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Abstract

Cappell’s codimension 1 splitting obstruction surgery group N8l a direct summand of the
Wall surgery obstruction group of an amalgamated free product. For any ring with involution
R we use the quadratic Poincaré cobordism formulation ofltfgroups to prove that

Ly(R[x]) = Ly (R) ® UNil,,(R; R, R).

We combine this with Weiss’ universal chain bundle theory to produce almost complete calcu-
lations of UNik(Z; Z, 7Z) and the Wall surgery obstruction groups.(Z[D~]) of the infinite
dihedral groupDeo = Z2 x Z>.
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0. Introduction

The nilpotentK- and L-groups of rings are a rich source of algebraic invariants for
geometric topology, giving results of two types: if the groups are zero it is possible
to solve the associated splitting and classification problems, while if they are nonzero
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the groups are infinitely generated and the solutions to the problems are definitely
obstructed, sef,4,6,8,9,10,11,16].

The unitary nilpotentL-groups UNil arise as follows. Suppose given a closed
dimensional manifoldX which is expressed as a union of codimension 0 submanifolds
X1, X 1CX

X = X1UX_1
with
Xo = X1NX_1 = 0X_1 = 0X1CX

a codimension 1 submanifold. Assur¥e X _1, Xo, X1 are connected, and that the maps
m1(Xo) — m1(X+1) are injective, so that by the van Kampen theorem the fundamental
group of X is an amalgamated free product

(X)) = m1(X1) *knq(x0) TL(X_1)

with 71(X;) — m(X) (( = —1,0, 1) injective. Given another closed-dimensional
manifold M and a simple homotopy equivalenge: M — X there is a single obstruc-
tion

s(f) € UNil,11(R; By, B-1)
to deformingf by an h-cobordism of domains to a homotopy equivalence of the form
fAUf1 s MfUM_1 — Xq1UX_3

with fi1 @ (M1, 0M+y1) — (X+1,0X+1) homotopy equivalences of manifolds with
boundary such that

fil = faal : OM1 = M1 — 0X1 = 0X_1
and
R = Z[ni(Xo)l, B+1 = Z[r1(X+1)\71(Xo)].

Cappell[5,6] proved geometrically that the free Wall [21] surgery obstruction groups
L, = L" of the fundamental group ring

A = Z[m(X)] = Z[r1(XD] *71n1x0)) ZIm1(X-1)]
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have direct sum decompositions
Li(A) = UNil.(R; B, B-1) ® L, (Z[m1(X0)] = Z[m1(X1)] x Z[m1(X-1)])

with L/ appropriately decorated intermediate relatisgroups. The split monomor-
phism

UNil,,+1(R; B1, B-1) — Lp+1(A); s(f) = a(g)
sends the splitting obstruction(f) to the surgery obstructiom(g) of the ‘unitary
nilpotent cobordism’ of[6], an (» + 1)-dimensional normal map cobordism betwefen
and a split homotopy equivalence. The 4-periodidity(A) = L.+4(A) extends to a
4-periodicity
UNil,(R; By, B-1) = UNil,14(R; By, B-1).
Farrell [10] obtained a remarkable factorization

UNil,11(R; B1, B-1) — UNil,11(A; AL A) — Lyja(A).

For this reason (and some others too) the groups URilR, R) for any ring with
involution R are of especial significance to us, and we introduce the abbreviation:

UNil,,(R) = UNil,(R; R, R).

But even the groups UNi(Z) have remained opaque for the last 30 years. Cappell
[3-5] proved that UNi;(Z) = 0 and that UNik;2(Z) is infinitely generated. The
UNil-groups UNil.(R; B1, B_1) are 2-primary torsion groups. Farrell [10] proved that
4UNil.(R) = 0, for any ringR. Connolly and Kahiewski [8] obtained an isomorphism

o0
UNila12(2) = PP
1

together with information on UNik2(R) for various Dedekind domains and division
rings. But that is nearly all that is known.

The infinite dihedral group is a free product of two copies of the cyclic gréup
of order 2

Dy = Zo % Zo.

Since the surgery obstruction groups(R[Ds]) are hard to compute directly, the split
monomorphisms UNI(R) — L.(R[Dx]) are more useful in computing.(R[Duo])
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from UNil,(R) than the other way round. Connolly and #wéwski [8] expressed
UNil(R; By, B_1) as theL-groupsL.(A,[x]) of an additive categorywith involution
A, [x]. Although this expression did give new computations of L\, the L-theory
of additive categories with involution [17] is not in general very computable.

The first goal of this paper therefore, is to provide a new description for, WURijlin
terms ofL-groups, which can be used to computational advantage. Cappell and Farrell
observed that the infinite dihedral group,, = Z2 x Z, can also be viewed as an
extension ofZ by Z»

{1} > Z— Doo — Z2 — {1},
so that the classifying space can be viewed both as a one-point union
K(Doo,1) = K(Z2, 1)V K(Z3,1) = RP® v RP®
and as the total space of a fibration
K(Z,1) = S'— K(Doo,1) > K(Z2,1) = RP>®,

and that this should have implications for codimension 1 surgery obstruction theory
with 13 = D,. This observation was used |6, pp. 737—-745] to prove geometrically
that for the group ringR = Z[n] of a finitely presented group

UNil,(R) = NL.(R) = ker(L,(R[x]) = L.(R))

with the involution onR extended toR[x] by x = x, and R[x] - R;x — O the
augmentation map. ThHL-groups arel-theoretic analogues of the nilpotektgroup

NK1(R) = ker(Ki(R[x]) - K1(R)) = Nilo(R)
of Chapter XIl of Basq2], which is such that

K1(R[x]) = Ki(R) ® NK1(R).

Theorem A. For any ring with involution R
UNil.(R) = NL.(R)
so that

L,(R[x]) = L,(R)@® UNil,(R).
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We develop a new method for calculating UNiR), adopting the following strategy.
The symmetricL-groups L*(R) of a ring R with an involuton R — R;x — X
were defined by Mishchenkfd2] and Ranicki [14,15] to be the cobordism groups of
symmetric Poincaré complexes ov@r The quadratid_-groupsL.(R) were expressed
in [14,15] as the cobordism groups of quadratic Poincaré complexesRyvand the
two types ofL-groups were related by an exact sequence

ei— Lp(R) = L"(R) — L"(R) — L,_1(R) — - --

with the hyperquadratit:-groupsf*(R) the cobordism groups of (symmetric, quadratic)
Poincaré pairs. The symmetric and hyperquadratgroups are not 4-periodic in gen-
eral, but there are defined natural maps

L"(R) — L"t(R), L"(R) — L"T*(R)

(which are isomorphisms for certal®) e.g. a Dedekind ring or the polynomial extension
of a Dedekind ring). The 4-periodic versions of the symmetric and hyperquadratic
groups

Ln+4*(R) — lim Ln+4k(R), Z’1+4*(R) — lim Z”+4k(R)
k— 00 k—oc0
are related by an exact sequence
oo = Ly(R) = L"™(R) - L™ (R) = L,_1(R) — - .

The theory of Weis$22,23] identifiedi”+4*(R) with the ‘twistedQ-group’ Q,,(BX, ﬁR)
of the ‘universal chain bundlgB®, f¥) over R, which can be computed (more or less
effectively) from the TateZ,-cohomology groups of the involution dr

H,(B®) = H"(Zy: R)
= {aeR|a=(-D"a}/{b+ (-1)"b|b € R}.

In Proposition11 we show that for a Dedekind ring with involutidR
L"(R[x]) = L"(R), NL'(R) = O
making the UNil-groups
UNil,(R) = ker(Q, (BRI, gy — 0, (BX, p*))

accessible to computation.
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Theorem B. For the ring Z, we have
UNilg(Z) = 0, UNil1(Z) = 0
and there is an exact sequence

! 2—
0 Falx]/Fa '3 Fa[x]/F2 — UNil2(Z) — 0

with

W2 Falx] — Folx]; a > a2
the Frobenius mapUNil3(Z) is not finitely generated, witdUNil3(Z) = 0.

We now give an outline of the rest of this paper.

In Section 1 we define the groups UNIR) and the mag: : UNil,,(R) — L,(R[x]),
as well as the various other morphisms and groups with which we will be working.
Theorem A is proved in Section 1.

In Section 2 we relate UNj(R) for DedekindR to the group of symmetric structures
on the universal chain bundle of Weiss. We then make the calculations necessary to
prove Theorem B.

1. Fundamental concepts. The proof of Theorem A

1.1. Algebraic L-groups

Throughout this papeR denotes a ring with an involution

R— R, r—>r.

An R-module is understood to be a l&&module, unless a righR-module action is
specified. Given aR-module P let P’ be the rightR-module with the same additive
group and

P'x R— P'; (x,r)+— 7x.
The dual of anR-module P is the R-module

P* = Homg(P,R),
R x P* — P*; (r, f) — (x = f(x)F).
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Write the evaluation pairing as
(,): PPxP—=R (f)m (fix) = f(x).
An element¢ € Homg (P, P*) determines a sesquilinear form é&h
(,)p : PxP—>R (x,y) > (), ),

and we identify Hom (P, P*) with the additive group of such forms. The dual of a
finitely generated (f.g.) projectiv&moduleP is a f.g. projectiveR-module P*, and
the morphism

P— P*™ x— (f—~ f(x)

is an isomorphism, which we shall use to identify

and to define the-duality involution

T. : Homg(P, P*) — Homg(P, P*); ¢+ ed”, (x, Ve = (¥, %)g

For ¢ = +1, any R-module chain complexZ and anyZ[Z,]-module chain compleX
define theZ-module chain complexes

X%®(C,e) = Homyz,(X,C' ®g C),
Xo(C,e) = X @717, (C' ®r C)

with T € Z, acting onC’ ®g C by the signed transposition isomorphisms
T, : C;, ®rCy — C{; ®rCp; xQ@y > (=DMey ® x.

