Y[.--On Knots, with a Census of the Amphicheirals with Twelve Crossings.

By Mary Gertrude Haseman. Communicated by Drv C. G. Knorr, General
Secretary. (With One Plate.)

(MS. received March 28, 1917. Read June 4, 1917. Issued separately February 1, 1918.)

The theory of the knotting of curves, except for a few elementary theorems due
to LISTING,* was entirely neglected until Tarr t was led to a consideration of knots
hy Sir W. Tromson’s (Lord KeLvin's) work on the Theory of Vortex Atoms. He
attacked chiefly the problem | of constructing knots with any number of crossings,
and obtained a census of the knots of not more than ten crossings. Those knots
which exhibit a special kind of symmetry—the amphicheiral knots—offer certain
points of interest.

'§1. Kx~or ScHEMES,

Tarr has introduced two schemes for representing knots: the alphabetical and
compartment symbols.

Alphabetical Symbol.—The alphabetical scheme of a knot is based upon the idea
of the sequence of the crossings which exist on the plane projection of the knot. In
the case of the alternating knot, the thread passes alternately over and under at the
crossings. It is convenient to distinguish between the over and under crossings by
means of the signs + and - respectively. Starting with an over crossing @, the

alternate crossings may be denoted by b, ¢, d, ete. In this way there is obtained a
+ o+ o+

definite sequence of the letters a, b, ¢, arranged so that those occupying the odd
places represent over crossings, while those in the even places denote under crossings.
Thus Ta11’s problem of constructing the plane knots with n crossings reduced itself
to a question of the essentially different ways in which the even places of the sequence

abe....n
o+ o+ +

may be filled in with the same letters so as to form unipartite closed curves. For
example, the only arrangement in the case of three crossings is

acbach|a
+ -+ -+ -+

Hence the “ trefoil” knot is the only knot of order 3.

Compartment Symbol.-—TAaIT obtained his idea of the compartment symbol from
the Listing type-symbol, which depends upon the division of the plane into #+ 2

* Lisring, Vorstudien zur Topologre (1874).

+ Tarr, Trans. Roy. Soc. Edin., xxviii (1876-77), pp. 145-191 ; xxxii (1882-86), pp. 327-342, 493-506. See also
Sezentific Papers, vol. i, pp. 273-347.

£ The same problem has been considered by KirrMaN, Trans. Roy. Soc. KEdin., xxxii (1882-86), pp. 281-309 ;

and by LirTne, Proc. Conn. Acudemy, vil (1885-88), pp. 27-43.
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236 MARY GERTRUDE HASEMAN: ON KNOTS,

compartments by the projection of the knot of order w». ~ Both ListiNe and Taip
showed that, of these compartments, no one contained less than 2 or more than 4
angles.  Following ListiNg's notation, the angle on the left along with its vertical,
as a crossing is passed by the upper thread, is denoted by 4 and the remaining paiy
by A, The various compartments of an alternating kunot are monotype ; that is to say,
the angles are of the same character. as shown in fig. 1. The Listing type-symhol
is merely an enumeration of the two sets of compartments, in which an exponent
1s used to indicate the number of angles in a compartment and a coefficient to
represent the number of such compartments. Thus the Listing type-symbol for the

knot given in fig. 1 is
282 + 288 4 4 + 280
X2 4 203 4+ 2N 4 NS

In general, each part of the Listing type-symbol for a knot of order n amounts to

Fie. 1.

nothing more than a set of partitions of the number 2n, where each member of the
partition indicates the presence of a compartment with the same number of angles as
there are units in this member. For example, the partitions corresponding to the

type-symbol above are :
334565

22
2233446
But it is not sufficient for the determination of the knot to know simply the
number of compartments and the number of angles in each. It is necessary to know
the number of joins between the various compartments as well as the arrangement
of these joins. The number and arrangement of these joins is expressed by the
compartment symbol, in which the joining lines indicate the number as well as the
arrangement of the crossings connecting the set of ¢ compartments and the number
as well as the arrangement of the laps of the thread bounding the set of X compart-
ments, or vice versa. We may assume that Tart recognised the importance of the
order of the crossings, for his symbols conform to the above definition of the
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compartment symbol.  Lirrey mentions the fact that the knot is not uniquely

Jetermined unless its so-called partition symbol, which is the same as the compart-
ment symbol, us defined above, indicates the sequence of the crossings on the knot.

The compartment symbol of the knot (fig. 1) is

L2 2//
:\‘\ //

4

where the first refers to the set of 4 compartments and the second to the set of
A compartments. In the following pages these symbols are referred to as primary
and secondary. As Tarr showed, the knot may be constructed from either the
primary or secondary symbol by connecting the mid-points of the joins with a line
which intersects itself only at these points.

§ 2. Mersops or Varvineg A Given Kwor.

Since the positions of the apparent double points of a twisted wire in space vary
as the point of view changes, the plane projection is susceptible of two types of
variation, which Tarr calls deformation and distortion respectively.

