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Introduction

The algebraic K-groups K∗(A) and the algebraic L-groups L∗(A) are
the obstruction groups to the existence and uniqueness of geometric
structures in homotopy theory, via Whitehead torsion and the Wall
finiteness and surgery obstructions. In the topological applications the
ground ring A is the group ring Z[π] of the fundamental group π. For K-
theory a geometric structure is a finite CW complex, while for L-theory
it is a compact manifold. The lower K- and L-groups are the obstruc-
tion groups to imposing such a geometric structure after stabilization by
forming a product with the i-fold torus

T i = S1 × S1 × . . .× S1 ,

arising algebraically as the codimension i summands of the K- and L-
groups of the i-fold Laurent polynomial extension of A

A[π1(T i)] = A[z1, (z1)−1, z2, (z2)−1, . . . , zi, (zi)−1] .

The object of this text is to provide a unified algebraic framework for
lower K- and L-theory using chain complexes, leading to new computa-
tions in algebra and to further applications in topology.

The ‘fundamental theorem of algebraic K-theory’ of Bass [7] relates
the torsion group K1 of the Laurent polynomial extension A[z, z−1] of a
ring A to the projective class group K0 of A by a naturally split exact
sequence

0 −−→ K1(A) −−→ K1(A[z])⊕K1(A[z−1])

−−→ K1(A[z, z−1]) −−→ K0(A) −−→ 0 .
The lower K-groups K−i(A) of [7] were defined inductively for i ≥ 1 to
fit into natural split exact sequences

0 −−→ K−i+1(A) −−→ K−i+1(A[z])⊕K−i+1(A[z−1])

−−→ K−i+1(A[z, z−1]) −−→ K−i(A) −−→ 0 ,
generalizing the case i = 0.

The quadratic L-groups of polynomial extensions were first studied
by Wall [84], Shaneson [72], Novikov [48] and Ranicki [57]. The free
quadratic L-groups Lh∗ of the Laurent polynomial extension A[z, z−1]
(z̄ = z−1) of a ring with involutionA were related in [57] to the projective
quadratic L-groups Lp∗ of A by natural direct sum decompositions

Lhn(A[z, z−1]) = Lhn(A) ⊕ Lpn−1(A) .

The lower quadratic L-groups L〈−i〉∗ (A) of [57] were defined inductively
for i ≥ 1 to fit into natural direct sum decompositions

L〈−i+1〉
n (A[z, z−1]) = L〈−i+1〉

n (A) ⊕ L〈−i〉n−1(A)
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with L
〈0〉
∗ ≡ Lp∗, generalizing the case i = 0 with L

〈1〉
∗ ≡ Lh∗ .

An algebraic theory unifying the torsion of Whitehead [88], the finite-
ness obstruction of Wall [83] and the surgery obstruction of Wall [84]
was developed in Ranicki [60]−[69] using chain complexes in any addi-
tive category A. This approach is used here in the K- and L-theory of
polynomial extensions and the lower K- and L-groups. Chain complexes
offer the usual advantage of a direct passage from topology to algebra,
avoiding preliminary surgery below the middle dimension. A particu-
lar feature of the exposition is the insistence on relating the geomet-
ric transversality properties of manifolds to the algebraic transversality
properties of chain complexes.

The computation Wh(Zi) = 0 (i ≥ 1) of Bass, Heller and Swan [8]
gives the lowerK- and L-groups of Z, which are used (more or less explic-
itly) in Novikov’s proof of the topological invariance of the rational Pon-
trjagin classes, the work of Kirby and Siebenmann on high-dimensional
topological manifolds, Chapman’s proof of the topological invariance of
Whitehead torsion and West’s proof that compact ANRs have the ho-
motopy type of finite CW complexes. A systematic treatment of home-
omorphisms of compact manifolds requires the study of non-compact
manifolds, using the controlled algebraic topology of spaces initiated
by Chapman, Ferry and Quinn. In this theory topological spaces are
equipped with maps to a metric space X , and the notions of maps,
homotopy, cell exchange, surgery etc. are required to be small when
measured in X . The original simple homotopy theory of Whitehead
detects if a PL map is close to being a PL homeomorphism. The con-
trolled simple homotopy theory detects if a continuous map is close to
being a homeomorphism, by considering the size of the point inverses.

After an initial lull, the lower K- and L-groups have found many ap-
plications in the controlled and bounded topology of non-compact man-
ifolds, stratified spaces and group actions on manifolds. The following
alphabetic list of references is representative: Anderson and Hsiang [3],
Anderson and Munkholm [4], Anderson and Pedersen [5], Bryant and
Pacheco [13], Carlsson [16], Chapman [18], Farrell and Jones [25], Ferry
and Pedersen [28], Hambleton and Madsen [30], Hambleton and Peder-
sen [31], Hughes [35], Hughes and Ranicki [36], Lashof and Rothenberg
[42], Madsen and Rothenberg [45], Pedersen [51], Pedersen and Weibel
[53], [54], Quinn [56], Ranicki and Yamasaki [70], [71], Siebenmann [75],
Svennson [80], Vogell [81], Weinberger [86], Weiss and Williams [87],
Yamasaki [89].

Karoubi [38] and Farrell and Wagoner [26] were motivated by the
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proof of Bott periodicity using operators on Hilbert space and by the
simple homotopy theory of infinite complexes (respectively) to describe
the lower K-groups of a ring A as the ordinary K-groups of rings of
infinite matrices which are locally finite

K−i(A) = K0(SiA) = K1(Si+1A) (i ≥ 0) ,

with SiA the i-fold suspension ring: the suspension SA is the ring de-
fined by the quotient of the ring of locally finite countable matrices with
entries in A by the ideal of globally finite matrices. Gersten [29] used
the ring suspension to define a non-connective spectrum K(A) with ho-
motopy groups

πi(K(A)) = Ki(A) (i ∈ Z) .

The applications of the lower K- and L-groups to manifolds generalize
the end invariant of Siebenmann [73], which interprets the Wall finiteness
obstruction [W ] ∈ K̃0(Z[π]) of an open n-dimensional manifold W with
one tame end as the obstruction to closing the end, assuming that n ≥ 6
and that π = π1(W ) is also the fundamental group of the end. The
following conditions on W are equivalent :

(i) [W ] = 0 ∈ K̃0(Z[π]) ,
(ii) W is homotopy equivalent to a finite CW complex,
(iii) W is homeomorphic to the interior of a closed n-dimensional man-

ifold M ,
(iv) the cellular chain complex C(W̃ ) of the universal cover W̃ of W is

chain equivalent to a finite f.g. free Z[π]-module chain complex.
The product W × S1 has end invariant

[W × S1] = 0 ∈ K̃0(Z[π × Z]) ,

so that W × S1 is homeomorphic to the interior of a closed (n + 1)-
dimensional manifold N . However, if [W ] 6= 0 ∈ K̃0(Z[π]) then N is not
of the form M ×S1 for a closed n-dimensional manifold M with interior
homeomorphic to W .

Motivated by controlled and the closely related bounded topology,
Pedersen [49], [50] expressed the lower K-group K−i(A) (i ≥ 0) of a
ring A both as the class group of the idempotent completion Pi(A) of
the additive category Ci(A) of Zi-graded A-modules which are f.g. free
in each grading, with bounded morphisms, and as the torsion group of
Ci+1(A)

K−i(A) = K0(Pi(A)) = K1(Ci+1(A)) (i ≥ 0) .

These K-theory identifications are obtained here by direct chain com-
plex constructions, and extended to corresponding identifications of the
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lower L-groups of a ring with involution A as the L-groups of additive
categories with involution

L〈−i〉n (A) = Ln+i(Pi(A)) = Ln+i+1(Ci+1(A)) (i ≥ 0) .

The method can also be used to express the lower L-groups as the L-
groups of multiple suspensions

L〈−i〉n (A) = Lpn+i(S
iA) = Lhn+i+1(Si+1A) (i ≥ 0) .

For i = 0 this is an unpublished result of Farrell and Wagoner (cf. Wall
[84, p.251]).

The open cone of a subspace X ⊆ Sk is the metric space

O(X) = {tx ∈ Rk+1 | t ∈ [0,∞), x ∈ X} .
Open cones are especially important in the topological applications of
bounded K- and L-theory, because (roughly speaking) the controlled
algebraic topology of X is the bounded algebraic topology of O(X).

Given a filtered additive category A and a metric space X let CX(A)
be the filtered additive category of X-graded objects in A and bounded
morphisms defined by Pedersen and Weibel [53], and let PX(A) be the
idempotent completion of CX(A). Let P0(A) denote the idempotent
completion of A itself, and let K(A) be the non-connective algebraic
K-theory spectrum of A, with homotopy groups

πi(K(A)) = Ki(P0(A)) (i ∈ Z)

= Ki(A) (i 6= 0) .
The main result of Pedersen and Weibel [54] shows that the algebraic
K-theory assembly map

H lf
∗ (X ;K(A)) −−→ K∗(PX(A))

is an isomorphism for X = O(Y ) an open cone on a compact polyhedron
Y ⊆ Sk, so that

K∗(PO(Y )(A)) = H lf
∗ (O(Y );K(A)) = H̃∗−1(Y ;K(A)) .

In particular, the algebraic K-groups K∗(PO(Y )(A)) of the open cone of
a union Y = Y + ∪ Y − ⊆ Sk of compact polyhedra fit into a Mayer-
Vietoris exact sequence
. . . −−→ Ki(PO(Y +∩Y −)(A)) −−→ Ki(PO(Y +)(A)) ⊕Ki(PO(Y −)(A))

−−→ Ki(PO(Y )(A))
∂
−−→ Ki−1(PO(Y +∩Y −)(A))

−−→ Ki−1(PO(Y +)(A))⊕Ki−1(PO(Y −)(A))

−−→ Ki−1(PO(Y )(A)) −−→ . . . .

Carlsson [16] extended the methods of [54] to metric spaces other than
open cones, obtaining a Mayer-Vietoris exact sequence for the algebraic



Introduction 5

K-groups K∗(PX(A)) of a union X = X+ ∪ X− of arbitrary metric
spaces
. . . −−→ lim−→

b

Ki(PNb(X+,X−,X)(A)) −−→ Ki(PX+(A))⊕Ki(PX−(A))

−−→ Ki(PX(A))
∂
−−→ lim−→

b

Ki−1(PNb(X+,X−,X)(A))

−−→ Ki−1(PX+(A))⊕Ki−1(PX−(A)) −−→ Ki−1(PX(A)) −−→ . . . ,

with
Nb(X+, X−, X) = Nb(X+, X) ∩Nb(X−, X)

= {x ∈ X | d(x, x+), d(x, x−) ≤ b for some x+ ∈ X+, x− ∈ X−}
the intersection of the b-neighbourhoods of X+ and X− in X . This
exact sequence will be obtained in §4 for i = 1 using elementary chain
complex methods, with the connecting map

∂ : K1(CX(A)) −−→ lim−→
b

K0(PNb(X+,X−,X)(A))

defined by sending the torsion τ(E) of a contractible finite chain complex
E in CX(A) to the projective class [E+] of a CNb(X+,X−,X)(A)-finitely
dominated subcomplex E+ ⊆ E, corresponding to the end obstruction
of Siebenmann [73], [75] of the part of E lying over a b-neighbourhood
of X+ in X . In the special case

X = X+ ∪X− = R , X+ = [0,∞) , X− = (−∞, 0]

the algebraic K-groups are such that

K∗(CR±(A)) = K∗(PR±(A)) = 0 , K∗(CR(A)) = K∗(C1(A)) .

The connecting map in this case is the isomorphism of Pedersen and
Weibel [53]

∂ : K1(C1(A)) ∼= K0(P0(A)) .

The algebraic properties of modules and quadratic forms over a Lau-
rent polynomial extension ring A[z, z−1] are best studied using algebraic
transversality techniques which mimic the geometric transversality tech-
nique for the construction of fundamental domains of infinite cyclic cov-
ers of compact manifolds. The linearization trick of Higman [34] was
the first such algebraic transversality result, leading to the method of
Mayer-Vietoris presentations developed by Waldhausen [80]. In §10 this
method is used to obtain a split exact sequence

0 −−→ K1(A) −−→ K1(A[z])⊕K1(A[z−1])

−−→ K1(A[z, z−1]) −−→ K0(P0(A)) −−→ 0

for any filtered additive category A. The split projection K1(A[z, z−1])
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−−→K0(P0(A)) is induced by the embedding of A[z, z−1] in C1(A) as a
subcategory with homogeneously Z-graded objects. Let Pi(A) denote
the idempotent completion P0(Ci(A)) of the bounded Zi-graded cate-
gory Ci(A). The above sequence is used in §11 to recover the expression
due to Pedersen and Weibel [53] of the lower K-groups of A as

K−i(A) = K0(Pi(A)) = K1(Ci+1(A)) (i ≥ 1) ,

using polynomial extensions (in the spirit of Bass [7]) instead of the
delooping machinery.

The quadratic L-groups L∗(A) are defined in Ranicki [68] for any addi-
tive category A with an involution, as the cobordism groups of quadratic
Poincaré complexes in A. The intermediate quadratic L-groups LJ∗ (A)
are defined for a ∗-invariant subgroup J ⊆ K0(A) to be the cobordism
groups of quadratic Poincaré complexes in A with the projective class
required to belong to J . The algebraic transversality method is applied
in §14 to obtain a Mayer-Vietoris exact sequence for the quadratic L-
groups L∗(CX(A)) of a union X = X+ ∪X−

. . . −−→ lim−→
b

LJbn (PNb(X+,X−,X)(A)) −−→ Ln(CX+(A)) ⊕ Ln(CX−(A))

−−→ Ln(CX(A))
∂
−−→ lim−→

b

LJbn−1(PNb(X+,X−,X)(A)) −−→ . . . ,

with

Jb = ker(K0(PNb(X+,X−,X)(A))−−→K0(PX+(A)) ⊕K0(PX−(A))) .

In particular, the quadratic L-groups L∗(CO(Y )(A)) of the open cone of
a union Y = Y + ∪ Y − ⊆ Sk fit into a Mayer-Vietoris exact sequence
. . . −−→ LJn(PO(Y +∩Y −)(A)) −−→ Ln(CO(Y +)(A))⊕ Ln(CO(Y −)(A))

−−→ Ln(CO(Y )(A))
∂
−−→ LJn−1(PO(Y +∩Y −)(A)) −−→ . . . ,

with

J = ker(K0(PO(Y +∩Y −)(A))−−→K0(PO(Y +)(A))⊕K0(PO(Y −)(A))) .

In the important special case

Y ± = {±1} , Y = Y + ∪ Y − = S0

the open cones are

O(Y ±) = R± , O(Y ) = R
and

L∗(CR±(A)) = 0 , L∗(CR(A)) = L∗(C1(A)) , J = K0(P0(A)) ,

so that the connecting maps define isomorphisms

∂ : L∗(C1(A)) ∼= L∗−1(P0(A)) .



Introduction 7

In §17 the lower L-groups of a filtered additive category with involution
A are defined inductively by

L
〈0〉
∗ (A) = L∗(P0(A)) ,

L
〈−i〉
∗ (A[z, z−1]) = L

〈−i〉
∗ (A)⊕ L〈−i−1〉

∗−1 (A) (i ≥ 1) .
The isomorphisms ∂ are used to obtain the expressions

L〈−i〉n (A) = Ln+i(Pi(A)) = Ln+i+1(Ci+1(A)) (n ≥ 0 , i ≥ 1) .

The lower L-groups of a ring with involution A are the lower L-groups
of the additive category with involution of based f.g. free A-modules.
The ultimate lower quadratic L-groups of A are defined by

L〈−∞〉n (A) = lim−→
i

L〈−i〉n (A) (n ∈ Z) ,

and as in Ranicki [69] there is defined an algebraic L-theory spectrum
L〈−∞〉. (A) with homotopy groups

π∗(L〈−∞〉. (A)) = L
〈−∞〉
∗ (A) .

The Mayer-Vietoris exact sequence of §14 shows that the algebraic L-
theory assembly map of [69, Appendix C]

H lf
∗ (X ;L〈−∞〉. (A)) −−→ L

〈−∞〉
∗ (CX(A))

is an isomorphism for X = O(Y ) the open cone of a compact polyhedron
Y ⊆ Sk, so that

L
〈−∞〉
∗ (CO(Y )(A)) = H lf

∗ (O(Y );L〈−∞〉. (A))

= H̃∗−1(Y ;L〈−∞〉. (A)) .
In §20 the chain complex methods are used to provide an abstract

treatment of the obstruction theory of Farrell [21], [22] and Siebenmann
[76] for fibering a manifold over the circle S1.

In Ranicki and Yamasaki [70] the lower K-theory algebra is applied to
the controlled topology of Chapman-Ferry-Quinn, obtaining systematic
proofs of the results of Chapman and West on the topological invariance
of Whitehead torsion and the homotopy finiteness of compact ANRs.
The bounded surgery theory of Ferry and Pedersen [28] is the topological
context for which the lower L-theory algebra presented here is most
directly suited. However, in Ranicki and Yamasaki [71] the algebra will
be applied to the controlled surgery theory of Quinn [56] and Yamasaki
[89].

An earlier version of this text was issued as Heft 25 (1990) of the Math-
ematica Gottingensis. I should like to take this opportunity of thanking
the Sonderforschungsbereich ‘Geometrie und Analysis’ in Göttingen for
its manifold hospitality on various occasions since its inception in 1984.
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§1. Projective class and torsion

This section is a brief recollection from Ranicki [64], [65] of the alge-
braic theory of finiteness obstruction and torsion in an additive category
A.

Give A the split exact structure: a sequence in A

0 −−→ A
i
−−→ B

j
−−→ C −−→ 0

is exact if there exists a morphism k : C−−→B such that
(i) jk = 1 : C −−→ C ,

(ii) (i k) : A⊕ C −−→ B is an isomorphism in A.
The class group K0(A) is the abelian group with one generator [A] for

each object A in A, subject to the relations
(i) [A] = [A′] if A is isomorphic to A′,

(ii) [A⊕B] = [A] + [B] for any objects A,B in A.
A chain complex C in A is n-dimensional if Cr = 0 for r < 0 and

r > n

C : . . . −−→ 0 −−→ Cn
d
−−→ Cn−1 −−→ . . . −−→ C1

d
−−→ C0 .

A chain complex C in A is finite if it is n-dimensional for some n ≥ 0.
The class of a finite chain complex C in A is the chain homotopy

invariant defined by

[C] =
∞∑
r=0

(−)r[Cr ] ∈ K0(A) .

The k-fold suspension of a chain complex C is the chain complex SkC
defined for any k ∈ Z by a dimension shift −k

dSkC = dC : (SkC)r = Cr−k −−→ (SkC)r−1 = Cr−k−1 .

If C is n-dimensional and n+k ≥ 0 the k-fold suspension SkC is (n+k)-
dimensional, with class

[SkC] = (−)k[C] ∈ K0(A) .

The idempotent completion P0(A) of A is the additive category with
objects (A, p) defined by the objects A of A together with a projection
p = p2 : A−−→A. A morphism f : (A, p)−−→(B, q) in P0(A) is a mor-
phism f : A−−→B in A such that qfp = f : A−−→B. The full embedding

A −−→ P0(A) ; A −−→ (A, 1)

will be used to identify A with a subcategory of P0(A). The reduced
class group of P0(A) is defined by

K̃0(P0(A)) = coker(K0(A)−−→K0(P0(A))) .
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Given a ring A let Bf (A) be the additive category of based f.g. free
A-modules. The idempotent completion P0(Bf (A)) is isomorphic to the
additive category P(A) of f.g. projective A-modules, and

K0(P0(Bf (A))) = K0(P(A)) = K0(A) ,

K̃0(P0(Bf (A))) = K̃0(A) .

Let (B,A ⊆ B) be a pair of additive categories, with A full in B. A
chain complex in B is homotopy A-finite if it is chain equivalent to a
finite chain complex in A. An A-finite domination (D, f, g, h) of a chain
complex C in B is a finite chain complexD in A together with chain maps
f : C−−→D, g : D−−→C and a chain homotopy h : gf ' 1 : C−−→C.
The projective class of an A-finitely dominated chain complex C in B
is the class of any finite chain complex (D, p) in P0(A) which is chain
equivalent to (C, 1) in P0(B)

[C] = [D, p ] ∈ K0(P0(A)) .

See Ranicki [64] for an explicit construction of such a (D, p) from an
A-finite domination of C. The reduced projective class is such that
[C] = 0 ∈ K̃0(P0(A)) if and only if C is homotopy A-finite.

A chain homotopy projection (D, p) is a chain complex D together
with a chain map p : D−−→D such that there exists a chain homotopy

p ' p2 : D −−→ D .

A splitting (C, f, g) of (D, p) is a chain complex C together with chain
maps f : C−−→D, g : D−−→C such that gf ' 1 : C−−→C, fg ' p :
D−−→D. The projective class of a chain homotopy projection (D, p)
with D a finite chain complex in A was defined in Lück and Ranicki [44]
by

[D, p ] = [C] ∈ K0(P0(A))

for any splitting (C, f, g) of (D, p) in P0(A). See [44] for an explicit
construction of an object (Dω, pω) in P0(A) such that

[D, p ] = [Dω, pω]− [Dodd] ∈ K0(P0(A)) ,

with
Deven = D0 ⊕D2 ⊕D4 ⊕ . . . ,
Dodd = D1 ⊕D3 ⊕D5 ⊕ . . . ,
Dω = Deven ⊕Dodd = D0 ⊕D1 ⊕D2 ⊕ . . . .

The reduced projective class is such that [D, p ] = 0 ∈ K̃0(P0(A)) if and
only if (D, p) has a splitting (C, f, g) with C a finite chain complex in
A.



10 Lower K- and L-theory

A finite chain complex C in A is round if

[C] = 0 ∈ K0(A) .

The projective class of an A-finitely dominated chain complex C is
such that [C] = 0 ∈ K0(P0(A)) if and only if C is chain equivalent to
a round finite chain complex in A. The reduced projective class is such
that [C] = 0 ∈ K̃0(P0(A)) if and only if C is homotopy A-finite.

Proposition 1.1 If in an exact sequence of chain complexes in B
0 −−→ C −−→ D −−→ E −−→ 0

any two of C,D,E are A-finitely dominated then so is the third, and the
projective classes are related by the sum formula

[C]− [D] + [E] = 0 ∈ K0(P0(A)) .

The torsion group of an additive categoryA is the abelian groupK1(A)
with one generator τ(f) for each automorphism f : M−−→M , subject to
the relations

(i) τ(gf : M−−→M−−→M) = τ(f : M−−→M) + τ(g : M−−→M) ,

(ii) τ(i−1fi : L−−→M−−→M−−→L) = τ(f : M−−→M) ,

(iii) τ(f ⊕ f ′ : M ⊕M ′−−→M ⊕M ′)
= τ(f : M−−→M) + τ(f ′ : M ′−−→M ′) .

A stable isomorphism [f ] : L−−→M between objects in A is an equiv-
alence class of isomorphisms f : L ⊕ X−−→M ⊕ X in A, under the
equivalence relation

(f : L⊕X−−→M ⊕X) ∼ (f ′ : L⊕X ′−−→M ⊕X ′)
if the automorphism

α = (f ′−1 ⊕ 1)(f ⊕ 1) : L⊕X ⊕X ′ −−→ L⊕X ⊕X ′

has torsion τ(α) = 0 ∈ K1(A) .
The composite of stable isomorphisms

[f ] : L −−→ M , [g] : M −−→ N

represented by

f : L⊕X −−→ M ⊕X , g : M ⊕ Y −−→ N ⊕ Y
is the stable isomorphism [gf ] : L−−→N represented by the composite

(g ⊕ 1)(f ⊕ 1) : L⊕X ⊕ Y −−→ N ⊕X ⊕ Y .

A stable automorphism [f ] : L−−→L has a well-defined torsion

τ([f ]) = τ(f : L⊕X−−→M ⊕X) ∈ K1(A) ,
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with

τ([g][f ]) = τ([f ]) + τ([g]) , τ([f ⊕ f ′]) = τ([f ]) + τ([f ′]) ∈ K1(A) .

The stable automorphism group of any object M in A is isomorphic to
K1(A).

An additive functor F : A−−→B of additive categories induces mor-
phisms of algebraic K-groups

F0 : K0(A) −−→ K0(B) ; [M ] −−→ [F (M)] ,

F1 : K1(A) −−→ K1(B) ;

τ(g : M−−→M) −−→ τ(F (g) : F (M)−−→F (M)) .

The relative K1-group K1(F ) is the abelian group of equivalence classes
[M,N, g] of triples (M,N, g) consisting of objects M,N in A and a sta-
ble isomorphism [g] : F (M)−−→F (N) in B, subject to the equivalence
relation

(M,N, g) ∼ (M ′, N ′, g′) if there exists a stable isomorphism

[h] : M ⊕N ′−−→M ′ ⊕N in A such that

τ([g′][F (h)][g]−1 : F (M ⊕M ′)−−→F (M ⊕M ′)) = 0 ∈ K1(B) ,
with addition by

[M1, N1, g1] + [M2, N2, g2] = [M1 ⊕M2, N1 ⊕N2, g1 ⊕ g2] ∈ K1(F ) .

The relative K1-group fits into an exact sequence

K1(A)
F1−−→ K1(B) −−→ K1(F )

∂
−−→ K0(A)

F0−−→ K0(B)

with
K1(B) −−→ K1(F ) ; τ(g : M−−→M) −−→ [0, 0, g] ,

∂ : K1(F ) −−→ K0(A) ; [M,N, g] −−→ [M ]− [N ] .
The full embedding

A −−→ P0(A) ; M −−→ (M, 1)

induces an isomorphism of torsion groups

K1(A) −−→ K1(P0(A)) ; τ(f : M−−→M) −−→ τ(f : (M, 1)−−→(M, 1))

which is used to identify

K1(A) = K1(P0(A)) .

The following additivity property of torsion will be used in §4.

Lemma 1.4 Let f : M−−→M be an automorphism in A. Given a reso-
lution of M by an exact sequence in A

0 −−→ K
i
−−→ L

j
−−→ M −−→ 0
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and a resolution of f by an isomorphism of exact sequences in A

0 w A⊕K w
1A ⊕ i

u

h

A⊕ L w
0⊕ j

u

g

M

u

f

w 0

0 w B ⊕K w
1B ⊕ i B ⊕ L w

0⊕ j
M w 0

the stable isomorphisms [g] : A−−→B, [h] : A−−→B are such that

τ(f) = τ([h]−1[g] : A−−→A) ∈ K1(A) .

Proof The stable automorphism [h]−1[g] : A−−→A is represented by
the isomorphism

(h⊕ 1L)−1(g ⊕ 1K) : A⊕K ⊕ L −−→ B ⊕K ⊕ L −−→ A⊕K ⊕ L .

Choosing a splitting morphism k : M−−→L for j : L−−→M there is
defined an isomorphism

s = (i k) : K ⊕M −−→ L

such that

(s⊕ 1B)−1g(s⊕ 1A) =
(
h e
0 f

)
: (A⊕K)⊕M −−→ (B ⊕K)⊕M

for some morphism e : M−−→B ⊕K. Thus

(h−1 ⊕ 1M)(s⊕ 1B)−1g(s⊕ 1A) =
(

1 h−1e
0 f

)
: (A⊕K)⊕M −−→ (A⊕K)⊕M ,

(s⊕ 1A⊕K)−1(h⊕ 1L)−1(g ⊕ 1K)(s⊕ 1A⊕K) =

 1 h−1e 0
0 f 0
0 0 1


: (A⊕K)⊕M ⊕K −−→ (A⊕K)⊕M ⊕K ,

and
τ(f) = τ((s ⊕ 1A⊕K)−1(h⊕ 1L)−1(g ⊕ 1K)(s⊕ 1A⊕K))

= τ([h]−1[g]) ∈ K1(A) .

§2. Graded and bounded categories

The bounded X-graded category CX(A) of Pedersen and Weibel [53]
is defined for a metric space X and a filtered additive category A, as a
subcategory of the following (unbounded) X-graded category.

Definition 2.1 Given a set X and an additive category A define the
X-graded category GX(A) to be the additive category in which an object
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is a collection {M(x) |x ∈ X} of objects in A indexed by X , written as
a direct sum

M =
∑
x∈X

M(x) ,

and a morphism

f = {f(y, x)} : L =
∑
x∈X

L(x) −−→ M =
∑
y∈X

M(y)

is a collection {f(y, x) : L(x)−−→M(y) |x, y ∈ X} of morphisms in A
such that for each x ∈ X the set {y ∈ X | f(y, x) 6= 0} is finite. It is
convenient to regard f as a matrix with one column {f(y, x) | y ∈ X}
for each x ∈ X (containing only a finite number of non-zero entries) and
one row {f(y, x) |x ∈ X} for each y ∈ X . The composite of morphisms
f : L−−→M , g : M−−→N in GX(A) is the morphism gf : L−−→N defined
by

(gf)(z, x) =
∑
y∈X

g(z, y)f(y, x) : L(x) −−→ N(z) ,

where the sum is actually finite.

Note that if X is a finite set the functor

GX(A) −−→ A ; M −−→
∑
x∈X

M(x)

is an equivalence of additive categories.

Example 2.2 Let A = Bf (A) be the additive category of based f.g. free
A-modules for a ring A. For any set X write

GX(A) = GX(A) .

An object in GX(A) is a based free A-module which is a direct sum

M =
∑
x∈X

M(x)

of based f.g. free A-modules M(x) (x ∈ X). The morphisms in GX(A)
are the A-module morphisms.

An additive category A is filtered if to each morphism f : L−−→M
there is assigned a filtration degree δ(f), a non-negative integer such
that

(i) δ(f + g) ≤ max(δ(f), δ(g)) for any f, g : L−−→M ,
(ii) δ(gf) ≤ δ(f) + δ(g) for any f : L−−→M , g : M−−→N ,
(iii) δ(−1 : L−−→L) = δ((1 0) : L⊕M−−→L)

= δ(
(

1
0

)
: L−−→L⊕M) = 0 ,
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(iv) δ(f) = 0 for any coherence isomorphism f .
The morphisms f : L−−→M of filtration degree ≤ b define a subgroup
Fb(L,M) of HomA(L,M) such that

F0(L,M) ⊆ F1(L,M) ⊆ . . . ⊆
∞⋃
b=0

Fb(L,M) = HomA(L,M) .

Definition 2.3 Let X be a metric space, and let A be a filtered additive
category.
(i) An object M in GX(A) is bounded if for each x ∈ X and each number
r > 0 there is only a finite number of y ∈ X with d(x, y) < r and M(y)
non-zero.
(ii) A morphism f : L−−→M inGX(A) is bounded if there exists a number
b ≥ 0 such that

(a) δ(f(y, x)) ≤ b for all y ∈ X ,

(b) f(y, x) = 0 for d(x, y) > b .

(iii) The bounded X-graded category CX(A) is the subcategory of
GX(A) consisting of bounded objects and bounded morphisms. The
idempotent completion of CX(A) is written

PX(A) = P0(CX(A)) .

An X-graded CW complex (K, ρK) is a finite-dimensional CW com-
plex K together with a continuous map ρK : K−−→X . For each r-cell
e = er ⊂ K let χe : Dr−−→K be the characteristic map, and let

ρe = ρKχe : Dr −−→ X , γ(e) = ρe(0) ∈ X .

The X-graded CW complex (K, ρK) is bounded if ρK : K−−→X is
proper, and the maps

χe : (Dr, ρe) −−→ (K, ρK)

are uniformly bounded, i.e. there exists an integer b ≥ 0 such that

d(ρe(x), ρe(y)) < b for each cell er ⊂ K and all x, y ∈ Dr .

Given a ring A let Bf (A) be the additive category of based f.g. free
A-modules with the trivial filtered structure F0Hom=Hom , and write

CX(Bf (A)) = CX(A) .

Example 2.4 Given an X-graded CW complex (K, ρK) and a regular
covering K̃ of K with group of covering translations π consider the
cellular based free Z[π]-module chain complex C(K̃) as a finite chain
complex in the X-graded category GX(Z[π]) with C(K̃)r(x) the based
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f.g. free Z[π]-module with one base element for each r-cell e ⊆ K such
that γ(e) = x. If (K, ρK) is bounded then C(K̃) is defined in CX(Z[π]).

A proper eventually Lipschitz map f : X−−→Y of metric spaces is a
function (not necessarily continuous) satisfying

(i) the inverse image of a bounded set is a bounded set,
(ii) there exist numbers r, k > 0 depending only on f such that for

all s > r and all x, y ∈ X with d(x, y) < s it is the case that
d(f(x), f(y)) < ks.

Given an object M = {M(x) |x ∈ X} in CX(A) and a proper eventu-
ally Lipschitz map f : X−−→Y let

f∗M = {f∗M(y) | y ∈ Y }
be the object in CY (A) defined by

f∗M(y) =
∑

x∈f−1(y)

M(x) .

If f : X−−→Y is a homotopy equivalence of metric spaces in the proper
eventually Lipschitz category then f∗ : CX(A)−−→CY (A) is an equiva-
lence of filtered additive categories.

A subobject N ⊆M of an object M in GX(A) is an object N in GX(A)
such that for each x ∈ X either N(x) = M(x) or N(x) = 0. Given an
object M in GX(A) and a subset Y ⊆ X let M(Y ) be the subobject of
M defined by

M(Y ) =
∑
y∈Y

M(y) .

The evident projection is denoted by

pY : M −−→ M(Y ) .

Given also a subset Z ⊆ X and a morphism f : L−−→M in GX(A) write

f(L(Y )) ⊆M(Z)

to signify that

f(x, y) = 0 : L(y) −−→ M(x) for all x ∈ X − Z , y ∈ Y ,

or equivalently

pX−ZfpY = 0 : L −−→ M(X − Z) .

Let (X,Y ⊆ X) be a pair of metric spaces. For any integer b ≥ 0
define the b-neighbourhood of Y in X to be

Nb(Y,X) = {x ∈ X | d(x, y) ≤ b for some y ∈ Y } .
The b-neighbourhoods are such that
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(i) Y = N0(Y,X) ⊆ N1(Y,X) ⊆ . . . ⊆
∞⋃
b=0

Nb(Y,X) = X ,

(ii) the inclusion Y−−→Nb(Y,X) is a homotopy equivalence in the prop-
er eventually Lipschitz category, with a homotopy inverse

Nb(Y,X) −−→ Y ; x −−→ y

defined by sending x ∈ Nb(Y,X) to any y ∈ X with d(x, y) ≤ b.
The induced isomorphisms of algebraic K-groups

K∗(CY (A)) ∼= K∗(CNb(Y,X)(A))

K∗(PY (A)) ∼= K∗(PNb(Y,X)(A))
will be used as identifications.

Definition 2.5 (i) The germ away from Y [f ] of a morphism f :
L−−→M in GX(A) is the equivalence class of f with respect to equiva-
lence relation ∼ defined on the morphisms L−−→M by

f ∼ g if (f − g)(L(X\Nb(Y,X))) ⊆M(Nc(Y,X)) for some b, c ≥ 0 .

(ii) The (X,Y )-graded category GX,Y (A) is the additive category with :
(a) the objects of GX,Y (A) are the bounded objects M =

∑
x∈X

M(x) of

GX(A),
(b) the morphisms [f ] : L−−→M in GX,Y (A) are the germs away from

Y of morphisms f : L−−→M in GX(A).

A morphism f : L−−→M in GX(A) with a factorization

f : L −−→ N −−→ M

through an object N in GNb(Y,X)(A) has germ

[f ] = [0] : L −−→ M .

Definition 2.6 The bounded (X,Y )-graded category CX,Y (A) is the
subcategory of GX,Y (A) with the same objects, and morphisms the
germs [f ] away from Y of morphisms f : L−−→M in CX(A).

CX,Y (A) is the category denoted C>YX (A) by Hambleton and Pedersen
[31].

The germ [f ] away from Y of a morphism f : L−−→M in CX(A)
consists of the morphisms g : L−−→M in CX(A) such that

(f − g)(L) ⊆M(Nb(Y,X))

for some b ≥ 0.
Given a chain complex C in CX(A) let [C] be the chain complex
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defined in CX,Y (A) by

d[C] = [dC ] : [C]r = Cr −−→ [C]r−1 = Cr−1 .

Proposition 2.7 For every finite chain complex C in CX,Y (A) there
exists a finite chain complex D in CX(A) such that

C = [D] .

