Différentisble Mahifolds Which Are Homotopy Spheres

J. Milnor*

§1. Introduction

This paper will study the problem of classifying differentiable
n-manifolds which are hcmotopy spheres, under the relation of J-equiva-
lence. (See the "dictionary" below.) It is shown that the equivalence
classes form an abelian group which is denoted by €*. The only groups
GP which I have been able to determine completely are thé following:

o =e-0, € =0, @ =24, @ll=2992.

However partial information is obtained in many other cases. For ex~-
ample (according to 3.7, 5.8 and 6.9):

Theorem. For k > 1 the group @hk'l is finite but non-trivial.

Section 2 of this paper will study a sum operation for connected
menifolds of the same dimension. Section 3 defines an invariant 154
‘for certain (4k-1)-menifolds. Section I contains examples of homotopy

spheres for which the invariant AN’ takes on all possible values.

Section 5 describes a construction for simplifying manifoids,
which was communicated to the author by R. Thom. Using this construc-
tion it is shown that the invariant A‘(M) determines the J-equiva-
lende class of M uniquely. A correspording result for dimensions of
the form 4k + 1 is stated without proof. Section 6 studies the fol-
lowing question: Is every homotopy sphere the boundary of a Te-mani-

fold?
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Section T contains furthey discussion and a 1ist of unsolved pro-
blems. Operations of "pasting together" manifolds and "straightening

angles" are described in an appendix.

Dictionary of terms used. The word manifold will mean a compact,

oriented, differentiable menifold, with or without boundaries. (The
phrase "topological manifold" will be used in case the differentiable
structure has not yet been specified.) The symbol -M will be used

for the manifold M with orientation reserved.

Two unbounded manifolds Ml ’ M2 of the same dimension are

J-equivalent 41f there exists a manifold W such that

1) the boundary oW is the disjoint union of M and -M,, and
2) Ybvoth Ml and M, are deformation retracts of W .
Thus J -equivalent manifolds belong to the same cobordism class and to
the same homotopy type. This concept is due to Thom [3]. It is not

known whether J-equivalent manifolds are necessarily diffeomorphic.

By a homotopy sphere we mean a (differentiable) manifold without

boundary which has the homotopy type of a sphere. Similarly a homo-
logy sphere M must be unbounded and satisfy H, (M) = H*(Sn) . Here
denotes homology with integer coefficients, and Sn denotes the

unit sphere in Fuclidean space le. The notation Dn+l

By

will be

used for the disk bounded by S-.

1.1 Lemma, let M = awn"l vhere M 1is simply connected and
Xfﬂ is contractible. Then Mn is J-equivalent to Sn .

Proof, Choose an imbedding of Dn+l

Then (Wn+l-interior (Dn+l

in the interior of wn+l.

*
)) has boundary equal to the disjoint union

*
Here the symbol - stands for set theoretic subtraction.
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of M® and S% . It is not difficult éc see tHat Poth boundaries are

deformation retracts of W _intesior (ﬁn+l) .

A T-manifold Ww®  is characterized by the following property. If
W* is imbedded in a high dimensional Euclidean space R4 , then the
normal bundle vq is trivial. This concept is due to J., H. C. White~
head [2]. If W is a Tm-manifold, then clearly oW 1is also a

T-manifold.

Ww"  will be called almost parallelizable if there exists a finite

subset F so that Wn-F is parallelizable.

1.2 Lemma (J.H:C:Whitehead) Every parallelizable manifold is a

T-manifold. Every m-manifold is almost parallelizable.

Proof. A field of tangent n-frames on WQ:RP+Q induces a map T

from Wn to the Stiefel manifold Vn+q n* Note that f 1s covered by
2
a bundle mep from vq to a corresponding SO _-bundle over V .
q n+q,n
But the space Vﬁ+q . 1s (q-1)-connected., (See Steenrod [1] §25.6.)
J

For q>n this implies that f is homotopic to a constant; hence that

v® 1s trivial.

Similarly a field of normal q-frames on Ww*  induces f:WnL—>V

n+q,q °
Since Vh+q q is (n-l)-conneéted, the only obstruction to contracting
. ’ |

f lies in

BT (v, )

n+q,q
But this cohomology group can be killed by removing a finite number of

points from wn .

A similar argument shows the following.
1.3 Lemma. If every component of w® has a non-vacuous boundary,
then the three concepts: parallelizable, m-manifold, and almost parallel-

izable, are equivalent.
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The J-homomorphism of H. Hopf and G. Whi{‘.ehead will be denoted by

3,3 (80 )—> 1rn+q(sq) .
(For ;a, definition see Kervaire [4] §1.8. Caution: this homomorphism has
nothing to do with J-equivalence,) It will always be assumed that gq
is large. This homomorphism will play a fundamental role in what fol-
iows.