By deformation of the knot Tair means a projection which leaves unaltered the
relative positions of the compartments, as well as the number of angles in each
compartment.  For instance, any compartment may be made the amplexus, or
infinite compartment, by turning the knot into this compartment; or, which is
precisely equivalent, by inversion of the knot with respect to a point of this com-
partment as origin.  But the knot scheme is unaltered by deformation, and the two
knots are said to be equivalent.

Distortion, on the other hand, is a projection which changes the position of one
or more of the crossings, so that. in general, it is impossible to represent the distorted
form by the same scheme. In certain cases the number of angles and the arrange-
ment of the joins of the varioux compartments is unaltered by a distortion. Such a
distortion, therefore, reduces to a deformation, and the distorted form is equivalent
to the original.  As regards the knot in the plane, distortion is the process of shifting
a crossing from oue lap of the thread to another by a twist through two right angles
of a limited portion of the kuot. For example, by a rotation through two right
angles about an axis in the plane of the paper, downwards through the crossing «,
tig. 2 is distorted into fig. 2",

Effect of Distortion on the Alplhabetical Symbol.—If from a limited portion of a
kuot there emerge two free ends, that is to say, if a single part of the complete

thread exhibits a certain number of crossings, then the knot consists of two or more

separate knots on the one thread, and is said to be composite.
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But a distortion * of a non-composite knot is possible if there emerge from 4
limited portion of it, four free ends, of which an adjacent pair is crossed. The four
free ends indicate that the portion considered is made by a number of crossings of
two distinet parts of the complete thread, and hence may be called a ““reversible two.
thread 1 tangle "—or, more simply, a “reversible tangle.” Denote by z, 4, p, g the
four free ends, and let the adjacent palr «, y be crossed at a point a. By a rotation
through two right angles as above, the two threads x, y are untwisted, and the
threads p, ¢ are crossed at a point o’.  Hence, as LrrTLe points out, there will be ng
change in the number of compartments involved in the primary and secondary
symbols, although the order in which they are joined may be disturbed.

A distortion is of order n if it involves n+2 crossings. Denote by D, a dis-
tortion of order n which operates on the crossing a. The reversible tangle R, is
the portion of the knot which admits the possibility of a distortion D..

) 4
z 4

? q

Fia. 2. Fie. 2,

Let the knot be described in such a direction that the reversible tangle R, is
entered by the thread « over the crossing a, and denote by v, ¥s,

771-(»1 the
remaining n+1 crossings in the order in which they are met.

To leave the reversible
tangle it is necessary either to return to the crossing a and pass out along the thread y,
or to leave by one of the two remaining threads, say p. Accordingly, the alphabetical
schemes for the reversible tangle R, are respectively

.ifl;‘zl'z/r2....y,l*,](ly....r[‘yj..‘.y,»p

or
L@y Yoror e Yn CY e DY Y Y
-+ +

and
£y Yy B R A 2 S N |
-+ =¥
XAy YooVl P e Y Y0 Y
-+ 2

where 7, . ... i #j) denotes the ¥’s in some order. Ifa crossing y,(v=1,2,....n+1)

occurs twice on one thread of the reversible tangle R,, then only the remaining n
crossings exist on the second thread. The effect of a distortion on the alphabetical
* Tarr, Trans. Roy Soc. Kdin., xxxii (1882-83), p. 323, or Scientific Pupers, i, p. 320, recognises the possibility of

such distortions ; to LittnLe, Proc. Conn. Acad., vii (1885), p. 44, § 10, is due the formulation of necessary conditions
in the appearance of the knot.

t In the case of the alternating knot the possibility of a distortion is limited to the two-thread tangle ; for non-
alternating knots there may exist distortions of reversible tangles of wore than two threads.
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N . . . . . » Y4
schemes is made clear by a consideration of the representation in figs. 3 and 3’ of a
reversible tangle R, where the CYOSSINGS V1, Vo, « . . . Yusy are supposed to lie within

Fre. 3.

the circle drawn in both figures. By the application of the distortion D, the alpha-
betical scheme becomes in the first case

;’L‘"’)ﬁ')_/z....‘y,,ﬂy....pay,-....y]-ag
or

?ZIZQ....)/,]H‘Z/....qa‘yj....yiap
and in the second case

»’17117‘12-...-7,,“&[)...._7/71...Ay,»ar]
or
?:ZIZZ""YHHQP-'-~’]"~7j‘~-}’f.’/

Within a reversible tangle R, may exist the possibility of distortions D,.,D,.,,
.« .. Do, Dy, Dy, which may be applied singly or in combination with others. A knot
is invariant under a distortion Dy, since by it, the two threads of the reversible tangle
Ry are untwisted at a point a preceding v, to be twisted at a point o beyond v,, and
consequently the general arrangement of the crossings is undisturbed. Hence in a
consideration of the different forms of a given scheme the distortion of lowest
order to be considered is the distortion D,. The reason that makes the consideration
of Dy unnecessary applies also to a similar distortion D) on the sequence
TV Ve Yk -y R £
or
....71')42....y,,H...Aywz'y,,,ﬂ..A.'yl....

