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Abstract

We compute the Whitehead groups of the associative rings in a class which includes (twisted)
formal power series rings and the augmentation localizations of group rings and polynomial rings.
For any associative ring, we obtain an invariant of a paiP, «), where P is a finitely generated
projective A-module andw: P — P is an endomorphism. This invariant determings «) up
to extensions, yielding a computation of the (reduced) endomorphism class ﬁupr). We
also refine the analysis by Pajitnov and Ranicki of the Whitehead group of the Novikov ring,
a computation which Pajitnov has used in work on circle-valued Morse theory.

0 2003 Published by Elsevier Inc.

1. Introduction
1.1. Endomorphisms

The characteristic polynomial of an endomorphism of a vector space determines the
endomorphism uniquely ‘up to choices of extension. To make such a statement precise,
one makes the following definition (Almkvist [1-3], Grayson [12]) which we discussed
in [31].

Definition 1.1. Let A be an associative ring. The reduced endomorphism class group
Endy(A) is the abelian group with one generator for each isomorphism class of pairs
[A", «] and relations:
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o [A", a]+[A",a"]=[A", o] if there is an exact sequence

"

0— (A", a) —> (A"/,o/) — (A" ,d") = 0.
e [A,0]=0.

Almkvist proved [2] that ifA is commutative then the characteristic polynomial induces
an isomorphism

14+a1x+---+ayx"
14+bix 4 -+ bpx™
[A", a] — def1l — ax).

Endy(A) = {

ai,biEA}, (1)

A goal of the present paper is to obtain an analogous statement for arbitrary associative
rings.

We first reformulate the right-hand side of (1). LetA[x] — A; x — O denote
augmentation and l&? C A[x] denote the set of polynomigissuch that (p) is invertible.
There is a canonical factorization ethrough the ring of fraction® 1 A[x]

Alx]— PTA[x] <& A

and Almkvist's result says that for any commutative ringthere is an isomorphism
Ench(4) = €51 (1).

Dropping the assumption that is commutative, letA[x] denote the polynomial ring
in a central indeterminate. It is advantageous to make invertible not only elements but
matrices inA[x]. Let X denote the set of matriceswith entries inA[x] such thak (o) is
invertible. There exists a (formal) localizatiegrix] — X ~1A[x] (Cohn [8], Schofield [30,
Chapter 4]), which is not in general a ring of fractions but has the following properties:

1. Every matrixo € X is invertible overs —1A[x].

2. ThemapA[x] — > ~1A[x]is universal with respect to property 1. In other words, any
mapA[x] — B which makes all the matrices iB invertible factors uniquely through
> 1A

In particulare : A[x] — A is the compositei[x] — > 1TAx] £ A.
Theorem A. Let A be an associative ring. There is an isomorphism
Ench(A) Z ez (1)/C;  [A",a] > D(1—ax),

whereC is the subgroup generated by commutators

{1+ ab)(1+ba) | a,be Alx], e(ab) = e(ba) =0}.
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The symbolD is defined in Section 4 (Definition 4.3) and is analogous to the Dieudonné
determinant. In the commutative case, a matrix3inis invertible if and only if its
determinant is invertible, s& ~1A[x] = P~1A[x]. Moreover,C is trivial and D is the
traditional determinant so Theorem A is a generalization of Almkvist's identity (1) above.

Supposeé is hon-commutative. Now

[ex1(D), ex (D] c [(Z7tAx)%, (271Ax]) ] next) c C,

where(X~1A[x])* denotes the group of units IB~1A[x], but neither of these inclusions
is an equality in general ar[dgl(l), egl(l)] C C is never an equality (see Section 3).

Our proof of Theorem A uses a result of A. Ranicki, which we state next. Recall that
for an arbitrary ring4, the groupk1(A) = GL(A)2 is the abelianization of the group of
invertible square matrices of arbitrary size. Ranicki established [26, Proposition 10.21] an
isomorphism

K1(A) @ Ench(A) = K1(Z71A]),

which is the canonical inclusion af1(A) and sends the eleme”, o] € Eﬁd;(A) to
[1— ax] gvl(l(Z‘*lA[x]). We prove here that there is an isomorphigihmbetween the
image ofEndh(A) in K1(Z~1A[x]) ande;_l(l)/c.

1.2. Local augmentations

Our main result is more general and concerns a class of homomorphigins> A
which we call ‘local augmentations.” The word ‘augmentation’ just means split surjection
or in other words retraction in the category of rings. By local we mean that a square matrix
a with entries inB is invertible if e (@) is invertible.

Any augmentatiore: B — A can be made a local augmentatiair'B — A by
adjoining a formal inverse to every square matrixvith entries inB such that (o) is
invertible (see [31, Lemma 3.1] and Lemmas 2.4 and 2.9 below). In particular, the map
ex: Y 1A[x] — A above is a local augmentation. To give another example,[[if])
denotes the ring of formal power series in a central indeterminatéh coefficients in
AthenA[x] — A; x — O is a local augmentation.

