its non O-divisors. 

Ex. 2.34. For any commutative ring 8, show that there exists another 
commutative ring R :2 8 with the following properties: 

(1) Q(R) = R; 
(2) 8 is a "retract" of R (i.e. the inclusion map 8 --+ R is split by a ring 
homomorphism R --+ 8); 
(3) Nil(8) = Nil(R); and 
(4) U(8) = U(R). 

Solution. Let {md be the family of maximal ideals of 8. Construct the 
commutative ring 8 1 = 8[{Xi}] with the relations Ximi = 0 for all i. 

We note the following properties of 8 1 , 

(a) 8 is a retract of 8 1 . This is clear in view of the map 8 1 --+ 8 defined 
by Xi f-7 0 for all i. 

(b) If i of. j, then XiXj = 0 E 8 1 , since XiXj is annihilated by mi, mj, and 
therefore by mi + mj = R. 

(c) By (a) any element f E 8 1 has the form s+ L:i L:k>1 aik x~ where s E 8, 
aik E 8. Furthermore, s E 8 and aik E 81mi are uniquely determined by f. 
This uniqueness is seen by using the homomorphism (Ji : 8 1 --+ (8Imi)[xi] 
defined by the natural map 8 [Xi]--+ (8Imi) [Xi] and by sending all Xj to 0 
for j of. i. 

(d) From (c), we see, in particular, that each Xi of. 0 in 8 1 . Thus, any 
nonunit of 8 becomes a O-divisor in 8 1 . In fact, if t E 8 is a nonunit, then 
t E mi for some i, so xit = O. 

(e) Nil(8) = Nil(8d. In fact, let 

f = s + 2.: i 2.:k21 aik x~ E Nil (8d· 

Applying the homomorphism (Ji above, we have 

(Ji(f) = s + '" aik x~ E Nil ((Slmi)[xi]) = O. 
~k21 

Therefore, aik E mi for all i, k, and so 

f = s E 8 n Nil(81) = Nil(8). 
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(f) U(S) = U(Sl)' To see this, suppose fg = 1 in Sl, where f is expressed 
as in (c). For each i, fJi(f)fJi(g) = 1 in (Sjmi)[Xi] shows again that aik E mi 
for all k. Thus, f = s E S, and similarly 9 = t E S. Now 1 = fg = st implies 
that f E U(S). 

Repeating the above construction, we get a chain of rings S S;; Sl S;; 
S2 S;; .. '. Now let R = Ui>l Si ;:2 S. Clearly, S is still a retract of R. Any 
element r E Nil(R) belongs to Nil(Si) for some i, and therefore belongs to 
Nil(S) by (e). Similarly, any r E U(R) belongs to U(S) by (f). Finally, let 
r be a non O-divisor of R. Then r is a non O-divisor in some Si. By (d) 
(applied to Si), we see that r E U(Si) S;; U(R). Therefore, Q(R) = R, as 
desired. 

Ex. 2.35. In LMR-(2.22)(A), an example of a commutative ring R is given 
such that Q(R) = Rand Pic(R) i= {l}. However, this ring R has nonzero 
nilpotent elements. Now, use Exercise 2.34 to construct a reduced ring R 
with the same properties. 

Solution. Start with any commutative reduced ring S with Pic(S) i= {I}. 
With respect to this S, let R ;:2 S be the commutative ring constructed 
in Exercise 34. By the functorial property of "Pic", the fact that S is a 
retract of R implies that Pic(S) is (isomorphic to) a direct summand of 
Pic(R). In particular, Pic(R) i= {I}. By construction, Q(R) = R, and 
Nil(R) = Nil(S) = {O} so R is reduced. 

Comment. A (commutative) ring R with the property Q(R) = R is called 
a classical ring (or a ring of quotients) in LMR-(l1.4). It may be somewhat 
surprising that, even when a commutative ring is reduced and classical, it 
may not have a trivial Picard group. 

Ex. 2.35'. (Ishikawa) Show that a commutative semihereditary ring R is 
integrally closed in its total ring of quotients K = Q(R) (that is, every 
element x E K integral over R is in R). 

Solution. Fix an integrality equation xn+l + anxn + ... + ao = 0, where 
ai E R, and pick a non O-divisor r E R such that rxi E R for 1 :S i :S n. 
Consider the f.g. ideal I = L~=l Rrxi in R. By hypothesis, RI is projective, 
so by the Dual Basis Lemma (LMR-(2.9)), there exist linear functionals 
fi : I ----) R such that b = L~=l fi(b) r Xi for all bEl. Now from the 
integrality equation, we have rxn +1 E I, so we can write 

rx = L~=lli(rx) rxi = L~=l fi(r2xi+1) = r L~=l fi(rxi+l). 

Cancelling r, we conclude that x = L~=l fi(rxi+l) E R. 

Comment. This exercise comes from Lemma 1 of T. Ishikawa's paper "A 
theorem on flat couples," Proc. Japan Academy 36(1960), 389-391. The 
same property of semihereditary rings was also proved in Corollary 2 of S. 
Endo's paper "On semi hereditary rings," J. Math. Soc. Japan 13(1961), 
109-119. 
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The next two problems are from a paper of H. Bass. 

Ex. 2.36. For any right R-module P and x E P, let op(x) = {f(x) : f E 
P*} where, as usual, P* denotes the left R-module HomR(P, R). 

(1) If pi is any R-module and F = P EB pi, show that op(x) = OF(X) for 
any x E P ~ F. 
(2) If P is a projective right R-module and x E P, show that op(x) is a 
f.g. left ideal of R, with op(x) -=I- 0 if x -=I- o. Deduce that the natural map 
P ----7 P** is a monomorphism. 

Solution. (1) Any functional h : F ----7 R can be represented as a pair (1,9) 
where f E P* and 9 E P'*. With respect to this representation, we have, 
for any x E P: 

h(x, 0) = f(x) + 9(0) = f(x). 

From this, it is clear that op(x) = OF(X). 

(2) Clearly, op(x) is a left ideal in R, without any assumption on P. Now 
assume PR is a projective module. Pick a module P~ such that F = P EB pi 
is free, say with a basis {ei : i E I}. The given element x E P then lies in 
a f.g. free direct summand Fl of F. Applying (1) twice, we have op(x) = 
OF(X) = OF! (x). Replacing P by F l , we may, therefore, assume that P is a 
free module with a finite basis, say, el, ... , en. Write x = elal + ... + enan. 
A typical functional f E P* is determined by the scalars bi := f(ei), and 
we have 

f(x) = f(el)al + ... + f(en)an = b1al + ... + bnan . 

Therefore, op(x) = L~=l Rai, as desired. If x -=I- 0, then the ai's are not 
all zero, so op(x) -=I- O. This means that, for any projective PR and x -=I- 0 
in P, there exists f E P* such that f (x) -=I- O. Therefore, P ----7 P** is a 
monomorphism. 

Comment. In LMR-(4.65)(a), the (right) R-modules P with the property 
that P ----7 P** is injective are seen to be the torsionless modules, i.e. 
those modules that can be embedded into some direct product (R1)R. In 
particular, any submodule P of a free module (e.g. any projective module) 
has the property that P ----7 P** is injective. 

Ex. 2.37. For any right R-module P and x E P, let 

o~(x) = {y E P: 'If E P*, f(x) = 0 ==} f(y) = O}. 

(1) If pi is any projective right R-module and F = P EB pi, show that 
o~(x) = o~(x) for any x E P ~ F. 
(2) If P is a projective right R-module and x E P, show that o'p(x) ~ 

op(x)*, where op(x) is the left ideal associated with x E P in Exercise 36. 
(3) Under the same hypothesis as in (2), show that o'p(x) is a direct 
summand of P iff op(x) is a projective left R-module. 
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Solution. (1) Clearly, o~(x) ~ o~(x), since any functional on F restricts 
to a functional on P. Conversely, let Yl = (y, y') E P EB pi be in o~(x). If 
y' =f. 0, there exists a functional f' : pi -+ R with f' (y') =f. 0, according to 
(2) of the last exercise. Let JI : F -+ R be the O-extension of f' to F (with 
JI(P) = 0). Then JI(x) = 0, but JI(yd = f'(y') =f. 0, a contradiction. 
Therefore, we must have y' = O. Now Yl = yEP and it is clear that y 
must belong to o~ (x). 

(2) For the rest, we assume PR is projective. Exploiting (1) and arguing as 
in (2) of the last exercise, we may assume that P is a f.g. free R-module. In 
particular, the natural map P -+ P** is an isomorphism. We shall identify 
P** with P in the following. For M = P / xR, let 7r : P -+ M be the 
projection map, and let 0:: R -+ P be defined by 0:(1') = xr. Note that 
the kernel of P = P** -+ M** is exactly o~(x). Applying the left exact 
functor HomR( -, R) to R ~ P ~ M -+ 0, we get an exact sequence 

o -+ M* ~ P* ~ R*. Upon identifying R* with RR in the usual way, we 
see that im (0:*) is exactly op(x). Therefore, we have an exact sequence 

(A) 0-----+ M* ~P* ~op(x) -----+ O. 

Applying HomR( -, R) again, we get an exact sequence 

(B) 0-----+ op(x)* ~P** ~M**. 

By our earlier observation, o~(x) ~ ker(7r**) ~ op(x)*. 

(3) We go back to P EB pi = F where pi is a projective R-module and 
F is a free module. As in (2), we have Q : = o~(x) = o~(x). Clearly, Q 
is a direct summand of P iff Q is a direct summand of F. Applying this 
observation twice, we are again reduced to the case where P is a f.g. free 
module in verifying (3). We shall use the notations in (2). First assume 
op(x) is projective. Then the surjection h in (A) splits, and so does the 
injection h* in (B). This means that Q = o~(x) = im(h*) splits in P** = P. 
Conversely, assume that Q splits in P = P**. Then h* in (B) is a split 
injection, so h** in the diagram below is a split surjection: 

h** P*** _____ • op(x)** 

(C) Ij 
P* __ h __ -.... op(x) 

Since P* is f.g. projective, i is an isomorphism, and hence j is onto. But j 
is also one-one, since the inclusion map op(x) '---t R is a functional on op(x) 
that takes any nonzero element of 0 p (x) to a nonzero element of R. Thus, 
j is an isomorphism, and it follows from (C) that h is a split surjection. 
Since P* is a projective left R-module, so is op(x), as desired. 
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Comment. The last two exercises are taken from Bass's paper: "Projective 
modules over free groups are free," J. Algebra 1(1964), 367-373. In the 
case where R is a left semihereditary ring, it follows from (2) above that 
any element x in a projective right R-module P is contained in a f.g. 
(projective) direct summand of P, namely, o~(x) ~ op(x)*. Coupled with 
some arguments due to I. Kaplansky, this fact can be used to show that P 
is a direct sum of f.g. right R-modules, each isomorphic to the dual of a 
f.g. left ideal. (In particular, if each f.g. left ideal of R is free, then so is 
each projective right R-module.) 

In the case of a commutative semi hereditary ring R, the above result 
on the structure of a projective module PR was first proved by Kaplansky; 
see his paper: "Projective modules," Annals of Math. 68(1958), 372-377. 
It was generalized to the case of a right semihereditary ring R in F. 
Albrecht's paper: "On projective modules over semihereditary rings," Proc. 
Amer. Math. Soc. 12(1961), 638-639. Bass's result, on the other hand, 
covers the case where R is a left semihereditary ring. Later, G. Bergman 
obtained a similar result for what he called weakly semihereditary rings, 
which include all I-sided semihereditary rings; see his paper: "Hereditarily 
and cohereditarily projective modules," Proc. Conf. on Ring Theory at 
Park City, Utah, 1971 (R. Gordon, ed.), 29-62, Academic Press, N. Y., 
1972. 

Ex. 2.38. Let P ~ M be right R-modules where P is f.g. projective. Show 
that P is a direct summand of M iff the induced map M* ----; P* is onto 
(that is, iff every linear functional on P extends to one on M). 

Solution. The "only if" part is clear. Conversely, let e: P ----; M be 
the inclusion map and assume e*: M* ----; P* is onto. Since P* is also 
projective, e* splits, and thus it induces a split injection e** : P** ----; M**. 
Consider the following commutative diagram 

e P _____ -+. M 

al l~ 
c-** P** __ '-___ M** 

where a, ~ are the natural maps from P and M to their double duals. 
Pick any 'I: M** ----; P** such that 'Ie** = Ip- •. Noting that a is an 
isomorphism (Ex. 7), we can define t5 = a-l'1~: M ----; P. Then 

> -1 ~ -1 ** -11 1 Ue = a 'Ipe = a 'Ie a = a p •• a = p, 

so 8 provides a splitting for the injection e, as desired. 

Ex. 2.39. (Hinohara) Let PEP, where P is a projective right module 
over a ring R. If p ~ Pm for every maximal left ideal m of R, show that pR 
is a free direct summand of P with basis {p}. 
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Solution. Say P EB Q = F, where F is free with basis {ei: i E I}, 
and write P = elal + ... + enan (ai E R). (For convenience, we assume 
{I, 2, ... , n} <:;:; I.) Decompose ei into Pi + qi, where Pi E P and qi E Q. 
Then P = PIal + ... + Pnan implies that ~~=l Rai cannot be contained 
in a maximal left ideal m (for otherwise P E Pm). Thus, ~~=l Rai = R, 
so by the Unimodular Column Lemma (Ex. 1.34), pR is free on p, and 
pR EB X = F for a suitable submodule X <:;:; F. But then pR EB (Xnp) = P, 
as desired. 

Comment. The result in this exercise appeared in Y. Hinohara's paper: 
"Projective modules over semilocal rings", T6huku Math. J. 14(1962), 205-
211. Of course, the converse of the exercise is also true. 

Ex. 2.40. (Hinohara) Let R be a commutative semilocal ring, and P be a 
f.g. projective R-module. 

(1) If P has constant rank n, show that P ~ Rn. 
(2) In general, show that P is isomorphic to EBi Rei for suitable idempo
tents ei E R. 

Solution. Let ml, ... , mk be the maximal ideals of R. 

(1) Each localization Pmi is free of rank n. Pick XiI, ... , Xin E P such 
that their images in P mi form a free basis for P mi. By the Chinese Remain
der Theorem, we can find Xj (for 1 ::; j ::; n) in P such that 

Xj == Xij (mod miP) 

for all i. It is then easy to check that Xl, ... , Xn form a free basis for each 
Pmi upon localization. If we define f : Rn -+ P by f(ej) = Xj for all unit 
vectors ej, then f mi is an isomorphism for each i. From this, it follows that 
f is an isomorphism itself. 

(2) Since R/rad R ~ I17=1 R/mi, R cannot be the direct product of 
more than k nonzero rings. Therefore, we can write R = RI X ... x Rr, 
where each Rj is an indecomposable ring (that is, a ring with only trivial 
idempotents). Clearly, Rj is still a semilocal ring. We have P = PI EB·· ·EBPr , 

where each Pj is a f.g. projective Rrmodule on which all other components 
Ri (i "# j) act trivially. By (1), Pj ~ R7j , and so P ~ R~l EB ... EB R~r. 
Here, each summand Rj is isomorphic to Re for some idempotent e, as 
desired. 

Comment. The result in this exercise first appeared in Y. Hinohara's pa
per "Note on finitely generated projective modules", Proc. Japan Acad. 
37(1961), 478-481 (and was independently proved by S. Endo). If R is a 
commutative semilocal ring with only trivial idempotents, Hinohara has 
also proved that any projective R-module P is free, and if R is allowed to 
have idempotents, then P is still a direct sum EBi Rei, where the ei's are 
idempotents of R. See his paper cited in the Comment on the last exercise. 
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For any module P over a commutative semilocal ring R, it is true that 
P being f.g. projective is a local condition, that is, Pis f.g. projective iff Pm 
is f.g. projective over Rm for each maximal ideal meR. This was another 
result proved in Hinohara's first paper cited above. Using the techniques 
of flat modules, this result can be deduced easily, for instance, from the 
Comment on Ex. 4.46B. 

§3. Injective Modules 
A module IRis called injective if the (contravariant) functor HomR ( -,I R) 
is exact. Comparing this to the definition of a projective module, we see 
that "injectivity" and "projectivity" are in some sense dual notions. Some 
explicit analogies may be made between projective and injective modules 
by "turning arrows around". However, we should not assume that any 
true statement about projective modules always has a true analogue for 
injective ones, or vice versa. Over any ring R, RR is free and hence always 
projective, but RR is seldom injective. Rings for which RR happens to be 
injective are called right self-injective rings. An important source of such 
rings is the class of Frobenius algebras over a field k, treated in §3B. These 
are finite-dimensional k-algebras R for which Rand R = Homk(R, k) are 
isomorphic as right (or equivalently, left) R-modules. (In general, R is an 
(R, R)-bimodule, since R itself has a natural (R, R)-bimodule structure.) 
A classical family of F'robenius algebras is given by the group algebras kG 
for finite groups G. These are, in fact, symmetric algebras in the later 
terminology of §16. Exercises 12-17 are devoted to the theme of self
injectivity and Frobenius algebras. 

An injective module IR is characterized by the property that it is a 
direct summand of any "containing" module M ~ I. (Admittedly, this 
characterization sounds better in German.) A very powerful way to check 
the injectivity of IR is to apply "Baer's Test", i.e. to check that any 
homomorphism f from a right ideal ~ to I can be extended to 1': R ----+ I. 
This test is special to injective modules, and has apparently no analogue 
for projective modules. 

Another fact distinguishing injective modules from projective ones is 
the existence of an injective hull for any module MR' In general, M gives 
rise to a module E(M) (its injective hull), which is "minimal injective" 
over M, or equivalently, "maximal essential" over M. Here we utilize the 
notion of an essential extension that is fundamental to module theory: a 
module N ~ M is said to be essential over M (written M ~e N) if every 
nonzero submodule of N intersects M nontrivially; or equivalently, for any 
nonzero x E N, xr E M\ {O} for a suitable r E R. Some of the properties of 
essential extensions are collected in Exercises 6-8 below; they will be used 
freely later. Many examples of injective hulls are presented in LMR-(3.43). 
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In general, direct products of injectives are injective, but direct sums 
of injectives need not be injective. The Bass-Papp Theorem (LMR-(3.46)) 
states that direct sums of injective right R-modules are injective iff R is 
a right noetherian ring, and a theorem of Matlis adds a third equivalent 
condition: iff any injective right R-module is a direct sum of indecom
posable submodules ((1) B (2) in LMR-(3.48)). Some basic material on 
indecomposable injective modules is presented in §3F: these are the modules 
that are injective hulls of uniform modules (nonzero modules in which the 
intersection of any two nonzero sub modules is nonzero). 

The notion of divisibility is closely related to that of injectivity. The 
reader should note, however, that the definition of a divisible module in 
LMR-§3C is a little different from that in some other texts. In fact, the 
definition of IR being divisible in LMR-(3.16) amounts to the module 
being principally injective in the sense of Nicholson and Yousif; that is, one 
requires that, for any a E R, any R-homomorphism f : aR ---* I extends to 
some l' : R ---* I. Exercises 45-47 are related to this theme. 

Returning to indecomposable injectives, the case of commutative noethe
rian rings R is particularly worth our study. Here, the set of indecomposable 
injectives is given by {E(R/p) : p E Spec R}. Matlis' Theory in this case de
scribes the injective hulls E(R/p), and computes their endomorphism rings. 
The analysis is carried out by first passing to the localization Rp; under 
this localization, E(R/p) is basically unchanged. It thus suffices to consider 
the case of a commutative noetherian local ring (R, m), and to compute 
the so-called "standard module" E(R/m). This module is described via a 
certain filtration (see LMR-(3.82)), and its endomorphism ring turns out 
to be the m-adic completion of (R, m) (see LMR-(3.84)). Some relevant 
exercises are Exercises 38-42. 

An easy corollary of the Matlis Theory is that, over a commutative 
artinian ring, E(M) is f.g. for any f.g. module M. (This was also proved 
without Matlis' Theory in LMR-(3.64).) However, over a noncommutative 
artinian ring, this need not be the case even for a cyclic module M. Exercise 
34 offers the relevant counterexample. 

In the special case where R = k[XI, ... , xr ] is a polynomial ring over 
a field k and p = (Xl' ... ' xr ), there is a special construction for the 
injective hull of R/p = k (with trivial Xi-actions). In fact, in LMR-§3J, 
it is shown that ER(k) is given by the "module of inverted polynomials" 
T = k[x1\ ... , X;l] (on which R has a natural action). The last two 
exercises ((51) and (52)) give a bit more information on this theme. 

Exercises for § 3 

Ex. 3.1. Let R be a domain that is not a division ring. If a module MR is 
both projective and injective, show that M = o. 



62 Chapter L Free Modules, Projective, and Injective Modules 

Solution. We may assume M is a sub module of a free R-module F, say 
with basis {ei : i E I}. Suppose M has a nonzero element m = ~i eiri, 
with rio =I- O. We claim that any nonzero element r E R has a left inverse 
(so that R is a division ring). Indeed, since MR is divisible by LMR-(3.17)', 
rrio =I- 0 implies that m E Mrrio ~ F rrio' Comparing the coefficients of 
eio' we get rio = s rr io for some s E R. Therefore, sr = 1, as desired. 

Comment. In LMR, this exercise was stated for commutative domains. The 
present improvement was suggested to me by Dennis Keeler. Note that the 
hypothesis cannot be further weakened to R being a prime ring. In fact, 
for the (simple) prime ring R = Mn(k) where k is a division ring, every 
module is both projective and injective. 

Ex. 3.2. Let R be a right self-injective ring. 

(1) Show that an element of R has a left inverse iff it is not a left O-divisor 
in R. 
(2) If R has no nontrivial idempotents, show that R is a local ring, and that 
the unique maximal (left, right) ideal m of R consists of all left O-divisiors 
of R. 
(3) If R is a domain, show that it must be a division ring. 

Solution. (1) The "only if" part is true without any assumption on R : If 
r E R has a left inverse, say xr = 1 in R, then 

ry = 0 ===} xry = 0 ===} y = 0, 

so r is not a left O-divisor. The converse is a consequence of the fact that the 
injective module RR is a divisible module. We repeat the argument from 
LMR-(3.18) here. Suppose r E R is not a left O-divisor. Then f : rR ----7 RR 
given by f(ry) = y is a well-defined right R-module homomorphism. Since 
RR is injective, f is induced by left multiplication by some x E R. In 
particular, for y = 1, we get xr = f(r) = 1. 

(2) The assumption on R in (2) means that RR is an indecomposable 
injective module. By LRM-(3.52), R ~ End(RR) is a local ring. Let m 
be the unique maximal (left, right) ideal of R. Consider any rEm. If r is 
not a left O-divisor in R, then, by (1), xr = 1 for some x E R. This gives 
1 E m, a contradiction. Therefore, each rEm is a left O-divisor, and of 
course each left O-divisor must lie in m. 

(3) This follows immediately from (2). 

Comment. Let R be a right self-injective ring. If r E R is neither a left nor 
a right O-divisor, then in fact r E U(R). (A ring R satisfying this property 
is known as a classical ring.) See Exercise 11.8. 

For (1) in this exercise, the hypothesis that R be right self-injective can 
be somewhat weakened: see Exercise 13.18. 
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Ex. 3.3. In a ring theory text, the following exercise appeared: "Every 
simple projective module is injective." Find a counterexample. 

Solution. A counterexample can be found in LMR-(3.74B); namely, if 
k V is an infinite-dimensional vector space over a division ring k and E = 
End(k V) (defined as a ring of right operators on (V), then VE is a sim
ple, projective module that is not injective. This is a counterexample in 
which the ring is von Neumann regular. In the following, we offer another 
counterexample in which the ring is artinian. 

Let E = (~ ~) where k is a division ring. For the idempotent e = 

(~ nEE, P : = eE = (~ n is a projective right E-module. Since 

dimkP = 1, P is clearly simple. We finish by showing that P E is not 
divisible (which implies that it is not injective). Consider the ring element 

a = (~ ~). For any r = (~ ~) E E, note that 

ar = 0 =? (~ ~) (~ ~) = 0 =? z = 0 =? er = (~ ~) = O. 

However, Pa = (~ ~) (~ n = 0, so in particular, e ~ Pa. This shows 

that PE is not a divisible module. 

Ex. 3.4. True or False: If Is is injective and f : S ---+ R is a ring homo
morphism, then I ® sR is injective as a right R-module? (Note. It goes 
without saying that R is viewed here as an (S, R)-bimodule, with the left 
S-structure coming from f.) 

Solution. The statement is easily seen to be false. For instance, if S is 
a right self-injective ring, we can take the injective module I = Ss. Then 
I ® sR ~ RR, so if R is not right self-injective, we have a counterexample. 

To be more explicit, take S to be a field, R = S[t] (polynomial ring in 
t), and f to be the inclusion map of S into R. Then Ss is injective, but RR 
is not injective by Exercise 1. 

Comment. The reason for asking the question in this Exercise is that, if 
Ps is a projective S-module, then P ® sR is a projective R-module. The 
proper "dual statement" of this for injective modules is the following: If I 
is an injective right S-module, then Homs(Rs, Is) is an injective right R
module. Here R is viewed as an (R, S)-biomodule, with the right S-structure 
coming from f, and the right R-module structure on Horns (Rs,Is) comes 
from the left R-module structure on R. The statement in italics above on 
injective modules is a special case of the "Injective Producing Lemma" 
proved in LMR-(3.5). 

Ex. 3.5. Let a, b be elements in a ring R such that ab = 1 and bR ~e RR. 
Show that ba = 1. 



64 Chapter 1. Free Modules, Projective, and Injective Modules 

Solution. First note that bR n annr(a) = O. In fact, if bx E annr(a), then 
o = a(bx) = x, so bx = O. Since bR ~e RR, it follows that annr(a) = o. 
Therefore, a(ba - 1) = (ab)a - a = 0 implies that ba = l. 

Ex. 3.6. (A) If Mi ~e E for 1 SiS n, show that n~=l Mi ~e E. Does 
the same statement hold for an infinite family of essential submodules? 
(B) If Mi ~e Ei for i = 1,2, ... , does it follow that I1i Mi ~e I1i Ei? 

Solution. (A) Consider any e E E\{O}. Since Ml ~e E, there exists 
rl E R such that erl E Ml \{O}. Since M2 ~e E, there exists r2 E R such 
that erl r2 E M2 \ {O}. Repeating this argument a finite number of times, we 
get erlr2··· rn E Mn \{O} for suitable ri E R. Clearly erl ... rn E n~=l Mi , 
so we have shown n~=lMi ~e E. For an infinite family {M1,M2 , ... }, 

the conclusion no longer holds in general. For instance, in the free module 
E = Z over R = Z, the submodules Mi = iZ (i = 1,2, ... ) are each 
essential in E, but n:l Mi = 0 is not. 

(B) In general, the conclusion I1i Mi ~e I1i Ei does not follow. For an 
example, take Ei = Z and Mi = iZ ~e Ei (i = 1,2, ... ) over the ring of 
integers again. For the element e = (1,1, ... ) E I1i E i , there clearly exists 
no nonzero r E Z such that er = (r, r, ... ) E I1i Mi. 

Comment. The reason for asking the question in (B) is, of course, that for 
any family Mi ~e Ei (finite or infinite), one does have EBi Mi ~e EBi Ei , 
as was shown in LMR-(3.38). 

Ex. 3.7. Let f : E' ----7 E be a homomorphism of right R-modules. If 
M ~e E, show that f-l(M) ~e E'. (In particular, if E' ~ E, then M ~e E 
implies that M n E' ~e E'.) Use this to give a proof for the first part of 
Exercise 6. 

Solution. Consider any e' E E'\f-l(M). Then fee') i=- 0, so there exists 
r E R such that f(e')r E M\{O}. Then clearly e'r E f-l(M)\{O}. This 
shows that f-l(M) ~e E'. 

The fact above applies well to the first part of Exercise 6. By induction, 
it suffices to show Mi ~e E for i = 1,2 implies that Ml n M2 ~e E. 
By the above, Ml ~e E implies Ml n M2 ~e M2. Since M2 ~e E, the 
transitivity property of essential extensions (LMR-(3.27) (2)) implies that 
Ml nM2 ~e E. 

Comment. Given M ~e E and any element y E E, let f : RR ----7 E be 
defined by fer) = yr. Then the Exercise implies that 

f-l(M) = y-1M:= {r E R: yr E M} ~e RR. 

This is a very useful conclusion, even in the special case where M is an 
essential right ideal in R. 

Ex. 3.8. Let U be an R-module that contains a direct sum EBiEI Vi, and 
let Vi ~e Ei ~ U for every i E I. Show that the sum Li Ei must also be a 
direct sum. 
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Solution. It is sufficient to prove the desired conclusion in the case III < 
00. For n = III < 00, an easy induction on n reduces the proof to the case 
n = 2. So, let us assume that I = {I, 2}. Since (V1 n E2 ) n V2 = 0, we must 
have V1 nE2 = 0 since V2 ~e E2. Now (E2 nEd n v1 = 0, so we must have 
E2 n E1 = 0 since V1 ~e E1. 

Ex. 3.9. Show that a module MR is semisimple iff no submodule N =f M 
is essential in M. 

Solution. First suppose M is semisimple. Then, for any submodule N =f 
M, there exists a submodule T =f 0 such that M = NEB T. Since N n T = 0, 
N cannot be essential in M. Conversely, suppose no submodule N =f M is 
essential in M. We will show that M is semisimple by checking that any 
submodule 8 ~ M is a direct summand. By Zorn's Lemma, there exists a 
submodule C maximal with respect to the property C n 8 = O. Then 8 EB C 
is essential in M (for otherwise there exists a nonzero submodule T such 
that Tn (8 EB C) = 0, and (C EB T) n 8 = 0 contradicts the maximality of 
C). By the given hypothesis on M, 8 EB C = M so 8 is a direct summand 
of M, as desired. 

Ex. 3.10. (Matlis) Show that a ring R is right hereditary iff the sum of 
two injective submodules of any right R-module is injective. 

Solution. The key fact used for this exercise is that R is right hereditary 
iff quotients of right injective R-modules are injective: see LMR-(3.22). 

First assume R is right hereditary, and let h, 12 be injective submodules 
of a right R-module M. Then h EBI2 is still injective and 11 + 12 is a quotient 
thereof. By LMR-(3.22) quoted above, 11 + 12 is also injective. 

For the converse, assume the property on sums of injective submodules 
in the exercise, and consider a quotient MIN of an injective module MR. By 
LMR-(3.22) again, we are done if we can show that MIN is injective. Let 
7r: M -+ MIN be the projection map and consider the R-monomorphism 
g: M -+ M EB (MIN) given by g(m) = (m, 7r (m)) for m E M. Clearly, 
M EB (MIN) is the sum of the two submodules M EB (0) and g(M), both 
of which are injective. By assumption, M EB (MIN) is injective, so MIN is 
also injective, as desired. 

Comment. The result ofthis Exercise comes from E. Matlis' classical paper 
"Injective modules over noetherian rings," Pacific J. Math. 8(1958), 511-
528. In connection with this Exercise, it is of interest to point out that, if 
MR is any nonsingular module over any ring R (Le. no nonzero element 
of M is killed by an essential right ideal), then the sum of two injective 
submodules of M is always injective: see Exercise 7.15 below. 

Ex. 3.11. (Osofsky) Show that a ring R is semisimple iff the intersection 
of two injective submodules of any right R-module is injective. 

Solution. The "only if" part is clear since every right module is injec
tive over a semisimple ring. For the "if" part, make use of the following 
observation over any ring R: 
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For any rightR-moduleN, there exists a rightR-module containing 
two isomorphic injective submodules A, B such that N ~ A n B. 

If R is such that the intersection of two injective submodules of any right 
R-module is injective, then (*) implies that any N R is injective, and hence 
R is semisimple by FC-(2.9). 

To prove (*), let M = E(N) and M' = Ml 9M2 where Ml = M2 = M. 
Let N' = {(n, n) : n E N} ~ M', and let 7r be the projection map from M' 
onto M'IN'. Clearly, 7r(Mi) ~ Mi = M, so 7r(Md, 7r(M2) are isomorphic 
injective submodules of M'IN'. Now, the map 

n f---) 7r(n, 0) = 7r(0, -n) 

defines an isomorphism from N to 7r(Md n 7r(M2), as desired. 

Ex. 3.12. If R, S are (finite-dimensional) Frobenius k-algebras (over a 
field k), show that R x Sand R® kS are also Frobenius k-algebras. Using 
this and the Wedderburn-Art in Theorem, show that any finite-dimensional 
semisimple k-algebra is a Frobenius algebra. 

Solution. Let B : R x R ~ k and C : S x S ~ k be the nonsingular 
k-bilinear maps with the associativity property imposed in the definition 
of Frobenius k-algebras. We first deal with the direct product T = R x S, 
which is viewed as a k-algebra by the diagonal action of k. We can define 
a pairing D : TxT ~ k by 

D ((r, s), (r', s')) = B(r, r') + C(s, s') (r, r' E R; s, s' E S). 

This is easily checked to be k-bilinear, and we have 

D ((r, s), (r', s')(r", S")) = D ((r, s), (r'r", S'S")) 

= B(r, r'r") + C(s, S'S") 

= B(rr', r") + C(ss', S") 

= D ((r, s)(r', s'), (r", S")). 

To check the nonsingularity of D, suppose D((r, s), (r', s')) = 0 for all r', s', 
where r E R, s E S are fixed. Choosing s' = 0, we see that B(r, r') = 0 for 
all r' E R, so r = O. Similarly, we can check that s = O. This shows that T 
is a Frobenius k-algebra. 

Next we deal with the tensor product W = R ®k S, which is viewed 
as a k-algebra in the usual way. This time, we define a k-bilinear pairing 
E: WxW~kby 

E(Lri®Si, LTj®Sj) = LB(ri,rj)C(si,sj). 
2 ) 2,) 

Note that the matrix of E is the Kronecker product of those of Band C 
with respect to suitable bases. From this observation, it follows easily that 
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the nonsingularity of the pairings Band C implies that of E. A calculation 
similar to the one given in the case B x C shows that E has the associativity 
property (if Band C do). This checks that W = B @k C is a Frobenius 
k-algebra. 

For the last part of the problem, let A be a finite-dimensional semisimple 
k-algebra. By the Wedderburn-Art in Theorem, A = Al X ... x Ar where 
the Ai = Mni (Di) for suitable (finite-dimensional) k-division algebras Di. 
Using the direct product reduction, we need only show that each Mni (Di) 
is a Frobenius k-algebra. Now Mni (Di) ~ Di @kMni(k). By LMR-(3.15C), 
Di is a Frobenius k-algebra, so it suffices to show that each matrix algebra 
R = Mn(k) is Frobenius. To this end, we define a k-bilinear pairing B : 
R x R -+ k by B(a, (3) = tr(a(3) where "tr" denotes the trace function 
on n x n matrices. Clearly, B has the associativity property, so we need 
only check that B is nonsingular. Say a E R is such that tr( a(3) = 0 for all 
(3 E R. For the matrix units Epq , we have 

0= tr (aEpq) = tr C~=i,j aijEijEpq) = tr (Li aipEiq ) = a qp , 

so a = (aij) = 0 in Mn(k), as desired. 

Ex. 3.13. In LMR-(3.12), it is shown that, if S is a principal right ideal 
domain, then for any nonzero element b E S such that bS = Sb, the factor 
ring SibS is a right self-injective ring. In the commutative case, generalize 
this by showing that, for any Dedekind domain S and any nonzero ideal 
~ ~ S, the factor ring R = S/~ is a self-injective ring. 

Solution. Let PI, ... ,Pn be the prime ideals containing 93, and let T = 
S\(PI U ... U Pn). Consider ST, the localization of S at the multiplicative 
set T. This is a semilocal Dedekind domain (whose maximal ideals are 
(PI)r, ... , (Pn)T), so by Ex. 2.11, it is a principal ideal domain. We claim 
that the natural ring homomorphism 

is an isomorphism. Once this is proved, then S I~ ~ ST I~T is a self
injective ring by the result LMR-(3.12) quoted above. 

To prove that c is one-one, consider any S E ker(c). Then s = bel for 
some b E ~ and t E T. Since no prime ideal contains t and ~, we have an 
equation at + b' = 1 where a E Sand b' E ~. Then 

s = s(at + b' ) = a(st) + sb = ab + sb' E ~, 

so S = 0 E S/~. To show that c is onto, consider any element sCI + ~T 
in ST/~T' where s E Sand t E T. As above, there exists an equation 
at + b' = 1 where a E Sand b' E ~. Then 

SCI - sa = sCI(l - ta) = (b' s)C1 E ~T, 

and so sCI + ~T = sa + ~T = c(sa + ~), as desired. 
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Comment. Another way to show that 81'13 is self-injective is to apply 
Baer's Criterion (LMR-(3.7)). For any ideal m/'E in R = 81'13, we need 
to show that the map 

HomR(R, R) --+ HomR(m/'E, R) 

is onto. Again, this is something which can be checked "locally". Yet 
another way of proving the self-injectivity of 81'13 is mentioned below in 
the Comment on Exercise 15. 

Ex. 3.14. For any finite-dimensional commutative local algebra R over a 
field k, show that the following are equivalent: 

(1) R is a Frobenius k-algebra; 
(2) R is self-injective; 
(3) R has a unique minimal ideal. 

Solution. (1) =} (2) is just LMR-(3.14). 

(2) =} (3). Let m, '13 be minimal ideals of R. Then there exists an R
isomorphism f : m --+ '13 (since m, '13 are both isomorphic to Rim where 
m is the maximal ideal of R). Since RR is injective, the isomorphism f is 
induced by multiplication by a suitable element r E R. In particular, we 
have r m = 'E. Since r m ~ m and m is minimal, we must have m = r m = 'E. 

(3) =} (1). Let m be the unique minimal ideal of R. Fix a nonzero element 
a E m and take a hyperplane H in R that does not contain a. Clearly, H 
does not contain any nonzero ideal, since any such contains m. Therefore, 
by LMR-(3.15), R is a Frobenius k-algebra. 

Comment. There is certainly room for improvement in this result: note 
that R being local is not needed in the argument for (3) =} (1), and the 
argument for (2) =} (3) shows more generally that any two isomorphic 
minimal ideals in the socle of a commutative self-injective ring must be 
equal. The local algebras in this exercise are known to commutative al
gebraists and algebraic geometers as zero-dimensional local Gorenstein 
algebras. Examples of such algebras can be found in LMR-(3.15B) and 
LMR-(3.15C). 

For a generalization of this exercise to artinian rings, see LMR-(15.27); 
and for a noncommutative version of the same, see Exer. (16.1). 

Ex. 3.15. Let k be a field, and R be a finite-dimensional k-algebra that is 
a proper factor ring of a Dedekind k-domain 8. Show that R is a Frobenius 
k-algebra. 

Solution. Say R = 81'13 where '13 ~ 8 is a nonzero ideal. Let '13 = 
p~l ... p~T be the unique factorization of '13 into prime ideals. By the 
Chinese Remainder Theorem (applicable here since the ideals {p~i} are 
pairwise comaximal), we have R ~ 11 Rlp~i. According to Exercise 12, 
it suffices to show that each Rlp~i is a Frobenius k-algebra. Now Rlp~i 
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is a finite-dimensional local k-algebra (with unique maximal ideal pdp~i), 

and it has a unique minimal ideal p~i-l /p~i. Therefore, the last exercise 
applies to show that R/p~i is a Frobenius algebra for every i. 

Comment. In the case where no field k is present, the same method can 
be used to give another solution to Exercise 13. 

Ex. 3.16. Let K/k be a field extension, and let R be a finite-dimensional 
k-algebra. Show that R is a Frobenius algebra over k iff RK = R @k K is 
a Frobenius algebra over K. 

Solution. The "only if" part is easy. For, if R is a Frobenius algebra, then 
by definition, there exists a nonsingular bilinear pairing B: R x R ~ k with 
the "associativity" property B(xy, z) = B(x, yz) for all x, y, z E R. For 
any field extension K/k, we can extend B to BK : RK X RK ~ K in the 
usual way, and it is easy to check that BK is nonsingular, and inherits the 
associativity property of B. Therefore, RK is also a Frobenius K-algebra. 

Conversely, assume that, for some field extension K/k, RK is a Frobe
nius K-algebra. We try to compare the following two right R-modules: 
M = RR, and N = Homk (RR, k). Upon scalar extension to K, we have 
MK = RR@k K ~ (RK)RK, and 

N K = Homk (RR, k) @k K ~ HomK (RK(R K), K) 

(see FC-(7.4)). Since RK is a Frobenius algebra, we have MK ~ NK 

as right RK-modules. By the Noether-Deuring Theorem (FC-(19.25)), we 
have M ~ N as right R-modules, so R is a Frobenius k-algebra. 

Ex. 3.17. Let R be a finite-dimensional algebra over a field k. For any f.g. 
left R-module M, let if = Homk(M, k), which has a natural structure 
of a right R-module. It is known that the isomorphism type of this right 
R-module is independent of the choice of k: see LMR-(19.32). Prove the 
following special case of this fact: Let K be a field extension of k within 
the center of R (so R is also a finite-dimensional K-algebra). Then for any 
f.g. left R-module M, Homk(M, k) and HomK(M, K) are isomorphic as 
right R-modules. 

Solution. Fix a nonzero k-linear functional t : K ~ k. We define a k
linear map 

f : HomK(M, K) --t Homk(M, k) 

by f(>..) = to>.. for any>.. E HomK(M, K). This is a right R-homomorphism 
between the two dual spaces. In fact, for>.. as above, and r E R, m E M, 
we have 

f(>..r)(m) = (t 0 >..r)(m) = t((>..r)(m)) 
= t(>"(rm)) = (t 0 >")(rm) 
= f(>..)(rm) = (f(>")r)(m), 
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so f(>.r) = f(>.)r. It is easy to check that f is an injection. For, suppose 
A i=- o. Then A(M) = K and so 

f(A)(M) = t(A(M)) = t(K) = k 

shows that f(A) i=- O. Computing k-dimensions, we have 

dimk HomK(M, K) = [K: k] dimK HomK(M, K) 
= [K: k] dimKM 

= dimk M 
= dimk Homk(M, k). 

Therefore, the k-linear injection f must be an isomorphism (of right 
R-modules). 

Comment. The work above comes close to, but is not sufficient for proving 
the independence of the right module Homk(M, k) on k. The difficulty 
stems from the fact that if kl' k2 are fields in Z (R) (the center of R) over 
both of which R is a finite-dimensional algebra, then R may not be finite
dimensional over kl n k2 ; on the other hand, while R is a f.g. module over 
kl . k2, the latter may not be a field. Therefore, the present exercise may not 
yield a direct comparison between the k1-dual and the k2-dual. Of course, 
in the case where Z(R) is a field, or where Z(R) contains a smallest field 
over which R is finite-dimensional, this exercise will give the independence 
of Homk(M, k) over k (independently of (19.32)). 

Ex. 3.18. Use the fact that ZjnZ is self-injective (LMR-(3.13)(1)) to prove 
Priifer's Theorem, which states that any abelian group G of finite exponent 
n is isomorphic to a direct sum of cyclic groups, necessarily of exponents 
dividing n. (Your proof should show, in particular, that any element of 
order n generates a direct summand in G.) 

Solution. Since G is the direct sum of its primary components, we are 
immediately reduced to the case when n = pT where p is a prime. Let 
R be the ring ZjpTZ and view G as a (left) R-module. Then G contains 
at least one copy of RR. Consider the family J of direct sums EBi Ai of 
submodules Ai ~ M where each Ai ~ R, and define EBi Ai ~ EBj Bj 

in J to mean that each Ai is equal to some Bj . It is easy to show that 
any linearly ordered family in J has an upper bound. Therefore, by Zorn's 
Lemma, J has a maximal member, say H = EBk Ck. Since R is a noetherian 
self-injective ring, RH ~ EBk(RR) is injective by LMR-(3.46). Therefore, 
G = H EB H' for a suitable R-module H'. Since EBk Ck is maximal in 
J, H' cannot contain a copy of R. Therefore, we must have pT-l H' = o. 
Invoking an inductive hypothesis at this point, we may assume that H' = 
EBR DR where the D£,s are cyclic groups of exponent dividing pT-l. Now 
G = EBk Ck EB EBR DR gives what we want. 
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Comment. The induction above can be started at r = 0, for which the 
desired result is trivial. The inductive step from r = 0 to r = 1 is essentially 
the argument for the existence of a basis for a vector space over the field IF p' 

The self-injectivity of the ring Z/nZ enables us to extend this argument 
from vector spaces to abelian groups. 

Priifer's Theorem should more appropriately be called the Priifer-Baer 
Theorem. It was proved by H. Priifer for countable abelian groups in 1923, 
and by R. Baer for arbitrary abelian groups (of finite exponent) in 1934. 

Ex. 3.19. For any field k and any nonzero polynomial J(t) in k[t], it is 
proved in LMR-(3.13)(2) that k[t]/(f(t)) is a self-injective ring. Explain 
how this would impact upon the proof of the Jordan Canonical Form 
Theorem. 

Solution. Let T be a linear operator on a finite-dimensional k-vector space 
V such that the minimal polynomial J(t) of T splits completely over k. By 
passing to the generalized eigenspaces of V ("primary decomposition"), we 
may assume that J (t) has the form (t - A) m. By replacing T by T - AI, we 
may further assume that A = O. Then V is a left module over the k-algebra 
R = k[tJl(t m ) where t acts on V via T. We shall make use of the fact that 
R is a self-injective ring. The idea is the same as that used in the solution 
of Exercise 18, except that things are easier here due to dimk V < 00 . 

Since T m - 1 #- 0 on V, there exists an R-submodule of V isomorphic to 
RR. Let U be a free R-module of the largest k-dimension in V. Since RU 
is an injective module, V = U ffi W for a suitable R-module W. Clearly 
W cannot contain a copy of RR, so Tm-l acts as zero on Wand we can 
handle TIW by induction. For each copy of RR, say R· u in U, we can use 
the k-basis {u, Tu, ... , T m - 1 u }, with respect to which the action of T is 
expressed in the form of a nilpotent m x m Jordan block. This leads to the 
Jordan Canonical Form of Ton V. 

Ex. 3.20. Let S be a submodule of a right module M over a ring R. Show 
that there exists a submodule C ~ M such that E(M) ~ E(S) ffi E(C). 

Solution. By Zorn's Lemma, there exists a submodule C ~ M maximal 
with respect to the property S n C = O. (Any such submodule C is called 
a complement to S in M.) As we have seen in the solution to Exercise 9, 
S ffi C ~e M. By LMR-(3.33)(2) and (3.39), it follows that 

E(M) ~ E(S ffi C) ~ E(S) ffi E(C), 

as desired. 

Ex. 3.21. For any noetherian right module M over any ring R, show that 
E(M) is a finite direct sum of indecomposable injective R-modules. 

Solution. We may assume that M #- O. We claim that each submodule 
M' ~ M can be expressed as Ml n· .. n Mn in such a way that each M / Mi 
is uniform. For, if otherwise, there would exist a maximal M' which cannot 
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be so expressed (since M R is noetherian). In particular M I M' -I- 0 cannot 
be uniform, so there exist submodules X, Y;2 M' such that X n Y = M'. 
But then X = Xl n·· ·nxr and Y = YI n·· ·nYs, where MIXi and MIYj 
are all uniform. Since 

M' = X n Y = Xl n ... n Xr n YI n ... n Ys, 

we have arrived at a contradiction. 
Applying our claim above to M' = 0, we have an equation 0 = MI n 

... n Mn where each MIMi is uniform. We may assume that this expression 
of the zero submodule is irredundant, in the sense that no Mi can contain 
the intersection of the other Mj's. Then, for the embedding map 

we have Ni : = f(M) n (MIMi) -I- 0 for each i. Since MIMi is uniform, 
Ni <;;;e MIMi and hence ffii Ni <;;;e N by LMR-(3.38). From ffii Ni C 
f(M), we have then f(M) <;;;e N and it follows from LMR-(3.39) that 

E(MP~ E (f(M)) = E (EB~=1 Ni) ~ EB~=1 E (MIMi). 

By LMR-(3.52), each E(MIMi) is indecomposable, as desired. 

Comment. The method of proving the existence of the expression M' = 
MI n ... n Mn in the first part of the Exercise is called "noetherian induc
tion"; it goes back essentially to Emmy Noether. In fact, the whole analysis 
above is very close to Noether's proof of the Primary Decomposition The
orem for ideals in a (commutative) noetherian ring. 

With the later material on uniform dimensions, this Exercise can be 
further improved. In LMR-(6.12), it is shown that, for any module MR, 
E(M) is a finite direct sum of indecomposable injective R-modules iff M 
has finite uniform dimension (that is, iff M contains no infinite direct sum 
of nonzero sub modules ). The present exercise is a special case of this, since 
any noetherian module has finite uniform dimension. For more information 
on the indecomposable summands of E(M) and the "associated primes" of 
M (in the case of finite uniform dimension), see Exercise 6.4. 

Ex. 3.22. Show that any injective module IR is the injective hull of a 
direct sum of cyclic modules. 

Solution. We may assume that I -I- O. Consider the family of subsets X of 
nonzero elements in I with the property that the sum LXEX xR is direct. 
By applying Zorn's Lemma to this family, we come out with a maximal X 
in this family (with respect to inclusion). Since I is injective, we can write 
I = E (ffiXEX xR) EB M for some submodule M <;;; I. If M -I- 0, we can 
pick y E M\ {O} and get a direct sum ffixEX xR EB yR, in contradiction to 
the maximality of X. Therefore M = 0, and we have I = E (ffixEX xR) 
as desired. 
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Ex. 3.23. Let H = End (IR) where I is an injective right R-module. For 
f, hE H, show that f E H· h iff ker(h) ~ ker(f). 

Solution. If f = gh for some 9 E H, clearly h(x) = 0 implies f(x) 
g(h(x)) = 0 for x E I, so we have ker(h) ~ ker(f) without any condition 
on I. Conversely, assume IR is injective and ker(h) ~ ker(f). For N = h(I), 
we can define go E HomR(N, I) by go(h(x)) = f(x) (for x E I). Note that 
go is well-defined since 

h(x) = h(x') ==} x - x' E ker(h) ~ ker(f) ==} f(x) = f(x'). 

Since I is injective, go extends to some 9 E HomR(I, I) = H, which then 
satisfies f = gh. 

Comment. The property needed on I for the above proof to work is pre
cisely that, for any submodule N ~ I, any R-homomorphism go : N -t I 
extends to an endomorphism 9 E End(IR). This property defines the notion 
of I being a quasi-injective (or weakly injective) R-module. Most properties 
provable for End(IR) for injective modules I are provable by the same token 
for End(IR) for quasi-injective modules. For a select list of such properties, 
see LMR-(13.1) and (13.2). 

The special case of the Exercise for the right regular module RR is 
as follows: If R is a right self-injective ring, then f E Rh iff annr (h) ~ 

annr(f). (It is true that assuming RR quasi-injective would be sufficient. 
However, by Baer's Criterion, this is already equivalent to the right self
injectivity of R.) 

Ex. 3.24. Let lR be an injective module. If every surjective endomorphism 
of 1 is an automorphism, show that every injective endomorphism of 1 is 
an automorphism. How about the converse? 

Solution. Let f : 1 -t 1 be injective, with J = f(I). Since J ~ I is 
injective, 1 = J EB K for a suitable submodule K. Now let g: J -t 1 be the 
inverse of f : 1 -t J, and consider 9 EB 0 : J EB K -t I. This is a surjective 
endomorphism of I, so by assumption K = ker(g EB 0) = 0, which shows 
that f is onto. 

The converse statement is not true in general. For instance, let I be the 
Priifer p-group over Z where p is any prime. Then I = U~=l Cpn where 
Cpn is cyclic of order pn. We claim that any injective h : I -t I is onto. 
Indeed, h (Cpn) ~ Cpn implies that h (Cpn) = Cpn (since Cpn is the only 
subgroup of order pn in I), so h is clearly onto. However, I ICp ~ I, so we 
have a surjective I -t I with kernel Cp i- O. 

Comment. The result in this exercise appeared in G. Birkenmeier's paper 
"On the cancellation of quasi-injective modules," Comm. Algebra 4(1976), 
101-109. 

Ex. 3.25. Let MR be any module, and let f E EndR(E(M)). If flM is an 
automorphism of M, show that f is an automorphism of E(M). 
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Solution. Since JIM is injective, we have M n ker(J) = O. Therefore, 
M ~e E(M) implies that ker(J) = 0, so J is a monomorphism. Now 
consider J(E(M)) :2 J(M) = M. Since J(E(M)) ~ E(M) is injective, 
J(E(M)) must be equal to the injective hull E(M) of M. Therefore, J is 
also an epimorphism. 

Comment. In general, the converse of this exercise is not true. However, 
if M is a quasi-injective module in the sense of LMR-§6 G (any homo
morphism from a submodule of M to M extends to an endomorphism of 
M), the converse becomes true, since in this case M is a fully invariant 
submodule of E(M) (by LMR-(6.74)). 

Ex. 3.26. Show that Baer's Criterion for Injectivity LMR-(3.7) can be 
further modified as follows: To check that a module IR is injective, it is 
sufficient to show that, for any right ideal Q( ~e RR, any J E HomR(Q(, 1) 
can be extended to R. 

Solution. Suppose the given condition on I is satisfied, and let 
9 E HomR(S)3, 1), where S)3 ~ R is any right ideal. Consider the family ~ of 
pairs (S)3', g') where g' E HomR(S)3', 1), S)3' :2 S)3 and g'lS)3 = g. We partially 
order ~ by defining (S)3', g') ~ (S)3I1, gil) if S)3' ~ S)3" and g"IS)3' = g'. 
Then a routine application of Zorn's Lemma shows the existence of a 
maximal member (Q(,1) in ~. We must have Q( ~e RR, for otherwise 
Q( n Q(' = 0 for some nonzero right ideal Q(', and we could have extended J 
to J EEl 0 : Q( EEl Q(' ----+ I. Now by the given hypothesis J can be extended 
to R ----+ I. Therefore, by Baer's Criterion LMR-(3.7), IR is an injective 
module. 

Ex. 3.27. (P. Freyd) Give a direct proof for the validity of the modified 
Baer's Criterion in the last exercise by using the fact that a module IR is 
injective iff it has no proper essential extensions. 

Solution. Suppose any R-homomorphism from an essential right ideal 
of R to IR can be extended to RR. Our job is to check that I has no 
proper essential extensions. Consider any essential extension I ~e E and 
any element y E E. By the Comment following Exercise 7, 

Q( : = {a E R: ya E I} ~e RR' 

Consider J E HomR(Q(, 1) defined by J(a) = ya for all a E Q(. Byassump
tion, J can be extended to some 9 E HomR(R, I). For x : = g(l) E I, we 
have therefore J(a) = ya = xa for all a E Q(. We claim that In(y-x) R = O. 
In fact, if z = (y - x) rEI where r E R, then yr = z + xr E I implies 
that r E Q(, and hence z = yr - xr = O. Since I ~e E, it follows that 
(y - x)R = 0; that is, y = x E I. Hence 1= E, as desired. 

Ex. 3.28. (1) For an R-module MR and an ideal J s:;; R, let P = 
{m EM: mJ = O}. If M is an injective R-module, show that P is 
an injective Rj J-module. 
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(2) Use the above to give a proof for the fact that any proper factor ring 
of a commutative PID is a self-injective ring. 

Solution. (1) View P as an RjJ-module, and let E = E(PR/ J ). Then 
P <;:;e E as R/ J-modules, and hence as R-modules. Since MR is injective, 
we may assume that E is embedded in N, that is, P <;:; E <;:; N. But then 
EJ = 0 implies that E <;:; P, so P = E is injective as an R/ J-module. 

(2) Consider R/ J, where R is a communtative PID, and J is a nonzero ideal 
in R. Let K be the quotient field of R. Then K and hence M : = K / J 
are divisible R-modules. In particular, MR is injective (by LMR-(3.17)'). 
Using the fact that J is principal, it is easy to check that 

P : = {m EM: mJ = O} = RjJ. 

Therefore, by (1) above, P = R/ J is an injective R/ J-module, as desired. 

Ex. 3.29. Let MR be an R-module, and J <;:; R be an ideal such that 
M J = O. By Exercise 28, if MR is injective, then MR/ J is injective. Is the 
converse also true? 

Solution. The converse is clearly false. For R = Z and J = 2 Z, consider 
the R-module M = Z/2Z, which satisfies M J = O. Here M is an injective 
R/J-module (since RjJ is a field), but M is clearly not an injective R
module. 

Comment. Curiously enough, the converse mentioned in the Exercise is 
"sometimes" true. For instance, let R = 5 x J where 5, J are two rings. 
Let Ms be an 5-module, viewed as an R-module via the projection R --+ 5. 
Then R/ J ~ 5, M J = 0, and it is proved in LMR-(3.11A) that MR is 
injective iff MA = M R / J is injective. For some generalizations of this, see 
Ex. 4.29'. For the "quasi-injective" analogues of this and the last exercise, 
see Ex. 6.27 A (and the ensuing Comment). 

Ex. 3.30. Let 5 = R[X], where X is any commuting set of indeterminates 
over R. For any essential right ideal ~ <;:;e RR, show that ~[Xl <;:;e 5 s · 
What if 5 = R (Y) where Y is a noncommuting set of indeterminates? 

Solution. For f(X) # 0 in 5, it suffices to show that f(X)r E ~[Xl\{O} 

for some r E R. Let f(X) = bd31 + ... + bnf3n where bi E R\{O} and the 
f3i'S are distinct monomials in the variables in X. Pick rl E R such that 
b1rl E ~\{O} Then f(X) rl = hrlf31 + g(X) where 

g(X) = b2rlf32 + ... + bnrlf3n. 

If g(X) = 0, then we already have f(X)rl = b1rlf31 E ~[Xl \ {O}. Other
wise, we may assume, by invoking an inductive hypothesis, that there exists 
r' E R such that g(X) r' E ~[Xl \ {O}. For r = rlr' E R, we have now 

f(X) r = (hrlf31 + g(X)) r' = b1rlr'f31 + g(X) r' E ~[Xl \ {O}, 

as desired. 
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The argument above clearly did not depend on the fact that the vari
ables in X commute with one another. Therefore, in the case S = R (Y), 
the same argument yields 2( (Y) ~e S8. 

Ex. 3.31. ("Schroder-Bernstein for Injectives") Let A, B be injective R
modules that can be embedded in each other. Show that A ~ B. 

Solution. Since B is injective, we may assume that A = B EB X and that 
there exists a monomorphism f : A --- B. Note first that if 

where Xi E X, then all Xi = O. In fact, Xo E im(f) ~ B implies Xo = 0, and 
so 

(since f is a monomorphism). By induction, we see that all Xi = O. There
fore, we have 

C : = X EB f(X) EB f2(X) EB .... ~ A. 

Let E = E(f(C)) ~ B, and write B = E EB Y. Since C = X EB f(C), 

E(C) = E(X EB f(C)) ~ E(X) EB E(f(C)) = X EB E. 

On the other hand, E(C) ~ E(f(C)) = E, so X EB E ~ E. From this, we 
deduce that 

A = X EB B = X EB E EB Y ~ E EB Y = B. 

Comment. This exercise was proposed as a problem in Carl Faith's ring 
theory seminar at Rutgers University around 1964. R. Bumby's solution 
to the problem, using ideas similar to those in one of the proofs of the 
set-theoretic Schroder-Bernstein Theorem, appeared in Archiv der Math. 
16(1965), 184~185. This paper also contained the refinement in the follow
ing exercise. 

Ex. 3.32. Suppose A, Bare R-modules that can be embedded in each 
other. Show that E(A) ~ E(B), but that we may have A ;i B. 

Solution. Fix an embedding f: A --- B. Then f(A) ~ B ~ E(B), 
so E(B) contains a copy of E(f(A)) ~ E(A). By symmetry, E(A) also 
contains a copy of E(B). Since E(A), E(B) are injective, it follows from 
Exercise 31 that E(A) ~ E(B). 

In general, we may not have A ~ B. For instance, let B = Z4 EB Z4 EB 
.... and A = Z2 EB B over the ring Z. Then B is a submodule of A, and A 
can be embedded into B by 

a + (h, b2 , ... ) f---7 (i(a), b1 , b2 , ... ) (a E Z2, bi E Z4), 

where i is the embedding of Z2 into Z4. Every element of order 2 in B is 
divisible by 2, but the same is not true in A. Therefore, we have A ;i B. 
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In this example, neither A nor B is injective (as a Z-module). It is just as 
easy to produce an example where one of A, B is injective. Just take 

and the same argument will work (since Z2 embeds into Q/Z). Here B is 
injective and A is not, so in particular, A ~ B. (In both counterexamples, it 
is easy to see directly that E(A) ~ E(B).) Finitely generated examples are 
also easy to find: for instance, over the commutative domain R = Q[x, y], 
we can take A = Rand B = xR + yR c;:;; A. Clearly, A can be embedded in 
B, but A ~ B as R-modules. 

Ex. 3.33. Let J = rad R, where R is a semilocal ring (Le. R/ J is semi
simple). Let VR be a semisimple module, and E = E(V). Show that there 
is an R-isomorphism E/V ~ HomR(J, E). (Here, the right R-action on 
HomR(J,E) comes from the left R-action on J.) If, moreover, J2 = 0, 
show that E/V ~ HomR(J, V). 

Solution. Consider the map cp : E ~ HomR(J, E) defined by cp(e)(j) = 

ej for e E E and j E J. It is straightforward to check that cp is a right R
module homomorphism (with the right R-module structure on HomR(J, E) 
as described above). Since ER is an injective R-module, the map cp is onto. 
We claim that ker( cp) = V. In fact, since V is semisimple, V J = 0 so 
cp(V) = O. On the other hand, if e E ker(cp), then 0 = eJ = (eR)J, so eR 
may be viewed as an R/ J-module. Since R/ J is a semisimple ring, eR is a 
semisimple R-module, whence eR c;:;; V (as V C:::e E). This shows that e E V, 
so we have shown that ker( cp) = V. Therefore, cp induces an isomorphism 
E/V ~ HomR(J, E). 

Now assume also J2 = O. Then, as above, we see that JR is a semisimple 
module. For any j E HomR(J, E), j(J) is also semisimple, and so j(J) c;:;; 

V(as V C;:;;e E). This shows that 

HomR(J, V) = HomR(J, E) ~ E/V. 

Ex. 3.34. (Big Injective Hulls over Artinian Rings) Let A c;:;; B be division 
rings such that dim(AB) < 00 but dim(BA) = 00. (Such pairs of division 
rings were first constructed by P.M. Cohn, in answer to a question of E. 

Artin.) Let R = (~ ~). By FC-(1.22), R is an artinian ring. Since 

J = radR = (~ ~) with R/J ~ A x B, the two simple right R-modules 

V', V may be thought of as A and B respectively, with R acting via the 
projection R ~ A x B. 

(1) Show that V'is injective. 
(2) Determine the quotient module E(V)/V and show that E(V)R is not 
finitely generated. 
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Solution. Since J2 = 0, the last conclusion of Exercise 32 applies. 

(1) Since E(V')/V' ~ HomR(J, V'), it suffices to show that any f E 
HomR(J, V') is zero. This follows since, for any x E B: 

f (~ ~) = f ((~ ~) (~ ~)) E V'· (~ ~) = O. 

(2) Since E(V)/V ~ HomR(J, V), it suffices to compute the latter. Define 
a map B: B -+ HomR(J, V) by B(b) = 9 where 

9 (~ ~) = bx E B = V. 

Clearly, 9 = 0 only if b = 0, so B is injective. For any f E HomR(J, V), let 

b : = f (~ ~). Then 

f(~ ~)=f((~ ~)(~ ~))=bX (VxEB), 

so f = B(b). This shows that B is a group isomorphism. For any r 

( ~ ~) E R, note that 

Thus, B is an R-isomorphism HomR(J, V) ~ BA, where BA is viewed as an 
R-module via the projection R -+ A. Since dim(B A ) = 00, E(V)/V is not 
finitely generated as an R-module, and so E(V) is not finitely generated as 
an R-module. 

Comment. The result of this Exercise and the approach used herein come 
from the paper of A. Rosenberg and D. Zelinsky, "On the finiteness of 
injective hulls," Math. Zeit. 70(1959),372-380. Right artinian rings R with 
the property that E(V) is f.g. for every simple right R-module V have a 
special significance. In fact, in LMR-(19.74), it is shown that these are 
precisely the right artinian rings which admit a Morita duality (with some 
other ring S). 

Ex. 3.35. Over a right noetherian, right self-injective ring R, show that 
any projective module PR is injective. 

Solution. Take a suitable module Q R such that F : = P EB Q is free. 
Since R is right noetherian and RR is injective, F (being a direct sum of 
copies of RR) is also injective, by LMR-(3.46), and hence P is injective. 

Comment. A ring R satisfying the hypotheses of this exercise is called a 
quasi-Frobenius (QF) ring. Much more information about such a ring and 
its modules can be found in LMR-§§15-16. For instance, injective right 
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modules over R are also projective, and R turns out to be an artinian 
self-injective ring. 

Ex. 3.36. True or False: Let R S;; 5 be rings such that R S;;e 5 R , and 58 
is injective. Then 5 = E(RR)' 

Solution. The conclusion 5 = E(RR) is not true in general since 5R may 
not be an injective R-module. To construct a counterexample, let k be a 
field, and 5 = k[t] with the relation t4 = O. Since 5 is a factor ring of the 
principal ideal domain k[x], 58 is injective by LMR-(3.12). Let R be the 
subring k EI:l kt2 EI:l kt3 . Then R S;;e 5 R . To see this, consider any 

f = a + bt + ce + dt3 E 5\R, 

where a, b, c, d E k. Then b =J 0, and so ft2 = at 2 + bt3 E R\{O}. We 
finish by checking that 5 R is not injective. Consider the ideal ~ = kt3 and 
the map cp : ~ ---+ 5 given by cp(dt3 ) = dt2 for every d E k. This is clearly 
an R-module homomorphism. If 5 R was injective, there would exist 9 E R 
such that cp( t 3 ) = gt3 . But gt3 E kt3 (since kt3 is an ideal in 5), so now 
t2 E kt3 , a contradiction. 

Comment. The k-algebra R here is actually isomorphic to A = k[u, v] with 
the relations u2 = v2 = uv = O. (An explicit isomorphism cp from A to R 
is given by 

cp( a + cu + dv) = a + ct2 + dt3 , 

for any a, c, d E k.) Now the injective hull of AA was computed in 
LMR-(3.69). Using this computation, and identifying R with A, we see 
that dimkE(RR) = 6. Thus, although the ring 5 is self-injective, it is "too 
small" to be the injective hull of RR. 

For the genesis of the example R S;; 5 used above, see the Comment 
following the solution to Ex. 13.24. 

In some sense, the statement given in this exercise is "not too far" 
from being true. Most notably, when the ring R is assumed to be "right 
nonsingular," then this statement becomes true, as a consequence of a 
theorem of R. E. Johnson: see LMR-(13.39). 

Ex. 3.37. (Douglas-Farahat) Let M be an additive abelian group, and let 
R = Endz(M) (operating on the left of M). Show that RM is a projective 
module in case (1) M is a f.g. abelian group, or (2) nM = 0 for some 
positive integer n. 

Solution. Case (1) is already handled in part in LMR-(2.12B). In order 
not to repeat the explanations there, let us try to give a somewhat different 
formulation here. 

First note that, for any abelian group X, Homz(X, M) is a left R
module since M = RM. Of course, for X = M, this gives back the left 
regular module RR. Let us make the following observation. 
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Lemma. Suppose M = X EEl Y where X, Yare subgroups of M. Then the 
left R-module Homz(X, M) is isomorphic to a direct summand of RR. 

Proof. Let i: X -+ M and j: Y -+ M be the inclusion maps. The 
natural group isomorphism 

cp: Homz(M, M) --+ Homz(X, M) EEl Homz(Y, M) 

is given by cp(f) = (fi'!j). The map cp is a left R-module homomorphism 
since, for any 9 E R, 

cp(gt) = ((gf)i, (gf)j) = (g(fi), g(fj)) 

= g(fi, fj) = gcp(f). 

Therefore, Homz(X, M) is isomorphic, as a left R-module, to a direct 
summand of Homz(M,M) = RR. 0 

To solve the exercise (independently of LMR-(2.12B)), we go into the 
following two cases. 

Case 1. M is a f.g. abelian group. We work first in the case where M has 
rank 2: 1. Here we can write M = Z EEl Y. By the Lemma, RM ~ Homz(Z, M) 
is isomorphic to a direct summand of RR, so RM is a projective R-module. 
If rank M = 0, then M is a finite torsion group. This case is clearly 
subsumed in the case below. 

Case 2. nM = 0. We may assume that n is chosen least. Let n = p? ... p~k 

be the prime factorization of n, and let Mi be the pi-primary component 
of j1!I. Then Mi has exponent p~i so by Exercise 18, Mi = Xi EB Yi where 
Xi ~ Zjp~iZ, and Yi is a suitable subgroup of Mi. Then 

M = MI EEl ... EEl Mk = X EEl Y, 

where Y = YI EEl··· EEl Yk, and X = Xl EEl··· EEl Xk ~ ZjnZ. We claim again 
that Homz(X, M) ~ M as left R-modules. To see this, let x be a generator 
ofthe cyclic group X, and define 'ljJ : Homz(X, M) -+ M by 'ljJ(g) = g(x) for 
any 9 E Homz(X, M). It is easy to verify that 'ljJ is an R-homomorphism. 
If'lf,(g) = 0, then g(x) = ° and so 9 = 0. This shows that 'ljJ is one-one. 
For any z E M, we have nz = 0, so there is a homomorphism 9 : X -+ M 
defined by g(x) = z. Then 'ljJ(g) = g(x) = z shows that 'ljJ is onto. This 
proves the claim, and the Lemma shows that RM is isomorphic to a direct 
summand of RR. Hence RM is again a projective R-module. 

Comment. This exercise is a result of A. J. Douglas and H. K. Farahat from 
their paper "The homological dimension of an abelian group as a module 
over its ring of endomorphisms," Monatshefte Math. 69(1965), 294-305. 
The case where M is a p-primary abelian group was independently noted 
in F. Richman and E. A. Walker, "Primary abelian groups as modules over 
their endomorphism rings," Math. Zeit. 89(1965), 77-81. This paper also 
offered several criteria for a p-primary abelian group M to be projective as 
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a left module over R = Endz(M). This is certainly not always the case. For 
instance, if M is the Priifer p-group lim 7l.,/pn7l." then R = lim 7l.,/pn7l., is 

----+ +--

the ring of p-adic integers. This is a discrete valuation ring, so pdR(M) :S 1 
by LMR-(5.14), where "pd" denotes "projective dimension". Here RM is 
not R-projective since it cannot be embedded in a free R-module (the latter 
being torsion-free). Therefore, we have pdR(M) = 1. 

In their 1965 paper referred to above, Douglas and Farahat asked for 
the possible values of pdR(M) where M is any abelian group. They showed 
that for any torsion group M, pdR(M) :S 1. In a later paper (Monatshefte 
Math. 76(1972), 109~111), they showed that, for any divisible M, one also 
has pdR(M) :S 1, with strict inequality iff M is torsion-free. In the review 
of this paper in Math. Reviews, E. A. Walker observed that the direct sum 
M of the Priifer p-group with the additive group of the p-adic integers 
satisfies pdRM = 2. In another sequel to their paper (Monatshefte Math. 
80(1975), 37~44), Douglas and Farahat constructed abelian groups M with 
pdRM = 00. 

Ex. 3.38. Use the fact that injective modules are divisible to prove the 
following: Let E = E(R/')J.) where ')J. S;; R is a left ideal, and let s E R. If 
sE = 0, then t s = 0 for some t E R\')J.. Deduce that, if R\f11 consists of 
non O-divisors. (e.g. R is a domain, or R is a local ring with maximal ideal 
f11), then E is a faithful R-module. 

Solution. Assume, on the contrary, that annl (s) ~ f11. Consider the nonzero 
element a = 1 + f11 E R/f11 ~ E. For any x E R, we have 

xs = 0 =? X E f11 =? xa = x . (1 + f11) = O. 

Since E is injective and hence divisible, the above implies that a = se for 
some e E E. But then a E sE = 0, a contradiction. 

The last conclusion of the exercise is now clear. Note that this conclusion 
generalizes the faithfulness of the "standard module" (injective hull of the 
residue class field) of a local ring. 

Ex. 3.39. Let (R, m) be a commutative noetherian local ring. Use the 
faithfulness of E(R/m) to show that n~=o mn = O. 

Solution. Let E = E(R/m) and En = annE(mn ). By LMR-(3.76), we 
have annR(En) = mn , and by LMR-(3.78), U~=o En = E. Therefore, 

n~=o mn = n~=o annR(En) = annR(E) = 0 

by the faithfulness of E. 

Comment. The fact that n~=o mn = 0 in a commutative noetherian local 
ring (R, m) is a special case of Krull's Intersection Theorem: see Theorem 74 
in Kaplansky's "Commutative Rings," University of Chicago Press, 1974. 
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The following exercises, 40A through 40G, collect a few basic facts about 
associated primes and primary decompositions, mostly in a commutative 
setting. Some of these facts will prove to be useful in future chapters when 
we consider the case of commutative rings. 

Ex. 3.40A. Let R be a commutative noetherian ring, and let q be a meet
irreducible ideal in R. By a classical theorem of Emmy Noether, q must be 
a primary ideal,(*) say with radical p. Show that E(R/q) ~ E(R/p). Does 
this isomorphism still hold if q is only assumed to be a primary ideal? 

Solution. Since P is a finitely generated ideal, pn ~ q for some n, which 
we may choose to be smallest. If n = 1, we have p = q, and there is no 
problem. So assume n > 1. Take b E pn-l\q. Viewing b as a (nonzero) 
element in Rjq ~ E(Rjq), we have p . b = 0 (since pn ~ q). Conversely, 
if r . b = 0 E Rjq, then rb E q, and so b rf. q forces rEp. This shows 
that annR(b) = p. In particular, R . b ~ R/p as R-modules. Since q is 
meet-irreducible, E(R/q) is indecomposable by LMR-(3.52). From this, it 
follows that E(R/q) = E(R· b) ~ E(R/p). 

If q is only given to be a primary ideal of R, with radical p, the 
isomorphism E(R/q) ~ E(R/p) need not follow. In fact, if we let R = 
Q[u, v] with relations u2 = v2 = uv = 0 and take the standard example 
q = (0) which is primary but not meet-irreducible, then p := rad( q) = (u, v) 
and E(Rjp) is indecomposable, but E(Rjq) = E(R) is decomposable since 
RR is not uniform. Thus, E(R/q) ~ E(R/p). In fact, we have here 

E(R/q) ~ E(R/p) EEl E(R/p), 

by the computations in LMR-(3.69). 

Ex. 3.40B. Let I be an ideal in a commutative noetherian ring R. Show 
that: 

(1) I is primary iff IAss(R/1)I = 1. 
(2) By the Lasker-Noether Theorem (which we assume), there exists an 
(irredundant) primary decomposition I = ql n··· n qn, where the qi's are 
primary ideals with distinct radicals Pi. ("Irredundant" here means I is not 
the intersection of a smaller subset of the qi 's.) Show that 

Ass(Rj1) = {PI, ... , Pn}. 

(3) Show that any prime minimal over I lies in Ass(R/1). Conclude from 
this that the minimal members in Ass(R/1) (with respect to inclusion) are 
exactly the primes in R that are minimal over I. 
(4) Show that I is a radical ideal (i.e., I = Vi) iff qi = Pi for all i. In this 
case, show that each Pi is a minimal prime over I. 

(.) An ideal q <; R is said to be primary if, whenever xy E q, we have either x E q or 
else yn E q for some n. The radical of a primary ideal is always prime. Noether's 
Theorem referred to here is usually proved by the ascending chain argument in the 
proof of LMR-(3.78). 
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(5) Part (2) above shows that the primes Pi arising as radicals of the qi'S in 
a primary decomposition depend only on I, and not on the decomposition 
chosen. Give an example to show, however, that the qi themselves may not 
be uniquely determined. 

Solution. We first prove the "only if" part in (1). Let I be primary, say 
with radical p. Then, for any nonzero element a E R/ I, we have ann (a) ~ p. 
In fact, any r E ann(o,) satisfies ra E I, and a ~ I implies that rEp. Now 
consider any P E Ass(R/ I), say P = ann(o,) for some a as above (see LMR
(3.56)). Then P ~ P, and conversely, for b E P, we have bn E I ~ P (for 
some n), which implies that bE P. Therefore P = p. Since Ass(R/I) =f. 0 
(by LMR-(3.58)), we have Ass(R/ I) = {p}. 

The "if" part of (1) will clearly follow from (2), so it suffices to prove (2). 
Using the given primary decomposition for I, we have an inclusion R/ I '--t 

67~=1 R/qi. Therefore, by LMR-(3.57) (4) (and what we have proved above): 

Ass( R/ I) ~ Ass ( E9 ~=l R/ qi ) 

= U~=l Ass(R/qi) 

= {PI, ... , Pn}. 

We finish by proving, say, PI E Ass(R/ I). Let J = q2 n ... n qn ;2 I. Since 
R is noetherian, p~ ~ ql for some k, so 

p~ J ~ ql n··· n qn = I. 

We may assume k is chosen smallest for such an inclusion to hold, so 
that there exists an element a E p~-l J \ I. Since a E J, we must have 
a ~ q 1. Now for the nonzero element a E R/ I, we can argue as before 
that ann(o,) ~ Pl. (If ra E I, then ra E ql. and a ~ ql implies r E pIo) 
On the other hand, PIa ~ p~ J ~ I implies that PI ~ ann(o,). Therefore, 
PI = ann(o,) E Ass (R/ I), as desired. 

To prove (3), let P be a prime that is minimal over I. Since 

ql ... qn ~ ql n ... n qn = I ~ P, 

we have qi ~ P for some i. But then P also contains the radical Pi of qi. 
Since P is minimal over I, we must have P = Pi E Ass(R/ I). Clearly, P must 
be a minimal member in Ass( R/ 1). Conversely, if P' is any minimal member 
in Ass (R/ I), then P' contains a prime P minimal over I. (This holds for 
any prime P' containing I, by a standard Zorn's Lemma argument.) By the 
first part of (3), P E Ass(R/ I), so our assumption on P' implies that P' = p. 

To prove (4), first assume qi = Pi for all i. Then I = n qi = n Pi. Since 
each Pi is a radical ideal, so is I. Conversely, assume that I is a radical 
ideal. Let Pl. ... , Pt (t::; n) be the minimal primes over I. It is well-known 
that PI n··· npt = I (see ECRT, Ex. 10.14). Since I ~ qi ~ Pi, this implies 
that ql n ... n qt = I. The irredundancy of the primary decomposition 
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1= qI n ... n qn now implies that t = n. Finally, to prove that qi = Pi, let 
a E Pi. Since Pi is minimal over I, we have n#i Pj 1;. Pi, so there exists an 

element bE (nj#i pj) \ Pi. Then 

ab E PI n··· n Pn = I <;;; qi, 

so b ~ Pi implies that a E qi. This shows that qi = Pi, as desired. 

Finally, for (5), let 1= (y2, xy) in the polynomial ring R = k[x,y] over 
a field k. Fix any a E k, and let 

qI=(Y), q2=(y2, x+ay). 

We claim that 1= qI n q2. The inclusion "<;;;" is clear. For ":2", note that 
if 

9 = lIy2 + 12(x + ay) E qI n q2 (II, 12 E R), 

then 12x E qI :::} 12 = yh for some hER, and hence gEl. Here, qI 
is prime with radical PI = qI = (y), and it is easy to show that q2 has 
radical P2 = (x, y). Since this latter radical is a maximal ideal, it is well
known that q2 is primary. (*) Therefore, for different choices of a, we have 
different (irredundant) primary decompositions 1= qI n q2. This example 
was noted in Footnote 12 of Emmy Noether's famous paper "Idealtheorie 
in Ringbereichen," Math. Ann. 83 (1921), 24-66. 

Comment. Note that, in (5), PI = (y) and P2 = (x, y) are associated primes 
of M = Rj I also on account of PI = ann(x) and P2 = annCi(1) for x, 
fj E M. In the language of commutative algebra, PI is an "isolated prime" 
of I (a prime minimal over I), while P2 (:;2 pd is an "embedded prime" 
of I. In the general primary decomposition theory of ideals, it is known 
that the primary component qI corresponding to the isolated prime PI is 
uniquely determined by I, but "the" primary component q2 corresponding 
to the embedded prime P2 is not. See, e.g. Zariski-Samuel's "Commutative 
Algebra," vol. 1. For more information about the ring Rj I, see LMR
(12.23)(a). 

Ex. 3.40C. Let M be a module over a commutative noetherian ring R 
with Ass(M) = {p} for some prime p. Show that any c E M is killed by 
some power of p. 

Solution. We may assume that c -I- O. Let I = ann(c). Then Rj I ~ 

R· c <;;; M implies that Ass (Rj 1) = {p}. By the last exercise, we see that 
I is primary with radical p. Taking a large n, we have pn <;;; I (R being 
noetherian), so pnc = O. 

Comment. The result in this exercise was proved for a uniform R-module 
Min LMR-(3.78). The present exercise is an improvement of this. 

(*) In fact, q2 is even meet-irreducible, as noted by Emmy Noether. 
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Ex. 3.40D. Let MR be a f.g. module over a commutative noetherian ring 
R, and let I = ann(M). In a commutative algebra monograph, it was 
claimed that Ass(M) is the same as Ass(R/ I). Find a counterexample to 
this statement; then state (and prove) a corrected version thereof. 

Solution. The statement is definitely false. For instance, if R is such that 
there exist prime ideals Pl S;; P2 in R, then M = (R/pd EEl (R/P2) has 
annihilator I = Pl so Ass(R/I) = {Pl}. But by LMR-(3.57) (4), Ass(M) = 
{Pl, P2}. 

We claim, however, that Ass(R/ I) ~ Ass(M) in general (as in the 
example above). Take P E Ass(R/I). Then for some a E R\I, we have 

P = (I : a) = {r E R: ar E I}. 

Then N : = Ma -=I- 0 is a submodule with ann(N) = P since, for r E R, we 
have 

N r = 0 {:::=? Mar = 0 {:::=? ar E I {:::=? rEp. 
n 

Now M is a noetherian module, so N = I: xiR for suitable Xl, ... , Xn EN. 
i=l 

Let !!i = ann(xi) 2 p. Then 

!!l .. ·!!n ~ !!l n ... n!!n = ann(N) = P 

implies that !!i ~ P for some i, and so 

P = !!i = ann(xi) E Ass(M), 

as desired. 
We also note that, although Ass(M) may not be equal to Ass(R/ I), 

the minimal members in these two sets (with respect to inclusion) are the 
same. First, any minimal member in Ass(R/ I) is a prime minimal over I 
by Exercise 3.40B(3). Since this prime belongs to Ass(M), it is clearly a 
minimal member in Ass(M). Conversely, consider any minimal member P 
in Ass(M). Since P 2 I, P must contain a prime pi minimal over I. But 
then pi E Ass(M) by the above, so P = pi, as desired. 

Ex. 3.40E. Let M be a module over a commutative ring R. 

(1) Show that any maximal member of the family {ann(m) : 0 -=I- m E M} 
is in Ass(M). 
(2) If R is noetherian, show that U{p: P E Ass(M)} is precisely the set of 
elements of R that act as O-divisors on M. 
(3) Does (2) still hold if R is not noetherian? 

Solution. (1) Let P = ann(m) be a maximal member of the family given 
in (1), where 0 -=I- mE M. Clearly, P -=I- R. Let a, bE R be such that ab E P 
but b -=I- p. Then m' : = bm -=I- 0 in M, and ann(m/) 2 ann(m) implies that 
ann(m/) = ann(m) = p. Thus, ami = abm = 0 yields a E p. This checks 
that p is a prime ideal in R. 
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(2) Let zd (M) <;;;; R be the set (including 0) of O-divisors on M. Since every 
P E Ass(M) is of the form ann(m) for some m =1= 0 in M (LMR-(3.56)), 
we have P <;;;; zd (M). Conversely, if r is an element in zd (M) \ {O}, then 
r E ann( mo) for some mo E M\ {O}. Since R is noetherian, the family 
of ann(m) ~ ann(mo) (where 0 =1= m E M) has a maximal member. By 
(1), this maximal member must be some P E Ass(M), so we have r E 

ann(mo) <;;;; p, as desired. 

(3) The following example shows that the noetherian assumption on R in 
(2) is essential. Let R be the commutative local ring 1Jl[Xl, X2, ... J with the 
relations xI = x§ = ... = O. Then Ass(R) = 0 (by LMR-(3.57) (5)), so 
U {p : P E Ass(R)} = 0. But zd (R) is the ideal generated by the Xi'S. 

Comment. It is worth pointing out that the maximal members of { ann( m) : 
0=1= m E M} are also the same as the maximal members of {ann(N) : 0 =1= 
NR <;;;; M}, provided that R is commutative. 

In the case where R is a commutative noetherian ring and MR is a 
f.g. R-module, the next exercise implies that IAss(M) I < 00. Therefore, 
zd (M) is a finite union of primes: this is one of the most basic results in 
the module theory over commutative noetherian rings. 

Ex. 3.40F. Let MR be a noetherian module over an arbitrary ring R. 

(1) Show that IAss(M)I < 00. 

(2) If R has ACC on ideals and M =1= (0), show that there exists a filtration 
(0) = Mo S; ... S; Mn = M such that each filtration factor MdMi - 1 is a 
prime module. 
(3) If R is commutative and noetherian, show that the filtration for M 
above may be chosen such that each Md Mi - 1 ~ Rlpi for a suitable prime 
ideal Pi C R. 

Solution. (1) Let :F be the family of submodules N <;;;; M for 
which IAss(N)1 < 00. This family is nonempty since {O} E :F (with 
IAss( {O})I = 0). Therefore, there is a maximal member No E :F (with 
respect to inclusion), and LMR-(3.57)(3) gives 

Ass(M) <;;;; Ass(No) U Ass(MINo). 

If Ass( M I No) = 0 we are done, so we may assume that there exists a prime 
P E Ass(MINo), say P = ann(NI/No), where NI/No is a suitable prime 
submodule of MINo. Now Ass(NI/No) = {p}, and another application of 
LMR-(3.57)(3) shows that 

Ass(Nd <;;;; Ass(No) U Ass(NI/No) 
= Ass(No) U {p}. 

Therefore, IAss(N1)1 < 00, and we have Nl E :F. This contradicts the 
maximality of No, as No £: N1 · 
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(2) Here, let S be the family of nonzero submodules of M that have 
filtrations of the kind described in (2). Again, Sis nonempty. For, if ann(N') 
is a maximal member among all 

{ann(N) : 0::1 N ~ M}, 

then N' is clearly a prime module and N' E S. (The existence of the 
maximal annihilator ann(N') follows from the ACC on ideals in R.) As 
in (1), let No be a maximal member of S. If No ::I M, we can repeat 
the argument with MINo to get a prime submodule NdNo ~ MINo. 
Then Nl E S and we would have a contradiction. Thus, we must have 
M = No E S, as desired. 

(3) This follows by repeating the argument in (2) for the family S' consist
ing of nonzero submodules (of M) that have filtrations of the kind described 
in (3). (That S' is nonempty follows from the fact that any associated prime 
P E Ass(M) has the form ann(m) for some mE M, for then mR ~ Rip 
implies mR E S'.) 

Ex. 3.40G. Let R be the Boolean ring ItEl 2 2 • 

(1) Show that Ass(R) consists of all prime ideals of the form PJ = TIiEJ 2 2 , 

where J is any subset of I such that IIVI = 1. 

(2) If I is infinite, show that there exist primes of R that are not in Ass(R). 

Solution. (1) A typical P E Ass(R) is a prime ideal of the form ann(r), 
where r = (ri)iEI' ri E {O, 1}. Let J = {i E I: ri = O}. Then clearly 
ann(r) = IliEJ Z2. Since Rlann(r) = IliElv Z2, ann(r) is a prime ideal 
iff II\JI = 1. Therefore, the associated primes of R are precisely the p/s 
listed in the statement of the exercise. 

(2) Assume now I is infinite. Consider the ideal A = ffiiEI 22 in R. Since 
A ::I R, there exists a maximal ideal m 2 A. Clearly, m is not one of 
the associated primes PJ of R listed in (1). (The existence of m, however, 
depends on Zorn's Lemma.) 

Comment. In general, the prime (= maximal) ideals in the Boolean ring R 
are "classified" by the ultrafilters on the indexing set I. For any ultrafilter 
F on I, the corresponding prime ideal in R is 

P = {a = (ai)iEI: supp(a) ~ F}. 

If we take a principal ultrafilter, say all subsets of I containing a fixed index 
io, the corresponding prime in R is 

p = {a = (ai)iEI: aio = O} = IIiEJ 2 2 , 

where J = I\{io}. Therefore, the associated primes of R are precisely those 
arising from the principal ultrafilters on I, and the others arise from the 
nonprincipal ultrafilters. 
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If I is infinite, (1) shows that there are infinitely many associated 
primes. But these do not exhaust the prime ideals since in this case there 
always exist nonprincipal ultrafilters. For instance, consider the Frechet 
filter Fo = {8 ~ I: 11\81 < oo}. Clearly, any ultrafilter F refining Fo 
is not a principal ultrafilter. Thus, the prime ideal p corresponding to F 
is not one of the primes in (1). Such p will, indeed, be a maximal ideal 
of R containing A = EBiEI22. However, the existence of the ultrafilter F 
depends again on Zorn's Lemma. 

For an application of this Comment, see the solution to Exercise 8.18. 

Ex. 3.41. Let R be a commutative noetherian ring, and E = E(R/p) 
where p is a prime ideal of R. For any ideal J ~ p, let R = R/ J, j) = p/ J, 
and let E' = annE(J) ~ E. Show that E' is isomorphic to the injective 
hull of the R-module R/j). 

Solution. The key step here is to apply Exercise 3.28. Since E is injective 
over R, this exercise implies that E' is injective over R = R/ J. Now the 
copy of R/p in E is certainly killed by J ~ p, so we may view R/j) ~ R/p 
as contained in E'. The fact that R/p ~e E implies that R/j) ~e E', so it 
follows that E' = Ek(R/j)). 

Ex. 3.42. (Vamos, Faith-Walker) Show that a ring R is right artinian iff 
every injective right R-module is a direct sum of injective hulls of simple 
R-modules. 

Solution. First assume R is right artinian. Then by the Hopkins-Levitzki 
Theorem FC-(4.15) R is also right noetherian. By LMR-(3.48) , any in
jective MR can be expressed as EBi Mi where each Mi is injective and 
indecomposable. Finally, by LMR-(3.63), each Mi is the injective hull of 
some simple R-module. 

Conversely, assume that every injective right R-module is a direct sum 
of injective hulls of simple right R-modules. If R is not right artinian, 
consider a descending Q(l ;2 Q(2 ;2 ... of right ideals Q(i and let Q( = n Q(i· By assumption E(R/Q() = EB:l E(Vi) where each Vi is a simple 
R-module. (Note that the direct sum here is necessarily finite since R/Q( is 
a cyclic module.) Let V = VI EB ... EB Vn . This is a module of finite length, 
so the descending chain 

V n (Q(l/Q() :2 V n (Q(2/Q() :2 .. . 

must stabilize, say V n (Q(k/Q() = V n (Q(k+l/Q() = ... for some k. Now, by 
LMR-(3.38), V ~e E(R/Q() , so V n (Q(k/Q() -=I- O. The last equation then 

00 

shows n (Q(dQ() -=I- 0, a contradiction. 
i=l 

Comment. The second part of the solution above actually proved more: A 
ring R is right artinian if (and only if) the injective hull of every cyclic 
module MR is a direct sum of injective hulls of artinian modules. 

It is of interest to compare the characterization of a right artinian ring 
in this exercise with the following characterization of a right noetherian 
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ring, proved in LMR-(3.48): R is right noetherian iff every injective right 
module is a direct sum of indecomposables. From these characterization 
statements, we can retrieve the well-known fact that a right antinian ring 
is always right noetherian. 

The result in this exercise appeared as Theorem 1 in P. Vamos' paper, 
"The dual of the notion of 'finitely generated''', J. London Math. Soc. 
43(1968), 643-646. Vamos' proof is an application of his new notion of 
a "finitely cogenerated" module. He showed that a module M is artinian 
iff all quotients of M are finitely cogenerated. The result in this exercise 
follows by applying this characterization to the module RR. The same result 
was obtained independently by C. Faith and E. A. Walker in "Direct sum 
representations of injective modules," J. Algebra 5(1967), 203-221. 

Ex. 3.43. Define a module IR to be fully divisible if the following condition 
is satisfied: For any families {ua } ~ I and {aa} ~ R such that 

(*) L aaXa = 0 (finite sum, Xa E R) =:} L UaXa = 0, 

there exists v E I such that Ua = vaa for all a. Show that IR is fully 
divisible iff it is injective. 

Solution. First suppose IR is injective, and let {ua}, {aa} be families in 
I and in R satisfying (*). Then, for the right ideal Qt = 'L aaR, the rule 
f('L aaxa) = 'L UaXa gives a well-defined R-homomorphism f : Qt ---+ I. 
Since IR is injective, there exists v E I such that f(a) = va for all a E Qt. 
In particular, for each a, Ua = f(aa) = vaa, so we have shown that IR is 
fully divisible. 

Conversely, assume that I is fully divisible. We check the injectivity of 
I by applying Baer's Test LMR-(3.7). Let f E HomR(Qt, I) where Qt is any 
right ideal. Fix a family {aa} such that Qt = 'L aaR, and let Ua = f(aa) E 
I. Whenever 'L aaxa = 0 holds with {xa} ~ R, we have 

so (*) holds. Since IR is fully divisible, there exists v E I such that Ua = vaa 
for all a. Now f extends to a homomorphism g : RR ---+ I defined by 
g(r) = vr (for all r E R), as desired. 

Ex. 3.44. A ring R is defined to be right principally injective if RR is a 
principally injective (or equivalently, divisible) module. (*) For instance, a 
right self-injective ring is right principal injective. 

(1) Show that a von Neumann regular ring is right (and left) principally 
injective. 
(2) Give an example of a right principally injective ring R that is neither 
von Neumann regular nor right self-injective. 

( .) A good alternative name for such R would be a right divisible ring. 
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Solution. (1) If R is von Neumann regular, we know that any module MR 
is principally injective (see LMR-(3.18)). This applies, in particular, to RR. 

(2) According to LMR-(3.17), R is right principally injective iff annl 
(annr(a)) = Ra for every a E R. Using this criterion, it is easy to check that 
a direct product R = IliEI Ai is right principally injective iff each factor 
Ai is. Now take A to be a von Neumann regular ring that is not right 
self-injective, and take B to be a right self-injective ring that is not von 
Neumann regular (e.g. Q[x]j(x2 )). Then R : = A x B is right principally 
injective since A, B are. But R is not von Neumann regular since B is not, 
and R is not right self-injective since A is not (by LMR-(3.11B)). 

Comment. The trick used to construct the counterexample in (2) was char
acterized as "dirty" by one of my students. Those who agreed are encour
aged to come up with a counterexample that is indecomposable as a ring. 

Ex. 3.45. Prove the following for any right principally injective ring R: 

(1) a E R has a left inverse iff a is not a left O-divisor. 
(2) R is Dedekind-finite iff any non left O-divisor in R is a unit. 

Solution. (1) is a generalization of Exercise 2. In fact, the solution given 
for that exercise (for the "if" part) carries over verbatim, since in that 
solution, we need only extend a certain R-homomorphism aR ----7 R to an 
endomorphism of RR' 

(2) The "if" part is true for any R. In fact, if ba = 1, then ax = 0 =} x = 
xba = O. Hence a is not a left O-divisor and by assumption a E U(R). For 
the "only if" part, assume R is Dedekind-finite and consider a E R that 
is not a left O-divisor. By (1), a has a left inverse, so Dedekind-finitenes 
implies that a E U(R). 

Comment. For any ring R, R being Dedekind-finite means that RR is 
"hopfian" (any surjective endomorphism is an isomorphism), and "any 
non left O-divisor is a unit" means that RR is "cohopfian" (any injective 
endomorphism is an isomorphism). (See ECRT-(1.12), ECRT-(4.16).) In 
general, RR cohopfian =} RR hopfian. This exercise means essentially that 
the converse is true for any right principally injective ring R. 

This and the following two exercises are taken from W. K. Nicholson and 
M. F. Yousif, "Principally injective rings," J. Algebra 174(1995), 77-93. 

Ex. 3.46. Let R be a right principally injective ring, and f = PER. If 
I ~ R is a right ideal isomorphic to the right ideal f R, show that I = eR 
for some e = e2 E R. 

Solution. Since I ~ f R, I is a principal right ideal of R. Fix an isomor
phism 'P: I ----7 f R ~ R, and say 'P(a) = f, where a E I. As RR is 
a principally injective module, 'P extends to an endomorphism of RR, so 
we have f = ra for some r E R. From 'P(af) = ff = f, we see that 
a = af = ara. Therefore, e: = ar E I is an idempotent, and a = ea E eR 
implies that I = eR, as desired. 
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Comment. The conclusion in this exercise (that any right ideal isomorphic 
to fR is itself generated by an idempotent) is sometimes called (C2 ): it is 
a property that holds only for certain rings (including the right principally 
injective rings). For more information on this, see Exercises 35-38 in §6. 

Ex. 3.47. For any right principally injective ring R, prove the following: 

(1) If we have a direct sum of principal left ideals EB~=l Rai in R, then any 
R-homomorphism g : I:i aiR ---+ R extends to an endomorphism of RR. 
(2) If EB~=l Ai is a direct sum of ideals in R, then for any left ideal B, 
B n (EBi Ai) = EBi(B n Ai). 

Solution. (1) By assumption, glaiR is left multiplication by some bi , and 
gl(al + ... + an)R is left multiplication by some b. Therefore, 

b(al + ... + an) = g(al + ... + an) 

= g(al) + ... + g(an) 

= b1al + ... + bnan· 

Since the sum I: Rai is supposed to be direct, we have biai = bai for every 
i. It follows that g on I:i aiR is just left multiplication by b E R, as desired. 

(2) We need only prove the inclusion "~". Let b E B n (EBi Ai), and write 
b = al + ... + an where ai E Ai. Clearly, the sums I:i Rai and I:i aiR 
are both direct (since the Ai's are ideals). Let 

be the ph projection map (followed by the inclusion). By (1), trj is left 
multiplication by some rj E R. Therefore, aj = 7rj(b) = rjb E BnAj (since 
B is a left ideal), so now bE EBj(B n Aj), as desired. 

Ex. 3.48. Let R be a commutative noetherian complete local ring, and 
E be its standard module. For any R-submodules A, B ~ E, show that 
any R-homomorphism <p from A to B is given by a multiplication by an 
element of R. 

Solution. Viewing <p as a homomorphism from A into E, we can extend <p 

to some '¢ E EndR(E). Now by Matlis' Theorem LMR-(3.84), EndR(E) ~ 

R (since R is complete). Therefore, '¢ is given by a multiplication by some 
element of R on E. 

Ex. 3.49. Let (R, m) be a commutative noetherian local ring with m-adic 
completion R and standard module E = E(R/m). (You may assume that 
R is also a noetherian local ring.) Upon identifying EndR(E) with R by 
Matlis' Theorem LMR-(3.84), show that 

(1) the R-module E can be identified with the standard module jj; of R; 
(2) the R-submodules of E are the same as its R-submodules. 



92 Chapter 1. Free Modules, Projective, and Injective Modules 

Solution. Let c : R --t limRlmn = R be the natural map from R to 
+--

R. Since n~=o mn = 0 by Exercise 39, c is an injection. Identifying R with 
c(R), we may then view R as a subring of R. Let E be the standard module 
of R. The crucial step is to show that every R-submodule X <;:;; E is an R
submodule. To see this, let m be the maximal ideal of R, and consider any 
x E X and any 0: E R. We may represent 0: in the form (ao, aI, a2, ... ) 
where the ai E R are such that 

ai+l == ai (mod mi+l) 

for every i. Then 0: == ai (mod mi+l) for every i. Now by LMR-(3.78), 
mn+lx = 0 for some n. Therefore, (0: - an)x = 0 and so o:x = anx E X 
since X is an R-module. 

Let us identify Rim with Rim. Since Rim <;:;;e E as R-modules, we 
also have Rim <;:;;e E as R-modules. Therefore, we may assume that E 
is embedded in the standard module E of R. By the injectivity of E as 
an R-module, E = E EEl X for some R-submodule X of E. But then the 
last paragraph implies that X is an R-submodule of E. Since E is an 
indecomposable R-module, we must have X = 0 and so E = E. This 
proves (1), and (2) follows from what we have proved about E. 
Comment. It is interesting to note that the above method shows that E = 
E without going through an argument for the injectivity of E as an R
module. The conclusion in (2) is also quite useful. In a later result in LMR
(19.56), it is shown that E is an artinian R-module. Therefore, it follows 
that, even without a completeness assumption on R, E is an artinian R
module. A more general fact holding over any commutative noetherian ring 
R can be found in Ex. 19.8. 

Ex. 3.50. In the notation of the last exercise, let T be an R-submodule of 
E (so that it is also an R-submodule). Show that T = E iff T is a faithful 
R-module. (You may assume that RE is artinian.) 

Solution. The "only if" part follows from the fact that R ~ EndR(E), 
which is moved in LMR-(3.84). For the converse, assume that T ~ E. 
Since RE is artinian, so is R (E IT). In particular, E IT contains a simple 
submodule PIT. Fix an isomorphism PIT --t Rim <;:;; E and extend it to 
an R-homomorphism i.p: EIT --t E. The composition E --t EIT.'!'... E is 
then a nonzero element 0: E E with o:(T) = O. This shows that T is not a 
faithful R-module, as desired. 

Comment. The above exercise was suggested to me by Craig Huneke, who 
also pointed out that T = E will not follow in general if T is only assumed 
to be a faithful R-module. 

Ex. 3.51. Let A = k[XI"'" xrl where k is a field. In LMR-§3J, it is shown 
that the A-module k (with trivial xi-action for all i) has injective hull T = 
k[xll, ... , X;l], where the A-action on T is defined by usual multiplication, 
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with the convention that after multiplication, any term X~l ... x~r (ai E Z) 
not lying in T is discarded. Show that T is isomorphic to a quotient of 
the A-module of Laurent polynomials k[xi=\ ... , x;l]. In the case r = 1 
(where we write A = k[x]), show that T is isomorphic to the x-primary 
component of the torsion A-module k(x)/k[x]. 

Solution. Let L be the set of all Laurent monomials a 
(ai E Z), and 

D = {a E L: all ai 2': O}, D- l = {a E L: all ai :::; O}, 
G = {a E L: some ai > O}. 

We denote the k-spans of these sets by kL, kD, kD- l and kG. Thus, 

kD = A, kD- l = T, and kL = k[xi=\ ... , x;l 

Since D . G <;;;; G, kG is an A-submodule of kL. From L = D- l U G 
(disjoint union), we have the k-span decomposition kL = T EB kG. The 
definition of T as an A-module given in the statement of the exercise shows 
that AT ~ kL/kG. 

In the case r = 1, write x = Xl. Here kL = k[x, x-l] and kG = x k[x]. 
Hence AT ~ k[x, x-l]/xk[x]. Multiplying numerator and denominator by 
x- l , we see that 

AT ~ k[x, x-l]/k[x]. 

Since k[x, x-l] = Un>O x-nk[x], the RHS above is just the x-primary 
component of the A-torsion module k(x)/k[x]. (This primary component, 
is, of course, well-known to be the injective hull E(A/xA) = E(k) to begin 
with: see LMR-(3.63).) 

Ex. 3.52. Let A = k[Xl,"" xr ], P = k[[Xl,"" xr ]], and T = k[x1l , ... , 
X;l], where k is a field. As in LMR-§3J, there is a natural P-module struc
ture on T extending the A-module structure described in the last exercise. 
Show that T is a faithful P-module, and use Exercises (49) and (50) above 
to give an alternative proof for the fact that T = EA(k) = Ep(k), where k 
denotes the A-module (resp. P-module) with trivial xi-action for all i. 

Solution. To show the faithfulness of pT, let 0 # f E P. Of all the 
monomials appearing in f, let a = X~l ... x~r be such that (al,' .. , ar ) is 
smallest in the lexicographical ordering on Z x ... x Z. We are done if we 
can show that, for the inverted monomial a-l E T, f * a-I # 0 E T. To 
see this, note that, for any monomial f3 = X~l ... x~r # a appearing in f, 
we have, say bl = aI, ... , bi = ai, and bi+l > ai+l for some i < r, and 
therefore, under the P-action on T, f3*a- l = 0 (since Xi+l appears with a 
positive exponent bi+ l -ai+1 in f3a- 1 ). It follows that f*a- 1 = ca*a- 1 = c 
for some c E k* (the coefficient of a in f). 

To prove the other statements in the exercise, let R be the localization 
of A at (Xl, ... , xr)' We have the natural inclusions A <;;;; R <;;;; P, and 
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P is the completion of R. It is easy to see that k <:;;e T as A-modules. 
Therefore, we may assume k <:;; T <:;; E where E := EA(k). Then E is an 
R-module by LMR-(3.77), with endomorphism ring P by Matlis' Theorem 
LMR-(3.84). Since T is a faithful P-module, it follows from Exercise 50 
that T = E = EA(k). By Exercise 49, E is also the standard module for 
P, so T = E = Ep(k), as desired. 

Comment. The above argument was shown to me by Craig Huneke. It 
provides a way to prove the injectivity of T as an A-module (resp. P
module) without using the Artin-Rees Lemma as in LMR-§3J. 

Ex. 3.53. For any r-tuple a = (al,"" ar ) over a field k, let ma be 
the maximal ideal (Xl - al, . .. , Xr - ar ) in the polynomial ring A = 
k[Xl,"" xr]. Let ka = A/ma, so that ka is the A-module k on which 
each Xi acts as multiplication by ai. Construct the injective hull EA(ka). 

Solution. Let us first review what happens when a = O. Here, mo is the 
ideal (Xl, ... , Xr ) C A, and we have a decomposition A = Ao EEl Al EEl··· 
where An is the space of homogeneous polynomials (in Xl, ... , Xr ) of degree 
n. Let M = A = Homk(A, k) be the k-dual of A, which can be identified 
with I1~=0 An, where An means 

{f E A: f(Ai) = 0 forevery i -=I- n}. 

Then Ao ~ ko (the A-module k with trivial xi-actions), and by the analysis 
in LMR-§ 3J, 

EA(ko) ~ N : = {f E A: f(Ai) = 0 for large i} 
= Ao EEl Al EEl A2 EEl ••.. 

To treat the case a = (aI, ... , ar ), let Yi = Xi - ai and note that 

ma = (Yi,"" Yr) <:;; A = k[Yl,"" Yr]' 

The k-dual A = Homk(A, k) is "unchanged", but with respect to the new 
variables Yi, we have a similar decomposition A = Bo EEl Bl EEl B2 EEl .•. into 
spaces of homogeneous polynomials in the Yi'S. The A-module ka is now 
found as Eo, which is not the same as Ao inside A. Nevertheless, by what 
we said above (applied to A = k[Yl, ... , Yr]), we have 

EA(ka) ~ Na : = {f E A: f(Bi) = 0 for large i} 
= Eo EEl 13 1 EEl 132 EEl .... 

This describes the A-module EA(ka) explicitly. Note that for different a E 
kn, the EA(ka)'s are mutually nonisomorphic injective A-submodules of 
the injective A-module A. 

Of course, by the theory developed in LMR-§3J, EA(ka) can also be 
described as k[Yll , ... , y;l] on which A = k[Yl, ... , Yr] acts in a nat
ural way. Note, however, that although k[Yl\"" y;l] is isomorphic to 
k[xll, ... , x;l] as k-algebras, the obvious k-algebra isomorphism given by 
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yil f--+ xiI is not an A-module isomorphism. In fact, as we have remarked 
above, with varying a E kn , k[Yll, ... , y;l] will give mutually different 
(injective) A-modules. 