Also it is unnecessary to consider a distortion affecting more than one-half of
the total number of crossings, since it is equivalent to a distortion applied to
the remainder of the knot, Hence the different knots of orders 3, 4, and 5 have
but one form.
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Consider the knot given by the alphabetical symbol —

(1) afbyecej icj(l!a
- -

The symbol shows the possibility of the following distortions :—

aorf

Dy 7ioooiafo o fa
forb roo -

D, :....f0b. b f.
cory -t ot

D,y e g e g
jord t - Tt

D,. ; Jjd. .Jd.
eorh D to-

D, ; h e. . hoe
] -+ + -

D, hoe. i hoed. ..
cord DA -t
s .ejd cjd.. ..
. + -+ -+ -

D, ; .afby bfag ...

R B

Of these distortions only D; and D can produce « change of form, since a knot is

invariant_under a distortion D, or a continuation of distortions Dy; that is to say,
cord

D, . The application of the distortions Dy, DS produce the symbols :—

(2) ajfbgceyj dzhezbfa,glecjd\u
e e

and

(3) gajbejdhegbfailhed jl}a
T T e & T

respectively. The distortion D;DZ, that is to say the distortion Di, followed by the
distortion D} gives the symbol

4) g asb
e

{
+

| .

fd T hed g bfah
-4 -+ = =

) eejd iy
+ + + . -+ -+ i

4
+ -

While it is a simple matter to recognise in any alphabetical scheme the existence
of reversible tangles, R,, and the etfect thereon of the corresponding distortions, D,
it is not so easy to say whether the distorted form and the original are the same or
different.” To meet this difficulty, the alphabetical symbol may be replaced by an
equivalent numerical symbol * in which for each letter is substituted a number
equal to one-half the number of crossings intervening before the next occurrence of
the letter as the knot is described. For some purposes it is convenient to write also
in a second row the numbers that arise when the knot is described in the reverse
direction ; but for a knot of order », the sum of the numbers immediately above and

below any letter is equal to n—1. Thus the symbol (1)

(1) 54346663365451668333
4565333663454833166¢6

or more simply
5434666336H451668333

* Suggested by Professor C. A, Scorr, who ‘calls it the intrinsic symbol.
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while the variants become

(2) 65 4+5666133854384166333
(3) 154366633565 41668333
4) 3654666133815 1366333

Since the set of numbers (1) is the same as a set of numbers complementary to (4'),
hut in the reverse order, the forms (1) and (4) are equivalent. Likewise (2) and (3)
represent the same knot.

Effect of Distortion on the Compertment Symbol.—In a consideration of the
Jifferent forms of a given knot, the compartment symbol is more convenient than the
alphabetical symbol, although the statement of the effect of a given distortion is now
not quite so simple. It is clear from figs. 4 and 4’ that a reversible tangle R, exists
when a compartment, J; is joined once, and only once, to a compartment J;, which in
turn is joined at any number of vertices to a compartment o, and the entire con-
figuration is hounded on the right and left by the compartments A, X, respectively,
A, A; being joined at the same crossing as &, 8, let the compartments 4, &;, &, A, X, be
joined to the reversible tangle R, by 0, as, as, by, by crossings, and to the remainder
of the knot by ay, 0, a3/, by, b, crossings respectively, so that

- =0, +1
F=ay +1
k=a; +a,
reby b+ 1
s=b, +b,/+1

Then the symbol for this portion of the knot hecomes

Sa"+1

%y +1 I S Y T

5 <=(5—> 0 ~———

a;+8aa’

where § indicates that the two compartments may be joined directly or indirectly.
By the application of the distortion D,, this symbol becomes
8@1”*‘(12

)
¥

Sarit AR Ayt

80,’ +1

When a," = a3, ay=a,, b;=>b,, the number of compartments and the number of
angles in each is undisturbed. If the order in which these compartments are
joined is the same as for the original knot, then the distortion reduces to a
deformation, since the two forms are equivalent.
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Both the primary and secondary symbol admit the possibility of distortions,
The simple distortion D on the primary symbol merely changes the po
two joins in the secondary symbol.

As a simple illustration of the effect of a distortion on the compartment,
consider the knot whose primary and secondary symbols are

sition of

symbo],

/

W™,
RN

g —— 4 3

5

=
/

4

The primary symbol shows the presence of the reversible tangle R, :

- 7
2
AN

N/

_—— W —h

for which a,"=b,"=3, ay =az=ay =by=by =2 b =1,

Hence the application of
the corresponding distortion D, gives the symbol

5/3\ //?""'3\\
< i I
\ 2 \\\\ 2
2
3/' \ 4'} /2 \»,

3 — 4

In addition to the reversible tangle R,

the primary symbol exhibits the reversible
tangle Ry :

N/

s

i
|
L

Similarly, the secondary symhol shows the presence of the reversible tangles
R," and R,. Hence there exists the possibility of distortions Dy, D,’, D,, D,
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and all possible combinations of these. It is found that the above form possesses
only the four variants—

77N 3 — 4
b :
B / L
\\\ | 2 2 |
\ \\ \
o . \ / il
2 |} 55
3T g \3 =
=3 3 ——4
6 = —~a / s

3 4
- 3
7 \
3 4 4 5
~ V4
2 e
2 2
AN
- ’; R
. AN
6 —— — 4 3 5
\ 2
a 2
5 T - ~
\\\ ey v g 3 5
o 3
2 | e
. 2
3 s =3
~ 5 5 4

§ 3. AMPHICHEIRALISM.

