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Generalisations and applications of block bundles
By A. J. Casson

Introduction

Rourke and Sanderson [10] introduced the idea of a block bundle. They
used block bundles in the PL (piecewise linear) category as a substitute for the
normal bundles of differential topology. Their block bundles had fibre I? (the unit
cube in ¢g-dimensional space).

We generalise the idea to allow any compact PL manifold F' as fibre. Chapter
I sets up the theory; in particular, it is shown that there is a classifying space
BPLpE for block bundles with fibre F'.

In Chapter II we compare block bundles with Hurewicz fibrations. Let F
be a compact PL manifold with boundary dF, and let BGr classify Hurewicz
fibrations with fibre (F,0F'). We produce a map x : BPLr—— BG, arising from
a natural transformation of bundle functors.

We wish to obtain information about B/P\I?F; in fact we can study BGFp
(which is purely homotopy theoretic) and the fibre Gg/PLp of x. In Chapter III
we construct a map 6 : GF/FEF—%G/PL)F, where G/PL is the space studied
in Sullivan’s thesis under the name F//PL, and (G/PL)¥ is the space of all unbased
maps from F' to G/PL. Theorems 5,6 show that, under suitable conditions, 6 is
almost a homotopy equivalence. For these results it is essential to work with block
bundles rather than fibre bundles.

Sullivan shows in his thesis (see [13] for a summary) that G/PL is closely
related to the problem of classifying PL manifolds homotopy equivalent to a given
manifold. Therefore it is important to have information about the homotopy type
of G/PL. In Chapter IV we apply Theorem 5 to show that Q*(G/PL) is homotopy
equivalent to Q8(G/PL); it is almost true that G/PL is homotopy equivalent to
0Y(G/PL).

In Chapter V (which is almost independent of the earlier chapters) we show
that, with certain restrictions on the base-space, a block bundle with fibre RY
which is topologically trivial is necessarily piecewise linearly trivial. It follows
from this (again using the results of [13]) that the Hauptvermutung is true for
closed 1-connected PL manifolds M with dim M > 5 and H3(M;Zsy) = 0.

I should like to thank Professor C.T.C.Wall for suggesting the study of gener-
alized block bundles and for much encouragement. I am also very grateful to Dr.
D.P.Sullivan for several conversations during the summer of 1966.
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Origins of the ideas

Chapter I is based on §1 of [10]; the definitions and technical details are new,
but the general plan is similar. The use of block bundles with arbitrary fibres was
suggested to me by Professor Wall.

Chapter II is mainly technical, and new as far as I know.

Chapter IIT generalizes results in Sullivan’s thesis (but the proofs are based
on the references given rather than on Sullivan’s work).

The result and method of proof in Chapter IV is new, as far as I know.

I believe that Sullivan* has a stronger result than Theorem 8 of Chapter V,
but have not seen his proofs. 1 proved Theorem 8 before hearing of Sullivan’s
latest result. My proof is an extension of the idea of [16].

Summer, 1967

* See D.P.Sullivan, On the Hauptvermutung for manifolds, Bull. Amer.
Math. Soc. 73 (1967) 598-600. The theorem announced there includes ours, but
the proof seems somewhat different.
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I. Block Bundles

A polyhedron is a topological space together with a maximal family of PL
related locally finite triangulations. A cell complex B is a collection of cells PL
embedded in a polyhedron X such that:

(1) B is a locally finite covering of X
(2) if B, € B then 93, 3N~ are unions of cells of B,
(3) if 3, are distinct cells of B, then Int 5N Int~y = 0.

We write | B| for X and do not distinguish between a cell 5 of B and the subcomplex
it determines. A cell complex B’ is a subdivision of B if |B’'| = |B| and every
cell of B is a union of cells of B’. A based polyhedron is a polyhedron with
a preferred base-point; a based cell complex is a cell complex with a preferred
vertex. All base-points will be denoted by ‘bpt’.

Let F be a polyhedron and let B be a based cell complex. A block bundle
¢ over B with fibre F consists of a polyhedron E(£) (the total space of &)
with a closed sub-polyhedron Eg(§) for each § € B and a PL homeomorphism
b(&) : F—Eypi(€), such that:

(1) {Es(§)|B € B} is a locally finite covering of E(§),
(2) if 8,7 € B then

By nE©) = | Bs©).

SC BNy
(3) if B8 € B, there is a PL homeomorphism h : F' x f——Eg(§) such that

h(F xv) = E\(§) (yC9pB).

If £ is a block bundle over B and By is a subcomplex of B, the restriction
| By is defined by

E¢B) = |J Es9) ,

BEByU{bpt.}

Es(&ls,) = Ep(§) , b(§[Bo) = b(&) -
Note that &|By is a block bundle over By U {bpt.}, not necessarily over By itself.

If £, are block bundles over B, an isomorphism h : {——n is a PL homeo-
morphism h : F(§)—FE(n) such that

hEg(§) = Eg(n) (B€B) , hb&) = b(n) .
A particular block bundle € over B is obtained by setting

E(e) = Fx B, Egle) = Fxpj,
b(e) = 1xbpt : F— F X bpt .
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A trivial block bundle is one isomorphic to €; an isomorphism h : e——¢ is a
trivialisation of £. It follows from condition (3) that &|f is trivial for each 5 € B.

Let B, C be based cell complexes and let £ be a block bundle over B. Define
a block bundle £ x C' over B x C' by

E(xC) = E(§) xC, Egxy(ExC) = Ep(§) xv
(for cells B € B,y € C) and b(§ x C) = b(§) x bpt.

Lemma 1. Suppose |B| = (3, where 3 is an n-cell of 3, and let v be an (n — 1)-
cell over B. If & and n are block bundles over B, any isomorphism h : £|(0F —
v)—n|(08 — ) can be extended to an isomorphism h : E——n.

Proof. Since £ =¢|3,n =n|B, £ and n are both trivial. Let k and [ be trivialisa-
tions of &, n, respectively. Then a PL homeomorphism

I™'hk © Fx (0B —7) — F x (08 —7)
is defined.
Choose a PL homeomorphism
f: (@8- x1— B
such that fy : (08 — v)— B is the inclusion, and let
g =1xf: Fx(0—v)xI— Fxg.
The required extension of f is given by

h = g™ hk x Dg™ 'k~ E(§) — E() .

Lemma 2. Let B be a based cell complex and take bpt X 0 as base-point for B x I.
If £, m are block bundles over B x I, then any isomorphism
h : n|(Bx0)U(bpt x I) — n|(B x 0)U (bpt x I)

can be extended to an isomorphism h : é——n.

Proof. Write B” for the r-skeleton of B, and let C" = (B x 0) U (B" x I).
Suppose inductively that h can be extended to an isomorphism h : £|C"——n|C";

the induction starts trivially with 7 = 0. Let 3 be an (r + 1)-cell of B. By Lemma
1

h 2 l(Bx0)U (08 xT) — n|(Bx0)U (96 x 1)
can be extended to an isomorphism h : £|(8 x I)——n|(8 x I). Thus we have
defined an isomorphism

h : &C"U(BxI)— nC"U(BxI).
Do this for all r-cells of B to obtain
h @ £lOTT — Ot
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extending the given isomorphism. The Lemma now follows by induction.

Let ¢ be a block bundle over B and let B’ be a subdivision of B. A block
bundle &’ over B’ is a subdivision of § if E(¢') = E(§), Eg/(¢') C Eg(€) (for all
cells f € B', 8 € B with ' C ) and b(¢’) = b(€).

Theorem 1. Let B’ be a subdivision of a cell complex B. Any block bundle over
B’ is a subdivision of some block bundle over B. Any block bundle £ over B has a
subdivision over B', and any two subdivisions of & over B’ are isomorphic.

Proof. First we prove the following propositions together by induction on n.

P, : If |B| is homeomorphic to an n-cell, then any block bundle over B is
trivial.

Q,, : Let dim B < n and let By be a subcomplex of B. Let B’ be a subdivision
of B, inducing subdivision B] of By. Let ¢ be a block bundle over B and let &
be a subdivision of £|By over B(,. Then there is a subdivision & of £ over B’ such
that &) = &'| By.

Observe that Py and Qg are both true. We shall prove that @), = P,, and
Pn & Qn = Qn+1~

Proof that @),, = P,,. Suppose |B| is homeomorphic to an n-cell, and let £ be
a block bundle over B. Since | B| is collapsible, there is a simplicial subdivision B’
of B which collapses simplicially to the base point [19]. Assuming @, there is a
subdivision &’ of £ over B’. It is enough to prove that £’ is trivial.

Let
B' = Ki \5 K1 \$ ... \5 Ko = {bpt.}

be a sequence of elementary simplicial collapses. Suppose inductively that &'| K.
is trivial; the induction starts with » = 0. Write

Kei1 = K,UA, K,NA = A,

where A is a simplex of K1 and A is the complement of a principal simplex in
OA. Let h: Fx K,—FE({'|K,) be a trivialisation of ¢'| K. By Lemma 1, h|F' x A
extends to a trivialisation of £|A. Thus we obtain a trivialisation of {”|K, 1. By
induction, £’ is trivial, as required.

Proof that P, & Q,, = Q,+1. Suppose B, By, B’, £, & satisfy the hypotheses of
Qny1- If Ais any subcomplex of B, we write A’ for the subdivision of A induced
by B’. Let By = By U B™, assuming @, there is a subdivision £] of £|B; over Bj
such that &|(BoNB™) = & |(BoNB™)". Let § be an (n+1)-cell of B — By, and let
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~ be an n-cell of B contained in 3. Since |03 — 7| is homeomorphic to an n-cell,
£11(08 —v)’ is trivial by P,,. Let h be a trivialisation of £1[(08 — v)’; a fortiori, h
is a trivialisation of £|(906 — 7).

