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Abstract

We compute the Whitehead groups of the associative rings in a class which includes (tw
formal power series rings and the augmentation localizations of group rings and polynomial
For any associative ringA, we obtain an invariant of a pair(P,α), whereP is a finitely generated
projectiveA-module andα :P → P is an endomorphism. This invariant determines(P,α) up
to extensions, yielding a computation of the (reduced) endomorphism class groupẼnd0(A). We
also refine the analysis by Pajitnov and Ranicki of the Whitehead group of the Novikov
a computation which Pajitnov has used in work on circle-valued Morse theory.
 2003 Published by Elsevier Inc.

1. Introduction

1.1. Endomorphisms

The characteristic polynomial of an endomorphism of a vector space determin
endomorphism uniquely ‘up to choices of extension.’ To make such a statement p
one makes the following definition (Almkvist [1–3], Grayson [12]) which we discus
in [31].

Definition 1.1. Let A be an associative ring. The reduced endomorphism class g
Ẽnd0(A) is the abelian group with one generator for each isomorphism class of
[An,α] and relations:
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• [An,α] + [An′′
, α′′] = [An′

, α′] if there is an exact sequence

0 → (An,α) → (
An′

, α′)→ (
An′′

, α′′)→ 0.

• [A,0] = 0.

Almkvist proved [2] that ifA is commutative then the characteristic polynomial indu
an isomorphism

Ẽnd0(A) ∼=
{

1+ a1x + · · · + anx
n

1+ b1x + · · · + bmxm

∣∣∣∣ ai, bi ∈ A

}
, (1)

[An,α] �→ det(1− αx).

A goal of the present paper is to obtain an analogous statement for arbitrary asso
rings.

We first reformulate the right-hand side of (1). Letε :A[x] → A; x �→ 0 denote
augmentation and letP ⊂ A[x] denote the set of polynomialsp such thatε(p) is invertible.
There is a canonical factorization ofε through the ring of fractionsP−1A[x]

A[x] � P−1A[x] εP−→A

and Almkvist’s result says that for any commutative ringA there is an isomorphism
Ẽnd0(A) ∼= ε−1

P (1).
Dropping the assumption thatA is commutative, letA[x] denote the polynomial ring

in a central indeterminatex. It is advantageous to make invertible not only elements
matrices inA[x]. LetΣ denote the set of matricesσ with entries inA[x] such thatε(σ ) is
invertible. There exists a (formal) localizationA[x] →Σ−1A[x] (Cohn [8], Schofield [30
Chapter 4]), which is not in general a ring of fractions but has the following propertie

1. Every matrixσ ∈Σ is invertible overΣ−1A[x].
2. The mapA[x] → Σ−1A[x] is universal with respect to property 1. In other words,

mapA[x] →B which makes all the matrices inΣ invertible factors uniquely throug
Σ−1A[x].

In particularε :A[x] → A is the compositeA[x] �Σ−1A[x] εΣ−−→A.

Theorem A. LetA be an associative ring. There is an isomorphism

Ẽnd0(A) ∼= ε−1
Σ (1)/C; [An,α] �→D(1 − αx),

whereC is the subgroup generated by commutators:{
(1+ ab)(1+ ba)−1 | a, b ∈A[x], ε(ab)= ε(ba)= 0

}
.
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The symbolD is defined in Section 4 (Definition 4.3) and is analogous to the Dieud
determinant. In the commutative case, a matrix inΣ is invertible if and only if its
determinant is invertible, soΣ−1A[x] = P−1A[x]. Moreover,C is trivial andD is the
traditional determinant so Theorem A is a generalization of Almkvist’s identity (1) ab

SupposeA is non-commutative. Now[
ε−1
Σ (1), ε−1

Σ (1)
]⊂ [(

Σ−1A[x])•, (Σ−1A[x])•]∩ ε−1
Σ (1) ⊂ C,

where(Σ−1A[x])• denotes the group of units inΣ−1A[x], but neither of these inclusion
is an equality in general and[ε−1

Σ (1), ε−1
Σ (1)] ⊂ C is never an equality (see Section 3).

Our proof of Theorem A uses a result of A. Ranicki, which we state next. Recal
for an arbitrary ringA, the groupK1(A) = GL(A)ab is the abelianization of the group o
invertible square matrices of arbitrary size. Ranicki established [26, Proposition 10.
isomorphism

K1(A)⊕ Ẽnd0(A)
∼=−→K1

(
Σ−1A[x]),

which is the canonical inclusion ofK1(A) and sends the element[An,α] ∈ Ẽnd0(A) to
[1 − αx] ∈ K1(Σ

−1A[x]). We prove here that there is an isomorphismD between the
image ofẼnd0(A) in K1(Σ

−1A[x]) andε−1
Σ (1)/C.

1.2. Local augmentations

Our main result is more general and concerns a class of homomorphismsε :B → A

which we call ‘local augmentations.’ The word ‘augmentation’ just means split surje
or in other words retraction in the category of rings. By local we mean that a square m
α with entries inB is invertible if ε(α) is invertible.

Any augmentationε :B → A can be made a local augmentationΣ−1B → A by
adjoining a formal inverse to every square matrixσ with entries inB such thatε(σ ) is
invertible (see [31, Lemma 3.1] and Lemmas 2.4 and 2.9 below). In particular, the
εΣ :Σ−1A[x] → A above is a local augmentation. To give another example, ifA[[x]]
denotes the ring of formal power series in a central indeterminatex with coefficients in
A thenA[[x]] → A; x → 0 is a local augmentation.

Theorem B (Main theorem).If ε :B → A is a local augmentation then there is
canonical isomorphism

K1(B) ∼= K1(A)⊕ ε−1(1)

C
,

whereC is the subgroup generated by commutators:{
(1+ ab)(1+ ba)−1 | a, b ∈ B, ε(ab)= ε(ba)= 0

}
.
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In particular, we may apply Theorem B to augmentation localizations of group r
Supposeπ is a group andAπ = A⊗Z Zπ is the corresponding group ring with coefficien
in an associative ringA. Let ε :Aπ → A be the augmentation, defined byε(g) = 1 for
g ∈ π andε(a)= a for a ∈A. LetΣ denote the set of matricesσ with entries inAπ such
thatε(σ ) is invertible;ε can be written as the compositeAπ → Σ−1Aπ

εΣ−−→A.