Proof Let C be n-dimensional. For any representatives in CX(A)

dC : Cr −−→ Cr−1 (1 ≤ r ≤ n)

there exists a sequence b = (b0, b1, . . . , bn) of integers br ≥ 0 such that

(i) dC(Cr(Nbr (Y,X))) ⊆ Cr−1(Nbr−1(Y,X)) ,

(ii) (dC)2(Cr) ⊆ Cr−2(Nbr−2(Y,X)) .

(Start with bn = 0 and work downwards, bn−1, bn−2, . . . , b0). For any
such sequence b let D be the chain complex defined in CX(A) by

dD =
(

0 0
0 dC |

)
:

Dr = Cr = Cr(Nbr (Y,X))⊕ Cr(X\Nbr(Y,X))

−−→ Dr−1 = Cr−1 = Cr−1(Nbr−1(Y,X))⊕ Cr−1(X\Nbr−1(Y,X)) .

Definition 2.8 (i) The support of an objectM in CX(A) is the subspace

supp(M) = {x ∈ X |M(x) 6= 0} ⊆ X .

(ii) The neighbourhood category of CY (A) in CX(A) is the full subcate-
gory

NY (A) =
⋃
b≥0

CNb(Y,X)(A) ⊆ CX(A)

with objects M which are in CNb(Y,X)(A) for some b ≥ 0, i.e. such that

supp(M) ⊆ Nb(Y,X) .

The inclusion

F : CY (A) −−→ NY (A)

is an equivalence of additive categories. In order to define an inverse
equivalence F−1 = G choose for each b ≥ 0 a strong deformation retrac-
tion

gb = inclusion−1 : Nb(Y,X) −−→ Y

in the proper eventually Lipschitz category, and set

G : NY (A) −−→ CY (A) ; M −−→ (gb)∗M
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for any b ≥ 0 such that M is defined in CNb(Y,X)(A). The idempotent
completions are also equivalent, allowing the identifications

K0(P0(NY (A))) = K0(PNb(Y,X)(A)) = K0(PY (A)) (b ≥ 0) .

The objects in CX,Y (A) isomorphic to 0 are the objects in NY (A), and
CX,Y (A) is the localization of CX(A) inverting the subcategory NY (A).
The equivalence type of the filtered additive category CX,Y (A) depends
only on the homotopy type of the complement X\Y in the proper even-
tually Lipschitz category.

§3. End invariants

The algebraic theories of finiteness obstruction and torsion of §1 are
applied to the graded and bounded categories of §2, to obtain an abstract
account of the end invariant of Siebenmann [73] for closing a tame end
of an open manifold.

Let A ⊆ B be an embedding of additive categories (meaning a functor
which is injective on the object sets). A morphism f : L−−→M in A
is a B-isomorphism if there exists an inverse f−1 : M−−→L in B. A
chain complex C in A is B-contractible if there exists a chain contraction
Γ : 0 ' 1 : C−−→C in B.

Let A0 ⊆ A1 ⊆ A2 be embeddings of additive categories. A chain
complex C in A1 is (A2,A0)-finitely dominated if there exists a domina-
tion

(D , f : C−−→D , g : D−−→C , h : gf ' 1 : C−−→C )

of C in A2 by a finite chain complex D in A0.
In the following result the embeddings A0 ⊆ A1 ⊆ A2 are given by

NY (A) ⊆ CX(A) ⊆ GX(A) for a pair of metric spaces (X,Y ⊆ X) and
a filtered additive category A.

Proposition 3.1 A finite chain complex C in CX(A) is GX,Y (A)-
contractible if and only if it is (GX(A),NY (A))-finitely dominated.
Proof Let C be n-dimensional

C : . . . −−→ 0 −−→ Cn
dC−−→ Cn−1 −−→ . . . −−→ C1

dC−−→ C0 .

A contraction [Γ] : 0 ' 1 : C−−→C of C in GX,Y (A) is represented by a
collection of morphisms in GX(A)

Γ = {Γ : Cr−−→Cr+1 | 0 ≤ r < n}
such that for some integers c0, c1, . . . , cn ≥ 0

(1− dCΓ− ΓdC)(Cr) ⊆ Cr(Ncr (Y,X)) (0 ≤ r ≤ n) .

Starting with bn = cn there exists a sequence bn, bn−1, . . . , b0 of integers
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br ≥ cr such that

dC(Cr(Nbr (Y,X))) ⊆ Cr−1(Nbr−1(Y,X)) (1 ≤ r ≤ n) .

Let b = max{b0, b1, . . . , bn} and let D be the finite chain complex in
CNb(Y,X)(A) defined by

dD = dC | : Dr = Cr(Nbr (Y,X)) −−→ Dr−1 = Cr−1(Nbr−1(Y,X)) .

Define a (GX(A),CNb(Y,X)(A))-domination of C

(f : C−−→D, g : D−−→C, h : gf ' 1 : C−−→C)

by
f = (1− dCΓ− ΓdC)| : Cr −−→ Dr ,

g = inclusion : Dr −−→ Cr ,

h = Γ : Cr −−→ Cr+1 .

Conversely, suppose given a (GX(A),CNb(Y,X)(A))-domination of C

(f : C−−→D, g : D−−→C, h : gf ' 1 : C−−→C)

for some b ≥ 0. Passing to the germs away from Y there is defined a
chain contraction of C in GX,Y (A)

[Γ] = [h] : [gf ] = 0 ' 1 : C −−→ C .

By 2.7 every finite chain complex C in CX,Y (A) is of the type C = [D],
for some finite chain complex D in CX(A). In view of 3.1 the following
conditions are equivalent:

(i) C is GX,Y (A)-contractible,
(ii) D is GX,Y (A)-contractible,
(iii) D is (GX(A),NY (A))-finitely dominated.

Definition 3.2 The end invariant of a finite GX,Y (A)-contractible chain
complex C in CX,Y (A) is the projective class

[C]+ = [D] ∈ K0(PNb(Y,X)(A)) = K0(PY (A))

of any (GX(A),NY (A))-finitely dominated chain complex D in CX(A)
such that [D] = C. The reduced end invariant of C is the image of the
end invariant in the reduced class group

[C]+ ∈ K̃0(PY (A)) = coker(K0(CY (A))−−→K0(PY (A))) .

Example 3.3 Let (X,Y ) = (Z+, {0}). For any object M in A let M [z]
be the object in CX(A) defined by

M [z](k) = zkM (k ≥ 0) ,
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with zkM a copy of M graded by k ∈ X . For any object (M,p) in P0(A)
the 1-dimensional chain complex C defined in CX(A) by

dC =


1 0 0 . . .
−p 1 0 . . .
0 −p 1 . . .
...

...
...


: C1 = M [z] =

∞∑
k=0

zkM −−→ C0 = M [z] =
∞∑
k=0

zkM

is GX,Y (A)-contractible, since dC fits into the direct sum system in
P0(GX(A))

M [z]
dC−−−−−−→

←−−−−−−
Γ

M [z]
i

−−−−−−→
←−−−−−−

j
(M,p)

with

Γ =


1− p −p −p . . .

0 1− p −p . . .
0 0 1− p . . .
...

...
...


: M [z] =

∞∑
k=0

zkM −−→ M [z] =
∞∑
k=0

zkM ,

i = ( p p p . . . ) : M [z] =
∞∑
k=0

zkM −−→ M ,

j =


p
0
0
...

 : M −−→ M [z] =
∞∑
k=0

zkM .

The direct sum system includes a (GX(A),CY (A))-domination (M, i, j,

Γ) of C with ij = p : M−−→M , so that C has end invariant

[C]+ = [M,p ] ∈ K0(PY (A)) = K0(P0(A)) .

Given a subobjectN ⊆M of an objectM in CX(A) define the quotient
object M/N to be the object in CX(A) with

(M/N)(x) =
{
M(x) if N(x) = 0
0 if N(x) = M(x) .

As usual, there is defined an exact sequence

0 −−→ N −−→ M −−→ M/N −−→ 0 .
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Proposition 3.4 The end invariants of a pair (C,D ⊆ C) of n-dimen-
sional GX,Y (A)-contractible chain complexes in CX,Y (A) with C/D de-
fined in CNb(Y,X),Y (A) for some b ≥ 0 are related by

[C]− [D] = [C/D]

=
n∑
r=0

(−)r[(C/D)r] ∈ im(K0(CY (A))−−→K0(PY (A))) .

The reduced invariants are such that

[C]− [D] = 0 ∈ K̃0(PY (A)) .

Proof Immediate from the sum formula 1.1 for projective classes, iden-
tifying

K0(CNb(Y,X)(A)) = K0(CY (A)) .

Thus the reduced end invariant [C] ∈ K̃0(PY (A)) depends only on the
part of C away from Nb(Y,X) ⊆ X , for any b ≥ 0.

Example 3.5 Let (X,Y ) = (R+, {0}), so that

Nb(Y,X) = [0, b] ⊂ X = R+ = [0,∞) (b ≥ 0) .

Let W be a connected open n-dimensional manifold with compact bo-
undary ∂W , with one tame end ε+.

∂W W ε+

Use a handle structure on W and a proper map p : (W,∂W )−−→(X,Y )
to give (W,∂W ) the structure of a bounded (X,Y )-graded n-dimensional
CW pair. Let

A = Bf (Z[π1(W )]) .

The chain complex C(W̃ ) of the universal cover W̃ of W is an n-
dimensional (GX(A),NY (A))-finitely dominated chain complex in
CX(A). The reduced end invariant of C(W̃ ) is the finiteness obstruction
of Wall [83] for the finitely dominated CW complex W

[C(W̃ )]+ = [W ] ∈ K̃0(P0(A)) = K̃0(Z[π1(W )]) ,

with [W ] = 0 if and only if W is homotopy equivalent to a finite CW
complex. The fundamental group of ε+ is

π1(ε+) = lim←−
b

π1(Wb) ,
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with

Wb = p−1(X\Nb(Y,X)) = p−1(b,∞) ⊂W (b ≥ 0)

a cofinal family of neighbourhoods of ε+. The end invariant of Sieben-
mann [73]

[ε+] = lim←−
b

[C(W̃b)] ∈ K̃0(Z[π1(ε+)])

is such that [ε+] = 0 if (and for n ≥ 6 only if) there exist a compact
cobordism (V ; ∂−V, ∂+V ) with ∂−V = ∂W and a homeomorphism

(W,∂W ) ∼= (V ∪ ∂+V × [0,∞), ∂−V )

which is the identity on ∂W , or equivalently such that

(W,∂W ) ∼= (V \∂+V, ∂−V ) .

Working as in [73] it is possible to express W as a union of adjoining
cobordisms,

W = V0 ∪ V1 ∪ . . . ∪ Vn−4 ∪Wn−3

with V0, V1, . . . , Vn−4 compact and Wn−3 open, such that
∂−V0 = ∂W , ∂+Vr = ∂−Vr+1 , ∂+Vn−r = ∂Wn−3 ,

Vr = ∂−Vr × I
⋃
∪Dr+1 ×Dn−r−1

( = trace of surgeries on Sr ×Dn−r−1 ⊂ ∂−Vr ) (0 ≤ r ≤ n− 4) ,
and such that each

Ur =
n−4⋃
i=r

Vi ∪Wn−3 (0 ≤ r ≤ n− 3)

is an ‘r-neighbourhood’ of the end ε+ with the inclusion

∂Ur = ∂−Vr −−→ Ur

r-connected.

V0 V1 V2

∂W = ∂−V0 ∂+V0 = ∂−V1 ∂+V1 = ∂−V2 ∂+V2 = ∂−V3

The (n − 3)-neighbourhood (Un−3, ∂Un−3) = (Wn−3, ∂Wn−3) is such
that

Hi(W̃n−3, ∂W̃n−3) = 0 (i 6= n− 2) ,

and P = Hn−2(W̃n−3, ∂W̃n−3) is a f.g. projective Z[π1(ε+)]-module such
that

[ε+] = [P ] ∈ K̃0(Z[π1(ε+)]) .
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[P ] = 0 if and (for n ≥ 6) only if there exists an expression

Wn−3 = Vn−3 ∪Wn−2

for some compact cobordism (Vn−3; ∂−Vn−3, ∂+Vn−3) with
∂−Vn−3 = ∂Wn−3 , ∂+Vn−3 = ∂Wn−2 ,

Vn−3 = ∂−Vn−3 × I
⋃
∪Dn−2 ×D2

such that Wn−2 is an (n − 2)-neighbourhood of ε+, in which case the
inclusion ∂Wn−2−−→Wn−2 is a homotopy equivalence and

(Wn−2, ∂Wn−2) ∼= ∂Wn−2 × ([0,∞), {0})
by the invertibility of h-cobordisms. Let π1(ε+) = π. The map K̃0(Z[π])
−−→K̃0(Z[π1(W )]) induced by the inclusions Wb−−→W sends the end ob-
struction [ε+] to the finiteness obstruction [W ]. The end has a finitely
dominated open neighbourhood which is the infinite cyclic cover M of
a compact n-dimensional manifold M with π1(M) = π×Z, π1(M) = π.
The product M × (R+, {0}) has a preferred (R+, {0})-bounded finite
structure, and there is defined an (R+, {0})-bounded homotopy equiva-
lence f : (W,∂W )−−→M × (R+, {0}) with (R+, {0})-bounded torsion

τ(f) = [ε+]− [M ] = (−)n[ε+]∗ ∈Wh(CR+,{0}(Z[π])) = K̃0(Z[π]) .

(See §7 for the isomorphism Wh(CR+,{0}(Z[π])) ∼= K̃0(Z[π]), and §13 for
duality.)

Definition 3.6 The end invariant of an isomorphism [f ] : L−−→M in
GX,Y (A) is the end invariant

[f ]+ = [C]+ ∈ K0(PY (A))

of the 1-dimensional contractible chain complex C in GX,Y (A) defined
by

d = [f ] : C1 = L −−→ C0 = M .

The end invariant of isomorphisms has the following algebraic prop-
erties:

Proposition 3.7 (i) For any isomorphisms [f ] : L−−→M , [f ′] : L′−−→
M ′ in GX,Y (A)

[f ⊕ f ′ : L⊕ L′−−→M ⊕M ′]+
= [f : L−−→M ]+ + [f ′ : L′−−→M ′]+ ∈ K0(PY (A)) .

(ii) For any isomorphisms [f ] : L−−→M , [g] : M−−→N in GX,Y (A)

[gf : L−−→N ]+ = [f : L−−→M ]+ + [g : M−−→N ]+ ∈ K0(PY (A)) .
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(iii) For any GX(A)-isomorphism f : L−−→M in CX(A)

[f ]+ = 0 ∈ K0(PY (A)) .

(iv) For any morphism [e] : M−−→L in GX,Y (A)

[
(

1 [e]
0 1

)
: L⊕M −−→L⊕M ]+ = 0 ∈ K0(PY (A)) .

Proof (i) Projective class is additive for direct sum of chain complexes.
(ii) Let C, D be the 1-dimensional GX,Y (A)-contractible chain com-
plexes defined in CX(A) by

dC = f : C1 = L −−→ C0 = M ,

dD = gf : D1 = L −−→ D0 = N ,

so that

[f ]+ = [C]+ , [gf ]+ = [D]+ ∈ K0(P0(CY (A))) .

The 2-dimensional GX,Y (A)-contractible chain complex E defined in
CX(A) by

dE =


(
−1
f

)
: E2 = L −−→ E1 = L⊕M

( gf g ) : E1 = L⊕M −−→ E0 = N

has end invariant

[E]+ = [g]+ ∈ K0(PY (A)) .

It follows from the short exact sequence

0 −−→ D
i
−−→ E

j
−−→ SC −−→ 0

with i the inclusion and j the projection that

[E]+ = [D]+ + [SC]+ = [gf ]+ − [f ]+ ∈ K0(PY (A)) ,

and so

[gf ]+ = [f ]+ + [g]+ ∈ K0(PY (A)) .

(iii) If f : L−−→M is a GX(A)-isomorphism in CX(A) then the 1-
dimensional chain complex C defined in CX(A) by

dC = f : C1 = L −−→ C0 = M

is GX(A)-contractible, and

[f ]+ = [C] = 0 ∈ K0(PY (A))

by the chain homotopy invariance of projective class.
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(iv) The automorphisms

[f ] =
(

1 [e]
0 1

)
: L⊕M −−→ L⊕M ,

[g] =

 1 0 1
0 1 0
0 0 1

 : L⊕M ⊕ L −−→ L⊕M ⊕ L ,

[h] =

 1 0 0
0 1 0
0 [e] 1

 : L⊕M ⊕ L −−→ L⊕M ⊕ L

are such that

[f ]⊕ 1L = [g][h][g]−1[h]−1 : L⊕M ⊕ L −−→ L⊕M ⊕ L .

Applying (ii) and (iii) gives

[f ]+ = [f ⊕ 1L]+ = [[g][h][g]−1[h]−1]+
= [g]+ + [h]+ − [g]+ − [h]+ = 0 ∈ K0(PY (A)) .

Proposition 3.8 Let

0 −−→ C
f
−−→ D

g
−−→ E −−→ 0

be an exact sequence of GX,Y (A)-contractible finite chain complexes in
CX,Y (A). The end invariants of C,D,E are related by

[D]+ = [C]+ + [E]+ +
∞∑
r=0

(−)r[(f h) : Cr ⊕Er−−→Dr]+ ∈ K0(PY (A))

with h : Er−−→Dr splitting morphisms in GX,Y (A) for g : Dr−−→Er
(r ≥ 0).
Proof Consider first the special case when E = 0, so that f : C−−→D is
an isomorphism of contractible finite chain complexes in GX,Y (A). The
sum formula in this case

[D]+ = [C]+ +
∞∑
r=0

(−)r[f : Cr−−→Dr]+ ∈ K0(PY (A))

is proved by repeated application of the sum formula of 3.7 (ii).
Returning to the general case consider the exact sequence of con-

tractible finite chain complexes in GX,Y (A)

0 −−→ C
f ′

−−→ D′
g′

−−→ E −−→ 0
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defined by

dD′ =
(
dC k
0 dE

)
: D′r = Cr ⊕Er −−→ D′r−1 = Cr−1 ⊕Er−1 ,

f ′ =
(

1
0

)
: Cr −−→ D′r = Cr ⊕Er ,

g′ = (0 1) : D′r = Cr ⊕Er −−→ Er ,

with k : Er−−→Cr−1 (r ≥ 1) the unique morphisms in CX(A) such that

fk = dDh− hdE : Er −−→ Dr−1 .

It is immediate from the definitions that

[D′]+ = [C]+ + [E]+ ∈ K0(PY (A)) .

There is defined an isomorphism (f h) : D′−−→D of contractible finite
chain complexes in GX,Y (A), and by the special case

[D]+ = [D′]+ +
∞∑
r=0

(−)r[(f h) : Cr ⊕Er−−→Dr]+ ∈ K0(PY (A)) .

Eliminating [D′]+ gives the sum formula in general.

Thus if f : E−−→E′ is a chain map of contractible finite chain com-
plexes in GX,Y (A) then f is a chain equivalence, and the algebraic map-
ping cone C(f) is contractible, with end invariant

[C(f)] = [E′]+ − [E]+ ∈ K0(PY (A)) .

Proposition 3.9 A finite chain complex C in CX(A) is CX,Y (A)-
contractible if and only if it is (CX(A),NY (A))-finitely dominated.
Proof Exactly as for 3.1.

Remark 3.10 The 1-dimensional GZ+,{0}(A)-contractible chain com-
plex C in CZ+(A) associated in 3.3 to an object (M,p) in P0(A) is
CZ+,{0}(A)-contractible if and only if p = 0. For A = Bf (Z) and
(M,p) = (Z, 1) this is the cellular chain complex C = C(R+) of the tame
end R+ regarded as a Z+-graded CW complex, which is not bounded
homotopy equivalent to a point.

Example 3.11 As in 3.3 let (X,Y ) = (Z+, {0}). For any object (M,p)
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in P0(A) the 1-dimensional chain complex C defined in CX(A) by

dC =


1− p 0 0 . . .
p 1− p 0 . . .
0 p 1− p . . .
...

...
...


: C1 = M [z] =

∞∑
k=0

zkM −−→ C0 = M [z] =
∞∑
k=0

zkM

is CX,Y (A)-contractible, since dC fits into the direct sum system in
P0(CX(A))

M [z]
dC−−−−−−→

←−−−−−−
Γ

M [z]
i

−−−−−−→
←−−−−−−

j
(M,p)

with

Γ =


1− p p 0 . . .

0 1− p p . . .
0 0 1− p . . .
...

...
...

 :

M [z] =
∞∑
k=0

zkM −−→ M [z] =
∞∑
k=0

zkM ,

i = ( p 0 0 . . . ) : M [z] =
∞∑
k=0

zkM −−→ M ,

j =


p
0
0
...

 : M −−→ M [z] =
∞∑
k=0

zkM .

The direct sum system includes a (CX(A),CY (A))-domination (M, i, j,

Γ) of C with ij = p : M−−→M , so that C has end invariant

[C]+ = [M,p ] ∈ K0(PY (A)) = K0(P0(A)) .

Proposition 3.12 Let f : L−−→M , f ′ : M−−→L be morphisms in
CX(A) such that that the germs [f ], [f ′] are inverse isomorphisms in
GX,Y (A)

[f ′f ] = 1 : L −−→ L , [ff ′] = 1 : M −−→ M ,

i.e. such that there exist integers b, c ≥ 0 with

(f ′f − 1)(L) ⊆ L(Nb(Y,X)) , (ff ′ − 1)(M) ⊆M(Nc(Y,X)) .

The end invariant of f is the projective class

[f ]+ = [D, p ] ∈ K0(PY (A))
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of the chain homotopy projection (D, p) defined in CNd(Y,X)(A) for any
such b, c ≥ 0 with f(L(Nb(Y,X))) ⊆ M(Nc(Y,X)), with d ≥ max(b, c)
and

dD = f | : D1 = L(Nb(Y,X)) −−→ D0 = M(Nc(Y,X)) ,

p =
{
ff ′ − 1 : D0 −−→ D0

f ′f − 1 : D1 −−→ D0 .

Proof Let C be the 1-dimensional CX,Y (A)-contractible chain complex
in CX(A) defined by

dC = f : C1 = L −−→ C0 = M ,

The chain maps i : C−−→D, j : D−−→C defined in CX(A) by

i =
{
ff ′ − 1 : C0 = M −−→ D0 = M(Nc(Y,X))
f ′f − 1 : C1 = L −−→ D1 = L(Nb(Y,X)) ,

j =
{

inclusion : D0 = M(Nc(Y,X)) −−→ C0 = M

inclusion : D1 = L(Nb(Y,X)) −−→ C1 = L

are such that

k : ji ' 1 : C −−→ C , ij = p : D −−→ D

with the chain homotopy k given by

k = f ′ : C0 = M −−→ C1 = L .

Thus (C, i, j) is a splitting in CX(A) of (D, p), and the projective class
of (D, p) coincides with the end invariant of f

[D, p ] = [C] = [f ]+ ∈ K0(PY (A)) .

§4. Excision and transversality in K-theory

The main result of §4 is a Mayer-Vietoris exact sequence (4.16) in
the algebraic K-groups of the bounded categories associated to a union
X = X+ ∪X− of metric spaces
K ′1(CX+∩X−(A)) −−→ K1(CX+(A)) ⊕K1(CX−(A)) −−→ K1(CX(A))

∂
−−→ K ′0(PX+∩X−(A)) −−→ K0(PX+(A)) ⊕K0(PX−(A)) ,

with the K ′-groups certain generalizations of the algebraic K-groups
K1(CX+∩X−(A)) and K0(PX+∩X−(A)). This exact sequence is obtained
using algebraic excision and transversality properties of chain complexes
in CX(A). These are similar to the corresponding properties in geometric
bordism and the algebraic K-theory localization exact sequence, which
are now recalled.

The Mayer-Vietoris exact sequence of bordism groups for a union
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X = X+ ∪ X− of reasonable spaces (e.g. polyhedra) with X+ ∩ X−
closed and bicollared in X
. . . −−→ Ωn(X+ ∩X−) −−→ Ωn(X+)⊕ Ωn(X−)

−−→ Ωn(X)
∂
−−→ Ωn−1(X+ ∩X−) −−→ . . .

is a direct consequence of the transversality of manifolds. Any map
f : M−−→X from an n-dimensional manifold M can be made transverse
regular at X+ ∩X− ⊂ X , with

N = f−1(X+ ∩X−) ⊂M
a framed codimension 1 submanifold, giving the connecting map

∂ : Ωn(X) −−→ Ωn−1(X+ ∩X−) ; (M,f) −−→ (N, f |) .
The Mayer-Vietoris exact sequence can also be derived from the excision
isomorphisms of relative bordism groups

Ωn(X,X+) ∼= Ωn(X−, X+ ∩X−)

with the connecting maps given by
∂ : Ωn(X) −−→ Ωn(X,X+) ∼= Ωn(X−, X+ ∩X−)

−−→ Ωn−1(X+ ∩X−) .
The localization exact sequence of algebraic K-theory (Bass [7]) for a

ring morphism A−−→S−1A inverting a multiplicative subset S ⊂ A
. . . −−→ K1(A) −−→ K1(S−1A) −−→ K1(A,S)

−−→ K0(A) −−→ K0(S−1A) −−→ . . .

identifies the relative torsion K-groups K1(A−−→S−1A) with the class
group K1(A,S) = K0(H(A,S)) of the exact category H(A,S) of S-
torsion A-modules of homological dimension 1.

The following result identifies the relative torsion group
K1(PY (A)−−→PX(A)) for a pair of metric spaces (X,Y ⊆ X) and a
filtered additive category A with the torsion group K1(CX,Y (A)) of the
bounded germ category CX,Y (A).

Theorem 4.1 For any pair of metric spaces (X,Y ⊆ X) and any filtered
additive category A there is a natural excision isomorphism

K1(PY (A)−−→PX(A)) ∼= K1(CX,Y (A)) .

The connecting map in the exact sequence
K1(CY (A)) −−→ K1(CX(A)) −−→ K1(CX,Y (A))

∂
−−→ K0(PY (A)) −−→ K0(PX(A))

is given by

∂ : K1(CX,Y (A)) −−→ K0(PY (A)) ; τ([f ] : M−−→M) −−→ [f ]+ ,
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sending the torsion τ([f ]) of an automorphism [f ] : M−−→M in CX,Y (A)
to the end invariant [f ]+.
Proof The relative K-group K1(i) of the additive functor

i = inclusion : PY (A) −−→ PX(A) ; M −−→ M

fits into an exact sequence

K1(CY (A)) −−→ K1(CX(A)) −−→ K1(i)

∂
−−→ K0(PY (A)) −−→ K0(PX(A)) ,

identifying

K1(PX(A)) = K1(CX(A)) , K1(PY (A)) = K1(CY (A)) .

An element in K1(i) is an equivalence class of triples (P,Q, f) consisting
of objects P,Q in PY (A) and a stable isomorphism [f ] : P−−→Q in
PX(A), with

∂ : K1(i) −−→ K0(PY (A)) ; (P,Q, f) −−→ [P ]− [Q] .

By definition, (P,Q, f) = 0 ∈ K1(i) if and only if there exists a stable
isomorphism [g] : P−−→Q in PY (A) such that

τ([g]−1[f ] : P−−→P ) = 0 ∈ K1(PX(A)) .

Inverse isomorphisms

K1(i) −−→ K1(CX,Y (A)) ; (P,Q, f) −−→ τ([fRR] : R−−→R) ,

K1(CX,Y (A)) −−→ K1(i) ; τ([e] : M−−→M) −−→ (P,Q, f)

will now be defined, as follows.
Given an element (P,Q, f) ∈ K1(i) represent the stable isomorphism

[f ] : P−−→Q in PX(A) by the isomorphism

f =
(
fQP fQR
fRP fRR

)
: P ⊕R −−→ Q⊕R

in PX(A), with R defined in CX(A) ⊂ PX(A). Write the inverse of f as

f−1 = g =
(
gPQ gPR
gRQ gRR

)
: Q⊕R −−→ P ⊕R .

The composite morphism in CX(A)

fRP gPR : R −−→ P −−→ R

factors through an object in CY (A) (e.g. M if P = (M,p)), so that it
has germ

[fRP gPR] = 0 : R −−→ R .

Similarly, the composite gRQfQR : R−−→Q−−→R has germ

[gRQfQR] = 0 : R −−→ R .
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Thus the germs [fRR], [gRR] : R−−→R are inverse isomorphisms in
CX,Y (A), with

[fRR][gRR] = [fRRgRR] = [1− fRP gPR] = 1 : R −−→ R ,

[gRR][fRR] = [gRRfRR] = [1− gRQfQR] = 1 : R −−→ R ,

and the morphism

K1(i) −−→ K1(CX,Y (A)) ; (P,Q, f) −−→ τ([fRR] : R−−→R)

is well-defined.
Given an automorphism [e] : M−−→M in CX,Y (A) let C be the 1-

dimensional chain complex C defined in CX(A) by

dC = e : C1 = M −−→ C0 = M ,

using any representative e of [e]. By 3.9 C is CNb(Y,X)(A)-finitely domi-
nated in CX(A) for some b ≥ 0, so that there exists a 1-dimensional chain
complex D in PY (A) with a chain equivalence g : D−−→C in PX(A). The
algebraic mapping cone C(g) is contractible, and for any chain contrac-
tion Γ : 0 ' 1 : C(g)−−→C(g) there is defined an isomorphism in PX(A)

f = dC(g) + Γ : C(g)odd = D0 ⊕ C1 −−→ C(g)even = D1 ⊕ C0 .

The morphism

K1(CX,Y (A)) −−→ K1(i) ; τ([e]) −−→ (D0, D1, [f ])

is well-defined, and such that both the composites
K1(CX,Y (A)) −−→ K1(i) −−→ K1(CX,Y (A))

K1(i) −−→ K1(CX,Y (A)) −−→ K1(i)
are identity maps.

Definition 4.2 For subsets U, V ⊆ X of a metric space X and b, c ≥ 0
write the intersection of the b-neighbourhood of U and the c-neighbour-
hood of V in X as
Nb,c(U, V,X) = Nb(U,X) ∩Nc(V,X)

= {x ∈ X | d(x, u) ≤ b and d(x, v) ≤ c for some u ∈ U, v ∈ V } .
For b = c this is abbreviated

Nb,b(U, V,X) = Nb(U, V,X) .

In general, the inclusions

U ∩ V −−→ Nb,c(U, V,X)

are not homotopy equivalences in the proper eventually Lipschitz cate-
gory. This was first observed by Carlsson [16], using an example of the
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type
X = {(x, |x|/(1− |x|)) | − 1 < x < 1} ⊂ R2 ,

U = {(x, |x|/(1− |x|)) | 0 ≤ x < 1} ⊂ X ,

V = {(x, |x|/(1− |x|)) | − 1 < x ≤ 0} ⊂ X ,

U ∪ V = X , U ∩ V = {(0, 0)} ⊂ X ,

for which

N2(U, V,X) = N2(U,X) = N2(V,X) = X .

Mayer-Vietoris presentations will be used in 4.8 to prove that

K1(CX,Y (A)) = lim−→
b

K1(CNb(X\Y,X),Nb(Y,X\Y,X)(A)) ,

showing that K∗(CX,Y (A)) depends on the neighbourhoods in X of Y
and the complement X\Y rather than just the quotient X/Y (with some
metric).

Given subobjects M+,M− ⊆M in GX(A) let
X+ = supp(M+) = {x ∈ X |M+(x) 6= 0} ⊆ X ,

X− = supp(M−) = {x ∈ X |M−(x) 6= 0} ⊆ X
so that

M+ = M(X+) , M− = M(X−) .

Let M+ ∩M−,M+ +M− ⊆M be the subobjects defined by

M+ ∩M− = M(X+ ∩X−) , M+ +M− = M(X+ ∪X−) .

Definition 4.3 The Mayer-Vietoris sequence for an object M in GX(A)
and subobjects M+,M− ⊆ M such that M = M+ + M− is the exact
sequence

M : 0 −−→ M+ ∩M−
i
−−→ M+ ⊕M−

j
−−→ M −−→ 0

defined using the the inclusions

i± : M+ ∩M− −−→ M± , j± : M± −−→ M ,

with

i =
(
i+

−i−
)

: M+ ∩M− −−→ M+ ⊕M− ,

j = ( j+ j− ) : M+ ⊕M− −−→ M .

Example 4.4 The Mayer-Vietoris presentation of an object M in CX(A)
with respect to an expression of X as a union

X = X+ ∪X−



4. Excision and transversality in K-theory 33

is an exact sequence in CX(A)

M : 0 −−→ M(X+ ∩X−)
i
−−→ M(X+)⊕M(X−)

j
−−→ M −−→ 0

using the subobjects M(X+),M(X−) ⊆M such that

M(X+) ∩M(X−) = M(X+ ∩X−) , M(X+) +M(X−) = M .

Definition 4.5 A Mayer-Vietoris presentation with bound b ≥ 0 of
a chain complex E in CX(A) with respect to a decomposition X =
X+ ∪X− is the Mayer-Vietoris exact sequence in CX(A)

E : 0 −−→ E+ ∩E−
i
−−→ E+ ⊕E−

j
−−→ E −−→ 0

determined by subcomplexes E± ⊆ E such that
(i) E+ +E− = E ,
(ii) E± is defined in CNb(X±,X)(A), so that E+ ∩ E− is defined in

CNb(X+,X−,X)(A),
(iii) Er(X±) ⊆ E±r (r ≥ 0) .

The following result is an algebraic analogue of codimension 1 trans-
versality of manifolds :

Proposition 4.6 Every finite chain complex E in CX(A) admits a
Mayer-Vietoris presentation E, for any X = X+ ∪X−.
Proof An object L in CX(A) can be regarded as a 0-dimensional chain
complex. For any integer b ≥ 0 define a Mayer-Vietoris presentation of
L

L〈b〉 : 0 −−→ L+〈b〉 ∩ L−〈b〉 −−→ L+〈b〉 ⊕ L−〈b〉 −−→ L −−→ 0

by the construction of 4.4, with

L±〈b〉 = L(Nb(X±, X)) , L+〈b〉 ∩ L−〈b〉 = L(Nb(X+, X−, X)) .

Given a morphism f : L−−→M in CX(A) and any integer b ≥ 0 there
exists an integer c ≥ 0 such that

f(L±〈b〉) ⊆M±〈c〉 ,
so that f can be resolved by a morphism of Mayer-Vietoris presentations

L〈b〉

u

: 0 w L+〈b〉 ∩ L−〈b〉 w

u

f+ ∩ f−
u

L+〈b〉 ⊕ L−〈b〉 w

u

f+ ⊕ f−

L w

u

f

0

M〈c〉 : 0 wM+〈c〉 ∩M−〈c〉 wM+〈c〉 ⊕M−〈c〉 wM w 0 .
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Let E be n-dimensional. There exists a sequence b = (b0, b1, . . . , bn) of
integers ≥ 0 such that

d(Er(Nbr (X±, X))) ⊆ Er−1(Nbr−1(X±, X)) (1 ≤ r ≤ n) .

For every such sequence b there is defined a Mayer-Vietoris presentation
of E

E〈b〉 : 0 −−→ E+〈b〉 ∩E−〈b〉 −−→ E+〈b〉 ⊕E−〈b〉 −−→ E −−→ 0 ,

with

E±〈b〉r = E±r 〈br〉 = Er(Nbr (X±, X)) (0 ≤ r ≤ n) .

The Mayer-Vietoris presentations E〈b〉 constructed in 4.6 have the
property that any Mayer-Vietoris presentation E of E can be embedded
as a subobject E ⊆ E〈b〉 for some b.

Proposition 4.7 Let X = X+∪X−, and let E be a finite chain complex
in CX(A) with a Mayer-Vietoris presentation

E : 0 −−→ E+ ∩E−
i
−−→ E+ ⊕E−

j
−−→ E −−→ 0

with bound b ≥ 0.
(i) E is GX,X+∩X−(A)-contractible if and only if E+ is
GNb(X+,X),Nb(X+,X−,X)(A)-contractible and E− is
GNb(X−,X),Nb(X+,X−,X)(A)-contractible.
(ii) E is CX,X+∩X−(A)-contractible if and only if E+ is
CNb(X+,X),Nb(X+,X−,X)(A)-contractible and E− is
CNb(X−,X),Nb(X+,X−,X)(A)-contractible.

