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BLANCHFIELD AND SEIFERT ALGEBRA IN
HIGH-DIMENSIONAL KNOT THEORY

ANDREW RANICKI

Dedicated to S.P.Novikov

Novikov [12] initiated the study of the algebraic properties of quadratic forms
over polynomial extensions by a far-reaching analogue of the Pontrjagin-Thom
transversality construction of a Seifert surface of a knot and the infinite cyclic
cover of the knot exterior. In this paper the analogy is applied to explain the re-
lationship between the Seifert forms over a ring with involution A and Blanchfield
forms over the Laurent polynomial extension A[z, z271].

The rings A and A[z, 271] correspond to the two ways of associating algebraic
invariants to an n-knot k : S™ C S"*2 with A =7 :

(i) The Z[z, 2~ ']-module invariants of the canonical infinite cyclic cover M =
p*R of the exterior of k

M™ 2 = cl(S"T2\k(S™) x D*) c s"*?

with k(S™) x D? C S"*2 a regular neighbourhood of k(S™) in S"*2 p :
M — S' a map inducing an isomorphism p* : H'(S') = H'(M), and
OM = S™ x St
(ii) The Z-module invariants of a codimension 1 submanifold N**! c §n+2
with boundary
ON = k(S™) c s"*?,
i.e. a Seifert surface for k.

The knot k has a unique exterior M, and many Seifert surfaces V. For any p :
M — S! which is transverse regular at 1 € S* the inverse image

N =ptl)cM

is a Seifert surface for k. Conversely, any N can be used to construct M as an
infinite union of fundamental domains (My; N, zN)

M = G My .
j=—00
Chapter 1 deals with the following concepts :
(i) A Seifert module over A is a pair
(P,e) = (f.g. projective A-module , endomorphism ) .

(ii) A Blanchfield module B is a homological dimension 1 A[z, 2~ !]-module such
that 1 — z : B — B is an automorphism.
1
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(iii) The covering of a Seifert module (P, e) is the Blanchfield module
B(P,e) = coker(l —e+ze: Plz,27 '] — Plz,27]) .

The covering construction B : (P,e) — B(P,e) is an algebraic version of the con-
struction of the infinite cyclic cover M from (My; N,zN). Theorem 1.8 proves
that every Blanchfield module B is isomorphic to the covering B(P,e) of a Seifert
module (P,e). Moreover, morphisms of Blanchfield modules are characterized in
terms of morphisms of Seifert modules.

Chapter 2 characterizes the Seifert modules (P, e) such that B(P,e) = 0, and
also the morphisms of Seifert modules with covering an isomorphism of Blanchfield
modules.

Chapter 3 deals with the following concepts, where = +1, and A is a ring with
involution :

(i) An n-symmetric Seifert form (P,0) is a f.g. projective A-module P together
with an A-module morphism

6 : P— P = Homu(P, A)

such that 8 +n0* : P — P* is an isomorphism.
(i) An n-symmetric Blanchfield form (B, ¢) is a Blanchfield A[z, z~!]-module
B together with an isomorphism

¢ : B—> B = Extb[z,zfl](B,A[z,z_l])

such that n¢~ = ¢.
(iii) The covering of a (—n)-symmetric Seifert form (P,#) is the n-symmetric
Blanchfield form
B(P,0) = (B(P,e),d)

with e = (0 —70*)~'0: P — P and ¢ = (1 — 2= 1)((pe) B(6 — n0*) (see 3.7
for details).

Theorem 3.10 gives an algorithmic proof that every n-symmetric Blanchfield form
(B, ¢) over Alz,z7!] is isomorphic to the covering B(P,#) of a (—n)-symmetric
Seifert form (P, 6) over A.

Chapter 4 deals with algebraic L-theory. Theorem 4.2 identifies the Witt group
of n-symmetric Blanchfield forms over A[z,z7!] with the Witt group of (—n)-
symmetric Seifert forms over A. Theorem 4.5 identifies this group with a quotient of
the Witt group of n-symmetric forms over the universal localization 1" A[z, 271, (1—
2)7 Y of Alz, 27 1] inverting 1—z and the set IT of A-invertible matrices over Az, z71].
For A = Z, n = (—1)*"! i > 2 this is an expression of the (2i — 1)-dimensional
knot cobordism group as

021'71 = COkeI‘(LQiJrQ(Z[Z, Z_l7 (1 — Z)_l]) — L2i+2(P_IZ[Z, Z_l, (1 — Z)_l]))

with P = {p(2)|p(1) = 1} C Z[z, z7!] the Alexander polynomials.

I am grateful to the Mathematics Department of the University of California,
San Diego, which I was visiting January—March 2001 when work on this paper was
started. I am also grateful to Peter Teichner and Des Sheiham for various conver-
sations and e-mails. In particular, Des simplified the formulation of Proposition 3.9

(ii).
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1. BLANCHFIELD AND SEIFERT MODULES

Let A be a ring, with Laurent polynomial extension A[z, z271].
Definition 1.1. A f.g. projective A[z, 2~ 1]-module is induced if it is of the form
Plz,27Y = Alz,27'|®a P
for a f.g. projective A-module P. O

We shall make frequent use of the identity
HOmA[Zyz—l](P[Z,Z_l],Q[Z,Z_l]) = HomA(P,Q)[z,z_l]
with P, @ f.g. projective A-modules.

Definition 1.2. (i) A Blanchfield Alz, 2~ '-module B is an A[z, z~1]-module such
that

(a) 1 —z: B — B is an automorphism,
(b) there exists an induced f.g. projective A[z, z~!]-module resolution

0— Piz,27Y] —%> Pylz,27 > B—0.

(ii) The Blanchfield category B(A[z, 2~1]) has objects Blanchfield A[z, z~1]-modules
and A[z, z~!]-module morphisms. O

Write the augmentation as
€ Alz,z7' | = A 2z 1.

Proposition 1.3. Let C be a I-dimensional induced f.g. projective Alz,z71]-
module chain complex with

k
d = Zdjzj : Cl = Pl[Z,Z_l]—>CO = Po[z,z_l].
7=0

The homology Alz, 2~1]-module
B = Hy(C) = coker(d)
is a Blanchfield module if and only if the A-module morphism

k
e(d) = Zdj =Py
=0

s an tsomorphism.

Proof. If B is a Blanchfield module the inverse isomorphism (1 — z)~!: B — B is
resolved by an A[z, 2~ !]-module chain map f:C — C

d

0 Ch Co B 0
lfl lfo l(lz)l
0 c, —4>C B 0

so that f: C — C is chain homotopy inverse to 1 — z : C' — C. A chain homotopy
g: fl—-2)~1:C-C
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is defined by an A[z, z~!]-module morphism
g = szgj : Cyp = Po[z,zfl]ﬂcl = Pl[z,zfl]
Jj=r
such that
1—fo(l—2) = dg : Cy Polz, 27 — Cy = Pylz, 271,

1—f1(1—z) = gd : O = Pl[z,z_l]—>01 = Pl[Z,Z_l],

and

elg) = Zgj P — P
j=r

k
is an A-module isomorphism inverse to e(d) = > d; : P, — Pp.
=0

Conversely, suppose that e(d) : P, — Py is an isomorphism, with inverse
efd™ = h: Php— P,

so that
k
1—dh = Z(l—zj)djh : Cy = Po[z,z_l]—>00 = PO[Z,Z_l],
7=0
k
1—hd = E(l—zj)hdj : O = Pl[z,z_l]—>01 = Pl[Z,Z_l].