§2, The connected sum of manifolds

Let M1 ) M2 be connected differentiable manifolds of the same
dimension n . The sum Ml# M2 is obtained by removing an n-cell from
each, and then pasting the resulting boundaries together. There are
three difficulties with this:

1) The pasting must be done in such a way that Ml# M2 has an
orientation compatible with that of both Ml and M2 .

2) Even allowing for orientation, not every diffeomorphism be-
tween the boundaries will give rise to the same composite manifold.
(According to Milmor [1] it is possible to paste together the boundaries .
of two T-cells, obtaining a manifold which is not diffeomorphic to S7.)

3) . It is necessary to show that the result does not depend on

which n-cell is chosen.

Definition. Choose an orientation preserving imbedding hlan-éMl
and an orientation reversing imbedding hE:Rn-é M2 « Let Ml# M2 be
obtained from the disjoint union of Ml-hl(o) and M2-h2(0) by identi-

fying b (x) with hy(x/ I<)®) for each x #0 in R®.

Remark, It would be sufficient to specify hl(x) and h2(x) for
Izl <1 + & 1in order to comstruct this manifold Ml# M, . In fact by

removing all h,(x) with lxll <1/(2 + €) from each M;, and then



identifying hl(x) with he(x/ "x"2) for l+e > x> 1/(1+g) , we

obtain the identical manifold # M, .
The following will be proved in"a paper by J. Cerf.

2.1 Theorem of Cerf. Let M be a connected n-manifold. Given

two orientation preserving imbeddings f,f ':Dn—-> (interior M), there

exists a diffeomorphism g:M—>M which satisfies gf =’ .

2.2 Corollary. The sum Ml# M2 is well defined up to orientation

Preserving diffeomorphism.

Proof of the corollary. The only choice which occurred in the

definition was the choice of imbeddings hl ,h2 « Given other imbeddings

hi, hé, there exist diffeocmorphisms g of M so that

gihi(x) = h{(x) for [x <1 +€.

These g, give rise to a diffeomorphism g:Ml# M2-—>(M1# Me)' ; which

completes the proof,

2.3 Lemma. Suppose that the unbounded manifolds Ml ,M2 are
J-equivalent to M{ and Mé respectively. Then the sum Ml# M, is

J-equivalent to M{# M2' .

Proof. If the dimension n is < 2, then the assertion is
clear., Hence we may assume that n 2 3 . Choose manifolds wi 50

that 9 Wi is the disjoint union of the deformation retracts Mi and

4 4 ,
'Mi o Choose a differentiable arc‘ a, from pieMi to p; € M1 in

Wi » so that the interior of a, 1lies in the interior of W

1 i.We

will see that the inclusion map

hH Mi-Pi--—> wi -ai

is a homotopy equivalence.



Since the codimension n of p 4 in M is 3z 3, the homo-
morphisms Trl(Mi.pi J—> Trl(Mi) s Trl(wi-ai J—> vl(Wi) are isomorphisms.
Hence

Jyt Trl(Mi'pi o Trl(Wi-ai)
is an isomorphism.

A A
Let MiC Wi denote the universal covering spaces, and let 1’51 ai

denote the inverse images of Pys 8y o The inclusicn
~ A ”~ ~ r’S
(Mi’ Mi— ﬁi) — (Wi) Wi- ai)
gives rise to a homomorphism between exact sequences of homology groups.

Using the Five Lemma it follows that
is an isomorphism for all k . Therefore J 1is a homotopy equivalence.

(Compare J.H.C.Whitehead [3].)

Choose tubular neighborhoods Ni of a5 and let W be a mani-

fold obtained from W -N, and W,-N, by pasting together the boundsries
in such a way that O W is the disjoint unien of Ml# M, and -(Ml'# Mg’) .
Since the inclusions

M, - (Min Ni) —> W~ N,

are homotopy equivalences, it follows easily that the inclusion
M, # My—> W
is a homotopy equivalence., A corresponding argument takes care of the

inclusion (M{# Mé) —>W ., This completes the proof of 2.3.

It is clear that the operation # is associative and cocmmutative,
providing that we do not distinguish between diffeomorphic manifolds.

Furthermore the sphere acts as a zerc element: M # Sn =M.
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2.4 Lemma. Suppose that M 18 a homotopy n-sphere. Then MH(-M)

is J-equivalent to Sn .