By Lemma 1, h extends to a trivialisation of £|3. Let C' be the cell complex
consisting of (3, and the cells of (98 — v)’. Define a block bundle n over C' by

Es(n) = Ep(§), Ey(n) = E(¢)

and Es (n) = Es (&) for each cell §’ of (05 — v)". Then k is a trivialisation of 7,
so 7 satisfies condition (3) in the definition of block bundle.

Let ¢’ be an n-cell of (08 — v)', so |0p" — §'| is homeomorphic to an n-cell.
Assuming P,, &1 |(08" — ') is trivial; let A’ be a trivialisation. A fortiori, h’ is a
trivialisation of n|(9p" — §’).

By Lemma 1, A/ extends to a trivialisation k" of n. In fact, ¥'|F x 0’ is a
trivialisation of £1|08’, because k' extends h’ and k/'(F x §') = Es(&]). To extend
€100’ to a subdivision &'|3" of £|3, we define E,/(£') = k'(F x ') for each cell o
of 7.

Do this for all (n + 1)-cells of B — By, and define &'|3 = |5 for each (n+ 1)-
cell B of By. We obtain a subdivision £’ of £ over B’ such that &, = ¢'| B, as
required.

By induction, P,, and @Q,, are true for all n. Let B be any based cell complex
and let B’ be a subdivision of B.

Let £ be a block bundle over B’. We define a block bundle £ over B with
E(&) = E(¢) by setting Eg(§) = E(¢'|#') (where 4’ is the subdivision of 3 induced
by B’) for each cell 5 of B. This clearly satisfies conditions (1),(2) in the definition
of block bundle. By P,, £|# is trivial, so £ also satisfies condition (3). Clearly, &’
is a subdivision of &.

If £ is a block bundle over B, it follows from @,, (by induction on the skeleton
of B) that £ has a subdivision over B’. Let |, &} be two such subdivisions. Recall
that 7 = & x I is a block bundle over B x I. Define a block bundle n; over B’ x 91
by & =ni|B’' x {t}, (t =0,1). Again it follows from @,, that n has a subdivision
n’ over B’ x I such that n, = 1’| B’ x 01. Observe that n'|bpt x I = & x I|bpt x I.
By Lemma 2, the identity isomorphism

n'|(B x 0) U (bpt x I) — &) x I|(B x 0) U (bpt x I)

extends to an isomorphism n'—¢], x I; it follows that & = &). This completes
the proof of Theorem 1.
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Let X be a polyhedron and let B, C be cell complexes with |B| = |C] = X;
suppose all three have the same base-point. Let &,n be block bundles over B, C
respectively. We call &, 7 equivalent if, for some common subdivision D of B, C,
the subdivision & over D is isomorphic to the subdivision of n over D. This relation
is clearly reflexive and symmetric; by Theorem 1 it is also transitive.

Let Ir(X) be the set of equivalence classes of block bundles over cell complexes
B with |B| = X. It is easily checked that, if | B| = X, then each member of Ir(X)
is represented by a unique isomorphism class of block bundles over B.

Suppose X,Y are polyhedra and let y € Ip(Y). Let B, C be cell complexes
with |B| = X,|C| = Y, and let n be a block bundle over C representing y. If
p2 : X X Y—=Y is the projection, let pi(y) € Ir(X x Y') be the equivalence class
of B xn.

If i : X—Y is a closed based PL embedding, let C’ be a subdivision of
C with a subcomplex D’ such that |D’| = i(X). Let ' be a subdivision of 7
over C’, and let ¢ = n/|D’. It follows from Theorem 1 that the equivalence class
' € Ip(i(X)) of ¢ depends only on y. Let i*(y) € Ip(X) correspond to z’ via
the PL homeomorphism ¢ : X —i(X). The next lemma will enable us to define
f* i Ip(Y)—Ip(X) for any based PL map f: X—Y.

Lemma 3. Let X,Y,V,W be polyhedra and leti: X—V XY, j: X—W xY
be closed based PL embeddings such that pat = psj : X—Y . Then

i'py = 'y ¢ Ip(Y) — Ip(X) .
Proof. Let k: X—V x W x Y be defined by
pisk=1: X — VXY,
pask =5 X — WxY.

In the diagram
Ip(V xY)

E
P13

(1) Ip(X)— [ (Vx W xY) 25 [a(Y)

\ p§3 V%)

Ip(W x Y)

the right-hand triangles are clearly commutative. We prove that the bottom left-



40 CASSON

hand triangle commutes. There is a contractible polyhedron Z and a closed based
PL embedding [ : V——Z. Consider the diagram

The bottom two triangles clearly commute. Since Z is contractible to its base-
point, p1 (I X 1)k =~ py(bpt X j). But pas(l x 1)k = j = pag(bpt X j), so there is a
closed based PL isotopy between (I x 1)k and (bpt x j). It follows from Lemma 2
that ((I x 1)k)* = (bpt x j)*. Clearly k*(I x 1)* = ((I x 1)k)*, so the top triangle
commutes. Therefore the bottom left-hand triangle in diagram (1) commutes, so
the Lemma is proved.

Let X and Y be based polyhedra and let f : X——Y be a based PL map.
There is a polyhedron V and a factorization f = poi, where i : X—V x Y is a
closed based PL embedding. For example, we can take V =X and ¢ =1 x f. By
Lemma 3, the map i*p} : Ip(Y)——1p(X) depends only on f; we define f* = i*p3.

Lemma 4. Ir is a contravariant functor from the category of based polyhedra and
based PL maps to the category of based sets.

Proof. The base-point of Iz(X) is the class of the trivial bundle. For any poly-
hedron X, 1% is the identity map. Let X,Y, Z be polyhedra, and let f : X —Y,
g : Y—Z be based PL maps. Let V,W be polyhedra and let i : X—V X Y,
j : Y—W x Z be closed based PL embeddings such that f = psi,g = poj.
Consider the diagram
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Ir(X)

Z‘*

This clearly commutes; the right route defines f*¢g* and the left route defines
(gf)*. This proves that I is a contravariant functor.

Theorem 2. If F is compact, then there is a based polyhedron BFEF and an
element wy € Ip(BPLp) such that f — f*(wy) defines a natural equivalence
[ ,BPLF]—>IF.

Proof. First we show that Iz satisfies the following axioms:

(1) If X, Y are based polyhedra and fy ~ f; : X—Y by a based PL homotopy,
then f§ = fi : Ip(Y)—Ip(X).

(2) If X; is a based polyhedron (i € I) and u; : X;— \/,.; X; is the inclusion,
then ILc,uf : Ir(\V,c; Xi) —1lic,Ip(X;) is an isomorphism.

(3) Suppose that X, Xo, X7, X5 are polyhedra with X = X; U X5, X = X1 N Xo,
and that the inclusions u; : Xg—X;, v; : X;——X are based maps. If
x; € Ip(X;), (i =1, 2) satisfy uj(z1) = ud(z2), then there exists z € Ip(X)
with z; = v} (z), (i =1, 2).

(4) Ir(S°)is a single point and Ix(S™) is countable where S™ denotes the bound-
ary of an (n + 1)-cell.

Proof of (1). This follows from Lemma 2 and a short argument about base-points.
Proof of (2). Let B; be a cell complex with |B;| = X;. Let x € II;c;X; and

let ¢; be a block bundle over B, representing p;(z). Let A = U;erE(&;), Ao =
Uier Eopt (&), b= Uierb(€) ™! 1 Ag——F and define F(n) = AU, F. If 3 is a cell of
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Ve Bi, then 3 is a cell of some B;, so we can define Eg(n) = Eg(§;) C E(n). Let
b(n) = b(&;) : F—Eppi(n), which is independent of j. Then 7 is a block bundle
over \/,.; By let y € Ir(\/,c; Xs) be the class of n. Then x +— y defines an inverse
to II,c,uf, so (2) is proved.

Proof of (3). Let B be a cell complex with |B| = X and with subcomplexes
By, B1, By such that |B;| = X; (i = 0,1,2). Let & be a block bundle over B;
representing z; (¢ = 1,2). Since uj(z1) = uj(x2), there is an isomorphism h :
51|Bo—>fg|Bo. Let E(f) = E(él) Up E(ég), let E@(é) = Eﬁ(fz) if 8 € B; and
let b(§) = b(&1) = b(&2) : F—Eppt(€). Then the class  of  has the required
properties.

Proof of (4). Clearly Ir(S°) is a single point. Let B be a cell complex such that
S™ = |B|, and let 8 be an n-cell of B. Any element = € I(S™) can be represented
by a block bundle £ over B. Let k,l be trivialisations of £|3, £|B — (3, and let
h=k"11:F x 08—F x 08.

Since F' is compact, there are finite simplicial complexes K, L with |K| =
F x B,|L| = F x (B — ) and such that h is simplicial. Clearly the simplicial
isomorphism class of the triple (K, L, h) determines = completely. But there are
only countably many such classes (of triples), so Iz(S™) is countable.

Now we can apply Brown’s Theorem on representable functors [4] to Ir. We
deduce that there is a countable based C'W complex W and a natural equivalence
R:[ ,W]—Ip. By a theorem of J. H.C. Whitehead [18], there is a polyhe-
dron BPLy and a homotopy equivalence ¢ : BPLp——W. Let w; = R(¢) €
IF(B/]—D\Z/LF); then the pair (B/]—D\Z/LF, wr) has the required properties.

Remark. The compactness of F' was only required to make the classifying space
BPLpg a polyhedron. If F' were an infinite discrete space (for example), then the
space W constructed above would have uncountable fundamental group.

Our main concern is with block bundles having a compact PL manifold F' as
fibre. If £ is such a bundle over a cell complex B, we can define a block bundle 9§
over B with fibre OF as follows.

Let 3 be a cell of B, let k,l be trivialisations of £|B and let h = k~![ :
F x f——F x 3. Since h(F x ) for each v C 93, h(F x 93) = F x 93. Therefore

h(OF x 3) = h(O(F xB)—F x08) = 0F x [3;
it follows that k(OF x ) = l[(OF x [3). Define

Ep(0¢) = K(OF x 0) ,
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where k is any trivialisation of £|3, and define

E(0¢) = | Es(9¢) , b(9€) = b(&)|OF .