<
Il
o

The Alz, 2~ !]-module morphisms

fo = (1—dh)(1—2)"t : Co = Pylz,27Y = Co = Polz,271],

fi=0-hd)(1—-2)"1:C = Pz, >0 = Piz,2z71.
are the components of a chain equivalence f : C' — C chain homotopy inverse to
1—2z:C — C, with a chain homotopy

h:fll-z)~1:C—-C.
It remains to verify that d : Cy — Cjp is injective. If x € ker(d : C1 — Cp) then
x = (1=-hd)(z) = 1—2)fi(x) e Cy
with f1(z) € ker(d : C1 — Cp) by the injectivity of 1 — z : Cy — Cjy. It follows that
for any integer j > 1 _ _
v = (1-2)(f1)(z) € Cr,

and
oo

re(1-2)(C1) = {0} CC.

j=1

Proposition 1.3 is the special case n = 0 of :

Proposition 1.4. The following conditions on an (n+ 1)-dimensional induced f.g.
projective Alz, 2~ -module chain complex C are equivalent :

(i) there exists a homology equivalence C — B to an m-dimensional chain
complex in the Blanchfield category B(A[z, z71]),
(11) H*(A D Alz,2—1] C) =0.
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Proof. As for Proposition 3.1.2 of Ranicki [14]. O

Example 1.5. Let M be a finite CW complex with a homology equivalence p :
M — S', such as a knot complement. Let M = p*R be the pullback infinite cyclic
cover of M, and let C = C(p : M — R),1 be the relative cellular Z[z, 2~ *]-module
chain complex of the induced Z-equivariant cellular map p : M — R, with H,(C) =
H, (M) the reduced homology of M. Then H,(Z ®g[z,--1 C) = Hyy1(p) = 0, and
C' is homology equivalent to a finite chain complex in the Blanchfield category
B(Z[z, z71)). O

Definition 1.6. (i) A Seifert A-module (P,e) is a f.g. projective A-module P
together with an endomorphism e : P — P.
(ii) A morphism of Seifert A-modules g : (P,e) — (P’,€’) is an A-module morphism
such that

eg =ge: P—P
(iii) The Seifert category S(A) has objects Seifert A-modules and morphisms as in
(i) O

Seifert modules determine Blanchfield modules by :
Definition 1.7. (i) The covering of a Seifert A-module (P, e) is the Blanchfield
Alz, z7-module
B(P,e) = coker(l1 —e+ ze: P[z, 2] — P[z,27Y])

with the resolution
l—e+ze
—

C(Pye) : C; = Plz,27] Co = Plz,z7Y.

(ii) The covering of a Seifert A-module morphism g : (P,e) — (P’,¢€’) is the Blanch-
field A[z, 2~ !]-module morphism

B(g) : B(Pe) — B(P',e); x— g(x)
resolved by the chain map

l—e+ze

C(Pye): Plz,z71] Plz,z71]

o LT

C(P',¢'): P'lz,z7"] et P'lz,271Y .
O

Theorem 1.8. The covering construction defines a functor of additive categories
B S(A) = B(Alz,=71)) 5 (Pe) — B(Pe)
such that

(i) Ewvery Blanchfield Alz,z~']-module B is isomorphic to the covering B(P, e)
of a Seifert A-module (P, e).
(ii) The coverings of e,1 — e : (P,e) — (P,e) are automorphisms
Ble) = 1-2)7", Bl—¢) = (1-27")7" : B(Pe) = B(P,e)
with inverses

Ble)™ = 1-2,Bl—-e)"! = 1-271: B(Pe)— B(Pe) .
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(iii) Every morphism of Blanchfield Alz,z~'-modules f : B(P,e) — B(P',¢€)
is of the type
f = Bt
for some morphism of Seifert A-modules g : (P,e) — (P',;e') and k > 0,
with t the automorphism
t = Ble(l1—e)) = (1—2)(1—2"1)"" : B(Pe) — B(Pe) .
(iv) Two morphisms g1,g2 : (P,e) — (P’,¢e’) are such that
B(g)t™™ = B(g2)t™™ : B(P,e) — B(P',¢)
for some k1, ko > 0 if and only if
(g1(e(1 =€) —ga(e(1 —e))™)(e(1 —€)* = 0 : P— P

for some £ = 0.

Proof. (i) By Proposition 1.3 it may be assumed that B = Hy(C) with
k
d = Zdjzj : Cl = Pl[Z,Z_l] — Co = Po[z,z_l]

for f.g. projective A-modules Py, P;, such that the augmentation A-module mor-
phism

e(d) = Zdj =Py

is an A-module isomorphism.
Let s be another indeterminate over A, and use the isomorphism of rings
As, 57, (L= )7 = Az, 27 (1= )71 5 s (1= 2)°
to identify
Als,s71 (1 —8)7Y = Alz, 275 (1 —2)7Y,
with
s =(1-2)71, 2 =ss—1).
The Alz, 271 (1 — z)’l]—module morphism induced by d : C; — Cp

d = Zd 20 Pz, 27 (1= 2)7Y = Pylz, 27 (1 — 2)7Y)

is expressed in terms of s as
k

d =Y (s (s=1)d; : Pils,s ', (1—5)7"] = Pyls, s, (1—s)7"].

Jj=0

The Als]-module morphism
Zde “lgh=i(s — 1) : Py[s] — Pols]

induces the Als, s™!, (1 — s)~1]-module morphism

A = sfde(d)™" : Pols,s7', (1 —5)71 = Pys,s 1, (1—s)7"].
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Now A is a degree k polynomial with coefficients A; € Hom 4 (Fo, Fo)
k
A = ZA]'S] . Pols] — Pols]
§=0

such that Ay = 1. The Seifert A-module

0 00 —Ag

1 0 0 —Aq
(Pe) = (Ph®Py® - @ Py (k terms), 0 10 —As )

000 ... —Ap,

is such that there is defined an exact sequence of A[s]-modules
0— Pyls] 2 Py[s] = P—0
with s acting on P by e and

o0
Py[s] = P : ZijjH(xo,xl,...,xk_l).
§=0

The covering of (P, e) is the induced Afs,s™1, (1 — s)~!]-module
B(Pe) = Als,s™ ', (1—5) " @apq P

and the isomorphism of exact sequences of A[s,s™!, (1 — s)~!]-modules

0—— Pifs, s}, (1= 5) 71— Pyfs,s 71, (1—5)71] B 0

. L

00— Ryfs,s ', (1- )" —== PRyfs,s ", (1 - 5)"'| —= B(P,e) —=0
includes an isomorphism
B = B(Pe) .
(i) The A[z, 27 1]-module chain maps
Cle),1—z : C(Pe)— C(P,e)

are inverse chain homotopy equivalences, with

(1-2)C(e) = C(e)(1—2z2) : C(P,e) — C(P,e)
and a chain homotopy

1: (1-2)0C(e) ~ id : C(P,e) = C(Pye) .

Likewise, the A[z, z~!]-module chain maps

Cl—e), —2z7'(1—2)"' : C(Pe) — C(P,e)
are inverse chain homotopy equivalences, with

2z M1 -2)C(1—e) = C(1—e)(—z" (1 —2)) : O(P,e) — C(P,e)

and a chain homotopy

2 27 (1-2)C(1—e) ~ id : C(Pe) — C(Pe) .
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(iii) With s = (1 — 2)7! asin (i) define
t = s(1—5) = —z(1—2)"2,
and identify
Als,s 1 (1—5)71 = Als,t7'] = Alz,27L, (1 -2)7"],

Suppose given Seifert A-modules (P,e), (P’,e’) and a morphism of Blanchfield
Alz, 27 -modules f : B(P,e) — B(P’,¢'). Resolve f by an A[s,t~!]-module chain
map

s—e

Cl = P[S,t_l] CO = P[S,t_l]
lfl lfo
C| = P'[s,t71] ———C}) = P'[s,t™}]
with
4
fo =tk E ijOJ : P[S,t_l] — P/[S,t_l] ,

7=0
4

f1 =tk E ijLj : P[S,t_l] —>P/[S,t_1]
7=0

for some A-module morphisms fo ;, f1,; : P — P’. The morphism of Seifert A-
modules
g (Pe)— (P/’e/)
with
k
g = Z(e’)jfoﬁj : P— P

j=0

is such that

f = Blgit™" : B(P.e) » B(P',¢)
with
t = Ble(l1—¢)) : B(P,e)— B(P,e) .

(Example: —z = (1 — €)%t~ : B(P,e) — B(P,e).)
(iv) Tt suffices to show that a morphism of Seifert A-modules g : (P,e) — (P’,¢)
is such that

B(g) = 0 : B(P,e) — B(P',¢)
if and only if for some k > 0

gle(l—e)f =0: P—P.

Now B(g) = 0 if and only if there exists an A[z, 2~ !]-module chain homotopy

h:g=>~0:C(Pe) —CP,e

with
C(Pye): Plz,z71] ot Plz, 271
gt o |
C(P' ) Pleya | =25 Pl
Thus
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and writing
h = Z 2h;  Plz, 27 — P'lz, 27
we have

i byl o) = {g o0
For any k > 1

gle(1—e))* = h_i1e*1(1 —e)* + hgeF (1 — e)Ft!
“h_ae (1 — )kl — bl (1 — e)F 2

— h,36k+3(1 _ e)k*Q + h26k72(1 _ e)k+3

= (=1)*(h_p—1e® T 4 hi(1 — )2 1)

Now h_p_1 =0 for k > a, and hy = 0 for k > b+ 1, so that for k¥ = max(a,b+ 1)
we have
gle(l—e)f =0: PP
O

Example 1.9. Let p : M — S' be a map from a finite CW complex which is
transverse regular at a point 1 € S! in the sense that N = p~1(1) C M is a
subcomplex, and cutting M along N gives a fundamental domain (My; N, zN) for
the pullback infinite cyclic cover of M

M = p'R = Ej 27 My
j=—00

with z : M — M a generating covering translation. The map p can be cut also, to
obtain a map

pn ¢+ (My;N,z2N) — ([0,1]; {0}, {1})
such that

p = [pn] : M = My/(N=2zN)—S" = [0,1]/(0=1) .