Proof (i) By 3.1 the chain complex


E

E+

E−
is

GX,X+∩X−(A)
GNb(X+,X),Nb(X+,X−,X)(A)
GNb(X−,X),Nb(X+,X−,X)(A)

-contractible if and only if it is


(GX(A),CNc(X+∩X−,X)(A))
(GNb(X+,X)(A),CNb,d(X+,X−,X)(A))
(GNb(X−,X)(A),CNe,b(X+,X−,X)(A))

-finitely dominated for some

{ c
d

e

≥ 0. Since E+ ∩E− is defined in CNb(X+,X−,X)(A) the chain com-

plex E is GX,X+∩X−(A)-contractible if and only if E+ is
GNb(X+,X),Nb(X+,X−,X)(A)-contractible and E− is
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GNb(X−,X),Nb(X+,X−,X)(A)-contractible.
(ii) As for (i), but using 3.9 instead of 3.1.

Proposition 4.8 For X = X+ ∪X− there is a natural identification

K1(CX,X+(A)) = lim−→
b

K1(CNb(X−,X),Nb(X+,X−,X)(A)) ,

with an exact sequence
lim−→
b

K1(CNb(X+,X−,X)(A)) −−→ K1(CX−(A)) −−→ K1(CX,X+(A))

∂
−−→ lim−→

b

K0(PNb(X+,X−,X)(A)) −−→ K0(PX−(A)) .

Proof Given a morphism f : L−−→M in CX(A) with bound b let
C,D,E be the 1-dimensional chain complexes defined by

dC = f : C1 = L −−→ C0 = M ,

dD = fX+ : D1 = L(X+) −−→ D0 = M(Nb(X+, X)) ,

dE = fX− : E1 = L(X−) −−→ E0 = M(Nb(X−, X)) ,
with fX+ , fX− the restrictions of f . The morphism of exact sequences

0 w L(X+ ∩X−) w

u

L(X+)⊕ L(X−) w

u

fX+ ⊕ fX−

L w

u

f

0

0 w M(N b(X+, X−, X)) w M(N b(X+, X))⊕M(N b(X−, X)) w M w 0 .

is a Mayer-Vietoris presentation of C. By 4.7 (ii) the morphism
f : L−−→M
fX+ : L(X+)−−→M(Nb(X+, X))
fX− : L(X−)−−→M(Nb(X−, X))

is a


CX,X+(A)
CNb(X+,X),Nb(X+,X−,X)(A)
CNb(X−,X),Nb(X+,X−,X)(A)

-

isomorphism in


CX(A)
CNb(X+,X)(A)
CNb(X−,X)(A)

if and only if the chain complex


C

D

E

is


(CX(A),CNc(X+,X)(A))
(CNb(X+,X)(A),CNb,d(X+,X−,X)(A))
(CNb(X−,X)(A),CNe,b(X+,X−,X)(A))

-finitely dominated for some

{ c
d

e

≥ 0. Now M(Nb(X+, X−, X)) is defined in CNb(X+,X−,X)(A), so
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that f is a CX,X+(A)-isomorphism if fX+ is a CNb(X+,X),Nb(X+,X−,X)(A)-
isomorphism and fX− is a CNb(X−,X),Nb(X+,X−,X)(A)-isomorphism. In
particular, if f : M−−→M is a CX,X+(A)-automorphism then

fX− ⊕ 0 : M(Nb(X−, X)) = M(X−)⊕M(Nb(X−, X)\X−)

−−→ M(Nb(X−, X))

is a CNb(X−,X),Nb(X+,X−,X)(A)-automorphism. The morphism

K1(CX,X+(A)) −−→ lim−→
b

K1(CNb(X−,X),Nb(X+,X−,X)(A)) ;

τ([f ] : M−−→M) −−→
τ([fX− ⊕ 0] : M(Nb(X−, X))−−→M(Nb(X−, X)))

is an isomorphism inverse to the morphism

lim−→
b

K1(CNb(X−,X),Nb(X+,X−,X)(A)) −−→ K1(CX,X+(A))

induced by the inclusions

CNb(X−,X),Nb(X+,X−,X)(A) −−→ CX,X+(A) (b ≥ 0) .

The exact sequences of 4.1

K1(CNb(X+,X−,X)(A)) −−→ K1(CNb(X−,X)(A))

−−→ K1(CNb(X−,X),Nb(X+,X−,X)(A))

∂
−−→ K0(PNb(X+,X−,X)(A)) −−→ K0(PNb(X−,X)(A))

combined with the natural identifications

K1(CNb(X−,X)(A)) = K1(CX−(A)) ,

K0(PNb(X−,X)(A)) = K0(PX−(A))

give the exact sequence of the statement, on passing to the direct limit
as b→∞.

Remark 4.9 Working on the level of permutative categories as in Ped-
ersen and Weibel [53],[54] and Anderson, Connolly, Ferry and Pedersen
[2] it is possible to extend 4.8 to all the algebraic K-groups of the idem-
potent completions, with natural excision isomorphisms

K∗(PX,X+(A)) = lim−→
b

K∗(PNb(X−,X),Nb(X+,X−,X)(A))

leading to the Mayer-Vietoris exact sequence of Carlsson [16]
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. . . −−→ lim−→
b

Kn(PNb(X+,X−,X)(A)) −−→ Kn(PX+(A)) ⊕Kn(PX−(A))

−−→ Kn(PX(A))
∂
−−→ lim−→

b

Kn−1(PNb(X+,X−,X)(A)) −−→ . . .

(n ∈ Z) .
This sequence will be obtained in 4.16 below for n = 1 by direct chain
complex methods.

Definition 4.10 Let X = X+ ∪X−.
(i) A chain complex band E is a finite chain complex in CX(A) which is
GX,X+∩X−(A)-contractible, or equivalently (by 3.1)
(GX(A),CNb(X+,X−,X)(A))-finitely dominated for some b ≥ 0.
(ii) The positive end invariant of a chain complex band E is the end
invariant

[E]+ = [E(X+)] ∈ lim−→
b

K0(PNb(X+,X−,X)(A))

of the GNb(X+,X),Nb(X+,X−,X)(A)-contractible chain complex E(X+) in
CNb(X+,X),Nb(X+,X−,X)(A).
(iii) The negative end invariant of a chain complex band E is the end
invariant

[E]− = [E(X−)] ∈ lim−→
b

K0(PNb(X+,X−,X)(A))

of the GNb(X−,X),Nb(X+,X−,X)(A)-contractible chain complex E(X−) in
CNb(X−,X),Nb(X+,X−,X)(A).

Example 4.11 Let

X = R , X+ = R+ , X− = R− ,
so that

Nb(X+, X) = [−b,∞) , Nb(X−, X) = (−∞, b] ,
Nb(X+, X−, X) = [−b, b] ,

with

lim−→
b

K0(PNb(X+,X−,X)(A)) = K0(P0(A)) .

Siebenmann [74] defined a band to be a finite CW complex W together
with a finitely dominated infinite cyclic cover W . (Such spaces arise in
the obstruction theory of Farrell [21] and Siebenmann [76] for fibering
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manifolds over the circle - see §20). A classifying map c : W−−→S1 for
W lifts to a proper Z-equivariant map p = c̄ : W−−→X = R, and

W = W
+ ∪W −

= p−1(X+) ∪ p−1(X−)

has two tame ends ε+, ε− such that

π1(ε+) = π1(ε−) = π1(W )

with W
+ ∩W −

= p−1(X+ ∩X−) compact.

ε− W
−

W
+ ∩W −

W
+

ε+

W

The cellular chain complex of the universal cover W̃ of W is a chain
complex band E = C(W̃ ) in CX(Bf (Z[π1(W )])), such that the reduced
positive and negative end invariants of E are the end invariants of ε+,
ε−

[E]± = [ε±] = [W
±

] ∈ K̃0(Z[π1(W )]) .

Example 4.12 A contractible finite chain complex E in CX+∪X−(A) is
a chain complex band.

Proposition 4.13 For any Mayer-Vietoris presentation E of an n-
dimensional chain complex band E in CX+∪X−(A)

E : 0 −−→ E+ ∩E− −−→ E+ ⊕E− −−→ E −−→ 0

the subcomplexes E+, E−, E+ ∩ E− ⊆ E are also chain complex bands,
with

[E+]− [E]+ = [E+/E(X+)] ,

[E−]− [E]− = [E−/E(X−)] ,

[E]+ + [E]− − [E] = [E(X+ ∩X−)]

∈ im( lim−→
b

K0(CNb(X+,X−,X)(A))−−→ lim−→
b

K0(PNb(X+,X−,X)(A))) .

The reduced end invariants are such that
[E]+ = [E+] , [E]− = [E−] ,

[E]+ + [E]− = [E] ∈ lim−→
b

K̃0(PNb(X+,X−,X)(A)) .
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Proof The subcomplexes E+, E− ⊆ E are bands by 4.7 (i), and the
intersection E+ ∩ E− is a band since it is defined in CNb(X,X+,X−)(A).
The various identities involving the end invariants

[E]+ = [E(X+)] , [E]− = [E(X−)] ∈ lim−→
b

K̃0(PNb(X+,X−,X)(A))

are given by the projective class sum formula 1.1, using the Noether
isomorphism

E+ ∩E−/E(X+ ∩X−) ∼= E+/E(X+)⊕E−/E(X−) .

Definition 4.14 The end invariants [f ]± of an isomorphism f : L−−→M
in CX+∪X−(A) are the end invariants [E]± of the contractible 1-dimen-
sional chain complex E defined in CX+∪X−(A) by

dE = f : E1 = L −−→ E0 = M ,

that is

[f ]± = [E]± ∈ lim−→
b

K0(PNb(X+,X−,X)(A)) .

The
{

positive
negative end invariant defined in 4.14 is the image of the end

invariant in the sense of 3.6 of the isomorphism{
[f(X+, X+)] : L(X+)−−→M(X+)
[f(X−, X−)] : L(X−)−−→M(X−)

in
{CNb(X+,X),Nb(X+,X−,X)(A)
CNb(X−,X),Nb(X+,X−,X)(A){

[f ]+ = [f(X+, X+)]+
[f ]− = [f(X−, X−)]+

∈ lim−→
b

K0(PNb(X+,X−,X)(A)) .

The sum formula of 4.13 gives
[f ]+ + [f ]− = [M(X+ ∩X−)]− [L(X+ ∩X−)]

∈ im(K0(CX+∩X−(A))−−→ lim−→
b

K0(PNb(X+,X−,X)(A))) .

For any isomorphism f : L−−→M in CX+∪X−(A) the construction
of 3.12 gives chain homotopy projections (D±, p±) in CNb(X+,X−,X)(A)
such that

[f ]± = [D±, p±] ∈ lim−→
b

K0(PNb(X+,X−,X)(A)) .

Explicit representatives in PNc(X+,X−,X)(A) for [f ]+ and [f ]− are now
obtained, for some c ≥ 0.

For any integers c ≥ b ≥ 0 such that

f(L(X+)) ⊆M(Nb(X+, X)) , f−1(M(Nb(X+, X))) ⊆ L(Nc(X+, X))
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define an object in the idempotent completion PNc(X+,X−,X)(A)

P+
b (f) = (L(Nc(X+, X)\X+) , pX−f−1pNb(X+,X)f )

such that there is defined a direct sum system in PNc(X+,X)(A)

(L(X+), 1)
f+

−−−−−−−−−→
←−−−−−−−−−
pX+f−1

(M(Nb(X+, X)), 1)
pX−f

−1

−−−−−−−−−→
←−−−−−−−−−
pNb(X+,X)f

P+
b (f) ,

with f+ : L(X+)−−→M(Nb(X+, X)) the restriction of f . Similarly, for
any integers c ≥ b ≥ 0 such that

f(L(X−)) ⊆M(Nb(X−, X)) , f−1(M(Nb(X−, X))) ⊆ L(Nc(X−, X))

define an object in the idempotent completion PNc(X+,X−,X)(A)

P−b (f) = (L(Nc(X−, X)\X−) , pX+f−1pNb(X−,X)f )

such that there is defined a direct sum system in PNc(X−,X)(A)

(L(X−), 1)
f−

−−−−−−−−−→
←−−−−−−−−−
pX−f

−1

(M(Nb(X−, X)), 1)
pX+f−1

−−−−−−−−−→
←−−−−−−−−−
pNb(X−,X)f

P−b (f) ,

with f− : L(X−)−−→M(Nb(X−, X)) the restriction of f . There is also
defined a direct sum system in PNb(X+,X−,X)(A)

(L(X+ ∩X−), 1)
f+ ∩ f−

−−−−−−−−−−−→
←−−−−−−−−−−−
pX+∩X−f

−1

(M(Nb(X+, X−, X)), 1)

pX−f
−1 ⊕ pX+f−1

−−−−−−−−−−−−−−−−−−−−−−→
←−−−−−−−−−−−−−−−−−−−−−−
pNb(X+,X)f ⊕ pNb(X−,X)f

P+
b (f)⊕ P−b (f) .

Proposition 4.15 The end invariants of an isomorphism f : L−−→M
in CX+∪X−(A) are given by

[f ]+ = [P+
b (f)]− [M(Nb(X+, X)\X+)] ,

[f ]− = [P−b (f)]− [M(Nb(X−, X)\X−)]

∈ lim−→
b

K0(PNb(X+,X−,X)(A)) .

Proof As in 4.10 let E be the 1-dimensional contractible chain complex
in CX+∪X−(A) defined by

dE = f : E1 = L −−→ E0 = M .

For any integer b ≥ 0 such that

f(L(X+)) ⊆M(Nb(X+, X)) , f(L(X−)) ⊆M(Nb(X−, X))

define a Mayer-Vietoris presentation E〈b〉 of E
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0 w L(X+ ∩X−) w

u

f+ ∩ f−

L(X+)⊕ L(X−) w

u

f+ ⊕ f−

L w

u

f

0

0 wM(N b(X+ ∩X−)) w M(N b(X+))⊕M(N b(X−)) wM w 0

such that

[E±〈b〉] = [P±b (f)] ∈ lim−→
b

K0(PNb(X+,X−,X)(A)) .

A direct application of 4.13 gives

[f ]+ = [E]+ = [E+〈b〉]− [E+〈b〉/E(X+)]

= [P+
b (f)]− [M(Nb(X+, X)\X+)] ,

[f ]− = [E]− = [E−〈b〉]− [E−〈b〉/E(X−)]

= [P−b (f)]− [M(Nb(X−, X)\X−)]

∈ lim−→
b

K0(PNb(X+,X−,X)(A)) .

The end invariants of an automorphism f : M−−→M in CX+∪X−(A)
are such that

[f ]+ + [f ]− = 0 ∈ lim−→
b

K0(PNb(X+,X−,X)(A)) .

Theorem 4.16 The torsion and projective class groups associated to
X = X+ ∪X− are related by a Mayer-Vietoris exact sequence

lim−→
b

K1(CNb(X+,X−,X)(A)) −−→ K1(CX+(A)) ⊕K1(CX−(A))

−−→ K1(CX(A))
∂
−−→ lim−→

b

K0(PNb(X+,X−,X)(A))

−−→ K0(PX+(A))⊕K0(PX−(A)) ,

with the connecting map ∂ defined by either of the end invariants

∂ : K1(CX(A)) −−→ lim−→
b

K0(PNb(X+,X−,X)(A)) ;

τ(f : M−−→M) −−→ [f ]+ = −[f ]− .

Proof The relative K-group K1(∆b) of the additive functor

∆b : PNb(X+,X−,X)(A) −−→ PNb(X+,X)(A)× PNb(X−,X)(A) ;

M −−→ (M,M)
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fits into an exact sequence
K1(CNb(X+,X−,X)(A)) −−→ K1(CNb(X+,X)(A))⊕K1(CNb(X−,X)(A))

−−→ K1(∆b)
∂
−−→ K0(PNb(X+,X−,X)(A))

−−→ K0(PNb(X+,X)(A))⊕K0(PNb(X−,X)(A)) .
An element inK1(∆b) is an equivalence class of quadruples (P,Q, e+, e−)
consisting of objects P,Q in PNb(X+,X−,X)(A) and stable isomorphisms
[e±] : P−−→Q in PNb(X±,X)(A). By definition, (P,Q, e+, e−) = 0 ∈
K1(∆b) if and only if there exists a stable isomorphism [i] : P−−→Q in
PNb(X+,X−,X)(A) such that

τ([e+]−1[i] : P−−→P ) = 0 ∈ K1(PNb(X+,X)(A)) ,

τ([e−]−1[i] : P−−→P ) = 0 ∈ K1(PNb(X−,X)(A)) .
Given objects P±, Q± in PNb(X+,X−,X)(A), stable isomorphisms [g±] :

P±−−→Q± in PNb(X±,X)(A) and a stable isomorphism [h] : P+ ⊕ P−
−−→Q+ ⊕Q− in PNb(X+,X−,X)(A) there is defined an element

(P+, Q+, g+, (g−)−1h) = −(P−, Q−, (g+)−1h, g−) ∈ K1(∆b)

with image

[P+]− [Q+] = [Q−]− [P−] ∈ K0(PNb(X+,X−,X)(A)) .

Define inverse isomorphisms
lim−→
b

K1(∆b) −−→ K1(CX(A)) ; (P,Q, e+, e−) −−→

τ((e−)−1e+ : P−−→P ) = −τ(e−(e+)−1 : Q−−→Q) ,

K1(CX(A)) −−→ lim−→
b

K1(∆b) ; τ(f : M−−→M) −−→

(P+, Q+, g+, (g−)−1h) = −(P−, Q−, (g+)−1h, g−) ,
with P±, Q±, g±, h defined using the terminology of 4.15

P+ = P+
b (f) , P− = P−b (f) ,

Q+ = M(Nb(X+, X)\X+) , Q− = M(Nb(X−, X)\X−) ,

g± = (f± pNb(X±)f) :

M(X±)⊕ P± −−→ M(Nb(X±)) = Q± ⊕M(X±) ,

h = (f+ ∩ f− pNb(X+,X)f pNb(X−,X)f) :

M(X+ ∩X−)⊕ P+ ⊕ P− −−→
M(Nb(X+ ∩X−)) = M(X+ ∩X−)⊕Q+ ⊕Q− .

The composite

lim−→
b

K1(∆b) −−→ K1(CX(A)) −−→ lim−→
b

K1(∆b)
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is the identity, since for any (P,Q, e+, e−) ∈ K1(∆b) the stable auto-
morphism

α = (e−)−1e+ : P −−→ P

has positive end invariant

[α]+ = [P ]− [Q] ∈ K0(PX+∩X−(A)) .

In order to verify that the composite

K1(CX(A)) −−→ lim−→
b

K1(∆b) −−→ K1(CX(A))

is the identity consider the evaluation on the torsion τ(f) of an auto-
morphism f : M−−→M in CX(A). Let

M+ = M(X+) , M− = M(X−) ⊆M ,

i±M = inclusion : M+ ∩M− −−→ M± ,

j±M = inclusion : M± −−→ M ,

i±P = pX∓f
−1pNb(X±,X)f : P± −−→ M∓ ,

j±P = j∓M i
±
P = f−1pNb(X±,X)f : P± −−→ M ,

i±Q = inclusion : Q± −−→ M∓ ,

j±Q = j∓M i
±
Q = inclusion : Q± −−→ M ,

so that f is resolved by an isomorphism of exact sequences

0 wM+ ∩M− ⊕ P+ ⊕ P− w
uP

u

h

M+ ⊕M− ⊕ P+ ⊕ P− w
vP

u

g+ ⊕ g−

M w

u

f

0

0 wM+ ∩M− ⊕Q+ ⊕Q− w
uQ

M+ ⊕M− ⊕Q+ ⊕Q− w
vQ

M w 0
with

uP =


i+M 0 −i−P
−i−M −i+P 0

0 1 0
0 0 1

 :

M+ ∩M− ⊕ P+ ⊕ P− −−→ M+ ⊕M− ⊕ P+ ⊕ P− ,
vP = (j+

M j−M j+
P j−P ) : M+ ⊕M− ⊕ P+ ⊕ P− −−→ M ,

uQ =


i+M 0 −i−Q
−i−M −i+Q 0

0 1 0
0 0 1

 :

M+ ∩M− ⊕Q+ ⊕Q− −−→ M+ ⊕M− ⊕Q+ ⊕Q− ,
vQ = (j+

M j−M j+
Q j−Q) : M+ ⊕M− ⊕Q+ ⊕Q− −−→ M .
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The automorphisms

βP =


1 0 0 i−P
0 1 i+P 0
0 0 1 0
0 0 0 1


: M+ ⊕M− ⊕ P+ ⊕ P− −−→ M+ ⊕M− ⊕ P+ ⊕ P− ,

βQ =


1 0 0 i−Q
0 1 i+Q 0
0 0 1 0
0 0 0 1


: M+ ⊕M− ⊕Q+ ⊕Q− −−→ M+ ⊕M− ⊕Q+ ⊕Q−

have torsion

τ(βP ) = τ(βQ) = 0 ∈ K1(PX(A)) = K1(CX(A)) ,

and are such that there is defined an isomorphism of exact sequences

0 wM+ ∩M− ⊕ P+ ⊕ P− w
iM⊕1

u

h

M+ ⊕M− ⊕ P+ ⊕ P− w
jM⊕1

u

g

M w

u

f

0

0 w M+ ∩M− ⊕Q+ ⊕Q− w
iM⊕1

M+ ⊕M− ⊕Q+ ⊕Q− w
jM⊕1

M w 0

with

iM =
(
i+M
−i−M

)
: M+ ∩M− −−→ M+ ⊕M− ,

jM = (j+
M j−M ) : M+ ⊕M− −−→ M ,

g = (βQ)−1(g+ ⊕ g−)βP : M+ ⊕M− ⊕ P+ ⊕ P−

−−→ M+ ⊕M− ⊕Q+ ⊕Q− .

Applying Lemma 1.4

τ(f) = τ([h]−1[g]) = τ([h]−1[g+ ⊕ g−]) ∈ K1(CX(A)) ,

so that the composite

K1(CX(A)) −−→ lim−→
b

K1(∆b) −−→ K1(CX(A))
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is the identity. This gives the exact sequence of Carlsson [16]

lim−→
b

K1(CNb(X+,X−,X)(A)) −−→

lim−→
b

K1(CNb(X+,X)(A)) ⊕ lim−→
b

K1(CNb(X−,X)(A))

−−→ K1(CX(A))
∂
−−→ lim−→

b

K0(PNb(X+,X−,X)(A))

−−→ lim−→
b

K0(PNb(X+,X)(A)) ⊕ lim−→
b

K0(PNb(X−,X)(A)) .

The inclusions

CX±(A) −−→ CNb(X±,X)(A) (b ≥ 0)

are homotopy equivalences in the proper eventually Lipschitz category,
giving rise to identifications

lim−→
b

K1(CNb(X±,X)(A)) = K1(CX±(A)) ,

lim−→
b

K0(PNb(X±,X)(A)) = K0(PX±(A)) ,

and hence to the exact sequence of the statement.

The connecting map in 4.15 can be expressed as the composite

∂ : K1(CX(A)) −−→
K1(CX,X+(A)) = lim−→

b

K1(CNb(X\X+,X),Nb(X+,X\X+,X)(A))

lim ∂b−−−→ lim−→
b

K0(PNb(X+,X\X+,X)(A)) = lim−→
b

K0(PNb(X+,X−,X)(A)) ,

with the connecting maps ∂b given by 4.8.

Remark 4.16 Working on the level of permutative categories as in Ped-
ersen and Weibel [53],[54] and Carlsson [16] it is possible to extend the
results of §4 to all the algebraicK-groups of the idempotent completions,
with natural isomorphisms

K∗(PY (A)−−→PX(A)) ∼= K∗(PX,Y (A))

∼= lim−→
b

K∗(PNb(X\Y,X),Nb(X\Y,Y,X)(A))

with PX,Y (A) the idempotent completion of CX,Y (A), and a Mayer-



46 Lower K- and L-theory

Vietoris exact sequence

. . . −−→ lim−→
b

Kn(PNb(X+,X−,X)(A)) −−→ Kn(PX+(A)) ⊕Kn(PX−(A))

−−→ Kn(PX(A))
∂
−−→ lim−→

b

Kn−1(PNb(X+,X−,X)(A)) −−→ . . .

(n ∈ Z) .

§5. Isomorphism torsion

In general, it is not possible to define the torsion τ(f) ∈ K1(A) of an
isomorphism f : L−−→M in A, only for an automorphism f : M−−→M .
This is necessary in order to define the torsion τ(C) ∈ K1(A) for a con-
tractible finite chain complex C in A. The isomorphism torsion theory
of Ranicki [65] is now applied to the bounded categories, for use in §§6,7.

The isomorphism torsion group Kiso
1 (A) was defined in [65] for any

additive category A to be the abelian group with one generator τ(f) for
each isomorphism f : L−−→M in A, subject to the relations

(i) τ(gf : L−−→M−−→N) = τ(f : L−−→M) + τ(g : M−−→N) ,

(ii) τ(f ⊕ f ′ : L⊕ L′−−→M ⊕M ′)
= τ(f : L−−→M) + τ(f ′ : L′−−→M ′) .

The isomorphism torsion of a contractible finite chain complex E in
A is defined by

τ(E) = τ(d + Γ : Eodd−−→Eeven) ∈ Kiso
1 (A) ,

with

d+ Γ =


d 0 0 . . .
Γ d 0 . . .
0 Γ d . . .
...

...
...

 :

Eodd = E1 ⊕E3 ⊕E5 ⊕ . . . −−→ Eeven = E0 ⊕E2 ⊕E4 ⊕ . . .
the isomorphism in A defined for any chain contraction

Γ : 0 ' 1 : E −−→ E .

Given objects L, M in A define the sign

ε(L,M) = τ(
(

0 1
1 0

)
: L⊕M−−→M ⊕ L) ∈ Kiso

1 (A) .
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Also, given finite chain complexes C, D in A define
β(C,D) = τ((C ⊕D)even−−→Ceven ⊕Deven)

− τ((C ⊕D)odd−−→Codd ⊕Dodd)

=
∑
i>j

(ε(C2i, D2j)− ε(C2i+1, D2j+1)) ∈ Kiso
1 (A) .

The isomorphism torsion of a chain equivalence f : C−−→D of round
finite chain complexes in A was defined in Ranicki [65] to be

τ(f) = τ(C(f)) − β(D,SC) ∈ Kiso
1 (A) ,

with C(f) the algebraic mapping cone of f .

Proposition 5.1 (i) For any chain equivalences f : C−−→D, g : D−−→E
of round finite chain complexes in A

τ(gf : C−−→E) = τ(f : C−−→D) + τ(g : D−−→E) ∈ Kiso
1 (A) .

(ii) Let C be a contractible finite chain complex in A, and let

0 −−→ C′′
f
−−→ C′

g
−−→ C −−→ 0

be an exact sequence in A with C′,C′′ round finite. Then f : C′′−−→C′
is a chain equivalence with torsion

τ(f) = τ(C)+
∞∑
r=0

(−)rτ((f h) : C′′r ⊕Cr−−→C′r)+β(C′′, C) ∈ Kiso
1 (A)

for any splitting morphisms h : Cr−−→C′r of g : C′r−−→Cr (r ≥ 0). If
also C′, C′′ are contractible then

τ(f) = τ(C′)− τ(C′′) ∈ Kiso
1 (A) .

Proof See [65, 4.2].

The reduced isomorphism torsion group of an additive category A is
defined by

K̃iso
1 (A) = coker(ε : K0(A)⊗K0(A)−−→Kiso

1 (A)) ,

with ε the sign pairing. The torsion of a chain equivalence f : C−−→D
of finite chain complexes in A is the reduced torsion of the algebraic
mapping cone

τ(f) = τ(C(f)) ∈ K̃iso
1 (A) .

The reduced automorphism torsion group of an additive category A is
defined by

K̃1(A) = coker(ε : K0(A)⊗K0(A)−−→K1(A)) ,

with ε the sign pairing.
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Definition 5.2 A stable canonical structure [φ] on an additive category
A is a collection of stable isomorphisms [φM,N ] : M−−→N , one for each
ordered pair (M,N) of stably isomorphic objects in A, such that

(i) [φM,M ] = [1M ] : M −−→ M ,

(ii) [φM,P ] = [φN,P ][φM,N ] : M −−→ N −−→ P ,

(iii) [φM⊕M′,N⊕N ′ ] = [φM,N ]⊕ [φM′,N ′ ] : M ⊕M ′ −−→ N ⊕N ′ .

A stable canonical structure [φ] on A splits the natural map

K1(A) −−→ Kiso
1 (A) ; τ(f : M−−→M) −−→ τ(f)

by
Kiso

1 (A) −−→ K1(A) ;

τ(f : M−−→N) −−→ τ(f) = τ([φN,M ]f : M−−→M) .
The automorphism torsion of a contractible finite chain complex E in A
is then defined to be the image of the isomorphism torsion

τ(E) = τ(d + Γ : Eodd−−→Eeven) ∈ K1(A) .

A stable isomorphism [f ] : M−−→N has an isomorphism torsion τ([f ]) ∈
Kiso

1 (A) and hence also an automorphism torsion τ([f ]) ∈ K1(A). Sim-
ilarly for reduced torsion.

For a ring A the automorphism torsion groups of the additive category
Bf (A) of based f.g. free A-modules are the usual torsion groups

K1(Bf (A)) = K1(A) ,

K̃1(Bf (A)) = K̃1(A) = coker(K1(Z)−−→K1(A)) .
If A is such that the rank of based f.g. free A-module is well-defined then
Bf (A) has the canonical (un)stable structure [φ] with φM,N : M−−→N
the isomorphism sending the base of M to the base of N .

A stable canonical structure (5.2) on an additive category A allows the
definition of torsion τ(f) ∈ K1(A) for an isomorphism f : L−−→M in A,
and hence the definition of torsion τ(C) ∈ K1(A) for a contractible finite
chain complex C in A. A ‘flasque structure’ on an additive category A
determines a stable canonical structure; the bounded graded categories
over open cones have flasque structures, allowing torsion to be defined
for bounded homotopy equivalences over open cones.

Definition 5.3 A flasque structure {Σ, σ, ρ} on an additive category A
consists of

(i) an object ΣM for each object M of A,
(ii) an isomorphism σM : M ⊕ ΣM−−→ΣM for each object M of A,
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(iii) an isomorphism ρM,N : Σ(M ⊕ N)−−→ΣM ⊕ ΣN for each pair of
objects M,N in A, such that

σM⊕N = (ρM,N )−1(σM ⊕ σN )(1M⊕N ⊕ ρM,N ) :

M ⊕N ⊕ Σ(M ⊕N) −−→ Σ(M ⊕N) .

Lemma 5.4 A flasque structure {Σ, σ, ρ} on A determines a stable canon-
ical structure [φ] on A, with

φM,N = (σN ⊕ 1)−1(σM ⊕ 1) : M ⊕ΣM ⊕ΣN −−→ N ⊕ΣM ⊕ΣN ,

and hence a splitting map Kiso
1 (A)−−→K1(A) allowing the definition of

torsion τ(C) ∈ K1(A) for any contractible finite chain complex C on A.

In particular, if A admits a flasque structure every object M in A is
stably isomorphic to 0 (via σM ), so that K0(A) = 0.

Definition 5.5 A flasque structure {Σ, σ, ρ} on A is natural if the assig-
nation M−−→ΣM on objects of A can be extended to morphisms

(f : M−−→N) −−→ (Σf : ΣM−−→ΣN) ,

defining an additive functor Σ : A−−→A such that the isomorphisms
σM : M ⊕ ΣM−−→ΣM define a natural equivalence of functors

σ : 1A ⊕ Σ −−→ Σ : A −−→ A .

If A admits a natural flasque structure then K∗(A) = 0, and in par-
ticular K1(A) = 0.

Example 5.6 An additive category A with countable direct sums has a
natural flasque structure {Σ, σ, ρ} by the Eilenberg swindle, with

ΣM =
∞∑
1

M ,

σM : M ⊕ ΣM −−→ ΣM ; (x0, (x1, x2, . . .)) −−→ (x0, x1, x2, . . .) .

Proposition 5.7 (i) CR(A) has a flasque structure.
(ii) CR+(A) has a natural flasque structure.
Proof (i) For any object M in CR(A) let TM be the object defined by

(TM)(t) =


M(t− 1) if t ≥ 1
M(t+ 1) if t < −1
0 otherwise ,
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and let T : M−−→TM be the isomorphism bounded by 1 defined by

T (v, u) : M(u) −−→ TM(v) ; a −−→


a if u ≥ 0 and v = u+ 1
a if u < 0 and v = u− 1
0 otherwise .

Define a flasque structure {Σ, σ, ρ} on CR(A) by

ΣM =
∞∑
i=1

T iM ,

σM : M ⊕ ΣM −−→ ΣM ;

(a0, (a1, a2, . . .)) −−→ (Ta0, T a1, T a2, . . .) ,

ρM,N : Σ(M ⊕N) −−→ ΣM ⊕ ΣN ; (a, b) −−→ (a, b) .
(ii) The flasque structure on CR(A) defined in (i) restricts to a natural
flasque structure on CR+(A).

Lemma 5.8 If F : A−−→A′ is a functor of additive categories such that
every object M ′ of A′ is the image M ′ = F (M) of an object M in A
then a flasque structure {Σ, σ, ρ} on A determines a flasque structure
{Σ′, σ′, ρ′} on A′, with

Σ′M ′ = F (ΣM) ,

σ′M′ = F (σM ) : M ′ ⊕ Σ′M ′ = F (M ⊕ ΣM)

−−→ Σ′M ′ = F (ΣM) ,

ρM′,N ′ = F (ρM,N ) : Σ′(M ′ ⊕N ′) = F (Σ(M ⊕N))

−−→ Σ′M ′ ⊕ Σ′N ′ = F (ΣM ⊕ ΣN) .

In particular, 5.8 applies to the functor F : CX(A)−−→CX,Y (A) in-
duced by the inclusion.

Proposition 5.9 Let (X,Y ⊆ X) be a pair of metric spaces, and let A
be any filtered additive category.
(i) The end invariant defines a morphism

∂iso : Kiso
1 (CX,Y (A)) −−→ K0(PY (A)) ; τ(E) −−→ [E]+

such that the connecting map ∂ in the exact sequence of 4.1
K1(CY (A)) −−→ K1(CX(A)) −−→ K1(CX,Y (A))

∂
−−→ K0(PY (A)) −−→ K0(PX(A))

is the composite

∂ : K1(CX,Y (A)) −−→ Kiso
1 (CX,Y (A))

∂iso
−−→ K0(PY (A)) ,
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and

im(∂) ⊆ im(∂iso) .

(ii) The sequence

Kiso
1 (CX,Y (A))

∂̃iso
−−→ K̃0(PY (A)) −−→ K̃0(PX(A))

is exact.
(iii) If K0(CX(A)) = {0} then

im(∂) = im(∂iso) .

(iv) If CX(A) admits a flasque structure {Σ, σ, ρ} and CX,Y (A) has the
induced flasque structure then

∂iso : Kiso
1 (CX,Y (A)) −−→ K1(CX,Y (A))

∂
−−→ K0(PY (A)) .

The automorphism torsion τ(E) ∈ K1(CX,Y (A)) of any contractible fi-
nite chain complex E is such that ∂τ(E) = [E]+.
Proof (i) The end invariant of an isomorphism f : M−−→N in CX,Y (A)
is the element [f ]+ ∈ K0(PY (A)) defined in 3.6. It is necessary to prove
that for any contractible finite chain complex E in CX,Y (A) the element
∂τ(E) = [E]+ ∈ K0(PY (A)) is the end invariant [d+ Γ]+ of the isomor-
phism d + Γ : Eodd−−→Eeven in CX,Y (A) used to define τ(E), for any
chain contraction Γ : 0 ' 1 : E−−→E. Consider first the 1-dimensional
case, with

dE = f : E1 = L −−→ E0 = M

an isomorphism in CX,Y (A), so that ∂τ([f ]) ∈ K0(PY (A)) is the end in-
variant [f ]+ of f . The n-dimensional case is reduced to the 1-dimensional
case by the “folding” process of Whitehead [88], as follows.

Let then E be n-dimensional

E : . . . −−→ 0 −−→ En
d
−−→ En−1 −−→ . . . −−→ E0 .

As E is contractible there exists a morphism Γ : En−1−−→En in CX,Y (A)
which splits d : En−−→En−1 with

Γd = 1 : En −−→ En .

Let C be the contractible (n−1)-dimensional chain complex in CX,Y (A)
defined by

C : En−1

(
d
Γ

)
−−−→ En−2 ⊕En

(d 0)
−−−−−→ En−3 −−→ . . . −−→ E0 ,

and let D be the CX,Y (A)-contractible n-dimensional chain complex in
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CX(A) defined by

D : En

(
d
−1

)
−−−−−→ En−1 ⊕En

(
d 0
Γ 1

)
−−−−−→

En−2 ⊕En
(d 0)
−−−−−→ En−3 −−→ . . . −−→ E0 .