Theorem B (Main theorem).If ¢:B — A is a local augmentation then there is a
canonical isomorphism

e 1)

K1(B)=K1(A) & c

whereC is the subgroup generated by commutators

{1+ ab)(1+ba)t|a,be B, e(ab) =e(ba) =0}.
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In particular, we may apply Theorem B to augmentation localizations of group rings.
Supposer is agroup andiz = A ®z Zx is the corresponding group ring with coefficients
in an associative ringl. Let¢: Ar — A be the augmentation, defined byg) = 1 for
gem ande(a) =a fora € A. Let X denote the set of matriceswith entries inAx such
thate (o) is invertible;e can be written as the compositer — ¥ 1Ax <% A,

Corollary 1.2. K1(¥~*An) = K1(A) @ e51(1)/C.

Corollary 1.2 will be applied in a subsequent paper, witk Z, to study Reidemeister
torsion ofhomologyequivalences between finite CW-complexes.

We may also apply Theorem B to the ring of formal power series in a central
indeterminate:

1+ Allx]x

K1(Allx]) = K1(A) ® C

(2)

It may be useful, if one is studying endomorphisms via Theorem A, to pass from the
localization X ~1A[x] to the completionA[[x]. The universal property of localization
provides a canonical map: > 1A[x] - Alx]—see Lemma 2.9(d)—but neithgrnor

the induced map

ezt () _, L+ Al
C c

is an injection in general [31].

Generalizing (2), suppos# is an associative ring ang: X — Aut(A) assigns a ring
automorphism to each element of a sétof indeterminates. Letds (X)) denote the
(twisted) power series ring whose elements are infinite formal sums, with one term for
each word in the alphabét. One may also impose relations, such as commutativity of the
indeterminates, if compatible witfy see Example 2.10 below.xO

Corollary 1.3. K1(Az (X)) = K1(A) & (1+ A: (X)) X)/C.

We remark that commutators of the foith+ ab)(1+ ba)~! have appeared in earlier
computations related to Whitehead groups (e.g., [6, p. 269], [16,32]). Whitehead groups
of universal localizations appear in thé-theory exact sequences of Schofield [30] and
Neeman and Ranicki [19] and certain Whitehead groups of localizations are computed in
papers of Revesz [28], Ara, Goodearl, and Pardo [5], and Ara [4].

1.3. The Novikov ring

Corollary 1.3 refines a computation by Pajitnov and Ranicki [22], which was motivated
by work of Pajitnov [25] on circle-valued Morse theory and gradient flow on manifolds. We
briefly outline this application; background references include [7,17,18,20,21,23,24,27].

Let A: (z) = As [zl[z~1] denote the (twisted) Novikov ring whose elements are power
series with finitely many negative powers pfbut, in general, infinitely many positive
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powers ofz. SupposeV is a (closed compact) manifold,: M — St is a Morse map and
v:M — 1) IS a generic choice of vector field, which is ‘gradient-like’ f6r One would
like to describe the closed orbits of the associated flowfon

Now if f induces a surjection1 (M) — 71(S1) = Z then

T(M)ZEx xg Z=n xz{Z" |n€Z}

for some homomorphisi: Z — Aut(xr) and the Novikov ringZz¢ (2)) is a completion
of the group ringZz1(M). Information about the closed orbits of the gradient flovs
encoded in the torsion

K1(Zme (2)
€

T € aga M)

of a canonical chain equivalence (Novikov [20,21], Pajitnov [23—-25])
b 1 215 (2) @77y (1) €2 — CNV(w).

The symbol C# denotes the chain complex ové&ri(M) associated to a smooth
triangulation of M. The ‘Novikov complex’CN%(v) is a finitely generated free chain
complex overZmg (z) with one basis element ilT}\'OV for each critical point off of
indexi. The differentiald : CN®(v); — CN%(v);_1 counts (with signs) the number of
flow lines from each critical point of indeikto each critical point of index — 1 (in the
universal cover off). In contrast to real-valued Morse theory, the imagé&irof a flow-
line may ‘wrap around the circle’ any number of times, so the differentials\f (v) are
formal power series in.

Now the torsionz(¢,) lies in the image of the canonical map-HZng[[z]lz —
K1(Zme(2). For anyA, let

Wi(A, &) =Imagel+ Ae[lz]lz > K1(Ae(2))).

Pajitnov and Ranicki showed [22] tha¥1(A, &) is a summand oK 1(A:(z)) and is
naturally isomorphic to the image of A¢[[z]z in K1(A:[lz]). O

In the light of Corollary 1.3, we have:
Corollary 1.4. W1(A, &) = (1+ Ae[[zlz)/C.

Pajitnov defined [25] a logarithm based on the standard formula

62 6%
LA+0)=60— —+ =,
1+0) 5 + 3
which sends each element ¥fi(Zx, £) to a formal power series with one term for each
conjugacy clas@ of w1(M) such thatf(8) > 0. He showed that the coefficient gfin
L(t(¢y)) is the number of closed orbits of the flow, counted with signs, in the glass
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This paper is structured as follows: In Section 2 we discuss local homomorphisms and
augmentations and we defir& (A) and Ench(A). Section 3 concerns the group of
commutators, which appears in Theorems A and B. Section 4 is devoted to the proofs of
Theorems Aand B. O

2. Definitionsand examples

Rings will be assumed associative with multiplicative unit. The &3t will be
considered a ring, in which 0, but will not be considered a field.