M 2 2My 2 My My My 2>My

27N N N 22N
The two inclusions

f:N—>My,g: N = 2z2N—- My
induce chain maps of finite f.g. free Z-module chain complexes
frg 0 C = CM—{0})sy1 =D = Clpy : My — [0,1])s11
such that

C(f—29:Clz,27' ] = D[z,27']) = C(Bp: M —R)uy1 .
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In particular, if M is a knot complement then p : M — S! can be chosen to be
a homology equivalence, and N C M is a Seifert surface for the knot, as in the
Introduction and Example 1.5. In this case Error: should be

H.(f —g) = PP = 0 = H_{+1}(pMito  S7)
and f —g: C — D is a chain equivalence. The Z-module chain map
e=(f-9'f:C—C

defines a finite chain complex (C, e) in the Seifert module category S(Z) with cover-
ing B(C,e) a finite chain complex in the Blanchfield module category B(Z[z, 2~])
such that

B(Cye) ~ C(p: M — R)uy1 . d

2. SEIFERT MODULES WITH ZERO BLANCHFIELD MODULE

This Chapter is devoted to the kernel of the covering functor from Seifert modules
to Blanchfield modules

B : S(A) = B(A[z,2z7']) ; (P,e) — B(P,e) .

We study the Seifert modules (P,e) with B(P,e) = 0, and more generally the
morphisms of Seifert modules g : (P,e) — (P’,¢’) with B(g) : B(P,e) — B(P’,¢)
an isomorphism.

Definition 2.1. (i) A Seifert A-module (P, e) is nilpotent if
ek =0: PP

for some k > 0.
(ii) A Seifert A-module (P, e) is unipotent if (P,1 — e) is nilpotent, that is

(1-ef =0:P—=P

for some k > 0.
(iii) A Seifert A-module (P, e) is a projection if

e(l—e) =0: P—>P.

(iv) A Seifert A-module (P, e) is a near-projection if e(1 —e) : P — P is nilpotent,
that is if for some k& > 0

(e(l—e)f =0: P—P. O
The near-projection terminology was introduced in Liick and Ranicki [10].

Proposition 2.2. (Bass, Heller and Swan [1])
(i) A linear morphism of induced f.g. projective A[z]-modules
fot+zfi + Plz] — Q[
is an isomorphism if and only if fo + f1: P — Q is an isomorphism and
e = (fo+f) ' : P—P

s nilpotent.
(ii) A linear morphism of induced f.g. projective Az, z~1]-modules

fo+zf1 : P[z,zil] — Q[z,zil]


Andrew Ranicki
Text Box
Error: should be
= H_{*+1}(p:M\to S^1)

Andrew Ranicki
Text Box
XXXXXXXXXXXXXX
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is an isomorphism if and only if fo + f1: P — Q is an isomorphism and
e = (fo+f)'h : PP
1S a near-projection. (I

Proposition 2.3. The following conditions on a Seifert A-module (P, e) are equiv-
alent :

(i) B(P,e) =0.
(ii) (P,e) is a near-projection.
(iii) There is a direct sum decomposition

(Pe) = (PTef)d (P ,e7)
with (P*,e™) unipotent and (P~,e™) nilpotent.

Proof. (i) <= (ii) This is a special case of Proposition 2.2, with
f =1—e+ze: Plz,z27']— Plz,2z71] .
(iii) = (ii) Immediate from
e(l—e) = ef(l—ef)de (1—€¢) : P = PP P =P oP .
(ii) = (iii) By the binomial theorem, for any k£ > 1 and an indeterminate x over
g (1 -2 = 14201 - 2)m(2) € Z[z]

with
k—1

@) = S (- <’“ - 1) 1)l e Zla]

— J
Thus for any A-module endoinorphism e:P—P
F+(1—e) = 14e(l —e)m(e) : P—P.
If (P,e) is a near-projection with (e(1 — €))* = 0 then e(1 — e)mi(e) : P — P is
nilpotent, and e* + (1 — e)* : P — P is an automorphism. The endomorphism
p=("+0-e)f) e . PP
is a projection, p? = p, and the images
Pt = im(p:P—-P), P~ = im(1-p:P— P)
are such that
(Pe) = (Pt e")@ (P ,e)
with
1—e =0: P =P (e)f =0:P P .
1
Proposition 2.4. Given a morphism g : (Py,e1) — (Po,eo) of Seifert A-modules
let C be the 1-dimensional f.g. projective A-module chain complex
dec =g :Cp = Pb—-Cy = P
and let e : C'— C be the A-module chain map defined by
e : Co = Po—Co = I,
e1 : Cp = PL—>C, = P

The following conditions on g are equivalent :



(1)
(i)

(iii)
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B(g) : B(P1,e1) — B(Py,eq) is an isomorphism of Blanchfield Az, z71]-
modules.
There exists a morphism h : (Po,e0) — (P1,e1) of Seifert A-modules such
that

gh = (eo(1—e0))* : Py = Py,

hg = (e1(1 —e))k : P — P,
for some k > 0, defining a chain homotopy
h:(e(l—e)f ~0:C—C.

There exist 1-dimensional f.g. projective A-module chain complexes Ct, C~
with chain maps

et CT=CT, e CT—=C™

such that 1 —e™ : Ot — CF, e : C~ — C~ are chain homotopy nilpotent,
and with a chain equivalence

Z'Jr
7 = <z_) . C—=CTeC™
such that

etit =ite : C—=CT,ei” =ie: C—C .

Proof. (i) = (ii) By Theorem 1.8 (iii) there exist a morphism i : (Py, eg) — (P1,¢€1)

and j >

0 such that
B(g)™' = B(i)t™7 : B(Py,e0) — B(Py,e1) .

It follows that

B(gi) = B(g)B(3)
B(ig) = B(i)B(g)

[

-
d
[

B((eo(1 —€0))?) : B(Po,e0) — B(Po,e0) ,

t=5 = B((ex(1—e1))) : B(Pi,e1) — B(Py,e1)

and by Theorem 1.8 (iv) there exist £y, ¢; > 0 such that

(gi — (eo(1 — €0))?)(eo(1 — €0))’
(ig — (ex(1 —e1)))(ex (1 —ex))™

0 : (Pey) — (Peo),
0 : (P1,€1)4>(P1,61).

Defining

we have

(i) =

h = i(eo(l —ep))oT : (Py,e0) — (Pr,e1) ,
k= j4+4b+10

gh = gi(eo(1 —eg))ot = (eo(1—e0))* : (Po,e0) = (Po,eo)
hg = iglei(l —e1)®™ = (er(l—en))* : (Pr,e1) — (Pryen) .
(i) The inverse of B(g) is given by

B(g)™' = B(h)t™" : B(Py,e0) — B(Py,e1) .

(iii) = (i) It follows from the chain homotopy nilpotence of 1 — e™ and e~ that

the Alz

)

2~ Y-module chain maps
l—et+zet : Ct[z,271] — CT[z,271],

l—e +ze™ : C7z,27 Y = C7[z,27}Y



BLANCHFIELD AND SEIFERT ALGEBRA IN HIGH-DIMENSIONAL KNOT THEORY

are chain equivalences. It now follows from the commutative diagram
Clz, 27l —— (CT @ C7)[z,27}]
1—e+zel l(l—e++ze+)$(1—e+ze)
Clz, 27— (CY @ C7)[z 27
that the A[z, 2~!]-module chain map
l—e+ze : Clz,27 Y — Clz, 271
is also a chain equivalence. Thus
coker(B(g) : B(P1,e1) — B(Po,e0)) = Ho(l—e+ze) = 0,
ker(B(g) : B(P1,e1) — B(Py,e0)) = Hi(l—e+ze) = 0
and B(g) : B(P1,e1) — B(Fo, e0) is an isomorphism.