Ex. 3.54. Let (A, mA) be a commutative noetherian local ring, with (right) 
standard module WA. Let (B, mB) be a right artinian local ring that is a 
module-finite algebra over A such that IB . mA ~ mB. Show that the right 
standard module WB = EB((B/mB)B) of B is given by HomA(B, WA). 
[Here, B is viewed as a (B, A)-bimodule, and the right B-module structure 
on HomA(B,wA) comes from the left B-structure on B.] 

Solution. Since WA is an injective right A-module, the Injective Producing 
Lemma (LMR-(3.6B) ) implies that H : = HomA(B, WA) is an injective 
right B-module. We are done if we can show that H is an essential extension 
of a copy of (B/mB)B. Let us consider the following B-submodule of H, 

(1) 

(2) 

since the annihilator of mA in WA is the copy of kA sitting in WA. Now the 
assumptions on B imply that kB is a finite-dimensional vector space over 
kA. Therefore, (2) above shows that S ~ kB as B-modules. We finish by 
checking that S ~e H. Let 0 #- tp E H. Since B is right artinian, mB is 
nilpotent, so there exists a minimal r ~ 1 with tp(m'B) = O. Then tp(b) #- 0 
for some b E m~-I. Therefore, (tp. b)(I) = tp(b) #- 0 implies that tp. b #- O. 
On the other hand, 

yields tp. b E S, so S ~e H, as desired. 

Ex. 3.55. Let R be a right noetherian ring, and p be a prime ideal of R. 
If R/p is a domain, show that p is right meet-irreducible (that is, if A, B 
are right ideals such that An B = p, then A = P or B = p). 

Solution. By passing to R/p (which remains right noetherian), we may 
assume that p = 0, i.e. R is a domain. Assume for the time, that there exist 
nonzero right ideals A, B ~ R with An B = O. Take nonzero elements 
a E A and b E B. We derive a contradiction (to R being right noetherian) 
by showing that the following infinite sum 

aR + baR + b2 aR + b3 aR + .. . 
is direct. Indeed, suppose aro + barl + b2ar2 + ... + bnarn = O. Then 
-aro = b( arl + bar2 + ... ) shows that ro = 0 and arl + bar2 + ... = O. 
Repeating this argument, we see that all ri = 0, as desired. 

Comment. The converse of the exercise is true too, but is much deeper: its 
proof requires Goldie's Theorem in LMR-§l1 (see LMR-(11.25)). 



Chapter 2 
Flat Modules and Homological 
Dimensions 

§4. Flat Modules 
A right R-module PR is called fiat if P 0R - is an exact functor on Rm1, 
the category of left R-modules. Specifically, this requires that, if A --) B 
is injective in Rm1, then P 0R A --) P 0R B is injective also. Projective 
modules are flat, but flat modules enjoy an important property not shared 
by projective modules: they are closed w. r. t. direct limits. In particular, a 
module is flat if all f.g. submodules are flat. Over Z, the flat modules are 
just the torsion-free abelian groups. 

While flat modules are generalizations of projective modules, they 
are also related to injective modules. If, for P E m1R, we define pi = 
Hom;z(P,Q/Z) ERm1 (called the character module of P), then Lambek's 
Theorem (LMR-(4.9)) says that P is fiat in m1R iff pi is injective in Rm1. 
It may happen that all modules in m1R are flat; in fact, this is the case 
iff R is a von Neumann regular ring. In particular, over such a ring, any 
character module pi above is injective. 

There are various tests for flatness, some of which are presented in 
LMR-§4. We shall recall a couple of them here. Let 

o ----7 K ----7 F ----7 P ----7 0 

be a fixed exact sequence in m1R, where F is flat. Then P is fiat iff K n 
Fm = Km for every left ideal m ~ R (LMR-(4.14)). If F is assumed to be 
free, then P is fiat iff, for any c E K, there exists () E HomR (F, K) such 
that () (c) = c (LMR-(4.23)). There are also two important "Equational 
Criteria" for flatness. Since their statements are more technical, we refer 
the reader to LMR-( 4.24) here. 
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A module PR is called finitely related (f.r.) if there is an exact sequence 

o ----t K ----t F ----t P ----t 0 

in 9JtR where F is free (of any rank) and K is f.g. If, in addition, the free 
module F is also f.g., then we say P is finitely presented (f.p.). In general, 
a module P is f.p. iff it is both f.g. and f.r. 

The equational criteria for fiat ness can be reformulated in terms of f.p. 
modules: PR is fiat iff, for any f.p. module MR , any R-homomorphism 
A: M ----t P can be factored through a f.g. free module (LMR-(4.32)). This 
result can be used to prove the important theorem of Lazard and Govorov 
(LMR-(4.34)), which states that a module P R is fiat iff it is a direct limit 
of J.g. free modules. 

Over certain rings, f.g. fiat right modules turn out to be projective. Ex
amples include: right noetherian rings, local rings, and domains satisfying 
the strong rank condition in §l. Exercise 21 adds semiperfect rings to this 
list. 

In studying the fiat ness property of a direct product of fiat modules, 
the coherent property of a ring comes to the fore. A ring R is said to be left 
coherent if every f.g. left ideal of R is f.p. (as a left R-module). The theorem 
of Chase (LMR-(4.47)) states that, over a ring R, any direct product of fiat 
right R-modules is fiat iff R is left coherent. Coherent left R-modules can 
be defined as well: these are f.g. modules in which every f.g. submodule 
is f.p. A ring R is left coherent iff every J.p. left R-module is coherent 
(LMR-(4.52)). 

The notion of a torsionless module, due to Bass, is related to fiatness. 
By definition, a module B R is torsionless if, for any b i=- 0 in B, there 
exists a functional f : B ----t RR such that f(b) i=- O. An equivalent 
statement is that B can be embedded into some direct product (R1)R. 
We have the following theorem of Chase (LMR-(4.67)) characterizing the 
left semihereditary rings: R is left semihereditary iff all torsionless right 
R-modules are fiat, iff R is left coherent and all left (resp. right) ideals 
are fiat. This theorem leads to many different characterizations of Priifer 
domains (LMR-(4.69)). 

Faithfully fiat modules are useful in ring theory and algebraic geometry 
for making certain "descent" arguments. By definition, PR is faithfully fiat 
if P is fiat and, for any left R-module M, P®RM = 0 implies that M = O. 
Given the fiat ness of P, the second condition may also be replaced by: 
Pm i=- P or any maximal left ideal m of R. A faithfully fiat module is both 
faithful and fiat, though not conversely. 

A ring homomorphism cp: R ----t S is called right faithfully fiat if the 
module SR is faithfully fiat. In this case, cp must be injective, and we 
may refer to S as a (right) faithfully fiat extension of R. For instance, 
if R, S are commutative rings, this amounts to SR being fiat and cp* : 
Spec S ----t Spec R being onto. Some typical ways in which faithfully fiat 
extensions can be used are given at the end of LMR-§4H. 
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The last major topic in §4 is pure exact sequences. A short exact 
sequence 

E: O--+A~B--+C--+O 

in rotR is called pure if E Q9R M is exact for every left module M. (In this 
case, we also say that <p(A) is a pure submodule of B.) It turns out that 
E is pure iff it is the direct limit of a direct system of split short exact 
sequences 

(LMR-(4.89)). The notion of pure exact sequences is related to flatness as 
follows: a module CR is fiat iff every short exact sequence 0 --t A --t B --t 

C --t 0 is pure (LMR-(4.85)). 
A pure submodule A ~ B has the property that A n B2i = A2i for 

any left ideal 2i ~ R, but the converse is not true in general. Over a 
commutative PID, however, the purity of A ~ B does amount to its usual 
definition: An Br = Ar for any r E R (LMR-(4.93)). Finally, for any f.g. 
module BR over a right noetherian ring, the pure submodules of Bare 
simply its direct summands (LMR-(4.91)). 

The exercises in this section cover many aspects of flatness, faithful 
flatness, purity, as well as facts about finitely presented modules. There 
are also various exercises on the notion of flatness in the commutative case 
(e.g. Exercises 13-18 and Exercises 34-37). We also introduce the notions 
of locally split monomorphism and epimorphisms in Ex. 38 and Ex. 39, 
and study these notions in some detail in the subsequent exercises due to 
Azumaya, Fieldhouse, Zimmermann-Huisgen and others. 

Exercises for §4 

Ex. 4.1. For any ring R, show that (a) every f.g. projective right R-module 
is f.p., and that (b) every f.p. right R-module is projective iff R is von 
Neumann regular. 

Solution. (a) Let PR be f.g. projective, say PEEl Q = R n where n < 00. 

Let 7r be the projection from Rn onto Q ~ Rn with respect to this direct 
sum decomposition. Then the presentation Rn ~ Rn --t P --t 0 shows that 
Pis f.p. 
(b) First assume R is von Neumann regular, and consider any right 
R-module P. Then P is flat by LMR-(4.21). If moreover P is f.p., then 
by LMR-(4.30), P is projective. Conversely, assume that every f.p. right 
R-module is projective. Consider any principal right ideal aR ~ R. Then 
RjaR is f.p., and therefore projective. This implies that the exact sequence 

0--+ aR --+ R --+ R/aR --+ 0 
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splits, so aR is a direct summand of RR. Therefore, R is von Neumann 
regular. 

Ex. 4.2. Prove the following slight generalization of LMR-(4.5): If every 
f.g. submodule Po of a module PR is contained in a flat submodule PI of 
P, then P itself is flat. 

Solution. By the Modified Flatness Test LMR-(4.12), it suffices to show 
that, for any left ideal 2t <;;; R, any x E ker(P ®R 2t -7 P) is zero. Now x E 
P®R2t is the image of some Xo E PO®R2t for a suitable f.g. submodule Po <;;; 
P. By assumption, Po <;;; PI for some fiat submodule PI <;;; P. Therefore Xo 
maps to an element in ker(PI ®R 2t -7 Pr) = O. It follows that Xo maps to 
zero in P ® R 2t; that is, x = o. 
Ex. 4.3. In a ring theory text, the following statement appeared: "A 
module is flat iff every f.g. submodule is flat." Give a counterexample to 
the "only if" part of this statement. (The "if" part is true by LMR-(4.4).) 

Solution. Consider the case where R is a commutative ring. The module 
RR is free and therefore flat. If the quoted statement was true, every f.g. 
ideal I <;;; R would be flat as an R-module. Take R = k[x, y], where k is a 
field. We know from LMR-(4.19) that the ideal 1= xR + yR is not flat. 

Ex. 4.4. In a ring theory text, the following statement appeared: "If 0 -7 

C -7 Q -7 P -7 0 is exact with C and Q f.g., then P is f.p." Give a 
counter-example. 

Solution. Let P be a module (over a suitable ring) that is f.g. but not f. p. 

Then 0 -7 C -7 Q L P -70 is exact with C = 0 and Q = P both f.g. (and 
f = Idp ), but P is not f.p. by choice. 

Ex. 4.5. In a ring theory text, the following statement appeared: "For 
right R-modules N <;;; M, if N n Mr = Nr for every r E R, then 
N n M2t = N2t for every left ideal 2t <;;; R." Give a counterexample. 

Solution. The following commutative counterexample is due to G. 
Bergman. Let R = k[x, y], where k is a field. Let M = R2, and N = 
(x, y) . R <;;; M. Then N n Mr = Nr for all r E R. For, if (f, g)r = (x, y)s 
where s E R, then, assuming (as we may) r i= 0, we can show by unique 
factorization that f = xfo, g = ygo for suitable fa, go E R. Now for = s = 
gar implies that fa = go, so 

(f,g) = (x,y)(for) E Nr. 

On the other hand, for the ideal 2t = Rx + Ry, we have 

M2t = (R EB R) 2t = 2t EB 2t :;;:: N, 

so N n M2t = N i= N2t, as desired. 
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Ex. 4.6. (a) Let M, N be submodules of a module E such that M + N 
is flat. Show that M n N is flat iff M and N are both flat. (b) Give an 
example of a flat module with two submodules M, N such that M, N, and 
M n N are all flat, but M + N is not flat. 

Solution. (a) The key fact to be used for the proof is the following result 
from LMR-(4.86): If 0 -t A ---7 B ---7 C -t 0 is exact and C is flat, then B 
is flat iff A is flat. For the given modules M, N ~ E, consider the exact 
sequence 

'P ..p o --+ M n N --+ M EEl N --+ M + N --+ 0, 

where <p(x) = (x, -x) and 'Ij;(x, y) = x + y. Since M + N is flat, it follows 
from the aforementioned result that M n N is flat iff M EEl N is flat, iff M 
and N are both flat. 

(b) We use again the example R = k[x, y], where k is a field. Let M = xR 
and N = yR. Both of these R-modules are flat, as is M n N = xyR. 
However, it is shown in LMR-(4.19) that M + N = xR + yR is not flat. 

Ex. 4.7. Show that Q is isomorphic to a direct summand of G = QjZ x 
QjZ x "'. 

Solution. If suffices to get an embedding of Q into G, for then the 
injectivity of Q (as a Z-module) implies that Q is isomorphic to a direct 
summand of G. 

For any a E Q\{O}, LMR-(4.7) guarantees that there exists a homomor
phism 'Pa: QI-t QljZ such that 'Pa(a) 'f O. Now define a homomorphism 

<I>: Q --+ IIaEIQi\{o} QjZ 

by <I>(q) = ('Pa(q))aEIQi\{O}' Since 'Pa(a) 'f 0 for every nonzero a, it follows 
that <I> is an embedding. This gives what we want, since the count ability 
of Q implies that I1aEIQi\{O} QjZ is isomorphic to QjZ x QjZ x ... = G. 

The point of the solution above was to illustrate the use of LMR-(4.7). 
Without using this result, an embedding 1][ of Q into G can be defined 
directly by taking 

1][(q) = ('Ij; (qj2) , 'Ij; (qj4) , 'Ij; (qj8) , ".), 

where 'Ij; is the natural projection from Q to QjZ. The injectivity of the 
homomorphism 1][ is seen from the fact that, for any q E Q, q E nn>l 2n Z 
implies that q = O. -

Ex. 4.8. For any exact sequence 0 ---7 M' ---7 M -t Mil -t 0 in R9Jt, prove 
the following statements (in LMR-(4.54)): 
(1) If Mis f.p. and M' is f.g., then Mil is f.p. 
(2) If M' and Mil are f.p., then Mil is f.p. 
(3) A direct sum Ml EEl ... EEl Mn is f.p. iff each Mi is f.p. 
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Solution. (1) Express M in the form Rn I X, where n < 00 and X is f.g. 
Then we can express M' (up to isomorphism) in the form YIX for some 
submodule Y ~ Rn. Since Mil ~ MIM' ~ Rn IY, we have a presentation 
o -+ Y -+ Rn -+ Mil -+ O. Now the finite generation of X and Y I X ~ M' 
implies that of Y. Therefore, Mil is f.p. 

(2) Clearly, Mis f.g. Express M as before in the form Rn I X. Here, we have 
to prove that X is f.g. Using the same notations as in the above proof, the 
fact that Mil is f.p. implies that Y is f.g. Since 0 -+ X -+ Y -+ M' -+ 0 is 
exact, the fact that M' is f.p. now implies that X is f.g., by LMR-(4.26)(b). 

(3) By induction, we may assume n = 2. In this case, the "if" part follows 
from (2), and the "only if" part follows from (1). 

Ex. 4.9. Let 0 -+ M' -+ M -+ Mil -+ 0 be exact in Rm as above. If M, 
Mil are f.p. and M' is f.g., is M' necessarily f.p.? 

Solution. The answer is "no". For a counterexample, take a ring R that 
is not left coherent. Let M' ~ R be a left ideal that is f.g. but not f.p., and 
take M = RR, Mil = RIM'. Then M, Mil are clearly f.p. However, M' is 
only f.g., and is not f.p. by choice. 

For an explicit commutative example of Rand M', we can take R = 
Q[y, Xl, X2, ... J with the relations yXi = 0 for all i (see LMR-(4.46) (d)). 
The principal ideal M' = (y) is not f.p. in view of the exact sequence 

o ~ (Xl, X2, ... ) ~ R~ (y) ~ 0, 

where cp is defined by multiplication by y. 

Comment. The solution to this exercise essentially implies that, over a ring 
R that is not left coherent, the category of f.p. left R-modules do not form 
an abelian category. 

Ex. 4.10. Let FI, F2 be left exact contravariant additive functors from 
Rm to abelian groups, and let e: FI -+ F2 be a natural transformation. If 
e(R): FI (R) -+ F2(R) is a monomorphism (resp. isomorphism), show that 
e(M) : FI (M) -+ F2(M) is also a monomorphism (resp. isomorphism) for 
every f.g. (resp. f.p.) module RM. State and prove the analogue of this for 
right exact covariant additive functors. 

Solution. First assume M is f.p. Apply FI ~ F2 to a finite presentation 
Rm -+ Rn -+ M -+ O. We get a commutative diagram with exact rows: 

o - FI(M) - FI(R)n- FI(R)m 
llJ(M) llJ(R)n llJ(R)m 

o - F2(M) - F2(R)n- F2(R)m. 

Here, e(R)n and e(R)m are isomorphisms. An easy diagram chase 
("4-Lemma") shows that e(M) is also an isomorphism. If M is only f.g. 
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instead of f.p., we take Rn -t M -t 0 and argue just with the first square 
above. 

For the last part of the exercise, let F1 , F2 be right exact covariant 
additive functors, and let (): Fl -t F2 be a natural transformation. If 
(}(R): Fl (R) -t F2 (R) is an epimorphism (resp. isomorphism), then (}(M) : 
H(M) -t F2 (M) is also an epimorphism (resp. isomorphism) for every f.g. 
(resp. f.p.) module M. The proof is analogous to the one we have given: 
just change the directions of all the horizontal arrows in the commutative 
diagram above. 

Ex. 4.11. Recall that, for arbitrary right R-modules P and M, there exists 
a natural map 

O"M, P: P Q9R M* --t HomR(M, P), 

where M* : = HomR(M, R) is viewed, as usual, as a left module (see 
Exercise 2.20). 

(1) Assume that P is flat and M is f.p. Show that O"M,P is an isomorphism. 
Using this, show that, for any R-homomorphism >.: M -t P there exist 
R-homomorphisms M ~ Rn ~ P (for some n < 00) such that>. = p, 0 II. 

(2) Show that O"M,P is also an isomorphism if we assume, instead, that M 
is projective and P is f.p. 

Solution. (1) Fixing the flat module P, let us define 

for any right R-module M. Defining Fl and F2 on morphisms in the obvious 
way, we have here two contravariant additive functors, and 0" defines a 
natural transformation from Fl to F2. Both functors F1 , F2 are left exact 
since the "Hom" functor is left exact, and the tensor functor P Q9R - is 
exact (by the flatness of P). By Exercise 10, the first part of (1) will follow 
if we can show that 

O"R, P: P Q9R R* --t HomR(R, P) 

is an isomorphism. After making the usual identifications R* = RR, 
P Q9R R* = P Q9R R = P and HomR(R, P) = P, we check easily that 
O"R,P is just the identity map Idp , so we are done. 

For the second part of (1), write >. E HomR(M, P) in the form 
O"M,P(I:~=lPi Q9 Ii), where Pi E P and Ii E M*. Defining II: M -t Rm by 
lI(m) = (h(m), ... , In(m)) and p,: Rn -t P by p,(Tl, ... , Tn) = I:~=l Pi Ti, 
we have 

for any m EM, as desired. 
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(2) This time, we fix a projective module M and define 

for any right R-module P. Here, we have two covariant additive functors 
F1, F2, and a defines a natural transformation from F1 to F2. Both functors 
are right exact since the tensor functor -®RM* is right exact, and HomR 
(M, -) is exact (by the projectivity of M). By Exercise 10 again, (2) will 
follow if we can show that 

is an isomorphism. After identifying R ® R M* with M*, we check easily 
that aM,R is just the identity map IdM *, so we are done as before. 

Comment. In LMR-(4.32), it is shown that PR is flat iff any R
homomorphism from a J.p. module MR into P factors through a homomor
phism M ----) Rn (for some n). The second part of (1) above corresponds 
to the "only if" part of this statement. The proof we gave for this second 
part of (1) is quite different from that of LMR-(4.32). 

Ex. 4.12. Let cp: R ----) R' be a ring homomorphism. Assume that R is 
commutative, cp(R) is in the center of R', and that R' is a flat R-module 
via cpo Let M be a f.g. (resp. f.p.) left R-module. Show that, for any left 
R-module N, the natural map 

is a monomorphism (resp. isomorphism). 

Solution. Viewing N as fixed, let F1 (M) and F2 (M) be the two abelian 
groups above. As in the last exercise, we get two functors F 1 , F 2 , and the 
maps above lead to a natural transformation from F1 to F2. Both functors 
are left exact since the "Hom" functor is left exact, and R' ®R - is exact 
(by the flatness of R~). Therefore, by Exercise 10, the conclusions will 
follow if they hold for 

BR, N: R' ®R HomR(R, N) ---+ HomR,(R' ®R R, R' ®R N). 

After identifying R'®R HomR(R,N) with R' ®R Nand HomR,(R'®RR, 
R' ®R N) with HomR,(R', R' ®R N) = R' ®R N, we can check that BR,N 
becomes the identity map on R' ®R N, so we are done. 

Comment. The most concrete case of this exercise is where R is a com
mutative ring and R' is the localization 8-1 R of R at a multiplicative 
set 8 <:;; R. The exactness of localization implies that 8-1 R is flat as an 
R-module. In this case the B-map above has the form 
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If, moreover, S = R \ p where p is a prime ideal of R, then the B-map has 
the form 

(HomR(M, N))p -t HomRp(Mp, Np) 

in the usual notation for localizations at prime ideals. The fact that the 
map above is an isomorphism when M is a f.p. R-module has been used 
before in some exercises in §2. 

Ex. 4.13. Let E: 0 -t A -t B -t C -t 0 be an exact sequence in rot R . 

Assume that R is commutative and C is f.p. Show that E is split iff the 
localization of E at every maximal ideal is split. Does this remain true if C 
is not f.p.? 

Solution. We need only prove the "if" part, so assume E splits upon 
localization at every maximal ideal. We claim that the map 

f* : HomR(C, B) -----+ HomR(C, C) 

induced by f: B -t C is surjective. If so, then a preimage of Ide under f* 
will be an R-homomorphism from C to B splitting J. To check that f* is 
onto, it suffices to check that, for every maximal ideal peR, 

is onto. Since C is f.p., the Comment following the last exercise enables us 
to "identify" (f*)p with the map 

HomR p (Cp, Bp) -----+ HomR p (Cp, Cp). 

This map is certainly surjective, since by assumption the localized exact 
sequence fp splits. 

The "if" part of this exercise may not hold if C is not assumed to 
be f. p. This can be shown by the same example used in the Comment 
on Exercise 2.21. Let R be a commutative non-noetherian von Neumann 
regular ring, and let C = Rj I where I is a non-f.g. ideal in R. The exact 
sequence 

E: 0 -----+ I -----+ R -----+ C -----+ 0 

is split at every localization Rp since Rp is in fact a field by LMR-(3.71). 
However, E itself is not split since I is not f.g. According to this Exercise, 
C must be not f.p.-a fact that is also clear from the presentation of C 
given by the exact sequence E. 

Ex. 4.14. Over a commutative ring R, show that a module P is flat iff, 
for every maximal ideal meR, the localization Pm is flat over Rm. 

Solution. The "only if" part follows from the functoriality of flatness: see 
LMR-(4.1). For the converse, assume that Pm is flat over Rm for every 
maximal ideal m. Consider any exact sequence of R-modules: 

E: 0 -t Al -t A2 -t A3 -t O. 
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Since Em remains exact, the flatness of Pm over Rm implies that Pm ® Rm Em 
is exact. Using the isomorphism 

Pm ®Rm (Ai)m ~ (P ®R Ai)m, 

we see that (P ®R E)m is exact. Since this holds for every maximal ideal 
m, it follows that P ®R E is exact, so we have proved that P is flat. 

Ex. 4.15. Show that the following are equivalent for any f.g. module P 
over a commutative ring R: 

(1) P is flat; 
(2) For any maximal ideal meR, Pm is free over Rm. 

If Pis f.p., show that (1), (2) are further equivalent to P being projective. 

Solution. First, (2) =} (1) follows from the last exercise (even without 
the f.g. assumption on P). Conversely, if P is f.g. flat over R, then for 
any maximal ideal meR, Pm is f.g. flat over Rm. By LMR-(4.38)(2), 
this implies that Pm is f.g. free over the local ring Rm. If P is in fact f.p., 
Exercise 2.21 (or LMR-( 4.30)) further implies that P is projective over R. 

Ex. 4.15A. Let R be a commutative ring whose total ring of quotients 
K : = Q(R) is von Neumann regular. Show that, for any multiplicative set 
S s;:; R, the total ring of quotients (see Exer. 2.34) of the localization Rs is 
given by Ks; that is, Q(Rs) ~ Q(R)s. 

Solution. Every element x E Ks has the form x = kj s where k E K and 
s E S. Pick a non O-divisor r in R such that rk E R. Then rx = rk/ S E Rs. 
Since r/1 is (easily seen to be) a non O-divisor in Rs, the above work shows 
that Ks s;:; Q(Rs). Next, we claim that Ks is a von Neumann regular ring. 
Once this claim is proved, we can conclude that Q(Rs) = Q(Ks) = Ks. To 
see that Ks is von Neumann regular, consider again an arbitrary element 
x = k / s as above. Since K is von Neumann regular, k = kk' k for some 
k' E K. But then 

x = ~ = kk' k = ~ . k's . ~ = x(k' s )x, 
s s s s 

as desired. 

Comment. Without some assumptions on K or on R, the ring of quotients 
Q(Rs) need not be given by Q(R)s, even in the case where K = R. For 
an explicit example, let R be the local ring Ql[[x, y, zllj(x2 , xy, xz). Since x 
kills the maximal ideal of R, we have K = Q(R) = R. But if we localize 
R at the multiplicative set S generated by y, the element x goes to 0, and 
the element z goes to a non O-divisor of Rs that is not invertible. Hence 
Q(R)s = Rs is not its own total ring of quotients. 

Ex. 4.15B. (S. Endo) For R s;:; K as in the last exercise, show that a f.g. 
ideal P s;:; R is projective iff it is flat. 
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Solution. The "only if" part is true for any R-module. For the "if" part, 
assume P is flat and let A = annR(p). Our first major step is to prove the 
following: 

Claim. PP-l+A = R (where p-l = {x E K: xP <;;;; R}) 

Assume this is not the case. Then there exists a maximal ideal m 2 P p- l + 
A. By Ex. 15, Pm ~ R~ for some n. If n = 0, there would exist r E R\m 
such that r P = 0, which contradicts A <;;;; m. Thus, we must have n = 1. 
(A quick way to rule out n ~ 2 is to recall that any nonzero commutative 
ring, Rm in this case, satisfies the "Strong Rank Condition" in LMR-§ID.) 
Therefore, there exists b E R which is a non O-divisor in Rm such that 
Pm = bRm. Let S = R\m and write P = PIR + ... + PkR. Then 

Pi=bci/sERm and b=(Plql +"'+Pkqk)/SI ERm 

for some Ci, qi E Rand s, SI E S. By the last exercise, we can take 
Q(Rm) to be Km = S-1 K. Thus, there exist dE K and S2 E S such that 
b- l E Q(Rm) can be written as d/s2 E S-1 K. For a suitable S3 E S, we 
have thus 

S3(SPi - bCi)=S3(Slb - Plql - ... - Pkqk)=O E R, and 

S3(S2 - db)=O E K. 

From these, ds3sPi = ds3bci = S3S2Ci E R for all i, and hence ds3s E p-l. 
But then 

SSlS2S3 = SSlS3bd = Li ds3s(PiQi) E pp-1 

contradicts pp-l <;;;; m (since SS1S2S3 E S = R\m). 

We have thus proved the Claim, from which we see that pp-l nA = O. 
(For, if x E pp-l nA, then xR <;;;; x(PP-l+A) <;;;; A·pp-l = 0.) Therefore, 
the Claim actually gives R = P p-l E9 A, and we can write P p-l = eR for 
some indempotent e E R. Let B = PE9(I-e)R <;;;; R. Clearly, p-1e <;;;; B-1, 
so 

BB-1 2 B + p p-l e 2 (1 - e)R + eR = R. 

Thus, B is an invertible ideal of R. It follows that B is a projective R
module, and so is its direct summand P, as desired. 

Comment. For an application of this exercise to the characterization of 
commutative semihereditary rings, see the Comment on Ex. 7.37 below. A 
general criterion for a f.g. flat ideal in a commutative ring to be projective 
is given in (6) of the next exercise, although it does not seem to be of much 
help here. 

Ex. 4.16. (Vasconcelos) Let P be a f.g. flat module over a commutative 
ring R. Define the nth invariant factor of P to be In(P) = ann(An(p)) 
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where An(p) denotes the nth exterior power of P. Let rkP: SpecR --+ Z 
be the rank function of P, as defined in Exercise 2.21. Show that: 

(1) For any l' E SpecR, (rk PHI') 2 n iff In(P) <;;: p. 
(2) {I' E SpecR: (rkP)(p) = n} = V(In(P))\V(In+l(P)), where V(I2t) 
denotes the Zariski closed set {I': l' ~ 12t} in Spec R. 
(3) For any n and any prime 1', In(P)p is either (0) or Rp. Using this, show 
that In(P)2 = In(P). 
(4) Show that P is projective iff In(P) is f.g. for all n. 
(5) Show that, if R has no nontrivial idempotent ideals, any f.g. flat module 
PR is projective. 
(6) Deduce from (4) that a f.g. ideal P <;;: R is projective iff P is flat and 
ann(P) is f.g. 

Solution. (1) Consider any prime ideal l' such that (rk P) (1') 2 n Then PI' 
is free of rank 2 n, so A n(pp) is Rp-free of positive rank. For any a E In(P), 
we have aAn(p) = 0 and so aAn(pp) = O. Therefore, a/I = 0 E Rp, which 
is possible only if a E p. This shows that In(P) <;;: p. For the converse, 
assume that l' is such that (rk P)(p) < n. Then 0 = An(pp) ~ (An(p))p. 
Since An(p) is f.g., there exists a E R\p such that aAn(p) = O. This shows 
that In(P) ~ p. 

(2) Follows by applying (1) to n and to n + 1. 

(3) It is routine to check that In(p)p = In(pp) for any prime ideal p. 
Therefore, it suffices to verify that In(pp) is either (0) or Rp. This is clear 
since PI' is a free Rp-module of finite rank and hence so is An(pp )' Now 
let 1= In(P) (for a fixed n). Since II' is either (0) or Rp, we have II' = I~. 
Thus, the inclusion 12 <;;: I localizes to an equality at every 1', so we must 
have 12 = I. 

(4) First assume that Pis (f.g.) projective. Then so is An(p); hence, its 
annihilator In(P) is generated by an idempotent, by LMR-(2.44). Con
versely, assume that In(P) is f.g. for all n. Since In(P) is an idempotent 
ideal, LMR-(2.43) implies that In(P) = enR for some idempotent en E R. 
Writing SC for the complement of a set S in Spec R, we have by (2): 

(rkp)-l(n) = V(en) \ V(en+d 
= V(1 - en)C n V(en+d c 

= (V(1 - en) U V(en+l))C 

for any n. Since this is an open set in Spec R, rk P is locally constant. It 
follows then from Exercise 2.21 that the f.g. R-module P is projective. 

(5) For any n, In(P) is an idempotent ideal by (3), so by assumption, 
In(P) = (0) or R. In particular, In(R) is f.g. By (4), P is projective. 

(6) First assume the f.g. ideal P <;;: R is projective. Then of course P is flat, 
and ann(P) = h(P) is f.g. by (4) (or by LMR-(2.44)). Conversely, assume 
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that the f.g. ideal P is fiat with ann(P) f.g. Then h (P) = ann(P) is f.g., 
and for n ::::: 2, An(p) = 0 shows that In(P) = R is also f.g. It follows from 
(4) that P is a projective ideal. 

Comment. The result in this exercise comes from the paper of 
W. Vasconcelos, "On finitely generated fiat modules," Trans. Amer. Math. 
Soc. 138(1969), 505-512. 

Ex. 4.17. (Vasconcelos) Construct a principal ideal P = aR in a com
mutative ring R such that P is fiat but not projective, as follows. Let 
Ro = (Z/2Z) EB (Z/2Z) EB "', viewed as a (commutative) ring without 1, 
with addition and multiplication defined componentwise. Let R = Z EB Ro 
be the ring obtained by adjoining an identity 1 E Z to Ro. For a = (2,0) E 
Z EB Ro = R, show that: 

(1) the principal ideal P = aR is not f.p. (so R is not coherent), and 
(2) P is fiat but not projective. 

Solution. (1) Consider the exact sequence 

o -----+ ann( a) -----+ R ~ aR -----+ 0, 

where <p is multiplication by a. Since ann( a) is not a f.g. ideal of R, it 
follows from LMR-(4.26)(b) that P = aR is not f.p. 

(2) Since P = aR is not f.p., it cannot be projective. It remains to show 
that P is fiat. We do this by checking that each localization Pp is free over 
Rp (p E Spec R). If Ro C/: p, say b is an element in Ro \ p, then 

ab = 0 =} bP = 0 =} Pp = (0). 

Now assume Ro ~ p. Then for any e E Ro, (1 - e)e = 0 =} e = 0 E Rp. 
This implies that a is not a O-divisor in Rp. Therefore, Pp = aRp is also 
free, as desired. 

Ex. 4.18. Show that, over a commutative ring R, the tensor product of 
any two fiat (resp. faithfully fiat) modules is flat (resp. faithfully flat). 

Solution. Say A, B are fiat (right) R-modules. For any short exact se
quence £ (in 9'J1 R), B 0R £ is short exact (since B is fiat), and 
A 0R (B 0R £) is short exact (since A is fiat). Identifying A 0R (B 0R £) 
with (A 0R B) 0R £, we see that A 0R B is fiat. 

Now assume A, B are faithfully fiat. For any R-module M: 

0= (A 0R B) 0R M ~ A 0R (B 0R M) =} B 0R M = 0 =} M = O. 

Since A 0 RBis flat, this implies that A 0 RBis in fact faithfully flat. 

Ex. 4.19. Let PR be a fiat right module and RM be a left module with 
submodules M I , M2 . Show that 
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Solution. We may assume, without loss of generality, that M = Ml + 
M2. Let N = Ml n M2 and X = (P 0R M1 ) n (P 0R M2), noting that 
P0R Ml and P0R M2 may be thought of as subgroups of P 0RM. Since 

P 0R M = (P 0R Md + (P 0R M2), 

the map r.p below is an isomorphism (where all tensor products are over R): 

P 0 Ml 
P0N 

~! 
P 0 Ml 

X 
It follows that the map ~ is also an isomorphism. Therefore, we must 

have X = P0R N. 

Ex. 4.20. Let PR be a projective module, and K be a submodule of 
rad P (the intersection of maximal submodules of P: see FC-(24.3)). If 
P j K is flat, show that K = O. 

Solution. Pick a module Q such that F = P EB Q is free. It is easy to see 
that radF ;2 rad P ;2 K. Also, if PjK is flat, so is FjK ~ (PjK) EB Q. 
Therefore, after replacing P by F, we may assume that P is free, say with 
a basis {ei : i E I}. For x = 2: eiai E K, consider ~ = 2: Rai, a f.g. left 
ideal in R. Since PjK is flat, LMR-(4.14) implies that K n P~ = K~ so 
we have x = 2:xiai for suitable Xi E K. Let J = rad R. By FC-(24.6)(2), 
rad P = 2:: eiJ. From Xi E K ~ rad P, we see that 

x = LXiai E Li eiJ~· 

Comparison with x = 2:eiai shows that ~ = J~, so Nakayama's Lemma 
(applied to the f.g. left R-module~) yields ~ = O. Hence x = 0 and K = O. 

Ex. 4.21. (This problem, due to H. Bass, assumes familiarity with the 
class of semiperfect rings introduced in FC-§23.) Let R be a semiperfect 
ring. Show that any f.g. flat module MR is projective. 

Solution. Since R is semiperfect, the f.g. module M has a projective cover 
by FC-(24.12). This means that there exists a projective module P and an 
epimorphism 7r: P ---- M such that K : = ker( 7r) is a small submodule of 
P (in the sense that K + L = P => L = P for any submodule L ~ P). By 
FC-(24.4)(1), the small submodule K must lie in rad P. Since PjK ~ M 
is flat, Exercise 20 implies that K = O. Therefore, M ~ P is projective. 

Comment. It is of interest to recall the result (FC-(24.25)) that a ring R 
is right perfect iff every flat right R-module is projective. If R is only 
semiperfect, this exercise shows that every f.g. flat right R-module is 
projective. The converse is not true. For instance, every f.g. flat Z-module 
is certainly projective (even free); however, Z is not semiperfect. 



§4. Flat Modules 111 

Ex. 4.22. (This problem, due to S. Chase, assumes familiarity with the 
class of right perfect rings introduced in FC-§23.) Let R be a commutative 
ring. Show that R is coherent and perfect iff R is artinian. 

Solution. If R is artinian, then by the Hopkins-Levitzki Theorem FC
(4.15), R is also noetherian, and therefore coherent. On the other hand, an 
artinian ring is semiprimary, and hence perfect. Conversely, assume that 
R is coherent and perfect. By FC-(23.11), R ~ R1 X ..• x Rn where the 
~'s are (commutative) local rings. Each ~ is also coherent and perfect. 
Therefore, we may as well assume that R itself is local, say with maximal 
ideal m. By FC-(23.20), R satisfies DCC on principal ideals. In particular, 
R has a minimal ideal m. Since R is coherent, Rim ~ m is f.p. From the 
exact sequence 

o -> m -> R -> Rim -> 0, 

it follows (see LMR-(4.26)(b)) that m is f.g. Since m is nil (R being perfect), 
it must be nilpotent. Now each mi ImH1 is f.g. and semisimple, and hence 
has finite length. It follows that RR also has finite length, so R is an artinian 
ring. 

Ex. 4.23. Let J be a f.g. left ideal in a left coherent ring R. For any finite 
set A ~ R, show that K = {r E R: rA ~ J} is a f.g. left ideal. From this, 
conclude that, for any two f.g. ideals I, J in a commutative coherent ring, 

(J: I) = {r E R: r I ~ J} 

is also a f.g. ideal. 

Solution. For any a E A, Ja- 1 = {r E R : ra E J} is a f.g. left ideal in 
R, by LMR-(4.60). By the same result, the intersection of any two f.g. left 
ideals in R is f.g. By induction, it follows that 

K = {r E R: r A ~ J} = n J a- 1 
aEA 

is also f.g. Now assume that R is commutative (and coherent), and let I, 
J ~ R be f.g. ideals. Let A be a finite set of generators for I. Then 

(J : I) = {r E R : r A ~ J}, 

which is f.g. by the first part of this exercise. 

Ex. 4.24. In an algebra text, the following statement appeared: "A direct 
sum E9iEI Mi of R-modules is faithfully fiat iff each Mi is fiat and at least 
one of the M/s is faithfully fiat." Give a counterexample to the "only if" 
part of this statement. 

Solution. Let R be a commutative ring, and consider the direct sum 
S = E9p R p, where p ranges over Spec R. Each Rp is R-fiat, and by LMR
(4.72) (1), S is faithfully fiat. However, none of the Rp's may be faithfully 
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flat. For instance, for R = Z, if P = (p) where p is a prime, then for any 
prime £ i= p, the nonzero Z-module Zj £ Z localizes to zero with respect to 
p. If P = (0), any torsion Z-module localizes to zero with respect to p. This 
shows that no Zp is faithfully flat over Z. 

Ex. 4.25. For any ring extension R ~ S, show that the following are 
equivalent: 

(1) R ~ S is a (right) faithfully flat extension; 
(2) S is a pure, flat extension of R in 9JtR; 
(3) For any system of linear equations 2:::1 Xibij = aj (aj, bijE R, 

1 :::; j :::; n), any solution (SI,"" sm) E sm can be expressed in the form 
Si = 1'i + 2::ktkcki' where (1'l,""1'm ) is a solution of the system in R m , 

and for each k, tk E Sand (Ckl,"" Ckm) is a solution of the associated 
homogeneous system 2:::1 Xibij = 0 in Rm. 

Solution. (1) =? (2). Certainly SR is flat since it is faithfully flat. The 
faithful flatness of SR also implies that (SjR)R is flat, by LMR-(4.74) (4). 
This, in turn, implies that 0 -t R -t S -t (Sj R)R -t 0 is pure, by LMR
(4.85). 

(2) =? (1). Assume (2). Then, from the pure sequence 

o ------t R ------t S ------t (S j R) R ------t 0, 

the flatness of SR implies that of (Sj R)R, by LMR-(4.86) (1). This, coupled 
with the flatness of SR, implies that R ~ S is a (right) faithfully flat 
extension, again by LMR-(4.85). 

(2) =? (3). Consider any solution (SI,"" sm) E sm for the given linear 
system. Since R ~ S R is pure, LMR-( 4.89) implies that there is also a 
solution (1'1"'" rm) E Rm. Thus, (SI - 1'1, ... , Sm - 1'm) is a solution in 
sm for the homogeneous system 2:::1 Xibij = O. Since SR is flat, LMR
(4.24) implies that Si - 1'i = 2::k tkcki where, for each k, tk E Sand 
(Ckl,"" Ckm) is a solution of the same homogeneous system in Rm. By 
transposition, we obtain the desired expression Si = 1'i + 2::k tkcki for the 
solution (SI,"" sm) E sm. 

(3) =? (2). Note that the two results used above, namely LMR-(4.89) and 
LMR-(4.24), are both of an "iff" nature, characterizing, respectively, purity 
and flatness. Therefore, by reversing the argument given for (2) =? (3), we 
obtain (3) =? (2). 

Ex. 4.26. Let £:: 0 -t A -t B -t C -t 0 be exact in 9JtR, where A, Care 
flat and one of them is faithfully flat. Show that B must be faithfully flat. 

Solution. First, by LMR-(4.13), B is flat. Second, by LMR-(4.85), C being 
flat implies that £: is a pure exact sequence. Therefore, for any left R-module 
M, £:®RM remains short-exact. Suppose B®RM = O. Then the exactness 
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of £ ® R M implies that 

Assuming that one of A, C is faithfully fiat, we see that M = O. Therefore, 
we have shown that B is faithfully fiat. 

Ex. 4.27. Let R <;;; S be a (right) faithfully fiat extension. If S is a 
left noetherian (resp. artinian), show that R is also left noetherian (resp. 
artinian). 

Solution. It is known (LMR-(4.74)(2)) that any left ideal Qt <;;; R has 
the property that Qt = R n S Qt. Assume that S is left noetherian (resp. ar
tinian). For any ascending (resp. descending) sequence ofleft ideals Qti (i = 
1,2, ... ) in R, we must have SQt n = SQtn+l = '" for some n. Contracting 
to R then yields Qtn = Qtn+l = "', so we have proved that R is left 
noetherian (resp. artinian). 

Ex. 4.28. In LMR-( 4.33), it is proved that a module PR is fiat iff, for any 
R-epimorphism cp: Q ---) P and any f.p. R-module M, any homomorphism 
A: M ---) P can be "lifted" to some 7jJ: M ---) Q. Give another proof for 
this result by using properties of pure exact sequences. 

Solution. First assume P is fiat and consider any epimorphism cp: Q---) 
P. Then 

£: 0 ----) ker( cp) ----) Q ----) P ----) 0 

is pure by LMR-(4.85). For any f.p. module M, LMR-(4.89) (5) guarantees 
that HomR(M, £) remains exact. This means precisely that any A: M---) 
P can be "lifted" to some 7jJ: M ---) Q. 

Conversely, let P be a right R-module with the stated lifting property. 
Fix an exact sequence 

£: 0 ----) K ----) Q ----) P ----) 0 

with Q free. The given lifting property means that HomR(M, £) is exact 
for all f.p. modules MR' Therefore, by LMR-(4.89) again, £ is pure. Since 
Q R is free and therefore fiat, LMR-( 4.86) guarantees that PR is also fiat. 

Ex. 4.29. Show that a ring R is von Neumann regular iff all short exact 
sequences in 9J1R are pure, iff all right ideals are pure in RR. 

Solution. First suppose R is von Neumann regular. By LMR-(4.21), every 
left module RN is fiat. Therefore, for any exact sequence £ in 9J1R, £®RN 
remains exact. Since this holds for all RN, £ is pure. 

Conversely, assume that every right ideal Qt is pure in RR. For any cyclic 
module M R , there exists an exact sequence 

o ----) Qt ----) R ----) M ----) o. 
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Since this sequence is pure and RR is flat, LMR-(4.86) implies that MR 
is flat. Now that we know every cylic right R-module is flat, LMR-(4.21) 
implies that R is von Neumann regular. 

Ex. 4.29/. Let J be an ideal in a ring R, and R = RjJ. 

(1) If R is flat as a left R-module, show that any injective right R-module 
is injective over R. 
(2) If R is a von Neumann regular ring, show that any injective right 
R-module is injective over R. 

Solution. Clearly (2) follows from (1), since any left module over a von 
Neumann regular ring is flat, by LMR-(4.21). 

To prove (1), assume RR is flat and let M be any injective right 
R-module. We'll show that MR remains injective by checking that any 
monomorphism cp: M -+ A in 9Jt R splits. Since RR is flat, we have an 
induced monomorphism 

cp/: M ® R R --7 A ® R R. 

We can identify A ®R R with A/AJ, and M ®R R with M/MJ = M, 
and view cp/ as a monomorphism cpl!: M -+ A/AJ in 9JtR. Since MR is 
injective, cpl! splits. From this, it is clear that cp splits. 

Comment. Besides (2), a good special case of (1) is where R has the form 
S x J. It is easy to verify that R/ J ~ S is flat as a left module over R, so 
any right injective S-module remains injective over R. This property was 
already pointed out in LMR-(3.11A). 

For related exercises, see Exs. (3.27), (3.28), and (6.27A). 

Ex. 4.30. Let K ~ A ~ E be right R-modules. Show that 

(1) if A is pure in E, then A/K is pure in E/K, and 
(2) if we assume K is pure in E, the converse of (1) also holds. 

Solution. (1) Let RN be any left R-module. The purity of A ~ E implies 
that A ®R N ~ E ®R N. Quotienting out the submodule im(K ®R N) ~ 

A ®R N, we have an injection 

(I) (A ®R N)/im(K ®R N) --7 (E ®R N)/im(K ®R N). 

Using the right exactness of the tensor-functor, we can identify the above 
map with 

(II) (A/K) ®R N --7 (E/K) ®R N. 

Therefore, this map is an injection for all RN, which implies that A/ K ~ 

E/K is pure. 

(2) Again, let N be any left R-module. Here, K ®R N embeds into both 
E ®R N and A ®R N (since K ~ E is pure). If A/K ~ E/K is pure, 
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then (II) is an injection, and so is (I). From the latter, it follows that 
A ® R N ---) B ® R N is an injection, and hence A is pure in B. 

Ex. 4.31. Let A, A' be submodules of a module BR . 

(1) If A + A' and A n A' are pure in B, show that A and A' are pure in B. 
(2) If A, A' are pure in Band A+A' is flat, show that AnA' is pure in B. 
(3) Construct an example of A, A' ~ B such that A, A', A + A' are all 
pure in B, but A n A' is not. 
(4) Construct an example of A, A' ~ B such that A, A', AnA' are all pure 
in B, but A + A' is not. 

Solution. Consider the exact commutative diagram 

0- AnA' ~ A EEl A,-L A+A'- 0 

(I) 1 "( 1 15 1 
o - B • B EEl B • B · 0, 

where o:(a) = (a, - a), (3(a, a') = a + a', "((b) = (b, - b'), and J(b, b') = 
b + b'. Tensoring this with any left R-module X, we get the following exact 
commutative diagram 

(AnA') ®X -- (A EEl A') ®X ---+-. (A+A') ®X-- 0 

(II) 11 19 1 h 

O--B®X -(BEElB)®X • B®X-- o. 
(1) Here f is injective since A n A' <;;;; B is pure, and h is injective since 
A + A' <;;;; B is pure. By a simple diagram chase, we see that 9 is also 
injective. This implies that A ® X ---) B ® X and A' ® X ---) B ® X are both 
injective, so A ~ B and A ~ B are both pure. 

(2) Since A + A' is flat, the top sequence in (I) is pure by LMR-(4.85). 
Therefore, the top sequence in (II) remains exact if we add a O-term to 
the left. Next, the purity of A, A' in B implies that the map 9 in (II) is 
injective. It follows easily that 1 is also injective, and so A n A' ~ B is 
pure. 

For (3) and (4), we shall produce examples over R = Z, 

(3) Let B = Z EEl Z4. Here, A = (1, 1)· Z and A' = (1, 2)· Z are both direct 
summands in B = A + A'. But A n A' = (4, 0) . Z is not pure in B, since 
it is not even pure in Z EEl (0). 

(4) Here, let B = Z EEl Z instead, and let A = (1,0) ·Z, A' = (1,2) ·Z. Again, 
A, A' are direct summands in B, with A n A' = (0). But A + A' = Z EEl 2Z 
is not pure in B = Z EEl Z since 2Z is not pure in Z. 

Ex. 4.32. Let A be a submodule of a f.p. module BR . Show that A is a 
direct summand of B iff A is f.g. and pure in B. 
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Solution. The "only if" part is clear, since a direct summand of any fg. 
module is always f.g. For the "if" part, assume that A is fg. and is a pure 
submodule of the fp. module B. By Exercise 8 applied to the short exact 
sequence 

O~A~B~BjA~O, 

BjA is f.p. Now by LMR-(4.91), this fact together with the purity of the 
short exact sequence implies that the sequence splits, so A must be a direct 
summand of B. 

Ex. 4.33. Show that, over any domain R, a right ideal SB is pure in RR iff 
SB is (0) or R. 

Solution. ("Only if") Assume SB is pure in RR. Then 

o ~ SB ~ R ~ RjSB ~ 0 

is pure exact. Since RR is fiat, the purity of this sequence implies that RjSB 
is fiat, by LMR-( 4.86) (1). Now over a domain, the fiat module RjSB must 
be torsion-free, by LMR-(4.18). Since the element I is killed by anything 
in SB, this is possible only when SB = (0) or R. 

Ex. 4.34. Over a commutative ring R, show that A <:;; B is pure (in 9J1 R ) 

iff Am <:;; Bm is pure (in 9J1Rm) for every maximal ideal meR. 

Solution. First assume A <:;; B is pure. For any R-module N, A 0R N --+ 

B 0 R N remains injective. Localizing this at a maximal ideal m, we see 
that (A 0R N)m --+ (B 0R N)m is injective, or equivalently, 

Am 0Rm N m ~ Bm 0Rm N m 

is injective. Since any Rm-module is isomorphic to some Nm , it follows from 
the above that Am <:;; Bm is pure for every maximal ideal m. The converse 
is proved by reversing this argument. 

Ex. 4.35. (Priifer) Show that a subgroup A of an abelian group B is pure 
iff any coset f3 with respect to the subgroup A contains an element b whose 
order (::; (0) equals the order of f3 in B j A. 

Solution. Recall from LMR-( 4.93) that A is pure in B iff An nB = nA 
for any natural number n. First assume A is pure in B and consider any 
coset f3 = bo + A. If f3 E B j A has infinite order, clearly bo E B also has 
infinite order, so we are done. If f3 has finite order n in B j A, then nbo E A, 
so nbo = na for some a E A. Therefore, for b : = bo - a, we have nb = 0 
and f3 = bo + A = b + A. Since f3 has order n in B j A, the order of b must 
be n also. For the converse, assume that the condition on cosets in the 
statement of the exercise holds. Let a E A n nB where n is any natural 
number; say a = nbo where bo E B. Then f3 : = bo + A has order min in 
B j A. By assumption, there exists b E B of order m such that f3 = b + A. 
Then ao : = bo - b E A, and we have nao = nbo - nb = nbo = a, so a E nA, 
as desired. 
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Ex. 4.36. For a module BR over a commutative domain R, let Bt denote 
its torsion submodule 

{b E B: br = 0 for some r E R \ {O}}. 

(1) If R is a Priifer domain, show that (a) Bt is a pure submodule of B, 
and that (b) Bt is a direct summand of B in case B R is f.g. 
(2) Show that in general Bt need not be pure in B. 

Solution. First assume R is a Priifer domain. The quotient module B I Bt 

is torsionfree, and therefore flat by LMR-( 4.69). It follows from LMR-( 4.85) 
that Bt is pure in B. If B is f.g., then so is B I Bt , and hence by LMR
(4.40), the flat module BIBt is projective. This implies that Bt is a direct 
summand of B, as desired. 

For an example of a non pure torsion submodule of a f.g. module, take 
R = k[x, y] where k is a field, and take B = R2 I(xy, y2). R. Suppose 
(j, g) E Bt . Then (j, g)r = (xy, y2)S for some r, s E R with r #- O. As 
in the solution to Exercise 5, we can use unique factorization to show that 
f = xfo, 9 = ygo for suitable fo, go E R, which must then be equal. 
Therefore, (j, g) = (x, y)fo. This shows that Bt = (x, y). R. We claim that 
Bt ~ B is not pure. Indeed, let Q( be the ideal xR + yR ~ R. If Bt is pure 
in B, we would have (by LMR-( 4.92)) Bt n B Q( = Bt Q(. Since 

(x, y) = (1, 0) . x + (0, 1) . Y E BQ(, 

it would follow that 

(x, y) = (x, y) . (xh + ygd 

for some h, g1 E R. But then 

(x, y) . (xh + yg1 - 1) = (xy, y2) . h = (x, y) . yh 

for some hER, and hence xh + yg1 - 1 = yh E R, which is clearly 
impossible. Therefore, Bt is not pure in B. 

Comment. (1) and (2) above are parts of the following more general result. 
For any commutative domain R, the following properties are equivalent: 

(A) For any R-module B, Bt is pure in B. 
(B) For any f.g. R-module B, Bt is pure in B. 
(C) For any f.g. R-module B, Bt is a direct summand of B. 
(D) R is a Priifer domain. 

Here, the equivalence of (C) and (D) is due to I. Kaplansky; see his 
paper "A characterization of Priifer rings," J. Indian Math. Soc. 24(1960), 
279-281. Part (la) of the exercise (also due to Kaplansky) gives (D) =} (A), 
and (A) =} (B) is a tautology. The implication (B) =} (D) was proved in 
an unpublished manuscript of S. H. Man and P. F. Smith (ca. 1999). 

Ex. 4.37. Let B be an additive abelian group, viewed as a Z-module. True 
or False: the (pure) torsion subgroup Bt is always a direct summand of B? 
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Solution. The statement is false! We shall provide two (counter) examples, 
both of which are standard. 

For the first counterexample, let P = {2, 3, 5, .... } be the set of all 
primes, and let B = I1PE P Zpo It is easy to see that Bt = EBpEP Zp (using 
the fact that every nonzero element of Zp has order p). We claim that the 
nonzero element 

0: = (1, 1, 1, 00') + Bt E B/Bt 

is divisible by every prime. If so, then Bt cannot be a direct summand, for 
otherwise B ~ Bt EEl (B / Bt ) but B itself clearly does not have a nonzero 
element divisible by every prime. To check the claim, let q be any prime. 
Note that 

0: = (1, 1, ... , 1, 0, 1, 1, ... ) + Bt , 

where the ° occurs in the qth coordinate. Now every coordinate of the new 
coset representative for 0: above is divisible by q, so 0: itself is divisible by 
q in B/Bt . 

The second counterexample is based on similar ideas, and is in some 
sense a "local version" of the above. Fix a prime p and let B = Zp X Zp2 X 

Zp 3 X .. '. Here Bt consists of sequences (aI, a2, .... ) where the ai's have 
a bounded exponent. (Notice that now Bt is bigger than the direct sum 
Zp EEl Zp2 EEl .••. ) Clearly, B has no nonzero element that is divisible by pn 
for all n ~ 1. Thus, we are done as before by showing that B / Bt has a 
nonzero element that is divisible by pn for any n ~ 1. Now the element 

0: = (0,p,0,p2,0,p3, ... ) +Bt E B/Bt 

is clearly nonzero, since the 2nth coordinate pn E Zp2n has order pn (so 
the orders of the coordinates are unbounded). On the other hand, for any 
n ~ 1, 

0: = (O,p, ... ,O,pn-l,O,pn,O,pn+l,O, ... )+Bt 
= (0, ... , O,pn, O,pn+l, 0, ... ) + Bt 

= pn(O,oo.,O,l,O,p,O,oo.) +Bt , 

so 0: E B / Bt is indeed divisible by pn for any n ~ 1. 

Comment. In spite of the examples of the above nature, in the theory 
of abelian groups there are theorems which guarantee that, under suit
able hypotheses, Bt is a direct summand of B. For instance, this is the 
case if either (1) B/Bt is f.g., or (2) Bt is divisible. In fact, in case (1), 
B / Bt is free and hence projective as a Z-module; in case (2), Bt is in
jective as a Z-module. Therefore, in either case, the short exact sequence ° ----t Bt ----t B ----t B / Bt ----t ° splits. A result of Priifer guarantees that 
if B t (or for that matter any pure subgroup of B) has a finite exponent, 
then it is a direct summand of B: see §8 of Kaplansky's book "Infinite 
Abelian Groups," (revised edition), Univ. of Michigan Press, 1968. Both of 
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our examples offered above are taken from this source. These examples B 
are good choices since in either case Bt is not divisible and does not have 
finite exponent. Once we showed that B t is not a direct summand of B, 
it also follows that the torsion-free abelian group B / Bt is not f.g. and not 
free. 

Ex. 4.38. A monomorphism I.{J: A ---7 B in 9JtR is said to be locally split 
if, for any a E A, there exists cr E HomR(B, A) such that cr(I.{J(a)) = a. In 
this case, the argument used in the last part of the proof of LMR-( 4.23) 
shows that, for any al, ... , an E A, there exists cr E HomR(B, A) such 
that cr(I.{J(ai)) = ai for all i. Using this, show that if I.{J is locally split, then 
o ---7 A ~ B ---7 B / A ---7 0 is pure. 

Solution. To check the purity of the sequence, we shall apply the criterion 
(3) in LMR-(4.89). Let aj E A (1 ::::; j ::::; n), bi E B (1 ::::; i ::::; m) and 
Sij E R (1 ::::; i ::::; m, 1 ::::; j ::::; n) be given such that aj = I:i bi Sij for all 
j. Fix cr E HomR(B,A) such that cr(aj) = aj for all j. (Here, we think of 
I.{J as an inclusion map, and suppress it in order to simplify the notations.) 
Applying cr to the equations for aj, we get 

aj = cr(aj) = Licr(bi)Sij 

where cr(bi ) E A for 1 ::::; i ::::; m. This verifies the criterion (3) in LMR
(4.89), so A is pure in B. 

Comment. It is equally easy to apply the alternate criterion (4) in LMR
(4.89) for checking purity. This requires that, for any commutative diagram 

" Rn----------+. Rm 

a1 
I.{J 

A -------'---...... B 

there exists 8 E HomR(Rm , A) such that 8" = a (i.e. making the upper 
triangle commutative). All we need to do is to take basis elements {ei : 
1 ::::; i ::::; n} in Rn, and choose cr E HomR(B,A) such that crI.{J (a(ei)) = 

a(ei) (for all i). Upon defining 8 : = cr(3, we'll have 

8,,(ei) = cr (3,,(ei) = cr I.{J a(ei) = a(ei) 

for all i, and therefore 8" = a, as desired. 

It follows immediately from this exercise that if the R-module A is f.g., 
then any locally split monomorphism I.{J: A ---7 B is in fact split. 

Finally, a note on terminology is in order. For people working in com
mutative algebra, the phrase "I.{J: A '---+ B being locally split" might 
suggest the condition that the localization of I.{J is split at every prime ideal 
of the (commutative) ground ring R. The notion studied in this exercise 
is certainly not in this spirit; after all, the ground ring R need not be 
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commutative. In dealing with the "locally split" notions in this and the 
next few exercises, we simply have to ignore localizations for the time being. 

Ex. 4.39. (Azumaya) An epimorphism 'IjJ: B --+ C in 9Jt R is said to be 
locally split if, for any C E C, there exists T E HomR( C, B) such that 
'IjJ T (c) = c. In this case, prove the following statements. 

(1) For any CI,'" ,Cn E C, there exists Tn E HomR(C, B) such that 
'IjJ Tn (Ci) = Ci for 1:::; i:::; n. 
(2) For any countably generated submodule D ~ C, the epimorphism 
'IjJ-I(D) --+ D induced by 'IjJ is split. (In particular, if C itself is countably 
generated, then 'IjJ is already split.) 
(3) The short exact sequence [: 0 --+ ker 'IjJ --+ B --+ C --+ 0 is pure. 

Solution. (1) We construct Tn by induction on n, the case n = 1 being 
covered by the hypothesis. Suppose we have already constructed Tn-I' To 
construct Tn, consider the element Cn -'ljJTn-I(Cn) E C. By the hypothesis 
again, there exists a E HomR(C, B) such that 

Now take Tn : = Tn-l + a - a'IjJTn-1 E HomR(C, B). For i :::; n -1, we have 

(t) 
Tn(Ci) = Tn-l (Ci) + a(ci) - a'IjJTn-I(Ci) 

= Tn-I(Ci) + a(ci) - a(ci) = Tn-I(Ci), 

and therefore 'IjJ Tn (Ci) = 'IjJ T n- d Ci) = Ci. For the last element Cn , we have 

'ljJTn(C n) = 'ljJ[Tn-l(Cn) + a(c n ) - a'ljJTn-I(C n)] 

= 'ljJTn-I(Cn) + 'ljJa(c n -'ljJTn-I(Cn)) 

= Cn 

by (*). Thus, Tn is the homomorphism we want. 

(2) Express D in the form I:~l cnR ~ C. Applying the inductive con
struction in (1) to the elements CI, C2,"" we obtain Tn E HomR(C, B) for 
n = 1,2, ... , with the property that, for each n, 'ljJTn(Ci) = Ci for 1 :::; i :::; n. 
Note further from (t) that, on the module I:~:ll ciR, the homomorphism 
Tn is no different from Tn-I' Therefore, by taking direct limit, we obtain a 
homomorphism T E HomR(D, B) whose restriction to I:~=l ciR is given 
by Tn, for any n. Since 'ljJTn(Ci) = Ci for 1 :::; i :::; n, it follows that 'ljJT(Ci) = Ci 

for all i ~ 1. Thus 'IjJ T = IdD, so the surjection 'IjJ-I (D) --+ D is split by T, 
as desired. 

(3) To show that the sequence [ is pure, it suffices to check that, for 
any f.p. module M, any homomorphism "'(: M --+ C can be "lifted" 
to a homomorphism A: M --+ B. (see LMR-(4.89)(5)). In fact, we can 
verify this lifting property for any countably generated module M. Let 
D = "'((M) ~ C, which is also count ably generated. By (2), there exists 
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T E HomR(D, B) such that 'ljJT = IdD . Taking ,\ : = T, E HomR(M, B), 
we have 'IjJ'\ = 'ljJT, =" as desired. 

Comment. The result in this exercise comes from the paper of C. Azu
maya: "Locally pure-projective modules," Contemporary Math. 124(1992), 
17-22. See also his earlier paper, "Finite split ness and finite projectivity," 
J. Algebra 106(1987), 114-134. The property (2) is implicit in Azumaya's 
1992 paper, and is independently observed by C. Bergman. It seems to be 
a rather remarkable fact that if a surjection 'IjJ : B --> C is locally split and 
if C is count ably generated, then 'IjJ must be split. For this special case of 
(2), see Cor. 2.2.2 in the paper of L. Cruson and M. Raynaud, "Criteres de 
platitude et de projectivite," Invent. Math. 13(1971), 1-89, as well as Prop. 
4.1 in the paper of K. M. Rangaswamy: "The theory of separable mixed 
abelian groups," Comm. Algebra 12(1984),1813-1834. On the other hand, 
if an injection cp: A --> B is locally split and A is countably generated, cp 
need not be split: see the first example constructed in the solution to the 
next exercise! 

Ex. 4.40. Let [,: 0 --> A ~ B ~ C --> 0 be exact in 9J1 R . 

(1) If cp is locally split, does it follow that 'IjJ is locally split? 
(2) If [, is pure, does it follow that one of cp, 'IjJ is locally split? 

Solution. Both answers are "no"! For (1), work over the ring R Z 
and take 

B=ZxZx···, 

with cp given by the inclusion map A '-+ B. Any element a E A lies in a 
finite direct sum Ao = Z EB··· EB Z (say n copies). If we define a: B --> Ao 
by projection onto the first n coordinates, we have clearly cpa (a) = a. 
Therefore, cp is locally split. We claim that the surjection 'IjJ: B --> C = 
BjA is not locally split. In fact, as in LMR-(4.88), for the element 

c = (2, 22 , 23 , ... ) + A E C, 

we have c E 2n dn + A for suitable dn E B (If n 2': 1). Therefore, c is divisible 
by 2n in C for every n, and hence T(C) = 0 for any T E Homz(C, B). In 
particular, 'ljJT(C) =/=- C no matter how we choose T. [Note that the exact 
sequence in question is indeed pure (as is predicted by Exercise 38), since, 
upon tensoring cp with any Z-module M, the resulting map is essentially 
the inclusion 

MEBMEB···<;;;MxMx···. 

Of course, it is also easy to see that An r B = r A for any r E Z.] 

A somewhat easier solution to (1), due to K. M. Rangaswamy, is as 
follows. Againlet the ground ring be Z, B = Z EB Z EB ... , and C = Q. 
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Take any surjection 'ljJ: B -7 C and let A = ker('ljJ). Since Q is Z-flat, 
the inclusion map <p: A -7 B is locally split by LMR-(4.23). However, 
Homz( C, B) = 0, so clearly 'ljJ cannot be locally split. 

To construct a counterexample to (2), recall first that all exact sequences 
over a von Neumann regular ring R are pure (Exercise 29). If we produce 
a nonsplit short exact sequence 

over such a ring R with A and C f.g., then £ will be a counterexample 
to (2) since £ is automatically pure, and the finite generation of A and C 
implies that neither <p nor 'ljJ is locally split. For an explicit construction, 
take T = k x k x . .. where k is any field, and let R be the sub ring of T 
consisting of all sequences that are eventually constant. It is easy to verify 
that R is a (commutative) von Neumann regular ring. Also, note that R is 
essential in TR (since any (aI, a2, ... ) E T with an i=- ° can be multiplied 
by the nth unit vector en E R to get a nonzero element (0, ... , an, 0, ... ) 
of R). Therefore, if we take any t E T \ R, then 

£: 0-7 R -7 R + tR -7 (R + tR)/ R -7 ° 
is nonsplit since R is essential in (but not equal to) (R + tR)R. Here, A = R 
and C = (R + tR)/ R are both cyclic R-modules. 

Comment. In parallel to (1), it is of course also natural to ask, for any short 
exact sequence £, whether 'ljJ being locally split would imply <p being locally 
split. According to part (2) of Ex. 39, the answer to this question was "yes" 
if the module Cis countably generated. It will be shown in part (2) of Ex. 42 
below that the answer is again "yes" if the module B is projective. However, 
the answer is "no" in general, according to G. Azumaya; see p. 133 of the 
second paper of his listed in the Comment on Ex. 4.39. 

Ex. 4.41. (Villamayor, Fieldhouse) For any submodule A of a flat module 
B R , show that the following are equivalent: 

(1) An B21 = A21 for any left ideal 21 ~ R; 
(2) B / A is flat; 
(3) A is pure in B. 

If B is in fact a projective module, show that these statements are also 
equivalent to: 

(4) The inclusion map A <.......t B is locally split. 

Solution. The equivalence of (1), (2) and (3) is all in LMR-§4. Indeed, 
(1) {::} (2) is LMR-(4.14), (3) =} (1) is LMR-(4.92), and (2) =} (3) follows 
from LMR-(4.85). Also, Exercise 38 above gives (4) =} (3). Note that the 
last three implications do not require the flatness of B. 
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Finally, assume that B is projective. We shall finish by proving (1) => (4). 
This was done in LMR-(4.23) with the assumption that B is free. The case 
where B is projective is a routine extension, which we supply below for the 
sake of completeness. Take an R-module B' such that F : = B EB B' is free 
with a basis {ei}, and let 7r: F ~ B be the projection on B with respect 
to this decomposition. To check that the inclusion map A ~ B is locally 
split, take any a E A. Writing a = eilrl + ... + einrn (with distinct ii's), 
we have a = 7r(a) = Lj 7r(eij)rj. Therefore, by (1) (applied to m = 
Lj Rrj), we can write a = Lj aijrj for suitable aij E A. Now take any 
a E HomR (F,A) such that a(eiJ = ai j for all j. Such a exists since F is 
free and the ij's are distinct. Then, clearly, 

a(a) = L. a(aiJ rj = L. aijrj = a, 
J J 

which proves (4). 

Comment. We pointed out above that (2) => (3) => (1) holds without any 
assumptions on B. In general, the converses of these implications do not 
hold. For a counterexample to (3) => (2), take B = A EB C with C any 
nonflat module. A counterexample to (1) => (3), due to I. Emmanouil, was 
given at the end of LMR-§4. 

If B is only assumed to be flat (instead of projective), then the equiva
lent conditions (1), (2), (3) need not imply (4). To show this, consider any 
von Neumann regular ring R that is not right self-injective. Then A = RR 
is nonsplit in B = E(A) (the injective hull of A). Since A is cyclic, this 
means that A ~ B is not locally split. But A is pure in B by Exercise 29. 
(Here, BR is flat, as is every module over R, but B is not projective.) 

The key reference for this exercise is D. J. Fieldhouse's paper, "Pure 
theories," Math. Ann. 184 (1969), 1-18, where a lot of related information 
can be found. 

Ex. 4.42. Let £: 0 ~ A ~ B ~ C ~ 0 be a short exact sequence in 
9JtR where B is projective. 

(1) If A is f.g. and pure in B, show that A is a direct summand of B (and 
hence also a projective R-module). 
(2) If'ljJ is locally split, show that 'P is also locally split. 

Solution. (1) By the implication (3) => (4) in Exercise 41, A being pure 
in B implies that 'P is locally split. Since A is also f.g., the last paragraph 
in the Comment on Exercise 38 shows that the exact sequence £ splits. 

(2) Assume that 'ljJ is locally split. By Exercise 39, £ is pure. Again by 
(3) => (4) in Exercise 41, 'P is locally split. 

Comment. Let us recall Exercise 2.17, which states that, over a von 
Neumann regular ring R, any f.g. submodule A of a projective module BR 
is a direct summand. This now follows from (1) since over a von Neumann 
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regular ring R, any submodule of a module is pure, by Exercise 29. Thus, it 
is useful for us to think of (1) above as a generalization of the well-known 
fact about von Neumann regular rings from Exercise 2.17. 

It is also worth pointing out that part (2) above remains true as long 
as B is a direct sum of count ably generated modules. This is a result ob
tained independently by K. M. Rangaswamy and B. Zimmermann-Huisgen: 
see Prop. 12 in Zimmermann-Huisgen's paper, "On the abundance of ~I

separable modules," in Abelian Groups and Noncommutative Rings, Con
temp. Math. 130 (1992), 167-180. Note that this result of Rangaswamy and 
Zimmermann-Huisgen is more general than part (2) of this Exercise since, 
by a well-known theorem of Kaplansky (Ann. Math. 68 (1958), 372-377), 
every projective module (over any ring) is a direct sum of count ably gen
erated (projective) modules. 

Ex. 4.43. (Zimmermann-Huisgen) Let R be a left noetherian ring, and C 
be an arbitrary direct product R1 , viewed as a right R-module. For any 
f.g. sub module D <;;; C, show that there exists P E Aut(CR ) such that 
p(D) <;;; RJ for some finite subset J <;;; I, where, by RJ , we mean the direct 
summand of RI consisting of (Xi)iEI with Xi = 0 for all i r/: J. 

Solution. We first deal with the case where D is a cyclic module, with a 
generator C = (Ci)iEI. Since R is left noetherian, there exists a finite subset 
J <;;; I such that {Cj : j E J} generates 2:iEI RCi as a left ideal. Writing 
K = I\J, we have equations Ck = 2: jEJ rkjCj for k E K and rkj E R. 

Decompose C = RI into the direct sum R J ffi R K , and define p E End( C R) 
as follows: p I RK = Id, and for the standard basis {ej: j E J} on R J , 

p(ej) = ej - (rkj)kEK (j E J). 

Here (rkj hEK means the I-tuple whose kth coordinate is rkj for k E K, 
and whose J-coordinates are all zero. Note that p E Aut(CR ) since p is the 
identity on both RK and RI / RK. Now 

p(c) = P (LjEJ ejcj) + p ((ckhEK) 

= L jEJ (ej - (rkj)kEK) Cj + (ckhEK 

= L. ejcj - (L. rkjcj) + (Ck)kEK 
JEJ JEJ kEK 

= (Cj)jEJ E R J , 

as desired. 
For the general case of a f.g. D <;;; C, we can induct on the number 

of generators for D. Having taken care of the cyclic case, we may assume 
that D = D' + cR where the result is true for D'. After applying an 
automorphism to R1 , we may therefore assume that D' <;;; RJ' for some 
finite J' <;;; I. Let K' = I\J' and write C = c' + CI where c' E RJ ' and 
CI E RK '. By the cyclic case, we know that there exists PI E Aut(RK ') 
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such that PI (CI) E RL where L is a finite subset of K'. For 

p: = Id EB PI E Aut(RJ' EB R K ') = Aut(CR), 

we have p(c) = c' + PI(CI) E RJ' EB RL = R J for the finite set J = J' U L. 
Since P is the identity on D' <;;; RJ' we have now p(D) <;;; D' + p(c)R <;;; R J , 
as desired. 

Comment. The result in this exercise is taken from the paper of 
B. Zimmermann-Huisgen: "Pure submodules of direct products of free 
modules," Math. Ann. 224 (1976), 233-245. Our formulation here follows 
the suggestions of G. Bergman. 

Ex. 4.44. (Zimmermann-Huisgen) Let E: 0 ----t A ~ B ~ C ----t 0 be a 
short exact sequence of right R-modules over a left noetherian ring R. If C 
is a direct product (RI)R where I is any set, show that 'lj; is locally split. 

Solution. Assume that C = R I , and consider any c = (Ci)iEI in C. By 
Exercise 43, there exists p E Aut(CR) such that p(c) = d = (di)iEI, where 
di = 0 outside of a finite set J <;;; I. Therefore, p(c) E R J where R J <;;; RI 
has the same meaning as in the last exercise. Since R J is free (and hence 
projective), (p 0 'lj;)-I (RJ) -* R J is split by a suitable R-homomorphism 
00 . We can extend 00 to 

0: RI -----+ (p 0 'lj;)-I(RJ) <;;; B 

by making 0 = 0 on RIV. Now let r : = 0 0 P E HomR(C, B). Since 
(p 0 'IjJ)(Bo(d)) = d, we have 

'lj;r(c) = ('lj;O)(p(c)) = 'lj;Oo(d) = p-I(d) = c, 

so we have checked that 'lj; is locally split. 

Comment. The result in this exercise is taken from the paper of 
B. Zimmermann-Huisgen referenced in the Comment on Exercise 43. 
Zimmermann-Huisgen defined a right R-module C to be locally projective 
if every surjection 'lj;: B ----t C is locally split. In the paper cited above, 
Zimmermann-Huisgen proved more generally that, over a left noetherian 
ring R, any pure submodule of a direct product (RI)R is locally projective. 
On the other hand, she proved that, over any ring R, any locally projective 
right module is a pure submodule of some direct product (R1)R. 

Ex. 4.45. Use Exercises (42) and (44) to construct a short exact sequence 

E: 0 ----t A ~ B ~ C ----t 0 over some ring R in which 'P and 'lj; are both 
locally split, but E itself is not split. 

Solution. (Bergman) Consider any left noetherian ring R for which some 
direct product C = (RI)R is not projective. (For instance, take R = Z and 
I to be any infinite set. It follows from Exercise 2.6 that C = ZI is not 
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Z-projective.) Now take a sufficiently large free module BR that admits a 
surjection 'ljJ onto C, and let £. be the associated short exact sequence 

o ---+ A ~ B ~ C ---+ o. 
By Exercise 44, 'ljJ is locally split. Since B is projective, Exercise 42 implies 
that i.p is also locally split. However, £. itself is not split, since otherwise C 
would be isomorphic to a direct summand of B and hence projective as an 
R-module, a contradiction. 

Ex. 4.46. (J0ndrup) Let R ~ S be rings, and PR be a f.g. flat R-module. 
Show that P is a projective R-module iff P ®R S is a projective S-module. 

Solution. It suffices to prove the "if" part, so assume P®RS is a projective 
S-module. Fix an exact sequence 0 -+ K '-+ F -+ P -+ 0 where F = Rm 
for some integer m. By LMR-(4.85), this exact sequence is pure, so the 
induced sequence 

is also exact. Since P® RS is projective, this sequence splits, and so K ® RS 
is f.g. over S. Noting that k ® S = (k ® l)s (for k E K and s E S), we can 
fix a finite generating set of the form {k1 ® 1, ... , kn ® 1} for (K ® R S) s. 
Now by LMR-(4.23), there exists B E HomR(F, K) such that B(ki ) = ki for 
every i. We finish by showing that B( k) = k for every k E K, for this will 
imply that 0 -+ K '-+ F -+ P -+ 0 splits, which will in turn imply that PR 

is projective. 
Given k E K, write k ® 1 = ~i(ki ® 1) Si where Si E S. Calculating in 

K ®R S, we get 

B(k) ® 1 = (B ® l)(k ® 1) = Li (B ® l)(ki ® Si) 

= Li B(ki ) ® Si = Li ki ® Si = k ® l. 

Now by LMR-(4.86)(2), KR is also flat, so the injection of left R-modules 
R -+ S induces an injection 

K=K®RR---+K®RS 

of abelian groups. Thus, from B(k) ® 1 = k ® 1 E K ®R S, we may conclude 
that B(k) = k, as desired. 

Comment. The result in this exercise comes from S. J0ndrup's paper: 
"On finitely generated flat modules II", Math. Scand. 27 (1970),105-112. 
Applying this result to a commutative domain R and its quotient field S, 
we obtain, for instance, Cartier's theorem that any f.g. flat module over R 
is projective. For even more powerful applications of J0ndrup's result, see 
the next- exercise. 

Instead of making the change of rings R '-+ S, one can also consider 
the change of rings R ---* R/ J, where J is an ideal of R. Of course, 
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one cannot expect the same result to hold. But what about the special 
case where J = radR (the Jacobson radical of R)? This question was raised 
by J0ndrup in his later paper: "Flat and projective modules," Math. Scand. 
43 (1978), 336-342. J0ndrup reduced the consideration of this question to 
the case where Rjrad R ~ A x A, where A is either Z or a finite field. 
However, the answer seemed to have remained unknown in these two crucial 
cases. 

Ex. 4.46A. Let R be a ring that is embeddable in a right noetherian ring, 
or a local ring, or a semiperfect ring. Show that any f.g. flat right R-module 
is projective. 

Solution. Say R ~ S, where S is either right noetherian, or local, or 
semiperfect. By LMR-(4.38) and Ex. 21 above, any f.g. flat right S-module 
is projective. For any f.g. flat right R-module M, M ® RS remains f.g. and 
flat as a right S-module (by LMR-(4.1)), and hence it is projective by the 
above remark. It then follows from Ex. 4.46 that MR is already projective. 

Comment. Of course, what underlies this exercise is the fact that the class 
C of rings whose f.g. flat right modules are projective is "closed" with 
respect to taking subrings. For instance, if R is a semiprime right Goldie 
ring, then by Goldie's Theorem, the classical ring of right quotients S of 
R is a semisimple ring (see LMR-§l1). Since SEC, it follows immediately 
that R E C. For another example, consider any commutative semilocal ring 
R, with maximal ideals ml,"" mn . Then R embeds in the ring 

Each Rmi E C, and so SEC. From this, we deduce that R E C. More 
generally, if Ro is a commutative ring whose set of O-divisors is a finite union 
of prime ideals, then its classical ring of quotients R is a (commutative) 
semilocal ring (see Ex. 12.10). From the above, R E C, and hence Ro E 
C also! It follows, for instance, that any commutative ring with ACC on 
annihilator ideals belongs to C. (That such a ring has the property of Ro is 
proved in LMR-(8.31)(2).) 

S. J0ndrup has obtained many other interesting properties of the class 
C. For instance, for any ring R, R E C iff R[[xll E C, and if R is commutative, 
then R E C iff R[x] E C. See his paper: "On finitely generated flat modules", 
Math. Scand. 26 (1970), 233-240. 

Ex. 4.47. Let C be a right R-module and M, N be left R-modules. Let 
F: 0 -+ C' -+ M -+ N -+ 0 be an exact sequence in ROOt, where C' = 
Homz (C, QjZ) is the character module of C. Show that if F is pure, then 
it splits. 

Solution. Consider any right R-module X. Since F is pure, X ®R F 
remains exact, so by LMR-(4.8), (X ®R F)' is also exact. Now, by the 
Hom-® adjointness, (X ®R F)' is just HomR(F, X'), so the latter is exact. 
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Applying this to X = C, we see that 

HomR(M,C' ) -+ HomR(CI,C' ) 

is surjective. This means precisely that the injection C' -+ M splits. 

Ex. 4.48. For any exact sequence £: 0 -+ A -+ B -+ C -+ 0 in 9J1 R , show 
that the following are equivalent: 

(1) £ is pure; 
(2) £' is pure; 
(3) £' is split. 

Solution. Since £' has the form 0 -+ C ' -+ B' -+ A' -+ 0, the last 
exercise gives the equivalence of (2) and (3). In the following, we shall 
prove (1) {:} (3). 

(1) =* (3) Assume that £ is pure. Consider any left R-module Y. Then 
£ ®R Y is exact, and so is (£ ®R Y)' ~ HomR(Y, £1). For Y = A', the 
surjection 

HomR(A' , B') ---t HomR(A' , A') 

implies that £' splits. 

(3) =* (1) Assume that £' is split. To show that £ is pure, we must show 
that £ ®R Y is exact, where Y is any left R-module. Now 

(£ ®R Y)' ~ HomR(Y, £1) 

is exact, since £' is split. It follows from LMR-( 4.8) that £ ® R Y is exact, 
as desired. 

Ex. 4.49. Show that any right R-module A is naturally embedded in A" 
as a pure submodule. 

Solution. The map c: A -+ A" is defined in the usual way: for a E A, 
c(a) : A' -+ Q./Z is defined by c(a)(f) = f(a) for f E A'. It is easy to check 
that c is a homomorphism of right R-modules. If c(a) = 0, then f(a) = 0 
for every f E A' = Homz(A, Q/Z). By LMR-(4.7), this implies that a = O. 
Therefore, c embeds A into A". Consider the exact sequence: 

£: 0 ---t A ~ A" ---t A" / A ---t O. 

To show that £ is pure, it suffices to verify that 

£': 0 ---t (A" /A)' ---t AliI ~ A' ---t 0 

is split, according to Exercise 48. Here c' is the left R-module homomor
phism induced by the right R-module homomorphism c. Now, for the left 
R-module A', we have also an embedding 8: A' -+ Alii. Thus, we are done 
if we can check that c'8 = IdA', for then 8 splits the surjection c' . Now, for 
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any f E A' and any a E A: 

(E' 8 (1)) (a) = (8 (1) 0 E)( a) = 8 (1)( E (a) ) 

= E (a) (1) = f (a). 

Therefore, E' 8 (1) = f for all f E A', as desired. 

Comment. A similar idea is also used in LMR-(19.34). 

Ex. 4.50. Let R be a (commutative) UFD, and let x, y be two nonzero 
elements of R with gcd(x, y) = 1. If the ideal 2t = xR + yR is flat, show 
that 2t = R. 

Solution. Let F be the free module xR EB yR (external direct sum), and 
let K be the free submodule cR ~ F generated by c : = (xy, xy) E F. 
Then the sequence 

(*) 0 -7 K -7 F ~2t -7 0 defined by cp (xr, ys) = xr - ys 

is exact. To see this, first note that cp( c) = 0 so K ~ ker( cp). If cp( xr, ys) = 0, 
then since R is a UFD and gcd(x, y) = 1, we can write s = xSo for some 
So E R. Then xr = ys = YXSo implies that r = YSo, so 

(xr, ys) = (xyso, xyso) = cSo E K. 

Now use the assumption that 2t is fiat. Since F is free, the exactness of 
(*) implies that K2t = K n F2t by LMR-(4.14). However, F2t = x2t EB y2t 
contains c, so K n F2t is just K. Thus, we have K2t = K. Since K is a 
nonzero free module, this implies that 2t = R. 

Ex. 4.51. Let R be a (commutative) UFD. Show that R is a PID iff all 
ideals of R are flat, iff all torsion-free R-modules are flat. 

Solution. If R is a PID, then by LMR-(4.20), all torsion-free R-modules 
(and hence all ideals) are flat. Conversely, assume that all ideals of R 
are flat. By Exercise 50, if x, y =1= 0 in R have gcd(x, y) = 1, then 
xR + yR = R. Clearly, this implies that, if x, y =1= 0 in R have 
gcd(x, y) = z, then xR+yR = zR. It follows that any f.g. ideal is principal, 
i.e. R is a Bezout domain. We finish now by proving the following result, 
which is independent of the notion of flatness. 

Lemma. A Bezout domain R is a PID iff it is a UFD. 

Proof. It is well-known that any PID is a UFD. Conversely, assume that 
R is a UFD. Then principal ideals in R satisfy ACC. Since R is Bezout, 
this implies that f.g. ideals satisfy ACC. It follows that R is noetherian, 
and hence R is a PID. 

Comment. Another solution to the Exercise, using more results from LMR
§4, can be given as follows. Assume R is a UFD and all ideals in R are flat. 
By LMR-( 4.69), R is a Priifer domain; that is, any nonzero f.g. ideal 2t is 



130 Chapter 2. Flat Modules and Homological Dimensions 

invertible. Since R is a UFD, LMR-(2.22F) implies that m is principal, so 
R is a Bezout domain. Now apply the Lemma. 

Let us call a commutative ring R a "flat ideal ring" if all ideals of R 
are flat (see LMR-(4.66)). The next exercise offers a local characterization 
of this property. 

Ex. 4.52. For any commutative ring R, show that the following are equiv
alent: 

(1) R is a flat ideal ring. 
(2) Rp is a valuation domain for every prime ideal peR. 
(3) Rm is a valuation domain for every maximal ideal meR. 

Solution. (2) =} (3) is a tautology. 

(3) =} (1). By LMR-(4.4), it suffices to show that any f.g. ideal I <;;;; R is 
flat. Now, for any maximal ideal meR, the localization I Rm is a principal 
ideal (since Rm is a valuation domain). From Ex. 4.14, it follows that I is 
flat. 

(1) =} (2). Assume R is a flat ideal ring, and consider any prime ideal 
peR. Since any ideal of Rp "comes from" an ideal of R (by localization), 
Ex. 4.14 referred to above implies that Rp is also a flat ideal ring. After 
changing notations, we may thus assume that R is local with maximal ideal 
p. Any f.g. ideal of R is then flat (by assumption), and hence free (by LMR
(4.38)(2) and FC-(19.29)). To see that R is a domain, let 0 #- a E R. Since 
aR is free (and nonzero), we have clearly 

ra = 0 ==? r( aR) = 0 ==? r = 0, 

as desired. To complete the proof, it suffices to show that, for any nonzero 
x, y E R, we have either yR <;;;; xR or xR <;;;; yR. Now xR + yR is free, so 
it must be free of rank 1 (since R is a domain). Say xR + yR = aR. Then 
R = ~R+ ~R implies that either x/a E U(R) or y/a E U(R), and we have 
yR <;;;; xR or xR <;;;; yR accordingly. 

Comment. This exercise comes from Proposition 11 in S. Endo's paper "On 
semihereditary rings," J. Math. Soc. Japan 13 (1961), 109-119. It is to be 
compared with Kaplansky's result (LMR-(3.71)) that a commutative ring 
R is von Neumann regular iff Rm is a field for any maximal ideal meR. 

For Endo's characterizations of (commutative) semihereditary rings, see 
Ex. 7.37 below. 

Ex. 4.53. Let R be any commutative ring with total ring of quotients 
K = Q(R). For any K-module M, show that M is flat as a K-module iff 
it is flat as an R-module. 

Solution. First suppose Mk is flat. Consider any injection of R-modules 
A --+ B. This induces an injection K ®R A --+ K ®R B, which in turn 
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induces an injection 

by the flatness of MK. Now for any R-module C, M (29K (K (29R C) may be 
identified with M (29R C (where M is viewed as an R-module). Thus, the 
work above shows that M (29 R A ---7 M (29 RBis injective. This checks the 
flatness of MR. 

Conversely, assume MR is flat, and consider any K-module monomor
phism <p: P ---7 Q. Since P may be viewed as K (29 R P, we have 

Therefore, M (29 K <p may be identified with M (29 R P ---7 M (29 R Q. This is 
injective since MR is flat. Hence we have checked that MK is flat. 

Comment. The result in this exercise works well in the setting of Ore 
localizations too, although we will not repeat it in the noncommutative 
setting in §10 below. One reason we put the above exercise in this section 
rather than in §1O is that it will be useful for some exercises in §7 on total 
rings of quotients of commutative rings; see, specifically, the solution to Ex. 
7.37 and the ensuing Comment. 

The analogue of this exercise holds for injective modules as well; see 
Ex. 10.29. 

§5. Homological Dimensions 

In this section, we present the theory of homological dimensions of rings 
following Kaplansky's idea of using suitable "shift operators" . 

The starting point is Schanuel's Lemma LMR-(5.1), which says that if 
MR is a right R-module and 

o ---7 K ---7 P ---7 M ---7 0, 

are exact sequences in 9'RR with P and Q projective, then K EB Q ~ L EB P. 
This leads us to define that two R-modules A, B are projectively equivalent 
if A EB Q ~ B EB P for suitable projective R-modules P, Q. The projective 
equivalence classes of R-modules {[A] : A E 9'RR} form a commutative 
semigroup with identity [0], where addition is defined by the direct sum. 
The projective shift P on this semigroup is defined by P[M] = [K] where M 
and K are as above. Using this shift operator, one can define the projective 
dimension of M to be 

pd(M) = pdR(M) = min {n: pn[M] = O}. 

If no such n exists, we define pd(M) = 00. In some sense, pd(M) is a 
measure of how far M is from being a projective module. 
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The definition of pd(M) leads us to a global homological invariant of 
the base ring R: we define the right global dimension of R to be 

r.gl. dim R = sup {pdR(M) : M E 9J1R} ::; 00, 

and define l.gl. dim R similarly. Rings with r.gl. dim R = 0 are the semi
simple rings, and those with r.gl. dim R ::; 1 are the right hereditary rings. 
The fact that there exist right hereditary rings which are not left hereditary 
shows that in general, r.gl. dim R #- l.gl. dim R. 

There is also an injective version of Schanuel's Lemma, which is ob
tained by replacing the projective modules by injective ones, and reversing 
arrows. This enables us to define an injective shift I on a semi group of 
injective equivalence classes of right R-modules, and to define as before 
the notion of an injective dimension of M, denoted by id(M). This leads 
to another global invariant, r.inj.gl. dim R (by taken supremum of id(M) 
for M E 9J1R). Fortuitously, it turns out that this is just r.gl. dim R, by 
LMR-(5.45). 

For modules, there is also a flat dimension too. Since there is no "flat 
version" of Schanuel's Lemma, the flat equivalence classes have to be de
fined via the character modules: K I , K2 in 9J1R are said to be fiat equiva
lent if there exist flat modules F I , F2 such that 

(KI EB Fdo ~ (K2 EB F2 )o. 

Here, for any right module MR , MO denotes the left R-module Homz 
(M, Q/Z) (called the character module of M). Flat equivalence enables 
us to talk about flat equivalence classes of modules, define a flat shift 
F, and hence define fd(M), the fiat dimension of any MR. The right 
weak dimension, r.wd(R), is taken to be sup {fd(M)}, but this time, we 
get the surprising equation r.wd(R) = l.wd(R) for any ring R (by LMR
(5.63)). 

For any right noetherian ring R, we have 

r.gl. dim R = r.wd(R) ::; l.gl. dim R 

by LMR-(5.59). In particular, r.gl.dimR = l.gl.dimR for any noetherian 
ring R, by LMR-(5.60). The same equation also holds for any semiprimary 
ring, by LMR-(5.71). 

The above approach to homological dimensions enables us to prove most 
facts about projective, injective and flat dimensions without defining the 
Ext and Tor functors in homological algebra. Basically, in our simplified 
approach, we just need to work with the conditions Ext(A, B) = 0 and 
Tor ( C, D) = 0 without having to define the full abelian groups Ext(A, B) 
and Tor(C,D). 

After a short excursion on the homological properties of semi primary 
rings, LMR-§5 closes with some material on commutative rings. For any 
commutative noetherian local ring (R, m) with residue field k = Rim, it is 
shown that gl. dimR = id(k) = pd(k).This leads to the famous result of 
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Serre (LMR-(5.84)), which states that, for (R, m) above, gl. dim R < CXJ iff 
R is a regular local ring (and that, in this case, gl. dim R equals the Krull 
dimension of R). This result, in particular, implies that the localizations 
of R at prime ideals are also regular local rings (LMR-(5.88)), which is a 
conjecture of Krull dating from the 1930s. 

For a general commutative noetherian ring R, gl. dim (R) can be com
puted as sup {pd(S)}, where S ranges over a complete set of simple R
modules. One can define R to be a regular ring (not to be confused with 
a von Neumann regular ring) if all localizations of R at prime ideals are 
regular local rings. There are a few equivalent conditions for this, one of 
which, for instance, is that pdR(M) < CXJ for any f.g. R-module M. For 
such regular rings R, we have gl. dim R = dim R, although this common 
dimension is not necessarily finite in general, by an example of Nagata 
given in LMR-(5.96). 

The exercises in this section cover various properties of projective, 
injective and flat dimensions of modules, and offer examples on change of 
modules and rings. There are also a few exercises on finite free resolutions, 
which is a topic of increasing importance. Some of the exercises assume a 
knowledge of UFD's (unique factorization domains), and the Auslander
Buchsbaum Theorem which states that (commutative) regular local rings 
are UFD's. Although this theorem is not proved in LMR-§5, such exer
cises are deemed interesting and instructive from the viewpoint of this 
section. 

Exercises for § 5 
Ex. 5.0. Let 0 ---7 A ---7 B ---7 C ---7 0 be an exact sequence in 9J1 R . The 
basic results relating the projective dimensions pd(A), pd(B) and pd(C) 
are stated in LMR-(5.20) and LMR-(5.23), respectively, as follows: 

(a) (1) If pd(A) < pd(B) then pd(C) = pd(B). 
(2) If pd(A) > pd(B), then pd(C) = pd(A) + 1. 
(3) If pd(A) = pd(B), then pd(C) :::; pd(A) + 1. 

(b) pd(B) :::; max{pd(A), pd( Cn, with equality unless pd( C) = pd(A)+ 1. 

Show that these two formulations are equivalent. 

Solution. In LMR-(5.23), it is already shown that the statement (a) im
plies the statement (b). Let us now assume statement (b), and try to prove 
statement (a). 

(1) Assume that pd(A) < pd(B). In the inequality in (b), the RHS must 
be pd(C), and equality is supposed to hold (i.e. pd(B) = pd(C)) except 
possibly when pd( C) = pd(A) + 1. But in this case, pd( C) :::; pd(B), so 
we'll again have pd(C) = pd(B). 
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(2) Assume that pd(A) > pd(B). If the desired conclusion pd(C) = pd(A)+ 
1 did not hold, we would have, by (b), 

pd(B) = max {pd(A), pd(C)} 2 pd(A), 

a contradiction. Thus, we must have pd(C) = pd(A) + 1. 

(3) Assume, finally, that pd(A) = pd(B). If the desired conclusion pd(C) ~ 

pd( A) + 1 fails, then pd( C) > pd( A) + 1. According to (b), we are supposed 
to have 

pd(B) = max {pd(A), pd(C)}. 

But the RHS is pd(C), which is bigger than pd(A) = pd(B), a contradic
tion. Thus, we must have pd(C) ~ pd(A) + 1. 

Ex. 5.1. Let R be a ring with r.gl. dimR = n 2 1, and let B be a right 
R-module with pd(B) = n-1. Show that pd(A) ~ n-1 for any submodule 
A~B. 

Solution. If pd(A) ~ n - 1 was not true, then pd(A) 2 n > pd(B), so by 
(a)(2) in the above exercise, we would have 

pd(B/A) = pd(A) + 12 n + 1, 

which would contradict r.gl. dim R = n. Therefore, we must have 
pd(A) ~ n - 1. 

Ex. 5.2. Show that r.gl. dim R = 00 iff there exists a right R-module M 
such that pd(M) = 00 

Solution. The "if" part follows from the definition of r.gl. dim R. For the 
"only if" part, assume that r.gl. dim R = 00. Then there exists a sequence 
of modules MI , M2 , ... in 9J1R such that pd(Mn) -+ 00 as n -+ 00. 

Here, some pd(Mn) may already be 00, in which case we are done. In any 
case, for the module M = EB:=1 Mn, LMR-(5.25) implies that pd(M) = 
sup {pd(Mn)} = 00. 

Comment. There is a good reason for us to point out that, in the above 
situation, some (or all) of the Mn may have infinite projective dimension. 
In fact, r.gl. dim R = 00 may not imply the existence of MI , M2 , .... with 
pd(Mn) < 00 for all n and with pd(Mn) -+ 00. A rather extreme case is 
provided by the ring R = 7./47., which has global dimension 00, but any 
R-module M is either free or has pd(M) = 00. (This can be deduced from 
LMR-(5.18)(4) and Priifer's Theorem on abelian groups of finite exponent.) 
In general, Bass defined the right jinitistic dimension of a ring R to be 
sup {pd(M)}, where M ranges over all right R-modules with pd(M) < 00. 

There do exist rings R with r.gl. dim R = 00 and with arbitrarily prescribed 
right finitistic dimension. 

Ex. 5.3. Let 0 -+ Ki -+ Fi -+ M -+ 0 (i = 1,2) be exact in 9J1 R , where 
FI , F2 are flat. Show that KI EEl F2 may not be isomorphic to K2 EEl Fl' 
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Solution. Over R = Z, let M = Q/Z, Fl = Q and Kl = Z (with the 
obvious maps), and let 0 ---+ K2 ---+ F2 ---+ M ---+ 0 be any projective 
resolution of M. Indeed, Fl and F2 are £lat. Here Kl EEl F2 is projective, 
and it cannot be isomorphic to K 2 EEl Fl since otherwise Fl = Q would also 
be projective (over Z), which it is not. 

Ex. 5.4. Recall that for any right R-module, A' denotes the character 
module Homz (A, Q/Z), which is a left R-module. Show that A' ~ B' need 
not imply A ~ B. 

Solution. Let R = Z and consider the two exact sequences constructed in 
Exercise 3. Taking character modules, we have new exact sequences 

o ----+ M' ----+ F{ ----+ K~ ----+ 0 and 0 ----+ M' ----+ F~ ----+ K~ ----+ o. 
By the Injective Schanuel's Lemma, K~ EEl F~ ~ K~ EEl F{. Therefore, for 
A = Kl EEl F2 and B = K2 EEl F1 , we have A' ~ B'. However, A ~ B by 
what we said in the last exercise. 

Ex. 5.5. Let x, y, z be central elements in a ring R such that x R n y R = 
zR and x, yare not O-divisors. For 1= xR + yR, show that there exists a 
free resolution 0 ---+ R ---+ R2 ---+ IR ---+ O. (In particular, pdR(I) :::; 1.) 

Solution. We shall use the fact that x, y, z are central only in the last 
step, so work without this assumption for now. Write z = xu = yv where 
u, v E R, and define a sequence of right R-modules 

R ~ R2 L I ----+ 0 

by 0:(1) = (u, -v) E R2 and (3(a, b) = xa + yb E I for a, bE R. We claim 
that the sequence is exact. First 

(30:(1) = (3(u, -v) = xu - yv = 0, 

so we need only show that ker((3) ~ im(o:). Say (3(a, b) = o. Then 

xa = -yb E xRnyR = zR 

implies that, for some r E R, xa = zr = xur and -yb = zr = yvr. Since 
x, yare non (left) O-divisors, we have a = ur and b = -vr. Therefore, 
(a, b) = (u, -v) r E im(o:). 

Assuming now x, y, z are central, we claim that 0: is injective. Say 
0= o:(s) = (u, -v)s. Then us = O. Since 

xy = yx E xR n yR = zR = Rz, 

xy = tz for some t E R. Then 

xys = tzs = txus = 0 

implies that s = 0, since x, yare not O-divisors. 
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Comment. The free resolution obtained in this exercise is not to be con
fused with the Koszul resolution for lover a commutative ring R. Although 
the two resolutions look alike (with the same (3), they are derived from 
different assumptions on x and y, and do not seem to be directly related 
to each other. 

Ex. 5.6. Prove the exactness of the Koszul resolution in LMR-§5B for 
n = 3. (over a commutative ring). 

Solution. Let x, y, z be a regular sequence in a commutative ring R 
generating an ideal I. The Koszul resolution in LMR-(5.35) looks like 

(*) 0 __ A3(R3) ~ A2(R3) ~ Al (R3) ~ R -- RjI -- 0, 

with the appropriate maps 0:, (3 and '/. As in LMR-(5.35), we make the 
identifications 

A3(R3) ~ R, A2(R3) ~ R3, Al (R3) ~ R3, 

using the basis el 1\ e2 1\ e3 on A 3 (R3), the basis 

h = e2 1\ e3, h = -el 1\ e3, h = el 1\ e2 

on A2(R3), and the natural basis el, e2, e3 on Al (R3) = R3. As observed 
in the text after LMR-(5.35), 0:, (3 and '/ are given respectively by the 
matrices 

By matrix multiplications, we see readily that (30: = 0 and ,/(3 = O. 

To pmve that k",bl <;; im (Pl, aupp""" (x, y, zl G) ~ D. Then 

xr + ys = -zt implies that t = -xv + yu for some u, v E R (since z 
is not a O-divisor modulo xR + yR). Gathering terms, we have 

x(r - zv) + y (s + zu) = 0, 

Therefore, s + zu = wx for some w E R (since y is not a O-divisor modulo 
xR). Cancelling the non O-divisor x, we get r - zv + yw = O. Therefore 

as desired. 

To pmve that kcr(Pl <;; im(" l, aupp"''''' P (:) ~ 0, w that 

zv-yw=O, -zu+xw=O and yu-xv=O. 
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Here, YU = xv implies that u = xd for some d E R. Plugging this into 
yu = xv and cancelling x, we get v = yd. Now xw = zu = zxd yields 

w ~ zd, '0 (:D G) d ~ a(d). This eorupletc, the (elementary) pmo! 

of the exactness of the Koszul resolution (*). 

Ex. 5.7. Show that, if I = I: XiR, where Xl, ... , xn is a regular sequence 
in R (in the sense of LMR-(5.31)), then 1/12 is a free right R/ I-module 
with basis Xl + 12 , ... , xn + In. 

Solution. We proceed by induction on n 2: 0, the case n = 0 being trivial. 
Our job is to show that I:~=l Xiai E 12 implies that all ai E I. Since 12 = 

I:~=l xiI, we can writeI:~=l Xiai = I:~=l XiYi for suitable Yi E I. From 

n-l 

2: xi(ai - Yi) + xn(an - Yn) = 0 
i=l 

and the fact that Xn is not a O-divisor in R/ I:~:ll xiR, we have 

for suitable Zi E R. Since Xn is central, (*) can be rewritten as 
n-l 

"'"' x(a· - y. - X z·) = O. L-i=l 'l 't 2 n 1. 

By the inductive hypothesis (applied to the regular sequence Xl,.··, xn-d, 
we have 

2:n - l 
a· - y. - X z· Ex· R for i < n - 1 , , n, j=l J -, 

so aI, ... ,an-l E I. Finally, an = Yn + I:~:ll XiZi E I, as desired. 

Ex. 5.8. Let (R, m) be a commutative noetherian local ring. Using Exercise 
7, show that R is regular iff m can be generated (as an ideal) by a regular 
sequence in R. 

Solution. Let d = dim R (Krull dimension of R) and t = dimk m/m2 
where k = R/m. In general, t is the smallest number of ideal generators of 
m and t 2: d. By definition, R is a regular local ring if t = d. 

If R is a regular local ring (of dimension d), then m = I:t=l XiR for 
suitable Xl, ... , Xd E m. In the paragraphs following LMR-(5.84), we have 
already explained that Xl, ... , Xd form a regular sequence in R. Conversely, 
suppose there exists a regular sequence, say Xl, ... , Xn, generating the ideal 
m. By the last exercise, Xl + m, ... ,Xn + m form a k-basis of m/m2, so 
we must have n = t. Let us induct on this integer, the case n = t = 
o being trivial. Consider the noetherian local ring (Il, tTl), where "bar" 
means quotienting out xIR. Since tTl is generated by the regular sequence 
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X2, ... ,Xt, the inductive hypothesis implies that R is a regular local ring of 
dimension t - 1. Thus, there exists a prime chain 

in R with xlR ~ Pl. Now PI cannot be a minimal prime of R, since a 
minimal prime must consist of O-divisors (see Kaplansky's "Commutative 
Algebra", Thm. 84), but Xl is not a O-divisor. Therefore, there exists a 
prime ideal Po ~ PI, so we have a prime chain 

Po ~ PI ~ ... ~ Pt 

of length t in R. This shows that d 2': t, so equality must hold, and R is a 
regular local ring. 

Comment. Recalling the fact that a regular local ring must be an integral 
domain, we see that, in the above notation, we must have PI = xlR, and 
Po = (0). However, we did not have to know these facts in the course of the 
proof above. 

Ex. 5.9. Let (R, m) be a right noetherian local ring with annr(m) =I O. 
Show that any f.g. right R-module P with pd(P) < 00 is free. Deduce that 
r.gl. dim R = 00 or else R is a division ring. 

Solution. Suppose P is not free. Then P is also not projective, so 
n : = pd(P) > O. Fix a f.g. representative pi for the projective shift 
pn-l(p), so we have pd(PI) = 1. Choose al, ... ,an E pi such that 
ih, ... ,an form a basis of pi I pi m as a right vector space over the division 
ring Rim. Then pi = plm+ 'E,aiR, and Nakayama's Lemma (FC-(4.22)) 
implies that pi = 'E, aiR. Let F be a free right R-module with basis 
el,"" en and let cp: F --+ R be the epimorphism defined by cp(ei) = ai. 
If 'E,eiTi E K: = ker(cp), then 'E,aiTi = 0 E pllplm and hence all Ti Em. 
This shows that K ~ Fm. Fix a nonzero element a E annr (m). Then 
K a ~ Fm a = O. On the other hand, the exact sequence 0 --+ K --+ F --+ 

pi --+ 0 shows that 

[K] = P[PI] = pn-l[p] = 0; 

hence K is projective. Since KR is also f.g., it is free, so K a = 0 implies 
that K = O. But then pi ~ F is free, contradicting pd(PI) = 1. 

Assume now r.gl. dim(R) < 00. Then pd(mR) < 00. Since mR is also 
f.g., the first part of the exercise implies that mR is free. But ma = 0 for 
some a =I 0, so we must have m = 0, which means that R is division ring. 

The next three exercises are based on Kaplansky's book, "Fields and 
Rings," pp. 176-181, University of Chicago Press, 1972. 