2.1. Local homomorphisms

Definition 2.1. A ring homomorphismf: B — A will be calledlocal if every square
matrix o with entries inB has the following property:

If f(«)isinvertible then «isinvertible.

Equivalently, f is local if it has the property that & : P — P is an endomorphism of a
finitely generated (f.g.) projectivB-module and R «: A ® g P — A ®p P is invertible
thena: P — P is invertible.

For example, for any ring the surjectionB — B/rad(B) is a local homomorphism
(e.g., Lam [15, Proposition 4.8 and (7) on p. 57]).

Formal power series provide another exampleAlfs any associative ring lefi[x]
denote the polynomial ring in a central indeterminatd he augmentatioa: A[x] — A
given bye|s = id4 ande(x) = 0 induces local homomorphismgx]/(x") — A and a
local homomorphisrd: A[[x] — A; see Lemma 2.5 below.

Itis easy to check that a composite of two local homomorphisms is again local and that

if a compositeC £> B 2, Aislocal theng is local.

Although neitherA nor B are local rings in most of our examples, we consider
homomorphisms between local rings in our first two lemmas to prove that Definition 2.1 is
consistent with terminology used in algebraic geometry (see, for example, Hartshorne [13,
p. 73]) and by Cohn [9, p. 388]. Indeed, Lemmas 2.2 and 2.3 together imply that a
homomorphismf : B — A between local rings is a local homomorphism if and only if

f~Y(radA)) =radB).

Lemma 2.2. Supposef : B — A is a ring homomorphism. IB is a local ring,A # 0, and
f~Y(rad(A)) = rad(B) then f is a local homomorphism.

The hypotheses of the lemma are not redundant. For examplesithe inclusion of
Zin Q then f~1(radQ)) = 0 =rad(Z) but f is not a local homomorphism. On the other
hand, ifZ,, denotes the local ring obtained frdfrby making invertible all the integers not
divisible by the primep and f is the inclusion ofZ, in Q then f ~1(radQ)) # radZ )
and f is not a local homomorphism. The following proof was pointed out to me by P. Ara.
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Proof of Lemma 2.2. Suppose first thaB is a division ring so the homomorphism
f:B — A is an injection (sinceA # 0). Every homomorphisnB” — B" is either an
isomorphism or has non-zero kernel, so every square matwikh entries inB is either
invertible or a zero-divisor. It follows that is invertible inA if and only if @ is invertible
in B and hencef is local.

Now if B is a local ring consider the commutative diagram

L

rad B) rad(A) -

f

R

SinceB/rad(B) is a division ring, the lower horizontal arrow is a local homomorphism by
the argument above. The vertical arrows are local homomorphisms, so it follows that
a local homomorphism. o

Lemma 2.3. If f:B — A is a local homomorphism thefi~1(radA)) c rad(B). If, in
addition, A is a local ring thenf ~1(rad(A)) = rad(B) and B is a local ring.

We remark that not every local homomorphisfnhas f~1(radA)) = rad(B). For
example, ifk is a field, the inclusion of the formal power series riiig ]| in the polynomial
extensionk[x][y] is a local homomorphism but

fH(rad(k[x10y1)) = £~ 1(0) = 0# xk[x T = rad(k[x1).

Proof of Lemma 2.3. An elementx € B lies in rad B) if and only if 1+ bxb’ is invertible
forall b,b' € B (e.g., Lam [15, Lemma 4.3]). f € f~1(rad(A)) then f(x) € rad(A), so
f@A+bxb')y=1+ f(b) f(x)f(b)) is invertible. Sincef is local, it follows that 1+ bxb’
is invertible for allb, ' € B and hence that € rad(B). Thus f ~1(radA)) C radB).

If Aisalocal ring andf is a local homomorphism thene B is invertible if and only
if x ¢ f~1(radA)), soB is a local ring andf ~1(rad(A)) =radB). O

The next lemma says that any ring homomorphism can be made local in a universal
way:

Lemma 2.4. Suppose : B — A is a ring homomorphism. There is an initial object
Bz, x-1p Iz, 4 ©)

in the category of diagramg > B’ L, A'such thatf’i = f and f’ is local.
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In other words, iff : B — A is the composit& > B’ L and f” is local then there

is a unigue commutative diagram

-1
is >~ B s

B/V\

B/

A. (4)

Since it is an initial object, (3) is certainly unique. The existence of (3) follows from
the universal localization of rings: given any setof matrices with entries irB, one can
adjoin formal inverses to each matrix i to obtain a maps: B — X 1B (see Cohn
[8, Chapter 7] and Schofield [30, Chapter 4]). Now is X-inverting in the sense that,
for every matrixo € X, the image x (o) is invertible. Moreoverj s is characterized as
the initial object in the category af-inverting homomorphismg8 — B’. In other words,
every X -inverting homomorphisn® — B’ factors througliy in a unique way. We remark
thatix is an epimorphism, i.efix = gix implies f = g.

Proof of Lemma 2.4. Given a ring homomorphisnf: B — A let X be the set ofA-
invertible matrices with entries iB. In other words, leto0 € X if and only if f(o)
is invertible. Now f is X-inverting, and hence factors uniquely through™'B, i.e.
f = fxix, where

Bz, x-lp Iz, 4 (5)

Itis proved in [31, Lemma 3.1] thaty is a local homomorphism.