(ii) = (iii) As in the proof of Proposition 2.3 write
(12 = 1421 —2)m(z) € Z[z] .
The A-module chain map
Frl-ef -0
is a chain equivalence, with the A-module morphisms
k=1

Uy = Z:O(—eo(l —eg)mk(e0)) @ Py — Py,
k—1
u = ;)(—61(1 —e)mi(e1)) + PL— Py

defining a chain homotopy inverse u : C' — C, and the A-module morphism
v o= (—ﬂk(el))kh Py — Py
defining a chain homotopy
v:ule+1-e)f) ~1:C-C.

The A-module chain map

p =uk : C—C

is a chain homotopy projection, with a chain homotopy
v:ul-—ef ~1-p:C—C,
and the A-module morphism
k
q = (wm)*h+pv = Z(—€1(1 —e1)mi(e1))urh @ Py — P
j=0

defining a chain homotopy

qg:pl—-p) ~0:C—C.

The A-module morphisms

+ = (P09 . Py@ P, —Py®P
b (q 1p1) 0 1— 1o 15

1— _
p- = ( Po g) cheP —-FPhoh
—q P1

13
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are projections such that
pr+p =1: hePh—>hRabl.

(This is a special case of the instant finiteness obstruction of Ranicki [15] and Liick
and Ranicki [10]). Define 1-dimensional f.g. projective A-module chain complexes

C*,C~ by
dov = p*| : O = P —Cy = im(p"),
de- =p | : Cf = PA—Cy = im(p7).
The A-module chain maps
et CtT—=Ct,e :CT—-C ,it :C—-CT,i" : C—C~
defined by
ef = (eo®er)| : Cf = im(p*) = Cf = im(p
ef =e Cf = P—0CF = P,
eg = (e0®er) : Cf = im(p7)—Cy = im(p7),
ef =e :Cf =P—-C] = P,
ii = pt| : Co = Ph—Cf = im(p"),
il =p: 01 = PL—>Cf = P,
=p|:C = P—Cy =im(pp),
i, =1—-p1 : Ch = PL—-C] =P
are such that 1 — et : C* — C*, e~ : C~ — (C~ are chain homotopy nilpotent,
with

; it
=) C—-CtoC~
a chain equivalence such that

etit =iTe : C—-CT,eim =ie: C—C .

O
Remark 2.5. (a) Propositions 2.3 and 2.4 are the 0- and 1-dimensional cases of a

general result, namely that the following conditions on a self chain map e: C — C
of an n-dimensional f.g. projective A-module chain complex are equivalent:

(i) The A[z, 2~ !]-module chain map
l—e+ze : Clz,27 Y = Clz, 271

is a chain equivalence.
(ii) For some k > 0 there exists a chain homotopy

h:(e(l—e)f ~0:C—C

such that eh = he, i.e. e: C' — C is a chain homotopy near-projection.
(iii) There exist n-dimensional f.g. projective A-module chain complexes CT, C'~
with chain maps

et 1 Ct=Ct,e : CT—=C™



BLANCHFIELD AND SEIFERT ALGEBRA IN HIGH-DIMENSIONAL KNOT THEORY 15

such that 1—e™ : CT — C*,e” : C~ — C~ are chain homotopy nilpotent,
and with a chain equivalence

i+
i = (z ) cC—-CteC™

such that
etiT =iTe : C—-CT,ei” =ie: C—C .

(b) If (C,e) satisfies the equivalent conditions in (a) then there there are defined
A-module chain equivalences

Cll—e+ze:Cz2] > C[z]) = C(1—eT +2zeT:CT[z] = CT[2]) = CT,
Clz7l(1-e)+e: 07— C7Y]) ~
Cz'l—e)+e :C [z =07 [z7Y) ~ C,

so that the chain homotopy types of C*,C~ are entirely determined by C and e.
O

3. BLANCHFIELD AND SEIFERT FORMS

Let now A be a ring with involution A — A;a — a.

Definition 3.1. (i) The dual of a f.g. projective (left) A-module P is the f.g.
projective A-module
P* = Homu(P, A)
with
Ax P P (a,f) — (z— f(2)a)
(ii) The dual of a morphism f : P — @ of f.g. projective A-modules is the morphism
ffeQ =P g (e g(f(a) - U
The natural A-module morphism
P— P xe (f o f(2)
is an isomorphism, which will be used to identify
P = P.
Thus for any f.g. projective A-modules duality defines an isomorphism
T : Homa(P,Q) — Homa(Q", P*) 5 f— f~
with inverse g — g¢*. In particular, for = P* this is an involution
T : Homyu (P, P*) — Homa (P, P*); f— f*

with 72 = 1.
Fix a central unit n € A such that

7=n'cA.

In practice, n = +1 or —1.
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Definition 3.2. An n-symmetric form over A (P, \) is a f.g. projective A-module
P together with a morphism A : P — P* such that

nA\* = X : P— P*.

The form is nonsingular if A : P — P* is an isomorphism. O

Extend the involution on A to an involution on A[z, z7!] by
z=z1.
Definition 3.3. (i) The dual of a Blanchfield A[z, 271]-module B is the Blanchfield
Alz, 2z~ -module
B = EXti[zyzfq(B,A[Z,Zil]) .
(ii) The dual of a Seifert A-module (P, e) is the Seifert A-module
(Pe)" = (P*,1—¢"). O
Proposition 3.4. (i) The dual of an induced f.g. projective Alz, z~]-module pre-
sentation of a Blanchfield Alz, z~']-module B
C :0— Pz . Pylz,27' ] = B —0

is an induced f.g. projective Alz,z~1]-module presentation of the dual Blanchfield
Alz, 27 Y-module B~

C*™ : 0— Pz 271 L Plz,27Y1 =B =0

with P* = (P;)* the dual f.g. projective A-modules.
(ii) The dual B(P,e)" of the covering B(P,e) of a Seifert A-module (P, e) is related
to the covering B((P,e)*) = B(P*,1—e*) of the dual Seifert A-module by a natural
isomorphism

C(pe) © B(P*,1—¢€*) — B(P,e)" .
(iii) For any Blanchfield Alz,z=]-module B there is a natural isomorphism

B = BT,

Proof. (i) Any exact sequence of projective A[z, z~!]-modules
0—=Q1—Qo—B—0
induces an exact sequence
Hom [, .—11(B, Alz,27']) = 0 — Hom [, .—11(Qo, Alz, 271])
— Homyp. .-11(Q1, Alz, 27 4)
— Exti‘[z,z,l](B, Alz,271) — Exti‘[z,z,l](Qo, Alz,z71)=0.

(ii) Define ((p.y to fit into the natural isomorphism of exact sequences of induced
f.g. projective A[z, z~1]-modules

e 4z(1—e*
00— P*[z,27] ezl P*z,27Y ) ———= B(P*,1—¢*) ——0

lz ll lC(P,e)
* 1%

0 ——— P*[z, 271 Letr P*z,z7Y | ———= B(P,e) ————— 0
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(iii) The double dual C** of any induced f.g. projective A[z, z~]-module resolution

C :0-Ci—-Cy—B—0
is naturally isomorphic to C. (|
Definition 3.5. (i) The dual of a morphism ¢ : (P,e) — (P',€’) of Seifert A-
modules is the morphism

gt (P 1—€") = (P*,1—¢%).

(ii) The dual of a morphism f : B — B’ of Blanchfield A[z,271]-modules is the
morphism

fr=Uf)  B"—=B
with fo, f1i the components of any chain map C — C’ of induced f.g. projective
Alz, z7Y-module chain complexes resolving f

d

0 o Co B 0
lfl lfo lf
0 o>y B 0,
so that (ff, f§) resolves f~
0 o0 L o B” 0
It
0 o s B 0.

O

Proposition 3.6. (i) For any Blanchfield Alz, z~']-modules B, B' duality defines
an isomorphism

T : HomA[z,zfl](Bv B/) - HomA[z,zfl](B/Aa BA) ; f = f/\
with inverse g — ¢ . For B’ = B~ this is an involution
T HomA[Zﬁzfl](B, BA) - HomA[Zyzfl](B, BA) 3 f = f/\

with T? = 1.
(ii) The dual of a morphism of Blanchfield Alz, 2~ ]-modules

f = B(g)t™" : B(Pe) = B(P',¢)
is the morphism
£ BT - B(P ey
such that
(C(P,e))ilfAC(P’,e’) = B(g*)tik : B(P/*v 1- 6/*) - B(P*v 1- 6*) :
(iii) For any Seifert A-module (P,e) the dual of the isomorphism of Blanchfield
Alz, z7-modules {(p.y : B(P*,1—e*) — B(P,e)" is the isomorphism
(o)) = 27 '(pr1e) : B(Pe)— B(P*,1—e*)".
(iv) For any Seifert A-module (P, e) the duality involution
T : Homyp, ,(B(Pe), B(P,e)") — Homyp, . (B(Pe), B(Pe)) ; f— f
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corresponds under the isomorphism induced by ((pey : B(P*,1 —¢e*) — B(P,e)”

C(pe) - HOmA[Z,Z—l](B(P7 e), B(P*,1—¢e*)) — HOmA[Z7Z—1](B(P,€),B(P7 e)) ;
B(O)t™F  ((p oy B(O)EF
to the z~1-duality involution
Tz—l : HomA[Zyzq](B(P, 6), B(P*, 1-— e*))

- HomA[z,zfl](B(Pa 6), B(P*v 1- 6*)> ;
Bt s 27 1B(0*)tk .