Corollary 1.2. K1(Σ
−1Aπ) ∼= K1(A)⊕ ε−1

Σ (1)/C.

Corollary 1.2 will be applied in a subsequent paper, withA = Z, to study Reidemeiste
torsion ofhomologyequivalences between finite CW-complexes.

We may also apply Theorem B to the ring of formal power series in a ce
indeterminate:

K1
(
A[[x]])∼= K1(A)⊕ 1+A[[x]]x

C
. (2)

It may be useful, if one is studying endomorphisms via Theorem A, to pass from
localizationΣ−1A[x] to the completionA[[x]]. The universal property of localizatio
provides a canonical mapγ :Σ−1A[x] → A[[x]]—see Lemma 2.9(d)—but neitherγ nor
the induced map

ε−1
Σ (1)

C
→ 1+A[[x]]x

C

is an injection in general [31].
Generalizing (2), supposeA is an associative ring andξ :X → Aut(A) assigns a ring

automorphism to each element of a setX of indeterminates. LetAξ 〈〈X〉〉 denote the
(twisted) power series ring whose elements are infinite formal sums, with one ter
each word in the alphabetX. One may also impose relations, such as commutativity o
indeterminates, if compatible withξ ; see Example 2.10 below.✷
Corollary 1.3. K1(Aξ 〈〈X〉〉) ∼= K1(A)⊕ (1+Aξ 〈〈X〉〉X)/C.

We remark that commutators of the form(1 + ab)(1+ ba)−1 have appeared in earlie
computations related to Whitehead groups (e.g., [6, p. 269], [16,32]). Whitehead g
of universal localizations appear in theK-theory exact sequences of Schofield [30] a
Neeman and Ranicki [19] and certain Whitehead groups of localizations are compu
papers of Revesz [28], Ara, Goodearl, and Pardo [5], and Ara [4].

1.3. The Novikov ring

Corollary 1.3 refines a computation by Pajitnov and Ranicki [22], which was motiv
by work of Pajitnov [25] on circle-valued Morse theory and gradient flow on manifolds
briefly outline this application; background references include [7,17,18,20,21,23,24

LetAξ((z))= Aξ [[z]][z−1] denote the (twisted) Novikov ring whose elements are po
series with finitely many negative powers ofz but, in general, infinitely many positiv
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powers ofz. SupposeM is a (closed compact) manifold,f :M → S1 is a Morse map and
v :M → τM is a generic choice of vector field, which is ‘gradient-like’ forf . One would
like to describe the closed orbits of the associated flow onM.

Now if f induces a surjectionπ1(M) → π1(S
1) = Z then

π1(M) ∼= π �ξ Z = π �ξ {zn | n ∈ Z}

for some homomorphismξ :Z → Aut(π) and the Novikov ringZπξ ((z)) is a completion
of the group ringZπ1(M). Information about the closed orbits of the gradient flowv is
encoded in the torsion

τ (φv) ∈ K1(Zπξ ((z)))

Image(±π1M)

of a canonical chain equivalence (Novikov [20,21], Pajitnov [23–25])

φv :Zπξ ((z))⊗Zπ1(M) C
∆ → CNov(v).

The symbolC∆ denotes the chain complex overZπ1(M) associated to a smoo
triangulation ofM. The ‘Novikov complex’CNov(v) is a finitely generated free cha
complex overZπξ ((z)) with one basis element inCNov

i for each critical point off of
index i. The differentiald :CNov(v)i → CNov(v)i−1 counts (with signs) the number o
flow lines from each critical point of indexi to each critical point of indexi − 1 (in the
universal cover ofM). In contrast to real-valued Morse theory, the image inS1 of a flow-
line may ‘wrap around the circle’ any number of times, so the differentials inCNov(v) are
formal power series inz.

Now the torsionτ (φv) lies in the image of the canonical map 1+ Zπξ [[z]]z →
K1(Zπξ ((z))). For anyA, let

W1(A, ξ) = Image
(
1+Aξ [[z]]z→ K1

(
Aξ((z))

))
.

Pajitnov and Ranicki showed [22] thatW1(A, ξ) is a summand ofK1(Aξ ((z))) and is
naturally isomorphic to the image of 1+Aξ [[z]]z in K1(Aξ [[z]]). ✷

In the light of Corollary 1.3, we have:

Corollary 1.4. W1(A, ξ) ∼= (1+Aξ [[z]]z)/C.

Pajitnov defined [25] a logarithm based on the standard formula

L(1+ θ) = θ − θ2

2
+ θ3

3
· · · ,

which sends each element ofW1(Zπ, ξ) to a formal power series with one term for ea
conjugacy classβ of π1(M) such thatf (β) � 0. He showed that the coefficient ofβ in
L(τ (φv)) is the number of closed orbits of the flow, counted with signs, in the classβ .
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This paper is structured as follows: In Section 2 we discuss local homomorphism
augmentations and we defineK1(A) and Ẽnd0(A). Section 3 concerns the groupC of
commutators, which appears in Theorems A and B. Section 4 is devoted to the pro
Theorems A and B. ✷

2. Definitions and examples

Rings will be assumed associative with multiplicative unit. The set{0} will be
considered a ring, in which 1= 0, but will not be considered a field.

2.1. Local homomorphisms

Definition 2.1. A ring homomorphismf :B → A will be called local if every square
matrixα with entries inB has the following property:

If f (α) is invertible then α is invertible.

Equivalently,f is local if it has the property that ifα :P → P is an endomorphism of
finitely generated (f.g.) projectiveB-module and 1⊗ α :A ⊗B P → A⊗B P is invertible
thenα :P → P is invertible.