There are defined exact sequences of contractible chain complexes in
CX,Y (A)

0 −−→ C′ −−→ D −−→ C −−→ 0 ,

0 −−→ E′ −−→ D −−→ E −−→ 0 ,
with C′, E′ the elementary n-dimensional chain complexes

C′ : En
1
−−→ En −−→ 0 −−→ . . . −−→ 0 ,

E′ : 0 −−→ En
1
−−→ En −−→ 0 −−→ . . . −−→ 0 .

Now

τ(C) = τ(D) = τ(E) ∈ K1(CX,Y (A)) ,

and by the sum formula 3.8

[C]+ = [D]+ = [E]+ ∈ K0(PY (A)) .

As C is (n − 1)-dimensional this gives the inductive step in the proof
that the connecting map ∂ of 4.1 sends the torsion τ(E) to the positive
end invariant [d+ Γ : Eodd−−→Eeven]+.
(ii) The objects P,Q in PY (A) are such that [P ] = [Q] ∈ K̃0(PX(A)) if
and only if there exists an isomorphism in PX(A)

f =
(
fQP fQR
fSP fSR

)
: P ⊕R −−→ Q⊕ S

for some objects R,S in CX(A), in which case [fSR] : R−−→S is an
isomorphism in CX,Y (A) with isomorphism torsion

τ([fSR]) ∈ Kiso
1 (CX,Y (A))

such that

∂̃isoτ([fSR]) = [Q]− [P ] ∈ K̃0(PY (A)) .

(iii) The objects of CX,Y (A) are the objects of CX(A), so for any iso-
morphism f : M−−→N in CX,Y (A) the element ∂isoτ(f) ∈ K0(PY (A))
has image

∂isoτ(f) = [N ]− [M ] ∈ im(K0(CX(A))−−→K0(PY (A))) = {0} .
(iv) By 3.7 (iii) the end invariants of the isomorphisms σM : M ⊕
ΣM−−→ΣM in CX(A) have end invariants

[σM ]+ = 0 ∈ K0(PY (A)) .
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The torsion of an isomorphism f : L−−→M in CX,Y (A) is defined by

τ([f ]) = τ([σM ][f ][σL]−1) ∈ K1(CX,Y (A)) ,

so ∂τ([f ]) ∈ K0(PY (A)) is the end invariant of the stable automorphism
[σM ][f ][σL]−1 : 0−−→0 in CX,Y (A). By the sum formula 3.7 (ii)

∂(τ [f ]) = [[σM ][f ][σL]−1]+
= [σM ]+ + [f ]+ − [σL]+ = [f ]+ ∈ K0(PY (A)) ,

verifying the 1-dimensional case of ∂τ(E) = [E]+. The n-dimensional
case for n ≥ 2 is reduced to the case n = 1 by folding as in (i).

§6. Open cones

The open cone of a subspace X ⊆ Sk is the metric space

O(X) = { tx ∈ Rk+1 | t ∈ R+, x ∈ X } .
In particular,

O(Sk) = Rk+1 .

For the empty set ∅ it is understood that

O(∅) = {0} , CO(∅)(A) = A .

For any Y ⊆ X ⊆ Sk and any b ≥ 0 let
Ob(Y,X) = Nb(O(Y ), O(X))

= {x ∈ O(X) | d(x, y) ≤ b for some y ∈ O(Y )} .
Also, for any Y,Z ⊆ X ⊆ Sk and any b ≥ 0 let

Ob(Y,Z,X) = Nb(O(Y ), O(Z), O(X))

= {x ∈ O(X) | d(x, y) ≤ b for some y ∈ O(Y )

and d(x, z) ≤ b for some z ∈ O(Z)} .

Lemma 6.1 Let X ⊆ Sk be a compact polyhedron which is expressed as a
union X = X+ ∪X− of compact polyhedra. For any b ≥ 0 the inclusion

O(X+ ∩X−) −−→ Ob(X+, X−, X)

is a homotopy equivalence in the proper eventually Lipschitz category.
Proof Following a suggestion of Steve Ferry, replace X+, X− by Lips-
chitz homotopy equivalent cubical subcomplexes of Sk, for which there
is an identity

Ob(X+, X−, X) = Ob(X+ ∩X−, X) .

The results of §1-§5 will now be specialized to the O(X)-bounded
categories CO(X)(A).
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Proposition 6.2 (i) Let Y ⊆ X ⊆ Sk. The torsion and class groups
of the bounded categories over the open cones are related by an excision
isomorphism

K1(PO(Y )(A)−−→PO(X)(A)) ∼= K1(CO(X),O(Y )(A))

and an exact sequence
K1(CO(Y )(A)) −−→ K1(CO(X)(A)) −−→ K1(CO(X),O(Y )(A))

∂
−−→ K0(PO(Y )(A)) −−→ K0(PO(X)(A)) .

(ii) For a compact polyhedron X = X+ ∪ X− ⊆ Sk there is defined a
Mayer-Vietoris exact sequence

K1(CO(X+∩X−)(A)) −−→ K1(CO(X+)(A))⊕K1(CO(X−)(A))

−−→ K1(CO(X+∪X−)(A))
∂
−−→ K0(PO(X+∩X−)(A))

−−→ K0(PO(X+)(A))⊕K0(PO(X−)(A)) .
Proof (i) A special case of 4.1.
(ii) A special case of 4.16, identifying

O(X+∪X−) = O(X+)∪O(X−) , O(X+∩X−) = O(X+)∩O(X−) ,

and using 6.1 to identify
K1(COb(X+,X−,X)(A)) = K1(CO(X+,X)∩O(X−,X)(A)) ,

K0(POb(X+,X−,X)(A)) = K0(PO(X+,X)∩O(X−,X)(A)) .

Pedersen and Weibel [54] identified the algebraic K-theory of
PO(X)(A) for a compact polyhedron X ⊆ Sk with the reduced gen-
eralized homology groups of X with coefficients in a non-connective de-
looping of the algebraic K-theory of the idempotent completion P0(A)

K∗(PO(X)(A)) = H lf
∗ (O(X);K(P0(A))) = H̃∗−1(X ;K(P0(A))) .

The excision isomorphisms and the Mayer-Vietoris exact sequence of 6.2
are particular consequences of this identification. However, the elemen-
tary techniques used here in the cases ∗ ≤ 1 give an explicit formula for
the connecting map relating torsion and projective class, and are better
suited for the generalization to L-theory obtained in §14 below.

Next, it is shown that CO(X)(A) admits a flasque structure for non-
empty X , so that the isomorphism torsion theory of §5 applies.

Given a non-empty subspace X ⊆ Sk, and a base point x ∈ X define
for any object M in CO(X)(A) an object TM in CO(X)(A) by

(TM)(ty) =


M((t− 1)y) if t > 1
M(0) if t = 1 and y = x

0 otherwise .
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Let T : M−−→TM be the isomorphism in CO(X)(A) defined by

T (uz, ty) : M(ty) −−→ TM(uz) ;

a −−→


a if u = t+ 1 and z = y

a if t = 0 and u = 1 and z = x

0 otherwise .

Definition 6.3 The x-based flasque structure {Σ, σ, ρ} on CO(X)(A) is
defined by

ΣM =
∞∑
i=1

T iM ,

σM : M ⊕ ΣM −−→ ΣM ;

(a0, (a1, a2, . . .)) −−→ (Ta0, T a1, T a2, . . .) ,

ρM,N : Σ(M ⊕N) −−→ ΣM ⊕ ΣN ; (a, b) −−→ (a, b) .
The x-based torsion of an isomorphism f : M−−→N in CO(X)(A) is the
torsion of f with respect to the x-based flasque structure

τx(f) = τ([σN ][f ][σM ]−1 : 0−−→M−−→N−−→0) ∈ K1(CO(X)(A)) .

In particular, the natural flasque structure defined on CR+(A) in 5.6
is the 1-based flasque structure {Σ, σ, ρ} of 6.3.

Applying Lemma 5.4, it follows that CO(X)(A) is equipped with a sta-
ble canonical structure, and that K0(CO(X)(A)) = 0 for non-empty X .
The x-based torsion is defined for any contractible finite chain complex
C in CO(X)(A) by

τx(C) = τx(d+ Γ : Codd−−→Ceven) ∈ K1(CO(X)(A)) ,

with Γ : 0 ' 1 : C−−→C any chain contraction.
The filtered structure on A is used to identify

CX1×X2(A) = CX1(CX2(A)) ,

for any metric spaces X1,X2 with the max metric on the product X1×X2

dX1×X2((x1, x2), (y1, y2)) = max(dX1(x1, y1), dX2(x2, y2)) .

The cone and suspension of X are defined as usual by

CX = X × [0, 1]/X × {1} , ΣX = C+X ∪X C−X .

For X ⊆ Sk identify

O(CX) = O(X)× R+ , O(ΣX) = O(X)× R .

Proposition 6.4 (i) For non-empty X ⊆ Sk and any x ∈ X the x-based
flasque structure on CO(CX)(A) is natural, so that

K∗(CO(CX)(A)) = K∗(PO(CX)(A)) = 0 .
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(ii) The bounded Y ×R+-graded category CY×R+(A) has a natural flasque
structure, for any metric space Y .
Proof (i) The x-based flasque structure on CO({x})(A) = CR+(A) is
natural, with Σf : ΣM−−→ΣN defined for any morphism f : M−−→N
by

Σf : ΣM −−→ ΣN ; (a1, a2, . . .) −−→ (f(a1), f(a2), . . .) .

It follows that for any non-empty X ⊆ Sk and any x ∈ X the x-based
flasque structure on

CO(CX)(A) = CR+(CO(X)(A))

is natural.
(ii) Immediate from (i) and the identifications

CY×R+(A) = CR+(CY (A)) , R+ = O({pt.}) .

Proposition 6.5 The functor

CX∪Y×R+(A) −−→ CX,Y (A) ; M −−→ M(X) =
∑
x∈X

M(x)

induces an isomorphism

K1(CX∪Y×R+(A)) ∼= K1(CX,Y (A)) ,

and there is defined an exact sequence

K1(CY (A)) −−→ K1(CX(A)) −−→ K1(CX∪Y×R+(A))

∂
−−→ K0(PY (A)) −−→ K0(PX(A))

with the connecting map

∂ : K1(CX∪Y×R+(A)) −−→ K0(PY (A)) ;

τ(f : M−−→M) −−→ [f(X,X)]+
sending the torsion τ(f) of an automorphism f : M−−→M in
CX∪Y×R+(A) to the end invariant [f(X,X)]+ of the automorphism
[f(X,X)] : M(X)−−→M(X) in CX,Y (A) defined by the restriction of f
to the subobject M(X) ⊆M .
Proof Theorem 4.1 gives an exact sequence

K1(CY×R+(A)) −−→ K1(CX∪Y×R+(A))

−−→ K1(CX∪Y×R+,Y×R+(A)) −−→ K0(PY×R+(A)) .

By 6.4 (ii) CY×R+(A) has a natural flasque structure, so that the idem-
potent completion PY×R+(A) also has a natural flasque structure and

K1(CY×R+(A)) = K0(PY×R+(A)) = 0 .
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Thus there is a natural identification

K1(CX∪Y×R+(A)) = K1(CX∪Y×R+,Y×R+(A)) .

Every object M in CX∪Y×R+(A) is stably isomorphic to the object
M(X) in CX(A). The germs away from Y of morphisms in CX(A)
are the germs away from Y × R+ of morphisms in CX∪Y×R+(A). It
follows that the functor

CX∪Y×R+,Y×R+(A) −−→ CX,Y (A) ; M −−→ M(X)

induces isomorphisms in algebraic K-theory, allowing the natural iden-
tification

K1(CX∪Y×R+,Y×R+(A)) = K1(CX,Y (A)) .

In fact, 6.5 is a special case of a general result: the functor

CX∪Y×R+(A) −−→ CX,Y (A)

induces isomorphisms in all the algebraic K-groups

Kn(PX∪Y×R+(A)) ∼= Kn(CX,Y (A)) (n ∈ Z) ,

with a consequent long exact sequence
. . .−−→ Kn(PY (A)) −−→ Kn(PX(A)) −−→ Kn(CX∪Y×R+(A))

∂
−−→ Kn−1(PY (A)) −−→ Kn−1(PX(A)) −−→ . . .

(Ferry and Pedersen [28], Hambleton and Pedersen [31]).

Definition 6.6 (i) Given a map ω : S0−−→X let

B̄0(ω) : K0(A) −−→ K0(P0(A))
B̄
−−→

K1(CR(A)) = K1(CO(S0)(A))
ω∗−−→ K1(CO(X)(A)) .

(ii) The Whitehead group of CO(X)(A) is defined by

Wh(CO(X)(A))

=

{
coker(

∑
ω
B̄0(ω) :

∑
ω
K0(A)−−→K1(CO(X)(A))) if X 6= ∅

K̃1(A) if X = ∅
with the sum taken over all the maps ω : S0−−→X .

The class at 0 of a finite chain complex C in CO(X)(A) is

[C(0)] =
∞∑
r=0

(−)r[Cr(0)] ∈ K0(A) .
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Proposition 6.7 (i) If ω : S0−−→X extends to a map D1−−→X then

B̄0(ω) = 0 : K0(A) −−→ K1(CO(X)(A)) .

(ii) If X is non-empty and connected

Wh(CO(X)(A)) = K1(CO(X)(A)) .

If X has n components X1, X2, . . . , Xn with n ≥ 2 then

Wh(CO(X)(A)) = coker(
n−1∑
i=1

B̄0(ωi) :
n−1∑
i=1

K0(A)−−→K1(CO(X)(A)))

for any maps ωi : S0−−→X such that ωi(+1) ∈ X1, ωi(−1) ∈ Xi+1.
(iii) For any x, x′ ∈ X let {Σ, σ, ρ}, {Σ′, σ′, ρ′} be the x- and x′-based
flasque structures on CO(X)(A). The difference of the x- and x′-based
torsions of a contractible finite chain complex C in CO(X)(A) is

τx(C)− τx′(C) = B̄0(ω)[C(0)] ∈ K1(CO(X)(A)) ,

with

ω : S0 −−→ X ; +1 −−→ x , −1 −−→ x′ .

(iv) The Whitehead torsion of a contractible finite chain complex C in
CO(X)(A)

τ(C) = τx(C) ∈Wh(CO(X)(A))

is independent of the choice of base point x ∈ X used to define the
torsion τx(C) ∈ K1(CO(X)(A)).
Proof (i) If ω extends to a map D1−−→X there is a factorization

B̄0(ω) : K0(A) −−→ K1(CO(S0)(A))

−−→ K1(CO(D1)(A)) −−→ K1(CO(X)(A))
and K1(CO(D1)(A)) = 0 (by 6.4 (i)).
(ii) Immediate from (i).
(iii) The automorphism defined for any object M in CO(X)(A) by

αM = (σ′M⊕1ΣM )−1(σM⊕1Σ′M ) : M⊕ΣM⊕Σ′M −−→M⊕ΣM⊕Σ′M

has torsion

τ(αM ) = B̄0(ω)[M(0)] ∈ K1(CO(X)(A)) .

(iv) Immediate from (iii).

Remark 6.8 In view of 6.7 (ii) and Anderson [1] the Whitehead group
Wh(CO(X)(A)) is a special case of the Whitehead groups defined by
Anderson and Munkholm [4, p.146]. In particular, for X = S0

Wh(CO(S0)(A)) = Wh(CR(A))

= coker(B̄0 : K0(A)−−→K1(CR(A))) .
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For any object M in CO(X+∩X−)(A)

[M ] = [M(0)] ∈ im(K0(CO(X+∩X−)(A))−−→K0(PO(X+∩X−)(A)))

= im(K0(A)−−→K0(PO(X+∩X−)(A)))

=
{
{0} if X+ ∩X− 6= ∅
im(K0(A)−−→K0(P0(A))) if X+ ∩X− = ∅ .

Given a map

ω : S0 −−→ X+ ∪X− ; +1 −−→ x+ , −1 −−→ x− ,

such that x± ∈ X± define the abelian group morphism

B̄0(ω) : K0(CO(X+∩X−)(A)) −−→ K1(CO(X+∪X−)(A)) ;

[M ] −−→ τ([σ−M ]−1[σ+
M ] : M−−→M)

with {Σ±, σ±, ρ±} the x±-based flasque structure on CO(X±)(A) given
by 6.3. The morphism B̄0(ω) of 6.7 (i) is the composite

B̄0(ω) : K0(A) −−→ K0(CO(X+∩X−)(A))

B̄0(ω)
−−−−−→ K1(CO(X+∪X−)(A)) ;

[M ] −−→ ω∗τ(z : M [z, z−1]−−→M [z, z−1]) .

By 6.7 (iii) the x+-based and x−-based torsions of a contractible finite
chain complex E in CO(X+∪X−)(A) differ by

τx+(E)− τx−(E) = B̄0(ω)[E(0)]

∈ im(B̄0(ω) : K0(A)−−→K1(CO(X+∪X−)(A))) .

The composite

K0(CO(X+∩X−)(A))
B̄0(ω)
−−−−−→ K1(CO(X+∪X−)(A))

∂
−−→ K0(PO(X+∩X−)(A))

is independent of ω, being the natural map

∂B̄0(ω) : K0(CO(X+∩X−)(A)) −−→ K0(PO(X+∩X−)(A)) ;

[M ] −−→ [M ] = [M(0)] .

Proposition 6.9 The connecting map

∂ : K1(CO(X+∪X−)(A)) −−→ K0(PO(X+∩X−)(A))

sends the x-based torsion τx(E) ∈ K1(CO(X+∪X−)(A)) of a contractible
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finite chain complex E in CO(X+∪X−)(A) to the projective class

∂τx(E) = [E]+ +
∞∑
r=0

(−)r[σEr : Er ⊕ ΣEr−−→ΣEr]+

=
{

[E]+ if x ∈ X+

[E]+ − [E(0)] if x /∈ X+
∈ K0(PO(X+∩X−)(A)) .

Proof By construction, ∂ is the composite
∂ : K1(CO(X+∪X−)(A)) −−→

K1(CO(X+∪X−),O(X−)(A)) ∼= K1(CO(X+),O(X+∩X−)(A))
∂
−−→ K0(PO(X+),O(X+∩X−)(A)) .

For x ∈ X+ the image of τx(E) in K1(CO(X+),O(X+∩X−)(A)) is the x-
based torsion τx(E(O(X+))) of the contractible chain complex
E(O(X+)) in CO(X+),O(X+∩X−)(A), and the identity

∂τx(E) = [E]+ ∈ K0(PO(X+∩X−)(A))

is immediate from 5.8. For x /∈ X+ choose a base point x′ ∈ X+, and
define ω : S0−−→X by ω(+1) = x′, ω(−1) = x, so that

τx(E) = τx′(E)− B̄0(ω)[E(0)] ∈ K1(CO(X+∪X−)(A))

and
∂τx(E) = ∂τx′(E)− ∂B̄0(ω)[E(0)]

= [E]+ − [E(0)] ∈ K0(PO(X+∪X−)(A)) .

If X+ ∩X− is non-empty then K0(CO(X+∩X−)(A)) = 0, since there
exists a flasque structure on CO(X+∩X−)(A) (by 6.3). Thus if E is round
at 0 or if X+ ∩X− is non-empty then

∂τ(E) = [E]+ ∈ K0(PO(X+∩X−)(A))

for all base points x ∈ X+ ∪X−, in agreement with 6.7 (iii).

Proposition 6.10 The image under the connecting map ∂ of the x-based
torsion τx(f) ∈ K1(CO(X+∪X−)(A)) of a chain equivalence f : C−−→D
of band complexes in CO(X+∪X−)(A) is given by

∂τ(f) =
{

[D]+ − [C]+ if x ∈ X+

[D]+ − [C]+ − ([D(0)]− [C(0)]) if x /∈ X+ .
Proof The x-based torsion of f is the x-based torsion of the algebraic
mapping cone C(f)

τx(f) = τx(C(f)) ∈ K1(CO(X+∪X−)(A)) .

(The sign term β in the definition of τ(f) in Ranicki [65, p.223] is 0,
since X+ ∪X− is non-empty and K0(CO(X+∪X−)(A)) = 0.) The result
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follows from 6.9 and the sum formula of 3.12 for the end invariants of
the band complexes in the exact sequence

0 −−→ D −−→ C(f) −−→ SC −−→ 0 .

For any X = X+ ∪X− ⊆ Sk and b ≥ 0 write

Ob(X+) = Nb(O(X+), O(X))

= O(X+, X)∪Nb(O(X+ ∩X−), O(X−)) ,

Ob(X−) = Nb(O(X−), O(X))

= O(X−, X) ∪Nb(O(X+ ∩X−), O(X+)) .

Proposition 6.11 (i) The Whitehead torsion and reduced projective
class groups associated to X = X+ ∪X− ⊆ Sk are related by a Mayer-
Vietoris exact sequence

Wh(CO(X+∩X−)(A)) −−→ Wh(CO(X+)(A))⊕Wh(CO(X−)(A))

−−→ Wh(CO(X+∪X−)(A))
∂̃
−−→ K̃0(PO(X+∩X−)(A))

−−→ K̃0(PO(X+)(A))⊕ K̃0(PO(X−)(A)) .

(ii) If E is a contractible finite chain complex in COb(X±)(A) for some
b ≥ 0 then

τ(E) ∈ im(Wh(CO(X±)(A))−−→Wh(CO(X+∪X−)(A))) .

(iii) If E is a contractible finite chain complex in CO(X+∪X−)(A) such
that

∂̃τ(E) = 0 ∈ K̃0(PO(X+∩X−)(A))

then for any Mayer-Vietoris presentation of E

E : 0 −−→ E+ ∩E−
i
−−→ E+ ⊕E−

j
−−→ E −−→ 0

there exist finite chain complexes F+, F− in CO(X+∩X−)(A) and chain
equivalences φ± : F±−−→E± in COb(X±)(A) for some b ≥ 0, with

τ(E) = τ(φ+) + τ(φ−) + τ((φ+ ⊕ φ−)−1i : E+ ∩E−−−→F+ ⊕ F−)

∈ im(Wh(CO(X+)(A)) ⊕Wh(CO(X−)(A))−−→Wh(CO(X+∪X−)(A))) .

Proof (i) By 6.7 there is no loss of generality in assuming that X+ and
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X− are connected, so that
Wh(CO(X±)(A)) = K1(CO(X±)(A)) ,

K̃0(PO(X±)(A)) = K0(PO(X±)(A)) ,

K̃0(PO(X+∩X−)(A))

=
{
K0(PO(X+∩X−)(A))
coker(K0(A)−−→K0(PO(X+∩X−)(A)))

Wh(CO(X+∪X−)(A))

=
{
K1(CO(X+∪X−)(A))
coker(B̄0(ω) : K0(A)−−→K1(CO(X+∪X−)(A)))

Wh(CO(X+∩X−)(A))

=

{
coker(

∑
η
B̄0(η) :

∑
η
K0(A)−−→K1(CO(X+∩X−)(A)))

K1(A)

if
{
X+ ∩X− 6= ∅
X+ ∩X− = ∅

with the sums taken over all the maps

ω : S0 −−→ X+ ∪X− , η : S0 −−→ X+ ∩X−

with ω(±1) = x± ∈ X±. For any such η the composites

K0(A)
B̄0(η)

−−−−−−−→ K1(CO(X+∩X−)(A)) −−→ K1(CO(X±)(A))

are 0, since X+ and X− are connected. Thus the reduced K-theory
Mayer-Vietoris exact sequence is a quotient of the absolute K-theory
Mayer-Vietoris exact sequence of 6.2 (ii).
(ii) For any object M in COb(X+)(A) let M ′ be the object defined in
CO(X+)(A) by

M ′(x′) =
{
M(x′) if x′ ∈ O(X+)\{0}
M(0)⊕M(Ob(X+)\O(X+)) if x′ = 0 .

For any base point x− ∈ X− the evident regrading map θM : M−−→M ′
is an isomorphism in COb(X+)(A) with x−-based torsion

τx−(θM ) = τx−(M(Ob(X+) ∩O(X−))−−→M ′(Ob(X+) ∩O(X−)))

∈ im(K1(COb(X+)∩O(X−)(A))−−→K1(CO(X+∪X−)(A))) = {0} ,
so that the Whitehead torsion is

τ(θM ) = 0 ∈Wh(CO(X+∪X−)(A)) .

Thus for any isomorphism f : M−−→N in COb(X+)(A) there is defined
an isomorphism in CO(X+)(A)

f ′ = θNf(θM)−1 : M ′ −−→ M −−→ N −−→ N ′
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such that

τx−(f ′) = τx−(f) + τx−(θN )− τx−(θM ) ∈ K1(CO(X+∪X−)(A))) ,

and the Whitehead torsion of f is

τ(f) = τ(f ′) ∈ im (Wh(CO(X+)(A))−−→Wh(CO(X+∪X−)(A))) .

Similarly for chain complexes.
(iii) The reduced end invariant [E]± is the CO(X+∩X−)(A)-finiteness
obstruction of E±

[E]± = [E±] ∈ K̃0(PO(X+∩X−)(A)) .

By the sum formula and (ii) the Whitehead torsion of E is
τ(E) = τ(i : E+ ∩E−−−→E+ ⊕E−)

= τ(φ+) + τ(φ−) + τ((φ+ ⊕ φ−)−1i : E+ ∩E−−−→F+ ⊕ F−)

∈ im (Wh(CO(X+)(A))⊕Wh(CO(X−)(A))−−→Wh(CO(X+∪X−)(A))) .

§7. K-theory of C1(A)

We now consider the K-theory of the bounded Z-graded category

C1(A) = CZ(A) ,

using resolutions in the Z-graded categoryG1(A) = GZ(A) . The bounded
R-graded category CR(A) equivalent to C1(A) is used to obtain a chain
complex interpretation of the isomorphism

K1(CR(A)) ∼= K0(P0(A))

originally obtained by Pedersen [49] (for A = Bf (A)) and by Pedersen
and Weibel [53] (for any A).

In order to apply the K-theory exact sequences of §4 to CR(A) use
the expression of X = R as a union X = X+ ∪X− with

X+ = R+ = [0,∞) , X− = R− = (−∞, 0] , X+ ∩X− = {0} ,
or the equivalent subsets of Z. The b-neighbourhoods for b ≥ 0 are the
intervals

Nb(X+, X) = [−b,∞) , Nb(X−, X) = (−∞, b] ,
Nb(X+, X−, X) = [−b, b] ⊂ R .

The various graded categories of a filtered additive category A associ-
ated to Z, Z+ = {n ∈ Z |n ≥ 0} and Z− = {n ∈ Z |n ≤ 0} are denoted
by

BZ(A) = B1(A) ,

BZ+(A) = B+(A) , BZ−(A) = B−(A) ,

BZ+,{0}(A) = B+,0(A) , BZ−,{0}(A) = B−,0(A) .
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with B = C or G. The inclusion Z−−→R is a homotopy equivalence in
the proper eventually Lipschitz category, with homotopy inverse

R −−→ Z ; x −−→ [x] ,

and similarly for Z±−−→R±. Thus C1(A) is equivalent to CR(A) and

K∗(C1(A)) = K∗(CR(A)) .

The flasque structure defined on CR(A) in 5.7 (i) restricts to a flasque
structure on C1(A), and this will be used to define torsions in K1(C1(A))
for isomorphisms in C1(A). The flasque structure on C1(A) restricts to
natural flasque structures on C±(A), so that

K∗(C±(A)) = K∗(CR±(A)) = 0 .

The induced flasque structure on C±,{0}(A) is not natural, in general.
The inclusions

C±,0(A) −−→ CR±,{0}(A)

are also equivalences of additive categories, so that

K∗(C±,0(A)) = K∗(CR±,{0}(A)) .

Given an object M in A let M [z] be the object of C+(A) defined by

M [z](k) = zkM (k ≥ 0) ,

with zkM a copy of M . Given a collection of morphisms in A
{fj ∈ HomA(L,M) | j ≥ 0}

such that {j ∈ Z | fj 6= 0} is finite let

f =
∞∑
j=0

zjfj : L[z, z−1] −−→ M [z, z−1]

be the morphism in C+(A) defined by

f(k, j) =
{
fk−j if k ≥ j
0 if k < j

: L[z](j) = zjL −−→ M [z](k) = zkM .

The polynomial extension category A[z] of A is the subcategory of C+(A)
with objects M [z] and morphisms

∑
j

zjfj . Similarly for A[z−1].

The end invariant [E]+ ∈ K0(P0(A)) of a G+,0(A)-contractible finite
chain complex E in C+,0(A) is defined as in §3.

Proposition 7.1 The end invariant defines an isomorphism

∂ : K1(C+,0(A)) −−→ K0(P0(A)) ; τ(E) −−→ [E]+ ,

with inverse
B̄ : K0(P0(A)) −−→ K1(C+,0(A)) ;

[M,p ] −−→ τ(1− p+ zp : M [z]−−→M [z]) .
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Proof ∂ is the connecting map in the exact sequence of 4.1 for (X,Y ) =
(Z+, {0})

K1(A) −−→ K1(C+(A)) −−→ K1(C+,0(A))

∂
−−→ K0(P0(A)) −−→ K0(P+(A))

with P+(A) = P0(C+(A)). It follows from the natural flasque structure
on C+(A) given by 5.7 (ii) that

K1(C+(A)) = K0(P+(A)) = 0 ,
so ∂ is an isomorphism. The identification ∂τ(E) = [E]+ is given by
5.9. In order to verify that B̄ is the inverse of ∂ it is necessary to prove
that for any object (M,p) in P0(A) the automorphism in C+,0(A)

1− p+ zp : M [z] −−→ M [z]
has positive end invariant

[1− p+ zp ]+ = [M,p ] ∈ K0(P0(A)) .
This has already been done in 3.11.

Given an object M in A let M [z, z−1] be the object of C1(A) defined
by

M [z, z−1](k) = zkM (k ∈ Z) ,

with zkM a copy of M . Given a collection of morphisms in A
{fj ∈ HomA(L,M) | j ∈ Z}

such that {j ∈ Z | fj 6= 0} is finite let

f =
∞∑

j=−∞
zjfj : L[z, z−1] −−→ M [z, z−1]

be the morphism in C1(A) defined by
f(k, j) = fk−j : L[z, z−1](j) = zjL −−→ M [z, z−1](k) = zkM .

The Laurent polynomial extension A[z, z−1] of A is the subcategory of
C1(A) with objects M [z, z−1] and morphisms

∑
j

zjfj.

The end invariant of a G−,0(A)-contractible finite chain complex E in
C−,0(A) is denoted by [E]− ∈ K0(P0(A)).

Let N0(A) be the full subcategory of C1(A) with objects M of fi-
nite support (2.8 (i)), corresponding to the neighbourhood N{0}(A) of
C{0}(A) in CR(A) (which is the full subcategory with objects of com-
pact support). Similarly, let N±,0(A) be the neighbourhood of C{0}(A)
in C±(A), the full subcategory with objects of finite support. The in-
clusions

A = C{0}(A) −−→ N0(A) , A −−→ N±,0(A)
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are equivalences of additive categories.

Recall from
{ 3.1

3.7
that a finite chain complex C inC±(A) is

{
G±,0(A)
C±,0(A) -

contractible if and only if it is
{

(G±(A),N±,0(A))
(C±(A),N±,0(A)) -finitely dominated.

A chain complex band E in C1(A) is a finite chain complex which is
(G1(A),N0(A))-finitely dominated, so that E is a chain complex band
in CR(A) in the sense of 4.10 and the end invariants [E]± ∈ K0(P0(A))
are defined for X = Z = Z+ ∪ Z−, with sum

[E]+ + [E]− = [E] + [E(0)] ∈ K0(P0(A)) .

The end invariants of an automorphism f : L−−→L in C1(A) are
defined as in 4.14 to be the end invariants of the 1-dimensional (con-
tractible) chain complex band E given by

dE = f : E1 = L −−→ E0 = L ,

that is

[f ]± = [E]± ∈ K0(P0(A))

with [f ]+ + [f ]− = 0 ∈ K0(P0(A)).

Proposition 7.2 (i) The end invariants of automorphisms in C1(A)
define an isomorphism

∂ : K1(C1(A)) −−→ K0(P0(A)) ; τ(f : L−−→L) −−→ [f ]+ = −[f ]−
with inverse
B̄ : K0(P0(A)) −−→ K1(C1(A)) ;

[M,p ] −−→ τ(1− p+ zp : M [z, z−1]−−→M [z, z−1]) .
(ii) The isomorphism ∂ of (i) sends the torsion τ(f) of a chain equiva-
lence f : E−−→E′ of bands in C1(A) to the difference of the positive end
invariants

∂τ(f) = [E′]+ − [E]+ ∈ K0(P0(A)) .

Proof (i) ∂ is the connecting map in the Mayer-Vietoris exact sequence
of 4.15 for X = X+ ∪ X− given by Z = Z+ ∪ Z−. The categories
CX±(A) = CZ±(A) have natural flasque structures (by 5.7 (ii)), so that

K∗(CZ±(A)) = K∗(PZ±(A)) = 0 .

The exact sequence of 4.16 includes

0 −−→ K1(C1(A))
∂
−−→ K0(P0(A)) −−→ 0 ,

so that ∂ is an isomorphism. In order to verify that B̄ is the inverse of
∂ note that by 3.10 (again) for any object (M,p) in P0(A) the automor-
phism in C1(A)

1− p+ zp : M [z, z−1] −−→ M [z, z−1]
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has positive end invariant
[1− p+ zp ]+ = [M,p ] ∈ K0(P0(A)) .

(ii) It is immediate from 5.9 that ∂ sends the torsion τ(C) ∈ K1(C1(A))
of a contractible finite chain complex C in C1(A) to the positive end
invariant

∂τ(C) = [C]+ ∈ K0(P0(A)) .
The algebraic mapping cone C(f) is contractible, and fits into an exact
sequence of band in C1(A)

0 −−→ E′ −−→ C(f) −−→ SE −−→ 0 .

Applying the sum formula of 3.8
∂τ(f) = ∂τ(C(f))

= [C(f)]+ = [E′]+ + [SE]+ = [E′]+ − [E]+ ∈ K0(P0(A)) .

Definition 7.3 The Whitehead group of C1(A) is
Wh(C1(A)) = coker(B̄0 : K0(A)−−→K1(C1(A)))

with

B̄0 : K0(A) −−→ K0(P0(A))
B̄
−−→ K1(C1(A)) ;

[M ] −−→ τ(z : M [z, z−1]−−→M [z, z−1]) .

Proposition 7.4 (i) The reduced end invariants of isomorphisms in
C1(A) define an isomorphism
∂ : Wh(C1(A)) −−→ K̃0(P0(A)) ; τ(f : L−−→M) −−→ [f ]+ = −[f ]−
with inverse
B̄ : K̃0(P0(A)) −−→ Wh(C1(A)) ;

[M,p ] −−→ τ(1− p+ zp : M [z, z−1]−−→M [z, z−1]) .
(ii) The Whitehead torsion τ(f) ∈ Wh(C1(A)) of a chain equivalence
f : E−−→E′ of bands in C1(A) is sent by the isomorphism ∂ to the
difference of the reduced positive end invariants

∂τ(f) = [E′]+ − [E]+ ∈ K0(P0(A)) .

Proof (i) Immediate from 7.2 (i).
(ii) Immediate from (i) and 7.2 (ii).

Remark 7.5 (i) Browder [9] studied the problem of homotoping a home-
omorphism W−−→M ×R to a PL homeomorphism, with W an open n-
dimensional PL manifold and M a closed (n−1)-dimensional PL mani-
fold, proving that there is no obstruction in the case n ≥ 6, π1(W ) = {1}.
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(ii) If W is an open n-dimensional manifold with an R-bounded homo-
topy equivalence h : W−−→X × R (e.g. a homeomorphism) for some
finite (n − 1)-dimensional geometric Poincaré complex X then W is a
band with two tame ends. The cellular chain complex C(W̃ ) of the
universal cover W̃ is a band in CR(Bf (Z[π])), and

[W ]± = [C(W̃ )]± ∈ K0(Z[π])

with π = π1(W ) = π1(X). The end invariants are such that

[W ]+ + [W ]− = [W ] = [X ] = 0 ∈ K̃0(Z[π]) .