We shall be mainly concerned with finite chain complexesof f.g. projective R-
modules, in which case we identify

C'®r C = Homg(C*, C)
using the naturaZ-module isomorphisms

C, ®r Cqg = HOM(C?, Cp); x®@y = (f > f(x).)
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with C? = (Cp)*. The signed transposition isomorphisms correspond to the signed
duality isomorphisms

T, : Homg(CP?,C,) — Homg(C?,C,); ¢ — (—D)P9ep*.

As in [14,15] the group ofn-dimensionale-symmetric (respe-hyperquadratic, resp.
e-quadratic) structures o€ is defined by:

Q"(C.e) = Hy(W*C), 0"(C.e) = Hy(W"C),
On(C,¢) H,(Wo,C) = H,(W=)%C)

where W (resp. W) denotes the standard fre#{Z,]-module resolution ofZ (resp.
complete resolution) and

W™ = Homyz,1(W, Z[Z3]).
If S~1w—* denotes the desuspension &f *, the short exact sequence
0> S W*>W—->W-=0
induces the exact sequence:
= 0n(C,8) > Q"(C,¢) 4 0"(C.8) > Qu_1(C,e) > -+~ . 1)

Given a f.g. projectiveR-module P define the O-dimensional f.g. projectimodule
chain complex

cC:  -->0-C = P->0—---

At the risk of notational confusion, the O-dimensiorasymmetric ande-quadratic
Q-groups ofC are written

0°(C, ¢) 0%(P) = ker(l — T, : Homg(P, P*) — Homg(P, P*)),
Qo(C,e) = Q. P) = cokenl— T, : Homg(P, P*) — Homg(P, P*)).

Definition 1. An g-symmetric form(P, ¢) (resp. ans-quadratic form(P, /)) overR is
a f.g. projectiveR-module P together with an elemenp € Q%(P) (resp.y € Q.(P)).
The form isnonsingularif the R-module morphism

¢: P — P*(resp.N.()) = L+ T}y : P — P¥)

is an isomorphism.
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We refer to Ranicki14-16,19] for various accounts of the construction of the free
symmetric (resp. quadratit)}groupsL” (R, ¢) (resp.L,(R, ¢)) as the cobordism groups

of n-dimensionale-symmetric (respe-quadratic) Poincaré complexes over(C, ¢ €
Q"(C,¢)) (resp.(C,y € 0,(C,¢))) with

c: - »0->C,—>Cy-1—>--—>Cop—>0— ---

an n-dimensional f.g. freeR-module chain complex. The projectitegroups Ly, (R, ¢)

(resp. LY (R, ¢)) are constructed in the same way, using f.g. projecfive
The suspension of aR-module chain complexC is the R-module chain complex
SCwith

dsc = dc : (8C)r41 = C - (8C)r = Cro1.
As in [14,15, p. 105] use the naturd@-module isomorphisms
S2WA(C,e)) = WH(SC, —¢), S?(Wop(C,¢)) = Wos(SC, —e)
to identify
Q"(C.e) = Q"2(SC. =), Qu(C.8) = Qn42(5C, —2)

and to define the skew-suspension maps

n

S" : L"(R,e) > L"2(R, —¢); (C,}) +— (SC, ),
Sy ¢ Lu(R, &) = Lyya(R, —¢); (C,¥) +— (SC, ).

Definition 2. A ring R is 1-dimensionalif it is hereditary and noetherian, or equiva-
lently if every submodule of a f.g. projectiM@module is f.g. projective.

In particular, Dedekind rings are 1-dimensional.

Proposition 3 (Ranicki[14,15]). (i) For every ring with involution R the-¢-quadratic
skew-suspension mags are isomorphismsso that

Ly(R, &) = Lyy2(R,—&) = Lyya(R,e),
with Lo, (R, ) = Lo(R, (—1)"¢) the Witt group of stable isometry classes of nonsingular
(—=1)"e-quadratic forms over R _
(i) If R is 1-dimensional then the-c-symmetric skew-suspension mapsare iso-

morphisms so that

L"(R,&) = L"T%(R,—¢) = L""*(R,¢)
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with L2 (R, ¢) = LO(R, (—1)"¢) the Witt group of stable isometry classes of nonsingular
(—=1)"e-symmetric forms over .R

Proof. By algebraic surgery below the middle dimension, given by Proposition 1.4.3
of [14,15] for (i), and Proposition 1.4.5 of [14,15] for (ii). I
For e = 1 we write

X%, 1) = X%C, Xu(C,1) = XoC,

0*(C,1) = Q*(C), 0%(C,1) = 0*(C), 0.(C,1) = 0.(C),
L*(R,1) = L*(R), L«(R,1) = L.(R).

The hyperquadratiQ—groups@*(C) are used in Sectiof to define chain bundles.
1.2. The nilpotent L-groupkNil, LNil

Theorem A identifies the unitary nilpotert-groups UNik(R) with the nilpotent
L-groups LNil.(R), whose definition we now recall.
We start with nilpotentK-theory.

Definition 4. (i) An R-nilmodule(P, v) is a f.g. projectiveR-module P together with
a nilpotent endomorphism: P — P, so that

for someN >1.

(i) A morphismof R-nilmodules f : (P,v) — (P’,V") is an R-module morphism
f:P— P suchthatyf = fv:P— P

(iii) The nilpotent K-groupsof R are defined to be th&-groups

Nil.(R) = K,(Nil(R))
of the exact category NiR) be of R-nilmodules. Thereduced nilpotent K-groups
Nil.(R) = Ker(Nil,(R) — K«(R))
are such that
Nil.(R) = K.(R)® Nil.(R).

(iv) The NK-groupsof R are defined by

NK.(R) = ker(Ki(R[x]) > Kx«(R)),
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so that
K.« (R[x]) = K.«(R)® NK«(R).
Proposition 5 (Bass[2]). (i) There is a natural identification
NK1(R) = Nilo(R)
using the split injection
Nilo(R) — K1(RIx]); (P,v) > 1(1+xv: Plx] > Plx]),
(i) If R is 1-dimensional then
Nilg(R) = O.
Proof. (i) See Chapter XII ofl2].
(i) Given a nilmodule (P, v) with v’¥ = 0: P — P for some N >1 define the
nilmodules
(P'V) = (ker(v),0), (P",v") = (im),v)),

using the 1-dimensionality oR to ensure that th&k-modules kefv), im(v) C P are
f.g. projective. It follows from the exact sequence

0— (P,vV)— (P,v) = (P",V') =0
that
[P.v] = [P, VI+[P",v"] € Nilp(R).
Now v = 0, (') ¥~1 = 0, so proceeding inductively we obtain
N
[P,v] = Z[ker(vf)/ker(vifl),O] € Ko(R) € Nilg(R)
i=1
and hence thaNilg(R) =0. [

Definition 6. An n-dimensionalR-nilcomplex(C, v) is a n-dimensional f.g. projective
R-module chain complex

c:  --->0->C,—»>Ch_1—>---—>C1— Co
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together with a chain map : C — C which is chain homotopy nilpotent, i.e. such
that vV ~ 0: C — C for some integeiN > 1.

Proposition 7. The chain equivalence classes of the following types of chain complexes
are in one—one correspondence

(i) n-dimensional chain complexes of R-nilmodules
(Cv V) i >0 (CI’H V) - (Cl’l—lv V) — > (Cls V) - (C01 V)a

(i) n-dimensional R-nilcomplexgg, v),
(i) (n 4+ 1)-dimensional f.g. projectiv’[x]-module chain complexes

D: . ...-0—->Dy;1—>D,—---— D1 — Dg
such that

H.(R[x,x Y1 Qg D) = O.

Proof. (i) = (ii): An n-dimensional chain complex d®-nilmodules is am-dimens-
ional R-nilcomplex.

(i) = (iii): Given ann-dimensionaR-nilcomplex(C, v) define the(n+1)-dimensional
f.g. projective R[x]-module chain complexes

D = Cx—v:Clx] - C[x]
such that

Ho(R[x, x 1 ®gy D) = O,
x = v : H(D) = H(C)— Hy (D) = H.(C).

(i) < (iii): See Proposition 3.1.2 of Ranickl6]. O

In particular, it follows from Proposition 7 that evenydimensionalR-nilcomplex is
chain equivalent to am-dimensionalR-nilcomplex (C,v) with v’v = 0: C — C for
someN >1 (rather than just" ~ 0).

Now for nilpotentL-theory.

Definition 8 (Ranicki[16, p. 440; 18, p. 470] (i) The e-symmetric Q Nil-groups

QO Nil*(C, v, &) of an R-nilcomplex (C, v) are the relativeQ-groups in the exact se-
quence

i O"HC —g) = ONII(C.v.8) > 0"(C.8) 3 0"(C.—g) — -
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with
I, : W2, e) > WA(C, —¢); ¢ 1@V —d(v®1).

Similarly for the e-quadratic Q Nil-groups Q Nil.(C, v, ¢), with an exact sequence

cei = 0pa(Cy—8) = ONilL(C, v, ) = 0n(C.8) 3 0u(C, —&) = --- .

(i) An n-dimensionale-symmetric Poincaré nilcomplex over &, v, 6¢, ¢) is an
n-dimensionalR-nilcomplex (C, v) together with an element

(0, d) € QNII"(C, v, ¢)

such that(C, ¢ € Q"(C, ¢)) is an n-dimensionale-symmetric Poincaré complex over
R. The ¢-symmetricLNil -group LNil”*(R, ¢) is the cobordism group ofi-dimensional
e-symmetric Poincaré nilcomplexes ov& Similarly in the e-quadratic case, with
LNil ,(R, ¢).

(iif) The reducede-symmetricLNil- groupsare defined by

LNiI"(R,2) = ker(LNil*(R,&) — L%(R.¢))
with
LNil*(R.2) = L%(R.) & LNil"(R, 2.

Similarly in the e-quadratic case, witmm*(R, g).
(iv) Extend the involution toR[x] by x = x. Use the augmentation map

R[x] > R; x— 0
to define thenilpotent e-symmetric L-groups of R
NL*(R,&) = ker(L*(R[x],e) — L*(R,¢))
with
L*(R[x],e) = L*(R,e)® NL*(R,¢).