Ex. 5.10. Let R = RI Rx, where X is a central element in the ring R. Let 
M be a right R-module, and let M = MIMx. If x is not a O-divisor on RR 
and on MR, show that pdR(M) :::; pdR(M). 
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Solution. If pdR(M) = 00, there is nothing to prove. Thus, we may 
assume that n : = pdR(M) < 00. We proceed by induction on n. If n = 0, 
M is a projective R-module, so M EB N ~ F for some free R-module F. 
Reducing modulo (x), we have M EB N ~ F, so M is R-projective, and 
pd"R(M) = 0 as well. If n > 0, fix an exact sequence 

O---+K~F~M---+O 

in 9JlR with F free. We claim that the induced sequence 0 ---t K ---t F ---t 

M ---t 0 remains exact in 9Jlk If this is the case, then by the inductive 
hypothesis, we have 

pdR(M) = 1 + pdR(K) 2: 1 + pd"R(K) = pd"R(M), 

as desired. (Note that the inductive hypothesis applies to K since x is a 
non O-divisor on F and hence also on K.) 

To prove the exactness of the sequence in 9Jl"R' let k E K be such that 
cp(k) E Fx, say cp(k) = fx where f E F. Then 0 = 'ljJcp(k) = 'IjJ(j)x implies 
that 'IjJ(j) = 0, since x is a non O-divisor on M. Thus f = cp(k') for some 
k' E K, and cp(k) = fx = cp(k'x) gives k = k'x E Kx. Finally, let f E F be 
such that 'IjJ(j) E Mx, so 'IjJ(j) = mx for some m E M. Writing m = 'IjJ(j') 
for some f' E F), we have 'IjJ(j) = 'IjJ(j')x = 'IjJ(j'x) so f - f'x = cp(k) 
for some k E K. Therefore, f E Fx + im(cp), as desired. (Of course, the 
last part of this argument could have been omitted if we assume the right 
exactness of the functor - ®R RjRx.) 

Ex. 5.11. Keep the hypotheses in Exercise 10, and assume, in addition, 
that R is right noetherian, x E rad R, and M is f.g. Show that 
pd"R(M) = pdR(M). 

Solution. This time, let n : = pd"R(M), which we may assume to be finite, 
by the last exercise. We shall prove that pdR(M) = n, by induction on n. 
To start the induction, assume n = 0, i.e. M is projective over R. We must 
prove that M is projective over R. Suppose this is true when "projective" 
is replaced by "free". Fix an exact sequence 

o ---+ K ---+ F ---+ M ---+ 0 

in 9JlR with F f.g. free, and let A = K EB M. As in the solution to the last 
exercise,O ---t K ---t F ---t M ---t 0 remains exact in 9Jlk If Mis R-projective, 
this sequence splits, and so if ~ K EB M ~ F is R-free. Supposedly, this 
implies that A is R-free, and so M is R-projective. 

To handle the free case, assume now M is R-free, and let ml, ... , mk E 
M be such that ml, ... ,mk form an R-basis for M. Then L miR + M x = 
M, and Nakayama's Lemma implies that LmiR = M. We claim that 
the m/s are right linearly independent. Indeed, if L miri = 0, reducing 
modulo (x) shows that ri = SiX for suitable Si E R. Then 
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and we have Si = tiX, etc. If ri =f. 0, the fact that x E rad R would imply 
that riR ~ siR ~ tiR ~ ... is a strictly ascending chain of right ideals, 
contradicting the assumption that R is right noetherian. Thus, all ri = 0, 
so M is R-free on {ml,"" md. 

For the inductive step, assume now n = pd"R(M) > 0, and fix the 
sequence 0 ---+ K ---+ F ---+ M ---+ 0 as before. Then M is not R-projective 
implies that M is not R-projective, so we'll have 

Now K remains f.g. since R is right noetherian, and x is a non O-divisor on 
F and hence also on K. Applying the inductive hypothesis to K, we have 
pdRK = pd"RK, and hence the equations (*) imply that pdRM = pd"RM. 

Ex. 5.12. Keep the hypotheses in Exercise 11 and assume that R =f. 0 
and n = r.gl. dimR < 00. Show that r.gl. dimR = n + 1. 

Solution. For any f.g. M R , fix a short exact sequence 

o -----t K -----t F -----t M -----t 0 

in MR with F f.g. free. Then K is also f.g. with x acting as a non O-divisor. 
Applying Exercise 11 to K, we have pdR(K) = pd"R(K) ::::: n. From the 
first exact sequence, it follows that pdR(M) ::::: n + 1. Since this holds for 
all f.g. M in MR , LMR-(5.51) implies that r.gl. dim R ::::: n + 1. On the 
other hand, even without assuming x E rad R, LMR-(5.30) gives 

r.gl. dim R 2: r.gl. dim R + 1 = n + 1. 

Therefore, equality holds. 

Ex. 5.13. (Auslander-Buchsbaum, Small, Strooker) For any right 
noetherian ring A =f. (0), show that 

r.gl. dim A[[xll = 1 + r.gl. dim A, 

where A[[xll denotes the power series ring in one variable over A. 

Solution. Let R = A[[xll. Since any power series in 1 + xR is invertible, 
we have x E rad R, and of course x is not a O-divisor in R. By the "power 
series version" of the Hilbert Basis Theorem, A being right noetherian 
implies that R is right noetherian. Also, note that R : = R/xR ~ A. 

First assume that r.gl. dim A < 00. By the last exercise, we have 

r.gl. dim R = 1 + r.gl. dim R = 1 + r.gl. dim A. 

Finally, assume that r.gl. dim A = 00. By Exercises 3, there exists a module 
NA such that pdA(N) = 00. Let M be the right R-module N Q9A R. Then 
M: = M/Mx ~ N as A-modules, and Exercise 10 gives 

pdR(M) 2: pd"R(M) = pdA(N) = 00. 

This implies that r.gl. dim R = 00 as well. 
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Ex. 5.14. A right R-module P is said to be stably free if, for some integer 
n ~ 0, p(fJRn is free. If R is commutative, and P is f.g. stably free R-module 
of rank 1, show that P S:: R. 

Solution. Let p be any prime ideal of R. Then Pp S:: Rp as Rp-modules, 
so for any k ~ 2, (Ak(p))p S:: Ak(pp) = O. This implies that Ak(p) = o. 
Take an n such that P (fJ Rn is free. Then P (fJ Rn S:: Rn+I. Forming the 
(n + 1 )-st exterior power, we get 

as desired. 

R S:: An+I(Rn+l) S:: EB Ai(P) ®R Aj(Rn) 
i+j=n+l 

Comment. A more elementary solution, not using the exterior algebra, can 
be given as follows. Using an isomorphism P (fJ Rn S:: Rn +l , we can think 
of P as the "solution space" of a right-invertible (n + 1) x n matrix A over 
the commutative ring R. It is easy to see that this solution space is S:: R 
iff A can be completed into a matrix in GLn+l(R). Thus, it suffices to 
show that the maximal minors al, ... , an+1 of A satisfy E aiR = R (for, 
if E aibi = 1, we can "complete" A by adding a last row bl , .. ·, bn+l with 
appropriate signs). Assume instead, E aiR i= R. Then E aiR C;;;; m for some 
maximal ideal meR. Working over R = Rim, we do have P ~ R, so A can 
be completed to a matrix X E GLn+l(R). However, det(X) E EaiR = 0, 
a contradiction. 

The following standard example shows that this exercise is, indeed, 
special to rank 1. Let R be the coordinate ring of the real 2-sphere; that 
is, R = JR[x, y, z] with the relation x2 + y2 + z2 = 1. Let cp : R3 --. R be 
the R-homomorphism given by mapping the unit vectors el, e2 e3 E R3 to 
X, y, z E R, and let P = ker(cp). As is observed in LMR-(17.36), P (fJ R ~ 

R3 so P is stably free of rank 2, but P itself is not free (in fact not even 
decomposable). A proof for P ~ R2 is usually based on the fact that the 
matrix A = (x, y, z) of cp cannot be completed into a matrix in GL3(R), 
which can be checked easily by the nonexistence of a continuous vector field 
of nowhere vanishing tangent vectors on the sphere 52. 

Remarkably enough, the assumption of commutativity on R is also 
essential for the present exercise. Many examples of noncommutative rings 
R are known that have nonfree left ideals P with the property that P (fJ R ~ 

R2. An explicit example of such a ring is the polynomial ring R = K[x, y], 
where K is any noncommutative division ring. For an exposition of this re
sult of Ojanguren and Sridharan, see Chapter II of the author's monograph 
"Serre's Problem on Projective Modules," Springer-Verlag, 2006. 

Ex. 5.15. A right R-module M is said to have a finite free resolution 
(FFR) if, for some integer n ~ 0, there exists a long exact sequence 

(*) 0 ---+ Fn ---+ ... ---+ FI ---+ Fa ---+ M ---+ 0 in M R , 
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where the F/s are f.g. free right R-modules. If such a module M is projec
tive, show by induction on n that M is stably free. 

Solution. We induct on n, the case n = 0 being trivial. For n 2: 1, 
let X = im(rp) where rp is the homomorphism from Fl to Fo. The short 
exact sequence 0 ---) X ---) Fo ---) M ---) 0 is split since M is assumed to 
be projective. Therefore, we have M EB X S:' Fo. Applying the inductive 
hypothesis to the FFR: 

we see that X is stably free, say X EB RS S:' Rt. But then 

so M itself is stably free. 

Comment. Of course, the inductive argument above shows directly that 

so M EB Rt is free for Rt = Fl EB F3 EB .... 
Let R = k[Xl, ... ,xnl, where k is a field. A classical result of Hilbert, 

known as his Syzygy Theorem, states that any f.g. R-module has a FFR. In 
view of this, the present exercise implies that any f.g. projective R-module 
M is stably free. Many years after Hilbert's work, Quillen and Suslin proved 
in 1976 that M is, in fact, free, solving a famous problem raised by Serre 
in his paper "Faisceaux algebriques coMrents" (FAC, ca. 1955). For an 
exposition on Serre's Problem, see the author's monograph referenced in 
the Comment on the previous exercise. 

Ex. 5.16. Let P be a f.g. projective module of rank 1 over a commuta
tive ring R. If P has a FFR, use Exercises (14) and (15) to show that 
P S:' R. 

Solution. Since P is f.g. projective, Exercise 15 implies that P is stably 
free. The fact that P has rank 1 now implies that P S:' R, according to 
Exercise 14. 

Ex. 5.17. Let R be a right coherent ring over which every f.g. projec
tive right module is stably free. Show that every f.g. module MR with 
d = pd(M) < 00 has a FFR as in Exercise 15 with n = 1 + d. 

Solution. We induct on d. First assume d = o. In this case M is f.g. projec
tive, so by assumption M is stably free. From an isomorphism 
M EB RS S:' Rt , we get a FFR: 0 ---) RS ---) Rt ---) M ---) O. Now assume 
d > O. Since R is right coherent, M is f.p. (finitely presented) by LMR
(4.52). Fix a short exact sequence 0 ---) M' ---) Fo ---) M ---) 0 where Fo is 
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f.g. free and M' is f.g. Then pd(M') = d - 1 by LMR-(5.12), so by the 
inductive hypothesis there exists a FFR: 

Splicing this long exact sequence with 0 -+ M' -+ Fo -+ M -+ 0 then yields 
the desired FFR for M. 

The following three exercises assume some familiarity with UFD's 
(Unique Factorization Domains) and the Auslander-Buchsbaum Theorem 
(that commutative regular local rings are UFD's). 

Ex. 5.18. Let R be a commutative regular domain. Show that R is a UFD 
iff Pic(R) = {I} (i.e. invertible ideals of R are principal). 

Solution. The "only if" part is true for any domain R (without the as
sumption of regularity), by LMR-(2.22F). For the "if" part, assume that 
Pic(R) = {I}. To show that R is a UFD, it suffices to check that any 
height one prime ideal MeR is principal. Consider any prime ideal 
peR. If p f. M, then Mp = Rp. If P :2 M, then Mp is a height 1 
prime in Rp. In the latter case, Rp is a regular local ring by LMR-(5.94), 
so by the Auslander-Buchsbaum Theorem, Rp is a UFD, and so the height 
1 prime Mp ~ Rp is principal. Thus, in all cases, Mp ~ Rp. Since R is 
noetherian, M is a finitely presented R-module, so Mp ~ Rp for all primes 
p implies that M is projective as an R-module (see Exercise (2.21)). By 
LMR-(2.17), M is an invertible ideal, which must then be principal since 
Pic(R) = {I}. 

Comment. The result in this Exercise may be thought of as a "globaliza
tion" of the Auslander-Buchsbaum Theorem. 

Ex. 5.19. Let R be a commutative noetherian domain over which any f.g. 
module has a FFR. Show that R is a UFD. 

Solution. The hypothesis implies that pdR(M) < 00 for any f.g. R
module M. By LMR-(5.94), this guarantees that R is a regular domain. 
Now consider any invertible ideal I ~ R. By assumption, I has a FFR, 
so Exercise 16 implies that I ~ R. This means that I is principal, so 
we have shown that Pic(R) = {I}. By the last exercise, R must be a 
UFD. 

Ex. 5.20. Let R be a commutative regular domain over which all f.g. 
projectives are stably free. Show that R is a UFD. 

Solution. Since R is assumed to be noetherian, it is also coherent. Let 
M be any f.g. R-module. By LMR-(5.94), pd(M) < 00. Thus, by Exer
cise 17, M has a FFR. This checks the hypothesis of Exercise 19, so by the 
conclusion of that exercise. R must be a UFD. 
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Ex. 5.21A. Let R be a ring with IBN, and let M be a right R-module 
with a FFR as in Exercise 15. 

(1) Using RM-(5.5), show that the integer 

X(M) : = L~=o (_l)i rank (Fi) 

depends only on M; i.e. it is independent of the particular FFR chosen. 
(X(M) is called the Euler characteristic of M.) 

(2) If R is commutative and S <;;; R is any multiplicative set, show that 
X(M) = X(Ms), where Ms denotes the RS-I-module obtained by localiz
ing M at S. 

(3) If R is a commutative domain with quotient field K, show that X(M) = 
dimK(M 0R K). 

Solution. (1) Suppose 0 --+ Gn --+ '" --+ GI --+ Go --+ 0 is another FFR. 
(It is harmless to use the same n since we can always "add" zero modules 
to either sequence.) By the generalized version of Schanuel's Lemma LMR
(5.5), we have 

Taking ranks, we set 

rk Fo + rk GI + rk F2 + . .. = rk Go + rk FI + rk G2 + ... , 

and transposition yields 

rk Fo - rk GI + rk F2 - ... = rk Go - rk FI + rk G2 - .... 

This shows that X(M) E Z is well-defined. 

(2) Follows easily from the fact that localization is exact. 

(3) By (2), XR(M) = XK(M 0R K). As K is a field, M 0R K is K-free, so 
the RHS is just dimK(M 0R K). 

Ex. 5.21B. Let M be an R-module with a FFR of length n as in (*) in 
Ex. 5.15. If M can be generated by m elements, show that there exists a 
FFR 

with Go = Rm and s = max{2,n}. 

Solution. Given (*) as in Ex. 5.15, let Xi = im(ai), Fix an exact sequence 
0--+ YI --+ Go --+ M --+ 0 where Go = Rm. By Schanuel's Lemma, YI EElFo ~ 

Xl EEl Go, so YI is f.g. Now take an exact sequence 
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where Gl is f.g. free. Applying the generalized version of Schanuel's Lemma 
(LMR-(5.5)) to the sequences 

o ---t Y2 ---t G 1 ---t Go ---t M ---t 0, 

we get Y2 EB Fl EB Go ~ X 2 EB Gl EB Fo, so Y2 is f.g. Continuing this 
construction, we arrive at 

o ---t Yn ---t Gn- l ---t Yn- l ---t 0 

with all Gi f.g. free and 

Yn EB Fn- l EB Gn- 2 EB ... ~ Xn EB Gn- l EB Fn-2 EB ... , 

Since Xn ~ Fn is f.g. free, we have Yn EB Ri ~ Rk for some k, £ ~ o. If 
n ~ 2, we can "add" Ri to Yn and Gn - l in the sequence 

o ---t Yn ---t Gn- l ---t Gn- 2 ---t ... ---t Go ---t M ---t 0 

to get a FFR for M (of the same length n) with Go = Rm. If n = 1 instead, 
we can add a zero term F2 = 0 to the original resolution in the construction 
above, ending with a FFR 

o ---t G2 ---t Gl ---t Rm ---t M ---t o. 
Comment. For a nice application of this exercise to fL(M), the least number 
of generators for the module MR, see Ex. 5.22F and Ex. 12.12. 

Ex. 5.21C. Let R be a ring, and let 0 ----) L ~ M!!-. N ----) 0 be exact in 
wtR. If each of L, N has a FFR, show that M also has a FFR. Assuming 
that R has IBN, show that X(M) = X(L) + X(N) in Z. 

Solution. Let 0 ----) Fn~··· ----) Fo~L ----) 0 be a FFR for L, and 0----) 
Hm ~ ... ----) Ho ~ N ----) 0 be a FFR for N. Since Ho is free, there exists 
T : Ho ----) M such that 9 0 T = "/0. Letting Go = Fo EB Ho, we can define 
f30 : Go ----) M by f3o(x, Y) = lao(x) + T(Y) for x E Fo and y E Ho. It is 
routine to check that the following diagram is commutative: 

10 90 A 
0-- Fo--Go--Ho--tJ 

aol I f301 9 "/01 
O--L--M--N--O. 

Here the top row is the natural exact sequence associated with the direct 
sum Go = FoEBHo. Now let Lo, Mo, and No be the kernels of ao, f30, and "/0 
respectively. The Snake Lemma yields an exact sequence 0 ----) Lo ----) Mo ----) 
No ----) 0, so we can now repeat the construction (since Fl maps onto Lo by 
aI, and HI maps onto No by "/1). In a finite number of steps, we will arrive 
at a FFR for M. 
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Now assume that R has IBN. The above construction yields a FFR for 
M with the free modules Gi = Fi EEl Hi' Therefore, we have 

X(M) = L (_l)i rank(Gi) 

= L (_l)i [rank(Fo) + rank(Ho) J 

= X(L) + X(N). 

Comment. It can be shown, more generally, that if any two of L, M, N 
have FFRs then so does the third. For the remaining two cases not covered 
by this Exercise, we refer the reader to Lang's "Algebra", pp. 843-844. 

Ex. 5.22A. Let (R, m) be a commutative local ring with the following 
property: 

ann (1) i- 0 for any f.g. ideal I <;;;; m. 

Show that any R-module M with FFR is free (and therefore X(M) 
rk(M). 

Solution. With an obvious induction on the length of a FFR, we may 
work in the case of a short exact sequence 

o ---7 RS ---7 Rt ---7 M ---7 O. 

Fix an epimorphism tp : RT --+ M where r is the minimal number of 
generators for M, and let K = ker(tp). Then <;;;; (RT)m. By Schanuel's 
Lemma (LMR-(5.1)), we have K EEl Rt ~ RT EEl RS. Hence K is f.g. 
projective, and therefore free. Expressing a (finite) basis of K by the 
canonical basis of RT involves a finite number of coefficients from m, which, 
by (*), can be killed by a nonzero element b E R. But then Kb = 0, 
which implies that K = 0 since K is free. Therefore, M ~ RT is free, as 
claimed. 

Ex. 5.22B. For any nonzero element a in a commutative ring R, let p be 
a minimal prime over the ideal J = ann(a). Show that the local ring Rp 
has the property (*) in Ex. 5.22A. Deduce from this that X( M) 2 0 for 
any module M with FFR over a nonzero commutative ring R. 

Solution. Since a cannot be killed by any element in R \ p, we have a/I i
o E Rp. To check the alleged property (*) for Rp, consider any f.g. ideal 
I <;;;; pR p. As pRp is a minimal prime over Jp, In <;;;; J p for some n. Thus, 
aIn = 0 in Rp. Rechoosing n to be minimal for aIn = 0, we have then 
n 2 I and 0 i- aIn- 1 <;;;; ann(I), as desired. 

For the second part of the exercise, apply the above to a = 1. Here, 
p is any minimal prime for R, and Rp has the property (*). For any R
module M with FFR, Mp is free by Ex. 5.22A. Thus, X(M) = X(Mp) = 
rk (Mp) 2 O. 
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Comment. In LMR-(1.38), two proofs were given for the fact that any 
nonzero commutative ring R satisfies the "Strong Rank Condition"; that 
is, if Fl ~ Fo are free R-modules of finite rank, then rk (Fd :::; rk (Fo). It is 
worth noting that the last part of this exercise provides yet another proof 
of this, since the short free resolution 0 ---.. Fl ---.. Fo ---.. Fo/ Fl ---.. 0 leads to 
rk (Fo) - rk (Fd = X(F!/ Fo) ~ O. For more information on the case where 
rk (Fo) = rk (Fl)' see Ex. 5.23B. 

The result that X(M) ~ 0 can also be proved for modules MR with 
FFR over a right noetherian ring R. The proof for this, however, requires 
some new noncommutative techniques: see the solution to Ex. 12.11 below. 

For the next exercise, it is convenient to use a concept and a notation 
introduced in LMR-§8. For an ideal A in a commutative ring R, we say that 
A is dense in R (written A ~d R) if ann(A) = O. The following exercise gives 
a nice criterion for X(M) to be positive over a nonzero commutative ring. 

Ex. 5.22C. (Vasconcelos) Let M be any module with FFR over a com
mutative ring R # O. Use the two previous exercises to show that: 

(1) X(M) > 0 ==} ann(M) = O. 
(2) X(M) = 0 ==} ann(M) ~d R. 

In particular, X(M) > 0 iff M is faithful as an R-module. 

Solution. It suffices to prove (1) and (2), since the zero ideal cannot be 
dense in R # O. 

(1) Assume X(M) > 0 but there is a nonzero a E ann(M). Let p be a 
minimal prime over annR(a) (so that a/I # 0 in Rp as we've noted earlier). 
By Exercises 5.22A and 5.22B, Mp ~ R~ for some n. But then n = X(Mp) = 
X(M) > 0, and Mp a = 0 provides a contradiction. 

(2) Assume X(M) = 0, but there exists a E R \ {O} annihilating ann(M). 
Let p be as above and argue as in (1). Here, X(M) = 0 yields Mp = O. Since 
Mis f.g. as an R-module, ann(M)p = ann(Mp) = Rp. (For a detailed proof 
of the first inequality, see the solution to Ex. 8.5A.) But this is killed by 
a/I E Rp \ {O}, a contradiction. 

Comment. The results in this exercise appeared in W. V. Vasconcelos's pa
per "Annihilators of modules with a finite free resolution" , Proc. A.M.S. 29 
(1971),440-442. In this paper, as well as in other expositions on the subject 
of FFR (e.g. Northcott's book "Finite Free Resolutions", Cambridge Univ. 
Press, 1976), the proofs of the results in this exercise were couched in the 
language of the Fitting invariant ~(M) of the module M. Our formulation 
of the solution above shows that the use of ~(M) is not necessary. In fact, 
since the Fitting invariant ~(M) is an ideal between ann(M) and ann(M)n 
(where n is the number of generators of M), and in general ann(M) ~d R 
iff ann(M)n ~d R, it follows from (2) above that X(M) = 0 ::::} ~(M) ~d R, 
however ~(M) is defined! 



148 Chapter 2. Flat Modules and Homological Dimensions 

Ex. 5.22D. Let M, R be as in Ex. 5.22C, and assume that R satisfies 
the ACC on annihilator ideals (e.g. R is a nonzero commutative noetherian 
ring). Show that X(M) = 0 iff ann(M) contains a non O-divisor of R. 

Solution. This follows from Ex. 5.22C, assuming Lance Small's result 
that, under the current assumptions on R, an ideal of R is dense iff it 
contains a non O-divisor. Since this result is proved in full in LMR-(8.31)(2), 
we will not repeat the work here. 

Comment. If no chain condition is imposed on the commutative ring R, it 
may happen that X(M) = 0 without ann(M) containing any non O-divisor 
of R. In Vasconcelos's paper referred to in the Comment on Ex. 5.22C, a 
commutative (non-noetherian) local ring (R, m) is constructed for which 
M : = R/m has a free resolution 

0---7 R ---7 R2 ---7 R ~ M ---7 0 

(so X(M) = 0), but ann(M) = m is composed of O-divisors. 
In this example, the module M has a free resolution (*) of length 2. 

It turns out that this is the shortest length of an FFR for which such a 
counterexample is possible, as Ex. 5.23B below shows. 

Ex. 5.22E. If a nonzero ideal I of a commutative ring R has a FFR (as 
an R-module), show that 1 c;;.d Rand X(1) = 1. 

Solution. Let 0 --) Fn --) ... --) Fo .'£.. I --) 0 be a FFR. Then 

o ---7 Fn ---7 ... ---7 Fo ~ R ---7 R/ I ---7 0 

is a FFR for R/1, so 

X(R/ I) = 1 - rk Fo + rk Fl - ... = 1 - X(1)· 

Since ann(R/1) = I -=I- 0, Ex. 5.22C gives X(R/1) = 0, and so X(I) = 1. 
Also by Ex. 5.22C, X(R/ I) = 0 implies that 1 = ann(R/1) c;;.d R. 

Comment. The conclusion I c;;.d R here cannot be strengthened into "1 
contains a non O-divisor". In fact, in Vasconcelos's example mentioned in 
the Comment on the last exercise, the maximal ideal meR has x(m) = 1, 
but m (is dense and) consists of O-divisors. 

A nice illustration for this exercise is given by the case where I is 
generated by a regular sequence of length n 2 1. Here, an FFR for I is 
given by the Koszul resolution 

0---7 An(Rn) ---7 ... ---7 A2(Rn) ---7 Al(Rn) --) I ---7 O. 

(See LMR-(5.33).) From this explicit FFR, we get 

x(1) = (;) - (~) + ... + (_l)n-l (~) = (~) = 1. 

In this example, we have, of course, 1 c;;.d R, since the first element of the 
regular sequence is a non O-divisor in R. 
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Ex. 5.22F. Let M be a module with FFR over a nonzero commutative 
ring R. Show that X(M) ::; M(M) (the least number of generators for M), 
with equality iff M is free. 

Solution. Let m = M(M). By Ex. 5.2IB, there exists a FFR 

0--+ Gs --+ ... --+ GI ~Go --+ M --+ 0 

with Go = Rm. Let K = im(o:) ~ Go. Then 

X(M) = rk Go - rk GI + ... = m - X(K) ::; m 

by Ex. 5.22B. If M is free, of course X(M) = rk (M) = m. Conversely, 
if X(M) = m, the above work show that X(K) = O. Consider any vector 
2: eiri E K where {el, ... ,em} is a basis for Go = Rm. For any r E ann(K), 
we have 2:eirir = O. Thus, rir = 0 for all i; that is, ri E annR(ann(K)). 
Since ann(K) ~d R by Exer. 5.22C(2), each ri = O. This shows that K = 0, 
and hence M ~ Rm is free. 

Ex. 5.23A. For an n x m matrix A = (aij) over a commutative ring, the 
ith determinantal ideal Di(A) is defined to be the ideal in R generated by 
all i x i minors of A (if any). (For convenience, we define Do(A) to be R.) 
When R # 0, the (McCoy) rank of A is, by definition, 

rank(A) = max{i: Di(A) ~d R} 
= max{i: ann(Di(A)) = O}. 

(1) Show that Do(A) ::2 Dl (A) ::2 ... , and that rank(A) ::; min{ m, n}. 

(2) Show that, in the case where R is a commutative domain, rank(A) 
coincides with the usual rank of A as a matrix over the quotient field of R. 

(3) (McCoy) show that the linear system A(XI"'" xmV = 0 has a non
trivial solution (over R) iff rank(A) < m. 

Solution. (1) Di(A) ::2 Di+I(A) follows by computing (i + 1) x (i + 1) 
minors via a row expansion. If R # 0 and i > min{m,n}, then Di(A) = 0 
cannot be dense, so rank( A) cannot exceed min { m, n}. 

(2) is clear since a field F has only two ideals, namely, F (which is dense), 
and (0) (which is not dense). In view of this, Di(A) being dense over a field 
simply means that some i x i minor of A is nonzero. 

(3) For the "only if" part, let (Xl, ... ,xmf # 0 be a solution of the linear 
system. If B is any m x m submatrix of A, then B· (Xl"'" Xm)T = O. 
Multiplying this from the left by adj(B), we get (det B) (Xl, ... , Xm)T = O. 
This shows that Dm (A) is killed by 2: XiR # 0, so rank(A) < m. 

Conversely, assume that r := rank(A) < m. By adding zero rows to A 
if necessary, we may assume that r < n as well. Fix a nonzero a E R that 
kills Dr+1(A). If r = 0, then a kills all aij, so (a, ... ,af # 0 solves our 
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linear system. We may thus assume r > O. There exists an r x r submatrix 
B of A with a· det(B) f. O. For convenience, let us assume that B is in the 
upper left corner of A. Let C be the (r + 1) x (r + 1) matrix in the upper 
left corner of A, and left db ... ,dr+l be the cofactors of C associated with 
the entries on the last row of C. We finish by checking that the vector 

is a solution to our linear system (and noting that, by choice, adr+l 
a· det(B) f. 0). Indeed, taking the "dot product" of (*) with the ith row 
of A, we get a 2:;!~ aijd j . If i :::; r, this is zero, since the summation is the 
determinant of the matrix C with its last row replaced by (ail, ... , ai, r+l). 
On the other hand, if i ::::: r + 1, the summation is an (r + 1) x (r + 1) 
minor of A, which is killed by a. This completes the proof that (*) is a 
(nontrivial) solution of the linear system in question. 

Comment. It is perhaps not surprising to note that (3) above also implies 
the Strong Rank Condition for a nonzero commutative ring R. Indeed, if 
n < m, then 

rank(A):::; min{m,n} = n < m, 

So the n equations 2:j=l aijXj = 0 have a nontrivial solution by (3). 
The determinntal ideals Di(A) are important invariants of the n x m 

matrix A over the commutative ring R. If M is the cokernel of the R
homomorphism Rm --+ Rn define by the matrix A, the Di(A)'s are the 
Fitting invariants of the finitely presented R-module M. Of special interest 
is the initial Fitting invariant J(M) : = Dn(A), which bears the following 
relationship to the annihilator ideal of M: 

ann(Mt ~ J(M) ~ ann(M). 

From this, it is easy to see that ann(M) ~d R iff J(M) ~d R, as was 
already pointed out in the Comment on Ex. 5.22C. 

The McCoy rank of a rectangular matrix over a commutative ring was 
defined by Neal McCoy in his paper, "Remarks on divisors of zero," MAA 
Monthly 49 (1942), 286-295. The result (3) in the present exercise is 
taken from this paper. For an excellent exposition on the McCoy rank, 
see McCoy's Carus Monograph "Rings and Ideals," Math. Assoc. America, 
1948. For some applications of part (3) above, see the next exercise, as well 
as Ex. 11.9 in Chapter 4. 

Ex. 5.23B. Let R be a nonzero commutative ring. 

(1) Deduce from (3) of Ex. 5.23A that the columns of a matrix A E Mn(R) 
are linearly independent iff 6 := det(A) is a non O-divisor of R. 

(2) Use (1) to show that, if an R-module M has a FFR of length 1 and 
X(M) = 0, then ann(M) contains a non O-divisor of R. 
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Solution. (1) The linear independence of the columns amounts to 
A· (Xl, ... , xnf = 0 having only the trivial solution. By Ex. 5.23A, this 
amounts to r = n, where r = rank(A). Since Dn(A) = 8R, r = n simply 
means that 8 is a non O-divisor. 

(2) Given a free resolution 0 --? Fl --? Fo --? M --? 0 where X(M) = 0, 
we may assume that Fo = Rn and that Fl is freely generated by the 
linearly independent columns el, ... , en of some matrix A E Mn(R). For 
8 = det(A), we have an equation 

where (bij ) = adj(A). Comparing the ith columns shows that ei8 E span 
{ell ... ,en} = Fl (where e/s are the unit vectors in Rn). Thus, 8 E 
ann(Rn / Fl ) = ann(M), and we know that 8 is a non O-divisor 
from (1). 

Comment. As was pointed out by McCoy, the two conditions in (1) above 
are also equivalent to each of the following: 

(a) A is not a left O-divisor in Mn(R); 
(b) A is not a right O-divisor in Mn(R). 

The equivalence again follows easily from part (3) of Ex. 5.23A. 

Ex. 5.24. Let R = {(~ ~ ;)}, where x, y, n, v, w ore "bit'"" 
elements in a division ring k. Show that the artinian ring R has 
exactly two simple right modules Ml , M2 , each I-dimensional over k, with 
pdR(Ml ) = 00 and pd(M2) = O. What are the projective shifts of Ml and 
the Jacobson radical of R? 

SoluUon. Fi"t, the Jacobson radical of R is given by J = {(~ ~ ~)}, 
since J is nilpotent, and R/ J ~ k x k. 

This enables us to construct the two simple (right) modules of R. They 

::~i::::W:r:;:::~ri:~ ~O:::::'(tt,:)it::i~:t y~~:: 
o 0 y 

( X~ XUo ;V) we can take Ml , M2 to be each a copy of k, where acts on 

Ml (resp. M 2 ) by right multiplication by X (resp. y). 
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(
1 0 0) (0 0 0) Let el = 0 1 0 and e2 = 0 0 0 . These are idempotents in 
o 0 0 0 0 1 

R with sum 1, giving rise to the projective right ideals: 

Clearly P2 = P2/ P2J ~ M2, and we see easily that PIJ = J and PI! PIJ ~ 

MI' The latter shows that PI is indecomposable, so {PI, P2} is the full set of 
the principal indecomposables. Let P denote the projective shift operator. 
Of course, pd(M2) = 0 and pn[M2] = O. It remains to determine pn(J) 
and pn[MI]' 

The first projective shift P[MI ] is easy: the exact sequence 0 -----+ J -----+ 

PI -----+ MI -----+ 0 shows that P[MI] = [J], where, of course, J is viewed as 
a right R-module. Now look at the two elements 

a ~ G ~ ~) and b ~ (~ ~ D 
An easy computation shows that 

Thus, we are in the situation of LMR-(5.16). In particular, we have the 
exact sequences 

o -----+ aR '----t R ~ bR ----+ 0 and 0 -----+ bR '----t R ~ aR -----+ 0, 

with rp(s) = bs and 7/;(s) = as. Notice that bR is not projective, for 
otherwise the first sequence would split and aR would contain a nonzero 
idempotent. This is impossible since (aR? = O. Thus, as in LMR-(5.16), 
P[aR] = [bR], P[bR] = [aR]' and pd(aR) = pd(bR) = 00. Finally, observe 
that there is an R- isomorphism (J: J R -----+ bR given by 

(J (~ ~ :) = (~ ~ ~), 
o 0 0 0 0 w 

and a similar construction shows that J ~ aR EB M2 . Thus, aR, bR, and J 
are all projectively equivalent. Since P(Md = [J], we have 

pn(MJ) = pn(J) = [J] = [aR] = [bR] 

for all n > O. The module J R acts somewhat like a "black hole" for the 
projective shift. In particular, pd(J) = pd(Md = 00. 
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Ex. 5.25. Let cp: R -+ S be a ring homomorphism, and let n = pd(SR) 
where S is viewed as a right R-module via cpo Show that, for any right 
S-module M, pd(MR) ::; n + pd(Ms). 

Solution. We may assume that n < 00 and m : = pd(Ms) < 00. The proof 
proceeds by induction on m. First assume m = O. Then Ms is projective, 
so M EB X ~ F for some S-modules X, F, where F is S-free. Then by 
LMR-(5.25), 

pd(MR) ::; pd(FR) = pd(SR) = n, 

so the desired conclusion holds in this case. Now assume m > O. Fix an 
exact sequence 0 -+ K -+ F -+ M -+ 0 in 9Jts where F is S-free. Then 
pd(Ks) = m - 1, so by the inductive hypothesis, pd(KR) ::; n + (m - 1). 
Now by (a) of Exercise 1 (applied to KR ~ FR)' 

as desired. 

pd(MR) ::; max {pd(KR), pd(FR)} + 1 

::; max {n + m - 1, n} + 1 

= (n + m -1) + 1 = n + m, 

Ex. 5.26. (Bass) Let R be a right noetherian ring and let {Mi: i E I} 
be a direct system of right R-modules, with direct limit M. If id(Mi) ::; n 
for all i E I, show that id(M) ::; n. 

Solution. (Sketch) The idea here is to construct a "canonical injective 
resolution" of any module N R. Let U be the injective hull of ffi Rj~, 
where ~ ranges over all right ideals of R. For any N R, let N = HomR 
(N, U) and let F(N) be the direct product flv U, which is an injective R
module. We have a natural R-homomorphism CN: N ----t F(N) defined by 
cN(a) = {f(a)} fEN for any a E N. It is easy to check that F is a (covariant) 
functor, and C defines a natural transformation from the identity functor 
to the functor F. Now, for any 0 =f. a E N, aR ~ R/~ for some right ideal 
~. Since U contains a copy of R/~ and is injective, there exists fEN 
such that f(a) =f. 0, and so cN(a) =f. 0 E F(N). This shows that CN is an 
embedding. We can now form F(N)jcN(N) and repeat the construction. 
In this way, we get a canonical ("functorial") injective resolution for N. 

Suppose now id(Mi) ::; n for all i E I as in the exercise. The above 
constructions lead to a direct system of injective resolutions of length n 
for the system {Mi}iE!' Taking the direct limit of these resolutions (see 
Comment), we get an injective resolution of length n for lim Mi = M, 

--+ 
since, over a right noetherian ring, the direct limit of injective right modules 
remains injective (see LMR-(3.46)). This proves that id(M) ::; n, as desired. 

Comment. In the above proof, we have used the exactness of the direct 
limit over direct systems of R-modules. For a proof of this, see p. 271 of 
Matsumura's book, "Commutative Ring Theory," Cambridge University 
Press, 1986. 
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For any R-module N, let E(N) denote its injective hull. It is well-known 
that this leads to a "minimal injective resolution" of N: we form E(N)/N 
and embed it into its injective hull E(E(N)/N), etc. Unfortunately, "E" is 
not a functor, since a map N ---- N' does not induce a natural map from 
E(N) to E(N'). Therefore, we could not have used the minimal injective 
resolution in the argument above. The idea is to replace this minimal 
resolution with the one we used in the solution. In the terminology of 
LMR-§19, the module U is an "injective cogenerator" for the category of 
right R-modules. The construction of this "canonical" injective resolution 
was attributed by H. Bass to C. Watts in Bass' paper, "Injective dimensions 
in noetherian rings," Trans. Amer. Math. Soc. 102 (1962), 18-29. 

Ex. 5.27. (Osofsky) For any right noetherian ring R, prove that 
r.gl. dimR = sup {id(C)}, where C ranges over all cyclic right R-modules. 
[This is the injective dimension analogue of the formula r.gl. dim R = 
sup {pd(C)} (due to M. Auslander) proved in LMR-(5.51).] 

Solution. We need only prove that r.gl. dim R::; sup{id(C)}. For this, we 
may assume that n = sup {id( C)} < 00. We shall prove that, for any f.g. 
right R-module N, id(N) ::; n. Since any right R-module M is a direct limit 
of f.g. modules, the last exercise will imply that id(M) ::; n, and therefore 
r.gl. dim R ::; n by LMR-(5.45). 

To prove the inequality id(N) ::; n, we induct on the number of gen
erators needed to generate N as an R-module. If N can be generated by 
one element, then N is cyclic and id(N) ::; n by the definition of n. If 
N is generated by m ~ 2 elements, then there exists a cyclic submodule 
C ~ N such that N / C can be generated by m - 1 elements. Assuming the 
injective dimension analogue of LMR-(5.23) (which can be proved in the 
same manner as the latter), we have 

id(N) ::; max {id(C), id(N/C)}. 

Since id(N/C) ::; n by the inductive hypothesis and id(C) ::; n by the 
definition of n, we have id(N) ::; n, as desired. 

Comment. The result in this exercise appeared in Osofsky's paper 
"Global dimensions of valuation rings," Trans. Amer. Math. Soc. 126 
(1967), 136-149. For a right noetherian ring R, Osofsky also proved that 
r.gl. dimR = sup {id(~)}, where ~ ranges over all the right ideals of R. 



Chapter 3 
More Theory of Modules 

§6. Uniform Dimensions, Complements, and 
CS Modules 

A module MR is said to have uniform dimension n (written u.dimM = n) 
if there is an essential submodule V ~e M that is a direct sum of 
n uniform submodules. Here, n is a nonnegative integer. (The fact that 
u.dim M is well-defined is a consequence of the Steinitz Replacement The
orem LMR-(6.1).) If no such integer n exists, we define u.dim M to be the 
symboloo. 

We have u.dimM = 0 iff M = (0), and u.dimM = 1 iff M is uniform. 
Modules with u.dim M = 00 also have an interesting characterization; that 
is, that M contains an infinite direct sum of nonzero submodules. This 
requires a proof, which is given in LMR-(6.4). Given this information, one 
can further check that, for any module M, u.dim M can be computed as 
the supremum of 

{k: M contains a direct sum of k nonzero submodules}. 

In some books, this is taken as the definition of u.dim M. Another impor
tant interpretation of finite uniform dimension is the following: 
u.dimM = n iff the injective hull E(M) is a direct sum of n indecomposable 
injective modules. 

In general, the uniform dimension is additive over finite direct sums, 
but not over short exact sequences! Also, the usual dimension formula 
relating the dimensions of sums and intersections of vector subspaces does 
not work for the uniform dimension. For instance, it is possible for M to 
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contain two sub modules A, B such that u.dim A and u.dim B are finite, but 
u.dim (A + B) = 00: see Exercises 7-8. 

The notion of complements is quite useful in module theory. Given a 
submodule S ~ MR, a submodule C ~ M is a complement to S in M if Cis 
maximal with respect to the property that C n S = o. A submodule C ~ M 
is said to be a complement (written C ~c M) if it is a complement to some 
submodule S. An important fact here is that C ~c M iff C is closed in 
M (in the sense that M contains no submodule that is a proper essential 
extension of C). The many useful facts proved for closed submodules in 
LMR-§6B,C are worth reviewing before proceeding to the exercises in this 
section. 

Two other topics covered in LMR-§6D,G are CS modules and QI mod
ules. A module MR is called CS if every C ~c M is a direct summand. The 
class of CS modules includes all uniform modules, semisimple modules, 
and injective modules. A noteworthy property of a CS module M is that 
u.dim M < 00 iff M is a finite direct sum of uniform modules. An important 
recent theorem of Osofsky and Smith (LMR-(6.44)) offers a way to check 
that certain modules are finite direct sums of uniform modules. A classical 
result of Utumi (LMR-(6.48)) asserts that if a ring R is such that RR and 
RR are CS, then R must be Dedekind-finite. Both of these are fairly deep 
results. 

For exercises, we confine ourselves to a classification of f.g. abelian 
groups which are CS over Z: see Exercise 19 (in four parts). Exercise 36 
explores two useful subclasses of CS modules, called continuous and quasi
continuous modules. In the context of von Neumann regular rings R, the 
condition that RR be CS (or continuous, or quasi-continuous), turns out 
to be equivalent to a certain continuity axiom studied already many years 
ago by J. von Neumann: see Exercise 38. 

A module MR is called QI (quasi-injective) if, for any submodule 
L ~ M, any f E HomR(L, M) can be extended to an endomorphism of 
M. These are the modules M that are "fully invariant" in E(M), by LMR
(6.74). In general, we have 

injective ===? QI ===? CS, 

and any semisimple module is QI. However, the direct sum of two QI 
modules need not be QI. Exercises 27-39 offer many useful results on QI 
modules. 

Sections §6E and §6F in LMR contain a survey of the many finiteness 
conditions that can be imposed on a ring R. This includes the ACC and 
DCC on right ideals, principal right ideals, right complements in R, right 
annihilators in R, and right direct summands in R (and their left ana
logues). There are various relations among these conditions, for instance, 
right artinian implies right noetherian, ACC on right annihilators is equiv
alent to DCC on left annihilators, and ACC on right summands in R 
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is equivalent to DCC on left summands, etc. The study of the behavior 
of the various finiteness conditions under the change of rings (subrings, 
polynomial rings and matrix rings) provides further interesting results 
in LMR-§6F. An easy, but nevertheless surprising, result is that ACC 
(or DCC) on right annihilators in any ring is inherited by any of its 
subrings, according to LMR-(6.61). A deeper result is that, if S = R[x], 
then u.dimSs = u. dimRR; this is a theorem of R. Shock(LMR-(6.65)). In 
particular, if ACC holds for right summands in R, then ACC also holds 
for right summands in S. In Exercise 26, these facts are generalized to a 
polynomial ring over R in any number of commuting variables. 

Some of the exercises in this section make use of the set Ass( M) of 
associated primes of a module MR , so LMR-§3F should be quickly re
viewed before the reader proceeds to these exercises. In the case where R 
is commutative, a prime ideal p is an associated prime of M iff P has the 
form ann(m) for some element m E M, or equivalently, iff M contains a 
copy of the cyclic R-module Rip. 

Exercises for §6 

Ex.6.1A. Recall that a module MR is called Dedekind-finite (cf. Exercise 
1.8) if M EB N ~ M (for some module N) implies that N = O. Show that 
any module M with u.dim M < 00 is Dedekind-finite. 

Solution. Suppose M EB N ~ M. Then 

u. dimM = u. dim(M EB N) = u. dimM + u. dimN. 

Cancelling the finite number u.dim M, we get u.dim N = 0, and hence 
N=O. 

Comment. D. Khurana pointed out the following strengthening of this 
exercise (which is also easily proved): If u.dimM < 00, then M is weakly 
cohopfian, in the sense that any injective endomorphism on M has an es
sential image. For an investigation on weakly cohopfian modules in general, 
see the paper by A. Haghany and M. R. Vedadi in J. Algebra 243 (2001), 
765-779. 

For readers familiar with the notion of co-uniform dimensions, we might 
mention the following dual version of Khurana's observation: if M has finite 
co-uniform dimension, then M is weakly hopfian, in the sense that any 
surjective endomorphism of M has a small kernel K (K + B = M :::} B = M 
for any submodule M). 

In LMR-(6.11), the example of Q ----) Q/Z was given to show that a 
module of finite uniform dimension may have a factor module that has an 
infinite uniform dimension. In this direction, Khurana has also suggested 
the following strengthening. 
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Ex.6.1B. Give an example of a module MR with finite uniform dimension 
such that some factor module of M is not directly finite. 

Solution. The following example was constructed by G. Bergman. Let 
U, V be right vector spaces over a field k such that U has infinite di
mension and V has finite dimension> O. Let H = Homk(U, V) and let 

R be the triangular ring (~ ~) (with formal matrix multiplication)(*). 

Then M : = U EB V is a right module over R with the formal action 

(u,v)(~ ~)=(ua,h(U)+Vb). 
The R-submodule V is essential in MR since, for any nonzero u E U, there 

exists h E H with h ( u) i= 0 and hence (u, v) (~ ~) is a nonzero element 

in V. Therefore, we have 

u. dimM = u. dim V = dimk V < 00. 

But the factor module M IV ~ U has infinite dimension over k and is 
consequently not Dedekind-finite as a module over R. 

Ex. 6.2. Show that IAss(M)I::; u.dimM for any module M. 

Solution. Here, we are working under the convention that IAss(M)I, 
u.dim M are either finite integers or the symbol 00. We may thus assume 
that u.dim M = n < 00. By LMR-(6.12), 

E(M) = Nl EB ... EB N n , 

where the Ni's are indecomposable injective modules. By LMR-(3.52), each 
Ni is uniform, so by LMR-(3.59), IAss(Ni )I ::; 1. Using LMR-(3.57) (2) and 
LMR-(3.57) (4), we see that 

IAss(M)1 = IAss(E(M))1 ::; n. 

Ex. 6.3. Give an example of a f.g. module M (over any given ring R i= 0) 
such that IAss(M)1 = 1 and u.dimM = n (a prescribed integer). 

Solution. Let S be any simple (right) R-module. Then S is a prime 
module, and p = ann(S) is the unique prime ideal associated to S. For 
M = S EB··· EB S (n copies), we have clearly u.dimM = n, and by LMR
(3.57)(3), Ass(M) = {p}. 

Ex. 6.4. Let MR be any module with u.dim M = n < 00. Show that there 
exist closed submodules Mi <:;;;c M (1 ::; i ::; n) with the following properties: 

(1) Each MIMi is uniform. 
(2) Ml n ... n Mn = O. 

(*) Here, H = Homk(U, V) is viewed as a (k,k)-bimodule in the natural way: 
(ahb)(u) = h(u) ab for h E H, a, bE k, and u E U. 
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(3) E(M) ~ EB~=l E(MIMi). 
(4) Ass(M) = U~l Ass (MIMi). 

Solution. Suppose we have found Mi ~c M (1 ~ i ~ n) satisfying (1) and 
(2). Then we have an embedding f: M -t EB~=l MIMi. Since both sides 
have uniform dimension n, f (M) ~e EB~=l MIMi. From this, it follows 
that 

Also, from LMR-(3.57)(2) and LMR-(3.57)(4), we have 

Ass(M) = Ass(J(M)) = Ass (EB~=l MIMi) = U~=l Ass(MIMi). 

(Note that this implies IAss(M)I ~ n, since each lAss (MIMi) I ~ 1 by 
LMR-(3.59). This gives a somewhat more sophisticated view of the result 
in Exercise 2.) 

It remains for us to prove the existence of the Mi'S satisfying (1), 
(2). We do this by induction on n, the case n = 1 being clear (upon 
choosing M1 = 0). For n 2: 2, fix a uniform submodule U ~ M. After 
replacing U by an essential closure, we may assume that U ~c M. By 
LMR-(6.35), u.dimMIU = n - 1. Invoking the inductive hypothesis, we 
can find M1, ... ,Mn- 1 ~ U such that MdU ~c M IU and u.dim MIMi = 1 
for i ~ n-1, and with M1 n·· ·nMn- 1 = U. Since U ~c M, MilU ~c MIU 
implies that Mi ~c M by LMR-(6.28). It only remains to construct Mn. 
Let Mn be a complement to U in M. Then the image of U is essential in 
M I Mn so u.dim M I Mn = 1. Finally, we have 

Mi n ... n Mn- 1 n Mn = Un Mn = 0, 

as desired. 

Ex. 6.5. Let R be the factor ring k[x, yl/(x, y)n, where k is a field. Show 
that u.dim RR = n. 

Solution. Note that R is a commutative local ring with unique maximal 
ideal m = (x, y) having index of nilpotency equal to n. By expressing the 
elements of R in the form 130 + 131 + ... + f3n-1 where f3d = homogeneous 
polynomial in x, y of degree d, it is easy to show that 

1 EBn-1. l' 
ann(m) = mn- = . x' yn- -Ok. 

,=0 

Here each Xi yn-1-i k = Xi yn-1-i R is a uniform ideal (since it has 
k-dimension 1). On the other hand, we see easily that ann(m) ~e R. It 
follows immediately that u.dim RR = n. 
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Ex. 6.6. Give an example of a module of finite uniform dimension that is 
neither noetherian nor artinian. 

Solution. The Z-module IQ is uniform, so u.dimz IQ = 1. However, IQ has 
an infinite ascending chain Z ~ ~Z ~ iZ ~ .... and an infinite descending 
chain Z ;? 2Z ;? 4Z ;? .... , so as a Z-module IQ is neither noetherian nor 
artinian. 

Ex. 6.7. For any submodules A, B of a module M, show that 

(*) u. dim A + u. dim B :S u. dim (A n B) + u. dim (A + B) . 

Solution. Without loss of generality, we may assume that M = A + B. 
For G = A n B, we have an exact sequence 

o ---+ G ~ A EB B ~ M ---+ 0, 

where f(c) = (c, -c) for c E G, and g((a, b)) = a + b. By LMR-(6.35), we 
have 

u.dimA+u.dimB = u.dim(AEBB):S u.dimG+u.dimM 

= u.dim(AnB) +u.dim(A+B). 

Comment. In an exercise in a ring theory textbook, it was asserted that the 
uniform dimension inequality (*) above is an equality. The fact that this 
is not true in general was pointed out by Camillo and Zelmanowitz. The 
next exercise shows in a general way how equality may break down in (*). 

Ex. 6.8. Let G ~ D be modules such that u.dim D < 00 and 
u.dimDIG = 00, and let 

G' = {(c, -c) : c E G} ~ DEB D, M = (D EB D) IG'. 

(a) Show that u.dimM = 00. 

(b) Let A = DEB 0 ~ M and B = 0 EB D ~ M. Show that A ~ B ~ D 
and A + B = M (so it is possible for u.dimA, u.dimB to be finite and 
u.dim(A + B) = 00 in Exercise 7). 

Solution. (a) The homomorphism <.p: D ---+ M defined by 

<.p (d) = (d, -d) EM 

has obviously kernel G. Therefore, M contains a submodule <.p (D) ~ DIG, 
so u.dimM = 00. 

(b) The projection map DEB D ---+ M is injective on DEB 0 and on 0 EB D, 
so A = DEB 0 ~ D and B = 0 EB D ~ D. Clearly A + B = D ffi D = M. 

Comment. This exercise is adapted from the paper of V. Camillo and J. 
Zelmanowitz, "On the dimension of a sum of modules", Comm. Algebra 6 
(1978), 345-352. In this paper, the authors studied conditions under which 
the inequality (*) in Exercise 7 becomes an equality. 



§6. Uniform Dimensions, Complements, and CS Modules 161 

Ex. 6.9. Show that an abelian group M # 0 is a uniform Z-module iff 
M <;;; Ql, or M ~ Zjpnz, or M ~ limZjpnZ, where p is a prime. Generalize 

--> 

this to a (commutative) PID. 

Solution. First assume M <;;; Ql. Any two nonzero cyclic subgroups z· ajb, 
Z . a' jb' <;;; M contain a common nonzero element aa', so M is uniform. 
If M <;;; limZjpnZ, then the subgroups of M form a chain, so M is also 

--> 

uniform. Conversely, let M be any uniform Z-module. Then the injective 
hull E(M) is an indecomposable injective Z-module, so it is either Ql, or the 
Priifer group Cpoo = limZjpnZ for some prime p. If E (M) ~ Ql, then M 

--> 

embeds in Ql. If E (M) ~ Cpoo, then M embeds in Cpoo, so C is (isomorphic 
to) either Cpoo, or Zjpnz (for some n), since these are the only nonzero 
subgroups of Cpoo . 

If we work over a commutative PID, say R, the argument is exactly the 
same, upon replacing Ql by the quotient field K of R, and replacing the 
Priifer group Cpoo by lim RjpnR, where p ranges over a complete set (up 

--> 

to associates) of nonzero prime elements of R. 

Ex. 6.10. Let R be a commutative domain with quotient field K. For any 
R-module M with torsion submodule t(M), show that dimK (M ®R K) = 
u. dim M jt(M); this number is called the "torsion-free rank" of M. If u.dim 
t(M) < 00, show that the torsion-free rank of M is given by u.dim M -
u. dimt(M). 

Solution. Write N for the torsion-free module Mjt(M). Then t(M) ®R 
K = 0 implies that M ®RK ~ N ®RK. By LMR-(6.14), we have therefore 

u. dimR N = dimK(N ®R K) = dimK(M ®R K). 

For the last part of the exercise, note that t(M) is essentially closed in M. 
For, if t(M) <;;;e A <;;; M, then for any 0 # a E A, there exists r E R such 
that ar E t (M) \ {O}, so (ar)r' = 0 for some nonzero r' E R, which shows 
that a E t (M). Therefore, by LMR-(6.35), 

u. dimR M = u. dimR t(M) + u. dimR N. 

If u.dimR t (M) < 00, it is meaningful to write this equation as 

u. dimR N = u. dimR M - u. dimR t(M). 

By the first part of the exercise, the LHS is the torsion-free rank of M. 

Ex. 6.11. Show that a module MR is noetherian iff every essential sub
module of M is f.g. 

Solution. If MR is noetherian, then every submodule of M is f.g. Con
versely, assume every essential submodule of M is f.g. Consider any sub
module S <;;; M. Let C be a complement to S (that is, C <;;; M is a 
submodule maximal with respect to C n S = 0). Clearly C EB S <;;;e M. 
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Hence C EEl S is f.g., and so is S. Now every submodule of M is f.g., so M 
is noetherian. 

Ex. 6.12. For any module MR , let soc(M) (the socle of M) be the sum 
of all simple submodules of M (with soc(M) = 0 if there are no simple 
submodules). Show that 

(1) M· soc (RR) ~ soc(M); 
(2) soc(M) = n {N: N ~e M}; 
(3) For any submodule N ~ M, soc(N) = N n soc(M); 
(4) If N ~e M, then soc(N) = soc(M); 
(5) A maximal submodule N ~ M is essential in M iff N ::2 soc(M); 
(6) soc (EBiEI Mi) = EBi SOC(Mi); 
(7) For any idempotent fER, soc(f R) = f . soc (RR)' 

Solution. (1) For any m E M, m . soc (RR) is an epimorphic image of 
soc (RR), and hence a semisimple sub module of M. Therefore, 
m· soc (RR) ~ soc(M). 

(2) Let E = n {N: N ~e M}. Any simple submodule of M is contained in 
every N ~e M, so soc(M) ~ E. To see the equality, it suffices to show that 
E itself is a semisimple module. Consider any submodule S ~ E. For any 
complement C to S in M, we have, as in the previous exercise, CEElS ~e M. 
Hence E ~ C EEl S, and it follows that E = S EEl (C n E). This checks the 
semisimplicity of E. 

(3) Since soc(N) is semisimple, it is contained in N n soc(M). Conversely, 
the semisimplicity of N n soc(M) implies that it is contained in soc(N). 

(4) As in (3), we have soc(N) ~ soc(M). If N ~e M, (2) implies that 
soc(M) ~ N, so we also have soc(M) ~ soc(N). 

(5) The "only if" part follows from (4) even without N being maximal. 
Now assume N is maximal, and that N ::2 soc(M). If N is not essential in 
M, we would have NnX = 0 for some nonzero submodule X ~ M. Clearly 
N EEl X = M, so X ~ MIN is a simple module. Hence X ~ soc(M) ~ N, 
a contradiction. This shows that N ~e M. 

(6) Since EBi SOC(Mi) is semisimple, it lies in soc (EBi Mi). To prove the 
equality of the two, it suffices to show that any simple submodule 
S ~ EBi Mi is contained in EBi SOC(Mi). Consider any nonzero element 
S E S, say S = Sil + ... + Sin where Sij E Mij . Then S = sR and sr f-+ Sij r 
gives a well-defined homomorphism 'Pj from S to Mi·' The image Sj 
'Pj(S) is either (0) or a simple R-module, so Sj ~ soc (Mij)' Therefore, 

S ~ EBj Sj ~ EBi SOC(Mi). 

(7) Let S = soc (RR)' Then (fS)R is an epimorphic image of SR, so it 
is a semisimple submodule of f R. Therefore, f S ~ soc(f R). Conversely, 
soc(f R) ~ soc (RR) = S gives soc(f R) ~ f· soc(f R) ~ f S. 
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Comment. The description of soc(M) in (2) above is due to Kasch and 
Sandomierski. It may be thought of as "dual" to the description of the 
radical of M as the sum of all superfluous (or small) submodules of 
M: see FC-(24.4). (The definition of a small submodule is dual to that of 
an essential submodule: a submodule S ~ M is small if, for any submodule 
N ~ M, N + S = M =? N = M.) 

Ex. 6.13. If R is a semisimple ring with Wedderburn decomposition 
Mnl (D1 ) x ... x Mnr(Dr) where D1 , ... , Dr are division rings, show that 
u.dimRR = nl + ... + n r . 

Solution. If Si denotes the unique simple module of Mni(Di ), with zero 
action by Mnj (Dj ) for j =1= i, we have 

RR ~ nISI E!.l •.• E!.l nr Sr. 

Since this is a semisimple module, u.dim (RR) is just the number of com
position factors of RR, which is nl + ... + n r . 

Ex. 6.14. Let S ~ R be fields such that dims R = 00. Let T be the 

triangular ring (~ ~). By FC-(1.22), T is left artinian but not right 

noetherian. Show that u.dim (TT) = 2 and u.dim (TT) = 00. 

Solution. Let 61:1 Vi be an infinite direct sum of nonzero S-subspaces 

of Rs. Then T contains 61:1 (~ ~) where each (~ ~) is a (nonzero) 

right ideal. This shows that u.dim (TT) = 00. To compute u.dim (TT), note 

that rad T (the Jacobson radical of T) is (~ ~), with T /rad T ~ R x S. 

Therefore, T has exactly two simple right modules, RT and ST, where T 
acts on the right of R (resp. S) via the projection map T --+ R x S followed 
by the projection onto R (resp. S). The projection TT --+ ST given by 

(~ :) 1--+ s is a T-epimorphism with kernel 

where the summands on the right are easily checked to be left ideals of T 
both isomorphic to RT . Therefore, if we can show that m ~e TT, it will 

follow that u.dim (TT) = 2. Now for any (~ :) with s =1= 0, we have 

So indeed m ~e TT, as desired. 
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Ex. 6.15. Let R be a commutative PID, and C <:;:: M be right R-modules. 
Show that C <:;::c M iff, for every nonzero prime element pER, C n Mp = 
Cpo Using this, show that any pure submodule of M is a complement. 

Solution. For the "only if" part, assume C is a complement to some Sin 
M, and let m E M be such that mp E C. We want to show that mp E Cpo 
Note that (C EB S)IC <:;::e MIC. Since (C + mR)IC <:;:: MIC is either zero 
or isomorphic to the simple R-module RlpR, we have 

(C + mR) IC <:;:: (C EB S) IC. 

Therefore, m = c + 8 for some c E C and 8 E S. Now 

8p = mp - cp E C n S = 0, 

so mp = cp E Cpo 
For the "if" part, suppose C is not a complement in M. Then C is 

not closed by LMR-(6.32), so C <:;::e C' <:;:: M for some C' i- C. Fix an 
element m E C'\C. Then mp E C\ {O} for some pER. After replacing 
m by a suitable R-multiple, we may assume that p is a (nonzero) prime 
element of R. If mp = cp for some c E C, then (m - c) . R ~ RlpR is a 
simple sub module of C' not contained in C, in contradiction to C <:;::e C'. 
Therefore, we have C n M p i- Cp, as desired. 

Finally, let C <:;:: M be a pure submodule. By LMR-(4.93), we have 
C n Mr = Cr for any r E R. In particular, by the "if" part above, C is a 
complement in M. 

Ex. 6.16. (1) Give an example of a complement C <:;::c M (over a commu
tative PID if possible) such that C is not a pure sub module of M. 
(2) Give an example of a pure submodule C <:;:: M (over some ring) such 
that C is not a complement in M. 

Solution. (1) An example can already be found over the ring R = Z. 
Indeed, consider the abelian group M = (a) EB (8) where a has order 8 and 
8 has order 2. The subgroup C = (2a + 8) ~ Z4 is a complement in M, as 
is shown in LMR-(6.17) (5). (Or more directly, note that 

C n 2M = C n (2a) = (4a) = 2C 

and apply the last exercise.) However, C n 4M = C n (4a) = (4a) is not 
equal to 4C = 0, so C is not a pure submodule of M. 

Alternatively, consider a commutative domain R and a module MR. The 
torsion submodule C of M is always a complement in M by LMR-(6.34), 
but C may not be pure in M by Exercise 4.35. 

(2) Let R be any von Neumann regular ring that is not semisimple. By FC
(2.9), there must exist a non-injective right R-module C. Let 
M = E(C). Since all short exact sequences ofright R-modules are pure (by 
Exercise (4.29)), C is a pure sub module of M. However, C is not closed 
in M, since M ~ C is a proper essential extension of C. Therefore, by 
LMR-(6.32), C is not a complement in M. 
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Ex. 6.17. Decide which of the following statements is true: 

(1) If T is a direct summand of a module M R , then any submodule N ~ M 
with N n T = 0 can be enlarged to a direct complement of Tin M. 
(2) Let f E HomR(M, M'). Then L ~c M implies that f(L) ~c f(M). 

Solution. (1) is a false statement in general, even over R = Z. Let 
M = 1£2 EEl 1£4 and T be the direct summand 1£2 EEl (0). Then the subgroup 
N generated by (I, 2) satisfies N n T = O. If N ~ T' with T' EEl T = M, 
then T' ~ 1£4, and so N = 2T' ~ 2M, which is not the case. 

(2) is also false: the conclusion f(L) ~c f(M) need not follow even if L is a 
direct summand of M. For a counterexample, again take M = 1£2 EEl 1£4 and 
N = z· (1,2) as above. Let f be the quotient map from M to M' = MIN. 
Here, L = 1£2 is a direct summand of M that maps onto the subgroup of 
order 2 in M', which is not closed in M'. 

Comment. Note that (2) becomes a true statement if we assume that 
L ::2 ker(f): this follows from LMR-(6.28)(1). 
Ex. 6.18. Show that a subgroup C of a divisible abelian group M is a 
direct summand iff C n M p = Cp for every prime p. 

Solution. The "only if" part is trivial. For the "if" part, assume that 
C n M p = Cp for every prime p. We are done if we can show that C 
itself is a divisible group, for then C is an injective Z-module, and hence a 
direct summand of M. To show the divisibility of C, it suffices to prove the 
divisibility of every element c E C by every prime p. Since M is divisible, 
c = mp for some m E M. From this, it follows that c E C n Mp = Cp, so 
c = CoP for some Co E C. 

Alternatively, we can also deduce the "if" part above from Exercise 15. 
If C n M p = Cp for every prime p, that exercise implies that C is an 
(essentially) closed submodule. Since M is an injective Z-module, it follows 
from LMR-(6.32) that C is a direct summand of M. 

The following four exercises are intended to give a complete deter
mination of all f.g. abelian groups that are CS modules over the ring of 
integers Z. 

Ex. 6.19A. Show that a free abelian group F is CS as a Z-module iff F 
has finite rank. 

Solution. If rank F < 00, we already know from LMR-(6.42) (4) that Mis 
CS. Now assume rank F is infinite, and let {el' e2, ... } U B be a basis of F. 
Define a homomorphism f: F ---+ Q by taking f(B) = 0 and f(en ) = lin 
for n 2:: 1. Then K : = ker(f) ~c F. For, if K ~e L ~ F, then for any 
C E L, we have mC E K for some m 2:: 1 and so 0 = f(mC) = mf(C) implies 
that f(.e) = O. This shows that L = K. The closed submodule K cannot 
be a direct summand of F, for otherwise 

F ~ KEEl (FI K) ~ KEEl Q, 

which is impossible. Therefore, F is not a CS module. 
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Ex. 6.19B. Let M be a f.g. abelian group of rank n :2: 1. Show that M is 
a es module over Z iff M ~ zn. 
Solution. We need only prove the "only if" part. Write M = T EB zn 
where ITI < 00, and suppose M is es. We want to show that T = O. 
Since the direct summand T EB Z is es, we may as well assume that n = 1. 
Assume for now T =f. O. Then pT =f. T for some prime p. Say to E T\pT. For 
C: = Z· (to,p), we have Tn C = o. We claim that C is a complement to 
T. Indeed, if there exists a subgroup D ;2 C with Tn D = 0, then, writing 
"bars" for images modulo T, we have D ;2 C. Since [M: C] = p, we must 
have D = M ~ Z. Therefore, 

[D: C] = [D: C] = [M: C] = p. 

It follows that C = pD ~ pM = pT EB pZ, and so to E pT, a contradiction. 
This shows that C ~c M. Since M is es, we have M = C EB X for some 
subgroup X ~ M. From the fact that rank M = 1, we see that X must 
be torsion. But then X ~ T, and so we have M = C EB T, contradicting 
[M: CJ =p. 

Ex. 6.19C. Let p be any prime number, and r :2: 1. 

(1) Show that Zpr EB Zpr+i (for i :2: 2) is not es as a Z-module. 

(2) Show that (Zpr l EB (Zpr+l)£ is es as a Z-module. 

Solution. (1) Let M = Zpr EBZpr+i where i :2: 2, and let A = Z· (1, pi-I) ~ 
Zpr+1. We claim that A ~c M. Indeed, if otherwise, we have A £;;e B for 
some subgroup B, which we may assume to have cardinality pr+2. If B 
is decomposable, A would be a direct summand of B, which contradicts 
A ~e B. If B is indecomposable, then B ~ Zpr+2 and hence 

A = p B ~ pM = p Zpr EB p Zpr+i, 

a contradiction. This proves our claim that A ~c M. But clearly A is not 
a direct summand of M, so M is not es. 
(2) Let N = K EB L, where K = (Zpr)k and L = (Zpr+l) £. If either k = 
o or £ = 0, then N is a quasi-injective module by LMR-(6.72)(3) and 
LMR-(6. 77), so N is a es module by LMR-(6.80). It is not strictly necessary 
to use these facts, but they do help to somewhat simplify the arguments, 
so we shall use them. Let us first prove the following special case of our 
desired conclusion. 

Lemma. Any indecomposable closed submodule C ~c N is a direct sum
mand. 

Proof. Let ICI = pS. If s = r+1, then C is a direct summand of N since N 
has exponent pr+l (cf. the solution to Exercise (3.18)). Now assume s S; r. 
Then 
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Since (Zpr )kH is a CS module (as observed above), C is a direct summand 
of No. Therefore, C ~ Zpr. Let 

C = (Cl' ... , Ck, pdk+ 1, ... ,pdkH) E K EB L 

be a generator of C. Then some Ci ~ P . Zpr, for otherwise C = pd for 
some dEN, and C <;e (d) contradicts C S;:;C N. Say Cl ~ p. Zpr. Let 
el, ... , ek, ek+1, ... , ekH be fixed generators for the k + C direct summands 
in the given decomposition of N. Since Z . Cl = Z . el, it follows that 
N = C EB EB~:i Z· ei, which proves the Lemma. 

Now consider any nonzero D S;:;C N. Take any indecomposable direct 
summand C of D. Then C S;:;C D S;:;C N implies that C S;:;C N (see LMR
(6.24)(1)), so by the Lemma, C is a direct summand of N. Writing "bars" 
for taking images modulo C, we have D S;:;C N (by LMR-(6.28)), where 
N is a group of the same type as N (namely, a direct sum of Zpr'S and 
Zpr+l 's). Invoking an induction hypothesis at this point, we may assume 
that D is a direct summand of N. Thus, there exists a subgroup X s;:; N 
with X n D = C such that N = D EB X. Since C is a direct summand 
of N, it is also a direct summand of X and of D, say X = C EB Y. Thus, 
N = D + X = DEB Y, as desired. 

Ex. 6.19D. Show that a f.g. abelian group M is a CS module over Z iff 
either M ~ zn for some n, or M is finite and for any prime p, the p-primary 
part Mp of M is of the form (Zpr)k EB (Zpr+l)c for some r, k and C 
(depending on p). 

n 
Solution. First, zr is es. Next, consider M = EB Mp where each Mp 

i=l ~ '/. 

is as described. By the last exercise, Mpi is CS. If C S;:;C M, we can 
n 

decompose C into EB Cp where clearly Cp S;:;C Mp. Then each Cp is a 
i=l t t t t 

direct summand of Mp , so C is also a direct summand of M. This checks 
that M is a CS modul~. 

Conversely, let M be any f.g. CS module over Z. If rank M = n ;::: 1, 
Exercise (6.19B) implies that M ~ zn. Therefore, let us assume rank 
M = 0, i.e. IMI < 00. Since direct summands of M are also CS, we may 
assume that M is a (nontrivial) p-group (for some prime p). Consider the 

Krull-Schmidt decomposition M ~ EB (Zpi) ki, with kr > 0. If any of kr+2, 
t=r 

kr+3 , ... is nonzero, M would contain a direct summand Zpr EB Zpr+i with 
i ;::: 2, which is not CS according to Exercise (6.19C). This contradicts the 
fact that M (and hence any direct summand thereof) is CS. It follows that 
M ~ (Zpr)k EB (Zpr+l)c with k = kr and £ = kr+l . 

Comments. Similar ideas (and more) can be used to determine all abelian 
groups that are CS as Z-modules. For more complete information on CS 
modules over commutative domains and noetherian rings, see the papers 
of M. A. Kamal and B. J. Muller in Osaka J. Math. 25 (1988), 531-538. 
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Ex. 6.20. Show that, if R is a von Neumann regular ring, then the 20 
finiteness conditions formulated in LMR-§6D are each equivalent to R being 
semisimple. 

Solution. If R is semisimple, then of course R satisfies all the ACC and 
DCC conditions formulated in LMR-§6D. Conversely, suppose R satisfies 
the weakest of these conditions, namely, R has no infinite family of or
thogonal nonzero idempotents, or equivalently, ACC holds for the family 
of right (resp. left) direct summands of R. If R is not semisimple, it cannot 
be right noetherian by FC-( 4.25). Therefore, there exists a chain of f.g. 
right ideals Q(1 <; Q(2 <; .... Since R is von Neumann regular, each Q(i is 
a direct summand in RR, so ACC fails to hold for right direct summands 
of R. 

Comment. In contrast, a Dedekind-finite (or even stably finite) von 
Neumann regular ring is pretty far from being semisimple. 

Ex. 6.21. Show that R satisfies DCC on right annihilators iff, for any set 
5 ~ R, there exists a finite subset 50 ~ 5 such that annr(5) = annr (50). 

Solution. For the "only if" part, consider any right annihilator annr (5). 
Pick a minimal member Q( from the family {annr (T)}, where T ranges over 
all finite subsets of 5, say 

Q( = annr (50) (50 ~ 5, 151 < 00). 

For any s E 5, annr (50 U {s}) ~ annr (50) = Q( implies that 
annr (50 U {s}) = Q(. From this, it follows that annr(S) = Q(. 

Conversely, consider any descending chain of right annihilators 

where we may assume the sets 5i are such that 51 ~ 52 ~ .... (Simply 
replace 5i by anne (annr 5i).) Let 5 = Ui 5i and pick a finite subset 
50 ~ 5 such that annr(5) = annr (50). Then annr (5i) = annr (50) when
ever 5i ;;;> 50' Since 5i ;;;> 50 for sufficiently large i, the descending chain 
(*) stabilizes, as desired. 

Ex. 6.22. Show that R does not satisfy ACC on right (resp. left) annihi
lators iff there exist elements Si, ti E R (i = 1, 2, ... ) such that siti #- 0 
for all i and Sitj = 0 for all i > j (resp. for all i < j). 

Solution. By left-right symmetry, it suffices to give the proof in the case of 
right annihilators. Suppose the elements Si, ti exist as above. For 
5i : = {Si' Si+1, .. . }, we have 

(1) 

so we get a strictly ascending chain 

(2) 
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Conversely, if we have a chain (2) for some subsets 5 i <:;:; R, we may assume 
(as in the last exercise) that 51 ;2 52 ;2 .. '. Pick ti as in (1) and Si E 5 i 

such that Siti i= 0, for i = 1,2, .... Then clearly Sitj = 0 for i > j, as 
desired. 

Ex. 6.23. Show that "ACC on right annihilators" and "DCC on right 
annihilators" are independent conditions (for noncommutative rings). 

Solution. We have to work with noncommutative rings since, for commu
tative rings, "ACC on annihilators" is equivalent to "DCC on annihilators" 
by LMR-(6.57). 

Suppose we have constructed a ring R that satisfies ACC on right 
annihilators but not DCC on right annihilators. Then by LMR-(6.57), 
R satisfies DCC on left annihilators but not ACC on left annihilators. 
Therefore, the opposite ring ROP of R satisfies DCC on right annihilators 
but not ACC on right annihilators. 

To produce the ring R in the paragraph above, we use the construction 
in Exercises (12.7) and (12.8). The ring R discussed in Exercise (12.7) fails 
to satisfy DCC on right annihilators. By Exercise 12.8, we can construct 
such a ring that is in fact right noetherian. In particular, R satisfies ACC 
on right annihilators. 

Ex. 6.24. (Extra Credit) Let prDCC and DCCpr denote the descending 
chain conditions for left and right principal ideals respectively, and define 
prACC and ACCpr similarly. Jonah has proved the following criss-cross 
implications: 

prDCC DCCpr 

X 
prACC ACCpr 

Show that there are no more implications possible among the four chain 
conditions above. 

Solution. First, the reverse implications to those shown in the above chart 
are certainly not valid, as is shown by the ring of the integers. Thus, it 
suffices to check that there are no horizontal or vertical implications in the 
chart. To this end, we use an example of G. Bergman that is a modified 
version of an earlier example of H. Bass. Bergman's ring R has the following 
truth values with respect to the above chain conditions: 

True False 

False True 

From this, it is clear that there can be no horizontal or vertical implications 
in the first chart. 

Bergman's ring R is defined, as an algebra over a given field K, by 
generators {eij: 1::::; i < j ::::; oo} (note that we do allow j to be 00) with 
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the relations eijekf = 5jkeif (for all legitimate (i,j) and (k,g)), where 5jk 
are the Kronecker deltas. We can think of the generators as "formal strictly 
upper triangular matrix units" (with the understanding that the eioo's are 
"extra" ones). From the multiplication rules, it is clear that R is spanned 
by 1 and {eij: 1:S; i < j :s; oo}, and a short calculation shows that these 
are linearly independent over K. 

Let J be the K-span of the eij's. Clearly J is an ideal of R, and we 
see easily that J is nil.(*) Since R/J ~ K, R is a local K-algebra with 
rad(R) = J. We define two functions 

A: J\ {O} ---+ N and A': J\ {O} ---+ N U { 00 } 

as follows. For r E J\{O}, let A(r) = i if i is the largest integer for which 
some eij appears in r. Similarly, let A' (r) = g if g is the smallest "number" 
(possibly 00) for which some eke appears in r. 

Lemma 1. For r, s E J\{O}, we have 

(A) 
(B) 

Rr ;2 Rs =} A(r) > A(S), and 
rR;2 sR =} A'(r) < A'(S). 

Proof. (A) Write s = tr (t E R). Then t E J (for otherwise t E U(R) 
and Rr = Rs). Any "matrix unit" appearing in s is obtained as a product 
ek'i,ei'j' = ek'j', where ek'i' appears in t and ei'j' appears in r. Thus, 
k' < i' :s; A(r), so we get A(S) < A(r). 

The proof of (B) is similar, the only "difference" being that A' may take 
the value 00. 0 

,,ve can now draw the following conclusions: 

(1) R satisfies prDCC. In fact, if Rrl ;2 Rr2 ;2 ... where each ri E J\{O}, 
then (A) gives A(rI) > A(r2) > ... , so the chain must be finite. 

(2) R satisfies ACCpr- This follows similarly, by using (B). (Of course, 
ACCpr would have followed from prDCC in view of Jonah's Theorem quoted 
earlier. ) 

(3) R does not satisfy prACC. This is clear since we have an infinite chain 
Reloo C;; Re200 C;; ... , due to the equation 

and the obvious fact that en+1,oo ~ Ren,oo. 

(4) R does not satisfy DCCpfl since el,n+l = elnen,n+1 leads to an infinite 
chain e12R;2 e13R ;;2 .... (Again, (4) would have followed from (3) in view 
of Jonah's Theorem.) 

Comment. Note that the ring R above is neither left nor right noetherian 
(resp. artinian) since otherwise Levitzki's Theorem would have implied that 
J is nilpotent, which is not the case since e12e23 ... en-l,n = eln for any n. 

(*) If this step does not seem easy, just read on. Some of the arguments used later will 
certainly clarify this. 
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It is useful to view the example above in the context of Bass' perfect 
rings (cf. FC-§22). By (1) above, R is right perfect (note the switch of side) 
in view of FC-(23.20). Similarly, by (4), R is not left perfect. Now the first 
example of a right perfect ring that is not left perfect was constructed by 
Bass: see FC-(23.22). In fact, Bass' example is precisely the K-subalgebra 
Ro ~ R generated by {eij : i < j < oo}, which is a genuine ring of N x N 
matrices K· 1+ M, where M consists of matrices with only a finite number 
of nonzero entries, all occurring above the diagonal. Bass's proof that Ro 
is right but not left perfect was based on the same considerations as in 
(I) and (4). The novelty of Bergman example R lies in the fact (3) that 
it fails to satisfy prACC (and a fortiori DCCpr), for this shows that there 
are no vertical (or lower horizontal) implications in the first chart. This 
could not have been accomplished by Bass's ring Ro, since it turns out to 
have the following (asymmetric) truth values with respect to the four chain 
conditions (for principal I-sided ideals): 

True False 

True True 

The arguments we gave earlier are sufficient to cover all cases except the 
southwest corner (for prACC). We can prove this chain condition for Ro as 
follows (where we no longer allow the eioo 's). 

Let Jo be the span of the {eij : i < j < oo}. As before, Ro is local with 
rad(Ro) = Jo. We make the following crucial claim: 

Lemma 2. For r E Jo\{O} with A' (r) = n, r tJ. Jo. 
Assuming this lemma, we can define a new function 

fL: J o \ {O} ----+ {I, 2, ... } 

in the spirit of a p-adic valuation: fL( r) = k if k is the largest integer such 
that r E J~. If 

o -# ROr1 S;; ROr2 S;; ... , 

then ri E JOri+1 implies that fL(ri) > fL(ri+d, so we have fL(rd > fL(r2) > 
... , which then forces the chain to be finite. (This is, of course, just the idea 
behind the noetherian-ness of a discrete valuation ring.) Note that the same 
argument would have worked just as well for a chain r1 RO S;; r2 RO S;; ... . 

Proof of Lemma 2. Assume, instead, that r E Jo. Then r = 2: 81 ... 8 n 

where each 8j E Jo. A matrix unit appearing in r must be of the form 
eidl ... einjn with j1 = i2, j2 = i3, ... , jn-1 = in, so that it is eidn. But 
then 

1 ::; i1 < j1 = i2 < j2 = i3 < ... < jn-1 = in < jn 

implies that jn > n, and so by the definition of A', A'(r) > n, a contradic
tioo. 0 
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Note that this argument does not apply to R, since the function J-l 
cannot be defined on J\ {o}. In fact, the equation 

eioo = ei,HleHl,H2'" ei+(n-l),HneHn,oo E R 

shows that eioo E n~=l In for all i. These "infinitely deep" elements are 
precisely the ones needed to create the ascending chain Reloo t; Re200 t; ... 
in (3) to defeat prACC! 

Ex. 6.25. Show that for any ring R, the set A of right annihilator ideals 
in R form a complete lattice with respect to the partial ordering given by 
inclusion. Show that A is anti-isomorphic to the lattice A' of left annihilator 
ideals in R. (A complete lattice is a partially ordered set in which any subset 
has a greatest lower bound, or equivalently, any subset has a least upper 
bound.) 

Solution. First, A is a lattice with 

m 1\ m' = m n m' , m V m' = ann" (anne (m + m')) 

for right annihilator ideals m, mi. Now A is closed under intersections, since 

n
i 
ann" (Xi) = ann" (U

i 
Xi) 

for arbitrary subsets Xi ~ R. Therefore, A is a complete lattice with arbi
trary meet given by intersections. It is also easy to see directly the existence 
of arbitrary joins in A. For any family {mi } in A, a right annihilator m 
contains all of mi iff it contains ann" (anne (2::i mi )). Therefore, the join of 
the family {mi } is simply 

ann" (anne (Li mi)) = ann" (n i anne (mi )) . 

The map m f---7 anne(m) clearly gives an anti-isomorphism from the lat
tice A to the lattice A' (with inverse lattice anti-isomorphism given by 
SJ3 f---7 ann" (SJ3)). 
Comment. The following comment on our definition of a complete lattice 
is in order. Let S be a partially ordered set such that any subset A ~ S 
has a greatest lower bound, inf(A). In particular, for A = 0, there exists 
inf(0), which is then the largest element of S. On the other hand, inf(S) 
is clearly the smallest element of S. It follows that any subset B ~ S has 
a least upper bound, sup(B), namely, the infimum of the set of all upper 
bounds of B. A similar argument shows that if sup(B) exists for all B ~ S, 
then inf(A) exists for all A ~ S. 

In the above discussion, it is essential that we allow the subsets A and 
B to be empty. For instance, let U be an infinite set and let S be the set 
of finite subsets of U, partially ordered by inclusion. For any nonempty 
A ~ S, inf(A) is given by the intersection of all subsets that are members 
of A. However, the empty set 0 ~ S has no infimum, since S has no largest 
element. In particular, S is not a complete lattice. 
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Ex. 6.26. (Shock) Let S = R[X], where X is any (possibly infinite) set of 
commuting indeterminates. Show that u.dim Ss = u. dim RR. 

Solution. The one-variable case of this result has been proved in LMR
(6.65). Here, we try to generalize this result to the case of an arbitrary 
number of variables. As in the earlier proof, the following two crucial 
statements will give the desired conclusion: 

(1) For any right ideal Qt ~e RR, Qt[X] ~e Ss. 
(2) For any uniform right ideal Qt ~ R, Qt[X] is uniform in Ss. 

The first statement has been proved in Exercise 3.30 for any set of 
variables X. The second was proved in LMR-(6.68) for the case of one 
variable. By induction, it also holds in the case of a finite number of 
variables. In the general case, we proceed as follows. Suppose Qt[X] is not 
uniform. Then fSngS = 0 for some nonzero f,g E Qt[X]. Fix a sufficiently 
large set of variables {Xl, ... , Xn} ~ X such that f,g E Qt[Xl' ... ' xn]. 
Clearly fT n gT = 0 for T = R[Xl, ... , xn]. This contradicts the fact that 
Qt[Xb ... , xn] is uniform in TT, so we have proved (2). 

The remaining exercises in this section are devoted to the study of the 
properties of QI modules (and their generalizations). Exercise 27 A is to be 
compared with Exercises (3.28) and (3.29) in §3. 

Ex. 6.27 A. For an R-module MR and an ideal J ~ R, let P = {m EM: 
mJ=O} 

(1) If M is a QI R-module, show that P is a QI R/ J-module 
(2) If M J = 0, show that M is a QI R-module iff it is a QI R/ J-module. 

Solution. (1) Let L ~ P be an R/ J-submodule of P, and let 
f E HomRIJ(L, P). Viewing f as an R-homomorphism from L to M, we 
can find 9 E EndR(M) extending f. Since PJ = 0, we have also g(P)J = 0, 
so g(P) ~ P. Thus, gl P is an endomorphism of P extending f. This checks 
that P is a QI R/ J-module. 

(2) The "only if" part follows from (1) (since here P = M). Conversely, if 
M is QI as an R/ J-module, it is clearly QI as an R-module, since any 
R-submodule L ~ M is also an R/ J-submodule, and HomR(L, M) = 
HomRIJ(L,M). 

Comment. The "if" part in (2) does not work with "injective" replacing 
"quasi-injective" throughout, since checking MR to be injective involves 
the use of R-modules that may not be R/ J-modules. Nevertheless, the 
statement in the case of QI implies that, if M J = 0 and M is an injective 
R/ J-module, then M is at least a quasi-injective R/ J-module, if not an 
injective one. 

Ex. 6.27B. For an ideal J in a ring R, show that the cyclic right R-module 
R/ J is QI iff R/ J is a right self-injective ring. 
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Solution. Let S be the quotient ring R/ J. When S is viewed as a right 
R-module, we have S· J = O. By (2) of Exercise 27A, it follows that SR 
is QI iff Ss is QI, and by Baer's Criterion, the latter is the case iff S is a 
right self-injective ring. 

Before stating and solving the next exercise, we must first correct a 
wrong statement about direct sums of QI modules made in the proof of 
LMR-(6.73)(2). On p. 238 of (the first edition of) LMR, line 7 to line 9 on 
the direct sum of two cyclic Z-modules should be corrected as follows: 

If N = M EB M' where M, M' are the QI modules Zpr and Zps, 
with p prime and r > s, then N is not QI. 

(The proof of this is easy. If Ml denotes the proper subgroup of M that 
is isomorphic to M', then an isomorphism Ml --+ M' c N cannot be 
extended to an endomorphism of N.) A similar correction is also needed in 
the formulation of the example in LMR-(6.82). 

Ex. 6.28. Show that a f.g. abelian group M is QI as a Z-module iff M 
is finite and for any prime p, the p-primary part Mp of M is of the form 
(Zpr)k for some r, k (depending on p). 

Solution. First assume M is QI. If M has rank £, then it has a di
rect summand isomorphic to 7!f By LMR-(6.73)(1), Z£ must then be QI, 
which is possible only if £ = O. Thus, M is finite. Another application of 
LMR-(6.73)(1) also shows that each Mp is QI. In general, Mp has the 
form ZpTl EB ... EB Zprk where rl 2 ... 2 rk. If the ri's are not all equal, 
Mp will have a direct summand Zpr EB Zps with r > s, which is not QI 
according to the paragraph preceding this exercise. Therefore, we must 
have rl = ... = rk, as desired. 

Conversely, assume that each Mp has the form (Zpr)k for some r, k 
(depending on p). To show that M is QI, it suffices (according to LMR
(6.74)) to check that <p(M) <;;; M for any endomorphism <p of the injective 
hull E(M). Now, for each prime p, <p induces an endomorphism <Pp of 

E(M)p = E(Mp) = E((Zpr )k) = (Zpoo)k, 

where Zpoo denotes the Priifer p-group. In (Zpoo)k, Mp is the subgroup of 
elements annihilated by pro This implies, of course, that <pp(Mp) <;;; Mp (for 
each p), and hence <p (M) <;;; M, as desired. 

Comment. The argument above generalizes easily to the case of f.g. QI 
modules over a commutative PID. 

The reader should compare this exercise with Exercise 19D, in which 
we determined the (larger) class of all f.g. abelian groups that are CS as 
Z-modules. A direct comparison shows that the QI class is considerably 
more restrictive than the CS class. 

Ex. 6.29. Let MR be a QI module, and let A be an R-submodule of E(M) 
isomorphic to a sub quotient (quotient of a submodule) of M. Show that 
ACM. 
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Solution. Suppose A is isomorphic to a quotient of a submodule L ~ M. 
An epimorphism f: L ---+ A extends to some endomorphism g of E(M) 
(since E(M) is an injective module). By LMR-(6.74), M is fully invariant 
in E(M), so we have A = f(L) ~ f(M) ~ M, as desired. 

Ex. 6.30. Let M, N be QI modules with E(M) S:' E(N). Show that MffiN 
is QI iff M S:' N. 

Solution. If M S:' N, then M ffi N S:' M ffi M is QI by LMR-(6.77). 
Conversely, assume that M ffi N is QI. Let E be a module isomorphic 
to E(M) S:' E(N). For convenience, we may assume that M and N are 
embedded (as submodules) in E. Since MffiN (external direct sum) is QI, it 
is fully invariant in E (M ffi N) = EffiE. In particular, for the endomorphism 
f E End(E ffi E) defined by f(x, y) = (y, x), we have f(M ffi N) ~ M ffi N. 
Clearly, this implies that M ~ N ~ M, so in fact M = N. 

Comment. The result in this exercise appeared in J. Ravel's paper "Sur 
les modules M-injectifs," Publ. Dep. Math. (Lyon) 5(1968), fasc. 1, 63-7l. 
Ravel's result was later extended by Goel and Jain to the somewhat more 
general class of n-injective modules (defined below in the Comment on 
Exercise 37) : 

If M, N are modules such that E(M) S:' E(N) and M ffi N is 
n-injective, then M S:' N. 

On the other hand, if M is n-injective, M ffi M need not be n-injective : to 
be more precise, M ffi M is n-injective iff M is already QI. These results 
appeared in the paper "n-injective modules and rings whose cyclics are 
n-injective," Comm. Alg. 6(1978), 59-73. 

Ex. 6.31. For any module M R , consider the following conditions: 

(1) Mis Dedekind-finite; 
(2) E(M) is Dedekind-finite; 
(3) For any module X =f. 0, X ffi X ffi··· cannot be embedded into E(M); 
(4) For any module X =f. 0, X ffi X ffi··· cannot be embedded into M. 

Show that (2) {:} (3) ~ (4) ~ (1), and that all four conditions are 
equivalent in case M is QI. In general, show that (1) does not imply (2), 
(3) or (4). 

Solution. (2) ~ (3). Assume, instead, that there exists K ~ E(M) with 
K S:' X ffi X ffi ... , where X =f. O. Noting that K ffi X S:' K, we have 

E(K) S:' E(K ffi X) S:' E(K) ffi E(X), 

so E(K) is not Dedekind-finite Since E(K) may be taken as a direct 
summand of E(M), it follows that E(M) is not Dedekind-finite. 

(3) ~ (4) is a tautology. 

(4) ~ (1) (for any M). Assume M is not Dedekind-finite. Then 
M = MI ffi Xl for some Xl =f. 0 and MI S:' M. Using the latter, we 
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have M = (M2 EEl X2) EEl Xl where M2 ~ MI and X2 ~ Xl' Continuing 
in this manner, we arrive at mutually isomorphic submodules Xi i- 0 with 
Xl EEl X 2 EEl ... <;;;; M. Therefore, (4) fails to hold. 

(1) =} (2) (for quasi-injective M). Assume M is Dedekind-finite. To show 
that E(M) is Dedekind-finite amounts to showing that the ring 
S = EndR(E(M)) is Dedekind-finite (by Exercise (1.8)). Say fg = 1 E S. 
Since M is QI, M is fully invariant in E(M) by LMR-(6.74), so f,g restrict 
to endomorphisms f',g' of M, with 1'g' = 1 E EndR(M). Now EndR(M) 
is Dedekind-finite (since M is), so 1', g' are automorphisms of M. It follows 
from Exercise (3.25) that f, 9 are automorphisms of E(M), so we are done. 

In particular, the above shows that (1), (2), (3), (4) are equivalent if 
M is QI. Using this for the injective module E(M), it also follows that 
(2) {:? (3) for any M. 

To construct counterexamples for (1) =} (n) for n = 2,3,4, we follow a 
suggestion of S. L6pez-Permouth. Let R = Z and consider the R-module 

M = Cp EEl Cp2 EEl ... EEl Cpn EEl ... , 

where p is a prime, and Cm = ZlmZ. Let C = Cpoo be the Prufer 
p-group. Then M <;;;;e C EEl C EEl .. " and C EEl C EEl ... is divisible, so it 
is injective. It follows that E(M) = C EEl C EEl ... , so both (2) and (3) fail 
for E(M). (4) also fails since M contains X EEl X EEl··· for X ~ Cpo Never
theless, M turns out to be Dedekind-finite. We shall show this by checking 
that the ring H = Endz(M) is Dedekind-finite, using a nice argument of 
K. Goodearl. 

Let J = {h E H: h(M) <;;;; pM}, which is easily checked to be an ideal 
of H. Note that 

(A) hE J =} ker(l- h) <;;;; n~lpnM = o. 
This reduces our job to showing that 

(B) The ring HI J is Dedekind-finite. 

For, if fg = 1 E H, then (B) implies that gf = 1 - h for some h E J, 
and (A) yields ker(gf) = O. From gf(gf - 1) = 0, it follows therefore that 
gf = 1 E H. To prove (B), it suffices to show that 

(C) HI J can be embedded into the ring TI~=1 Mn(JFp ) (which is clearly 
Dedekind-finite since each Mn(JFp ) is). 

First, we note that there is a natural embedding E: HI J ---; Endz 
(MlpM). We think of M/pM as an lFp-vector space with basis el,e2, ... , 
where ei denotes the image of a generator of Cpi. For each f E H, we have 
for every n: 
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SO f (f) stabilizes the subspace IF pel EEl ... EEl IF pen for all n, inducing an 
endomorphism, say fn, on this subspace. The sequence (iI, 12,···, fn' ... ) 
determines f (f) uniquely; therefore, f ~ (iI, 12, ... ) induces the desired 
embedding of HI J into the direct product ring I1~=1 Mn(lFp). 

Comment. For the ideal J of H defined above, one might suspect that 
J <;;:; rad H (the Jacobson radical of H). However, this turns out to be 
not the case, as was pointed out by G. Marks. In fact, let f E H be 
the endomorphism of M = Cp EEl Cp 2 EEl ... obtained by using the natural 
inclusions 

Cp <......t Cp 2 <......t Cp 3 <......t •••• 

Clearly f(M) <;;:; pM so we have f E J. However, 1 - f is not surjective 
(and hence f ~ radH). Indeed, if Cp = (a), then (a,O,O, ... ) cannot be of 
the form 

(1 - f)(XI' X2, X3,··· ) = (Xl, X2, X3,··· ) - (0, Xl, X2,··· ) 

= (Xl, X2 - Xl, X3 - X2,··· ) 

for (Xl, X2, ... ) EM, for otherwise we have Xl = X2 = X3 = ... and hence 
a = Xl = ° since almost all Xi'S are zero. 

The example of the Z-module M above showed that the implication 
(4) =} (1) cannot be reversed in general. It can be shown that the impli
cation (3) =} (4) is irreversible as well (if M is not assumed to be QI). 
In fact, K. Goodearl has pointed out to us that, for any field k and the 
simple von Neumann regular ring lim M2 n (k) (where the direct limit is 

--> 

formed under block diagonal embeddings), the module M = RR contains 
no nonzero X EEl X EEl· .. , but E = E(M) contains a submodule isomorphic 
to E EEl E EEl··· ! 
Ex. 6.32. For any QI module M R , show that the following are equivalent: 

(1) M is uniform; 
(2) M is indecomposable; 
(3) End (MR ) is a local ring; 
(4) E(M) is uniform; 
(5) E(M) is indecomposable; 
(6) End (E(M)R) is a local ring. 

Under these assumptions, show that the unique maximal (left, right) 
ideal of End(M) is {f E End(M) : ker(f) #- O}. Is this the same set as 
{f E End(M) : f(M) #- M}? 

Solution. From LMR-(3.52), we know already that (4), (5), (6) are equiv
alent, and, of course, we also have (1) {:? (4). (So far, we do not need the 
assumption that M be QI.) 

(6) =} (3). By LMR-(6.76), we have a natural surjection of rings 

a: End (E(M)) -+ End(M). 
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Since End(E(M)) is a local ring, so is End(M). 

(3) =} (2). If End(M) is local, it has no nontrivial idempotents, so clearly 
M is indecomposable. 

(2) =} (1). Assume M is not uniform, say An B = 0 where A =I- 0 =I- B 
in M. Upon taking E(A) and E(B) inside E(M), we have E(A) n E(B) = 
O. Since E(A) + E(B) = E(A) EEl E(B) is injective, we may write 

E(M) = E(A) EEl E(B) EEl X 

for some X ~ E(M). By LMR-(6.79), 

M = (M n E(A)) EEl (M EEl E(B)) EEl (M n X). 

Since M n E(A) =I- 0 =I- M n E(B), this equation shows that M is decom
posable. 

This completes the proof for the equivalence of the six conditions. 
Assuming that these conditions hold, let us now compute rad H for the 
local ring H = End(M). Let f E H be such that ker(f) =I- o. Then f is 
not an automorphism of M, so f ~ U(H), which means that f E radH. 
Conversely, let g E radH. If ker(g) = 0, then g: M ---r g(M) is an 
isomorphism, and its inverse is the restriction of some h E H (since M is 
QI). Now hg = 1 E H, and this implies that 1 E rad H, a contradiction. 
Therefore, ker(g) = 0, as desired. 

In general, the set A = {f E H: f(M) =I- M} lies in radH, but equality 
need not hold in general. For instance, over the ring R = Z, let M be the 
Priifer p-group Cp~ for a fixed prime p. Here H = End(M) is the ring of 
p-adic integers, with rad H = pH. The endomorphism p = p. IdM belongs 
to (and generates) rad H, but it is onto, and so does not lie in A. (Of course, 
it is not one-one!) 

Comment. (2) =} (5) certainly need not hold if M is not a QI module. For 
instance, for R = k[x, y] with the relations x2 = xy = yx = y2 (where 
k is any field), the module M = RR is indecomposable, but it is not 
uniform, and E(M) is a direct sum of two copies of R = Homk(R, k): 
see LMR-(3.69). 

For a general (not necessarily indecomposable) QI module M, a detailed 
analysis ofthe structure of End(M) is given in LMR-(13.1). The basic case 
where M is indecomposable serves as a good model for this more general 
analysis. 

Ex. 6.33. Over a right artinian ring R, show that any faithful QI module 
MR is injective. 

Solution. For any finite set A ~ M, ann(A) = {r E R: Ar = O} is a right 
ideal in R. Let B ~ M be a finite set such that ann(B) is minimal among 
{ann(A): IAI < oo}. For any a E M, ann(B U {a}) ~ ann(B) implies that 
ann(B U {a}) = ann(B). Therefore, for any r E R, Br = 0 =} ar = O. 
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Since M is faithful, we must have ann(B) = O. If B = {bl , ... , bn }, the 
map 11--t (bl , ... , bn ) then defines an embedding R ~ Mn. Since M is QI, 
so is Mn by LMR-(6.77). The fact that R ~ Mn now shows that Mn is 
injective by LMR-(6.71) (2). Hence M itself must be injective. 

Comment. The assumption that R is right artinian is somewhat under
utilized in this exercise. The property we are really using is that the module 
RR is "finitely cogenerated" in the sense of LMR-§19. The idea in the proof 
above actually shows that: 

If RR is finitely cogenerated, then for any faithful module MR, 
R embeds into Mn for some n < 00. 

The converse of this statement is true also: all of this will be given more 
formally later as Exercise (19.9). 

Ex. 6.34. (L. Fuchs) For any module MR , show that the following are 
equivalent: 

(1) Mis QI; 
(2) For any submodule L ~ M contained in a cyclic submodule of M, any 
f E HomR(L, M) extends to an endomorphism of M; 
(3) For any BR such that Vb E B, :3 m E M with ann(m) ~ ann(b), any 
R-homomorphism from a submodule of B to M extends to B; 
(4) ("Quasi Baer's Test") For any right ideal J ~ R, any R-homomorphism 
g: J ---> M whose kernel contains ann(m) for some mE M extends to RR. 

Solution. (3)::::} (1) ::::} (2) are tantologies, in view of the definition of QI. 

(2) ::::} (4). Suppose ker(g) 2 ann(m) as in (4). Define f: m· J ---> M by 
f(mj) = g(j) for every j E J. Since 

mj = 0 ==> j E ann(m) = 0 ==> g(j) = 0, 

f is a well-defined R-homomorphism. Since m· J ~ m· R, (2) implies that 
f is the restriction of some h E EndR(M). Let mo : = h(m) E M. Then, 
for any j E J: 

g(j) = f(mj) = h(mj) = h(m)j = mojo 

This means that g: J ---> M can be extended to RR. 

(4) ::::} (3). For BR as in (3) and any AR ~ B, let f E HomR(A, M) be 
given. A usual application of Zorn's Lemma enables us to assume that f 
cannot be extended to a submodule properly containing A. We finish by 
showing that A = B. Indeed, suppose there exists bE B\A. Then 

J : = {j E R: bj E A} 

is a right ideal of R. We define 9 E HomR(J, M) by g(j) = f(bj) (for every 
j E J). By assumption, there exists m E M such that ann(m) ~ ann(b). 
For this m, we have clearly ann(m) ~ ker(g). Therefore, (4) applies, so that 
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there exists ma E M such that g(j) = maj for every j E J. Now define 
h: A+bR~Mby 

h(a + br) = f(a) + mar (Va E A and r E R). 

To see that h is well-defined, suppose a + br = O. Then br = -a E A implies 
that r E J, so 

f(a) = f(b( -r)) = g( -r) = ma( -r); 

that is, f(a) + mar = O. It is easy to check that h is an R-homomorphism. 
Since h obviously extends f, the required contradiction is at hand. 

Comment. The Condition (3) brings the notion of quasi-injectivity closely 
in line with the usual notion of injectivity, in that it is an extension property 
for homomorphisms from other modules to M. Condition (4) in turn gives 
the "quasi" analogue of the classical Baer's Test. The result in this exer
cise comes the Fuchs' paper, "On quasi-injective modules," Annali Scuola 
Norm. Sup. Pisa 23 (1969), 541-546. 

Ex. 6.35. An exercise in a ring theory monograph asked the reader to 
prove the equivalence of the following two conditions on a right ideal I ~ R : 

(a) 1= eR for some idempotent e E R ; 
(b) I is isomorphic to a direct summand of R. 

Provide some counterexamples to this alleged equivalence. 

Solution. Note that {eR: e = e2 E R} gives all the direct summands of 
RR, so clearly, (a) =} (b). The converse (b) =} (a), however, is false in 
general. For instance, for any domain R that is not a division ring, if a -=I=- 0 
is a nonunit, then aR is isomorphic to the direct summand RR, but aR is 
not of the form eR (for e = e2 ) since the only idempotents in Rare 0 and 

1. For a more interesting example, let R = (~ ~) for any division ring k. 

The two right ideals 

(0 k) ,(0 0) I = 0 0 and I = 0 k 

are isomorphic (by the map (~ ~) 1-+ (~ ~) ), and I' is a direct sum-

mand of RR (with direct complement (~ ~)). However, 12 = 0, so the 

only idempotent in I is zero. 

Comment. The equivalence (a) {:} (b) would be the condition (C2 ) for 
the module RR in the following exercise. Rings satisfying this condition 
include the right principally injective rings (by Exercise (3.46)), which in 
turn include all von Neumann regular rings. 
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Ex. 6.36. For any module M R , consider the following conditions, where 
the word "summand" means throughout "direct summand": 

(Cd Mis CS (any N <;;;c M is a summand); 
(C 2 ) If K <;;; M is isomorphic to a summand A of M, then K itself is a 
summand of M; 
(C 3 ) If A, B are summands of M and An B = 0, then A + B is a summand 
of M. 

Show that (C 2 ) =} (C 3 ), and that any QI module M satisfies (Cd, (C 2 ), 

and (C3 ). In the literature, M is called continuous if it satisfies (Cd, (C 2 ), 

and quasi-continuous if it satisfies (Cd, (C 3 ). With this terminology, we 
have the following basic implications: 

(*) Injective =} QI =} continuous =} quasi-continuous =} CS. 

Solution. Assume (C 2 ), and let A, B be summands of M with AnB = O. 
Pick C such that M = A EB C and let 7r be the projection M --* C (with 
ker(7r) = A). Clearly, B ~ 7r(B) is an isomorphism. Thus, to show that 
A EB B is a summand, it suffices to show that A EB 7r B is a summand (thanks 
to (C 2 )). But (C 2 ) also implies that 7rB is a summand of M, and hence of 
C. We may then write C = 7rB EB X (for some X), and get 

M = A EB C = (A EB 7rB) EB X. 

This checks (C 3 ). 

Now consider any QI module M. By LMR-(6.80), M satisfies (Cd, so 
in view of the above, it suffices to check that M also satisfies (C 2 ). Let 
K, A be as in (C 2 ) and let f: A ----; K be an isomorphism, with inverse 
g. Since M is QI, there exists h E EndR(M) extending g. Let 7r be a fixed 
projection of M onto A (which exists since A is a summand of M). For any 
a E A, we have 

((7r 0 h) f) (a) = 7r (gf (a)) = 7r (a) = a. 

This means that the injection A ~ M is split by 7r 0 h, so f(A) = K is a 
summand of M, as desired. 

Comment. This is not the place to compile a list of detailed examples 
(to show, for instance, that none of the implications in (*) is reversible). 
However, it behooves us to mention at least one concrete case in which the 
property (C 3 ) fails to hold. In R = M2 (Z), consider the right ideals 

A = (~ ~), C = (~ ~), and B = {(;x iy): X,y E Z}. 

Here R = A EB C = B EB C, so A, B are summands of RR. Clearly, 

An B = 0, but A EB B = (2~ 2~) is essential in RR, and is thus not a 

summand. (Of course, A EB B is not even an abelian group summand of R.) 
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Therefore, RR does not satisfy (C 3 ), and (C 2 ) fails also since 2A ~ A but 
2A is not a summand of RR' 

We have included this exercise because of the increasing popularity 
of the notions mentioned at the end of the exercise. There have been at 
least two recent books devoted to the study of modules satisfying some 
of the conditions (C i ). These are: "Continuous and Discrete Modules" by 
S. H. Mohamed and B. Miiller, Cambridge Univ. Press, 1990, and "Extend
ing Modules" by N. V. Dung, D. V. Huynh, P. F. Smith and R. Wisbauer, 
Longman Scientific & Technical, U. K., 1994. For the extensive theory of 
CS modules and continuous modules (and the associated rings with the 
same names), we refer the reader to these two monographs. 