To see that (5) has the universal property illustrated in (4), supposef’i, where
f':B’— Ais local andi: B — B’. If 0 € X then f (o) is invertible and, becausg¢’
is local, i (o) is invertible. It follows that there is a unique mag X~1B — B’ such
thati = yix. Now fxiyx = f'i = f'yiy andiy is an epimorphism, so we also have
fe=fv. O

One can obtain further examples of local homomorphisms by limit constructions. For
example, a product of local homomorphisms or an inverse limit of local homomorphisms
is again a local homomorphism. To make a general statement, Lemma 2.5 below, let us
briefly recall the notion of limit in category theory. SuppaseJ — C is a functor from a
small category/ to a category. If M is an object o’ letcy, : J — C denote the constant
functor which sends every object dfto M and every morphism to jg. By definition,

a limit of F is a final object in the category of pai¢a/, ), whereM is an object of” and
6 is a natural transformation fromy to F. The category is said to becompletdf every
functor F : J — C, whereJ is small, has a limit.
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The category of rings, for example, is complete (recall that we confijer ring). Of
interest here is the category in which an object is a ring homomorphism and a morphism
from f:B — Ato f': B’ — A’ is acommutative square:

B—— A

L

B —= A

This homomorphism category is also complete. Although the category of local rings is not
complete, one has

Lemma 2.5. The category of local homomorphisms is complete.

The proof of Lemma 2.5 is not difficult; it suffices to check that equalizers and arbitrary
products of local homomorphisms are again local. The details are left to the reader.
Dually, one can attempt to construct examples of local homomorphisms by colimit
constructions. However, the category of local homomorphism®tscocomplete. For
example, the coproduct of two copies of the local homomorpHigri/ (x2) — Z; x > 0
is not local. On the positive side, the reader can check that a direct colimit (often called
a direct limit) of local homomorphisms is a local homomorphism:

Lemma 2.6. Let J be a directed set. If{ f;: B; — Aj}jey, {9;? :fi = fi)j<k) is adirect
system of local homomorphisms then the colimit

li f]|l Bj—)" Aj

—JJ) = —

is a local homomorphism.
2.2. Local augmentations
The word ‘augmentation’ is synonymous with ‘split surjection’ or ‘retraction

Definition 2.7. An augmentation(e, j) is a pair of ring homomorphisms. B — A and
j:A— Bsuchthatj =id,.

The equatiorej = id4 implies thatB can be expressed as a direct sjfd) & Ker(e)
of (A, A)-bimodules. We shall usually suppreggegardingA as a subset aB. Note that
the category of augmentations is both complete and cocomplete. In particular, a direct or
inverse limit of augmentations is again an augmentation. A ring homomorphism which is
both local and an augmentation will be called a local augmentation.

Lemma 2.8. If €: B — A is an augmentation and = Ker(e¢) satisfies/” = 0 for some
n € N thene is a local augmentation.
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Proof. Supposex is a square matrix with entries iB ande(«) is invertible. The matrix
a0 = €()la — 1 has entries if S0 1+ ap has inverse +ag+ad —--- + (—1)”—10{8‘1.
Thuse is invertible and

e l=(1-ao+af— -+ (D" e O

Lemma 2.9 (Localization and completionBuppose : B — A is an augmentation with
€j =idg.

(a) The universal localizationy, : ¥~ 1B — Ais alocal augmentation.

(b) LetI =Ker(e) and letB = lim B/I1" denote the/-adic completion o3. For eachn,
the induced magp,, : B/I" — S Alis alocal augmentation. The inverse lirditB — A
is also a local augmentation.

(c) There are natural isomorphismg&~4(x~1B) = »-1B; ¥ 1B
>-1B=B.

(d) There is a natural homomorphispt 1B — B such tha€y =e¢5.

12
&)
12

B; B;

Proof. (a) By [31, Lemma 3.1], we need only check thkat is an augmentation. Indeed,
ixj:A— Y¥~1B hasthe propertysisj =€j =idy.

(b) Since an inverse limit of local augmentations is a local augmentation, it suffices to
show thate, : B/I" — A is a local augmentation. The composite’> B — B/I" <> A
is the identity morphism, se, is an augmentation. By Lemma 248, is a local homo-
morphism.

(c) The first two identities merely reassert that and ¢ are local. Now define
[ =Ker(é: B— A) and letls = Ker(ey: X~ 1B — A). The last two identities follow
respectively from natural |somorph|srﬂs’1" =B/I"and X~ 1B/I” =B/I".

(d) There are natural mapgs—1B — ¥ 1B —B. O

Example 2.10. Let X be any set and lek* denote the free monoid of words in the
alphabetX. Supposé : X — Aut(A); x — &, is any function which takes values in the
group of ring automorphisms off. Let A¢(X) = A¢[X*] denote the twisted monoid
ring of finite formal sums)_, _y«a,w with eacha, € A. Multiplication is defined
by concatenation of words and by the relatians= x&,(a) for a € A and x € X.
Let €: A:(X) — A be the augmentation, which sends every letteXirto zero. By
Lemma 2.9(b), there is a local augmentatam (X)) — A, whereAg (X)) is the formal
power series ring whose elements are infinite (formal) shms y. a, w. More generally,

if H<Ag(X) isa(two-sided) ideal an C I = Ker(e) then there is a local augmentation

A
lim £(X0)
v 1"+ H

— A.