Proof. (i) By construction.

(ii) Applying Definition 3.5 to the resolution of f

l—e+ze

0

Plz,z7Y Plz,z7Y]——> B(Pje) ————>0

e

00— P'[z,27 1] e e P2,z ———= B(P',¢/) ——— 0
the identity (C(p,e))*lfg(P/7e,) = B(g*)t~* is given by the composition of resolu-
tions

e/* z 176,*
00— P'"[z,27Y] L>)P'*[z

) ——=B(P",1—¢") ——0
2 1 C(P’,e’)

0 —>P’*[z,z’1]17—>e 2 g Pz, 27 | ——————= B(P, e/ —0

00— P*[z,27] P*lz, 27— B(P,e) ————— 0

z 1 Cipe)
e +z(1—e")
_—

00— P*[z,27 1] P*lz,27l ] ———= B(P*,1—¢*) —0
(iii) Consider the composition of resolutions

l—e+ze P[Z,Z_l] - . B(P,e) — -0

lzl l(((p,e))A

Plz, 27 | ———= B(P*,1—¢*) ———0

lzl ll l(c(P*,le*))l

ook, Plz,271| ———= B(P,e) ——— 0

0 —— Plz,z71]
etz (1—e)
—_—
0 —— Plz,27]

(iv) By (ii) and (iii), for any morphism 6 : (P,e) — (P*,1 — e*)
(C(P,G)B(G))A = Zil(C(P,e)B(G*)) : 95 6) - B(Pa e)A .
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Definition 3.7. (i) An n-symmetric Blanchfield form over Alz,z71] (B,¢) is a
Blanchfield A[z, z~1]-module B together with a morphism ¢ : B — B~ such that

ng. = ¢ : B— B

The form is nonsingular if ¢ : B — B~ is an isomorphism.
A morphism of Blanchfield forms f : (B, ¢) — (B’,¢') is a morphism of Blanchfield
modules f : B — B’ such that

fo'f =¢: B—B".
(ii) A (—n)-symmetric Seifert form over A (P,e,0) is a morphism of Seifert A-
modules

0 : (Pe)— (P*,1—¢")
such that

0 = (@—nmb)e : P— P*.

(This is equivalent to a morphism of Seifert A-modules A : (P,e) — (P*,1 — e*)
such that n\* = —\, with 8 = Xe, 8 — nf* = \.) The form (P, e, ) is nonsingular
if § —nf* : P — P* is an isomorphism.
A morphism of Seifert forms g : (P,e,0) — (P’,¢/,0') is a morphism of Seifert
modules g : (P,e) — (P’,€’) such that

g0g =0 : P— P*.
(iii) The covering of a (—n)-symmetric Seifert form over A (P, e, 0) is the n-symmetric
Blanchfield form over A[z, z7!]

B(P,e,0) = (B(P,¢),6)
with

¢ = (1 - z_l)C(P,e)B(e - 779*) : B(Pae) - B(Pae)/\ .

If (P, e, 0) is a nonsingular Seifert form then B(P, e, ) is a nonsingular Blanchfield
form. O

Example 3.8. An n-knot k : S® C S"2 with exterior M determines a Z-
acyclic (n + 2)-dimensional symmetric Poincaré complex (C, ¢) over Z[z, 271] with
C =C@{P: M — R),yi. Furthermore, a Seifert surface N**1 c S"*2 for k
determines an (n + 1)-dimensional Seifert Z-module chain complex (D, e,8) for
(C,¢) with D = C(M) and (C,¢) = B(D,). If n = 2i — 1 and M is (i — 1)-
connected then N can be chosen to be (i — 1)-connected; in this simple case
(H;(C), ¢o) is a nonsingular (—1)**!-symmetric Blanchfield form over Z[z, z71],
and (H;(D),e,0) is a nonsingular (—1)%symmetric Seifert form over Z such that
(H;(C), ¢0) = B(H;(D),e,0), with e = (6 + (—1)'0*)~16. See Ranicki [14, Chapter
7.9], [16, Chapter 32] for further details. O

Proposition 3.9. (i) For any morphism from a Seifert A-module to its dual
6 : (Pe)— (P, 1—¢")
the morphism
0 = (0—nb)e : (Pe)— (P*,1—¢")
defines a (—n)-symmetric Seifert form (P,e,0') such that
0 —no" = 0—no* : P— P*.
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(ii) For a nonsingular (—n)-symmetric Seifert form (P, e,8) the endomorphism e :
P — P is determined by 0 : P — P*, with
e = (0-n0)"'0: P-P.

A morphism of nonsingular (—n)-symmetric Seifert forms g : (P,e,0) — (P,e’,0")
is the same as a morphism of the underlying Seifert modules g : (P,e) — (P’,¢e’)
such that

g (0 —nd*)g = 0 —no* . P— P*.
(iil) Every morphism f : B(P,e,8) — B(P',e',0") of the covering n-symmetric
Blanchfield forms of (—n)-symmetric Seifert forms (P,e,8), (P',e',0") is of the
type
f = Blgnt™"
with k > 0, t = B(e(l1 —e)) : B(P,e) — B(P,e), and g : (P,e) — (P,¢') a
morphism of Seifert A-modules such that for some £ > 0

GO —n0")g = (0—n0")e(l—e)* : P—P*.

Proof. (i) From the definitions
0 —n0* = (0 —nb*)e — ne*(0* — 1)

= (0 =n0")e+ (0 —no")(1—e)

=60-—-nd* : P— P*
and also

O —n0'"Ye = (6 —n0")e = 0 : P— P*.

(ii) Immediate from the definitions.
(iii) By Theorem 1.8 (iii) f = B(h)t=7 for some h : (P,e) — (P’,¢’), j = 0. Let

B(P.e.0) = (B(P.¢),0), B(P',¢,0') = (B(P'.¢/), /), so that f¢/f = ¢ and by
Proposition 3.6 (ii) there is defined a commutative diagram

=B(h)t™7
B(P,e) Ol B(P',¢)
B(h*)t™7
b B(P*1—e*) 280 ppre i — o) e
(1y/ \%>
B(P,ey I B(P', ¢/}

Now apply 1.8 (iv) to the identity
B(h*(0 —n0™)h)t™% = B(0—n0*) : B(P,e) — B(P*,1—¢*),
to obtain
(R* (0" — 10" )h — (0 — ") (e(1 — e))¥)(e(1 —€))* = 0 : B(P,e) — B(P*,1—¢)
for some £ > 0. Setting
g = hle(l—e)', k = j+¢
gives the required expression f = B(g)t~*. O
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In Theorem 3.10 below, it will be proved that every nonsingular Blanchfield form
over A[z, z~1] is isomorphic to the covering of a nonsingular Seifert form over A. The
proof will use the quadratic Poincaré complexes of Ranicki [14], [16]. By definition,
a I-dimensional n-quadratic Poincaré complex (C,1) over A is a 1-dimensional f.g.
projective A-module chain complex

d

C ... 0 & Co

together with A-module morphisms
o : C° = Cp —Cr, 1y : C'—Co, ¢y : C°—
such that
dibo + Pod* + by —mpi = 0: C° — O
and the chain map (Yo + 77123,1’/;0 + 7@3) : O'=* — (C is a chain equivalence.
Replafing Yo, Yo, Y1 by Yo+ng, 0, Y1 +1od* respectively, it may always be assumed
that 1y = 0.

