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mod p; for a factor of degree k, as above, this is p*. Since each of the »;
in Kronecker’s method is at least 4, the number of steps in the program Y
is always less than the number in X'if p = 2 or 3, and often if p = 5. On the
other hand, the test modulo p may give information of a quite varying
nature. The polynomial may be irreducible mod p, in which case it is
irreducible. Or it may have factors mod p; then each factor must corre-
spond to a factor mod p or a product of factors mod p. An equation of
order 6 cannot have an irreducible factor of order 3 if it decomposes
mod p into three irreducible factors of degree 2. It is also possible that
the factors mod py do not agree with the factors mod ps. A polynomial
of degree 6 which has three irreducible factors of degree 2 (mod p;) and
two irreducible factors of degree 3 (mod p») must itself be irreducible.
Another example occurs on a more global level. It is possible to find the
Galois group of an equation mod p by an obvious exhaustive process,
since in this case we are searching for the set of all automorphisms of a finite
field. This must then be a subgroup of the Galois group over the rationals.
This calculation may reduce the amount of time taken to calculate the
Galois group over the rationals by eliminating possibilities. If the Galois
group mod p is the symmetric group, then the Galois group over the ration-
als must be the symmetric group. If the Galois group mod p contains any
odd permutation (such as, for example, a transposition) then the Galois
group over the rationals cannot be the alternating group or any subgroup
of it. We can calculate roughly how long it will take us to find the Galois
group modulo the next prime p, and compare this with the time estimate
of the calculation of the Galois group over the rationals by other methods.
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An enumeration of knots and links, and some of
their algebraic properties

J. H. ConwAy

Introduction. In this paper, we describe a notation in terms of which it
has been found possible to list (by hand) all knots of 11 crossings or less,
and all links of 10 crossings or less, and we consider some properties
of their algebraic invariants whose discovery was a consequence of
this notation. The enumeration process is eminently suitable for machine
computation, and should then handle knots and links of 12 or 13 crossings
quite readily. Recent attempts at computer enumeration have proved un-
satisfactory mainly because of the lack of a suitable notation, and it is
a remarkable consequence that the knot tables used by modern knot
theorists derive entirely from those prepared last century by Kirkman,
Tait, and Little, which we now describe.

Tait came to the problem via Kelvin’s theory of vortex atoms, although
his interest outlived that theory, which regarded atoms as (roughly) knots
tied in the vortex lines of the ether. His aim was a description of chemistry
in terms of the properties of knots. He made little progress with the enu-
meration problem until the start of a happy collaboration with Kirkman,
who provided lists of polyhedral diagrams which Tait grouped into knot-
equivalence classes to give his tables [9], [10], [11] of alternating knots with
at most 10 crossings. Little’s tables [4], [5], [6] of non-alternating knots to
10 crossings and alternating knots of 10 and 11 crossings were based on
similar information supplied by Kirkman.

Tait’s and Little’s tables overlap in the 120 alternating 10-crossing
knots, and Tait was able to collate his version with Little’s before publi-
cation and so correct its only error. The tables beyond this range are check-
ed here for the first time. Little’s table [6] of non-alternating knots is
complete, but his 1890 table [5] of alternating 11-crossing knots has 1
duplication and 11 omissions. It can be shown that responsibility for these
errors must be shared between Little and Kirkman, but of course Kirk-
man should also receive his share of the praise for this mammoth under-
taking. (Little tells us that the enumeration of the 54 knots of [6] took him
6 years — from 1893 to 1899 — the notation we shall soon describe made
this just one afternoon’s work!)
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Our tables of links, and the list of non-alternating 11-crossing knots,
appear here for the first time, so cannot be collated with any earlier table,
and for this reason the corresponding enumerations have been performed
three times.

The enumeration here described was completed some 9 years ago, and
a survey calculation of knot-polynomials was then made before an envis-
aged computer calculation. However, this survey brought to light cer-
tain algebraic relations between these polynomials which made the com-
puter redundant. But we suspect that our table will find its main use as a
basis for more sophisticated computer calculations with the many alge-
braic knot-invariants. ‘

1. Notation for tangles. This paper is an abbreviated form of a longer
one in which completeness is proved by means of a process for locating
any knot or link within range of the table, but for reasons of space we
only sketch this process here. For the same reasons, we describe our ideas
rather informally, feeling that most readers will find that this helps rather
than hinders their comprehension. Since most of what we say applies to
links of 2 or more components as well as knots, we use “knot” as an inclu-
sive term, reserving “proper knot” for the 1-component case.