BeB
Then € is a block bundle over B with fibre OF.

Lemma 5. Suppose that |B|, F' are compact PL manifolds, that 3 contains the
base-point of B and let £ be a block bundle over B with fibre F'. Then E(§) is a
compact PL manifold and OE(§) = E(0§) U E(£|0B).

Proof. Let B’ be a simplicial division of B and ¢’ be a subdivision of £ over B’.
Clearly 0’ is then a subdivision of 9¢. If p € E(£), then

p € P, where P = E(¢'|St(q, B")) — E(¢'|Lk(q, B'))
for some vertex ¢ of B’; we can choose ¢ € IntB unless p € E(£|0B). Let
Q = St(q,B’) — Lk(¢q,B’) ,
so @ is an open ball if p ¢ E(£|0B), and a half-open ball if p € E(£|0B).

A trivialisation k of ¢’|St(q, B') defines a homeomorphism k : F' x Q——P
such that k(0F x Q) = PN E(9¢). Let N be an open ball neighbourhood of
p1k~1(p) in F if p & E(9E), or a half-open ball neighbourhood if p € E(9€).

If p ¢ E(0§)U E(E|0OB), then k(N x @) is an open ball neighbourhood of p in
E). If pe E(0) U E(&|0B), then k(N x Q) is a half-open ball neighbourhood
of p, and p € k(O(IN x @)). This proves that E(&) is a PL manifold (obviously
compact) with boundary E(0¢) U E(£|0B).

II. Homotopy Properties of Block Bundles

Let £ be a block bundle over B with fibre F'. A block fibration for £ is a
PL map 7 : E(§)—|B| such that Eg(¢) = 7~ 1(3) for each 3 € B. A block
homotopy for £ is a PL map H : E(§) x I—|B| such that, for all ¢t € I,
H, : E(§)—|B| is a block fibration for &.

Lemma 6. Any block bundle & has a block fibration, and any two block fibrations
for & are block homotopic.

Proof. Write B" for the r-skeleton of B. There is a unique block fibration 7 :
E(¢]B%)—|B°|. Suppose inductively that 7 can be extended to a block fibration
7w : E(¢|B")—|B"|, and let 8 be an (r 4 1)-cell of B. Then = : E({|03)—|00]
can be extended to a PL map 7 : E(£]|3)—|3| such that #=1(|08]) = E(£|03).
Do this for all (r+1)-cells of B to obtain a block fibration 7 : E(¢|B™+1)——|B 1|
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extending the given block fibration. By induction, ¢ has a block fibration; it is
obvious that any two block fibrations for £ are block homotopic.

Let £ be a block bundle over B with fibre F', and let m be a block fibration
for €. Let

E = {(z,¥):x € E,¢: [—>|B| such that n(z) = ¢(0)} ,

with the compact open topology. Define i : E({)—&, p : E—|B| by i(z) =
(x, constant) and p(x,v) = ¢(1). Then i is a homotopy equivalence and p is a
Hurewicz fibre map. Let F = p~!(bpt) be the fibre of p.

Theorem 3. The map ib(§) : F—F is a homotopy equivalence.

Proof. By [9], F has the homotopy type of a CW complex. Choose a component
F1 of F; Fi lies in some component & of £. Let Ey be the corresponding compo-
nent of F(§), and let By be the component of B containing the base-point. It is
easy to see that m|Ey—— By must be surjective, so Fy = EoNELp(€) is non-empty.
Choose a base-point for Fy = & N F.

If n > 1, there is a commutative diagram

n(Eo, Fo) n(€0, F0)

\ A

n(|Bol, bpt)

Since p : Eg——|By| is a Hurewicz fibration, p, is an isomorphism. Using the fact
that m : Ey——|By| is a block fibration, we shall prove that 7, is an isomorphism.
It will follow that i, is an isomorphism; hence there is a unique component F}
of Fy with i(Fy) C F1. An application of the Five Lemma will show that i, :
7 (F1)—m-(F1) is an isomorphism for all » > 1, and the Theorem will follow by
the Whitehead theorem.

To prove that 7, is surjective, consider an element o € 7,(|Byl|, bpt). By
subdividing, we may assume that By is a simplicial complex (note that subdivision
does not alter the homotopy class of 7 : Ey, Fop——|Bg|, bpt). Let D™ be a standard
n-cell. There is a triangulation of D" such that D™ \* bpt € S"~! and « is
represented by a simplicial map f : D", S"~'—— By, bpt. Let

D" = Kk\Skal\s ...\SK() = bpt

be a sequence of elementary simplicial collapses.
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Suppose inductively that there is a map g : K,.——FEj such that, for all x €
| K|, mg(z) is in the closed carrier of f(z) in By. We can write K, = K, UA,
K,.NA = A for some simplex A € K,.1. Let Ay = A — A, so Ay is a principal
simplex of OA. Let 8= f(A), f1 = f(A1) be the image simplices in By. Then

g : A78A - Eﬁ(£)7Eﬁl(£)

is defined. Since Eg, (£) is a deformation retract of E3(&), g can be extended to a
map

g : A?Al B Eﬁ(£)7Eﬁl(§) .

Thus we obtain an extension of g to g : K,+1—Fj such that, for all z € |K,14],
mg(z) is in the closed carrier of f(x) in By.

Now we have completed our induction and have obtained a map g : D"——Fj
such that for all z € D", mg(x) is in the closed carrier of f(x) in By. In particular,
g(S™™1) C Fy, so g represents an element 3 € m,(Ey, Fy). Clearly 7.8 = «, so
T, is injective as asserted. A similar argument shows that 7, is injective, and the
Theorem is proved.

We now restrict F' to be a compact PL manifold with boundary 0F'. Let X be
a based polyhedron; a Hurewicz fibration over X with fibre (F, 0F) consists of
a pair of topological spaces (£, 0€), a map p : £E——X and a homotopy equivalence
of pairs

b: F,0F — p~(bpt),p~!(bpt) N OE
such that;
(1) Forallz € X, (p~(x),p 1 (x) NOE) ~ (F,0F),
(2) Given a pair of topological spaces A,0A, a map f : A,0A—&,0€ and a

homotopy G : A x I—X such that Gy = pf, then there exists a homotopy
H:AxI,0AxI1—E&,08 with Hy = f, G = pH.

Two Hurewicz fibrations (€,0&,p,b), (£',0E",p',b’) are fibre homotopy
equivalent if there are maps

h : &0 — &,08 |, b : &0 — &,08
and homotopies H : h’h ~ 1, H' : hh' ~ 1 such that, for all ¢t € I,
pH, = p, Hb =10, pH =19 , HV =1

We write Hp(X) for the set of fibre homotopy equivalence classes of Hurewicz
fibrations over X with fibre (F,0F). The well-known construction for induced
fibrations makes Hr into a contravariant functor from the category of based poly-
hedra and based PL maps to the category of based sets. A proof that Hp is
representable is indicated in [4]; the step which is given without proof can be dealt
with by the methods of Theorem 3 above. We summarise the conclusion as follows.
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Proposition. If F' is a compact PL manifold, then there is a based polyhedron
BGp and an element wy € Hp(BGF) such that f — f*(wg) defines a natural
equivalence | , BGp|— Hp.

Lemma 7. There is a natural transformation S : [p— Hp.

Construction of S. Let X be a based polyhedron and let € Ir(X). Let B be a
cell complex with |B| = X, and let £ be a block bundle over B representing z. By
Lemma 6, ¢ has a block fibration 7 : E({)—X. Construct p : E——X as above,
and let 0 = {(z,v) € £ : x € E(0§)}. It is easily proved that p : £,06— X
satisfies part (2) of the definition of Hurewicz fibration. By Theorem 3, part (1)
is also satisfied, and

ib(&) : F,0F — p~(bpt),p~*(bpt) N OE

is a homotopy equivalence. Therefore (£,0E, p,ib(§)) defines an element S(&,7) €
Hp(X).

Let 7’ be another block fibration for . Construct (£',9&’,p’,4') from 7’ as
above. Define j' : £&',08'—FE (&), E(0€) by j'(x,1) = x; then j' is a homotopy
inverse to ¢'. Thus 15’ : £',08'—&, OE is a homotopy equivalence of pairs and p’ ~
p.ij’ via a homotopy H with H;.i'b(§) = ib(€). It follows from Theorem 6.1 of [5]
(modified to take account of base-points and pairs of fibres) that (£/,0&’,p’,7'b(§))
is fibre homotopy equivalent to (£,0&,p,ib(§)). Therefore S(£,w) depends only
on &.

If ¢ is a subdivision of &, then S({,m) = S(§,n") = S(¢',n’) for any block
fibrations 7, 7w’ of £, &’. Therefore S(&, ) depends only on the equivalence class z

of &; we write S(x) = S(&, ).

Naturality of S. It is enough to prove that S is natural
(1) with respect to projections py : Y x X— X,
(2) with respect to closed based PL embeddings j : Y —X.

Proof of (1). Let B, C be cell complexes with |B| = X, |C| =Y. Let & be a block
bundle over B representing = € Ir(X), and let 7 be a block fibration for . Then
mx1:FE()xY—X xY is a block fibration for £ x C' (which represents p3(z)).
Construct (£,0€,p,ib(£)) representing S(z). Let Y! be the space of unbased
maps 1 : [—Y and define e; : Y/ —Y by e;(¢)) = 4(1). Then

(€ xY!,06 x Y, px e, (i x bpt)b(€))
represents S(p;(z)). But this fibration is equivalent to
(€ xY,06 xY,px1,(i x bpt)b(§)) ,

which represents p3(S(x)).
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Proof of (2). Let B be a cell complex with |B| = X and with a subcomplex C
such that |C] = j(Y). Let £ be a block bundle over B representing = € Ip(X),
and let m be a block fibration for £. then w|E(£|C)——|C| is a block fibration for
¢|C (which represents j*(x)). Construct (£,0E, p,ib(§)) representing S(z). Write
i’ for the restriction

i| = B(£]C), B(9€|C) — p~H|Cl.p~H[C| N OE ;
clearly w|E(£|C) = pi’.