Theorem 3.10. Every nonsingular n-symmetric Blanchfield form (B, ¢) over Alz, z~!]
is isomorphic to the covering B(P,e,0) of a nonsingular (—n)-symmetric Seifert
form (P,e,0) over A. If B admits an induced f.g. projective Alz,z~']-module res-
olution

0— Pz, 271 . Pylz,27'] = B —0

with

k
d = Zdjzj : Pilz, 27 = Polz, 27
§=0
then P can be chosen to be a direct summand of @(FPo ® P§) such that
k

PoP = PPRor).
k

Proof. By Proposition 1.3 the given resolution of B determines a resolution of the

form
0 — Plz,27] et

with e : P — P an endomorphism of
P = @PO .
k

(This is not yet the (P, e) we are seeking). By Theorem 1.8 (i), (iv) it may be
assumed that

(Cipey) tot = B0}t : B = B(Pe) — B(P*,1—¢")

for some Seifert A-module (P,e), morphism 0 : (P,e) — (P*,1 —¢€*) and ¢ > 0.
The n-symmetric Blanchfield form (B(P,e), ¢’) defined by

¢I = g(P,e)B(G)t_l : B(Pae) - B(Pa 6)/\

Plz,27'] =B —0

is nonsingular, and such that there is defined an isomorphism

'+ (B(Pe),¢') — (B(P.e), ¢) .
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Replacing (B(P,e), ) by (B(P,e),¢’) it may thus be assumed that £ = 0, with
(C(P,e))71¢t = B(G) : B(P7 6) - B(P*a 1- 6*) .
The covering of 6§ — nf* : (P,e) — (P*,1 — e*) is the isomorphism of Blanchfield
Alz, 27 Y-modules
B0 —n0*) = (((pe) ot —n2(((pe) 't
= ((pe)) ML —2)et
= (1 - ’2’/_1)_1(<(P,e))_1¢5 : B(Pa 6) - B(P7 6)/\ .

Replacing 6 by ¢ = (0 —n6*)e (as in Proposition 3.9 (i)) we have a (—n)-symmetric
Seifert form (P, e, §) such that

B(P,e,0) = (B,¢) .

However, in general (P, e,) may be singular, i.e. 8 —nf* : P — P* need not
be an isomorphism. We shall obtain a nonsingular (—n)-symmetric Seifert form
(P, ¢, 0") such that B(P’,¢e’,0") = (B, ¢) by gluing together two null-cobordism of
the 1-dimensional (—n)-quadratic Poincaré complex (C, ) defined by
de = 6—nb* : C; = P—Cy = P*,
1/)0:1200:P4>01:P,
P = =0 : C° = P—Cy = P*.
One null-cobordism is easy: it is (f : C' — D, (0,%)) with
le:ClzP—>D1:P,Di:Ofori;él.

The other null-cobordism is of the form (i~ : C' — C~, (d¢,4)), with i~ : C — C~
constructed by the method of Remark 2.5, as follows. By Proposition 2.4 (ii) (with
g = 0 — nf*) there exists a morphism

h : (P*,1—¢€") — (Pe)
such that
h(@—n0*) = (e(l—e))k : P— P,
(0 —n0*)h = (e*(1—e*)k : P* — P*
for some k > 0. Let £ : C'— C be the chain map defined by
Ey =1—-¢": Cy = PP—-Cy = P*
Fi =e¢e:C; = P—-C; = P.

)

As in the proof of 2.4 (ii) = (iii) h determines a chain homotopy projection

p = (E*+(1- BB
- (k_Z:(—E(l — E)my(E))J)E*: C - C

with a chain homotopy
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such that pE = Ep, Fq = qF, and such that

p+_(p0 QUQ)P*@P_}P*@P,
qg l1-p1

P <1p0 —(0—nf )> . PPOP > P*®P
q b1

are projections with
pT+p  =1: PP P @P.
We now have a decomposition of Seifert A-modules
(PFroP(1—e)Yme) = (PTef) @ (P ,e7)
with
Pt = im(p"), P~ = im(p7) .
The 1-dimensional f.g. projective A-module chain complexes C*,C~ defined by
do+ = pt| : Of = P—cCf = P+,
deg- =p | : Cf = P—>Cy = P~
and the A-module chain maps
Et . Ct=Ct, B :C" —=C ,it : C—-Ct,i" : C—C~
defined by
E{)" +:CS':P+HC’3':P+
Ef:e:Cf:PHCf:P,
Ey =e :Cy =P —=Cy =P,
Ef =1—-e:(C] = P—-C] =P,
ig = pt| : Co = P*—=Cf = P,
1] :pl:C’lzpﬂclJr:P,
iy p|: Co =P—-Cy =P,
i, =1-p : ¢4 = P—-C] =P

are such that 1 — E* : C* — CT, E~ : C~ — C~ are chain homotopy nilpotent,
with

I
o

. it
== C—CteC™
a chain equivalence such that
Etit =4itE . C—=CT ,E7i" =i E:C—C".
Moreover, it follows from
E*=E:C'™ =C->C"" =C
that
pr =p: O = C—-C™ = C,
pr =1—p5 : P—=P.
The morphism
' = eh—nh*e* : (P*,1—¢") — (Pe)
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is such that

(0 —n0*) = (e(l—e)r : P—P,

(0 —n0*)h' = (e*(1 —e*))* . P* — P*
and replacing h by h’ in the construction of ¢ gives a chain homotopy

qd :p(l—-p) ~=0:C—C
such that
g = 0—no* : PP =P

with € (resp. —nf*) the contribution of eh (resp. —nh*e*), and ef = 6(1 — e*).
The morphism of Seifert A-modules defined by

(0 =m0 —npj ) « 1—e* 0 « f€ 0
)\_( o 0 —no* (Prob (o D)ool L))

is such that (—n)A\* = A, and restricts to an isomorphism
AT (P+,€+) - ((P—i_)*al - (€+)*) ’
identifying (PT)* = im((p*)*). The (—n)-symmetric Seifert form over A defined
by
(P e,0') = (PF,ef,ATeT)
is nonsingular and such that

B(P',¢,0) = (B,¢). -

Remark 3.11. (i) The proof of Theorem 3.10 minimizes the use of the theory of
algebraic Poincaré complexes. However, it is based on an idea of infinite gluing
which really is best expressed in this language, specifically the quadratic Q-groups
of an A-module chain complex C'

Qn(C) = Hy(Ze;C 24 C)
which are the central objects of the theory, with the generator T € Zs acting by
T :CoR4C;—Ci04C,; 20y— (-1)Plyc.
(There is a brief review in Chapter 20 of [16]). A chain map f : C — D induces
morphisms in the Q-groups
fo + Qu(C) — Qu(D)
which depend only on the chain homotopy class of f. As in Definition 24.1 of [16],

given chain maps f,g: C — D let Q.(f,g) be the relative Q-groups which fit into
the exact sequence

f%—9%

B Qn-i—l(fag) - Qn(c) - Qn(D) - Qn(fag) ..

and define a union operation

U Qn(f,9) = @n(U(f,9))
with
U(f.g) = C(f —29:Clz,27"] = D[z, 271])
an A[z, 271]-module chain complex. An element (50, 0) € Q,+1(f,g) is an (n + 1)-
dimensional quadratic pair over A

x = ((fg):CeC— D, (6,0 ®—0))
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and the union is an (n + 1)-dimensional quadratic complex over A[z, 2]

Uz) = (U(f,9),U(30.,0)) .
The construction mimics the construction of an infinite cyclic cover by gluing to-
gether Z copies of a fundamental domain. If z is a Poincaré pair then U(z) is a
Poincaré complex. The chain complex ingredient in the proof of Theorem 3.10 is the
following characterization of the pairs x such that the union U(x) is contractible,
i.e. such that
f —Zg9 : C[Z,Z_l] - D[sz_l]
is a chain equivalence. This is the case if and only if f — g : C' — D is a chain
equivalence and (f — g)~!'f : C — C is a chain homotopy near-projection. Thus
there is no loss of generality in taking
C:Dale—e,gz—e
for a chain homotopy near-projection e : C' — C, and as in Remark 2.5 there is
defined a chain equivalence
i (Ce) — (Ctet)® (C™,e7)
with1—et : CT — CT, e~ : C~ — C~ chain homotopy nilpotent. The background
to the proof of Theorem 3.10 is the computation
Q.(f,9) = H.((1—eN)@e :CT@4C™ - Ct®4C7)
so that an element (66, 60) € Q,+1(f,g) is determined by a chain map
6 : (CH"* = C~
together with a chain homotopy
80 e 0 ~ (1 —et) : (CT)"* = C .
The quadratic pair ((f g) : C® C — D, (66,0 & —0)) is Poincaré if and only if 6 is
a chain equivalence.
(ii) Here is a geometric interpretation of (i). Let X be a finite n-dimensional
Poincaré complex, and let F : M — X x S! be a homotopy equivalence from a
closed (n+ 1)-dimensional manifold M. The restriction of F' to a transverse inverse
image is an n-dimensional normal map
G=F:N=F!'"Xx{x})—X
and cutting M along N gives a fundamental domain for F*(X x R) = M with a
normal map
Gy = T+ (MyiN,2N) = X x (0,11 {0}, {1})
such that

F= |J 76y M= |J #’My—XxR
Jj=—00 j=—00
is a Z-equivariant lift of F'.
Define the kernel Z[m; (X)]-module chain complexes

C = C(G:C(N) = C(X))usr
D = C(Gy : C(My) — C(X x [0,1]))ss1 .