Ex. 6.37. (Goel-Jain) For any M R , show that the following are equivalent: 

(1) M is quasi-continuous (Le. M satisfies (Cd and (C3 )); 

(2) Any idempotent endomorphism of a submodule of M extends to an 
idempotent endomorphism of M; 
(3) Any idempotent endomorphism of a submodule of M extends to an 
endomorphism of M; 
(4) M is invariant under any idempotent endomorphism of E (M); 
(5) If E(M) = E9iEI Xi, then M = E9iEI (M n Xi); 
(6) If E(M) = X EB Y, then M = (M n X) EB (M n Y). 

Solution. (1) :::} (2). Let I be an idempotent endomorphism of N <:;;: M. 
Then N = A EB B where A = ker(f) and B = im(f). Let A' :2 A be 
a complement of B in M. Then A' <:;;:c M. Similarly, if B' :2 B is a 
complement of A' in M, then B' <:;;:c M. Since M is a CS module, A', B' are 
summands of M. Therefore, by (C 3 ), M = A' EBB' EBX for some submodule 
X. Now the projection of M onto B' with respect to this decomposition is 
an idempotent endomorphism of M extending f. 

(2) :::} (3) is a tautology. 

(3) :::} (4). Let e = e2 E EndR(E(M)). For Ml = M n ker(e) and 
M2 = Mnim(e), we have Ml nM2 = O. By (3), there exists I E EndR(M) 
such that I IMl = 0 and II M2 = IdM2 . We claim that (e - f) M = O. 
Indeed, if otherwise, (e - f) M n M =1= 0, so there exist m, m' E M with 
0=1= m' = (e - f)m. Then 

em = 1m + m' E M2 and (l-e)m=m-emEMl . 

Therefore, m = (1 - e) m + em E Ml EB M2 . Applying I, we get 1m = em, 
which contradicts m' =1= O. Thus, we must have (e - f) M = 0, and hence 
eM=IM<:;;: M. 

(4) :::} (5). Let 1fi be the projection from E(M) = E9i Xi to Xi' For mE M, 
let m = 2:i Xi (finite sum), where each Xi E Xi. Then 

Xi = 1fi (X) E 1fi (M) <:;;: M 
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by (4), so m E EBi (M n Xi). This shows that M = EBi (M n Xi). 

(5) {:} (6) is straightforward. 

(5) => (1). The argument for proving (C1 ) (that M is a CS module) is the 
same as that for LMR-(6.79). (The argument there uses only the "Cutting 
Property" (5).) 

Comment. The property (3) above is often referred to as "7r-injectivity" 
("7r" here stands for "projection"). The equivalence of most of the proper
ties in this exercise appeared in the paper of V. K. Goel and S. K. Jain, "7r
injective modules and rings whose cyclics are 7r-injective," Comm. Algebra 
6 (1978), 59-73. In this paper, it is also pointed out that any module 
M has a "7r-injective hull", given by the smallest R-submodule of E (M) 
containing M that is stabilized by all idempotent endomorphisms of E (M). 

In the work of later authors, "7r-injectivity" was shown to be equivalent 
to "quasi-continuity" ((Cd plus (C 3 )). The use of the term "continuity" 
will be explained in the next exercise and the ensuing Comment. 

Ex. 6.38. For any von Neumann regular ring R, show that the following 
are equivalent: 

(a) RR is continuous, 
(b) RR is quasi-continuous, and 
(c) RR is CS. 

(A von Neumann regular ring R is said to be right continuous if it satis
fies these equivalent conditions. For instance, any right self-injective von 
Neumann regular ring is right continuous.) 

Solution. Since we have (a) => (b) => (c) by Exercise 36, it suffices to 
prove (c) => (a). Now (a) means (c) plus the condition (C 2 ) for RR (in the 
notation of Exercise 36). For a von Neumann regular ring R, summands 
of RR are precisely the principal right ideals, so clearly RR satisfies (C 2 ). 

(For a more general statement, see the Comment following Exercise 35.) 
This remark yields immediately (c) => (a). 

Comment. In von Neumann's original work, a von Neumann regular ring R 
is called right continuous if the lattice of principal right ideals is complete 
and satisfies an upper continuity axiom, and R is called continuous if the 
same lattice is complete and satisfies both the upper and lower continuity 
axioms. The right continuous property on the von Neumann regular ring R 
turns out to be equivalent to RR being a CS module, so our definition given 
in this exercise is consistent with von Neumann's. For a detailed study of 
the theory ofright continuous von Neumann regular rings, see Chapter 13 of 
Goodearl's book "von Neumann Regular Rings," Krieger Publ. Co., 1991. 
The idea of investigating the notion of continuity of modules independently 
of von Neumann regular rings is due to Y. Utumi. 
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Ex.6.39. Show that each of the four implications in (*) listed at the end 
of Exercise 36 is irreversible. 

Solution. We first work over the ring R = 2. For a prime p, M = 2 pEEl2p2 
is a CS module by Exercise (6.19C), but does not satisfy (C3 ). In fact, 
A = 2· (1,0) and B = 2· (I, p) are both summands (with a common direct 
complement 2· (0, I)). We have An B = 0, but A EEl B ~ 2p EEl 2p is not a 
summand of M. Thus, M is not quasi-continuous. 

Next, note that any uniform module is clearly quasi-continuous, but 
may not satisfy (C 2 ). For instance, the uniform module 2 is quasi
continuous, but 22 ~ 2, and 22 is not a summand in 2. Thus, 2 is not 
continuous. And, of course, 2n is QI, but not injective. Thus, it only remains 
to construct a module that is continuous, but not QI. 

For this, consider two fields k £; K. Let S = K x K x ... , and let R 
be the subring of S consisting of (aI, a2, ... ) with all but finitely many ai's 
in k. It is easy to see that Rand S are commutative von Neumann regular 
rings. Clearly, RR £;e SR, so RR is not injective, which implies that RR is 
not QI (by LMR-(6.71)(2B)). We finish by checking that any ideal A ~ R is 
essential in I R for some I = PER (so that RR is continuous, by Exercise 
38). Indeed, let 

I={i: 3(al,a2, ... )EAwith ai#O}. 

For the idempotent I = (h, 12, ... ) with Ii = 1 for i E I and Ii = 0 
otherwise, we have A ~ I R. For any 

o # r = (rl' r2, ... ) E I R, 

fix an index i E I with ri # O. A suitable R-multiple of r has the form 
(0, ... , 1,0, ... ) with the "I" in the ith coordinate, and this unit vector 
belongs to A. Therefore, we have checked that A ~e I R, as desired. 

Ex. 6.40. For any QI module MR , let S = End (MR ) and m E M. If m· R 
is a simple R-module, show that S· m is a simple S-module. From this fact, 
deduce that soc (MR ) ~ soc (8M). 

Solution. It suffices to show that, for any s E S such that sm # 0, S· sm 
contains m. Consider the R-epimorphism cp: mR --t smR given by left 
multiplication by s. Since mR is simple, cp is an isomorphism. Let 7/J = 

cp-l and extend 7/J to an endomorphism t E S (using the quasi-injectivity 
of MR)' Now 

tsm = 7/J(sm) = cp-l(sm) = m, 

so m E S· sm, as desired. 
For the last part of the exercise, note that if x E soc (MR ), then 

xR is a semisimple module, so if x # 0 we can write it in the form 
ml + ... + mn where miR is simple for each i. The above implies that 
each mi E soc (8M), so x = ml + ... + mn E soc (8M). 



§7. Singular Submodules and Nonsingular Rings 185 

Comment. In ECRT-Ex. 3.6A, we have solved the first part of this exercise 
for a semisimple module MR. Here we simply repeat that solution, as it 
works already for a QI module. 

§7. Singular Submodules and Nonsingular 
Rings 

For any module MR, the singular submodule Z(M) consists of elements 
m E M for which ann( m) ~e RR. The module is called nonsingular if 
Z(M) = 0, and singular if Z(M) = M. Note that "nonsingular" is not the 
same as "not singular". Any submodule of a nonsingular (resp. singular) 
module is nonsingular (resp. singular), and in general, there is no nonzero 
homomorphism from a singular module to a nonsingular module. 

In any ring R, Z (RR) is always an ideal, called the right singular 
ideal, and R is said to be a right nonsingular ring if Z (RR) = O. (Left 
nonsingular rings are defined similarly.) Right nonsingular rings include 
all reduced rings, all group rings kG over formally real fields k, and all 
right semi hereditary rings (in particular all von Neumann regular rings). 
Among commutative rings R, the nonsingular rings are just the reduced 
rings; however, Z(R) may not be the same as Nil(R). For a more precise 
statement, see Exercise 9. 

Under a suitable finiteness condition on R, one might hope for a "nil" 
or "nilpotent" conclusion on Z (RR)' For instance, if R satisfies ACC on 
right annihilators of elements, then Z (RR) is nil, and if R satisfies ACe 
on right annihilators, then Z (RR) is in fact nilpotent: see LMR-(7.15). 

Section 7 also deals with the notions of Baer rings and Rickart rings, 
which are motivated by the study of operator algebras. A ring R is called 
a right Baer ring if every right annihilator in R has the form eR for 
some idempotent e E R, and R is called a right Rickart ring if the right 
annihilator of any element in R has the form eR for some idempotent 
e E R. Right Rickart rings R are characterized by the "right PP" property: 
every principal right ideal in R is projective (LMR-(7.48)). In general, right 
Rickart rings need not be left Rickart. However, right Baer rings turn out 
to be the same as left Baer rings (LMR-(7.46)). 

In general, we have the implications: 

Baer n, 
von Neumann right right right 

regular ==} semi hereditary ==} Rickart ==} nonsingular 

and, for right self-injective rings, the five properties are all equivalent: see 
LMR-(7.50) and LMR-(7.52). The Exercises 21~29 cover various additional 
aspects of Baer rings and right Rickart rings. Other exercises in this section 
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provide connections between nonsingular modules and CS modules, QI 
modules, uniform modules, etc. The last exercise, due to R. Shock, com
putes the right singular ideal of a polynomial ring, showing, in particular, 
that if R is right nonsingular, then so is any polynomial ring (in commuting 
variables) over R. 

Exercises for § 7 

Ex. 7.1. Compute the right singular ideal Z(RR) for the Z::-algebra gen
erated by x, y with the relations yx = y2 = o. 
Solution. We compute with the ring R by using the fact that any ele
ment in R is uniquely expressible in the form f(x) + g(x)y where f(x), 
g(x) E Z[x]. It is easy to show that xR+yR ~e RR (see LMR-(7.6)(4)), so 
from annr(y) ;2 xR+yR, we see that y E Z(RR). Since Z(RR) is an ideal, 
it contains 

I = RyR = Ry = {f(x)y: f(x) E Z[x]}. 

For any Zo E R\I, we claim that annr(zo) = O. This will show that Zo ~ 

Z(RR) and therefore Z (RR) = I. Write Zo = fo(x)+go(x) y, where fo(x) =f. 
O. If ZOZ = 0 where Z = f(x) + g(x) y, then 

0= (fo(x)+go(x)y)(f(x)+g(x)y) 
= fo (x) f (x) + (gO (x) f (x) + fo (x) 9 (x)) Y 

implies that f(x) = 0 and g(x) = 0 since fo(x) is not a O-divisor in Z [xl. 
Hence Z = 0 E R, as claimed. 

Comment. Note that the ideal I above has square zero. Thus, from what we 
showed above, we conclude that I is also the lower and the upper nil radical 
of R. Since RI I ~ Z[x], I is the Jacobson radical of R as well. However, 
Z(RR) = 0, as is shown in LMR-(7.6)(4). Thus, R is an example of a 
(necessarily noncommutative) ring that has a nilpotent ideal not contained 
in Z(RR). Finally, note that R is left noetherian but not right noetherian: 
see FC-(1.26). 

Ex. 7.2. (a) Show that an R-module S is singular iff there exist two 
R-modules N ~e M such that S ~ MIN. (b) Let N ~ M be two 
R-modules, where M is R-free. Show that MIN is singular iff N ~e M. 

Solution. The "if" part in (a) is proved in LMR-(7.6)(3). Therefore, it 
suffices to prove the "only if" parts in (a) and (b). 

Working first with (b), we assume that MIN is singular, where M has 
a free R-basis {xd. For each i, there exists a right ideal Ii ~e RR such that 
XJi ~ N. Clearly, we also have xiIi ~e XiR, so by LMR-(3.38), 

EBi XJi ~e EBi XiR = M. 

Since EBi xiIi ~ N, it follows that N ~e M. 
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Returning now to (a), consider any singular R-module S. Let M be a 
free R-module with an epimorphism 'P: M -+ S. By part (b), N : = ker('P) 
is essential in M, and we have S ~ M / N. 

Ex. 7.3. For any submodule N in a nonsingular module M, show that 
M/N is singular iff N ~e M. 

Solution. Again, the "if" part follows from LMR-(7.6)(3) (without any 
hypothesis on M). For the converse, assume that M is nonsingular and 
that M / N is singular. Consider any nonzero element m EM. Since M / N 
is singular, there exists a right ideal I ~e RR such that mI ~ N. We must 
have mI "I- 0 for otherwise m E Z(M). Say mr "I- 0, where rEI. Then 
0"1- mr E N, and we have shown that N ~e M. 

Comment. If M is not assumed to be nonsingular, the "only if" part of the 
Exercise need not hold. For instance, if M = NEBS where S is a nonzero 
singular module, then M/N ~ S is singular but N is not essential in M. 
Of course M is not nonsingular in this example, since Z(M) 2 Z(8) = 
8"1- o. 
Ex. 7.4. Show that an R-module M is nonsingular iff, for any singular 
module 8, HomR(8, M) = o. 
Solution. First assume M is nonsingular. Consider any R-homomorphism 
j: 8 -+ M, where 8 is a singular R-module. By LMR-(7.2)(3), 

j(8) = j(Z(8)) ~ Z(M) = 0, 

so j is the zero homomorphism. Conversely, if M is not nonsingular, then 
8: = Z(M) is a nonzero singular module, and the inclusion map 8 -+ M 
is a nonzero element in HomR(8, M). 

Ex. 7.5. Let N ~ M be R-modules. (a) If Nand M/N are both non
singular, show that M is also nonsingular. (b) Does this statement remain 
true if we replace the word "nonsingular" throughout by "singular"? 

Solution. (a) By LMR-(7.2)(4), Z(M) n N = Z(N) = o. Therefore, 
the projection map from M to M/N induces an injective homomorphism 
7r: Z (M) -+ M / N. Since Z (M) is singular and M / N is nonsingular, we 
must have 7r = 0 by the previous exercise. This implies that Z(M) = 0, 
as desired. 

(b) The statement is no longer true if "nonsingular" is replaced by "sin
gular". For instance, let R = 7./47.. The module M = RR has singular 
sub module N = Z(M) = 27./47., and M/N ~ N is also singular. However, 
since Z(M) "I- M, M itself is not singular. 

Comment. In (b), the anomaly is primarily due to the fact that the ring 
7./47. is not nonsingular. If R is a right nonsingular ring, it can be shown 
that the statement (a) remains true for singular R-modules. For details, see 
Proposition (1.23) in Goodearl's book "Ring Theory: Nonsingular Rings 
and Modules," Marcel-Dekker, Inc., 1976. 
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Ex. 7.6. Let 1<:;:; R be any left ideal. 

(a) For any n 2: 1, show that anne(I) <:;:;e RR iff anne(In) <:;:;e RR. 
(b) If I is nilpotent, show that anne(I) <:;:;e RR. 

Solution. We note first that anne(In) is an ideal in R for any n. 

(a) The "only if" part is clear, since anne(I) <:;:; anne(In). For the "if" part, 
it suffices to show that 

anne(I2) <:;:;e RR =} anne(I) <:;:;e RR· 

Consider any nonzero element r E R. Assuming that anne(I2) <:;:;e RR, we 
have 0 i= rs E anne (12) for some s E R. If rsI = 0, then 0 i= rs E anne(I) 
so we are done. Thus, we may assume that rst i= 0 for some t E I. Now 
rst 1<:;:; rsI 2 = 0, so r(st) is a nonzero element in anne(I). This checks that 
anne(I) <:;:;e RR· 

(b) Fix an integer n 2: 1 such that In = O. Then anne (In) = R <:;:;e RR 
implies that anne(I) <:;:;e RR, by (a). 

Ex. 7.7. Let R be a ring for which every ideal right essential in R contains 
a non left-O-divisor. Show that R must be semiprime. 

Solution. It suffices to show that, for any ideal I <:;:; R, 12 = 0 implies that 
I = O. By Exercise 6(b), 12 = 0 yields anne(I) <:;:;e RR, so there exists a 
non left-O-divisor r E anne(I). Now r . 1= 0 implies that 1= 0, as desired. 

Comment. This exercise shows, in particular, that if every essential right 
ideal in R contains a regular element, then R is a semi prime ring. On the 
other hand, if R is a semi prime right Goldie ring, Goldie's Theorem implies 
that any essential right ideal I <:;:; R contains a regular element. In fact, in 
this case, every coset c + I (c E R) contains a regular element, and I is 
generated as a right ideal by the set of regular elements in I: see Exercises 
(11.26) and (11.27) below. 

Ex. 7.8. (a) For any central element x E R and any n 2: 1, show that 
anne(x) <:;:;e RR iff anne(xn) <:;:;e RR· 
(b) Use (a) to show that the center of a right nonsingular ring is reduced. 
(c) Use (a) to show also that, for any commutative ring R, R/Z(R) is a 
nonsingular ring. 

Solution. (a) Let I be the principal ideal xR <:;:; R. Since In = xn R, we 
have 

annc(r) = anne (xn R) = anne(xn). 

Therefore, the desired conclusion follows from Exercise 6(a). 

(b) Suppose R is right nonsingular. It suffices to show that, for any central 
element x in R such that x2 = 0, we have x = O. From x2 = 0, we have 
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certainly annc(x2) = R <:;;e RR, and therefore annc(x) <:;;e RR by (a) above. 
Since X· annc(x) = 0, it follows that x E Z(RR) = o. 
(c) Since Rj Z (R) is a commutative ring, the desired conclusion is tanta
mount to RjZ(R) being reduced, by LMR-(7.12). Therefore, it suffices to 
show that for x E R, xn E Z (R) ==* x E Z (R). Since x is central in R, 
this follows from (a). 

Ex. 7.9. Show that, for any commutative ring R, Nil(R) <:;;e Z(R). 
Give an example of a commutative ring R for which this inclusion is not 
an equality. 

Solution. Recall from LMR-(7.11) that Nil(R) <:;; Z(R). To show that this 
is an essential extension, consider any nonzero a E Z(R), so ann (a) <:;;e R. 
Since a i=- 0, there exists r E R such that 0 i=- ar E ann(a). Thus, a2r = O. In 
particular, (ar)2 = 0, so 0 i=- ar E Nil(R). This shows that Nil(R) <:;;e Z(R). 
As an example for the possible failure of equality, consider the commutative 
ring R = Q [x, Zl, Z2, ... J with the relations Xi+lZi = 0 for all i;:: 1. In this 
ring, ann(x) contains L~l xiZiR, which can be shown to be essential in 
R. Therefore x E Z (R). On the other hand, x ~ Nil R. (In this example, 
Z(R) = xR, and Nil(R) = L~l x ziR.) 

Comment. If a commutative ring R satisfies ACC for annihilators of ele
ments, it is shown in LMR-(7.15)(1) that Z(R) is a nil ideal. In this case, we 
will have the equality Nil(R) = Z(R). In the example R = Q [x, Zl, Z2, ... J 

above, ACC fails for annihilators of elements, since ann (xn+l) = L~=l ziR 
and we have a strictly ascending chain 

zlR <;; zlR + z2R <;; .... 

Indeed, the ring R was constructed precisely with this property in mind. 

Ex. 7.10. Show that a commutative semihereditary ring R must be re
duced. 

Solution. By LMR-(7.7), R is nonsingular. Since R is commutative, this 
means that R is reduced, by LMR-(7.12). 

Ex. 7.11. Show that, for R-modules Mi (i E I), Z(EBi Mi) = EBi Z(Mi). 

Solution. Let M = EBi Mi. Then Z(Mi) <:;; Z(M) for each i, so we have 
EBi Z(Mi) <:;; Z(M). For the reverse inclusion, consider any (mi)iEI E 
Z(M), where almost all mi = O. For any i E I, consider the natural pro
jection 7ri: M ---+ Mi. By LMR-(7.2)(3), 7ri(Z(M)) <:;; Z(Mi). Therefore, 
we have mi E Z(Mi) for all i, and so (mi)iEI E EBi Z(Mi). 

Ex. 7.12A. Let MR be a simple R-module, and S = SOC(RR). Show that 

(a) M is either singular or projective, but not both; and 
(b) M is singular iff M . S = O. 
(c) Deduce from (a) above that a semisimple module is nonsingular iff it is 
projective. 
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Solution. We may assume that M = R/m, where m is a maximal right 
ideal of R. By LMR-(7.2)(2), Z(M) . S = O. Thus, if M is singular, we 
have M . S = O. In this case, M cannot be projective. For, if it is, then 
RR = m EB Qt for a minimal right ideal Qt. But M . S = 0 means that S <,;;; m, 
contradicting the fact that Qt <,;;; S. Now assume M is not singular. Then, 
by Exercise 2, m cannot be essential in RR. Thus, mnQt = 0 for some right 
ideal Qt -I=- O. We have then R = m EB Qt, so M ~ QtR is projective. Also, 
S ;2 Qt implies that S 1; m, so M· S -I=- O. This completes the proofs of (a) 
and (b). 

For (c), consider a semis imp Ie module P = EBi Pi, where the Pi'S are 
simple modules. If P is nonsingular, so is each Pi. Then Pi is not singular, 
and therefore projective by (a). This shows that P is projective. Conversely, 
if P is projective, so is each Pi' By (a), Z(Pi) S;;; Pi and hence Z(Pi) = o. 
By Exercise 11, Z(P) = 0 too, and so P is nonsingular. 

Ex. 7.12B. Let MR be an R-module all of whose nonzero quotients have 
minimal submodules.(*) Show that M is nonsingular iff P : = soc(M) is 
nonsingular, iff P is projective. 

Solution. We need only prove the first "iff" statement, as the second one 
follows from (c) of the last exercise. It suffices to show the "if" part, so let 
us assume that Pis nonsingular. Then pnZ(M) = 0, so P can be enlarged 
to a complement Q of Z(M). Assume, for the moment, that Z(M) -I=- O. 
Then, by the given assumption on M, there exists T ;2 Q such that T /Q 
is simple. Then Tn Z(M) -I=- 0, and we must have Tn Z(M) ~ T /Q. Since 
this is a simple module, Tn Z(M) <;;;; soc(M) = P. This is a contradiction, 
since P n Z(M) = O. Thus, we must have Z(M) = 0, as desired. 

Ex. 7.12C. Let R be a right self-injective ring, and MR be a nonsingular 
module with u.dim(M) < 00. Show that M is f.g. semisimple, and is both 
projective and injective. 

Solution. We induct on n = u.dim(M), the case n = 0 being clear. If 
n > 0, there exists a uniform submodule U <,;;; M. Consider any x E U\{O}. 
Since M is nonsingular, ann(x) is not essential in the (injective) module 
RR, so we have E : = E(ann(x)) S;;; RR. Write R = E EB I where I 
is a suitable nonzero right ideal in R. Then IR is both projective and 
injective, and 

U ;2 X· R ~ R/ann (x) ~ E/ann (x) EB I 

implies that U = X· R ~ I (since U is uniform). This shows that U is gener
ated by any of its nonzero elements, so U is simple. Writing 
M = U EEl V, we have u.dim(V) < n and V is nonsingular, so the induction 
proceeds. 

(.) Such a module M is said to be "semi-artinian" in the literature. For instance, an 
artinian module is always semi-artinian. 
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Comment. Of course, once we know that M is semisimple, then M is (f.g. 
and) projective by Exercise 12A above, and so M EB M' ~ Rt for some 
t < 00 shows that M is injective. The main point of the present exercise 
is, however, to show that M must be semisimple. 

Ex. 7.13. Let MR be any CS module over a ring R. 

(1) Show that any surjection from M to a nonsingular module splits. 
(2) Show that the Goldie closure 0** (defined in LMR-(7.31)) splits in M. 

Solution. (1) Let f: M ---+ M' be a surjection, where M' is nonsingular. 
Let K = ker(f). If K <:;;e L <:;; M, then LIK is singular (by LMR-(7.6)(3)) 
and it injects into the nonsingular module M'. Therefore, L I K = O. This 
implies that K <:;;c M, and since M is CS, the closed sub module K must 
be a direct summand of M by LMR-(6.80). 

(2) First let us recall the definition of the Goldie closure 0** of the zero 
module. By 0*, we mean the singular submodule of M, and 0** is defined to 
be the submodule containing 0* such that 0** 10* is the singular sub module 
of M 10*. Now by Goldie's Theorem LMR-(7.28), M 10** is a nonsingular 
module. Applying (1), we see that 0** splits in M. 

Ex. 7.14. (Sandomierski) Let R be a right nonsingular ring, and let N be 
a quotient of a CS module. Show that 

(1) Z(N) splits in N, and deduce that 
(2) if N is indecomposable, then it is either singular or nonsingular. 

Solution. Represent N as MIX where M is some CS module. Let S :2 X 
be such that SIX = Z (MIX). Since R is a right nonsingular ring, we know 
that NIZ(N) is nonsingular by LMR-(7.21). This means that 

MIS ~ ~f: = NIZ(N) 

is nonsingular. By (1) of the last exercise, S splits in M; in particular, 
Z(N) = SIX splits in N = MIX. 

This proves (1). For (2), assume, in addition that N is indecomposable. 
In view of (1), we must have either Z(N) = N or Z(N) = O. In the former 
case N is singular, and in the latter case, N is nonsingular. 

Comment. This exercise comes from Sandomierski's paper "Semisimple 
maximal quotient rings," Trans. Amer. Math. Soc. 128 (1967), 112-120. 
Sandomierski proved this result for N being any quotient of an injective 
module M, but for his argument to work, the hypothesis that M be CS 
suffices. (The hypothesis that u.dim RR < 00 included for this result in 
Sandomierski's paper is not necessary.) 

Ex. 7.15. Let N I , N2 be injective submodules of a nonsingular module 
MR. Show that NI + N2 is also injective. Give an example to show that 
this may not be true if M is an arbitrary module over R. 



192 Chapter 3. More Theory of Modules 

Solution. Consider the natural surjection f: Nl EB N2 -+ Nl + N2. Since 
Nl EB N2 is injective and Nl + N2 S;;; M is nonsingular, f splits by the 
previous exercise. Therefore, Nl + N2 is isomorphic to a direct summand 
of Nl EB N2, so it is injective. 

For a counterexample in case M is not a nonsingular module, consider 
the ring R = 2/42, which is self-injective by LMR-(3.13). Let 
M = RR EB N R where N is the principal ideal 2R, and let Nl = (1,0) . R, 
N2 = (1,2) . R. Then Nl ~ N2 ~ RR are injective R-modules. However, 
Nl + N2 = M is not injective, since its direct summand N is not. Here, of 
course, M is not a nonsingular R-module. In fact, by Exercise 10, 

Comment. Recall from Exercise 3.10 that the sum of two injective submod
ules of any module MR is injective iff the ring R is right semihereditary. 
Therefore, an example for the second part of the Exercise can actually be 
found over any non right semihereditary ring. 

Ex. 7.16. Let S S;;; R be rings such that Ss S;;;e Rs, and let M, N be right 
R-modules. If Ms is nonsingular, show that Homs(N, M) = HomR(N, M). 

Solution. It suffices to show that any f E Homs(N, M) is an R-homomor
phism. Let n E Nand r E R. The right ideal 

J : = {s E S: r s E S} 

in S is right essential, by Ex. (3.7). For any s E J, we have f{nrs) = f(n)rs, 
since rs E S. On the other hand, f(nrs) = f(nr)s, since s E S. Therefore, 
(J(nr) - f(n)r)s = 0 for all s E J. Since J ~e Ss and Ms is nonsingular, 
we must have f(nr) = f(n)r, so f E HomR(N, M). 

Ex. 7.17. Show that "right semihereditary" and "Baer" are independent 
notions. 

Solution. Recall that any domain D is a Baer ring. Certainly, D need not 
be semihereditary. Conversely, let A = F x F x ... where F is any field, 
and let R be the subring of A consisting of sequences (all a2,"') E A that 
are eventually constant. It is easy to see that R is a von Neumann regular 
ring, so R is in particular semihereditary. However, it is shown in LMR
(7.54) that R is not Baer. In fact, if ei E R denotes the ith "unit vector" 
(0, ... , 1,0, ... ) and S = {el' e3, e5, . .. } c R, the annihilator ann(S) in R 
is not a finitely generated ideal. 

Ex. 7.18. Let R be any right semihereditary ring and S S;;; R be a finite 
set. Show that annr(S) = eR for some idempotent e E R. 

Solution. Let S = {Sl' ... , sn}, and consider the homomorphism of right 
R-modules 
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defined by f(x) = (SIX, ... , snx). The image of f is a cyclic submodule of 
Rn, so it is projective by LMR-(2.29). Therefore, ker(f) = annr(S) is a 
direct summand of RR, so annr(S) = eR for some e = e2 E R. 

Ex. 7.19A. For any a E R, show that the following are equivalent: 

(1) a = ava for some v E U(R). (Such a E R is called a unit-regular element 
of R.) 
(2) a = uf for some u E U(R) and some f = f2 E R. 
(3) a = eu for some u E U(R) and some e = e2 E R. 
(4) a = asa for some s E R, and R/aR ~ annr(a) as right R-modules, 
(5) aR is a direct summand of RR, and R/aR ~ annr(a) as right 
R-modules. 

Solution. According to von Neumann, the first condition in (4) is equiva
lent to the first condition in (5). (The proof is easy.) Therefore, 
(4) {:} (5). 

(1) =} (2) Say a = ava as in (1). Clearly f = va is an idempotent. Then 
a = uf for u = v-I E U(R). 

(2) =} (3). Let a = uf be as in (2). Then e = ufu-I is an idempotent, and 
we have a = (ufu-I)u = eu. 

(3) =} (5). Let a = eu as in (3). Then aR = euR = eR is a direct summand 
of RR' Moreover, 

annr (a) = {x E R: 0 = ax = eux} 
= {x E R: ux E (1 - e) R} 
= u- I (1- e) R. 

Therefore, annr(a) ~ (1 - e)R ~ R/eR = R/aR as right R-modules. 

(5) =} (1). Assume the two conditions in (4). Let Q be a right ideal such 
that aR EEl Q = R. Since aR is projective, the exact sequence 

o -----+ annr ( a) -----+ R ~ aR -----+ 0 (cp(x) = ax) 

splits, say by a monomorphism 1/J: aR ---+ R. Then R = 1/J(aR) EEl annr(a). 
By assumption, annr(a) ~ R/aR ~ Q, so there exists an R-isomorphism 
1/J': Q ---+ annr (a). Now (1/J, 1/J') is an isomorphism from R = aR EEl Q 
to R = 1/J(aR) EEl annr(a), so it is given by left multiplication by some 
v E U (R). Therefore, 

a = cp1/J(a) = cp(va) = ava, 

as desired. 

Comment. This exercise is basically the same as ECRT-Exer. 4.14B and 
4.14C, except that it is stated here for a fixed element a in any ring R. 
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More connections to von Neumann regular rings will be given in the next 
exercise and the ensuing Comment. 

Ex. 7.19B. Refer to condition (5) in the list of equivalent conditions in 
the last exercise. Show that: 

(A) If R is von Neumann regular, we can drop the first condition in (5). 
(B) If R is commutative, we can drop the second condition in (5). 
(C) If R is commutative and von Neumann regular, every a E R is unit
regular. 
(D) In general, the two conditions in (5) are independent. 

Solution. (A) is obvious in view of what we said at the beginning of the 
solution to the last exercise. 

(B) Assume R is commutative, and that aR is a direct summand of RR. 
Then we can write aR = eR where e = e2 . By commutativity, we have 
annr(a) = annr(e), so 

R/aR = R/eR ~ (1 - e) R = annr(e) = annr(a). 

(C) follows immediately from (A) and (B). 

(D) First, consider any ring R that is not Dedekind-finite, so that there exist 
a, b E R with ab = 1 =1= ba. Then aR = R is certainly a direct summand of 
RR. However, 

a(l - ba) = a - (ab)a = 0 =? annr(a) =1= o. 
Thus, annr(a) ~ R/aR = O. Next, consider the ring R = Z/4Z and take 
a = 2. We have R/aR ~ Z/2Z ~ annr(a), but aR is certainly not a direct 
summand of RR. (In the same spirit, we could have also taken a = x in the 
ring R = Q [xl / (x 2 ).) 

Comment. If every element in a ring R is unit-regular, R is said to be a 
unit-regular ring. These rings form a particularly important class of von 
Neumann regular rings. 

If R is a commutative ring, clearly the set of all unit-regular elements 
in R is closed under multiplication. Remarkably, the same result is true for 
any von Neumann regular ring, according to a result of J. Hannah and K. 
O'Meara, "Products of idempotents in regular rings II", J. Algebra 123 
(1989), 223-239. 

Consider a product of two unit-regular elements, say x = (el ud (e2u2) 
where the Ui'S are units and the ei's are idempotents. As in the proof 
of (2) =} (3) in the last exercise, x = ele~ulu2 where e~ = ule2ull is an 
idempotent. Therefore, to say that the unit-regular elements in R are closed 
under multiplication is equivalent to saying that the product of any two 
idempotents in R is unit-regular. This is, of course, not true in general. For 

instance, for the algebra R = (~ ~) over a field k, the two idempotents 
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e = G ~) and f = (~ ~) have product a : = ef = (~ ~). This 

element is not unit-regular in R since aRa = 0 does not contain a. In fact, 

we have a "double jeopardy" for condition (5) in Ex. 7.19A: aR = (~ ~) 
is not a direct summand of RR, and R/aR (~ k x k) is also not isomorphic 

to the indecomposable module annr(a) = (~ ~). 
Ex. 7.20. Let R be a ring in which all idempotents are central, and let 
a E R. Show that aR is projective iff a = be where e = e2 and annr(b) = O. 

Solution. For sufficiency, assume a = be where e = e2 and annr(b) = O. 
Then aR = beR ~ eR is projective. Conversely, assume a E R is such that 
aR is projective. Then the short exact sequence 

o ----+ annr (a) ----+ R ~ aR ----+ 0 

splits, so annr(a) = fR for some f = PER. Let e = 1- f and b = a+ f. 
Then a (1 - e) = 0 yields a = ae = be. Finally, for x E annr(b), 

ax = bex = bxe = 0 

(since e is central), so x E f R, whence 

x = fx = (b - a)x = -ax = O. 

Thus, annr(b) = 0, as desired. 

Comment. In the ring theory literature, rings whose idempotents are all 
central are called abelian rings. It will be convenient for us to use this 
terminology in the following (especially in the next two exercises). 

Ex. 7.21. (Endo) Show than an abelian ring R is right Rickart iff it is left 
Rickart. 

Solution. We need only prove the "only if" part, so assume R is right 
Rickart. For any a E R, we want to show that Ra is projective. We do 
know that aR is projective, so by Exercise 20, we can write a = be where 
e = e2 and annr(b) = O. Since be = eb, it suffices (by the left analogue of 
Exercise 20) to show that anne(b) = O. Say a'b = 0, and write a' = b' e' 
where e' = e'2 and annr(b') = O. Then b'e'b = 0 implies that 0 = e'b = be'. 
Hence e' = 0 and a' = b' e' = 0, as desired. In summary, note that, in the 
above setting, we have 

annr ( a) = f R = Rf = anne ( a) (Va E R). 

Comment. As is pointed out in the text of LMR, the exercise above is 
a "non *)) version of the fact that the notion of Rickart * -rings is left
right symmetric. This result of S. Endo appeared in his paper "Note on 
p.p. rings. (A supplement to Hattori's paper)," Nagoya Math. J. 17 (1960), 
167-170. For much more information on Rickart * -rings and Baer * -rings, 
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see S. Berberian's monograph "Baer * -Rings," Grundlehren der Math. 
Wiss., Vol. 195, Springer-Verlag, 1972. 

Ex. 7.22. (a) Show that a reduced ring is right Rickart iff it is left Rickart. 
(b) Name a Rickart ring that is not reduced. 

Solution. (a) According to FC-Exercise (12.7), any reduced ring, R is 
abelian. Therefore, the conclusion of the previous exercise applies to R. 

(b) Let R = Endk (V) where Vk is an infinite-dimensional vector space over 
a division ring k. Then R is von Neumann regular, and hence Rickart. 
However, R is clearly not reduced. The ring R here is not Dedekind-finite. 
For a Dedekind-finite example, take R = Mn (2::) for any n. Since 2:: is 
a hereditary ring, LMR-(7.63) implies that R is Rickart. Again, R is not 
reduced, if n ~ 2. 

Ex. 7.23. Let R be a ring with exactly two idempotents 0 and 1. Show 
that R is right Rickart iff R is Baer, iff R is a domain. 

Solution. If R is a domain, then R is Baer and hence (left and right) 
Rickart. Conversely, assume R is right Rickart. Let a i= 0 in R. Then 
annr(a) = eR for some e = e2 E R. Since e i= 1, we must have e = 0 so 
annr (a) = O. This implies that R is a domain. 

Comment. The first "iff" statement above is only a special case of a much 
more general result due to L. Small. According to this result, if R is a ring 
that has no infinite orthogonal set of nonzero idempotents, then R is right 
Rickart iff R is Baer: see LMR-(7.55). 

Ex. 7.24. (a) Show that a commutative Rickart ring R is always reduced. 
(b) Name a commutative reduced ring that is not Rickart. 

Solution. (a) Suppose an = o. Since aR is a projective R-module, Exer
cise 20 above implies that we can write a = be where e = e2 and ann (b) = O. 
From 0 = an = bnen = bne, we get e = 0 and hence a = 0, as desired. 

(b) Take a commutative reduced ring R which has exactly two idempotents 
o and 1, but which is not an integral domain. By the previous exercise, R 
is not Rickart. More explicitly, take R = Q [a, a'l with the relation aa/ = O. 
Using unique factorization in the polynomial ring Q [x, x'], we verify easily 
that R is reduced, with 0 and 1 as its only idempotents. Since aa/ = 0 and 
a, a/ i= 0, R is not an integral domain. By what we said above, R is not 
Rickart. Here, the principal ideal aR is not projective, and ann(a) = a/ R 
is not generated by an idempotent. 

Ex. 7.25. For any domain k, and a fixed integer n > 1, let T be the ring 
of upper triangular n x n matrices over k. Show that T is a Baer ring iff T 
is a right Rickart ring, iff k is a division ring. 

Solution. Assume first that k is a division ring. By LMR-(2.36), T is a 
hereditary ring. In particular, T is a right Rickart ring. Viewing T as a 
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right k-vector space, we have dimk T = n(n + 1)/2 < 00. From this, it is 
easy to see that T has no infinite orthogonal set of nonzero idempotents. 
By LMR-(7.55), any right Rickart ring T with such a property is a Baer 
ring. 

Conversely, assume that T is a right Rickart ring. To prove that k is a 
division ring, it suffices to show that every nonzero a E k has a right inverse. 

:~~ ::, o~~:::::: :' ~;,~,c(~ut t i)'": :~':~ ~,:e :::':;::::; 
000 

e = e2 E T. By direct computation, we see that 

~ ) : x, y, Z E k} . 
-ax 

In particular, e has the form (~~o ~~) . Comparing the (1, 3)-entries 
o 0 -axo 

of e = e2 , we get an equation Xo = -ax6. We must have Xo i=- 0, for 
otherwise all matrices in eT have first row zero and eT cannot be equal to 
QL By cancellation in k, Xo = -ax6 leads to a (-xo) = 1, as desired. 

Ex. 7.26. Let R be a Baer ring. Show that the annihilator of a central 
subset 8 ~ R is generated by a central idempotent. State and prove the 
analogue of this for a Rickart ring. 

Solution. Let e, fER be idempotents such that ann(8) = eR = Rf. 
Then f = ea and e = a' f for some a, a' E R. We have 

ef = e(ea) = ea = f and ef = (a'f)f = a'f = e, 

so e = f. Now for any b E R, eb E ann(8) = Rf = Re; hence eb = ebe. 
Similarly, we can argue that be = ebe. Therefore, eb = be (\/ b E R), so e is 
a central idempotent, as desired. 

If R is a Rickart ring (instead of a Baer ring), the above argument works 
verbatim for a singleton set 8 = {s} in the center of R. Therefore, the 
annihilator of any central element s is generated by a central idempotent 
in R. 

Ex. 7.27. Show that the center of a Baer (resp. Rickart) ring is also a 
Baer (resp. Rickart) ring. 

Solution. Let G be the center of a Baer ring R. For any subset 8 ~ G, 
the last exercise guarantees the existence of an idempotent e E C such 
that annR (8) = eR. We are done if we can show that annc (8) = eG. The 
inclusion ";;2" is clear. For "~", let a E annC (8). Then a = eb for some 
bE R, and so a = e(eb) = ea E eG, as desired. 
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The same proof works for a Rickart ring R if in the above we argue only 
with singleton subsets S S;;; C. 

Ex. 7.28. For any Baer ring R, let L be the poset (with respect to inclu
sion) of principal right ideals of the form eR where e = e2 . Show that L 
is a complete lattice (see Exercise 6.25), anti-isomorphic to the complete 
lattice L' of principal left ideals of the form Re' where e' = e' 2. 

Solution. Note that, for any idempotent e E R, eR = annr (R(l- e)), 
and by definition of a Baer ring, any right annihilator ideal in R has 
the form eR for some idempotent e. Therefore, the poset L in question 
is just the poset of right annililator ideals (under inclusion). This poset 
was already shown to be a complete lattice in Exercise 6.25. In that ex
ercise, it was also shown that L is anti-isomorphic to the lattice of left 
annihilator ideals, which is just the lattice L' in this exercise. The lattice 
anti-isomorphism L ---+ L' is given explicitly by eR f-+ R (1 - e) for any 
idempotent e E R. 

Ex. 7.29. Let (R, *) be a Rickart * -ring. 

(1) For any x E R, show that annr(x) n x* R = o. 
(2) Deduce from (1) that, for any x E R, xx* = 0 =? x = o. 
Solution. (1) By the definition of a Rickart *-ring, annr(x) = eR for some 
e E R such that e2 = e = e*. Let y E annr (x) n x* R. Then y = x* s for 
some s E R. We have xe = 0, so 

y = ey = ex*s = (xe)*s = O. 

(2) If xx* = 0, then x* E annr(x) n x* R = 0 by (1). 

The next two exercises are intended for readers who are familiar with 
the notion of Boolean algebras. Briefly, a Boolean algebra is a distributive 
lattice with 0 and 1 in which every element has a complement. 

Ex. 7.30. For any ring R, the set B(R) of central idempotents is known 
to form a lattice under the following (binary) meet and join operations: 

e /\ I = el, e V 1= e + I - el (e, IE B(R)). 

In fact, B(R) is isomorphic to the lattice B'(R) of ideal direct summands 
of R (by the map e f-+ eR), where meet is given by intersection and join is 
given by sum. (B(R) and B'(R) are both Boolean algebras.) For any Baer 
ring R, show that the lattices B(R) and B'(R) are complete. 

Solution. Let C be the center of R. By Exercise 27, C is also a Baer ring. 
Since B(R) = B(C), we may assume now that R is commutative. In this 
case, B'(R) is just the lattice L in Exercise 28, and in that exercise, we 
have already shown that L is complete. 

It is also possible to give a proof in a less devious way. To show the 
completeness of B' (R) (for any Baer ring R), it suffices to show that the 
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ideals in B'(R) are closed under intersection. (If so, arbitrary meets exist 
in B' (R), and this implies the existence of arbitrary joins.) Consider any 
family {eiR} in B'(R). Since eiR = ann(l- ei) for all i, we have 

n eiR = n ann(l - ei) = ann(S), 
" " 

where S = {I - ei} ~ C. By Exercise 26, ann(S) = eR for some central 
idempotent e, as desired. 

Comment. To form the join of the family {eiR} in B'(R), we have to take 

ann ( ann(Li eiR)) = ann(ni ann(eiR)) = ann(ni (1- ei)R) . 

Thus, if f E B(R) is such that ni (1 - ei) R = f R, then the join of {eiR} 
is eR where e : = 1 - f. All this is saying is that, in the Boolean algebra 
B(R), we get the join of {ei} by applying De Morgan's Law: 

The thing to note, however, is that L, eiR itself may not be in B' (R). 
For instance, if R = k x k x ... where k is any field, then B is a com
mutative Baer ring. If ei denotes the "ith unit vector" in R (i 2 1), then 
L, eiR = kEEl kEEl' .. , which has a zero annihilator. Thus, the join of {eiR} 
in B'(R) is ann (ann(L,eiR)) = R. In other words, Vi ei = 1 in B(R). 

Ex. 7.31. For any commutative ring R and any ideal Qt ~ R, recall that 
V(Qt) denotes the Zariski closed set 

{p E SpecR: p ~ Qt} <;;;; SpecR. 

Let B (Spec R) be the Boolean algebra of clopen (closed and open) sets in 
SpecR. Show that i.p: B(R) ----* B (SpecR) defined by i.p(e) = V(eR) is an 
anti-isomorphism of Boolean algebras, and lp: B(R) ----* B (Spec R) defined 
by lp(e) = V((l - e)R) is an isomorphism of Boolean algebras. 

Solution. By Exercise 2.22, every clopen set in Spec R has the form V (eR) 
for some e = e2 E R, so i.p is onto. To show that i.p is one-one, let e, e' be 
idempotents in R such that V (eR) = V (e' R). Forming the intersection of 
all the prime ideals in this clop en set, we see that eR and e'R have the 
same radical ideal. Thus, em E e'R and e' n E eR, for some m, n E No This 
means that e E e'R and e' E eR. Hence, e' e = e' and ee' = e, so e = e'. 

It remains to show that i.p is a lattice anti-isomorphism. For e, f E B(R), 
we have 

r.p(eV f) = V((e+f-ef)R) 

= V(eR+ fR) 
= V(eR)nV(fR) 
= i.p(e) 1\ i.p(f), 
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!p(e 1\ f) = V(efR) 
= V(eR)UV(fR) 
= !p(e) V!p(f), 

as desired. Composing !p with the complement map on B (Spec R) (which 
is also an anti-automorphism of B(SpecR), by De Morgan's Laws), we see 
that cp: B(R) --+ B(Spec R) defined by 

cp(e) = (SpecR) \ V(eR) = V ((1 - e)R) 

is a Boolean algebra isomorphism. 

Ex. 7.32. (Johnson-Wong) For any nonsingular module MR , show that 

(1) there is a canonical embedding € of the ring EndR(M) into the ring 
EndR(E(M)); and 
(2) Mis QI (quasi-injective) iff € is an isomorphism. 

Solution. (1) Let f E EndR(M). Since E(M) is an injective module, there 
exists an endomorphism 9 E EndR(E(M)) which restricts to f. We claim 
that such an endomorphism 9 is unique. In fact, suppose g' E EndR(E(M)) 
also restricts to f. Then (g - g') (M) = 0, so g-g' induces a homomorphism 
from E(M)/M to E(M). Since M is nonsingular, E(M) is also nonsingular 
(by LMR-(7.6)(2)). On the other hand, M ~e E(M) implies that E(M)/M 
is singular (by LMR-(7.6)(3)). Therefore, im(g - g') = 0, which means 
that 9 = g'. The map f f---> 9 clearly gives the desired ring embedding 
€: EndR(M) --+ EndR(E(M)). 

(2) Assume that € is onto. Then every 9 E EndR(E(M)) has the form € (f) 
for some f E EndR(M), and so 9 (M) = f (M) ~ M. This means that M 
is fully invariant in E(M). Therefore, by LMR-(6.74), Mis QI. Conversely, 
if M is QI, then it is fully invariant in E(M). For any 9 E EndR(E(M)), 
we have clearly 9 = € (gIM), so € is onto. 

Comment. If M is not assumed to be nonsingular, we may not be able 
to embed EndR(M) into EndR(E(M)) by any ring homomorphism. (The 
trouble is that f E EndR(M) may be the restriction of two different 
endomorphisms of E(M).) For instance, for a prime p over R = Z, the 
(singular) module M = Zp has injective hull E(M) given by the Priifer p
group Cp=' Here, f = 0 extends to both 9 = 0 and g' = multiplication by p, 
so € cannot be defined. In fact, EndR(M) is the ring Zp, and EndR(E(M)) 
is the ring of p-adic integers; clearly, no embedding is possible from the 
former to the latter. 

The exercise above is taken from the paper of R. E. Johnson and E. T. 
Wong, "Quasi-injective modules and irreducible rings," J. London Math. 
Soc. 36 (1961), 260-268. The next exercise is from the same source. 
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Ex. 7.33. (Johnson-Wong) Let MR be a nonsingular uniform module, with 
E = EndR(M). (1) Show that any nonzero fEE is injective, and deduce 
that E is a domain. (2) If M is also QI, show that E is a division ring. 

Solution. (1) Assume, instead, that K : = ker(f) =I=- o. Then K ~e M. 
For any y E M, y-1 K ~e RR by Exercise (3.7). Now 

f (y) . y-1 K ~ f (y. y-1 K) ~ f (K) = 0, 

so f (y) E Z(M) = 0, that is, f = 0 E E. In particular, if f =I=- 0 =I=- g, then 
f, g are injective, and so is f g, which implies that f g =I=- O. 

(2) Let f =I=- 0 in E. Since f is injective, f(m) f-7 m defines an 
R-homomorphism from f(M) to M. If M is assumed to be QI, this homo
morphism is the restriction of some hE E. Now h (f (m)) = m (\1m E M) 
implies that hf = 1 E E. From this, we conclude that E is a division ring. 

Ex. 7.34. Let R be a subring of a ring T such that RR ~e TR. Show that 
Z (RR) ~ Z (TT)' In particular, if T is right nonsingular, so is R. 

Solution. Let x E Z (RR), so that ann~(x) ~e RR. If Q( is any nonzero 
right ideal of T, then Q( n R is a nonzero right ideal of R since RR ~ TR. 
Therefore Q( n R n ann~(x) =I=- O. In particular, Q( n ann;(x) =I=- 0, so 
x E Z (TT), as desired. 

Comment. For more conclusions concerning rings R ~ T such that 
RR ~e TR, see Exercise S.10. 

Ex. 7.35. (R. Shock) Let 8 = R[Xl where X is a set of commuting inde
terminates over the ring R. Show that Z (8s ) = Z (RR) [Xl. (In particular, 
R is right nonsingular iff 8 is.) 

Solution. Let I = Z (RR). For a E I, let Q( = ann~(a) ~e RR. Then 
Q( [Xl ~e 8s by Exercise 3.30. Since Q( [Xl ~ ann~(a), it follows that 
ann~(a) ~e 8s, and hence I [Xl ~ Z (8s). Assuming that this is not an 
equality, we will seek a contradiction. Let X = {x j : j E J}, and let us 
fix a total ordering on J. With respect to this ordering, we can define a 
lexicographic ordering ">" on the set of (finite) monomials in the variables 
{Xj : j E J}. Choose a polynomial 

f (X) = bd31 + ... + bnf3n E Z (5s ) \I [X], 

where bi E R\I, and the f3i'S are monomials such that 131 > ... > f3n. Since 
b1 ~ Z (RR), ann~ (bd n dR = 0 for some d =I=- 0 in R. We claim that 

(*) annf (f) n d5 = o. 
Once this is established, we'll get f ~ Z (5 s), a contradiction. To prove 
( * ), assume instead that there exists a nonzero 

d (C11'1 + ... + Cml'm) E annf (f) (Ci E R, l'i = monomials) . 
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We may assume without loss of generality that '"Y1 > ... > '"Ym, and that 
dCI =I o. Then 

0= fd (C1'"YI + ... + cm'"Ym) = bl dcl/31'"Yl + ... , 
where the suppressed terms on RHS involve only monomials < /31 '"YI. There
fore, we have bldcI = 0, which is impossible since ann~ (bI ) n dR = 0 This 
proves (*), and so we have Z (S8) = I [Xl. 

Comment. The result in this Exercise is from R. C. Shock's paper, 
"Polynomial rings over finite dimensional rings," Pacific J. Math. 42 (1972), 
251-257. 

Ex. 7.36. (Endo) Let R be a commutative ring with total ring of quotients 
K = Q(R). Show that the following are equivalent: 

(1) R is Rickart; 
(2) K is von Neumann regular and Rm is a domain for any maximal ideal 
meR; 
(3) K is von Neumann regular and every idempotent of K belongs to R. 

Solution. (3) '* (1). Assuming (3), take any a E R. By part (C) of 
Ex. 7.19B (applied to K), we can write a = ue where u E U(K) and 
e = e2 E K. By assumption, we have e E R. Since multiplication by u 
defines an R-isomorphism eR ~ aR, it follows that (aR) R is projective. 

(1) '* (2). Assume R is Rickart. We see easily that the localization of R 
at any multiplicative set is also Rickart. In particular, for any prime ideal 
peR, Rp is Rickart, so by Ex. 23, Rp is a domain. Next, K is also Rickart. 
If K is not von Neumann regular, then by LMR-(3.71), KM is not a field 
for some maximal ideal M e K. But by the above, KM is a domain. Let P 
be the kernel of the localization map cp: K -+ K M. Then, clearly, P <; M. 
Fix an element a E M\P. Since K is Rickart, annK (a) = eK for some 
e = e2 E K. From cp(ae) = 0 =I cp(a), we see that cp(e) = 0, so e E P. Let 
f = 1 - e and identify K with the direct product ring eK x f K. Since 
a = a - ae = af E fK and annK (a) n fK = 0, a is a non O-divisor of the 
ring f K, from which it follows that e+a is a non O-divisor of eK x f K = K. 
Therefore, e + a E U(K), and in particular, a E U(J K). But then ac = f 
for some C E f K. Now we have f E aK ~ M and e E P ~ M, which gives 
the contradiction 1 = e + f EM. 

(2) '* (3). This implication turns out to have nothing to do with K being 
von Neumann regular. Assuming only Rm is a domain for every maximal 
ideal meR, we shall prove that any e = e2 E K belongs to R. Indeed, 
assume e t/:. R. Then 

I : = {r E R: re E R} =I R, 

so I ~ m for some maximal ideal meR. Let p = ker (R -+ Rm). Since 
Rm is a domain, p is a prime ideal of R. On the other hand, p consists of 



§7. Singular Submodules and Nonsingular Rings 203 

a-divisors of R, so pK is a prime ideal of K. Thus, we have either e E pK 
or 1 - e E pK. If e E pK, there exists s E R\m such that se = a. Then 
s E I ~ m, a contradiction. If 1- e E pK, there exists s' E R\m such that 
s' (1 - e) = a. But then s' e = s' E R, so s' E I ~ m, again a contradiction. 

Comment. The result in this exercise comes from Proposition 1 of S. Endo's 
paper: "Note on p.p. rings", Nagoya Math. J. 17 (196a), 167~17a. The same 
result is re-proved in sheaf-theoretic terms by G. Bergman in Lemma 3.1 of 
his paper: "Hereditary commutative rings and centers of hereditary rings" , 
Proc. London Math. Soc. 23 (1971), 214~236. 

The second halves of the conditions (2) and (3) above certainly cannot 
be omitted. A nice example is provided by the ring 

R = {(a, b) E 71}: a == b (mod 2)} , 

for which K = Q(R) = Q x Q is von Neumann regular. Here, the idempo
tents (1, a) and (a, 1) do not belong to R, and the localization of R at the 
maximal ideal 22 EB 22 is not a domain. The ring R is not Rickart, since 
R is not a domain but has no nontrivial idempotents. On the other hand, 
the result in this exercise implies that any ring between 2 x 2 and Q x Q 
is Rickart. 

Ex. 7.37. (Endo) With the same notations as in the last exercise, show 
that the following statements are equivalent: 

(1) R is semihereditary; 
(2) R is a flat ideal ring and K is von Neumann regular; 
(3) Every torsionfree R-module is flat. 

Solution. (3) =} (1). Recall that an R-module N is called torsionfree 
if every non O-divisor of R acts injectively on N. Since every torsionless 
R-module is torsionfree (an easy fact), (3) =} (1) follows immediately from 
Chase's Theorem LMR-(4.67). 

(1) =} (2). Let R be semihereditary. Then R is a flat ideal ring by LMR
(4.67), and a Rickart ring by LMR-(7.50). By the last exercise, K is von 
Neumann regular. 

(2) =} (3). Assume (2) and let N be any torsionfree R-module. We have 
an injection N -+ K ®R N, which we may view as an inclusion. Since K is 
von Neumann regular, K®R N is flat as a K-module by LMR-(4.21), and 
hence also flat as an R-module by Ex. 4.53. Using now the fact that every 
ideal of R is flat, it follows from LMR-( 4.66) that the R-submodule N of 
K ®R N is also flat. 

Comment. It is also possible to prove the equivalence of (1), (2), and (3) 
without appealing to Chase's Theorem, as follows. First prove (1) =} (2) 
and (2) =} (3) as above. Then we can deduce (2) =} (1) from Ex. 4.15B. 
Finally, to prove (3) =} (2), assume that every torsionfree R-module is 
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flat. Then all ideals are flat and we have the first half of (2). To prove 
the second half, consider any K-module M. Clearly, as an R-module, M 
is torsionfree, and hence MR is flat. But then Ex. 4.53 implies that MK 
is flat. Since every K-module is flat, it follows from LMR-(4.21) that K is 
von Neumann regular, as desired. 

The approach to the equivalence of (1), (2) and (3) given in the last 
paragraph is much closer to the original one used by S. Endo in his paper, 
"On semihereditary rings," J. Math. Soc. Japan 13 (1961),109-119. In fact, 
Endo's results were obtained independently of those of Chase (in LMR
(4.67)). 

Of course, in the case where R is a domain, the results in this exercise 
are just a part of the characterization theorem for Priifer domains given in 
LMR-( 4.69). The case of a general commutative ring is considerably harder, 
as we saw above. 

Ex. 7.38. Show that a right self-injective ring R is right nonsingular iff it 
is von Neumann regular. 

Solution. The "if" part is proved in LMR-(7.7) (for any ring R). For the 
"only if" part, assume R is both right self-injective and right nonsingular. 
For any given element a E R, let K = annr(a), and let M be a comple
ment to K in RR, so that M EEl K ~e RR. Since M n annr(a) = 0, left 
multiplication by a gives a right R-module isomorphism e : M --7 aM. The 
composition 

must be induced by the left multiplication of some element b E R, since 
RR is an injective module. Consider now the left multiplication by a - aba. 
This is zero on K, and also on M. Thus, 

Since RR is a nonsingular module, this implies that a - aba = 0, which 
clinches the claim. 

Comment. The solution (for the "only if" part) above is a more-or-Iess 
direct generalization of the argument proving that the endomorphism ring 
of a semisimple module N R (over any ring R) is von Neumann regular; see 
FC-(4.27). Here, the module is RR, and the semisimplicity assumption is 
replaced by the (quasi-) injectivity and the nonsingularity of RR. 

It would be difficult to give an accurate attribution for the result in 
this exercise, as many authors have proved various stronger forms of it. 
For instance, a rather similar argument is used to prove LMR-(13.1)(2). 
After studying the theory of maximal rings of quotients (LMR-Ch.5), the 
reader will see that, for any right nonsingular ring R, the maximal right 
ring of quotients Q is a von Neumann regular ring (LMR-(13.36)). In the 
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case where R is also right self-injective, we have Q = R, so we retrieve (the 
"only if" part of) the present exercise. 

§8. Dense Submodules and Rational Hulls 
The notion of a dense submodule is a refinement of that of an essential 
submodule. We say that a submodule N of a module MR is dense (written 
N ~d M) if, for any x, y E M with x -=I- 0, there exists rEM such that 
xr -=I- 0 and yr E N. It is often convenient to express this condition 
in the form x . y-l N -=I- 0, where, by y-l N, we mean the right ideal 
{r E R: yr EN}. If N ~d M, we shall also say that M is a rational 
extension of N. Of course, N ~d M =} N ~e M; the converse is not true 
in general. A useful characterization for N ~d M is that 

HomR (MIN, E (M)) = 0 

where E(M) denotes the injective hull of M; see LMR-(S.6). 
In the case where M is a nonsingular module, N ~d M is synonymous 

with N ~e M (LMR-(S.7)(3)). It follows easily that a ring R is right 
nonsingular iff every essential right ideal is dense in RR (LMR-(S.9)). 

In analogy with the existence of the injective hull, one proves that any 
module M has a unique maximal rational extension, denoted by E (M). 
This is called the rational hull of M, and is constructed by first forming 
1= E(M), H = End (IR), and taking 

E(M) = {i E I: Vh E H, h(M) = 0 ==} h(i) = o}. 

This is the largest rational extension of M inside I, as is shown in LMR
(S.l1). In fact, any rational extension of M can be embedded into E (M) 
over M, according to LMR-(S.13). In case M is a nonsingular module, one 
has always E(M) = E(M), by LMR-(S.lS)(5). 

A module MR is called rationally complete if E(M) = M, that is, 
if M has no proper rational extension. A characterization for rational 
completeness of MR is that, for any right R-modules A ~ B such that 
HomR (BIA, E (M)) = 0, any R-homomorphism A --+ M can be extended 
to B: see LMR-(S.24). The first half ofthe exercises in this section deal with 
various properties of dense submodules, rationally complete modules, etc. 

A byproduct of the treatment in LMR-§S is the notion of a right Kasch 
ring: this is a ring R such that RR contains an isomorphic copy of every 
simple right R-module. An equivalent condition is that the only dense right 
ideal in R is R itself, by LMR-(S.2S). The right Kasch property is also 
related to the so-called "double annihilator condition". To be precise, 

R is right Kasch iff m = annr(annc m) for every maximal 
right ideal m in R. 

Later, we shall see that any QF (quasi-Frobenius) ring R satisfies this 
double annihilator condition for any right ideal m. In particular, QF rings 
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are right (and also left ) Kasch rings. In general, however, "right Kasch" 
and "left Kasch" are independent conditions, as is shown in LMR-(S.29)(6). 
Exercise 13 below offers an example of a local ring that is right Kasch 
but not left Kasch. The remaining exercises give further information and 
examples for I-sided Kasch rings. For instance, if a I-sided Kasch ring is 
semi prime, then it is in fact semisimple, according to Exercise 15. 

Exercises for §8. 

Ex. 8.1. Let M' be a submodule of MR and N c;.d M. For any 1 E 
HomR (M', M), show that 1-1 (N) c;.d M'. 

Solution. Let N' = 1-1 (N). To prove that N' c;.d M', it suffices to 
show that, for any R-module P' between N' and M', any homomorphism 
g: P'IN' -+ M' is zero (see LMR-(S.6)). Consider the surjection P' -+ 

(f (P') + N) IN induced by f. The kernel of this map is N'. Now consider 

(f (P') + N) IN ~ P' IN' ~ M' c;. M. 

The composition must be zero, since N c;.d M. But then 9 itself must be 
zero, as desired. 

Comment. The assumption that M' c;. M is essential for the proof given 
above. In fact, the conclusion in the exercise may not hold if M' is not 
assumed to be in M. To construct an example, let M = Z and N = 2Z 
over the ring R = Z. Of course we have N c;.d M. Now let M' = Z EB C, 
where C is cyclic of order 2, generated by an element x. Consider the 
homomorphism 1 : M' -+ M that is the identity on Z, and zero on C. 
Then N' = 1-1(N) = 2ZEBC. Let y = 1 E Z c;. M'. For any r E R, we have 

yr E N' ==:;. r is even ==:;. xr = 0 E M'. 

Therefore, N' is not dense in M'. (Of course, we do have N' c;.e M', by 
Exercise 3.7.) 

Ex. 8.2. Let M be an R-module containing the right regular module RR. 
Show that RR c;.d M iff RR c;.e M and for every y E M, y-l R c;.d RR. 

Solution. First assume RR c;.d M. Then of course RR c;.e M. For any 
y E M, consider the R-homomorphism 1: R -+ M given by l(r) = yr. 
Applying Exercise 1 to RR c;.d M, we get 

r 1 (R) = y-l R c;.d RR. 

Conversely, assume that RR c;.e M and that for every y E M, y-l R c;.d RR. 
To show that RR c;.d M, consider any two elements x, y E M, with x i=- O. 
Since RR c;.e M, xr E R\{O} for some r E R. Using y-l R c;.d RR, we can 
therefore find s E R such that rs E y-l Rand (xr)s i=- O. We have now 
y(rs) E Rand x(rs) i=- 0, which shows that RR c;.d M. 
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Ex. 8.3. Let G <;; N <:;; M be R-modules. 

(a) Does N <:;;e M imply NIG <:;;e MIG? 
(b) Does N <:;;d M imply NIG <:;;d MIG? 

Solution. The answers to both questions are "no". Counterexamples can 
be found already over the ring R = Z. Take 

and G = 2Z EB 2Z <;; N. 

It is easy to see that N <:;;d M, but N IG = (Z/2Z) EB 0 is a proper direct 
summand in MIG = (Z/2Z) EB (Z/2Z), so NIG is not essential (and hence 
also not dense) in MIG. 

Counterexamples can be found just within the subcategory of torsion 
abelian groups also. For instance, for part (a), take A = Z/4Z, B = Z/2Z, 
and let 

M=AEBB, N = 2A EBB and G = 2A <;; N. 

For any x E M\N, we have 2x E N\ {O}, so N <:;;e M. Again, N IG is a 
proper direct summand of MIG, so N I G is not essential in MIG. 

Ex. 8.4. Let MR be a nonsingular uniform R-module. Show that any 
nonzero submodule N <:;; M is dense in M. 

Solution. Since M is uniform and N i- 0, N is essential in M. By LMR
(8.7)(3), any essential submodule of a nonsingular module is dense, so we 
have N t:;;d M. 

Ex. 8.5. Let Q( i- R be an ideal in a commutative ring R, and let 
MR = RIQ(. Show that every nonzero submodule N <:;; M is dense in 
M iff Q( is a prime ideal. 

Solution. First assume Q( is prime. Any nonzero submodule N <:;; M has 
the form N = SB IQ(, where SB is an ideal properly containing Q(. Let us fix 
an element b E SB\Q(. Consider any two elements x, y E R, with x ~ Q(. 
Then xb ~ Q( and yb E SB, so X . b i- 0 in M and y . b E SB IQ( = N. This 
shows that N <:;;d M. 

Conversely, assume Q( is not prime. Then there are elements x, x' ~ Q( 
with x x' E Q(. Form the ideal 

SB = {r E R: xr E Q(} , 

which contains Q( properly (since x' E SB). Then N : = SB IQ( is a nonzero 
submodule of M. Consider the two elements 1 E M and x E M\{O}. If 
r E R is such that 1· r E N, then r E SB, and so?ir = xr = 0 E M. This 
shows that N is not dense in M, as desired. 

Ex. 8.5A. Let M be a left module over a commutative ring R, and let 
S <:;; R be a multiplicative set. 
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(1) Show that (ann(M))s ~ ann(Ms), with equality if Mis f.g. 

(2) If Mp is faithful (as an Rp-module) for every prime ideal peR, show 
that M is faithful (as an R-module). If M is f.g., show that the converse 
also holds. 

(3) For any ideal I ~ R, show that I ~d R if Ip ~d Rp for every prime 
ideal peR, and conversely if I is f.g. 

(4) Show that the "finitely generated" hypothesis in the conclusions (1), 
(2), (3) above cannot be eliminated. 

Solution. (1) The inclusion in (1) is trivial (without any assumption on 
M). If M = 2::~=1 Rmi, consider any r/s E ann(Ms), where r E Rand 
s E S. Then rmi = 0 E Ms for all i, so s'(rmi) = 0 E M for all i, where 
s' is a suitable element in S. But then s'r E ann(M), which implies that 
r/s = s'r/s's E (ann(M))s, as desired. 

(2) If each ann(Mp) = 0, then (ann(M))p ~ ann(Mp) = 0 for all prime 
ideals p, so ann(M) = O. Now assume M is f.g. and faithful. Then for each 
prime ideal p, (1) implies ann(Mp) = (ann(M))p = 0, so Mp is faithful, as 
desired. 

(3) Follows from (2), since an ideal is dense in a (commutative) ring iff it 
is faithful as a module over that ring (by LMR-(8.3)(4)). 

(4) Let R be the Boolean ring 22 x 22 X ... (or just k x k x ... for any 
field k). Then the ideal 

A=22 EB2 2 EB'" r;;,R 

is dense (by LMR-(8.29)(4)), but not f.g. Take any maximal ideal meR 
that contains A. Since R is a von Neumann regular ring, the localization 
Rm is a field. Thus, m localizes to zero, and hence Am = 0 too, which is 
not dense in Rm, and is not a faithful Rm-module. (On the other hand, 
for any prime p not containing A, Ap = Rp is both dense and faithful!) 
This example shows that the use of the f.g. assumption in (1), (2), (3) was 
essential. 

Comment. The first part of (3) above can be generalized to a statement 
on the density of submodules also; see part (2) of the next exercise. 

Ex. 8.5B. Let N ~ M be left R-modules where R is a commutative ring. 

(1) If Np ~e Mp for all prime ideals peR, show that N ~e M. 

(2) If Np ~d Mp for all prime ideals peR, show that N ~d M. 

Solution. (2) Let x, y E M, where x =1= O. Take a prime ideal peR such 
that x/I =1= 0 in Mp. Since Np ~d Mp, there exists r E Rand s E R\p such 
that (r/s)x =1= 0 E Mp and (r/s)y = z/s' for some zEN and s' E R \ p. 
Then s'ry = sz E Mp, so (ts'r)y = tsz E N for some t E R\p. We must 
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have (t Sf r)x =j:. 0 EM, for otherwise rx = 0 E Mp , which is not the case. 
This proves that N ~d M. 

(1) follows from the same argument, by setting x = y. 

Ex. 8.6. Let k be a field and R = k ({Xi : i 2': I}), with relations XiX j = 0 
for all unequal i, j. Let Pi (Xi) E k [Xi] \ {a}. Show that the ideal Qt generated 
by {Pi (Xi) : i 2': I} is dense in R. 

Solution. Clearly R is commutative, and it is not difficult to show that R 
can be represented as a direct sum 

From this, we see that R is a reduced ring, so R is nonsingular. Therefore, 
it is sufficient to show that Qt ~e R. (By LMR-(S.7)(3), Qt ~e R implies 
that Qt ~d R.) Let 0 =j:. r E R, say 

r = a + XIiI (xI) + ... + xnfn (xn) , a E k. 

After a reindexing, we may assume that a + XIiI (xI) =j:. 0 in k [Xl]. Now 

rXIPI (xI) = (a + XIiI (xI)) XIPI (xI) =j:. 0 in k [Xl] , 

and this element lies in PI (xI) R ~ Qt. This shows that Qt ~e R. 

Comment. It is easy to bypass the use of LMR-(S.7)(3). By LMR-(S.3)(4), 
to say that Qt is dense amounts to ann (Qt) = O. If r = a + I: . Xj fj (Xj) E 
ann (Qt), multiplying T with Pi (Xi) shows that a = 0 and fi (Xi) = 0 (for 
any i 2': 1), so T = 0, as desired. 

Ex. 8.7. Show that a ring R is semi simple iff R is right nonsingular and 
every right ideal (resp. right R-module) is rationally complete. 

Solution. First assume R is semisimple. If M, N are right R-modules 
such that N ~d M, then N = M (since N is a direct summand of M). 
Therefore, every NR is rationally complete. For any a E Z (RR), annr(a) is, 
by definition, right essential in RR. Since annr(a) is also a direct summand 
in RR, it must be the whole ring R, and so a = O. This shows that R is 
right nonsingular. 

Conversely, assume that R is right nonsingular, and every right ideal is 
rationally complete. We finish by showing that any right ideal Qt is a direct 
summand of RR. Let 23 ~ RR be a complement to Qt. Then Qt EB 23 ~e RR' 
Since RR is nonsingular, this implies that QtEB23 ~d RR (see LMR-(S.7)(3)). 
By hypothesis, (Qt EB 23) R is rationally complete. Hence Qt EB 23 = R, as 
desired. 

Ex. 8.8. Let f: S -+ R be a surjective ring homomorphism, where S is a 
commutative ring. If N R is rationally complete as an R-module, show that 
Ns is a rationally complete S-module. 
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Solution. Let N' be any S-module such that N ~d N~. Consider any 
element a E ker (I). Multiplication by a is an S-homomorphism N' -+ N' 
that is zero on N. This induces an S-homomorphism N'IN -+ N', which 
must be zero since N ~d N~. Therefore, N'a = 0, so N' is in fact an 
R-module. From N ~d N~, we see easily that N ~d N~. Since NR is 
rationally complete, we must have N = N', as desired. 

Ex. 8.9. Let N ~d M, where M, N are right R-modules. For any Yl, ... , 
Yn E M and ° f=. x EM, show that there exists r E R such that Yl r, ... , 
Ynr E Nand xr f=. 0. 

Solution. We proceed by induction on n, the case n = 1 being covered 
by the definition of denseness. Assume, by an inductive hypothesis, that 
there exists s E R such that YlS, ... , Yn-IS E Nand xs f=. 0. By N ~d M, 
there also exists s' E R such that (Yns) s' E Nand (xs)s' f=. 0. The element 
r : = ss' E R is what we want. 

Ex. 8.10. Let S ~ R be rings such that Ss ~e Rs, and let N ~ M be 
right R-modules. 

(1) Assume Ns is nonsingular. Show that (a) NR ~e MR iff Ns ~e Ms, 
and (b) N s is injective =} N R is injective. 
(2) Assume Ms is nonsingular. Show that NR ~d MR iff Ns ~d Ms. 
(3) If Ns is nonsingular and rationally complete, show that NR is also 
rationally complete. 

Solution. (2) The "if" part is trivial (and is true without any assumptions 
on M or on S ~ R). For the "only if" part, assume that NR ~d MR, and let 
x, Y E M with x f=. 0, There exists r E R such that xr f=. ° and yr E N. Since 
Ss ~e Rs, rJ ~ S for some right ideal J ~e Ss. Now xr rt Z (Ms) = 0, so 
(xr)j f=. ° for some j E J. For s = rj E S, we have 

xs f=. ° and ys = (yr)j E N J ~ N. 

This shows that Ns ~d Ms. 

(1) For the "only if" part in (a), repeat the argument above with Y = x f=. 0. 
Here ° f=. xr = yr E N, so the assumption Z (Ns) = ° would have sufficed 
for the argument. Now assume Ns is injective. If NR ~ MR is any essential 
extension, then by (a), Ns ~e Ms , and hence N = M. This shows that 
N R is also injective. 

(3) Suppose NR ~d MR. Then NR ~e MR. Since by assumption Z (Ns) = 
0, (la) implies that Ns ~e Ms. By LMR-(7.6)(2), we have Z (Ms) = 0. 
Therefore, by (2), Ns t;;;;d Ms, and hence N = M, as desired. 

Comment. This exercise is essentially taken from the paper of Jain-Lam
Leroy: "On uniform dimensions of ideals in right nonsingular rings," 
J. Pure and Applied Algebra 133 (1998), 117-139. 
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Ex. 8.11. Let M = I1iEI Mi where the Mi'S are (right) R-modules. If each 
(Mi)R is rationally complete, show that so is M. 

Solution. This result is stated without proof in LMR-(S.25). To prove it, 
we use the fact that M is rationally complete iff, for any R-modules. A ~ B 
such that HomR(BIA,E(M)) = 0, any R-homomorphism I: A --+ M can 
be extended to B. (See LMR-(S.24).) Let A ~ B be R-modules such that 
HomR(BIA,E(M)) = 0, and let I: A --+ M be any R-homomorphism. 
Fix any i E I, and let Ii = 7rd where 7ri is the projection from M to Mi. 
We have M = Mi EB MI where MI = I1#i Mi' Therefore 

E(M) = E (Mi) EB E (Mf), 

so HomR(BIA, E(M)) = 0 implies that HomR (BIA, E (Mi)) = O. Since 
Mi is rationally complete, Ii: A --+ Mi extends to a homomorphism 
gi: B --+ Mi' Now g = (gi)iEI: B --+ M clearly extends the given I, so 
we have shown that M is rationally complete. 

Ex. 8.12. Let R be a local ring with a nilpotent maximal ideal m. Show 
that every module MR is rationally complete. 

Solution. We may assume M i=- O. Since m is nilpotent, there exists a 
smallest integer r 2: 1 such that Mmr = O. Then Mmr- 1 is a nonzero right 
vector space over the division ring Rim. In particular, Mmr - 1 contains a 
I-dimensional vector subspace N, which is therefore a simple R-submodule 
of M. The fact that M contains such a submodule implies that M is 
rationally complete, by LMR-(S.IS)(2). 

Ex. 8.13. Find an example of a local ring R that is right Kasch but not 
left Kasch. 

Solution. Let k be any field, and 5 be the ring of power series in two 
(noncommuting) variables x,y. We take R to be 51 (y2,yx), which is a 
local ring with unique maximal left (resp. right) ideal m = (x, y) I (y2, yx) . 
In working with R, it is convenient to use the representation 

R = k [[x]] EB k [[xll y. 

From this representation, we see easily that annr(x) = 0 and hence 
annr(m) = O. This implies that the (unique) simple left R-module R (Rim) 
does not embed into RR (see LMR-(S.27)). However, 0 i=- y E anne (m) 
implies that the unique simple right R-module (Rlm)R embeds into RR 
(via left multiplication by y) as a minimal right ideal yR. In particular, R 
is right Kasch but not left Kasch. 

Ex. 8.14. Show that a ring R is right Kasch iff, for any nonzero f.g. module 
MR, HomR(M, R) i=- O. 

Solution. Suppose the latter condition holds. Then, for any simple right 
R-module M in particular, there exists a nonzero R-homomorphism I 
M --+ R. Since M is simple, I must be embedding, so R is right Kasch. 
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Conversely, assume that R is right Kasch, and consider any f.g. module 
MR -j. O. A simple application of Zorn's Lemma shows that M has a 
maximal submodule N. By the hypothesis on R, the simple right R-module 
MIN embeds into RR. Composing the projection map M -+ MIN with 
such an embedding, we get a nonzero homomorphism from M to RR. (Note 
that it is not necessary to exclude the zero ring in this exercise, SInce 
everything said above is vacuously true for the zero ring.) 

Ex. 8.15. For any ring R, show that the following are equivalent. 

(1) R is semisimple; 
(2) R is von Neumann regular and right Kasch; 
(3) R is Jacobson semisimple (i.e. rad(R) = 0) and right Kasch; 
(4) R is semi prime and right Kasch. 

Solution. We have clearly (1) =} (2) =} (3) =} (4) since any semisimple 
ring is Kasch (LMR-(8.29)(1)), and 

semisimple =} von Neumann regular =} J-semisimple =} semiprime. 

To complete the proof, assume (4). To show (1), it suffices to check that 
8 : = soc (RR) is the whole ring R. Assume 8 -j. R. Then there exists a 
maximal right ideal m ::2 8. Since R is right Kasch, Rim ~ Q( for some 
minimal right ideal Q(, which is necessarily in 8. Now 8 is an ideal of R 
(since, for every minimal right ideal 2) and any r E R, r2) is either a 
minimal right ideal or (0)). Therefore, m ::2 8 yields (Rim) ·8= O. But 
then 0 = Q( . 8 ::2 Q(2, which contradicts the fact that R is semiprime. 

Ex. 8.16. For A = .2:/4.2:, let R be Osofsky's ring (~ 21) (defined in 

LMR-(3.45)). 

(1) Show that R is a Kasch ring by finding explicit embed dings of the 
simple (right, left) R-modules into R. 
(2) Show that the modules RR and RR are not divisible (and hence not 
injective) . 

Solution. (1) Let J = et ;~). Since J2 = 0 and RI J ~ lF2 X lF2 

is semisimple, we have J = rad(R). Let 8 = AI2A ~ lF2, which is the 
unique simple A-module. The two simple right R-modules 8 1,82 are given 

by 8, where (~1 :J acts on 8 i by right multiplication by ai' We can 

find copies of 8 1,82 in RR by considering 

1 = (2A 0) 
1 0 0 and 12 = (~ 2~)' 
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The equations 

( 2a 0) (a l b) = (2aa l 0) and (0 0) (a l b) = (0 0) o 0 0 a2 0 0 0 2a 0 a2 0 2aa2 

show that It,I 2 are right ideals in R, with (Ii) R ~ Si. Similar calculations 
show that the Ii's are also left ideals, with R (Ii) giving the two simple left 
R-modules. Therefore, R is a Kasch ring. 

(2) It suffices to prove that RR is not divisible, since the same argument will 

work for RR. Leta= (~ ~) andb= (~ ~) inR.Fore= (~ ;) ER, 

we have 

ae = 0 ===} 2z = 0 ===} be = (~ 20Z) = O. 

However, aR = (~ 2:), so we have b tJ- aR. This shows that RR is not 

divisible (and hence not injective). 

Comment. Of course, Osofsky's result (LMR-(3.45)) that E (RR) admits 
no ring structure compatible with its right R-module structure already 
implies that RR is not injective. The above gives a little extra information. 
In the terminology of Nicholson and Yousif (see Exercise (3.44)), R is 
neither a right nor a left principally injective ring. 

Ex. 8.17. Let A be the direct product k x k x ... where k is a field. Let 
ei (i ~ 1) the ith "unit vector" and S be the k-subalgebra of A generated 
by the ei's (that is, S = k EB kel EB ke2 EB·· .). 

(1) Show that the simple S-modules are Vi (i ~ 0) with Vi ~ kei C S for 
i ~ 1, and Vo = SI EBi>l kei with all ei's acting as zero. 
(2) Show that Vo is the only simple S-module not embeddable into S (so 
S is not a Kasch ring). 

Solution. (1) Let mo = EBi2:l kei and for i ~ 1, let 

m·=k(e·-1)EB ffi ke·. , , Wjo;ii J 

Each of these is an ideal of co dimension 1, so they are maximal ideals in 
S. Let Vi : = Simi (i ~ 0), which are simple S-modules. On Va, each 
ei acts as zero, and on Vi (i ~ 1), ej acts as 8ij , so clearly Vi ~ kei for 
i ~ 1. We finish by proving that each prime ideal peS is one of the mi's 
(i ~ 0). Indeed, if p contains all ei, then p = mo. Suppose p does not contain 
ei. Then eiej = 0 =} ej E p for all j #- i, and ei (ei - 1) = 0 =} ei - 1 E p. 
Therefore, p = mi, as desired. 
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(2) Suppose a minimal ideal Q( ~ S is isomorphic to Vo. Then Q( = k· a for 
some 

Since aer+1 = 0, we see that ao = 0. Now ae r = ° =} ar 0, a 
contradiction. Therefore, Vo does not embed into S, as desired. 

Comment. Since S ~ A, S is a reduced ring. We have shown above that S 
has Krull dimension 0, so S is a (commutative) von Neumann regular ring. 
(Of course, this is also easy to check directly from the definition of S.) By 
the last exercise, this actually implies that Vo does not embed into S, for 
otherwise S would be Kasch and therefore semisimple, which it is not. 

There is, of course, a "finite version" of this example. We could have 
started with the finite direct product A = k x ... x k (say n + 1 copies). 
Defining 

el = (0,1,0, ... ,0), e2 = (0,0,1, ... ,0), ... , en = (0, ... ,0,1) , 

the formation S = k . 1 E9 kel E9 ... E9 ken in A will give back A itself. 
Here, we can define eo to be (1, 0, ... ,0) to get eo + el + ... + en = l. 
The simple modules are Vo, VI"'" Vn as defined before, except that here, 
Vo ~ keo ~ S also. The ring S = A here is a semisimple (Kasch) ring. 

In the "infinite" case, the idempotent eo is curiously "missing", since 
we cannot talk about 1- el - e2 - .... Nevertheless, the oth simple module 
Vo = Sjmo is there. 

The next four Exercises arise from a correspondence between the author 
and Carl Faith in June, 1998. 

Ex. 8.18. Show that a commutative Kasch ring R with IAss(R)1 < 00 (e.g. 
in case u.dim (RR) < 00) must be semilocal. Then construct a commutative 
Kasch ring that is not semilocal. 

Solution. Let m be any maximal ideal of R. Since R is Kasch, m = ann (x) 
for some x E R, by LMR-(S.27). Therefore, m E Ass(R) by LMR-(3.56). 
By the given hypothesis, there are only finitely many such m's. 

In case u.dim (RR) < 00, we have IAss(R)I < 00 by Exer. 6.2, so the 
desired conclusion also applies. 

To produce a commutative Kasch ring that is not semilocal, we can use 
the construction introduced in LMR-(S.30). Let S be any commutative ring 
with an infinite set of mutually nonisomorphic simple modules {Vi} (e.g., 
S = Z, and Vi = Zjp/I!., where Pi is the ith prime). We view M = EBi Vi as 
an (S, S)-bimodule in the natural way (with identical left, right S-actions), 
and form the "trivial extension" of M by S to get a (commutative) ring 
R = M E9 S (with M2 = 0). As in LMR-(S.30), R is Kasch, and R has 
simple modules Vi (on which M acts trivially). Since R has infinitely many 
simple modules, R cannot be a semilocal ring, as desired. 
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Ex. 8.19. For a prime ideal p in a commutative ring R, show that p E 
Ass(R) implies that the localization Rp is a Kasch ring, and conversely if 
p is a f.g. ideal (e.g. if R is noetherian). Give an example to show that the 
converse need not hold if p is not a f.g. prime ideal. 

Solution. First assume p E Ass(R), so P = annR(r) for some r E R. We 
must have r/l #- 0 in T : = R p, for otherwise there exists 8 E R\p such 
that 8r = 0 E R, in contradiction to p = annR(r). Since (r/l) . pT = 0, 
LMR-(8.28) implies that the local ring (T, pT) is Kasch. 

Conversely, assume T = Rp is Kasch, so that pT = ann T (r I 8) for some 
8 E R\p (see LMR-(8.27)), which we may assume to be 1. If pis f.g., say by 
elements Yl, ... , Yn, then rYi = 0 E T for all i :s: n, so there exists t E R\p 
such that trYi = 0 E R for all i. This gives p r;;; annR(tr). It suffices to show 
that this is an equality, for then we'll have p E Ass(R). Let x E annR(tr). 
Then xt·r/l = 0 in Rp. If x ~ p, x as well as t would be units in Rp and we 
would have r/l = 0 E T, in contradiction to annT(r/l) = pT #- T. Thus, 
x E p, as desired. 

To show that in general Rp being Kasch need not imply p E Ass(R), we 
exploit the same idea used in the solution to Ex. 8.5A. Let R and A be as 
in part (4) of that solution. For any maximal ideal m of R containing A, 
Rm is certainly Kasch (as it is a field), but we knew that m rt Ass(R), by 
Ex. 3.40G. Here, of course, m is not f.g. 

Ex. 8.20. Construct a commutative noetherian Kasch ring R with a prime 
ideal p such that the localization Rp is not a Kasch ring. 

Solution. In view of Exercise 19, it suffices to construct a commutative 
noetherian Kasch ring R with a prime p ~ Ass(R). We start with a com
mutative noetherian local domain (8, m) with Krull dimension 2: 2. Let P 
be a prime ideal such that 0 #- P #- m, and let V = 81m, viewed as an 
(8, 8)-bimodule with identical left and right 8-actions. Let R = V EB 8 be 
the trivial extension of V by 8 (with V2 = 0). Since R is a (commutative) 
8-algebra that is f.g. as an 8-module, R is a noetherian ring. By LMR
(8.30), R is a Kasch ring. Consider the ideal p : = V EB P of R. Since 
Rip ~ 81 P is a domain, p is a prime ideal. We finish by showing that 
p is not an associated prime of R. Indeed, if p E Ass(R), we would have 
p = annR ((v, 8)) for some nonzero (V,8) E R. Taking p E P\{O}, we have 

0= (V,8)(O,p) = (Vp,8p) ===? 8=0. 

But then the annihilator of (v, 8) = (v, 0) contains 0 EB m, since 

(v,O) (0, m) = (v· m, 0) = (0,0). 

This contradicts annR((v, 8)) = P = V EB P. 

Ex. 8.21. Let R be a commutative noetherian ring. If Rm is Kasch for 
every maximal ideal m, show that R is Kasch. What if R is not assumed 
to be noetherian? 
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Solution. Let m be any maximal ideal of R. Since Rm is Kasch and m is 
f.g., Exercise 19 shows that mE Ass(R). Therefore, m = ann (x) for some 
nonzero x E R. Now multiplication by x embeds Rim into R, so R is a 
Kasch ring (and necessarily semilocal by Exercise IS). 

If we do not impose the noetherian assumption, the ring R = £:2 X 

£:2 X ... provides a counterexample. This ring is not Kasch, but since R is 
von Neumann regular, the localizations Rp at all prime (= maximal) ideals 
p are fields, and hence Kasch rings. 

Ex. 8.22. Let k be a division ring, and R be the ring of matrices 

~~(~~~~) 
over k, as in LMR-(S.29)(6). Compute the left and right singular ideals 
of R. 

Solution. The left and right so des of R have been computed in 
LMR-(S.29)(6); namely, 

(l)soc(RR)=bER: a=O}, and soc(RR)=bER: a=e=O}. 

Since R is artinian, LMR-(7.13) implies that 

(2) Z (RR) = anne (soc (RR)) , and Z (RR) = annT (soc (RR)). 

Computing the appropriate annihilators of the ideals in (1), we see that 

(~ 
0 k 

~) (~ 
0 k 

~) Z(RR) = 0 0 
and Z (RR) = 0 0 

0 0 0 0 
0 0 0 0 

In particular, R is neither left nor right nonsingular. 

Comment. In any noetherian ring R, Z (RR) and Z (RR) are known to 
be in rad(R) (the Jacobson radical of R): see LMR-(7.15). In the above 
example, we have Z (RR) <;; Z (RR) = rad(R). 



Chapter 4 
Rings of Quotients 

§9. Noncommutative localization 

In commutative algebra, localization of commutative rings R with respect 
to multiplicative sets S s;,; R provides a powerful tool for proving theorems. 
For noncommutative rings, however, localization is a much more difficult 
proposition. 

For any multiplicative set S in a ring R, there does exist an "S-inverting 
homomorphism" E from R to a ring Rs with an obvious universal property 
(LMR-(9.2)). However, this universal ring Rs is rather unwieldy, and its 
elements are difficult to express. Also, Rs may turn out to be the zero 
ring. Therefore, it does not seem fruitful to work with this localization 
Rs· 

Classically, the consideration of noncommutative localization started 
with the problem of embedding a domain into a division ring. Mal'cev 
showed that a cancellative semigroup (with identity) may not be embed
dable in a group, and, using the construction of semigroup algebras, he also 
showed that a domain may not be embeddable into a division ring (LMR
(9.11)). Various necessary conditions for a domain to be embeddable in a 
division ring are given in LMR-(9.13) through LMR-(9.16). 

For a field C, the free algebra F = C(u, v) can be embedded in a division 
ring D. In D, we can therefore form the smallest division ring containing 
F; this is called a division hull of F. It turns out, however, that up to 
isomorphisms over F, F has infinitely many division hulls. This shows that 
it is not possible to associate a unique division ring with F in a natural 
way. 
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The exercise set in this section is very modest. Cohn's observation 
in Exercise 3 shows the difference between relations in a semigroup and 
relations in a ring, and Exercise 5 offers an explicit example of a domain 
B for which some localization Bs is actually a zero ring. 

In order to get a more manageable localization of a ring R at a multi
plicative set S, some fairly strong assumptions will have to be made on S. 
This leads to the Ore localization theory in the next section. 

Exercises for §9. 

Ex. 9.1. Show that, for any multiplicative set S ~ R, the universally S
inverting homomorphism E : R -7 Rs is injective iff R can be embedded 
into a ring in which all elements of S have inverses. 

Solution. If E is injective, then Rs is the ring required. Conversely, assume 
that i: R -7 R' is a ring embedding such that i(S) ~ U(R'). Then, by 
the universal property of Rs, there exists a (unique) ring homomorphism 
cp: Rs -7 R' such that cp 0 E = i. Since i is injective, so is E. 

Ex. 9.2. Let S, S' be, respectively, multiplicative sets in the rings R, R', 
which give rise to the ring homomorphisms E : R -7 Rs and E': R' -7 R~/ 

For any ring homomorphism I: R -7 R' such that I (S) ~ S', show that 
there is a unique ring homomorphism I. : R' -7 R~, such that I.E = E' f. 

Solution. Let 9 = E'I: R -7 R~/ Since 

9 (S) = E'I (S) ~ E' (S') ~ U (R~/) , 

there exists a unique ring homomorphism I. : Rs -7 R~, such that I.E = 
9 : = E' f. 

Ex. 9.3. (Cohn) Let M = (: ~) and N = (::y ::v) be matrices over 

a ring T in which b and x are units. If L : = M N = (~ ~), show that 

L = 0. Does the conclusion hold if one of b, x fails to be a unit in T? 

Solution. Since b E U, we can perform an elementary row transformation 

on M to bring it to a matrix (: ~). More precisely RM = (: ~) for 

R = (_d~~l ~). Similarly, we can perform an elementary column trans

formation on N to bring it to a matrix (x 0), say N C = (x 0), 
-y * -y * 

where C = G -x;lu). Now, if L : = MN has the form (~ ~), 
neither of the elementary transformations above will change L. Therefore, 
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we will have 

L = RLC = (RM) (N C) = (a* b) (x 0) - (* *) o -y * - * 0 ' 

so necessarily L = O. 
The conclusion L = 0 need not hold if one of b, x fails to be a unit in 

T. Indeed, if x is a unit but b is not, the product 

MN = (~ ~) G ~) = (~ ~) (d # 0) 

gives a counterexample. If, on the other hand, b is a unit but x is not, the 
product 

gives a counterexample. 

Ex. 9.4. True or False: The kernel of the universal S-inverting homomor
phism s: R ----+ Rs is generated as an ideal by the set 

A = {r E R: s'rs = 0 for some s, s' E S} 

Solution. Let H be Mal'cev's semigroup constructed in LMR-(9.8). Then 
H is generated by a set of elements a, b, e, d, x, y, u, v, and we have 

ax = by, ex = dy, au = bv but eu # dv. 

Let k be any domain. In LMR-(9.11), it is shown that the semigroup 
ring R = kH is also a domain. Now let S ~ R be any multiplicative 
set containing b, d, x and u, and let s : R ----+ Rs be the universal S
inverting homomorphism. Then the images of b, d, x and u are units in 
Rs, so, repeating the proof in LMR-(9.5), we see that 

de) s (u) = dd) s (v) E Rs. 

Thus eu - dv is a nonzero element in ker(s). This shows that ker(s) is not 
generated as an ideal by A, since the fact that R is a domain implies that 
A = {O} here. 

Comment. The above construction would have worked if we were to as
sume only that the multiplicative set S ~ R contains band x. For then 
E(b) and s(x) would have been units in Rs, and Exercise 3 above (applied 
to the ring T = Rs) would have implied that s (e) s (u) = s (d) s (v) E T. 

Ex. 9.5. Construct a domain B with a multiplicative set S such that 
Bs =0. 

Solution. Let Hand R = kH be as in the solution to the last exercise. 
Let Qt be the ideal of R generated by eu - dv + 1, and let B = R/Qt. Now 
consider any multiplicative set S ~ B containing band x. As we saw in the 
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Comment on the last exercise, cu = dv E Bs. Therefore 1 = 0 E Bs, so 
we have Bs = O. By modifying the proof for LMR-(9.11), we can show that 
B has no zero-divisors (other than 0). To see that B is a domain, it only 
remains to show that B #- O. This is easy, and can be seen, for instance, by 
specializing a, b, c, x, y, u to 0, and specializing d and v to 1. 

Ex. 9.6. (Chehata, Vinogradov) Let H be Mal'cev's semigroup (construc
ted in LMR-§9) generated by the elements {a,b,c,d,u,v,x,y} with the 
relations 

ax = by, ex = dy, and au = bv. 

Show that H becomes an ordered semigroup by the following procedure. 
First order the eight given generators by 

x < u < d < e < y < b < a < v. 

Then extend this to an ordering relation "<" on H first according to length, 
and then "lexicographically" on reduced words. (As on p. 291 of LMR-§9, 
a reduced word is one that does not contain a subword ax, ex, or au. Note 
that, by using the three given relations, any word can be transformed into 
a unique reduced word.) 

Solution. Let us label the eight generators in (*) (from left to right) by 
el,"" es, so we have el < ... < es. Then a reduced word is one that has 
no subwords of the form e7el, e4el, or e7e2 (these having been replaced, 
respectively e6e5, e3e5, or e6eS). Our job is to prove that 

(**) a < (3 in H ~ a, < (3, and ,a < ,(3 (V, E H). 

The crucial case will be that in which a, (3" are all of length 1. We first 
handle this case by proving the following: 

Proof. Note that ei < ej simply means i < j. 

Case 1. ej ek is not reduced. There are three possibilities. 

(A) (j, k) = (7,1). Here, ejek has the reduced form e6e5, and i < j = 7. 
If i = 4, eiek = e4el has the reduced form e3e5, and both conclusions in 
the Lemma are seen to be true. Otherwise, i E {I, 2, 3, 5, 6} , in which case 
eiek and ekei are reduced, and both desired conclusions are again true. (For 
instance, eiek < ejek amounts to eiel < e6e5, which is indeed true since 
i ::; 6.) 

(B) (j,k) = (7,2). Here, ejek is reduced to e6eS, and eiek is already 
reduced (since i < j = 7 and k = 2), as are ekei and ekej' Again, both 
desired conclusions are easily seen to be true. 

(C) (j, k) = (4,1). Here, ejek is reduced to e3e5, and we have i = 1, 2, 
or 3. Since ekei and ekej are both reduced, ekei < ekej is clearly true. And 
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eiek < ejek is also true since it amounts to eiel < e3e5, which is true since 
i ::::: 3. 

Case 2. ekej is not reduced. Since 1 = i < j, the only possibility here is 
j = 2, k = 7, and i = 1. The desired conclusions are trivially checked in 
this case. 

Case 3. ejek and ekej are both reduced. Let us check, for instance, eiek < 
ejek. This is clear if eiek is reduced. Otherwise, eiej will be reduced to a 
form ei,ek' with i' < i < j, so eiek < ejek again follows. 0 

To check (**), it suffices to handle the case where a and f3 are reduced 
words of the same length, say 

where ai, bj E {el,"', es}. Also, we are free to assume that that, = c E 
{ el, ... , es}. We shall only check a, < f3, (as the prooffor ,a < ,f3 is 
rather similar). Say al = bl , ... , at = bt , but at+1 = ei, bt+l = ej, with 
i < j. If t < n - 1, then a, < f3, is clear since, in bringing a, and f3, to 
reduced forms, we will not be changing the "front portions" al'" atat+1 
and bl ... btbt+l of these words. Finally, assume t = n - 1. Then 

By the Lemma, we know that eiC < ejc. Now replace eiC and ejc by their 
reduced forms in the expressions of a., and f3., above. Then we obtain the 
reduced forms of a, and f3.,. Since eic < ejc, these reduced forms clearly 
show that a, < f3." as desired. 

Comment. The argument above is a somewhat expanded form of that in 
C. G. Chehata's paper: "On an ordered semigroup", J. London Math. Soc. 
28(1953), 353-356. The same result was obtained independently by A. A. 
Vinogradov in his paper (in Russian): "On the theory of ordered semi
groups", Ivanov Gos. Ped. Inst. Ucen. Zap. Fiz.-Mat. Nauki 4(1953),19-21. 
For another construction of an ordered semigroup (with 6 generators) that 
cannot be embedded into a group, see R. E. Johnson's paper: "Extended 
Malcev domains", Proc. Amer. Math. Soc. 21(1969), 211-213. 

The main point about the semigroup H (as explained in LMR-§9) was 
that it is a cancellative semigroup that cannot be embedded into a group. 
The virtue of knowing that (H, <) is an ordered semigroup is three-fold. 
First, this implies that H is cancellative. Second, it implies that QH is 
a domain (that cannot be embedded in a division ring). Third, this will 
show that even an ordered semi group may not be embeddable into a group 
(let alone into an ordered group with a compatible ordering). On the other 
hand, it is not difficult to show that a commutative ordered semigroup can 
be compatibly embedded into a commutative ordered group. 
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§10. Classical Ring of Quotients 
In this section, instead of working with an arbitrary multiplicative set S in 
a ring R, we impose suitable conditions on S in order that the universal 
S-inverting ring Rs becomes more manageable. The conditions we require 
are the following: 

(1) S is right permutable; i.e. as n sR =I- 0 for every a E Rand s E R; 
(2) S is right reversible; i.e. if s' a = 0 for a E Rand s' E S, then as = 0 
for some s E S. 

If S satisfies both of these conditions, we say that S is a right denominator 
set. 

Under the assumption that S is a right denominator set, we can con
struct a ring RS-l whose elements are "right fractions" of the form as- l 

where a E Rand s E S. Here, of course, appropriate pairs of fractions 
are identified. The work involved in checking that RS-l is a ring is quite 
tedious, but mostly routine. The ring RS-l obtained in this way is called 
the right ring of fractions of R w.r.t. s. It comes with a canonical map 
rp : R ........ RS-l defined by rp(a) = a· 1-1 (for a E R), and the kernel of rp 
turns out to be the set 

{r E R: r s = 0 for some s E S}. 

Furthermore, it may be checked that rp is just the universal S-inverting 
map investigated in LMR-§9. So the point is that, under the assumption 
that S is a right denominator set, all the elements of Rs ~ RS-l have 
the "right fraction" form as- l and the kernel of R ........ Rs can be easily 
described as above. 

The left analogues of the notions introduced above can be similarly 
defined, and we can form S-1 R, the left ring of fractions of R w.r.t. S, in 
case S is a left denominator set. In general, S-1 R may not exist even if 
RS-l does. However, if S in both a right and a left denominator set, then 
RS-l ~ S-IR over R, according to LMR-(10.4). 

A canonical choice for S is the set of all regular elements in R; i.e. those 
elements that are neither a right O-divisor nor a left O-divisor in R. This set 
S is, of course, both right and left reversible. We say that R is a right (left) 
Ore ring if S is also right (left) permutable. In this case, we speak of RS-l 

(resp. S-1 R) as the (total) classical right (resp. left) ring of fractions of R, 
and denote it by Q~£(R) (resp. Q~£(R)). If R is an Ore ring (that is, both 
right and left Ore), then Q~£(R) ~ Q~£(R), and we may denote this ring 
by Qd(R). If, for instance, R is a commutative ring, then it is clearly Ore, 
and Qc£(R) is the usual total ring of quotients of R. 

In the case where R is a domain, the right Ore condition takes the 
form aR n bR =I- 0 for a, b E R\{O}. This condition amounts to u.dim 
RR = 1, and defines a right Ore domain. For such a domain, Q~£(R) is 
a division ring, and, up to a unique R-isomorphism, it is the only divi
sion hull of R (see LMR-(10.21)). Examples of right Ore domains include: 
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all commutative domains, all right noetherian domains, all right Bezout 
domains, and all domains that are PI-algebras over a field. 

The behavior of the "right Ore domain" condition under polynomial and 
power series extensions is studied in §lOC. It turns out that the condition 
in question "goes up" to a polynomial extension, that does not go up to 
a power series extension: see LMR-(10.28) and LMR-(1O.31A). If R is not 
assumed to be a domain, then the situation is even worse, since R being 
right (or even-2-sided) Ore will not imply that R[x] is right Ore, according 
to a recent example of Cedo and Herbera (LMR-(1O.31B)). 

The terminology of "right order" introduced in LMR-§10 will also be 
useful later. For rings R ~ Q, we say that R is a right order in Q if 

(1) every regular element of R is a unit in Q, and 
(2) every element of Q has the form as- 1 where a E Rand s is a regular 
element of R. 

It is easy to see that a ring R is right Ore iff it is a right order in some 
ring Q, and in this case, Q ~ Q~£(R). 

The exercises in this section study in detail the notions introduced 
above, and relate them to the earlier notions of injectivity, flatness, strong 
rank condition, etc. The behavior of injective modules under localization 
in studied in some detail in Exercises 29-31. 

Exercises for § 10 
Ex. 10.0. Let S ~ R be a right permutable multiplicative set. Show that 
Ql = {a E R: as = 0 for some s E S} is an ideal in R. 

Solution. Clearly, Ql is closed under left multiplication by R. We claim 
that Ql is also closed under right multiplication by R. Indeed, let r E R 
and a E Ql, say as = 0 where s E S. Since S is right permutable, we have 
rs' = sr' for some s' E Sand r' E R. Left multiplying this equation by a, 
we get (ar)s' = (as)r' = 0, so ar E Ql, as claimed. If a' is another element 
in Ql, then (a ± a') s = ±a's E Ql by the claim above, so for a suitable t E S, 
we will have 0 = ±a'st = (a ± a')st. This implies that a ± a' E Ql, so Ql is 
indeed an ideal in R. 

Comment. It is useful to recall that, in the case where S is a right denom
inator set in R, we have a ring homomorphism VJ : R --; RS-1 (defined by 
VJ(r) = r/1) whose kernel is precisely the ideal Ql above: see LMR-(1O.9). 

Ex. 10.1. Let S ~ R be a right denominator set, and Ql be as in the above 
exercise. Let R = R/Ql and write "bar" for the natural surjection from R 
to R. Show that S is a right denominator set in R consisting of regular 
elements, and that R S-l ~ R S-l over R. 

Solution. We show first that S consists of regular elements of R. If :is = 0 
(x E R, s E S), then xs E Ql, so xss' = 0 for some s' E S. This shows that 
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x E m, so x = O. Next, suppose sf) = 0 (y E R, s E S). Then sy E m, 
so SYS1 = 0 for some Sl E S. Since S is right reversible, this implies that 
(YS1)s2 = 0 for some S2 E S. Thus, y E m, so f) = O. The fact that S is right 
permutable clearly implies that S is right permutable. Since S consists of 
regular elements of R, it follows that S is a right denominator set in R. 

Let 1 be the composition of R --+ R --+ RS- 1. Since I(s) ~ U(RS-1) 
and the natural map 'P: R --+ RS-1 is a universal S-inverting homo
morphism (LMR-(l0.l1)), there exists a (unique) ring homomorphism g: 
RS-1 --+ RS- 1 such that go 'P = I. Of course, g(rs-1) = 1's- 1 for 
r E Rand s E S. In particular, g is onto. To see that g is one-one, 
take any rs- 1 E ker(g). Then 1's- 1 = O. This implies that rEm, and 
so rs- 1 = 'P(r)'P(s)-l = 0 in RS-1. Therefore, g is an isomorphism, and it 
is clear that this is an isomorphism over R. 

Ex. 10.2. Let S ~ R be a multiplicative set. (a) If s E S has a right 
inverse, show that as n sR # 0 holds for every a E R. (b) If R is a reduced 
ring, show that S is right and left reversible. 

Solution. (a) Say st = 1, where t E R. The a . 1 = s . ta shows that 
as n sR # 0. (b) Assume that R is a reduced ring. Then, for any a E R 
and s E S, we have 

sa = 0 ===? (as)2 = a(sa)s = 0 ===? as = 0, 

so the multiplicative set S is automatically right (and, similarly, also left) 
reversible. 

Ex. 10.3. Let S ~ R be any commutative multiplicative set, and let 

A = {a E R: as n sR # 0 for every s E S}. 

Show that A is a subring of R containing the centralizer of S in R. 