Similarly for the nilpotent e-quadratic L-groupsN L. (R, ¢€).
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Proposition 9. (i) The Q Nil-groups of an R-nilcomple&C, v) are the Q-groups of the
R[x, x~1]-contractible f.g. projectiveR[x]-module chain complex

D = Cx—v:C[x] = C[x)])
with

x = v : H(D) = H(C)— H.(D) = H,(C),
[Lex]QNil"(C,v,e) = O"N(D, —¢),
[lex]ONil, (C,v,&) = Quy1(D, —e).

An element(d¢, ¢) € Q Nil"(C, v, &) corresponds to an element
®ec0"Y(D,—s) = 0" NS ID, ¢
with
by = ®o : H''XD) = H"*(C) > Hi(D) = H.(O),
so that (C, v, ¢, ¢) is an e-symmetric Poincaré nilcomplex if and only (§~1D, @)
is an e-symmetric Poincaré complex. Similarly in theuadratic case

(i) The nilpotente-symmetric L-group of a ring with involution R fits into a split
exact sequence

0> L R[x],&) = L% _(R[x,x 1, — LNil"(R,&) — 0

n
I?O(R)( Ko(R)

with the surjection split by the injection

an n -1
LNil (R78)_>LEO<R)(R[X’X 1,8,

[1ex](C, v, 3¢, ) = (Clx, x~ 1, [v, 5¢, 1) & (Clx, x 11, =),
[Lex]([v, 0¢, ¢ls = (x = V) + Teop,_1, s =20, d¢p_1 = 0).

Similarly in thee-quadratic casewith a split exact sequence
0 — LI (RLx, &) - LEW (RLx, x4, &) — LNil 4 (R, &) — O,
where the surjection split by the injection

LNil ,(R, &) — Lff’(R)(R[x,x—l], e),
(C,v, 8, ) = (Clx, x~ 1, [v, Y, ¥]) & (Clx, x 711, =),
(v, Y, Y1y = (x = VY + T:0%, 4, s =0).
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(iii) The morphism

LNil"(R. &) — L% . (Rx].2); (C,v.6¢. ) = (Clx], D)

(@ = (L — xv), + xTed, 1, 520, 5¢p_, =0)
is an isomorphismand
L"(R[x],e) = L"(R,e) ® LNil"(R,¢), NL"(R,¢) = LNil"(R,¢).

Similarly in the e-quadratic casewith the morphism

LNil (R, &) — LEO® (R[x1. 6), (C,v, 00, ) > (Clx], D),
Py = Q= o0, +xT,00,,1, 520

an isomorphismand
La(RIx], &) = Ly(R,&) ® LNil,(R, &), NL,(R,&) = LNil,(R,e).

Proof. (i) Ranicki [18, Propositions 34.5].
(i) The e-symmetric L-theory localization exact sequence of Proposition 3.7.2 of
Ranicki [16]

o LA 8) — L (SR ) S LA, S, 0) > LN A ) — -

is defined for any ring with involutiom, a central multiplicative subset € A of non-
zero divisors, and any-invariant subgroug € Ko(A), with L7 (A, S, ¢) the cobordism
group of (n — 1)-dimensionale-symmetric Poincaré complexé€’, ¢) over A such that

ST'A®aC ~ 0, [Clel
The boundary map is defined by
0 ¢ L%y, (STrAe) > LI(A, S, ); STHC, ¢) > 0(C. ¢)

with (C, ¢) an n-dimensionalS~1A-Poincarée-symmetric complex oveA such that
[C]l € I,andd(C, ¢) = (0C, 0¢) the (n—1)-dimensionals—LA-contractibles-symmetric

1As noted by the referee the cycl& 1+ T)‘T‘ e (W2C[x), differ by a boundary involvingoyg.
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Poincaré complex oveA given by the boundary construction of p. 48 [d6], with
0C =C(¢g: C"* — C)yy1. For

(A,S) = (RIx], (x¥|k=0}), S7A = R[x,x7Y, I = Ko(R) C Ko(RIx])

the localization exact sequence breaks up into split exact sequences

0— LI(A,8) — L, (S, ) > L2(A, S,8) — 0
with

n — n
L[(A7 8) - LEO(R)(R[X]’ 8)7

n -1 _ n -1
Ly, (S7M A0 = L% o (Rlx,x~1),0),

L'(A,S,8) = LNil"(R,¢).

(Propositions 5.1.3, 5.1.4 ¢16]). The formulae for{v, 6¢, ¢] and[v, oy, ] are from
p. 445 of [16]. The identificationL’ (A, S, &) = LNil"(R, ¢) can be deduced from (i),
noting that by Propositio 7 a finite f.g. projectiveR[x]-module chain comple® with
projective clasgD] € I is such thatR[x, x 1] ®grx) D ~ 0 if and only if D is chain
equivalent toC(x — v : C[x] — C[x]) for an R-nilcomplex (C, v), with C R-module
chain equivalent td andv~x:C >~ D — C >~ D. The map

LNil"(R, &) — L%(R[x],S.¢), (C.v,¢, ) — (S*D, D)

is an isomorphism, which factors as

LNil"(R, &) — L

— 0
& gy (Rl a7t e) = LY(RIx]. S, &)

with

- n -1
LNil*(R, &) — LKO(R)(R[x,x 1,8,

(C.v. 8¢, ) > (Clx, x 1] {(x = V), + T:0¢,_4|s >0} (5¢_5 =0).
(iii) The inclusion R[x~1] — R[x, x~1] induces a split injection

(Rlx,x 1) = L%

n -1 n
LY ~(R[x 7],e) > L% Ro(R)

in
Ko(R) Ko(R) (R[x], &) ® LNil"(R, &)

with image

L"(R,&)® LNiI"(R, &) = LNil"(R,2).



F. Connolly, A. Ranicki/Advances in Mathematics 195 (2005) 205-258 221
ReplacingR[x~1] by R[x], it follows that the morphism

- n -1
LNil"(R.¢) —> L% . (Rlx""].2).

(C,v, 00, ) = (Clx A = x ")y + x MTedds_1s >0} (dp_1 =0)
is an isomorphism. The inclusioR[x~1] — R[x, x~1] induces a split injection

(Rlx,x 1,6 = L%

n -1 n
L% (RIx 1,8 — L% rm

i n
Ko(R) Ko(R) (R[x], &) ® LNil"(R, &)
with image
L"(R, &) ® LNil"(R. &),

and an isomorphism

o -1
L';)(R,S)GBLNH (R,S)—)L'I%O(R)(R[x 1, ). 0

In the applications of the nilpoterit-groups to the unitary nilpoterit-groups we
shall be particularly concerned with the Witt groups of ‘nilforms’ ower

Define the Q Nil-groups of an R-nilmodule (P, v) to be the Q Nil-groups of the
0-dimensionalR-nilcomplex (C, v*) with

C : —>O—>CQ:P*—>0—>,
as given in thes-symmetric case by

ONilé(P,v) = QNIl%C, v*, ¢)

= {¢ € Homg(P, P*)|e¢p™ = P, v*¢p = ¢pv: P — P*}

and in thee-quadratic case by
Q NIIS(P’ V)
= QNilg(C,v*, ¢

{8y, y)eHOMg (P, P*) & HOMg (P, P*) [ V' — v = 0 + oy : P— P*}
— {(Ox — &0 Hvi—yv, 1 — £x") | (0%, 1) € HOmg(P, P*) & Homg (P, P*)}

There is an evident-symmetrization map

N; @ ONil (P, v) = QNil*(P,v); (Y, ) — N.(¥).



222 F. Connolly, A. Ranicki/Advances in Mathematics 195 (2005) 205-258
Definition 10 (Ranicki[16, p. 452). (i) A non-singular e-symmetric nilform over R
(P, v, ¢) consists of

(a) anR-nilmodule (P, v),
(b) an element) € Q Nilé(P, v) such that¢ : P — P* is an isomorphism.

Thus (P, ¢) is a nonsingular-symmetric form overR, and there is defined an iso-
morphism ofR-nilmodules

¢ : (P,v)— (P*,v).

A lagrangianfor (P, v, ¢) is a direct summand. € P such that
(c) L)< L,
(d) the sequence

oL pr o0
is exact, withi : L — P the inclusion.

In particular,L is a lagrangian for the nonsingularsymmetric form(P, ¢).

(ii) A nonsingulare-quadratic nilform over R(P, v, oy, ) consists of

(&) anR-nilmodule (P, v)
(b) an elemeni(dys, ) € Q Nil (P, v) such thatN,(y) : P — P* is an isomorphism.

Thus (P, ) is a nonsingulag-quadratic form ovelR, and there is defined an isomor-
phism of R-nilmodules

N:(Y) @ (P,v) — (P*,v").

A lagrangianfor (P, v, oy, ) is a direct summand. C P such that

(©) v(L) € L,
(d) the sequence

[ .*Nx:
0Lbp MV« o

is exact, withi : L — P the inclusion,
(e) *oyi,i*yi) = (0,0) € QNil (L, V]).

In particular,L is a lagrangian for the nonsingularquadratic form(P, /).

The notion of stable isometry of nilforms is now defined in the usual way using
lagrangians and orthogonal direct sums, and 204l ¢) (resp. LNib(R, ¢)) is the Witt
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group of nonsingular-symmetric (resp.e-quadratic) nilforms overlR. See[16, pp.
456-457] for the identification of LNH(R, &) (resp. LNik(R, ¢)) with the Witt group
of nonsingulare-symmetric (respe-quadratic) nilformations oveR.

Proposition 11 (Ranicki[18, Proposition 41.3]. (i) For any ring with involution R the
skew-suspension maps in the nilpoténtquadratic L-groups are isomorphisimso that

LNil,(R,e) = LNil,42(R, —¢) = LNil,14(R,¢),
with LNil 2, (R, &) = LNilo(R, (—1)"¢) the Witt group of nonsingulat—1)"&-quadratic
nilforms over R. Similarly forLNil (R, ¢).

(i) If R is a Dedekind ring with involution then

LNil”(R,&) = LNil"t2(R, —¢) = LNil"T*(R, ¢),
LNil"(R,2) = L"(R.s), LNi"(R,&) = 0 (n=0).