The chain maps ig,4; : C' — D induced by the inclusions N — My, zN — My
are such that f — zg: C[z,27!] — D[z,27!] is a chain equivalence, since F : M —
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X x S'is a homotopy equivalence. The infinitely generated free Z[m; (X )]-module
chain complexes

ct = C(G M — X xR¥), 4y,
C- =CG :M —XxR ).
with
[e%e} —1
MJF = UZjMN,Mi = U ZjMN
Jj=0 j=—o00

are such that there is defined an exact sequence
0-C—CteC™ - C(F)az1—0

with C(F) the algebraic mapping cone of the Z[r; (X)][z, z~!]-module chain equiv-
alence ' : C(M) — CO(X x R). Thus there is defined a Z[r;(X)]-module chain

equivalence
C ~CteO,
and Ct,C~ are chain equivalent to finite f.g. projective Z[m (X)]-module chain
complexes. The quadratic Poincaré kernel of Gy is determined as in (i) by a chain
equivalence 0 : (CT)"~* — C~.
In particular, if n = 2¢ and G, G are i-connected then
Ki(N) = Hy(C) = H,(CY)® H,(C™) = Hyy(M",N)& Hipa (M, N)

with an isomorphism 6 : H;(C*)* — H,;(C~). Every homology class in K;(N) is a
sum of a class which dies on the right and one which dies on the left; the reduced
projective class

[H(CM)) = —[H(C7)] € Ko(ZIm (X)]) = Ko(Zlm(X)))/Ko(Z)

is the obstruction to finding a basis of classes which all die on the left (or all die on
the right). The reduced nilpotent projective class

[Hi(CT),1=e"] = —[H(C7),e7] € Nilo(Z[m(X)]) = Nilo(Z[m1(X)])/Ko(Z)

is the Farrell-Hsiang [6] splitting obstruction of F', which is 0 if (and for ¢ > 3
only if) G : N — X can be chosen to be a homotopy equivalence, or equivalently
(Mpy; N, zN) can be chosen to be an h-cobordism. The surgery obstruction

o(G) = (Ki(N), A\ p) € ker(L3;(Z[mi(X)]) — Ly (Z[m(X)]))
= im(H>™(Zs; Ko(Z[m1 (X)) — L5 (Z[r1(X)]))
is represented by the hyperbolic (—1)’-quadratic form on the f.g. projective Z[r (X)]-
module H;(C™T), with

0 p—!
P ey o
Ki(N) = Hi(CT)® H;(C™) — Ki(N)* = Hi(CT)*® H;(C™)*,
po: Ki(N) = Zm (X)) /{z — (=1)'T} ; (aT,a7) — 07 (a7 )(a™) .

However, in Theorem 3.10 it is the other case n = 2i + 1 which occurs. O
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4. WITT GROUPS

This Chapter extends the results of Chapter 3 to the algebraic L-groups of
Blanchfield and Seifert forms, using the algebraic theory of surgery (Ranicki [14],
[16]).

Cohn [4] constructed the universal localization 0~ R of a ring R inverting a set &
of square matrices over R. The canonical ring morphism R — o~ 'R is universally
o-inverting : for any ring morphism f : R — S such that f(s) is invertible for every
s € o there is a unique ring morphism o' R — § such that

f: R-0o'R-S8S.

See [14] or [16] for the expression of the free Wall quadratic L-groups L (R) =
L, (R) of a ring with involution R as the cobordism groups of n-dimensional qua-
dratic Poincaré complexes (C, 1) over R with C f.g. free. In particular, Lo;(R) is
the Witt group of nonsingular (—1)%-quadratic forms over R.

For an injective universal localization R — o~ 'R of rings with involution the
quadratic L-groups of R and o~ 'R are related by the exact sequence of of Vogel
[18] and Neeman and Ranicki [11]

i ——> Ly(R) — Ly(0~'R) —2> L(R,0) — Lp_1(R) — -+

with L, (R, o) the cobordism group of (n — 1)-dimensional quadratic Poincaré com-
plexes (C,v) over R such that C is f.g. free and H.(c7'C) = 0. In particu-
lar, Lo;(R,0) is the Witt group of nonsingular (—1)*-quadratic o~!R/R-valued
linking forms on f.g. o-torsion R-modules of type coker(s : R¥ — RF) (s € o),
and 0 : Ly;(071R) — Lg;(R,0) is given by the boundary construction for o~ ! R-
nonsingular (—1)’-quadratic forms over R.

Given aring A let II71 A[z, 271] be the universal localization of A[z, 2~ !] inverting
the set II of all A-invertible square matrices over A[z,27!]. The canonical ring
morphism A[z, 27 1] — II"'A[z,27!] is an injection with the universal property
that every morphism of rings Alz,27!] — R sending matrices in II to invertible
matrices over R has a unique factorization A[z, 271 — II71A[z,271] — R.

Example 4.1. For commutative A [I"1A[z, 27! = P71 Az, 27! is the commuta-
tive localization of Az, 27!] inverting the set P of all polynomials p(z) € A[z, 271
with p(1) € A a unit. O

An involution on the ring A is extended to the rings A[z, z71], -1 A[z, 271] by
z =271, as before. As in Proposition 32.6 of Ranicki [16], the dual of a Blanchfield
Alz, z71]-module B is given up to natural isomorphism by

B~ = Homyp, ,-1)(B, 1T Alz, 27 '] /A[z,271]) .
An Az, 27 -module morphism ¢ : B — B~ is the same as a pairing
¢ : BxB =TI Alz, 27" /Alz,27Y]
such that for all z,2",y,y' € B, a,b € Alz,271]
oz +a'y) = olx,y) + 6" y)

¢($,y + y/) = ¢(‘Tay) + (b(xay/) )
dlax,by) = bo(x,y)a € U 1Az, 271]/Alz, 271] .
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The quadratic L-groups L, of the Laurent polynomial extension A[z,271] of a
ring with involution A split as

Lps1(Alz,271) = Lpyi(A) @ L (A)

with L% the projective quadratic L-groups (Novikov [12], Ranicki [13]). The relative
L-group Lo y2(A[z, 271, 1I) in the localization exact sequence

+ = Loia(Alz, 7)) — Laipa (T Afz, 271))

— Loiro(A[z, 271, I1) — Loji1(Alz,27Y]) — ...
is the Witt group of nonsingular (—1)“1-symmetric Blanchfield forms (B, ¢) over
Alz, 271 such that B admits a 1-dimensional f.g. free A[z, 271]-module resolution
0—-Ci—-Cyp—B—0.

As in Chapter 31 of [16] let LIsoii(A) be the Witt group of nonsingular (—1)-
symmetric Seifert forms over A.
Theorem 4.2. ([16, Prop 32.11]) The covering construction (3.7) defines an iso-
morphism

B : LIso)'(A) = Laiwo(Alz, 2711, 10) 5 (Pre,0) — B(P,e,0)

with Theorem 8.10 giving an explicit inverse B~1. (I

The isomorphism B~! of 4.2 is a generalization of the projection
B : Ki(Alz,27')) — Ko(A)
of Bass, Heller and Swan [1] and the projection
B ¢ Loei(Alz,27Y)) — L5 (A)
of [12] and [13] (where B denotes Bass rather than Blanchfield).

Example 4.3. The high-dimensional knot cobordism groups k : §%~1 c §2i+!
(i > 2) are

Coio1 = LIso®(Z) = Loiya(Z[z,271, P) .
See Chapters 33, 40 and 41 of [16] for a more detailed discussion. O

Remark 4.4. Theorems 3.10, 4.2 give a new proof of the result that every non-
singular n-symmetric Blanchfield form (B, ¢) over A[z,z7!] is isomorphic to the
covering B(P,e,0) of a nonsingular (—n)-symmetric Seifert form (P, e, 8) over A,
with a corresponding isomorphism in the Witt groups. For A = Z, n = +1 this was
proved by a variety of geometric and algebraic methods by Kearton [7], Levine [9],
Trotter [17] and Farber [5]. For arbitrary A this was proved in Proposition 32.10
of Ranicki [16] using algebraic transversality for quadratic Poincaré complexes over
Alz, z71]. The novelty is the explicit algorithm for constructing (P, e, ) from (B, ¢).