Solution. If a E R belongs to the centralizer of S, then for any s E S, 
aSnsR contains the element as = sa, so a E A. In particular, 1 EA. Next, 
we check that A is closed under multiplication. Let a1, a2 E A, and s E S. 
Then there exist Sl E Sand r1 E R such that a1S1 = sr1, and there exist 
s' E Sand r E R such that a2s' = Slr. Therefore 

This shows that a1a2 E A. So far, we have not used the commutativity 
of the multiplicative set. Using this, we shall show now a1, a2 E A ===? 

a1 ± a2 E A (which then implies that A is a subring of R). For any s E S, 
fix equations aisi = sri, where Si E Sand ri E R (i = 1,2). Then 

(a 1 ± a2)sls2 = (a1sds2 ± (a2s2)sl = s(r1s2 ± r2s1), 

which shows that a1 ± a2 E A. 
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Comment. It is worth noting that, in the above exercise, an hypothesis 
somewhat weaker than the commutativity of S would have worked. Indeed, 
if we assume that the set A above contains S, then A is a subring of R 
(containing both S and its centralizer in R). The first part of the proof 
remains unchanged. To check that a1, a2 E A =} a1 ± a2 E A, take any S E 
S, and fix an equation a1S1 = ST1 as before. Now a2 E A and Sl E S <:;; A 
imply that a2S1 E A, so there exists an equation (a2sdso = STO where 
So E S and TO E R. Then 

(a 1 ± a2)sls0 = (a1s1)sO ± (a2sd so = S(T1S0 ± TO), 

which shows that a1 ± a2 E A. 

Ex. 10.4. Let x, y E R be such that xy = 1 i=- yx, and let S be the 
multiplicative set {xn : n?: O}. Show that 

(1) S is left reversible but not right reversible; 
(2) S is right permutable; and 
(3) If R is generated over a central subring k by x and y, then S is also left 
permutable. 

Solution. (1) Ifaxn = 0 for some n ?: 0, then 0 = axnyn = a, so S is 
left reversible. On the other hand, for the element z = yx - 1 i=- 0, we have 
xz = xyx - x = 0, but as we saw above, zxn i=- 0 for all n ?: O. Therefore, 
S is not right reversible. 

(2) Each element xn E S has a right inverse yn, so by (a) of Exercise 2, S 
is right permutable. 

(3) Assume that R is generated over a central subring k by x and y. By 
the analogue of Exercise 3 for the other side, the set 

A' = {a E R: Sa n Rs i=- 0 for every S E S} 

is a subring of R containing k and x. For any S E S, the equation (sx)y = 
s(xy) = 1 . s shows that A' also contains y (since sx E S). Therefore, 
A' = R, and so S is left permutable, as desired. 

Comment. Without some conditions on R, the multiplicative set S is in 
general not left permutable. For instance, if R = Z(x, y, z) with a single 
defining relation xy = 1, then one can show that Sz n Rx = 0, i.e. z ~ A' 
in the notation above. The next exercise, however, gives another example 
where S happens to be left permutable. 

Ex. 10.5. Let V be a right vector space over a field k, with basis 
{e1,e2''''}' Let R = End(Vk), and let X,y E R be defined by y(ei) = 
ei+l (i ?: 1), and x(e1) = 0, x(ei) = ei-1 (i ?: 2). Show that S = {xn : 
n ?: O} <:;; R is a left denominator set, but not a right denominator set. 

Solution. Here we have a typical situation of a ring R with two elements 
x, y such that xy = 1 i=- yx. By (1) of Exercise 4, S is left reversible but 
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not right reversible. In particular, S is not a right denominator set. To 
prove that S is a left denominator set, it remains to show that S ~ R 
is left permutable (Note that (3) of Exercise 4 does not apply here since 
R =1= k(x,y).) 

For xn E S (n ~ 0) and any a E R, we would like to show that 
Sa n Rxn =1= 0. By a straightforward calculation, we see that (1 - ynxn) 
(ei) is ei if 1 ~ i ~ n, and 0 if i > n. Therefore, (1 - ynxn)v = l:~=l eik, 
and so 

a(l - ynxn)v ~ I::1 eik 

for some integer m. Applying xm to this inclusion relation, we see that 
xma(l - ynxn) = 0, and so xma = (xmayn)xn, as desired. 

Ex. 10.6. Let R be any ring satisfying ACC on right annihilators of 
elements. If a multiplicative set S ~ R is right permutable, show that 
it is necessarily right reversible. Conclude from Exercise 4 that the ring R 
must be Dedekind-finite. 

Solution. Suppose sa = 0, where s E S and a E R. We would like to show 
that as' = 0 for some s' E S. Pick an integer n such that 

annr(sn) = annr(sk) for all k ~ n. 

Since S is right permutable, we have as' = snb for some s' E S and some 
bE R. Then sn+lb = (sa)s' = 0, so b E annr(snH). But then b E annr(sn), 
so as' = snb = 0, as desired. It follows that there cannot exist x, y E R with 
xy = 1 =1= yx, for otherwise Exercise 4 would imply that S : = {xn: n ~ O} 
is right permutable but not right reversible. 

Comment. The last conclusion of the exercise is usually obtained from 
Jacobson's construction of an infinite set of nonzero orthogonal idempotents 
in a non Dedekind-finite ring: see LMR-(6.60). 

Ex. 10.7. Let R be a right Ore domain, with division ring of right fractions 
K. Show that, up to a unique R-isomorphism, K is the only division hull 
of R. (This exercise is part of LMR-(10.21).) 

Solution. Recall (from LMR-§9) that a division hull of a diomain R is 
a division ring D with an inclusion map i: R --t D, such that D is 
generated as a division ring by i(R) (i.e., there is no division ring Do such 
that i(R) ~ Do ~ D). For the given R ~ K in this exercise, certainly 
K is a division hull of R since every element of K has the form rs- 1 

where r E Rand s E R\{O}. Now consider any division hull i: R --t D 
(as above). Since the inclusion R ~ K is a universal (R\ {O} )-inverting 
homomorphism, i extends to a unique ring homomorphism f: K --t D, 
given by f(rs- 1 ) = i(r)i(s)-l. This homomorphism is necessarily injective, 
since K is a division ring. Its image is a division ring between i(R) and D, 
so it must be D. Thus, f is an R-isomorphism from K to D. 



§1O. Classical Ring of Quotients 227 

Ex. 10.8. Let e be the free group generated by a set X with IXI 2: 2. 
Show that the domain R = ze is not right (or left) Ore. 

Solution. We use the same idea for proving that the free algebra Z(X) is 
not right (or left) Ore. If X contains two distinct elements x and y, then 
for the domain R = ze in question, we have 

xR n yR = 0 = Rx n Ry, 

so R is neither right nor left Ore. 

Ex. 10.9. Let R be the ring Z(x, y) defined by the relations y2 = yx = O. 
Show that R is left Ore but not right Ore. 

Solution. As in FC-(1.26), we express R in the form Z[x] EBZ[x]y, A direct 
calculation shows that the set of regular elements in R is given by 

S = {j(x) + g(x)y: f,g E Z[x], f(O) =J O}. 

Our job is to show that this multiplicative set S is left permutable, but not 
right permutable. For the latter, it suffices to show that yS n (1 + x)R = 0 
(noting that 1 + XES). To see this, assume instead that 

y(f(x) + g(x)y) = (1 + x)(h(x) + k(x)y), 

where f, g, h, k E Z[x], with f(O) =J O. Comparing the y-parts of the two 
sides, we get f(O) = (1 + x)k(x), a contradiction. 

To prove that S is left permutable, we take any s = f(x) + g(x)y E S 
and any a = h(x) + k(x)y E R, and proceed to show that Sa n Rs i= 0. Let 
q = fk - gh E Z[x]. Then 

(f(O)h + qy) s = f(O)hf + [f(O)hg + f(O)q] Y 
= f(O)hf + f(O)fky 
= f(O)f(h + ky) E Sa n Rs, 

since f(O)f (with constant term f(0)2 =J 0) belongs to S. This checks that 
R is a left Ore (but not right Ore) ring. 

Comment. In FC-(1.26) , it is shown that R is left noetherian but not 
right noetherian. The fact that R is left noetherian alone, however, does 
not guarantee that R is left Ore (unless R is a domain): see LMR-(12.27). 

The choice of Z as coefficient ring in this problem is purely for conve
nience. If we define R to be k(x, y) defined by the relations y2 = yx = 0 
over a nonzero commutative ring k, the same arguments (with slight mod
ifications) can be used to show that R is left Ore but not right Ore. 

Ex. 10.10. Let R = k[x; 0'] where 0' is an automorphism of the ring k. 
Show that S = {xn: n 2: O} is a right and left denominator set of R, 
and that RS-1 and S-1 R are both isomorphic (over R) to the ring of skew 
Laurent polynomials k[x, x-\ 0'] (as defined in FC-(1.81)). 
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Solution. Here, S consists of regular elements of R. To show that S is 
a right denominator set with RS-1 isomorphic to T : = k[x, x-\ IT], it 
is sufficient to check the following (see the discussion at the beginning of 
LMR-§1O): 

(1) The inclusion map R --+ T is S-inverting; 
(2) Any element in T is of the form as- 1 where a E Rand s E S. 

The first statement is clear, since x-n E T for any n ;::: O. For the second, 
take any f = 2.:7=-n aixi E T. Factoring out x-n on the right, we get 
f = as- 1 with s = xn E S and a = 2.:7=-n aiXn+i E R. 

To see that S is a left denominator set with S-l R ~ T, we need only 
prove additionally: 

(3) Any element in T is of the form s-la where a E Rand s E S. 

This follows as before, by writing any f E T in the form 2.:7=-n xibi , 
and factoring out x-n on the left. 

Comment. Of course, it is also easy to check directly that S is right (resp. 
left) permutable. In fact, if a = 2.:i2':O aixi E Rand s = xn E S, then 

Left permutability can be checked similarly. 

Ex. 10.11. Let k in Exercise 10 be the polynomial ring Q[{ti: i E iZ}], 
with IT defined by iT(ti ) = ti+l for all i E :2:, and let R, S be as above. Show 
that Ql = hR+t2R+··· is an ideal in R, but the extension Qle : = Ql·RS-1 

is not an ideal in RS-1 = k[x,x-1 ;IT]. 
n 

Solution. For any 2.: aixi E Rand j ;::: 1, we have 
i=O 

so Ql is an ideal in R. The extension Qle=Ql. RS-1 is a right ideal in RS-1 , 

given by {as-I: a E Ql, s E S} (see LMR-(1O.32)(2)). Now t1 E Ql ~ Qle, 

but 

so Qle is not an ideal in RS-1 . 

Ex. 10.12. Let R be the first Weyl algebra A1 (k) over the field k (see FC
(1.3)(c)), identified with k[y][x; 6] where 6 denotes formal differentiation on 
k(y). Show that S = k[y]\{O} is a right and left denominator set of R, and 
that RS-1 and S-l R are both isomorphic (over R) to T : = k(y)[x; 6]. 
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Solution. Recall that elements of R are of the form 2:7=0 ai(y)xi (where 
ai(y) E k[Y]), with the commutation rule 

xy=yx+8(y) =yx+l. 

Here, S consists of regular elements of R (in fact, R is a domain). As in 
the solution to Exercise 10, all conclusions will be proved once we show the 
following: 

(1) The inclusion map R -+ T is S-invertingj 
(2) Any element in T is of the form s-la (a E R, s E S)j 
(3) Any element in T is of the form as- l (a E R, s E S). 

(1) is clear, since k(y) ~ T. 

(2) Take any f = 2:7=0 fi(y)xi E T, where Ji(y) E k(y). Writing fi(Y) = 
ai(y)/s with a common denominator 0 -=1= s E k[y], we have f = s-la where 
a = 2:i ai(y)xi E R. 

(3) is proved similarly, since any f E T can also be written in the form 

Ex. 10.13. Let R be a right Ore domain with division ring of right fractions 
K. Show that the center of K is given by 

{as- l : a E R, s E R\{O}, ars = sra for all r E R}. 

Solution. Suppose as- l is in the center of K, where a E R, s E R\{O}. 
Then, for any r E R, we have as-l(sr) = (sr)as-l, which simplifies to 
ars = sra. Conversely, suppose a = as- l where a and s are such that 
ars = sra for all r E R. Letting r = 1, we have as = sa. To see that a is 
central in K, it suffices to show that a commutes with any r E R\ {O} (for 
then a also commutes with r- l , and therefore with any rC l E K). As we 
saw above, the condition imposed on a and s amounts to (sr)a = a(sr) for 
any r E R. Since a = as- l commutes with s, this reduces to sra = sar. 
Cancellation of s now gives ra = ar, as desired. 

Comment. The domain assumption in this exercise is not really essential. 
In general, if S is a right denominator set in a ring R, a similar argument 
can be used to show that the center of RS-l consists of as- l (a E R, s E S) 
such that for any r E R, there exists t E S such that arst = srat. 

For an intriguing generalization of this exercise to prime rings due to 
W. S. Martindale, see Ex. 14.7. 

Ex. 10.14. For R, K as in Exercise 13, show that any ring T between R 
and K is a right Ore domain. 

Solution. Since K is a division ring, certainly any nonzero element in T 
is a unit in K. Also, any element in K has the form rs- l where r E R ~ T 
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and 0 i=- s E R S;;; T. Therefore, T is a right order in K, and it follows from 
LMR-(10.21) that T is a right Ore domain. 

Ex. 10.15. Let S be a right denominator set in a ring R and let 'P : R -+ Q 
be the natural map, where Q = RS-1 . 

1. If QR is a noetherian R-module, show that 'P(R) = Q. 

2. If RQ is a f.g. R-module, show that 'P(R) = Q. 

Solution. (1) Let s E S and consider the ascending chain of R-submodules 
s-l'P(R) S;;; s-2'P(R) S;;; ••• in QR. Since QR is noetherian, there exists an 
integer n such that s-n'P(R) = s-(n+1)'P(R). Left multiplying by sn+1, 
we get s . 'P(R) = 'P(R). In particular, s . 'P(r) = 1 E Q for some r E R. 
Therefore, S-l E 'P(R), from which it follows that Q = RS-1 = 'P(R). 

(2) By taking a commOn denominator for a finite set of generators for 
RQ, we can write Q = I:~=1 'P(R) . ait-1, where ai E Rand t E S. Then 
C 2 = I:~=1 'Ph ai)C1 for suitable ri E R. Right multiplying by t, we get 
C 1 = I:~=1 'P(riai) E 'P(R), and so again Q = 'P(R). 

Ex. 10.16. Let f: R -+ R' be a homomorphism between right Ore rings. 
Does f induce a ring homomorphism Q~c(R) -+ Q~c(R')? 

Solution. Let S (resp. S' ) be the multiplicative set of regular elements in 
R (resp. R' ). If we are given that, under the homomorphism f, f (S) S;;; S', 
then indeed there is an induced ring homomorphism f* from Q~I!(R) 

RS-1 to Q~I!(R') = R'S,-l(cf. solution to Exercise 1), defined by 

f*(rs- 1) = f(r)f(s)-l (r E R, s E S). 

However, f(S) need not be in S'. Therefore, in general, there is nO natural 
way to define an induced homomorphism from Q~£(R) to Q~I!(R'). 

For an explicit example, take R = Z, R' = ZjnZ (where n > 0), and 
let f be the projection map from R to R'. Here, n E S, but f(n) = 0 rt S'. 
In this example, there is simply nO homomorphism from Q~I!(R) = Q to 
Q~I!(R') = ZjnZ. 

Ex. 10.17. Let S be a right denominator set in a ring R. Show that the 
right ring of fractions Q = RS-1 is flat as a left R-module. 

Solution. Our solution is based On the use of the Equational Criterion for 
Flatness in LMR-§4. By (the left analogue of) LMR-(4.24)(2), the flatness 
of RQ will follow if we can show that any R-linear relation I:~1 rixi = 
o (ri E R, Xi E Q) is a "consequence of linear relations in R." To be more 
precise, this meanS showing that there is a formal factorization. 
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such that (r1," . ,rn)(bij ) = 0 over R, where Yj E Q and (bij ) is an n x m 
matrix over R. To show this, take a "common denominator" s E S to 
express Xi as ais-1 (ai E R). Then 

0= 2:rixi = (2:riai) s-1 E Q 

implies that 2: riait = 0 for some t E S. Setting Y = (st)-1 E Q, we have 
Xi = ais-1 = (ait)y E Q. The factorization 

( ~1) (a~t ~ ::: ~) (~) 
Xn ant 0 ... 0 y 

clearly gives what we want, since the n x n matrix above is left annihilated 
by (r1, ... ,rn) over R. 

Comment. This exercise places at our disposal the most powerful property 
of "localization"; namely, - ® R Q is an exact functor from M R (the 
category of right R-modules) to MQ (the category of right Q-modules). 
Another proof for this exactness property, using a somewhat different view 
of localization, is given in the next exercise. 

In the special case where the right denominator set S consists of non 
O-divisors of R, it is also possible to get the flatness of RQ by expressing 
RQ explicitly as a direct limit of free (and hence flat) R-modules. For s, 
W E S, define s ::; w by the relation w E sR. If w = sr where r E R, then 
S-1 = rw- 1 E Q implies that Rs-1 ~ Rw-1 (in Q). It is easy to see that 
(S, :::;) is a directed set. Indeed, let s, t E S. Since S is right permutable, 
there exists an element w E sR n tS. Clearly, w E S, with s, t ::; w. The 
fact that S consists of non O-divisors implies that R ~ Rs-1(c;;, Q) as left 
R-modules. Thus, 

is flat by LMR-(4.4). 

Ex. 10.18. Let S ~ Rand Q be as in Exercise 17 and let M be a right 
R-module. 

(1) Generalizing the procedure for forming RS-1 = Q, show that there 
exists a "localization" MS-1 that is a right Q-module with elements ofthe 
form m/s = ms-1 (m E M, s E S). 
(2) Show that the kernel of the natural map M -+ MS-1 is given by the 
set of "S-torsion elements", defined by 

Mo : = {m EM: ms = 0 for some s E S} . 

(3) Show that "localization" is an exact functor from MR to MQ. 
(4) Show that MS-1 ~ M ®R Q in MQ. Using this and (3), give another 
proof for the fact that RQ is flat. 
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(5) If Mo = 0 in (2), show that 

u.dimMR = u. dim (MS-1)R = u.dim (MS-1)Q' 

Solution. (1) We first define an equivalence relation ""," on M x S, by 
taking (m, s) '" (m', s') iff there exist b, b' E R such that sb = s' b' E S 
and mb = m'b' EM. (Note that although sb = s'b' E S, band b' need not 
belong to S.) The idea here is, again, that after "blowing up" sand s' to the 
"common denominator" sb = s'b' E S, we want the numerators mb and m'b' 
to be the same in M. After verifying that ""," is an equivalence relation, 
we introduce the shorthand notation m/ s = ms-1 for the equivalence class 
of (m, s). Using the right denominator property on S, we can then define 
addition and (right) scalar multiplication by Q on 

MS-1 = {ms-1 : mE M, s E S} 

in much the same way as we defined addition and multiplication on Q = 
RS-1 in LMR-§lO. The verification that MS-1 is a well-defined right Q
module is long and tedious, but basically routine. In order to save space, 
we omit it altogether. 

(2) If ms = 0 E M where s E S, then certainly m/1 = 0 E MS-1 since 
s is a unit in Q. Conversely, suppose m/1 = 0/1. Then by definition there 
exist b, b' E R such that mb = Ob' = 0 E M and b = b' E S, so mEMo. 
This shows that ker (M --+ MS-1) = Mo. 

(3) Any R-morphism i: M --+ N clearly induces a Q-morphism i* : 
MS-1 --+ NS-l, so we have a covariant functor 91tR --+ 91tQ by "localiza
tion". Consider any exact sequence 

0--+ M ..!:.. N ..!... P --+ 0 in 91tR, 

and the induced zero sequence 

0--+ MS-1 ~ NS-1 ~ PS-1 --+ 0 in 91tQ. 

Clearly, j* is surjective. To show that ker (j*) ~ im (i*) , take any ns-1 E 
NS-1 such that 0 = j* (ns- 1) = j (n) S-1. Then j (n) t = 0 E P for some 
t E S. Thus nt = i(m) for some m E M and so 

ns-1 = (nt) (st)-1 = i (m) (st)-1 E im (i*). 

Finally, changing notations, take ms-1 E ker (i*). Then i (m) t = 0 E N 
for some t E S. This yields mt = 0 E M, and so 

ms-1 = (mt) (st)-1 = 0 E MS-1. 

This completes the proof for the exactness of the functor 91tR --+ 91tQ. 

(4) We can define 'P: MS-1 --+ M®RQ by 'P(ms- 1) = m®s-l, and 
¢ : M ®R Q --+ MS-1 by ¢ (m ® rs- 1) = (mr) s-1. It is easy to verify 
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that these are mutually inverse right Q-module homomorphisms, so we 
have a natural isomorphism MS-l ~ M ®R Q in mQ. From now on, it 
will be convenient to "identify" these two Q-modules. It follows from (3) 
that 0 ®R Q is an exact functor, so now we have a second proof for the 
fact that Q is a flat left R-module: 

(5) Assume now that Mo = O. This enables us to view M as an 
R-submodule of M S-l. If we have a direct sum of nonzero Q-submodules 
(or even R-submodules), Tl EEl·· . EEl Tn ~ MS-l , then Mi = TinM i= 0, and 
we have a direct sum of R-submodules Ml EEl ... EEl Mn ~ M. Conversely, 
suppose Ml EEl· .. EEl Mn is a direct sum of nonzero R-submodules in M. We 
claim that the sum 

is also direct. In fact, suppose Xl + ... +xn = 0, where Xi E MiS-I. Taking 
a common denominator, we can write Xi = mis-l for some s E S, and 
mi E Mi' Then 

implies that ml + '" + mn = 0 E M, so all mi = 0 and hence all Xi = O. 
Since the uniform dimension of a module is the supremum of integers n 
for which the module contains a direct sum of n nonzero submodules. (see 
LMR-(6.6)), the conclusions in (5) follow. 

Ex. 10.19. For any right R-module M, let 

t (M) = {m EM: ms = 0 for some regular element s E R}. 

Show that R is right Ore iff, for any right R-module M, t(M) is an 
R-submodule of M. In this case, t(M) is called the torsion submodule of 
M; M is called torsion if t(M) = M, and torsionfree if t(M) = O. Show 
that, in case R is right Ore, M/t(M) is always torsionfree. 

Solution. In the following, let S be the multiplicative set of regular ele
ments in R. First assume R is right Ore. Then, for any MR , t(M) is just 
Mo in the last exercise. Since Mo is the kernel of the R-homomorphism 
M ---+ MS-l, it is an R-submodule of M. (We invite the reader to give a 
direct proof of this from the definition of Mo, using the fact that S is right 
permutable.) To see that M/t(M) is torsionfree, let ml EM be such that 
mlSl E t (M), where Sl E S. Then (mlsl) S2 = 0 for some S2 E S. This 
implies that ml E t (M), and so ml = 0 E M/t (M). 

Now assume that t(M) is a sub module in every right R-module M. 
We would like to prove that, for any a E Rand s E S, as n sR i= 0. 
Consider the right R-module M = R/ sR. From I . s = S = 0 E M, we see 
that lEt (M). Since t(M) is an R-module, we must have t(M) = M. In 
particular, there exists t E S such that 0 = at = at, so at E sR, as desired. 
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Ex. 10.19A. Let x, y be non O-divisors in a ring R such that Rx n Ry = 0, 
and let S :2 R be an overring which contains elements s, t such that 
sx = ty -j. O. For the right R-submodule M = sR + tR of S, show that 
HomR (M, R) = O. 

Solution. For any f E HomR (M, R), let a = f(s) and b = f(t) in R. 
Then 

ax = f (s) x = f (sx) = f (ty) = f (t) y = by 

implies that ax = by = 0 (as Rx n Ry = 0) , and therefore a = b = O. Since 
MR is generated by sand t, it follows that f == O. 

Ex. 10.19B. Let R be a right Ore domain. Show that R is left Ore iff 
every f.g. torsionfree right R-module is embeddable in a free R-module. 

Solution. Let K be the division ring of right fractions of R. First suppose 
R is left Ore. It is easy to see that K is also the division ring of left fractions 
of R. Let MR be any f.g. torsionfree R-module, say M = L:~I miR. By 
Ex. 18 above, we have an embedding M --+ M ® R K, which we may view 
as an inclusion map. Since M ®R K is K-spanned by 

{mi = mi ® 1: 1::; i ::; n}, 

it has a finite K-basis, say VI, ... , vp. Write mi = L:j vjkij , where kij E K. 
As R is left Ore, we can express kij as a-Irij with a "common denominator" 
a E R\{O}, and with suitable rij E R. Then 

mi = L (vja- I ) rij E L. (vja- I ) R (for all i). 
J J 

Now the elements Uj : = vja- I are right linearly independent over R, so M 
embeds into the free R-module EBj=1 ujR. 

Conversely, if R is not left Ore, take nonzero elements x, y E R such 
that Rx n Ry = O. Consider the torsionfree R-submodule 

MR = x-IR + y-IR <:;;; K. 

Applying Ex. 19A with s = x-I and t = y-I in K, we see that HomR (M, R) 
= O. In particular, MR cannot be embedded in any free R-module. 

Comment. This exercise is Proposition 4.1 in E. Gentile's paper, "On rings 
with one-sided field of quotients," Proc. A.M.S. 11(1960), 380-384. Our 
solution follows closely the proof given by Gentile, except that we have 
generalized part of Gentile's argument into Ex. 19A. 

Ex. 10.20. Let R be a sub ring of a division ring D. Show that RD is a 
flat left R-module iff R is a right Ore domain. 

Solution. First suppose R is right Ore. Then we have R <:;;; K <:;;; D, where 
K is the division ring of right fractions of R. Then RK is flat by Exercise 17, 
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and K D is flat since D is a K-vector space. From this, it follows that RD 
is also flat. 

Now suppose the domain R is not right Ore. Then there exist nonzero 
elements a, b E R with aR n bR = O. Since aR EB bR ~ (R2) R' we can 
construct an R-monomorphism i : (R2) R ~ RR. The functor 0 ®R D 
cannot be exact, for otherwise i would induce aD-monomorphism i* : 
(D2) D ~ DD, which is impossible over a division ring. Therefore, the 
module RD is not flat. 

Ex. 10.21. Show that a domain R satisfies the (right) strong rank condi
tion ("for any n, any set of n+ 1 elements in (Rn)R is linearly dependent": 
see LMR-(1.20) (2)) iff R is right Ore. 

Solution. First assume that R is not right Ore. As in the last exercise, 
there exists aR EB bR <:;:; R, where a, b -=/=- O. Then a, b are linearly independent 
in RR, so R does not satisfy the strong rank condition. 

Now assume R is right Ore, and let K be its division ring of right 
fractions. If some (Rn) R contains n + 1 linearly independent elements, 
we would have an R-monomorphism (Rn+ 1) R ~ (Rn) R' Localizing to K 
would yield a K-monomorphism (Kn+1)K ~ (Kn)K' which is impossible. 
Therefore, R must satisfy the strong rank condition. 

Comment. More generally, it is shown in LMR-(1.37) that any nonzero 
ring R with u. dim RR < 00 satisfies the strong rank condition. (For any 
right Ore domain R, we have u.dim RR = 1.) 

The "if" part of this exercise is an interesting conclusion since it means 
that, to guarantee that we can solve nontrivially any m homogeneous linear 
equations in n > m unknowns over the domain R, it suffices to guarantee 
that we can always solve one such equation in two unknowns! 

Ex. 10.22. Use Exercise 21 to give another proof for the fact that, if R is 
a right Ore domain, so is R[x]. 

Solution. Assume that R is a right Ore domain, and let T = R[x]. By 
Exercise 21, R satisfies the strong rank condition. By Exercise 1.22, T also 
satisfies the strong rank condition. Since T is a domain, another application 
of Exercise 21 shows that T is a right Ore domain. 

Ex. 10.23. Show that, over a right Ore domain R, any f.g. flat right R
module M is projective. 

Solution. By Exercise 21, R satisfies the strong rank condition. Now by 
LMR-(4.38), over any domain with such a property, any f.g. flat right 
module is projective. 

Ex. 10.23A. For any right Ore domain R, show that a torsionfree right 
R-module M is divisible iff it is injective. 
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Solution. We know already (from LMR-(3.17)') that the "if" part is true 
for MR over any ring R. Now assume R is a right Ore domain, and let MR 
be torsionfree and divisible. To check that M is injective, we apply Baer's 
Criterion. Let Q( be any nonzero right ideal, and let f E HomR (Q(, M). 
For any nonzero a E Q(, there exists a unique element ma E M such that 
f(a) = maa. We claim that all elements ma (a E Q(\ {O}) are equal. Indeed, 
if a, bE Q(\ {O}, we have ar = bs for some nonzero r, s E R. Then 

f (ar) = f (bs) =? f(a) r = f(b) s 
=? maar = mbbs 
=? ma=mb, 

since MR is torsionfree. If we now write m for ma (for all nonzero a E Q(), 
then f(a) = ma for all a E Q(, so f extends to the R-homomorphism 
R ---t M given by 1 ~ m. 

Comment. This exercise is Proposition 1.1 in E. Gentile's paper referenced 
in the Comment on Ex. 19B above. Note that, in the case where R is a 
commutative domain, this result has been proved in LMR-(3.25). 

Ex. 10.23B. Show that a domain R is right Ore iff there exists a nonzero 
torsionfree injective right R-module. 

Solution. First assume R is right Ore. Then the division ring K of right 
fractions of R is torsionfree and divisible as a right R-module. By the last 
exercise, KR is then injective. 

Conversely, suppose M -I- 0 is a torsionfree injective right R-module. We 
fix a nonzero element m EM. If R is not right Ore, we have aR n bR = 0 
for some nonzero a, b E R. The R-homomorphism f: aR EEl bR ---t M 
sending a, b to m can be extended to g: RR ---t MR (by the injectivity of 
M). For m' = g(l) E M, we have 

m = 9 (a) = 9 (1. a) = 9 (1) a = m' a, 

and similarl)', m = m'b. These equations imply that m' -I- 0 and 
m' (a - b) = 0, so the torsionfreeness of M forces a = b, which is not 
the case. Thus, R must be right Ore. 

Ex. 1O.23C. Let R be a right Ore domain with division ring of right 
fractions K. For any nonzero right ideal Q( ~ R, HomR (Q(, KR) is a left 
K-vector space via the left K-action on K. As in LMR-(2.15), we have a 
K-morphism 

>.: K ---t HomR (Q(, K) defined by >. (k) (a) = ka 

for k E K and a E Q(. Show that >. is an isomorphism. 

Solution. Clearly >. is one-one, so it suffices to show that it is onto. As 
in the last exercise, we know that KR is injective. Therefore, given any 
f E HomR (Q(, K), there exists 9 E HomR (R, K) extending f. Let k = 
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g (1) E K. Then, for any a E Ql, 

f (a) = g (1· a) = g (1) a = ka = A (k) (a). 

Therefore, f = A(k), as desired. 

Comment. The main idea of the proof here is basically the same as that 
in the proof of LMR-(2.15) in the case where R is a commutative domain. 
It is interesting to see how, in our new arguments, the commutativity of R 
is replaced by the right Ore property. 

Ex. 10.24. Let R ~ L be domains. Show that L is injective as a right R
module iff R is right Ore and L contains the division ring of right fractions 
K of R. 

Solution. First suppose R is right Ore, with R ~ K ~ L. It is easy to 
check that LR is torsionfree and divisible, so by Exer. 23A, it is injective. 

Conversely, suppose LR is injective. Since LR is torsionfree, Exer. 23B 
implies that R is right Ore. If we can show that every nonzero a E R has an 
inverse in L, then we'll have R ~ K ~ L, as desired. The R-homomorphism 
f: aR -+ L defined by f(a) = 1 extends to some g: R -+ L, by the 
injectivity of LR. Now 1 = f(a) = g(l)a shows that a-I exists in L. 

Ex. 10.25. Show that a domain R is right Ore iff it has a nonzero right 
ideal of finite uniform dimension. 

Solution. The "only if" part is clear since a right Ore domain has right 
uniform dimension 1. Conversely, assume that R has a nonzero right ideal C 
with u. dim (CR) < 00. Then C contains a right ideal D with u. dim (DR) = 
1. Fix a nonzero element d E D. Then for any a, bE R\{O}, the two right 
ideals daR and dbR in D must intersect nontrivially, i.e. dar = dbs #- 0 for 
suitable r, s E R. Cancelling d, we get ar = bs #- 0 so aR n bR #- O. This 
proves that R is right Ore. 

Comment. A somewhat different way to formulate the proof of the "if" 
part is the following. Fix 0 #- dEC. Then 

RR ~ dRR ~ C R ==} u. dim (RR) :::; u. dim (CR) < 00, 

so by LMR-(1O.22), R is a right Ore domain. In comparison, the proof given 
in the solution above is a bit more straightforward. 

Ex. 10.26. Let R be a domain. Show that R is a PRID iff R is right Ore 
and all right ideals are free, iff R is right noetherian and all right ideals are 
free. 

Solution. If R is a PRID, then all nonzero right ideals are isomorphic to 
RR (and therefore free), and certainly R is right noetherian. 

Recall from LMR-(10.23) that any right noetherian domain is right Ore. 
Therefore, to complete the proof, it suffices to show that, if R is right Ore 
and all right ideals of R are free, then R is a PRID. Let Ql be any nonzero 
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right ideal. By assumption, there exists a free R-basis {ai : i E I} , so that 
~ = EBiEI aiR. If III ~ 2, then for i =f j in I, we have aiR n ajR = 0, in 
contradiction to the fact that R is a right Ore domain. Therefore, we must 
have III = 1, which means that ~ is principal. 

Ex. 10.27. Let ~ =f 0 be a right ideal in a domain R, and b E R\ {O}. If 
~ n bR = 0, show that ~ + bR is a nonprincipal right ideal. Deduce from 
this that any right Bezout domain is a right Ore domain. 

Solution. Assume that ~ + bR = cR for some c E R. Then b = cd for 
some dE R\ {O}. We have right R-module isomorphisms 

~ ~ (~EEl bR) / bR = cR/ cdR ~ R/ dR. 

Here, ~ is a torsionfree module, but R/dR has a nonzero element I killed 
by d, a contradiction. 

A right Bezout domain is a domain in which every finitely generated 
right ideal is principal. If a, b are nonzero elements in such a domain R, the 
above implies that aR n bR =f 0 (for otherwise aR + bR is nonprincipal). 
Hence R is a right Ore domain. 

Comment. A somewhat different proof for the fact that any right Bezout 
domain is right Ore is given in LMR-(10.24). 

Ex. 10.28. Let S ~ R be a right denominator set consisting of regular 
elements, and let Q = RS-1 . 

(1) True or False: R is simple iff Q is. 
(2) True or False: R is reduced iff Q is. 

Solution. (1) The "if" part is false (in general). For instance, R = Z is 
not simple, but for S = Z\{O}, Q = RS-1 = ij is simple. The "only if" 
part happens to be true. Indeed, assume R is simple. Let I be a nonzero 
ideal in Q, say 0 =f as- 1 E I, where a E R and s E S. Then I contains 
(as- 1) s = a =f 0, so 10: = InR is a nonzero ideal in R. Since R is simple, 
1 E 10 , and hence I = Q. This shows that Q is also simple. 

(2) The "if" part is clearly true, since R ~ Q. The "only if" part turns out 
to be true also. Indeed, assume R is reduced. To show that Q is reduced, 
it suffices to check that, for any x E Q, x2 = 0 '* x = o. Write x = as- 1 , 

where a E Rand s E S. Since S is right permutable, there exists an 
equation at = sr where r E Rand t E S. From 

0= as- 1as- 1 = art- 1 s-1, 

we get ar = O. Thus, (ra)2 = 0 and so ra = O. It follows that (asr)2 = 0, 
which in turn implies that 0 = asr = aat. Since t E S is regular, we have 
now a2 = 0, and hence a = 0, x = as- 1 = O. 

Comment. The affirmative answer to (2) is certainly folklore in the subject 
of rings of quotients. For an explicit reference, see G. Mason's paper "Prime 
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ideals and quotient rings of reduced rings," Math. Japonica 34(1989), 
941-956. 

Ex. 10.29. Let Q = RS-1 , where S is a right denominator set in R. For 
any right Q-module N, show that NQ is injective iff NR is injective. 

Solution. First assume N R is injective. We show that NQ is injective by 
proving that any inclusion N Q <;;; XQ splits. Fix an R-submodule Y <;;; X 
such that NEElY = X. We claim that Y must be a Q-submodule of X 
(which will then do the job). Let y E Y and rs- 1 E Q, where r E Rand 
s E S. Then yrs- 1 = n + y' where n E Nand y' E Y. But then 

yr = ns + y's E NEElY 

implies that yr = y's, so yrs- 1 = y' E Y as claimed. 
Conversely, assume that N Q is injective. To check that N R is injective, 

consider an inclusion of R-modules A <;;; Band f E HomR (A, N). We 
can "extend" f easily to an f' E HomRS-l (AS-I, N). Since A <;;; B 
induces an inclusion AS-1 <;;; BS-I, we can further extend f' to a g' E 
HomRS-l (BS-I, N). Composing g' with the natural map B --+ BS-I, we 
obtain agE HomR (B, N) extending the original f. 

Comment. A more abstract way to formulate the second part of the solu
tion is as follows. The fact that A <;;; B :::} AS-1 <;;; BS-1 (used in a crucial 
way above) amounts to the flatness of Q as a left R-module (cf. Exer
cise 17). That said, the desired conclusion that N Q injective:::} N R injective 
follows more generally from LMR-(3.6A). 

Some concrete cases of this exercise have already appeared in LMR-§3. 
For instance, if p is a prime ideal in a commutative ring R, the injective hull 
E(Rlp) has a natural structure as an Rp-module, and as such, it remains 
injective (LMR-(3.77)). For the other direction, it was shown in LMR-(3.9) 
that, if R is a commutative domain with quotient field K, then any K
module is injective over R. 

Ex. 10.30. In two different graduate algebra texts, the following exercise 
appeared: "Let S be a multiplicative subset of the commutative ring R. If 
M is an injective (right) R-module, show that MS- 1 is an injective (right) 
RS-1-module." Find a counterexample. 

Solution. Since this wrong exercise appeared in two algebra texts, we offer 
two counterexamples below! 

(1) We shall construct a commutative self-injective ring R for which some 
localization RS-1 is not self-injective. Over such a ring R, the free module 
of rank 1, M = RR, will provide the counterexample we need. Start with 
any commutative noetherian complete local domain (A, m) of dimension> 1 
(e.g. Q[[Xl, ... ,Xn ]] with n > 1), and let E = E(Alm) (the injective hull 
of Aim). Then E is a faithful injective A-module (by LMR-(3.76)), and 
by Matlis' Theorem LMR-(3.84), the natural map A --+ EndA (E) is an 
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isomorphism. These properties ofthe module EA guarantee that the "trivial 
extension" R = A EB E (constructed with E = AE A and E2 = 0 in R) is a 
commutative self-injective ring: see LMR-(19.22). Now let S = (s) ~ A ~ R 
where s is any nonzero element in m. By LMR-(3.78), any element in E is 
killed by some power of m, in particular by sn for some n. From this, we 
see easily that 

RS-1 ~ AS-1 = AD] ~ K (quotient field of A), 

since dim (A) > 1. By Exercise (3.2), the integral domain A m is not 
self-injective, as desired. 

Note that the self-injective ring R constructed above is actually a local 
ring. This follows from the fact that A itself is local, and that E is an ideal 
of square zero in R. 

The second example to be presented below is due to G. Bergman. We 
thank him for permitting us to include his example here. 

(2) In this example, let k be any infinite field. View k[x, y] as a subring 
of M : = kkxk by identifying any polynomial in k[x, y] with the function 
k x k ---t k that it defines. Let 

R = k [x, y] EB I ~ M = kkxk, 

where 1= {g E kkxk: Isupp (g)1 < oo}. It is easy to see that R is a subring 
of M. Let us first show that MR is injective. Since M = I1M(a,b) where 

MCa,b) = {g EM: supp(g) ~ {(a, b)}}, 

it suffices to show that each MCa,b) is injective over R. Let e = e(a,b) E I be 
the characteristic function on {(a, b)}. Then e2 = e and R = eREB(l - e) R. 
Upon localization at the multiplicative set (e) = {I, e}, (1 - e)R becomes 
zero, so R(e) ~ k, and M(a,b) is just the R(e)-module k viewed as an R
module. Since k is an injective R(e)-module, Exercise 29 guarantees that it 
is an injective R-module, as desired. 

Let S = k [x] \ {O} ~ R. We finish by showing that MS-1 is not an 
injective RS-1-module. First, every function in I is killed by some s E S, 
so I localizes to zero. This shows that RS-1 ~ k [y] S-l. Next, we claim 
that 

(*) MS-1 ~ Mj Mo, where Mo = {g EM: supp (g) . 
~ Lal U ... U Lan for sUltable ad . 

Here, La denotes the "vertical line" x = a in k x k. To prove (*), note that 
each 9 above is killed by (x - ad ... (x - an) E S. It is also easy to check 
that each x - a acts as a bijection on M j Mo, so (*) follows. [Note. Each 
element in S has the form 

(x - a) (x - b)··· (x - c) h (x), 

where h(x) has no zeros and hence is a unit in R.] 
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The final step is to show that MS-1 ~ M j Mo is not injective over 
RS-1 ~ k [y] S-l. We do this by checking that MjMo is not even a divisible 
module over k [y] S-l. Since k [y] S-l is a domain, it suffices to check that 
y. (M j Mo) S;; M j Mo. This is clear, since the constant function 1 (on k x k) 
does not belong to yM + Mo. (Any function in yM + Mo is zero on all but 
a finite number of points on the x-axis.) Note that the infinitude of k is 
used only in this very last step! 

Comment. The first counterexamples recorded in the literature seem to be 
those of E. C. Dade, in his paper "Localization of injective modules," J. 
Algebra 69(1981), 416-425. For an injective R-module M, Dade found a 
criterion for M S-l to be an injective RS-1-module in terms of the "Ext" 
functor over R. Dade also developed necessary and sufficient conditions for 
all injective R-modules to localize to injective RS-1-modules (for a given 
S). His counterexamples for the present exercise are based on these criteria. 
The counterexamples presented in (1) and (2) of our solution are different, 
and seem to be a bit simpler than Dade's. For more information on the 
injectivity of M S-l (or the lack thereof), see the next exercise. 

Ex. 10.31. Show that the statement in quotes in the last exercise is true 
under either one of the following assumptions: 

(1) R is noetherian (or more generally, R is right noetherian and S is a 
central multiplicative set in R); 
(2) M is S-torsionfree (i.e. for s E Sand m E M, ms = 0 =} m = 0). Your 
proof in this case should work under the more general assumption that S 
is a right denominator set in a possibly noncommutative ring R. 

Solution. (1) It will be sufficient to assume that R is right noetherian and 
that the multiplicative set S is central in R. We shall check that M S-l is 
an injective RS-1-module by applying Baer's Criterion LMR-(3.7). Take 
any right ideal in RS-1 , which we may assume to be of the form 2lS-1 for 
some right ideal 2l C;;;; R. We need to show that the natural map 

defined by restriction is onto. By a standard localization fact (see, e.g. the 
author's "Serre's Problem on Projective Modules," Prop. 1.2.13, Springer 
Monographs in Math., 2006), for any finitely presented right R-module N, 
the natural map 

is an isomorphism. Using a for N = Rand N = 2l respectively (R and 2l 
both being finitely presented since R is right noetherian), we may "identify" 
r.p with the map 

(HomR (R, M)) 5- 1 ----* (HomR (2l, M)) 5- 1 . 
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Since HomR (R, M) -+ HomR (2t, M) is onto by the injectivity of MR, it 
follows that 1* is also onto, as desired. 

(2) We assume here that S is a right denominator set, and that M is 
S-torsionfree. For s E S, r E Rand m E M, we claim that 

sr = 0 E R ===} mr = 0 E M. 

In fact, from sr = 0, the "right reversible" condition on S implies that 
rs' = 0 for some s' E S (see LMR-(10.4)). Therefore, mrs' = 0 E M, 
whence mr = 0 since M is S-torsionfree. Now the injective R-module M 
is divisible, so (*) implies that m EMs. It follows that each s E S acts 
as a bijection on M, so the R-module structure on M can be extended 
to an RS-1-module structure. (In particular, MS-1 = M.) Since M is 
an injective module over R, it follows from Exercise 29 that M is also an 
injective module over RS-1 . 

Comment. Part (1) of this exercise is due to H. Bass; see his paper "Injec
tive dimension in noetherian rings," Trans. A.M.S. 102(1962), 18-29. Part 
(2) is more or less folklore. 

If R (possible noncommutative) is noetherian and "right fully bounded" , 
and S is a right and left denominator set, the injectivity of M S-l has 
also been proved by K. A. Brown (partly using (2) above). For this and 
other positive results in the noncommutative case, see the article of K. R. 
Goodearl and D. A. Jordan: "Localizations of injective modules," Proc. 
Edinburgh Math. Soc. 28(1985), 289-299. Other examples on the failure 
of injectivity on M S-l in the noncommutative case (using differential 
polynomial ring constructions) can also be found in this paper. 

§11. Right Goldie Rings and Goldie's 
Theorem 

In the context of the theory of rings of quotients, "regular elements" of 
a ring usually mean elements that are neither left nor right zero divisors. 
These are not to be confused with the von Neumann regular elements. In 
this section, we write CR for the multiplicative set of regular elements in a 
ring R. Recall that, for rings R ~ Q, we say that R is a right order in Q if 
CR ~ U (Q), and every element in Q has the form as- 1 where a E Rand 
s E CR. There are two main points here: 

(1) a ring R is a right order in some ring Q iff R is right Ore, and Q ~ 

Q~R (R) over R; 
(2) a ring Q has a right order in it iff CQ = U (Q). 
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Note that the latter condition is left-right symmetric; if it holds, Q is said 
to be a classical ring. For instance, any von Neumann regular ring is a 
classical ring, and so is any right self-injective ring, by Exercise 8. 

Right orders in division rings are exactly the right Ore domains. Goldie's 
Theorem purports to answer the more general question: what kinds of rings 
are right orders in semisimple rings? 

We say that a ring R is right Goldie if u. dim RR < 00 and R has ACC 
on right annihilator ideals. (Left Goldie rings are defined similarly.) Goldie's 
famous theorem (LMR-(1l.13)), in its most basic form, tells us that a ring 
R is a right order in a semisimple ring Q iff R is semiprime and right 
Goldie, in which case Q ~ Q~R (R). Two more significant characterizations 
for such rings R are the following: 

(A) R is semiprime, right nonsingular, and u. dim RR < 00. 

(B) For any right ideal 2l in R, 2l <:;;;e R iff 2l n CR i- 0. 

These characterizations of right orders in semisimple rings constitute 
what is sometimes called "Goldie's Second Theorem." Goldie's First Theo
rem, also obtained by Lesieur and Croisot, is best viewed as a special case 
of the Second Theorem: it states that R is an order in a simple artinian 
ring iff it is a prime right Goldie ring. 

The point about Goldie's Theorem is that it provides us a way to check 
"internally" within R when it has a classical right ring of fractions that is 
semisimple. Since the two conditions defining a right Goldie ring are both 
weaker than ACC on right ideals, it follows that any right noetherian ring 
is right Goldie. Thus, Goldie's theorem implies that: 

Any semiprime right noetherian ring R has a semisimple clas
sical right ring of fractions. 

Another easy example of a semi prime Goldie ring is any ring R between 
ZG and QG for a finite group G. Here, R is a (left, right) order in the 
semisimple ring QG; in fact we can get QG already by inverting the regular 
central elements {l, 2, 3, ... }. 

Using Goldie's Theorem, it is often possible to prove results about right 
noetherian rings that may not be easy to prove otherwise. Some illustrations 
of these are given in LMR-§llC. 

In formulating Goldie's Theorem, we can also start with a semiprime 
ring R with only finitely many minimal prime PI, ... , Pt. In this case, 
the Pi's are precisely the "maximal annihilators" in R, and t equals the 
"2-sided uniform dimension" of R (LMR-(11.41), LMR-(1l.43)), and R is 
right Goldie iff each Rlpi is (LMR-(11.44)). 

In the commutative case, a semisimple ring means simply a finite direct 
product of fields, so the purpose of Goldie's Theorem in this case would 
be to characterize (commutative) rings that are orders in a finite direct 
product of fields. This characterization is easy to achieve by using the 
standard results of commutative algebra: 
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A commutative ring R is an order in a finite direct product 
of fields iff R is semiprime (i.e. reduced) and has only a fi
nite number of minimal primes, iff R is semiprime and every 
essential ideal contains a regular element of R. 

(See LMR-(11.46).) Note that the latter condition is a simplification of the 
condition (B) given before. 

Most exercises for this section are on the theme of Goldie's Theorem and 
its variations. As a whole, they give a lot of additional information about 
regular elements, ideals, right annihilators, and minimal primes. There are 
also a couple of exercises ((12) and (13)) concerning the I-sided artinian 
radicals in a ring R. By definition, the right artinian radical AT (R) is 
the sum of all right ideals of R that are artinian as right R-modules. The 
left artinian radical At: (R) is defined similarly. These artinian radicals are 
ideals in R, and in the case when R is noetherian, we have At: (R) = AT(R), 
according to LMR-(11.35). 

Exercises for § 11 

Ex. 11.0. Let Ri ~ Qi (i E I) be rings. Show that I1i Ri is a right order 
in I1i Qi iff each Ri is a right order in Qi' 

Solution. Let R = I1i Ri and Q = I1i Qi. First assume each Ri is a right 
order in Qi' If r = (ri)iEI E CR, then ri E CRi ~ U (Qi) for each i E l, 
so r E U (Q). For any q = (qi)iEI E Q, we can write qi = sir;1 where 
8i E Ri and ri E CRi for each i. Therefore, q = 8r- 1 for 8 = (8i)iEI and 
r = (r;)iEI E CR, so we have checked that R is a right order in Q. The 
converse is proved similarly. 

Ex. 11.1. Let a E R be right regular (i.e. annT (a) = 0), and let I ~ R be 
a right ideal such that aR n I = O. 

(a) Show that the sum Li>O a i I is direct. 
(b) From (a), deduce that If u. dimRR < 00, we must have aR ~e RR. 
(c) Give an example to show that aR ~e RR need not hold if u. dim RR = 00. 

Solution. (a) Suppose bo + ab l + ... + anbn = 0, where bi E I. Then 
bo E aRnl = 0, and so a (b l + ab2 + .. , + an-Ibn) = O. Since annT (a) = 0, 
we have b1 +ab 2 + ... +an-Ib n = O. Repeating this argument, we get bi = 0 
for all i. 

(b) Assume that u. dim RR < 00. For any right ideal I #- 0, we must 
have aR n I #- 0, for otherwise, by (a), R would contain an infinite direct 
sum EBi>O ail (where each ail #- 0), in contradiction to u. dimRR < 00. 

Therefore, aR ~e RR· 

(c) A typical example here is R = Q(a,b). Since R is a domain, every 
nonzero element is regular. A principal right ideal such as aR is clearly not 
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essential in RR' For instance, aR n J = ° for J = bR (and R contains the 
infinite direct sum EBi2:0 aiJ = EBi2:0 aibR). 

Comment. It is instructive to recall another (shorter) proof of (b) given in 
LMR-(1l.14). If aR was not essential in RR, we would have u.dimaR < 
u. dim RR < 00. However, annr (a) = ° implies that aR ~ RR, and so 
u. dim aR = u. dim RR. If a is assumed regular (instead of just right regu
lar), other conditions may also guarantee aR ~e RR; see, for instance, (a) 
in the exercise below. 

Ex. 11.2. Let R be a right Ore ring. 

(a) Show that any right ideal Qt containing a regular element is essential 
(in RR). 
(b) Show that R is semi prime right Goldie iff any essential right ideal of R 
contains a regular element. 
(c) Give an example of a commutative (hence Ore) ring with an essential 
ideal Qt ~ R not containing any regular elements. 

Solution. (a) Suppose Qt contains a regular element a. For any b #- ° in 
R, there exists an equation ar = b8 where 8 E R is regular. Therefore, b8 
is a nonzero element in aR ~ Qt, and we have shown that Qt ~e RR' 

(b) follows from (a) and the characterization (see LMR-(11.13)) of semi
prime right Goldie rings as rings in which a right ideal is essential iff it 
contains a regular element. 

(c) Let Qt be the ideal Z EB Z EB ... in the commutative ring R = Z x Z x .... 
Then Qt C;::;e R. In fact, for any b = (b 1 , b2, ... ) with bn #- 0, the principal 
ideal bR contains the nonzero element (0, ... , bn , 0, ... ) E Qt (with bn in the 
nth coordinate). However, every element 

(r1, ... ,rm ,0, ... ) EQt 

is killed by any (81, 82, ... ) with 81 = ... = 8m = 0, SO Qt does not contain 
any regular elements of R. 

In this example, u. dim RR = 00. It is just as easy to give an example for 
which u. dim RR < 00. For instance, the 2-dimensional Q-algebra R = Q[u] 
with the relation u2 = ° has an essential ideal Qt = Ru = Qu containing 
no regular elements. Here, u. dim RR = 1, but R is not semiprime since 
Qt2 = 0. 

Ex. 11.3. (Goldie) For any element a in a right Goldie ring R, show that 
there exists an integer n :::: 1 such that Qt : = an R + annr (an) is a direct 
sum and Qt C;::;e RR. 

Solution. Since right annihilators in R satisfy ACC, there exists n :::: 1 
such that annr(a n ) = annr(a n+1 ) = .... If anb E annr (an), then 

bE annr (a 2n ) = annr(a n ) , 
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so anb = o. This shows that Q( = an R + annr(an ) is a direct sum. To show 
that Q( <;:;e RR, we use a method similar to that used in the solution to 
Exercise l(a). Let I be a right ideal such that In Q( = O. We claim that 
the sum Li>O ain I is direct. Indeed, suppose bo + anb l + ... + amnbm = 0 
with bi E I. Then bo E In anR = 0, and so 

an (bl + anb2 + ... + a(m-I)n bm) = 0, 
which implies that 

bl E I n (an R + annr (an)) = I n Q( = O. 

Since annr (an) = annr (a 2n ) = ... , we can repeat this argument to show 
that all bi=O, thus proving our claim. Invoking now the assumption that 
u. dim RR < 00, we see that ain 1= 0 for large i and so an 1= o. Therefore, 
1<;:; annr (an) <;:; Q(, whence 1= O. We have thus proved that Q( <;:;e RR. 

Comment. The result above was used by Goldie in his original proof of 
Goldie's Theorem (LMR-(11.13)) characterizing right orders in semisimple 
rings. In LMR, a different proof was given that was independent of the 
present exercise. The result in this exercise bears a remarkable resemblance 
to some results on strongly 7r-regular rings, that is, rings in which every de
scending chain aR ;:2 a2 R ;:2 ... (a E R) stabilizes. According to a theorem 
of Armendariz, Fisher and Snider: 

A ring R is strongly 7r-regular iff, for any a E R, there exists 
an integer n ~ 1 such that R = an REEl annr (an). 

This equality relation is, of course, much stronger than the essentiality 
relation an REEl annr (an) <;:;e RR. 

Ex. 11.4. Let R be a right Ore domain that is not left Ore, say, RanRb = 
0, where a, b E R\ {O}. The ring A = M2 (R) is prime right Goldie by 
LMR-(ll.lS), so right regular elements of A are automatically regular by 

LMR-(11.14)(a). Show, however, that a = (~ ~) E A is left regular but 

not regular. 

Solution. Suppose x, y, Z, w E R are such that (~ ~) a = o. Then 

xa + yb = za + wb = O. 

Since Ra n Rb = 0, we have x = y = z = w = 0, so a is left regular. 

However, a (~l ~l) = 0, so a is not regular. 

Ex. 11.5. Let R be a semiprime right Goldie ring with 
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where the Di'S are division rings. Show that u. dim RR = n1 + ... + nt, 
and that a right ideal ~ <;;; R is uniform iff ~e is a minimal right ideal in 
Q. If, in addition, R is prime, show that u. dim RR is the largest index of 
nilpotency of nilpotent elements in R. 

Solution. First, by LMR-(10.35), u. dimRR = u. dim QQ. For Qi 
Mni (Di) , we have u. dim (Qi)Qi = ni, so it follows that 

For a right ideal ~ <;;; R, LMR-(1O.35) also gives u. dim ~R = u. dim (~e)Q . 
Therefore, ~R is uniform iff (~e)Q is uniform. Since Q is semisimple, the 
latter simply means that ~e is a minimal right ideal in Q. 

Now assume R is prime. Then t = 1 in the above, and we have R <;;; 
Qd (R) = Mn1(DI). 

Ex. 11.6. Let x, y E R where R is a semiprime right Goldie ring. If xy E CR 
(the set of regular elements in R), show that x, y E CR. 

Solution. Since annr (y) <;;; annr (xy) = 0, y is right regular. Since R is 
semiprime right Goldie, y E CR. To show that x is also (right) regular, 
choose b E Q~e (R) such that b( xy) = 1. Then, for a E R : 

xa = 0 =* 0 = b (xa) = y-1a in Q~e (R), 

so a = O. Thus, annr(x) = 0, as desired. 

Ex. 11.7. Let Q be an algebraic algebra over a field k. Show that any 
q E CQ is a unit by considering the minimal polynomial of q over k. (Thus, 
Q is a classical ring.) 

Solution. Let qn+ an _1qn-1 + ... + a1q + ao = 0 (ai E k) with n chosen 
smallest. If ao = 0, then, since q E CQ, we'll have 

a contradiction. Therefore, ao #- 0, and we see that 

-1 ( n-1 n-2 + ) -an q + an-1q ... + a1 

is an inverse for q. 

Comment. In LMR-(11.6)(2), it is shown that any strongly 1T-regular ring 
is classical. The above result is a special case of this since, in fact, any 
algebraic k-algebra is strongly 1T-regular: see ECRT-(23.6). 
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Ex. 11.8. Show that any right self-injective ring Q is a classical ring. 

Solution. Let q E CQ. Then qQ ~ QQ is injective, so qQ is a direct 
summand of QQ. Write qQ = eQ, where e = e2 E Q. Then 

(1 - e) q E (1 - e) eQ = 0, 

so e = 1. This gives qQ = Q, so qq' = 1 for some q'. Now q (q' q - 1) = 0 
leads to q'q = 1, showing that q E U (Q). 

Comment. The above argument made use of the fact that q is neither a 
left nor a right O-divisor. Note, however, that if q is only assumed to be 
not a left O-divisor, one can still show that q has a left inverse in Q: see 
Exercise 3.2. 

An important example to keep in mind for the result in this Exercise 
is Q = End(Vk), where V is a right vector space over a division ring k. By 
(the right analogue of) LMR-(3.74b), Q is a right (although not necessarily 
left) self-injective ring. An element q E Q is not a left (resp. right) O-divisor 
iff the linear map q : V -- V is injective (resp. surjective). Thus, if q E CQ, 
q: V -- V will be bijective, and hence indeed q E U ( Q). Note that the 
ring Q here is not Dedekind-finite, unless dimk V < 00. 

Ex. 11.9. Using Ex. 5.23A, show that a f.g. projective right module M 
over a commutative classical ring Q is "cohopfian", in the sense that any 
injective Q-endomorphism cp: M --M is an automorphism. Is this still true 
if Q is not commutative? 

Solution. After adding a suitable f.g. module N to M and replacing r.p 
by r.p EEl IN, we may assume that M is a free module Qn. Represent the 
elements of Qn as column vectors and let A = (aij) E Mn(Q) be such that 
cp (x) = Ax for any 

x = (Xl, ... ,xnf E Qn. 

The injectivity of cp means that the homogeneous system of linear equations 
Ax = 0 has only the trivial solution. By part (3) of Ex. 5.23A, this implies 
that the McCoy rank of A is n; that is, det(A) (the unique n x n minor of A) 
is a non O-divisor in Q. Since Q is a classical ring, we have det(A) E U(Q). 
Thus, A E GLn(Q), so cp is an automorphism. 

If Q is a noncommutative classical ring, the conclusion in the Exercise 
fails in general, even for M = QQ. In fact, if Q is not Dedekind-finite (e.g. 
Q = End (Vk ) for an infinite dimensional vector space V over a division ring 
k), say with ab = 1 i- ba in A, then cp: QQ -- QQ defined by cp (x) = bx 
is an injective Q-endomorphism that is not an automorphism. 

Ex. 11.10. Let R = Rjill where ill is an ideal of R. (a) If u. dimRR < 00, 

is u. dim R R < oo? (b) Exhibit a right Goldie ring R with a factor ring R 
that is not right Goldie. 

Solution. The ring R = Z [Xl, X2, .. . J is a commutative domain, so R is a 
Goldie ring with u. dim RR = 1. Now consider the subring S c Z x Z x ... 
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consisting of sequences (a1' a2,"') that are eventually constant. Clearly, S 
is the subring of Z x Z x ... generated by the unit vectors e1, e2, ... , so the 
ring homomorphism 'P: R ----t S defined by 'P (Xi) = ei (Vi) is a surjection. 
For Qt = ker( 'P), we have S ~ R/ Qt, and u. dim Ss = 00 since S contains 
ZEElZEEl· .. , which is an infinite direct sum of ideals EB:1 Sei. In particular, 
R/ Qt ~ S is not a Goldie ring. 

Ex. 11.11. True or False: Every right Goldie ring is stably finite? 

Solution. The statement is, in fact, true for any ring R with 
u.dimRR < 00. For, by LMR-(6.62), this implies that u.dimSs < 00 

for S = Mn(R), and by LMR-(6.60), u.dimSs < 00 implies that Sis 
Dedekind-finite. Since this holds for all (finite) n, R is stably finite. 

Ex. 11.12. The ring R = (~ ~) is right noetherian but not left noether

ian, by FC-(1.22). Show that the right artinian radical AT (R) = (~ ~), 
but the left artinian radical Ai (R) = O. 

Solution. The right (resp. left) artinian radical of R is, by definition, the 
sum of all artinian right ideals in R. To compute AT(R), we recall from 
FC-(1.17)(2) that any right ideal Qt ~ R has the form J1 EEl h where J 1 

is a right ideal of Z, and h is a right Q-submodule of Q EEl Q containing 

J 1 Q EEl O. Assume now QtR is artinian. Since the ideal (~ ~) acts as zero 

on (Qt/ J 2 ) R ' we see that (Jdz must be artinian, and so J 1 = O. Therefore, 
2l is just any right Q-submodule of Q EEl Q, and of course, any such Q
submodule is artinian over Q, and hence artinian over R. This shows that 

N(R) is just (~ ~). 
To compute Ai(R), recall from FC-(1.17)(1) that any left ideal 23 ~ R 

has the form h EEl 12 , where 12 is a left ideal in Q, and h is a left Z-sub-

module of Z EEl Q containing 0 EEl Q12 . Here, the ideal (~ ~) acts as zero 

on R(h), so if R23 is artinian, z (h) must be artinian. We finish by showing 
that the only artinian subgroup of ZEElQ is zero, for then, we have h = 0 and 
hence AR(R) = O. Let G be any nonzero subgroup of ZEElQ. For 0 i=- 9 E G, 
we have Z . 9 ~ Z since Z EEl Q is torsionfree. Since z (Z) is not artinian, it 
follows that zG is also not artinian. 

Ex. 11.13. Find AT(R) and AR(R) for R = (~ ~ ~~D . 
Solution. Since Q and Q (t) are artinian rings and Q (t)lQl(t) is an artinian 
module, FC-(1.22) implies that the triangular ring R here is right art
inian. In particular, AT(R) = R. To compute AR(R), consider any left 
artinian ideal 23 ~ R. By FC-(1.17)(1) again, we have 23 = h EEl h where 
12 is a left ideal in Q (t), and h is a left Q-submodule of QEElQ (t) containing 
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o EI:l Q (t) h There are two possibilities: 12 = Q (t), or 12 = O. If 12 = Q (t), 

then h :2 OEl:lQ (t). But then R(Id is not artinian since (~ ~ ~~D acts as 

zero on R(h) so the left R-structure on h is essentially its left Q-structure, 
and dimlQl h 2 dimlQl Q (t) = 00. Thus, we must have 12 =0, in which case h 
can be any finite-dimensional left Q-subspace of Q EI:l Q (t). Summing these, 

we get AR(R) = (~ Q6t)). 
Ex. 11.14. Use LMR-(11.43) to show that, if R has ACC on ideals, then 
R has only finitely many minimal primes. 

Solution. According to LMR-(11.43), if a semiprime ring S has ACC on 
annihilator ideals, then S has only finitely many minimal primes. We apply 
this result to the semiprime ring S : = R/ Nil*R, where Nil*R is the lower 
nil radical (i.e. intersection of all prime ideals) of R. If R has ACC on ideals, 
then so does S, so by the result quoted above, S has only finitely many 
minimal primes. Since all prime ideals of R contain Nil*R, this implies that 
R also has only finitely many minimal primes. 

Comment. This exercise already appeared in ECRT-(10.15), but the solu
tion there is different. In that solution, one uses "noetherian induction" to 
show that any ideal Ql ~ R contains a finite product of prime ideals. The 
case Ql = 0 leads easily to the desired conclusion. 

Ex. 11.15. Let R be a semi prime (i.e. reduced) commutative ring with 
finitely many minimal primes P1, ... ,Pt. Show by a localization argument 
that the set CR of regular elements in R is given by R\ (1'1 u ... u pd. 
Solution. Let a E CR. If a E Pi for some i, then a localizes to a nilpotent 
element in RPi (since RPi has only one prime ideal, piRpJ. Therefore, 
ran = 0 for some n 2 1 and some r E R\pi. This contradicts a E CR. Thus, 
CR ~ R\ (1'1 u ... u Pt) . Conversely, for any a tt P1 u ... U Pt, 

ab = 0 =} bE 1'1 n ... n Pt = Nil(R) = 0, 

Comment. The equation CR = R\ (1'1 U ... U Pt) (for a semiprime commu
tative ring R) appeared in LMR-(11.47). There, it is deduced from LMR
(11.42), which is a more general result characterizing the regular elements in 
any (possibly noncommutative) semi prime ring with finitely many minimal 
prime ideals. The present exercise is the commutative version. Note that 
there is no noetherian assumption on the ring R in this exercise! 

Ex. 11.16. Let R be a semiprime ring. 

(a) Show that an ideal S23 ~ R is an annihilator (in the sense of LMR
(11.37)) iff S23 is a right annihilator. 
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(b) If R is also right Goldie and Q = Q~R (R) has t Wedderburn components, 
show that the annihilator ideals in R are exactly the contractions to R of 
the 2t ideals in Q. 

Solution. (a) The "only if" part is clear. For the converse, suppose the 
ideal 113 is a right annihilator. Then 113 = annr (annR (1l3)). Since 113 is 
an ideal, Qt : = annR (1l3) is also an ideal (by LMR-(l1.36)). Thus, 113 = 
annr (Qt) is an annihilator ideal in the sense of LMR-(l1.37). 

(b) Let Q = Ql X ... x Qt where the Q;'s are the Wedderburn components, 
and let 

qi = Lj#i Qj, Pi = qi n R (1::; i ::; t) . 

By LMR-(l1.22), Pl, ... ,Pt are all the minimal primes of R. Now, by LMR
(11.40) and (11.41), the annihilator ideals in R are precisely intersections 
of subsets of {Pl,···, pd. An intersection Pil n ... n Pik is the contraction 
of qil n· .. n qik to R, and qil n· .. n qik is an arbitrary ideal of Q. Thus, the 
annihilator ideals of R are precisely the contractions to R of the 2t ideals 
in Q. 

Ex. 11.17. Let R be a semiprime ring with finitely many minimal prime 
ideals Pl, ... ,Pt. Let 113i = TIj#iPj, and let 

!l3i = (ll3i + Pi)/Pi in Ri = R/Pi. 

After identifying R with a subring of S : = TIi Hi, show that 113 : = TIi ~i 
is an ideal of S lying in R, and that ann'l (lJ3) = o. 
Solution. The natural map cp: R --; S given by cp(b) = (b, ... , b) E S 
is an injection, since ni Pi is the prime radical of R, which is (0) in the 
semiprime ring R. We shall henceforth identify R with cp(R) <;;; S. Since 
~i is an ideal in Hi for each i, 113 = TIi ~i is an ideal in S. To show that 
113 <;;; R, consider any element (3 = (b1 ,···, bt ) E lJ3, where bi E 113i . For 
b = h + ... + bt E R, we have 

as desired. For the last part of the exercise, note that Pi 12 TIj#i Pj (for 
otherwise Pi contains Pj for some j -=f. i). This implies that ~i is a nonzero 
ideal in Hi. Since Hi is a prime ring, ~i has zero left annihilator in Hi, for 
each i. From this, it follows immediately that annff (1l3) = o. 
Ex. 11.18. Keep the notations in Exercise 17, and assume that each Hi = 
R/Pi is right Goldie, with Qi : = Q~f (Hi) . Independently of LMR-(l1.44), 
show that R is also right Goldie, with Q~R (R) ~ Q : = TIi Qi· 

Solution. By Goldies's First Theorem LMR-(11.16), each Qi is a simple 
artinian ring, so Q = TIi Qi is a semisimple ring. To get the desired 
conclusion, it thus suffices to show that R is a right order in Q. For any 
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q = (ql, ... ,qt) E Q, let qibi E Ri where bi is regular in Ri . Since Ri is 
prime and 13i ~ Ri is a nonzero ideal, LMR-(8.4)(3) implies that 13i is 
essential as a right ideal in Ri . By LMR-(11.13), ~i contains a regular 
element Ci of Ri . Then biei and qibiei are both in ~i' By Exercise 17 
above, 

and also qs E R. Since Q is semisimple, this is sufficient ground for us to 
conclude that R is a right order in Q, by LMR-(11.7)(3). 

Comment. This result was already proved in LMR-(11.44), by using right 
uniform dimensions. The above solution offers an interesting alternative 
approach. 

Ex. 11.19. (See Ex. 8.6.) Let R be the (commutative) ring Q ({Xi: i:2': I}) 
with relations XiXj = a for all unequal i, j. 

(a) Show that R is semi prime (i.e. reduced). 
(b) R does not satisfy ACC on annihilators. 
(c) u.dimRR = 00. 

(d) Let Pi(Xi) (i :2': 1) be nonzero polynomials without constant terms. 
Then the ideal Q( generated by {Pi (Xi) : i:2': I} is dense, but contains no 
regular elements of R. 
(e) Show that the minimal primes of R are given precisely by Pi = Lj#i RXj 
(i :2': 1). 

Solution. (a) is already observed in the solution to Exercise 8.6, as is the 
denseness of Q(. Since, for any n, Xn+1 kills each of PI (Xl)"" ,Pn (xn ), the 
ideal Q( consists of a-divisors, so we have (d). Next, the direct sum 

EE\~1 RXi = Xl Q [Xl] EEl X2Q [X2] EEl •.. 

shows (C), and (b) follows from Exercise 6.22 by choosing Si = ti = Xi. 

To prove (e), note first that R/ Pi ~ Q [Xi] , so each Pi is a prime ideal. 
Clearly, there is no inclusion relation among the Pi'S. Therefore, (e) will 
follow if we can show that any prime ideal peR contains some Pi. This 
is clear if Xi E P for all i, so assume that Xi ~ P for some i. Then, for any 
j i- i, XiXj = a E P implies that Xj E p, so P :2 Pi) as desired. 

Comment. The ring R in this exercise is a typical commutative semi prime 
ring that fails to be Goldie. By LMR-(1l.46), for a commutative semiprime 
ring R, any of the properties (b), (c), (d), (e) above is tantamount to the 
fact that R is not Goldie. The point of this exercise is to provide an example 
of a commutative semiprime ring in which each of (b), (c), (d), (e) can be 
easily checked to hold. 

Ex. 11.20. Show that R is a reduced right Goldie ring iff R is a right order 
in a finite direct product of division rings. 
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Solution. Suppose R is a right order in a ring Q = Ql X ... X Qt, where 
the Qi'S are division rings. Since Q is semisimple, Goldie's Theorem LMR
(11.13) implies that R is a semiprime right Goldie ring. The fact that Q is 
reduced implies that R is also a reduced ring. Conversely, assume that R 
is a reduced (hence semiprime) right Goldie ring. By LMR-(11.22), R has 
only finitely many minimal prime ideals, say PI, ... , Pt, and each R/ Pi is a 
prime right Goldie ring. Also, 

where Qi = Q~e (Ri)' Since R is a reduced ring, FC-(12.6) implies that 
each R/ Pi is a domain, and therefore a right Ore domain, by LMR-(11.20). 
Thus, each Qi is a division ring, and R is a right order in the finite direct 
product of division rings Ql x ... x Qt. 

The following four exercises are taken from a paper of C. Procesi and L. 
Small (J. Algebra 2(1965),80-84), where they used these results to give an 
alternative proof for the main equivalence (1) ¢} (2) in Goldie's Theorem 
in LMR-(11.13). We assume, in these four exercises, that R is a semiprime 
ring satisfying ACC on right annihilators. 

Ex.l1.21. Let B ~ A be right ideals in R such that anne (A) <;; anne(B). 
Show that there exists x E A such that xA =I=- 0 and xA n B = O. In 
particular, B cannot be essential in A. 

Solution. Since R satisfies ACC on right annihilators, it satisfies DCC on 
left annihilators (by LM R-(6.57)). Therefore, there exists a left annihilator 
U minimal with respect to anne(A) <;; U ~ anne(B). Then U A =I=- 0, and 
so UA UA =I=- 0 since R is semiprime. Pick elements a E A and u E U such 
that U auA =I=- O. It suffices to show that 

auAnB = 0, 

for then the desired element x E A in the exercise can be chosen to be au. 
To prove (*), assume, instead, that 0 =I=- aua' E B for some a' E A. Then 
U' : = anne (a')nU is a left annihilator with anne (A) ~ U' ~ U ~ anne(B). 
But 

Uaua' ~ UB = 0 ==? Uau ~ U', and 

U auA =I=- 0 ==? U au rJ, anne(A), 

so anne (A) =I=- U'. The minimality of U then implies that U' = U; that 
is, U ~ anne (a'). But then U a' = 0, which contradicts aua' =I=- 0 (since 
au E U). 

Ex.l1.22. Deduce from Exercise 21 that any chain of right annihilators in 
R has length :S u. dimRR' 
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Solution. Suppose Ao ;;2 Al ;;2 ... ;;2 An is a chain of right annihilators of 
length n. Since annr (anneAi) = Ai, we have 

anne (Ao) <;; anne (Ad <;; ... <;; anne (An) . 

Applying Exercise 21, we see that each A-I contains a nonzero right ideal 
Ti such that Ti n Ai = ° (1 :::; i :::; n). We have then TI EB ... EB Tn <;;;; Ao, 
which implies that n :::; u. dim RR' 

Comment. The conclusion in this exercise could have been deduced easily 
from the existing results in LMR. We may assume that u. dim RR < 00, so 
R is a semi prime right Goldie ring. By LMR-(11.13), R is right nonsingular, 
so the desired result is contained in LMR-(7.51)'. 

Ex. 11.23. Let x, y E R. If xR <;;;;e Rand yR <;;;;e R, show that 
xyR <;;;;e R. 

Solution. For any right ideal C -=I- 0, we would like to show that C n xyR -=I-
0. Consider right ideals A, B defined by 

A : = {s E R : xs E C} ~ B : = annr (x). 

Then xB = 0, but xA -=I- ° (since C n xR -=I- 0). Therefore, we are in 
the situation anne(A) <;; anne(B) as in Exercise 21. By that exercise, there 
exists a nonzero right ideal T <;;;; A such that TnB = 0. This T must contain 
an element yz -=I- ° (z E R) since yR <;;;;e R. Now yz ~ B :::} x (yz) -=I- 0, 
and yz E A:::} x (yz) E C. Therefore, CnxyR contains the nonzero element 
xyz, as desired. 

Ex.11.24. Let a E R. If aR <;;;;e R, show that a is regular in R. 

Solution. Since aR <;;;;e R, the last part of Exercise 21 implies that 
anne(aR) = anne(R) = 0. Therefore, anne(a) = 0. To show that annr(a) is 
also zero, pick an integer n such that annr (an) = annr (a n+ I). Then 

In fact, for b E anRnannr(a), we have b = ans for some s E R. Then ° = 
ab = an+ls implies that b = ans = 0. On the other hand, by Exercise 23, 
aR <;;;;e R:::} anR <;;;;e R, so (*) gives annr(a) = 0, as desired. 

Ex. 11.25. Let R be a prime right Goldie ring, and I be an essential right 
ideal in R. Show that any coset c + I (c E R) contains a regular element 
of R. 

Solution. Since the right annihilators in R satisfy the DCC (by LMR
(7.51)'), there exists an element a E c+I with annr(a) minimal. We claim 
that a is regular. Indeed, assume it is not. By the last exercise, aR cannot 
be essential in RR, so there exists a nonzero right ideal B with B n aR = 0. 
For any b E B n I, we have aR n bR = 0, which implies that annr (a + b) <;;;; 
annr (a). Since 

a + bEe + I + b = c + I, 
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the minimal choice of annr (a) implies that annr (a + b) = annr (a). For 
any x E annr(a), we have then ° = (a + b)x = bx, which shows that 
(B n I) . annr(a) = 0. Now, B n I i= ° (since I S;::e RR), and annr(a) i= ° 
(since a not regular implies that a is not right regular, by LMR-(11.14)(a)). 
This contradicts the fact that R is a prime ring. 

Ex. 11.26. Prove the result in Exercise 25 for any semiprime right Goldie 
ring (by using a reduction to the prime case). 

Solution. Let PI, ... ,Pt be the minimal primes of R. Since R is semiprime, 
PI n ... n Pt = 0, and by LMR-(11.41), the Pi'S are annihilator ideals (in 
the sense of LMR-(11.37)). Let Ai : = ann (Pi) ,which is given by n#i Pj 
according to LMR-(11.40). Consider the given right ideal I S;::e RR, and let 
Bi = InA. Writing "bar" for the quotient map R ----t R/Pi, we claim that 
Hi S;::e R. Indeed, let X ;2 Pi be a right ideal such that X n Hi = 0, that is, 
X n (Bi + Pi) = 0. Since 

Bi n Pi s;:: PI n ... n Pt = 0, 

this means that X n Bi = 0. Thus, (X n Ai) n 1= 0, and so X n Ai = 0. 
It follows that X . Ai s;:: X n Ai = 0. Therefore, 

X s;:: ann (Ai) = ann (ann (Pi)) = Pi, 

since Pi is an annihilator ideal. This checks that Hi S;::e R. Let c E R be a 
given element. Applying Exercise 25 to R (which is a prime right Goldie 
ring by LMR-(11. 22)), we find an element bi E Bi such that c + bi maps to 
a regular element of R/Pi. Now consider the element 

a : = C + h + ... + bt E c + I. 

For any j i= i, we have bj E Aj s;:: Pi, so the image of a in R/Pi is the 
same as the image of c+b i , which is regular in R/Pi. By LMR-(11.42), this 
implies that a E c + I is regular in R, as desired. 

Comment. The result in this exercise actually holds under somewhat 
weaker hypotheses on the ring R. As long as R is a semi prime ring with 
ACC and DCC on right annihilators (or equivalently with ACC on both 
left and right annihilators), it can be shown that the conclusion of this 
exercise holds. The proof for this more general case requires a couple of 
extra steps, which the reader can find on pp. 14-15 of the book "Rings 
with Chain Conditions" by A.W. Chatters and C.R. Hajarnavis, Pitman, 
London, 1980. 

Ex. 11.27. (Robson) Let R be any semiprime right Goldie ring, and J be 
an essential right ideal in R. Show that J is generated as a right ideal by 
the regular elements in J. 

Solution. Since J S;::e RR, J does contain a regular element. Let I be the 
right ideal generated by the regular elements in J. Then I S;::e RR by LMR
(11.13). Consider any c E J. By the last exercise, there exists a regular 
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element a E c + I ~ J. Then a E I, and we have c E a + I = I. This shows 
that J = I, as desired. 

Ex. 11.28. (Small) If a ring R is right perfect and right Rickart, show that 
it is semiprimary. 

Solution. The desired result is a combination of a number of theorems. 
First, by Bass' Theorem (FC-(24.25)), the right perfect ring R satisfies 
DCC on principal left ideals, so by LMR-(6.59), R has no infinite set 
of nonzero orthogonal idempotents. Since R is also right Rickart, LMR
(7.55) implies that R satisfies ACC on left as well as on right annihilators. 
Finally, note that the Jacobson radical rad R is nil (since R is right perfect). 
Therefore, we can apply LMR-(11.49) to deduce that rad R is nilpotent. 
Since R/radR is semisimple by assumption (that R is right perfect), it 
follows that R is semi primary. 

Comment. The above result of L. Small comes from his paper "Semihered
itary rings" in Bull. Amer. Math. Soc. 73(1967), 656-658. 

Ex. 11.29. For any idempotent e in a semiprime ring R, show that the 
following are equivalent: 

( a) e is central in R; 
(b) (l-e)Re=O; 
(c) eR is an ideal in R. 

Solution. (a) =} (c) is clear. If (c) holds, then Re ~ eR, so 

(1 - e)Re ~ (1 - e) eR = O. 

This shows that (c) =} (b). Finally, assume (b). Let A = (1 - e) Rand 
B = eR. Then AB = (1 - e) ReR = 0, so (BA)2 = B(AB)A = O. Since 
R is semiprime, BA = O. From (1 - e) Re = 0, we have re = ere for any 
r E R; and from eR(l - e) = 0, we have er = ere for any r E R. This 
yields (a). 

Comment. If R is not semiprime, neither (b) nor (c) is sufficient to give 

(a). For instance, in the ring R = (~ ~) where k is any nonzero ring, 

the idempotent e = G ~) is easily seen to satisfy (b), (c), but e is not 

central in R since it does not commute with (~ ~ ) . 

Ex. 11.30. Let R be a semiprime ring with u. dimRR < 00. 

(1) Show that SOC(RR) = eR for a central idempotent e E R. 
(2) There exists a direct product decomposition R ~ S x T where S is a 
semisimple ring, and T is a semiprime ring with SOC(TT) = O. 
(3) If soc (RR) ~e RR, show that R is a semisimple ring. 
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Deduce from the above that a prime ring R is simple artinian iff 
u. dim RR < 00 and R has a minimal right ideal. 

Solution. (1) Let S = SOC(RR)' We have u.dimSR::::; u.dimRR < 00, so 
the semisimple module SR must be f.g. By ECRT-(10.9), S = eR for a 
suitable idempotent e E R. Now S = SOC(RR) is an ideal of R, so by the 
last exercise, e is central in R. 

For the reader's convenience, we recall briefly the proof for the existence 
of e. If S -=I 0, it contains a minimal right ideal Al which, by Brauer's 
Lemma (FC-(10.22)), has the form elR for an idempotent el. Then S = 
Al EB BI where BI = S n (1 - ed R. If BI -=I 0, then, again, BI contains a 
minimal right ideal A2 = e2R where e~ = e2. Then Al EB A2 = e;R for the 
idempotent e; : = el + e2 (1 - ed, and 

Continuing like this (and using u. dim S R < 00), we get eventually 

S = Al EB ... EB An = e~R 

for some n, where e~ = e~2 E R. 

(2) Since S = eR with e = e2 central, we have R = S x T where T = 
(1- e)R. Then soc (RR) = soc (Ss) X soc (TT) implies that soc(Ss) = S 
and SOC(TT) = O. The former implies that Ss is a semisimple module, so S 
is a semisimple ring; and clearly T is a semi prime ring. 

(3) Since SR is a direct summand of RR, S ~e RR =} S = R, so R itself is 
a semisimple ring. 

For the last statement in the Exercise, the "only if" part is, of course, 
clear. Conversely, let R be a prime ring with a minimal right ideal, and 
such that u. dim RR < 00. Note that S: = soc (RR) is an ideal. If A is any 
right ideal such that S n A = 0, then A· S ~ An S = O. Since R is prime 
and S -=I 0, we must have A = O. This shows that S ~e RR, and so (3) 
above implies that R is semisimple. Since R is prime, it must be a simple 
artinian ring. 

Comment. For a nice application of part (3), see Exercise (19.9'), where it 
is shown that a semiprime ring R with RR "finitely cogenerated" must be 
semisimple. 

Concerning part (1), it is worth pointing out that, for any semiprime 
ring R, SOC(RR) = soc(RR). (This follows easily from FC-(11.9).) The 
hypothesis that u. dim RR < 00 is crucial for the validity of (1) in this 
Exercise. Here is an example. Let Vk be an infinite-dimensional right vector 
space over a division ring k, and let R = End (Vk ). This is a prime ring, 
so the only central idempotents in Rare 0 and 1. It is easy to see that 
soc (RR) -=I R (since R is not semisimple) and soc (RR) -=I 0 (f R is a 
minimal right ideal for any f: V -+ V of rank 1). Therefore, the conclusion 
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(1) does not hold for R. In fact, by ECRT-(1l.18), 

S : = soc (RR) = soc (RR) = {g E R: dimk g (V) < oo} , 

and an easy application of linear algebra shows that S is both right and 
left essential in R. Thus, R yields a nice example of a prime (non-Goldie) 
ring in which a right and left essential ideal contains no regular elements. 

Ex. 11.31. (Attarchi) Let R be a ring such that dR ~e RR whenever 
annr(d) = 0, and Rd ~e RR whenever ann£(d) = 0. Let S be the ring of 

2 x 2 upper triangular matrices over R. Show that a = (~ :) is regular 

in S iff a and e are both regular in R. 

Solution. First, assume that a, e are regular in R, and say aa' = ° E S, 

( a' b') where a' = ° e' . Then we have aa' = ee' = ° and ab' + be' = 0. It 

follows that a' = e' = 0, and ° = ab' + be' = ab' implies that b' = 0. Thus 
a' = 0. A similar argument shows that a' a = ° ~ a' = 0. 

Conversely, assume that a is regular in S. We would like to show that 
a and e are both regular in R. If aa' = 0, then 

( a b) (a' 0) = ° (a' 0) = 0 Oe 00 ~ 00 ~ a'=O, 

so annr(a) = 0. In a similar vein, if e'e = 0, then 

Thus, we have ann£(e) = 0, and so by hypothesis Re ~e RR. 
By Exercise 3.7, we then have 

(Re)b-1 : = {t E R: tb E Re} ~e RR. 

We claim that ann£ (a) n (Re) b-1 = 0. In fact, for any 

x E ann£ (a) n (Re) b-l, 

we have xb = ye for some y E R, and so 

Since a = (~ ~) is regular in S, we have (~ ~y) = 0 and so x = 0, m, 

claimed. From (*), ann£ (a) n (Re) b-1 = ° implies ann£ (a) = 0, so a E R is 
regular. A similar argument (using the hypothesis that Rd ~e RR whenever 
ann£(d) = 0) implies that annr (e) = 0, so e E R is also regular. 
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Comment. Recall from Exercise l(b) that, under the assumption that 
u. dim (RR) < 00, we will have annT (d) = 0 =} dR ~e RR; and a sim
ilar remark holds for left ideals. Therefore, if R is a ring with u. dim 
(RR) < 00 and u. dim (RR) < 00, the conclusion of the present exercise 
applies. 

H. Attarchi's result in this exercise appeared in the paper of A. W. 
Chatters, "Three examples concerning the Ore condition in noetherian 
rings," Proc. Edinburgh Math. Soc. 23(1980), 187-192. 

Ex. 11.32. Let Rand 5 be as in the last exercise. If R is right Ore, with 
Q = Q~R (R), show that 5 is also right Ore, with Q~R (5) given by the ring 
T of 2 x 2 upper triangular matrices over Q. 

Solution. It suffices to check that (1) every regular element of 5 is a unit 
in T, and (2) every element of T has the form (3a- 1 where (3 E 5, and a is 
a regular element of 5. 

To check (1), let a = (~ ~) be regular in 5. By the last exercise, a, 

c are both regular in R, so a-I, c-1 exist in Q. A direct calculation now 

( 
-1 -lb -1 ) 

shows that a 0 -a c 1c E T is an inverse of a. 

To check (2), consider any 'Y = (~ ~D E T, where all qi E Q. Since 

R is right Ore and Q = Q~R (R), we can express the q/s with a "common 
denominator," say qi = air-1 where ai E R (i = 1, 2, 3), and r is a regular 
element in R. Then 

so we have checked (2) with (3 = (~ 
regular element of 5. 

:~) G ~) -1, 

Comment. This exercise is taken from the paper of A. W. Chatters ref
erenced in the Comment on the last exercise. Chatters also pointed out 
that the hypotheses imposed on R at the beginning of Exercise 31 cannot 
be removed from the present exercise. In fact, Chatters constructed a 
right noetherian ring R that is right Ore, but the ring 5 of 2 x 2 upper 
triangular matrices over R is not right Ore. For such a ring R, we have 
u. dim (RR) < 00, so dR ~e RR whenever annT (d) = O. This shows that 
the other hypothesis (Rd ~e RR whenever annR(d) = 0) cannot be removed 
from Exercise 31. For the ring R constructed by Chatters, it is also true 
that the full matrix ring M2 (R) is not right Ore. 
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§12. Artinian Rings of Quotients 
Having characterized the class of rings that are right orders in semisimple 
rings, we proceed to characterize mOre generally those rings that are right 
orders in right artinian rings. 

The key object to work with here is C (N), which denotes the multi
plicative set of elements r E R such that r = r + N is a regular element 
in R/N. For this notation to be meaningful, N can be any ideal in R. Of 
course, C (0) is just the multiplicative set of regular elements of R, which 
was also denoted earlier by CR. 

Suppose a ring R is such that its prime radical N : = Nil*R is nilpotent, 
and S : = R/ N is semi prime right Goldie. Then it is possible to define a 
Goldie p-rank for any right R-module M by taking any filtration 

o = Mn S;; ... S;; Mo = M with MiN S;; Mi+l (\I i), 

and setting PR (M) = 2: ranks (M;jMi+l). Here, ranks A denotes Goldie's 
reduced rank of an S-module As defined in LMR-§7C. The Goldie p-rank 
has the advantage of being additive over short exact sequences of right 
R-modules, and we have 

PR (M) = 0 iff, for every m E M, there exists r E C (N) such 
that mr = 0 (LMR-(12.9)). 

We note in particular, that PR (M) is defined over any right noetherian 
ring R, with 0 ~ PR (M) < 00 whenever M is f.g. (LMR-(12.8)). 

The criterion for a ring R to be a right order in a right artinian ring is 
stated in terms of C(O) and C(N), where N : = Nil*R. The necessary and 
sufficient condition is given by the following (by LMR-(12.1O)): 

(A) N is nilpotent. 
(B) S = R/N is (semiprime) right Goldie. 
(C) PR(R) < 00. 

(D) C(N) S;; C(O). 

If these statements all hold, then in fact C(N) = C(O). In case R is 
right noetherian, (A), (B), (C) are all automatic, so the criterion for R to 
be a right order in a right artinian ring boils down to the single condition 
C (N) S;; C (0) for N = Nil*R. If, moreover, R is commutative, the condition 
means that all the associated primes of RR are minimal primes (LMR
(12.21)). 

In the commutative case, the above theory is strong enough to imply 
that any commutative noetherian ring can be embedded in a commutative 
artinian ring (LMR-(12.25)). However, Exercise 8 below shows that not 
every right noetherian ring can be embedded in a I-sided artinian ring or 
even just a left noetherian ring. 

If a right noetherian ring R satisfies the condition C (N) S;; C (0), then 
Q~e (R) exists and is right artinian, according to the above theory. In 
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particular, R is a right Ore ring. However, without the C (N) <:;:; C (0) 
condition, a right noetherian ring R need not be right Ore. An example 
due to L. Small is given in LMR-(12.27). But of course, a right noetherian 
domain is always a right Ore domain, by LMR-(10.23). 

The exercises in this section focus on the relations between C (0), C (N), 
and on the interplay between right noetherian and right artinian rings. The 
last exercise (Ex. 12.11) offers a nice application of Goldie's p-rank to the 
theory of Euler characteristics for modules with finite free resolutions. 

Exercises for § 12 

In the following Exercises, N = Nil*R denotes the lower nilradical of R. 

Ex. 12.1. Name a ring R that is not right noetherian, but has the following 
properties: 

(A) N is nilpotent; 
(B) R/ N is (semiprime) right Goldie; 
(C) PR (RR) < 00; and 
(D) C (N) <:;:; C (0). 

Solution. Let R be any commutative non noetherian domain. Then N = 
0, so (A), (B), (D) are trivially satisfied. For Q = Q~c (R) (quotient field of 
R), the p-rank of RR is just 

rankR(R) = lengthQ (R®R Q) = lengthQ(Q) = 1, 

so we have (C). 

Ex. 12.2. Show that a ring R is right artinian iff it is right noetherian and 
C (N) <:;:; U (R). 

Solution. First assume R is right artinian. Then R is also right neotherian 
by the Hopkins-Levitzki Theorem (FC-(4.15)). Since N is nil, LMR-(12.1) 
implies that C (N) = C (0), and by LMR-(11.6)(2), C (0) = U (R). 

Conversely, assume that R is right noetherian with C (N) <:;:; U (R). 
Then, of course, C (N) <:;:; C (0), so Small's Theorem LMR-(12.15) implies 
that Q = Q~c (R) exists, is right artinian, and R is a right order in Q. By 
LMR-(12.15), we also have C (0) <:;:; C (N), so now C (0) <:;:; U (R). Therefore, 
R = Q is right artinian. 

Ex. 12.3. Let Zn = Z/nZ, where n ~ 2. Compute C (0) and C (N) for the 

ring R = (in 1n)' and show that R is a 2-sided order in a noetherian, 

nonartinian ring. 
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Solution. Consider the ideal I = (~n Nil~Zn)) ~ R. A direct compu

tation shows that I is a nilpotent ideal. The quotient ring 

is semiprime, so we must have I = N. From the above computation of 
R/I = R/N, we see that 

C(N)={G ~): x,y,ZEZ; x#O; pdz (Vi)}, 

where n = p~l ... p~k is the complete factorization of n. We claim that 

(*) C(O)={G ~):pdx(Vi),andPdz(Vi)}. 

Indeed, if, say Pilx, then 

( ~ ~) G ~) = 0 for m = n/ Pi· 

And, if Pi I z, then 

G ~) (~ ~) = 0 for m = n/ Pi· 

This proves the inclusion "~" in (*). Conversely, if neither x nor z is 

divisible by any Pi, then G ~) is left regular. In fact, if 

o = (u 0) (x 0) = (ux 0 ) 
v iiJ Y z vx + wy wz ' 

then we must have u = 0, iiJ = 0, and 0 = vx + wy implies v = O. Similarly, 

we can show that (~ ~) is right regular, so we have established (*). In 

particular, we have C (0) ~ C (N). 
Let S be the multiplicative set Z\ U7=1 PiZ, and write Zs for the lo

calization of Z at S. Since any m E S acts invertibly on Zn, Zn is an 
Zs-module, so that we can form the triangular ring 

Q : = (~: ~J ~ R. 

It is easy to show that C (0) ~ U (Q), and that any element of Q has the 
form rC 1 where r E Rand 
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Since T is a central multiplicative set in R, we see that R is a 2-sided order 
in Q. By FC-(1.22), Q is a noetherian ring, but is neither a left nor a right 
artinian ring. 

Comment. C (0) ~ C (N) is an expected property of the (right) noetherian 
ring R: see LMR-(12.15). By the same result, the failure of C (0) ~ C (N) 
to be an equality implies that R cannot be a right order in a right artinian 
ring. This exercise is a generalization of LMR-(12.19)(2), which is the case 
where n is a prime. 

Ex. 12.4. Let k be a field. 

(1) Compute C(O) and C(N) for the ring R = (~ ~ f~D. 
(2) Show that R is right noetherian and is a right order in the right artinian 

. (k k(X)) nngQ= 0 k(x) . 
(3) Show that every right regular element of R is (right) regular in Q, but 
a left regular element of R need not be left regular in Q. 

Solution. (1) Let No be the ideal (~ k bxJ ) in R. Since N;} = 0 and 

RINo ~ k x k[xJ is semiprime, it follows that No is precisely the lower 
nilradical N. From the structure of RIN, it is clear that 

C (N) = { (~ ~) : ag # 0 } . 

On the other hand, an easy computation shows that C(O) is also given by 
the RHS of the above equation. Therefore, C(O) = C(N). 

(2) By FC-(1.22), R is right noetherian, since k and k[xJ are noetherian, 
and k[XJk[xJ is a noetherian module. In view of C(O) = C(N) (proved above), 
Small's Criterion LMR-(12.15) applies to show that R is a right order in 
a right artinian ring. In fact, in LMR-(10.27)(f), it is already shown that 

R is a right order in Q : = (~ ~ ~~D. And, by FC-(1.22) again, Q is a 

right artinian ring. 

(3) Let C'(O) be the set of right regular elements. We claim that the 

inclusion C (0) ~ C' (0) is an equality. Indeed, let a = (~ ~) E R\C (0). 

Then we have either a = 0 or 9 = O. If a = 0, then a(3 = 0 for (3 = G ~); 

if 9 = 0 but a # 0, then a(3' = 0 for (3' = (~ a=~f). In any case, we'll 

have a rt. C'(O). Therefore, C'(O) = C(O) ~ U(Q). Now consider the element 

"( = (~ !) E R. We claim that "( E 'c (0) (the set of left regular elements 
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in R). Indeed, if 

0= (~ ~) (~ !) = (~ a;jx) , 
clearly a = 0 E k and f = g = 0 E k [xl. However, I is not left regular in 
Q, since 

(~1 x;l) (~ !) =OEQ. 

Comment. (a) In (1) and (3), the equation C (0) = c' (0) = C (N) is to be 
expected of any right noetherian ring: see LMR-(12.15). 

(b) In LMR-(10.27)(f), it was shown that the ring R is not left Ore. 
Therefore, R is not a left order in any ring. 

Ex 12.5. Prove or disprove: every left regular element in a right artinian 
ring R is a unit. 

Solution. If a E R is right regular, consideration of left multiplication by a on RR shows quickly that a E U(R). If a E R is left regular instead, it 
is still true that a E U (R), but the proof is a bit more complicated. For 
the details, see ECRT-(21.23). For another proof based on mathematical 
induction on length (RR), see Lemma 25.6 in Passman's book "A course 
in Ring Theory," Wadsworth & Brooks/Cole, 1991 (reprinted by Chelsea
AMS, 2004). 

Comment. The right noetherian ring R and the right artinian ring Q 
in Exercise 4 provide good illustrative examples. In R, the element I = 

(~ !) is not right regular but is left regular. In contrast, in Q, the fact 

that I is not right regular guarantees that I is also not left regular. 

Ex. 12.6. Name a ring R for which N is nilpotent, R/N is noetherian, RR 
has finite p-rank, but RR has infinite p-rank. 

Solution. For the reader's convenience, we recall (from LMR-(12.1O)) the 
necessary and sufficient conditions for a ring R to be a right order in a 
right artinian ring. These are the following (collectively): 

(A) N is nilpotent. 
(B) R/ N is (semiprime) right Goldie. 
(C) PR(RR) < 00. 

(D) C(N) = C(O). 

Now consider the ring R constructed in Exercise 4. In that exercise, we 
have already checked the truth of (A), (B) and (D), and have also checked 

directly that R is a right order in the right artinian ring Q = (~ ~ ~ ~ j ) . 
Therefore, the condition (C) must hold. On the other hand, the conditions 
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(A), (B) and (D) being left-right symmetric, if PR(RR) was finite, R would 
have been also a left order in some left artinian ring. Now, in the Comment 
following Exercise 4, we have already pointed out that R is not a right 
order in any ring. Therefore, we must have PR (RR) = 00. 

Comment. Of course, it will be more pleasing to be able to compute 
PR(RR) and PR(RR) directly. We start with the former. Since R is a right 
order in the right artinian ring Q, LMR-(12.1O) implies that PR(RR) = 
length(QQ). Now the Jacobson (or prime) radical for Q is given by J = 

(~ k ~x) ), and we have Q / J ~ k x k (x). Therefore, Q has exactly two 

simple right modules V1 and V2 , given respectively by k and k(x), with Q 
acting via the projections of Q (modulo J) to these two fields. In particular, 
length (Q/J)Q = 2. Observing that 

( 00 hO) (ao fg) = (00 hog) (Vf,g,hEk(x); aEk), 

we see further that JQ ~ V2 . Therefore, length (JQ) = 1, and 

length (QQ) = length (JQ) + length (Q / J)Q = 1 + 2 = 3, 

so we have PR(RR) = 3. To compute PR(RR), we can use the Loewy series 
o ~ N ~ R in RR. The left R/N-action on N is given by 

( ao fg) (00 ho) = (00 aoh) (V f, g, hE k [x]; a E k) . 

This is just the k-action on k[x], pulled back along the maps 

R ---> R/N = k x k[x] ~ k. 

Since dimk k[x] = 00, we have PR (RN) = 00, and so 

PR (RR) = PR (R (R/ N)) + PR (RN) = 00 

as well. 

Ex. 12.7. Let R i= (0) be a ring with a faithful, singular right module 

M, and let A be the triangular ring (~ ~), where R is viewed as a 

(Z, R)-bimodule. 

(1) Show that, for any finite set N ~ M, ann~ (~ ~);2 (~ ~) for 

some essential right ideal II ~ R. 

(2) Show that ann~ (~ ~) i= ann~ (~ ~) for any finite subset N ~ 
M. Deduce from Exercise (6.21) that A does not satisfy DCC on right 
annihilators. 
(3) Using (2), show that A cannot be embedded in a right artinian or a left 
noetherian ring. 
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Solution. (1) Let N = {ml,"" mn } ~ M. Since MR is a singular module, 
ann (mi) ~e RR for every i, and therefore QI. = n~=1 ann (mi) ~e RR by 

LMR-(3.6)(a). By the definition of QI., we have (~ ~) (~ ~) = 0 in A, 

so (1) follows. 

(0 M) (0 N) . (2) Suppose ann~ 0 0 = ann~ 0 0 for some fimte set N ~ M. 

Then, for the right ideal QI. ~ R constructed above, we will have 

o = (0 M) (0 0) = (0 MQI.) 00 OQl. 00' 

Since MR is also faithful, this implies that QI. = 0, which contradicts QI. ~e 

RR. Therefore, the finite subset N ~ M above cannot exist. It follows from 
Exercise (6.21) that the ring A does not satisfy DCC on right annihilators. 

(3) Suppose A ~ B, where B is a ring that is either right artinian or 
left noetherian. In the former case, B clearly satisfies DCC on the right 
annihilators. In the latter case, B satisfies ACC on left annihilators, and 
therefore satisfies DCC On right annihilators (by LMR-(6.57)). But then by 
LMR-(6.61), the subring A ~ B also satisfies DCC on right annihilators, 
in contradiction to (2). Therefore, (3) follows. 

Ex. 12.8. Construct a right noetherian ring A that cannot be embedded 
in a right artinian or a left noetherian ring. 

Solution. Of course, the idea is to use (3) in the Exercise above. We have 
to make sure that A is right noetherian. According to FC-(1.22), this will 
follow if R itself is right neotherian, and MR is a f.g. (and hence noetherian) 
R-module. However, we also need M to be faithful and singular as a (right) 
R-module. 

Let R be any right noetherian simple domain that is not a division 
ring. Let IB be any nonzero right ideal C;; R, and let M be the cyclic right 
R-module R/IB. Since the annihilator of M in R is an ideal C;; Rand R 
is simple, MR must be a faithful module. On the other hand, by LMR
(10.23), R is a right are domain, so necessarily IB ~e RR, and therefore, 
by LMR-(7.6)(3), M = R/IB is a singular right R-module, as desired. 

Comment. A good choice for the ring R above is the first Weyl algebra 
A I (k) over a field k of characteristic zero. It is well-known that such a ring 
R is a (2-sided) noetherian simple domain. 

Ex. 12.9. For an ideal QI. ~ R, let C(QI.) (resp. C' (QI.)) be the set of elements 
r E R such that r + QI. is regular (resp. right regular) in R/QI.. If R is right 
noetherian and QI. is a semiprime ideal, show that C(QI.) = C'(QI.). Exhibit 
an example to show that the hypothesis that QI. be semi prime cannot be 
removed. 

Solution. Since R is right noetherian and QI. is semiprime, the factor ring 
R = R/QI. is a semiprime right Goldie ring. If r + QI. is right regular in 
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Il, LMR-(11.14)(a) implies that r + Ql is in fact regular. This shows that 
C(Ql) = C'(Ql). 

To construct a counterexample in the case where Ql is not semiprime, 

consider the triangular ring R = (z~z ~). The ideal Ql = 0 is not 

semiprime, since (1£/021£ ~) C;;; R is an ideal of square zero. The element 

r = G ~) is in C'(O) since 

implies that x = y = 0 E 1£ and z = 0 E 1£/21£. However, r ~ C (0), since 

( 0 0) (2 0) I I 0 0 1 = O. Therefore, C (0) <;; C (0). 

Ex. 12.10 . For any commutative ring R, show that Qce(R) is a semilocal 
ring iff the set of O-divisors of R is a finite union of prime ideals. 

Solution. Let T be the set of O-divisors of R, and S = R\T. If 

T = Pl U··· Upn 

where the Pi'S are prime ideals, we may assume that Pi 1= Pj for i i= j. By 
a standard localization argument (as that in the proof of LMR-(8.31)(2)), 
the maximal ideals of K : = Qce(R) are precisely (Pi)S (1 ::; i ::; n), so K 
is semilocal. 

Conversely, assume K is semilocal, say with maximal ideals M 1 , ... , Mn. 
Let Pi = Mi n R, which are prime ideals in R. Clearly Pi C;;; T for otherwise 
Mi would contain a unit of K. Therefore Pl U ... U Pn C;;; T. On the other 
hand, if x E T, then x K i= K implies that x K C;;; Mi for some i, and so 
x E Mi n R = Pi. Therefore, we have T = Pl U ... U Pn, as desired. 

Comment. The result in this exercise was first observed by E. D. Davis in 
"Overrings of commutative rings II", Trans. Amer. Math. Soc. 110(1964), 
196-212. Commutative rings R for which the set of O-divisors is a finite 
union of prime ideals have now been christened. They are known as "com
mutative rings with few O-divisors." For many interesting facts about such 
rings, see J. Huckaba's book "Commutative Rings with Zero Divisors," 
Monographs in Pure and Applied Math., Vol. 117, Marcel Dekker, New 
York-Basel-Hong Kong, 1988. See also the following two related papers of 
C. Faith: "Annihilator ideals, associated primes, and Kasch-McCoy commu
tative rings," Comm. Alg. 19(1991), 1867-1892, and "Rings with few zero 
divisors are those with semilocal Kasch quotient rings," Houston J. Math. 
22(1996), 687-670. However, readers of these two papers must exercise 
extreme caution, since Faith used the term "associated prime" in a non
standard sense-meaning maximal point annihilators. 
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Ex. 12.11. For a ring R with IBN (the "invariant basis number" property, 
let X (M) denote the Euler characteristic of a right R-module with a finite 
free resolution (FFR); see Ex. 5.21A. 

(A) Give an example of MR for which X(M) < 0. 
(B) Let R be a nonzero right noetherian ring. For a right R-module M 
with FFR, use the p-rank to show that X(M) 2: 0, with equality iff for 
every m E M, mr = ° for some r E C (N), where N = Nil*(R) is the lower 
nilradical of R. 

Solution. (A) If R fails to satisfy the (right) "Strong Rank Condition" 
(in LMR-(1.20)(2)), then there exists an injection RR ~ Rk for some k < 
e < 00. In this case, M = coker(o:) has FFR, with X (M) = k - e < 0. In 
particular, if R fails to satisfy the "Rank Condition" (in LMR-(1.20)(1)), 
then there exists a surjection Rk £ RR for some k < e < 00. In this case, 
a splitting of (3 gives an injection RR ~ Rk, and 

M = coker (0:) ~ ker ((3) 

is a f.g. stably free right R-module with X(M) = k - e < 0. 

(B) For R, N as in (B), let p (M) = PR (M) E [0,00) denote the p-rank of 
a f.g. R-module MR' Note that p(R) > 0. Indeed, if B is the classical right 
ring of quotients of the semiprime right noetherian ring A = RjN, then 

p (R) 2: p (Rj N) = lengthB (A ®A B) = lengthB (B) > 0. 