2.3. Ench(A) and K1(A)

Let A be any associative ring. Let E(wl) denote the category whose objects are pairs
(P,a), whereP is a finitely generated (f.g.) projective leftmodule andx: P — P is an
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endomorphism. A morphisrtP, o) — (Q, B) in End(A) is a mapf : P — Q such that
Bf = fe.

Definition 2.11. Let éﬁd)(A) be the abelian group with one generaté#y, «] for each
isomorphism class of object®, @) in End(A) and relations:

Q) [P',d']=[P,a] +[P”,a"] if there is an exact sequence-d (P,«a) — (P',a') —
(P",a")y — 0in EndA),
(2) [P,0] =0 forall f.g. projective module®.

Definition 2.11 is consistent with Definition 1.1; see [31, Lemma 2.4]. To defin@),
let Aut(A) denote the full subcategory of E()) whose objects are pait®, o) such that
« is an automorphism.

Definition 2.12. The abelian grou;(A) is generated by the isomorphism clasgRsx]
in Aut(A) subject to relations:

Q) [P P ,ad®Bl=[P,a]l+ [P, Bl
(2) [P,aB]l=[P,a]+[P,B].

The group K1(A) is also unchanged if one replaces the projective modules in
Definition 2.12 by free modules throughout. Indeed, relation (2) implies[thatp] =
[P,1p]+[P,1p] and hencgP,1p] =0¢c K1(A) for all P. It follows that[ P, «] can be
identified with[P @ Q. a @ 1p], whereP @ Q is free.

There is a natural isomorphism betweg&n(A) and GL(A)ab, the abelianization of
the direct limit GL(A) = lim GL,(A) of general linear groups over (e.g., [32, p. 109],
[29, Theorem 3.1.7]). The commutator subgrd@i (A), GL(A)] is generated by the
‘elementary’ matrices;; (a) = [bix(a), brj (1)1, whereb;;(a) is the matrix whose jth
entry isa, whose diagonal entries are 1 and whose other entries are 0.

3. Thecommutator group C
Suppose : B — A is a local augmentation. In this section, we study the group
C=((1+ab)1+ba)™ | e(ab) = e(ba) =0) C e 1 (D).

A consequence of Proposition 3.4 is thet'(1), e ~1(1)] c C, a fact we shall need in the
proof of Theorem B. Althoughe —%(1), e “%(1)] # C in general, the following lemma says
that the image o€ in K1(B) is trivial.

Lemma 3.1. SupposeB is any ring anda, b € B. The element + ab is invertible if
and only if 1 + ba is invertible. Moreover, ifl + ab and 1 + ba are invertible then
[1+ ab]=[1+ ba] € K1(B).

Proof. One can check thafy ') ("5 1)(, 1) = (3D (0155a) (6 1) ©
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Notation 3.2. Let B* and A* denote the groups of units iB and A, respectively. Suppose
S isasubset oB x B with the property that 4 ba € B® for all (a, b) € S. LetC(S) denote
the intersection o& ~1(1) with the group generated Kyl + ab)(1+ ba)~1 | (a, b) € S}.

In symbols:

C(S) ='W N{A+ab)(L+ba)|(a,b) € S).

We usually describe in terms of equations or conditions anandb. For example,
the commutator group in Theorem B &= C(e(ab) = €(ba) = 0). Note that if ST =
{(a,b) | (b,a) € S} thenC(S) = C(ST) = C(SU ST), becausgl + ab)(1 + ba)~1 =
((1+ ba)(1+ ab)~H~L. The following fact was attributed to L. Vaserstein by V. Srinivas
[33, p. 5].

Lemma 3.3. If 1+ ac and 1+ ba are invertible anduc = ca then(1+ ab)(1+ ba) 1=
1+a+c+bac))(L+ (b+c+bac)a)™ L.

Proof. Observe tha(l + ab)(1+ ac) =1+ a(b + ¢ + bac) and (1 + ba)(1 + ca) =
1+ b+ c+bac)a. O

Proposition 3.4. Lete: B — A be alocal augmentation.

(1) C(e(a) =0) = C(e(ab) = €(ba) = 0) = C(e(ba) = 0) = C(1 + ba € B*).

(2) [B*,B*1Ne 1(1)=C(b e B*, 1+ ba € B*).

(3) [e71(), e 1(D)] = C(e(a) = 0; e(b) = ¢) for any ¢ € A which commutes with every
element off = Ker(e).

In particular,
[, e D] c[B*, B 1IN (1) € C = C(e(ab) = e(ba) = 0) (6)
andC is a normal subgroup of ~%(1) with abelian quotient.

Statement (1) will follow from the proof of Theorem B in Section 4. We do not use (1)
in the proof of (2) or (3).

Proof of statement (2). (Compare Silvester [32, p. 135].) Suppase8 € B®. Define
a=af —a andb = o~ so that(1+ ab)(1+ ba) ! = apa~1p~1. Now b € B* and
1+ba=p¢eB* so[B*, B*INe1(1)c C(beB*; 1+ bac B*).