O
The expression of the Witt groups of (—1)"*!-symmetric Blanchfield forms over

Alz,z71] as the relative L-group Lo;i2(A[z,271],1I) in the exact sequence of L-
groups

= Lojro(Alz,27Y) = Lojyo(ITT1 Az, 271)
— LQ,H,Q(A[Z, Zﬁl], H) - L2i+1(A[Za Zil]) .
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can be refined to an even more useful expression by inverting 1 — z € Alz, 271].
Write
A, = Alz,2z7Y, A, = Az, 2L —2)7Y.

For an A-module P and an A.-module () write
Pz = Az Ka P y Pz,lfz = Az,lfz XA P ) Qlfz = Az,lfz ®Az Q .

The element

s = (1-2)7teA 1,
is such that s +5=1¢€ A, 1_., so there is no difference between +-quadratic and
+-symmetric structures (= forms, algebraic Poincaré complexes, L-groups) over
A, 1—. The cartesian square of rings with involution

Az —— Az,l—z

I

H_lAZ —— H_lAZJ,Z
induces excision isomorphisms of relative L-groups
L*(AZ)H) = L*(Az,l—zaH)

and there is a commutative braid of exact sequences

L2i+3 (Az; H) L21+2(Az 1—z) L21+2(Az; (1 - Z)OO) L21+1(H71Az)
Loit2(Ay) Loito(II71A, 1) Loit1(Az)
L2i+3 (Aza (1 - Z)OO) L21+2 (H Az) L2i+2 (Aza H) L2i+1(Az,1fz)

See Chapter 36 of [16] for the identification of Lo;49(A,1—.) with the Witt group
of almost (—1)**!-symmetric forms (P, ¢) over A, with P a f.g. free A-module and
¢ : P — P* an isomorphism such that 1+ (=1)¥(¢*)"1¢ : P — P is nilpotent (cf.
Clauwens [2]).

Theorem 4.5. The map Laita(A,II) — Loiy1(Az1-2) is 0, so that
Loii2(A,,TI) = coker(Lojya(As1—,) — Lojso(TTT A, 1))

The Witt class of the covering B(P, e, ) of a nonsingular (—1)*-symmetric Seifert

form (P, e,0) over A is the Witt class of the nonsingular (—1)**'-quadratic form

(Py1—2,(1—2)0) over A, 1., modulo the indeterminacy coming from the (—1)"-
quadratic Witt group of A, 1—-.

Proof. Let R be a ring with involution. A 1-dimensional (—1)-quadratic Poincaré
complex (C, ) over R with 1y : C° — C an isomorphism (and o = 0 : C* — Cp)
is null-cobordant

(C,¢) = 0€ Li(R,(~1)") = Lo (R),
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with a null-cobordism (f : C — D, (§¢, 1)) defined by
f =1": Cl—>D1 == Cl,Di == 0(@7&1),(51/1 = 0.

The nonsingular (—1)%-quadratic formation corresponding to (C, 1)) is the boundary
(C, 1) of the (—1)*Fl-quadratic form (C°, 1)) over R.

Now suppose that R — ¢~ 'R = S is an injective noncommutative localization
of rings with involution, so that there is defined a localization exact sequence

- — Logya(R) — Lagya(S) —% Losya(R,0) — Lais1(R) — ..

with La;2(R,0) the cobordism group of f.g. free 1-dimensional (—1)’-quadratic
Poincaré complexes (C,1) over R such that 1®d: S®r C; — S ®pr Cp is an
S-module isomorphism. If (C,%) is such that 1y : CY — C; is an R-module
isomorphism then (as above) (C,v¢) =0 € Lg;41(R), and

1@ @ + (-1 = —1®@dyy : S®rC° — S®rCy

is an S-module isomorphism, so that S ®x (C° 1) is a nonsingular (—1)i*1-
quadratic form over S such that

(Cﬂ/f) =S ®R (CO,Q/H)
S ker(LgH_g(R, 0‘) — L2i+1(R)) = COker(LQiJ,_Q(R) — LQH_Q(S)) .
In particular, if (B, ¢) is a nonsingular (—1)**1-symmetric Blanchfield form over
A, then by Theorem 3.10 (B,¢$) = B(P,e,0) is the covering of a nonsingular

(—1)%-symmetric Seifert form (P, e,6) over A. The 1-dimensional (—1)*quadratic
Poincaré complex (C, 1) over A, defined by
d=0+(-1)21% :C, = P, -Cy = P,
o =1—2:0° =P, -C, = P,
b = —(1-2)0 : CY = P, ~Cy = P

has 1 ® g : (C9)1-, — (C1)1-» an A, 1_,-module isomorphism, so that
(B, d’)lfz = (Cv"/))lfz = 0¢ Ll(Az,lfm (*1)1) = L2i+1(Az,1fz) .

The nonsingular (—1)’-quadratic formation over A, ;_, corresponding to (C,)1—
is the boundary of the II"1 4, ; _,-nonsingular (—1)"*!-quadratic form

(C%1)1—z = (Pei—z, (1 —2)0)
and
(B.o) = (C) = (@t = O(Pero(1—2)6)
€ ker(Laiy2(Az, 1) — Lojp1(Az1-2))
= ker(Lojy2(Az1—2,11) = Laip1(A.1-2))
= coker(Laiy2(Az1-2) — Lojpo(IT71AL 1)) . -

Example 4.6. The expression for the Witt group of Blanchfield forms given by
Theorem 4.5 in the case A = Z gives the following expression for the cobordism
class of a high-dimensional knot. Let k : $%~1 ¢ $2"*1 be a knot with exterior

(MP*FL0M) = (cl(S*TN\E(S*) x D?), 871 x §1)



BLANCHFIELD AND SEIFERT ALGEBRA IN HIGH-DIMENSIONAL KNOT THEORY 31

and Seifert surface N? C §%i*1. Keeping ON = k(S%~1) fixed push N into the in-
terior of D?'*2 to obtain a codimension 2 embedding N C D?**2 with trivial normal
2-plane bundle. The exterior is a (2¢ + 2)-dimensional manifold with boundary

(L**2.0L) = (cl.(D*T\N x D?), M Ugpr N x S*) .

Assume that m;(M) = 7;(S!) for 1 < j < i— 1 (as may be arranged by surgery
below the middle dimension), so that N can be chosen to be (i — 1)-connected, and
m;(L) = 7;(SY) for 1 < j < i. As in Proposition 27.8 of [16] there is defined an
(i + 1)-connected (2i + 2)-dimensional normal map of triads

(f,b) = (L; M, N x §; 5%~1 x g1
— (D12 x [0,1]; D*F2 x {0}, D**2 x {1};k(S*71) x [0,1]) x S*

with target a (2i+2)-dimensional geometric Poincaré triad. The nonsingular (—1)°-
symmetric Seifert form (H;(N), e, §) over Z determines the kernel (—1)**1-quadratic
form over Z, = Z[z, 27}
(Kina (D) 0) = (H:(N)-, (1-2)0)

(cf. Ko [8], Cochran, Orr and Teichner [3]). For ¢ > 2 the knot cobordism class
of k is the Witt class of (H;(IN),e,0), or equivalently the Witt class of the non-
singular (—1)"*!-symmetric Blanchfield form (H;(M),¢) = B(H;(N),e,0) over
Z,. Theorem 4.5 identifies the knot cobordism class with the Witt class (mod-
ulo the indeterminacy) of the induced nonsingular (—1)"*!l-quadratic form over
Zon—o=1Zz,z71,(1—2)7}

[k] = (Hi(N),e,0) = (Hi(M), ¢) = (Kis1(L),¥)1-> = (Hi(N)z -, (1 — 2)0)
€ Cgi,1 = LISO%(Z) = L2i+2(ZZ, P) = COker(LQiJ’»Q(ZZ’le) — LQ»L+2(P7122717Z>)

with P = {p(z)|p(1) = 1} C Z, the multiplicative subset of Alexander polynomials.
See Proposition 36.3 of [16] for the computation of the indeterminacy

0 if = 0(mod 2)

Li Zz -z = L2i+2 Z =
2i+2(Zz,1-2) Z) {Z (signature) if i = 1(mod 2) .
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