Proof. Let U denote the interior of a disk D M . Consider
the topological manifold (M—U) x [0,1]. This is differentiable, ex~
cept along the "angles" Jd U x [0] and J Ux [1]. Let W be a dif-
ferentiable manifold obtained from (M-U) x [0,1] by straightening
these angles, (See the Appendix.) Then W is a contractible manifold

with boundary M # (-M) . Together with 1.1 this completes the proof.
Now combining 2.3 and 2.4 this proves:

2.5 Theorem. The set of all J-equivalence classes of homotopy

n-spheres forms an abelian group under the operation # .

This group will be denoted by 6°. Tt is clear that ©F = 0 .

Since Munkres [1l] has shown that a 2-manifold has an essentially unique

differentigble structure, it follows that @2 =0.

[Two subgroups of @" will also be studied. ®n(n0 will denote
the subgroup formed by all T-manifolds in @n, and ©°(d 7) will de-

note the subgroup formed by all boundaries of T-manifolds, ]

§3. The invariant x'(ML’k'l)

Iet M be a (bk-l)-manifold which i1s (1) a homology sphere, and
(2) the boundary of some 7w-manifold W . The intersection number of
two homology class @, of W will be denoted by <q,f> . Let I(W)

denote the index of the quadratic form
a'—'—><a’a>’

where « varies over the Betti group H2k(w)/(torsion). Integer co-

efficients are to be understood.



8.

Define I, as the greatest common divisor of I(M) where M ranges

k
over all almost parallelizable manifolds of dimension Uk which have

no boundary. This 'number has been studied by Kervaire and Milnmor [1].
(See 3.7.)

3.1 Lemma. The residue class of I(W) modulo I, 1is an invariant
of the boundary M .
Proof, If M 1is the boundary of two parallelizable manifolds wl

and W let N be the unbounded Yk-manifold obtained from Wl and

2’
-W2 by pasting together the common boundary. Clearly

I(N) = I(Wl) - I(WE).

et p be a point of M . Then the complement N-p i1s parallel-
izable. In fact N-p‘ is the union of parallelizable manifolds wl-p
and w2-p » having an intersection M-p which is acyclic. Given a
field of 4k-frames on Wl-p and on WE'P » 1t is possible to deform one
of the two so that they coincide along M-p . Therefore N 1s almost
parallelizable; and |

I (N)

]

0 (mod Ik) .

This completes the proof.
Not every residue class can occur:

3.2 Lemma. The index I(W) of an almost parallelizable manifold

is always divisible by 8; providing that o W is a homology sphere.

Proof. First observe that the intersection number <, o > 1is
always an even lnteger. This l1s the homology translation of the state-
ment that

s : B (W, 0 ; 2) —> B (W, 3V ; 2,)

is zero, If Sqak were not zero then the formulae of Wu (see Wu (1],



Kervaire [2]) would imply that W had a non-trivial Stiefel-Whitney
class in dimension < 2k.

Since OW 1is a homology sphere it follows by Poincare duality
that the matrix of intersection numbers has determinant + 1. But a
quedratic form with determinant + 1 which takes on only even values
must have index divisible by 8. (Compere Milnor [4].) .This completes
the proof.

Definition. The residue class of -é- I(W) modulo %‘-& will be
denoted by A‘(M).

3.3 Lemma. The properties of being (1) a homotopy n-sphere, and
(2) the boundary of a w-manifold, are invariant under J~-equivalence;
and are preserved by the sum operstion #. .

Hence the manifolds which have these properties give rise to a
subgroup of -

Definition. This subgroup will be demoted by €°(3 7).

3.4 Lemma. The invariant A‘(M) depends only on the J-equiva-
lence class of M. Furthermore

AN # M) = a00m) + A(M,).

The proofs of 3.3 and 3.4 are strailghtforward. Hence A’ gives
rise to a homomorphism
F L"k-l
A’ ® (3 m) —> Z,
7 I
It will be proved in Sections 4, 5 that A’ is an isomorphism, at

least fc;r k>1.

The principal difficulty with the invariant A’ is that it is
extremely difficult to compute. For example it would be very interest-
ing to evaluste A.'v for the topological spheres which are constructed
in Milnor [1, 5] and Shimeda {1]. The invariant A which is defined

in these papers is somewhat wesker, but much easier to compute.
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The numbers é-Ik can e described as follows., Let Bk denote
the k-th Bernoulli number;

1 _ 1 _
Blzg, Ba—'§'6, seey B6‘—691/2730’ XX .

Define jk as the order of the image

q
Il (Soq) C Ty + bk-1 (s*) for large q .

Define ak tobe 2 1if k¥ is odd and 1 if k is even. Then accord-

ing to Kervaire and Milnor [1]:

3.5 Lemma. Ik is equal to

B B 3 a /K.

The only unknown quantity here is the integer Jk .