By the main result of Siebenmann [73] (cf. Pacheco and Bryant [13, §4])
for n ≥ 6 the following conditions are equivalent:
(a) [W ]+ = 0 ∈ K̃0(Z[π]) ,
(b) the R-bounded homotopy equivalence h : W−−→X×R can be made

transverse regular at X × {0} ⊂ X × R with the restriction

f = h| : M = h−1(X × {0}) −−→ X

a homotopy equivalence,
(c) W is homeomorphic to M × R for a compact (n − 1)-manifold M

homotopy equivalent to X .
See 15.4 below for the surgery-theoretic interpretation.
(iii) For any filtered additive category A a band chain complex E in
CR(A) is simple chain equivalent to C(1−z : F [z, z−1]−−→F [z, z−1]) for a
finite chain complex F in A if and only if [E]+ = [E]− = 0 ∈ K̃0(P0(A)),
where simple means τ = 0 ∈Wh(CR(A)) = Wh(C1(A)).

Let CR(A)Z be the subcategory of CR(A) with objects L which are
invariant under the Z-action on R

L(x) = L(x+ 1) (x ∈ R) ,

with the Z-equivariant morphisms. Let A[z, z−1] be the subcategory of
C1(A) with one object L[z, z−1] for each object L in A, and morphisms
the Z-equivariant morphisms in C1(A)

∞∑
j=−∞

zjfj : L[z, z−1] −−→ M [z, z−1]

defined by collections {fj ∈ Hom | j ∈ Z} with {j | fj 6= 0} finite. The
functor

A[z, z−1] −−→ CR(A)Z ; M [z, z−1] −−→ M [z, z−1]

is an equivalence of additive categories.
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Proposition 7.6 For any filtered additive category A the map

B̄ : K0(P0(A)) −−→ K1(CR(A)Z) ;

[M,p ] −−→ τ(zp+ 1− p : M [z, z−1]−−→M [z, z−1]) .

is a split injection.
Proof The composite

B̄ : K0(P0(A))
B̄
−−→ K1(CR(A)Z) −−→ K1(CR(A))

is an isomorphism, by 7.2 (i).

For a ring A and the additive category A = Bf (A) of based f.g. free
A-modules there is an equivalence of additive categories

Bf (A[z, z−1]) −−→ A[z, z−1] ; M [z, z−1] −−→ M [z, z−1] ,

with A[z, z−1] the Laurent polynomial extension ring of A. The map B̄
is the original injection due to Bass, Heller and Swan [8] of the projective
class group of a ring A in the torsion group of the Laurent polynomial
extension A[z, z−1]

B̄ : K0(A) −−→ K1(A[z, z−1]) ; [P ] −−→ τ(z : P [z, z−1]−−→P [z, z−1]) .

The K-theory of the polynomial extension category A[z, z−1] will be
examined in greater detail in §10 below.

§8. The Laurent polynomial extension category A[z, z−1]

The finite Laurent polynomial extension categoryA[z, z−1] of a filtered
additive category A was defined in §7 to be the subcategory of C1(A)
with objects the polynomial extensions of objects L in A

L[z, z−1] =
∞∑

j=−∞
zjL

and with Z-equivariant morphisms. The infinite Laurent polynomial
extension category G1(A)[[z, z−1]] is defined to be a subcategory of
GZ2(A) containing A[z, z−1] as a subcategory. The Z-equivariant ver-
sion of the algebraic transversality of §4 is used to construct ‘finite
Mayer-Vietoris presentations’ in A[z, z−1] for finite chain complexes in
A[z, z−1], as subobjects of canonical ‘infinite Mayer-Vietoris presenta-
tions’ in G1(A)[[z, z−1]]. This algebraic transversality is an abstract
version of the existence of fundamental domains for free cocompact ac-
tions of the infinite cyclic group Z on manifolds. Algebraic transversality
will be used in §10 to express the torsion groups of A[z, z−1] in terms of
the algebraic K-groups of A.
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Definition 8.1 (i) The finite Laurent extension of an additive group A

is the additive group A[z, z−1] of formal power series
∞∑

k=−∞
akz

k with

coefficients ak ∈ A such that {k ∈ Z | ak 6= 0 ∈ A} is finite.
(ii) The infinite Laurent extension of a countable product of additive

groups A =
∞∏

j=−∞
A(j) is the additive group A[[z, z−1]] of formal power

series
∞∑

k=−∞
akz

k with coefficients

ak =
∞∏

j=−∞
ak(j) ∈ A =

∞∏
j=−∞

A(j)

such that {k ∈ Z | ak(j) 6= 0 ∈ A(j)} is finite for each j ∈ Z.

In particular, if A is the additive group of a ring then A[z, z−1] is also
a ring, and if M is an A-module then M [z, z−1] is an A[z, z−1]-module.
For a f.g. free A-module M and any A-module N

HomA[z,z−1](M [z, z−1], N [z, z−1]) = HomA(M,N)[z, z−1] .

For a countable direct sum M =
∞∑

j=−∞
M(j) of f.g. free A-modules

HomA(M,N) =
∞∏

j=−∞
HomA(M(j), N) ,

HomA[z,z−1](M [z, z−1], N [z, z−1]) = HomA(M,N)[[z, z−1]] .

Given an additive category A let G1(A) = GZ(A) be the Z-graded
category.

Example 8.2 For any ring A let
Bf (A) = {based f.g. free A-modules} ,
B(A) = {countably based free A-modules} .

The forgetful functor

G1(Bf (A)) −−→ B(A) ; M −−→
∞∑

j=−∞
M(j)

is an equivalence of additive categories.

For any object L in A let L[z, z−1] be the object in G1(A) defined by

L[z, z−1](j) = zjL (j ∈ Z)

with zjL a copy of L. A morphism f : L[z, z−1]−−→L′[z, z−1] in G1(A)
is homogeneous of degree k if
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(i) for all j, j′ ∈ Z with j′ − j 6= k

f(j′, j) = 0 : zjL −−→ zj
′
L′ ,

(ii) for all i, j ∈ Z
f(i+ k, i) = f(j + k, j) = fk :

ziL = zjL = L −−→ zi+kL′ = zj+kL′ = L′

for some morphism fk : L−−→L′ in A,
in which case f is written as

f = zkfk : L[z, z−1] −−→ L′[z, z−1] .

Definition 8.3 The finite Laurent extension A[z, z−1] of an additive
category A is the subcategory ofG1(A) with one object L[z, z−1] for each
object L in A, with morphisms finite sums of homogeneous morphisms

f =
∞∑

k=−∞
zkfk : L[z, z−1] −−→ L′[z, z−1] ,

so that

HomA[z,z−1](L[z, z−1], L′[z, z−1]) = HomA(L,L′)[z, z−1] .

For each object M = L[z, z−1] in A[z, z−1] define a homogeneous
degree 1 automorphism

ζ(M) = z : M −−→ M

by

ζ(M)1 = identity : L −−→ L.

The morphisms in A[z, z−1] are the morphisms f : M−−→M ′ in G1(A)
which are ζ-equivariant that is

fζ(M) = ζ(M ′)f : M −−→ M ′ .

The finite Laurent extension A[z, z−1] of a filtered additive category
A is a subcategory of the bounded Z-graded category C1(A), namely the
subcategory

A[z, z−1] = C1(A)Z

with objects L[z, z−1] and the ζ-equivariant morphisms.

Example 8.4 For any ring A the finite Laurent extension of the additive
category Bf (A) of based f.g. free A-modules is the additive category of
based f.g. free A[z, z−1]-modules

Bf (A)[z, z−1] = Bf (A[z, z−1]) .
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For any ring A the inclusion defines a morphism of rings

i : A −−→ A[z, z−1] ; a −−→ a =
∞∑

j=−∞
ajz

j , aj =
{
a if j = 0
0 if j 6= 0.

Induction and restriction define functors
i! : (A-modules) −−→ (A[z, z−1]-modules) ,

i! : (A[z, z−1]-modules) −−→ (A-modules) .

An A-module L induces an A[z, z−1]-module

i!L = A[z, z−1]⊗A L = L[z, z−1] =
∞∑

j=−∞
zjL .

The restriction i!M of an A[z, z−1]-module M is the A-module de-
fined by the additive group of M with A acting by the restriction
of A[z, z−1]-action to A ⊂ A[z, z−1]. An A[z, z−1]-module morphism
f : L[z, z−1]−−→L′[z, z−1] can be expressed as a polynomial

f =
∞∑

j=−∞
zjfj : L[z, z−1] −−→ L′[z, z−1] ;

∞∑
k=−∞

zkxk −−→
∞∑

j=−∞

∞∑
k=−∞

zj+kfj(xk)

with coefficients fj ∈ HomA(L,L′) (j ∈ Z) such that for each x ∈ L the
set {j ∈ Z | fj(x) 6= 0} is finite. For f.g. L this condition is equivalent
to the set {j ∈ Z | fj 6= 0} being finite, but this need not be the case for
infinitely generated L. In particular, if L = i!i!K for an A-module K
then the A[z, z−1]-module morphism

p =
∞∑

j=−∞
zjpj : i!L = i!i

!i!K −−→ i!K ; a⊗ (b⊗ x) −−→ ab⊗ x

(a, b ∈ A[z, z−1] , x ∈ K)

has each coefficient pj : L−−→K non-zero, namely

pj : L = i!i!K =
∞∑

k=−∞
zkK −−→ K ;

∞∑
k=−∞

zkxk −−→ xj .

For each k ∈ Z there is only a finite number of j ∈ Z with pj(zkK) 6= {0}
(only j = k), so that

p =
∞∑

j=−∞
pjz

j ∈ HomA(L,K)[[z, z−1]] ,

with the infinite Laurent extension defined as in 8.1 (ii) with respect to
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the countable product structure

HomA(L,K) =
∞∏

k=−∞
HomA(zkK,K) .

Definition 8.5 For any additive category A the induction and restric-
tion functors are given by

i! : A −−→ A[z, z−1] ; L −−→ i!L = L[z, z−1] =
∞∑

j=−∞
zjL ,

i! : A[z, z−1] −−→ G1(A) ;

M = L[z, z−1] −−→ i!M , (i!M)(j) = zjL .

The object i!(L[z, z−1]) will usually be written L[z, z−1]. A morphism
f : L−−→L′ in A induces a homogeneous degree 0 morphism i!f : i!L−−→
i!L
′ in A[z, z−1] with (i!f)0 = f : L−−→L′. A morphism f : L[z, z−1]

−−→L′[z, z−1] in A[z, z−1] restricts to a morphism in G1(A)

i!f : L[z, z−1] −−→ L′[z, z−1]

with

(i!f)(j, k) = fj−k : L[z, z−1](k) = zkL −−→ L′[z, z−1](j) = zjL′ .

Example 8.6 For a ringA and the additive categoryA = Bf (A) of based
f.g. free A-modules the induction and restriction functors of 8.5 are the
induction and restriction associated to the inclusion i : A−−→A[z, z−1]

i! : A = Bf (A) −−→ A[z, z−1] = Bf (A[z, z−1]) ,

i! : A[z, z−1] = Bf (A[z, z−1]) −−→ G1(A) ≈ B(A) .

Let G2(A) = GZ2(A) be the Z2-graded category. Given an object L
in G1(A) let L[z, z−1] be the object in G2(A) defined by

L[z, z−1](j, k) = zkL(j) (j, k ∈ Z) .

For any objects L,L′ in G1(A) use the countable direct product structure

HomG1(A)(L,L′) =
∞∏

j=−∞
(
∞∑

j′=−∞
HomA(L(j), L′(j′)))

to identify the infinite Laurent polynomial extension

HomG1(A)(L,L′)[[z, z−1]]



74 Lower K- and L-theory

with the image of the injection
HomG1(A)(L,L′)[[z, z−1]] −−→ HomG2(A)(L[z, z−1], L′[z, z−1]) ;

∞∑
k=−∞

fkz
k −−→ f

defined by
f((j′, k′), (j, k)) = fk′−k(j′, j) :

zkL(j) = L(j) −−→ zk
′
L′(j′) = L′(j′) .

Definition 8.7 The infinite Laurent extension G1(A)[[z, z−1]] of G1(A)
is the subcategory of G2(A) with one object L[z, z−1] for each object L
in G1(A), and morphisms
HomG1(A)[[z,z−1]](L[z, z−1], L′[z, z−1]) = HomG1(A)(L,L′)[[z, z−1]]

⊆ HomG2(A)(L[z, z−1], L′[z, z−1]) .

Example 8.8 The additive category B(A[z, z−1]) of countably based
free A-modules is such that the forgetful functor

G1(Bf (A))[[z, z−1]] −−→ B(A[z, z−1])

is an equivalence.

A morphism f =
∞∑

j=−∞
zjfj : M−−→M ′ in G1(A)[[z, z−1]] is homo-

geneous of degree k if fj = 0 for j 6= k. A morphism f : M−−→M ′ in
G1(A)[[z, z−1]] is linear if fj = 0 for j 6= 0, 1, so that

f = f0 + zf1 : M −−→ M ′ .

In the applications it is convenient to introduce a change of sign, writing
linear morphisms as

f = f+ − zf− : M −−→ M ′

with f+ = f0, f− = −f1.
The Laurent polynomial extension category A[z, z−1] will be identified

with the full subcategory of G1(A)[[z, z−1]] with objects L[z, z−1] such
that L(j) = 0 for j 6= 0. Also, C0(A)[z, z−1] is identified with the
full subcategory of G1(A)[[z, z−1]] with objects L[z, z−1] such that {j ∈
Z |L(j) 6= 0} is finite.

Definition 8.9 A Mayer-Vietoris presentation of an object M in
A[z, z−1] is an exact sequence in G1(A)[[z, z−1]]

M : 0 −−→ L′′[z, z−1]
f
−−→ L′[z, z−1]

g
−−→ M −−→ 0
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with f = f+ − zf− linear. The Mayer-Vietoris presentation is finite if
M is an exact sequence in C0(A)[z, z−1], in which case it is equivalent
to an exact sequence in A[z, z−1], and the torsion of M is defined by

τ(M) = τ((f h) : L′′[z, z−1]⊕M−−→L′[z, z−1]) ∈ Kiso
1 (A[z, z−1])

for any morphism h : M−−→L′[z, z−1] splitting g.

For a ring A and A = Bf (A) the finite Mayer-Vietoris presentations of
objects in A[z, z−1] = Bf (A)[z, z−1] are ‘Mayer-Vietoris presentations’
in the sense of Waldhausen [82].

The restriction of an object M = i!L in A[z, z−1] is an object i!M
in G1(A). The induced object i!i!M in G1(A)[[z, z−1]] is equipped with
commuting automorphisms

ζ1(M) = ζ(i!i!M) , ζ2(M) = i!i
!ζ(M) : i!i

!M −−→ i!i
!M

such that

i!i
!M =

∞∑
j=−∞

∞∑
k=−∞

ζ1(M)jζ2(M)kL .

Define a morphism in G1(A)[[z, z−1]]

p(M) =
∞∑

j=−∞
zjp(M)j : i!i

!M −−→ M = i!L ;

ζ1(M)jζ2(M)kx −−→ ζ(M)j+kx

by

p(M)j = jth projection : i!M =
∞∑

k=−∞
ζ(M)kL −−→ L ;

∞∑
k=−∞

ζ(M)kxk −−→ xj .

Definition 8.10 The exact sequence

M〈∞〉 : 0 −−→ i!i
!M

1− zζ(M)−1

−−−−−−−−−−−→ i!i
!M

p(M)
−−−−−−−→ M −−→ 0

is the universal Mayer-Vietoris presentation of M in G1(A)[[z, z−1]].

Let Z+ = {r ∈ Z | r ≥ 0} ∪ {∞}, and let N be the lattice of pairs
(N+, N−) ∈ Z+ × Z+, with

(N ∪N ′)± = max(N±, N ′±) , (N ∩N ′)± = min(N±, N ′±) .

N has the maximum element ∞ = (∞;∞). An element N = (N+, N−)
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∈ N is finite if N+ 6=∞ and N− 6=∞. Let Nf ⊂ N be the sublattice of
finite elements.

Proposition 8.11 (i) For every object M = i!L in A[z, z−1] and every
N = (N+, N−) ∈ N there is defined a Mayer-Vietoris presentation of
M in G1(A)[[z, z−1]]

M〈N〉 : 0 −−→ M ′′〈N〉[z, z−1]
f〈N〉
−−−−→ M ′〈N〉[z, z−1]

g〈N〉
−−−−→ M −−→ 0

with

M ′〈N〉 =
N−∑

k=−N+

zkL , M ′′〈N〉 =
N−∑

k=−N++1

zkL ,

f〈N〉 = f+〈N〉 − zf−〈N〉 : M ′′〈N〉[z, z−1] −−→ M ′〈N〉[z, z−1] ,

f+〈N〉 : M ′′〈N〉 −−→ M ′〈N〉 ;
N−∑

k=−N++1

zkxk −−→
N−∑

k=−N++1

zkxk ,

f−〈N〉 : M ′′〈N〉 −−→ M ′〈N〉 ;
N−∑

k=−N++1

zkxk −−→
N−∑

k=−N++1

zk−1xk ,

g〈N〉j : M ′〈N〉 −−→ L ;
N−∑

k=−N+

zkxk −−→ xj .

(ii) If N ∈ N is finite then M〈N〉 is a finite linear presentation of M in
C0(A)[z, z−1].
(iii) If N,N ′ ∈ N are such that N ≤ N ′ then inclusion defines a
morphism of Mayer-Vietoris presentations M〈N〉−−→M〈N ′〉 resolving
1 : M−−→M .
ProofM〈N〉 is a subobject of the universal Mayer-Vietoris presentation
M〈∞〉 of M .

Definition 8.12 A Mayer-Vietoris presentation of a finite chain com-
plex E in A[z, z−1] is an exact sequence of finite chain complexes in
G1(A)[[z, z−1]]

E : 0 −−→ E′′[z, z−1]
f
−−→ E′[z, z−1]

g
−−→ E −−→ 0

with E′, E′′ finite chain complexes in G1(A) and f linear. E is finite if
it is defined in C0(A)[z, z−1], in which case it is equivalent to an exact
sequence of chain complexes in A[z, z−1] and the torsion of E is defined
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by
τ(E) = τ((g 0) : C(f+ − zf− : E′′−−→E′)−−→E)

=
∞∑
r=0

(−)rτ(Er) ∈ K1(A[z, z−1]) .

Given an n-dimensional chain complex E in A[z, z−1] with Er = i!Fr
(0 ≤ r ≤ n) let N(E) be the lattice of (2n+ 2)-tuples of elements of Z+

N = (N+
0 , N

+
1 , . . . , N

+
n ;N−0 , N

−
1 , . . . , N

−
n )

such that

dE(
N−r∑

j=−N+
r

zjFr) ⊆
N−
r−1∑

k=−N+
r−1

zkFr−1 (1 ≤ r ≤ n) .

N(E) has the maximum element

∞ = (∞, . . . ,∞;∞, . . . ,∞) ∈ N(E) .

An element N ∈ N(E) is finite if

N±r 6=∞ (0 ≤ r ≤ n) .

Let Nf (E) ⊂ N(E) be the sublattice of finite elements.

Proposition 8.13 (i) For every n-dimensional chain complex E in
A[z, z−1] with Er = i!Fr (0 ≤ r ≤ n) and every N ∈ N(E) there is
defined a Mayer-Vietoris presentation of E in G1(A)[[z, z−1]]

E〈N〉 : 0 −−→ E′′〈N〉[z, z−1]
f+〈N〉 − zf−〈N〉

−−−−−−−−−−−−−−−−→ E′〈N〉[z, z−1]
g〈N〉

−−−−−−−→ E −−→ 0 .

(ii) Nf (E) is non-empty, and E〈N〉 is a finite Mayer-Vietoris presenta-
tion of E for any N ∈ Nf (E).
(iii) If N,N ′ ∈ N(E) are such that N ≤ N ′ then inclusion defines
a morphism of Mayer-Vietoris presentations E〈N〉−−→E〈N ′〉 resolving
1 : E−−→E.
Proof Set

E〈N〉r = Er〈Nr〉 (0 ≤ r ≤ n)

the Mayer-Vietoris presentation of Er associated to Nr = (N+
r , N

−
r ) ∈

N.

The universal Mayer-Vietoris presentation of a finite chain complex
E in A[z, z−1] is the Mayer-Vietoris presentation of E in G1(A)[[z, z−1]]

E〈∞〉 : 0 −−→ i!i
!E

1− zζ(E)−1

−−−−−−−−−→ i!i
!E

p(E)
−−−−−−−→ E −−→ 0
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associated by 8.12 to the maximal element ∞ ∈ N(E). The universal
property is that for any chain map f : E′−−→E of finite chain complexes
in A[z, z−1] and any Mayer-Vietoris presentation E′ of E′ there is defined
a unique morphism f : E′−−→E〈∞〉 resolving f .

Definition 8.14 (i) For any filtered additive category A let
B̄ : K0(P0(A)) −−→ K1(A[z, z−1]) ;

[M,p ] −−→ τ(zp+ 1− p : M [z, z−1]−−→M [z, z−1]) ,

B̄0 : K0(A) −−→ K0(P0(A))
B̄
−−→K1(A[z, z−1]) ;

[M ] −−→ τ(z : M [z, z−1]−−→M [z, z−1]) .

(ii) The Whitehead group of A[z, z−1] is defined by

Wh(A[z, z−1]) = coker(B̄0 : K0(A)−−→K̃1(A[z, z−1])) .

For a ring A and the additive category A = Bf (A) of based f.g. free
A-modules this is the original injection due to Bass, Heller and Swan
[8] of the projective class group of a ring A in the torsion group of the
Laurent polynomial extension A[z, z−1]

B̄ : K0(A) −−→ K1(A[z, z−1]) ; [P ] −−→ τ(z : P [z, z−1]−−→P [z, z−1]) .

The Whitehead group of the polynomial extension category

A[z, z−1] = Bf (A)[z, z−1]) = Bf (A[z, z−1])

is
Wh(A[z, z−1]) = coker(B̄0 : K0(A)−−→K̃1(A[z, z−1]))

= K1(A[z, z−1])/{τ(±z : A[z, z−1]−−→A[z, z−1])} ,
since K0(A) is generated by [A]. (If A is such that the rank of f.g. free
A-modules is well-defined then K0(A) = Z). The Laurent polynomial
extension of a group ring A = Z[π] is the group ring

A[z, z−1] = Z[π × Z] ,

and the actual Whitehead group of π × Z is
Wh(π × Z) = K1(Z[π × Z])/{τ(±zjg) | g ∈ π, j ∈ Z}

= Wh(Bf (Z[π])[z, z−1])/{τ(g) | g ∈ π} .
A chain complex band E in A[z, z−1] is a finite chain complex such that

the restriction i!E is C0(A)-finitely dominated in G1(A), so that E is a
chain complex band in G1(A) and the end invariants [E]± ∈ K0(P0(A))
are defined as in 4.10.

Example 8.15 Let X be a finite n-dimensional CW complex with fun-
damental group π1(X) = π × Z, so that Z[π1(X)] = Z[π][z, z−1]. The
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cellular chain complex of the universal cover X̃ is a finite n-dimensional
chain complex C(X̃) in Bf (Z[π1(X)]). The Mayer-Vietoris presentations
of C(X̃) constructed in 8.12 are obtained by an algebraic transversal-
ity which mimics the geometric codimension 1 transversality for maps
p : X−−→S1 inducing

p∗ = projection : π1(X) = π × Z −−→ π1(S1) = Z .
Let X̄ = X̃/π be the infinite cyclic cover of X classified by p, and let
ζ : X̄−−→X̄ be a generating covering translation. If X is a compact
n-dimensional manifold it is possible to choose p : X−−→S1 transverse
regular at a point ∗ ∈ X , so that V = p−1({∗}) is a codimension 1
framed submanifold of X , and cutting X along V defines a compact
cobordism (V ;U, ζU) between U and a copy ζU of U such that

X̄ =
∞⋃

j=−∞
ζj(V ;U, ζU) .

ζj−1V ζjV ζj+1V

ζj−1U ζjU ζj+1U ζj+2U

Thus codimension 1 manifold transversality determines a finite Mayer-
Vietoris presentation of C(X̃)

0 −−→ C(Ũ )[z, z−1]
f+ − zf−
−−−−−−−−−→ C(Ṽ )[z, z−1] −−→ C(X̃) −−→ 0 ,

with Ũ , Ṽ the covers of U , V induced from the universal cover X̃ of X̄.
More generally, for any finite CW complex X it is possible to develop a
codimension 1 CW transversality theory using the mapping torus of ζ

T (ζ) = X̄ × [0, 1]/{(x, 0) = (ζ(x), 1)|x ∈ X̄} ,
which has an infinite cyclic cover

T̄ (ζ) = X̄ × R
with generating covering translation

T̄ (ζ) −−→ T̄ (ζ) ; (x, t) −−→ (ζ(x), t + 1) .

Define a subfundamental domain to be a subcomplex Y ⊆ X̄ such that
∞⋃

j=−∞
ζjY = X̄ .

A fundamental domain is a subfundamental domain such that

Y ∩ ζjY = ∅ for j 6= −1, 0, 1 .
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For any subfundamental domain Y (e.g. X̄) define
(V ;U, ζU) = (Y × [0, 1];Y ∩ ζ−1Y × 0, ζY ∩ Y × 1)

⊆ T̄ (ζ) = X̄ × R ,

TY (ζ) = Y × [0, 1]/{(y, 0) = (ζ(y), 1) | y ∈ Y ∩ ζ−1Y } ⊆ T (ζ) ,
so that TY (ζ) has infinite cyclic cover with fundamental domain V

T̄Y (ζ) =
∞⋃

j=−∞
ζj(V ;U, ζU) ⊆ T̄ (ζ) .

The projection

pY : TY (ζ) −−→ X ; (x, t) −−→ p(x)

has contractible point inverses, and is thus a homotopy equivalence,
corresponding to the Mayer-Vietoris presentation

0 −−→ C(U)[z, z−1]
f+ − zf−
−−−−−−−−−→ C(V )[z, z−1] −−→ C(X̃) −−→ 0 .

In particular, for Y = X̄

V = X̄ × [0, 1] , U = X̄ , TY (ζ) = T (ζ) ,

corresponding to the universal Mayer-Vietoris presentation

0 −−→ C(X̃)[z, z−1]
1− zζ̃−1

−−−−−−−−−→ C(X̃)[z, z−1] −−→ C(X̃) −−→ 0

with ζ̃ : X̃−−→X̃ a π1(X)-equivariant lift of ζ : X−−→X . Subfunda-
mental domains Y ⊆ X̄ can be constructed in exactly the same way
as the subcomplexes E′〈N〉 ⊆ i!E used to define E〈N〉 in 8.12. Let Ir
(0 ≤ r ≤ n) be an indexing set for the r-cells er ⊆ X , so that

X =
⋃
I0

e0 ∪
⋃
I1

e1 ∪ . . . ∪
⋃
In

en ,

and choose a lift ēr ⊆ X̄ for each cell er ⊆ X so that

X̄ =
∞⋃

j=−∞
(
⋃
I0

ζj ē0 ∪
⋃
I1

ζj ē1 ∪ . . . ∪
⋃
In

ζj ēn) .

For any element

N = (N+
0 , N

+
1 , . . . , N

+
n ;N−0 , N

−
1 , . . . , N

−
n ) ∈ N(C(X̃))

such that
N−r⋃

j=−N+
r

⋃
Ir

ζj∂ēr ⊆ X̄(r−2) ∪
N−
r−1⋃

k=−N+
r−1

⋃
Ir−1

ζkēr−1 (1 ≤ r ≤ n)

there is defined a subfundamental domain

Ȳ 〈N〉 =
N−0⋃

j=−N+
0

⋃
I0

ζj ē0 ∪
N−1⋃

j=−N+
1

⋃
I1

ζj ē1 ∪ . . . ∪
N−n⋃

j=−N+
n

⋃
In

ζj ēn ⊆ X̄ ,
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corresponding to the Mayer-Vietoris presentation E〈N〉 of E = C(X̃).
N is finite if and only if Ȳ 〈N〉 is compact.

§9. Nilpotent class

The construction of the nilpotent class groups Nil0(A), Ñil0(A) for a
ring A of Bass [7] are now extended to define the analogues Nil0(A),
Ñil0(A) for an additive category A. The nilpotent class groups are
required for the splitting theorem of §10 for the torsion groups
K1(A[z, z−1]), Kiso

1 (A[z, z−1]) of the Laurent polynomial extension cat-
egory A[z, z−1].

An endomorphism ν : M−−→M is nilpotent if for some integer N ≥ 0

νN = 0 : M −−→ M .

Let Nil(A) be the additive category with objects pairs

(M = object of A , ν : M −−→ M nilpotent ) .

A morphism in Nil(A)

f : (M,ν) −−→ (M ′, ν′)

is defined by a morphism f : M−−→M ′ in A such that

ν′f = fν : M −−→ M ′ .

Nil(A) is given the (non-split) exact structure in which a sequence

0 −−→ (M ′′, ν′′) −−→ (M ′, ν′) −−→ (M,ν) −−→ 0

is exact if the underlying sequence 0−−→M ′′−−→M ′−−→M−−→0 is exact
in A.

The nilpotent class group Nil0(A) of an additive category A is the class
group of Nil(A)

Nil0(A) = K0(Nil(A)) .

The inclusion

i : A −−→ Nil(A) ; M −−→ (M, 0)

is split by

j : Nil(A) −−→ A ; (M,ν) −−→ M .

The reduced nilpotent class group Ñil0(A) is defined by

Ñil0(A) = coker(i : K0(A)−−→Nil0(A)) ,

and is such that

Nil0(A) = K0(A)⊕ Ñil0(A) .
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Example 9.1 The Nil-groups of a ring A are the Nil-groups of the
additive category Bf (A) of based f.g. free A-modules

Nil0(A) = Nil0(Bf (A)) , Ñil0(A) = Ñil0(Bf (A)) .

A finite chain complex C in A and a chain homotopy nilpotent chain
map ν : C−−→C have an invariant [C, ν] ∈ Nil0(A), which will now be
defined. In fact, Nil0(A) will be expressed in terms of such pairs (C, ν),
by analogy with the following expression of K0(A) in terms of finite
chain complexes C in A.

Let K(∞)
0 (A) be the abelian group with one generator [C] for each

finite chain complex C in A, subject to the relations

(i) [C] = [C′] if C is chain equivalent to C′,

(ii) [C]− [C′] + [C′′] = 0 if there is defined an exact sequence in A

0 −−→ C′′ −−→ C′ −−→ C −−→ 0 .

For any finite chain complex C in A there is defined an exact sequence
of finite chain complexes in A

0 −−→ C −−→ C(1 : C−−→C) −−→ SC −−→ 0

with C(1 : C−−→C) contractible, so that

[SC] = −[C] ∈ K(∞)
0 (A) .

Proposition 9.2 The natural maps define inverse isomorphisms

K0(A) −−→ K
(∞)
0 (A) ; [M ] −−→ [M ] ,

K
(∞)
0 (A) −−→ K0(A) ; [C] −−→ [C] .

The morphisms are defined by regarding objects M in A as 0-dimensional
chain complexes, and by sending finite chain complexes in A to their
class.
Proof Let K(n)

0 (A) (n ≥ 0) be the abelian group defined exactly as
K

(∞)
0 (A) but using only n-dimensional finite chain complexes in A. In

particular, K(0)
0 (A) = K0(A).

An n-dimensional chain complex C is also (n + 1)-dimensional, so
there are defined natural maps

K
(n)
0 (A) −−→ K

(n+1)
0 (A) ; [C] −−→ [C] (n ≥ 0) .

Given an (n+ 1)-dimensional chain complex C let C′ be the n-dimen-
sional chain complex

C′ : Cn+1

d
−−→ Cn −−→ . . . −−→ C2

d
−−→ C1 ,
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and let C′′ be the (n+ 1)-dimensional chain complex

C′′ : Cn+1

d
−−→ Cn −−→ . . . −−→ C2

(
d

0

)
−−−→ C1 ⊕ C0

(d 1)
−−→ C0 .

Now C′′ is chain equivalent to SC′, and there is defined an exact se-
quence

0 −−→ C −−→ C′′ −−→ SC0 −−→ 0 ,

so that

[C] = [C′′]− [SC0] = [SC′]− [SC0] = [C0]− [C′] ∈ K(n+1)
0 (A) .

Thus the natural map is an isomorphism K
(n)
0 (A)−−→K(n+1)

0 (A) , with
inverse

K
(n+1)
0 (A) −−→ K

(n)
0 (A) ; [C] −−→ [C0]− [C′] (n ≥ 0) .

Define Nil(∞)
0 (A) to be the abelian group with one generator [C, ν] for

each finite chain complex C in A with a chain homotopy nilpotent self
chain map ν : C−−→C, subject to the relations

(i) [C, ν] = [C′, ν′] if there exists a chain equivalence f : C−−→C′ such
that

fν ' ν′f : C −−→ C′ ,

(ii) [C, ν]− [C′, ν′] + [C′′, ν′′] = 0 if there is defined an exact sequence

0 −−→ (C′′, ν′′) −−→ (C′, ν′) −−→ (C, ν) −−→ 0 .

The suspension S(C, ν) = (SC, ν) is such that there is defined an
exact sequence

0 −−→ (C, ν) −−→ (C(1 : C−−→C), ν ⊕ ν) −−→ S(C, ν) −−→ 0

with C(1) contractible, so that

[S(C, ν)] = −[C, ν] ∈ Nil(∞)
0 (A) .

The reduced Nil-group defined by

Ñil
(∞)

0 (A) = coker(i : K(∞)
0 (A)−−→Nil(∞)

0 (A))

is such that

Nil(∞)
0 (A) = K

(∞)
0 (A)⊕ Ñil

(∞)

0 (A) .

Proposition 9.3 The natural maps define isomorphisms

Nil0(A) −−→ Nil(∞)
0 (A) ; [M,ν] −−→ [M,ν] ,

Ñil0(A) −−→ Ñil
(∞)

0 (A) ; [M,ν] −−→ [M,ν] .
Proof In view of 9.2 it is sufficient to consider the absolute Nil-groups.
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Let Nil(n)
0 (A) (n ≥ 0) be the abelian group defined exactly as

Nil(∞)
0 (A) but using only pairs (C, ν) with C an n-dimensional chain

complex in A. In particular,

Nil(0)
0 (A) = Nil0(A) .

The proof that the natural maps Nil(n)
0 (A)−−→Nil(n+1)

0 (A) (n ≥ 0) are
isomorphisms proceeds by analogy with the proof of 9.2.

Given an (n + 1)-dimensional pair (C, ν) let N ≥ 0 be so large that
there exists a chain homotopy η : νN ' 0 : C−−→C, so that η : C0−−→C1

is such that

νN = dη : C0 −−→ C0 .

Let (M,µ) be the object of Nil(A) defined by

µ =


0 1 0 . . .

0 0 1 . . .

0 0 0 . . .
...

...
...

 : M =
N−1∑
j=1

C0 = C0 ⊕ C0 ⊕ . . .⊕ C0

−−→ M =
N−1∑
j=1

C0 = C0 ⊕ C0 ⊕ . . .⊕ C0 .

Also, let e, f be the morphisms in A defined by

e = (νN−1 νN−2 . . . ν) : M = C0 ⊕ C0 ⊕ . . .⊕ C0 −−→ C0 ,

f = (η 0 . . . 0) : M = C0 ⊕ C0 ⊕ . . .⊕ C0 −−→ C1 ,

and let (C′, ν′) be the (n+ 1)-dimensional pair defined by

C′ : Cn+1

d
−−→ Cn −−→ . . . −−→ C2

(
d

0

)
−−−→ C1 ⊕M

(d e )
−−−−−→ C0 ,

ν′ = ν : C′r = Cr −−→ C′r = Cr (r 6= 1) ,

ν′ =
(
ν f

0 µ

)
: C′1 = C1 ⊕M −−→ C′1 = C1 ⊕M .

The Nth power of ν′ : C′1−−→C′1 has an upper triangular matrix of the
type

ν′N =
(
νN f ′′

0 µN

)
: C′1 = C1 ⊕M −−→ C′1 = C1 ⊕M

with µN = 0. The chain map ν′′ : C′−−→C′ defined by

ν′′ =


(

0 f ′′ − ηe
0 0

)
: C′1 = C1 ⊕M −−→ C′1 = C1 ⊕M

0 : C′r −−→ C′r if r 6= 1
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is nilpotent, with ν′′2 = 0, and there is defined a chain homotopy

η ⊕ 0 : ν′N ' ν′′ : C′ −−→ C′ .

Powers of chain homotopic self chain maps are chain homotopic, so that
ν′2N = (ν′N )2 is chain homotopic to ν′′2 = 0, and ν′ : C′−−→C′ is chain
homotopy nilpotent. The morphism

η′ =


0
...
0
1

 : C′0 = C0 −−→ C′1 = C1 ⊕ C0 ⊕ . . .⊕ C0 = C1 ⊕M

is such that

d′η′ = ν′ (= ν) : C′0 −−→ C′0 .