Proof. (i) In order to establish the 4-periodicity use algebraic surgery below the middle
dimension, as for the ordinary-quadraticL-groups L,,(R, ¢) in Proposition 1.4.3 of
[14,15] (cf. Proposition 3 above).

(ii) The explicit proof in the case = 0 [18, p. 588] extends to the general case as
follows. Let (C, v, d¢, ¢) be ann-dimensionale-symmetric Poincaré nilcomplex over
R, representing an element of LN{R, &), with

W =0:C->CcC

for someN >1. We reduce to the caseé = 1 using the structure theory of f.g. modules
over the Dedekind rin@ : every f.g.R-moduleM fits into a split exact sequence

O—->TWM)—>M—>M/T(M)— 0
with
T(M) = {x € M|ax =0¢€ M for somea # 0 € R}

the torsionR-submodule and the quotient torsion-frRemodule M/ T (M) is f.g. pro-
jective. In particular, for anyR-nilmodule (P, v) with

the R-submodule ofP defined by

Ty(P,v) = {x € P|lax e V""1(P) for somea # 0 € R}
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is such that
Ty (P, /W P) = T(P/NTHPY).
The torsion-free quotienR-module
(P/VNTHPY/T(PIVNHP)) = P/Tn(P,v)

is f.g. projective, so thafy (P, v) is a direct summand oP. The inclusion defines a
morphism ofR-nilmodules

i @ (Ty(P,v),0) — (P, V).
Moreover, if (P’, V') is anotherR-nilmodule withv'Y =0 and
0 : (P,v)— (P',V) = (P, V).
is a morphism ofR-nilmodules then
i"0i = 0 : Tn(P,v) — Tn(P',V)*

since for anyx € Ty (P, v), x' € Ty(P’, V') there exista,a’ #0€ R, y e P, y € P’
with

ax = vN_l(y) eP, dx = v/N_l(x') e P
and
a'0(x)(x"a = O(ax)(a'x")
= 00N TN o)
= 002 2(y)(y)
= 0 R (since N -2>N)
so that

0(x)(x") = 0eR.
Returning to then-dimensionale-symmetric Poincaré nilcomplexC, v, 6¢, ¢) with
W =0:C - C,leti: (B0 — (C"*, v*) be the inclusion of the subcomplex
defined by

B, = Ty(C"",v%).
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The chain map oR-nilmodule chain complexes defined by
f =i (C,v)— (D0 = (B""0
is such that
F*0¢, d) = 0e QNIl"(D, 0, ¢).

Algebraic surgery on(C, v, ¢, ¢) using the (n + 1)-dimensional e-symmetric nil-
pair (f : (C,v) — (D, 0), (0, (0¢, ¢))) over R results in a cobordanm-dimensional
e-symmetric Poincaré nilcomple¢C’, V', 6¢’, ¢') over R with

vV ~0: C —C. O
1.3. The unitary nilpotent L-groupgNil
Let R be any ring. Aninvolution on anR-R bimodule A is a homomorphism
A— A; ar—a
which satisfies
a = a, ras = sar forallae A, r,s € R.
For any R-moduleP there is defined af®-module
AP = AQ®gP.
As in the special casgl = R write the evaluation pairing as
(,): AP*Xx P> A @ f,x)—~ a® f,x) = af(x).
An element¢ € Homg (P, AP*) determines ad-valued sesquilinear form oR
(,)gp @+ PxP— A (x,y) = (), y),

and we identify Hom (P, AP*) with the additive group of such forms. Fer= +1
and a f.g. projective® define an involution

T; : Homg(P, AP*) — Homg(P, AP*); ¢ > ed™, (x,y)pr = (¥, x)g.
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One then defines a map
Ny = 14T, : Homg(P, AP*) — Homg(P, AP*); ¢ > ¢ + &' )

with

(XN = ()¢ + 8y, x)y.

An A-valued e-symmetric form(P, A) (resp.é¢-quadratic form(P, u)) over R is a f.g.
projective R-module P together with an element of the group

S QF(P, -A) = ker(l— T: : HomR(P,AP*) — Homg (P, AP*)),
pe Qy(P, A = cokerl— T, : Homg(P, AP*) — Homg (P, AP*)).

As usual, for/ € Q%(P, A) we write
Ax,y) = (Ax),y) e A
and foru € Q.(P, A) we write
ux) = (ux),x) € A/{a —eala € AJ}.
The mapN, induces a well defined map:
Ne @ Qu(P, A) — QX(P, A); [ul > e 3)

Definition 12 (Cappell [5]). (i) Let By, B_1 be R-bimodules with involution. Assume
B1, B_1 are free as righR-modules. Anonsingulare-quadratic unilform over(R; 1,
B_1) is a quadruple

(P1, P_1, g, p_q)

where, foro = +1, we require:

(@) (Ps, us) is a stably f.g. freeBs-valued e-quadratic form oveRR,
(b) Ps = P*s; we then identify(P;)* = Ps in the usual way, and write the evaluation
pairing as

(,): PLxP_1—>R; (x,f)— f(x).
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(c) If A5 = Ng(us) is the associated-symmetric form tous, then the composite

J /—1®1 101 /-1®1
P A BiP_1 gy B_1B1P1 1—®> BiB_1B1P-1 -

is eventually zero. (That is to say, for sofkethe composite map; — (B_181)% Py
is zero.)

(ii) A sublagrangianfor (P1, P_1, uq, 1t_1) is a pair of stably f.g. free direct sum-
mandsVy € P1, V_1 € P_41 such that, foro = +1

(Vi,V_1) = 0, 4s(Vs) € BsV_s, ps(x) = 0 for all x € Vs. (4)
We call (V1, V_1) alagrangianif in addition:
i = v (5)

One can form orthogonal direct sums @fjuadratic unilforms ovetR; B1, 5_1) in
a rather obvious way. Cappdlb] defined UNib,(R; B1, B_1) to be the Witt group
of stable isometry classes of nonsingularl)”-quadratic unilforms ove(R; B1, B_1)
modulo those admitting lagrangians, and showed (geometrically) that;ifrg, 71 are
finitely presented groups withg C 7n_1, 7o € m; and

T = T_1%pm1, R = Z[nol, Bx1 = Z[ni1\mo]
then the morphism defined by

UNilo, (R; B1, B_1) — Lo, (Z[x)),

1
(P1, P—1, g, pig) = (Z[n] ®7(no) (PL® P-1), (%1 Ju 1))

is a split monomorphism.
If an e-quadratic unilformu = (P1, P_1, p1, 4_q) has a sublagrangiaqvy, V_1),
then one can form a newrquadratic unilform (se¢8, 6.3(f)])

u' = (VA VA, ViH/ Ve, i, 1),
so that

[u] = [u'] € UNily,(R; By, B_1).
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1.4. The proof of Theorem A in the even-dimensional case
We begin by defining maps:
LNil,(R) > UNil2,(R; R, R) = NL2,(R) € La,(R[x]).

The proof will show that the maps, r are both isomorphisms.
Let e = (=1)".

Definition 13. The map
r : UNilo,(R; R,R) — NL2,(R); uw> r(u)

sends arg-quadratic unilformu = (P1, P_1, i1, #_1) over (R; R, R) to the e-quadratic
form r(u) over R[x] given by:

r(w) = (Pix]® P-alx], Yo+ xyq),

where

oo (8,0) - (50)

Here,y; : (P1® P-1)[x] — (P_1 @ P1)[x] (i =0, 1) is the R[x]-module morphism
induced, using change of coefficients, from Renodule morphism of the same name

;i @ (PL®P-1) > (PL® P_1)* = (P.1® P1).
In order to verify thatr is well-defined, first notice that

Mo txvn = (20) @ s (o Py~ ¢ o Pyl

where
0 82_1
v o= D (PL® Po)x] = (P1® PoDIx], Zx1: = Ne(pigq).
xA1 O
Because

V2 _ XE/AL_]_/”L]_ 0
- 0 xXMA_1 )"
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Definition 12 shows that is obviously nilpotent. Therefor&V. (o + x/41) is nonsin-
gular.

To see thafr(u)] € NL2,(R), notice thaty,[r(u)] = [P1® P-1, Y], and thatP; &0
is a lagrangian for(P1 & P_1, Yq).

The ruleu — r(u) preserves orthogonal direct sums of forms.(¥, V_1) is a
lagrangian foru, then V1[x] & V_1[x] is a lagrangian for(x). We thus have a well-
defined homomorphism:

r : UNilg,(R; R, R) — NL2,(R).
Definition 14. The map
¢ : LNilp,(R) = UNil2,(R; R, R): z+> c(2)

sends a nonsingular-quadratic nilformz = (P, v, oy, ) over R (see Definition10)
to c(z) = (P1, P_1, 114, 1i_1), Where

PL= P, Pa= P o= vy pg o= — ¢!
with ¢ = N.() : P — P* an isomorphism.
Using Definition 10 set
= Ne(p)) = —v = =V,
noting thatN_.N.(oyy) = 0. Set also
J_1 = Ne(u_) = —ep Ll

Becausel_141 = ¢v, andv is nilpotent, it follows thatc(z) is an e-quadratic unilform
over (R; R, R). The rulez — c¢(z) preserves orthogonal direct sums. Moreovemif
is a lagrangian foz , then (N, N1) is a lagrangian for(z). Therefore Definitionl4

gives a homomorphism:

¢ : LNilg,(R) — UNil2,(R; R, R). (6)
Definition 15. The morphism

j 1 LNilg(R) = NL2,(R): y > j(y)
sendsy = [P, v, oy, Y] to

JjO) = [PIx] ¢ +x(0y — vl
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It was proved in[16, p. 445] thatj is in fact an isomorphism. See Remark 16 for
the precise matching up of the formula in Definition 15 with the morphism defined
there.

The right-hand side in Definition 15 gives a nonsingular form because

Ne( + x (oY — V*lﬁ)) = N1 —xv),

an isomorphism by Definitiorl0. Moreover this right-hand side is iNL2,(R), also
by Definition 10.