Inversely, ifa, b € B with b € B® and 1+ ba € B*, one can set = b~ andp =1+ ba
to obtainefa ="t = (1+ab)(1+ba)™t. O

Proof of statement (3). We continue to use the notation of the preceding proof. Observe
thate() = €(8) = 1 if and only if e(a) = 0 ande(b) = 1. Thus[e (1), e 1(1)] =
C(e(a) = 0;€(b) =1). It remains to prove that

C(e(a) =0; e(b) = 1) = C(e(a) =0; e(h) = g).
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If €e(a) =0 ande() =1, putc =¢ — 1 so thate(b + ¢ + bac) = ¢. Lemma 3.3
implies thatC(e(a) = 0; e(b) = 1) C C(e(a) = 0; e(b) = ¢). Conversely, ife(a) = 0 and
€(b) =¢, putc=1-¢ so thate(b + ¢ + bac) = 1 and Lemma 3.3 implies that
Ce(a)=0;e(b)y=¢)CC(e(a)=0;e(b)=1). O

Using Lemma 3.3, one can show that the second inclusion of (6) is an equality in certain
cases of interest (e.g. i is a local ring). However, neither inclusion is an equality in
general as the following example illustrates.

Example 3.5. SupposeB = A[[x], wherex is a central indeterminate, ard A[x] — A;

x — 0. Pajitnov and Ranicki observed [22, §3.2] that the canonical homomorphism
¢~ 1(1)@ - K(B) need not be injective. In fact, whenever there exist elemeriis A

such thaub # ba one finds that

(1+a(x))(1+ (bx)a) ' =1+ (ab—ba)x + - --

is an element o but is not in[e ~1(1), e 1(1)]. Furthermore, if one can choose= A*®
andb € B with ab # ba then

a(l+ bx)a71(1+ b)c)fl =1+ (abail — b)x 4+
liesin[B®, B*1Ne~1(1), butnotin[e~1(1), e "1(1)]. On the other hand, if say = Z(y, z)
is the free associative ring on two generators tA&r= {+1}, soB®* = +(1+ A[[x]x) and
[B*, B*] C 1+ A[[x]lx2. Puttinga = xz andb = y we have
(A4ab)yL+ba) =14 @y —y)x +---,

so(1+ab)(1+ ba) liesinC, but notin[B®, B*].

It follows from Lemma 2.9(d), Proposition 3.4, and Example 3.5 that, in the context of
Theorem A, we havesgl(l), egl(l)] ;C¢ C in X~ 1A[x] whenever is non-commutative.

4. Proof of TheoremsA and B

Suppose : B — A is alocal homomorphism angk A — B satisfiesj =id4. We use
the same symbolsand; to denote the functord ® 3 andB ® 4 _and the induced maps
K1(B) - K1(A) andK1(A) — K1(B). Sinceej = id4 induces the identity o1 (A), we
have a decomposition

K1(B) = K1(A) ® K1(B),
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where, byNdefinitionfl(B) = Ker(e: K1(B) — K1(A)). To prove Theorem B, we must
show thatk; (B) is isomorphic ta=~1(1)/C, whereC is the subgroup of ~1(1) generated
by the subset

{A+ab)(1+ba)™ | a,be B, e(ab) =e(ba) =0}. (7)

We shall continue to write the group operation multiplicatively irt(1)/ C, but additively
in K1(B).
We first deduce Theorem A from Theorem B.

Proof of Theorem A. Recall thate:A[x] — A; x =~ 0 and ¥ denotes the set of
matriceso with entries inA[x] such thate(o) is invertible. The universal localization
ex: X 1A[x] - A is a local augmentation by Lemma 2.9(a). Ranicki showed [26,
Proposition 10.21] that there is an isomorphism

Ench(A) = K1(Z1ALx]); [P, ol [1—ax].

By Theorem B, the mayEnch(A) — ¢51(1)/C; [P,a] = D(1 — ax) is also an iso-
morphism. O

Outline proof of Theorem B. The proof of Theorem B is analogous to the proof of the
identity K1(k) = k*, wherek is a (commutative) field. The latter is proved by observing
that the determinant

GL(k) —» k*, ar— defa)

induces a map dek1 (k) — k°, which is inverse to the canonical map frdhto K1 (k).
In a non-commutative setting, this traditional determinantis not defined. By Lemma 3.1
there is a canonical map *(1)/C — K1(B); we shall construct an inverse

D:K1(B)— e Y(1)/C,

which is a version of the Dieudonné determinant. The idea is that the cla&s(iB)
represented by a given invertible matrix is unchanged when one performs elementary
operations, adding a (left) multiple of one row to another row, or adding a (right) multiple
of one column to another column. [l&] € I?l(B) thena can be reduced to a diagonal
matrix by these row and column operations. One can then dBfiag to be the product of

the diagonal entries in this diagonal matrix. Modulo appropriate relations, which turn out
to beC, the determinanb is well-defined. O

We treat the preceding proof in more detail below showing in factthastwell-defined
moduloCo = C(e(a) =0) = ((1 + ab)(1+ ba)~1 | e(a) = 0). Let us now deduce that the
various definitions o in Proposition 3.4(1) are identical:
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Proof of Proposition 3.4(1). Itis immediate that
Co=C(e(a)=0) C C =C(e(ab) =€(ba) =0) C C(e(ba) =0) C C(1+ba € B*). (8)
By Lemma 3.1C (1 + ba € B®) vanishes inf(vl(B), so the composite

e 1) N e 1) e 11

Co C(1+bae B*)

— Ki(B) —

is the identity. Henc&o = C(1 + ba € B®) and all the inclusions in (8) are equalities. In
particular,Co=C. O

__We begin now a detailed proof thad: K1(B) — e~ 1(1)/Co is well-defined. Let
Aut(B) denote the full subcategory of E(RBI), whose objects are paif®, o) such that
a: P — P is an automorphism anda) = 1.