For example, for any ringB the surjectionB → B/ rad(B) is a local homomorphism
(e.g., Lam [15, Proposition 4.8 and (7) on p. 57]).

Formal power series provide another example. IfA is any associative ring letA[x]
denote the polynomial ring in a central indeterminatex. The augmentationε :A[x] → A

given byε|A = idA andε(x) = 0 induces local homomorphismsA[x]/(xn) → A and a
local homomorphism̂ε :A[[x]] →A; see Lemma 2.5 below.

It is easy to check that a composite of two local homomorphisms is again local an
if a compositeC

g−→B
f−→ A is local theng is local.

Although neitherA nor B are local rings in most of our examples, we consi
homomorphisms between local rings in our first two lemmas to prove that Definition
consistent with terminology used in algebraic geometry (see, for example, Hartshorn
p. 73]) and by Cohn [9, p. 388]. Indeed, Lemmas 2.2 and 2.3 together imply t
homomorphismf :B → A between local rings is a local homomorphism if and only
f−1(rad(A)) = rad(B).

Lemma 2.2. Supposef :B → A is a ring homomorphism. IfB is a local ring,A �= 0, and
f−1(rad(A)) = rad(B) thenf is a local homomorphism.

The hypotheses of the lemma are not redundant. For example, iff is the inclusion of
Z in Q thenf−1(rad(Q)) = 0 = rad(Z) butf is not a local homomorphism. On the oth
hand, ifZ(p) denotes the local ring obtained fromZ by making invertible all the integers no
divisible by the primep andf is the inclusion ofZ(p) in Q thenf−1(rad(Q)) �= rad(Z(p))

andf is not a local homomorphism. The following proof was pointed out to me by P.
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Proof of Lemma 2.2. Suppose first thatB is a division ring so the homomorphis
f :B → A is an injection (sinceA �= 0). Every homomorphismBn → Bn is either an
isomorphism or has non-zero kernel, so every square matrixα with entries inB is either
invertible or a zero-divisor. It follows thatα is invertible inA if and only if α is invertible
in B and hencef is local.

Now if B is a local ring consider the commutative diagram

B
f

A

B
rad(B)

A
rad(A) .

SinceB/ rad(B) is a division ring, the lower horizontal arrow is a local homomorphism
the argument above. The vertical arrows are local homomorphisms, so it follows thaf is
a local homomorphism.✷
Lemma 2.3. If f :B → A is a local homomorphism thenf−1(rad(A)) ⊂ rad(B). If, in
addition,A is a local ring thenf−1(rad(A))= rad(B) andB is a local ring.

We remark that not every local homomorphismf has f−1(rad(A)) = rad(B). For
example, ifk is a field, the inclusion of the formal power series ringk[[x]] in the polynomial
extensionk[[x]][y] is a local homomorphism but

f−1(rad
(
k[[x]][y]))= f−1(0) = 0 �= xk[[x]] = rad

(
k[[x]]).

Proof of Lemma 2.3. An elementx ∈ B lies in rad(B) if and only if 1+ bxb′ is invertible
for all b, b′ ∈ B (e.g., Lam [15, Lemma 4.3]). Ifx ∈ f−1(rad(A)) thenf (x) ∈ rad(A), so
f (1+ bxb′) = 1 + f (b)f (x)f (b′) is invertible. Sincef is local, it follows that 1+ bxb′
is invertible for allb, b′ ∈ B and hence thatx ∈ rad(B). Thusf−1(rad(A)) ⊂ rad(B).

If A is a local ring andf is a local homomorphism thenx ∈ B is invertible if and only
if x /∈ f−1(rad(A)), soB is a local ring andf−1(rad(A))= rad(B). ✷

The next lemma says that any ring homomorphism can be made local in a un
way:

Lemma 2.4. Supposef :B →A is a ring homomorphism. There is an initial object

B
iΣ−→Σ−1B

fΣ−−→A (3)

in the category of diagramsB i−→B ′ f ′−→ A such thatf ′i = f andf ′ is local.
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In other words, iff : B →A is the compositeB i−→ B ′ f ′−→A andf ′ is local then there
is a unique commutative diagram

Σ−1B
fΣ

γB

iΣ

i

A.

B ′ f ′

(4)

Since it is an initial object, (3) is certainly unique. The existence of (3) follows f
the universal localization of rings: given any setΣ of matrices with entries inB, one can
adjoin formal inverses to each matrix inΣ to obtain a mapiΣ :B → Σ−1B (see Cohn
[8, Chapter 7] and Schofield [30, Chapter 4]). NowiΣ is Σ-inverting in the sense tha
for every matrixσ ∈ Σ , the imageiΣ(σ ) is invertible. Moreover,iΣ is characterized a
the initial object in the category ofΣ-inverting homomorphismsB → B ′. In other words,
everyΣ-inverting homomorphismB → B ′ factors throughiΣ in a unique way. We remar
thatiΣ is an epimorphism, i.e.f iΣ = giΣ impliesf = g.

Proof of Lemma 2.4. Given a ring homomorphismf :B → A let Σ be the set ofA-
invertible matrices with entries inB. In other words, letσ ∈ Σ if and only if f (σ)
is invertible. Now f is Σ-inverting, and hence factors uniquely throughΣ−1B, i.e.
f = fΣiΣ , where

B
iΣ−→ Σ−1B

fΣ−−→ A. (5)

It is proved in [31, Lemma 3.1] thatfΣ is a local homomorphism.
To see that (5) has the universal property illustrated in (4), supposef = f ′i, where

f ′ :B ′ → A is local andi :B → B ′. If σ ∈ Σ thenf (σ) is invertible and, becausef ′
is local, i(σ ) is invertible. It follows that there is a unique mapγ :Σ−1B → B ′ such
that i = γ iΣ . Now fΣiΣ = f ′i = f ′γ iΣ and iΣ is an epimorphism, so we also ha
fΣ = f ′γ . ✷