If M has a FFR, say 

the additivity of p over (short) exact sequences gives 

p (M) = P (RrO) _ p (Rrl ) + .. . 
= ro p (R) - rl P (R) + .. . 
= X(M) p(R) E Z. 

Since p(M) 2: ° and p(R) > 0, this gives X(M) 2: 0, as desired. The above 
equation also implies that X(M) = ° iff p(M) = 0, and, according to LMR
(12.9), the latter is equivalent to the condition that, for every m E M, one 
has mr = ° for some r E C (N). 

Comment. R.G. Swan has pointed out to us a second proof for (B) in 
which the p-rank used above is replaced by a pp-rank (for f.g. R-modules) 
constructed for any given minimal prime ideal P of R. This pp-rank is 
still additive over short exact sequences, so it suffices to define pp(M) for 
f.g. R-modules M that are killed by some prime ideal pi ~ R (depending 
on M): see Ex. 3.40F(2), which applies well here. If pi =1= P, we define 
pp(M) = 0. If pi = P, M may be viewed as a (f.g.) Rj P-module, and we 
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can define 

pp(M) = lengthc (M ®R/P C) , 
where C : = Qd (R/ P) (which is a simple artinian ring). We have again 
pp(R) > 0, so the above proof for X(M) ;:::: 0 works also with p replaced 
by pp. (However, this new proof does not seem to give directly a criterion 
for X(M) = 0.) One advantage of the P-rank pp is that it has a very nice 
interpretation in the case where R is a commutative (noetherian) ring. In 
this case, it is easy to check that, for any f.g. R-module M, 

pp(M) = lengthRp (Mp), 

where Mp is the localization of Mat P, viewed as a (f.g.) module over Rp , 
which is a (commutative) local artinian ring. 

In the case where R #- 0 is commutative and noetherian, the last part 
of (B) in this exercise amounts to the fact that X(M) = 0 iff Mr = 0 for 
some r E C (N). This characterization for X(M) = 0 in the commutative 
noetherian case is, of course, already contained in the conclusions of Exer
cises 5.22C and 5.22D, noting that C (0) ~ C (N) (as per LMR-(12.20)). 

Ex.12.12. Let R #- 0 be a right noetherian ring or a commutative ring, 
and let M be a right R-module with a FFR. 

(A) If there is a surjection Rm -7 M, show that X(M) :::; m. 
(B) If there is an injection M -7 Rn, show that X(M) :::; n. 

Solution. (A) has been proved in the commutative case in the solution to 
Ex. 5.22 F. This proof also works in the right noetherian case since all we 
needed there was the fact that X( K) ;:::: 0 (in the display (*)), which follows 
here from Ex. 12.1l(B). 

(B) A "dual" argument works in this case. Fix a FFR: 

(3 o -7 Fk -7 ... -7 Fo ---. M -7 0, 

and compose f3 with the injection M -7 Rn to get 

o -7 Fk -7 ... -7 Fo ~ Rn -7 C -7 0, 

where C =coker (ry). Then 

X (C) = n - rk Fo + rk Fl - ... = n - X (M) ;:::: 0 

gives X (M) :::; n. 



Chapter 5 
More Rings of Quotients 

§13. Maximal Rings of Quotients 
While the classical right ring of quotients Q~e (R) exists (if and) only if R 
is a right Ore ring, a maximal right ring of quotients Q~ax (R) exists for 
any ring R. To define Q~ax (R), one must first understand the structure 
of the endomorphism ring of a QI (quasi-injective) module. 

Let H = End(IR) where I is QI. Then rad H, the Jacobson radical of 
H, is given by the following ideal 

N:= {f E H: ker(f) ~e I}, 

and we have the following basic information about Hand fI = H / N: 

(A) fI is a right self-injective von Neumann regular ring. 
(B) Any idempotent in fI can be lifted to an idempotent of H. 
(C) If IR is nonsingular or semisimple, then N = radH = O. 

In case R is a right self-injective ring, we can apply the above to I = RR 
and get several important conclusions on End (RR) ~ R. 

To construct Q~ax (R) , we apply the above results to the endomorphism 
ring H of the injective module I : = E (RR). We let Q = End(H I), so that 
1= HIQ . We can embed Q in I by the map e: Q ~ I sending q E Q to l·q 
(for any q E Q). The embedded image e(Q) turns out to be exactly E (RR) , 
the rational hull of RR. Thus, E (RR) ~ Q has a natural ring structure 
extending its R-module structure: this ring is defined to be Q~ax (R). The 
maximal left ring of quotients, Q~ax (R) , is defined similarly. 

From a more axiomatic viewpoint, we can define a "(general) right 
ring of quotients" of R to be any overring T such that RR ~d TR 
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(i.e. R is dense as an R-submodule of TR)' Then any such T admits a unique 
ring homomorphism g into Q~aAR) extending the identity map on R, 
and g is necessarily an embedding (LMR-(13.11)). This justifies the name 
"maximal right ring of quotients" for Q~aAR). In the case where Q~£(R) 

exists (i.e. when R is right Ore), it can be embedded (over R) as a subring 
of Q~ax(R) (LMR-(13.12)), but these two rings of quotients need not 
be equal. 

For the purposes of working with Q~ax (R), we may think of its elements 
as "classes" of R-homomorphism f: Q( ---7 R where Q( is any dense right 
ideal of R. The addition and multiplication of the classes of such 1's are 
described in LMR-(13.21). In the case where R has a minimal dense right 
ideal D (e.g. R is right artinian), it follows that Q~ax(R) ~ End(DR). This 
gives a nice way to compute Q~ax(R) (when D exists). In particular, for 
any right Kasch ring R, we have just Q~ax(R) = R. 

The passage from R to Q~ax(R) is, as expected, a "closure operation", 
in the sense that Q~aA Q~ax (R)) is just Q~aA R) itself. This is proved 
in LMR-(13.31), and Exercises 10-11 below provide more information and 
perspective on this situation. 

Johnson's Theorem (LMR-(13.36)) gives several fundamental charac
terizations for right nonsingular rings : 

A ring R is right nonsingular iff H : = End (E(RR)) is Jacobson 
semisimple, iff Q : = Q~ax(R) is von Neumann regular. 

In this case, we have Q = E(RR), and Q ~ H are right self-injective 
rings. Note that the equation Q = E(RR) means that E(RR) has here the 
structure of a von Neumann regular right self-injective ring. In case R is a 
domain, Q is also a simple ring, by LMR-(13.38'). 

While Johnson's Theorem characterizes the rings R for which Q = 
Q~aAR) is von Neumann regular, one may further ask for a characteriza
tion of rings R for which Q is semisimple. This is accomplished by Gabriel's 
Theorem (LMR-(13.40)), which states that 

Q is semisimple iff R is right nonsingular and u. dim RR < 00. 

These conditions imply that R is right Goldie; if R is semi prime , the 
converse holds, and we have Q = Q~R(R). These results thus integrate 
Goldie's Theorem into the theory of maximal right ring of quotients. 

The exercises in this section deal with various aspects of Q~ax(R), and 
offer several computations of this ring. Exercise 7 characterizes rings of 
the form End(VD) where V is a right vector space over a division ring D, 
and Exercises 18-19 contain partial information on Q~ax(R) of a Boolean 
ring R. 
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Exercises for § 13 
In the following exercises, R denotes a ring, I = E(RR) denotes the injective 
hull of RR, and H = End(IR). The maximal right ring of quotients, 
Q~ax(R), is denoted by Q throughout. 

Ex. 13.1. (Utumi) Show that Q~ax(TIj Rj ) ~ TIj Q~ax(Rj) for any family 
of rings {Rj : j E J}. 

Solution. Let Qj = Q~ax(Rj) for any j E J. A coordinate-wise check 
shows that R : = TIj Rj ~d TIj Qj as right R-modules. Therefore, by LMR
(13.11), we may assume that TIj Qj lies inside Q~ax(R). We'll be able to 
conclude that these two rings are equal if we can show that, for any dense 
right ideal A ~ R, any f E HomR(A, RR) is realizable as left multiplication 
by some element from TIj Qj. (See the description of Q~ax(R) in LMR
(13.21).) Let 7Tj : R ~ Rj be the natural projection, and Cj : Rj ~ R 
be the natural injection (for every j). The projection Aj : = 7Tj(A) is 
easily checked to be a dense right ideal in Rj . Now let fj E HomRj (Aj , Rj ) 
be defined as 7Tj f Cj. (We omit the routine check that fJ is indeed an 
Rrmodule homomorphism.) Since Qj = Q~ax (Rj ), fj is realized as left 
multiplication (on Aj) by a suitable element qj E Qj. We have now an 
element 

For any element a = (aj) E A, we have aj E Aj , and fJ(aj) = qjaj by the 
choice of qj. To compute (bj ) : = f (( aj )), we shall make use of the "unit 
vectors" ei E R given by (c5ij )jEJ, where c5ij are the Kronecker deltas. We 
have 

bi = 7Ti((bj )ei) = 7Ti(f((aj))ei) = 7Ti(f((aj)ei)) 
= 7Ti (f(ci(ai))) = !i(ai) = qiai· 

Since this holds for all i, we see that 

as desired. 

Comment. The fact that the maximal right ring of quotients construction 
respects arbitrary direct products of rings was first observed by Y. Utumi 
in his paper "On quotient rings," Osaka Math. J. 8(1956), 1-18. 

Ex. 13.2. Let bE R be right regular in R, i.e. ann~(b) = o. Show that 

(1) b remains right regular in Q; and 
(2) if R is right nonsingular, b has a left inverse in Q. 
(3) If b is regular in R, is it necessarily regular in Q? 
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Solution. (1) Say bq = 0 where q E Q. There exists a right ideal A ~d RR 
such that qA ~ R. Then 0 = b(qA) implies that qA = 0 (since ann;:(b) = 0), 
and hence q = O. 

(2) Since R is right nonsingular, Q is right self-injective by Johnson's 
Theorem (LMR-(13.36)). The rest is now a familiar argument. By (1), 
the map f: bq 1-7 q is a well-defined Q-homomorphism bQ --+ QQ, This 
must be given by left multiplication by some cEQ, so cb = f(b) = 1. 

(3) The answer is "no" in general, even in the case where R is a domain. 
In LMR-(13.28), it is shown that, for R = Q(a, b), there exists q E Q such 
that qa = 1 and qb = O. Therefore, although b remains right regular in Q 
(according to (1)), it is not left regular in Q. 

Ex. 13.3. Show that an element b E R is a unit in Q iff b is right regular 
in Rand bR ~d RR. 

Solution. First assume bE U(Q), say bq = 1 where q E Q. Of course b is 
(right) regular in R. We shall check that bR ~d Q R (clearly equivalent to 
bR ~d RR) by applying the denseness criterion in LMR-(13.18). According 
to this criterion, we need only check that 

hE H, h(bR) = 0 =:::;. h(l) = O. 

Now from h(bR) = 0, we have 0 = h(b)q = h(bq) = h(l), so we are done. 
Conversely, let us assume that ann;:(b) = 0 and bR ~d RR. Then the 

well-defined R-homomorphism f : br 1-7 r from bR to RR is induced by left 
multiplication by some ql E Q, by LMR-(13.20). Then q1b = f(b) = 1 and 
so 

(bql - l)bR = (bq1b - b)R = O. 

Since bR ~ RR, this implies (again by LMR-(13.20)) that bql - 1 = O. 
Hence b E U(Q) (with inverse qd. 
Ex. 13.4. For q E Q, show that the following are equivalent: 

(1) q E U(Q); 
(2) q is right regular in Q and qQ ~d QQ; 
(3) For i E f, iq = 0 =} i = 0, and, for r E R, qr = 0 =} r = O. 

Solution. (1) {:} (2) follows from the last exercise (applied to the case 
R = Q). (1) =} (3) is clear, so it suffices to prove (3) =} (1). Assume (3) 
holds. Then qr 1-7 r (r E R) is a well-defined R-homomorphism from qR to 
fR. Since fR is injective, there exists hE H = End(IR) such h(qr) = r for 
all r E R. Let q' : = h(l) E f. Then 

q'q = h(l)q = h(lq) = h(q) = 1. 

Suppose we know that q' E Q. Then qq' makes sense (in Q) and (qq' -l)q = 
q - q = 0 implies that qq' = 1 by the first condition on q in (3). This shows 
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that q E U(Q). Finally, we have to show q' E Q. By LMR-(13.7), this will 
follow if we can show that, for k E H, k(R) = 0 =} k(q') = O. Now k(R) = 0 
implies that 

0= k(l) = k(q'q) = k(q')q, 

so indeed k(q') = 0 by our assumption(s) on q. 

Ex. 13.5. Show that an element q E Q is central in Q iff it commutes 
with all elements of R. Deduce from this that, if R is commutative, so 
is Q. 

Solution. The first part is proved eventually in LMR-(14.15), so we won't 
repeat the proof here. For the second part, assume that R is commutative. 
For r E R, certainly r commutes with all elements of R, so by the first 
part, r E Z(Q). Therefore, for any q E Q, q commutes with all r E R, and 
hence, by the first part again, q E Z ( Q). 

Ex. 13.6. (Utumi) Let R be a prime ring with S = SOC(RR) i- O. Show 
that Q = Q~ax(R) is isomorphic to End(VD) for a suitable right vector 
space V over some division ring D. 

Solution. It is well known that the right socle S is an ideal, so by LMR
(8.4)(3), the fact that S i- 0 implies that S ~d RR. Now any essential right 
ideal must contain any minimal right ideal and hence contain S. This shows 
that S is the smallest dense right ideal. Applying LMR-(13.22)(3), we see 
that Q ~ End(SR)' Now note that any two minimal right ideals ill, Sl3 in 
R are isomorphic. In fact, since R is prime, illSl3 i- 0 so aSl3 i- 0 for some 
a E QC Therefore, left multiplication by a defines an R-isomorphism from 
Sl3 to ill. 

Now identify SR with EBjEI ill, and let D = End (illR), which is a division 
ring by Schur's Lemma. Then each R-endomorphism !.p of S R is determined 
by a column-finite "matrix" (!.pij), where !.pij E D is the composition of 

( ·th f or) 'P S ith projection or J copy 0 '-'\. -----) ) '-'\.. 

Note that for a given j, the !.pij'S are almost all zero, since the cyclic 
R-module!.p (jth copy of Qt) is contained in a direct sum of a finite number 
of copies of Qt. Therefore, End( S R) is isomorphic to the ring of I x I column
finite matrices over D, which is just the endomorphism ring of a right 
D-vector space V = EBjEI ejD. 

Comment. For readers who prefer a proof not relying on the use of matri
ces, we can offer the following alternative approach. Write a minimal right 
ideal Qt as eR where e = e2 . Then D = End(eR)R ~ eRe by FC-(21.7), 
and V : = Re is a right vector space over D. We can define a map 
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as follows. For f E End(SR), take cp(f)(re) = f(re) (noting that re E Re <:;:; 

S and that f(re) = f(re 2 ) = f(re)e ERe). It is not difficult to check that 
cp is a ring isomorphism, which then gives what we want. 

Ex. 13.7. (1) Show that a ring R has the form End(VD) where V is a right 
vector space over a division ring D iff R is prime, right self-injective, and 
with SOC(RR) i= O. 

(2) Show that a prime, self-injective ring R with SOC(RR) i= 0 must be 
semisimple. 

Solution. First suppose R = End(VD)' Easy linear algebra considerations 
show that R is prime, and LMR-(3.74B) (applied with "left" and "right" 
reversed) shows that R is right self-injective. Finally, by ECRT-Ex. 11.17, 
if e E R is any D-endomorphism of rank 1, eR is a minimal right ideal of 
R, so SOC(RR) i= O. 

Conversely, let R be a ring that is prime, right self-injective, and with 
SOC(RR) i= O. The second of these conditions implies that R = Q~ajR), 

so the last exercise yields R ~ End(VD) for some right vector space V over 
some division ring D. Now assume, in addition, that R is left self-injective. 
Then by LMR-(3.74B) (applied with "left" and "right" reversed), we must 
have n : = dimD(V) < 00, and therefore R ~ End(VD) ~ Mn(D) is 
semisimple. 

Ex. 13.8. Show that, if R is simple (resp. prime, semiprime), so is every 
general right ring of quotients of R. 

Solution. Let S :2 R be any general right ring of quotients of R. This 
means that R <:;:;d SR. First assume that R is simple. Let A be a nonzero 
ideal of S. Then AnR is a nonzero ideal in R, so 1 E An R, whence A = S. 
This shows that S is also simple. Next, assume that R is prime. Suppose 
qSq' = 0, where q, q' E S. Take dense right ideals A, A' in R such that 
qA, q' A' <:;:; R. Then (qA)(q' A') = (qAq')A' = 0 implies that qA = 0 or 
q' A' = 0, since R is prime. Therefore, using R <:;:;d S R once more, we have 
q = 0 or q' = O. This shows that S is prime, and the semi prime case is 
similar (by letting q = q'). 

Ex. 13.9. Let IE <:;:; R <:;:; S, where R, S are rings, and IE is a left ideal of 
S with ann~(IE) = O. Let f = E(Ss). Show that 

(1) For i E f, i IE = 0 =:? i = 0; 
(2) f = E(RR); 
(3) End(IR) = End(Is); and finally, 
(4) Q~ajR) = Q~ax(S), 

Solution. (1) If i i= 0, we have is E S\ {O} for some s E S. But then 
is IE <:;:; i IE = 0, contradicting ann~ (IE) = O. 

(2) By LMR-(3.42), fR is an injective module, so it suffices to show that 
R <:;:;e fR. Let i E f\ {O} and fix s E S. with is E S\ {O}. There exists 
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b E ll3 with isb =I=- 0, while we have (is) b E Sll3 ~ ll3 ~ R. This checks that 
R ~e I R · 

(3) For f E End(IR), we must show that f(i s) = f(i)s for i E I and s E S. 
This follows from (1) since 

[f(is) - f(i)s] b = f(isb) - f(isb) = 0 (Vb E ll3). 

( 4) This follows from (3) since both maximal right rings of quotients are 
obtained from H = End(IR) = End(Is) by taking the H-endomorphism 
ring of HI. 

Comment. The point of this exercise is that if we know one of the maximal 
right quotient rings, then we know the other. This technique can be used 
to compute the maximal right quotient rings for many rings, for instance 
those in LMR-(3.43) (Examples (A) through (F)). 

Ex. 13.10. (This exercise provides a more general view, and a new 
proof, for the fact that R f---7 Q~ax (R) is a "closure operation": cf. LMR
(13.31)(3).) Let R ~ S ~ T be rings such that S (resp. T) is a general 
right ring of quotients of R (resp. S). Show that T is a general right ring 
of quotients of R. 

Solution. If we can show that SR ~d TR, then we can use the transitivity 
property of denseness (LMR-(8.7)(2)) to deduce that RR ~d TR . Let x, 
yET, where x =I=- O. Choose s E S such that xs =I=- 0 and ys E S. Then 
choose s' E S such that 0 =I=- xss' E S. Finally (using R ~d SR), choose 
r E R such that (xss') r =I=- 0 and (ss') r E R. Then, for r' = ss'r E R, we 
have xr' =I=- 0, and yr' = (ys) (s'r) E S. 

Ex. 13.11. Let T be a general right ring of quotients of R. 

(1) Show that T = Q~ax (R) iff Q~ax (T) = T. 
(2) In general, Q~ax (T) = Q~ax (R). 

Solution. (1) The "only if" part is the "closure" property of the Q~ax

formation (implied by the last exercise and also proved in LMR-(13.31)(3)). 
For the "if" part, assume that Q~ax (T) = T. Since R ~d TR, we may 
assume (by LMR-(13.11) that T ~ Q := Q~ax (R). Then R ~d QR implies 
that TR ~d QR, which in turn implies that TT ~d QT. Since Q~ax(T) = T, 
we must have T = Q. 

(2) Let Q' = Q~ax (T). Then, by the last exercise, Q' is a general right ring 
of quotients of R. Since Q' = Q~ax (Q') by the closure property, part (1) 
above (applied to Q') implies that Q' = Q~ax (R). 

Ex. 13.12. Let k <; K be fields and let R = (~ ~) ~ S = M2 (K). 

Show that S = Q~ax (R) , but S is not a general left ring of quotients of R. 



278 Chapter 5. More Rings of Quotients 

Solution. Note that 23 = (~ ~) is a left ideal of S that is contained 

in R. An easy computation shows that annf (23) = O. Therefore, Exercise 
9 applies to give Q~ax (R) = Q~ax (S). The latter is just S, since S is a 
semisimple ring. 

Next, we check that R is not dense as a left submodule of RS (so S 

is not a general left ring of quotients of R). Take x = G ~) =/:. 0 and 

y = (~ ~) E S, where d is any element in K\k. If r = (~ ~) E R is 

such that ry = (~d ~) E R, we must have a = O. But then 

rx = (~ ~) (~ ~) = O. 

This shows that R is not dense in RS. 

Comment. It is worth double-checking that R is dense in S R by a direct 
calculation, so that we can see the difference between the left and the right 
structures for the pair R ~ S. Take any x, yES with x =/:. O. We have 

yr E R for any r = (~ ~) E R. So, choosing (b, c) to be either (1, 0) or 

(0, 1), we will have xr =/:. O. This checks that R ~d SRI 

Ex. 13.13. For the ring R = (~ ~), compute Qd(R) and Q~ax(R). 

Solution. The same procedure used in the last exercise shows that 

Q~ax (R) = Mb (Q). On the other hand, Qd (R) is given by T: (~ ~). 
To see this, first observe that every element in T has the form an- 1 where 
a E Rand n is a positive integer in R. Secondly, every regular element of 

R has the form (~ ~) where ac =/:. 0; such elements are clearly invertible 

in T. These observations are sufficient to show that Q~e (R) exists and is 
equal to T. So in this example, Q~e (R) is a proper subring of Q~ax (R). 

Ex. 13.14. Let R = (~ ~ ~) where k is a semisimple ring. Determine 
o 0 k 

Q~ax (R) and Q~ax (R) directly by computing the injective hulls of RR and 
RR· 

Solution. By the analogue of LMR-(3.43B) for left injective hulls, we know 
that E (RR) = M3 (k), which contains R as a subring. Since R is nonsin
gular by LMR-(7.14b)' it follows from LMR-(13.39)(1) that Q~ax (R) = 
M3 (k). We can compute Q~ax (R) similarly if we can find a ring A ;2 R 
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such that E (RR) = AR. Take A to be the ring M2 (k) x M2 (k) and define 
cp : R ---- A by 

~ G ~ ~) ~ W ~), (~ ~)) 

:hl~ :::ilY ~:':::: :P::: :;R~:b:;::'t::: :":Vi(ern)SU:ri; 
o 0 k 

It is routine to check that ~ is a left ideal of A, and that for a E A, 
a~ = 0 implies a = O. In particular, RR S;;;e AR. Since A is a semisimple 
ring, AA is injective. It follows from LMR-(3.42) that AR is injective, and 
so E (RR) = AR. Therefore, we can take Q~ax (R) to be the (semisimple) 
ring A. (Alternatively, once we know that RR S;;;e AR and AA is injective, 
then A = Q~ax (R) follows also from LMR-(13.39)(2).) 

Comment. Here again, T = M3 (k) ;:2 R fails to be the maximal right ring 
of quotients of R since R is not essential in TR. Indeed, since 

( 0 0 0) (a b C) (0 0 0) o 0 x 0 d 0 = 0 0 xe , 
000 0 0 e 000 

kE23 is an R-submodule of T with zero intersection with R. 

Ex. 13.15. Show that any automorphism of a ring extends uniquely to an 
automorphism of the maximal right ring of quotients Q = Q~ax(R). 

Solution. We first show the uniqueness. For this it suffices to show that, 
if an automorphism <J? of Q restricts to the identity on R, then <J? itself is 
the identity map. Consider any q E Q. Fix a right ideal A C;;;;d RR such that 
qA C;;;; R. For any a E A, we have 

<J?(q)a = <J?(q)<J?(a) = <J?(qa) = qa. 

Therefore, (<J?(q) -q)A = 0; this implies that <J?(q) = q (by LMR-(13.22) or 
LMR-(13.23)). 

Next we show how to extend a given automorphism cp of R to Q. We 
think of elements of Q as classes [A, fl where A is a dense right ideal 
of Rand f E HomR (AR' RR)' Let us define <J?[A, fl = [cpA, f'l where 
f' : cpA ---- R is defined by f'(cp(a)) = cp(f(a)), for any a EA. We make the 
following two observations: 

(1) f' E HomR((cpA)R, RR)' Indeed, for s E R, 

f' (cp (a) s) = f' (cp (acp -1 s)) = cp f (acp -1 s) = cp (J (a) cp -1 s) 
= cp (f (a)) s = f' (cp (a)) s. 
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(2) The right ideal cpA is dense in RR. To see this, let x, y E R be given, 
with x i=- O. Since A ~d RR, there exists 8 E R such that cp-l (x) 8 i=- 0 and 
cp-l (y) 8 E A. Applying cp, we see that X· cp (8) i=- 0 and y. cp (8) E A. This 
shows that cpA ~d RR. 

The formula !p[A, 1] = [cpA, I'] defines, therefore, an action !P on Q. 
If 1 is just left multiplication by some b E R, then 

J'(cp(a)) = cp(J(a)) = cp(ba) = cp(b)cp(a) 

shows that l' is left multiplication by cp(b). Therefore, the !P-action on Q 
extends the cp-action on R. Finally, a routine calculation shows that the 
!P-action on Q is an automorphism of the ring Q. 

Ex. 13.16. (R. E. Johnson) Let Q = Q~ax (R) , where R is a right non
singular ring. Show that any closed R-submodule of Q R is a principal 
right ideal of Q (and conversely). Using this, show that there is a one
one correspondence between the closed right ideals of R and the principal 
right ideals of Q. 

Solution. First note that, since RR is nonsingular, QR is also nonsingular, 
by LMR-(7.6)(2). For any R-submodule N ~ Q, we know there is a largest 
essential extension of N in QR, defined by 

N* = {q E Q: there exists I ~e RR such that qI ~ N} . 

This is always a right ideal in Q. To see this, let ql E Q. By Exercise 
(3.7), I ~e QR implies that q1l I ~e RR· Now qql (q1l 1) ~ qI ~ N, so 
qql E N*. In particular, if N is closed in Q R, then N = N* is a right ideal 
in Q. Since QR is injective, Q = N EEl N' for some N~. Then N' is also a 
right ideal in Q, so N, N' are both principal right ideals of Q. Conversely, 
since Q is von Neumann regular by LMR-(13.36), any principal right ideal 
of Q is a direct summand of QQ, and is, in particular, a closed R-submodule 
ofQR· 

By LMR-(7.44'), there is a one-one correspondence between the closed 
R-submodules of RR and those of QR. Now, closed R-submodules of RR 
are closed right ideals of R, and closed R-submodules of Q R are principal 
right ideals of Q; hence the last conclusion in the exercise. 

Ex. 13.17. (1) Show that a commutative ring R is reduced iff Qrnax (R) is 
reduced, iff Qrnax(R) is von Neumann regular. 
(2) Exhibit a reduced commutative ring R which QcR(R) is not von Neu
mann regular (and in particular R ~ QcR(R) S;;; Qrnax(R)). 

Solution. (1) Recall that, for R commutative, Q~ax (R) = Q~ax (R) over 
R, so we can write Q = Qrnax(R) for either ring. By LMR-(13.34), Q is also 
commutative. If Q is reduced (which will be the case if Q is von Neumann 
regular), of course so is R. Conversely, assume R is reduced. Then R is 
nonsingular by LMR-(7.12). By Johnson's Theorem (LMR-(13.36)), Q is 
von Neumann regular, and therefore reduced. 
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(2) Let R = Q[X1,X2, ... J, with relations given by XiXj = 0 for all i i= j. 
Every element has a unique form 

where a E Q, fi (Xi) E XiQ [Xi] , and n 2: 1 is some integer. From this, it is 
clear that a i= 0 =} am i= 0 for any m 2: 1, so R is reduced. Next, note 
that if a = 0 in (*), then a is a O-divisor of R (since aXn +1 = 0). On the 
other hand, if a i= 0, an easy argument shows that a is not a O-divisor. 
Therefore, Qce (R) = S-l R where S is the complement of the maximal 
ideal P = 2:~1 xjR. In particular, Qcc (R) is a local ring with a maximal 
ideal of pRp i= O. It follows that Qce (R) is not von Neumann regular (since 
any von Neumann regular ring must have a zero Jacobson radical). 

Comment. We can get more insight into the example above by computing 
min-Spec(R), the minimal prime spectrum of R equipped with the induced 
Zariski topology from the prime spectrum Spec(R). If a prime does not 
contain p, then it misses some Xi and therefore must contain Xj for all 
j i= i. This shows that the minimal primes of R are precisely the ideals 
Pi = 2:#i xjR (i EN). The fact that Xi is contained in all Pj (j i= i) but 
not in Pi shows that min-Spec(R) is a discrete space. 

The above computation of min-Spec(R) implies easily that Rand 
Qce (R) have Krull dimension 1. In particular, Qce (R) cannot be a von 
Neumann regular ring. It turns out that the lack of compactness of min
Spec(R) in general is also sufficient to imply that Qce (R) is not von 
Neumann regular; for more details, see J. Huckaba's book "Commutative 
Rings with Zero Divisors," pp. 18-19, Marcel-Dekker, 1988. 

It is also of interest to note that P = U:l Pi (and P Cf:. Pi for all i) 
provides a counterexample to the Principle of Prime A voidance in the case 
of an infinite union of prime ideals. 

Ex. 13.18. Show that R is a Boolean ring iff Q~ax (R) is a Boolean ring. 

Solution. If Q~ax (R) is a Boolean ring, so is R since R is a subring of 
Q~ax (R). Conversely, let R be a Boolean ring. We think of the elements of 
Qmax (R) = Q~ax (R) as "classes" of R-homomorphisms f : '.2l -) R where 
'.2l denotes any dense ideal of R (see LMR-(13.21)). It suffices to show that 
the square of the class of f : '.2l -) R is the same as the class of f. Since 

f ('.2l) = f ('.2l2) ~ f ('.2l) '.2l ~ '.2l, 

the square of the class of f is given by the class of the composition of 

( * ) '.2l -L '.2l -L R. 

Now for a E '.2l, 

f2 (a) = f (f (a)) = f (J (a 2)) = f (f (a) a) 
= f (af (a)) = f (a) f (a) = f (a), 

so the composition in (*) is just f itself, as desired. 
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Comment. Since the only unit in a Boolean ring R is {I}, R is a classical 
ring, so Qce(R) = R. However, the Boolean ring Q~ax (R) is usually larger. 
In fact, Q~ax (R) is exactly what is known as the Dedekind-MacNeille 
completion of the Boolean ring R: see p.45 of Lambek's "Lectures on 
Rings and Modules." While we won't prove (or assume) this result, the 
next exercise offers an explicit computation of such a completion. 

Ex. 13.19. A subset X in a set W is said to be cofinite if W\X is finite. 
Show that 

R = {X ~ W: X is either finite or cofinite } 

is a Boolean subring of the Boolean ring S of all subsets of W, and show 
that Qmax(R) = S. 

Solution. The crucial step is to check that R is dense as an R-submodule 
in SR. To see this, consider two elements of S, given by A, A' ~ W, 
where A =I- 0. Pick x E A and let X = {x} E R. Then the product 
A·X = AnX = {x} is nonzero in S; also, the product B·X = BnX is in 
R since B n X ~ X has at most one element. This checks that R ~d SR. 
Therefore, by LMR-(13.11), we have 

R ~ S ~ Q: = Qmax (R). 

Now recall that the ring S is self-injective by LMR-(3.11D). Therefore 
Q = S EB M for a suitable S-submodule M of Q. Since R ~e QR, we must 
have M = 0, and hence S = Q = Qmax(R). 

Comment. After showing that R t;;;;d SR, we can also complete the 
solution slightly differently as follows. Since S is self-injective, we have 
Qrnax(S) = S. Then by Ex. 11(1), Qrnax(R) = S. 

Ex. 13.20. Let R be a domain and Q = Q~ax(R). 

(1) For any nonzero idempotent e E Q, show that eQ ~ QQ. 
(2) Show that any nonzero f.g. right ideal Q( ~ Q is isomorphic to QQ. 
(3) If Q is Dedekind-finite, show that R is a right Ore domain and Q is its 
division ring of right fractions. 

Solution. (1) Since R is right nonsingular, Q is a right self-injective von 
Neumann regular ring (by LMR-(13.36)). Being a direct summand of QQ, 
(eQ)Q is therefore injective. If we can show that eQ contains a copy of 
QQ, Bumby's Theorem (Exercise 3.31) will then give eQ ~ QQ. Now, from 
R ~e QR, there exists s E R such that Sl : = es E R\{O}. By Exercise 2, 

ann~ (sd = 0 :::=} ann~ (sd = O. 

Therefore, SlQ ~ QQ, and we have eQ ~ esQ = SlQ ~ QQ, as desired. 

(2) Since Q is von Neumann regular, Q( = eQ for some (nonzero) idempotent 
e E Q. By (1), Q( ~ QQ. 
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(3) For any nonzero idempotent e E Q, consider the decomposition QQ = 
eQEB(l-e)Q. Since eQ ~ QQ (by (1)) and QQ is Dedekind-finite, we must 
have (1 - e)Q = 0; that is, e = 1. For any nonzero q E Q, there exists 
q' E Q such that q = qq'q. Then qq' is a nonzero idempotent in Q, and 
so qq' = 1 by the above. By ECRT-(1.2), this implies that Q is a division 
ring. It follows now from LMR-(13.43) that R is a right Ore domain, so by 
LMR-(13.41), Q = Q~c (R) . 

Comment. The Exercise has the following remarkable consequence: 

If R is a domain that is not right Ore, then Q = Q~ax(R) zs 
right self-injective but not left self-injective. 

In fact, if Q was also left self-injective, then LMR-(6.49) would imply that 
Q is Dedekind-finite, and this Exercise would imply that R is right Ore! 

Ex. 13.21. Let R be a semiprime ring with only finitely many mini
mal prime ideals PI,"" Pt, and let Ri = Rjpi. Show that Q~ax (R) ~ 

11 Q~ax (Ri) . 

Solution. We shall make good use ofthe constructions in Exercise (11.17). 
In that exercise, we formed the ideals lEi = TI#i Pj and let 

in Ri . Since ni Pi = Nil*(R) = 0, we identify R with its image under the 
natural map R --t S = TIi R i . In Exercise (11.17), we have shown that 
lE : = I1i lEi is an ideal of S lying in R, with annt' (lE) = O. Therefore, 
Exercise 9 applies, and we have 

Q~ax (R) ~ Q~ax (S) ~ rr:=1 Q~ax (Ri) , 

where the last isomorphism is justified by (a special case of) Exercise 1. 

Ex. 13.22. (Cf. Exercise (11.19)) Let R be the (commutative) ring 
Q( {Xi: i 2': I}) with the relations XiXj = ° for all unequal i, j. 

(1) Show that Qrnax(R) is isomorphic to the direct product T = TIi>I Q(Xi), 
where R is embedded in T by sending a E Q to (a, a, ... ) and sending Xi 
to (0, ... ,Xi, 0, ... ) with Xi in the ith position. 

Solution. According to Ex. (11.19), R is semiprime, and the minimal 
prime ideals of R are Pi = L#i RXj (i 2': 1). Each factor ring Ri = RjPi is 
isomorphic to Ql[xil, and we can identify R with its image in S = I1i.Hi <;;; T 
under the natural embedding 'P: R --t S. If Ex. 21 was applicable, we 
would get 
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as desired. However, R has infinitely many minimal primes, so we cannot 
apply Ex. 21 here. 

Using another strategy, let us check that R c;;.d TR . This means that Tis 
a general (right) ring of quotients of R. Since T (a direct product of fields) 
is self-injective by LMR-(3.11B), we have Qrnax(T) = T, and so Ex. 11 will 
give Qrnax(R) = T. 

To check R c;;.d TR , we use the fact that, under the embedding tp above, 
Xi "becomes" (0, ... , Xi, 0, ... ), with Xi in the ith coordinate. Take elements 
f = (fd, 9 = (9i) in T, with f -1= 0. We may assume that II -1= 0. 
Write II = h(xd/k(X1) and 91 = h'(xd/k'(X1), where h, h', k, k' are 
polynomials, with h, k, k' -1= 0. Multiplying f and 9 by 

r = (X1k(X1)k'(xd, 0, 0, ... ) E R, 

we get 

This checks that R c;;.d TR . 

To see that Qc£(R) £;; Qrnax(R), it suffices to check that X = (X1,X2,"') 
E T cannot be multiplied by a regular element r of R to get into R. Assume, 
on the contrary that such a regular element r exists. Then 

As an element of T, r is expressed in the form 

(a + xddxd, ... , a + xnfn(xn), a, a, ... ), 

and so xr E T has the form 

(x1(a + x1II(xd), ... , xn(a + xnfn(xn)), Xn+1a, Xn+2 a , ... ), 

which clearly cannot lie in R. 

Ex. 13.23. Let T = k x k x ... where k is any right self-injective ring, and 
let R be the subring of T consisting of all sequences (a1' a2,"') E T that 
are eventually constant. Show that T = Q~ax (R) . 

Solution. By LMR-(3.11B), the ring T is right self-injective. Therefore, 
Q~ax (T) = T. If we can show that R c;;.d TR , it will follow from Ex. 11(1) 
that T = Q~ax (R). To see that R c;;.d TR , consider two elements 

X=(X1,X2, ... ), Y=(Y1,Y2,"') 

in T, where X -1= 0. Say Xi -1= 0. Let ei be the ith "unit vector" (0, ... ,1, 
0, ... ), which clearly lies in R. Since 

xei = (0, ... , Xi, 0, ... ) -1= ° and yei = (0, ... , Yi,O, ... ) E R, 

we have checked that R c;;.d TR . 
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Ex. 13.24. Give an example of a pair of commutative local artinian rings 
R ~ S such that R ~e SR, but S is not a general (right) ring of quotients 
of R. 

Solution. We use the same commutative example in the solution to 
Ex. 3.36. Let k be a field and S = k[t] with relation t4 = 0, and let R 
be the k-subalgebra k EB kt2 EB kt3 . Clearly, Sand R are local algebras. 
We have already checked that R ~e SR in the solution to Ex. 3.36. On 
the other hand, R is a Kasch ring, so by LMR-(13.24), Qrnax(R) = R. In 
particular, S ;? R cannot be a general (right) ring of quotients of R. 

Comment. The example above appeared in Y. Utumi's paper "On quotient 
rings", Osaka Math. J. 8(1956), 1-18. Utumi observed that for the two 
elements t and t3 E S, if r E R is such that tr E R, then r must lie in 
kt2 + kt3 and therefore t3r must be zero. This shows explicitly that R is 
not dense in SR. 

The injective hull I = E(RR) turns out to be 6-dimensional over k, 
and is a direct sum of two copies of E(kR), where kR is the unique simple 
R-module: see the Comment on Ex. 3.36. It follows that the ring H = 
End(IR) is a certain 2 x 2 matrix ring, and is therefore not commutative. 

Ex. 13.25. Recall that a ring R is right principally injective if, for any 
a E R, any f E HomR (aR, R) extends to an endomorphism of RR (see 
Exercise (3.44)). Show that, for such a ring R, rad R = Z (RR)' 

Solution. Let a E Z (RR)' For any x E R, we have clearly 

annr (1- xa) n annr(xa) = O. 

Since xa E Z (RR) , annr (xa) ~e RR. Therefore, annr (1 - xa) = O. By 
Exercise (3.45)(1), we have R· (1- xa) = R. Since this holds for all x E R, 
we have a E radR (by FC-(4.1)). Conversely, let a E radR. Suppose b E R 
is such that bR n annr(a) = O. Consider the map c.p : abR -+ R given by 
c.p(aby) = by. Since 

aby = 0 ===} by E bR n annr(a) = 0, 

c.p is a well-defined R-homomorphism. Therefore, c.p is given by left mul
tiplication by some element x E R. We have then b = c.p( ab) = xab, so 
(l-xa)b = O. Since 1-xa E U(R), b = O. This shows that annr(a) ~e RR, 
so by definition a E Z(RR)' 

Comment. In LMR-(13.2)(1), the equation rad R = Z(RR) was proved for 
any right self-injective ring R. This exercise provides a generalization, due 
to W. K. Nicholson and M. F. Yousif; see their paper "Principally injective 
rings," J. Algebra 174(1995), 77-93. 

Ex. 13.26. Show that a ring R is semisimple iff R has the following three 
properties: 
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(1) R is semiprime, 
(2) R right principally injective, and 
(3) R satisfies ACC on right annihilators of elements. 

Solution. It is well-known that any semisimple ring has the properties 
(1), (2) and (3). Conversely, let R be a ring satisfying (1), (2) and (3). By 
Exercise 25, (2) implies that rad(R) = Z(RR) (the right singular ideal), 
and by LMR-(7.I5)(I), (3) implies that Z(RR) is a nil ideal. Moreover, by 
FC-(IO, 29), (1) and (3) imply that every nil (I-sided) ideal in R is zero. 
Therefore, we have rad R = 0, and so LMR-(I3.2)(5) shows that R is a 
von Neumann regular ring. Now any f.g. right ideal in R has the form eR 
for some idempotent e E R, and we have eR = annr (1 - e). Thus, another 
application of (3) shows that the f.g. right ideals satisfy ACC. This means 
that R is right noetherian, from which we conclude that RR is a semisimple 
module, as desired. 

Comment. The result in this exercise appeared in M. Satyanarayana's 
paper "A note on a self-injective ring", Canad. Math. Bull. 14(1971), 271~ 

272, except that in that paper, Satyanarayana proved the "if" part under 
somewhat stronger assumptions, namely, (2) is replaced by R being right 
self-injective, and (3) is replaced by ACC on all right annihilators in R. If 
we further specialize the condition (1) to R being prime, then R must be 
a simple artinian ring: this is an earlier result of K. Koh. 

It follows from this exercise that a right principally injective semiprime 
right Goldie ring must be semisimple. 

Ex. 13.27. For any right principally injective ring R, show that SOC(RR) <:: 
soc(RR). (In particular, equality holds for any principally injective ring R.) 

Solution. Note that the module RR has endomorphism ring R acting on 
the left of R. As in the solution to Exercise (6.40), it suffices to show that, 
for any mER: 

(mR)R simple ===} R(Rm) simple. 

Using the notations in the solution to Ex. (6.40), we need to extend the 
R-homomorphism'lj;: smR --t mR (s E R) to an endomorphism of RR. 
What we need for this is precisely the right principal injectivity of R, so (*) 
holds. The statement in parentheses in the exercise now follows immediately 
from this.) 

Ex. 13.28. Let IR be a QI module, and I' = E(I). Let H = End(IR) , 
N = rad H, and H' = End(Ik), N' = rad H'. Show that there is a natural 
ring isomorphism H' IN' ~ HIN. 

Solution. By LMR-(6.76), we have a natural surjection a: H' --t H de
fined by restriction of endomorphisms (I being a fully invariant submodule 
of I'). For f E H', we have fEN' iff ker(f) <::e I',iff ker(f) n I <::e I 
(by LMR-(I3.I)(I)). This shows that N' = a~l(N), so a induces a ring 
isomorphism H' IN' --t HI N. 
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Ex. 13.29. Let R be a simple ring. For any nonzero q E Q:-nax(R), show 
that R ~ RqR. 

Solution. Since R is right essential in Q:-nax(R), there exists r E R such 
that 0 =f. qr E R. The simplicity of R then implies that 

R = R(qr)R ~ Rq(rR) ~ RqR. 

Comment. This exercise is a replacement for that with the same number
ing in LMR-p. 383. The latter, a result due to M. Ikeda and T. Nakayama, 
is already fully covered in (3.18) of LMR. The author apologizes for the 
repetition. 

The following two additional exercises arose from a conversation I had 
with S. K. Jain. 

Ex. 13.30. Let R be a right nonsingular ring, and Q = Q:-nax(R). For 
a E R, show that a has a left inverse in Q iff ann~(a) = O. 

Solution. If there exists q E Q such that qa = 1, then for s E ann~(a), 
we have s = (qa)s = q(as) = O. Conversely, assume that ann~(a) = O. 
Since RR ~e QR, we also have ann~(a) = O. Now by LMR-(13.36), Q is a 
right self-injective ring. Recalling Ex. (3.2)(1), we see that ann~(a) = 0 => 
Qa=Q. 

Ex. 13.31. Let R be a domain, and Q = Q:-nax(R). For any left ideal A of 
Q, show that either A = Q or A n R = O. From this, retrieve the fact that 
Q is a simple domain (a fact already proved in LMR-(13.38)'). 

Solution. Suppose A n R =f. O. Fix a nonzero element a E A n R. Since R 
is a domain, ann~(a) = O. By the last exercise, a has a left inverse in Q, 
and so A 2 Qa = Q. 

To see that Q is simple, consider any nonzero ideal A of Q. Since RR ~e 

QR, we have An R =f. O. By what is proved above, we must have A = Q. 

§14. Martindal's Ring of Quotients 
Martindale's theory of rings of quotients is a theory specifically designed 
for semiprime rings, i.e. rings R in which 2(2 = 0 => 2( = 0 for any ideal 2(. 

In such a ring, any ideal A has the property that annl(A) = annr(A), so 
we may write ann(A) for this common annihilator. The family of ideals 

F = F(R) = {A (ideal): ann(A) = O} 

will playa large role in Martindale's theory. In LMR-(14.1), it is shown that 
F is just the family of ideals A such that A ~e RRR (2-sided essential in 
R), or equivalently, A ~e RR (right essential in R), assuming that R is 
semiprime. In the case where R is a prime ring, F(R) is just the family of 
all nonzero ideals. 
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In the following, we shall assume that R is semi prime , and shall work 
within Q:= Q~ax(R), the maximal right ring of quotients of R. The two 
subrings 

QT(R) = {q E Q: qA ~ R for some A E F}, 
QS(R) = {q E Q: qA, Bq ~ R for some A, BE F} 

are called Martindale's right (respectively symmetric) ring of quotients of 
R. These rings and Q all have the same center, which is called the extended 
centroid of R (LMR-(14.14)). This is always a (commutative) von Neumann 
regular ring, and is a field in case R is a prime ring (LMR-(14.20), LMR
(14.22)) . 

A convenient way to work with QT(R) is to think of its elements as 
"classes" [A, fl where A E F = F(R) and f E HomR(AR, RR)' Here, we 
get the "classes" by identifying (A, f) with (A', 1') if f = I' on A n A'. 
Addition and multiplication of classes are defined naturally (LMR-(14.9)). 
Using this description of QT(R), the extended centroid may be described 
as the subring of QT(R) consisting of classes [A, fl where f: A -4 R is an 
(R, R)-homomorphism (LMR-(14.19)). 

The ring QT(R) and its left analogue can also be defined axiomatically 
as overrings of R with certain special properties. The same is true for 
the symmetric Martindale rings of quotients within them. This axiomatic 
approach suffices to show that the two symmetric rings of quotients are, in 
fact, isomorphic over R. 

For rings R ~ S with the same identity, an element xES is said to 
be R-normalizing if xR = Rx. The set N of R-normalizing elements in S 
is always closed under multiplication, so the set R . N consisting of finite 
sums L riXi (ri E R, Xi E N) is a subring of S containing R, called the 
normal closure of R in S. In the case where R is semiprime and S = Q, this 
normal closure is a subring of QS(R) (LMR-(14.31)). Moreover, if x E N 
is such that, for c E R, xc = 0 =} c = 0, then x must be a unit in QS(R) 
(LMR-(14.32)) . 

For any automorphism cp E Aut(R), we define 

X(cp) = {x E Q: xa = cp(a)x for all a E R}. 

This is a module over the extended centroid Z( Q), consisting of 
R-normalizing elements. By definition, cp is called an X-inner automor
phism if X (cp) #- O. The set of such automorphisms is denoted by X -Inn( R). 
The "X" here is taken from the first letter of Kharchenko's Russian name, 
since Kharchenko's work first called attention on the set X (cp). Kharchenko 
showed that X(cp) is always a cyclic module over Z(Q), although this is 
only stated without proof in LMR-§14. 

In the case where R is a prime ring, N* = N\{O} is a group under 
multiplication. Here, X-Inn(R) is a group, consisting of automorphisms of 
R induced by inner automorphisms of Q defined by the elements of N*. In 
particular, we have X-Inn(R) ~ N* /C*, where C is the field Z(Q). 
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The exercises in this section give additional properties of the Martindale 
rings of quotients QT(R) and QS(R), and provide some computational 
examples not yet covered in the text. The last few exercises are devoted 
to a further study of X-inner automorphisms <.p and their Kharchenko sets 
X (<.p) over semi prime rings R. 

Exercises for §14 

Throughout the following exercises, F = F(R) denotes the family of ideals 
with zero annihilators in a semi prime ring R. 

Ex. 14.1. For any semiprime ring R, show that F contains any prime ideal 
A of R that is not a minimal prime ideal. 

Solution. Let B = ann(A), which is an ideal in R. Consider any minimal 
prime ideal jl C R. Since AB = {O} <;;; jl, we have either A <;;; jl or B <;;; jl. 

If A <;;; jl, then A = jl (since jl is a minimal prime). This contradicts our 
assumption on A, so we must have B <;;; jl instead. Therefore, B is contained 
in the intersection of all minimal primes of R, which is the prime radical of 
R (see FC-Exer. (10.14)). Since R is semiprime, its prime radical is zero, 
so we have B = 0; that is, A E F. 

Ex. 14.2. Let S = QT(R), where R is a prime ring. If I, I' <;;; S are nonzero 
right (resp. left) R-submodules of S, show that I l' -=f. O. (In particular, S 
is also a prime ring.) 

Solution. Pick nonzero elements q E I and q' E 1'. There exist A, 
A' E F(R) such that qA, q' A' <;;; R. By LMR-(14.9), qA -=f. 0 -=f. q' A'. 
Since R is prime, we have (qA)(q' A') -=f. 0, so qAq' -=f. O. If I, l' are right 
R-modules, then I I' :2 (qR)q' :2 qAq' -=f. O. If I, I' are left R-modules, then 
I I' :2 q(Rq') :2 qAq' -=f. O. 

Ex. 14.3. Let S = QT(R), where R is a semiprime ring. 

(1) If 1<;;; S is a nonzero right or left R-submodule of S, show that 12 -=f. O. 
(In particular, S is also a semiprime ring.) 
(2) If J <;;; S is an (R, R)-subbimodule of S, show that ann~(J) = annr(J). 

Solution. (1) follows by specializing the solution of Exercise 2 to the 
case q = q'. For (2), let x E ann~(J), i.e. Jx = O. Then (xJ)2 = xJxJ = 
O. Since xJ is a right R-submodule of S, (1) implies that xJ = 0, so 
x E annr (J). Similarly, y E annr (J) =:;. y E ann~ (J). 

Comment. Of course, the conclusions of this and the last exercise also hold 
verbatim if we replace QT(R) by QS(R), the symmetric Martindale ring of 
quotients, or by the normal closure R· N of R (where N denotes the set of 
R-normalizing elements in Q;;'ax(R)), or by the central closure R· C of R 
(where C denotes the extended centroid of R). 
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Ex. 14.4. Let R be any reduced ring. Show that QS(R) is also a reduced 
ring. How about Qr(R)? 

Solution. Suppose q E QS(R) is such that q2 = 0. To show that q = 0, 
choose an ideal A ~ R with zero annihilator such that qA, Aq ~ R. Then 
qA2q = (qA)(Aq) ~ R. Since qA2q consists of nilpotent elements, we have 
qA2q = 0. This implies that qA2 ~ R consists of nilpotent elements, so now 
qA2 = 0, whence q = 0. 

Next, we consider Martindale's right ring of quotients Qr(R). We claim 
that, even for domains R, Qr(R) may not be reduced. For this, we use the 
same example as in LMR-(14.13). Let R = k(x, v), where k is any field. 
Consider the ideal A ~ R consisting of all (noncommuting) polynomials 
with zero constant terms. As a right R-module, A = xR EEl yR is free 
with basis {x, V}. Let f: AR ---7 RR be defined by f(x) = y and f(y) = 0. 
Then q = [A, f] is a nonzero element in Qr(R). To compute q2, let us use 
the domain 

We have 

Therefore, 

A2 = x2 R + y2 R + xyR + yxR. 

f(x2) = f(x)x = yx, 
f(xy) = f(x)y = y2, 

f2(X2) = f(yx) = 0, 
J2(xy) = f(y2) = 0, 

f(y2) = f(y)y = 0, 
f(yx) = f(y)x = 0. 

f2(y2) = f(O) = 0, 
J2(yx) = f(O) = O. 

It follows that q2 = [A2, f2] = 0, so Qr(R) is not reduced. 

Ex.14.5. Let R be a semiprime ring. If the extended centroid C of R is a 
field, show that R must be a prime ring. 

Solution. Clearly, R =I- 0. Assume that R is not prime. Then there exist 
nonzero ideals A, A' ~ R such that AA' = 0. Then B := ann(A) =I- 0, 
and we have E : = A EEl B ~e RRR by LMR-(11.38), and so E E F(R) by 
(14.2). Now consider f, g: E ---7 E ~ R defined respectively, by IdA EEl ° 
and ° EEl IdE. Clearly, f, g are nonzero (R, R)-bimodule homomorphisms 
from E to R, so they define nonzero elements a, /3 of the extended centroid 
C (see LMR-(14.19)). Now 

a/3 = [E,f] [E,g] = [E, fg] = ° E C, 

contradicting the assumption that C is a field. 

Ex. 14.6. Let Moo(k) be the additive group of N x N matrices over a field 
k, and let E be the ring of matrices in Moo(k) that are both row finite and 
column finite. Show that E is a prime ring, and determine the Martindale 
rings of quotients Qr (E), Q£ (E) and QS (E). 
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Solution. Let 8 (resp. 8') be the ring of all column (resp. row) finite 
matrices in Moo (k), so that E = 8 n 8'. Also, let A be the set of all finite 
matrices in Moo(k). By an easy calculation, we see that A is a left ideal in 
8, and a right ideal in 8'. Therefore, A is an ideal in E = 8 n 8'. 

Let R = k + A. In LMR-(14.39), it is shown that R is a prime ring. 
Since R contains the nonzero ideal A of E, LMR-(14.14) applies to show 
that E is also a prime ring. Moreover, LMR-(14.14) shows that E and R 
have the same Martindale rings of quotients. Therefore, by LMR-(14.39), 
we have 

Ex. 14.7. (Martindale) Let R be a prime ring and let a,b,c,d E R, with 
a, c i= O. Show that the following are equivalent: 

(1) arb = crd for all r E R. 
(2) There exists a unit q in the extended centroid C = Z(QS(R)) such that 
c = qa and d = q-1b. 

Solution. (2) ~ (1). Suppose (2) holds. Then, for any r E R, crd = 
qarq-1b = arb since q is central in QS(R). 

(1) ~ (2). Suppose (1) holds. Consider the two nonzero ideals A = RaR 
and A' = RcR in R, and define the two maps f: A -t A' <;;:; Rand 
g: A' -t A <;;:; R by 

f (L XiaYi) = L XiCYi and 9 (L XiCYi) = L XiaYi, 

where Xi, Yi E R. To check that f and 9 are well-defined, suppose that 
E XiaYi = O. Then, for any r E R, 

o = (L XiaYi) rb = L xia(Yir ) b = L Xic(Yir ) d = (L XiCYi) rd. 

Since R is prime and d i= 0, this implies that E XiCYi = O. Similarly, we 
also have E XiCYi = 0 ~ E XiaYi = O. Thus f, 9 are well-defined, and 
clearly they are (R, R)-bimodule homomorphisms. According to LMR
(14.19), these define el~ments q, q' in the extended centroid C. Since fg = 
IdA' and gf = IdA, we have qql = qlq = 1 in C. Now C = f(a) = qa, so for 
any r E R, 

arb = crd = qard = arqd; 

that is, aR(b - qd) = O. Since R is prime and a i= 0, this yields b = qd, and 
so d = q-1b. 

Comment. Note that the present exercise subsumes Ex. 10.13, which com
putes the center of the division hull K of a right Ore domain R. In fact, 
for given c, d E R\ {O}, let a = d and b = C in this exercise. If q : = cd-1 
is central in K, then C = qd = qa and d = q-1c = q-1b, so this exercise 
yields crd = drc for all r E R. Conversely, if crd = drc for all r E R, 
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then by this exercise there exists q E C = Z (K) such that c = qd, and so 
cd- 1 = q E Z(K). 

Back to prime rings R, it is relevant to recall that the extended centroid 
C = Z (QS(R)) is, in fact, a field (see LMR-(14.22)). The conclusion c = qa 
in this exercise, therefore, expresses the linear dependence of a and cover 
the field C. More generally, Martindale proved that if ai, bi (1 s:: i s:: n) 
are nonzero elements in the prime ring R such that 2::~=1 airbi = 0 for 
all r E R, then the set {al, ... , an} must be linearly dependent over C. 
Martindale used this as a tool in handling linear identities on prime rings; 
see his paper "Prime rings satisfying a generalized polynomial identity," J. 
Algebra 12(1969), 576-584. 

There is also a more general version of this exercise where a, b, c, d 
are allowed to be elements of Qr(R) (instead of R), and (1) is replaced 
by arb = c<p(r)b (V r E R), with 'I' a given automorphism of R. The 
equivalent condition (2) now reads: there exists a nonzero q E X(<p-l) 
such that c = aq and d = q-1b. The proof uses almost exactly the same 
calculations: see p. 105 of Passman's book "Infinite Crossed Products," 
Academic Press, Inc., N.Y., 1989. 

Ex. 14.8. Let R <:;; S be rings, and N <:;; S be the set of R-normalizing 
elements in S. Show that if e = e2 E N, then e commutes with every 
element of R. Deduce that any R-normalizing idempotent in Q~ax(R) is 
central. 

Solution. The proof of the first statement is based on the argument for 
the fact that any idempotent in a right duo ring is central: see ECRT
Ex. 22.4A. Let e = e2 E N and let a E R. Write ea = a' e. Then ea = 
(a' e)e = eae. By symmetry, we also have ae = eae and so e commutes with 
every a E R. In particular, if e = e2 E Q~ax(R) is R-normalizing, then 
ea = ae (for every a E R) implies that e E Z (Q~aJR)) by LMR-(14.15). 

Ex. 14.9. Let 'I' E Aut (R) where R is a semiprime ring. By Ex. (13.15), 
'I' extends uniquely to an automorphism of Q~ax (R), which we denote by 
<I>. Show that 

(1) <I> I Qr(R) (resp. <I> I QS(R)) is the unique extension of 'I' to Qr(R) 
(resp. QS(R)). 
(2) For every a E Aut(R), <I>(X(a)) = X(<pa<p-l). (In particular, 
<I> (X ('1')) = X ('1').) 
(3) The set X-Inn(R) is closed under conjugation in Aut(R). 
(4) X ('I') = X (<I». (Basically, this requires proving that, whenever 
x E X ('1'), xq = <I> (q) x for any q E Q~ax (R).) 

Solution. (1) The uniqueness of the extension (to Qr(R) or to QS(R)) is 
checked in the same way as in the solution to Ex. (13.22). Thus, it suffices 
to show that <I> restricts to an automorphism of Qr(R) (resp. QS(R)). Let 
q E Qr (R). Then qA <:;; R for an ideal A <:;; R with zero annihilator. 
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Applying ~, we have 

~(q)cp(A) ~ cp(R) = R. 

Since cp(A) is clearly also an ideal in R with zero annihilator, we have 
~ (q) E Qr (R). The same argument applied to cp-l shows that ~-l (q) E 
Qr (R), so ~ restricts to an automorphism of Qr(R). The argument for 
QS(R) is similar. 

(2) Let y E X (a). Then ya = a (a) y for all a E R. Applying ~ to this 
equation, we get 

~ (y) cp (a) = cpa (a) ~ (y). 

Replacing a by cp-l(a) gives 

~ (y) (a) = cpacp-l (a) ~ (y). 

Since this holds for all a E R, we conclude that ~ (y) E X (cpacp-l). 
This shows that ~ (X (a)) ~ X (cpacp-l). The other inclusion follows by 
reversing this argument. 

(3) If a E X-Inn (R), then X (a) =I 0, so by (2), 

X (cpacp-l) = ~ (X (a)) =I 0. 

Therefore, we have cpacp-l EX-Inn (R) too. 

(4) Since ~ is an automorphism of Q = Q~ax (R), when we form X(~) we 
have to look at elements in Q~ax (Q). Since the latter is just Q itself (by 
Ex. (13.10), or LMR-(13.31)(3)), we need only work with elements of Q. If 
x E Q belongs to X(~), then xq = ~ (q) x for every q E Q. In particular, 
xa = cp(a)x for every a E R, so x E X (cp). This shows that X (~) ~ X (cp). 
Conversely, let x E X (cp) and q E Q. There exists a dense right ideal 
A ~ R such that qA ~ R. For any a E A, we have 

x (qa) = cp (qa) x = ~ (qa) x = ~ (q) cp (a) x = ~ (q) xa. 

Therefore, (xq - ~ (q) x) A = 0. Since A ~d RR, this implies that xq = 
~(q)x ('Vq E Q), and hence x E X (~). 

Ex. 14.10. Keep the notations in the last exercise, and let x E X (cp). 

(1) Show that ~ (x2 ) = x2 . 

(2) Show that ~ (x) = x if R is either commutative or prime. 

Solution. (1) Let z = ~(x). Then, by (4) of the last exercise, x2 = 
~(x)x = zx and also x . ~-l (x) = ~ (~-l (x)) X = x2. Applying ~ to 
the latter, we get zx = z2. Therefore 
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(2) First assume R is commutative. Then 

(x - Z2) = x2 - 2xz + z2 = o. 

Since Qrnax(R) = QT(R) is (commutative and) semiprime by Exercise 3, 
we must have <I>(x) = z = x. 

Next, assume that R is prime. If x = 0, there is nothing to prove, so 
let us assume x i- O. Then, by LMR-(14.32), the R-normalizing element x 
must be a unit in QS(R). Therefore, the automorphism rp on R is induced 
by the inner automorphism q f--+ xqx- 1 of Q~ax (R). In particular, by the 
uniqueness of the extension of rp, we have <I>(q) = xqx- 1 for every q E 
Q~ax (R). In particular, <I> (x) = xxx- 1 = x. 

Ex. 14.11. Keeping the notations in the last exercise, show that <I>(x) = x 
always holds (for every x E X ( rp ) ). 

Solution. Let z = <I>(x). Consider any element q E Q : = Q~ax (R). Using 
( 4) of Exercise 9, we have 

(a) xqx = xx<I>-l(q) = <I> (x) x<I>-l(q) = zqx. 

On the other hand, using <I>(x2) = x2 obtained in the last exercise, we 
have 

(b) xqx = <I>(q)x2 = <I>(q)<I>(x2) = <I> (qx 2) = <I> (x<I>-l(q)X) = zqz. 

From (a), we have (z - x)Qx = O. Since Q is semiprime (by Ex. 13.8), 
this implies that xQ(z - x) = 0. On the other hand, (a) and (b) give 
zqz = zqx, so we also have zQ(z - x) = 0. Therefore, 

(c) (z - x) Q (z - x) ~ zQ (z - x) - xQ (z - x) = 0, 

whence x = z = <I>(x). 

Comment. In 1996, I obtained a solution to this Exercise by using 
Kharchenko's result (LMR-(14.40)) that X(rp) is a cyclic module over the 
extended centroid Z(Q). This result implies that any two elements in X(rp) 
commute. Since (by Ex. 9(2)) z E <I> (X(rp)) = X (rp), we have in particular 
xz = zx. From this equation, I derived (c). After seeing my solution, 
A. Leroy suggested the above alternative solution, which avoids the use 
of Kharchenko's result. 

Ex. 14.12. Let C denote the extended centroid of a semiprime ring R, 
and let G be any subgroup of Aut(R). Recall that, for any rp E G : 

X(rp)={xEQ~ax(R): xa=rp(a)x 'v'aER}, 

and let X(G) := LCPEG X (rp). Show that X(G) is a C-subalgebra of the 
normal closure of R in Q~ax (R), and deduce that X (G) ~ QS (R). 
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Solution. First note that each X (rp) is an additive group. For x E X (rp) 
and x' EX (rp') where rp, rp' E G, we have 

xx' a = Xrp' (a) x' = rprp' (a) x (Va E R), 

so xx' E X (rprp'). This shows that X (rp) X (rp') ~ X (rprp'). Also 

X (IdR ) = {r E Q~ax (R): xa = ax Va E R} = C. 

Therefore, X(G) = I:'PEGX(rp) is a C-algebra (associated with G). We 
know (by LMR-(14.35)) that each X(rp) consists entirely of R-normalizing 
elements, so X(G) lies in the normal closure of R (in Q~ax (R)). Now, 
by LMR-(14.31), this normal closure lies in QS(R), so we have X (G) ~ 

QS (R). 

Comment. Let Go = G n X-Inn(G) in Aut(R). If rp ~ X-Inn (R), then by 
definition, X(rp) = O. Therefore, we have X (G) = I:'PEGo X (rp). Thus, we 
could have replaced G by Go, except that Go may not be a group. If R is 
a prime ring, then indeed Go is a group by LMR-(14.39), and it is safe to 
write X(G) = X(Go). In this case, let us fix a nonzero element x'P EX (rp) 
for each rp E Go. Then, by the proof of LMR-(14.40), X(rp) = C· x'P' so we 
have X (G) = I:'PEGo C· x'P. 

Ex. 14.13. Compute Inn (R), X-Inn (R) and X-Inn (R) lInn (R) for the 
Hurwitz ring of quaternions R. Also, determine the group of nonzero nor
malizing elements for R in its division ring of quotients. 

Solution. The Hurwitz ring of quaternions R consists of 

{~ (±a ± bi ± cj ± dk): a, b, c, dE Z all even or all Odd} , 

with unit group 

U (R) = {±1, ±i, ±j, ±k, (±1 ± i ± j ± k)/2} 

where the signs are arbitrarily chosen. (This is called the binary tetrahe
dral group.) Let R be the usual ring of integer quaternions, with Z-basis 
{l, i, j, k}, and unit group U(R) = {±l,±i,±j,±k} (the quaternion 
group). It is observed in LMR-(14.43) that the natural map 

Aut(R) -7 Aut(U(R)) 

is an isomorphism, and both groups are isomorphic to S4. Now U(R) is 
a normal 2-Sylow subgroup in U (R), so it is a characteristic subgroup. 
Therefore, any rp E Aut (R) defines an automorphism of U(R), which in 
turn determines an automorphism of R. This shows that 

Aut (R) ~ Aut (R) ~ S4. 
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Since any automorphism of R is X-inner by LMR-(14.43), the same is true 
for R. Therefore, we have 

X-Inn (fl) ~ 54, Inn (fl) ~ U (fl)/{±1} ~ A4 , 

and X-Inn(fl)/Inn (fl) is just 7l/271. 
It is now easy to determine N, the set of normalizing elements for fl in 

Q~ax (fl) (which is the division ring of rational quaternions). The center of 
the latter is Q so N* /Q* ~ X-Inn (fl). Now by the calculations in LMR
(14.43), the X-inner automorphisms of fl are induced by conjugations by 
elements in U(fl) or in y·U (fl) where y = 1+i. Therefore, N* has u(fl).Q* 
as a subgroup of index 2, with a nontrivial coset given by the representative 
y. This is exactly the same as the group of nonzero elements normalizing 
the ring of integer quaternions 711 EB tli EB tlj EB 7lk, as determined in 
LMR-(14.43). 

Ex. 14.14. Let A be a commutative unique factorization domain with 
quotient field K, and let R = Mn (A). Show that Q~ax (R) = Mn (K) 
and that the group of nonzero R-normalizing elements N* in Q~ax (R) is 
exactly K* . U(R). What are the normal and central closures of R in this 
example? 

Solution. By LMR-(13.15), we know that Q~ax (R) = Mn (K). (See also 
Ex. 17.15.) Since clearly K* ~ N* and GLn (A) ~ K*, and N* is a group 
(by LMR-(14.33)), we have K* . GLn (A) ~ N*. Now consider any x = 
(Xij) E N*. To show that x E K* . G Ln (A), we may assume (after scaling 
x by an element of K*) that all Xij E R and that there is no common prime 
factor to all Xij' Let y = (Yij) : = x-I and write Yij = aij / a, where aij E A 
and a E A\ {O} has no prime factor dividing all aij' From x-IRx = R, we 
see that a divides all entries of (aij ) Epq (x k£) for all matrix units Epq. Now 

so alaipx q£ for all i,p, q, R. If a is not a unit in A, there would exist a prime 
element 1l'Ia in A. Choosing i, p such that 1l' t aip, we would have 1l'1 Xq£ for 
all q and R, which is not the case. Therefore, we must have a E U (A). This 
gives X-I E Mn (A), and hence x E GLn (A) = U (R), as desired. 

The central closure of R is the subring of Q~ax (R) generated by Rand 
the extended centroid C of R. Since 

C = z (Q~ax (R)) = Z (Mn (K)) = K, 

the central closure of R is R· C = Mn (A) . K = Mn (K) . It follows that 
the normal closure R· N is also Mn (K) . Note that these calculations can 
be made without first knowing the exact structure of N*. 
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Comment. Since the X-inner automorphisms of R are induced by the 
inner automorphisms arising from the elements of N*, it follows from the 
equation N* = K* . U(R) that all X-inner automorphisms of R are inner 
automorphisms. 

Ex. 14.15. Show that the conclusion N* = K* . U(R) in the last exercise 
may not hold if the commutative domain A there is not a unique factor
ization domain. 

Solution. Take any commutative domain A with a non principal ideal J = 
aA + bA such that j2 is principal, say j2 = sA. Write s = ad - bc with 

c, dE J. Consider the matrix x = (~ ~) E Mb (J) with determinant s. 

Then X-I = s-1 ( d -b). Now any matrix in 
-c a 

has entries in j2, which are all divisible by s. Therefore, 

x Mn (A) X-I ~ Mn (A), and similarly, x-IMn (A) x ~ Mn (A). 

This shows that x E N*. 
We claim that x ~ K* . U (R). Indeed, assume that x has the form 

k· G :) where k E K* and G :) E U (R) = GLn (A). Then 

kh = x G :) -1 E M2 (J) 

shows that k E J, and a = kt, b = ku show that J ~ kA. Therefore, we get 
J = kA, which is a contradiction. 

The conclusion that x ~ K* . U (R) implies that the map a f--* xax-I 

is an X-inner automorphism of R = Mn (A) that is not an inner automor
phism. 

For some concrete examples of A, take K to be any number field of class 
number 2 and take A to be the ring of algebraic integers in K. We can then 
choose J to be any nonprincipal ideal of A (which can always be generated 
by two elements since A is a Dedekind domain). An explicit example is 
A = Z [OJ with 0 = J=5, and J = 2A + (1 + O)A : see LMR-(2.19D). Here, 
we can take 

( 2 1 + 0) 
x= -1+0 -2 

with det(x) = 2. Since x2 = -212, the noninner X-inner automorphism on 
M2 (Z [0]) given by conjugation by x has order 2. 
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Ex. 14.16. Let A be a commutative domain with a nonidentity automor
phism 'Po, and let 'P be the automorphism on R = Mn (A) defined by 
'P((aij)) = ('Po(aij)). Show that 'P is not an X-inner automorphism. 

Solution. As in the solution to Ex. 14, Q~ax (R) = Mn (K) where K is 
the quotient field of A. Since an X-inner automorphism on R = Mn (A) is 
induced by a conjugation in Mn (K), it must be determinant-preserving. 
However, 

det ( 'P ( (aij ))) = det ('Po (aij)) = 'Po ( det ( (aij )) ) . 

Since 'Po is not the identity, 'P is not determinant-preserving. Therefore, 'P 
cannot be X-inner. 

Ex. 14.17. Let R be a semiprime ring with extended centroid C, and let 
R . C be its central closure. Show that the central closure of R . C is itself. 

Solution. We know that S : = R . C is semiprime by the Comment on 
Ex. 2. Our job is to prove that any element q in the extended centroid of S is 
already in S. Think of q as an (S, S)-bimodule homomorphism f : A ---+ S, 
where A is a suitable ideal of S such that A ~d Ss. We claim that A ~d SR. 
To see this, let x, yES, with x -I=- 0. Fix s E S such that xs -I=- ° and 
ys E A. Since S ~ Q~ax (R), there exists a dense right ideal B of R such 
that sB ~ R. Since xs -I=- 0, we have xsB -I=- 0, and ysB ~ yR ~ A. This 
checks that A ~d SR. Combining this with R ~d SR, we get 

Ao : = An R ~d RHo 

Now f restricts to an (R, R)-bimodule homomorphism fo : Ao ---+ S. Since 
Ao is a submodule of SR, Ex. 8.1 applies to show that 

Al : = f;;l (R) ~d (Aoh . 

By the transitivity of denseness, we get Al ~d RR, and so Al E :F (R). The 
(R, R)-homomorphism h = fol Al is given by left multiplication by some 
c E C on AI, so we have now (q - c) Al = 0, which implies that q = c E C, 
as desired. 



Chapter 6 
Frobenius and Quasi-Frobenius 
Rings 

§15. Quasi-Frobenius Rings 
A quasi-Probenius (or QF) ring is a ring R that is right injective and right 
(or equivalently, left) noetherian. Such a ring is always 2-sided artinian and 
2-sided injective. In particular, "QF" is a left-right symmetric condition. 

There is also a characterization of a QF ring that is independent of the 
injectivity conditions: 

R is QF iff R is right noetherian and satisfies the double anni
hilator conditions for both left and right ideals. 

All of these results are contained in LMR-(15.1), which, of course, requires 
considerable work for its proof. 

The following are some of the properties of the (left, right) modules 
over a QF ring R: 
(A) A module over R is projective iff it is injective. 
(B) Any module can be embedded into a free module. 
(C) Any f.g. module is reflexive. 
(D) Taking R-duals defines a "perfect duality" between f.g. right R-modules 
and f.g. left R-modules. 
(E) Let A, B ~ M where M is a f.g. projective R-module. Then A ~ B 
iff M/A ~ M/B. 

These results reveal the beginning of an unusually rich module theory 
for QF rings. Some examples of QF rings are collected in LMR-(15.26); 
more examples are given in LMR-§16. 

In the commutative category, the structure of the QF rings is easy to 
describe. A commutative artinian ring R decomposes into Rl x ... x Rs 
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where each Ri is a (commutative) local artinian ring. With respect to this 
decomposition, R is QF iff each Ri has a simple socle. These "building 
blocks" Ri are known as zero-dimensional Gorenstein rings in commutative 
algebra. 

The exercises in this section offer further properties of (and characteri
zations for) QF rings. Exercise 10, due to Nakayama, says that anne(Jn) = 
annT (In) for J = rad R for any QF ring R; this generalizes the fact that 
SOC(RR) = soc(RR), proved independently in LMR-(15.8). Exercises 14-
15 lead to new examples of noncommutative QF rings, and Exercises 21-
25 offer a general method for constructing commutative local Frobenius 
algebras. Exercises 17 and 18 provide a link between this section and the 
earlier section on homological dimensions. 

Exercises for § 15 

Ex. 15.1. Redo Exercise (3.2)(3) ("A right self-injective domain R is a 
division ring") using the general facts on right self-injective rings proved in 
LMR-§15. 

Solution. Let R be a right self-injective domain, and let c E R be a 
nonzero element. Using right self-injectivity alone (see Step 2 in the proof 
of LMR-(15.1)), we see that Rc is a left annihilator. Since R is a domain, 
this left annihilator can only be R itself, so c has a left inverse. This shows 
that R is a division ring. 

Comment. Yet other arguments are possible. For instance, by LMR-(13.2) 
(4), a right self-injective right nonsingular ring R is always von Neumann 
regular. If R is a domain, this will make R a division ring. 

Ex. 15.2. Give an example of a commutative ring R with two ideals A, B 
such that ann(A) + ann(B) is properly contained in ann (A n B). 

Solution. Let R = k[x, y] be defined by the relations x2 = y2 = xy = 0, 
where k is any field. Then R = k EB kx EB ky, and for the (minimal) ideals 
A = kx, B = ky, we have An B = ° so ann (A n B) = R. On the other 
hand, 

ann (A) = ann (B) = kx + ky, 

so ann (A) + ann (B) is also kx + ky, which is properly contained in R. 

Comment. In Step 1 in the proof of (2) '* (4) in LMR-(15.1), it is shown 
that anne (A n B) = anne (A) + anne (B) for any right ideals A, B in a 
right self-injective ring R. Of course, the commutative ring we consid
ered in the above solution is not self-injective, since the R-homomorphism 
<p: kx ----; ky defined by <p (x) = y cannot be realized as multiplication by 
an element of R. 
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Ex. 15.3. Show that if R has ACC on left annihilators and is right self
injective, then R is QF. 

Solution. For any right self-injective ring R, it is shown in Step 2 in 
the proof of (2) ::::} (4) in LMR-(15.1) that any f.g. left ideal in R is a 
left annihilator. Therefore, if R has ACC on left annihilators, it will have 
ACC on f.g. left ideals, and this is tantamount to R being left noetherian. 
Therefore, R is QF by LMR-(15.1). 

Comment. It might have been somewhat more natural to work with con
ditions imposed on just one side, assuming, say, that R has ACC on right 
annihilators and is right self-injective. In this case, it can be shown again 
that R is QF. The proof of this is, however, quite a bit harder, requiring 
a theorem of Bass (FC-(23.20)) for right perfect rings. For the details, 
we refer the reader to C. Faith's "Algebra II", Grundlehren der Math. 
Wissenschaften, Vol. 191, Springer-Verlag, 1976, pp. 208-209. 

Ex. 15.4. Show that R is QF iff every right ideal is the right annihilator 
of a finite set and every left ideal is the left annihilator of a finite set. 

Solution. We use the idea in the solution of Exercise 6.21, although we 
cannot utilize this exercise directly. 

First assume R is QF and let A be a right ideal. Then anne (A) = 
RX1 + ... + RXn for some Xl, ... , Xn E R, since R is left noetherian. Now 

A = annr (anne (A)) = annr (RX1 + ... + RXn) = annr (X) 

for the finite set X : = {Xl, . .. , xn}. By symmetry, any left ideal B s;:: R 
has the form anne(Y) for some finite set Y. 

Conversely, assume that every right ideal is the right annihilator of 
a finite set and every left ideal is the left annihilator of a finite set. In 
particular, every I-sided ideal satisfies the double annihilator condition. In 
view of LMR-(15.1), R is QF if we can show that it is artinian. Consider 
any chain of right ideals A1 :2 A2 :2 ... , and let Si = ann£(A). Let S be 
the union of the ascending left ideals Sl s;:: S2 s;:: .... By assumption, there 
exists a finite set So such that annr(S) = annr(So). Since S is a left ideal, 
we have 

S = anne (annr (S)) = anne (annr (So)) :2 So. 

For sufficiently large i, we have therefore Si :2 So and so annr(Si) 
annr(S). But 

annr(Si) = annr(annc(Ai)) = Ai, 

so Ai = annr(S) for large i. This checks that R is right artinian, and a 
similar argument checks that R is left artinian. 

Ex. 15.5. Show that a quotient Rj I of a QF ring R need not be QF. 
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Solution. Consider R = k[x,yl/(x2,y2) where k is any field. This is 
a commutative 4-dimensional algebra over k, and, by LMR-(3.15B), it is 
a F'robenius k-algebra. In particular, R is a self-injective ring and hence a 
QF ring. For the ideal 

we have a quotient R: = R/I ~ k[x,yl/(x2, xy, y2). This is not a self
injective ring (and hence not QF) according to LMR-(3.69). In fact, for the 
two ideals A = k· x and B = k· fj in R, the R-isomorphism A ~ B sending 
x to fj obviously cannot be extended to an endomorphism of RR' 

Comment The main point here is that soc(R), generated over k by the 
image of xy, is a minimal ideal in R, while soc eR), generated over k by 
the images of x and y, is not a minimal ideal in R. (See Exercise 3.14.) 

Ex. 15.6. Let C be a cyclic right R-module, say C = R/ A where A is a 
right ideal in R. 

(1) Show that C* ~ anne (A) as left R-modules. 
(2) Show that C is torsionless (i.e. the natural map E: C ~ C** is an 
injection) iff A is a right annihilator. 
(3) Show that C is reflexive iff A is a right annihilator and every left 
R-homomorphism anne (A) ~ RR is given by right multiplication by an 
element of R. 

Solution. (1) The right R-homomorphisms from C ~ R are left multipli
cations by elements of R which left annihilate A. More formally, we have an 
isomorphism I: C* ~ anne (A) defined by I (ip) = ip (1 + A) for ip E C*. 
(This is a special case of the first isomorphism in LMR-(15.14).) 

(2) From (1) we have an isomorphism f* : (anne (A))* ~ C**. Let r5 be the 
composition of 

C ~ C** c: (anne (A))* . 

What is r5 (x + A) as a functional on anne (A)? We "identify" a general 
element b E anne (A) with ip = I-I (b), which is left multiplication by b 
(mapping R/A to R). Then 

r5 (x + A)(b) = E (x + A)(ip) = ip (x + A) = bx. 

Now, E is one-one iff r5 is one-one. In view of (*), the latter is the case 
iff, for any x E R, anne (A) x = 0 '* x E A. This amounts precisely to 
A = ann,. (anne (A)), i.e. A is a right annihilator. 

(3) E is onto iff r5 is onto. In view of (*), the latter is the case iff every 
0: E (anne (A))* is given by right multiplication by an element x E R. The 
desired conclusion follows by combining this with (2). 
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Comment. If R is a left self-injective ring, the last condition in (3) is 
automatic. In this case, it follows that a cyclic right R-module R/ A is 
reflexive iff A is a right annihilator. 

Ex. 15.7. Show that a right noetherian ring R is QF iff every I-sided cyclic 
R-module is torsionless. 

Solution. If R is QF, we know, in fact, that every I-sided R-module is 
torsionless (LMR-(15.11)(I)). Conversely, assume that every I-sided cyclic 
R-module is torsionless. By Exercise 6, it follows that any right (resp. left) 
ideal in R is a right (resp. left) annihilator. Since R is right noetherian, R 
is QF by LMR-(15.1). 

Ex. 15.8. Let e = e2 E R, and J C;;; R be a right ideal such that eJ C;;; J. 
Use Exercise 6 to show that (eR/ eJ)* ~ annt (J) . e as left R-modules. 

Proof. Let C = eR/eJ which is a cyclic right R-module generated by 
e = e + eJ. We represent C in the form R/ A by taking A = ker (7r) where 
7r: R --t C is induced by left multiplication bye. An easy computation 
shows that 

A = {x E R: ex E eJ} = J + (1- e) R. 

By Exercise 6, C* is given by 

annt (A) = annt (J) n annt (1 - e) R = annt (J) n Re. 

Clearly, this left ideal is contained in annt (J) . e. Conversely, if x 
E annR (J) . e, say x = ye where y E annR (J), then xJ = y (eJ) <;;; yJ = 0 
implies that x E annt (J) n Re. Therefore, 

C* ~ annt (A) = annt (J) . e, 

as desired. 

Comment. The isomorphism (J" from annt (J) . e to (eR/eJ)* may be 
defined by 

(J" (ye) (ez + J) = yez E R 

for y E annt (J) and z E R. It is, of course, also possible to verify directly 
that (J" defines a left R-module isomorphism. The assumption that eJ C;;; J 
is needed to show that (J" is well-defined. Otherwise, no assumptions are 
needed on R. In the special case where R is a I-sided artinian ring and 
J = rad( R) (the Jacobson radical of R), we can replace annt (J) by the right 
socle SOC(RR), according to FC-Exer. (4.20). This yields the isomorphism 
(eR/eJr ~ soc (RR) . e. 

Ex. 15.9. Let R be a QF ring and J = rad(R). In LMR-(15.7), a proof is 
given for annt (J) = annr (J) using the equality of the right and left socles 
of R. Give another proof for annt (J) = annr (J) by using the last exercise. 
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Solution. Consider any primitive idempotent e E R. Then eRj eJ is a 
simple right R-module (by FC-(25.2)). Since R is QF, LMR-(15.13) guar
antees that (eRjeJ)* is a simple left R-module. Invoking Exercise 8, we 
see that anne (J) . e is simple, and so 

J . (anne (J) . e) = O. 

Since 1R is a sum of primitive idempotents, it follows that J. anne (J) = 0; 
that is, anne (J) ~ annr (J). By symmetry, we also have annr (J) ~ anne (J). 

Ex. 15.10. For (R, J) as in the last exercise, show that anne (In) = 
annr (In) for any positive integer n. 

Solution. The last exercise shows that the conclusion holds for n = 1. In 
general, for any ring R and any subset J ~ R such that anne (J) = annr (J), 
it can be shown, by induction on n, that anne (In ) = annr (In ). Indeed, 
suppose this holds for a given n. Then, for any x E annr (In+l), we have 
r· (Jx) = 0, so 

Jx ~ annr (r) = anne (r). 

Thus, J xJn = 0, which gives 

xr ~ annr (J) = anne (J), 

and so xJn+l = O. This shows that annr (In+1 ) ~ anne (In+l) , and the 
reverse inclusion follows from symmetry. 

Comment. The result in this exercise is due to T. Nakayama, and is The
orem 6 in his paper "On Frobeniusean algebras, I", Annals of Math. 40 
(1939),611-633. 

In general, a QF ring R may have ideals A ~ R such that annr (A) =I=

annf (A). For such examples, see LMR-(16.66) and Ex. (16.19) below. How
ever, if R is a symmetric algebra over a field, then for any ideal A ~ R, 
annT" (A) = anne (A): see LMR-(16.65). 

Ex. 15.11. Show that a QF ring is right semihereditary iff it is semisimple. 

Solution. The "if" part is clear. For the converse, assume that R is QF 
and right semihereditary. For any right ideal I ~ R, I is f.g. (since R is 
right noetherian), so IR is projective. By LMR-(15.9), IR is injective, so it 
is a direct summand of RR. This shows that RR is a semisimple module, 
so R is a semis imp Ie ring. 

Comment. This exercise is only a small part of LMR-(7.52). Part (1) of 
this result applies to rings without chain conditions, giving a list of five 
equivalent conditions (von Neumann regular, right semihereditary, right 
Rickart, right nonsingular, and Baer) for any right self-injective ring R. If 
we add a right noetherian condition to R, then each of the five conditions 
is equivalent to R being semisimple. 

Ex. 15.12. Assuming the Faith-Walker Theorem (LMR-(15.10)), show 
that a ring R is QF iff every module MR embeds into a free R-module. 
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Solution. The "only if" part is already proved in LMR-(15.1l). We repeat 
the proof here: MR embeds into its injective hull E(M), and E(M) is 
projective by LMR-(15.9). Therefore, E(M) embeds into a suitable free 
R-module. 

Conversely, assume that any right R-module embeds into a free R
module. Then, for any injective module JR , we have J ~ F for some free 
module F. But then J is a direct summand of F, and so JR is projective. 
Since all injective right R-modules are now projective, the Faith-Walker 
Theorem guarantees that R is a QF ring. 

Ex. 15.13. For any QF ring R, show that: 

(1) For any simple module 5R, the injective hull E(5) is a principal inde
composable R-module; 
(2) For any f.g. module MR, E(M) is also f.g. 

Solution. (1) We know (from LMR-(15.1)) that R is right Kasch, so 5 em
beds into RR. Since RR is a finite direct sum of principal indecomposables, 
it follows that there exists an embedding 5 '---> U where U is a suitable 
principal indecomposable. Now by LMR-(15.9), UR is injective, so we may 
assume that 5 ~ E (5) ~ U. But then E(5) is a direct summand of U, so 
we must have E(5) = U. 

(2) By Exercise 12, M ~ F for some free module F. Since M is f.g., we have 
M ~ Fo ~ F for some free module Fo of finite rank. By LMR-(15.9) again, 
Fo is an injective module, so (a copy of) E(M) can be found inside Fo. 
Then E(M) is a direct summand of Fo, and so is also f.g. (Alternatively, 
since R is a right noetherian ring, the finite generation of Fo implies that 
of any of its submodules.) 

Ex. 15.14. (Nakayama, Connell) Let R be a group ring AG where A is a 
ring and G is a finite group. Show that R is right self-injective (resp. QF) 
iff A is. 

Solution. If A is right artinian, then RA is artinian, so RR is also artinian. 
Conversely, if RR is artinian, then AA must be artinian since A ~ R/ J 
where J is the augmentation ideal of R. Since "QF" is "right artinian" 
together with "right self-injective," it is enough to handle the "right self
injective" case in this exercise. 

We have an A-homomorphism t: RA --t AA defined by t (2:: agg) = al· 
Let P be any (R, R)-bimodule. Then P is also an (R, A)-bimodule, and we 
have an additive group homomorphism 

defined by <p(f) = to f. Both groups are right R-modules (the right R
structures being induced by the left action of R on P), and the following 
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check shows that cp is a right R-homomorphism: 

cp (fr)(p) = t ((fr) p) = t (f (rp)) = (cp (f) r) (p) , 

where f E HomR (P, R), r E Rand pEP. We claim that cp is an 
isomorphism. Indeed, if f i- 0, then f (p) = L, agg i- 0 for some pEP. 
Say agO i- O. Then 

cp (f) (pgo1) = t (J (pgo1)) = t (J (p) gol) = ago i- 0 

implies that cp (f) i- 0, so cp is injective. To show that cp is surjective, take 
any h E Hom A (P, A). Define f: P --; R by 

f (p) = L gEG h (pg) g-l ('tip E P). 

An easy calculation shows that f E HomR (PR, RR), and we have 

cp (f) (p) = t (f (p)) = h (p . 1) = h (p) ('tip E P) , 

so h = cp(f). 

Now assume A is right self-injective, and let P above be the (R, R)
bimodule R. Then (*) yields a right R-module isomorphism. 

HomR (RRR, RR) ~ HomA (RRA, AA)' 

The right R-module on the LHS is canonically isomorphic to RR. On 
the other hand, since RR is projective and AA is injective, the Injective 
Producing Lemma (LMR-(3.5)) implies that HomR (RRA, AA) is an injec
tive right R-module. Therefore, RR is injective, as desired. 

Conversely, assume that R is right self-injective. To check that AA is 
injective, we apply Baer's Test. Let h: J --; A be a right A-homomorphism, 
where J t:;"; A is a right ideal. We can extend h to hi: JG --; R by defining 

hi (L agg) = L h (a g) 9 (a g E J). 

Clearly, JG is a right ideal in R, and hi is a right R-homomorphism. Since 
RR is injective, there exists (3 = L bgg E R such that hi (a) = (300 for every 
a E JG. Letting a = a· 1 for a E J, we have, in particular, h (a) = b1a 
(by comparing the coefficients of 1). Thus, Baer's Criterion implies the 
injectivity of AA. 

Comment. The result in this exercise comes from 1. Connell's paper "On 
the group ring," Canad. J. Math. 15(1963), 650-685, although the QF 
case was done earlier by T. Nakayama. Connell and subsequent authors 
have also dealt with the case of infinite groups G. As it turns out, if G is 
infinite, a group ring AG is never right self-injective, unless A = {O}. 

Ex. 15.15. Let R be a QF ring. Show that, for any central multiplicative 
set S t:;"; R, the localization RS-1 is also a QF ring. 
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Solution. Since R is right noetherian, LMR-(1O.32) (6) implies that 
T : = RS-1 is also right noetherian. Next, the fact that RR is injec
tive implies, upon localization, that TT is injective, according to Exercise 
10.31(1). Therefore, T is a right noetherian, right self-injective ring, so by 
LMR-(15.1), it is a QF ring. 

Comment. If R is only right self-injective (and not right noetherian), a 
central localization RS-1 need not be right self-injective. In the solution 
(1) to Exercise 10.30, we have constructed a commutative self-injective local 
ring R for which some localization RS-1 is not self-injective. 

Ex. 15.16. Show that an idempotent e in a QF ring R is central iff eR is 
an ideal of R. 

Solution. The "only if" part is trivial. Assuming now that eR is an ideal, 
we shall prove that e is central in two different ways below. 

First Proof. It suffices to check that Re ~ eR is an equality. Indeed, if this 
holds, then for any r E R, we have 

er(l - e) = 0 = (1 - e)re, 

which implies that er = reo 
Let J = eR, and let R be the factor ring R/ J. Since RR ~ (1 - e) RR, 

RR is injective. From R·J = 0, it follows that Rl? is also injective, according 
to Ex. 3.28. Therefore, the artinian ring R is QF (by LMR-(15.1)), and thus 

(1) length (flR) = length (Rfl) 

(for instance, by LMR-(15.6)). The same equation also holds with R re
placed by R, so it follows that 

(2) 

Let J* = HomR (JR, RR) be the dual of JR, viewed in the usual way as 
a left R-module (via the left action of R on itself). By the duality between 
f.g. right and left R-modules (in LMR-(15.12)), we have length (JR) = 
length (RJ*). But RJ* is easily seen to be ~ R(Re). (This uses the right 
self-injectivity of R; for more details, see LMR-(16.13).) Therefore, 

length (JR) = length R(Re). 

Combining this with (2), we have length (RJ) = lengthR(Re). Since Re ~ 

J, this implies that Re = J = eR, as desired. 

Second Proof. Since eR is an ideal, so is its left annihilator Rf where 
f = 1- e. Thus, Rf 2 f R. Taking a Krull-Schmidt decomposition of RR = 
eR EB f R, we get a complete set of principal indecomposables 

{Ui = eiR: 1 ::; i ::; n} (e; = ei) 
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such that (say) 

Then Si = Ui/eirad (R) (1 :::; i :::; n) provide a complete set of the simple 
right R-modules. Let Ti = soc(Ui ), which are also simple modules since R 
is QF (see LMR-(16.4)). Moreover, there is a Nakayama permutation 1f of 
{I, ... ,n} such that Ti ~ S7r(i) for all i. We claim that: 

(3) If X ~ Rf is a minimal right ideal, then X ~ Sj for some j > m. 

Indeed, if X ~ Sk for some k :::; m, then X ek =f. O. However, 

a contradiction. 
Note that (3) shows, in particular, that i > m =} 1f (i) > m. Therefore, 1f 

permutes {m + 1, ... , n} and {I, ... , m} separately. Using this information, 
we shall check that: 

(4) Rf ~ f R is an equality. 

For, if otherwise, we would have eR n Rf =f. O. Let X be a minimal right 
ideal in eR n Rf. Then X ~ Sj for some j > m by (3). On the other hand, 
X ~ soc(eR) forces X ~ Tk for some k :::; m, and hence X ~ S7r(k) with 
1f(k) :::; m, a contradiction. 

N ow that we know Rf = f R, the beginning part of the first proof shows 
that f is central. Thus, so is e. (Of course, this also follows from the fact 
that we have an ideal decomposition R = eR EEl f R. 

Comment. This exercise is taken from Kasch's book "Modules and Rings," 
p. 362, Academic Press, N.Y., 1982. It was probably known to Nakayama, 
the inventor of the notion of QF rings. The earliest explicit reference I 
can find in the literature is Proposition 4.4 in F.W. Anderson's paper, 
"Endomorphism rings of projective modules," Math. Zeit. 111(1969), 322-
332. The second proof given above follows closely Anderson's. However, 
this proof uses the idea of the Nakayama permutation 1f, which is only 
developed in LMR-§16. The first proof is thus a little more appropriate, 
since it uses (in the main) only material in LMR-§15. I learned this proof 
from Carl Faith. 

Note that the conclusion of this exercise is false for general artinian 
rings. For instance, in the ring R of 2 x 2 upper triangular real matrices, 

the idempotent e = (~ ~) generates eR = { (~ ~)}, which is an ideal, 

but e is not central in R. 
Some generalizations of this exercise are possible. Most notably, Faith 

has shown that this exercise is valid over any right pseudo-Frobenius ring; 
see Theorem 3.9 of his preprint, "Factor rings of pseudo-Frobenius rings." 
On the other hand, W. K. Nicholson and E. Sanchez Campos have shown 
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that this exercise also holds over the so-called left (or right) morphic rings. 
(A ring R is called left morphic if, for any a E R, RI Ra ~ annf (a) as 
left R-modules.) This, however, does not imply the present exercise, since 
QF rings need not be left or right morphic. The Nicholson-Campos paper, 
"Rings with the dual of the isomorphism theorem," appeared in J. Algebra 
271(2004),391-406. 

Ex. 15.17. For any module MR over a QF ring R, show that pd(M) (the 
projective dimension of M) is either 0 or 00. Prove the same thing for 
id(M) (the injective dimension of M). 

Solution. To get the conclusion on projective dimensions, it suffices to 
show that there is no module MR with pd(M) = 1. In fact, if such a 
module M exists, then there is a short exact sequence 

o --+ PI --+ Po --+ M --+ 0 

where Po, PI are projective right R-modules. By LMR-(15.9), PI is also an 
injective module, so the exact must splits. This shows that MR is projective, 
a contradiction to pd(M) = 1. Similarly, we can show that there is no 
module MR with id(M) = 1, so for any MR, id(M) can only be 0 or 00. 

Ex. 15.18. (Bass) Let R be a left noetherian ring such that, for any f.g. 
module MR , pd(M) is either 0 or 00. Show that R is a left Kasch ring. 

Solution. Using only the assumption on right projective dimensions, we 
shall show that any f.g. left ideal A = 1:~=1 Rai S;; R has a nonzero right 
annihilator in R. In case R is left noetherian, this will show that annr m i= 0 
for any maximal left ideal m, and hence by LMR-(8.28), R is left Kasch. 

Given A as above, let F be the free module EB~=I eiR, and let 0: = 
1: eiai E F. Assume, for the moment, that annrA = O. Then clearly 0: . R 
is free on {o:}, and the exact sequence 

0--+ 0:. R --+ F --+ Flo:· R --+ 0 

shows that pd(Flo:· R)R ~ 1. By the assumption on projective dimensions 
of f.g. right R-modules, we have pd(Flo:· R) = 0, that is, Flo: . R is 
projective. Therefore, the above exact sequence splits, so 0: . R is a direct 
summand of F. Since 0:. R is free on {o:}, the Unimodular Column Lemma 
(Ex. (1.34)) implies that A = 1:~=1 Rai = R, a contradiction. Therefore, 
we must have annrA -=I 0, as desired. 

Comment. This result, and several refinements thereof, appeared in Bass' 
paper referenced in the Comment on Exercise (1.32). 

Ex. 15.19. Let R be a commutative noetherian ring in which the ideal (0) 
is meet-irreducible. Show that QcR(R) is a (commutative) local QF ring. 

Solution. By Noether's Theorem, (0) is a primary ideal. Therefore, p : = 
rad (0) = Nil (R) is a prime ideal, and it is easy to check that p consists 
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precisely of all O-divisors of R. The ring T := Rp is local, noetherian, of 
Krull dimension 0, so T is an artinian ring. We need to show that T has 
a simple sode, for this will imply, by LMR-(15.27), that T is a QF ring. 
Since T is artinian, we know soc(T) =I- O. If soc(T) is not simple, there 
would exist minimal ideals X, Y of T such that X n Y = (0). But then 
X' = X n Rand Y' = Y n R are nonzero ideals of R with 

X' n y' = X n Y n R = (0) , 

which contradicts the fact that (0) is meet-irreducible in R. 

Ex. 15.20. For any field k, let R = k[u, v], with the relations u2 = v2 = 0, 
and S = k[x, y, 1 with the relations xy = x2 - y2 = O. It is known that 
Rand S are (commutative) 4-dimensionallocal Frobenius k-algebras (see 
the examples (4) and (5) at the end of LMR-§15D). Show that R ~ S as 
k-algebras iff -1 E k2 and char(k) =I- 2. (In particular, R ~ S if k = C and 
R ~ S if k = JR.) 

Solution. A basis for R is {I, u, v, uv}. Since x3 = x . x2 = xy2 = 0 and 
y3 = Y . y2 = yx2 = 0, a basis for S is {I, x, y, x2}. The unique maximal 
ideals for Rand S are respectively, mR = (u, v) and ms = (x, y). 

If -1 E k2 and char(k) =I- 2, let i = A E k. It is easy to check that 
'P: R --+ S defined by 

'P(u) =x+iy and 'P(v) =x-iy 

is a k-algebra homomorphism, with an inverse 'ljJ : S --+ R, defined by 
'ljJ (x) = (u + v) /2 and 'ljJ (y) = (u - v) /2i. Therefore, R ~ S as k-algebras. 

Conversely, assume R ~ S, and let 'P : R --+ S be a k-algebra isomor
phism. Since 'P (mR) ~ ms, we have 'P (u) = ax + by + cx2 for some a, b, 
c E k. From 

0= 'P (u2) = (ax + by + CX2)2 = a2x2 + b2y2 = (a 2 + b2) x2, 

we have a2 + b2 = o. If a = 0, then b = 0 too and so 'P(u) = cx2 Em}. 
This is impossible since u tJ- m~. Therefore a =I- 0, so -1 = (b/a)2 E k2. 
We finish by showing that char(k) =I- 2. If otherwise, a2 + b2 = 0 '* a = b, 
and hence 'P (u) = a (x + y) + cx2. A similar argument shows that 'P (v) = 
d (x + y) + ex2 for some d, e E k. Now 

'P(uv) = (a(x+y)+cx 2) (d(x+y)+ex2) = ad(x2+y2) =0. 

This is impossible since uv =I- 0 in R. 

Comment. If char(k) = 2, the k-algebra map 'P : R --+ S above is still 
defined. But now 'P(u) = 'P(v) = x+y, so 'P is not injective (and we have 
in fact dimk'P(R) = 2). Note that, in case char(k) = 2, R = k[u, v] above 
is isomorphic to the group algebra kG, where G is the Klein 4-group. 

The next exercise describes a general method for constructing quotients 
of polynomial algebras that are local F'robenius algebras. The remaining 
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exercises amplify this point, and provide further explicit computational ex
amples for this interesting construction of QF algebras. 

Ex. 15.21. Let A = k [Xl, ... , xrl (where k is a field), and let m = 
(Xl,'" ,xr)' Let A : A -; k be a k-linear functional with ker(A) ::2 mn 
for some n 2: 1 and J).. be the largest ideal of A that is contained in ker(A). 
If A 1= 0, show that J).. ~ m and that AI J).. is a local Frobenius k-algebra. 
Conversely, if J ~ m is an ideal in A such that AI J is a local Frobenius 
k-algebra, show that J has the form 1>.. for some nonzero functional A as 
described above. 

Solution. Let I E J)... Then AI ~ J).. and so A (Af) = O. Let n 2: 1 
be minimal such that A (mn) = O. Then there exists g E mn - l such that 
A (g) 1= O. Writing I = a + 10 where a E k and 10 E m, we have 

0= A (gf) = A (ag + glo) = aA (g) (since A (glo) E A (mn) = 0). 

Therefore, a = 0, and we have I E m. This shows that J).. ~ m. 
Since mn ~ J, ml J ~ AI J is a maximal ideal with (ml Jt = O. Hence 

AI J is a (finite-dimensional) local k-algebra. The hyperplane ker(A)1 J in it 
contains no nonzero ideals, so by LMR-(3.15), AI J is a Frobenius k-algebra. 

Conversely, let J ~ m be an ideal in A such that AI J is a local Frobenius 
k-algebra. Then rad(AI J) = ml J is nilpotent, so mn ~ J for some n 2: 1. 
By LMR-(3.15) again, there exists a hyperplane 

ker(\) ~ AIJ 

(for some nonzero k-linear functional>: : AIJ -; k) which contains no 
nonzero ideal of AI J. Let A : A -; k be the functional on A induced by X. 
Clearly, J is the largest ideal of A contained in ker(A), so J = J)... Here, 

mn <::::; J <::::; ker(A), 

so A is the functional we want. 

Comment. Recall, from the proof of LMR-(3.15), that a nonsingular "as
sociative" bilinear pairing on the Frobenius algebra AI J).. is given by 
(x, y) f---+ A (xy) E k. 

Ex.15.22. Keep the notations in the last exercise, and let N be the space 
of functionals 

{A E Homk(A, k): A (mn) = 0 for some n 2: I}, 

viewed as an A-submodule of the A-module Homk(A, k). For any A E N, let 
annA(AA) denote the A-annihilator of the cyclic submodule AA ~ AN, and 
let AnnA (AA) denote the space of common zeros of the linear functionals 
in AA. Show that 

annA(AA) = AnnA(AA) = 1>.., 

and deduce that A A ~ AI J).. as A-modules. 
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Solution. Note that the A-action on N is defined by 

(f . ..\) (g) = ..\ (gf) (f, 9 E A, ..\ E N) . 

In particular, (f . ..\) (g) = (g . ..\) (f). Therefore, 

f E annA (A"\) <¢=} f·..\ = 0 E N 

<¢=} (f . ..\)(g) = 0 I;j 9 E A 

<¢=} (g . ..\)(f) = 0 I;j 9 E A 

<¢=} f E AnnA (A"\). 

This establishes the first desired equation, and the second one follows from: 

f E AnnA (A"\) <¢=} (g . ..\)(f) = 0 I;j 9 E A 

<¢=} "\(Af) = 0 

<¢=} Af ~ ker(..\) 

<¢=} f E 1;." 

From the equation J)., = annA(A"\), it follows immediately that A ..\ ~ 
AI J)., as A-modules. 

Comment. If we denote the actions of functional by using the notation 
(g,..\) = ..\ (g) for 9 E A and ..\ E N, the formula (*) above can be 
transcribed into an associativity formula 

(g, f..\) = (gf, ..\) for f, 9 E A, and ..\ E N. 

Ex. 15.23. In the notations of the last two exercises, let annN (J).,) be the 
annihilator of J)., in the A-module N, and let AnnN (J).,) be the space of 
functionals in N vanishing on the ideal J).,. Show that 

annN(J>-.) = AnnN(J).,) = A..\, 

and deduce that, for any ..\, f.1 E N, A"\ = Af.1 iff J)., = Jw 

(Comment. Combining this with Exercise 21, we get a one-one correspon
dence between the nonzero cyclic A-submodules of N and the ideals J ~ 

(Xl, ... , xr ) of A for which AI J is a local Frobenius algebra.) 

Solution. Since dimk A"\ = dimk AI J)., < 00, vector space duality shows 
that 

AnnN (J).,) = AnnN(AnnA(A"\)) = A"\. 

Secondly, the formula (f . ..\)(g) = ..\(gf) from the last exercise shows that 
annN (J) = AnnN (J) for any ideal J ~ A. 

If A"\ = Af.1, taking annihilators (in either sense) in A gives J)., = Jw 
Conversely, if J)., = J", taking annihilators (in either sense) in N gives 
A"\=Af.1. 
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Comment. More generally, J f---t annN (J) = AnnN (J) gives a one-one 
correspondence between the ideals J <:;; (Xl"'" xr ) of A such that A/ J 
is a finite-dimensional local k-algebra and the nonzero f.g. A-submodules 
M of N. The proof of this requires just a couple more steps, using some 
facts about injective hulls. See, for instance, Theorem 21.6 in Eisenbud's 
book "Commutative Algebra, with a View toward Algebraic Geometry", 
Graduate Texts III Math., Vol. 150 (1995), Springer-Verlag, 1995. The 
correspondence 

J +-+ M = annN (J) 

was deeply rooted in the classical mathematics on ideals in polynomial rings 
over a field, and goes back to the work of F.S. Macaulay. In Macaulay's 
book "The Algebraic Theory of Modular Systems" (Cambridge Univ. Press, 
Cambridge, 1916), the A-module annN (J) was called an "inverse system" 
of the polynomial ideal J <:;; A. 

Ex. 15.24. Keeping the notations in the above exercises, identify the 
space of functionals N with the A-module of "inverse polynomials" T = 
k [xl!"" ,X;l], as in LMR-(3.91)(1). For the "functionals" 

, -1 -2 
/\1 = X Y , 

in T = k [x-l,y-1] and T = k [x-l,y-l,z-l] respectively, show that 

J)'1 = (x2, y3), ];\2 = (xy, x2 - y2), and 

J)..3 = (x2, y2, xz, yz, xy - z2) . 