Remark 16. In order to obtain the formula in Definitioh5 for j(y) from the formula
in [16, p. 445] one must make the following translation of the terminology there to
our terminology:

A =R, CO =P, (' = 0fori+#0,
‘pOZ‘//, 5¢1=5Wa

noting that thex—1 is our x, and thev* there is ourv. In the following argument we
shall use the Witt group

LNil% (R) = L2,(R) ® LNilp,(R)

of nonsingulan—)"-quadratic nilformg P, v, &y, ) over R with P a f.g. freeR-module,
and the split injection

A : LNl (R) = L2y (Rlx, x72); [P, v, Y, Y] [Plx, x7 1, 071 = vy + 6y
defined there, along with the splitting map
@ Lay(R[x, x~ 1) — LNil% (R)
and the natural inclusion and projection:
LNil 2, (R) - LNil% (R) & LNl (R).
Let E : NLo,(R) — Lo, (R[x, x1]) be the restriction of the natural monomorphism

E : Loy (R[x]) = Lo, (R[x, x"1)).
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Also, set

Y
I

D

p0 : Loy(R[x, x~ 1) — LNil2,(R),
Ai : LNilg,(R) — Loy (R[x, x~1]).

>
I

BecausedA = 1, we geté& = 1. According to the braid on p. 448 ¢16], JE is an
isomorphism. The majp of Definition 15 is j = (0E)~1. To get the formula fojj in
Definition 15, note that the “devissage” mapsatisfies

0 = oM
with
M : Ly(R[x,x 1) — Ly(R[x, x71]); (P, ) > (P, x).

Then from[16, p. 445], we translate and find:
A(y) = AP, v, 8y, )
= [Plx,x 71, x 7y + x (69 — vl
So
JO) = j(@MA®y))
= E-'MA(xy)

= E7Y(PLx, x4 + x (8¢ — v
= [P[x],y +x 0y — vl

as in Definition15.
As explained above, [16] proves thats an isomorphism.
Remark 17. The inverse of]
k = j7' : NLa(R) — LNilg(R) @
can be computed via Higman linearization (98¢ 3.6 (a)]) in the following way.

By Higman linearization, each element &fLy,(R) can be represented in the form
[P[x], Yo + xy¥1]. In these terms, the formula fdr= jlis

k[P[)C], l//O—i_)“pl] = [Pv v, 5l//’ W]’ (8)
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where

Vo= Yo v = (Ne@Wo) 'Ne(hp), 8% = vio+ 1.
It is clear thatjk = 1.

We now turn to the proof of Theorem A in even dimensions. We only have to show
that:

(i) ckr = 1, (i) rc = j. 9)

The proof of Q) (i) is easiest: let(P1, P_1, 114, #_1) be ane-quadratic unilform over
(R; R, R). By Definitions 13, 14 and (8), and direct calculation, we obtain:

ckr[Py, P_1, iy, u_q] = [PL® P_1, P_1® P1, iy, fi_1], (10)
where
- 0\ . 41
fa = (%l o)’“—l = <Mo1 o)‘

Perform a sublagrangian construction on the right-hand sidd®f, (sing the subla-
grangian

Vi=0&8P, V1 = 0.
This yields
[PL® P_1, P_1® Py, Jig, i_q] = [P1, P-1, g, H_4].

Thereforeckr = 1, proving Eq. 9)(i).

Next we prove Eq. (9)(ii). _

Supposea = [P, v, oy, Y] € LNily,(R). By direct calculation and Definitions 13
and 14, we have

rce(a) = [P[x]® P*[x], Yo+ x¥1l, (11)

where

O R Ll )
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with ¢ = N (). By hypothesis (see Definitiod0), (P, ) admits a lagrangian, say
N C P. Let

V = (¢N)[x] € P*[x] C P[x]® P*[x].

By (11) V is a sublagrangian fo¥o + x¥;. In fact, settingd = N.(Wo + x¥1), one
readily computes that thé-orthogonal complement of is

Vo = {(u,v) € Plx]® P*[x]| p(u) —v € V).
Therefore one obtains an isomorphism
g+ Plx]— Vg /Vi ur> (u, o).
Let (V(ﬁ/V, ¥y be the sublagrangian construction arna) usingV. We claim that
g ¢ (PIXL Y +x(O —v'9) — (Vo / V. (12)

is an isometry. Since the right-hand side 4&R) representsc(a), and the left-hand
side is j(a), this claim (12) will prove (9)(ii).
We prove (12) using the duality pairing
{,} : (P*[x]® Plx] x (P[x] ® P*[x]) — Rl[x],
(&m0, ) = {Em, 0, &) = (&) + ().

Eq. (12) amounts to the identity:

(Y +x0 —v'Plw), v) = (Y, pw), (v, p(v))} (u,v € P[x]), (13)

whereW¥ = Wy + xW1 : P[x] ® P*[x] — P*[x] @ P[x] . The right-hand side of1@)
is computed from (11) as

([P + x (O — v )W), v) + (P(v), —P'Y* ()
= ([} + xOY — v Y1), v) + (—d* 1 (W), v)
= ([(¢ — e¥™) + x(SY — v Iw), v),

which is the left-hand side ofl@). This proves (12) and therefore also (9)(ii). Therefore
the proof of Theorem A, when is even, is complete.
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Remark 18. It seems appropriate to record here an explicit formula for the inverse
isomorphism

¢ 1 ¢ UNil2,(R; R, R) — LNil2,(R)

which can be derived from8], (9) and Definition 13, as follows.
For [P1, P_1, pi1, u_1] € UNil2,(R; R, R) we have:

C_l([Pl’ P—ls Hl’ l’tfl]) = (Pl @ P—l’ v, 5lﬁ’ lp)’ (14)

where

0 1 0
Y = <O“_1)1P1€BP—1—>P—1@P1, Vv, = <%l 0>,

oy = V*lﬁ+lﬂ1 c PL®P. 41— P 1 Py,

v = _Nz:(‘,b)_lNz:('»bl) = (glti.fl 8)

with ;"il = NP(:“:I:l)
1.5. The proof of Theorem A in the odd-dimensional case

We begin by commenting that the “simpletheory” version of Theorem A, in even
dimensions, proceeds uneventfully, along the same lines as above. We explain this in

some detail now.
UNil3, (R; B1, B_1) is defined in[5, p. 1118]. Also,

LNil$(R) = L:(R)® LNil} (R)
is defined in[16, pp. 466—468], where there are also constructed exact sequences:
0 Ly (RIx]) = LJ(RLx.x~Y) — LE(R) @ LNl (R) — O,
0 LI (R — L(RIx, x71) 5 LER) @ LR (R) — 0,
where

I+ = Ki(R) € K1i(RIx*1]) = K1(R) ® Nilg(R),
J = Ki(R) ® Ko(R) € K1(Rlx,x" 1) = K1(R) ® Ko(R) @ Nilg(R) & Nilo(R).

Define

NLy(R) = ker(n, : LY* ™ (R[x]) - La(R))
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and Ietzs, E*, 5S be as in RemarKL6, concluding tha{?sﬁx is an isomorphism. As
before, define

P =@ E)™Y . LNilg(R) — NL, (R)
using the formula of Definitiorl5. The maps
LN, (R) < UNIl3, (R: R, R) —> NL, (R), andk® = (j*)2

are now defined exactly as in Definitiods, 8, and the proof that these are isomor-
phisms can now be repeated without change. In summary, we have:

Proposition 19. The mapsLNil3, (R) <, UNIil$, (R; R, R) L NL$ (R) described in
the paragraph above are isomorphisms. Moregvgr= rfc*.

We now complete the proof of Theorem A in odd dimensions.
Let S = R[z, z~1], extending the involution omR to S by

7 =%

Leti : R — S be the inclusion. The split exact sequence of Shangd@nand Ranicki
[13]

0— LE(R) 5 L(S) — Ly_1(R) — 0
yields the split exact sequence
0— NLS(R) 3 NL3(S) = NL,_1(R) — O.
Cappell[5] defined UNib,—1(R; R, R) as the cokernel in the split exact sequence:
0 — UNil3, (R; R, R) — UNil3, (S; S, S) — UNil2,—1(R; R, R) — O.

The isomorphism-* of Proposition19, being functorial, therefore induces an isomor-
phism:

r : UNilo,_1(R; R, R) - NLy,_1(R).

This proves Theorem A.
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2. Chain bundles and the proof of Theorem B
2.1. Universal chain bundles

We begin with a resumé of the results of Ranifld,15,19] and Weiss [22,23] which
we need. As in Section R is a ring with involution.

A chain bundle(B, ) over R is a projectiveR-module chain compleB together
with a 0-cycle

B e (W*B ).

(We shall be mainly concerned with cases when the chain modijleme f.g. projec-

tive.) A map of chain bundle¥ : (C,y) — (B, ) is a chain mapf : C — B such
that

721 = [yl € 0°%(C™),

with % : W%B—* — W%C—* the chain map induced bfy Each chain bundl€B, f)
determines a homomorphism

~ ~%
Jp 1 Q"(B) = Q"(B); ¢ > J(P) — g (S"P), (15)
whereJ is as in @), ¢°OA’ is the map induced by : B"* — B, and " : w%C —
XT"W%X"(C) is the natural isomorphism of chain complexes. The nigpis not
induced by a chain map.
The TateZ;-cohomology group
H'(Z3;R) = {x € R|Z=(-D'x}/{y+(-D'§|yeR)
is an R-module via
R x H'(Z2; R) — H'(Z2: R); (a,x) — axa.
The Wu classeof a chain bundlg B, ) are theR-module morphisms
v(p) : H(B) — ﬁr(Zz; R); x> (o, x®x) (r € Z). (16)
The universal chain bundlgBX, ﬁR) exists for eachR. It is the chain bundle (unique
up to equivalence) characterized by the requirement that m@pig¢ an isomorphism
for eachr. This implies the more general property that for each f.g. free chain complex

C the map

ke : Ho(C ®g BR) = Q"(C); fr> ST %P (17)
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is an isomorphism. A cyclef € (C ®& BF), is a chain mapf : (B®)~* — s7"C,
inducing a morphism

s % 0%(BRYTH — 0%sT"C) = Q"(0).
See[19,22,23].