One can obtain further examples of local homomorphisms by limit constructions
example, a product of local homomorphisms or an inverse limit of local homomorph
is again a local homomorphism. To make a general statement, Lemma 2.5 below
briefly recall the notion of limit in category theory. SupposeF :J → C is a functor from a
small categoryJ to a categoryC. If M is an object ofC let cM :J → C denote the constan
functor which sends every object ofJ to M and every morphism to idM . By definition,
a limit of F is a final object in the category of pairs(M, θ), whereM is an object ofC and
θ is a natural transformation fromcM to F . The categoryC is said to becompleteif every
functorF :J → C, whereJ is small, has a limit.
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The category of rings, for example, is complete (recall that we consider{0} a ring). Of
interest here is the category in which an object is a ring homomorphism and a mor
from f :B → A to f ′ :B ′ →A′ is a commutative square:

B
f

A

B ′
f ′ A′.

This homomorphism category is also complete. Although the category of local rings
complete, one has

Lemma 2.5. The category of local homomorphisms is complete.

The proof of Lemma 2.5 is not difficult; it suffices to check that equalizers and arb
products of local homomorphisms are again local. The details are left to the reader.

Dually, one can attempt to construct examples of local homomorphisms by c
constructions. However, the category of local homomorphisms isnot cocomplete. Fo
example, the coproduct of two copies of the local homomorphismZ[x]/(x2) → Z; x �→ 0
is not local. On the positive side, the reader can check that a direct colimit (often
a direct limit) of local homomorphisms is a local homomorphism:

Lemma 2.6. LetJ be a directed set. If({fj :Bj → Aj }j∈J , {θkj :fj → fk}j�k) is a direct
system of local homomorphisms then the colimit

lim−→fj : lim−→Bj → lim−→Aj

is a local homomorphism.

2.2. Local augmentations

The word ‘augmentation’ is synonymous with ‘split surjection’ or ‘retraction:’✷
Definition 2.7. An augmentation(ε, j) is a pair of ring homomorphismsε :B → A and
j :A →B such thatεj = idA.

The equationεj = idA implies thatB can be expressed as a direct sumj (A) ⊕ Ker(ε)
of (A,A)-bimodules. We shall usually suppressj , regardingA as a subset ofB. Note that
the category of augmentations is both complete and cocomplete. In particular, a di
inverse limit of augmentations is again an augmentation. A ring homomorphism wh
both local and an augmentation will be called a local augmentation.

Lemma 2.8. If ε :B → A is an augmentation andI = Ker(ε) satisfiesIn = 0 for some
n ∈ N thenε is a local augmentation.
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Proof. Supposeα is a square matrix with entries inB andε(α) is invertible. The matrix
α0 = ε(α)−1α−1 has entries inI so 1+α0 has inverse 1−α0 +α2

0 −· · ·+ (−1)n−1αn−1
0 .

Thusα is invertible and

α−1 = (
1− α0 + α2

0 − · · · + (−1)n−1αn−1
0

)
ε(α)−1. ✷

Lemma 2.9 (Localization and completion).Supposeε :B → A is an augmentation with
εj = idA.

(a) The universal localizationεΣ :Σ−1B →A is a local augmentation.
(b) Let I = Ker(ε) and letB̂ = lim←−B/In denote theI -adic completion ofB. For eachn,

the induced mapεn :B/In → A is a local augmentation. The inverse limitε̂ : B̂ → A

is also a local augmentation.
(c) There are natural isomorphismsΣ−1(Σ−1B) ∼= Σ−1B; Σ−1B̂ ∼= B̂; ̂̂B ∼= B̂;

Σ̂−1B ∼= B̂.
(d) There is a natural homomorphismγ :Σ−1B → B̂ such that̂εγ = εΣ .

Proof. (a) By [31, Lemma 3.1], we need only check thatεΣ is an augmentation. Indee
iΣj :A →Σ−1B has the propertyεΣ iΣj = εj = idA.

(b) Since an inverse limit of local augmentations is a local augmentation, it suffic
show thatεn :B/In → A is a local augmentation. The compositeA

j−→ B → B/In
εn−→ A

is the identity morphism, soεn is an augmentation. By Lemma 2.8,εn is a local homo-
morphism.

(c) The first two identities merely reassert thatεΣ and ε̂ are local. Now define
Î = Ker(ε̂ : B̂ → A) and letIΣ = Ker(εΣ :Σ−1B → A). The last two identities follow
respectively from natural isomorphismŝB/Î n ∼= B/I n andΣ−1B/InΣ

∼= B/In.

(d) There are natural mapsΣ−1B → Σ̂−1B → B̂. ✷
Example 2.10. Let X be any set and letX∗ denote the free monoid of words in th
alphabetX. Supposeξ :X → Aut(A); x �→ ξx is any function which takes values in th
group of ring automorphisms ofA. Let Aξ 〈X〉 = Aξ [X∗] denote the twisted monoi
ring of finite formal sums

∑
w∈X∗ aww with each aw ∈ A. Multiplication is defined

by concatenation of words and by the relationsax = xξx(a) for a ∈ A and x ∈ X.
Let ε :Aξ 〈X〉 → A be the augmentation, which sends every letter inX to zero. By
Lemma 2.9(b), there is a local augmentationε̂ :Aξ 〈〈X〉〉 → A, whereAξ 〈〈X〉〉 is the formal
power series ring whose elements are infinite (formal) sums

∑
w∈X∗ aww. More generally,

if H �Aξ 〈X〉 is a (two-sided) ideal andH ⊂ I = Ker(ε) then there is a local augmentati

lim←−
n

Aξ 〈X〉
In +H

→A.

2.3. Ẽnd0(A) andK1(A)

Let A be any associative ring. Let End(A) denote the category whose objects are p
(P,α), whereP is a finitely generated (f.g.) projective leftA-module andα :P → P is an
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endomorphism. A morphism(P,α) → (Q,β) in End(A) is a mapf :P → Q such that
βf = fα.