The perversion of a knot is the form obtained by replacing each crossing with
one of the opposite character. The amphicheiral knot was originally defined by
f Tarr as one which can be deformed into its own perversion. From this definition
l it is to be inferred that to every compartment ¢; there corresponds a similar and
similarly placed compartment A;; that is to say, a necessary condition for an
amphicheiral knot is the identity of the primary and secondary symbols.

Since the primary and secondary symbols of the amphicheiral knot are the same,
the plane is divided into an even number of compartments by the plane projection

of the knot, and consequently an even number of crossings 1s involved.
TRANS. ROY. SOC. EDIN,, VOL. LII, PART 1 (NO. 11). 39
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If such a koot is fitted on the surface of a sphere so that the corresponding
arcual boundaries are made equal, a spherical compartment d; and its aorresponding
compartment A, must either be congruent or symmetrical ¥ (where symmetrical
1s used in the sense of symmetrical triangles on a sphere). An amphicheiral knot,
whose corresponding compartments are congruent is called by Tait an amphicheiral
of the first order, as distinguished from one of the second order, in which the
corresponding compartments are merely symmetrical.

From the definition of an amphicheival knot it is seen that every distortion D,
carries with it a conjugate distortion D, such that the product D,D,—that is to
say, the simultaneous application of the two distortions—gives an amphicheiral
knot. The form obtained by the single operation D, can be distorted into its own

perversion by the operator D;'D,, and is said to be of the second class, while one

Fic. 4. Fic. 4", Fic. 4”. Fic. 4",

which can be deformed into its own perversion helongs to the first class. Therefore
Tarr divides the amphicheirals of each order into those of the first or second class,
according as they are the result of operating on the knot with conjugate or
non-conjugate distortions.

In an investigation of the amphicheiral knots of order 12 it appears that a
third classification of amphicheiral knots of the first and second orders is necessary,
namely, amphicheirals which are obtained as the product of two or more non-
conjugate distortions. For example, consider the amphicheiral knot (fig. 4) whose
compartment symbol is

N 0N
4;—3:::':;5 4 —3=—"—"+s
\\\2 /:’7 \\2 2/
\\\\/// \/
4 4

* (Trams. R.S.E., xxxii, p. 484 ; or Scientific Papers, i, p. 336.) In his third paper TaIr deliberately limits him-
self to this view : but he remarks—* We shall afterwards find that there are at least three other senses in which a
knot may be called amphicheiral, and shall thus be led to speak of different orders and classes of amphicheirals,”
(See below, § 6.)
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There exist four reversible tangles Ry, Ry, Ry, R, of the type

R, Ry being conjugate to R,, R, respectively. The distortions D,D,, DDy
transform the knot into the amphicheiral form

3 3
N e =
b\z . \2//
| | | /
2 — g 22— 4
as shown in fig. 4", .

The knot shown in fig. 4" is obtained from the original by means of the distortion

D;Dy. Its compartment symbol is

3 4 -——
/ \\ // 2
5 —— 3 ==35 /
§ / i
2 5 38 ==5
| N , s

but the knot is not an amphicheiral knot of the first class.

The distortion DD, reproduces the original amphicheiral with amphicheiral
centres O, O, as shown in fig 4”7, In this case the distortion D,D," amounts to a
deformation of the knot. Possibly the effect of the above distortion may be accounted
for by the peculiar symmetry of the knot.

§ 4. AMPHICHEIRALS OF THE First ORDER.

A census of the twelvefold amphicheiral knots of the first and second orders
is given on pp. 253-255 (shown also on the Plate); in the construction of these
the methods of Tair*® have been used.

aw’s Method of Construction—~When an amphicheiral knot is fitted on the
surface of a sphere, as stated on p. 244, the part of the knot on one hemisphere is
congruent to the part on the other. This congruence persists when the kuot is
subjected to symmetrical deformations by shortening or lengthening corresponding

* Trans. Roy. Sve. Edin., xxxii, pp. 494497 ; or Seientific Papers, i, 336-340.
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laps of the thread, and consequently any path drawn across the knot can be made
a great circle.