In the light of these remarks, we define a tangle as a portion of knot-
diagram from which there emerge just 4 arcs pointing in the compass
directions NW, NE, SW, SE, hoping that Fig. 1 clarifies our meaning.

The. NW arc we call the leading string of the tangle, and the NW-SE
axis its principal diagonal. The typicaltangle ¢ we represent diagrammatic-
ally by a circle containing an L-shaped symbol with the letter ¢ nearby.
The 8 tangles obtained from ¢ by rotations and reflections preserving the
“front” of ¢ are indicated by making the corresponding operations on
the L-shaped symbol, leaving the original letter ¢ outside. The 8 other
tangles obtained by reflecting these in the plane of the paper have the cor-
responding “broken” forms of the L-symbols, with the original letter ¢
appended. Figure 2 shows how we represent the tangles ¢, 1;, ¢,, t;, = t,, —1,
t, being the result of rotation in a “horizontal” or E-W axis, ¢, that of
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rotation in the “vertical’’ or N-S axis, and —¢ that of reflection in the
plane of the paper.

Tangles can also be combined and modified by the operations of Fig. 3,
leading from tangles @ and b to new tangles a+b, (ab), a+, and a—.
Tangles which can be obtained from the particular tangles 0 and o by
these operations we call algebraic. In particular, we have the integral
tangles n=1+1+...+landi=—-n=1+1+...+1, both to n terms.

Ifm, n, p,...,s,t, are integral tangles, the tangle mnp. . .st, abbreviating
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((...(mn)p...s)t), the brackets being associated to the left, is called a
rational tangle. Figure 1 shows the step-by-step formation of the particular
rational tangles 2 32 and 2 1 1 1 as examples. In the tables, the “comma”
notation (a, b, ..., c) = a0+b0+ . ..+ c0is preferred to the sum notation,
but is only used with 2 or more terms in the bracket. Figure 3 shows that
a0 is the result of reflecting g in a plane through its principal diagonal,
and ab = a0+b. The abbreviation a—b denotes ab (not a+b or (a—)b),
and outermost brackets are often omitted, in addition to those whose
omission is already described above.

The tangles a and b are called equivalent (written a = b) if they are
related by a chain of elementary knot deformations (Fig. 4). The impor-
tance of the class of rational tangles is that we can show that the rational
tangles ijk...Imand npq. . .stare equivalent if and only if the corresponding
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continued fractions m+l 111 t+l 111

— — — and — - =
I+.. . +k+j+i S+...+q+p+n
have the same value, so that there is a natural 1—1 correspondence
between the equivalence classes of rational tangles and the rational

numbers (including « = 1/0). The continued fractions 2+L+l and
H—l l —1— have the same value 8/5, and so the tangles 232 and
1+1+42

2111 of Fig. 1 are equivalent. Using this rule, we can reduce any rational
tangle to a standard form, either one of 0, e, 1, —1, or a form mnp. . .st
in which [m|=2and m, n, ..., s, t have the same sign except that ¢ might
be 0. Bach rational tangle other than 0 and - has a definite sign, namely
the sign of the associated rational number.

2. Notation for knots. An edge-connected 4-valent planar map we shall
call a polyhedron, and a polyhedron is basic if no region has just 2 vertices.
The term region includes the infinite region, which is regarded in the same
light as the others, so that we are really considering maps on the sphere.
We can obtain knot diagrams from polyhedra by substituting tangles for
their vertices as in Fig. 5 — for instance we could always substitute tangles
I or —1. Now let us suppose that a knot diagram K can be obtained by
substituting algebraic tangles for the vertices of some non-basic poly-
hedron P. Then there is a polyhedron Q with fewer vertices than P obtained
by “shrinking” some 2-vertex region of P, and plainly K can be obtained
by substituting algebraic tangles for the vertices of Q, as in Fig. 5. Thus
any knot diagram can be obtained by substituting algebraic tangles for
the vertices of some basic polyhedron P — in fact P and the manner of
substitution are essentially unique, but we do not need this.

@
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F1G. 5. Derivation of knots by substitution of tangles into polyhedra.
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Only 8 basic polyhedra are needed in the range of this table (Fig. 6),
although for convenience we have given one of them two distinct names.
The notations (2X3)* = 6%, 2X4)* = 8%, 2X5)* = 10*%, 3X3)* = 9*
extend obviously to (aXb)*.