Definition 2.11. Let Ẽnd0(A) be the abelian group with one generator[P,α] for each
isomorphism class of objects(P,α) in End(A) and relations:

(1) [P ′, α′] = [P,α] + [P ′′, α′′] if there is an exact sequence 0→ (P,α) → (P ′, α′) →
(P ′′, α′′) → 0 in End(A),

(2) [P,0] = 0 for all f.g. projective modulesP .

Definition 2.11 is consistent with Definition 1.1; see [31, Lemma 2.4]. To defineK1(A),
let Aut(A) denote the full subcategory of End(A) whose objects are pairs(P,α) such that
α is an automorphism.

Definition 2.12. The abelian groupK1(A) is generated by the isomorphism classes[P,α]
in Aut(A) subject to relations:

(1) [P ⊕P ′, α ⊕ β] = [P,α] + [P,β],
(2) [P,αβ] = [P,α] + [P,β].

The groupK1(A) is also unchanged if one replaces the projective module
Definition 2.12 by free modules throughout. Indeed, relation (2) implies that[P,1P ] =
[P,1P ] + [P,1P ] and hence[P,1P ] = 0 ∈ K1(A) for all P . It follows that[P,α] can be
identified with[P ⊕Q,α ⊕ 1Q], whereP ⊕Q is free.

There is a natural isomorphism betweenK1(A) and GL(A)ab, the abelianization o
the direct limit GL(A) = lim−→ GLn(A) of general linear groups overA (e.g., [32, p. 109]
[29, Theorem 3.1.7]). The commutator subgroup[GL(A),GL(A)] is generated by th
‘elementary’ matricesbij (a) = [bik(a), bkj (1)], wherebij (a) is the matrix whoseij th
entry isa, whose diagonal entries are 1 and whose other entries are 0.

3. The commutator group C

Supposeε :B → A is a local augmentation. In this section, we study the group

C = 〈
(1+ ab)(1+ ba)−1

∣∣ ε(ab)= ε(ba)= 0
〉⊂ ε−1(1).

A consequence of Proposition 3.4 is that[ε−1(1), ε−1(1)] ⊂ C, a fact we shall need in th
proof of Theorem B. Although[ε−1(1), ε−1(1)] �= C in general, the following lemma say
that the image ofC in K1(B) is trivial.

Lemma 3.1. SupposeB is any ring anda, b ∈ B. The element1 + ab is invertible if
and only if 1 + ba is invertible. Moreover, if1 + ab and 1 + ba are invertible then
[1+ ab] = [1+ ba] ∈ K1(B).

Proof. One can check that
( 1 −a

)( 1+ab 0)( 1 0)= ( 1 0)( 1 0 )( 1 −a
)
. ✷
0 1 0 1 b 1 b 1 0 1+ba 0 1
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Notation 3.2. LetB• andA• denote the groups of units inB andA, respectively. Suppos
S is a subset ofB×B with the property that 1+ba ∈B• for all (a, b) ∈ S. LetC(S) denote
the intersection ofε−1(1) with the group generated by{(1+ ab)(1+ ba)−1 | (a, b) ∈ S}.
In symbols:

C(S) = ε−1(1)∩ 〈(1+ ab)(1+ ba)−1 | (a, b)∈ S
〉
.

We usually describeS in terms of equations or conditions ona andb. For example
the commutator group in Theorem B isC = C(ε(ab) = ε(ba) = 0). Note that ifST =
{(a, b) | (b, a) ∈ S} thenC(S) = C(ST) = C(S ∪ ST), because(1 + ab)(1 + ba)−1 =
((1+ ba)(1+ ab)−1)−1. The following fact was attributed to L. Vaserstein by V. Sriniv
[33, p. 5].

Lemma 3.3. If 1 + ac and1+ ba are invertible andac = ca then(1+ ab)(1+ ba)−1 =
(1+ a(b + c + bac))(1+ (b + c + bac)a)−1.

Proof. Observe that(1 + ab)(1 + ac) = 1 + a(b + c + bac) and (1 + ba)(1 + ca) =
1+ (b + c + bac)a. ✷
Proposition 3.4. Let ε :B → A be a local augmentation.

(1) C(ε(a)= 0) = C(ε(ab)= ε(ba)= 0)= C(ε(ba)= 0) = C(1+ ba ∈B•).
(2) [B•,B•] ∩ ε−1(1)= C(b ∈ B•; 1+ ba ∈ B•).
(3) [ε−1(1), ε−1(1)] = C(ε(a) = 0; ε(b) = ζ ) for anyζ ∈ A which commutes with ever

element ofI = Ker(ε).

In particular,[
ε−1(1), ε−1(1)

]⊂ [B•,B•] ∩ ε−1(1) ⊂ C = C
(
ε(ab)= ε(ba)= 0

)
(6)

andC is a normal subgroup ofε−1(1) with abelian quotient.

Statement (1) will follow from the proof of Theorem B in Section 4. We do not use
in the proof of (2) or (3).

Proof of statement (2). (Compare Silvester [32, p. 135].) Supposeα,β ∈ B•. Define
a = αβ − α and b = α−1 so that(1 + ab)(1 + ba)−1 = αβα−1β−1. Now b ∈ B• and
1+ ba = β ∈ B•, so[B•,B•] ∩ ε−1(1) ⊂ C(b ∈B•; 1+ ba ∈B•).