Since the two parts of the knot are congruent, rotation about a certain diametey
will bring the first part of the knot into the position originally occupied by the
second part. Tarr shows that this diameter must terminate in the mid-points of
corresponding laps of the thread. But a rotation about such a diameter necessitateg
the existence of two pairs of adjacent corresponding compartments, in order that eagh
compartment of the sphere may be rotated into the position of its corresponding
compartment. The number of such diameters depends on the number of pairs of
adjacent corresponding compartments. Now deform the knot so that the path from
O to O', which meets the knot in the minimum number, p, of points exclusive of
0, 0, shall become the arc of a great circle S of the sphere, but in such a way as to
keep corresponding crossings at equal arcual distances from the points O, O'.  Since

Flie. 5.

all great circles through the points O, O’ divide the knot into congruent halves, the
projection of the knot from the point O on the tangent plane to the sphere at 0
will be divided into halves by all the straight lines through O, and in particular by
the straight line s, which corresponds to the great circle S of the sphere. Of the
2p+2 points of intersection of the line s and the knot, oue, corresponding to the
point O, lies at infinity, and the rest by pairs at equal distances from the amphicheiral
centre O. A part of the thread which joins two of these points is a bend. The
framework for one half of the knot, that is, the framework on either side of the line s,
consists of p+1 bends, of which one is infinite, since one point of intersection lies at
infinity.  Kvery possible arrangement of the bends must be considered ; and in every
admissible arrangement the bends are made to intersect so as to exhibit one half of
the total number of crossings. The congruent half completes the knot (cf. fig. 5).

[nasmuch as two entirely ditferent paths, O, O’, through the knot may give the
proper number of intersections, 2p + 2, the knot* may be built upon an entirely
ditferent framework, and in such a case the eye may be deceived. The equivalence of
the two is immediately detected by means of the compartment or intrinsic symbol.

If the knot is projected from the point O, on the tangent plane at the point 0,
the figure exhibits symmetry about the point O’. This projection may be said to be

* Tair, Trans. Roy. Soc. Edin., xxxii, p. 196 ; or Scientific Pupers, i, p. 338.
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the complementary form of the knot. For example, the complementary form given
s = y 1denti ! 19 W1 100 H N » Tac 1sed e1 i 5

by fig. 3 is fig. 3" the identity of this with fig. 5 may be recognised either {rom the
.ompartment symbol or from the intrinsic symbol (p. 240).
( ¢ v v

Tarr points out how, in the structure of the framework, m-filar knots can be
qvoided, and that composite knots, which arve at once detected, must be discarded.

By the index of a kuot, with respect to the pair of amphicheiral centres 0, O, is
meant the number p which has been defined earlier. For a knot of order n, it may
he shown that n is not less than 4p; hence, for n— 12, the only values of p to
consider are L, 2, 3. That is, in the construction of the amphicheiral knots of
order 12, 1t 1s unnecessary to consider frameworks witl more than four bends,
including the infinite bend.

Fa knot has a second pair of amphicheiral centres, not necessarily on the line

b

OU’, the corresponding index may be the same as or different from p, and hence
) ’ el [)7

the knot may be constructed on a different framework. For example, knot No. 31 on
the Plate, shown also in fig. 6, is of index 2 with respect to the pair of amphicheiral
eentres O, O, but of index 3 with respect to the pair Oy, O’y Also Nos. 34, 35, for
which p =2, belong to the sot p=3 (see the Plate).

§ 5. AMPHICHEIRALS OF THE SECOND ORDER.

Tait's Method of Construction.—When an amphicheiral knot of the second order
is fitted on the surface of a sphere, a compartment J; must either be diametrically
opposite to its corresponding compartment A;, or 1t must be the image of the com-
partment A; in a diametral plane.

[u the first case the desired arrangement of compartments may be obtained by
means of a closed curve on a sphere and its diametrically opposite curve, together
with a great circle. Such an arrangemient can only lead to a trifilar knot. Further,
the knot is bifilar if the curve is taken as its own opposite.

As may be seen by a projection from one pole of the great circle on to the
taugent plane to the sphere at the other, the proper correspondence of compartments
i a plane is secured by means of a circle, a closed curve, and its inverse as to the
circle, but retlected in the origin. If now the closed curve is made to touch the
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civele in a point, the inverse curve will touch it at the diametrically opposite point,
and it is necessary only to replace the contacts by ecrossings to secure the repre-
sentation of a unifilar knot which exhibits amphicheiralism.

The second method of producing compartments 8, and A; of the desired nature
is rejected by Tarr, since it leads to a link solution. While a closed curve and its
image in a diametral plane, together with the great circle of the sphere in this
plane, will give the desired arrangement of compartments, it is impossible to fuse
the curves into a single c¢ircuit as in the first case, for the process introduces triple
points which cannot be replaced by three dps without destroying the amphicheiral
symmetry. Hence, only the simplest trifilar link can vesult from such an arrange-
ment. 1f the curve is taken as its own image, a bifilar knot is represented.

Before applying this method of construction, some preliminary considerations
are necessary.

