SOME RECENT RESULTS ON TOPOLOGICAL MANIFOLDS
REINHARD SCHULTZ, Purdue University

Although topological spaces exist in great variety and can exhibit strikingly
unusual properties, the main concern of topology has generally been the study of
spaces which are relatively well-behaved. One particularly interesting class of
examples is given by those spaces which locally look like Euclidean #-space R™.
Explicitly, a Hausdorff space X is called a topological z-manifold (without
boundary) if each point of X has an open neighborhood which is homeomorphic
to an open subset in R*. Since open sets in R™ and R” are homeomorphic if and
only if m =n, the integer # is a homeomorphism invariant of X and is called the
dimension of X. In this paper all manifolds under consideration are assumed to
be second countable.

Topological manifolds arise naturally in several different ways. For example,
they are useful in the qualitative study of differential equations inaugurated by
Poincaré (compare [1]). Topological manifolds are also a natural generalization
of the mathematical systems studied in non-Euclidean and Riemannian geom-
etry. Many interesting results on topological manifolds are generalizations of
older theorems originally proved for these and similar mathematical systems.

During the nineteen sixties important advances in the study of topological
manifolds yielded a great deal of information on their basic geometric structure.
In particular, two long standing conjectures regarding topological manifolds
were shown to be systematically false (see Section 4). One of the most useful re-
sults on topological manifolds of dimension 4, 5—their description in terms of
attaching handles—will be discussed in Section 5. This result allows one to take
certain theorems which had previously been proved under additional structural
assumptions and generalize them to topological manifolds with only minimal
changes in the proofs.

I wish to thank R. Kirby for his detailed comments on an earlier version of
this paper.

1. Classification of topological manifolds. Before beginning our discussion, it
will be useful to generalize the definition of topological #-manifolds to include
the possibility of a boundary. Let R’ be the set of points in R* whose last
coordinate is nonnegative. Then a topological #-manifold with boundary is a
Hausdorff space X each point of which has an open neighborhood homeomorphic
to an open subset of R” or RY.

Of course, the set of all points having neighborhoods homeomorphic to open
subsets of R7is a topological #-manifold without boundary as previously defined.
It is easy to see that the set of such points is open and dense in M ; this subset is
called the interior of M and written Int M. The complement of Int M is called
the boundary of M and written dM; it follows that .M is a topological (n—1)-
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manifold without boundary. The following theorem of M. Brown [9] is ex-
tremely important in the study of manifolds with boundary:

TraeorEM 1.1. (Collar Neighborhood Theorem) Let M be a manifold with
boundary. Then there is an open neighborhood V of d M which is homeomorphic to
M X [0, 1) such that s MV corresponds tod M X {0}.

One of the most immediate problems regarding topological manifolds is their
classification up to homeomorphism. The techniques of point set topology
suffice for the classification of one-dimensional manifolds; this was completed
during the second decade of the twentieth century (see [37] or [41]). There are
only four different homeomorphism types of connected one-dimensional mani-
folds: The open interval, the half-open interval, the closed interval, and the
circle.

The study of two-dimensional manifolds is somewhat more difficult and re-
quires a systematic investigation of polyhedra in the Euclidean plane (e.g., see
[29], [30], or [41]). One of the earliest results was the Jordan Curve Theorem,
first proved correctly by Veblen in 1905 [59]. This theorem was augmented by a
result of Schoenflies [48], and we may combine the two theorems into the follow-
ing single statement:

TrEOREM 1.2. (Jordan-Schoenflies Theorem). Let X be a subset of R2 which is
homeomorphic to a circle. Then R2—X has two components, one bounded and one
unbounded, and X 1is the point set-theoretic frontier of each component. The homeo-
morphism from the unit circle to X extends to a homeomorphism from the unit disk
to the closure of the bounded component of R*—X.

This theorem is the basic result needed for the following theorem of Radé
[45]:

TraEOREM 1.3. Any (unbounded) topological two-dimensional manifold M may
be triangulated; i.e., there is a countable locally finite covering {T.-} of M by com-
pact subspaces satisfying:

(1) There are canonical homeomorphisms h; from T'; o the solid triangle

{9 ER|220,yz0,and s+ y = 1.

(1) Under these homeomorphisms any nonempty intersection T \T; corre-
sponds to either a common side or a common vertex.

The classification of two-dimensional manifolds up to homeomorphism then
follows from a study of triangulated manifolds (e.g., see [18], [30], [46]). Re-
sults of Moise imply that the classification of three-dimensional manifolds
reduces to a study of triangulated three-dimensional manifolds (e.g., [35], [36]),
and a classification scheme in the compact case exists modulo Conjecture 1.4
below.

If X is any arcwise connected space, then X is said to be simply connected
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if any continuous map from the unit circle in R? to X (i.e., a closed curve in X)
extends to a continuous map of the unit disk. Given this definition, we may state
the following conjecture made by Poincaré in 1904 [44]:

ConNJeECTURE 1.4 (Poincaré Conjecture). Let M be a compact topological 3-
manifold without boundary that is simply connected. Then M is homeomorphic to
the unit sphere in R* (i.e., the 3 dimensional sphere).