Inversely, ifa, b ∈ B with b ∈ B• and 1+ba ∈B•, one can setα = b−1 andβ = 1+ba

to obtainαβα−1β−1 = (1+ ab)(1+ ba)−1. ✷
Proof of statement (3). We continue to use the notation of the preceding proof. Obs
that ε(α) = ε(β) = 1 if and only if ε(a) = 0 and ε(b) = 1. Thus [ε−1(1), ε−1(1)] =
C(ε(a)= 0; ε(b)= 1). It remains to prove that

C
(
ε(a)= 0; ε(b) = 1

)= C
(
ε(a)= 0; ε(b)= ζ

)
.
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If ε(a) = 0 and ε(b) = 1, put c = ζ − 1 so thatε(b + c + bac) = ζ . Lemma 3.3
implies thatC(ε(a) = 0; ε(b) = 1) ⊂ C(ε(a) = 0; ε(b) = ζ ). Conversely, ifε(a) = 0 and
ε(b) = ζ , put c = 1 − ζ so that ε(b + c + bac) = 1 and Lemma 3.3 implies tha
C(ε(a)= 0; ε(b)= ζ ) ⊂ C(ε(a)= 0; ε(b) = 1). ✷

Using Lemma 3.3, one can show that the second inclusion of (6) is an equality in c
cases of interest (e.g. ifA is a local ring). However, neither inclusion is an equality
general as the following example illustrates.

Example 3.5. SupposeB = A[[x]], wherex is a central indeterminate, andε :A[[x]] → A;
x �→ 0. Pajitnov and Ranicki observed [22, §3.2] that the canonical homomorp
ε−1(1)ab → K1(B) need not be injective. In fact, whenever there exist elementsa, b ∈ A

such thatab �= ba one finds that

(
1+ a(bx)

)(
1+ (bx)a

)−1 = 1+ (ab − ba)x + · · ·

is an element ofC but is not in[ε−1(1), ε−1(1)]. Furthermore, if one can choosea ∈ A•
andb ∈B with ab �= ba then

a(1+ bx)a−1(1+ bx)−1 = 1+ (
aba−1 − b

)
x + · · ·

lies in[B•,B•]∩ε−1(1), but not in[ε−1(1), ε−1(1)]. On the other hand, if sayA = Z〈y, z〉
is the free associative ring on two generators thenA• = {±1}, soB• = ±(1+A[[x]]x) and
[B•,B•] ⊂ 1+A[[x]]x2. Puttinga = xz andb = y we have

(1+ ab)(1+ ba)−1 = 1+ (zy − yz)x + · · · ,

so(1+ ab)(1+ ba)−1 lies inC, but not in[B•,B•].

It follows from Lemma 2.9(d), Proposition 3.4, and Example 3.5 that, in the conte
Theorem A, we have[ε−1

Σ (1), ε−1
Σ (1)] � C in Σ−1A[x] wheneverA is non-commutative

4. Proof of Theorems A and B

Supposeε :B →A is a local homomorphism andj :A → B satisfiesεj = idA. We use
the same symbolsε andj to denote the functorsA⊗B andB ⊗A and the induced map
K1(B) → K1(A) andK1(A)→ K1(B). Sinceεj = idA induces the identity onK1(A), we
have a decomposition

K1(B) = K1(A)⊕ K̃1(B),
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where, by definition,̃K1(B) = Ker(ε :K1(B) → K1(A)). To prove Theorem B, we mus
show thatK̃1(B) is isomorphic toε−1(1)/C, whereC is the subgroup ofε−1(1) generated
by the subset {

(1+ ab)(1+ ba)−1 | a, b ∈ B, ε(ab)= ε(ba)= 0
}
. (7)

We shall continue to write the group operation multiplicatively inε−1(1)/C, but additively
in K1(B).

We first deduce Theorem A from Theorem B.

Proof of Theorem A. Recall thatε :A[x] → A; x �→ 0 and Σ denotes the set o
matricesσ with entries inA[x] such thatε(σ ) is invertible. The universal localizatio
εΣ :Σ−1A[x] → A is a local augmentation by Lemma 2.9(a). Ranicki showed
Proposition 10.21] that there is an isomorphism

Ẽnd0(A) ∼= K̃1
(
Σ−1A[x]); [P,α] �→ [1− αx].

By Theorem B, the map̃End0(A) → ε−1
Σ (1)/C; [P,α] �→ D(1 − αx) is also an iso-

morphism. ✷
Outline proof of Theorem B. The proof of Theorem B is analogous to the proof of
identity K1(k) ∼= k•, wherek is a (commutative) field. The latter is proved by observ
that the determinant

GL(k) → k•, α �→ det(α)

induces a map det :K1(k) → k•, which is inverse to the canonical map fromk• to K1(k).
In a non-commutative setting, this traditional determinant is not defined. By Lemm

there is a canonical mapε−1(1)/C → K̃1(B); we shall construct an inverse

D : K̃1(B) → ε−1(1)/C,

which is a version of the Dieudonné determinant. The idea is that the class inK1(B)

represented by a given invertible matrix is unchanged when one performs elem
operations, adding a (left) multiple of one row to another row, or adding a (right) mu
of one column to another column. If[α] ∈ K̃1(B) thenα can be reduced to a diagon
matrix by these row and column operations. One can then defineD(α) to be the product o
the diagonal entries in this diagonal matrix. Modulo appropriate relations, which tur
to beC, the determinantD is well-defined. ✷

We treat the preceding proof in more detail below showing in fact thatD is well-defined
moduloC0 = C(ε(a) = 0) = 〈(1+ ab)(1+ ba)−1 | ε(a) = 0〉. Let us now deduce that th
various definitions ofC in Proposition 3.4(1) are identical:
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Proof of Proposition 3.4(1). It is immediate that

C0 = C
(
ε(a)= 0

)⊂ C = C
(
ε(ab)= ε(ba)= 0

)⊂ C
(
ε(ba)= 0

)⊂ C(1+ ba ∈ B•). (8)

By Lemma 3.1,C(1+ ba ∈B•) vanishes iñK1(B), so the composite

ε−1(1)

C0
� ε−1(1)

C(1+ ba ∈ B•)
→ K̃1(B) → ε−1(1)

C0

is the identity. HenceC0 = C(1 + ba ∈ B•) and all the inclusions in (8) are equalities.
particular,C0 = C. ✷

We begin now a detailed proof thatD : K̃1(B) → ε−1(1)/C0 is well-defined. Let
Ãut(B) denote the full subcategory of End(B), whose objects are pairs(P,α) such that
α :P → P is an automorphism andε(α) = 1.