Lemma4.1. K1(B) is (isomorphic t9 the abelian group generated by isomorphism classes
[P, «] of automorphismsP, «) € Aut(B), subject to the following relations

1) [P P ,adBl=[P o]+ [P, B].
(2) [P,apl=[P,a]l+[P,Bl. N
(3) If (P, ¢) = j(Po, co) € Aut(B) and (P, «) € Aut(B) then[P, cac 11 =[P, a].

In Lemma 4.1, just as in Definition 2.12, one may replace f.g. projective modules by
f.g. free modules throughout. We usually abbrevjdtex] to [«].

Proof of Lemma 4.1. Let T denote the abelian group with the generators and relations
given in Lemma 4.1. There is an obvious homomorphism K1(B) and the composite

T — K1(B) & K1(A) is zero, so the image df lies in K1(B). Conversely, given a
generatofa] € K1(B), we may writea = c¢@, wherec = je(a) and@ = ¢ ta has the
propertye (&) = 1. We can define a map

0:K1(B) = T; [al+ [&]=[cta].

Plainly 0[a & B] = 0[a] + 0[B8]. We must check also th&faB] = 6[«] + 0[B8]. Indeed,
if ¢ =e(@) andd = €(B) then 8[aB] = O[cadB] = 6[(cd)d 1adB] = [d1adB) =

[d—1ad] + [B], so by relation (3) we have[aB] = [a] + [B] = 6[a] + 6[A]. Plainly the
restriction ofg to K1(B) is inverse to the canonical mdp— K1(B). O

It is easy to define a map:e~1(1) — 1?1(3). Indeed, a unitx € B® determines an
automorphismB — B; x — xa of the free B-module on one generator. Moreover, if
e(a) = 1 then[e] € K1(B) C K1(B).

We prove next that is surjective, the idea being to reduce an automorphismi"of
‘by row and column operations,’ to a direct sum of automorphisms of smaller modules. If
(B, a) € Aut(B) then[«] is certainly in the image of.
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Lemma4.2. If « is an automorphism aB” with n > 2 ande(«) = 1then there is a unique

expression
(1 0\(d1 O0\[(1 u
“‘(1 1)(0 d2)<0 1)’ ©)

wherel: B — B" 1 u:B"1 - B,di:B — B, andd,: B"~1 — B"~1. This expression
has the properties(d1) = 14, €(d2) = 1411, €(u) =0, ande(/) = 0.

Proof of Lemma 4.2. We may writea = (-t o22), Wheree(ea1) = 1, e(az2) = 1,

€(a12) =0, ande(a21) = 0. Now 11 is invertible since: is a local homomorphism, so

o= 1 0 11 0 1 OlIllOllZ
- 0[210[1_11 1 0 Ot22—0[210t1_110t12 0 1 ’

This equation proves existence of the expression (9) and the properties in the last sentence
of the lemma follow immediately. To show unigueness, suppose

() 2)(6 5)=0 )6 &) n)

It follows that
1 0\(dr O\ _ (d; O 1 v —u
—I'+1 1 0 d2) \O0 4, 0 1 ’

which implies first that/; = d] andd, = d;, and second, sinag andd are invertible, that
u=u'andl=0l'. O

Since

1 0 1 u ~
[1 1}2[0 1}2061{1(3)’

the ‘existence’ part of Lemma 4.2 implies, by induction on the rantkat the natural map
e~1(1) - K1(B) is surjective. .

The ‘uniqueness’ part of Lemma 4.2 leads to a map from the objecfsiifiB) to
€~1(1)/Co, defined recursively. This map is analogous to the Dieudonné determinant [10]
(compare also Klingenberg [14], Draxl [11, Chapter 20], Silvester [32, pp. 122-140],
Srinivas [33, Example 1.6]). We continue to use the notation of Lemma 4.2.

Definition 4.3. Supposer : B” — B" is an automorphism. DefinB(«) = o € e "1(1)/Co
if n=1.If n > 2 then define

-1
-1 e (1)
D(a) =d1D(d2) = a11D (22 — az107; @12) € Co
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Itis easy to see that f =id: B" — B" thenD(«) = 1. One can extend the definition
of D to automorphisms of f.g. projective modules by« : P — P) = D(x & 1¢p), where
P & Qisf.g. free.

Now, if we can show thaD respects the relations (1)—(3) of Lemma 4.1 tenvill
induce a mapK1(B) — ¢ ~1(1)/Co, which is plainly inverse td:e~1(1)/Co — K1(B).
It suffices to consider automorphisms of free modules; we shall check the relations by
induction starting with relation (1).