Relatively little is known about four-dimensional manifolds; the direct ap-
proach used in lower dimensions becomes increasingly complicated as the dimen-
sion increases, and in four dimensions the problems involved becomes forbid-
dingly difficult. There is a marked change, however, when one considers manifolds
of dimension at least five. In this case one has enough space in which to make
geometric constructions involving circles and disks almost at will. A particular
consequence of this freedom of construction is that no general classification
scheme for compact topological manifolds exists in any dimension =5 (compare
[5, pp. 375-376]); for the freedom in constructing higher dimensional manifolds
implies that any classification scheme would yield a solution to the word problem
for finitely presented groups (see [47, Ch. XII] for a discussion of the latter
problem).

2. Generalized Schoenflies and Poincaré Conjectures. The Jordan curve
theorem was soon generalized to higher dimensions by Brouwer ([7]; also see
[14, §18] or [54]). However, Antoine [4] and Alexander [3] constructed ex-
amples of subspaces X in R? that are homeomorphic to the unit sphere in R? but
are not the frontiers of subspaces homeomorphic to the unit disk; counterex-
amples similar to Alexander’s exist in all higher dimensions. On the other hand,
Alexander also proved that X bounds a disk if it is a polyhedron in R® [2].
Around 1960 B. Mazur [31], M. Morse [38], and M. Brown [8] proved results
implying the following generalization of the Jordan-Schoenflies theorem:

THEOREM 2.1. (Generalized Schoenflies Theorem). Let X be ¢ subset of R*
that is homeomorphic to the unit sphere, and assume that the closure of the bounded
component of R*—X is a topological n-manifold with boundary. Then the homeo-
morphism from the sphere to X extends to a homeomorphism from the disk to the
closure of the bounded component of R*—X.

About the same time that the Generalized Schoenflies Theorem was proved,
Smale [53], Stallings [55], and Zeeman [64] proved a generalization of the
Poincaré Conjecture (1.4 above) in all dimensions greater than four; however,
their proofs required additional structure on the manifolds under consideration
(i.e., they had to be differential or combinatorial manifolds as defined in Section
3). Several years later Newman gave a proof of this result for topological mani-
folds using his generalization of Stallings’ techniques and arguments of E. H.
Connell [42]. For completeness, we state the result below:

THEOREM 2.2. (Generalized Poincaré Conjecture). Let M be a compact topo-
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logical n-manifold (n = 5) without boundary that is 3 (n—1)-connected if n is odd and
tn-connected if n is even. Then M is homeomorphic to the unit sphere in R+,

REMARKS 1. A topological space X is said to be k-connected if any con-
tinuous map from the unit sphere in R¥~*! (for any m = 0) extends to a map of
the unit disk.

2. We already noted that the three-dimensional case of Theorem 2.2 is un-
known; the four-dimensional case is also unknown.

The proof breaks down in dimensions 3 and 4 because in these cases there is
not enough room in the manifold to make all the constructions needed in the
proof (compare the last paragraph of Section 1).

Smale’s proof of the generalized Poincaré Conjecture (most of whose details
are independently due to A. H. Wallace [62]) was a central technique in the
theory of surgery on manifolds developed by Kervaire, Milnor, S. P. Novikov,
W. Browder, and C. T. C. Wall (for a definitive account see Wall’s book [61]).
Wall's theory in turn was important in studying the following elaboration of the
Generalized Schoenflies Conjecture:

CoNJECTURE 2.3. (Annulus Conjecture). Let A C R be a compact topo-
logical (n+1)-manifold whose boundary is homeomorphic to a disjoint union of two
copies of the unit sphere in R**'. Then A is homeomorphic to the closed annulus
in R+ bounded by the spheres of radius 1 and 2.

If this conjecture were false for =1 or 2, then an argument of Brown and
Gluck [10, p. 42] would imply that the compact unbounded topological manifold
A’ formed from 4 by gluing together the two components of the boundary of 4
could not be triangulated. Hence the conjecture is certainly true in these dimen-
sions by reductio ad absurdum (more elementary arguments are also possible). In
[19] Kirby gave an elegant argument which reduced the proof of the annulus
conjecture for =4 to a problem which could be handled by means of Wall’s
surgery theory. This surgery theoretical problem was solved independently by
Wall [60] and W.-C. Hsiang and Shaneson ([15], [16]); thus Conjecture 2.3 is
true except possibly in the case # = 3.

3. Differentiable and Combinatorial Manifolds. In this section we shall
describe the kinds of “additional structure” often associated to topological mani-
folds and mentioned in the previous sections.

The topological manifolds appearing in analysis and differential geometry
usually satisfy the conditions appearing in the following definition:

DEFINITION. A topological #-manifold is smoothable if there is a collection of
pairs { (Ua, be) }aEA satisfying:

(i) U, is an open subset in R*.

(ii) The map &: U,— M is a homeomorphism onto an open subset.

(iii) The functions kg ha:h; hs(Us)—hz ' he(Us) are functions of class Cr for
some 72 1.