3.6 Lemma. is a miltiple of the denominator of B, /bk .

Jk

Proof. For k even, this is proved in Kervaire and Milnmor (1].
For k odd this follows from the arguments of that paper, together with
the following:

Theorem of Hirzebruch (Not yet published.) If the unbounded mani-

fold th has Stiefel-Whitney class w

2 equal to zero, and if k is
odd, then the K—genus A [Myk] is an even integer.

On the other hand an upper bound for Jk is given by the order of
the largest cyelic subgroup of Wq + hk-l(sq)' The p-primary component
of vq + hk-l(sq) is known for k < pa(p-l)/é for any prime p. (See
Tode [1,2].) The full group is known (to me) only for k=1, 2, 3.
It turns out that the upper bound for thé P-primary factor of jk is

exactly equal to the lower bound in each known case.
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Combining the preceding information, we have:

2k—2( 2k-~1

3.7 Lemma. The number L I, is equal to 2 2 1)
= 8 “x B

(numerator Bk/k), multiplied by an integer whose prime factors p

satisfy pe(p-l) € 2k . In particular

§1, =2, §l,=28, §13=992, & I, eqals 8128 tines

a power of 2.

§4. Comstruction of (lk-1)-manifolds

The following is perhaps the simplest example of a symmetric matrix
with determinant + 1, with only even elements on the diagonal, and with

index different from zero. (Compare Milnor [b4].)

@]
(@]
o
o
-
H¥]
-
o

We will construct a manifold whk which bhas the above jintersection
matrix.
: 2k 2k
Let T be a tubular neighborhood of the diagomel in S X S :

say the set of all pairs (x,y) with distance d(x,y) €& . Thus T is
a Wbk-manifold having the homotopy tupe of Szk. The intersection number

of the fundamental 2k-cycle with itself is +2 .
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let o Sgk-——4> 82k be the "twelve hour rotation" which leaves

the north pole p fixed, and satisfied a(x) = -x for x on the
equator. Let T’ = (1L x a) T be the set of pairs (x,y) with
d(x,d y) <e. Ten T and T’ intersect only in a small neighbor-

hood of the pair (p,p), and a small neighborhood of the pair (-p,-p).

The universal covering space of TUT” consists of infinitely many
disjoint copies of T and infinitely many disjoint copies of T“ .

Numbering these copies T, and T{ ; We may assume that each j{

intersects only 11 and T&+1 .

Define wl as the subset

’ , . .
Tl u ?l U Té u Té v T3 U T3 u Tu u Th

of this universal covering space., Thus Wi is a topological 4k-manifold,
having the homotopy type of a union of eight 2k-spheres with a single
point in common. Choosing an appropriate basis for sz(wl) , the Inter-

section matrix is as follows:
21
121
121
121
121
121
121
12

To correct this intersection matrix it is necessary to introduce

an intersection between T{ and T3 s 80 as to obtain an intersection

‘number -1 . Choose a rotation of 82k X 82k which carries a region

of T pear the "equator” onto a region of T

near t h e "equator", so as to obtain an intersection number of
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-1 . Matching the corresponding reglons of Ti and T3 , we obtain a

topological manifold W,, with the required intersection matrix.

2,

This manifold W. is differentiable except along eight "angles"”

2

vhich have been intrnduced in the boundary. Let W3 be a differentiable

manifold obtained by straightening 4hese angles. (See the appendix. )

Unfortunately the transition from wl to We changed the homotopy

type. In fact the fundamental group 1rl(W2) = 1rl(W3) is infinite cyclic.
Next we will ki1l this fundamental group. A generator can, be represented
by a simple closed differentiable curve C 1lying on the boundary of W3 .

1 bx.2 3w

Choose an imbeddding h: 5 X D — which carries S:L X 0

3
onto the given curve C ., Let Wh be the space obtained from the dis-

Jjoint union

w3 1] D2 X th-e

by identifylng S' x D E-2

with its image under h . Then W), 1is
simply connected. In fact Wh has the same homotopy type as wl ; but
the same intersection matrix as w2 or w3 .

This space W).; is a differentiable manifold, except along the

1 hx-3

"angle" corresponding to S X S o Let W, be a differentiable

manifold obtained by "straightening" this angle.

k.1 Theorem. W 1is a parallelizable Lk-manifold with boundary
M, which is a homology (4k-1)-sphere. In fact for k>1 , M isa
homotopy sphere. The index I(wo) equals +8 . \
Thus the invariant h'(Mo) is defined and equal to +1 .

L,2 Corollary. The homomorphism A’ from @“k‘l(a m) to the

cyclic group of order é- Ik is onto, providing that k> 1 .