Identify F with b(¢)F and write F for p~*(bpt). Consider the commutative
diagram

~

m(E(£[C), F) - T (p~IC, F)

N/

mn(|C|, bpt)

As in Theorem 3, 7, is an isomorphism; since p, is an isomorphism, 7, is also an
isomorphism. Therefore i’ : E(¢(|C)——p~!|C| is a homotopy equivalence. Simi-
larly i’ : E(0€|C)—p~1|C| N OE is a homotopy equivalence, so i’ is a homotopy
equivalence of pairs. It follows from Theorem 6.1 of [5] that

(p~Cl,p~HICI N OE, plp~|CY, b(€))

represents S(j*x), so j*S(z) = S(j*z). This completes the proof of Lemma 7.

Recall that wy € IF(B?EF), wy € Hp(BGF) are the universal elements.

There is a based map x : BPLp——BGp such that S(w;) = x*(wg). This
defines the based homotopy class of x uniquely.

Consider the topological space L = {(z,%)} of pairs with x € Bf’fp, P
I— BGF such that x(z) = ¢(0), (1) = bpt, with (bpt,constant) as base-point.
There is a based map x’ : L——BPLp defined by x'(x,v) = x. By theorems of
Milnor [9] and J. H. C. Whitehead [18], there is a based polyhedron Gg/PLy and
a homotopy equivalence i : GF//]SZ/LF—>L. Define x1 = x/i : GF//]—D\Z/LF—>B/]—5EF.

Let B be a based cell complex and let F' be a compact PL manifold. A
Gr/PLp-bundle over B consists of a block bundle £ over B with fibre F' and a
PL map

t . E(€), B(9€) — F,0F

such that tb(§) = 1. Two GF//]—D\EF—bundles (&,t) and (n,u) over B are isomor-
phic if there is an isomorphism h : {——n such that uh ~t (rel b(£)(F)). Define
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the equivalence of G //P\l/'/p—bundles over a polyhedron X as in Chapter I, and
let Jp(X) be the set of equivalence classes.

Lemma 8. Let (¢,t) be a Gp/PLp-bundle over B and let 7 : E(§)—|B| be a
block fibration for &. Then

txw : E(€),E(0¢) — F x |B|,0F x |B|

18 a homotopy equivalence of pairs.
Proof. Apply Theorem 3 as in the proof of Lemma 7.

We make Jr into a contravariant functor as follows. Let f : X——Y be a
based PL map, and suppose f = psj, where j : X—V x Y is a closed based PL
embedding. Let B, C, D be cell complexes with

Bl =X, |Cl=Y , |[D|l = Z,
and let (1, u) be a Gp/PLp-bundle over C representing y € Jp(Y). Let (D x C)’

be a subdivision of D x C with j(B) as a subcomplex, and let (D x 1)’ be a
subdivision of D x n over (D x C)’. Then f*(y) is represented by

(Cxn)15(B) , up2| E((C x n)'[(B))) -
The proof of Lemma 3 shows that f*: Jp(Y)—Jp(X) is well-defined, and that
Jr is a contravariant functor.

Theorem 4. If F' is a compact PL manifold, then there is an element w; €
Jrp(Gp/PLFE) such that f — f*(wy) defines a natural equivalence [ ,Gp/PLp]—
Jp.

Proof. Let C7, Cj, Cy be cell complexes with
|C[| = Bﬁfp y |CJ| = GF/ﬁ\EF and |CH| = BGF .

Let n; be a block bundle over Cj representing wy, and let ny be a Hurewicz
fibration over |C'y | representing wg. Let 1y be a block bundle over C; representing
X (wr), and let 77, w; be block fibrations for n;, n;.

Recall that S(wr) = x*(wg); let h = S(nr, 71)—x*(nm) be a fibre homotopy
equivalence. The proof of naturality of S (Lemma 7) provides a fibre homotopy
equivalence

Sy, my) — xiS, 1) -
Compose this with
Xih o xiS(r, mr) — xax" (nm)

to obtain a fibre homotopy equivalence

hi + S(nymr) — xixX () -
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Now xx1 = xx'i, where X' : L— BGp sends (z, ) to x. There is an obvious
null-homotopy H : L x I—BGFp of xx’, so H = H(i x 1) is a null-homotopy of
xx1- Let A’ : xix*(ng)——e€ be the trivialisation defined by H’. The composite

7 h1 - ' P1
E(ns) — S(s,ms) — xix* () — ¢ — F
defines a map
uy - E(T]J),E(@T]J) — F, 6F

such that usb(n;) = 1. Let w; be the equivalence class of (1, u) in Jp(Gg/PL).

Clearly f — f*(wy) defines a natural transformation from [ ,Gg/PLg] to
Jr. Let B be a cell complex and let (§,t) be a GF//P\I/LF—bundle over B; we have
to prove that the equivalence class of (&,t¢) corresponds to a unique element of
[|B|,Gr/PLy]. Let 7 be a block fibration for €.

There is a map ¢ : |B|—>B/P\I?F such that & represents ¢g*(wy); ¢ is unique
up to homotopy. The proof of naturality of S (Lemma 7) provides a fibre ho-
motopy equivalence S(&,m)——g¢*S(nr, 7). Compose this with g*h : ¢*S(nr, )
—g*x*(nm) to obtain a fibre homotopy equivalence k : S(§, 7)—¢*x*(nm).

Now tk~1 : g*x*(ng)——F defines a fibre homotopy trivialisation of g*x* (nx ),
unique up to fibre homotopy. Let K : |B| x I— BGF be the corresponding null-
homotopy of xg : |B|—BGp. Then (g, K) defines the unique homotopy class of
maps f : |B|—Gp/PLp such that (n,t) represents f*(w;). This completes the
proof of Theorem 4.

III. Tangential Properties of Block Bundles

Let I™ denote the product of n copies of the unit interval; we write G,, / /]Sl/Ln for
Gyn/PLyn. The obvious natural transformation Jyn —Jpn+1 (multiply the fibre

of each bundle by I') defines a homotopy class of maps G,/ /P\I//n N Gni1/ /P\Zn+1.
Write G/PL for the direct limit of the sequence

G /PLy — Gt [PLnsy —2 .
More precisely, for n = 1,2,3,... replace G, +1/ ﬁnH by a homotopy equivalent
polyhedron in such a way that 4, is an injection, and identify G, //P\Z/Ln with
in(Gy/PLy). Now define G/PL to be the nested union of the Gy, /PL,; it can be
shown that the homotopy type of G/PL is independent of the choices made (see
Lemma 1.7 of [3]).

G/PL was studied by Sullivan in his thesis (but he called it F'//PL). The
aim of this chapter is to obtain a map 6 : Ggp/PLr—(G/PL)¥, where (G/PL)¥
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is the space of all unbased maps from F' into G/PL (with the compact open
topology). Let C be the category of based, compact, stably parallelizable PL
manifolds and based PL maps. Our first step is to define a natural transformation

T : [ ,Gp/PLp] — | ,(G/PL)F],

where the functors are defined on C.

Let N be an object of C, with boundary N, and let B be a cell complex
with |B| = N. Let 8 be a principal cell of B with the base-point as one vertex.
Let z € [N, Gp/PLy] be represented by a Gp/PLp-bundle (£, ) over B. Extend
b(&)p1 : F' x bpt—E(&|bpt) to a homeomorphism b : F' x B——FE(£|3). Change
t by a homotopy (rel b(§)(F)) until th =p; : F x f—F.

We write £ = E(§), so E is a PL manifold with 0F = E(9¢) U E(£|0B). We
write W for F' x 8 and identify W with b(W). Let 7 : E——N be a block fibration
such that 7| F' x 3 = py. Let @ = F x N, so by Lemma 8, t x 7 : £, 0E—Q,0Q) is
a homotopy equivalence of pairs. Note that ¢ x m|[W =1 and (¢t x 7)"t{(W) = W.
Let g : Q,0Q—FE,0F be a homotopy inverse to ¢t x 7 such that g|W = 1 and
gt (W) =w.

Let k£ be large, and choose embeddings

e : E,0E —s DF §F=1 ¢ . Q,0Q0 — DF, Sk1

such that e|lW = ¢|W. By [6], there exists normal bundles vg, vg of @, E in
D¥. Choose vg, vg so that vg|W = vg|W (using the uniqueness theorem of [6]
and regular neighbourhood theory). Let Q¥, E¥, W" be Thom spaces for vq, vg,
vo|W, and let

v QV/0QV — WY /OWY | v : EYJOEY — WY /OWY
be the collapsing maps. Let 7g = ¢*(vg) have Thom space Q¥ and collapsing map
i QV)0Q7 — WY JOWY = WY /OW" .
There is a homotopy equivalence h: EY/OEY—Q"/0Q" covering t x m : E——Q
and such that yh = .
There is a map D¥*——Q"/0Q" which collapses
S*~1 U (complement of total space of vg)

to a point. If we identify S* with D*/S*~! we obtain a map ¢ : S*—Q"/0Q";
let ¥ : Sk——EY/OEY be defined similarly. Let ¢ = ht) : S¥——Q"”/0Q"; then
Yo =79 =Y.

By theorems of Atiyah [1] and Wall [15, Th 3.5] there is a fibre homotopy
equivalence f : Ug——wvq such that f¢ ~ ¢. It follows from Wall’s theorem that f
is unique up to fibre homotopy. Consider f = f|(vg|W)——(vg|W); this has the
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property that
vo~vfd = f(36) = F(re).

By the uniqueness clause in Wall’s theorem, f is fibre homotopic to the identity.
Therefore we can alter f by a fibre homotopy until it is the identity on vg|W.