The chain homotopy nilpotent self chain map

ν̂′ = ν′ − (d′η′ + η′d′) : C′ −−→ C′

is chain homotopic to ν′ : C′−−→C′, and such that ν̂′ = 0 : C′0−−→C′0.
Thus

[C′, ν′] = [C′, ν̂′] ∈ Nil(n+1)
0 (A) ,

and there is defined an exact sequence

0 −−→ (C0, 0) −−→ (C′, ν̂′) −−→ S(C′′, ν̂′′) −−→ 0

with (C′′, ν̂′′) the n-dimensional pair defined by

C′′r = C′r+1 (0 ≤ r ≤ n) , ν̂′′ = ν̂′ .

There is also defined an exact sequence

0 −−→ (C, ν) −−→ (C′, ν′) −−→ S(M,µ) −−→ 0 .

It follows that
[C, ν] = [C′, ν′] + [M,µ] = [C0, 0] + [M,µ]− [C′′, ν̂′′]

∈ im(Nil(n)
0 (A)−−→Nil(n+1)

0 (A)) .

The inclusion A−−→P0(A);M−−→(M, 1) induces an isomorphism of
reduced nilpotent class groups

Ñil0(A) −−→ Ñil0(P0(A)) ; [M,ν] −−→ [(M, 1), ν]

with inverse

Ñil0(P0(A)) −−→ Ñil0(A) ; [(M,p), ν] −−→ [M,ν] .

These isomorphisms will be used to identify

Ñil0(P0(A)) = Ñil0(A) .

Given a pair (C, ν) with C a C0(A)-finitely dominated chain complex
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in G1(A) and ν : C−−→C chain homotopy nilpotent it follows from 9.3
that there is defined a reduced nilpotent class invariant

[C, ν] ∈ Ñil0(P0(A)) = Ñil0(A) .

This will be used in §10 below.

§10. K-theory of A[z, z−1]

The splitting theorem of Bass, Heller and Swan [8] and Bass [7] for the
torsion group of the Laurent polynomial extension A[z, z−1] of a ring A

K1(A[z, z−1]) = K1(A) ⊕K0(A) ⊕ Ñil0(A) ⊕ Ñil0(A)

will now be generalized to the torsion group of the finite Laurent exten-
sion A[z, z−1] of a filtered additive category A

K1(A[z, z−1]) = K1(A)⊕K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) .

The proof makes use the Mayer-Vietoris presentations of §8 and the
nilpotent objects of §9 to obtain a split exact sequence

0 −−→ Kiso
1 (A)

i!−−→ Kiso
1 (A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→

K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ 0

and the analogue with Kiso
1 replace by K1

0 −−→ K1(A)
i!−−→ K1(A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→

K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ 0 ,
as well as a version for the Whitehead torsion and reduced class groups

0 −−→ Wh(A)
i!−−→ Wh(A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→

K̃0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ 0 .
Given an object L in A and j ∈ Z define objects in G1(A)

ζjL+ = ζj(L[z, z−1])+ =
∞∑
k=j

zkL ,

ζjL− = ζj(L[z, z−1])− =
j−1∑

k=−∞
zkL .

The projections onto ζjL+ and ζjL− define morphisms in G1(A)

pζjL+ = 1⊕ 0 : L[z, z−1] = ζjL+ ⊕ ζjL−

−−→ L[z, z−1] = ζjL+ ⊕ ζjL− ,
pζjL− = 0⊕ 1 : L[z, z−1] = ζjL+ ⊕ ζjL−

−−→ L[z, z−1] = ζjL+ ⊕ ζjL− .
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Definition 10.1 The split surjection

B ⊕N+ ⊕N− :

Kiso
1 (A[z, z−1]) −−→ K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) ;

τ(f) −−→ ([f ]+, [P+, ν+], [P−, ν−])

sends the torsion of an isomorphism in A[z, z−1]

f =
t∑

j=−s
zjfj : L[z, z−1] −−→ M [z, z−1]

with inverse

f−1 =
t1∑

j=−s1

zj(f−1)j : M [z, z−1] −−→ L[z, z−1]

to the end invariant
Bτ(f) = [f ]+ = −[f ]−

= [P+]− [
−1∑
j=−s

zjM ] = [
t−1∑
j=0

zjM ]− [P−] ∈ K0(P0(A)) ,

and the reduced nilpotent classes

N±τ(f) = [P±, ν±] ∈ Ñil0(A)

of the objects (P±, ν±) in Nil(P0(A)) given by

P+ = L− ∩ f−1(ζ−sM+) = (
−1∑

j=−s−s1

zjL , pL−f
−1pζ−sM+f ) ,

P− = L+ ∩ f−1(ζtM−) = (
t+t1−1∑
j=0

zjL , pL+f−1pζtM−f ) ,

ν+ = pL−f
−1ζpζ−sM+f : P+ −−→ P+ ,

ν− = pζL+f−1ζ−1pζtM−f : P− −−→ P− .

There are two distinct ways of splitting Kiso
1 (A[z, z−1]), as the alge-

braically significant direct sum system

Kiso
1 (A)

i!−−−−−−−→
←−−−−−−−

j!

Kiso
1 (A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→
←−−−−−−−−−−−
B̄ ⊕ N̄+ ⊕ N̄−

K0(P0(A)) ⊕ Ñil0(A)⊕ Ñil0(A)
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and the geometrically significant direct sum system

Kiso
1 (A)

i!−−−−−−−→
←−−−−−−−

j′!

Kiso
1 (A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→
←−−−−−−−−−−−
B̄′ ⊕ N̄ ′+ ⊕ N̄ ′−

K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) .

Similarly for K1 instead of Kiso
1 . The algebraically significant splitting

j! of i! is induced by the functor

j : A[z, z−1] −−→ A ; M = L[z, z−1] −−→ j!M = L ,

(f =
∞∑

k=−∞
zkfk : L[z, z−1]−−→L′[z, z−1])

−−→ j!f =
∞∑

k=−∞
fk : L−−→L′ .

Definition 10.2 (i) The algebraically significant injection

B̄ ⊕ N̄+ ⊕ N̄− : K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ Kiso
1 (A[z, z−1])

is the splitting of B ⊕N+ ⊕N− with components

B̄([P ]) = τ(z : P [z, z−1]−−→P [z, z−1]) ,

N̄+[P, ν] = τ(1− (z−1 − 1)ν : P [z, z−1]−−→P [z, z−1]) ,

N̄−[P, ν] = τ(1− (z − 1)ν : P [z, z−1]−−→P [z, z−1]) .

(ii) The geometrically significant injection splitting of B ⊕N+ ⊕N−
B̄′ ⊕ N̄ ′+ ⊕ N̄ ′− : K0(P0(A)) ⊕ Ñil0(A)⊕ Ñil0(A) −−→ Kiso

1 (A[z, z−1])

has components

B̄′([P ]) = τ(−z : P [z, z−1]−−→P [z, z−1]) ,

N̄ ′+[P, ν] = τ(1− z−1ν : P [z, z−1]−−→P [z, z−1]) ,

N̄ ′−[P, ν] = τ(1− zν : P [z, z−1]−−→P [z, z−1]) .

Remark 10.3 For a ring A and the additive category A = Bf (A)
of based f.g. free A-modules the algebraically significant direct sum
decomposition of the automorphism torsion group K1(A[z, z−1]) =
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K1(A[z, z−1])

K1(A)
i!−−−−−−−→

←−−−−−−−
j!

K1(A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→
←−−−−−−−−−−−
B̄ ⊕ N̄+ ⊕ N̄−

K0(A)⊕ Ñil0(A)⊕ Ñil0(A)

is the original decomposition of Chapter XII of Bass [7], with j! :
K1(A[z, z−1])−−→K1(A) induced by the surjection of rings

j : A[z, z−1] −−→ A ;
∞∑

k=−∞
akz

k −−→
∞∑

k=−∞
ak

splitting the inclusion i : A−−→A[z, z−1]. The relative merits of algebraic
and geometric significance have already been discussed in Ranicki [66].
The geometrically significant direct sum decomposition of the White-
head group of a product π × Z

Wh(π)
i!−−−−−−−→

←−−−−−−−
j′!

Wh(π × Z)

B ⊕N+ ⊕N−
−−−−−−−−−−−→
←−−−−−−−−−−−
B̄′ ⊕ N̄ ′+ ⊕ N̄ ′−

K̃0(Z[π])⊕ Ñil0(Z[π]) ⊕ Ñil0(Z[π])

includes the split injection

B̄′ : K̃0(Z[π]) −−→Wh(π×Z) ; [P ] −−→ τ(−z : P [z, z−1]−−→P [z, z−1])

which was identified in [66] with the split injection defined geometrically
by Ferry [27], sending the finiteness obstruction [X ] ∈ K̃0(Z[π]) of a
finitely dominated CW complex X with π1(X) = π to the Whitehead
torsion

B̄′([X ]) = τ(1×−1 : X × S1−−→X × S1) ∈Wh(π × Z) .

It is also geometrically significant that the image of B̄′ : K̃0(Z[π])−−→
Wh(π×Z) is the subgroup of the transfer invariant elements, as will be
explicitly verified in §12 below.
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The objects P± of 10.1 fit into direct sum systems in P0(G1(A))

(L+, 1)
f

−−−−−−−−−−→
←−−−−−−−−−−

pL+f−1

(ζ−sM+, 1)
pL−f

−1

−−−−−−−−−−→
←−−−−−−−−−−
pζ−sM+f

P+ ,

(L−, 1)
f

−−−−−−−−−−→
←−−−−−−−−−−

pL−f
−1

(ζtM−, 1)
pL+f−1

−−−−−−−−−−→
←−−−−−−−−−−

pζtM−f

P− .

The nilpotent endomorphisms ν± : P±−−→P± of 10.1 fit into endomor-
phisms of exact sequences in P0(G1(A))

0 w L+
w

f

u

ζ

ζ−sM+
w

u
ζ

P+ w

u

ν+

0

0 w L+
w

f
ζ−sM+

w P+ w 0

0 w L− w
f

u
ζ−1

ζtM− w

u
ζ−1

P− w

u

ν−

0

0 w L− w
f

ζtM− w P− w 0

and are such that
(ν+)s+s1 = 0 : P+ −−→ P+ ,

(ν−)t+t1 = 0 : P− −−→ P− .

Proposition 10.4 For any object M = L[z, z−1] in A[z, z−1] and any
N = (N+, N−) ∈ Nf the torsion τ(M〈N〉) ∈ Kiso

1 (A[z, z−1]) of the
finite Mayer-Vietoris presentation M〈N〉 of M is such that

(B ⊕N+ ⊕N−)τ(M〈N〉) = ([
−1∑

j=−N+

zjL], 0, 0)

∈ K0(P0(A)) ⊕ Ñil0(A)⊕ Ñil0(A) .

Proof The map g〈N〉 in the exact sequence

M〈N〉 : 0 −−→ M ′′〈N〉[z, z−1]
f〈N〉

−−−−−−−→ M ′〈N〉[z, z−1]

g〈N〉
−−−−−−−→ M −−→ 0

is split by the homogeneous degree 0 map

h〈N〉 : M = L[z, z−1] −−→ M ′〈N〉[z, z−1]
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defined by

h〈N〉0 = inclusion : L −−→ M ′〈N〉 =
N−∑

k=−N+

zkL ,

The isomorphism

f = (f〈N〉 h〈N〉) : M ′′〈N〉[z, z−1]⊕M −−→ M ′〈N〉[z, z−1]

is such that

τ(M〈N〉) = τ(f) ∈ Kiso
1 (A[z, z−1]) .

The nilpotent objects (P±, ν±) associated to f in 10.1 are given up to
isomorphism by

ν+ : P+ =
−1∑

j=−N+

zjL −−→ P+ ;
−1∑

j=−N+

zjxj −−→
−2∑

j=−N+

zj+1xj

ν− : P− =
N−∑
j=0

zjL −−→ P− ;
N−∑
j=0

zjxjL −−→
N−∑
j=1

zj−1xj .

P+ and P− fit into exact sequences in G1(A)

0 −−→ M ′′〈N〉+ ⊕ L+
f
−−→ M ′〈N〉+

p+
−−→ P+ −−→ 0

0 −−→ M ′′〈N〉− ⊕ L−
f
−−→ ζM ′〈N〉−

p−
−−→ P− −−→ 0

with p+, p− the projections. The matrices of ν+ and ν− are upper
triangular, so that

[P+, ν+] = [P−, ν−] = 0 ∈ Ñil0(A) .

Thus the components of (B ⊕N+ ⊕N−)τ(M〈N〉) are given by
Bτ(M〈N〉) = Bτ(f) = [f ]+ = [P+] ∈ K0(P0(A)) ,

N±τ(M〈N〉) = N±τ(f) = [P±, ν±] = 0 ∈ Ñil0(A) .

Remark 10.5 The algebraic K-theory splitting theorem of Bass, Heller
and Swan [8] used the linearization trick of Higman [34] to represent
every element of K1(A[z, z−1]) as the difference of the torsions of linear
automorphisms. Atiyah [6, 2.2.4] proves the Bott periodicity theorem in
topological K-theory by applying the linearization trick to polynomial
clutching functions of bundles. See Bass [7, IV] and Karoubi [39, III.1] for
the connection between the algebraic K-theory of polynomial extensions
and Bott periodicity.

For any additive category A every element of Kiso
1 (A[z, z−1]) is the

difference of the torsions of linear isomorphisms :
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Proposition 10.6 An isomorphism in A[z, z−1]

f =
t∑

j=−s
zjfj : L[z, z−1] −−→ M [z, z−1]

determines a commutative diagram of isomorphisms in A[z, z−1]

(L⊕M ′′)[z, z−1] w

(
1 0
e 1

)

u

(
f 0
0 1

) (L⊕M ′′)[z, z−1]

u

f ′ = (e′ i)

(M ⊕M ′′)[z, z−1] w
f ′′ = (h i)

M ′[z, z−1]

with f ′ and f ′′ linear, so that

τ(f) = τ(f ′)− τ(f ′′) ∈ Kiso
1 (A[z, z−1]) .

The nilpotent objects in P0(A) associated to f , f ′, f ′′ are such that

(P±, ν±) = (P ′±, ν
′
±) ,

ν′′+ : P ′′+ =
−1∑
k=−s

zkM −−→ P ′′+ ;
−1∑
k=−s

zkxk −−→
−1∑

k=−s+1

zkxk−1 ,

ν′′− : P ′′− =
t∑

k=0

zkM −−→ P ′′− ;
t∑

k=0

zkxk −−→
t−1∑
k=0

zkxk+1 ,

and

Bτ(f ′) = [P+] , Bτ(f ′′) = [P ′′+] ∈ K0(P0(A)) ,

N±τ(f ′) = [P±, ν±] , N±τ(f ′′) = 0 ∈ Ñil0(A) .

Proof Define a contractible 1-dimensional chain complex E in A[z, z−1]
by

dE = f : E1 = L[z, z−1] −−→ E0 = M [z, z−1] .

Let N = (s, 0; t, 0) ∈ Nf (E), so that by 8.8 there is defined a finite
Mayer-Vietoris presentation of E in C0(A)[z, z−1]

E〈N〉 : 0 −−→ E′′〈N〉[z, z−1]
f+〈N〉 − zf−〈N〉

−−−−−−−−−−−−−−−−→ E′〈N〉[z, z−1]

g〈N〉
−−−−−−−→ E −−→ 0

which is written as
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0 w 0 w

u

L[z, z−1] w
1

u
e′

L[z, z−1]

u
f

w 0

0 w M ′′[z, z−1] w
i = i+ − zi−

M ′[z, z−1] w
i′ M [z, z−1] w 0 .

Passing from C0(A) to A note that E′〈N〉 and E′′〈N〉 are 1-dimensional
chain complexes in A with

E′′〈N〉1 = 0 , E′〈N〉1 = L ,

f+〈N〉 = i+ = inclusion :

E′′〈N〉0 = M ′′ =
t∑

k=−s+1

zkM −−→ E′〈N〉0 = M ′ =
t∑

k=−s
zkM ,

f−〈N〉 = i− = ζ−1(inclusion) :

E′′〈N〉0 = M ′′ =
t∑

k=−s+1

zkM −−→ E′〈N〉0 = M ′ =
t∑

k=−s
zkM ,

g〈N〉j = i′j = jth projection :

E′〈N〉0 = M ′ =
t∑

k=−s
zkM −−→ E0 = M ;

t∑
k=−s

zkxk −−→ xj ,

dE′〈N〉 = e′ =
t∑

k=−s
zkfk :

E′〈N〉1 = L −−→ E′〈N〉0 =
t∑

k=−s
zkM .

The homogeneous degree 0 morphism h : M [z, z−1]−−→M ′[z, z−1] de-
fined by

h0 = inclusion : M −−→ M ′ =
t∑

k=−s
zkM

splits i′ : M ′[z, z−1]−−→M [z, z−1]. The morphism defined in A[z, z−1]

e =
t∑

k=−s
zkek : L[z, z−1] −−→ M ′′[z, z−1]
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by

ek =


t−k−1∑
j=0

−zjfj+k+1 : L −−→ M ′′ if k ≥ 0

0∑
j=−s−k

−zjfj+k : L −−→ M ′′ if k ≤ −1

is such that

ie = hf − e′ : L[z, z−1] −−→ M ′[z, z−1] .

Theorem 10.7 The isomorphism torsion group Kiso
1 (A[z, z−1]) fits into

the split exact sequence

0 −−→ Kiso
1 (A)

i!−−→ Kiso
1 (A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→

K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ 0 ,

with B the composite

B : Kiso
1 (A[z, z−1]) −−→ Kiso

1 (C1(A)) −−→ K1(C1(A))
B
∼= K0(P0(A))

induced by the inclusion A[z, z−1] ⊂ C1(A). Similarly, the automor-
phism torsion group K1(A[z, z−1]) fits into the split exact sequence

0 −−→ K1(A)
i!−−→ K1(A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→

K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ 0 ,

and the Whitehead group Wh(A[z, z−1]) fits into the split exact sequence

0 −−→ K1(A)
i!−−→ Wh(A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→

K̃0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ 0 .

Proof For any linear isomorphism in A[z, z−1]

f = f+ − zf− : L[z, z−1] −−→ M [z, z−1]

there is defined a commutative diagram of isomorphisms in P0(A)[z, z−1]
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P+[z, z−1]⊕ P−[z, z−1]

P+[z, z−1]⊕ P−[z, z−1]
[
[
[
[
[
[
[
[[]

(
−z 0
0 1

)

QN
N
N
N
N
N
N
N
N

h′′ =
(
h′′+
h′′−

)

P+[z, z−1]⊕ P−[z, z−1]

)'
'

'
'
'
'

'
'' (

1− z−1ν+ 0
0 1− zν−

)

�











h′ =
(
h′+
h′−

)

L[z, z−1] w
f

M [z, z−1]

with

h′ =
(
h′+
h′−

)
: M −−→ P+ ⊕ P− ,

h′′ =
(
h′′+
h′′−

)
: L −−→ P+ ⊕ P−

the isomorphisms in P0(A) defined by

h′+ = pL−f
−1 : M −−→ P+ , h′− = pM+f−1 : M −−→ P− ,

h′′+ = ζ−1(inclusion) : L −−→ P+ , h′′− = inclusion : L −−→ P− .

The torsion of f can thus be expressed as

τ(f) = i!τ(h : L−−→M) + τ(−z : P+[z, z−1]−−→P+[z, z−1])

+ τ(1− z−1ν+ : P+[z, z−1]−−→P+[z, z−1])

+ τ(1− zν− : P−[z, z−1]−−→P−[z, z−1])

= i!τ(h) + B̄′([P ]) + N̄ ′+[P+, ν+] + N̄ ′−[P−, ν−] ∈ Kiso
1 (A[z, z−1])

with (P±, ν±) the nilpotent objects associated to f in 10.1 and h =
h′−1h′′ : L−−→M an isomorphism in A. By 10.6 every element of
Kiso

1 (A[z, z−1]) can be expressed as a difference of the torsions of linear
isomorphisms in A[z, z−1], thus establishing the geometrically significant
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direct sum system

Kiso
1 (A)

i!−−−−−−−→
←−−−−−−−

j′!

Kiso
1 (A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→
←−−−−−−−−−−−
B̄′ ⊕ N̄ ′+ ⊕ N̄ ′−

K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) .

The geometrically significant surjection j′! splitting i! is thus given for
linear isomorphism f : L[z, z−1]−−→M [z, z−1] by

j′! : Kiso
1 (A[z, z−1]) −−→ Kiso

1 (A) ; τ(f) −−→ τ(h : L−−→M) .

Define abelian group morphisms
ω : K0(P0(A)) −−→ Kiso

1 (P0(A)) = Kiso
1 (A) ;

[M,p ] −−→ τ(−1 : (M,p)−−→(M,p)) = τ(1− 2p : M−−→M) ,

µ : Ñil0(A) −−→ Kiso
1 (A) ; [M,ν] −−→ τ(1− ν : M−−→M) .

The splitting maps in the algebraically significant direct sum system

Kiso
1 (A)

i!−−−−−−−→
←−−−−−−−

j!

Kiso
1 (A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→
←−−−−−−−−−−−
B̄ ⊕ N̄+ ⊕ N̄−

K0(P0(A)) ⊕ Ñil0(A)⊕ Ñil0(A)

are related to the geometrically significant splitting maps by
B̄′ = B̄ + ω , N̄ ′± = N̄± + µ ,

j′! = j! +Bω + µN+ + µN− ,

so that the algebraically significant direct sum system has also been
established.

For the automorphism torsion groups note that for an automorphism
in A[z, z−1]

f : M [z, z−1] −−→ M [z, z−1]

the objects M ′, M ′′ in the commutative diagram of 10.5

(L⊕M ′′)[z, z−1] w

(
1 0
e 1

)

u

(
f 0
0 1

) (L⊕M ′′)[z, z−1]

u

f ′ = (e′ i)

(M ⊕M ′′)[z, z−1] w
f ′′ = (h i)

M ′[z, z−1]
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are defined by

M ′ =
t∑

j=−s
zjM , M ′′ =

t∑
j=−s+1

zjM

and there exists a homogeneous degree 0 isomorphism in A[z, z−1]

φ : M ′[z, z−1] −−→ (M ⊕M ′′)[z, z−1] .

Thus φf ′ and φf ′′ are linear automorphisms such that

τ(f) = τ(φf ′)− τ(φf ′′) ∈ K1(A[z, z−1]) ,

and every element of K1(A[z, z−1]) is the difference of the torsions of
linear automorphisms in A[z, z−1]. The verification of split exactness
now proceeds as for the isomorphism torsion groups.

Proposition 10.8 The projection

B ⊕N+ ⊕N− : Kiso
1 (A[z, z−1]) −−→ K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A)

sends the torsion τ(E) ∈ Kiso
1 (A[z, z−1]) of a contractible finite chain

complex E in A[z, z−1] with Er = i!Fr to

(B ⊕N+ ⊕N−)τ(E) = ([E]+, [ζ−N
+
E+, ν+], [ζN

−
E−, ν−])

∈ K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) ,

with ν+, ν− the chain homotopy nilpotent self chain maps of the C0(A)-
finitely dominated chain complexes ζ−N

+
E+, ζN

−
E− in G1(A) defined

for any N ∈ Nf (E) by

ν+ : (ζ−N
+
E+)r =

∞∑
j=−N+

r

zjFr −−→ (ζ−N
+
E+)r ;

∞∑
j=−N+

r

zjxj −−→
∞∑

j=−N+
r

zj+1xj ,

ν− : (ζN
−
E−)r =

N−r∑
j=−∞

zjFr −−→ (ζN
−
E−)r ;

N−r∑
j=−∞

zjxj −−→
N−r∑

j=−∞
zj−1xj ,

and with

[E]+ = [ζ−N
+
E+]−

n∑
r=0

(−)r[
−1∑

j=−N+
r

zjFr] ∈ K0(P0(A))
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the positive end invariant (4.10) of E regarded as a chain complex in

C1(A).

Proof Applying the torsion sum formula of 5.1 (ii) to the exact sequence

of finite chain complexes in A[z, z−1]

E〈N〉 : 0 −−→ E′′〈N〉[z, z−1]
f = f+〈N〉 − zf−〈N〉
−−−−−−−−−−−−−−−−−−→ E′〈N〉[z, z−1]

g〈N〉
−−−−−−−→ E −−→ 0

gives

τ(E) = τ(f)−
∞∑
r=0

(−)rτ(Er〈Nr〉)− β(E′′〈N〉[z, z−1], E)

∈ Kiso
1 (A[z, z−1]) .

The sign term β does not contribute to (B ⊕N+ ⊕N−)τ(E), since

β(E′′〈N〉[z, z−1], E) ∈ im(i! : Kiso
1 (A)−−→Kiso

1 (A[z, z−1]))

= ker(B ⊕N+ ⊕N− : Kiso
1 (A[z, z−1])

−−→K0(P0(A)) ⊕ Ñil0(A)⊕ Ñil0(A)) .

From 10.4

(B ⊕N+ ⊕N−)τ(Er〈Nr〉) = ([
−1∑

j=−N+
r

zjFr], 0, 0)

∈ K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) .

The linear chain equivalence f fits into a commutative diagram of chain

equivalences in G1(A)[z, z−1]
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ζ−N
+
E+[z, z−1]⊕ ζN−E−[z, z−1]

ζ−N
+
E+[z, z−1]⊕ ζN−E−[z, z−1]

[
[
[
[
[
[
[
[[]

(
−z 0
0 1

)

QN
N
N
N
N
N
N
N
NN

h′′ =
(
h′′+
h′′−

)

ζ−N
+
E+[z, z−1]⊕ ζN−E−[z, z−1]

)'
'
'
'

'
'
'

'' (
1− z−1ν+ 0

0 1− zν−

)

�











h′ =
(
h′+
h′−

)

E′′〈N〉[z, z−1] w
f

E′〈N〉[z, z−1]

with h′, h′′ the homogeneous degree 0 chain equivalences with compo-
nents

h′+ = z−1(inclusion) : E′〈N〉 −−→ ζ−1E′〈N+〉 = ζ−N
+
E+ ,

h′− = inclusion : E′〈N〉 −−→ E′〈N−〉 = ζN
−
E− ,

h′′+ = inclusion : E′′〈N〉 −−→ E′′〈N+〉 = ζ−N
+
E+ ,

h′′− = inclusion : E′′〈N〉 −−→ E′′〈N−〉 = ζN
−
E− ,

so that
(B ⊕N+ ⊕N−)τ(f) = ([ζ−N

+
E+]+, [ζ−N

+
E+, ν+], [ζN

−
E−, ν−])

∈ K0(P0(A)) ⊕ Ñil0(A)⊕ Ñil0(A) .

Remark 10.9 The following conditions on a contractible finite chain
complex E in A[z, z−1] are equivalent :

(i) τ(E) ∈ im(i! : Wh(A)−−→Wh(A[z, z−1])),
(ii) (B ⊕N+ ⊕N−)τ(E) = 0 ∈ K̃0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) ,
(iii) there exists a finite Mayer-Vietoris presentation of E

E : 0 −−→ E′′[z, z−1] −−→ E′[z, z−1] −−→ E −−→ 0

with E′ and E′′ contractible in A and τ(E) = 0 ∈ Wh(A[z, z−1]),
so that

τ(E) = i!(τ(E′)− τ(E′′)) ∈ im(i! : Wh(A)−−→Wh(A[z, z−1])) .

This is the abstract version of the codimension 1 splitting theorem of
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Farrell and Hsiang [24], which in its untwisted form states that a homo-
topy equivalence f : M−−→X × S1 of compact n-dimensional manifolds
is such that

τ(f) ∈ im(i! : Wh(π)−−→Wh(π × Z))

= ker(B ⊕N+ ⊕N− : Wh(π × Z)

−−→ K̃0(Z[π]) ⊕ Ñil0(Z[π])⊕ Ñil0(Z[π]) )

(π = π1(X))
if (and for n ≥ 6 only if) f splits, i.e. is homotopic to a map (also
denoted by f) which is transverse regular at X×{∗} ⊂ X×S1 and such
that the restriction

f | : f−1(X × {∗}) −−→ X

is a homotopy equivalence of (n − 1)-dimensional manifolds. The com-
ponents of the splitting obstruction (B ⊕N+ ⊕N−)τ(f) are given by

Bτ(f) = [M̄−] = [i!C(M̃ )/ζ−N
+
C(M̃ )+] ∈ K̃0(Z[π]) ,

N+τ(f) = [i!C(M̃)/ζ−N
+
C(M̃)+, ζ] ,

N−τ(f) = [i!C(M̃)/ζN
−
C(M̃)−, ζ−1] ∈ Ñil0(Z[π])

for any N = (N+, N−) ∈ Nf (C(M̃ )), with M̄ = f∗(X×R) the pullback
infinite cyclic cover of M . By duality

τ(f) + (−)nτ(f)∗ = τ(M)− τ(X × S1) = 0 ∈Wh(π × Z) ,

so that
Bτ(f) = (−)n(Bτ(f))∗ ∈ K̃0(Z[π]) ,

N+τ(f) = (−)n−1(N−τ(f))∗ ∈ Ñil0(Z[π]) .

The splitting obstruction (B ⊕ N+ ⊕ N−)τ(f) vanishes for a simple
homotopy equivalence f : M−−→X × S1, in which case there is defined
a Wh2-invariant

τ2(f) ∈ Ĥn+1(Z2;Wh2(π × Z)) .

Let B2 : Wh2(π×Z)−−→Wh(π) be the Wh2-analogue of B : Wh(π×Z)
−−→K̃0(Z[π]). The image B2τ2(f) ∈ Ĥn(Z2;Wh(π)) is the obstruction
of Šlosman [78] and Wall [84, 12B], such that B2τ2(f) = 0 if and only
if the restriction f | : f−1(X × {∗})−−→X can be chosen to be a simple
homotopy equivalence. See §20 for the generalization to the fibering
obstruction.
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§11. Lower K-theory

The lower K-groups K−m(A) (m ≥ 1) of a ring A were defined by
Bass [7] using the polynomial extension rings A[z], A[z−1], A[z, z−1], to
fit into split exact sequences

0 −−→ K1−m(A) −−→ K1−m(A[z])⊕K1−m(A[z−1])

−−→ K1−m(A[z, z−1]) −−→ K−m(A) −−→ 0 .
The lower K-groups of an additive category A were defined by Karoubi
[38] to be

K−m(A) = K1(Sm+1A) (m ≥ 1)

with Sm+1A the (m+ 1)-fold “suspension” of A, and are such that

K−m(A) = K−m(P0(A)) (m ≥ 1) .

For the additive category A = Bf (A) of based f.g. free A-modules

K−m(Bf (A)) = K−m(A) (m ≥ 1) .

Define a metric on Zm by

d(J,K) = max{|ji − ki| | 1 ≤ i ≤ m} ≥ 0

for J = (j1, j2, . . . , jm), K = (k1, k2, . . . , km) ∈ Zm. Write the bounded
Zm-graded category of a filtered additive category A and its idempotent
completion as

CZm(A) = Cm(A) , P0(Cm(A)) = Pm(A) (m ≥ 1) .

Since Zm+1 = Zm × Z the bounded Zm+1-graded category can be
expressed as

Cm+1(A) = C1(Cm(A)) ,

and by 6.2 there is an identification

K1(Cm+1(A)) = K0(Pm(A)) (m ≥ 0) .

Pedersen [49] (for A = Bf (A)) and Pedersen and Weibel [53] expressed
the lower K-groups of a filtered additive category A as

K−m(A) = K1(Cm+1(A)) = K0(Pm(A)) (m ≥ 1) .

The lowerK-groupsK−m(A) (m ≥ 1) of any filtered additive category
A will now be shown to fit into split exact sequences
0 −−→ K1−m(P0(A)) −−→ K1−m(P0(A[z]))⊕K1−m(P0(A[z−1]))

−−→ K1−m(P0(A[z, z−1])) −−→ K−m(A) −−→ 0 ,

exactly as in the original case A = Bf (A).
As in §7 define the polynomial extension A[z] of an additive category
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A to be the additive category with one object

L[z] =
∞∑
k=0

zkL

for each object L in A, and one morphism

f =
∞∑
k=0

zkfk : L[z] −−→ L′[z]

for each collection {fk ∈ HomA(L,L′) | k ≥ 0} of morphisms in A with
{k ≥ 0|fk 6= 0} finite. Regard A[z] as a subcategory of C1(A) with
objects M such that

M(j) =
{
zjM(0) if j ≥ 0
0 if j < 0 .

The functor

j+ : A[z] −−→ A[z, z−1] ; L[z] −−→ L[z, z−1]

defines an inclusion of A[z] as a subcategory ofA[z, z−1]. The polynomial
extension A[z−1] is defined similarly, with one object

L[z−1] =
0∑

k=−∞
zkL

for each object L in A, with morphisms

f =
0∑

k=−∞
zkfk : L[z−1] −−→ L′[z−1]

and with an inclusion

j− : A[z−1] −−→ A[z, z−1] ; L[z−1] −−→ L[z, z−1] .

The inclusions define a commutative square of additive functors

A w
i+

u

i−

A[z]

u

j+

A[z−1] w
j− A[z, z−1] .

Given a functor

F : {additive categories} −−→ {abelian groups}
define the functor

LF : {additive categories} −−→ {abelian groups} ; A −−→ LF (A)

by

LF (A) = coker((j+ j−) : F (A[z])⊕ F (A[z−1])−−→F (A[z, z−1])) .
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Definition 11.1 The lower K-groups of an additive category A are
defined by

K−m(A) = LmK0(P0(A)) (m ≥ 1) .

Following Bass [7, p.659] define a functor

F : {additive categories} −−→ {abelian groups}
to be contracted if the chain complex

0 −−→ F (A)

(
i+
−i−

)
−−−−−−−→ F (A[z])⊕ F (A[z−1])

(j+ j−)
−−−−−−−→ F (A[z, z−1])

B
−−→ LF (A) −−→ 0

has a natural chain contraction, with B the natural projection.

Proposition 11.2 The functors

LmK1 : { additive categories} −−→ { abelian groups} ; A −−→ LmK1(A)

(m ≥ 0 , L0K1 = K1)

are contracted. For m ≥ 1 there are natural identifications

LmK1(A) = K1−m(P0(A)) = K1(Cm(A)) = K0(Pm−1(A))

and for m ≥ 2

LmK1(A) = K1−m(A) .

Proof Consider first the case m = 0. Working as in the proof of 10.7
there are defined naturally split exact sequences

0 −−→ K1(A)
i+
−−→ K1(A[z])

N−j+
−−−−−→ Ñil0(A) −−→ 0 ,

0 −−→ K1(A)
i−
−−→ K1(A[z−1])

N+j−
−−−−−→ Ñil0(A) −−→ 0

and hence a naturally contracted chain complex

0 −−→ K1(A)

(
i+
−i−

)
−−−−−−−→ K1(A[z])⊕K1(A[z−1])

(j+ j−)
−−−−−−−→ K1(A[z, z−1])

B
−−→ K0(P0(A)) −−→ 0

so that

LK1(A) = K0(P0(A)) .

For m ≥ 1 replace A by Cm(A) and use the identifications of filtered
additive categories

Cm(A[z±1]) = Cm(A)[z±1] , Cm(A[z, z−1]) = Cm(A)[z, z−1]
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to obtain a naturally contracted chain complex

0 −−→ K1(Cm(A))

(
i+
−i−

)
−−−−−−−→ K1(Cm(A[z]))⊕K1(Cm(A[z−1]))

(j+ j−)
−−−−−−−→ K1(Cm(A[z, z−1]))

B
−−→ K0(Pm(A)) −−→ 0

which can be written as
0 −−→ K0(Pm−1(A)) −−→ K0(Pm−1(A[z]))⊕K0(Pm−1(A[z−1]))

−−→ K0(Pm−1(A[z, z−1])) −−→ K0(Pm(A)) −−→ 0 .
Thus the functor F : A−−→K0(Pm−1(A)) is contracted with

LF (A) = K0(Pm(A)) = K−m(A) .

Example 11.3 Given a ring A let A[z] (resp. A[z−1]) be the subring

of A[z, z−1] consisting of the polynomials
∞∑
k=0

akz
k (resp.

0∑
k=−∞

akz
k)

such that ak = 0 for k < 0 (resp. k > 0). For the additive category
A = Bf (A) of based f.g. free A-modules

A[z] = Bf (A[z]) , A[z−1] = Bf (A[z−1]) ,

and the functors

i± : A −−→ A[z±] , j± : A[z±] −−→ A[z, z−1]

are induced by the inclusions of rings

i± : A −−→ A[z±] , j± : A[z±] −−→ A[z, z−1] .