Lemma 4.1. K̃1(B) is (isomorphic to) the abelian group generated by isomorphism clas
[P,α] of automorphisms(P,α) ∈ Ãut(B), subject to the following relations:

(1) [P ⊕P ′, α ⊕ β] = [P,α] + [P ′, β].
(2) [P,αβ] = [P,α] + [P,β].
(3) If (P, c) = j (P0, c0) ∈ Aut(B) and(P,α) ∈ Ãut(B) then[P, cαc−1] = [P,α].

In Lemma 4.1, just as in Definition 2.12, one may replace f.g. projective module
f.g. free modules throughout. We usually abbreviate[P,α] to [α].

Proof of Lemma 4.1. Let T denote the abelian group with the generators and rela
given in Lemma 4.1. There is an obvious homomorphismT → K1(B) and the composite
T → K1(B) ε−→ K1(A) is zero, so the image ofT lies in K̃1(B). Conversely, given a
generator[α] ∈ K1(B), we may writeα = cα̃, wherec = jε(α) and α̃ = c−1α has the
propertyε(α̃) = 1. We can define a map

θ :K1(B) → T ; [α] �→ [α̃] = [
c−1α

]
.

Plainly θ [α ⊕ β] = θ [α] + θ [β]. We must check also thatθ [αβ] = θ [α] + θ [β]. Indeed,
if c = ε(α) and d = ε(β) then θ [αβ] = θ [cα̃dβ̃] = θ [(cd)d−1α̃dβ̃] = [d−1α̃dβ̃] =
[d−1α̃d] + [β̃], so by relation (3) we haveθ [αβ] = [α̃] + [β̃] = θ [α] + θ [β]. Plainly the
restriction ofθ to K̃1(B) is inverse to the canonical mapT → K̃1(B). ✷

It is easy to define a mapi : ε−1(1) → K̃1(B). Indeed, a unitα ∈ B• determines an
automorphismB → B; x �→ xα of the freeB-module on one generator. Moreover,
ε(α) = 1 then[α] ∈ K̃1(B) ⊂ K1(B).

We prove next thati is surjective, the idea being to reduce an automorphism ofBn,
‘by row and column operations,’ to a direct sum of automorphisms of smaller modu
(B,α) ∈ Ãut(B) then[α] is certainly in the image ofi.
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Lemma 4.2. If α is an automorphism ofBn with n� 2 andε(α) = 1 then there is a uniqu
expression

α =
(

1 0
l 1

)(
d1 0
0 d2

)(
1 u

0 1

)
, (9)

wherel :B → Bn−1, u :Bn−1 → B, d1 :B → B, andd2 :Bn−1 → Bn−1. This expression
has the propertiesε(d1) = 1A, ε(d2) = 1An−1, ε(u) = 0, andε(l) = 0.

Proof of Lemma 4.2. We may write α = ( α11 α12
α21 α22

)
, where ε(α11) = 1, ε(α22) = 1,

ε(α12) = 0, andε(α21) = 0. Nowα11 is invertible sinceε is a local homomorphism, so

α =
(

1 0
α21α

−1
11 1

)(
α11 0
0 α22 − α21α

−1
11 α12

)(
1 α−1

11 α12
0 1

)
.

This equation proves existence of the expression (9) and the properties in the last s
of the lemma follow immediately. To show uniqueness, suppose(

1 0
l 1

)(
d1 0
0 d2

)(
1 u

0 1

)
=
(

1 0
l′ 1

)(
d ′

1 0
0 d ′

2

)(
1 u′
0 1

)
.

It follows that (
1 0

−l′ + l 1

)(
d1 0
0 d2

)
=
(
d ′

1 0
0 d ′

2

)(
1 u′ − u

0 1

)
,

which implies first thatd1 = d ′
1 andd2 = d ′

2 and second, sinced1 andd2 are invertible, tha
u = u′ andl = l′. ✷

Since [
1 0
l 1

]
=
[

1 u

0 1

]
= 0 ∈ K̃1(B),

the ‘existence’ part of Lemma 4.2 implies, by induction on the rankn, that the natural ma
ε−1(1)→ K̃1(B) is surjective.

The ‘uniqueness’ part of Lemma 4.2 leads to a map from the objects inÃut(B) to
ε−1(1)/C0, defined recursively. This map is analogous to the Dieudonné determinan
(compare also Klingenberg [14], Draxl [11, Chapter 20], Silvester [32, pp. 122–
Srinivas [33, Example 1.6]). We continue to use the notation of Lemma 4.2.

Definition 4.3. Supposeα :Bn → Bn is an automorphism. DefineD(α) = α ∈ ε−1(1)/C0
if n = 1. If n� 2 then define

D(α) = d1D(d2) = α11D
(
α22 − α21α

−1
11 α12

) ∈ ε−1(1)

C0
.
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It is easy to see that ifα = id :Bn → Bn thenD(α) = 1. One can extend the definitio
of D to automorphisms of f.g. projective modules byD(α :P → P) = D(α ⊕ 1Q), where
P ⊕Q is f.g. free.

Now, if we can show thatD respects the relations (1)–(3) of Lemma 4.1 thenD will
induce a map̃K1(B) → ε−1(1)/C0, which is plainly inverse toi : ε−1(1)/C0 → K̃1(B).
It suffices to consider automorphisms of free modules; we shall check the relatio
induction starting with relation (1).

Lemma 4.4. If α :Bn → Bn andβ :Bm → Bm thenD(α ⊕ β) = D(α)D(β).