2.2. The chain bundle exact sequence and the theorem of Weiss

For each chain bundléB, f§), the mapJg above fits into an exact sequence:

s oy Lo p Lo L orm - (18)

where the groupQ,(B, ) of “twisted quadratic structurésand the mapsV; and H
are defined as follows.

0.(B, p) is defined as the abelian group of equivalence classes of (gaity (called
symmetric structures ofB, f)) where ¢ € (W”®B),, 0 € (W*B),1 satisfy

dp = 0, dO = Jg(9).
The addition is defined by

@0+, 0) = (p+¢,0+0 +& wherel, = ¢ofy_, 100

One says that(¢, 0) is equivalent to(¢’, 0) if there exist{ e (W”B), 41, n €
(W”B), > such that

Al = ¢ — ¢, dn = 0 —0+ IO+ o, bo» P0)(S" ).

Here ((o. o, $p)? : (W®B~*), — (W¥B), 1 is the chain homotopy frompY® to
(@) induced by (see[19, Section 3]).

The mapH is defined by:H (0) = [0, 0].

The mapNy is defined by:Ny([¢, 01) = [¢].

When =0, thenQ,(B,0) = 0,(B) and (18) reduces to (1).

Recall now from [16, pp. 19, 39, 137], the cobordism grollpsR, ¢) (resp.L" (R, ¢),
Z"(R,e)) of free n-dimensionale-quadratic (resp. symmetric, resp. hyperquadratic)
Poincaré complexes oveR, where ¢ = +1. These are related by a long exact
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sequence and a skew-suspension functor:

L'L(R, ¢) 7, L,(R,§) —— L'(R,e) ——> L"(R,¢)

| /s Is 5 @

L"3(R, —¢) —> Lypi2(R, —8) ——> L""2(R, —g) —— L"t2(R, —¢).

S, is an |somorph|sm for alh, and L, (R, 1) is the Wall surgery obstruction group,
L,(R). But S and S" are not isomorphisms in general Instead, the main result of

Weiss[22,23] (see also [19]) identifies the limit of the ma@s in terms of a functorial
isomorphism:

lim T2 (R, (—D%) 5 0.(BR, BR). (20)

The skew-suspension maﬁg, S" are isomorphisms for 1-dimension@l
2.3. UNil and 1-dimensional rings

Recall from Definition2 that a ringR is said to be 1-dimensional if it is hereditary
and noetherian.

Proposition 20. For any 1-dimensional ring R with involutignand anyn >0, there is
a short exact sequence

0 — UNil,(R: R, R) — Q1 (BRI, pRIy 0, 1(BR, pF) — 0.
Proof. Following Definition 8 set
NQ,(R) = kerQ, (B, Ry — 0, (BR, ). (21)
By Propositions9 and 11
NL"(R) = LNil"(R) = 0 for all n>0.

So by (19) we get a square of isomorphisms, for al:0:

NL"Y(R,e) ———  NL,(R,¢)

] = 5|

NL"™3(R, —¢) ——— NL,.2(R, —¢).

(22)

ikd
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By Theorem A, 20)—(22), for alln >0, we have:

UNil,(R; R,R) =~ NL,(R,1) =~ NL" (R, 1)
~ limg NL""Y2(R, (—1)%) =~ NQ,11(R).

This proves 20). O
2.4. Rules for calculating, (C, )

Our goal, in the light of Proposition 20, is to computg (B, ), especially when
A = 7. But first we explain three tools for computin@, (C, y) for any chain bundle
(C, y) over any ring with involutionA.

(A) Suppose(C, y) is a chain bundle and” ® 4 C is n-connected. Then

1 Jn+l ~a11 pntl
Qi(C,7) = 0 for i<n—1 and Q""NC) > Q"*H(C) > 0Q.(C,7)) >0
is exact. Moreover, fo¥ <n, J’ =Ji:Qi(C) = QI(C), and J,’ is an isomorphism.

Proof. Use the spectral sequence
E5, = Hp(Z2 Hy(C®a C)) = Hpyy(W)*C) = 0,14(C).
This provesQ;(C) = 0, for i <n. Next,
JA¢D = T (6D — de(ISy))

for any[¢] € Q' (C). But if i<n, <1?o is null homotopic becaudepy] = 0 € H;(C®4C).
Consequently;bff’ =0 andJ,; = J! for all i <n. But by the exact sequendg it follows

that J;’ is an isomorphism for ali <n, and H"*1 is an epimorphism. This proves
A). O

(B) SupposgC, y) is a chain bundle for which the chain complex C splits as

o0

cC = ) Ca.

i=—00

Then

o0

y = ) D,

i=—00
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wherey(i) € Q%(C(i)), and the inclusionsC (i) — C induce a long exact sequence:

o Y 0a(CG). 7)) = Qu(C.y)

i=—o00

— Y H(CHRC()) > Y Cu1(C@), 7)) > ---. (23)

i<j i=—00

Proof. On general principles
0"(C) = Y 0"(C)

and

Q"(Y_C) = Z Q"(C(1) @ Y Ha(C(i) ® C(j)).

i<j

Therefore, (B) is a consequence of a diagram chase applied to the following map of
exact sequences obtained frodB):

ZQn(C(l) 130) —— ZQ”(C( ) —— ZQ”(C(I)) —

! ! L=

0.(Cp) ——  one) 2 0'"C) —s . 0O

(C) Suppose the chain complex C is concentrated in degtees Then Q¥(C) = 0 if
k > 2n. If, in addition, H,(C) = 0, then 0?'(C) = 0 as well.

The proof of (C) is straightforward from the definition or%ec.

The A-modulesH" (Z2; A) (r =0, 1) will be said to bek-dimensionalif they admit
k-dimensional f.g. freéA-module resolutions. In the next two subsections we compute
0, (B4, p*) for A with 24 =0 andk = 0, 1.

2.5. 0, (BA, p*) for O-dimensionalH*(Z; A)

Throughout this section we supposél 2= O, the involution onA is trivial (and
consequentlyA is commutative), and thaH"(Z,; A) is a f.g. free A-module for
eachr.
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This occurs, for example, whed = F or F[x], where F is a perfect field of
characteristic 2.
The Frobenius map

Y2 . A— A; a— Y%a) =d°

is a ring homomorphism which makes the target copyAad module over the source
copy of A. We denote the target copy-module asA’; thus A’ is the additive group
of A with A acting by

Ax A — A (a,x) > a’x
and there is defined aA-module isomorphism

A — ﬁr(Zz; A); x — X.

In this case one can easily construct the universal chain bu(nRﬂeﬁA) for A with

d = 0 : (BY, A — (BY,.1 = A

The 0-cycle of W%B~*

=D B eW”B g = Y (Homzz, (W, B,* ®& B, )0
r r

is obtained as follows. Here and below we vi&y as a chain complex concentrated
in degreer. Its dual chain complexB,*, concentrated in degreer, consists of
B" = Homy (B,, A).

Let x1...x; be a basis ofA’ over A. Let x!...x* be the dual basis. Write; for
the elementy;, viewed as a member of the rilg Note thatB” ® 4 B" is the A-module
of bilinear forms onB, with values inA, which is canonically identified with

(W”B™)o = Homzz,(W_or. B* ®g B;™).

Therefore the elements’ ® x/, x;(x' ® x') and

k
P o = Z/L'(Xi@xi)
i=1
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are 0-cycles irﬁ/%B;*, and bilinear forms orB,.. The matrix of the symmetric bilinear
form _,,. is diagonal:

It follows that®, : H,(B) — A’ is the identity map. S4B, ) is universal. Inclusion
induces a map of chain bundle&,, f_,,) S (B, p).

Lemma 21. Assume2A = 0, the involution on A is trivigland A’ is free and finitely
generated over A. With notation as abptle mapi, : Q.(B:, f_,.) = Q4«(B, f), and
the exact sequenad8) for (B, f_,,), combine to give an exact sequence for each r

J N
0— 02(B.p) — 0%(B,) = 0¥ (B,) — Qa_1(B.p) — 0. (24)

kg,
Proof. By (17) we have an isomorphisiB, ® B,—, =~ Q"(B,). By 2.4(A), we have
On(Bs, f_p) = 0Oforn < 2s — 1. Therefore (23) can be written

S 07 B > Y 00 (Bi fz) — 02 (B.f) > Y 07 H(By)

S<r s<r s<r
— Y 02 1(Bs. fp) > Q2-1(B. ) — Y 0¥ (By)
s<r s<r
— Q2 2(By, f_5). (25)

Now, for dimensional reasons, if > 2s, Q"(B;) = 0, and so@"“Bs) LS Q,(By,
f_o,) is an isomorphism. S02B) reduces to two pieces:

0%+ (B,) & Qo (B,. fy) — Q2r(B.) — 0,
Q2r—1(Br7 ﬁ—Zr) = QZI‘(Bv ﬁ) (26)
Now apply the exact sequenc#8) and Rule 2.4 A taB, to get

T g o,
0 — cokerHp_,) — Q% (B,) — 0% (B,) = Q2—1(Br, f_p) — 0,

which, together with Z6) implies Lemma 21. [
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We now restrict ourselves to the case whén= F[x] where [ is a perfect field
of characteristic 2. Them’ is free of rank 2 overA, generated by 1 and. Since
B, = A’ for all r, the abelian grou@2? (B,) can be identified with the additive group,
Symy(A), of 2x 2 symmetric matrices ovek. The A-module @2’(3,) can be identified
with Sym,(A)/Quad(A) where Quagl(A) denotes the matrices of the forM + M’.
The mapJg, : Sympy(A) — Symy(A)/Quad(A) then has the form

alval= [allo?][sa]-[54]

_ a? + a + xb? *
- * b2 +d+xd? |

We intend to show that the kernel and cokerneUpfcan be identified with the kernel
and cokernel of the map? —1: A — A.