Bass [7] defines a functor

F : {rings} −−→ {abelian groups}
to be contracted if the functor

LF : {rings} −−→ {abelian groups} ; A −−→ LF (A)

defined by

LF (A) = coker((j+ j−) : F (A[z])⊕ F (A[z−1])−−→F (A[z, z−1]))

is such that the chain complex

0 −−→ F (A)

(
i+
−i−

)
−−−−−−−→ F (A[z])⊕ F (A[z−1])

(j+ j−)
−−−−−−−→ F (A[z, z−1])

B
−−→ LF (A) −−→ 0

has a natural chain contraction, with B the natural projection. The
“fundamental theorem of algebraic K-theory” ([7]) is that the functors

K1−m : {rings} −−→ {abelian groups} ; A −−→ K1−m(A) (m ≥ 0)
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are contracted, with natural identifications

LK1−m(A) = K−m(A) .

This is the special case of 11.2 with A = Bf (A).

For m ≥ 1 define the m-fold Laurent polynomial extension of an ad-
ditive category A inductively to be the additive category

A[Zm] = A[Zm−1][zm, z−1
m ] , A[Z] = A[z1, z

−1
1 ] ,

and write

A[Zm] = A[z1, z
−1
1 , z2, z

−1
2 , . . . , zm, z

−1
m ] .

Alternatively, A[Zm] can be viewed as the subcategory of the bounded
Zm-graded category Cm(A) = CZm(A) with one object M [Zm] for each
object M in A, graded by

M [Zm](j1, j2, . . . , jm) = zj11 z
j2
2 . . . zjmm M ,

with the Zm-equivariant morphisms.

Theorem 11.4 The torsion group of the m-fold Laurent polynomial
extension of A is such that up to natural isomorphism

K1(A[Zm]) = (
m∑
i=0

(
m

i

)
K1−i(P0(A))) ⊕ 2(

m∑
i=1

(
m

i

)
Ñil1−i(A))

with

Ñil∗(A) = coker(K∗(A)−−→Nil∗(A)) , Nil∗(A) = K∗(Nil(A)) .

Proof Iterate one of the splittings of §10

K1(A[z, z−1]) = K1(A)⊕K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) .

(As usual, there are algebraically and geometrically significant split-
tings.)

For a ring A and A = Bf (A) there are evident identifications

A[Zm] = Bf (A[Zm]) , Nil∗(A) = Nil∗(A) , Ñil∗(A) = Ñil∗(A) ,

with A[Zm] = A[z1, z
−1
1 , z2, z

−1
2 , . . . , zm, z

−1
m ] the m-fold Laurent poly-

nomial extension of A.
The K0- and K1-groups of Z are

K0(Z) = Z , K1(Z) = Z2 .

Example 11.5 The lower K-groups and the lower Nil-groups of Z are

K−m(Z) = Nil−m(Z) = Ñil−m(Z) = 0 (m ≥ 1) ,

by virtue of the computation Wh(Zm) = 0 of Bass, Heller and Swan [8].
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§12. Transfer in K-theory

The lower K-groupK1−m(P0(A)) (= K1−m(A) for m ≥ 2) of an addi-
tive category A will now be identified with the subgroup K1(A[Zm])INV

of the Tm-transfer invariant elements in K1(A[Zm]). This is signifi-
cant because the reduced lower K-group K̃1−m(Z[π]) (= K1−m(Z[π])
for m ≥ 2) arises geometrically as the Tm-transfer invariant subgroup of
the Whitehead group Wh(π×Zm), in connection with the ‘wrapping up’
procedure for passing from Rm-bounded open n-dimensional manifolds
with fundamental group π to closed (m+n)-dimensional manifolds with
fundamental group π × Zm.

In the first instance consider the case m = 1.
For each integer q ≥ 1 let

q : S1 −−→ S1 ; z = [t] −−→ zq = [qt]

be the canonical q-fold cover of the circle S1 = R/Z by itself. Given a
map c : X−−→S1 let

X ! = {(x, [t]) ∈ X × S1 | c(x) = [qt] ∈ S1}
be the pullback q-fold cover of X

X !
w

c!

u

S1

u

q

X w
c S1 .

The infinite cyclic cover of X classified by c

X̄ = {(x, t) ∈ X × R | c(x) = [t] ∈ S1}
has covering projection

X̄ −−→ X ; (x, t) −−→ x

and generating covering translation

ζ : X̄ −−→ X̄ ; (x, t) −−→ (x, t+ 1) .

Let X̄ ! denote the space X̄ regarded as the infinite cyclic cover of X !

classified by

c! : X ! −−→ S1 ; (x, [t]) −−→ [t] ,

with covering projection

X̄ ! = X̄ −−→ X ! ; (x, t) −−→ (x, [t/q])

and generating covering translation

ζ! = ζq : X̄ ! = X̄ −−→ X̄ ! = X̄ ; (x, t) −−→ (x, t+ q) ,



12. Transfer in K-theory 107

so that there is defined a pullback square

X̄ !
w

c̄!

u

R

u

q̄

X̄ w
c̄ R

with

q̄ : R −−→ R ; x −−→ x+ q .

If X is a compact manifold and (V ;U, ζU) is a fundamental domain for
X̄ then

(V !;U, ζqU) =
q−1⋃
k=0

(ζkV ; ζk−1U, ζkU)

is a fundamental domain for X̄ !. More generally, the q-fold transfer of
an R-graded CW complex (K, ρK : K−−→R) (not necessarily of the type
K = X̄) may be defined to be the R-graded CW complex

(K !, ρK!) = (K, ρK/q) ,

such that

(ρK!)−1[j, j + 1] =
q−1⋃
k=0

(ρK)−1[qj + k, qj + k + 1] (j ∈ Z) .

Define the q-fold transfer functor

q! : C1(A) −−→ C1(A) ; M −−→ q!M , q!M(j) =
q−1∑
k=0

M(qj + k) .

The q-fold transfer of a morphism f : M−−→N in C1(A) is the morphism
q!f : q!M−−→q!N defined by

q!f(k, j) =


f(qk,qj) f(qk,qj+1) . . . f(qk,qj+q−1)

f(qk+1,qj) f(qk+1,qj+1) . . . f(qk+1,qj+q−1)

...
...

. . .
...

f(qk+q−1,qj) f(qk+q−1,qj+1) . . . f(qk+q−1,qj+q−1)


: q!M(j) = M(qj)⊕M(qj + 1)⊕ . . .⊕M(qj + q − 1)

−−→ q!N(k) = N(qk)⊕N(qk + 1)⊕ . . .⊕N(qk + q − 1) .

The q-fold transfer of a linear morphism f = f+ − zf− : M−−→N in
C1(A) is the linear morphism

q!f = q!f+ − zq!f− : q!M −−→ q!N
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with
q!f+(j) =

f+(qj) 0 0 . . . 0
−f−(qj) f+(qj + 1) 0 . . . 0

0 −f−(qj + 1) f+(qj + 2) . . . 0
...

...
...

. . .
...

0 0 0 . . . f+(qj + q − 1)


: q!M(j) = M(qj)⊕M(qj + 1)⊕ . . .⊕M(qj + q − 1)

−−→ q!N(j) = N(qj)⊕N(qj + 1)⊕ . . .⊕N(qj + q − 1) ,

q!f−(j) =
0 0 . . . f−(qj + q − 1)
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0


: q!M(j) = M(qj)⊕M(qj + 1)⊕ . . .⊕M(qj + q − 1)

−→ q!N(j + 1) = N(qj + q)⊕N(qj + q + 1)⊕ . . .⊕N(qj + 2q − 1) .
The q-fold transfer of a ζ-equivariant morphism is ζ-equivariant, so that
there is also defined a functor q! : A[z, z−1]−−→A[z, z−1].

The q-fold transfer functors

q! : C1(A) −−→ C1(A) , q! : A[z, z−1] −−→ A[z, z−1]

induce the q-fold transfer maps in the algebraic K-groups
q! : K1(C1(A)) −−→ K1(C1(A)) ,

q! : K1(A[z, z−1]) −−→ K1(A[z, z−1]) .

Definition 12.1 The S1-transfer invariant subgroup of K1(A[z, z−1])
is

K1(A[z, z−1])INV = {τ ∈ K1(A[z, z−1]) | q!(τ) = τ for every q ≥ 2} .

For any group π there are analogously defined q-fold transfer maps in
the Whitehead group of π × Z

q! : Wh(π × Z) −−→ Wh(π × Z)

and an S1-transfer invariant subgroup Wh(π × Z)INV ⊆Wh(π × Z).
If X is a finitely dominated CW complex then X × S1 is equipped

with a homotopy equivalence

φ : X × S1 −−→ K
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to a finite CW complex K (Mather [46]) with infinite cyclic cover K̄ '
X . The map

c : K
φ−1

−−→ X × S1
proj.
−−−−−→ S1

has the property that for every cover q : S1−−→S1 the pullback cover
K ! is simple homotopy equivalent to K. The map representing −1 ∈
π1(S1) = S1

−1 : S1 −−→ S1 ; t −−→ 1− t
covers itself

S1
w

−1

u

q

S1

u

q

S1
w

−1
S1 .

Thus the self-homotopy equivalence

f = φ(1×−1)φ−1 : K
φ−1

−−→ X × S1
1×−1
−−→ X × S1

φ
−−→ K

is such that
q!τ(f : K−−→K) = τ(f ! : K !−−→K !) = τ(f : K−−→K)

∈Wh(π × Z)INV ⊆Wh(π × Z) (π = π1(X)) .

In fact, the image of the split injection of Ferry [27]

B̄′geo : K̃0(Z[π]) −−→ Wh(π × Z) ; [X ] −−→ τ(f)

is precisely the S1-transfer invariant subgroup Wh(π×Z)INV . See Ran-
icki [66] for the identification of B̄′geo with the geometrically significant
split injection

B̄′ : K̃0(Z[π]) −−→Wh(π×Z) ; [P ] −−→ τ(−z : P [z, z−1]−−→P [z, z−1]) .

Proposition 12.2 (i) The effect of q! on the geometrically significant
direct sum decomposition of K1(A[z, z−1]) is given by the commutative
diagram

K1(A)⊕K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A)

u

q ⊕ 1⊕ q! ⊕ q!

w
i!⊕B̄′⊕N ′+⊕N ′−

K1(A[z, z−1])

u

q!

K1(A)⊕K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) w
i!⊕B̄′⊕N ′+⊕N ′−

K1(A[z, z−1])
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with

q! : Ñil0(A) −−→ Ñil0(A) ; [M,ν] −−→ [M,νq] .

(ii) The image of the geometrically significant split injection

B̄′ : K0(P0(A)) −−→ K1(A[z, z−1]) ;

[M,p ] −−→ τ(1− p− zp : M [z, z−1]−−→M [z, z−1])

is the subgroup of the S1-transfer invariant elements

im(B̄′) = K1(A[z, z−1])INV .

(iii) The effect of q! on K1(C1(A)) is

q! = 1 : K1(C1(A)) −−→ K1(C1(A)) .

Proof (i) For a linear automorphism in A[z, z−1]

f = f+ − zf− : M [z, z−1] −−→ M [z, z−1]

the q-fold transfer is the linear automorphism

q!f =



f+ 0 0 . . . −zf−
−f− f+ 0 . . . 0

0 −f− f+ . . . 0
...

...
...

. . .
...

0 0 0 . . . f+


: (

q−1∑
j=0

M)[z, z−1] = (M ⊕M ⊕ . . .⊕M)[z, z−1]

−−→ (M ⊕M ⊕ . . .⊕M)[z, z−1] .
Define an automorphism in A

g = j!f = f+ − f− : M −−→ M .

The linear automorphism in A[z, z−1]

f ′ = g−1f = f ′+−zf ′− = g−1f+−zg−1f− : M [z, z−1] −−→M [z, z−1]

is such that

f ′+f
′
− = f ′−f

′
+ , f ′+ − f ′− = 1 : M −−→ M .

Elementary row and column operations show that

τ(q!f ′) = τ((f ′+)q− z(f ′−)q : M [z, z−1]−−→M [z, z−1]) ∈ K1(A[z, z−1]) .

It follows that
τ(q!f) = τ(q!(gf ′)) = τ(q!f ′) + τ(q!(i!g))

= τ((f ′+)q − z(f ′−)q : M [z, z−1]−−→M [z, z−1])

+ qi!τ(g : M−−→M) ∈ K1(A[z, z−1]) .
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In particular, if f+f− = f−f+ then

τ(q!f) = τ((f+)q − z(f−)q : M [z, z−1]−−→M [z, z−1]) ∈ K1(A[z, z−1]) .

This is the case for each of the components of the geometrically signifi-
cant decomposition of K1(A[z, z−1]) :

(I) if f− = 0 then

τ(f) = i!τ(f+) , q!τ(f) = i!τ((f+)q) = qτ(f)

∈ im(i! : K1(A)−−→K1(A[z, z−1])) ,

(II) if f+ = 1− p, f− = p for a projection p2 = p : M−−→M then

B̄′([M,p ]) = τ(f) , q!B̄′([M,p ]) = τ((1 − p)q − zpq) = τ(f)

∈ im(B̄′ : K0(P0(A))−−→K1(A[z, z−1])) ,

(III) if f+ = ν, f− = 1 for a nilpotent endomorphism ν : M−−→M
then
N̄ ′+[M,ν] = τ(1− z−1ν) = τ(f)− B̄′([M ]) ,

q!N̄ ′+[M,ν] = τ(νq − z)− B̄′[M ] = τ(1− z−1νq) = N̄ ′+(q![M,ν])

∈ im(N̄ ′+ : Ñil0(A)−−→K1(A[z, z−1])) ,

(IV) if f+ = 1, f− = ν for a nilpotent endomorphism ν : M−−→M
then
N̄ ′−[M,ν] = τ(f) , q!N̄ ′−[M,ν] = τ(1− zνq) = N̄ ′−(q![M,ν])

∈ im(N̄ ′+ : Ñil0(A)−−→K1(A[z, z−1])) .

(ii) Immediate from (i).
(iii) Immediate from (ii), since there is defined a commutative diagram

K0(P0(A))

u
1

w
B̄′ K1(A[z, z−1])

u
q!

w K1(C1(A))

u
q!

K0(P0(A)) w
B̄′ K1(A[z, z−1]) w K1(C1(A))

an isomorphism.

Given m ≥ 1 let Tm = S1 × S1 × . . . × S1 be the m-fold torus. For
each m-tuple Q = (q1, q2, . . . , qm) of integers qj ≥ 1 let

Q : Tm −−→ Tm ; (z1, z2, . . . , zm) −−→ ((z1)q1 , (z2)q2 , . . . , (zm)qm)

be the canonical finite covering of Tm by itself. For any such Q define
the Q-fold transfer functors

Q! : Cm(A) −−→ Cm(A) , Q! : A[Zm] −−→ A[Zm]
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by sending the object M to the object Q!M with components

Q!M(j1, j2, . . . , jm)

=
q1−1∑
k1=0

q2−1∑
k2=0

. . .

qm−1∑
km=0

M(q1j1 + k1, q2j2 + k2, . . . , qmjm + km) ,

and similarly for morphisms.
By analogy with 12.1 and 12.2 :

Definition 12.3 The Tm-transfer invariant subgroup of K1(A[Zm]) is

K1(A[Zm])INV = {τ ∈ K1(A[Zm]) |Q!(τ) = τ for every Q} .

Proposition 12.4 For any m ≥ 1 the geometrically significant split
injection

B̄′1B̄
′
2 . . . B̄

′
m : K1−m(P0(A)) −−→ K1(A[Zm])

maps the lower K-group K1−m(P0(A)) (= K1−m(A) for m ≥ 2) to the
subgroup of the Tm-transfer invariant elements

im(B̄′1B̄
′
2 . . . B̄

′
m) = K1(A[Zm])INV .

Proof This follows from the case m = 1 dealt with in 12.1 and the
factorization of the Q-fold transfer for Q = (q1, q2, . . . , qm) as the m-fold
composition of the single transfers

Q! = (q1)!(q2)! . . . (qm)! : A[Zm] −−→ A[Zm]

with (qj)! acting on the jth coordinate (1 ≤ j ≤ m).

§13. Quadratic L-theory

This section is a brief recollection from Ranicki [68, §3] of the quadratic
L-theory of an additive category with involution A.

An involution on an additive category A is a contravariant functor

∗ : A −−→ A ; M −−→ M∗

together with a natural equivalence

e : 1 −−→ ∗ ∗ : A −−→ A ; M −−→ (e(M) : M−−→M∗∗)
such that for every object M in A

e(M)∗ = e(M∗)−1 : M∗ −−→ M∗.

Use e(M) to identify

M∗∗ = M
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for every object M in A. Given objects M , N in A define

M ⊗A N = HomA(M∗, N) .

The transposition isomorphism is defined by

T (M,N) : M ⊗A N −−→ N ⊗AM ; f −−→ f∗ ,

and is such that

T (N,M)T (M,N) = 1 : M ⊗A N −−→ M ⊗A N .

Given chain complexes C, D in A let C ⊗A D be the abelian group
chain complex defined by

(C ⊗A D)r =
∑
p+q=r

Cp ⊗A Dq ,

dC⊗AD : (C ⊗A D)r −−→ (C ⊗A D)r−1 ; f −−→ dDf + (−)qf(dC)∗ .
An n-cycle φ ∈ (C ⊗A D)n is a chain map

φ : Cn−∗ −−→ D ,

with Cn−∗ the n-dual chain complex defined by

dCn−∗ = (−)rd∗C : (Cn−∗)r = Cn−r = (Cn−r)∗ −−→ (Cn−∗)r−1 .

The transposition isomorphism

T : C ⊗A D −−→ D ⊗A C
is defined by

T = (−)pqT (Cp, Dq) : Cp ⊗A Dq −−→ Dq ⊗A Cp .
Let W be the standard free Z[Z2]-module resolution of Z

W : . . . −−→ Z[Z2]
1−T
−−→ Z[Z2]

1+T
−−→ Z[Z2]

1−T
−−→ Z[Z2] .

Given a chain complex C in A define the Z[Z2]-module chain complex

W%C = W ⊗Z[Z2] (C ⊗A C) ,

with T ∈ Z2 acting by the transposition involution T : C⊗AC−−→C⊗AC.
The boundary of the n-chain

ψ = {ψs ∈ (C ⊗A C)n−s | s ≥ 0} ∈ (W%C)n
is the (n− 1)-chain d(ψ) ∈ (W%C)n−1 with

d(ψ)s = dC⊗AC(ψs) + (−)n+s+1(ψs+1 + (−)sTψs+1)

∈ (C ⊗A C)n−s−1 (s ≥ 0) .
The quadratic Q-groups of C are defined by

Qn(C) = Hn(W%C) .

An n-dimensional quadratic (Poincaré) complex (C,ψ) in A is an n-
dimensional chain complex C in A together with an element ψ ∈ Qn(C)
(such that the chain map (1+T )ψ0 : Cn−∗−−→C is a chain equivalence).
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See Ranicki [68] for further details of the definition of quadratic
(Poincaré) pairs the construction of the n-dimensional quadratic L-
group Ln(A) (n ≥ 0) as the cobordism group of n-dimensional quadratic
Poincaré complexes (C,ψ ∈ Qn(C)) in A, and for the proof of 4-period-
icity

Ln(A) = Ln+4(A) .

L2i(A) (resp. L2i+1(A)) is the Witt group of nonsingular (−)i-quadratic
forms (resp. formations) in A. The definition of Ln(A) is extended to
the range n ≤ −1 by the 4-periodicity, that is Ln(A) = Ln+4k(A) for any
k such that n+ 4k ≥ 0. The surgery obstruction groups L∗(A) of Wall
[84] are the quadratic L-groups of the additive category with involution
A = Bf (A) of based f.g. free A-modules for a ring with involution A.

A chain map f : C−−→D in A induces a Z-module chain map

f% : W%C −−→ W%D ; ψ = {ψs|s ≥ 0} −−→ f%ψ = {fψsf∗|s ≥ 0} .

Given an n-dimensional quadratic complex (C,ψ) and a subcomplex
B ⊆ C there is defined a quotient n-dimensional quadratic complex

(C,ψ)/B = (C/B, f%ψ) ,

with f : C−−→C/B the projection. In dealing with subcomplexes it is
always required that the sequences

0 −−→ Br −−→ Cr
f
−−→ (C/B)r −−→ 0

be split exact, so that there is defined a connecting chain map g :
C/B−−→SB such that gf = 0.

Proposition 13.1 There is a natural one-one correspondence between
the homotopy equivalence classes of n-dimensional quadratic Poincaré
pairs in A and the homotopy equivalence classes of n-dimensional quad-
ratic complexes in A.
Proof This is just the categorical version of the one-one correspondence
of Ranicki [61, 3.4] for the additive category with duality involution

P(A) = { f.g. projective A-modules} ,

and proceeds as follows.
The boundary of an n-dimensional quadratic complex (C,ψ) in A is

the (n− 1)-dimensional quadratic Poincaré complex in A

∂(C,ψ) = (∂C, ∂ψ)
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with

d∂C =
(
dC (−)r(1 + T )ψ0

0 (−)rd∗C

)
:

∂Cr = Cr+1 ⊕ Cn−r −−→ ∂Cr−1 = Cr ⊕ Cn−r+1 ,

∂ψ0 =
(

0 0
1 0

)
:

∂Cn−r−1 = Cn−r ⊕ Cr+1 −−→ ∂Cr = Cr+1 ⊕ Cn−r ,

∂ψs =
(

(−)n−r−s−1Tψs−1 0
0 0

)
:

∂Cn−r−s−1 = Cn−r−s ⊕ Cr+s+1 −−→ ∂Cr = Cr+1 ⊕ Cn−r

(s ≥ 1) .
Given an n-dimensional quadratic complex (C,ψ) in A define the

thickening n-dimensional quadratic Poincaré pair in A
δ∂(C,ψ) = ( pC = projection : ∂C −−→ Cn−∗ , (0, ∂ψ) ) .

Conversely, given an n-dimensional quadratic Poincaré pair in A
X = ( f : C−−→D , (δψ, ψ) )

apply the algebraic Thom construction to obtain an n-dimensional quad-
ratic complex

X/∂X = (D, δψ)/C = (C(f), δψ/ψ)

with

(δψ/ψ)s =
(

δψs 0
(−)n−r−1ψsf

∗ (−)n−r−sTψs+1

)
:

C(f)n−r−s+1 = Dn−r−s+1 ⊕ Cn−r−s −−→ C(f)r = Dr ⊕ Cr−1

(s ≥ 0) ,
which is homotopy equivalent to δ∂(X/∂X).

The boundary construction of 13.1 generalizes to quadratic pairs. An
n-dimensional quadratic pair (f : C−−→D, (δψ, ψ)) determines an (n −
1)-dimensional quadratic Poincaré pair

(∂f : ∂C−−→∂D, (∂δψ, ∂ψ))

with
∂C = S−1C((1 + T )ψ0 : Cn−1−∗−−→C) ,

∂D = S−1C((1 + T )δψ0 : C(f)n−∗−−→D) .
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Here, (1 + T )δψ0 is an abbreviation for the chain map C(f)n−∗−−→D
defined by

((1 + T )δψ0 f(1 + T )ψ0) : C(f)n−r = Dn−r ⊕ Cn−r−1 −−→ Dr .

The quadratic complex (C,ψ) is Poincaré if and only if ∂C is con-
tractible. Similarly, the quadratic pair (f : C−−→D, (δψ, ψ)) is Poincaré
if and only if ∂D is contractible, in which case ∂C is also contractible.

The n-dimensional quadratic pairs in A
V + = ( f+ : C+−−→D+ , (δψ+, ψ+) ) ,

V − = ( f− : C−−−→D− , (δψ−, ψ−) )
are adjoining if

C+ = C− , ψ+ = −ψ− .
See Ranicki [61, §3] for the definition of the union of adjoining n-dimen-
sional quadratic pairs

V + = ( f+ : C−−→D+ , (δψ+, ψ) ) ,

V − = ( f− : C−−→D− , (δψ−,−ψ) )
with common boundary

∂V + = −∂V − = (C,ψ) .

The union is an n-dimensional quadratic complex in A
V + ∪ V − = (D, δψ) = (D+ ∪D−, δψ+ ∪ δψ−) ,

with

D+ ∪D− = C(
(
f+

f−

)
: C−−→D+ ⊕D−) .

The duality chain maps fit into a map of homotopy exact sequences of
chain complexes

0 w Dn−∗

u

(1 + T )δψ0

w (D+)n−∗ ⊕ (D−)n−∗ w

u

(1 + T )(δψ+
0 ⊕ δψ−0 )

Cn−∗ w

u

(1 + T )ψ0

0

0 w D w C(f+)⊕ C(f−) w SC w 0

so that there is defined an exact sequence of algebraic mapping cones

0 −−→ ∂D −−→ ∂D+ ⊕ ∂D− −−→ S∂C −−→ 0 .

If ∂D+ and ∂D− are contractible then so are ∂C and ∂D, i.e. the union
of quadratic Poincaré pairs is a quadratic Poincaré complex.

Definition 13.2 A splitting (V +, V −, h) of an n-dimensional quadratic
complex (E, θ) in A consists of adjoining n-dimensional quadratic pairs
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V +, V −, together with a homotopy equivalence

h : V + ∪ V − −−→ (E, θ) .

The splitting is Poincaré if the quadratic pairs V +, V − are Poincaré, in
which case the complex (E, θ) is Poincaré.

See Ranicki [63, 7.5], [69, §23] for the applications of Poincaré splittings
to the algebraic theory of codimension 1 surgery, and Yamasaki [89] for
an application to controlled surgery.

Definition 13.3 Given an n-dimensional quadratic complex (E, θ) and
a subcomplex D ⊆ E in A let (V +, V −, h) be the splitting of (E, θ) given
by
V + = (f+ : ∂(E/D)−−→D, (0, ∂p%θ)) ,

V − = δ∂((E, θ)/D) = (f− : ∂(E/D)−−→(E/D)n−∗, (0, ∂p%θ)) ,

f+ : ∂(E/D)r = (E/D)r+1 ⊕ (E/D)n−r −−→ (E/D)r+1 −−→ Dr ,

f− = projection :

∂(E/D)r = (E/D)r+1 ⊕ (E/D)n−r −−→ (E/D)n−r ,

h : C
(
f+

f−

)
r

= (E/D)n−r ⊕ ∂(E/D)r−1 ⊕Dr −−→ Dr −−→ Er .

If (E, θ) is a Poincaré complex then (V +, V −, h) is a Poincaré splitting.

In fact, every splitting of a quadratic complex is homotopy equivalent
to one constructed as in 13.3.

An involution on A determines an involution on the projective class
and torsion groups of A
∗ : K0(A) −−→ K0(A) ; [M ] −−→ [M∗] ,

∗ : K1(A) −−→ K1(A) ; τ(f : L−−→L) −−→ τ(f∗ : L∗−−→L∗) .
In dealing with torsion it is required that the additive category A be
equipped with both an involution and a compatible stable canonical
structure (see Ranicki [68,§7] for details).

A quadratic complex (C,ψ) in A is round if the underlying chain
complex C is round, i.e. such that [C] = 0 ∈ K0(A). The torsion of an
n-dimensional quadratic Poincaré complex (C,ψ) in A is defined by

τ(C,ψ) = τ((1 + T )ψ0 : Cn−∗−−→C) ∈
{
K1(A) for round (C,ψ)

K̃1(A) for any (C,ψ) ,
and satisfies

τ(C,ψ)∗ = (−)nτ(C,ψ) .
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There is a corresponding notion of torsion for an (n + 1)-dimensional
quadratic Poincaré pair V = (f : C−−→D, (δψ, ψ))

τ(V ) = τ((1 + T )δψ0 : C(f)n+1−∗−−→D) ,

satisfying

τ(C,ψ) = τ(V ) + (−)nτ(V )∗ .

If (V +, V −, h) is a Poincaré splitting of an n-dimensional quadratic
Poincaré complex (E, θ) in A the torsions satisfy

τ(E, θ) − τ(V + ∪ V −) = τ(h) + (−)nτ(h)∗ ,

τ(V + ∪ V −) = τ(V +) + τ(V −) − τ(V + ∩ V −) .

The intermediate quadratic L-groups LS∗ (A) are defined for a ∗-invar-

iant subgroup


S ⊆ K0(A)
S ⊆ K1(A)

S ⊆ K̃1(A)
to be the cobordism groups of quadratic

Poincaré complexes (C,ψ) in A with


[C] ∈ S
[C] = 0 , τ(C,ψ) ∈ S
τ(C,ψ) ∈ S

. The in-

termediate L-groups associated to ∗-invariant subgroups S ⊆ S′ are
related by the usual Rothenberg exact sequence

. . . −−→ LSn(A) −−→ LS
′

n (A) −−→ Ĥn(Z2;S′/S) −−→ LSn−1(A) −−→ . . . ,

with the Tate Z2-cohomology groups defined by

Ĥn(Z2;S′/S) = {x ∈ S′/S |x∗ = (−)nx}/{y + (−)ny∗ | y ∈ S′/S} .
The quadratic L-groups of A are the special cases

L∗(A) = L
K̃1(A)
∗ (A) = L

K0(A)
∗ (A) .

The round quadratic L-groups of A are the special cases

Lr∗(A) = L
K1(A)
∗ (A) = L

{0}⊆K0(A)
∗ (A) ,

For a ring with involution A and A = Bf (A) these are the round
quadratic L-groups Lr∗(A) of Hambleton, Ranicki and Taylor [32].

Given an additive category with involution A and a set X it is not
possible in general to define an involution on the X-graded category
GX(A). Define the locally finite X-graded category FX(A) to be the
subcategory of GX(A) with the same objects, in which a morphism

f = {f(y, x)} : L =
∑
x∈X

L(x) −−→ M =
∑
y∈X

M(y)

is required to be such that for each y ∈ X the set {x ∈ X | f(y, x) 6= 0 :
L(x)−−→M(y)} is finite. The involution on A extends to an involution
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on FX(A) by
∗ : FX(A) −−→ FX(A) ;

M =
∑
x∈X

M(x) −−→ M∗ =
∑
x∈X

M∗(x) , M∗(x) = M(x)∗ .

The dual of a morphism f : L−−→M in FX(A) with components f(y, x) :
L(x)−−→M(y) is the morphism f∗ : M∗−−→L∗ with components

f∗(x, y) = f(y, x)∗ :

M∗(y) = M(y)∗ −−→ L∗(x) = L(x)∗ (x, y ∈ X) .
An involution ∗ : A−−→A on a filtered additive category A is required

to preserve the filtration degree δ, i.e. for every morphism f : L−−→M
in A

δ(f∗ : M∗−−→L∗) = δ(f : L−−→M) .

For any metric space X the bounded X-graded category CX(A) is a sub-
category of FX(A) which is invariant under the involution, so that it is
also a filtered additive category with involution. Similarly, if (X,Y ⊆ X)
is a pair of metric spaces the bounded (X,Y )-graded category CX,Y (A)
of 2.6 is a filtered additive category with involution.

Remark 13.4 Given a metric space X and an n-dimensional normal
map (f, b) : M−−→N from an n-dimensional X-bounded manifold M

to an n-dimensional X-bounded geometric Poincaré complex N with
constant bounded fundamental group π1(N) = π Ferry and Pedersen
[28] associate an X-bounded surgery obstruction

σb∗(f, b) ∈ Ln(CX(Z[π])) .

By the main result of [28] for n ≥ 5 this is the only obstruction to
making (f, b) X-bounded normal bordant to an X-bounded homotopy
equivalence, provided that X is a reasonable metric space (such as the
open cone O(K) on a compact polyhedron K ⊂ Sk). For compact X
this is just the main result of Wall [84], with Ln(CX(Z[π])) = Ln(Z[π]).

§14. Excision and transversality in L-theory

The localization exact sequence of algebraic L-theory (Ranicki [63,§3])
for a morphism of rings with involution A−−→S−1A inverting a multi-
plicative subset S ⊂ A
. . . −−→ LIn(A) −−→ Ln(S−1A) −−→ Ln(A,S) −−→ LIn−1(A) −−→ . . .

relates the free L-groups Ln(S−1A), the intermediate projective L-gro-
ups LIn(A) with

I = ker(K̃0(A)−−→K̃0(S−1A))



120 Lower K- and L-theory

and the L-groups Ln(A,S) of cobordism classes of (n − 1)-dimensional
quadratic Poincaré complexes (C,ψ) over A such that C is an S−1A-
contractible f.g. projective A-module chain complex, corresponding to
an excision isomorphism

LIn(A−−→S−1A) ∼= Ln(A,S) .

A similar exact sequence
. . . −−→ LJn(PY (A)) −−→ Ln(CX(A)) −−→ Ln(CX,Y (A))

∂
−−→ LJn−1(PY (A)) −−→ . . .

will now be obtained for any pair of metric spaces (X,Y ⊆ X) and
filtered additive category with involution A, with

J = ker(K̃0(PY (A))−−→K̃0(PX(A))) ,

by analogy with the K-theory exact sequence of 4.1
K1(CY (A)) −−→ K1(CX(A)) −−→ K1(CX,Y (A))

∂
−−→ K0(PY (A)) −−→ K0(PX(A)) .

The exact sequence is obtained from quadratic L-theory excision iso-
morphisms

LJn(PY (A)−−→CX(A)) ∼= Ln(CX,Y (A))

analogous to the K-theory excision isomorphism of 4.1

K1(PY (A)−−→PX(A)) ∼= K1(CX,Y (A)) .

This requires the following L-theory analogue of the result of 2.7 that
every finite chain complex in the bounded germ category CX,Y (A) is of
the type C = [D] for a finite chain complex D in CX(A).

Lemma 14.1 (i) For every n-dimensional quadratic complex (C,ψ) in
CX,Y (A) there exists an n-dimensional quadratic complex (D, θ) in
CX(A) such that

(C,ψ) = [D, θ] .

(ii) Ln(CX,Y (A)) is naturally isomorphic to the cobordism group of n-
dimensional quadratic CX,Y (A)-Poincaré complexes in CX(A).
Proof (i) As in the proof of 2.7 for any representatives in CX(A)

dC : Cr −−→ Cr−1 (1 ≤ r ≤ n)

there exists a sequence b = (b0, b1, . . . , bn) of integers br ≥ 0 such that
(a) dC(Cr(Nbr (Y,X))) ⊆ Cr−1(Nbr−1(Y,X)) ,
(b) (dC)2(Cr) ⊆ Cr−2(Nbr−2(Y,X)) ,
(c) the n-cycle

ψ ∈ (W%C)n =
∑

p+q+r=n

Wp ⊗Z[Z2] (Cq ⊗CX,Y (A) Cr)
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is represented by an n-chain

ψ′ ∈ (W%C)′n =
∑

p+q+r=n

Wp ⊗Z[Z2] (Cq ⊗CX(A) Cr)

with boundary

d(W%C)′(ψ′) ∈ ker((W%C)′n−1−−→(W%C)n−1) .

For any such sequence b the n-dimensional quadratic complex (D, θ) in
CX(A) defined by

dD =
(

0 0
0 dC |

)
:

Dr = Cr = Cr(Nbr (Y,X))⊕ Cr(X\Nbr(Y,X)) −−→
Dr−1 = Cr−1 = Cr−1(Nbr−1(Y,X))⊕ Cr−1(X\Nbr−1(Y,X)) ,

θs =
(

0 0
0 [ψs]

)
: Dn−r−s = Cn−r−s

= Cn−r−s(Nbn−r−s(Y,X))⊕ Cn−r−s(X\Nbn−r−s(Y,X))

−−→ Dr = Cr = Cr(Nbr (Y,X))⊕ Cr(X\Nbr(Y,X))

is such that [D, θ] = (C,ψ).
(ii) Immediate from (i) and its analogue for quadratic pairs.

Let
J = im(∂̃iso : Kiso

1 (CX,Y (A))−−→K̃0(PY (A)))

= ker(K̃0(PY (A))−−→K̃0(PX(A))) ⊆ K̃0(PY (A))

and let LJ∗ (PY (A)−−→CX(A)) be the relative L-quadratic groups in the
exact sequence

LJn(PY (A)) −−→ Ln(CX(A)) −−→ LJn(PY (A)−−→CX(A))

∂
−−→ LJn−1(PY (A)) −−→ Ln−1(CX(A)) .