Proof. We perform induction onn. The casen = 1 is trivial so let us supposen � 2.
Writing α = ( α11 α12

α21 α22

)
with theαij defined as in the proof of Lemma 4.2, we have

D(α ⊕ β) = D

(
α11 α12 0
α21 α22 0
0 0 β

)
= α11D

((
α22 0
0 β

)
−
(
α21
0

)
α−1

11 (α12 0)

)

= α11D

(
α22 − α21α

−1
11 α12 0

0 β

)
= α11D

(
α22 − α21α

−1
11 α12

)
D(β) (by the inductive hypothesis)

= D(α)D(β). ✷
We treat relations (2) and (3) together:

Proposition 4.5. (a) If α :Bn → Bn and β :Bn → Bn are automorphisms andε(α) =
ε(β) = 1 : An → An thenD(αβ) = D(α)D(β) ∈ ε−1(1)/C0.

(b) Supposeα :Bn → Bm, β :Bm → Bn, and eitherε(α) = 0 or ε(β) = 0 (or both).
ThenD(1+ αβ) = D(1+ βα) ∈ ε−1(1)/C0.

Part (a) of Proposition 4.5 says thatD respects relation (2) of Lemma 4.1. Part
implies thatD respects relation (3) for, ifα = 1 + α0 andε(α0) = 0 thenD(cαc−1) =
D(1+ cα0c

−1) = D(1+ α0c
−1c) = D(α).

Proof of Proposition 4.5. We shall prove parts (a) and (b) at the same time, by induc
In part (a) there is one statement, denoteda(n), for each positive integern. In part (b)
there is one statementb(m,n) for each pair(m,n) of positive integers and we hav
b(m,n) ⇔ b(n,m).

Plainlya(1) andb(1,1) are true. We shall establish the following inductive steps:

b(1, n− 1)∧ a(n− 1) ⇒ a(n) for all n� 2, (10)

a(m)∧ b(1,m)∧ b(m,n− 1) ⇒ b(m,n) for m � 1,n� 2. (11)

These are sufficient to provea(n) andb(m,n) for all m andn. Indeed, a special case
(11) readsa(1) ∧ b(1,1) ∧ b(1, n − 1) ⇒ b(1, n), sob(1, n) holds for alln � 1. It then
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follows from (10) thata(n) holds for alln � 1. Finally, (11) shows by induction onn that
b(m,n) holds for allm,n� 1. ✷
Proof of (10). Supposeα,β :Bn → Bn. By Lemma 4.2, it suffices to showD(αβ) =
D(α)D(β) in the cases

(i) α =
(

1 0
l 1

)
, (ii) α =

(
d1 0
0 d2

)
, and (iii) α =

(
1 u

0 1

)
.

Herel :B →Bn−1, d1 :B →B, d2 :Bn−1 → Bn−1, andu :Bn−1 →B.
(i) Let us write

β =
(

1 0
l′ 1

)(
d ′

1 0
0 d ′

2

)(
1 u′
0 1

)
.

Now

D(αβ) = D

(
1 0

l + l′ 1

)(
d ′

1 0
0 d ′

2

)(
1 u′
0 1

)
= d ′

1D(d ′
2) = D(β) = D(α)D(β).

(ii) D(αβ) = D

((
d1 0
0 d2

)(
1 0
l′ 1

)(
d ′

1 0
0 d ′

2

)(
1 u′
0 1

))
= D

((
1 0

d2l
′d−1

1 1

)(
d1d

′
1 0

0 d2d
′
2

)(
1 u′
0 1

))
= d1d

′
1D(d2d

′
2).

Now ε−1(1)/C0 is abelian by Proposition 3.4(3), so bya(n − 1) we haveD(αβ) =
d1d

′
1D(d2)D(d ′

2) = d1D(d2)d
′
1D(d ′

2) = D(α)D(β). This completes part (ii).
In the proofs of (iii) and (11), we use the following identity, which can be verified

direct calculation:

Lemma 4.6. If 1+ αβ is invertible then1− β(1+ αβ)−1α = (1+ βα)−1.

(iii) If α = ( 1 u
0 1

)
then settingγ = 1+ ul′, we have

D(αβ) = D

((
1 u

0 1

)(
1 0
l′ 1

)(
d ′

1 0
0 d ′

2

)(
1 u′
0 1

))
= D

((
1 0

l′γ−1 1

)(
γ d ′

1 0
0 (1− l′γ−1u)d ′

2

)(
1 (γ d ′

1)
−1ud ′

2 + u′
0 1

))
= γ d ′

1D
(
(1− l′γ−1u)d ′

2

)
= (1+ ul′)d ′

1D
(
(1+ l′u)−1d ′

2

)
(by Lemma 4.6).
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It follows by a(n− 1) andb(1, n− 1) that

D(αβ) = (1+ ul′)d ′
1(1+ ul′)−1D(d ′

2) = d ′
1D(d ′

2) = D(α)D(β).

This completes the proof of (10).✷
Proof of (11). Supposeα :Bn → Bm, β :Bm → Bn, and eitherε(α) = 0 or ε(β) = 0.
Writeα = ( α1 α2 ), whereα1 :B →Bm andα2 :Bn−1 → Bm, and writeβ = ( β1

β2

)
, where

β1 :Bm →B andβ2 :Bm → Bn−1. Now

1+ βα = 1+
(
β1
β2

)
( α1 α2 ) =

(
1+ β1α1 β1α2
β2α1 1+ β2α2

)
,

so by Definition 4.3 we have

D(1+ βα) = (1+ β1α1)D
(
1+ β2α2 − β2α1(1+ β1α1)

−1β1α2
)

= (1+ β1α1)D
(
1+ β2

(
1− α1(1+ β1α1)

−1β1
)
α2
)

= (1+ β1α1)D
(
1+ β2(1+ α1β1)

−1α2
)

(by Lemma 4.6)

= D(1+ α1β1)D
(
1+ (1+ α1β1)

−1α2β2
)

(usingb(1,m) andb(n− 1,m))

= D
(
(1+ α1β1)

(
1+ (1+ α1β1)

−1α2β2
))

(by a(m))

= D(1+ αβ).

This completes the proof of Proposition 4.5.✷
Thus D : K̃1(B) → ε−1(1)/C0 is well-defined and the proof of Theorem B is al

complete.
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