We have two inclusion mapa N Symy(A), and A —'/> Symy(A)/Quad(A), both of
the form:

Denote the images of these two mapsXasX’. Note that(Jp)1 = 1’(1//2 - 1.
We use the following easily proved lemma:

Lemma 22. SupposeX, X’ are subgroups of two abelian grougs Y’. Suppose; :
Y — Y’ is a homomorphism such thgtX) € X’, and the induced mag : Y/X —
Y’'/X’' is an isomorphism. Set = j|X : X — X'. Thenker(k) = ker(j), and the
inclusion X" — Y’ induces an isomorphism

1 : cokerk) =~ cokenj).

We want to apply this lemma wheR, X’ are as mentioned earlier and the role of
j:Y — Y'is played by

Jp © Symp(A) — Symp(A)/Quad(A).

This means we must first check thatis an isomorphism. In other words, we must
check that each elemepte F[x] can be written in one and only one way in the form
b? +d + xd? whereb, d € F[x].
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Write
2n+1 )
p = Zajxf, b = Zbix', d = Zd,-x’.
j=0 i i
Then

1

b +xd®+d = Yy (0 +do)x? + ) (d? + daiy1)x*

1

Therefore the equatiop = b? + xd? + d reduces to equations,

2 )
df +dojy1 = aziy1; bf +do = ay.

One solves these recursively fér and b;, working from higher to lower indices. Note
that the first equation implies that = 0 for all i > n. Therefore recursively, the

equations

2
df = dyt1+az1

specify d. Then the equations
b? = dy +ay

i
specify b. Here we use thaf is perfect. Thereforg is an isomorphism.
Applying the lemma, we conclude that £ = F[x] then

(27)

ker(zpz—l) é kerJg; cokel(t,bz—l) é coker(Jp).

The map?i is induced byA i> Symy(A)/Quad(A).
2_
l//—>1 A can be

Note that if A = F»[x], then ke(lp2 —1) = F» and the cokernel oft

identified with the vector spacg_a;x’ |ay = 0 fori > 0}.
i
Summarizing, we have a confirmation of the calculation of Connolly and

Kozniewski [8]:
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Theorem 23. For all k, we have

UNil g q1(F2; F2, ) = 0,

. 2.1
UNil % (F2; F2, F2) = cokerlFo[x]/F2 v Falx]/F2)
(D aix' :ay =0fori >0,a; € Fp}.

12

1

Proof. This is a consequence of Corolla®p, Lemma 21 and (27). O

2.6. 0, (B4, ) for 1-dimensionalH*(Z; A)
In this subsection we deal with a rin§ whose universal chain bundIeBA,ﬁA)
satisfies:

. d . d L .
For alli, B4 — Bj_, is zero; By, — By is injective (28)

with BA f.g. free A-modules. Thusﬁo(Zz; A) has a 1-dimensional f.g. fre&module
resolution

0— B, > BA — HZ2: 4) > 0

and ﬁl(Zg; A) = 0. (We shall see that this holds fot = Z or Z[x]. The point is
that Corollary20 reduces the calculation of UN{Z; Z, Z) to that of Q,.(B4, ﬁA) for
such ringsA.)

We clearly have

(BB = 3 (BAG). pA(i), where BA(i) is:---0 — Bf 4 > Bf —0--- .

i=—00

We first relate@, (B, ) to 0, (B4(0), f4(0)), for n = —1, 0, 1, 2, by analyzing the
exact sequence28), of the above direct sum splitting. By (2.4 A), we have

> 0nBAO. D) = ) 0m(BAG). BG)).

i=—00 ig"’T‘Fl
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Next, because ofl(7), and dimensional reasons, we have

S Ho(BA() ® BA()) > Hm<BA(i>®BA([%]—i>>
i<j 2i<[%]

Zz H,(BA(i) ® BY)
2i<[%] N

Y O"(BAG)).

-1
l<§[%]

But, by (18) and (2.4)(C), the ma@™1(BA(i)) — Q. (BA(i), (i) is an isomor-
phism if i < (m — 2) /4. Therefore, after we remove isomorphic direct summands from
the exact sequence (23), it reduces to the much simpler long exact sequence:

=Y 0u(BAG), PAG)) — Qm(BA, BY

m—2 _: o~ m+1
7 <i < yi

- X 0"BAi) -

pi<i<ilhl
So, we get
On(BY, Y S 0n(BA0). pA(0)  for m=—1,0 (29)
and
J
01(B, pY) = ke @' (B4 (0) =5 0L (BA(0))},
,]2

)

02(BA, B = im{Q?(B*(0)) = 0%(B*(0))} = 0 by (24)(C)

whenever(B4, %) is the universal chain bundle @& and (B4, %) satisfies 28).
Next we show that (28) holds whe#t = Z or Z[x].

2.6.1. The construction ofB4, ﬂA) for certain rings A
SupposeA is a commutative ring with no elements of order 2, and trivial involution.
Write

Ay = AJ2A.

ThereforeH(Z5; A) = 0, and H%(Z5; A) = A}, by which we mean the abelian group
A2, equipped with theA-module structure:

A X Ap — Ao; (a,x) — (azx).
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Suppose further that there are elementsx,, ... ,x, € A,r > 0, such that,
) )
0> A" 5 A5 A,—0
is exact, where
. oar /. 2 2 2
j A" = A3 (ar,ap,...,a,) = afx1+asxy+ -+ agx,.

(For example, ifA = ZAhenr = 1,x1 = 1, while if A = Z[x]thenr = 2,x1 = 1,
X2 = X.)

We show here how to construct the universal chain budle$) for A, so that £8)
holds.

First we construcB. For all i, we define

B = A (30)

Boi1 = A" — " A" = By.

Next let X € M,(A) be the diagonal matrix,

x1 0...0
0x2...0
X = .o
0 0...x

We definef = {B_; € (B™* ® B™*);} by

B4 X € M,(A) = (B2 ® B2)",
Bogica = (O@D_y4,
Bsio = — 3(5®03)P_y for all i. (31)

Hereo : By* — B_] is the coboundary homomorphism.
As in (2.5), the mapvy; : Hp;(B) — A) is an isomorphism for ali, and so(B, )
is the universal chain bundle fak.
We can now apply calculation (29) to the computationQf( B4, ﬁA), whenA =7
or Z[x]. Specifically, (29) and Corollary 20 give us the split short exact sequence if
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n=0 or—-1:
0— UNil,_1(Z: Z.Z) — Q,(BZ¥(0), p”0)) & 0,(BZ(0), f£(0)) - 0. (32)

wherer : Z[x] — Z is the augmentation map.
To simplify things further we define three families of grougs,, C,, I,, by the
exactness of the following three split sequences:

0= K, — ker(Jj o (ZIxD) %5 ker(Jfi (Z)) — 0,
0—>C, — COkeI(J['),'('é_))l(Z[x])) I cokel(J[’;(Jg)l(Z)) — 0,

0= Lyp1 — Im(JpEHZ1x)) i M5t (2)) = 0,

We next claim there is an isomorphism:
UNil_2(Z; Z,7) = C_3. (33)

To see this, note thap,(B4(0)) = 0 for dimensional reasons i< — 1. Also, by
(2.4)(A),

-1 _ g-1.p-1lpA -1/ pA
A G O RGO}

which is a monomorphism byl}. This implies that

0-1(B4(0), p*(0)) = cokers, ).

©

Therefore 82) simplifies whem = —1, to (33).
Now 29, Corollary 20, and the exact sequence (18)(#®f (0), ﬁA(O)) (when A =
Z, Z[x]) yield the following calculations:

UNilg(Z; Z,7) = K;, (34)
UNIil(Z; Z,7) = I,

12

0— Co— UNIil_1(Z;7,7) — Kg — O,
C_1 = UNil_xZ;27,7).

Therefore our goal is to calculat€y, C_1, Ko, and K1. This is done in the next two
subsections.
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2.6.2. Calculation ofQ"(BA(0)) and Q" (B*(0))

Recall from Ranick{14,15] that for any ring with involutior and for anyA-module
chain complexC an elementp e (W*(C), is specified by the sequence of elements
(cors b1, g, q,...) Of C ®4 C defined by

¢ = ¢e) € (C QR4 CO)pyi (i € 2),

wheree; € Wi is the standard basis element. Likewise, an elemjert (WC), is
specified by a sequend@g, ¢4, ...), with ¢; = P(e;).

For the rest of this section we assures a ring satisfying the hypotheses at the
beginning of Sectior2.6.1.

Letr: M,(A) - M,(A) be the transpose map and define

Sym.(A) = ker(L—1: M,(A) — M,(A),
Quad(A) = im(l+17: M, (A) - M, (A)).

Note thatB4(0) is the algebraic mapping cor® f) of the mapf : C — D, where
C =D = A" is concentrated in degree 0, anfd= x2: A" — A’". Therefore, for all
m:

0%"(C) = 0?"(D) = Sym.(A)/Quag(A) : [¢] > [$_p,]

becausep_,,, € A" ® A" = M,(A) must be in the kernel of £ T, for all 2m-cycles
¢ € (W%D)zm.

__Also, 0#"*1(C) = 0?"*1(D) = 0 for all m. Since the induced mag,”* : 0" (C) —
Q™ (D) is multiplication by 4, we seg” = 0. So the sequence:

0— Q0"(D) - Q™(B*(0)) - Q"(XC) — 0

is exact for allm.
If m =1 the composite isomorphism,

~1 A =~ = Sym.(A)
0~ (B(0) — 20 — —Quad(A)
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is written as

£osym)

l p—
Quag(4) - B ((D_1. b0, DD = [¢1]. (35)

0'(B4(0))
If m =0 we write the inverse of the composite isomorphism

Sym.(A)

~ 0%D) ~ 0%BA©
Quag (4) 0-(D) 0~ (B7(0)

as

=
o

Sym.(A)

O [
Quad(A) . ﬁ ([(¢07 d)lv d)Z)]) = [¢0] (36)

0°(BA(0)) =

The calculation ofQ™ (B4 (0)) requires more work.
Following Ranicki [14,15] we defineQ™(f) as themth homology group of the
mapping cone off%:

Q"(f) = Hu(f*: W"C — WD),

for any chain mapf : C — D of free A-module chain complexes. We also wriéf)
for the mapping cone of such and we writeg : D — C(f) for the inclusion. The
symmetrization map

A+17)0 if s=0,

Hy(C®4C) — Q™(C); GHW’F{O if s>1 )

fits into a natural transformation of exact sequences:

Hn(C®4C) — s Hy(D®C) —* s Hu(C(f)®C) ——> Hp1(C®4C)
(l+T)l (1+T)fl (1+T)fl (1+T)l

%
onc) L onpy —— o) —— 0" Y0

This leads to a further exact sequence rela@®( /) to Q™ (C(f)):

Q+7) f

= Q"THC() > Ha(C(N) ®C) = 0™ (f) = Q" (C(f) — -+
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Now in the case at hand (whe@= D = A”, andC(f) = B4(0)), we have

Sym.(A) if m =0,

0"(C) = Q"(p) = | IMA)
Quad(4)

if m is even andn < 0,

in all other cases

But 7% is multiplication by 4. Thus

0 _ Sym.(4)
o°(f) = —“Sf,m%)
2m _
3pt]Q“(f) = —Quad(A) (m < 0),
ok (f) = 0 for all otherk.