A closed curve on a sphere is either* a simple circuit or one member of a twin
circuit. The simple cireuit, which is its own opposite on the sphere, is met by a
great circle in an odd number of pairs of points. In Tarr's- method of construction
a simple cireuit leads always to an m-filar knot. .

The twin cireuit, which cousists of a closed curve and its opposite on the sphere,
intersects a great circle in an even number, 2t, of pairs of points. There are two
types of twin circuits which may present themselves. First, if t=0, each member
of the twin circuit is confined to a single hemisphere. Second, if =0, each member
exceeds that hemisphere, and therefore the two members may intersect, necessarily
in an even number, 20 of points where o/ =0, 1, 2,

The projection, f, of any closed plane curve on to the sphere from its centre gives
a twin cireuit of the first type. A twin circuit of the second type is obtained by
a similar projection of a plane curve of even order, which cannot be projected
entirely into the finite part of the plane, as, for example, the Cayley non-singular
sextic,t for which =6, o =0. Kvery non-singular twin cirenit divides the sphere
into three regions, in one of which an odd cirvcuit may lie.

Fach member of the twin circuit may have o dps, thus giving rise to o pairs of
crossings in the resulting knot. The only other cause that can produce crossings
in the knot is the presence of x pairs of contacts of the circle and the twin circuit.

n
For a knot of order n, « may not be greater than 2 Hence for n—=12, « ¥ 6.

The few numerical possibilities for the above numbers to be considered are given

in the following table :—

« 11122223334414+56
. 4224922020020000
s 131002413102010
s 002020000200200

* Moius, {fber die Grundformen der Linten der dritten Ordnung, ii, p. 90.
+ CaYLEY, vol, v, op. 361, p. 468.
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Of the hundreds of cases arising from the different arrangements of these points,
and the different ways of Joining them, the greater number lead to composite or
m-filar knots.  Also Nos. 19, 21, 22, 24 (p=2) of the amphicheirals of the first
order (sec Plate) appear among those of the second order, sinece the arrangement of
the d and X compartments is symmetrical, and hence unaltered by reversion (Tarr,

iii, § 12).  Rejection of these reduces the amphicheirals of the second order with
twelve crossings to the following two :—

(5) Jigtheldaci k [D;J
(6) ShEbEadlee ) [D:)]

' These two knots can he constructed on models involving more than one pair
5 of contacts, and hence may be expected to present themselves several times in the
course of the construction. Starting with a given knot of the second order, the
different models on which the knot may be constructed are obtained by transferring
‘ oue or More compartments to the inside of the circle, and therefore their corre-
spondents to the outside of the circle.  This amounts merely to a deformation of
1 the knot so as to make any desired path into a circle.
If small letters are nsed to denote the intersections of the circle and the twin
pair, while capital letters indicate the points of contact, that is, the crossings at

which a change of thread takes place, then the different models for the above knots
may be represented as follows -—

(5) M AfFbjeceGiihdadsq
2 T eBjCkHGJ
B) AFbJICG L 4hDI
(4) AFEB,¢GLKHJ;
) AFBIJCGLHUDI
6) AFEBJCGLEKUD I

(6 1) AfrdaGiy
(2) afDbeKgilJnig
3 AfyBCLEGIHTI .«
4 AFDOCLEGLJI hiE
®) AFDBEKGLJHE

§ 6. Skew AMPHICHEIRALS OF THE SECOND ORDER.

In a note added to his last: paper on knots, Tarr gives a special knot* of order
8 which he classes as an amphicheiral of the second order; although, strictly

*peaking, it does not belong to the second order, since corresponding compartments
Are not opposite when fitted on g sphere.

In the Imvestigation of amphicheirals with twelve crossings this type assumes

* Trans, Loy, Soc. Erlin., xxxii, p- 500 ; Selentific Papers, 1, p. 342,
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sufficient importance to be worth separate treatment. Knots of this character have,
however, so much in common with the regular amphicheirals of the second order,
that it seems convenient to call them skew amphicheirals of the second order.
Following Tarr’s construction for the special knot in question, consider on 5
sphere a non-singular closed curve that has, in common with a great circle, no-
- points except u points of contact, conveniently placed at the alternate verticeg
Vi, Vo, ...V, of a regular polygon with 2« sides; and a similar curve on the
opposite hemisphere to touch the circle at the remaining vertices V/, Vy/, . . . . v/
Projection from either pole of the great circle shows that this construction may be
accomplished in the plane by drawing inside a circle a non-singular closed curve (

which touches the circle at the alternate vertices vy, Vg, . . . . v, of a regular polygon,
of 21 sides and a corresponding curve (', to touch at the remaining vertices

v, v, . ... »/ . When the points of contact are regarded as crossings, the figure
that results possesses the desired amphicheiral symmetry, although it is not
necessarily unifilar. The plane projection of such a knot from the mid-point of
an arc | V,V) | of the great circle on the tangent plane at the diametrically
opposite point exhibits symmetry about a point, as in the case of the amphicheirals
of the first order.