State a generalization for each of these three cases. 

Solution. We shall compute J).. by using the two expressions obtained 
for it in Exercise 22. First consider ..\1 = x-1y-2. Recall that this is the 
functional on A = k[x, y] that takes xy2 to 1 and all other monomials in x, 
y to zero. Clearly, A..\l <:;; k [X-1,y-1] has the k-basis 

{I -1 -1 -1 -1 -2 -1 -2} ,X ,y ,X Y ,y ,X Y . 

The common null space of these six functionals is our J)..l' so dimkA/ J)..l = 
6. Now clearly, x2 and y3 are in this null space, so J)..l contains the ideal 
(x2,y3) <:;; A. It is easy to see that dimkA/(x2, y3) = 6, so we must have 
J)..l = (x 2 ,y3). This method of computation clearly generalizes to show 
that, if ..\1 = x-my-n where m, n 2: 0, then J)..l = (xm+1, yn+1) . 

Next, we take the functional ..\2 = x-2 + y-2 in k [x-l, y-1]. Iterating 
the X and y actions on "\2, we see that A..\2 has a k-basis {1,x-1,y-1, 
x-2 + y-2}. Therefore, dimk A/J)..2 = 4. Letting "." denote the A-action 
on k [X-l,y-1], 

XY·..\2 = xy' (x-2 + y-2) = 0, and 

(x2 _ y2) '''\2 = (x2 - y2) . (X-2 + y-2) = 1 - 1 = 0, 
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so we have 

xy, x2 - y2 E annA (AA2) = h'2' 

Since AI (xy, x2 - y2) have dimension 4 as we have seen in Exercise 19, it 
follows that 

The method of computation here generalizes easily to show that, if A2 = 
x-n +y-rn where n, m 2:: 1, then J)"2 = (xy, xn - yrn), with dimk AI J>'2 = 
n+m. 

Finally, take A3 = x-1y-1 + z-2 in T = k [x-I, y-I, z-1]. Applying 
the x, y, z actions again (repeatedly) to A3, we see that AA3 has a basis 

{I -1 -1 -1 -1 -1 + -2} ,x ,y ,z ,x y z , 

and so dimkAI h3 = 5. We can use the previous method to determine a 
set of ideal generators for J)"3' but let us solve the problem by another 
method for illustration. Thinking of J)"3 as AnnA(AA3), we see that each 
of the six "functionals" in (*) imposes a linear condition on the coefficients 
of a polynomial f E J).,3' In fact, these conditions are, that f has zero 
constant term, zero coefficients for the x, y, z terms, and coefficients for 
the xy and z2 terms summing to zero. Therefore, the most general form 
for a polynomial f in J)"3 is 

f = ax2 + by2 + cxz + dyz + e (xy - z2) + g, 

where 9 E (x, y, z)3. Therefore, if 

we have J>'3 = J + (x,y,z)3. But (x,y,z)3 ~ J (noting, especially, that 
z3 = x(yz) - z(xy - Z2)). Hence J)"3 = J, as desired. This method of 
computation generalizes easily to A3 = x-1y-1 + z-n (with n 2:: 1), for 
which we'll have 

The case n = 0 is a bit exceptional. A straightforward computation along 
the same lines gives here h3 = (x2 , y2, z) . 

Comment. In all cases, it is easy to see directly that, as predicted by 
Exercise 21, AI J).,i is a local Frobenius k-algebra. Indeed, the sodes for 
AI J).,il in the generalized cases, are the simple modules 

for i = 1,2, and 3. 



§16. Frobenius Rings andSymmetric Algebras 315 

Ex. 15.25. For the ideal J : = (y3, x2 - xy2) in A = k[x, y], show that 
R = A/ J is a 6-dimensional local Frobenius k-algebra, and find a linear 
functional..\ E T = k [x-l,y-I] such that J = J)... 

Solution. Note that in R, 

x2 y = X y2 . Y = 0 and x3 = x . x2 = X . X y2 = o. 
From this, it follows easily that R has a basis 1, x, y, x2, X y, y2 (where, of 
course, x2 = x y2). A routine computation shows that soc(R) = k x2, so R 
is local with maximal ideal (x, y), and has a simple socle. By LMR-(15.27), 
R is a 6-dimensional local Frobenius k-algebra. 

The linear functional ..\ : = x-2 + x-Iy-2 E T has the property that, 
under the A-action on T, y3 . ..\ = (x2 - xy2) . ..\ = o. Therefore, 

(y3, x2 _ xy2) <;;; annA (A"\) = JA. 

Now, by applying x and y to ..\ repeatedly, we see that A"\ has basis 

{1, X-I, y-I, x-Iy-I, X-I + y-2, x-2 + x-Iy-2} . 

Therefore, J).. = AnnA (A"\) has co dimension 6 in A. Since (y3, x2 - xy2) 
also has co dimension 6, the inclusion (y3, x2 - xy2) <;;; J).. must be an 
equality. 

§16. Frobenius Rings and 
Symmetric Algebras 

The characterization of a commutative QF ring as a finite direct product 
of commutative artinian local rings with simple socles has a nice general
ization to the noncommutative setting. For any (possibly noncommutative) 
artinian ring R, 

R is QF iff R is Kasch and every 1-sided principal indecom
posable R-module has a simple socle. 

This description of a QF ring R leads to the definition of the Nakayama 
permutation of R. Let Ui = eiR (1::; i ::; s) be a complete set of right 
principal indecomposables over R, and let Si be the unique top composition 
factor of Ui . Then we have a permutation 7r of {1, 2, ... ,s} such that 
soc (Ui ) ~ S7r(i); 7r is called the Nakayama permutation of R. Of course, 7r 

is only defined up to a conjugation in the symmetric group on s letters, 
since the labelling of the Ui's is completely arbitrary. 

It is shown that in LMR-(15.8) that, in any QF ring R, soc (RR) = 
soc (RR), so we may write soc(R) for the common socle. Let R = R/rad R, 
which is an (R, R)-bimodule. By definition, a QF ring R is called a Frobe
nius ring if soc (R) ~ R as right (or equivalently, left) R-modules. It is also 
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possible to recognize a Frobenius ring by using the multiplicity numbers ni 
defined in the following Krull-Schmidt decomposition: 

RR ~ n1U1 EB··· EB nsUs. 

In LMR-(16.14), it is shown that 

A QF ring R is a Frobenius ring iff ni = n1l"(i) (1 ~ i ~ s) for 
the Nakayama permutation 7r of R. 

Note that the ni's can also be defined by the following Wedderburn 
decomposition of the semisimple ring R: 

where the Di'S are division rings. In particular, if, in this decomposition, 
all the ni's happen to be equal (e.g. R is a commutative ring or a simple 
ring), then the QF ring R will be Frobenius. 

In LMR-§3C, we have introduced a class of finite-dimensional algebras 
over a field k called Frobenius algebras. It can be shown without much 
difficulty that, for any finite-dimensional k-algebra R, R is a Frobenius k
algebra iff R is a Frobenius ring. Another useful characterization, due to 
Nakayama, is the following equation 

dimkA + dimk ann£(A) = dimkR = dimk~ + dimk annr(~), 

imposed on all right ideals A ~ Rand all left ideals ~ ~ R. 
Any Frobenius k-algebra R is equipped with a Nakayama automorphism 

0", which is defined up to an inner automorphism of R. We first fix a 
nonsingular, bilinear pairing B : R x R -+ k with the associativity property 
B (xy, z) = B (x, yz). Then 0" is defined by the equation 

B (a, x) = B (x, O"(a)) ('Va, x E R). 

The presence of this Nakayama automorphism 0" makes it possible to for
mulate many additional properties of a Frobenius algebra. We note also 
that the Nakayama automorphism 0" "effects" the Nakayama permutation 
7r, in the sense that RO" (ei) ~ Re1l"(i) for all i, where Ui = eiR are the 
distinct right principal indecomposables. 

We can define QF algebras too: these are (finite-dimensional) k-algebras 
R over a field k for which RR and (R) R have the same distinct indecompos

able components, where R denotes the (R, R)-bimodule Homk (R, k). Again, 
these turn out to be the k-algebras that are QF as rings. A more significant 
step is the introduction of symmetric algebras: a k-algebra R is said to be 
symmetric if R ~ R as (R, R)-bimodules. This condition is equivalent to 
the existence of a nonsingular bilinear, associative pairing B : R x R -+ k 
that is also symmetric. Among Frobenius algebras, the symmetric algebras 
are precisely the ones whose Nakayama automorphisms are inner. We have 
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the hierarchy: 

( semisimPle) 
algebras 

c (symmetric) c 
algebras 

c (alg~:ras) , 

(
WeaklY) (Fr b . ) . 0 emus 

symmetnc C al ebras 
algebras g 

where "weakly symmetric algebras" are defined to be the QF algebras 
whose Nakayama permutations are the identity. 

Many properties of the above classes of algebras are covered by the 
exercises in this section. There are also various examples of these algebras, 
including a construction (Exercise 3) showing that any permutation of 
{I, 2, ... ,s} can be realized as the Nakayama permutation of a suitable 
QF algebra. Other exercises touch upon the notions of finite representation 
types, invariant subalgebras, Cartan matrices and parastrophic matrices, 
etc. (see LMR-§16 for the appropriate definitions). 

Exercises for § 16. 

Ex. 16.0. Show that, for a QF ring, two principal indecomposable right 
R-modules U, U' are isomorphic iff soc (U) ~ soc (U'). 

Solution. Let S = soc (U) and S' = soc (U'). Then S, S' are simple 
right R-modules by LMR-(16.4). If U ~ U', certainly S ~ S'. Conversely, 
suppose S ~ S'. As in the first part of the proof of LMR-(16.4), U = E(S) 
and U' = E(S') (where E denotes taking the injective hull), so we have 
U~ U'. 

Comment. Of course, the conclusion of the exercise also follows by applying 
the Nakayama permutation to the principal indecomposables. The above 
solution is more direct. 

Ex. 16.1. Let (R, m) be a local artinian ring with K = Rim. Show that 
the following are equivalent: 

(1) R is QF; 
(1)' R is Frobenius; 
(2) SOC(RR) is a simple right R-module and soc(RR) is a simple left 
R-module; 
(2)' ann£(m) is a I-dimensional right K-vector space and annr(m) is a 
I-dimensional left K-vector space; 
(3) RR and RR are uniform R-modules; 
(4) E ((Rlm)R) ~ RR; 
(4)'E(R(Rlm)) ~ RR. 

Show that these conditions imply each of the following: 
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(5) E ((Rlm)R) is a cyclic R-module; 
(5)' E (R(Rlm)) is a cyclic R-module; 
(6) R is a sub directly irreducible ring in the sense of FC-(12.2) (Le. R has 
a smallest nonzero ideal). 

If R is commutative, show that all ten conditions above are equivalent. 

Solution. Since Rlrad R = K is a division ring, LMR-(16.18) implies 
that (1) {:} (I)'. Also, since R is artinian, we have soc (RR) = ann£(m) 
and soc (RR) = annr(m), so (2) {:} (2)'; and the fact that any nonzero 
left (right) ideal contains a minimal left (right) ideal yields the equivalence 
(2) {:} (3). 

(1) => (4). Since RR is injective and indecomposable, we have 

E ((Rlm)R) ~ E (SOC(RR)) = RR. 

(4) => (1). By (4), RR is injective, so R is QF by LMR-(15.1). 

(1) {:} (4)' follows now from left-right symmetry. 

(1) {:} (2). Since R is artinian and there is only one simple (left, right) 
R-module, R is Kasch. Also, there is only one principal indecomposable 
(left, right) R-module, namely, R itself. Therefore, (1) {:} (2) follows from 
LMR-(16.4). 

(4) => (5) and (4)' => (5)' are clear. 

(2) => (6). We know that SOC(RR) is an ideal (for any ring R). Since R is 
artinian, SOC(RR) is clearly the smallest nonzero ideal under the assumption 
(2), so R is sub directly irreducible (and we have SOC(RR) = soc(RR)). 

Finally, we assume that R is commutative. 

(6) => (2) . Let L be the smallest nonzero ideal in R. Clearly L is the unique 
minimal ideal in R, and hence soc(R) = L is simple. 

(5) => (4). If E(Rlm) is cyclic, it is a quotient of R. Since E (Rim) is a 
faithful R-module by LMR-(3.76), it follows that E (Rim) ~ R. 

Comment. An example to keep in mind for this exercise is R = KG where 
K is a field of characteristic p > 0, and G is a finite p-group. Here, R is 
a Frobenius K-algebra, and is local with Jacobson radical m given by the 
augmentation ideal. It is easy to check that 

is given by K· "L-9EG g. Another family of (noncommutative) local Frobenius 
algebras is given in Exercise 22 below. 

In the commutative case, the rings in question are known to commuta
tive algebraists and algebraic geometers as zero-dimensional local Goren
stein rings. 
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The next exercise shows that, in this exercise the condition (2) has to 
be imposed on both SOC(RR) and soc(RR), and that (6) =? (1) need not 
hold if R is not assumed to be commutative. 

Ex. 16.2. Construct a local artinian (necessarily Kasch) ring R such that 
(1) R is sub directly irreducible, and (2) soc(RR) is simple but SOC(RR) is 
not. (Such a ring R is, in particular, not QF.) 

Solution. Let K be a field with an endomorphism a such that, for L = 
a(K), [K: L] is an integer n > 1. Let K[x; a] be the skew polynomial ring 
consisting of E aixi (ai E K) with the multiplication rule xa = a(a)x for 

a E K. Let (x2 ) = {Ei~2 aixi} be the ideal generated by x2 , and let 

(A) R = K [x; a] I (x2 ) = KEBKx. 

Clearly, m = Kx c R is an ideal of square zero, and Rim ~ K. Therefore, 
R is a local ring with maximal ideal m. Let {ai,"" an} be a basis of K 
over L. Then 

From (A) and (B), we see that R has left dimension 2 and right dimension 
n + lover K. In particular, we see that R is a left and right artinian ring. 

Since m2 = 0, we have soc(RR) = SOC(RR) = m. From (A), we see that 
soc(RR) is simple (as left R-module), and from (B), we see that SOC(RR) 
is semisimple of length n (as right R-module). (Note that, since x2 = 0, 

aix R = aix (K E9 K x) = aix K, 

so, each aix K is a simple right R-module.) Since n > 1, SOC(RR) is not 
simple so R is not QF. From the left structure of R, it is clear that R has 
exactly three left ideals, (0), m, and R. In particular, m is the smallest 
nonzero ideal of R, so R is subdirectly irreducible. 

Note that, in this example, u.dim(RR) = 1 but u.dim(RR) = n > 1, so 
R is left uniform but not right uniform (as R-module). Also, since R is its 
only (left, right) principal indecomposable module, we see that R has left 
Cartan matrix (2), and right Cartan matrix (n + 1). 

Comment. The example R constructed above is an artinian (local) ring. If 
one tries to find a finite example, one is doomed to fail: Weimin Xue has 
shown that: 

For a finite local ring R, soc(RR} is simple iff soc (RR) is simple 
(so such rings are Frobenius); 

see his paper "A note on finite local rings," Indag. Math. 9(1998), 627-628. 
(This answered a question of R.W. Goldbach and H.L. Classen ("A field
like property of finite rings," Indag. Math. 3(1992), 11-26.) Xue's result 
was later generalized to arbitrary rings by T. Honold, who proved that: 
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A finite ring R is Frobenius if (and only if) R (R/radR) ~ 

soc(RR); 

see his paper "Characterization of finite Frobenius rings," Arch. Math. 
76(2001), 406-415. Honold's result was motivated by his work on coding 
theory over finite chain rings. In fact, finite chain rings and Frobenius rings 
have come to play rather substantial roles in the modern coding theory 
developed over rings. 

Ex. 16.3. Let R = Rl X ... x Rr , where each Ri is a QF ring. Describe 
the Nakayama permutation of R in terms of the Nakayama permutations 
1ri of Ri (1::; i ::; r). (Note that R is a QF ring by LMR-(15.26)(3).) Using 
this result and the computation in LMR-(16.19)(4), show that there exist 
Frobenius algebras over any given field whose Nakayama permutation 1r is 
any prescribed permutation on a finite number of letters. 

Solution. For ease of notation, let us work with the case r = 2, and write 
R as A x B where A, Bare QF rings. Say e1A, ... ,esA are the distinct right 
principal indecomposables of A, and e~ B, ... ,e~B are the distinct principal 
indecomposables of B. Then 

are the distinct principal indecomposables of R, where ei means (ei' 0), and 
ej means (0, ej). Let Si (resp. Tj ) be the unique simple quotient of eiA 
(resp. ej B), so that {Si, Tj } is the complete set of simple right modules 
of R = A x B, with B (resp. A) acting trivially on Si (resp. Tj). Then 
soc(eiR) = soc(eiA) is Srr(i) with trivial B-action where 1r is the Nakayama 
permutation of A, and a similar statement holds for soc(ejR). Therefore, 
the Nakayama permutation of R permutes separately the sets of indices 

{1, ... ,s} and {I, ... , t} 

(treated as disjoint sets), the former by 1r (the Nakayama permutation of 
A), and the latter by 1r' (the Nakayama permutation of B). 

In LMR-(16.19)(4), it is shown that, for any field k, and any integer 
n 2': 1, there exists a Frobenius k-algebra with Nakayama permutation 
(12··· n). Since any permutation factors into a product of disjoint cycles, 
the above work implies that the Nakayama permutation of a Frobenius 
k-algebra can be any prescribed permutation on any (finite) number of 
letters. 

Ex. 16.4. Show that the Nakayama permutation of a commutative QF 
ring R is the identity. 

Solution. By (15.27), we have R ~ Rl X ... x Rr, where each Ri is a 
commutative local QF ring. Then Ri has a unique principal indecomposable 
module (namely Ri itself), so the Nakayama permutation of Ri is the 
identity permutation (of a singleton set). By the last exercise, it follows 
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that the Nakayama permutation of R ~ Rl X ... x Rr is also the identity 
permutation (on r letters). 

Comment. In the case where R is a finite-dimensional algebra over some 
field k, R being QF implies that R is a Frobenius algebra, and thus a sym
metric algebra by LMR-(16.55). Therefore, the present exercise also follows 
from LMR-(16.64), which guarantees that the Nakayama permutation of 
any symmetric algebra is the identity. 

Ex. 16.5. For a QF ring R, it is shown in LMR-(15.25) that there is an 
(R, R)-bimodule isomorphism soc (RR) ~ (RR)*, where R = R/rad(R). 
Confirm this as a right R-module isomorphism by using the Nakayama 
permutation 7r for R. 

Solution. Label the principal indecomposables and simple R-modules as 
Ui , U;, Si and S~, as in LMR-(16.8). Using the decomposition RR ~ 

ffii ni . Ui , we have by LMR-(16.9): 

SOC(RR) ~ ffi ni . soc(Ui) ~ EB. ni . S7r(i)' W, , 

On the other hand, 

(RR)* ~ (EBi ni . S~) * ~ EBi ni . (S~)* ~ EBi ni . S7r(i) 

by LMR-(16.10). This shows that SOC(RR) ~ (RR) * as right R-modules. 

Comment. The isomorphism SOC(RR) ~ (RR) * (for a QF ring R) in this 
exercise is not to be confused with soc (RR) ~ RR, which holds if and only 
if R is a Frobenius ring, according to LMR-(16.14). 

Ex. 16.6. For any primitive idempotent f in a QF ring R, it is shown in 
LMR-(16.6) that soc(RJ) ~ (lR) * as left R-modules (where R = R/ J, 
J = rad(R)). Give a direct proof of this by using Exercise (15.8), assuming 
only that R is I-sided artinian and that SOC(RR) = soc(RR). 

Solution. By the Comment following Exercise (15.8), the dual module 
(I Rr ~ (J R/ f J)* is given by SOC(RR) . f. By the given hypothesis, 
this equals soc(RR) . f, which is in turn equal to soc(RJ) according to 
Exercise (6.12)(7). 

Ex. 16.7. (This exercise is stated in LMR-(16.37).) Show that an artinian 
ring R is QF iff length (N) = length(N*) for any f.g. module NR and RN. 

Solution. Suppose the length equation holds. Then, clearly the dual of 
a simple (left or right) module is simple. By LMR-(16.2), R is QF. Con
versely, assume R is QF, and let N be a f.g. left R-module. Then N has a 
composition series so length (N) makes sense. Proceeding as in the proof 
of (16.34), let M ~ N be any simple submodule. Then M* is a simple right 
R-module, and for 

Ml. : = {f E N* : f (M) = A}, 
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we have by LMR-(15.14): 

M* ~ N* /M1. and M1. ~ (N/M)* (as right R-module). 

The former implies that M 1. is a maximal submodule of N*, so 

length (N*) = 1 + length (M1.). 

Invoking an inductive hypothesis, we have 

length (M1.) = length (N/M) * = length (N/M). 

Therefore, length (N*) = 1 + length (N / M) = length (N). The same argu
ment works for right R-modules N R. 

Ex. 16.8. Let a E R where R is a QF ring. Show that length (Ra) = 
length(aR). If R is, in fact, a Frobenius algebra over a field k, show that 
dimk Ra = dimk aR. Does this equation hold over a QF algebra? 

Solution. As long as R is a right self-injective ring, we have (aR)* ~ Ra 
as left R-modules, according to LMR-(16.13). If R is QF, then any f.g. R
module has finite length, and by Exercise 7, this length is unchanged upon 
taking the R-dual. Therefore, we have 

length (Ra) = length (aR)* = length (aR). 

Now assume R is a Frobenius k-algebra. Then, by LMR-(16.34): 

dimk (Ra) = dimk (aR)* = dimk (aR). 

Alternatively, by LMR-(16.40)(2): 

(1) dimk R = dimk (Ra) + dimk annr(Ra); 

and the standard short exact sequence 

0-+ annr (Ra) -+ R -.!..... aR -+ 0 (f(x) = ax) 

shows that 

(2) 

A comparison of (1) and (2) gives dimk (Ra) = dimk (aR). 
For a general QF algebra R, Ra and aR may have different dimensions. 

For instance, let R be the k-algebra consisting of 6 x 6 matrices over k of 
the following form: 

a b p 0 0 0 
c d q 0 0 0 
0 0 r 0 0 0 
0 0 0 r s t 
0 0 0 0 a b 
0 0 0 0 c d 
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In LMR-(16.19)(5), it is shown that R is a QF algebra, but not a Frobenius 
algebra. Choosing a E R to be the matrix unit E 13 , we compute easily 
that 

aR = kE13 and Ra = kE13 + kE23 , 

so we have dimk aR = 1 while dimk Ra = 2. Here, aR is a simple right 
R-module and Ra is a simple left R-module: this is consistent with the 
first conclusion of the Exercise. 

Ex. 16.9. Let a, b, c be elements in a QF ring R such that a = b + c. If 
aR = bR+cR and bRncR = 0, show that Ra = Rb+Rc and RbnRc = 0. 

Solution. Since Ra ~ Rb + Rc, we have by the last exercise 

length (Rb + Rc) ;::: length (Ra) 

= length (aR) 

= length (bR) + length (cR) 

= length(Rb) + length (Rc). 

Therefore, we must have Rb n Rc = 0, and the first inequality above must 
be an equality, which means that Rb + Rc = Ra. 

Ex. 16.10. Let R be a QF ring with J = rad(R) such that In = ° t= In-l. 
Show that if MR is an indecomposable module such that M In-l t= 0, then 
M is isomorphic to a principal indecomposable module. 

Solution. Since M I n - 1 t= 0, it contains a nonzero cyclic submodule, and 
therefore a simple submodule, say 8. Let E = E(8) be the injective hull 
of 8. By Exercise 15.13(1), E is a principal indecomposable module. The 
inclusion map 8 ~ E can be extended to a homomorphism 1 : M ~ E. 
Then 1 (M) i E J, for otherwise 

1(8) ~ 1 (Mr-l) ~ I(M)r- 1 S;;; Er = 0, 

which is not the case. Since EJ is the unique maximal submodule of E, it 
follows that I(M) = E. Thus, 1 is a split surjection, and the indecompos
ability of M implies that I: M ~ E is an isomorphism. 

Ex. 16.11. A ring R is said to have (right) finite representation type if 
R has only finitely many isomorphism types of f.g. indecomposable right 
R-modules. Let R be a QF ring as in Exercise 10. 

(1) Show that R has finite representation type iff Rjr-1 does. 
(2) If each Rj Ji is QF, show that R has finite representation type. 

Solution. (1) The "only if" part is trivial, since each indecomposable 
module over Rj I n - 1 may be viewed as one over R. For the converse, assume 
that Rj In-l has finite representation type. Consider any f.g. indecompos
able right R-module M. If M r-1 = 0, then M may be viewed as a (f.g. 
indecomposable) right Rj In-l-module, so there are only a finite number 
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of possibilities for the isomorphism type of M. If M r-1 1:- 0, then by the 
last exercise, M is a principal indecomposable R-module, and again there 
are only a finite number of possibilities for its isomorphism type. The two 
cases combine to show that the ring R itself has finite representation type. 

(2) We induct here on n, the index of nilpotency of the Jacobson radical J 
of the QF ring R in question. For n = 1, R is just a semisimple ring. Here 
the indecomposable modules are just the simple modules, of which there 
are only a finite number (up to isomorphism). For n > 1, note that, for the 
ring S, rad(S) = J/ r-1 and S/rad (S)i ~ R/ Ji is QF for all i. Since the 
index of nilpotency for rad(S) is n - 1, the inductive hypothesis implies 
that S has finite representation type. From Exercise 10, it follows therefore 
that R also has finite representation type. 

Ex. 16.12. Let M be a right module over a QF ring R. Show that MR 
is faithful iff M has a direct summand isomorphic to N = el REB· .. EB 
esR, where {e1R, ... , esR} is a complete set of principal indecomposable 
right R-modules. 

Solution. k· N for a sufficiently large integer k, k . N contains a copy 
of RR. Therefore, k . N is faithful, and this implies that N is faithful. It 
follows that any MR containing a copy of N is faithful. Conversely, let M 
be any f.g. faithful right R-module. Assume, by induction, that M has a 
direct summand 

K ~ e1R EB ... EB ekR where 0:::; k < s. 

Say M = K EB K'. Let S: = soc(ek+lR). We claim that K· S = O. Indeed, 
if x· S i= 0 for some x E K, consider the right R-homomorphism 

<p: ek+lR ~ K defined by <p(ek+lr) = x(ek+1r) 

for any r E R. Since S ~ ker( <p) and S is the unique minimal right ideal in 
ek+lS (by LMR-(16.4», we must have ker(<p) = O. Therefore K contains a 
copy of ek+1R, necessarily as a direct summand since ek+1R is injective (by 
LMR-(15.9». This contradicts the Krull-Schmidt Theorem (FC-(19.23» 
since ek+lR is not isomorphic to any of e1R, ... , ekR. Having shown that 
K· S = 0, we see that K' . S 1:- 0 by the faithfulness of M. Repeating 
the above argument for K', we have K' = Kl EB K2 where Kl ~ ek+lR. 
Therefore 

so we are done by induction. 

Comment. In view of LMR-(18.8), this Exercise implies that, over a QF 
ring R, a module MR is faithful iff it is a generator. A ring R for which 
every faithful right module is a generator is called a right PF (pseudo
Frobenius) ring. It can be shown that QF rings are precisely the right or 
left noetherian right PF rings. 
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Unlike the situation with QF rings, however, the PF notion is not left
right symmetric, i.e., there exist right PF rings that are not left PF, and 
vice versa. The 2-sided PF rings are known as cogenerator rings. Such 
rings playa substantial role in the study of duality theory: see LMR-§19, 
especially the concluding remarks of the subsection §19B. 

Ex. 16.13. For the algebra R = k[x, y]/(x, y)n+1 over a field k, show 
that the mth R-dual of the unique simple R-module V is isomorphic to 
(n+l)m·v. 

Solution. The ideal (x, y)n+l is generated by all the monomials of degree 
n + 1, so R = k [x, y] is defined by the relations xi yj = 0 (for all i, j with 
i + j = n + 1). This algebra R has been studied in LMR-(3.69). It is a local 
algebra with a unique simple module V, where V is just k with trivial x, y 
actions. It is easy to see that 

soc(R) = EB xi yj k9:!V8:)"'8:)V (n+lcopies). 
i+j=n 

To determine the R-dual V*, note that the R-homomorphisms <p: V -t R 
are determined by <p(I), which can be any element of soc(R). We have 
(x· <p)(I) = X· <p (1) = 0 and similarly (y. <p)(I) = 0, so x, y also act 
trivially on V*. From these remarks, we see that 

dimk V* = dimk soc (R) = n + 1, 

and V* 9:! (n+ 1)· Vas R-modules. Repeating this calculation, we see that 
the mth R-dual of V is given by (n + l)m . V! 

Ex. 16.14. Let R be the algebra k[tJl(f(t)) over a field k, where f(t) is a 
nonconstant polynomial. Verify explicitly that R is a Frobenius k-algebra 
by applying Nakayama's "dimension characterizations" for such algebras 
(as in LMR-(16.40)(2)). 

Solution. Since R is a finite-dimensional commutative k-algebra, all we 
need to show is that, for any ideal Qt s;:; R, we have 

dimk R = dimk Qt + dimk ann (Qt), 

for, if so, Nakayama's characterization theorem cited above will imply 
that R is a Frobenius algebra. Let us express the ideal Qt in the form 
(g(t))/(f(t)), and write f(t) = g(t)h(t). Say f, g, h have degrees d, m, n, 
so that d = m + n. Then ann(Qt) = (h(t))/(f(t)). We have 

dimk Qt = dimk k [t] / (f (t)) - dimk k [t] / (g(t)) = d - m = n, 

and similarly dimk ann(Qt) = m. Therefore, 

dimk Qt + dimk ann (Qt) = n + m = d = dimk R, 

as desired. 
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Ex. 16.15. For any division ring k, show that the set of matrices of the 
form 

"1= 

aOlbOIOO 
OalOblpO 
-------
cOldOIOO 
OclOdlqO 

OOIOOlrO 
sOltOIOr 

over k forms a QF ring that is not a Frobenius ring. 

Solution. We think of "I as the matrix of a linear transformation g on a 
right k-vector space V with basis vectors e 1, ... , e6, so that 

g (e1) =e1a + e3c + e6S, g (e2) =e2a + e4c, g (e3) =e1b + e3d + e6t, 
g {e4)=e2b + e4d, g {e5)=e2P + e4q + e5r , g (e6)=e6 r . 

Let us rename the basis vectors by defining 

With this new (ordered) basis, we have 

g (eD = e~a + e~c, g (e~) = e~b + e~d, g (e~) = e~p + e~q + e~r, 
g (e~) = e~r, g (e~) = e~a + e~c + e~s, g (e~) = e~b + e~d + e~t, 

so the matrix of g now has the form 

a b p 0 0 0 
c d q 0 0 0 

"I' = 
0 0 r 0 0 0 
0 0 0 r 0 0 
0 0 0 0 a b 
0 0 0 0 c d 

Therefore, R can be conjugated by a change-of-basis matrix to the set 
R' of matrices "I' above. Now in LMR-{16.19){5), it has been shown that 
R' is a QF ring but not a Frobenius ring. Therefore, the same is true for 
R. The change-of-basis matrix is the permutation matrix 

0 1 0 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 

a= 0 0 0 0 0 1 
1 0 0 0 0 0 
0 0 1 0 0 0 

The reader can check easily that, indeed, a"l a -1 = "I'. 
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Comment. The ring R above appeared in (4.28) of Jay Wood's paper, 
"Characters and codes over finite rings," Purdue University preprint, 1995. 
Wood attributed this example to David Benson, but, as we showed above, 
R is just a conjugate of Nakayama's original example (of a QF ring that is 
not Frobenius) presented in LMR-(16.19)(5). 

Ex. 16.16. Let k ~ K be a field extension of degree n > 1. In 
LMR-(16.19)(4), it is shown that the ring 8 of matrices 

(*) 'Y = (~ H ~) (a,b,x,y E K) 

o 0 0 a 

is a QF (in fact Frobenius) ring. For the subring R = bE 8: a E k} of 8, 
show that R is Kasch but not QF, and compute the right Cartan matrix 
of R. 

Solution. Clearly, rad(R) is 

J = b E R: a = b = O}, 

since J is nilpotent, and R/ J ~ k x K, where the isomorphism is given 
by;y I--t (a, b). The two simple right R-modules are 81 = k and 82 = K, 
where 'Y acts on 81 (resp. 82) by right multiplication by a (resp. b). The 
two simple left R-modules 8~ and 8~ can be described similarly, and they 
"correspond" to the orthogonal primitive idempotents e1 = Ell + E44 and 
e2 = E22 + E33 · An easy computation shows that 

U1 : = e1R = bE R: b = y = O}, U1J = E23 K, 
U2 : = e2R = b E R: a = x = O} , U2J = E34K. 

As always, UdUd ~ 8 i . To compute Ui J, note that 

(E23X'h = E23 (x'b) and (E34y'h = E34 (y'a) 

for any 'Y ERas in (*). Since [K:k] = n, we see that U1 J ~ 8 2 and 
U2 J ~ n . 8 1 . From these, we deduce the following: 

(1) Each 8 i embeds in RR, so R is right Kasch. 

(2) soc (Ud = U1J ~ 82 and soc (U2 ) = U2 J ~ n . 81 . Since n > 1, the 
latter implies that R is not QF, by LMR-(16.4). 

(3) The Cartan matrix of R is (~ ~). 

A similar calculation shows that soc (Red ~ 8~ and soc (Re2) ~ n . 8~. 

Thus each 8~ also embeds in RR, and we see that R is a Kasch ring. 

Comment. The exercise comes from Nakayama's paper "On Frobeniusean 
algebras, I", Ann. Math. 40(1939), 611-633, although Nakayama only con
sidered the case where [K: k] = n = 2. In this case, Nakayama observed 
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that the (2-sided) ideals I ~ R satisfy the double-annihilator conditions 

annt (annr (I)) = 1= annr (annt (I)). 

The point is, therefore, that these conditions imposed on 2-sided ideals 
alone will not guarantee a finite-dimensional algebra to be QF (even if it 
is given to be Kasch). 

Ex. 16.17. Let R be the ring of matrices 

~ ~ (~ ~ ~ ;) 
over a division ring k. Show that the sode of any I-sided principal indecom
posable R-module is simple, and compute the (left, right) Cartan matrices 
of R. Is R a QF ring? 

Solution. First, J : = rad R = {'Y E R : a = b = c = O}. Since 

R/radR ~ k x k x k 

with the isomorphism given by 11-* (a, b, c), there are three distinct simple 
right R-modules 8 i ~ k (i = 1,2,3), where'Y E R acts on 8 1 , 8 2 , 83 by 
right multiplication of a, b, c respectively. The three simple left R-modules 
8~ (i = 1,2,3) can be described similarly. 

Let e1, e2, e3 E R be the orthogonal idempotents defined by 

e1 = diag (1, 0, 0, 0) , e2 = diag (0,1,1,0) , e3 = diag (0, 0, 0, 1). 

Clearly, these are mutually nonisomorphic primitive idempotents with e1 + 
e2 + e3 = 1. Let Ui = eiR and U: = Rei' A straightforward computation 
shows that 

UI = kEn + kE12 , U2 = k (E22 + E33 ) + kE34 , U3 = kE44 , 
e1 J = kE12 , e2J = kE34 , e3J = 0. 

Therefore, soc (UI ) = ed, soc (U2) = e2J, soc (U3) = U3, and these are 
simple. By computing the right action of 'Y E R on these sodes, we see that 
soc (Ud ~ 8 2 , soc (U2 ) ~ 8 3 , and soc (U3) ~ 8 3 • Thus, the right Cart an 

matrix is given by (~ ~ ~). 
° ° 1 The left structure of R is computed similarly: we have 

U~ = kEn, U~ = kE12 + k (E22 + E33 ) , U~ = kE34 + kE44 , 
Jel = 0, Je2 = kEl2 , Je3 = kE34 . 

This shows that soc (Un = Ufo soc (U~) Je2, soc (U~) = Je3, and 
a computation of the left action of 'Y E R on these sodes shows that 
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soc (Un ~ 8L soc (U~) ~ 8~, and soc (U£) ~ 8~, each of which is simple. 

Thus, the left Cartan matrix of R is (~ ~ ~). Finally, since 
o 1 1 

soc (RR) ~ 8 2 EB 283 and soc (RR) ~ 2 8~ EB 8~, 

R is neither right Kasch nor left Kasch. In particular, R is not QF. (Alter
natively, 

soc (RR) = kE12 + kE34 + kE44 , soc (RR) = kEn + kE12 + kE34 · 

Since these are not equal, LMR-(15.8) shows that R is not QF.) 

Ex. 16.18. In a ring theory text, the following statement appeared: "If R 
is QF, then R is the injective hull of (R/rad R)R." Find a counterexample; 
then suggest a remedy. 

Solution. In LMR-(16.19)(5), we have constructed a QF ring R with 
principal indecomposables U1 , U2 such that RR ~ U1 EB 2· U2 , and that 
soc (Ut) ~ 8 2 , soc (U2 ) ~ 8 1 , where 8 i is the unique simple quotient of Ui . 

For this ring R, we have then E (82 ) ~ U1 and E (8d ~ U2 • On the other 
hand R = R/rad R ~ 81 EB 2 . 82 as right R-modules, so 

E (RR) ~ E (81 EB 2· 82 ) ~ U2 EB 2· Ul . 

By the Krull-Schmidt Theorem, this is not isomorphic to RR! 
The ring R above provided a counterexample because it is QF but not 

Frobenius. This remark suggests the necessary remedy, which we formulate 
as follows. 

Proposition. A right artinian ring R is a Frobenius ring iff E (RR) ~ RR 
(where R = R/rad R). 

Proof. First assume R is Frobenius. Then RR ~ 8 : = SOC(RR). Since R 
is right artinian and right self-injective, we have 8 ~e RR and so 

Conversely, assume that E (RR) ~ RR. Then R is right self-injective 
and therefore QF. To show that it is Frobenius, we take the standard 
decomposition of RR into principal indecomposables: 

RR ~ n 1U1 EB··· EB nsUs 

and try to prove that ni = n7r(i) where 7r is the Nakayama permutation 
of R. By definition, soc(Ui ) ~ 87r(i) , where 8 j denotes the unique simple 
quotient of Uj . Therefore, E (87r(i)) ~ Ui , and we have 

E (RR) ~ E (n181 EB ... EB n s 8 s ) 

~ n1· E (81)EB···EBns ·E(8 s ) 
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~ nl ·U7r-l(l) E9 ... E9 n s ·U7r -l(s)· 

~ n 7r(1)U1 E9 ... E9 n7r(S) Us· 

Since E (RR) ~ RR (and the Ui's are indecomposable), the Krull-Schmidt 
Theorem implies that n7r(i) = ni for every i, as desired. 0 

Ex. 16.19. In LMR-(16.19)(4), the k-algebra R consisting of matrices 

"(=(~H~) 
o 0 0 a 

over a field k is shown to be a Frobenius algebra. Find an ideal A in R for 
which annr(A) =1= ann£(A). 

Solution. The set A = {"( E R: a = b = y = O} is easily checked to be an 
ideal in R. By a direct calculation, we get 

anne(A) = b E R: a = O} and annr(A) = b E R: b = O} . 

These two annihilators are certainly not equal. 

Comment. By LMR-(16.65), annr (A) = ann/! (A) holds for any ideal A in 
a symmetric algebra. Therefore, the algebra R above is not a symmetric 
algebra. This is not surprising since we have seen in LMR-(16.19)(4) that 
R has a Nakayama permutation (12): this says that R is not even a weakly 
symmetric algebra. As a matter of fact, examples of annr (A) =1= ann/! (A) 
can already be found over a weakly symmetric algebra: see LMR-(16.66). 

Ex. 16.20. Show that if Rand S are symmetric algebras over a field k, 
then so are R x S, R ®k S, and Mn (R). 

Solution. Most of the work is already done in the solution to Exercise 
3.12, where R, S were assumed to be Frobenius algebras. Referring to the 
notations used in that solution, all we need to observe here is the fact that, 
if B: R x R ~ k and C: S x S ~ k are both symmetric, then the 
pairing D: TxT ~ k on T = R x S and the pairing E: W x W ~ k 
on W = R ®k S constructed in the solution to Exercise (3.12) are also 
symmetric. 

Finally, we have to show that Mn (R) is a symmetric. By LMR-(16.57), 
Mn (k) is a symmetric k-algebra. Since 

Mn (R) ~ R®k Mn (k), 

it follows by taking S = Mn (k) above that Mn (R) is a symmetric k
algebra. 

Ex. 16.21. Let K/k be a field extension, and let R be a finite-dimensional 
k-algebra. Show that R is a symmetric algebra over k iff RK = R ®k K is 
a symmetric algebra over K. 
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Solution. First assume R is a symmetric k-algebra. Then, by LMR-(16.54), 
these exists a nonsingular, symmetric and associative pairing B : R x 
R ~ k. The scalar extension of this pairing: 

BK : RK x RK --+ K, 

defined by BK (r 181 a, r' 181 a') = B (r, r') aa', is easily seen to be also 
nonsingular, symmetric and associative. Therefore, RK is a symmetric 
algebra over K (loc. cit.). 

Conversely, assume that RK is a symmetric K-algebra. We proceed as 
in the solution to Exercise (3.16). Consider the (R, R)-bimodules Rand 
R; we may view these as right A-modules where A = R I8Ik ROP. Our job 
is to prove that these A-modules are isomorphic. By the Noether-Deuring 
Theorem (FC-(19.25)), it suffices to prove that they are isomorphic after 
scalar extension from k to K. Since 

AK = (R I8Ik RoP)K ~ RK I8IK (RKrp , 

the assumption that RK is a symmetric K-algebra implies that RK and 
(RK)'" ~ (R)K are isomorphic as right AK-modules, as desired. 

Ex. 16.22. Let K ::;2 k be a finite field extension with a non-identity 
k-automorphism T on K. With the multiplication 

(a, b)(c, d) = (ac, ad + bT(C)) (a, b, c, dE K), 

R: = K (JJK is a k-algebra of dimension 2 [K: k]. Show that R is a weakly 
symmetric, but not symmetric, local k-algebra. 

Solution. First note that K is a (K, K)-bimodule with the left action 
x· a = xa and right action a . y = aT (y) (where a, x, y E K). The ring R 
is simply the "trivial extension" formed from this (K, K)-bimodule K. 

Let J : = (O)(JJK, which is an ideal of square zero in R with R/ J ~ K. 
Therefore, R is a local k-algebra with the unique maximal ideal J. As in 
LMR-(3.15C), we can check that the only left ideals in Rare (0), J and 
R, so R is a Frobenius k-algebra. Since R is local, it is, of course, a weakly 
symmetric k-algebra. 

We claim that R is not a symmetric k-algebra. Indeed, if it is, there 
would exist a nonzero k-linear functional>': R ~ k whose kernel contains 
no nonzero left ideals of R, but contains all additive commutators 0:(3 - (30: 
for 0:, (3 E R. Now for 0: = (a, 0) and (3 = (0, d) we have 

0:(3 - (30: = (0, ad) - (0, dT (a)) = (0, (a - T (a)) d). 

Fixing a E K such that T (a) -=I- a and varying d, we see that 0:(3 - (30: ranges 
over J. Therefore >'(J) = 0, a contradiction. 

Comment. A nonsingular k-bilinear associative pairing B: R x R ~ k is 
easy to construct. In fact, taking any nonzero k-linear functional t: K ~ k, 
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we can take B to be the following: 

B ((a, b), (c, d)) = t (ad + bT (c)). 

This is, of course, not a symmetric pairing. 

Ex. 16.23. (Nakayama-Nesbitt). In the last exercise, assume that 
[K : k] = 2, char k #- 2, and let R be the weakly symmetric k-algebra 
defined there. Show that the scalar extension RK : = R 0k K is a K
algebra isomorphic to 

Deduce that RK is not a weakly symmetric K-algebra. (This contrasts with 
the conclusions of Exercise 21.) 

Solution. Since [K : k] = 2, the T in the last exercise generates the Galois 
group of K/k. It is easy to check that r.p: R --t S defined by 

~((a,x)) ~ (~ ~ ~;) (wh",c b r(b)) 

is a k-algebra embedding. Let R' = r.p (R). Since R' commutes elementwise 
with K = K· I4 <;;;; S, we have a K-algebra homomorphism 

<P: R 0k K --t S defined by <P ((a, x) 0 c) = r.p ((a, x)) c. 

A routine check shows that R'· K = S, so <P is an epimorphism. Since 

dimK (R 0k K) = dimk R = 4 = dimK S, 

we see that <P is a K-algebra isomorphism. In LMR-(16.19)(4), it is shown 
that S is a F'robenius K-algebra with a Nakayama permutation (12), so S 
(and hence RK) is not a weakly symmetric K-algebra. 

Comment. The conclusion that RK is not a weakly symmetric K-algebra 
actually gives another way for us to see that R itself is not a symmetric k
algebra. For, if R is a symmetric k-algebra, Exercise 21 would have implied 
that RK is a symmetric K-algebra, but RK is not even a weakly symmetric 
K-algebra. 

This exercise is based on the paper of T. Nakayama and C. Nesbitt, 
"Note on symmetric algebras," Annals of Math. 39(1938), 659-668. 

Ex. 16.24. If Rand S are both symmetric algebras over a field k, show 
that R 0k S is also a symmetric k-algebra. 
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Solution. Let B: R x R --t k be a nonsingular k-bilinear pairing with 
the associative and symmetric properties, and let C: S x S --t k be a 
corresponding object for S. We have checked before (in the solution to 
Exercise 3.12) that 

E(r 0 s, r' 0 s') = B(r, r') C(s, s') (r, r' E R; s, s' E S) 

induces a nonsingular k-bilinear pairing with the associative property. Since 

E (r' 0 s', r 0 s) = B (r', r) C (s', s) 
= B (r, r') C (s, s') 
= E (r 0 s, r' 0 s'), 

E also has the symmetric property. Therefore, R 0k S is a symmetric 
k-algebra by LMR-(16.54). 

Ex. 16.25. If R is symmetric k-algebra over a field k and 0 =1= e = e2 E R, 
show that eRe is also a symmetric k-algebra with soc(eRe) = e(soc(R))e. 
Using this, show that, for any nonzero f.g. projective right R-module P, 
EndR(P) is also a symmetric k-algebra. 

Solution. Let A: R --t k be a nonzero k-linear functional such that 
A(XY) = A(YX) for all x, y E R, and that ker(A) contains no nonzero right 
ideal of R. Let AO: eRe --t k be the restriction of A to eRe. Of course we 
still have AO (xy) = AO (yx) for all x, y E eRe. Also, AO 1= O. For if otherwise, 
we would have 

o = A (eR . e) = A (e . eR) = A (eR) , 

which would imply that e = 0, a contradiction. We show next that ker(Ao) 
contains no nonzero right ideal of eRe, for then LMR-(16.54) shows that 
eRe is a symmetric k-algebra. Suppose x E eRe is such that AO (x . eRe) = O. 
Noting that x = exe, we have 

0= A (xeR . e) = A ((exe) R) = A (xR). 

This implies that x = 0, as desired. 
To prove the equation soc (eRe) = e(soc(R))e, let J = rad(R). We shall 

use the fact that soc (R) = annr (J) = J O, where JO = {x E R : A (Jx) = a}, 
and that rad(eRe) = eJe (see FC-(21.1O)). Let x E soc(eRe). Then 

0= AO (eJe· x) = A (Jexe) = A (Jx) 

implies that x E soc (R), so x = exe E e (soc (R)) e. Conversely, 

AO (eJe· e (soc (R)) e) ~ A (e· eJe· soc (R)) ~ A (J . soc (R)) = ° 
implies that e (soc (R)) e ~ soc (eRe). 

For the last part of the Exercise, take a R-module Q such that 
P ffi Q ~ Rn for some n < 00. By Exercise 20, 
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is a symmetric k-algebra. Let e E S be the projection of Rn onto P with 
respect to the direct sum decomposition Rn ~ P EB Q. (We think of the 
isomorphism as an equality.) It is easy to see that EndR(P) ~ eSe, which 
is a symmetric k-algebra by what we have proved above. 

Comment. In contrast to this exercise, if R is a QF algebra over k, eRe = 
EndR(eR) need not be a QF algebra. For an explicit counterexample, see 
the paper of Pascaud and Valette referenced in the Comment on Exercise 32 
below. To complete the picture, however, we should mention the following. 
Let P R be a faithful f.g. projective right module over a QF ring R. Then P 
is a generator according to Exercise 12. By the Morita Theory in LMR-§18, 
EndR(P) is Morita equivalent to R, and therefore is also QF by Exercise 
18.7A below. This result was proved (independently) by C.W. Curtis and 
K. Morita. 

Ex. 16.26. Let R be a symmetric k-algebra with center Z(R), and let 
B : R x R ~ k be a nonsingular k-bilinear form that is both symmetric 
and associative. For any subset A ~ R, let AO = {x E R: B(A, x) = O}. 
Show that: 

(1) Z E (xRy)o <===? yzx = O. 
(2) xRy = 0 <===? yRx = O. 
(3) Z(R) = [R, RjO, where [R, Rj denotes the additive subgroup of R 
generated by xy - yx (x, y E R). 

Solution. (1) For any r E R, we have 

B (xry, z) = B (xr, yz) = B (yz, xr) = B (yzx, r). 

Since B is nonsingular, (1) follows. 

(2) From (1), we have 

xRy = 0 <===? (xRy)o = R <===? yRx = O. 

(3) For any x, y, z E R, we have 

B (xy - yx, z) = B (x, yz) - B (z, yx) 
= B(x, yz) - B(zy, x) 
= B (x, yz - zy) . 

Therefore, z E [R, RjO iff yz - zy E RO = {O} for all y E R, iff z E Z (R). 

Ex. 16.27. For a field k, compute the parastrophic determinants of the 
commutative k-algebras 

R=k[x, Yl/(x2, y2), S=k[x, y]/(xy, x2 _y2), 

T = k [x, yl/ (X2, xy, y2) 

and apply Frobenius' Criterion (LMR-(16.82» to determine which of these 
is a Frobenius algebra. 
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Solution. Recall that, for a k-basis {ti} in a k-algebra R, the structure 
constants {Clij} are defined via the equations titj = Ll Clijtt. A paras
trophic matrix is a matrix POI. (with parameter a = (ab ... , an) E kn) 
defined by 

Note that the space of parastrophic matrices is spanned by PI, ... , Pn (n = 
dimk R), where Pt means the parastrophic matrix corresponding to the .eth 

unit vector (0, ... , 1, ... 0). 
For the k-algebra T = k[x, yl/ (x2, xy,y2), we use the basis 

tl = 1, t2 = X, t3 = Y 

(where x means X, etc.). Since tItt = tttl = tl, and titj = 0 for i,j 2': 2, 
simple inspection shows 

(1 0 0) 
PI = 0 0 0 , 

000 
(0 1 0) 

P2 = 100 
000 

Therefore, a general parastrophic matrix has the form 

so the parastrophic determinant is O. According to Frobenius' Criterion, T 
is not a Frobenius algebra. 

For the k-algebra R = k [x, yl/ (x2, y2), we use the k-basis 

tl = 1, t2 = x, t3 = y, t4 = xy. 

Here, for i, j 2': 2, we have titj = 0, with the exception that t2t3 = t3t2 = 
t4. By inspection, we have 

PI = (HH), P2 = (HH), 
0000 0000 

P3 = (~H~), P4 = (HH) , 
0000 1000 
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The parastrophic determinant is therefore o:~ ::j. O. By Frobenius' Criterion, 
R is a Frobenius k-algebra. 

Finally, for the algebra S = k [x, y]/(xy, x2 - y2) ,we have x3 = x·x2 = 
xy2 = 0 and similarly y3 = O. Thus, a k-basis for S is given by 

101 = 1, 102 = x, 103 = y, and 104 = x2 

Since 10110£ = 10£ 101 = Ee, E~ = E~ = 104, E~ = 0, and Ei Ej = 0 for i, j 2:: 2 
with i -I j, simple inspection shows 

(
1 0 0 0) (0 1 0 0) 0000 1000 
o 0 0 0 ' P2 = 0 0 0 0 ' 
0000 0000 

(
0 0 1 0) (0 0 0 1) 0000 0100 

P3 = 1 0 0 0 ' P4 = 0 0 1 0 . 
0000 1000 

Therefore, a general parastrophic matrix has the form 

The parastrophic determinant is now -o:~ ::j. O. By Frobenius' Criterion, 
S is again a Frobenius k-algebra. 

Comment. The purpose of this exercise is just to illustrate the workings of 
the parastraphic determinant. Of course, it is much easier to decide which 
of R, S, T is a Frobenius algebra by computing their socles. 

Ex. 16.28. (Nakayama-Nesbitt) Show that a finite-dimensional k-algebra 
R (over a field k) is a symmetric k-algebra iff there exists a symmetric 
nonsingular parastrophic matrix. 

Solution. According to LMR-(16.54), R is a symmetric k-algebra iff there 
exists a nonzero k-linear functional '\: R -t k such that '\(xy) = '\(yx) 
for all x, y E R such that ker(,\) contains no nonzero left (resp. right) ideal 
of R. The hyperplane ker('\) has the form 

Ha = {L: XeEe: L: o:e X£ = O} , 0: = (0:1, .. " O:n) E kn\ {O}, 
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where {Ed is a fixed basis of R. By LMR-(16.83), Ha contains no nonzero 
left ideal of R iff the parastrophic matrix Pa associated with a = (aI, ... ,an) 
(see the last exercise for notations) is nonsingular. Therefore, we are done 
if we can show that 

(*) Ha contains all xy - yx (x, y E R) iff Pa is a symmetric matrix. 

Now, the additive group [R, R] generated by all xy-yx is already generated 
by all EiEj - EjEi. For the structure constants {C£ij} of the algebra R, we 
have 

Therefore, Ha ;;;;> [R, R] amounts to 

which amounts to the symmetry of the parastrophic matrix Pa . 

Ex. 16.29. Let k be a field with u, v E k (possibly zero), and let R be the 
k-algebra consisting of matrices 

(
a b C d) o a 0 uc 
o 0 a vb 
o 0 0 a 

over k (see LMR-(16.66)). Using Frobenius' Criterion (LMR-(16.82)) and 
the last exercise, show that 
(1) R is a Frobenius k-algebra iff uv =f. 0; 
(2) R is a symmetric k-algebra iff u = v =f. O. 

Solution. We choose the following k-basis for R: 

(
0100) 0000 

E2 = 0 0 0 v ' 
0000 

(
001 0) OOOu 

E3 = 000 0 ' 
0000 

(
000 1) 0000 

E4 = 0 0 0 0 . 

0000 

The products EiEj (i,j ~ 2) are easily computed as follows: 

Therefore, the spanning parastrophic matrices are: 

(
1 0 0 0) (0 1 0 0) 0000 1000 

PI = 0 0 0 0 ' P 2 = 0 0 0 0 ' 
0000 0000 
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(
0 0 1 0) (0 0 0 1) 0000 OOuO 

P3 = 1 0 0 0 ' P4 = 0 V 0 0 ' 
0000 1000 

and a general parastrophic matrix has the form 

Po. = (~~ ~2 :;4 ~4) where a = (a1' a2, a3, (4) E k4. 
a3 va4 0 0 ' 
a4 0 0 0 

The parastrophic determinant is det (Po.) = uva~. This vanishes identically 
on (a1, a2, a3, (4) iff uv = O. Therefore, by Frobenius' Criterion LMR
(16.82), R is a Frobenius k-algebra iff uv -=I O. This proves (1). 

To prove (2), first assume uv -=I 0 and u = v. Then any parastrophic 
matrix Po. is symmetric, so by the last exercise, R is a symmetric k-algebra. 
Conversely, if R is a symmetric k-algebra, some Po. is nonsingular and 
symmetric. If a = (a1' a2, a3, (4), this means that uva~ -=I 0 and ua4 = 
va4. Therefore, we must have uv -=I 0, a4 -=I 0, and u = v. 

Ex. 16.30. For any field k and any finite group G, compute the paras
trophic matrix of the group algebra R = kG. Using this computation and 
Exercise 28, give another proof for the fact that R is a symmetric k-algebra. 

Solution. We can take the elements {td of the group G to be a k-basis of 
R = kG. The structure constants {Ciij} of R with respect to this canonical 
basis (defined in general by the equations titj = L:i Ciij tl) are just 

(1) Ciij = 1 if titj = ti, and Ciij = 0 otherwise. 

A general parastrophic matrix Po. for the parameter a = (a1, ... , an) E kn 
is defined by (Po.)ij = L:i aiCiij. By the description of the Ciil'S given 
above, we have then 

(2) 

In particular, each row and each column of Po. is a permutation of 
a1,···, an, where n = IGI· 

For simplicity, let us assume that t1 = 1. The parastrophic matrix P 
corresponding to the parameter (1, 0, ... , 0) is then given by Pij = 1 if 
titj = 1 and Pij = 0 otherwise. Thus, P is just a permutation matrix, with 
determinant ±1. Also, since titj = 1 iff tjti = 1, P is a symmetric (non
singular) matrix. Therefore, by Exercise 28, R is a symmetric k-algebra. 

Comment. The parastrophic matrix Po. for the group G above is of great 
historical significance. By permuting the columns of Po., we obtain another 
matrix, say P~, whose (i,j)th entry is ai', where titj1 = ti'. The matrix 
P~ is called the "group matrix" of G, and was introduced by Dedekind 
around 1880. The "group determinant" det P~ = ± det Po. for an arbitrary 
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finite group G was investigated at great length by Frobenius. With the 
parameters {ai} viewed as "variables", the study of the factorization of 
the group determinant into irreducible factors over the complex numbers 
(c. 1896) eventually led Frobenius to the discovery of the character theory 
(and later the full representation theory) of finite groups in characteristic O. 
By the time when Frobenius proved his criterion on the equivalence of the 
first and second regular representations of an algebra in terms of para
strophic matrices (c. 1903), the theory of group determinants was already 
fully developed. 

Ex. 16.31. (Theorem on Structure Constants) Let R be an algebra over a 
field k with basis {E1, ... , En} and let EiEj = ~£ CeijE£. For al, ... , an E k, 
show that: 

(1) ~£ a£C£ij = 0 (Vi, j) * a£ = 0 (V f). 
(2) ~£a£Ci£j = 0 (Vi, j) * a£ = 0 ("If). 
(3) ~£ a£Cij£ = 0 (Vi, j) * a£ = 0 (V f). 

Solution. For r E R, let Eir = ~j a~~)Ej and rEi = ~j b;:)Ej, and de

fine the n x n matrices A(r), B(r) by A(r)ij = a~~) and B (r)ji = b;:). 
Then r f-t A{r) and r f-t B(r) are the first and second regular representa
tions of R (see LMR-§16G). For al, ... , an E k, write r : = L aiEi E R. 

(2) Note that 

rEj = (Ll alEJ') Ej = Li (Ll alCi£j )Ei' 

so b~~) = L£ a£Ci£j' Therefore, (2) amounts to B(r) = 0 * r = O. This 
follows from the faithfulness of the second regular representation B. 

(3) As in (2), we note that 

Ejr = Ej (L£ alEl) = Li (L£ alCijl) Ei 

implies that a;:) = ~l alCijl. Therefore, (3) simply expresses the faithful
ness of the first regular representation A. 

(1) Recall that, for a = (al,"" an) E kn, the parastrophic matrix POi 
is defined by (POi)ij = ~£ alClij' Let Pl (1 ::; f ::; n) be the parastrophic 
matrix POi when a = (0, ... 1,0, ... 0) (the fth unit vector). Then (P£)ij = 
Clij, and (3) amounts to the linear independence of PI"'" Pn over k. This 
is proved in LMR-(16.85). Another proof can be given as follows. From 
the equation a;:) = Lla£Cijl, we have A (El)ji = Cijl. Therefore, from 
Ll alC£ij = 0 (V i, j), we get, for any scalars Xl, ... ,Xn E k: 
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For x := ~j XjEj E R, we have then~" o:"A (X)i" = O. For suitable choices 
of Xl, ..• , Xn, we have X = 1, for which A(x) = In. Therefore, 0 = 
~" o:"ba = O:i for every i, as desired. 

Comment. The second argument given for (3) above lends itself to another 
proof of the fact (LMR-(16.85)) that PI"'" Pn form a k-basis for the space 
S of matrices intertwining the representations A and B. First, a direct 
calculation using (Eir) Ej = Ei (rEj) shows that 

A(r)P"=P,,B(r) (VrER), 

so P" E S for every C. Since PI, ... ,Pn are k-linearly independent and 

dimk S = dimk HomR(RR' (R)R) = dimk R = n, 

it follows that PI, ... ,Pn form a k-basis of S. 

Ex. 16.32. (Pascaud-Valette) For any field k of characteristic =I- 2, show 
that there exists a symmetric k-algebra R with a k-automorphism 0: of 
order 2 such that the fixed ring RQ = {x E R: 0: (x) = x} is any prescribed 
finite-dimensional k-algebra. (In particular, RQ need not be QF.) 

Solution. For any finite-dimensional k-algebra A, use the (A, A)-bimodule 
Ii = Homk(A, k) to form the "trivial extension" R = A ffi Ii. According to 
LMR-(16.62), R is always a symmetric k-algebra. Consider the k-linear 
map 0: : R --+ R defined by 0:( a, 'P) = (a, -'P) for a E A, 'P E Ii. Since 

0: (a, 'P) 0: (a', 'P') = (a, -'P) (a', -'P') = (aa', -a'P' - 'Pa') 
= 0: (aa', arp' + rpa') = 0: ((a, rp) (a', rp')) , 

0: is a k-algebra automorphism of R. In view of char k =I- 2, 0: has order 2, 
andRQ={(a,O): aEA}~A. 

Comment. The paper of J. Pascaud and J. Valette, entitled "Group ac
tions on QF rings," appeared in Proc. Amer. Math. Soc. 76(1979), 43-44. 
The present exercise is a slight variant of their result. There were earlier 
results in the literature to the effect that, if R is QF and if e is a finite 
group of automorphisms on R with lei E U(R), then RG is also QF. The 
construction of Pascaud and Valette showed that this is not the case. For a 
positive result and further comments in this direction, see the next exercise. 

Ex. 16.33. (K. Wang) Let R be a Frobenius algebra over a field k with 
a nonsingular associative k-bilinear form B : R x R --+ k. Let e be a 
finite group of k-automorphisms of R such that B is e-invariant (that 
is, B(gr, gr') = B(r, r') for every gEe). If lei is not divisible by the 
characteristic of k, show that the fixed ring RG is also a Frobenius k
algebra. Prove the same result for symmetric algebras. 

Solution. Let S = RG. The restriction of B to S x S is clearly an 
associative k-bilinear form on S. If this pairing is nonsingular, then S will 
be a Frobenius k-algebra, as desired. 
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Let s E 8 be such that B(s, 8) = O. For any element r E R, we have 
IGI-l L-9EGgr E 8, so 

o = B (s, IGI-l '"' gr) = IGI-l '"' B (s, gr) 
L.JgEG L.JgEG 

= IGI-l ,", B (g-ls, r) = IGrl '"' B (s, r) 
L.J gEG L.J gEG 

=B(s,r). 

This shows that B(s, R) = 0, so s = 0, as desired. 
In the case where B is a symmetric form, the same proof works for 

symmetric algebras. 

Comment. The above proof is a simplified version of that of K. Wang in 
his paper "Fixed subalgebra of a Frobenius algebra," in Proc. Amer. Math. 
Soc. 87(1983), 576-578. As observed by Wang, the following is a special 
case of the result in this exercise: 

Let A be a Frobenius algebm over a field k of chamcteristic 
=I- 2, and let a be the k-automorphism of A ®k A given by 
a (a ® a') = a' ® a. Then the fixed algebm (A ®k At' is also a 
Frobenius k-algebm. 

(Apply the exercise to the Frobenius algebra R = A ®k A: see Exercise 
3.12.) This result was first obtained by G. Azumaya. Subsequently, Wang's 
result was generalized to a Hopf algebra setting; see M. Ouyang's paper "A 
note on Frobenius algebras," in Comm. Algebra 25(1997), 2557-2567. 

Ex. 16.34. (Rim, Giorgiutti) Let R be a right artinian ring with (right) 
Cartan matrix (Cij). If det(cij) =I- 0, show that two f.g. projective right R
modules are isomorphic iff they have the same composition factors (counted 
with multiplicities). 

Solution. Let {Ui : 1 ~ i ~ s} be a full set of principal indecomposable 
right R-modules, and {8i : 1 ~ i ~ s} be a full set of simple right R
modules, with 8i = Ui/Ui • rad R. By definition, Cij E Z is the number of 
composition factors of Ui that are isomorphic to 8j , so (Cij) is an s x s 
matrix over Z. We assume here that det( Cij) =I- O. 

Consider any f.g. projective R-module PRo By the Krull-Schmidt The
orem, P ~ E9i aiUi for uniquely determined integers ai ~ O. Accordingly, 
the number bj of composition factors of P that are isomorphic to 8j is 
computed by L-i aiCij' This can be expressed in a matrix equation 

(bl, ... , bs) = (al,"" asHCij). 

Since (Cij) is a nonsingular matrix over Q, the integer vector (al,"" as) 
is uniquely determined by the vector of composition factor multiplicities 
(bl, ... ,bs ). The desired conclusion follows immediately from this 
observation. 
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Comment. Of course, the assumption that det( Cij) =1= 0 is crucial here. 
Without this assumption, for instance, the Cartan matrix (Cij) may have 
two identical rows (see the example mentioned after LMR-(16.20)). This 
means that two different principal indecomposables may have exactly the 
same composition factors (counted with multiplicities). 



Chapter 7 
Matrix Rings, Categories of 
Modules and Morita Theory 

§ 17. Matrix Rings 
The introduction to the abstract Morita theory is preceded by a more 
down to earth discussion of the properties of matrix rings. Throughout, 
the Ei/s denote the matrix units in a matrix ring Mn(S), and the base 
ring S is usually thought of as embedded in Mn (S), with the identification 
s = diag(s, ... , s) for s E S. 

Three different criteria are presented in LMR-§17 for recognizing a ring 
R as a matrix ring Mn(S) for some ring S. The first is the existence of a set 
"abstract matrix units" (satisfying conditions). The second is the criterion 
that RR be the direct sum of n mutually isomorphic right ideals. The 
third is the Agnarsson-Amitsur-Robson criterion, that there exist natural 
numbers p, q with p + q = n, and elements a, b, fER such that 

fP+ q = 0, and afP + rb = 1. 

Under this last criterion, a base ring S for the matrix ring R can be 
constructed explicitly as some sort of "eigenring": see LMR-(17.15) for 
details. 

Of these three criteria, the last is the deepest and the most recent. It 
can be used to give various nonobvious examples of n x n matrix rings. 

Given R = Mn(S), it is quite easy to "connect" the right S-modules to 
the right R-modules, and vice-versa. As usual we write 9J1R and 9J1s for 
the categories of right modules over the rings Rand S. For V E 9J1 s , 
we let G(V) = v(n), which may be thought of as an object in 9J1 R. 
On the other hand, for U E 9J1R, we set F(U) = U En E 9J1s. The 
construction of F and G leads quickly to a category equivalence between 
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9JtR and 9Jts. This is the easiest and the most concrete instance of a Morita 
equivalence. 

Along with the study of recognition criteria for matrix rings, it is also of 
interest to investigate the uniqueness question for the base ring of a matrix 
ring. We say that a ring S is MIn-unique if, for any ring S', MIn(S) ~ MIn (S') 
implies that S ~ S'. The fact that we introduce such a definition means, 
of course, that not all rings are MIn-unique. However, there is no lack of 
MIn-unique rings; for instance, these include all commutative rings (LMR
(17.26)) and all semilocal rings (LMR-(17.31)). 

The study of MIn-uniqueness is seen to be related to certain cancellation 
properties. We briefly summarize the requisite definitions. Let C be a class 
of modules over a ring. We say that C satisfies n-cancellation if, for any 
P, P' E C, 

n·P ~ n·P' ===} P ~ P'. 

To weaken this condition somewhat, we say that C satisfies weak n
cancellation if, for any P, P' E C, 

The precise relationship between these two cancellation properties and the 
question of MIn-uniqueness is rather subtle; we refer the reader to LMR
(17.29) for the details. From the discussion in LMR-§17C, we see that some 
very standard (and "nice") noncommutative rings can fail to be MIn-unique. 
For instance, although commutative rings are MIn-unique for any n, there 
exist commutative rings A for which some matrix ring MIr(A) fails to be 
MIn-unique for some n (LMR-(17.35)). 

The exercises in this section elaborate on the recognition criteria for 
matrix rings, and offer a couple of applications of the category equivalence 
between 9Jts and 9JtR (R = MIn(S)) to the consideration of lattices of 
submodules in free modules. 

Exercises for § 1 7 

Ex. 17.1. Let R = MIn(S), where n ~ 1. Show that R satisfies IBN (resp. 
the rank condition in LMR-§l) iff S does. 

Solution. First, suppose R satisfies IBN. Since S <;;; R (by identifying 
S with the ring of scalar matrices in R), S also satisfies IBN by LMR
(1.5). Now, suppose S satisfies IBN. To show that R also does, assume 
that p. RR ~ q. RR. Then p. Rs ~ q. Rs. Since Rs ~ n2 . Ss, we have 
pn2 . Ss ~ qn2 . Ss. It follows that pn2 = qn2 , and hence p = q. 

Next, suppose R satisfies the rank condition. Exploiting the inclusion 
S S;; R again and using LMR-(1.23), we see as above that S satisfies 
the rank condition. Now assume that S satisfies the rank condition, and 
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suppose there is a surjection cp : p' RR --;t q. RR. Using again the fact that 
Rs ~ n 2. Ss, we see that cp gives a surjection pn2. Ss --;t qn 2. Ss. It follows 
that pn 2 2: qn 2 , and hence p 2: q. 

Ex. 17.2. Let R be a ring with a full set of n x n matrix units 

{eij: l:Si,j:Sn}, 

and let S be the centralizer ring of this set in R. Show that the eij'S are 
left (and right) linearly independent over S. 

Solution. Suppose ~ Sijeij = 0 where Sij E S. Left multiplying by eioio 

and right multiplying by ejojo' we get Siojo eiojo = O. Therefore, it suffices 
to show that, whenever Seij = 0 where S E S, we have S = O. Now, from 
Seij = 0, we have 

sekk = eki(seij)ejk = O. 

Therefore, s = s ~ ekk = O. 

Ex. 17.3. Suppose a ring R has three elements a, b, f such that P 
af + fb = 1. Show that R also has an element e such that ef + fe = 1. 

Solution. Left multiplying af + fb = 1 by f, we get faf = f. By 
symmetry, we also have fbf = f. Therefore, for e: = afb E R, we have 

ef + fe = afbf + fafb = af + fb = 1. 

Ex. 17.4. (Agnarsson) Suppose a ring R has two elements a, f such that 
f p+q = 0 and ajP + jQa = 1, where p, q ::::: 1 and p i= q. Show that R = O. 

Solution. We may assume, without loss of generality, that p > q. Left 
(resp. right) multiplying ajP + jQa = 1 by jP (resp. jQ), we get fPafP = fP 
and jQajQ = jQ. Therefore, 

fP = jP-q (rar) jP-q = jP-q r jP-q = f 2p- q, so 
jP+q-l = f2p-q+q-l = f2p-1 = o. 

By LMR-(17.13), ajP + ra = 1 implies that 1 E RjP+q-l + fR, so we 
have 1 E f R. Since f is nilpotent, this implies that 1 = 0 E R, so R = O. 

Alternatively, Mark S. Davis has given the following solution to the ex
ercise that is easier and also independent of LMR-(17.13). We assume as be
fore that p > q, and let m be the smallest natural number for which fm = O. 
If p 2: m, then fP = 0, and we have fqa = 1. Since r is nilpotent, this 
implies that 1 = 0 E R, so R = O. We may thus assume that m > p. Then 

o = fm = f P- q . 1 . f m- p+q 

= jP-q (afP + ra) f m- p+q 

= jP-qafm+q + fPafm- p+q 

= fPafm- p+q, 
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so in particular, jPafm- 1 = 0. But then 

f m- 1 = fP . 1 . f m- p- 1 

= jP (ajP + ra) f m- p- 1 

= fPafm-l + jP+qaf m- p- 1 

= 0, 

which contradicts the minimal choice of m. 

Comment. Agnarsson's result appeared in his paper "On a class of pre
sentations of matrix algebras," Comm. Algebra 24(1996), 4331-4338. The 
next exercise will show that the assumption p =f. q above is indispensable. 

Ex. 17.5. Let k be a commutative ring, and R be the k-algebra with 
generators a, f and relations f2p = 0, ajP + fPa = 1, where p ;:::: 1. Show 
that R ~ M2p(S) for a suitable k-algebra S ;2 k. (In particular, if k =f. 0, 
then R =f. 0.) 

Solution. By LMR-(17.1O), R ~ M2p(S) for a suitable k-algebra S. As in 
the proof of LMR-(17.1O), the matrices 

A = (~ ~) and F = E21 + E32 + ... + E 2p,2p-l 

in M2p(k) satisfy the relations F 2p = 0, AFP+FPA = hp' Therefore, there 
exists a k-algebra homomorphism from R into M2p(k). From this, it is clear 
that the natural map k -+ S is a monomorphism. 

Ex. 17.6. (Agnarsson) (1) Let k be a commutative ring, and R be the 
k-algebra with generators a, f, and relations 

an = fn = 0, an- 1 f n- 1 + fa = 1. 

Show that R ~ Mn (k) as k-algebras. 
(2) Show that a ring A is an n x n matrix ring iff there exist ao, fo E A 
such that a(j = fo = ° and a~-l f;;-l + foao = 1. 

Solution. (1) By the theorem of Agnarsson-Amitsur-Robson (see LMR
(17.10) and LMR-(17.15)), R can be realized as a matrix ring Mn(S) (for 
a suitable k-algebra S) with matrix units 

Eij = f i- 1 (a n- 1 r-1) a j - 1 (1 S i, j S n) , 

and moreover with 

f = E21 + E32 + ... + En,n-l. 

Let ko = k . 1 <:;:; R, and let Ro = L: ko . Eij be the k-subalgebra of R 
generated by {Eij}. Then Ro contains 

E12 + E 23 + ... + En-1,n = an- 1 fn-l a + fan- 1 fn-l a2 
+ ... + f n- 2an- 1 fn-1an- 1 
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= (1 - fa) a + f (1 - fa) a 
+ ... + r- 2 (1- fa) an- 1 

= a - fn-l an = a. 

Since Ro also contains f, we have Ro = R. We are done if we can show 
that k ---+ ko is an isomorphism. This is clear since there is a well-defined 
k-algebra homomorphism 'P : R ---+ Mn(k) given by 

'P (a) = E12 + ... + En- 1,n E Mn (k) and 

'P (f) = E21 + ... + En,n-l E Mn (k). 

(Note that the two matrices in Mn(k) above satisfy the given relations 
between a and f in R.) 

(2) Now follows easily from the above by taking k = Z. 

Ex. 17.7. (Agnarsson-Amitsur-Robson) Show that, for n ;::: 3, the exis
tence of c, d, fER such that r = 0 and cf + fd = 1 need not imply that 
R is an n x n matrix ring. 

Solution. First assume n i= 5. Let R = M5 (Q), with elements 

c = E13 + E24 , d = E13 + E24 + E35 , and f = E31 + E42 + E53 · 

Then p = E53E31 = E51 , so r = 0 for n ;::: 3. Also, 

cf+ fd = (EI3+E24)(E31 + E42+E53)+(E31 +E42 +E53)(EI3 +E24 +E35) 

= Ell + E22 + E33 + E44 + E55 = k 
However, an easy application ofthe Wedderburn-Artin Theorem shows that 
R is not an n x n matrix ring. 

Finally, for n = 5, let R = M4(Q). For the matrices 

a = E12 + E23 + E34 , b = E 14 , and f = E21 + E32 + E43 

in R, we have (as in the proof of LMR-(17.1O)): 

f4 = 0 and af3 + fb = h 

Therefore, cf + fb = 14 for c = al (and of course f5 = 0). However, as 
before, we can show easily that R is not a 5 x 5 matrix ring. 

Ex. 17.8. Let R = Mn(S) and R' = Mn(S'), where S, S' are rings. 

(1) For any (R, R')-bimodule M, show that the triangular ring 

T (R M). . . = 0 R' IS an n x n matnx nng. 

(2) Let N be an (S, S')-bimodule, and let M = Mn(N), viewed as an 

(R, R')-bimodule in the obvious way. According to (1), T = (~ .z;:,) is 

an n x n matrix ring. Determine a base ring for T. 
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Solution. (1) By LMR-(17,1O), there exist elements c, d, fER such that 
r = 0 and cr-1 + fd = 1. Similarly, there exist elements c', d', I' E R' 
such that j'n = 0 and c'j'n-l + I'd' = 1. If we set 

in T, then clearly Fn = 0, and CFn- 1 +FD = IT. By LMR-(17.1O) again, 
we see that T is an n x n matrix ring. 

(2) Let To be the triangular ring (~ ~). Then T ~ Mn (To), since every 

element of T may be thought of as an n x n matrix whose entries are 
2 x 2 matrices from the triangular ring To. For instance, if n = 3, the 
isomorphism tp : T -+ M3(To) is given by 

s~l s' 6 

s~ 

[s~ ~~] [s~ 

[S04 ~~] [s; 
[s; ~~] [s~ 

~;] [s~ 

~~] [~ 
~~] [s~ 

Note that this map can be realized formally as the conjugation 0: f---t 7r- 1m[ 

where 7r is the permutation matrix 

1 0 0 0 0 0 
o 0 1 000 
o 0 0 0 1 0 
o 1 0 0 0 0 
000 1 0 0 
o 0 0 0 0 1 

so tp is indeed a ring isomorphism. 

Ex. 17.9. For s, t E F* where F is a field of characteristic -I 2, let R be 
the F-quaternion algebra generated by two elements i, j with the relations 

i2 = S, j2 = t and ij = -ji. 

Assume that there exist u, v E F such that su2 + tv2 = 1. Using the 
Recognition Theorem LMR-(17.lO) for p = q = 1, show that R ~ M2 (F) 
as F-algebras. 

Solution. The elements u, v cannot be both zero, so let us assume v -I o. 
Let k = ij E R. Then k2 = -st and the elements {i, j, k} pairwise 
anticommute. For f = tvi + suj + k E R, we have 

f2 = (tV)2 i2 + (su)2 j2 + k2 

= st2v2 + ts2u2 - st 

= st (su2 + tv2) - st = o. 
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On the other hand, since i anticommutes with j, k: 

if + fi = i (tvi) + (tvi) i = 2stv =f O. 

Therefore, for a = i/(2stv) E R, we have af + fa = 1. By the Recognition 
Theorem LMR-(17.1O), R 9:! M2 (S) for some F-algebra S. Since 

4 2 dimF R = dimF M2 (S) = 4 dimF S, 

we conclude that S = F, so that R 9:! M2 (F). 

Comment. What we gave above is a somewhat unusual proof for the fact 
that R 9:! M2(F). The "usual" proof assumes the fact that R is always a 
simple F-algebra. Since P = 0 and f =f 0, R cannot be a division algebra. 
By Wedderburn's Theorem, R 9:! Mn(D) for some division F-algebra D 
and some integer n 2 2. By counting dimensions as before, we see that 
n = 2 and D = F. 

There is also a strong converse to the Exercise; namely, if the equation 
su2 + tv2 = 1 has no solutions in F, then R is a division F-algebra. This 
follows by first showing that x2 - su2 - tv2 + stw2 = 0 has only the trivial 
solution in F. Then, for any a = x + ui + vj + wk =f 0 in R, we have 

N(a) : = aa = x2 - su2 - tv2 + stw2 =f 0, 

where a = x - ui - vj - wk, so N(a)-la gives an inverse for a in R. 

Ex. 17.10. (Fuchs-Maxson-Pilz) Show that a ring R is a 2 x 2 matrix ring 
iff there exists f, 9 E R such that f2 = l = 0 and f + 9 E U(R). 

Solution. If R is a 2 x 2 matrix ring, we can choose f = E21 and 9 = E 12 , 

for which (f + g)2 = 1. Conversely, assume that there exists f, 9 E R such 
that P = g2 = 0 and b : = f + 9 E U(R), with inverse a. Left-multiplying 
by f and right-multiplying by a, we get fga = f. Similarly, left-multiplying 
by a and right-multiplying by g, we get afg = g, so 

af = a (fga) = (afg) a = gao 

Now right multiplication of 9 + f = b by a gives 

1 = ga + fa = af + fa, 

so the Recognition Theorem LMR-(17.10) implies that R is a 2 x 2 matrix 
ring. 

Comment. The above result appeared in the last section of a paper on near
rings by Fuchs, Maxson and Pilz in Proc. Amer. Math. Soc. 112(1991), 
1-7. It was subsequently generalized to n x n matrix rings by Fuchs: see his 
paper in Bull. Austral. Math. Soc. 43(1991), 265-267. Fuchs' result states 
that 

R is an n x n matrix ring iff there exists f, 9 E R such that r = g2 = 0, f + 9 E U(R), and Rg n annf(fn -1) = O. 
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Ex. 17.11. Let R = Mn(S), which may be viewed as a left S-module. Let 
V, W be right S-modules. 

(1) Show that V @s R ~ n . v(n), where yen) = (V, . .. , V) is viewed as a 
right R-module in the natural way. 
(2) Show that EndR(V @s R) ~ Mn(Ends V). 
(3) Show that V @s R ~ W @s R as R-modules iff n . V ~ n . W as 
S-modules. 

Solution. (1) First there is a natural isomorphism 

The right R-module Mn(V) is the direct sum of its n "rows," each of which 
is isomorphic to v(n). Therefore, V @s R ~ n . yen) as R-modules. 

(2) Recall that there is a category equivalence G : oots ---- ootR that sends 
any right S-module V to the right R-module v(n). Using (1), we have 
therefore 

EndR(V @s R) ~ EndR (n. v(n)) ~ Mn (EndR (v(n))) 

~ Mn(EndRG(V)) ~ Mn(EndsV), 

where the last isomorphism results from the fact that G is a category 
equivalence. 

(3) using (1) again, we have 

V @s R ~ W @s R {==} n· yen) ~ n· Wen) 

{==} n· G(V) ~ n· G(W) 

{==} n·V~n·W, 

since G is a category equivalence. 

Ex. 17.12. For any S-module Ms, let Lats(M) denote the lattice of S
submodules of M. For any ring Sand R = Mn(S), let M = S8 be identified 
with REll. Define 

f 
LatR(RR) ~ Lats(M) 

9 

by J(U) = UEll for U E LatR(RR) and g(V) = 'L7=1 VElj for V E 
Lats(M). Show that J and 9 are mutually inverse lattice isomorphisms. 
(Note, in particular, that this "classifies" the right ideals in the matrix 
ring R.) 

Solution. The map J above is just the "restriction" (to subobjects of RR) 
of the category equivalence F from ootR to oot s . Therefore, it is enough 
to check that the map 9 is also the restriction (to subobjects of oots) of 
the "inverse" category equivalence G from oots to ootR constructed in the 
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proof of LMR-(17.20). Let V be an S-submodule of M = S8 = REl1 . By 
definition, 

This is easily seen to be ~7=1 VElj when we think of Vas sitting in REl1 . 

Since F, G are inverse category equivalences, they induce mutually inverse 
lattice isomorphisms between LatR(RR) and Lats(M). 

Comment. It is quite easy to see directly that, for V ~ REl1 as above, 
g(V) = ~7=1 V Elj is a right ideal in R. In fact, for any s E S: 

n 

g (V) sEpq = L VElj (sEpq) = (Vs) Elq ~ g (V). 
j=l 

Since R = ~ SEpq , we have g(V)R ~ g(V). An easy computation will show 
that fg and gf are identity maps. However, it is much more informative to 
ascertain that f and g are "induced" by the inverse category equivalences 
F and G. 

Ex. 17.13. If S, T are two rings such that Mn(S) ~ Mm(T) as rings, show 
that LatS(S8) ~ Latr(TF) as lattices. 

Solution. By the last exercise, LatS(S8) and Latr(TF) are both isomor
phic to the lattice ofright ideals of Mn(S) ~ Mm(T)! 

Ex. 17.14. Let S, T be nonzero commutative rings, and n, m 2: I be 
integers. If Mn(S) ~ Mm(T), show that n = m and S ~ T. 

Solution. Let us identify Mn(S) with Mm(T) (using a fixed isomorphism), 
and call the resulting ring A. Let m be a maximal ideal of A. Then there 
exist an ideal I ~ S and an ideal J ~ T such that m = Mn (I) = Mm (J). 
Since 

is a simple ring, so is S / I, and hence S / I is a field. Similarly, T / J is a field, 
so by Wedderburn's Theorem, Mn(S/I) ~ Mm(T/J) implies that n = m. 
Therefore, we have Mn(S) ~ Mn(T). Taking the centers of both sides, we 
conclude that S ~ T. 

Comment. There is another quite well-known proof of the result in this 
exercise by using the theory of rings with polynomial identities. Let 

f r (Yl, ... ,Yr) = L (sgn a )Ya(l) ... Ya(r) , 
O"ES r 

where Sr denotes the symmetric group on {I, ... ,r}. It is known that, for 
any nonzero commutative ring S, the matrix ring A = Mn(S) satisfies the 
"standard identity" f2n == 0, but not the identity f 2n- 2 = O. From this, 
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it follows immediately that, for S, T as in the exercise, Mn(S) ~ Mm(T) 
implies that n = m (and hence S ~ T by taking centers). 

Of course, this proof is much more sophisticated than the one given in 
our solution above, in that it made crucial use of the theory of PI rings. 
However, the structural simplicity and conceptual elegance of this second 
proof make it quite compelling. 

Ex. 17.15. Let S, T be two rings such that Mn(S) ~ Mm(T) as rings, 
where n, m 2': 2 are given integers. If S is commutative and n is prime, 
show that we must have n = m and S ~ T. 

Solution. Our solution here is modeled upon the proof of the 
Mn-uniqueness of a commutative ring S given in LMR-(17.26). Let i.p : 

Mn(S) --t Mm(T) be a ring isomorphism. Then i.p maps the center ofMn(S) 
isomorphic ally to that of Mm(T), so i.p induces an isomorphism of S with 
Z(T) (the center of T). To simplify the notations, let us identify S with 
Z(T). Since i.p is a ring isomorphism, we have Mn(S)s ~ Mm(T)s. On the 
other hand, 

Mn(S)s ~ sri and Mm(T)s ~ (Ts)m2. 

Therefore, (Ts )m2 ~ S"!/' This shows that Ts is a f.g. projective right 
S-module of constant rank, say t. Then, taking the ranks from 
(Ts )m2 ~ S,,!/, we get tm2 = n2 . Since n is a prime and m 2': 2, we 
must have m = nand t = 1. But by LMR-(2.50), Ts = S EB X for some 
(f.g. projective) right S-module X. Taking ranks again shows that X = 0 
and so S = T, as desired. 

Comment. If we do not assume n to be prime, then the equation tm2 = n2 

will only imply t = r2 for some integer r with rm = n. We will then have 

However, this need not imply that T ~ Mr(S), since we know (from LMR
(17.35)) that Mr(S) may not be Mm-unique. 

Ex. 17.16. Show that Q~ax(Mn (R)) ~ Mn(Q~ajR)). If R is a semi
prime ring, prove the same results for Martindale's right (resp. symmetric) 
ring of quotients. 

Solution. Write S = Mn(R) and Q = Q~ax(R). Our goal is to show that 
Q~ajS) = Mn(Q). We first check that S ~d Mn(Q)s. Take two matrices 
x = (Xij), Y = (Yij) over Q, with (say) Xiojo =I=- O. By Ex.8.9, there exists 
a E R such that Xiojoa =I=- 0, and Yija E R for all i, j. Therefore, for the 
scalar matrix a· In E S, we have 

X· aIn =I=- 0 and y. aIn E Mn(R) = S. 

Having checked that S ~d Mn(Q)s, we may assume (by LMR-(13.11)) that 
Mn(Q) ~ Q~ax(S), Now, by LMR-(17.7), we know that Q~ax(S) must have 
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the form Mn{T), where T is a suitable ring containing Q. Whatever Tis, 
S = Mn{R) ~d Mn{T)s. From this, it is easy to check that R ~d TR. 
Since Q ~ T and Q = Q~ax{R), we must then have Q = T, and so 
Q~ax{S) = Mn{Q), as asserted. 

To compute the Martindale rings of quotients of S, let us write QT (resp. 
QS) for QT{R) (resp. QS{R)), the Martindale right (resp. symmetric) ring 
of quotients of R. Consider the rings 

For any q = (qij) E Mn{QT), we have qijAij ~ R for suitable ideals Aij ~ R 
with zero annihilators. By LMR-{14.4), A = ni,j Aij ~ R also has zero 
annihilator. This implies that Mn{A) has zero annihilator in S = Mn{R), 
and we have clearly q·Mn{A) ~ S. This shows that Mn{QT) ~ QT{S). Now 
consider any q = (qij) E Mn{Q) that belongs to QT{S). Then qB ~ Mn{R) 
for some ideal B ~ Mn{R) with zero annihilator. By LMR-{17.8), B must 
have the form Mn{A) for some ideal A ~ R, which necessarily has a zero 
annihilator. From q·Mn{A) ~ Mn{R), we clearly have %A ~ R for all i, j, 
and so % E QT. This shows that QT{S) ~ Mn{QT)j hence equality holds. 
The equation QS{S) = Mn{QS) is proved by the same argument, applied 
to both sides of an element q = (qij) E Mn{Q). 

§ 18. Morita Theory of Category Equivalences 

An entering wedge to this section on Morita Theory is the idea of "categori
cal properties" of modules (and their morphisms). A property P on objects 
(resp. morphism) in a module category ootR is said to be a categorical 
property if, for any category equivalence F : ootR -+ oots, whenever M E 
ootR (resp. g E HomR{M, N)) satisfies P, so does F{M) (resp. F{g)). For 
instance, being a projective or injective module is a categorical property, 
and being a monomorphism or epimorphism is likewise a categorical prop
erty. Some module-theoretic properties initially defined by using elements 
may be checked to be categorical properties tOOj two examples for this are 
the finite generation and the faithfulness of a module. 

Two rings R, S are said to be Morita equivalent (R ~ S for short) 
if there exists a category equivalence F : ootR -+ oots. A ring-theoretic 
property P is said to be Morita invariant if, whenever R has the property P, 
so does every S ~ R. A large number of ring-theoretic properties turn out 
to be Morita invariant, e.g., being semisimple, right noetherian (artinian), 
right {semi)-hereditary, von Neumann regular, etc. are such properties. 

Consideration of categorical properties of modules and Morita invariant 
properties of rings leads naturally to the question: How do category equiva
lences arise between two module categories ootR and oots? The Morita The
orems (I, II, III in LMR-§18) provide full fledged answers to this question 
(and much more). 



354 Chapter 7. Matrix Rings, Categories of Modules and Morita Theory 

Basically, for a given R, all rings S ~ R arise as endomorphism rings 
of progenerators of R. Here, a module PR is a generator if RR is a direct 
summand of some direct sum n· P, and P is a progenerator if it is a f.g. 
projective generator. 

Given a module PR over a ring R, let S = End(PR) and Q = P* = 
HomR(P, R). Then P = QPR and Q = RQS, and we obtain the Morita 
Context (R, P, Q, S; 0:, (3). Here, 

0:: Q 0s P -. Rand (3: P 0R Q -. S 

are naturally defined (R, R)- and (S, S)-homomorphisms respectively. 
This Morita Context can also be encoded into a formal Morita ring 

M = (~ ~). The many formal properties of a Morita Context are given 

in LMR-§18C. 
In the case where PR is a progenerator, 0:, (3 above are isomorphisms, 

and we have the functors 

that are mutually inverse category equivalences. The first functor is also 
equivalent to the functor HomR(P,-), and the second to Homs(Q,-). 
These facts essentially constitute Morita I (LMR-(18.24)), and Morita II 
says that any pair of mutually inverse category equivalences between 9JtR 
and 9Jts arises essentially in the above fashion (LMR-(18.26)). 

A special example of a Morita equivalence is given by taking P = eR 
where e is a full idempotent, that is, an idempotent with ReR = R. The 
fullness condition amounts to the fact that P is a progenerator. In this 
case, Morita I applies, and the net result is R ~ eRe. 

The significance of the notion of full idempotents lies in the fact that 
it leads to a description of the rings S ~ R. In fact, these rings S arise 
precisely as e MIn (R)e where e is a full idempotent in a matrix ring MIn (R) 
(LMR-(18.33)). A consequence of this is that: 

A ring-theoretic property P is Morita invariant iff, whenever a 
ring R satisfies P, so do eRe (Jor any full idempotent e E R) 
and MIn(R) (Jor any n 2: 2). 

If R ~ S, then Rand S have certain common features (besides sharing all 
Morita invariant properties). For instance, they have isomorphic centers, 
and isomorphic ideal lattices (LMR-(18.42), LMR-(18.44)). 

Section 18 concludes with a discussion of a useful generalization of 
Morita I where the role of 9JtR is replaced by that of a full subcategory 
O'[M]. Here, M is a fixed right R-module, and O'[M] is the subcategory of 
wtR whose objects are the sub quotients of arbitrary direct sums of copies of 
M. In case there exists a 0' [M]-progenerator P (defined in a natural way), 
we get a category equivalence O'[M] -. 9Jts for S = EndR(P), defined by 
HomR(P, -) (LMR-(18.57)). 
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The exercises in this section are devoted to various aspects of Morita's 
Theory of equivalences. Many categorical properties of modules and Morita 
invariant properties of rings are catalogued. Morita's characterization of a 
generator (Exercise 17) is a standard result, and so is Camillo's character
ization of pairs of Morita equivalent rings in terms of column-finite matrix 
rings (Exercise 30). The three parts of Exercise 7 provide a nice connection 
between Morita's theory and the study of Frobenius and quasi-Frobenius 
rings. 

Exercises for §18 

Ex. lS.0. Prove the following characterization of f.g. modules stated in 
LMR-(18.3): A module MR is f.g. iff, for any family of submodules {Ni : 
i E I} in M which form a chain, Ni -=J M for all i E I implies that 
UiEI Ni -=J M. 

Solution. First assume M is f.g., say M = m1R + ... + mkR. If {Ni : 

i E I} is a chain of submodules with UiEI Ni = M, then each mj lies 
in some Nij (1::; j::; k). There exists an i E {i1, ... ,id such that each 
Nij ~ Ni. Then mj E Ni for 1 ::; j ::; k and so Ni = M. 

Now suppose M has the stated property on chains of submodules, but is 
not f.g. Then we have a nonempty family 13 = {B ~ M : M / B is not f.g.}. 
Consider any chain {Bi: i E I} in 13 and let B = Ui Bi. We claim that 
B E 13. Indeed, if B tj. 13, then M = B + xlR + ... + xkR for some 
Xl, ... , Xk EM. We have now a chain 

whose union is B + xlR + ... + XkR = M, a contradiction. Therefore, 
B E 13, and this provides an upper bound for {Bi : i E I}. By Zorn's 
Lemma, 13 has a maximal element, say N. Clearly N -=J M, and for any 
X tj. N, N + xR E 13, contradicting the maximality of N. 

Ex. lS.lA. In an additive category 9J1 with arbitrary direct sums, an 
object M is said to be small if every morphism f : M -+ EBiEI Ai factors 
through a finite direct sum of the Ai's. Show that 

(1) Every quotient object of a small object is small. 
(2) M = N EEl N' is small iff N, N' are small. 

Solution. (1) Suppose M is small and N = M/K is a quotient of M. 

For any f : N -+ EBiEI Ai, the composition M -+ N L EBiEI Ai factors 
through a morphism 9 : M -+ EBiEJ Ai, for some finite J ~ I. Since 
g(K) = 0, 9 induces a morphism g : N -+ EBiEJ Ai' Now f factors through 
g, as desired. 
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(2) First suppose M = N E9 N' is small. Then, by (1), so are N ~ MIN' 
and N' ~ MIN. Conversely, assume N, N' are small, and consider any 
morphism f : M --t EBiEI Ai' Then f induces 9 : N --t EBiEI Ai and 
g' : N' --t EBiEI Ai. For a sufficiently large finite subset J ~ I, 9 and 
g' both factor through EBiEJ Ai. It follows that f also factors through 
EBiEJ Ai, as desired. 

Comment. The notion of small objects in categories with arbitrary di
rect sums is standard in category theory; see, e.g., p. 74 of B. Mitchell's 
book "Theory of Categories," Academic Press, 1965. This notion played 
a substantial role in the work in the 1960s on the characterization of the 
categories of modules over rings. 

Some caution is necessary in distinguishing "small modules" from "small 
submodules" as defined in LMR-p. 74. A small submodule N ~s M may 
not be small as a module on its own! The small confusion inherent in this 
choice of terminology is, fortunately, seldom fatal. 

Ex. IS.IB. For any module category 9'JtR , prove the following: 

(1) A module MR is small iff there does not exist an infinite family of 
submodules Mj S;; M (j E J) such that every m E M lies in almost all 
Mj's. 
(2) Every f.g. R-module MR is small in the category 9'JtR. 
(3) MR is noetherian iff every submodule of M is small in 9'JtR. 
(4) If R is right noetherian, MR is small iff Mis f.g. 
(5) If MR is projective, M is small iff M is f.g. 
(6) Give an example of a module that is small but not f.g. 

Solution. (1) Assume that there exists an infinite family of submodules 
Mj S;; M (j E J) such that every m E M lies in almost all Mj . Let 
Aj = MIMj and let f : M --t EBjEJ Aj be defined by 

f(m) = (m + Mj)jEJ where m + Mj E Aj forevery j. 

Since m + Mj is zero for almost all j, f(m) is indeed in EBjEJ Aj . Since 
each Mj S;; M, clearly f does not factor through a finite direct sum of the 
Aj's. Hence M is not small. 

Conversely, assume M is not small. Then there exists f : M --t EBiEI Ai 
which does not factor through a finite direct sum of the Ai's. Let 7ri : M --t 

Ai be the obvious maps such that f(m) = (7ri(m))iEI for every m E M, 
and let Mi = ker(7ri). The set 

J : = {j E I: Mj ~ M} 

is infinite, for otherwise f(M) would lie in the finite direct sum EBjEJ Aj . 

If there exists m E M such that m ¢ Mj for infinitely many j E J, then 
f(m) = (7ri(m))iEI has infinitely many nonzero coordinates, in contradic
tion to f(m) E ffiiEI Ai' Thus, each m E M lies in Mj for almost all 
j E J. 
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(2) Let MR = L~=l mkR and consider any homomorphism f : M -+ 

ffiiEI Ai. Since each f(mk) lies in a finite direct sum ffiiEJk Ai, f(M) lies 
in the finite direct sum ffiiEJ Ai where J = U~=l Jk. This checks that M 
is small. 

(3) First assume that M is noetherian. Then every submodule N ~ Mis f.g. 
and hence small in rolR by (2). Conversely, assume that every submodule 
of M is small in rolR . Consider any ascending chain of submodules Ml ~ 

M2 ~ ... in M. By assumption, their union N is small. Each n EN clearly 
lies in almost all Mj . By (1), some Mj must be equal to N, so we have 
Mj = Mj+l = .... This checks the ACC for submodules of M. 

(4) It suffices to prove the "only if" part. Let R be right noetherian, and 
MR be small. By (3), it suffices to show that any submodule N ~ M is also 
small. Consider any homomorphism f : N -+ ffiiEI Ai. Let Ei = E(Ai) be 
the injective hull of Ai. By the Bass-Papp Theorem LMR-(3.46), ffiiEI Ei 
is injective, so we have a commutative diagram 

for a suitable homomorphism g. Since M is small, there exists a finite subset 
J ~ I such that g(M) ~ ffiiEJ E i · Therefore, f(N) ~ ffiiEJ Ai, as desired. 

(5) Again, it suffices to prove the "only if" part. Since M is projective, 
there exists a module M' such that M EB M' = ffiiEI~' where Ri ~ RR 
for all i. If M is small, we have M ~ ffiiEJ ~ for some finite set J <;;; I. 
But then 

EBiEJ Ri =MEB (M' nEBiEJ~) 
shows that M is f.g. 

(6) Following a suggestion of Peter Vamos, we look for an example among 
the uniserial modules. (Recall that a module is uniserial if its submodules 
form a chain with respect to inclusion.) The crucial observation for solving 
(6) is the following lemma, which may seem, at first sight, a little counter
intuitive. 

Lemma. Let MR be a uniserial right R-module. If M is not countably 
generated, then M is small. 

Proof. If M is not small, there exist proper submodules {Mj}jEJ (J an 
infinite set) such that every element m E M lies in almost all Mj's. Without 
loss of generality, we may assume that J = {1, 2, 3, ... }. For any j E J, 
let Xj E M\Mj , and let N = L~l xjR. Then N 1: M j for each j, so we 
must have Mj ~ N. If there exists an element m E M\N, then m lies in 
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none of the Mj's, a contradiction. Therefore, M = N, which is countably 
generated. 0 

To construct the example needed for (6), it suffices to produce an 
ordered abelian group (G, <) with the property that, for any countable 
set A > 0 in G, there exists an element 9 E G such that 0 < 9 < A. Once 
such an ordered group (G, <) is found, we can take R to be the valuation 
ring in any field K with a Krull valuation v : K* """* G. The maximal ideal 
M of R is (uniserial and) not count ably generated as an R-module, since 
any countable subset of M generates an ideal I with 

v(I\{O}) <;; {g E G: 9 > O}, 

which implies that I <;; M. By the Lemma above, M is small, and provides 
the example we want. 

To produce the desired ordered abelian group (G, <), let (5, <) be a 
well-ordered set in which no countable subset is cofinal. (For instance, take 
5 to be the first uncountable ordinal.) Now let G = EBsES Z· s (the free 
abelian group generated by 5), and order G "lexicographically"; that is, 
we declare 9 = Ls g(s)s > 0 if g(so) > 0 for So = min {supp(g)}. To check 
that (G, <) has the required property, consider any countable set 

A={9i=Lsgi(S)S: iEN}~G. 

Since Ui SUPP(gi) ~ 5 is countable, it cannot be cofinal in 5, so there 
exists an s > SUPP(gi) for all i. For 9 : = 1 . s E G, we have 

min {SUpp(gi - g)} = min {supp(giH < s (forevery i), 

so 0 < 9 < A, as desired. 

Comment. The notion of small modules can be extended as follows. For 
any cardinal number ~, an R-module M is said to be ~-small if every 
morphism f : M ---. EBiEI Mi factors through EBiEJ Mi for some subset 
J ~ I with PI ::; ~. The following are immediate observations: 

(1) If ~ is a finite cardinal, then M being ~-small means that M = O. 
(2) If M is small, then M is ~o-small (where ~o = II'll). 
(3) Any uniserial module MR is ~o-small. 

To see (3), note that if MR is not count ably generated, then M is 
small by the Lemma, so we are done by (2). Thus, we may assume that 
M = L~l mjR. Given any morphism f : M ---. EBiEI Mi , the set {f(mj) : 
j E N} involves only countably many "coordinates," so f(M) ~ EBiEJ Mi 
for a suitable J ~ I with IJI ::; ~o. This proves (3), and the same proof 
shows that the uniserial module MR can be written as an ascending union U:1 Mi, where each Mi ~ M is small. 

For more information on ~-small modules and the role they play in the 
general direct sum decomposition theory of modules, see Section 2.9 of A. 
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Facchini's book "Module Theory," Birkhiiuser Verlag, Basel-Boston-Berlin, 
1998. 

Ex. 18.2. Show that MR being a singular (resp. nonsingular) R-module 
is a categorical property. 

Solution. First note that, for B <;::; A in 9J1R, B being essential in A 
(written B <;::;e A) is a categorical property. Now, by Exercise 7.2, a module 
MR is singular iff M ~ AlB for some B <;::;e A. This shows that MR 
being singular is a categorical property. Next, recall from Exercise 7.4 that 
a module NR is nonsingular iff HomR(M,N) = 0 for any singular MR. 
Therefore, N R being nonsingular is also a categorical property. 

Ex. 18.3. Characterize right nonsingular rings R by the property that 
every right projective R-module is nonsingular, and deduce that R being 
right nonsingular is a Morita invariant property. 

Solution. First we check the stated characterization of a right nonsingu
lar ring. If R is right nonsingular, then by Exercise 7.11, any free right 
R-module is nonsingular, and so any projective right R-module is also 
nonsingular. Conversely, if any projective right R-module is nonsingular, 
then RR is nonsingular, so R is a right nonsingular ring. 

Since MR E 9J1R being a nonsingular (resp. projective) module is a 
categorical property by Exercise 2, the characterization for R to be a right 
nonsingular ring given above can be stated in terms of the category 9J1R 
alone. Therefore, R being a right nonsingular ring is a Morita invariant 
property. 

Ex. 18.4. Show that R being semiperfect (resp. right perfect) is a Morita 
invariant property. 

Solution. First, N <;::;8 M (NR being superfluous in MR , meaning that 
N + X = M =} X = M) is clearly a categorical property. Therefore, 
() : P ~ M being a projective cover for MR (meaning that P is projective 
and ker(()) <;::;8 P) is also a categorical property. Now, by FC-(24.18), R 
is right perfect iff every M E 9J1R has a projective cover. Since the latter 
is a categorical property, it follows that R being right perfect is a Morita 
invariant property. 

Next, by FC-(24.16), R is semiperfect iff every f.g. M E 9J1 R has a 
projective cover. Since "f.g." is also a categorical property (by Exercise 1, 
or, more simply, by LMR-(18.2)), it follows that R being semiperfect is also 
a Morita invariant property. 

Ex. 18.5. Show that finiteness of a ring is a Morita invariant property 
without using LMR-(18.35). 

Solution. The finiteness of a ring R can be characterized by the property 
that, for any f.g. module M E 9J1R, EndR(M) is finite. Since this is a 
categorical property of 9J1R, it follows that R being finite is a Morita 
invariant property. 
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Ex. 18.6. Show that "u.dim RR < 00" is a Morita invariant property. 

Solution. For ME 9J1R, u.dim(M) can be characterized as the supremum 
(::; (0) of the integers n for which there exists a direct sum of n nonzero 
submodules in M. Therefore, u.dim(M) is an invariant of M as an object 
in the category 9J1R. Now u.dim(RR) < 00 iff u.dim(P) < 00 for every 
f.g. projective R-module in 9J1R. The latter being a categorical property of 
9J1R, we see that "u.dim(RR) < 00" is a Morita invariant property. 

Ex. 18.7 A. Show that the property of R being right self-injective or quasi
Frobenius can be characterized by suitable categorical properties of 9J1R. 
Deduce that "right self-injective" and "QF" are Morita invariant properties 
of rings. 

Solution. We claim that R is right self-injective iff every f.g. projective 
M E 9J1R is injective. The "if" part is clear. For the "only if" part, assume 
RR is injective. If P E 9J1R is f.g. projective, then P EB Q ~ H'R for some 
Q E 9J1R and some integer n. Since R'R = RR EB ... EB RR is injective, so is 
its direct summand P, as desired. This proves our claim, which shows that 
R being right self-injective is a Morita invariant property. 

A quasi- Frobenius (or QF) ring is a ring R that is both right noetherian 
and right self-injective. Since each of these is a Morita invariant property, 
it follows that R being QF is also a Morita invariant property. 

Comment. Although "right self-injective" is a Morita invariant property, 
in general R being right self-injective does not imply that eRe is, for an 
idempotent e E R. For an explicit counterexample, see the paper of Pascaud 
and Valette referenced in the Comment on Ex. 16.32. 

