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are given by

η(f∗(P, g)) = η(Q,h) = t(h, d) ,

(f−1)∗η(P, g) = (f−1)∗η(g, c) = t(f ′, b′) ∈ T TOP (M) = Hn(M ; L•) ,

differing by

t(h, d) − t(f ′, b′) = t(f, b)t(f ′, b′) ∈ T TOP (M) = Hn(M ; L•) .

Thus

η(N, f) + η(f∗(P, g)) = t(f, b) + t(h, d)

= t(f, b) + t(f ′, b′) + t(f, b)t(f ′, b′)

= η(N, f) ⊕ η(N ′, f ′)

= η(N, f) ⊕ (f−1)∗η(P, g) ∈ T TOP (M) = Hn(M ; L•) .

�

We conclude with a specific example, M = Sp × Sq, one of the two cases
for which the manifold structure composition formula s(fg) = s(f) + f∗s(g) of
Theorem 2.3 is used by Kreck and Lück [8].

Example 3.6. (i) Let M = Sp × Sq for p, q � 2, so that π1(M) = {1}. The
assembly map in quadratic L-theory is given by

A : Hp+q(M ; L•) = Lp(Z) ⊕ Lq(Z) ⊕ Lp+q(Z) → Lp+q(Z) ; (x, y, z) �→ z

and

Sp+q+1(M) = ker(A) = Lp(Z) ⊕ Lq(Z) .

The addition and intersection pairing in Hp+q(M ; L•) are given by

(x, y, z) + (x′, y′, z′) = (x + x′, y + y′, z + z′) ,

(x, y, z)(x′, y′, z′) = (0, 0, xy′ + x′y) ∈ Hp+q(M ; L•) .

The product Lp(Z) ⊗ Lq(Z) → Lp+q(Z) factors through Lp(Z) ⊗ Lq(Z) and the
quadratic and symmetric L-groups of Z are given by

Ln(Z) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Z

0

Z2

0

, Ln(Z) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Z

Z2

0

0

for n ≡

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0

1

2

3

(mod 4)
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so the intersection pairing is non-zero only in the case p ≡ q ≡ 0(mod 4). Given
a topological normal map (f, b) : N → M make f transverse regular at Sp ×{∗},
{∗} × Sq ⊂ M to obtain topological normal maps

(fp, bp) = (f, b)| : Np = f−1(Sp × {∗}) → Sp ,

(fq, bq) = (f, b)| : Nq = f−1({∗} × Sq) → Sq .

and write the surgery obstructions as

(σ∗(fp, bp), σ∗(fq, bq), σ∗(f, b)) = (xf , yf , zf ) ∈ Lp(Z) ⊕ Lq(Z) ⊕ Lp+q(Z) .

The algebraic normal invariant defines a bijection

T TOP (M) → Lp(Z) ⊕ Lq(Z) ⊕ Lp+q(Z) ; η(f, b) �→ t(f, b) = (xf , yf , zf ) .

The Whitney sum addition in T TOP (M) corresponds to the addition

(x, y, z)⊕(x′, y′, z′) = (x+x′, y+y′, xy′+x′y+z+z′) ∈ Lp(Z)⊕Lq(Z)⊕Lp+q(Z) .

Given a homotopy equivalence f : N → M let (f, b) : N → M be the correspond-
ing topological normal map. The function

STOP (M) → Lp(Z) ⊕ Lq(Z) ; s(f) �→ (xf , yf )

is a bijection, and

t(f, b) = (xf , yf , 0) ∈ T TOP (M) = Lp(Z) ⊕ Lq(Z) ⊕ Lp+q(Z) .

Given also a homotopy equivalence g : P → N with corresponding topological
normal map (g, c) : P → N let

f∗s(g) = (xg, yg) ∈ STOP (M) = Lp(Z) ⊕ Lq(Z) ,

so that

f∗t(g, c) = (xg, yg, 0) ∈ T TOP (M) = Lp(Z) ⊕ Lq(Z) ⊕ Lp+q(Z) .

As in the proof of Corollary 3.5 let (f ′, b′) : N ′ → M be a topological normal
map with topological normal invariant

η(f ′, b′) = (f−1)∗η(g, c) ∈ T TOP (M) ,

let h : Q → N be a homotopy equivalence with

s(h) = f∗s(g) = (xg, yg) ∈ STOP (M) = Sp+q+1(M) = Lp(Z) ⊕ Lq(Z) ,
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and let (h, d) : Q → N be the corresponding topological normal map. Then

η(f, b) ⊕ η(f ′, b′) = η(fg, bc) ∈ T TOP (M) ,

t(f ′, b′) = (xg, yg,−xfyg − xgyf ) , t(h, d) = (xg, yg, 0) ,

t(fg, bc) = t(f, b) + f∗t(g, c)

= t(f, b) ⊕ t(f ′, b′) = t(f, b) + t(f ′, b′) + t(f, b)t(f ′, b′)

= (xf + xg, yf + yg, 0) ∈ Hp+q(M ; L•) = Lp(Z) ⊕ Lq(Z) ⊕ Lp+q(Z) ,

s(fg) = s(f) + f∗s(g) = (xf + xg, yf + yg) ∈ STOP (M) = Lp(Z) ⊕ Lq(Z) .

(ii) For the simplest example of the non-additivity of the surgery obstruction
function

θ : T TOP (M) → Ln(Z[π1(M)])

with respect to ⊕ set p = q = 4 in (i), and let f : N → M = S4 × S4 be a
homotopy equivalence with

s(f) = (x, y) ∈ STOP (M) = L4(Z) ⊕ L4(Z) ,

t(f, b) = (x, y, 0) ∈ T TOP (M) = L4(Z) ⊕ L4(Z) ⊕ L8(Z) ,

θ(η(f, b)) = σ∗(f, b) = A(t(f, b)) = 0 ∈ L8(Z)

for any x, y ∈ Z\{0}. By (i) a homotopy inverse g = f−1 : P = M → N is then
such that

f∗s(g) = −s(f) = (−x,−y) ∈ STOP (M) = L4(Z) ⊕ L4(Z) ,

f∗t(g, c) = −t(f, b) = (−x,−y, 0) ∈ T TOP (M) = L4(Z) ⊕ L4(Z) ⊕ L8(Z)

and a topological normal map (f ′, b′) : N ′ → M with topological normal invariant
η(f ′, b′) = (f−1)∗η(g, c) has

t(f ′, b′) = (−x,−y, 2xy) ∈ T TOP (M) = L4(Z) ⊕ L4(Z) ⊕ L8(Z) ,

θ(η(f ′, b′)) = σ∗(f ′, b′) = A(t(f ′, b′)) = 2xy 	= 0 ∈ L8(Z) = Z .

The Whitney sum

η(f, b) ⊕ η(f ′, b′) = η(fg, bc) = η(1 : M → M) = 0 ∈ T TOP (M)

has surgery obstruction

σ∗(fg, bc) = σ∗(f, b)+σ∗(f ′, b′)+A(t(f, b)t(f ′, b′)) = 0+2xy−2xy = 0 ∈ L8(Z) ,

so

θ(η(f, b) ⊕ η(f ′, b′)) = 0 	= θ(η(f, b)) + θ(η(f ′, b′)) = 2xy ∈ L8(Z) = Z .
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�

Remark 3.7. See the preprint by Jahren and Kwasik [5] for an application of the
composition formula obtained in this paper to the classification of free involutions
on S1 × Sn for n � 3. �
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