In the case when # is odd, a point of contact vy of the curve C is opposite to
a point of contact of the curve €', and the curve C is opposite to the curve (',
Hence the resulting knot is an amphicheiral of the second order.

On the other hand, if u is even, the point of contact v, is opposite to the point
twe  Corresponding ares are no longer opposite as to the circle. Nevertheless the
corresponding compartments of the resulting knot are equal and non-congruent,
as in the amphicheirals of the second order. '

If =4, the peculiar eightfold knot given by Tarr is obtained.

The special case # =0 mod 3 leads always to a trifilar link. For suppose the
knot to be described by a point P in a fixed direction, starting from the point v
along the arc | vyvy | of the curve C. [t leaves this are at the point v, along the
circle, only to return to the curve C after the elapse of four vertices of the regular
polygon; that is to say, in going once around the circle, every third arc | v;v; | of the
curve C1s described. If therefore the number of such ares is a multiple of 3, the
point P returns to the position », along the arc | vy, | by which it left, before
the complete knot has been deseribed. A second thread of the knot is traversed
if the point P starts from the point v, along the arc | vyvs|. And, starting from
the point vy along the arc | vy, [, a third thread is obtained, thus completing the
description of the knot. On the other hand, » =0 mod %k, where £ is any other
number, must lead to unifilar knots, since it will be necessary for the point P to
go around the circle three times before returning to the starting-point along the
same arc by which it left. The primary compartment symbol for such a knot
contains 2u + | compartments, one with u angles and # with three angles each. The
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compartment 3, is joined once to each of the compartments d,, any two adjacent
compartments d5 heing joined singly.

In the construction of these amphicheirals it is not, however, necessary that the
sarve used be non-singular; it is possible to obtain a figure which exhibits the

amphicheiral property by means of two singular curves arranged as above. For
example, fig. 7 represents the amphicheiral knot whose compartment symbol is

4T 4 3 ——_3

\3 \4/
N /3

[

o RN
T 4 T T g

Corresponding compartments are not opposite on the sphere; nevertheless the
primary and secondary symbols exhibit the identity as to the number and arrange-
ment of the joins, differentiated only by the right- and left-handed property peculiar
to an amphicheiral of the second order. By veversal of the one set of compartments
the amphicheiralism is undisturbed, and this knot is found to be No. 22 (p=2) of
the amphicheirals of the first order. However, the skew amphicheiral constructed
as shown in No. 61 in the plate of knots 15 not an amphicheiral of the first class
as defined by Tart. It is equivalent to the knot shown in fig. 4, p. 244, which is
the result of applying to the amphicheival knot shown in fig. 4, p. 244, two non-
conjugate distortions. Counsequently Tart would eall it an amphicheiral of the firsy
order and second class. - But its compartment symbol

3
3

7N
|~/
7 IN
NS

[N YU

o 2
1 l
4 4
shows the particular character that belongs to an amphicheiral of the second order.

It is prevented from being classed as an amphicheiral of the second order by the
TRANS. ROY. SOC. EDIN,, VOL. LII, PART I (NO. 11). 40
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fact that it is not obtained by means of a twin eireuit in contact with a circle .
that is to say, corresponding compartments are not opposite. _

Thus it is seen that Tarr* is not Jjustified in stating that there are hut two
possible ways in which corresponding spherical compartments of a knot may bhe
equal.  Further, contrary to Tarr,f it is possible for an amphicheiral knot ¢,
belong to the first class of one order and to the second elass of another; as, for
example, the skew amphicheiral (No. 61), which belongs to the second class of
the amphicheirals of the first order, and first class of the skew amphicheir

als of
the second order.

The explanation of the diﬁiculty is that the set of A compartments cannot he
moved on the sphere without atfecting the set of 4 compartments ; hence it is not
always possible to place the whole knot in one of the two ways considered by Tarr,
Inasmuch as all possible cases of amphicheiralism do exhibit themselves in the
compartment symbol, it seems highly advisable to use this in the definition, which
may then be formulated as follows :

Definition.— An amphicheiral knot of the first class is one whose primary and
secondary symbols are identical as to numbers and arrangement, but with rotation
In the same sense for those of the first order, in the opposite sense for thoge of the
second order. Any form obtained from an amphicheiral of the first class by non-
conjugate distortions f is an amphicheiral of that same order, but of the second class,
It is, however, possible for a knot to belong to the first class of one order and to
the second class of the other. Since the two symbols are alike, it is possible by
a deformation to replace the amplexus J, with the corresponding compartment A,
and the perversion is ohtained.