Lemmad.4. If «: B" — B" andg: B™ — B™ thenD(a ® B) = D(a)D(B).

Proof. We perform induction om. The casen = 1 is trivial so let us suppose > 2.

Writing o = (g1 522) with thea;; defined as in the proof of Lemma 4.2, we have

o ez 0 a2 O o021 1
Da@®B)=D| a1 ax2 O =Ot11D<<0 '3)—<0>0‘11 (a12 0))

0 0 g
-1

_ a2 — o112 O

=a11D ( 0 8 )

= allD(azz — a21ailla12)D(,3) (by the inductive hypothesis)
= D(x)D(B). O

We treat relations (2) and (3) together:

Proposition 4.5. (a) If «: B" — B" and §: B" — B" are automorphisms and(«) =
e(B)=1: A" - A" thenD(aB) = D(e)D(B) € e 1(1)/ Co.

(b) Supposex: B* — B™, g: B™ — B", and eithere(a) = 0 or €(8) = 0 (or both).
ThenD(1+ af) = D(1+ Ba) € e 1(1)/ Co.

Part (a) of Proposition 4.5 says that respects relation (2) of Lemma 4.1. Part (b)
implies thatD respects relation (3) for, i = 1+ ap ande(ag) = 0 thenD(cac™) =
D1+ cage™) = D1+ age 1) = D(a).

Proof of Proposition 4.5. We shall prove parts (a) and (b) at the same time, by induction.
In part (a) there is one statement, denot¢d), for each positive integet. In part (b)
there is one statemerbt(m, n) for each pair(m,n) of positive integers and we have
b(m,n) < b(n,m).

Plainly a(1) andb(1, 1) are true. We shall establish the following inductive steps:

b(L,n—DAar—-1) = ar) foralln>2, (20)
=

am) Ab(L,m)Abm,n—1) = b@m,n) form=>1,n>2. (12)

These are sufficient to prowgn) andb(m, n) for all m andn. Indeed, a special case of
(11) readsa(1) A b(1,1) A b(L,n — 1) = b(1,n), sob(1,n) holds for alln > 1. It then
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follows from (10) thata(n) holds for alln > 1. Finally, (11) shows by induction onthat
b(m,n) holdsforallm,n>1. O

Proof of (10). Supposex, 8: B" — B". By Lemma 4.2, it suffices to show(«8) =
D(ax)D(B) in the cases

(i a=<ll 2) (i) a=<%1 62), and (ii) a:(é Li)

Herel:B — B" 1 d1:B— B,d»:B" 1 — B" 1 andu:B" 1 B.

(i) Let us write
5= 1 0\(dy O 1 W .
' 1)\0 d,J\0 1

Now

1 0\(d, O\(1 u\_ o ., _ B
D(aﬂ)=D<,+, 1><01 dé) (O 1)=dlD(d2)—D(ﬂ)—D(a)D(ﬂ).

i = d 0)\(1 0\(d; O0\(1

o oen=a((% ) D5 D6 1)
= 1 0 dld, 0 1 _ / /
=D <<d21’dl—1 1) ( 01 d2d§> <O 1)) = d1d1D(d2d5).

Now e ~1(1)/Co is abelian by Proposition 3.4(3), so byn — 1) we haveD(af) =
d1dyD(d2) D(d;) = d1D(d2)dy D(d;) = D(a) D(B). This completes part (ii).

In the proofs of (iii) and (11), we use the following identity, which can be verified by
direct calculation:

Lemma4.6. If 1+ of is invertible therl — B(1+ «f) 1o = (1+ Ba) L.

(iii) If o = (54) then setting/ = 1+ ul’, we have

van=n((3 )2 (4 ) 4))

_p 1l 0\ [ rd; 0 1 (ydy)~tud,+u’
I'y=t 1 0 @A-Iytwa,)\0 1

=ydiD(A 1"y u)dy)
= +ul)d;D((1+1'u)~*d}) (by Lemma 4.6)
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It follows by a(n — 1) andb(1,n — 1) that
D(af) = (14 ul")dy(L+ ul')"1D(dy) = dyD(dy) = D(@) D(B).
This completes the proof of (10).0

Proof of (11). Supposex: B" — B™, 8:B™ — B", and eithere(a) =0 or ¢(8) = 0.
Writteo = (21 a2), wherewt: B — B™ andao : B*~1 — B™, and writeg = (g;) where
B1:B™ — B andBo: B" — B"~1. Now

B B1 _ 1+,810l1 Bror2
1+ﬁa—1+(ﬁz)(‘“ °‘”‘< Bt 1+/32“2>’

so by Definition 4.3 we have

D(1+ Ba) = (1+ pra1) D(1+ Boorz — oo (1+ Pros) ' Paar2)
= (14 1) D(1+ B2(1 — ea(1+ Bro1) "' B1)a2)
= (1+ pren)D(1+ f2(1+ a1fy) 'az) (by Lemma 4.6)
=D(1+a1B)D(1+ (1 +a1p) azp2) (usingb(l, m) andb(n — 1, m))
=D((1+e1p)(1+ (L +a1p) ta2B2)) (bya(m))
=D+ ap).

This completes the proof of Proposition 4.5

Thus D: K1(B) — e~ 1(1)/Cop is well-defined and the proof of Theorem B is also
complete.
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