Let G be defined as in [8] (this agrees with the definition used in [15]), so G
is an H-space. Since W is a retract of @, the map [Q/W, G]—[Q, G] is injective.
It follows that two fibre equivalences fo, fi : ¥g——vg which are the identity
on vg|W are fibre homotopic (rel vg|W) if and only if they are fibre homotopic.
Therefore the fibre homotopy equivalence f : vg——1¢ obtained above is unique
up to fibre homotopy (rel vg|W).

Let 7g be the tangent bundle on ), and choose a fixed trivialisation & :
TQ @ vg——e€. Then

f=r(l®f) : PV — €

is a fibre homotopy equivalence, which agrees with x on 7o @ vg|W. The pair
(To ® v, f) represents an element

T(x) € [Q/W,G/PL] = [N, (G/PL)¥] .

Since the normal invariants ¢, 1 are unique up to homotopy and PL bundle
automorphisms, 7'(z) depends only on z. Thus we have defined a map

T : [N,Gr/PLy] — [N, (G/PL)"] .

Lemma 9. T is a natural transformation (between functors from C to the category
of based sets).

Proof. Let f: M——N be a based PL map. Express f as a composite

x0 [

P
M — MxD' — NxD* — N
where u is a codimension 0 embedding. We prove that 7' is natural

(1) with respect to x0 and py,
(2) with respect to codimension 0 embeddings.

Proof of 1. Consider p; : N x D*——N; let B be a cell complex with |B| = N.
Let (£,t) be a Ggp/PLp-bundle over B representing x € [N,Gr/PLp], so that
(& x D*, tp1) represents pi(x). Let

Q y W? vg , ’7Q ) d) : Sk—>Qy/aQy ) & : Sk—>C\?D/8C\?I7
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be defined for (£,t) as above. The corresponding objects for (£ x D? tp;) are
Qs = QxD* |, Wy = WxD*,
v, = v xD® | Do, =vgxD?,
$° 1 ST QUIOQY , 80 S* — Q7 JOQ)

(note that QY/0QY = §°(QV/0Q"), Q/0QL = §°(Q7/9Q")).

Let f : vg——vq be a fibre homotopy equivalence such that féo~ ¢ and f
is the identity on vg|W. Then fs = f x 1: g, —vq, is the identity on g, |W,
and f(S%¢) ~ S*¢. Therefore (1o, ® vg,,1 @ fs) represents T(p;(z)). It follows
that T'(pi(z)) = pi(T(x)), as required. Since x0 : N——N x D* is a homotopy
inverse to py, T is also natural with respect to x0.

Proof of 2. Let u : M——N be a codimension 0 embedding. Let B be a cell
complex with |B| = N and with a subcomplex A such that |A| = u(M). Choose
B to be a cell of A containing the base-point, as above. Let (£,t) be a GF/YD\EF—
bundle over B representing = € [N, GF//P\I?F]; then (£|A,t|E(£]A)) represents
u*(z). Let

E=FE¢& , D=DEA , Q=FxN ,6, P=FxM.
Identify W with b(W) C D C E, as above. Let
g : Q,P0Q,0P — E,D,0FE,0D
be a homotopy inverse to t x 7 such that g|WW is the identity.

Choose embeddings
g : Q,0Q — DF St e . E . OE — DF §F1

agreeing on W, as above. Let v, vg be normal bundles with vg|W = vg|W, and
let vp = vg|P, vp = vg|D. We obtain collapsing maps

n: Q"/oQ" — PY/OPY , n : EV/OEY — D"/0D" .
Let g = g*(vp), let vp = Ug|P and let h : BV /OE"—Q” /0Q” be a homotopy
equivalence covering ¢t x 7 : E——(@), such that yh = v (where v, 7 are as above).

If
¢ S8 — Qv/0Q" , + : S*¥ — EV/OE
are collapsing maps for @), E, then n¢, niy are collapsing maps for P, D. Let
¢ = ZL@/J : S ——Q7/0Q"; the corresponding map for P is hap Sk PV /0P,
Let f : bg—wq be a fibre homotopy equivalence such that f is the identity on
vo|W and f¢ ~ ¢.

Now f = f |vp——vp is a fibre homotopy such that

f(h) = f(ng) = nfé~no
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and f is the ‘identity on vp|W. Therefore T'(z), T(u*(x)) are represented by

(To®vg,1®f), (Tp®vUp, 1@ f) respectively. It follows that T'(u*(x)) = v*(T'(x)),
as required. This proves the Lemma.

Since G /PLy and (G/PL)F have the homotopy type of countable CW com-
plexes, it follows from Lemma 1.7 of [3] that there is a map 6 : Gy/PLp—(G/PL)¥
such that T' = 6,. Unfortunately, the homotopy class of 6 is not uniquely deter-
mined by this condition.

Theorem 5. Let F™ be a closed 1-connected PL manifold with n > 4. Let
F* =T —D", and let p : (G/PL)Y —(G/PL)¥" be the restriction map. Then
the composite pf induces isomorphisms

(p9)« : m(Gp/PLp) — m.((G/PL)"")

forr > 1.

Remark. For any based space X let Xy be the component of X containing
the base-point. Then (Gr/PLp)o is homotopy equivalent to ((G/PL)¥")o, but
(G/PL)F" usually has more components than Gr/PLp.

Proof. First we prove that (pf), is surjective; we defer the case n = 4,r = 1
until after Theorem 7. Let B be a cell complex with |B| = S, and let 3 be
a principal cell of B. Let f : S",3——(G/PL)"" ,bpt represent an element of
r € n.(G/PL)F"). Let

g : F*xS" F*xp — (G/PL),bpt

be the adjoint map. Extend g over (F* x S™)U(F x (3) by defining g(F x () = bpt.
Let Q = FxS", W = F xf3 and let Q* be obtained from () by deleting the interior
of an (n+r)-disc in @ —W. Then Q* deformation retracts onto (F* x S")U(F x (3),
so g defines a homotopy class of maps h : Q*, W—G/PL, bpt.

Let k be large, identify D* with the northern hemisphere of S¥ and identify
2DF with the closed region to the north of the Antarctic circle. Let ¢ : Q—S*
be an embedding such that ¢~ *(D*) = W, ¢~ }(2D*) = Q*. Let v be a normal
bundle of @ in S* such that vg|W, vg|Q* are normal bundles of W, Q* in D¥,
2D* respectively. Let ¢* : S¥——Q*”/0Q*" be the collapsing map.

Choose a piecewise linear bundle vg- over Q* and a fibre homotopy equiva-
lence f : v+ ——vg+ such that vg-|W = vg«|W, f is the identity on Vo= W and
(T ® g+, 1® f) represents h. By the theorem of Wall quoted above, there is a
map ¢ : S¥F——Q*”/0Q*” such that f¢ ~ ¢*. Let n : Q*" —Q*” /0Q*" be the col-
lapsing map; if k is large enough then there is a map 1’ : 2D, 25*~1 —Q*” /0Q*"
such that 71’ and ¢ represent the same element of m(Q*” /0Q*").
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Adjust 1’ by a homotopy until ¢/|D¥ = ¢|D¥*  and ¢’ is transverse regu-
lar on Q* C Q*”; let B = ¢/'~1(Q*), so W C E’. We shall modify E’,OE’ by
surgery (keeping W fixed), attempting to make ¢'| : B/, 0F'—Q*, 0Q* a homo-
topy equivalence of pairs.

Since the inclusion induces an isomorphism 71 (0Q*)—m1(Q* — W) (in fact
both groups are zero) and n+r > 6, we can use Theorem 3.3 of [17] to the manifold
E’ — W. This has two boundary components, namely OW and OFE’; we wish to

do surgery on Int(E’ — W) and OE’, but not on OW.

We obtain a map ¥* : 2D 28%~1—Q*” 9Q*”, which is transverse regular
on Q* and is homotopic to 1’ (rel D¥), with the following property. Let

B = Q)
then

v*| . E'—W,0E" — Q* — W,0Q"
is a homotopy equivalence of pairs. It follows that ¢*| : E* 0E*—Q*,0Q* is a
homotopy equivalence of pairs.

Since 0Q* =2 S"*"l and n4+r —1 > 5, OE* is homeomorphic to S"t"~1.
Let E = E* Ugg- D™'", and extend the embedding E* C 2D* to an embedding
E C S*. Let vg be a normal bundle of E in S*¥ such that vg|W, vg|E* are
normal bundles of W, E* in D*, 2D* respectively. Extend ¥* : 2D* —Q*” to a
map 1 : S¥F——Q7, transverse regular on Q C Q” and with £ = ¢~1(Q). Then
|E—Q is a homotopy equivalence, and 1|W is the identity.

Recall that B is a cell complex with |B| = S”, and (3 is a principal cell of
B. Let vy be an (r — 1)-cell of B contained in d3. Choose a PL homeomorphism
k : |08 —~y| x I—|B — 3| such that kg is the inclusion. Recall that Q = F' x |B|.
Since n + r > 6, we can use the relative h-cobordism theorem [12] to extend

v HIx k)| Fx|08—7]x0— OE W
to a homeomorphism H : F x |0 — | x [—FE — W.

Define a block bundle ¢ over B with E(§) = E by Eg(§) = W and, for each
cell § in (B — 3), Es(¢) = H(1 x k™1)(F x §). Then ¢ satisfies the local triviality
condition in the definition of a block bundle. Let

b(€) = 1xbpt : F— Fxbpt = Eppe(€) .