So from the above exact sequence, we extract the following diagram with exact rows:

HoC(fH®C) D5 005 —— 0%BA©) — 0

M, (A) 21+ Sym.(A) %
2M,(A) 4Sym.(A)

0°BA(0) —— 0

Thereforea induces an isomorphism:

M 0/ pA . 0 .
2Quad (A) 0" (B7(0); a (M) = [(M,0,0)], (37)

I %

where (M, 0, 0) is a 0-cycle inW”?B4(0), for any
M eSym(A) S M(A) = A" @A = (B(0)® B*(0)o.

Now Q" (BA(0)) = 0 if m >2 by 2.4(C). Also by (1), ifm <—1, the mapQ™ (B (0)) >
Q™(B4(0)) is an isomorphism.

Therefore, we are only left with the calculation of(B4(0)). Instead of the above
method (which would yield the result) we calculate this by hand both for its therapeutic
value and for its greater explicitness. The bottom line will be (38).



252 F. Connolly, A. Ranicki/Advances in Mathematics 195 (2005) 205-258

For eachM € M, (A), define
oM = (¢, ¢1) € W*BAO)1
by

¢y = MeM(A) = A"®A" = B1® By,
¢o

where B; = B4(0);.

M ® (—M) € (B1® Bg) ® (Bo ® By),

Lemma 24. If M € Sym.(A), then ¢M is a 1-cycle inW”B4(0), and the ruleM
M induces an isomorphism

1 Sym.(A)

. 2~ oYBA0)). 38
2Sym (A) 0~(B7(0) (38)

Proof. For any ¢ = (¢o. ¢1) € (W?*BA(0)1, ¢ = (g, P1) Where d; € (BA(0) ®4
B4(0));+1. We can write

¢ = K1® K2,

wherek; € M, (A) = B1 ®4 Bg, andkz € M, (A) = Bo®4 B1. ¢ is a 1-cycle if and
only if:

(D) dpy = 0, @ (T =Dy = — ¢y, 3 (T+1¢, = O,
where T : B4(0) ® B4(0) — BA(0) ® BA(0) is the twist chain map
Teey = nyex
These three conditions are equivalent to:
Ky = —Ki, A+nK1 = 2¢4, 1Py = P in A" Q@4 A" = M, (A).

Here t denotes the transpose map M. (A). Also a cycle¢ as above is a boundary
in W”*BA(0) if and only if there is an element € By ® By, such thatky = 2y in
A" ® A" = M,(A). Therefore the map

01 (B4(0)) - Sym.(A)/2Sym.(A) : [¢] — k1 mod (2A) (39)

is an isomorphism.
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The above discussion shows thatM € Sym.(A), then oM is a 1-cycle, and if
M e 2Sym (A), then ¢ is a boundary. Since the maB9) obviously sends)™ to
M, the proof is complete. O

We summarize the calculations of this subsection as follows:

AmpA ~ Sym,(A)
0" (B (0) = Quad(A) for all m,
0/ pA - Sym.(4)
0~ (B7(0) = 20uagd(A) (40)
Sym,.(A)

1B40) =~
OBl O) = Sk

0"(B4(0) = 0forn>2

0"(B4(0) =~ Q"(BA0))if n< — 1

2.6.3. The mapsfﬁ(o)(A), J[ho)(A) and the groupsC_1, Co and K1, Ko
We first analyze the map]/?(o)(A) . 0°(BA(0)) — Q9%(BA(0)), when A = Z or

Z|[x] using the isomorphisms of3%)—(38). By 15,4° o J[?(O)(A) o ¢® sends a matrix

. Sym.(A)

2Quad(A)
- o o Sym,.(A)
BIO([(M,0,00) — M'XM = M —MXM € QURd @)’

In the case whem = Z, so thatr = 1, andX = 1, we haveﬁOJg(O)(Z)ocO, sending

a€741t0a—a?e74/274=75. SO J/?(O)(Z) = 0. Therefore

ker/po, (Z) = Q°(B%(0)) = Zs; cokewf (7) = 0°(B%(0)) =~ Z,.
Now we let A = Z[x]. Set

J° = B0 o (Zlx]) oo : Symy(Z[x])/2Quag (Z[x])
— Symy(Z[x])/Quac(Z[x]).

For any

(Z f,) € Symy(Z[x])/2Quag (Z[x)),



254 F. Connolly, A. Ranicki/Advances in Mathematics 195 (2005) 205-258

we compute from the above formula:

ofab\ _ (a—a®>—0b%* b—ab—bdx Symp(A)
J (bd> - (b—ab—bdxd—bz—d2x>€Quac§(A)' 41

We want to apply Lemm&2 again. Letj = 7°, and

_ Symkxh ., _ SymZkxh . _
Y= 2Quad (Z[x])’ r= Quad(Z[x])’ X = (Zalx]) x (Falx]),
X' = (Falx].

X and X’ include intoY and Y’, respectively, by the rulesia, d) — (‘6 2%), and

ar (‘(‘) 8). We first will have to show that/X — Y’/ X’ is an isomorphism. To this

end, we note an isomorphisriia[x] x Fa[x] = Y/i(X), defined by(b, d) — (2 Z)

0

p
that j induces an isomorphisny/X — Y’/X’, amounts to the statement that each
p € Fa[x] can be written uniquely in the formp = b2 + d + xd?, for some

b,d € Fp[x]. But this was proved already in Section 2.5.
Define

and an isomorphisnfa[x] =~ Y'/i'(X’), given by : p — [8 ] Therefore the claim

k 1 Zalx] x Fo[x] = Folx]; (a,d) — a — a® mod 2
Clearly,

kernk) = {(a,d) € Za[x] x Fo[x]|la = ag + 2a1, for someag € Z4, a1 € Z4[x]},
cokerk) = cokery? — 1).

Applying Lemma22, we see that andi’ induce isomorphisms:
ker(k) ~ kerJl?(o)(Z[x]), coker(y? — 1) iR coker(JﬁO(o)(Z[x])).

Also, 1(a,d) = |3 2 |.
The augmentation map induced by

0°(B7M(0)) & 0°(B7(0))

sendso? [‘5 2?1] to ag € Z4, the degree zero coefficient ef The same formula holds

as well forn, : Q°(BZ¥1(0)) — Q°%(BZ(0)).
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Restrictingn,, to kerjg(o)(Z[x]), we get a short exact sequence:

k; *
0 — Falx] x Falx] 3 ker(J§q (ZIx1) 5 ker(J§q (2)) — 0,

wherek; is defined by

This yields isomorphisms:

=~
=~

’
2 2

Folx] x Falx] = Ko, coke{(¥® —1): Falx]/F2 — Falx]/F2}) = C_1. (42)

Here (2 — 1) : Fao[x]/F2 — Fa[x]/F» is the map induced by? — 1: Fa[x] — Falx],
andkj is induced by:'.
Now we analyzeJl%(O)(A) similarly. Recall B4(0) is a chain complex concentrated

in degrees 0 and 1Bp = A”; B1 = A", and its boundary map i = x2: B; — Bo.
In order to understand the mal?}(o)(A), we define, for any 1-cyclep € (W”*BA
(0))1, another 1-cycle

1 = dR(SLP0))) € (WPBA0))1 .

We know y? = (yfl, yg), y‘f), where

V;p = 9 = $o® (B0

Here ¢y : BA(0)1* — BA(0) is the chain map whose matrix g, € (B4(0) ®
BA(0))1.
We conclude:

71 = 650 ® <2>0(X) € B1 ® B1,
70 = (1®0)y1 € (BA(0) ® BA(0))1,
7.1 = 3(@®0d)71 € Bo® Bo.

Therefore

Jjio(A) 1 QX (BA(0) — 0N BA0) s : [¢] > JHIPD — [191.
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Set
Jt = po Jﬁl(o)(A) ool

We get

L") — 10 = M- MiXM
= M —MXM mod Quag(A)

JYM)

for all M € Sym.(A). (The formulae for7* and J° are identical!). Therefore for-
mula @1) can also be used fqfl. We therefore conclude at once that we have an
isomorphism, induced by':

cokef{ (% — 1) : Folx]/F2 — Folx]/F2} = Co. (43)

To computeK1, we note from41l that the kernel of/t

S0 ZLxD) o ol is

{[g" 8] € Symy(Falx]) : ag € Fa).

Since7, [‘g’ 8] = ag € Z», we conclude at once that
K1 = 0. (44)

2.7. The calculation ofJNil,(Z; Z, Z) for all n
The results of the last section allow us to prove Theorem B of the Introduction:

Theorem 25. There are isomorphisms

UNilo(Z;Z,Z) = 0,
UNily(Z;Z,7) = O,
UNilo(Z; Z,7) =~ cokeff (y?—1): Fa[x]/Fo — Falx]/F2 },

and an exact sequence

2

0 Falxl/Fa 5" Falx]/F2 — UNil3(Z; Z, 7) — Falx] x Falx] — O.
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Proof. Note I = 0, by 29). Therefore (44) and (34) imply the first two equations at
once. The third equation is immediate from (34) and (42). The final exact sequence is
immediate from (34), (42), and (43). O

See [1,7] for further computations.
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