The fact that, for a fixed n, R is right self-injective iff S = Mn(R) 
is can be seen directly from the fact that M f-+ M Ell gives a category 
equivalence from 9J18 to 9J1 R. Under this equivalence, S8 f-+ HR, so S8 is 
injective iff RR is injective. 

Ex. 18.7B. (1) Show that the basic ring of a QF ring R is always a 
Frobenius ring. 
(2) Let k be a division ring, and R be the ring of matrices 

a b p 0 0 0 
c d q 0 0 0 
0 0 r 0 0 0 
0 0 0 r s t 
0 0 0 0 a b 
0 0 0 0 c d 

over k. This is shown to be a QF ring in LMR-(16.19)(5). Compute the 
basic ring of R. 
(3) Show that being a Frobenius ring is not a Morita invariant property. 
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Solution. (1) Let e1R, ... , esR be a complete set of right principal inde
composables, where the ei's are mutually orthogonal primitive idempotents. 
Then e = el + ... + es is a basic idempotent, and we can take the basic 
ring of R to be S : = eRe. Since S ~ R, the last exercise guarantees that 
S is QF. Clearly, the e/s remain pairwise nonisomorphic in S, so each 
eiS appears with multiplicity 1 in the Krull-Schmidt decomposition of Ss. 
According to LMR-(16.14), this implies that R is a Frobenius ring. 

(2) We use here the notations in LMR-(16.19)(4). In particular, the full set 
of right principal indecomposables for R is {e1R, e2R} where el = E33 + E44 
and e2 = Eu + E 55 . Therefore, a basic idempotent for R is 

e = el + e2 = Eu + E33 + E44 + E55 . 

By direct matrix multiplication, we see that the basic ring eRe consists of 
matrices of the form 

a 0 p 0 0 0 
0 0 0 0 0 0 
0 0 r 0 0 0 
0 0 0 r s 0 
0 0 0 0 a 0 
0 0 0 0 0 0 

After dropping the 2nd and 6th rows and columns, we can represent eRe as 
the ring of 4 x 4 matrices 

(~ n ~) 
This is exactly the ring in LMR-(16.9)(4), which was shown there to be 
Frobenius (confirming (1) above). 

(3) Since eRe is the basic ring of R, we have R ~ eRe. While eRe is Frobe
nius, we know from LMR-(16.19)(5) that R is not Frobenius. Therefore, 
being a Frobenius ring is not a Morita invariant property. 

Ex. 18.7C. Show that being a symmetric algebra over a field k is a Morita 
invariant property. 

Solution. Let R be a symmetric k-algebra. By LMR-(18.35), it suffices to 
check that Mn(R) is a symmetric k-algebra for every n, and that eRe is a 
symmetric k-algebra for every full idempotent e E R. The former follows 
from Exercise 16.20, and the latter follows from Exercise 16.25 (even for 
any idempotent e E R). 

Ex. 18.8. Show that a necessary and sufficient condition for a ring
theoretic property P to be Morita invariant is that, for any full idempotent 
e in a ring R, R satisfies P iff eRe does. 
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Solution. Recall LMR-(18.35), which states that P is Morita invariant iff, 
whenever a ring R satisfies P, so do eRe (for any full idempotent e E R) 
and Mn(R) (for any n :2: 2). The new condition given in the present exercise 
is a slight variation of this. 

Suppose the property P is Morita invariant. Let R be a ring and e E R 
be a full idempotent. Since R ~ eRe, R satisfies P iff eRe does. Conversely, 
suppose the property P is such that, for any full idempotent e in a ring S, 
S satisfies P iff eSe does. To check that P is Morita invariant, we apply 
the criterion LMR-(18.35) recalled in the paragraph above. Let R be a ring 
satisfying P. By assumption, eRe also satisfies P for any full idempotent 
e E R. Now consider S = Mn(R) for any n :2: 2. Let e be the matrix unit 
En. Since (aEidEn(Elj) = aEij for any a E R, we have SeS = S, so e 
is a full idempotent in S. Now 

eSe = {aEn : a E R} ~ R (as rings) . 

Therefore, eSe satisfies P. By assumption, S( = Mn(R)) also satisfies P. 
Thus, LMR-(18.35) applies, and we conclude that P is a Morita invariant 
property. 

Ex. 18.9. Use LMR-(18.35) (instead of LMR-(18.45) and LMR-(18.50)) 
to show that semiprimitivity, primeness and semi primeness are Morita 
invariant properties. 

Solution. Let P be the property of being semiprimitive, prime, or semi
prime. By FC-p. 61 and FC-p. 172, if R satisfies P, so does Mn(R). And 
by FC-p. 322, if R satisfies P, so does eRe for any (nonzero) idempotent 
e E R. Therefore, by LMR-(18.35), P is a Morita invariant property. 

Ex. 18.10. Let S = End(PR) where PR is a progenerator over the ring R. 
Show that the ring S has IBN iff pn ~ pm in 9J1R implies n = m. 

Solution. Since PR is a progenerator, we have a category equivalence 
9J1s -+ 9J1R which, on the level of objects, is defined by -0sP. In particular, 
the right regular module Ss in 9J1s corresponds to S 0s P ~ PR in 9J1R. 
Therefore, the IBN property for the ring S translates into pn ~ pm 
(in 9J1R) :=} n = m. 

Ex. 18.11. (Bergman) For any ring R, let P(R) be the monoid of iso
morphism classes of f.g. projective right R-modules (under the direct sum 
operation). Using the technique of coproducts (see Comment below), it 
can be shown that there exists a ring R for which P(R) is generated as a 
monoid by [R] together with [M], [N], with the defining relations 

[M] + [N] = [R] = [R] + [R]. 

Show that S = EndR(M E& R) is Morita equivalent to R and has IBN, 
but R does not have IBN. (This shows that IBN is not a Morita invariant 
property.) 
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Solution. Since MR is f.g. projective, P : = M ffi R is a progenerator. 
Therefore, S = EndR(M ffi R) >:::: R. Since P(R) has the defining relations 
[M] + [N] = [R] = [R] + [RJ, there exists a monoid homomorphism 'P : 
P(R) ----t Z defined by 

'P[R] = 0, 'P[M] = 1 and 'P[Nj = -1. 

Then, 'P[P] = 'P[M] + 'P[R] = 1, so pn ~ pm will imply that n = m. By 
Exercise 10, this guarantees that S has IBN. On the other hand, we have 
R ffi R ~ R in 9J1R, so R does not have IBN. 

Comment. Bergman's work referred to above is: "Coproducts and some 
universal ring constructions," Trans. Amer. Math. Soc. 200(1974), 33-88. 

Ex. 18.12. Suppose a ring-theoretic property P is such that, for any n :::: 2 
and any ring R, R satisfies P iff Mn(R) does. Is P necessarily a Morita 
invariant property? 

Solution. The answer is "no." In fact, let P be the "IBN" property. By 
Exercise 17.1, R satisfies P iff Mn(R) does (for a given n). By the exercise 
above, P is not a Morita invariant property. 

Ex. 18.13. Show that a projective module PR is a generator iff every 
simple module MR is an epimorphic image of P. 

Solution. Assume PR is a generator. By LMR-(18.8), there exists a sur
jection ffii Pi ----t M where each Pi = P. Clearly some Pi ----t M is nonzero, 
so this is the surjection we want. Conversely, suppose every simple right 
R-module is an epimorphic image of P. We claim that tr(P) (the trace 
ideal of PR) is equal to R. Once this is proved, LMR-(18.8) implies that 
P is a generator. Assume, instead, that tr(P) i= R. Then there exists a 
maximal right ideal m ;;2 tr(P). By assumption, there exists a surjection 
e : P - Rim. Since PR is projective, e "lifts" to a homomorphism 
'P : P ----t R (so that 7r'P = e for the projection map 7r : R ----t Rim). 
But 'P(P) ~ tr(P) ~ m implies that 7r'P = 0, a contradiction. 

Comment. This result is probably folklore in the subject. The earliest 
reference I can find for it is T. Kato's paper, "Self-injective rings," Tohoku 
Math. J. 19(1967), 485-495. 

The notion of a cogenerator, dual to that of a generator, is introduced in 
LMR-§19. The above exercise has a well-known dual version: An injective 
module U is a cogenerator iff every simple module embeds into U: see LMR
(19.9). 

Ex. 18.14. Find the flaw in the following argument: "Let R, S be division 
rings. Construct functors F : 9J1R ----t 9J1s and G : 9J1s ----t 9J1R by: F(U R) = 
ffiiEI Ss where III = dimRU, and G(Vs) = ffijEJ RR where IJI = dimsV. 
Then F, G are inverse category equivalences and hence R>:::: S." 
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Solution. Defining a functor F : 9Jt R -+ 9Jts involves defining F on objects 
of 9JtR and on morphisms of 9JtR· The rule F(U R) = ffiiEI Ss given above 
defines F on the objects of 9JtR, but no definition is given for F on the 
morphisms of F. Therefore, F is not a functor, nor is C. Since no functor 
is given from 9Jt R to 9Jt s (or from 9Jts to 9JtR), we are in no position to 
conclude that 9Jt R and 9Jts are equivalent. 

Indeed, we know that, if Rand S are nonisomorphic division rings, then 
the module categories 9JtR and 9Jts cannot be equivalent. 

Ex. 18.15. Let e = e2 E R, and let 

a: Re GgeRe eR -+ R, (3: eR G9 R Re -+ eRe 

be defined by a(reGger') = rer', (3(erG9r'e) = err'e (as in LMR-(18.30A)). 

(1) Give a direct proof for the fact that (3 is an isomorphism by explicitly 
constructing an inverse for (3. 
(2) Show that eR· (ker a) = 0. Using this, give another proof for the fact 
that a is an isomorphism if e is a full idempotent. 

Solution. (1) Define 'Y : eRe -+ eR G9R Re by 

'Y(ere)=erG9Re=eG9Rre E eRG9RRe. 

Note that if ere = 0, then er G9R e = er G9R ee = ere G9R e = 0, so 'Y is 
well-defined. We have 

'Y(3 (er G9R r' e) = 'Y(err' e) = err' G9R e = er G9R r' e, 

(3'Y(ere) = (3(er Q9R e) = ere, 

so (3, 'Yare mutually inverse isomorphisms. 

(2) Note that the domain of a, Re GgeRe eR, is an (R, R)-bimodule, so the 
equation (eR)· (ker a) = ° makes sense. To check that this equation holds, 
we take x = Li rie G9 er~ E ker(a). Then ° = a(x) = Li rier~, and so for 
any r E R: 

er· x = er· Li rie GgeRe er~ = Li e (erri e) GgeRe er~ 

= e GgeRe Li errier~ = 0, 

as desired. 
Now assume e is a full idempotent. Then there is an equation 1 

Lj ajeb j , for suitable aj, bj E R. We have 

a (Lj aje G9 eb j ) = L j ajeb j = 1, 

so a is onto. Also eR . (ker a) = ° implies that 

ker a = (ReR) (ker a) = R(eR· ker a) = 0, 

so a is also one-one. Thus, we have shown that a is an isomorphism. 
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Ex. 18.16. (Partial refinement of LMR-(18.22)) Let PR be a right 
R-module, with associated Morita context (R, P, Q, 8; 0:, (3). 

(1) If PR is a generator, show that sP is f.g. projective. 
(2) If PR is f.g. projective, show that sP is a generator. 

Solution. (1) Say pn ~ R ffi Min 9J1R. Applying the functor 

<I> = HomR( -, sP R) : 9J1 R ~ s9J1, 

and noting that <I>(pn) ~ s8 n, <I>(R) ~ sP, we get an isomorphism 

s8 n ~ sP ffi X in s9J1 

where X = <I>(M). Therefore, sP is f.g. projective in s9J1. 

(2) Assume now PR is f.g. projective, so that R'R ~ P ffi N for some 
NR. Applying the same functor <I> above, and noting that <I>(R'R) ~ sp n, 
<I>(P) ~ s8, we get an isomorphism 

spn ~ s8 ffi Y in s9J1 

where Y = <I>(N). Therefore, sP is a generator in s9J1. 

Comment. It is possible to apply "abstract nonsense" to get some of the 
conclusions above. For instance, assume that PR is a generator, as in 
(1). From the given Morita context (R, P, Q, 8; 0:, (3) of PR, we can 
determine the Morita context of sP. By LMR-(18.17) (2), End(sP) ~ R 
and Homs(sP, s8) ~ Q. Therefore, the Morita context of sP is (8, P, Q, 
R; (3, 0:). Since PR is a generator, 0: : Q 0s P ~ R is onto by LMR-(18.17) 
(1). Applying this fact to the Morita context of sP, we see by LMR-(18.19) 
(1) that sP is f.g. projective. This method actually yields a little more in 
the case of (1). In fact, applying LMR-(18.17)(2) again, we can likewise 
determine the Morita context of Qs to be (8, Q, P, R; (3, 0:). Since 0: is 
onto (as above), LMR-(18.19)(1) implies that Qs is f.g. projective. This 
method, however, does not apply so well in the case (2). 

Ex. 18.17. (Morita) Show that PR is a generator iff, for 8 = End(PR), sP 
is f.g. projective and the natural map A : R ~ End(sP) is an isomorphism. 

Solution. The "only if" part follows from (1) of the above exercise and the 
Comment made thereafter. Conversely, assume sP is f.g. projective and A 
is an isomorphism. Using A, we identify End(sP) with R. Since sP is f.g. 
projective with endomorphism ring R, the left module analogue of (2) of 
the above exercise implies that PR is a generator. 

Comment. The above characterization of a generator module PR appeared 
already in Morita's famous paper, "Duality for modules and its applications 
to the theory of rings with minimum condition," Science Reports, Tokyo 
Kyoiku Daigaku Sec. A (1958), 83-142. See also Theorem 2 in Carl Faith's 
paper "A general Wedderburn Theorem," Bull. Amer. Math. Soc. 73(1967), 
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65-67. Faith made the observation that, if R is a simple ring and P <;::: R 
is a nonzero right ideal, then (by LMR-(18.9)(E)) PR is a generator, and 
hence by the above result, the map A : R --+ End(sP) is an isomorphism 
for 8 = End(P R ). This was a result of M. Rieffel (see FC-(3.11)), published 
in his paper with the same title as Faith's, in Proc. Nat'l Acad. Sci. USA 
54(1965), 1513. Refining Rieffel's result, Faith showed moreover that, in 
this context, 8 is a simple ring iff the right ideal PR is a f.g. projective 
R-module. 

For an interesting account on the circumstances surrounding the writing 
and publication of Faith's paper in Proc. Nat'l. Acad. Sci. USA, see the 
section on "Marc Rieffel, Serge Lang, Steve Smale and me" (pp. 319-320) 
in the "Snapshots" chapter of Faith's recent book "Rings and Things and 
a Fine Array of Twentieth Century Associative Algebra," 2nd Ed., Math. 
Monographs and Surveys, Vol. 65, Amer. Math. Soc., 2004. 

Ex. 18.18. Let R, 8 be rings, and sP R, RQS be bimodules. Let a: Q 0s 
P --+ R be an (R, R)-homomorphism, and (3 : P 0R Q --+ 8 be an (8,8)
homomorphism. Define 

pq = (3(p 0 q) E 8 and qp = a(q 0 p) E R, 

and let M = (~ ~) (formally). Show that M is a ring under formal 

matrix multiplication (as in LMR-(18.16)) iff 

q'(pq) = (q'p)q and p(qp') = (pq)p' 

hold for all p, p' E P and q, q' E Q. (Note that, in the special case where P = 
0, the additional conditions are vacuous, and we get back the "triangular 

ring" construction M = (~ ~) in FC-(1.14).) 

Solution. First assume M is a ring under formal matrix multiplication. 
Noting that 

(~ t) [G ~) (~ 6)] = (~ t) (~ ;q) = (~ 

[ (~ t) (~ ~)] (~ 6) = (qt ~) (~ 6) = (~ 

q'(pq)) 
o ' 

(q'p)q) 
o ' 

we see that q'(pq) = (q'p)q, and a similar calculation with the matrices 

(~ ~), (~ 6) and (~, ~) shows that p (qp') = (pq) p'. Conversely, if 

q'(pq) = (q'p)q and p(qp') = (pq)p' for all p, p' E P and q,q' E Q, a direct 
formal matrix multiplication shows that A(BC) = (AB)C for any three 
matrices A, B, C E M. The distributive laws are also easy to verify, so M 
is indeed a ring (called the Morita ring associated with {P, Q ; a, (3}). 
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Ex. 18.19. Suppose the "associativity" conditions in the above exercise 

are satisfied, so M is a ring. Let e = G ~), I = (~ ~). Show that 

R = eM e, B = 1M I, P = 1M e and Q = eMf. 

Solution. We have 

eM e = G ~) (; ~) G ~) = ( ~ 6) G ~) = ( ~ ~), 

so eMe = R. (Here, we identify R with (~ ~) ~ M.) Similarly, we have 

IMI = B. Also, 

MI = (1 0) (r q) (0 0) = (r q) (0 0) = (0 q) 
e 00 ps 01 0001 00' 

so eMI = Q, and similarly, IMe = P. 

Comment. In view of the above, the "Peirce Decomposition" 

M = eMe tJ) IMI tJ) eMf tJ) IMe 

is just the decomposition of M = (~ ~) into the four pieces: R tJ) B tJ) 

Q tJ) P. 

Ex. 18.20. Let M be a ring with idempotents e, I such that e + I = l. 
Let 

R = eM e, B = 1M I, P = I Me and Q = eM I· 

Show that the natural maps a : Q ®s P ---t R, and f3 : P ®R Q ---t B satisfy 
the "associativity" conditions in Exercise 18, and that the formal Morita 

ring (~ ~) constructed there is isomorphic to the original ring M. 

Solution. Here, a, f3 are defined by 

a (eml ® Im'e) = e (mlm') e and f3 (fme ® em' f) = I (mem') I 

for any m, m' EM. To see that a is well-defined, note that 

a(eml® (fxf)(fm'e)) = a (eml® I (xlm') e) = e(mlxlm')e, 
a ((emf) (fxf) ® (fm'e)) = a (e (mix) I ® Im'e) = e (mlxlm') e. 

Similarly, we can check that f3 is well-defined. In fact, the "products" 
Q x P ---t R and P x Q ---t B induced by a and f3 are exactly the products 
between the elements of P and Q in M. Therefore, the associativity condi
tions in Exercise 18 are automatic, and a is an (R, R)-homomorphism, f3 is 
an (B, B)-homomorphism. According to Exercise 18, we can form a Morita 
. - (RQ) rmgM= P B . 
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We claim that 'P: M -+ M defined by 'P G ~) = r+s+p+q is a ring 

isomorphism. By the Peirce Decomposition Theorem, we know that 'P is 
an additive group isomorphism, so it remains only to check that 'P respects 
multiplication. 

Since el = Ie = 0, we have RS = RP = 0, SR = SQ = 0, PP = PS = 
o and QQ = QR = O. Therefore, 

(r q) (r' q,) 
'P p s 'P p' s' 

as desired. 

(r + s + p + q) (r' + s' + p' + q') 

(rr' + rq') + (ss' + sp') + (pr' + pq') + (qs' + qp') 
(rr' + qp') + (pq' + ss') + (pr' + sp') + (rq' + qs') 

'P (G ~) G: ~;)), 

Ex. 18.21. Suppose, in Exercise 18, the associativity conditions are satis
fied, and that a, (3 are both onto. Show that 

(1) a, (3 are isomorphisms; 
(2) PR is a progenerator; and 
(3) The Morita Context for P R is (R, P, Q, S; a, (3). 

Solution. (1) Since a is onto, there exists an equation 1R = L: j qjPj where 
Pj E P, qj E Q. Suppose x = L:i bi 0s ai E ker(a) (ai E P, bi E Q); that 
is, 0 = a(x) = L:i biai. Then 

x = (Lbi 0s ai) 1R = L . . bi 0s (aiqjpj) = L. L. biaiqj 0s Pj = O. , ',J J , 

This shows that a is one-one, so it is an isomorphism. Similarly, we can 
show that if (3 is onto, it is an isomorphism. 

(2) Write lR = L:j qjPj as above, and similarly, write Is = L:k p~q~. Define 
A: Q -+ P* = HomR(P, R) by A(q)(p) = qp. Then A is one-one. In fact, if 
A(q) = 0, then 

q = q . Is = q LkP~q~ = Lk (qpUq'k = o. 
We claim that A is also onto. To see this, let I E HomR(P, R). For q : = 
L: l(pUq~ E Q, we have 

A (q) (p) = Lk I (pU (q~p) = I (LkP~q~P) = I (p) (Vp E P), 

so I = A (q). Therefore, we have Q 3:! P*. For any PEP, we have 

p = Is p = LkP~ (q~p) = LkP~ !k (p), 

where Ik : = A(qU E P*. Applying the Dual Basis Lemma, we see that 
PR is f.g. projective. Also, tr(P) contains A(qj)pj = qj"Pj for each j, so 
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it contains L:j qjPj = l R . Thus, tr(P) = R, so by LMR-(18.8), P is a 
generator in 9J1 R . This proves (2). 

(3) By Exercise 2.20(4), EndR(P) ~ P ®R P*. Identifying P* with Q and 
using the isomorphism (3 : P ®R Q --t S, we see that EndR(P) ~ S. It 
follows readily that the Morita Context associated with the pro generator 
PR is precisely (R, P, Q, S; a, (3). 

Ex. 18.22. Using the category equivalence between 9J1s and 9J1 R where 
R = Mn (S), show that there is an isomorphism from the lattice of right 
ideals of R to the lattice of S-submodules of the free module Ss. From this, 
deduce that, if two rings S, T are such that Mn(S) ~ Mm(T), then the 
free modules Ss and TT' have isomorphic lattices of submodules. 

Solution. Recall that a category equivalence from 9J1 R to 9J1s is given 
(on objects) by F(U) = U . Ell where U = UR and Ell is the matrix 
unit with 1 in the (1, I)-position and O's elsewhere. Under this category 
equivalence, the free module RR corresponds to F(RR) = R· Ell, which 
can be identified with the space Ss of column n-tuples over S. A right ideal 
Qt C;;; R then corresponds to 

Qt. Ell = (QtR) Ell = Qt(REll) = QtSs, 

which is an S-submodule of Ss. Since F is a category equivalence, Qt f--+ QtSs 
gives the desired isomorphism from the lattice of right ideals of R to the 
lattice of S-submodules of Ss. 

For the last part of the exercise, let R = Mn(S) and A = Mm(T). If 
R ~ A, then R and A have isomorphic lattices of right ideals. Using the 
first part of the exercise, we see that Ss and TT' have isomorphic lattices 
of submodules. 

Comment. There is a converse to the last part of the above exercise. If 
n 2': 3, a theorem of J. von Neumann (from his book in Continuous Geome
try) implies that, if the free modules Ss and TT' have isomorphic submod
ule lattices, then in fact, one has a ring isomorphism Mn(S) ~ Mm(T). 
J. von Neumann's result was later generalized by W. Stephenson, who 
proved that, if Ps , QT are two modules (over Sand T) with isomorphic 
submodule lattices, and P has the form of a direct sum X(I) where III 2': 3 
(for instance, P = Ss with n 2': 3), then there is a ring isomorphism 
EndsP ~ EndTQ; see his paper "Lattice isomorphisms between modules, 
(1) Endomorphism rings," J. London Math. Soc. 1 (1969), 177-183. 

Ex. 18.23. Show that, under the ideal correspondence between Sand 
Mn(S) established in LMR-(18.44), an ideal ~ C;;; S corresponds to the 
ideal Mn(~) C;;; Mn(S). Deduce from LMR-(18.50) that 

rad Mn(S) = Mn(rad S). 
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Solution. As in the last exercise, let R = Mn(8). The category equivalence 
G: Ms -+ MR is given (on objects) by 

G(V) = (V, ... , V) for any V = Vs , 

where (V, ... , V) is viewed as a right R-module with the obvious matrix 
action. In the standard notation of Morita equivalence, G is given by -®s P 
where P is the (8, R)-bimodule (8, ... ,8). By LMR-(18.44), an ideallB ~ 8 
and an ideal Sl ~ R correspond under the canonical ideal correspondence iff 
IBP = PSl. Since this equation obviously holds for the choice Sl = Mn(IB), 
we conclude that the one-one correspondence is given by IB +-+ Mn(IB). 
(This implies, in particular, that any ideal in Mn(8) is of the form 
Mn(IB), for a unique ideallB ~ 8.) 

According to LMR-(18.50), under a category equivalence of Ms and 
MR , the Jacobson radicals of 8 and R correspond to each other under 
the canonical ideal correspondence. In our special case, therefore, rad 8 
corresponds to rad Mn(8). But by the above work, we know that rad 8 
corresponds to Mn(rad 8). It follows that rad Mn(8) = Mn(rad 8). 

Comment. A direct proof for the equation rad Mn(8) = Mn(rad 8) (with
out using category theory) is available in FC-p. 61. 

Ex. 18.24. Let e be a full idempotent in a ring R, so that we have R ~ eRe. 
Show that the ideal correspondence between R and eRe is as given in FC
(21.11); that is, Sl ~ R goes to eSle ~ eRe, and IB C;;;; eRe goes to RIBR C;;;; R. 

Solution. Let 8 = eRe. The category equivalence Ms -+ MR is given (on 
objects) by Ms t--+ M ®s P where P = eR is viewed as an (8, R) bimodule. 
By LMR-(18.44), an ideal IB ~ 8 and an ideal Sl ~ R correspond under 
the ideal correspondence iff IBP = PSl. 

(1) For any ideallB of 8, we have 

P . RIBR = eRIBR = (eRe)IBR = IBR, 

so IB ~ S corresponds to RIBR C;;;; R. 

(2) For any ideal Sl of R, we have 

eSle . P = eSleR = eSl(ReR) = eSl = PSl, 

so Sl C;;;; R corresponds to eSle. (We have to know, of course, that eSle is an 
ideal in 8. This is straightforward.) 

Comment. Of course, the first part of Exercise 23 is only a special case of 
this exercise. If we take R = Mn (8) and take e to be the full idempotent 
Ell E R, then eRe = 8· Ell can be identified with 8 as a ring. For an 
ideallB C;;;; 8, R IBR is just Mn(IB). 

Ex. 18.25. Under a category equivalence F : MR -+ Ms, show that 
the ideal correspondence between Rand 8 sends an ideal Sl ~ R to the 
annihilator (in S) of the right S-module F(R/Sl). 
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Solution. Say MR = R/f)J. corresponds to N : = F(R/Wo). By LMR
(18.47), annR(M) ~ R corresponds to anns(N) ~ S under the ideal 
correspondence between Rand S. Since 

annR(M) = annR(R/f)J.) = f)J., 
it follows that f)J. corresponds to anns(F(R/f)J.)). 

Ex. 18.26. True or False: "If R ~ S, then there is a one-one correspon
dence between the subrings of R and those of S"? 

Solution. False, of course. For instance, with respect to the Morita equiv
alence 

R has only one subring (namely itself), while S has infinitely many subrings. 
(Of course, by "subring" here, we mean a subring containing the identity 
element of the ambient ring.) 

Ex. 18.27. True or False: "If R ~ S, then there exist natural numbers n 
and m such that Mn(R) ~ Mm(S)?" 

Solution. False again! For instance, let k be a division ring and let R = 
k x k, S = k x M2(k). Since k ~ M2(k), we have R ~ S. For n, m;::: 1, we 
see easily that 

Mn (R) ~ Mn (k) x Mn (k), Mm (S) ~ Mm (k) X M2m (k). 

These cannot be isomorphic, by the uniqueness part of Wedderburn's The
orem on semisimple rings. 

Ex. 18.28. For any (right) R-module P, let p(N) denote the direct sum 
P EB P EB ... , and let S = End(PR). Show that, if PR is f.g., then EndR 
(p(N)) ~ CFM(S), the ring of column-finite N x N matrices over S. 

Solution. First, it is easy to see that CFM(S) is indeed a well-defined ring. 
Write p(N) as Pl EBP2 EB· .. where each Pi is a copy of P. Let Cj : Pj ~ P be 
the ;th inclusion map, and 7ri : P ~ Pi be the ith projection map. For any 
I E EndR(p(N)), let Iij = 7rdcj. This is a homomorphism from Pj to Pi, 
so it is an element of S = EndR(P). Since Pj is f.g., ICj(Pj ) lies in a finite 
direct sum Pl EB ... EB Pm for some m = m(j). Therefore, hj = 7rdcj = 0 
for any i > m(j) and so (Jij) E CFM(S). We claim that 

<p: EndR(p(N)) --+ CFM(S) defined by <p(J) = (Jij) 

is a ring homomorphism. Indeed, for I, 9 E EndR(p(N)), we have 

(gJ)ij = 7ri (gJ) Cj = Lk (7rig ck) (7rkic j). 

Here, the sum is finite since, for a fixed j, 7rkicj = 0 for almost all k. 
Therefore, (gJ)ij = L-kgikikj, which is the ilh entry of <p(g)<p(J). This 
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shows that 'P(gl) = 'P(g)'P(f) , and it follows readily that 'I' is a ring 
isomorphism. 

Ex. 18.29. Show that a f.g. right R-module P is a progenerator iff p(N) ~ 
R(N) as right R-modules. Is this still true if P is not assumed f.g.? 

Solution. First assume p(N) ~ R(N). Then P is isomorphic to a direct 
summand of the free module R(N) so P is projective. Since RR is isomorphic 
to a direct summand of p(N), P is also a generator. Therefore, P is a 
progenerator. Conversely, suppose P is a progenerator. Say 

(1) Rn ~ p EB Q and pm ~ R EB Q', 

where Q, Q' are suitable right R-modules. From the first isomorphism in 
(1), we have (by "Eilenberg's Trick"): 

(2) R(N) ~ (Rn) (N) ~ p(N) EB Q(N) ~ p(N) EB (p(N) EB Q(N)) ~ p(N) EB R(N) . 

Similarly, from the second isomorphism in (1), we have 

(3) 

Comparing (2) and (3), we see that p(N) ~ R(N). 

The assumption that P is f.g. is essential in the above. For instance, let 
p : = R(N) over any nonzero ring R. Then certainly 

Indeed, PR is projective; but P is not f.g., so P cannot be a progenerator. 

Ex. 18.30. (Camillo) Show that two rings Rand S are Morita equivalent 
iff CFM(R) ~ CFM(S). 

Solution. First assume R :::::: S. Then by Morita Theory, we have S ~ 

End(PR) where PR is a suitable progenerator in 9J'tR . By the last exercise, 
we have an R-isomorphism p(N) ~ R(N). Taking the endomorphism rings 
of these modules and applying Exercise 28, we get a sequence of ring 
isomorphisms: 

CFM( R) ~ EndR ( R(N)) ~ EndR (p(N)) ~ CFM( S), 

as desired. 

To show the converse, we first do some preparatory work. Recall that, 
for two idempotents e, I in a ring E, we have eE ~ IE iff Ee ~ EI, 
iff there exist a, bEE such that e = ab and I = ba (see FC-(21.20)). 
In this case, we say that e and I are isomorphic idempotents, and write 
e ~ f. For readers not familar with this result, it will be all right to take 
"e = ab, I = ba for some a, b E E" as the definition of e ~ f. In fact, 
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the following lemma (in a special case) will, among other things, yield the 
other characterizations of isomorphic idempotents. 

Lemma 1. Let E = End(VR) where V is a right module over a ring R, 
and let e, lEE be idempotents. Then e ~ I in E iff eV ~ IV as (right) 
R-modules. 

Proof. Say e = ab, 1= ba for some a, bEE. Then 

b: e V -t IV and a: IV -t e V 

make sense since b(eV) = babV <:;:; IV and a(fV) = abaV <:;:; eV. The 
compositions of these maps are identities, since ab( ev) = e2v = ev and 
similarly ba(fv) = Iv for any v E V. Conversely, assume eV ~ IV as 
R-modules, and let 

b: eV -t IV and a: IV -t eV 

be mutually inverse R-isomorphisms. We may assume a, b to be in E by 
taking b to be zero on (1 - e)V, and a to be zero on (1 - f)V. An easy 
calculation shows that e = ab and I = ba in E, so e ~ I as desired. D 

Now let R, S be rings such that CFM(R) ~ CFM(S). Then, by Exer
cise 28, there exists a ring isomorphism 

(J": End (s(li)) -----t End ( R(N)) . 

Let us write V = S(N) = EB:l ViS and U = R(N) = EB:l uiR. Let eij E 
Ends(V) and lij E EndR(U) be the matrix units (with eij (Vk) = I5jkVi, 
etc.), and write e~j = (J"(eij). Consider the idempotent e~l E EndR(U), and 
let P = e~l (U) <:;:; U. The crucial step is to prove the following. 

Lemma 2. The R-module P = e~1 (U) above is f.g. projective. 

Proof. First, P is a direct summand of U R, so P R is countably generated 
and projective. Note that ell, e22,'" are mutually isomorphic orthogonal 
idempotents; therefore, so are e~I' e~2' .... From the orthogonality of the 
e~i 's, it follows that 

e~l (U) + e~2(U) + ... 

is a direct sum in UR, and Lemma 1 shows that each e~i(U) ~ P. Assume, 
for now, that P is not f.g. Then, by Exercise (2.32) (and its proof), there 
exists an R-embedding 

g: P -t e~I(U) EB e~2(U) EB··· <:;:; U 

such that g(P) is not contained in any finite direct sum on the RHS. We 
may assume that 9 E EndR (U) by taking 9 to be zero on (1- e~l)U. Now 
go back to V and consider its endomorphism (J"-l(g)ell. We have 

m 

(J"-l(g)ell V = (J"-l(g)ell (VIS + V2S + ... ) = (J"-1(g)v1S <:;:; L VjS 
j=1 
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for some m < 00. Thus, eiw-l(g)en = 0 for any i > m. Applying (j, we 
get e~ige~l = 0 for i > m, that is, e~ig(P) = 0 for i > m. This implies that 

g(P) ~ e~l (U) + ... + e~m(U)' 

a contradiction to the choice of g. Thus, PR must be f.g. 

Finally, we need the following self-strengthening of Lemma 2. 

Lemma 3. PR is a progenerator. 

Proof. It suffices to prove that 

o 

for, if so, then R(N) ~ U ~ p(N), and we are done by Exercise 29. Now 
we already know that the sum 2: e~i (U) is direct, so it only remains to 
show that each basis vector Ui E U = E9~1 ujR lies in that sum. Consider 
(j-l(fii). Applying Lemma 2 to (j-1, we know that (j-I(fii)V is f.g., so it 
is contained in vIR EB .. , EB vnR for some large n. For any v E V, 

(en + ... + enn)(j-l (fii) (v) = (en + ... + enn ) (vIal + ... + vnan) 

(for some ai E S) 
= VIal + ... + vnan = (j-I(fii)(V), 

so (en + ... + enn)(j-l(fii) = (j-l(fii) E Ends(V). Applying (j, we get 

(e~l + ... + e~n)lii = Iii E EndR(U), 

Evaluating the two sides on Ui E U, we conclude that 

as desired. 

To conclude the proof, note that P = e~l (U) implies that 

EndR(P) ~ e~l . EndR(U) . e~l ~ en . Ends(V) . en ~ S. 

o 

Since PR is a progenerator by Lemma 3, Morita's Theorem now gives 
R~S. 

Comment. The "only if" part of this exercise is due to S. Eilenberg; a 
statement of it appeared in the book of F. Anderson and K. Fuller. Eilen
berg's observation inspired V. Camillo to the full version of the theorem in 
this exercise; see Camillo's paper, "Morita equivalence and infinite matrix 
rings," Proc. Amer. Math. Soc. 90(1984), 186-188. In Camillo's paper, 
it was stated that the result was "conjectured by W. Stephenson (around 
1965). It turned out that this statement was only prompted by the referee's 
report; there seemed to be no evidence that Stephenson had made such a 
conjecture. Instead, in his thesis, Stephenson worked with rings of matrices 
with only finitely many nonzero entries. The above "history" on the present 
exercise is gleaned from a letter from V. Camillo to C. Faith quoted on 
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p. 283 of Faith's recent book, "Rings and Things and a Fine Array of 
Twentieth Century Associative Algebra," 2nd Ed., Math. Surveys and 
Monographs, Vol. 65, Amer. Math. Soc., 2005. In his letter, Camillo con
cluded; "The credit for first looking at infinite matrix rings as characterizing 
Morita Equivalence certainly belongs to Stephenson." 

A few more results on rings of column-finite N x N matrices have ap
peared recently. For instance, J.J. Simon has shown that Morita equivalent 
column-finite matrix rings must be isomorphic; see his paper in J. Alg. 
173(1995),390-393. Extending Camillo's techniques, J. Haefner, A. del Rio 
and J.J. Simon have also shown that R ~ S iff RCFM(R) ~ RCFM(S), 
where RCFM(A) denotes the ring of row and column finite N x N matrices 
over a ring A; see their paper in Proc. Amer. Math. Soc. 125(1997), 1651-
1658. 

Ex. 18.31. (Hattori-Stallings Trace) For any ring R, let R be the additive 

group R/[R, R], where [R, R] denotes the additive subgroup {iJab- ba) : 

a, bE R} of R. 
(1) Show that the projection map "bar": R ---t R is a universal group 
homomorphism with respect to the "trace property" ab = ba (for all a, 
bE R). 
(2) Show that the group R is uniquely determined by the Morita equivalence 
class of R. 

Solution. (1) Let 'P : R ---t G be a homomorphism from R to any additive 
group G with the property that 'P(ab) = 'P(ba) for all a, b E R. Then 'P 
vanishes on the subgroup {L:(ab - ba) : a, bE R}, so there exists a unique 
group homomorphism 'Ij; : R ---t G such that 'P(r) = 'Ij;(r) for every r E R. 
This checks the universal property of the "bar" map. 

(2) Given R ~ S, we must show that R ~ S as abelian groups. We may 
assume that Rand S are related to each other as in "Morita I" in LMR
(18.24), so in particular we have a Morita context (R, P, Q, S; Ct, (3). Define 
a group homomorphism f : Q ®s P ---t S by f(q ®s p) = pq E S. This 
homomorphism is well-defined since 

f(qs ®s p) = p(qs) = (pq)s = s(pq) = (sp)q = f(q ®s sp). 

Identifying Q®sP with R, we have then a homomorphism 9 : R ---t S given 
by g(qp) = pq. Since 

9 (qp . q'p') = 9 (qpq' . p') = p'(qpq') = (p'qp)q' 
= 9 (q' . p' qp) = 9 (q' p' . qp) , 

9 induces a homomorphism g: R ---t S. Similarly, we can define a homo
morphism h: S ---t R by h (pq) = qp E R. Then 

fig (qp) = h (pq) = qp and gh (pq) = g (qp) = pq, 
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so h, g are mutually inverse isomorphisms. In particular, R ~ S as abelian 
groups. 

Comment. The exercise only barely scratched the surface of the construc
tion of the Hattori-Stallings trace. After obtaining the additive group 
R = R/[R, R], one constructs, for any f.g. projective right R-module P, 
an additive homomorphism 

trp : EndR(P) ---) R, 

generalizing the trace on EndR(P) defined in Exer. (2.28) in the commu
tative case. In particular, trp (Idp ) E R may be viewed as the "rank" of 
the f.g. projective module PR. 

For the relevant literature, see A. Hattori, "Rank element of a projective 
module," Nagoya J. Math. 25(1965), 113-120, and J. Stallings, "Centerless 
groups - an algebraic formulation of Gottlieb's Theorem," Topology 4 
(1965), 129-134. 

Ex. 18.32. For any right R-module M, let arM] be the full subcategory 
of 9JtR whose objects are subquotients of direct sums of copies of M. Show 
that arM] = 9JtR iff RR can be embedded into Mn for some integer n. 

Solution. As is observed in LMR-§18F, arM] is closed with respect 
to submodules, quotient modules, and arbitrary direct sums. If RR can 
be embedded into some direct sum M(I), then R E arM], and hence 
9JtR = arM]. Conversely, assume that 9JtR = arM]. Then R is a quotient 
module of some module Q ~ M(I). Since RR is projective, this implies that 
R can be embedded in Q, and hence in M(I). But then R can be embedded 
in Mn for some n < 00. 

Ex. 18.33. Let M be a right R-module with A = annR(M). Let S = 
EndR(M) (operating on the left of M). If M is f.g. as a left S-module, 
show that arM] = 9JtR/A . Deduce that, if M is a f.g. (right) module over a 
commutative ring R, then arM] = 9JtR/A (for A = annR(M)). 

Solution. Clearly, a[ M] is a (full) subcategory of 9Jt R/ A. According to the 
last exercise, arM] = 9JtR/A will follow if we can show that (R/A)R can be 
embedded into M n for some integer n. Say 

M = Sml + ... + Smn (mi E M). 

Then A = n~=l annR(mi). Hence, in the direct sum Mn, the cyclic R
submodule (ml, ... , mn) . R is isomorphic to (R/A)R, as desired. 

Now assume R is commutative, and MR is f.g. We have a natural 
ring homomorphism R ---) S = EndR(M) sending r E R to the right 
multiplication by r on M. Thus, MR being f.g. implies that 8M is f.g., 
so the first part of this exercise applies. 

Ex. 18.34. For R = Z and M = Q/Z, show that the only a[M]-projective 
module is (0). 
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Solution. We shall use the fact that any direct summand of a a[M]
projective module is a [M]-projective. Here, we know that arM] is the 
category of all torsion abelian groups, by LMR-(18.52)(4). 

Suppose P is a nonzero a [M]-projective. By replacing P by one of its 
primary components, we may assume that Pis p-primary for some prime 
p. We argue in the following two cases. 

Case 1. P contains a copy of the Prufer p-group Cpoo. Since Cpoo is a 
divisible abelian group, it is isomorphic to a direct summand of P, and is 
therefore a [M]-projective. This is impossible since the surjection Cpoo -> 

Cpec defined by multiplication by p is nonsplit. 

Case 2. P does not contain a copy of Cpoo. By a theorem in abelian group 
theory (see Theorem 9 in Kaplansky's "Infinite Abelian Groups"), any 
nonzero p-primary group with this property must contain a nonzero direct 
summand isomorphic to a cyclic group Cpn. But then Cpn would be a[M]
projective. This is impossible, since a surjection Cpn+1 -> Cpn obviously 
does not split. 

Ex. 18.35. (Blackadar) In this exercise, we write r . P for the direct sum 
of r copies of a module P. Let P, Q, X be right modules over a ring R such 
that P EEl X ~ Q EEl X. If X embeds as a direct summand in r . P and in 
r· Q (for some integer r), show that n . P ~ n . Q for all n ~ 2r. Deduce 
that if P, Q are generators over R and X is a f.g. projective R-module such 
that P EEl X ~ Q EEl X, then n . P ~ n . Q for all sufficiently large n. 

Solution. As is observed by K. Goodearl, the proof of the first claim in this 
exercise can be formulated quite generally in the language of semigroups. 
Let (8, +) be a commutative semigroup with elements p, q, x such that 
r . p = x + a and r . q = x + b for some a, b E 8 and some natural number 
r. We claim that 

(1) p + x = q + x ===} n· p = n· q E 8 for all n ~ 2r. 

Indeed, adding p to r . p = x + a, we have 

(2) p + rp = (p + x) + a = (q + x) + a = q + rp. 

We can express this equation informally by saying that rp "converts" pinto 
q (upon addition). By symmetry, we see that rq also "converts" q into p, 
that is, 

(3) q + rq = p+rq. 

Thus, for any n = 2r + E with E ~ 0, we have by (2), (3): 

np = rp + rp + Ep = rp + rq + Eq 

= rq + rq + Eq = nq. 
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The module-theoretic claim now follows by applying (1) to the semigroups 
S of isomorphism classes of R-modules, with the sum in S induced by the 
direct sum of modules. 

For the second claim in the exercise, let P, Q be generators over R such 
that P EB X ~ Q EB X, where X is a f.g. projective R-module. Then X is 
a direct summand of some free module s . R. For sufficiently large r, r· P 
and r . Q will have surjections onto s . R. Therefore, s . R (and hence X) 
embeds as a direct summand in both r . P and r . Q, and the first part of 
the Exercise applies. 

Comment. B. Blackadar's paper, "Rational C*-algebras and non-stable K
theory," appeared in Rocky Mountain J. Math. 20(1990), 285-316. Our for
mulation of Blackadar's result follows that of K. Goodearl in "von Neumann 
regular rings and direct sum decomposition problems," in Abelian Groups 
and Modules, Padova 1994 (A. Facchini and C. Menini, eds.), Math. Appl. 
343, Kluwer Acad. Publ., Dordrecht, 1995. 

§19. Morita Duality Theory 

Before taking up the study of Morita's duality theory, it is convenient 
to introduce first the notion of finitely cogenerated (f.cog.) modules. The 
definition of a f.cog. module is dual to one of the known descriptions of 
a f.g. module: we say that MR is f.cog. if, for any family of submod
ules {Ni : i E I} in M, if niEI Ni = 0, then niEJ Ni = 0 for some 
finite subset J <;;; I. There are a few equivalent descriptions for M being 
f.cog., the most useful of which is that S : = soc(M) is f.g. and S <;;;e M 
(LMR-(19.1)). Exercise 7 below gives Vamos' original description: 

Mis f.cog. iff E(M) ~ E(vd EB··· EB E(Vn) for suitable simple 
modules VI, ... , Vn . 

We also need the notion of a cogenerator (module), which is dual to that 
of a generator: a module URis called a cogenerator if, for any N Rand 
o -=I- x E N, there exists g E HomR(N, U) such that g(x) -=I- O. A useful 
characterization is that U contains a copy of E(V) for every simple mod
ule VR . Just as projective generators are important, we can expect that 
injective cogenerators are important. 

A cogenerator ring is a ring R for which both RR and RR are cogenera
tors. QF rings are examples of cogenerator rings; in fact, they are precisely 
the cogenerator rings that are left (or right) noetherian. Regardless of chain 
conditions, cogenerator rings are precisely the self-injective Kasch rings, 
according to LMR-(19.18). 

A "duality" between two categories A, f3 means a pair of contravariant 
functors A -+ f3, f3 -+ A, whose compositions are equivalent to the identity 
functors. Classical examples include vector space duality, Galois duality, 
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Pontryagin duality, Gel'fand-Naimark duality, etc. A nice ring-theoretic 
example is the duality between f.g. right R-modules and f.g. left R-modules 
over a QF ring R; here, the contravariant functors are both given by the 
R-dual HomR( -, R). 

More generally, given an (S, R)-bimodule U, we have the contravariant 
functors F : rotR ....... rots, G : rots ....... rotR defined by forming the U-duals: 

Writing rotR[U] and srot[U] for the categories of U-reflexive modules (in rotR 
and srot respectively), we say that U defines a Morita duality (from R to S) 
if both rotR[U] and srot[U] are Serre subcategories containing RR and sS 
respectively. Of course, the duality here is really between the two categories 
rotR[U] and srot[U]. The conditions imposed above on the Morita duality 
ensures that these are sufficiently nice and sufficiently big categories. (A 
Serre subcategory of rotR means a subcategory rot with the property that, 
for any exact sequence 0 ....... K ....... L ....... M ....... 0 in rotR, we have L E rot iff 
K,M E rot.) 

The theorem Morita I for duality gives necessary and sufficient condi
tions for a bimodule SUR to define a Morita duality. For instance, one set 
of necessary and sufficient condition is that: 

U Rand sU both be injective cogenerators, and SUR be faithfUlly 
balanced (i.e. End(UR) = Sand End(sU) = R). 

The existence of such a Morita duality automatically imposes various con
ditions on R; foremost is the fact that R must be a semiperfect ring (Le. 
RjradR is semisimple, and idempotents of RjradR can be lifted to R). The 
cogenerator rings are precisely the rings R for which U = RRR defines a 
Morita duality from R to itself. Here we get a duality between the left and 
right reflexive modules given by the usual R-dual functors. It follows from 
what we said above that any cogenerator ring is a semiperfect ring. 

Another important example of a Morita duality from R to itself is given 
by the case where R is a commutative complete noetherian local ring (R, m). 
Here, Matlis' theory predicts that U : = E(Rjm) defines a Morita duality 
from R to R. Here, the U-reflexive objects include all noetherian and all 
artinian R-modules (LMR-(19.56)). 

The notion of a linearly compact module turns out to be important for 
the study of Morita dualities. A module MR is said to be linearly compact 
(or l.c. for short) if, for any system of submodules {Mi hEI and elements 
mi EM, njEJ(mj + Mj ) -=I- 0 for any finite J ~ I implies that niEI(mi + 
Mi ) -=I- 0. The category rot}? of l.c. R-modules is always a Serre subcategory 
of rotR, by a result of Zelinsky (Exercise 35 below). 

The relvance of l.c. modules to Morita duality is seen from the following 
result of Miiller (LMR-(19.68)): 
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If a bimodule SUR defines a Morita duality from R to 8, 
then 9JtR[UJ = 9Jt}f. 

This surprising result says that the category of U-reflexive objects in R 
is uniquely determined (as the category of l.c. modules), independently 
of U and 8! For a given UR E 9JtR and 8 : = End(UR), there is also a 
characterization for SUR to define a Morita duality from R to 8 in terms 
of linear compactness: the necessary and sufficient condition is that U R be 
a f.cog. injective cogenerator, and RR, UR both be linearly compact LMR
(19.70). 

The case of Morita dualities between artinian rings was the primary 
motivation of the classical work of Morita and Azumaya. If R is a right 
artinian ring with simple right modules Vi, ... , Vn , a necessary and suffi
cient condition for R to admit a Morita duality (to some other ring 8) 
is that each E(Vi) be f.g. In this case, the minimal injective cogenerator 
UO = E(vdEB·· ·EBE(Vn) defines a Morita duality from R to 8 = End(U~). 
(LMR-(19.74)). 

The first part of this set of exercises deals with the notion of f.cog. mod
ules, and is followed by exercises on cogenerator modules and cogenerator 
rings (and their I-sided versions, the right/left PF rings). The remaining 
exercises deal with Morita dualities and linearly compact modules. 

Exercises for § 19 

Ex. 19.0. Prove the following two facts stated in LMR-(19.4): 

(1) A module MR is artinian iff every quotient of Mis f.cog. 
(2) A ring R is right artinian iff every cyclic (resp. f.g.) module MR is f.cog. 

Solution. (1) For the "only if" part, it suffices to show that M artinian 
=} M is f.cog. Let {Ni : i E I} be a family of submodules of M such 
that any finite subfamily has nonzero intersection. We may assume that 
the family is closed under finite intersections. Since M is artinian, there 
is a minimal Nio in the family. For any i E I, Ni n Nio #- 0 implies then 
Ni n Nio = Nio. Therefore, niEI Ni ;;:? Nio #- O. This checks that M is f.cog. 

For the "if" part in (1), assume that every quotient of M is f.cog. If 
M is not artinian, there would exist submodules Nl ;? N2 ;? ... in M. Let 
N = n: 1 Ni and consider the submodules Ni : = NdN in M/N. Clearly, 
any finite family of these has a nonzero intersection, but n: 1 Ni = o. 
Therefore, M/N is not f.cog., contrary to our assumption. 

(2) First assume R is right artinian. Then any f.g. MR is also artinian, and 
hence f.cog. by (1). Conversely, assume that every cyclic MR is f.cog. Then 
every quotient of RR is f.cog., and hence by (1) RR is artinian. 
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Comment. The characterization of artinian modules in (1) of this exercise 
is, of course, dual to the following well-known characterization of noetherian 
modules: MR is noetherian iff every submodule of M is f.g. 

Ex. 19.1. In LMR-(19.1), the following two conditions on a module 
MR were shown to be equivalent: 

(1) For any family of submodules {Ni : i E I} in M, if niEI Ni = 0, then 
niEJ Ni = 0 for some finite subset J ~ I. 
(2) For any family of submodules {Ni : i E I} in M which form a chain, if 
each Ni i- 0, then niEI Ni i- O. 

The proof of the equivalence depends on using another condition on the 
socle of M. Give a direct prooffor (1) {:} (2) without using the socle. 

Solution. (1) ::::} (2) is clear, so we need only prove (2) ::::} (1). Assume 
(2) holds but (1) does not. Then there exists a family of submodules 
{Ni : i E I} such that niEJ Ni i- 0 for any finite subset J ~ I, but 
niEI Ni = O. By Zorn's Lemma, there exists such a family that is maximal 
(w.r.t. inclusion). We may thus assume that {Ni : i E I} is such a maximal 
family. Clearly, this family must be closed with respect to finite intersections. 
Now, by Hausdorff's maximal principle, there exists a maximal chain, say 
{Ac: f E L}, in the family {Nd. By (2), A: = nCELAC i- O. There are the 
following two possibilities: 

(a) A = Nio for some io E I. For any j E I, AnNj = Nio nNj still belongs 
to the family {Nd. By the maximality of the chain {Ac}, we must have 
An Nj = A. This yields A ~ Nj for all j and so n{ Nj : j E I} ~ A i- 0, a 
contradiction. 

(b) A is not in the family {Ni : i E I}. Since the intersection of {A, Ni 
(i E I)} is obviously zero, the maximal choice of {Ni : i E I} implies that 
A n Nil n ... n Nin = 0 for suitable il, ... , in E I. But 

so we have An Nio = O. Applying (2) to the chain {Nio n Ac : f E L}, 
however, we have 

a contradiction. 

Comment. The argument above involves some of the most tricky appli
cations of maximal principles I have seen. It is based on a hint to the 
same exercise given on p. 131 of the text of Anderson-Fuller, "Rings and 
Categories of Modules," (2nd edition), Graduate Texts in Math., Vol. 13, 
Springer-Verlag, N.Y., 1992. 
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Ex. 19.2. Let N S;;; M be R-modules. If M is f.cog., it is clear that N is 
also f.cog. Show that the converse holds if N S;;;e M. 

Solution. Assume that N S;;;e M and N is f.cog. Let {Xi: i E I} be 
submodules of M such that n iEJ Xi =I- 0 for every finite subset J S;;; I. 
Consider the family of submodules Yi = Xi n N S;;; N. For any finite J S;;; I, 
N S;;;e M implies that 

n Yi = N n (n Xi)...,L O. 
iEJ iEJ r 

Since N is f.cog., this gives n iE1 Yi =I- O. In particular, niEI Xi =I- 0, so we 
have checked that M is f.cog. 

Alternatively, we can solve this exercise by using the fact (LMR-(19.1)) 
that a module is f.cog. iff it has a f.g. and essential socle. Since N S;;;e M 
implies that soc(N) = soc(M) by Exercise (6.12)(4), the transitivity of 
essential extensions show that N being f.cog. implies M is f.cog. 

Comment. The conclusion of this exercise is motivated by its dual state
ment in the f.g. case: If N is small in M (that is, for any submodule 
X S;;; M, N +X = M =} X = M), and MIN is f.g., then M is f.g. 

Ex. 19.3. For any module M, show that the following are equivalent: 

(1) Mis semisimple and f.g.; 
(2) M is semisimple and f.cog.; 
(3) rad M = 0 and M is f.cog. 

Show that these statements imply, but are not equivalent to: 

(4) rad M = 0 and M is f.g. 

Solution. (1) =} (2). Under the assumptions of (1), M has finite length, 
and is, in particular, artinian. By Exercise 0, every quotient of M is f.cog. 

(2) =} (3). Since M is semisimple, M = NEB rad M for some submodule 
N. If rad M =I- 0, N is contained in a maximal submodule P of M. But 
then P ~ rad M and hence P = M, a contradiction. This shows that rad 
M=O. 

(3) =} (1). Since rad M is the intersection of all maximal submodules of 
M, (3) implies that (0) = MI n ... n Mn for suitable maximal submod
ules MI , ... , Mn of M. Therefore, M embeds into the semisimple module 
EB~=I MIMi, which implies that M is f.g. semisimple. 

Clearly, the equivalent statements (1), (2), (3) imply (4). However, in 
general, (4) does not imply (1), (2) or (3). For instance, the Z-module 
M = Z satisfies (4), but is not semisimple. 

Comment. This exercise serves to warn us that not every valid proposition 
has a valid dual! 

Here is a nice application of the exercise: If rad M is small in M and 
M Irad M is f.cog., then M is f.g. Indeed, since rad(M Irad M) = 0, the 
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assumption that M/rad M is f.cog. implies that M/rad M is f.g., by (3) :::} 
(4) above. Since rad M is small in M, this implies that M is f.g. (see the 
remarks made after LMR-(19.2)). 

Ex. 19.4. True or False: "For any exact sequence 0 ---) K ---) L ---) M ---) 0, 
if K, Mare f.cog., so is L"? 

Solution. It is well-known that this is a true statement if "f.cog." is 
replaced by "f.g." Therefore, it is reasonable to expect the truth of this 
statement for f.cog. modules. 

Assume that K and Mare f.cog. Consider any chain of nonzero sub
modules {Ni : i E I} in L. We claim that niEI Ni =I- O. (By LMR-(19.1), 
this would imply that L is f.cog.) For Ki = Ni n K (i E 1), we have two 
cases. 

Case 1. Every Ki =I- O. Since K is f.cog., niEI Ki =I- O. In particular, 
niEI Ni =I- 0, as desired. 

Case 2. There exists io E I such that Kio = O. Then Nio n K = O. 
Consider now the chain {Nj : j E J} (J ~ 1) of modules Nj ~ Nio' For 
each j E J, the image Nj of Nj in L/ K ~ M is nonzero. Since M is f.cog., 
njEJ Nj =I- O. This implies that n jEJ Nj =I- O. For each i E I, we have 
either Ni ~ Nio or Ni ~ Nio' It follows that niEI Ni = n j EJ Nj =I- O. 

Ex. 19.5. Show that M = Ml EEl ... EEl Mn is f.cog. iff each Mi is. 

Solution. If M is f.cog., clearly each submodule Mi is also f.cog. Con
versely, if Ml , ... , Mn are f.cog., then by Exercise 4 and induction on n, 
the direct sum Ml EEl ... EEl Mn is also f.cog. 

Ex. 19.6. Show that any f.cog. module has finite uniform dimension. Is 
the converse true, at least for injective modules? 

Solution. Let M be f.cog. By LMR-(19.1), soc(M) is f.g. and essential in 
M. Since soc(M) is semisimple, we have 

u· dimM = u· dim (soc(M)) = length (soc(M)) < 00. 

The converse is not true, even for injective modules M. For instance, over 
the ring Z, the Z-module M = Q is injective and uniform. But Qz: is not 
f.cog. since Zz: is not. 

Ex. 19.7. For any module MR , show that the following are equivalent: 

(1) Mis f.cog. 
(2) E(M) ~ E(Vd EEl··· EEl E(Vn) for suitable simple modules Vl ,· .. , Vn· 
(3) M ~ E(vd EEl··· EEl E(Vr) for suitable simple modules Vl , ... , Vr · 

Solution. (2):::} (3) is trivial. 

(3) :::} (1). Clearly, soc(E(Vi)) = Vi. Since this socle is simple and essential 
in E(Vi), E(Vi) is f.cog. by LMR-(19.1). Therefore, by Exercise 5, E(Vl ) EEl 
... EEl E(Vr ) is f.cog., and so its submodule M is also f.cog. 
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(1) =} (2). By LMR-(19.1) again, S: = soc(M) ~e M and S = VIEB·· ·EBVn 

for suitable simple modules VI, ... , Vn- Therefore, 

E(M) = E(S) = E(VI EB ... EB Vn) ~ E(Vd EB ... EB E(Vn). 

Comment. In Vamos' paper "The dual of the notion of 'finitely gener
ated''', J. London Math. Soc. 43(1968), 643-646, the condition (2) above 
was taken to be the definition of M being f.cog. (Actually, Vamos used the 
term "finitely embedded", instead of "f.cog.", for this property.) 

Ex. 19.8. (Matlis) For any commutative noetherian ring R, show that a 
module MR is artinian iff it is f.cog. 

Solution. The "only if" part follows from Exercise 0, so we need only 
prove the "if" part. Let MR be f.cog. By the last exercise, there exists an 
embedding 

where each Vi is a simple R-module. Therefore, it suffices to show that 
E : = E(V) is artinian for any simple module VR. Say V = R/m where 
meR is a maximal ideal. By LMR-(3.77), we can identify E with the 
injective hull E(Rm/mRm) (formed over Rm). We claim that: 

(1) Any R-submodule X ~ E is an Rm-submodule of E. 

It suffices to show that, for any s E R\m and any x E X, xs-I E xR. 
By LMR-(3.78), xmn = 0 for some n. Since s is clearly a unit in R/mn, 
st == 1 (mod mn) for some t E R. Then x(st - 1) = 0 implies that 

xs-I = xt E xR, 

as desired. 
In view of (1), we may replace R by Rm to assume that R is local. 

By Matlis' Theorem LMR-(3.84), EndRE is isomorphic to il, the m-adic 
completion of (R, m). Now, by Exercise (3.49), E is also the injective hull 
of the unique simple module of il, and the solution to that exercise shows 
that any R-submodule of E is also an R-submodule. Therefore, it suffices 
to check that E is an artinian R-module. Since il is complete, local, and 
noetherian, this follows from LMR-(19.56). 

Comment. This exercise is based on Matlis' paper "Modules with descend
ing chain condition," Trans. Amer. Math. Soc. 97(1960), 495-508. Note 
that the above proof works as long as each localization Rm is a noetherian 
ring. It turns out this is exactly what we need, in view of the following 
result of P. Vamos: 

Over a commutative ring R, f.cog. R-modules coincide with the 
artinian ones iff the localization of R at every maximal (or 
prime) ideal is noetherian. 
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See his paper in J. London Math. Soc. cited in the Comment on the last 
exercise. 

Ex. 19.9. A module MR is said to be cofaithful if RR embeds into Mn for 
some n < 00. 

(1) Show that a cofaithful module MR is always faithful. 
(2) If R is commutative, show that a f.g. MR is faithful iff it is cofaithful. 
(3) Show that RR is f.cog. iff all faithful right R-modules are cofaithful. (In 
particular, the latter condition holds over any right artinian ring, and any 
cogenerator ring.) 

Solution. (1) Say R '---t Mn. Since RR is faithful, Mn is also faithful, and 
this implies that M is faithful. 

n 
(2) In view of (1), we need only prove the "only if" part. Write M = I: miR 

i=l 
and assume it is faithful. If r E R is such that mir = 0 for all i, then by 
commutativity, 

n n 

Mr = Lmi Rr = LmirR = 0, 
i=l i=1 

and so r = O. The map 1 f-7 (mI' ... , mn ) then defines an embedding of 
RR into Mn. Hence M is cofaithful. 

(3) First assume RR is f.cog., and let MR be any faithful module. Then 
{ann(m): m E M} is a family of right ideals in R with intersection (0). 
Since RR is f.cog., there exists ml,"" mn E M (n < 00) such that 
n~=l ann(mi) = O. From this we see as in (2) that Mis cofaithful. 

Conversely, assume that any faithful MR is cofaithful. Consider the 
canonical cogenerator M (direct sum of the injective hulls of a complete set 
of simple right R-modules). Certainly MR is faithful (by LMR-(19.7)), so 
RR embeds into some Mn. Since RR is cyclic, this implies that RR embeds 
into E(VI) EB··· EB E(Vr) for a finite set of simple modules VI"'" Vr . By 
Exercise 7 above, RR is f.cog. 

Comment. The result (3) in this exercise appeared in J. A. Beachy's paper 
"On quasi-artinian rings," J. London Math. Soc. 3(1971), 449-452. In 
the literature, cofaithful modules have appeared under other names. For 
instance, in C. Faith's "Algebra II" (Springer-Verlag, 1976), they are called 
"compactly faithful" modules. 

Ex. 19.9'. If R is a semiprime ring such that RR is f.cog., show that R is 
a semisimple ring. 

Solution. By Exercise 6, u. dim(RR) < 00, and by LMR-(19.1), SOC(RR) ~e 

RR. Therefore, by Exercise (11.30)(3), R must be a semisimple ring. 

Ex. 19.10. For any ring R, R' : = Hom", (R, Q/Z) is an (R, R)-bimodule. 
Show that (R')R is an injective cogenerator (and similarly for R(R')). 
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Solution. Since RR is flat, Lambek's Theorem (LMR-(4.9)) implies that 
(R')R is injective. To check that (R')R is a cogenerator, it thus suffices to 
show that any simple module SR embeds into (R')R (see LMR-(19.9)). Fix 
a nonzero Z-homomorphism 9 : S --+ Q/Z (which exists by LMR-(4.7)). 
Then define f : S --+ R' by f(s)(x) = g(sx) for s E S and x E R. For 
r E R, we have 

f(sr) (x) = 9 (srx) = f(s)(rx) = (f(s) . r) (x), 

so f(sr) = f(s) . r, i.e., f is a right R-homomorphism. Since f(s)(l) 
g(s) =I- 0 for some s, f is not zero. Therefore, f gives an embedding of SR 
into (R')R, as desired. 

Ex. 19.11. Show that R = IT7=1 R j is a cogenerator ring iff each Rj is. 

Solution. Recall that R is a self-injective ring iff each Rj is (by LMR
(3.11B)). Next, a simple (left, right) R-module is just a simple Ri-module 
for some i with the other Rj's acting as zero. From this, we see easily that 
R is Kasch iff each R j is Kasch. Since being a cogenerator ring amounts 
to being self-injective and Kasch (by LMR-(19.18)), the conclusion of the 
exercise follows. 

Ex. 19.12. Let R be a QF ring. In LMR-(15.11)(1), it is shown that 
all left/right R-modules are torsionless, from which it follows that R is 
a cogenerator ring. Give another proof of this result without using LMR
(15.11)(1). 

Solution. By symmetry, it suffices to prove that RR is a cogenerator. 
Consider any simple module SR. By Exercise (15.13)(1), E(S) is isomor
phic to a principal indecomposable right R-module. In particular, E(S) 
embeds into RR. By LMR-(19.8), this implies that RR is a cogenerator, 
as desired. 

Ex. 19.13. Show that over R = Z, a module UR is a cogenerator iff every 
nonzero MR admits a nonzero homomorphism into U. 

Solution. We need only prove the "if" part. Assume that U R has the given 
property. Our job is to prove that, for any simple module SR, E(S) embeds 
into U. Now S ~ Z/pZ for some prime p, and E(S) is (isomorphic to) the 
Priifer p-group Cpoo. By assumption, there exists a nonzero homomorphism 
f : Cpoo --+ U. We have K : = ker(f) =I- Cpoo and Cpoo / K embeds into U. 
Now, Cpoo / K is just another copy of Cpoo, so Cpoo embeds into U, as desired. 

Ex. 19.14. Let R = S EB M be a trivial extension of a bimodule sMs by 
the ring S, where sM is faithful. According to LMR-(19.22), 

RR is injective iff Ms is injective and the natural map S --+ 

End(Ms) (giving the left S-action on M) is onto (hence an 
isomorphism) . 

The proof for the "if" part is given in LMR-(19.22). Supply here a proof 
for the "only if" part. 
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Solution. The following proof of the "only if" part does not require the 
faithfulness of sM. 

Assume that RR is injective. Let I ~ S be a right ideal, and f E 
Homs(I, Ms). For J : = I EB M (a right ideal in R), we can define F : 
J~Rby 

F(i, m) = (0, f(i)) where i E I and mE M. 

A routine calculation shows that F E HomR(J, RR). Since RR is injective, 
F is the left multiplication by some (so, mo) E R. Thus, 

(0, f(i)) = F(i, 0) = (so, mo) (i, 0) = (soi, moi), 

and so f(i) = moi for all i E I. By Baer's Criterion, we see that Ms is 
injective. 

To show that S ~ End(Ms) is onto, consider any 9 E End(Ms). 
Viewing 9 as a map from M to R, we check easily that 9 E HomR(MR, 
RR). Again by the injectivity of RR, 9 must be the left multiplication by 
some (S1' m1) E R. This time, 

(0, g(m)) = (S1' md (0, m) = (0, S1m) 

shows that 9 is left multiplication by S1 on M, as desired. 

Comment. Mark Davis has observed that the first part of this exercise can 
also be solved by invoking Ex. 3.28(1). In fact, if R is injective, consider 
the ideal M in R. The annihilator of M taken in RR has the form X EB M, 
where X = ann7(M) is the kernel of the left action of S on M. By 
Ex. 3.28(1), X EB M is injective when it is viewed as a right module over 
the ring R/ M ~ S. From this, it follows that Ms is injective. 

Ex. 19.15. Keep the notations in the last exercise, and assume that sM 
and Ms are faithful, M = E(V) for some module Vs, and that the map 
S ~ End(Ms) is onto. Show that, upon viewing V as a right ideal of 
R = S EB M, we have R = E(VR). (A special case of this appeared in the 
arguments in LMR-(19.24).) 

Solution. First note that, since M2 = ° in the ring R, M is an ideal and 
V is a right ideal of R. By the last exercise, RR is injective, so it only 
remains to check that VR ~e RR. Since Vs ~e Ms, it suffices to show 
that MR ~e RR· Consider any (so, mo) E R\M. Then So =1= 0, and the 
faithfulness of sM implies that sam =1= ° for some m E M. But then 

(so, mo) (0, m) = (0, sam) E M\{O}, 

as desired. 

Ex. 19.16A. Suppose RR is a nonzero cogenerator. 

(1) If R has no nontrivial idempotents, show that R is a right self-injective 
local ring. 
(2) If R is a domain, show that R is a division ring. 
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Solution. (1) Fix a simple right R-module V. Since RR is a cogenerator, 
we have an embedding E(V) '----7 RR by LMR-(19.8). Therefore, E(V) is a 
direct summand of RR, so the assumption on R implies that RR = E(V) 
is injective. By Exercise 3.2(2), R is a local ring. 

(2) R is right self-injective by the above, so R must be a division ring by 
Exercise 3.2(3). 

Ex. 19.16B. For any ring R, show that E(RR) is an (injective) cogenerator 
iff R is a right Kasch ring. 

Solution. First assume R is right Kasch. Then every simple module VR 

embeds into RR ~ E : = E(RR)' By LMR-(19.9), E is an (injective) 
cogenerator. Conversely, assume E is a cogenerator. Let VR be any simple 
right R-module. By LMR-(19.9) again, we may assume that V ~ E. Since 
RR ~e E, we must have V n R -I- 0 and so V ~ R. This checks that R is 
right Kasch. 

Ex. 19.16C. (Kato) For any right self-injective ring R, show that the 
following are equivalent: 

(1) RR is a cogenerator. 
(2) R is right Kasch. 
(3) annr(annc(A)) = A for any right ideal A ~ R. 

Solution. (1)::::} (3). Since RR is a cogenerator, LMR-(19.6) implies that 
every module N R is torsionless (that is, N ----7 N** is injective). In par
ticular, (R/A)R is torsionless for any right ideal A. By LMR-(19.15), (3) 
follows. 

(3) ::::} (2). Consider any maximal right ideal meR. Since annr(annc(m)) = 

m, we have annc(m) -I- O. By LMR-(8.28), (2) follows. 

(2) ::::} (1). Let S be any simple right R-module. By (2), S is isomorphic 
to a minimal right ideal So. Since RR is injective, R contains a copy of 
E(So) ~ E(S). By LMR-(19.8), (1) follows. 

Comment. The result in this exercise appeared in T. Kato's paper "Self
injective rings," Tohoku Math. J. 16(1967),485-495. 

A right self-injective ring R satisfying any (and hence all) of the con
ditions (1), (2), (3) above is called a right PF (pseudo Frobenius) ring. 
For a more extensive list of conditions characterizing right PF rings, see 
LMR-(19.25). 

While an arbitrary right self-injective ring R may not satisfy (3), it is 
worthwhile to recall (from Step 2 of (2) ::::} (4) in the proof of LMR-(15.1)) 
that anne(annr(B)) = B always holds for any f.g. left ideal B in R. 

Ex. 19.16.D. Let R be a commutative ring that is subdirectly irreducible 
(i.e. R has a smallest nonzero ideal L). If R is self-injective, show that R 
is a local cogenerator ring. 
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Solution. Clearly, L is a simple R-module, and we have L = soc(R). Also, 
since every nonzero ideal contains L, we have L <;;';e R. Using the fact that 
R is self-injective, we infer from LMR-(13.1)' that R/rad R ~ EndR(L), 
which is a division ring by Schur's Lemma. Therefore, R is a local ring. 
The unique simple R-module must be isomorphic to L <;;.; R. Since RR is 
injective, it follows from LMR-(19.9) that RR is a cogenerator. 

Comment. For a commutative sub directly irreducible ring R, it follows 
from the above that R is self-injective ~ R is locally compact (see Mi.iller's 
First Theorem in LMR-(19.68)). The converse is true too, but the proof 
is harder: we refer the reader to Prop. 6.7 in Xue's "Rings with Morita 
Duality", Springer Lecture Notes in Math., Vol. 1523, Springer-Verlag, 
1992. 

The next four exercises purport to show that "RR being injective" and 
"RR being a cogenerator" are, in general, independent conditions. 

Ex. 19.17. Let R = I1 jEJ Aj , where the Aj's are division rings, and 
J is infinite. By LMR-(3.11B), RR is injective. Show that RR is not a 
cogenerator, and that R is not right Kasch. 

Solution. Let A = EBj Aj , which is a proper ideal in R. We claim that 
any 9 E HomR((R/A)R, RR) is zero. Indeed, consider g(1) = r = (rj). For 
the lh idempotent ej in R, we have 

rej = g(1) ej = g(1 ej) = O. 

Hence r = 0 and so 9 = O. This shows that RR is not a cogenerator (see 
LMR-(19.6)). The fact that HomR((R/A)R, RR) = 0 also shows that R/m 
cannot be embedded into RR for any maximal right ideal m ;2 A, so R is 
not right Kasch. (Alternatively, the fact that A has zero left annihilator 
implies that R is not right Kasch, as in LMR-(S.29)(4).) 

Comment. Since RR is injective, we know from Exercise 16C that the two 
conclusions in this exercise are actually equivalent. Incidentally, the fact 
that R here is not a cogenerator ring also shows that the conclusion of 
Exercise 11 does not hold for infinite direct products. 

Ex. 19.18. Let k be a field, and S be the commutative k-algebra 
k EEl EBi>l kei constructed in Exercise (8.17), with eiej = Oijei. Let 
Vi = kVi~i ;::: 0) be the simple right S-modules constructed in that exercise, 
with the S-action 

(A) 

Let M be the right S-module EBi>o Vi = kvo EEl kVl EEl ... , and define a left 
S-action on M by -

(B) 
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(1) Check that, under the above actions, M is an (8,8)-bimodule, faithful 
on both sides. 
(2) Let R = 8 EB M be the trivial extension of sMs by 8. Show that R is 
right Kasch but not left Kasch. 
(3) Show that R is neither right nor left self-injective. 

Solution. (1) First, it is easy to check that the left 8-action on M is well
defined, and makes M into a left 8-module. Next, a quick computation 
shows that (ejVi)ec and ej(viec) are both equal to 6j-1,i6i,CVi, so M is an 
(8,8)-bimodule. To show that sM is faithful, take any nonzero 

with ai E k, and an # O. If ao # 0, then aVn = aovn # o. We may thus 
assume ao = 0, in which case aVn-1 = anvn-1 # O. The faithfulness of Ms 
can be shown similarly. 

(2) Since M2 = 0 in R, R has the same (left, right) simple modules as 8 
~ RIM. Now each Vi = kVi = viR ~ RR (i 2: 0), so R is right Kasch. 
To analyse the left structure, let us label the simple left 8-modules by 
V;' (i 2: 0), where dimk V;' = 1 for all i, and ej acts as 6ij on Vi' for j 2: 1. 
By (B), we have S(kVi) ~ Vi~l' so R(Vi~l) embeds into RR for i 2: O. We 
claim that R(V;) does not embed into RR (so R is not left Kasch). The 
idea of proof here is similar to that used in the solution to Exer. (8.17)(2). 
Indeed, assume that k· a ~ R(V~) for some 

Then 0 = en+2 a = aOen+2 yields ao = O. Now 

yields ai = 0 = bi - 1 for all i 2: 1. Thus, a = 0, a contradiction. 

(3) We know from (1) that sM is faithful. We claim that the natural map 
.\ : 8 ---) End(Ms) is not onto. By Exercise 18, this would imply that RR 
is not injective. Consider .\(a) for 

For i 2: n, we have .\(a)(vi) = aOVi. Thus, if we define an 8-endomorphism 
(3 on Ms = EBi>o Vi by taking (3 to be 0 on Vo, V2 , V4 , ... , and the identity 
on V1 , V3 , .•. , then (3 cannot be of the form .\(a), so (3 ~ im(.\). The proof 
that RR is not injective is similar. 

Ex. 19.19. Keep the above notations and work in the ring R. Show that: 

(1) eiR = kei + Vi-1 (i 2: 1), with eiRlVi-1 ~ Vi as R-modules; 
(2) soc( eiR) = Vi-I ~e eiR; 
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(3) For any right ideal A ~ R and any i, j ;::: 1, show that any R
homomorphism I: A --+ eiR can be extended to an R-homomorphism 
g: A + ejR --+ eiR. 
(4) Using (3) and Baer's Criterion, show that eiR = E((Vi-dR) for any 
i ;::: 1. 

Solution. Right multiplying ei by the ej's and Vj'S, we see that 

eiR = kei + kVi-1 = kei + Vi-I for i ;::: 1. 

The quotient R-module eiR/Vi-1 is generated by ei, on which ei acts 
as identity, and other ej's act as zero. Therefore, the quotient module is 
isomorphic to Vi. 

(2) For any aei + bVi-1 with a, bE k, a-=/=- 0, we have 

(aei + bVi-l) Vi-I = aVi-1 -=/=- o. 

Therefore, Vi-I = kVi-1 ~e eiR, which implies that soc(eiR) = Vi-I. 

(3) In general, if B ~ R is any right ideal, to extend I: A --+ eiR to 
A + B amounts to extending IIA n B: An B --+ eiR to B. We shall use 
this observation for B = ejR (j ;::: 1). We need to consider the extension 
problem only in the case dimk(A n B) = 1, in other words when An B = 
soc(ejR) = Vi-I. If j -=/=- i, 

IIA n B: Vi-I ---+ eiR 

is the zero map (since soc( eiR) = Vi-d, so there is no problem. If j = i, 
IIA n B maps Vi-I to itself by the multiplication of a scalar C E k, so 
obviously IIA n B extends to c . IdB on B. 

(4) In view of Vi-I ~e eiR, we need only check that eiR is injective for 
all i 2 1. To do this, we apply Baer's Criterion. Let f: A --+ eiR be an 
R-homomorphism, where A ~ R is a right ideal. We wish to extend I to 
RR. Applying (3) repeatedly, we may enlarge the domain A of I to assume 
that it contains 

which has co dimension 1 in R. If A = R we are done; otherwise A = I. 
Consider the restriction: 

Ij = IlejR : ejR ---+ eiR. 

If j -=/=- i, i - 1, we have fJ = 0 since soc(ejR) = Vi-I and ejR/Vi-1 ~ Vi 
which admit only zero homomorphisms into eiR. For j = i, Ij is scalar 
multiplication by some c E k since EndR (eiR) ~ eiRei = kei. For j = 
i - 1, Ij is zero on Vi-I and Ij(ej) = dVi-1 for some d E k. [Note. In 
case i = 1, interpret eo as 0 and take d = 0.] Let h: R --+ eiR be the 
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R-homomorphism given by left multiplication by dVi-1 + cei. Then 

h(ei-I) = (dVi-1 + cei) ei-I = dVi-1 = f(ei-I), 

h(ei) = (dVi-1 + cei) ei = cei = f(ei), 

h(ej) = (dVi-1 + cei) ej = 0 = f(ej) for j i- i, i-I, 

so h: R ---7 eiR extends f, as desired. 

Comment. It is easy to see that IR is not a direct summand of RR. In 
particular, IR is not an injective module. This gives an explicit example of 
a direct sum of injective modules, EBi>1 eiR, which fails to be injective. Of 
course, the ring R here is neither right nor left noetherian. 

Ex. 19.20. For the ring R in the last two exercises, show that: 

(1) RR is a cogenerator, but RR is not a cogenerator; 
(2) R is neither right PF nor left PF. 

Solution. We continue to use the notations introduced in Exercises 18 
and 19. 

(1) The Vi-I'S (i ~ 1) constitute a complete set of simple right R-modules 
(by Exercise (8.17)). And by Exercise 19(4), RR contains a copy of the 
injective hull of each Vi-I' According to LMR-(19.8), this implies that RR 
is a cogenerator. On the other hand, the fact that R is not left Kasch 
(Exercise 18(2)) implies that RR is not a left cogenerator. 

(2) On the right side, RR is a cogenerator but is not injective by Exercise 
18(3), so R is not right PF. On the left side, RR is neither injective nor a 
cogenerator, so R is not left PF. 

Comment. In LMR-(19.25), it is mentioned (without proof) that 

R is right PF iff RR is a cogenerator and there are only finitely 
many isomorphism classes of simple right R-modules. 

Since there are infinitely many such isomorphism classes Vi (i ~ 0), it is 
to be expected that R is not right PF. Similarly, we could have predicted 
that R is not left PF. 

Exercises 18-20 are adapted from B. Osofsky's paper, "A generaliza
tion of quasi-Frobenius rings," J. Algebra 4(1966), 373-387. (The slight 
difference in notations is due to a shift in the subscript of the ei 's.) 

Ex. 19.21. Let U R be the minimal injective cogenerator over a commu
tative ring R. View U as a bimodule RU R and let F: 9JtR ---7 R9Jt, 
G: R9Jt ---7 9JtR be the U-dual functors, denoted as usual by *. Show 
that for any simple VR , V* is a simple (left) R-module. Using this, show 
that F, G define a self-duality on the Serre subcategory of R-modules of 
finite length. (This generalizes the usual self-duality of finite abelian groups 
noted in LMR-(19.29).) 
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Solution. Let {Vi: i E I} be a complete set of simple right R-modules, 
so that U : = E(61 i Vi). Let V = Vj (for a fixed j E 1), and consider any 
nonzero f E V* = HomR(V, U). Since f(V) ~ V is simple and 61i Vi ~e U, 
we must have f(V) ~ 61i Vi, and so necessarily f(V) = Vj. If 9 is another 
nonzero element in V*, then g(V) = Vj too, so 9 = f 0 a for a suitable 
a E AutR(V)' Now, the commutativity of R implies that EndR(V) consists 
of multiplications by elements of R. (This is clear if we view V as Rim for 
some maximal ideal m.) Therefore, 9 = r . f E V* for some r E R. Since 
this relationship holds for any nonzero f, 9 E V*, we see that V* is simple. 

For convenience, let us "identify" the two categories 9J1R, R9J1, and just 
write 9J1 for them. This enables us to also "identify" F and C. Let 9J10 be 
the Serre subcategory (of 9J1) given by the R-modules of finite length. Since 
U is injective, F is an exact functor from 9J10 to 9J1. By what we have done 
above and induction, we see that 

length(M*) = length(M) for any ME 9J10 • 

Therefore, we may view F as a functor from 9J10 to 9J10 • Since U is a 
cogenerator, eM: M -7 M** is injective. If M E 9J10 , length (M**) = 
length (M) implies that eM is an isomorphism. Therefore, F defines a self
duality on 9J10 , as desired. 

Comment. Although RU R defines a duality from 9J10 to itself, it does not 
give a Morita duality from R to R in the sense of LMR-(19.41). This is 
because a Morita duality (from R to R) requires, among other things, that 
RR be reflexive with respect to U, i.e. that the natural map R -7 EndR(U) 
be an isomorphism. This is, in general, not the case for a commutative 
ring R. (It fails, for instance, for R = Z!) If, indeed, R -7 EndR(U) is an 
isomorphism, then RU R is faithfully balanced, and the fact that URis an 
injective cogenerator implies that U defines a Morita duality from R to R, 
according to Morita I: LMR-(19.43). 

Ex. 19.22. Let U be an (S, R)-bimodule, and let * denote the U-dual as 
usual. Let PR = 61iEI Pi· We identify P* with I1 Pt and (61 Pt)* with 
I1 pr· Let c:: 61 Pt -7 I1 Pt be the inclusion map. 

(1) Show that P E 9J1R[U] iff each Pi E 9J1R[U], c:* is injective, and im(c:*) = 
61 pr (in I1 pr)· 
(2) Show that c:* is injective iff (I1 Pt 161 Pt)* = o. 
(3) Show that, if sU is injective or a cogenerator, then P E 9J1 R[U] implies 
that Pi = 0 for almost all i. 

Solution. (1) We have the following commutative diagram 

P !!:... (IT Pt) * --S (EB Pt) * 

II II 
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where Op is the natural map from P to P**, and Oi : = OPi. If P E 9JtR[U], 
it is easy to see that each direct summand Pi E 9JtR[U]. The diagram 
above then shows that E* is injective, with image exactly equal to EB pr. 
Conversely, if each Pi E 9JtR[U], then Op is injective. If, moreover, E* is 
injective with image EBPr, then Op is surjective, so P E 9JtR[U]. This 
proves (1). 

(2) Consider the short exact sequence induced by E: 

0-+ EB Pt ~ II Pt -+ (II Pt) IEB Pt -+ o. 

Applying the left exact functor *, we get 

o -+ (II Pt I EB Pt) * -+ (II Pt) * ~ (EB Pt) * 

Therefore, E* is injective iff (TI Ptl EB P;*)* = o. 
(3a) Assume that sU is injective. Since E is an inclusion in the category of 
left S-modules, E* is surjective. If P = EBi Pi E 9JtR[U], im(E*) = EB pr 
by (1). Therefore, EB pr = TI pr· This implies that pr = 0 for almost 
all i. But each Pi E 9JtR[U], so Pi = 0 for almost all i. 

(3b) Assume now that sU is a cogenerator, and that P = EBPi E 9JtR[U]. 
Then E* is injective by (1) and so (TI Pt I EB P;*)* = 0 by (2). The fact that 
sU is a cogenerator then implies that the left S-module TI Pt I EB Pt is 
zero. This means that Pt = 0 for almost all i, and therefore Pi ~ pr = 0 
for almost all i. 

Comment. The theme that, under suitable hypotheses, a reflexive object 
cannot be an infinite direct sum of nonzero objects is due to B. Osofsky. The 
formulation of the exercise above was suggested to me by 1. Emmanouil; 
see Kasch's book "Modules and Rings" , p. 329, for (3b) in the special case 
U = RRR. 

Ex. 19.23. Show that the hypothesis on U in (3) of the above exercise 
cannot be dropped. 

Solution. In the above Exercise, let R = S = Z, and SUR = Z also. We 
know from Exercise 2.8' that P = Z EB Z EB ... is a reflexive Z-module. This 
shows that, in (3) of the above exercise, the hypothesis on U cannot be 
dropped. Of course, in the present case, sU = zZ is neither injective nor a 
cogenerator. 

Actually, Exercise 22 does shed some light on the reflexivity of P = 
Z EB Z EB ... (and vice versa). In the notation in that exercise, we have 
Pi = Z (for i 2': 1) with Pt ~ Z, and 
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according to LMR-(2.8)'. Thus, the map g* in Exercise 22 is injective here. 
Hence the reflexivity of P hinges upon the equation 

im(g*) = EB Pt* = EBZ. , , 
This translates into the statement that, for any homomorphism f : 
n:l Z ----+ Z, f(ei) are almost all zero (where the ei's are the unit vectors). 
This is precisely the "slenderness" property we verified in Exercise 2.8'. 

Ex. 19.24. Suppose SUR defines a Morita duality from R to S. Show that 
any M E 9J1Jt has a projective cover; that is, there exists an epimorphism 
'IT: P ----+ M with P R projective and ker(-rr) small (= superfluons) in P. 

Solution. Fix a surjection Rn ----+ M. This induces an injection M* '-+ un 
in s9J1, so an injective hull E = E(M*) can be found as a direct summand of 
sun. Since sU E s9J1[U], we have E E s9J1[U]. Dualizing, we get surjections 

7r 

Rn ---;; E* ---;; Min 9J1R [U], where (E*)R is projective. We finish by showing 
that ker( 'IT) is small. Let Q R ~ E* be such that Q + ker( 'IT) = E*. Then we 
have Q ---;; M, which dualizes to M* '-+ Q*. Since M* ~e E, the surjection 
E ---;; Q* (dual to Q '-+ E*) must be an isomorphism. This implies that 
Q = E*, as desired. 

Comment. It is shown in LMR-(19.50) that: 

Whenever SUR defines a Morita duality from R to S, the two 
rings R, S must be semiperfect. 

This exercise gives another view of this basic result. Indeed, the fact that 
any M E 9J1Jt has a projective cover is tantamount to R being semiperfect, 
according to FC-(24.16). With a Morita duality given from R to S, it is 
quite natural to deduce the existence of a projective cover of M E 9J1Jt 
from the existence of an injective hull of M* in s9J1. 

Ex. 19.25. Suppose SUR defines a Morita duality from R to S. If R is 
right artinian, show that S is left artinian, and U gives a duality between 
9J1Jt = 9J1R[U] and f§9J1 = s9J1[U]. 

Solution. We have 9J1Jt = 9J1~ by LMR-(19.65), and 9J1~ = 9J1 R[U] by 
Muller's First Theorem (LMR-(16.68)). Therefore, 9J1Jt = MR[U], Also, 
any f.g. MR is f.cog. (since MR is artinian), and conversely, any f.cog. M~ 

is in 9J1 R[U] (by Morrita I: LMR-(19.43)), and is therefore f.g. 
It remains to show that S is left artinian. Once this is proved, we will 

have f§9J1 = s9J1[U] as in the last paragraph, and U gives a duality between 
9J1 R[U] = 9J1Jt and s9J1[U] = f§9J1. 

To see that S is left artinian, consider any f.g. S-module sN. By the 
given duality, (N*)R is f.cog., and therefore f.g. by the first paragraph. 
Taking U-dual again, s(N**) is f.cog. But s(N**) ~ sN by Morita I (LMR
(19.43)), so sN is f.cog. Having now shown that f.g. left S-modules are 
f.cog., we conclude from LMR-(19.4) that S is left artinian. 
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Comment. In the context of this exercise, one can ask the following ques
tion: If R is artinian, is 8 also necessarily artinian? The answer is appar
ently unknown. (This exercise only guarantees that 8 is left artinian.) 

Ex. 19.26. Suppose SUR defines a Morita duality from R to 8. If R is 
QF, show that 8 is also QF. 

Solution. First, since R is right artinian, the last exercise implies that 8 
is left artinian. Next, we use the fact that, under the given duality, U R 

corresponds to s8. By Morita I (LMR-(19.43)), UR is injective, so UR is 
projective. (since R is QF). As we saw in the last exercise, URis also f.g. 
Therefore, the corresponding module s8 is injective. Since 8 is left artinian, 
this implies that 8 is QF, by LMR-(15.1). 

Comment. There is an extension of this exercise to the more general class 
of cogenerator rings. The proof is similar, but depends on Onodera's 1-
sided characterization of cogenerator rings (LMR-(19.69)): see Exercise 32 
below. 

Ex. 19.27. In general, an artinian module NR is l.c. (LMR-(19.64)). Show 
that the converse holds if every nonzero right R-module has a simple 
submodule. 

Solution. Let N R be l.c. We propose to show that any quotient M of N 
is f.cog. According to Exercise 1, this will imply that N is artinian. 

The important fact here is that M}? is a Serre subcategory of MR. 
In view of this, the quotient module M must be l.e., and so is its so de 
soc( M). In particular, soc( M) is f.g. (Argue directly from the definition of 
linear compactness, or use the fact that l.c. modules have finite uniform 
dimension: LMR-(19.62).) Finally, since every nonzero submodule of M 
has a simple submodule, soe(M) ~e M. Combining this with the finite 
generation of soc(M), we conclude from LMR-(19.1) that M is f.cog., as 
desired. 

Ex. 19.28. Let R be a left perfect ring (i.e. R/rad R is semisimple, and 
for any sequence {al' a2, ... } ~ rad R, al a2 ... an = 0 for some n). 

(1) Show that every nonzero right R-module has a simple submodule; 
(2) For any MR , show that soc(M) ~e M; 
(3) Deduce from the last exercise that a right R-module is l.c. iff it is 
artinian. 
(4) Show that a noetherian right R-module is artinian. 

Solution. (1) Let J = rad R, and consider any NR =f O. We claim that 
there exists 0 =f x E N such that xJ = O. For, if otherwise, for a fixed 
nonzero element yEN, we would have yal =f 0 for some al E J, and 
(yal)a2 =f 0 for some a2 E J, etc. This would give a sequence {al' a2, ... } ~ 
J with ala2'" an =f 0 for any n, contrary to our assumption on J. 
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For the element x E N\{O} above with xJ = 0, xR is a nonzero 
(right) module over the semisimple ring R/ J, so it contains a simple R/ J
submodule. It follows that N contains a simple R-submodule, as desired. 

(2) Given any right R-module M, consider S = soc(M). For any nonzero 
submodule N ~ M, (1) shows that N contains a simple submodule V. 
Then V ~ S, and so N n S :2 V =I- O. This checks that S ~e M. 

(3) The conclusion here follows from (1), the last exercise, and LMR
(19.64). 

(4) Suppose MR is noetherian and consider any quotient module N of M. 
Then N is also noetherian, so S : = soc(N) is certainly f.g. By (2), we 
have also S ~e N. Therefore, N is f.cog. (by the characterization of f.cog. 
modules in LMR-(19.1)). Since this is true for every quotient N of M, it 
follows that M is artinian by LMR-(19.4). 

Comment. In LMR-(19.65), the statement "a right R-module is l.c. iff it 
is artinian" is proved for any right artirian ring R. Part (3) of this exercise 
is a generalization, since any right artinian ring is (right and left) perfect. 

In parallel to (4), it is also true that, for the left perfect ring R, any ar
tinian right R-module is noetherian. This will follow from the next exercise. 

Ex. 19.29. Let R be a right perfect ring (i.e. R/rad R is semisimple, and 
for any sequence {al' a2, ... } ~ rad R, an ... a2al = 0 for some n). Show 
that if a module MR is l.c., then it is noetherian. Deduce that, over a 
perfect ring, a (left or right) module is l.c. iff it has finite length. 

Solution. Let J = rad (R) and consider any submodule N ~ M. Then N 
and hence N / N J are l.c. as R-modules. Since N / N J is an R/ J-module, it 
is semisimple, so N / N J must be f.g. Finally, the hypothesis on J implies 
that N J is superfluous in N (see FC-(23.16)), so N is f.g. Since this holds 
for every submodule N ~ M, M is noetherian. 

Now assume R is (left and right) perfect, and let M be a l.c. (say 
right) R-module. By Exercise 28 and the above, M is both artinian and 
noetherian. Therefore, M has finite length. 

Ex. 19.30. (Osofsky, Sandomierski) Let R be a ring such that RR is l.c. 
If R is I-sided perfect, show that R must be right artinian. 

Solution. The idea here is to apply the last two exercises to the module 
M=RR. 

First assume R is left perfect. By Exercise 28, R is right artinian. Now 
assume R is right perfect. Then, by Exercise 29, R is right noetherian. 
The ideal J = rad (R) is clearly nil, so it is nilpotent by Levitzki's The
orem (FC-(10.30)). Therefore, R is a semiprimary ring. Since R is right 
noetherian, the Hopkins-Levitzki Theorem (FC-(4.15)) implies that R is 
right artinian. 
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Comment. The conclusion of this exercise applies, in particular, to any 
ring R that admits a Morita duality (into another ring S). In this case, the 
result is due to B. Osofsky; note that once we know R is right artinian, 
Exercise 25 implies that S is left artinian. 

Ex. 19.31. (Osofsky) Let R be a cogenerator ring. If R is I-sided perfect, 
show that R is QF. 

Solution. Since R is a cogenerator ring, the R-dual functor defines a 
Morita duality from reflexive right R-modules to reflexive left R-modules. 
If R is also I-sided perfect, the Comment following the last exercise implies 
also that R is right artinian. This fact, coupled with the right self-injectivity 
of R, shows that R is QF. 

Comment. A more general result is true, according to B. Osofsky; namely: 

If R is a self-injective ring, and R is left perfect, then R is 
already QF. 

This can be proved as follows, assuming the theorem LMR-(19.25) charac
terizing the I-sided PF (pseudo-Frobenius) rings. 

Assume first R is right self-injective and left perfect. Then, by FC
(23.20), every nonzero right R-module M has a simple submodule. It follows 
that every such MR has an essential socle. Therefore, by LMR-(19.25)(5), 
R is right PF, and therefore a Kasch ring. If R is also assumed to be left 
self-injective, then LMR-(19.25)(2) (applied to the left side) shows that 
R is left PF. Now R is a cogenerator ring, and the exercise solved above 
implies that R is QF. 

Recall that a QF ring may be defined as a right (or left) artinian 
right self-injective ring. In attempts to relax the very strong artinian (or 
noetherian) condition, there are various results of the form 

"Right self -injective + X ===} QF" 

in the literature, where X is a suitable condition (or combination of con
ditions) weaker than the original chain conditions. For a survey of results 
of this nature, see C. Faith's article, "When self-injective rings are QF: 
a report on a problem," Centre Recerca Matematica, Institut d'Estudis 
Catalans, Spain, 1990. An outstanding problem in this area of investigation 
is whether 

"Right self-injective + perfect ===} QF." 

Even the weaker problem, whether a right self-injective semiprimary ring 
need be QF, is unsettled. The truth of this statement is referred to by some 
authors as "Faith's Conjecture." 

Ex. 19.32. Onodera's I-sided characterization of cogenerator rings states 
that a ring R is a cogenerator ring iff RR is a i.e. cogenerator (see LMR
(19.69)). Suppose SUR defines a Morita duality from R to S. Using 
Onodera's result, show that if R is a cogenerator ring, then so is S. 
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Solution. Under the duality assumption, we know that RR and s5 are 
l.c. by Muller's First Theorem (LMR-(19.68)). It suffices to show that s5 
is a cogenerator, for then Onodera's result cited above will imply that 5 is 
a cogenerator ring. Now under the given duality, UR in 9JtR[U] corresponds 
to s5 in s9Jt[U]. By Morita I, UR is a cogenerator, and hence a generator 
by LMR-(19.19) (since R is assumed to be a cogenerator ring). Therefore, 
s 5 is a cogenerator, as desired. 

Comment. This exercise may be viewed as an extension of Exercise 26 to 
rings possibly without noetherian or artinian conditions. 

Ex. 19.33. (Leptin) Let N <;;; M be R-modules where N is l.c. Let 
{Ai: i E I} be an inverse system of submodules in M, in the sense that, for 
any finite J <;;; I, there exists j E I such that Aj <;;; Ai for all i E J. Show 
that niEI(N + Ai) = N + niEI Ai. 

Solution. We need only prove "<;;;." Let m E ni(N + Ai), and write 
m = ni + ai where ni E Nand ai E A (for each i E I). Then the family 
{ni' NnAiLEI is finitely solvable. Indeed, if J <;;; I is finite, there exists 
j E I such that Aj <;;; Ai for all i E J. Then, for any i E J, 

nj - ni = ai - aj EN n Ai ===} nj == ni (mod N n Ai). 

Since N is l.c., there exists n E N such that n == ni (modN n Ai) for all 
i E I. Therefore, 

m-n=(ni-n)+aiEAi (ViEI), 

so m = n + (m - n) E N + niEI Ai, as desired. 

Comment. For more general results along this direction, see H. Leptin: 
"Linear kompakte moduln und ringe," Math. Zeit. 63(1955), 241-267. 

Ex. 19.34. (Sandomierski) Let N <;;; M be R-modules where N is l.c. 
Show that the family F of submodules A <;;; M such that N + A = M has 
a minimal member. 

Solution. We define a partial ordering on F by taking Al ::; A2 iff Al <;;; 
A2 . We are done if we can apply Zorn's Lemma to {F, ::;}. Let {Ai: i E I} 
be a totally ordered family of sub modules in :F. Then {Ai: i E I} is an 
inverse system of submodules in the sense of the last exercise, so by that 
exercise, 

This means that A: = niEI Ai E F, so A is a lower bound of {Ai: i E I}, 
and Zorn's Lemma applies. 

Comment. A minimal member of the family F above is called an addition 
complement of N in M. Sandomierski's result above shows that a l.c. 
module N has an addition complement in any module M containing it. A 
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module M is called complemented if every submodule of M has an addition 
complement. It follows from this exercise that any l.c. module M is com
plemented (since any submodule N ~ M is also l.c.) Sandomierski's paper 
"Linearly compact modules and local Morita duality" appeared in Proc. 
Conf. Ring Theory Utah 1971 (R. Gordon, ed.), pp. 333-346, Academic 
Press, London/New York, 1972. 

The notion of a complemented module has various other useful connec
tions. For instance, a ring R is semiperfect iff the module RR (resp. RR) 
is complemented. This result appeared in the paper of F. Kasch and E. 
A. Mares, "Eine Kennzeichnung semiperfekter Moduln," Nagoya Math. J. 
27(1966), 525-529. The notion of a semiperfect module, generalizing Bass' 
notion of a semi perfect ring, is due to Mares; see her paper "Semiperfect 
modules," Math. Zeit. 82(1963), 347-360. 

Combining the present exercise with the result of Kasch and Mares, we 
see that if RR is l.c., then R is semiperfect. This was proved in the special 
case of rings admitting Morita dualities in LMR-(19.50). 

Ex. 19.35. It is stated in LMR-(19.58) that M}f is a Serre subcategory of 
MR, i.e. for any short exact sequence 0 ----? K ----? L ----? M ----? 0 in MR, L is 
l.c. iff K and Mare l.c. Prove the "if" part of this statement. 

Solution. Assume that K and Mare l.c., and let {Xi, N;}iEI be a fi
nitely solvable system in L, where the Ni's are submodules of L. To solve 
this system, we may assume that the family {N;} is closed under finite 
intersections. (In fact, for any finite set J ~ I, let XJ E L be such that 
XJ == Xi (mod Ni ) for any i E I. Letting NJ = niEJ Ni , we check easily 
that {xJ, N J} (J ranging over finite subsets of I) is still finitely solvable, so 
it suffices to solve this system, where the NJ's are now closed under finite 
intersections. ) 

Using the linear compactness of L/ K on the system {Xi, H;}, we first 
find £ E L such that l == Xi (mod Hi) for all i. Then £ - Xi = ni + ki where 
ni E Ni , ki E K. We claim that {ki' K n N;}iEI is finitely solvable in the 
submodule K. In fact, let J ~ I be finite. By assumption niEJ Ni = Nj 

for some index j, so 

Therefore, by the linear compactness of K, there exists k E K such that 
k == ki (mod K n Ni ) for all i E I. Now 

(£ - k) - Xi = ni + (ki - k) E Ni ('<:/ i E I), 

so £ - k E L solves the given system {Xi, N;}iEI in L. 

Comment. The above result appeared in D. Zelinsky's paper "Linearly 
compact modules and rings," Amer. J. Math. 75(1953), 79-90. Zelinsky's 
inspiration came from Lefshetz' result that if H is closed subgroup of a 
topological group, and if any two of the groups H, G, G / H are compact, 
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then so is the third: see (II. 5.5) in Lefshetz' book "Algebraic Topology," 
Colloq. Publications, Vol. 27, Amer. Math. Soc., 1942. 

Ex. 19.36. (Essentially Grothendieck) Let K/k be a finite Galois field 
extension with Galois group G. Let B be the category of finite G-sets, and 
A be the category of finite-dimensional commutative etale k-algebras that 
are split over K (i.e. algebras A such that A ®k K ~ K x ... x K). Show 
that there are natural contravariant functors F : A --+ Band F' : B --+ A 
defining a duality between A and B such that the transitive G-sets in B 
correspond to field extensions of k that are embeddable into K. 

Solution. To solve this problem, it is convenient to use an equivalent 
definition for the algebras in A, namely, A E A iff A ~ Al X ... x An 
where each Ai is a field extension of k embeddable into K. (Needless 
to say, all embeddings and algebra homomorphisms considered below are 
over k.) This and other characterizations of etale algebras can be found 
in Bourbaki. 

In this problem, the field K plays the role of the object U in the duality 
set-up of "Morita 1." Notice that K is both a G-set and an etale algebra 
split by K. For a G-set BE B, let 

B* = Homc(B, K). 

Adding and multiplying functions pointwise makes B* into a commutative 
ring. This is in fact a k-algebra if we view the constant functions into k 
as the scalars in B*. To see that B* E A, we break up B into transitive 
G-sets to reduce to the case where B is transitive. In this case, if a function 
(3 : B --+ K is nonzero at one point, then it is nonzero at all points, and 
so (3-1 exists in B*. This shows B* is a field, and evaluating functions on 
a given point provides a field embedding of B* into K. This shows that 
B* E A for any BE lB. Defining F' : B --+ A by F'(B) = B* (and making 
the obvious definition on morphisms), we get a contravariant functor F'. 

Now consider an etale algebra A E A: we define 

A* := HOmk_alg (A, K). 

Since dimkA < 00, A is semilocal (i.e. with only finitely many maximal 
ideals), so IA*I < 00. The G-action on K makes A* into a G-set, so A* E B. 
With again the obvious definition on morphisms, F : A --+ B given by 
F(A) = A* defines a contravariant functor from A to B. The remaining job 
is to show that F' 0 F and F 0 F' are naturally equivalent to the identity 
functors on A and B. 

To treat FoF', note that we have a natural map eVB : B --+ B** defined 
in the usual way ("by evaluation"): 

(evB(b)) ((3) = (3(b) for (3 E B* and bE B. 

To see that eVB is bijective, it suffices to consider the case where B is a 
transitive G-set. Represent B in the form G / H (coset space with respect 
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to a subgroup H) and let A = KH (the fixed field of H). By separability, 
A = k( e) for a suitable primitive element e E A. Galois theory implies that 
the fixed group of e is exactly H, so there is a G-set isomorphism 

(3:GjH---7G·e~K. 

In particular, b =I- b' in B = G j H implies that (3(b) =I- (3(b' ). This checks the 
injectivity of eVE. For surjectivity, note that, in the above notation, B* is 
isomorphic to the field A. By Galois theory again, the various embeddings of 
A into K are given by applying elements of the Galois group G. Therefore, 
B* is also a transitive G-set. It follows that the injective G-map eVE: B ---+ 

B** must be an isomorphism. 
To treat F'O F, consider A E A. Again we have an algebra homomor

phism eVA: A ---+ A **, defined by evaluation: 

(evA(a))(o:) = o:(a) for any a E A and 0: E A*. 

To show that eVA is bijective, we go into the crucial case where A is a 
field. In this case, the injectivity of eVA is automatic. For convenience, let 
us represent A as a k-subfield of K. For H = Gal(KjA), we may identify 
A * with the transitive G-set G j H. As we have seen in the last paragraph, 
A** ~ (GjH)* is an algebra of k-dimension [G: H]. Since 

dimk A = dimk KjdimA K = IGljlHI = [G : H] 

too, it follows that the injection eVA: A ---+ A** is a (k-algebra) isomor
phism. 

Comment. The duality treated in this exercise is a variant of the classical 
Galois duality (d. LMR-(19.27)) between subgroups of G and k-subfields of 
K. But the categories involved in these dualities are different. In the cate
gory of subgroups of G, the morphisms are taken to be inclusion maps only 
(and similarly for subfields of K). In the category of G-sets, the morphisms 
are arbitrary G-maps (and similarly for the category of etale algebras). 
There are "fewer" G-sets than subgroups of G since two subgroups H, 
H' ~ G give rise to the "same" G-set if (and only if) H and H' are 
conjugate in G. A similar remark can be made about subfields of K and 
etale algebras split by K. 

There is also a profinite version of this exercise, although we will not 
give the details here. In this profinite version, K j k is an infinite Galois 
extension, and G is the profinite Galois group Gal(Kjk). The definition 
for the category A is unchanged, and we take B to be the category of 
"continuous" finite G-sets (finite sets on which G acts via a suitable discrete 
quotient). The definitions for the functors F and F' are unchanged, and 
the proof for the duality is basically reduced to the case of [K : k] < 00. 

There are other variants of the Galois duality too. For instance, the 
Jacobson-Bourbaki correspondence is such an example. For the details, see 
Jacobson's Basic Algebra II, pp. 468-471. 
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