Let t = p1¢p : E—F; then (&,t) is a Gp/f’fp—bundle over S”, representing an
element y € m.(Gr/PLF). It is easily checked that p.(T'(y)) € 7,.(G/PL)¥") is

represented by (7o« @ vg+,1 @ f) so p«(T'(y)) = x. Therefore (ph).(y) = =, so
(). is surjective, as required (provided n + r > 6).
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Similar arguments prove that (pf). is injective; we have to consider G/ PLp-
bundles (£, to), ({1,t1) over S™ x 0, S™ x 1. We prove that they are isomorphic by
extending them to a G /PLp-bundle (£, t) over S” x I. Since n+dim(S” x I) > 6,
we can always carry out surgery and use the h-cobordism theorem. Thus the
Theorem is established, except for surjectivity of (pf), when n =4,r = 1.

Theorem 6. Let F™ be a compact PL manifold with w1 (OF) isomorphic to 71 (F)
by inclusion and n > 6. Then 0 induces isomorphisms

0. : m.(Gp/PLp) — m.((G/PL)")

forr > 1.

Proof. Since the proof is essentially the same as the proof of Theorem 5, we
shall not give the details. To prove that 6, is surjective, let B, (3, £, Q, W be
as above. Since @ has a boundary 0Q such that m (0Q)—m1(Q — W) is an
isomorphism, it is unnecessary to cut out a disc from ). We can use Theorem 3.3
of [17] to construct a manifold £ O W with boundary 0F and a simple homotopy
equivalence 9 : E, 0E—Q, 0Q with 1|WW equal to the identity.

In the construction of the block bundle ¢ above, we used the h-cobordism
theorem to construct a homeomorphism F' x |B — 3| —FE — W. Here we can use
the s-cobordism theorem [7] twice (first for OF x |B — f3|, then for F' x |B — f]),
since 1) is a simple homotopy equivalence and dim(0F x |B — 3|) > 6. The rest of
the proof proceeds as above.

IV. Periodicity of G/PL

In his thesis, Sullivan interpreted [M,G/PL] in terms of PL structures on
manifolds homotopy equivalent to M. Thus it is useful to have information about
G/PL which facilitates computation of [M,G/PL]|. It has been known for some
time that m,.(G/PL) 2 Z,0,Z 2,0 according as r = 0, 1,2, 3 (mod 4); in particular,
7.(G/PL) = m44(G/PL).

Theorem 7. There is a map \ : G/PL—Q*G/PL) such that \ : 7.(G/PL)—
Tr14(G/PL) is an isomorphism if r # 0,4 and a monomorphism onto a subgroup
of index 2 if r = 4.

Proof. Let F'™ be a closed 1-connected PL manifold with n > 4. If X is a based
space we write X for the component of X containing the base-point. Consider
the diagram
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(1) (Gr/PLr)y

/X

Q"(G/PL)y —%— (G/PL)F (G/PL)E

where « is induced by a map F'——S™ of degree 1.

Suppose first that n > 5. Then pf is a homotopy equivalence by Theorem 5
(we are not using the unproved case!). Let 4/ be a homotopy inverse to pf. Let
y=60v,s0 py~1:(G/PL)} —(G/PL)}".

The Whitney sum construction gives a multiplication map p : G/PL x
G/PL—G/PL. If K is a finite CW complex, u defines Abelian group struc-
tures on

[, 9"(G/PL)] , [K,(G/PL);] , [K,(G/PL) ]

such that a., p. are homeomorphisms. Let z € [K,(G/PL){] and let y = (1 —
Y«ps) (), 80 pi(y) = 0. Therefore y = a.(z) for some z € [K,Q"(G/PL)g|. Since
p has a right homotopy inverse, . is injective and z is unique. Define a natural
transformation

S [ ,(G/PL)g] — [ ,Q"(G/PL)0]
on finite CW complexes by S(z) = z. By Lemma 1.7 of [3], there is a map
o : (G/PL)y — Q"(G/PL),
with S = g,.. Observe that
Qa4 Oy = Oy — YaPrOx = Qi ,

since pa =~ bpt. Since «, is injective, ooy = 1.

Let » > 1 and consider the homomorphism
o m((G/PL)) — 7,1 (G/PL) .
This is an epimorphism (with right inverse a..). Let z € 7.((G/PL)¥) be repre-
sented by
g: FxS" Fxf3— G/PL,bpt

(where 3 is a cell of S™ containing the base-point). Let Q@ = F x S7, W = F x 3,
as above.

Let k be large and identify DF with the northern hemisphere of S*. Let
q : Q—S* be an embedding such that ¢~ (D¥) = W. Let Vg be a normal bundle



IV. PERIODICITY OF G/PL o7

of @ in S* such that vg|W is a normal bundle of W in DF. Let ¢ : S¥——Q" be
the collapsing map.

Choose a piecewise linear bundle 7g over () and a fibre homotopy equivalence
f @ Bg—vg such that vg|W = vg|W, f is the identity on vg|W and (1o @
vg,1 @ f) represents g. As in Chapter III, there is a map ¢’ : S¥——Q" such
that fi’ ~ ¢. Adjust 1’ by a homotopy until ¢'|D¥ = ¢|D* and 1)’ is transverse
regular on Q C Q%; let E' = ¢/'~1(Q), so W C E’. We attempt to modify E’ by
surgery (keeping W fixed), to make 9’| E’—@Q a homotopy equivalence.

We seek a map 1 : S¥——Q" which is transverse regular on @ and is ho-
motopic to ¢’( rel D¥), and with the following property. Let E = %~ (Q);
then ¢|E—(@ is a homotopy equivalence. Let P. = Z,0,Z2,0 according as
r=0,1,2,3 (mod 4) (as in [8]). By [14,84], since @ is 1-connected and dim @ > 5,
there is an obstruction o(z) € P,4, to performing the surgery. Note that o (z)
depends only on z.

Using the homotopy group addition in 7,.((G/PL)¥) (not the H-structure on
G/PL) and the interpretation of ¢(z) as a signature or Arf invariant, we see that
7 : m.((G/PL)Y)— P, is a homomorphism. Consider the homomorphism &, :
Tn+r(G/PL)— P, 4,. This coincides with the canonical homomorphism obtained
in [13], and is therefore an isomorphism. It follows that & is an epimorphism.

If 2 € 7,.((G/PL)Y), then 7.p.(x) is represented by g : Q, W—G/PL, bpt,
where g agrees with g on Q* = Q — D"+, and g|D"™"" is chosen so that 5(g) =0
(because the surgery problem for v, p.(x) € im(6.) is clearly soluble). Since Ga is
a monomorphism, these conditions characterise the homotopy class of g. Therefore
x = Yep«(x) if and only if (x) = 0, so kero, = kera. If we identify m,,.(G/PL)
with P4, via the canonical isomorphism, we see that o(x) = o.(x).

Let € : G/PL—(G/PL)Y be induced by the map F—point, and let \I
denote the composite

G/PL — (G/PL)Y - Q"(G/PL).
If dim F' = n = 4, this construction fails as
(p0). : m(Gr/PLr) — m((G/PL)")

is not yet known to be surjective. However, we can construct amap A" : Q*(G/PL)g
—Q"T4(G/PL)y; simply apply the functor Q4 to diagram (1) and argue as above.

Let € 7,.(G/PL) be represented by g : S"——G/PL. Then €,(x) is repre-
sented by gps : F' x S"™——G/PL. Note that z = ¢(z) and

o(ex(w)) = oues(z) = X (2) .
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Now &(x) is the obstruction to making a certain map v¢’| : V/——S5" a homo-
topy equivalence by surgery (where V' is a certain framed r-manifold). Similarly
d(e«(x)) is the obstruction to making 1 x ¢'| : F' x V/—F x S" a homotopy
equivalence.

Take FF = CP2? x CP2. Suppose r = 0 (mod 4); then by [14], 5(z) =

% (signature of V') if r > 8; but 5(z) = 1= (signature of V') if r = 4. Similarly,
o(ec(z)) = g(signature of F' x V' — signature of F x S")
= g (signature of V') for all r.

Thus 7(e.(x)) = a(x) unless r = 4, when 7 (e.(x)) = 25 (x).

If r = 2(mod 4), then it follows from Theorem 9.9 of [17] that 6(z) = 7 (e.(z)).
(The theorem is stated for » > 5, but the argument seems to work when r =
2.) Since 7,.(G/PL) = 7,48(G/PL) = 0 if r is odd, we have proved that A :

7.(G/PL)—m,18(G/PL) is an isomorphism if r # 0,4, and a monomorphism
onto a subgroup of index 2 if r = 4.

Similar arguments show that, if F = CP2 and r > 1, then A\ : m,,4(G/PL)
—m,28(G/PL) is an isomorphism. Therefore A\ : Q*(G/PL)y—Q%(G/PL),
is a homotopy equivalence. Let A : G/PL—Q*(G/PL) be the composite of
ACPXCP? with a homotopy inverse to XCPQ; then X\ has the desired properties.

Now we can complete the proof of Theorem 5 by showing that, if dim F' = 4,
then
(p0). : m(Gp/PLrp) — m((G/PL)"")

is surjective. Consider the following diagram :

m1((G/PL)T) —L— 7 ((G/PL)F") —2— m0(94(G/ PL))

P* P* JA*

m((Q4(G/PL)T) L5 1 (Q4G/PL)T) -2 mo(9%(G/PL)) .

The rows are taken from the homotopy exact sequences of the Hurewicz fibrations

(G/PLY" — (G/PL)Y" |, (QYG/PL))Y — (QY(G/PL)" .

The proof of Theorem 7 shows that, in the bottom row, p, is surjective so
0 =0. But

M m(QYG/PL)) — 7o(Q°(G/PL))
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is injective, so 0 = 0 in the top row. Therefore
pe : m((G/PL)") — m((G/PL))

is surjective.

Let z € m((G/PL)""), and choose an element
z € m((G/PL)")

such that p,(Z) = z. Let 3 be an interval in S! containing the base-point, let
Q=FxS'Y, W =Fxf. Let vg, ¢’ be as in the proof of Theorem 7. Since 5(x) €
P5; = 0, we can do surgery to find a map 1 : S¥——Q” which is transverse regular
to 1’ (rel D¥), with the following property. Let E = ¢~1(Q); then ¢| : E—Q is
a homotopy equivalence.