With one exception (No. 61) the skew amphicheiral with twelve Crossings turn
out to be amphicheirals of the first order, This overlapping of the different
divisions has been detected by Tarr for knots with ten crossings, where there are
no amphiclieirals of the second order that are not also of the first order. As shown
liere for twelve crossings, there are some of the second order not included under
those of the first order presumably with a greater number of crossings there may
exist amphicheirals of the second ordey that escape any of the other divisions,

This completes the census of the twelvefold amphicheirals, of which there are

sixty-one, as compared with one fourfold, one sixfold, five eightfold, and thirteen
tenfold amphicheirals,

* Tair, Trans. Roy. Soc, Foden., xxxii, p. 498 ; or Scientific Pagers, i, p. 340,
T Tar, Trans. Roy. Soc. Ldun., xxxii, p. 499 ; or Scientific Papers, i, p. 341.
1 It must be remembered that if knot is amphicheiral of the first order, with more than on

e pair of centres,
distortions that are non-conjugate for one pair may be conjugate for another pair,
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§ 7. CENSUS OF AMPHICHEIRALS WITH TwrLve (Crossinas

In the census of the amphicheiral knots of the first order with twelve crossings
the alternate crossings which occur as the knot is described in a fixed direction from
the amphicheiral centre at infinity are denoted by a, b, ¢, . .. The first crossing @
in the amphicheirals of the second order has heen assigned arbitrarily. Only the
letters which occupy the even places in the sequence of the alphabetical symbol of
the knot are given, although the distortions D,, given in brackets, are detected only
in the complete scheme. The number of different forms of a given knot is indicated
by the number of distinet distortions D, in the brackets following the knot scheme ;
the different forms are obtained by the product of a distortion D, and its conjugate
D,, which oceurs at the same distance from the amphicheiral centres as D,

In the determination of the pairs of amphicheiral centres of a knot the intrinsic
symbol is very convenient. It may be shown that the sum of the numbers at equal
distances from an amphicheiral centre is equal to n—1, where n is the order of
the knot. From the reduced alphabetical symbols given, it is a simple matter
to write down the complete alphabetical and therefore the intrinsic symbols of
the knots; hence the- pairs of amphicheiral centres are known, and the knot may
be constructed.

There exist the following amphicheirals with twelve crossings :—

. Amphicheirals of the First Order :

p=1, Nos. 1-18; =2, Nos. 19-54; p=3, Nos. 55-58,
M ihgljhebared
@ highkljabedeys
B)ighljheunbysde
(B highljbacdre DY, D1
Gy ighljhcbajed |1
Oyhagyeljdifiedk (DY)
(7)(1/&;/(1/:']'7)('(9]'/' '
&) d b

U d

(

g iacte [0, DD DD, DD
[
[

<

1?2
@robtiaitdacyej (07,050,000, 1D, DD, DD, IR0 0N
A0) e bayhidbfier [U,D 1% 1D, DD
AL) ¢ h gl heey bayged

I2) e i jhdab gl dyr

(14) e d g a bjelkihq

d. b

[
|
AB) e aybejdifhin (D0, DD
[
(v}, o’, o, ’, 1D’

(Byegbadhelhyji
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(16) idflbecjakghe

AN jelfbdikgate [, D]
(8) ifelcbhjahgd [V D

(A dhfakejblgesd
(20 fdhajblchegi
2l) jelgbidkrfahe
2 frehgjilkbade
(23) cehljbdhbk fage:.
24y fijhkgbildeade
() etghkajbil cdfh

26)j htlygk

ihdearfe

@Y faijbdlegehk

(28) 2agle
2 rhijk
B0) efhiy
(31) e fhgyj
T2 jf g
33y i fald
BYehfak
(33)d i fka
36) fibka
BNy klhey
38 efgal
B erfgba
“40) efhoaj
4y e/ kab
42y e j k ba
43) Fj k1<
) jrlga
45y j il koa
(46) 7 /g L b
“n reniy
“48) i/ kil a
49 /il ka
B0) ecragi

GLdrbh i
B eyhayj
53,91l ab
GYH jgl b

(B5 kfgbi

56) % j kbl
BN hjhkal
B8)yadj kb

JAdb flek
blecaegd
ckbaged
ikl bade

i hdeale
ek yecdhy

ejtbgdi
bjrlegh
d!l cgejh

bdafiyge

Jhkledhd

Jkledih
ck /1 bydi
ed !l fghi
cdlfgih
el abygde
ke ledl
bdejfegh
Jhkacedhe
blecaegd
cefbgdh
cefbygdh
thdel b

chkalyyje
ke lbfda
kederlhd
Edaflee
J o kaecdie
cdafgie
e bde T
chalgye

(D]

[J)’l‘]
[1)?]

[ l)f]

[0

[I)f]

(D]

(D, D]
-1 .b d
U’u Dlj
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l Il. Amphicheirals of the Second Order :—

(9 fjgibeldachk [

3 60) fkbiadleheyyj [D

ITI. Skew Amphicheirals of the Second Order :—
6l)igbljecahfdk

I am indebted to Dr J. R. Conner and Professor Hurr of Bryn Mawr College
for their interest and encouragement; particularly to Dr Coxner for his helpful
criticisms. [ am especially glad to have this opportunity of expressing to Professor
Scort my sincere gratitude for her valuable help and unfailing encouragement
Juring the writing of this dissertation as well as throughout my graduate course.
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