The knot obtained from the polyhedron P* by substituting tangles
a, b, ..., kin the appropriate places we call P*a. b. ... . k. To save space,
we omit substituents of value 1, telescoping the dots which would have
separated them so as to show how many have been omitted. Thus 8*2:3.4:.5
abbreviates 8%2.1.3.4.1.1.5.1, the final dots being omitted from the abbrevi-

. ation. We also omit the prefixes 1*, 6*, 6** from certain knot names —

the original form is recovered by prefixing 1* if the abbreviation has no
dots, 6** if it has an initial dot, and 6* otherwise. The symbol 10— **#
abbreviates 10***1.1.1.1.1.

3. Some tangle equivalences. Flyping. The reader should now be able
to interpret any knot name taken from our table, but he will not yet appre-
ciate the reasons which make our ragbag of conventions so suspiciously
efficient at naming small knots. Much of this efficiency arises from the
fact that the notation absorbs Tait’s “flyping” operation (Fig. 7), which
replaces 1+¢ by #,+1, or 1+t by 1,4 1. For rational tangles ¢t we have
t=t,=1t,=1t,, and so when g, b, ..., c are all rational, the exact posi-
tions of theterms 1 or 1in (@, b,. . ., ¢) are immaterial, and we can collect
them at the end. Thus (1,3, 1,2)=(3,1,1,2)=(3,2, 1, 1).

Now using another part of our notation, we can also replace a pair
of terms ¢, 1 in such an expression by the single term ¢+, or a pair ¢, T
by t—. Supposing again that q, b,. . ., ¢ are rational, this justifies the equi-
valences

(a,b,c, )= (a,b,c+)=(a,b+,c)=(a+, b, ¢)
and
(a,b,c,1)=(a,b,c—)=(a,b—, ¢)=(a—, b, ¢).

showing that in such expressions the postscripts + and — can be regarded
as floating, rather than being attached to particular terms. We therefore
collect these postscripts on the rightmost term, cancelling + postscripts
with — postscripts. If this process would leave in the bracket only a single
tangle ¢ followed by p +signs and ¢ — signs, we replace the entire express-
ion by cn, where n = p—gq.

Now from the formula x— = x 10and the continued fraction rule, it
follows that we have the equivalences

2— = —2, 3—=-21, 21—= -3, 22=-211,

as particular cases of the equivalences

mn...pql—=—mn...pr and mn...pr— =mn...pql,

for more general rational tangles, which hold whenever r = g+ 1. This
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1*q 6%a.b.cdeft. 6%ab.cdy.

8*a.bcd.ef.g.h. 9%ab.cdefg.hi
10* a.b.cdefghi 10**a.b.cdefghij
10*o.bcdefghy. 11%a.b.c.defg.hijk

Fi1G. 6. The basic polyhedra

X<
T+t ty +1

Fic. 7. Flyping — the equivalence of 1 + # and #, + 1
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leads to a kind of concealed flyping, instanced by:
22,3,2,-D=22,3,-2)=22,-21,2)=(-2113,2),

as illustrated in Fig. 8. Each of these expressions should be translated at
sight into (2 2, 3, 2—) which is regarded as the standard form. The reader
should similarly be able to write down 2 2 3 on seeing any of the flyped
variants shown in Fig. 9.
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Fi1G. 8. Concealed flyping
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Fi16. 9. Flyping variants of 223

4. Equivalences for knots. The following equivalences refer to the whole
knot diagram rather than its component tangles. If two vertices of a tri-
angular region are substituted 1 and —1, then in all cases within range the
first deformation of Fig. 10 produces a form with fewer vertices in the
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F1G. 10. Two knot reductions : .

basic polyhedron. If the substituents x and y of 6** x.a.b.c.d.y are
both 1, then the second deformation of Fig. 10 produces a form with
basic polyhedron 1*. This increases the crossing number by 2, but we
can use the continued fraction rule to reduce it by 2 again should any one
of a, b, ¢, d be a negative rational tangle. If instead x and y are —1
and 1, other reduction processes apply to all cases within range.

In the tables, these and other equivalences have been taken into account,
so that for example no substituent in the form 6**. a.b.c.d is negative
rational (this remark explains our preference for the 6** form rather than