Let b, b1 be the end-points of 3, and let B be the cell complex {bg, b1, 3, ST — 8}.
Then E — W is an h-cobordism between I’ X by and F' X by, and the PL home-
omorphism 1 x b; : F' X bp——F X by is in the preferred homotopy class. By
Barden’s h-cobordism theorem for 5-manifolds [2], there is a PL homeomorphism
H: F x|B—-pl—F—-W with H(F x b;) = F x b;. Now we can define a
block bundle £ over B with E(§) = E, and a map t : E—F, as in the proof of
Theorem 5. We obtain a G //P\I/Lp—bundle (&,t) over B, representing an element
y € 7T1(GF//]—3\I:F) such that 6.(y) = Z. Therefore = (p).(y), so

(p9). : m(Gp/PLrp) — m((G/PL)")

is surjective. This completes the proof of Theorem 5.

V. Topologically Trivial Block Bundles

Let £ be a block bundle over B with fibre F'. A proper trivialisation of £
is a proper map

h : E(§) — F x|B|
such that
h(Es(&)) C Fx [ foreach e B

(base-points will be irrelevant in this chapter). Two proper trivialisations hg, hy
of ¢ are properly homotopic if there is a proper map

H : E()xI— F x|B|
such that
H(Eg(§) xI) CF xp

for each 8 € B and H, = hy (t = 0,1). A topological trivialisation of ¢ is a
proper trivialisation which is a topological homeomorphism; a PL trivialisation
is defined similarly.
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Theorem 8. Let & be a block bundle over B with fibre R? (q > 3). Let h :
E(&)—R 1 x |B| be a topological trivialisation of £. Then there is an obstruction
w € H3(B;Z3) which vanishes if and only if h is properly homotopic to a PL
trivialisation of €.

Proof. Let V, W be PL manifolds and let N be a compact submanifold of W
with ON = NNOW. A map ¢ : V—W is h-regular on N if it is transverse
regular on N and ¢| : ¢~}(N)——N is a homotopy equivalence. Let @ denote
C P? x C P2. Our first objective is to construct the following :

(1) A proper map f : E(§) x Q—R? x |B| x @ such that, for each g € B,
fl o Eg() xQ — RIX3XxQ

is h-regular on 0 x B x Q.
(2) A proper homotopy F' from h x 1 to f such that, for each § € B,

F(Eg) xQ xI)CRIXx B xQ.

We shall eventually use f and F' to construct a PL trivialisation of £. The factor
(Q is introduced to avoid difficulties with low-dimensional manifolds.

Let T = OA? and write 7" for the product of r copies of T. Note that
the universal covering space T" of T is PL homeomorphic to R”. Choose a PL
embedding R x 77! ¢ R and a PL homeomorphism R4—R x 79! such that
the composite

e : RI — R xTT! LR xT9 ! cRY

is the identity on a neighbourhood of the origin.

Let A be a subcomplex of B. Let W4, denote R” x T97" x |A] x ) and let
Na,=0xT9""xAxQ C Wa,. We have an embedding W4 ; C R?x A x (@ and
there is a covering map p: Wa ,——Wy4 ,—1. Define Va1 = (h x 1)7(W4 1) and
let gaq1 =h x 1| : Va1—Wa 1. Define Vi, gp, (r > 2) inductively as follows.
Let p : Vg ,——Vp r—1 be the covering map induced from p : Wg ,—Wp ,_1 by
the homeomorphism gp,—1 : Vpr—1—Wp,—1. Let gp, : Vp,—Wp, be a
homeomorphism such that pgp, = gp,—1p. Finally let V4, = p~*(Va,_1) and
let gar = gB.r|Va,r. We write W, N*, V', g for Wgn ., Npn ., Vpn r, gBn »
respectively, and abbreviate Wg ., Ng ,, V., 9B, to Wy, N;., V., gy.

Suppose inductively that we have constructed the following, for some integer
n:
(1) A proper map f~ ' : V"1 —=W~! such that, for each 8 € B!, fI" 1V,
——Wp,1 is h-regular on Ng ;.
(2) A proper homotopy Flnf1 from gf’*l to flnf1 such that, for each g € B" 1,
' (Vaq x I) C Wa .
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Suppose also that fi'~!, F"™! are extensions of f'"2, Fi'~2,

Now let 3 € B"—B" 1. Let fag1 = f1" Va1 and let Fog1 = F' ' |Vas.1 x
I. The inductive hypothesis ensures that fsgz, 1 is transverse regular on Nyg 1. Thus
Mpp,1 = fgﬁll(NagJ) is a submanifold of Vpg 1 of codimension 1.

Lemma 10. fag,1 is h-regular on Npg 1.

Proof. Let B be a cell complex. A blocked space E over B consists of a
topological space E and, for each 8 € B, a subspace Eg of E such that the
following conditions are satisfied :

(1) {Es: B € B} is a locally finite covering of E.
(2) If B,y € B, then EgNk, = UéCBﬂ’y Es.
3) If Bis aface of v € B, then the inclusion E3 C E. is a homotopy equivalence.
I Y
(4) If B € B and Epg = |U,cgp E~, then the pair (Eg, Egg) has the absolute
extension property.

If EW . E®) are blocked spaces over B, a blocked equivalence ¢ : E(V) —FE(2)
is a continuous map such that ¢(Eé1)) C Eg) and ¢| : Eél)—>Eé2) is a homotopy
equivalence for each 3 € B. Observe that Mpg 1 and Npg 1 are blocked spaces
over 083, and fap,1|: Mas,1—Nap 1 is a blocked equivalence.

Suppose inductively that, if E®), E®) are blocked spaces over B*~!, then
any blocked equivalence ¢ : EV——=FE®) is a homotopy equivalence. Now let
¢ : EM—SE® be a blocked equivalence over B*.

Let C0) = Ugeps—1 Eg) and let D@, 9D® be the disjoint unions of
{BY :peB®— B, {E}):8eB°— B}

Then 0D ¢ D and there are maps A\¥ : 9D —C® guch that E® =
C% U, DY, By induction, ¢ : CV)—(C®) is a homotopy equivalence.

Now ¢ defines a homotopy equivalence ¢ : D) —— D) such that pA(M) =
A2|oDM) . By induction, |0DM) —9D® is a homotopy equivalence. The
pairs (D(i), dDW) satisfy the absolute extension condition; using a result in ho-
motopy theory we deduce that ¢ : E() —E®) is a homotopy equivalence. By
induction, any blocked equivalence over a finite-dimensional complex is a homo-
topy equivalence, and the Lemma follows.

Now the PL manifold V3 ; has two tame ends (for definition see [11]) with free
Abelian fundamental groups. Since Mpg,1 C Vg1 is a homotopy equivalence (by
Lemma 10), Mpg1 bounds collars of the ends of Vyg ;. Since dim V1 > 8, we can
apply Siebenmann’s theorem [11,85] to construct a compact submanifold Mg, of
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V3,1 with boundary Mpyg 1 and such that Mg C Vg1 is a homotopy equivalence.
As in [16], we can extend fsg 1 to fz1: Vg 1——Wp 1, transverse regular on Ng i
and with Mg, = f@i(NB,l)- We can also extend Fpg, 1 to a proper homotopy Fjg 1
from gg,1 to fg1.

Do this for all n-cells 3 of B to obtain extensions f*, F* of fi~ ', F/!
satisfying the inductive hypotheses. This completes our induction on n; we have
defined the following:

(1) A proper map f; : Vi——W; such that for each g € B, fi|: Vg1—Wpg is
h-regular on Ng ;.
(2) A proper homotopy F} from g; to fi such that, for each 8 € B, Fy (Vg1 xI) C
Ws,1.

Suppose inductively that we have defined the following, for some integer r >
1:
(1) A proper map f, : V,——W, such that for each g € B, f,.|: Vg,—Wpg, is
h-regular on Ng .
(2) A proper homotopy F, from g, to f, such that, for each g8 € B, F,.(Vg,,xI) C
Wa,.

Let
N, = OXxR xT9 " "% B[ xQ C Wyyq .

If p: W, 1— W, is the covering map then N, = = p~Y(N,). Lift F" to a proper
homotopy F, from gr+1 to a map fr Vii1—Wiei1. Let M f (NT) and
let M, = f71(N,). Since p| : M,—M, is a covering map and f, : M,—N,
is a homotopy equivalence, f,,| M ——>NT is a proper homotopy equivalence.
Let A be a subcornplex of B. Let WAT =p- (NA ), fAT = f,,|VA 1, FA,, =
F |VA7‘—|—1 x I, MAT—M mVAr—l—l and MAT—M ﬂVAT

We construct the following : - N
(1) A proper map ¢, : M, —N, such that for each 3 € B, ¢r| : Mg, —Ng,,
is h-regular on Ng 1.
(2) A proper homotopy @, from fHMT to ¢, such that, for each 8 € B, @T(M@Tx
]) C ]vlg’r.

The construction is exactly the same as the one given above for f; and F;. We
apply Siebenmann’s theorem to Mg, instead of Vj3 1; the details will be omitted.

Using the product structure on a neighbourhood of Mr in V.41, we can con-
struct the following:
(1) A proper map fri1 : Vip1—— W,y such that for each 8 € B, fr11] :
Va,r41—Wg r41 is h-regular on Ng 1.
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(2) A proper homotopy Fj41 from g,41 to fr41 such that, for each 8 € B,
Fri1(Varer X 1) CWg i1

This completes the induction on r. When r = ¢ we obtain a proper map f, :
V,— W, =R x |B| x Q and a proper homotopy F; from g, to f,, satisfying the
inductive hypotheses.

Consider the commutative diagram :

v, Ja W, R? x |B| x Q

e

E({)XQ&RQX|B|XQ:R‘1X|B|XQ

where € denotes a covering map followed by an inclusion. Recall that e : R?9—R ¢
is the identity on an open disc neighbourhood U of the origin.

