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1. STATEMENT OF MAIN THEOREM

If M is a manifold, #/(M), the structure set of M is defined, following
Sullivan and Wall [11], as the set of pairs (N,f) consisting of a manifold
N and a simple homotopy equivalence f : N > M that restricts to a homeo-
morphism on the boundary. Two pairs, (Nl,fl) and (Nz,fz), represent the
same element if there is a homeomorphism H : N, - N, such that

1
f ~ f.H rel 9. One of the most beautiful results in the theory is

Siebeniann's periodicity theorem that /(M) = M x D4) for most M, e.g. all
M with nonempty boundary (see [7] and the paper of Nicas [4] for a correc-
tion). Siebenmann's proof was rather indirect; it proceeded by constructing
a simplicial set whose Ty was #(M) and which was the fiber of a fibration
which had periodicity properties. While this is enough for Siebenmann's
(and others') applications, (such as providing a group structure on (M)
via the obvious one on #(M x D4) analogous to the definition of n4), its
indirectness is mysterious (see [7]). (This map is not just crossing with
D4; one does mot then get a homeomorphism on the boundary.) In this paper
we shall give a geometrically defined map /(M) > /(M x D4) (or actually to
#(E) for a class of total spaces of four-plane bundles) that has all the
properties of Siebenmann periodicity,by means of embedding theory. In
addition to whatever aesthetic advantages there may be in the gained
geometricity, there is also at least one practical pay-off. As an appli-
cation we shall show that many homotopy €P™'s have locally smooth

1 .
S -actions.
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Before proceeding it is important to note that periodicity is very much
a topological phenomenon that reflects both the periodicity of surgery
groups Ln(w) = Ln+4(ﬂ) and of the classifying space Z x G/Top =~ Q4G/Top.
(The Z factor accounts for the exceptions to periodicity among closed mani-
folds.) In particular, it fails even in the PL category since G/PL has one
twisted k-invariant at the prime 2. On the other hand, that is the whole
(small) difference. Moreover, the tools that we will use include embedding
theory, block bundles, transversality to subpolyhedra which are only avail-
able in the PL category. Nonetheless, the experts should be able to use
mapping cylinders, approximate fibrations, and torus tricks to make these
ideas (although not the details) work topologically.

Qur construction is an analogue of the classicalinotion of the branched
cyclic cover of a manifold W branched over (or along) a codimension two

(locally flat) submanifold M. Here one starts with a k-fold cyclic regular

cover on W-M. The well known fact is that if the restriction of the cover
to a circle meridionally linking M is the usual z - zk cover of S1 to itself,
then there is a canonical manifold compactification of the cover, obtained
by appropriately "filling in" M. The covering translates extend to a Zk
action on the whole branched cover with fixed set M, and the quotient is W.
(One way to do this is to remove the interior of any regular neighborhood

of M; the boundary has the structure of an sl.block bundle. The k-fold
cover restricts to a k-fold cover on each block resulting in a new Sl—block
bundle over M. One can now (inductively over a triangulation, as usual)

cone down to obtain a manifold. The key to doing this is that the total
space of the fibration restricted to a (linking meridinal) sphere is again

a sphere.

There are, of course, other fibrations over spheres with total spaces
spheres - namely the Hopf fibrations S1 > 83 - 82 and S3 > S7 > S4 and one
can use these to get notions of branched fibrations. Only the first is
relevant to this paper (although everything we say applies equally to the
second). To repeat, in other words, whenever M ¢ W is codimension three
and one has a principal Sl~bund1e on W-M which restricts to the Hopf bundle
on a linking 52 (i.e., the first Chern class evaluated on [SZ] is 1) then
the total space can be canonically compactified by "£i11ing in" M in such
a way that M is now a codimension four submanifold, and the S1 action
(fiberwise, by rotation) on the (open) principal bundle piece extends to
one on the compactification with M as fixed set. We call this space the

branched Sl—fibration of W along M.