Let A be a subcomplex of B, let X 4 denote
A U X [A) x Q@ —h™ (0 x |A]) x Q C BE(§) x Q,
and let X = Xpg, X™ = Xpgn. Suppose inductively that we have constructed the
following, for some integer n.

(1) A subset Y™~ ! of X"~! such that, for each f € B" 1, Y3 =YY" 1 NnXgzisa
compact submanifold of Xz of codimension one and Y3 C Xz is a homotopy
equivalence. Then E(£|B"~ ') x Q — Y™~ ! has two components; let 27!
be the closure of the bounded component. Let (Z’)"~! be the component of
e 1 (Z"~") which lies in g, ' (U x [B"7!| x Q), and let (Y")"~! = (Z')"~'n

n—1 n—1
ey ).
(2) PL homeomorphisms
AL YT X [0,00) — E(E]Bn) x Q — Zn 1

(,y/)n—l . (Y/)n—l « [0, OO) _ anfl _ (Z/)n—l

such that y3 1, (7/)5 " are the inclusions.

Suppose further that y*~1, (7/)"~! are extensions of "2, (7/)"~2.

Now let 3 € B™ — B"~ 1. Let
Yog = YY" 'N Xas,
vos = " Yap x [0,00)
Yos = (7’)”_1|Y(§5 x [0,00) .

Then Yss bounds a collar of the end of E(£|05) x Q. It follows that Yas C Xap
is a homotopy equivalence; since dim Xp3 > 8, Y53 bounds a collar of the ends of
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Xaﬁ.

Since the ends of X3 are tame and have trivial fundamental groups, Sieben-
mann’s theorem shows that there is a compact submanifold Yz of X3 with bound-
ary Yss and such that Y3 C Xg is a homotopy equivalence. It follows that Y3
bounds a collar of the end of E(£|5) x Q. Let

V8 : Ypx[0,00) — E(£]B) x Q — Zs
be a PL homeomorphism such that (vg)o is the inclusion and v3|Ysg x [0,00) =

vog.- Do this for all n-cells 3 of B to obtain Y™, ™ satisfying the inductive
hypotheses.

Define (Z')™, (Y')™ as in (1) above, and note that € : (Z")"——Z" is a PL
homeomorphism. Then, for each 3 € B" — B"~ !, YB’ C Vg — Z’ﬁ is a homotopy
equivalence, so Yﬁ’ bounds a collar of the end of V3 ,. Let

/

V5 Y5 x[0,00) — Vp,— Zj

be a PL homeomorphism such that (v3)o is the inclusion and v5|Y;5 x [0,00) =
Vpp- Then the vj fit together to define an extension (y')" of (' )1 satisfying the
inductive hypotheses. This completes the induction on n.

Let
y=Uv ,z=Jzn.v=Ur.+=U".
n=1 n=1 n=1 n=1

Define a PL homeomorphism ¢ : E(§) x Qq—V, by ¥ = ¢! on Z and ¢ =
v~1(e7! x 1)7 elsewhere. Define a proper homotopy ¥ from g, to hx 1 as follows.
Ifz eRY, ye|Bl,zeQandtel0,1),let go(h (tz,y),z) = (a,y,2'), and
define

U(h M (z,y),2,t) = (t'2,y, 7).
Define
U(h Y (z,y),2,0) = (z,y,2) ;

this makes ¥ continuous since (z,y’, 2') = (tz,y, z) provided t is sufficiently small.

Now we can define the proper map f: E(§) x Q—R X |B| x @ and proper
homotopy F' from h x 1 to f, as promised at the beginning of the proof. Let
f = fy and let F' = U % (Fy1)) be defined by

[ Y(w,2t) 0
Fla,t) = {qu(x,Qt—l)

1
2
Then f and F have the required properties (1) and (2

Suppose inductively that we have constructed the following, for some integer
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(1) A proper trivialisation j7~!: E(¢|B"~1)—RY x |B"~ L.

(2) A proper homotopy J"~! from h"~! to j7~ 1.

(3) A proper homotopy L™ ! from f*~! to j7~! x1 such that, for each 3 € B" 1,
L™ YE(£|B) x Q is h-regular on 0 x 3 x Q.

(4) A proper homotopy £~ ! from F" 1% (J" 1 x 1) to L™ ! (rel R x |[B"~1| x
Q x o).

Suppose further that j7~1, J*=1 Ln=1 £"~! are extensions of j7~2, J*=2 L"~2,
L"~2 respectively.

Let f € B® — B" !, If A is a subcomplex of B" !, then ja, Ja, La, L4 will
have the usual meanings. As in Lemma 10 we see that

Log = E(0B) xQ xI — RIx08xQ

is h-regular on 0 x 98 x ). Note that Lpg is a proper homotopy from fsz to
Jjog x 1. Extend Lgg to a proper homotopy Kz from fz to a proper map kg :
Es(€) x Q—R? x § x Q. We can arrange for K3 to be h-regular on 0 x 8 x Q.

Now Jpg is a proper homotopy from hgg to jog. Extend Jps to a proper
map Ig from hg to a proper map ig : Eg({)—R x . Using the homotopies
(Igx1)xFg+Kgand Lyg, we see that igx 1 is properly homotopic (rel R?x98x Q)
to k‘lg.

The obstruction to deforming ig properly (rel E(£|053)) to a PL homeomor-
phism jj; : Eg(§)—R 9 x B is an element = € m,(G/PL). Let A : m,(G/PL)—
Tnt+s(G/PL) be the periodicity homomorphism discussed in Chapter IV. Then
A«(z) is the obstruction to deforming ig x 1 properly (rel E({|08) x Q) to a
map l{:’ﬁ which is h-regular on 0 x 6 x Q. The previous paragraph shows that
A«(z) = 05 since A, is a monomorphism, z = 0. Choose a PL homeomorphism
Jp + E(§)—R x 8 and a proper homotopy Jj from hg to jj extending Jogs.

Now Ljg is a proper homotopy from Fag *(Jop x 1) to Lag. Extend Lyg to a
proper homotopy Gs (rel Eg(&) x Q x 9I) from Fpx* (Jé x 1) to a proper homotopy
Gp between fg and jj x 1. Let y € m,19(G/PL) be the obstruction to deforming
Gg properly (rel 9(RY x 8 x @ x I)) to a homotopy Gj; which is h-regular on
0x 0 xQ.

If we vary (jj, Jj) by an element z € m,41(G/PL), we replace y by y+ A (2).
If n # 3 then A, is surjective, so we can choose z so that y + A.(z) = 0. In other
words, we can replace (j, Jj;) by a pair (jg, Jg) for which y vanishes. Then there
is a proper homotopy Lg from fz to jg x 1 which is h-regular on 0 x 8 x @, and a
proper homotopy Lg (rel RY x 3 x Q x 0I) from Fj x (Jg x 1) to Lg; Lz and Lg
are extensions of Lyg and Lyg respectively.
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Do this for all n-cells 3 of B to obtain 3™, J", L™, L" satisfying conditions
(1)—(4). This completes the induction provided n # 3. In case (3 is a 3-cell of B,
let ¢(B) € Z2 be the mod 2 reduction of y € m2(G/PL) = Z. This defines a
cochain ¢ € C3(B;Z3). The above argument enables us to construct j2, J2, L3,
L3 provided ¢ = 0.

We consider the effect of varying L?. Suppose j', J', L', £, 52, J?, L?, L?
are constructed, and let 3 be a 3-cell in B. Observe that, if the cells a C 9 are
oriented suitably, then 08 = 3 55 € Cao(B;Z). If we vary L, by an element
uq € T12(G/PL) = Z, it can be seen that c(3) is replaced by c(8) +(>_,cop Ua)2-
Let u € C?(B;Z5) be the cochain defined by u(a) = u,; then we have replaced c
by ¢+ du.

Now let v be a 4-cell of B, so 0y = 3 54,8 € C3(B;Z). For each 3-cell
B C 9, define jg, Jé as above, and define

Jo o E(£|0y) x I — R? x Jy

by Jy |E(E|B) x I = Jj. 1t is easy to adjust (jg,.J5) on one cell 8 C Jv until
Jj., extends to a proper homotopy J, from h, to a PL homeomorphism j: :
E(&|0y)—R 1 x 0~.

Define
Goy : E(§0y) xQxI — RIXx9yxQ

by Goy|E(£|5) x Q@ x I = Gg. Let vy € m2(G/PL) = Z be the obstruction to
deforming G~ properly (rel E(£]|0v)xQ x0I) to a proper homotopy G’ which is h-
regular on 0 x dy x Q. Then it can be seen that vy =55 yg, so (dc)(7) = c(97)
is equal to the mod 2 reduction of v,.

On the other hand, v, is the obstruction to deforming F., * (.J, 5 x 1) properly
(rel E(&]0v) x Q x 9I) to a proper homotopy G7,, which is h-regular on 0 x 9y x Q.
But F, * (Jj, X 1) extends to a proper homotopy F, * (J;, x 1) from f, to ji, x 1,
both of which are h-regular on 0 x v x Q). Now it follows from Wall’s surgery
theorem [14] that v, = 0. Therefore (dc)(y) =0, so c is a cocycle.

Let w € H3(B;Z3) be the cohomology class of ¢; we have shown that our
construction can be carried out if w = 0. Assume now that w = 0, and let
J=Ur—y " J=U,_, J" Then jis a PL trivialisation of £ and J is a proper
homotopy from h to j, as required. It is not hard to see that w = 0 whenever h is
properly homotopic to a PL trivialisation, so Theorem 8 is proved.

Theorem 8 implies a result on the Hauptvermutung by fairly well-known ar-
guments, given in Sullivan’s thesis.
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Corollary. Let M™, N™ be closed, 1-connected PL manifolds with n > 5 and
let h : M——N be a topological homeomorphism. If H3(M;Zy) = 0, then h is
homotopic to a PL homeomorphism.
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