Theorem 14.2 For any A, (X,Y ⊆ X) there are natural excision iso-
morphisms

LJn(PY (A)−−→CX(A)) ∼= Ln(CX,Y (A)) ,

with the connecting map in the exact sequence

LJn(PY (A)) −−→ Ln(CX(A)) −−→ Ln(CX,Y (A))

∂
−−→ LJn−1(PY (A)) −−→ Ln−1(CX(A))

given by

∂ : Ln(CX,Y (A)) −−→ LJn−1(CY (A)) ; (C,ψ) −−→ ∂(C,ψ)
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with (C,ψ) any n-dimensional quadratic CX,Y (A)-Poincaré complex in
CX(A).
Proof The relative L-group LJn(PY (A)−−→CX(A)) is the cobordism
group of n-dimensional quadratic Poincaré pairs (f : C−−→D, (δψ, ψ))
in PX(A) such that (C,ψ) is defined in PY (A) and D is defined in
CX(A). The algebraic Thom construction (13.1) on such a pair gives
an n-dimensional quadratic Poincaré complex (C(f), δψ/ψ) in PX,Y (A)
with reduced projective class

[C(f)] = [D] = 0 ∈ K̃0(PX,Y (A)) .

The complex is homotopy CX,Y (A)-finite, and represents an element

(C(f), δψ/ψ) ∈ Ln(CX,Y (A)) .

The boundary of an n-dimensional quadratic CX,Y (A)-Poincaré com-
plex (C,ψ) in CX(A) is an (n− 1)-dimensional quadratic Poincaré com-
plex ∂(C,ψ) in CX(A) with ∂C = S−1C((1 + T )ψ0 : Cn−∗−−→C) a
CX,Y (A)-contractible chain complex. By 3.9 there exists a bound b ≥ 0
such that ∂C is (CX(A),CNb(Y,X)(A))-finitely dominated, with reduced
projective class

[∂C] = −∂̃isoτ(C,ψ)

∈ J = im(∂̃iso : Kiso
1 (CX,Y (A))−−→K̃0(PY (A))) .

The n-dimensional quadratic Poincaré pair (∂C −−→ Cn−∗, (0, ∂ψ)) ob-
tained by thickening (13.1) represents an element in the relative L-group
LJn(PY (A)−−→CX(A)).

The algebraic Thom construction and thickening define inverse iso-
morphisms

LJn(PY (A)−−→CX(A)) −−→ Ln(CX,Y (A)) ;

(f : C−−→D, (δψ, ψ)) −−→ (C(f), δψ/ψ) ,

Ln(CX,Y (A)) −−→ LJn(PY (A)−−→CX(A)) ;

(C,ψ) −−→ (∂C −−→ Cn−∗, (0, ∂ψ)) .

As in §4 write the complement of Y in X as

Z = X\Y .

The L-theory analogues of the excision isomorphism of 4.8

K1(CX,Y (A)) = lim−→
b

K1(CNb(Z,X),Nb(Y,Z,X)(A))
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will now be obtained, along with the exact sequence
lim−→
b

K1(CNb(Y,Z,X)(A)) −−→ K1(CZ(A)) −−→ K1(CX,Y (A))

∂
−−→ lim−→

b

K0(PNb(Y,Z,X)(A)) −−→ K0(PZ(A)) .

Corollary 14.3 There is a natural identification

Ln(CX,Y (A)) = lim−→
b

Ln(CNb(Z,X),Nb(Y,Z,X)(A)) ,

with an exact sequence
. . . −−→ lim−→

b

LJbn (PNb(Y,Z,X)(A)) −−→ Ln(CZ(A)) −−→ Ln(CX,Y (A))

∂
−−→ lim−→

b

LJbn−1(PNb(Y,Z,X)(A)) −−→ Ln−1(CZ(A)) −−→ . . . ,

where

Jb = ker(K̃0(PNb(Y,Z,X)(A))−−→K̃0(PZ(A))) ⊆ K̃0(PNb(Y,Z,X)(A)) .

Proof Given an n-dimensional quadratic Poincaré complex (C,ψ) in
CX,Y (A) there exists a subcomplex D ⊆ C such that D is defined in
CNb(Y,Z,X)(A) for some b ≥ 0 and the quotient C/D is defined in
CNb(Z,X),Nb(Y,Z,X)(A). The morphism

Ln(CX,Y (A)) −−→ lim−→
b

Ln(CNb(Z,X),Nb(Y,Z,X)(A)) ;

(C,ψ) −−→ (C,ψ)/D
is an isomorphism inverse to the morphism

lim−→
b

LJbn (CNb(Z,X),Nb(Y,Z,X)(A)) −−→ Ln(CX,Y (A))

induced by the inclusions

CNb(Z,X),Nb(Y,Z,X)(A) −−→ CX,Y (A) (b ≥ 0) .

The exact sequences of 14.2
. . . −−→ Ln(PNb(Y,Z,X)(A)) −−→ Ln(CNb(Z,X)(A))

−−→ Ln(CNb(Z,X),Nb(Y,Z,X)(A))

∂
−−→ LJbn−1(PNb(Y,Z,X)(A)) −−→ Ln−1(CNb(Z,X)(A)) −−→ . . .

combined with the natural identifications

L∗(CNb(Z,X)(A)) = L∗(CZ(A))

give the exact sequence of the statement, on passing to the limit as
b→∞.
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Theorem 14.4 For a metric space X expressed as a union X = X+ ∪
X− of subspaces X+, X− ⊆ X the quadratic L-groups of the bounded
X-graded category CX(A) of a filtered additive category with involution
A fit into a Mayer-Vietoris exact sequence

. . . −−→ lim−→
b

LJbn (PNb(X+,X−,X)(A)) −−→ Ln(CX+(A))⊕ Ln(CX−(A))

−−→ Ln(CX(A))
∂
−−→ lim−→

b

LJbn−1(PNb(X+,X−,X)(A)) −−→ . . . ,

with

Jb = ker(K̃0(PNb(X+,X−,X)(A))−−→K̃0(PX+(A)) ⊕ K̃0(PX−(A))) .

The connecting map is defined by

∂ : Ln(CX(A)) −−→ lim−→
b

LJbn−1(PNb(X+,X−,X(A)) ;

(E, θ) −−→ ∂((E, θ)/E+)

with E+ ⊆ E any subcomplex appearing in a Mayer-Vietoris presenta-
tion of E

E : 0 −−→ E+ ∩E−
i
−−→ E+ ⊕E−

j
−−→ E −−→ 0 .

Proof For each b ≥ 0 let LJbn (∆b) be the cobordism group of adjoining
pairs (V +, V −) of n-dimensional quadratic Poincaré pairs in CX(A)

V + = ( f+ : C−−→D+ , (δψ+, ψ) ) ,

V − = ( f− : C−−→D− , (δψ−,−ψ) )

such that C is CNb(X+,X−,X)(A)-finitely dominated in CX(A) with pro-
jective class

[C] ∈ Jb ⊆ K̃0(PNb(X+,X−,X)(A)) ,

and such that D± is homotopyCX±(A)-finite. The common boundary of
V + and V − is a CNb(X+,X−,X)(A)-finitely dominated (n−1)-dimensional
quadratic Poincaré complex in CX(A)

V + ∩ V − = ∂V + = −∂V − = (C,ψ) .

By construction, LJbn (∆b) is the relative L-group in the exact sequence

. . . −−→ LJbn (PNb(X+,X−,X)(A))

−−→ Ln(CNb(X+,X)(A)) ⊕ Ln(CNb(X−,X)(A)) −−→ LJbn (∆b)

∂
−−→ LJbn−1(PNb(X+,X−,X)(A)) −−→ . . . ,

with

∂ : LJbn (∆b) −−→ LJbn−1(PNb(X+,X−,X)(A)) ; (V +, V −) −−→ V + ∩ V − .
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The abelian group morphisms defined by union

U : lim−→
b

LJbn (∆b) −−→ Ln(CX(A)) ; (V +, V −) −−→ V + ∪ V −

will now be shown to be isomorphisms by exhibiting explicit inverses.
Define an abelian group morphism

V : Ln(CX(A)) −−→ lim−→
b

LJbn (∆b) ; (E, θ) −−→ (V +, V −)

with the adjoining n-dimensional quadratic Poincaré pairs
V + = ( f+ : C−−→D+ , (δψ+, ψ) ) ,

V − = ( f− : C−−→D− , (δψ−,−ψ) )

given by the construction in 13.3 of a splitting (V +, V −) for (E, θ) using
the subcomplex D = E+ ⊆ E, so that

(C,ψ) = ∂((E, θ)/E−) , D+ = E+ , D− = (E/E+)n−∗ .

It will be proved that V = U−1. The chain complexes D± are defined
in CNb(X±,X)(A), and hence homotopy CX±(A)-finite. In order to ver-
ify that the chain complex C = ∂(E/E+) is CNb(X+,X−,X)(A)-finitely
dominated in CX(A) it is convenient to embed the given Mayer-Vietoris
presentation of E as a subobject E ⊆ E〈b〉 in one of the Mayer-Vietoris
presentations constructed in 4.6

E〈b〉 : 0 −−→ E+〈b〉 ∩E−〈b〉 −−→ E+〈b〉 ⊕E−〈b〉 −−→ E −−→ 0 ,

which is possible for some sufficiently large bound b ≥ 0. The (n − 1)-
quadratic Poincaré complex ∂((E, θ)/E+〈b〉) is obtained up to homotopy
equivalence from ∂((E, θ)/E+) by algebraic surgery (Ranicki [61,§4]) on
the n-dimensional quadratic pair

(∂(E/E+)−−→(E+〈b〉/E+)n−∗, (0, ∂[θ]))

with (E+〈b〉/E+)n−∗ defined in CNb(X+,X−,X)(A). Thus ∂(E/E+) is
CNb(X+,X−,X)(A)-finitely dominated if and only if ∂(E/E+〈b〉) is
CNb(X+,X−,X)(A)-finitely dominated, and there is no loss of generality
in assuming that E = E〈b〉. The same argument also shows that it suf-
fices to verify that ∂(E/E+〈b〉) is CNb(X+,X−,X)(A)-finitely dominated
for any bound b ≥ 0. It will now be shown that for sufficiently large b
the Mayer-Vietoris presentation E〈b〉 is compatible with the quadratic
structure θ ∈ Qn(E), and proceed with the verification for such b.

Define the quadratic Q-groups of a Mayer-Vietoris presentation of a
chain complex E in CX(A)

E : 0 −−→ E+ ∩E− −−→ E+ ⊕E− −−→ E −−→ 0

by

Qn(E) = Hn(W%(E+ ∩E−)−−→(W%E
+)⊕ (W%E

−)) ,
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to fit into an exact sequence
. . . −−→ Qn(E+ ∩E−) −−→ Qn(E+)⊕Qn(E−) −−→ Qn(E)

−−→ Qn−1(E+ ∩E−) −−→ . . . .

The long exact sequence of Z[Z2]-module chain complexes
0 −−→ (E+ ∩E−)⊗CNb(X+,X−,X)(A) (E+ ∩E−) −−→

(E+ ⊗CNb(X+,X)(A) E
+)⊕ (E− ⊗CNb(X−,X)(A) E

−) −−→ E ⊗CX(A) E

−−→ (E/E+ ⊗CX(A) E/E
−)⊕ (E/E− ⊗CX(A) E/E

+) −−→ 0
(with the free Z[Z2]-action on (E/E+ ⊗ E/E−) ⊕ (E/E− ⊗ E/E+))
induces an exact sequence of homology Z-modules
. . . −−→ Hn+1(E/E+ ⊗E/E−) −−→ Qn(E) −−→ Qn(E)

−−→ Hn(E/E+ ⊗E/E−) −−→ . . . ,

with Qn(E)−−→Qn(E) the union map. If the bound b in the construction
of the Mayer-Vietoris presentation E = E〈b〉 is chosen so large that the
composite chain map

(E/E+)n−∗ −−→ En−∗
(1 + T )θ0
−−−−−−−→ E −−→ E/E−

is zero then

θ ∈ ker(Qn(E)−−→Hn(E/E+ ⊗E/E−)) = im(Qn(E)−−→Qn(E)) .

Choosing a lift of θ ∈ Qn(E) to an element (θ+, θ−, θ+ ∩ θ−) ∈ Qn(E)
there is defined a splitting (U+, U−, g) of (E, θ) with
U+ = (E+ ∩E−−−→E+, (θ+, θ+ ∩ θ−)) ,

U− = (E+ ∩E−−−→E−, (θ−,−θ+ ∩ θ−)) ,

g : E+
r ⊕ (E+ ∩E−)r−1 ⊕ E−r −−→ Er ; (x+, y, x−) −−→ x+ + x− .

(The splitting (U+, U−, g) is not Poincaré in general). The chain com-
plexes ∂E+, ∂E− fit into an exact sequence of chain complexes in CX(A)

0 −−→ ∂(E+ ∩E−) −−→ ∂E+ ⊕ ∂E− −−→ ∂E′ −−→ 0

with

∂E′ = S−1C(C(E+ ∩E−−−→E+ ⊕E−)n−∗−−→E) .

Now C(E+ ∩ E−−−→E+ ⊕ E−) is chain equivalent to E, so that ∂E′

is chain equivalent to ∂E, which is contractible. Thus ∂E+ and ∂E−

are complementary homotopy direct summands of ∂(E+ ∩ E−), and
are both CNb(X+,X−,X)(A)-finitely dominated in CX(A). The quadratic
complex (E, θ)/E+ is obtained from the quadratic Poincaré pair U− by
the algebraic Thom construction collapsing the boundary, so there is
defined a chain equivalence

∂(E/E+) ' C(S−1(E+ ∩E−)−−→∂E−) ,
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and ∂(E/E+) is also CNb(X+,X−,X)(A)-finitely dominated in CX(A).
The reduced end invariant of the isomorphism torsion of (E, θ)

τ(E, θ) = τ((1 + T )θ0 : En−∗−−→E) = −τ(∂E) ∈ Kiso
1 (CX(A))

is given by
∂τ(E, θ) = [∂E−] = [∂(E/E+)] = [C]

∈ Jb = im(∂̃iso : Kiso
1 (CX(A))−−→K̃0(PNb(X+,X−,X)(A))) .

Since [M ] ∈ Jb for every object M in CNb(X+,X−,X)(A) (assuming X+

and X− are non-empty) it follows that

[V + ∩ V −] = [C] ∈ Jb ⊆ K̃0(PNb(X+,X−,X)(A)) ,

as required for V (E, θ) = (V +, V −) to represent an element in LJbn (∆b).
For any n-dimensional quadratic Poincaré complex (E, θ) in CX(A) let

(V +, V −) be the pair constructed above to represent V (E, θ) ∈ LJbn (∆b).
The union V + ∪V − is homotopy equivalent to (E, θ). Homotopy equiv-
alent quadratic Poincaré complexes are cobordant, so the composite

UV : Ln(CX(A)) −−→ lim−→
b

LJbn (∆b) −−→ Ln(CX(A)) ;

(E, θ) −−→ V + ∪ V −

is the identity.
For any adjoining pair of n-dimensional quadratic Poincaré pairs in

CX(A)

V + = ( f+ : C−−→D+ , (δψ+, ψ) ) ,

V − = ( f− : C−−→D− , (δψ−,−ψ) )

representing an element (V +, V −) ∈ LJbn (∆b) let V + ∪ V − = (E, θ)
be the union n-dimensional quadratic Poincaré complex in CX(A). Let
(V ′+, V ′−, h′) be the splitting of (E, θ) obtained by the construction of
13.3 using the subcomplex

D = D+ ⊆ E = C(
(
f+

f−

)
: C−−→D+ ⊕D−) .

The pair (V ′+, V ′−) is homotopy equivalent to (V +, V −). Homotopy
equivalent pairs are cobordant, so the composite

V U : lim−→
b

LJbn (∆b) −−→ Ln(CX(A)) −−→ lim−→
b

LJbn (∆b) ;

(V +, V −) −−→ (V ′+, V ′−)
is the identity.

Thus U , V are inverse isomorphisms, and the L-theory Mayer-Vietoris
sequence is exact.
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Remark 14.5 The algebraic Poincaré transversality used in the proof of
14.4 can be developed further, giving a purely algebraic proof of Proposi-
tion 7.4.1 of Ranicki [63], and hence of the Mayer-Vietoris exact sequence
of Cappell [15] for the L-groups of an amalgamated product of rings with
involution A = A+ ∗B A−

. . . −−→ LJn(B)⊕UNiln+1 −−→ Ln(A+)⊕ Ln(A−)

−−→ Ln(A+ ∗B A−)
∂
−−→ LJn−1(B) ⊕UNiln −−→ . . .

with J = ker(K̃0(B)−−→K̃0(A+) ⊕ K̃0(A−)), and the analogue for an
HNN polynomial extension A = A+ ∗B [z, z−1]

. . . −−→ LJn(B)⊕UNiln+1 −−→ Ln(A+) −−→ Ln(A+ ∗B [z, z−1])

∂
−−→ LJn−1(B)⊕UNiln −−→ . . .

with J = ker(K̃0(B)−−→K̃0(A+)). See §16 below for the L-theory of
the Laurent polynomial extension A = B[z, z−1]. See Connolly and
Koźniewski [20] for an expression of the UNil-groups as the L-groups of
an additive category with involution.

Corollary 14.6 For a compact polyhedron Y ⊆ Sk expressed as a
union Y = Y + ∪ Y − of compact polyhedra Y +, Y − ⊆ Y the quadratic
L-groups of the bounded O(Y )-graded category CO(Y )(A) of a filtered
additive category with involution A fit into a Mayer-Vietoris exact se-
quence
. . . −−→ LJn(PO(Y +∩Y −)(A)) −−→ Ln(CO(Y +)(A)) ⊕ Ln(CO(Y −)(A))

−−→ Ln(CO(Y )(A))
∂
−−→ LJn−1(PO(Y +∩Y −)(A)) −−→ . . . ,

with
J = ker(K̃0(PO(Y +∩Y −)(A))−−→K̃0(PO(Y +)(A)) ⊕ K̃0(PO(Y −)(A)))

= im(∂̃ : WhCO(Y )(A))−−→K̃0(PO(Y +∩Y −)(A)))

⊆ K̃0(PO(Y +∩Y −)(A)) .

Proof Apply 14.4 to the expression of the open cone X = O(Y ) as a
union X = X+ ∪X− of the open cones of subpolyhedra Y +, Y − ⊆ Y ,
with X± = O(Y ±). By 7.1 the inclusions

X+ ∩X− = O(Y + ∩ Y −) −−→ Nb(X+, X−, X) (b ≥ 0)

are homotopy equivalences in the proper eventually Lipschitz category.
The induced isomorphisms in the projective class groups

K̃0(PX+∩X−(A)) −−→ K̃0(PNb(X+,X−,X)(A)) (b ≥ 0)
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send J to Jb, so that there are also induced isomorphisms in the L-groups

LJ∗ (PX+∩X−(A)) −−→ LJb∗ (PNb(X+,X−,X)(A)) (b ≥ 0) ,

and the direct limits in the exact sequence of 14.4 are given by

lim−→
b

LJb∗ (PNb(X+,X−,X)(A)) = LJ∗ (PX+∩X−(A)) .

In order to formulate the intermediate versions of 14.4 it is convenient
to assume that the bounded categories CW (A) for W = X, X+, X−

have flasque structures (as is the case for the open cones W = O(Y ),
O(Y +), O(Y −) of 14.6) so that the intermediate L-groups LT∗ (CW (A))
are defined for any ∗-invariant subgroup T ⊆ K1(CW (A)).

Corollary 14.7 For X = X+ ∪ X− and any ∗-invariant subgroup
T ⊆ K1(CX(A)) such that

ker(∂ : K1(CX(A))−−→ lim−→
b

K̃0(PNb(X+,X−,X)(A))) ⊆ T

there is defined a Mayer-Vietoris exact sequence of intermediate L-groups

. . . −−→ lim−→
b

L∂Tn (PNb(X+,X−,X)(A))

−−→ Ln(CX+(A))⊕ Ln(CX−(A))

−−→ LTn (CX(A))
∂
−−→ lim−→

b

L∂Tn−1(PNb(X+,X−,X)(A)) −−→ . . . .

Proof Exactly as for 14.4, the special case T = K1(CX(A)) with ∂T =
lim−→
b

Jb.

Given ∗-invariant subgroups

S+ ⊆ K1(CX+(A)) , S− ⊆ K1(CX−(A))

define the ∗-invariant subgroups
R0 = ker(lim−→

b

K1(CNb(X+,X−,X)(A))

−−→K1(CX+(A)) ⊕K1(CX−(A))) ,

R = ker(lim−→
b

K1(CNb(X+,X−,X)(A))

−−→K1(CX+(A))/S+ ⊕K1(CX−(A))/S−)

⊆ lim−→
b

K1(CNb(X+,X−,X)(A)) ,

T = im(S+ ⊕ S−−−→K1(CX(A))) ⊆ K1(CX(A))
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such that there is defined an exact sequence

0 −−→ R/R0 −−→ S+ ⊕ S− −−→ T −−→ 0 .

Corollary 14.8 The intermediate quadratic L-groups fit into a Mayer-
Vietoris exact sequence

. . .−→ lim−→
b

LRn (CNb(X+,X−,X)(A))−→LS
+

n (CX+(A))⊕ LS−n (CX−(A))

−→LTn (CX(A))
∂
−→ lim−→

b

LRn−1(CNb(X+,X−,X)(A))−→ . . . .

Proof The proof of 14.4 shows that for any n-dimensional quadratic
Poincaré complex (E, θ) in CX(A) such that the torsion

τ(E, θ) ∈ K1(CX(A))

has reduced end invariant

∂̃τ(E, θ) = 0 ∈ lim−→
b

K̃0(PNb(X+,X−,X)(A))

there exists a Poincaré splitting (V +, V −, h) with V +, V − defined in
CNb(X±,X)(A) for some b ≥ 0, and V + ∩ V − consequently defined in
CNb(X+,X−,X)(A). (Specifically, replace ∂(E/E+) by any chain equiv-
alent finite chain complex in CNb(X+,X−,X)(A)), for some b ≥ 0.) The
torsions

τ(V ±) ∈ K1(CX±(A)) , τ(V + ∩ V −) ∈ K1(CNb(X+,X−,X)(A)) ,

τ(h) , τ(V + ∪ V −) ∈ K1(CX(A))

are related by

τ(E, θ) − τ(V + ∪ V −) = τ(h) + (−)nτ(h)∗ ,

τ(V + ∪ V −) = τ(V +) + (−)nτ(V −)∗

= τ(V −) + (−)nτ(V +)∗ ∈ K1(CX(A)) ,

τ(V + ∩ V −) = τ(V ±) + (−)n−1τ(V ±)∗ ∈ K1(CX±(A)) .

If (E, θ) is such that τ(E, θ) ∈ T then ∂̃τ(E, θ) = 0 and there exists
such a Poincaré splitting (V +, V −, h) with

τ(h) ∈ T ⊆ K1(CX(A)) ,

τ(V ±) ∈ S± ⊆ K1(CX±(A)) ,

τ(V + ∩ V −) ∈ R ⊆ K1(CX+∩X−(A)) .

Working as in the proof of 14.4 define the cobordism groups LS
+,S−

∗ (∆b)
of adjoining cobordisms (V +, V −) with τ(V ±) ∈ S± to fit into the exact
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sequence

. . . −−→ LRn (CNb(X+,X−,X)(A))

−−→ LS
+

n (CX+(A))⊕ LS−n (CX−(A)) −−→ LS
+,S−

n (∆b)

∂
−−→ LRn−1(CNb(X+,X−,X)(A)) −−→ . . . ,

pass to the limits as b→∞ to obtain an exact sequence

. . . −−→ lim−→
b

LRn (CNb(X+,X−,X)(A))

−−→ LS
+

n (CX+(A))⊕ LS−n (CX−(A)) −−→ lim−→
b

LS
+,S−

n (∆b)

∂
−−→ lim−→

b

LRn−1(CNb(X+,X−,X)(A)) −−→ . . . ,

and define inverse isomorphisms

U : lim−→
b

LS
+,S−

n (∆b) −−→ LTn (CX(A)) ; (V +, V −) −−→ V + ∪ V − ,

V : LTn (CX(A)) −−→ lim−→
b

LS
+,S−

n (∆b) ; (E, θ) −−→ (V +, V −) .

§15. L-theory of C1(A)

The identification K1(C1(A)) = K0(P0(A)) of §7 will now be general-
ized to L-theory, and it will be proved that

Ln(C1(A)) = Ln−1(P0(A))

for any filtered additive category with involution A.
The isomorphisms Ln−1(P0(A))−−→Ln(C1(A)) will be defined by the

following construction, which is a direct generalization of the product
(Ranicki [61], [62]) of a quadratic complex and the symmetric Poincaré
complex of S1.

Definition 15.1 (i) Given a finite chain complex (C, p) in P0(A) define
a finite chain complex in A[z, z−1]

(C, p) ⊗ R = C(1− pz : C[z, z−1]−−→C[z, z−1]) .

(ii) Given an (n−1)-dimensional quadratic (Poincaré) complex (C, p, ψ)
in P0(A) define an n-dimensional quadratic (Poincaré) complex in
A[z, z−1]

(C, p, ψ) ⊗ R = ( (C, p)⊗ R , ψ ⊗ 1 ∈ Qn((C, p) ⊗ R ) )
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by

(ψ ⊗ R)s =
(

0 (−)szψs
(−)n−r−1ψs (−)n−r+sTψs+1

)
: ((C, p)⊗ R)n−r−s = Cn−r−s[z, z−1]⊕ Cn−r−s−1[z, z−1]

−−→ ((C, p) ⊗ R)r = Cr[z, z−1]⊕ Cr−1[z, z−1] (s ≥ 0) .

In order to apply the L-theory Mayer-Vietoris exact sequences of §14
express the bounded R-graded category as

CR(A) = CO(X+∪X−)(A) ,

with
X+ ∪X− = S0 = {+1,−1} , X± = {±1} , O(X±) = R± ,

O(X+ ∩X−) = O(X+) ∩O(X−) = {0} ,
O(X+ ∪X−) = O(X+) ∪O(X−) = R

as in §6, using the equivalence C1(A) ≈ CR(A) to identify

L∗(C1(A)) = L∗(CR(A)) .

A Mayer-Vietoris presentation of a finite chain complex E in C1(A) is
the exact sequence

E : 0 −−→ E+ ∩E−
i
−−→ E+ ⊕E−

j
−−→ E −−→ 0

determined by subcomplexes E+, E− ⊆ E such that for some b ≥ 0

E+
r ⊆

∞∑
j=−b

Er(j) , E−r ⊆
b∑

j=−∞
Er(j) (r ≥ 0) .

Theorem 15.2 The quadratic L-groups of the bounded Z-graded category
C1(A) are such that up to natural isomorphism

Ln(C1(A)) = Ln−1(P0(A)) (n ∈ Z) .

The map
B : Ln(C1(A)) = Ln(CR(A)) −−→ Ln−1(P0(A)) ;

(E, θ) −−→ ∂((E, θ)/E+)
defined using any Mayer-Vietoris presentation E of E is an isomorphism
with inverse

B−1 = −⊗ R : Ln−1(P0(A)) −−→ Ln(C1(A)) ;

(C, p, ψ) −−→ (C, p, ψ) ⊗ R .

Proof The natural flasque structures on the categories CO(X±)(A) =
CR±(A) are compatible with the involutions, so that

L∗(CR±(A)) = 0 .
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The exact sequence of 14.4 includes

0 −−→ Ln(C1(A))
∂
−−→ Ln−1(P0(A)) −−→ 0 ,

so that B = ∂ is an isomorphism. For any (n−1)-dimensional quadratic
Poincaré complex (C, p, ψ) in P0(A) let

(E, θ) = (C, p, ψ)⊗ R
and define a Mayer-Vietoris presentation E for E by

E+ = C(1−zp : C[z]−−→C[z]) , E− = C(1−zp : C[z−1]−−→zC[z−1]) .

The C0(A)-finitely dominated (n − 1)-dimensional quadratic Poincaré
complex defined in C1(A) by ∂((E, θ)/E+) is homotopy equivalent to
(C, p, ψ)⊗ R, so that

B(E, θ) = (C, p, ψ) ∈ Ln−1(P0(A))

and

B−1(C, p, ψ) = (E, θ) = (C, p, ψ)⊗ R ∈ Ln(C1(A)) .

The isomorphism B : K1(C1(A))−−→K0(P0(A)) of §7 is such that

B∗ = − ∗B : K1(C1(A)) −−→ K0(P0(A)) ,

since the inverse
B−1 = B̄ : K0(P0(A)) −−→ K1(C1(A)) ;

[M,p ] −−→ τ(1− p+ zp : M [z, z−1]−−→M [z, z−1])
is such that

∗ B̄[M,p ] = τ(1− p∗ + z−1p∗ : M∗[z, z−1]−−→M∗[z, z−1])

= τ((1− p∗ + zp∗)−1 : M∗[z, z−1]−−→M∗[z, z−1])

= −B̄ ∗ [M,p ] ∈ K1(A[z, z−1]) .
It follows that

Ĥ∗(Z2;K1(C1(A))) = Ĥ∗−1(Z2;K0(P0(A))) .

Corollary 15.3 (i) The intermediate quadratic L-groups of C1(A) are
such that up to natural isomorphism

LSn(C1(A)) = L∂Sn−1(P0(A))

for any ∗-invariant subgroup S ⊆ K1(C1(A)) (resp. Wh(C1(A))), with
∂S ⊆ K0(P0(A)) (resp. K̃0(P0(A))) the isomorphic image of S in the
class group.
(ii) For any ∗-invariant subgroups S ⊆ T ⊆ K1(C1(A)) the exact se-
quence

. . . −−→ LSn(C1(A)) −−→ LTn (C1(A)) −−→ Ĥn(Z2;T/S)

−−→ LSn−1(C1(A)) −−→ . . .
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is naturally isomorphic to the exact sequence

. . . −−→ L∂Sn−1(P0(A)) −−→ L∂Tn−1(P0(A)) −−→ Ĥn−1(Z2; ∂T/∂S)

−−→ L∂Sn−2(P0(A)) −−→ . . . .

Similarly for S ⊆ T ⊆Wh(C1(A)).
Proof (i) As for 15.2 (the special case S = K1(C1(A))), but using 14.6
and 14.7 instead of 14.4.
(ii) Immediate from (i).

In particular, 15.3 gives

L{0}⊆K1(C1(A))
n (C1(A)) = L

{0}⊆K0(P0(A))
n−1 (P0(A)) = Lrn−1(A) ,

Lsn(C1(A)) = L{0}⊆Wh(C1(A))
n (C1(A))

= L
im(K0(A))⊆K0(P0(A))
n−1 (P0(A)) = Ln−1(A)

with Lr∗ the round L-groups.

Remark 15.4 The total surgery obstruction groups S∗(X) of a space X
are defined in Ranicki [60], [69] to fit into an exact sequence

. . . −−→ Hn(X ;L.) −−→ Ln(Z[π]) −−→ Sn(X) −−→ Hn−1(X ;L.) −−→ . . .

with π = π1(X) and π∗(L.) = L∗(Z). The total surgery obstruction
s(X) ∈ Sn(X) of a finite n-dimensional geometric Poincaré complex
X with n ≥ 5 is such that s(X) = 0 if and only if X is homotopy
equivalent to a compact n-dimensional topological manifold. The total
projective surgery obstruction groups Sp∗(X) are defined to fit into an
exact sequence

. . . −−→ Hn(X ;L.) −−→ Lpn(Z[π]) −−→ Spn(X) −−→ Hn−1(X ;L.) −−→ . . .

with a Rothenberg-type sequence

. . . −−→ Ĥn+1(Z2; K̃0(Z[π])) −−→ Sn(X) −−→ Spn(X)

−−→ Ĥn(Z2; K̃0(Z[π])) −−→ . . . .

The following conditions on a finitely dominated n-dimensional geomet-
ric Poincaré complex X with n ≥ 5 are equivalent:

(i) the total projective surgery obstruction s p(X) ∈ S pn(X) (Pedersen
and Ranicki [52]) is such that s p(X) = 0,

(ii) X × S1 is homotopy equivalent to a compact (n + 1)-dimensional
topological manifold,

(iii) there exists an open (n + 1)-dimensional manifold W with an R-
bounded homotopy equivalence h : W ' X × R.

Thus if X is a finite n-dimensional geometric Poincaré complex with
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sp(X) = 0 the total surgery obstruction is such that

s(X) ∈ ker(Sn(X)−−→Spn(X)) = im(Ĥn+1(Z2; K̃0(Z[π]))−−→Sn(X)) .

The corresponding element of Ĥn+1(Z2; K̃0(Z[π])) is determined by a
choice of R-bounded homotopy equivalence h : W ' X×R, and may be
regarded as either the class of the Siebenmann end obstruction [W ]+ ∈
K̃0(Z[π]) or the bounded Whitehead torsion τ(h) ∈ Wh(C1(Z[π])), as
follows.

In the first instance, note that for any finite n-dimensional geometric
Poincaré complex X the isomorphism B : Wh(C1(Z[π]))−−→K̃0(Z[π])
sends the torsion τ(X × R) to

Bτ(X × R) = [X × R]+ + (−)n([X × R]+)∗ = 0 ∈ K̃0(Z[π])

(π = π1(X)) ,
so that

τ(X × R) = 0 ∈Wh(C1(Z[π]))

and X×R is a simple (n+1)-dimensional R-bounded geometric Poincaré
complex. Given an R-bounded homotopy equivalence h : W ' X × R
make it transverse regular at X ×{0} ⊂ X ×R, so that there is defined
a normal map

(f, b) = h| : M = h−1(X × {0}) −−→ X

from a compact n-dimensional manifold M . By definition, h splits if
there exists a normal bordism

(g;h, h′) : (V ;W,W ′) −−→ X × R× ([0, 1]; {0}, {1})
with (V ;W,W ′) a bounded h-cobordism and h′ : W ′−−→X × R an R-
bounded homotopy equivalence such that the restriction

(f ′, b′) = h′| : M ′ = h′−1(X × {0}) −−→ X

is a homotopy equivalence. By analogy with the splitting theorems of
Farrell and Hsiang [24] and Wall [84, §12B] the obstruction to splitting
h for n ≥ 5 can be identified with the Tate Z2-cohomology class of the
bounded torsion

τ(h) ∈ Ĥn(Z2;Wh(C1(Z[π]))) ,

using the isomorphic exact sequences
. . . −−→ Lsn+2(C1(Z[π])) −−→ Ln+2(C1(Z[π]))

−−→ Ĥn+2(Z2;Wh(C1(Z[π]))) −−→ Lsn+1(C1(Z[π])) −−→ . . . ,

. . . −−→ Ln+1(Z[π]) −−→ Lpn+1(Z[π])

−−→ Ĥn+1(Z2; K̃0(Z[π])) −−→ Ln(Z[π]) −−→ . . . .
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The primary obstruction to splitting h is the simple bounded surgery ob-
struction of Ferry and Pedersen [28], which is determined by the torsion
τ(h) ∈Wh(C1(Z[π]))

σs∗(h) = [τ(h)] ∈ im(Ĥn+2(Z2;Wh(C1(Z[π])))−−→Lsn+1(C1(Z[π])))

and is just the finite surgery obstruction of (f, b)

σs∗(h) = σ∗(f, b) ∈ Lsn+1(C1(Z[π])) = Ln(Z[π]) .

Working as in Pedersen and Ranicki [52] it is possible to identify X up
to homotopy equivalence with the homotopy inverse limit of a system of
neighbourhoods of the end W+ = h−1(R+) of W

X ' holim←−−−
k

h−1([k,∞))

and to extend (f, b) to a normal map of finitely dominated n-dimensional
geometric Poincaré bordisms

(e, a) : (W+;M,X) −−→ X × ([0, 1]; {0}, {1})
with e| = id. : X−−→X . The finite bounded surgery obstruction of h
and the projective surgery obstruction of (f, b) are both zero

σ∗(h) = σp∗(f, b) = 0 ∈ Ln+1(C1(Z[π])) = Lpn(Z[π]) .

The finite surgery obstruction of (f, b) is determined by the bounded
torsion

τ(h) ∈Wh(C1(Z[π])) ,

which is the Siebenmann end obstruction of W+

Bτ(h) = [W ]+ = [W+] ∈ K̃0(Z[π]) .

Both W and X×R are simple R-bounded geometric Poincaré complexes

τ(W ) = τ(X × R) = 0 ∈Wh(C1(Z[π])) ,

and
τ(X × R)− τ(W ) = τ(h) + (−)n+1τ(h)∗ ∈Wh(C1(Z[π])) ,

Bτ(h) = −[W ]+ ∈ K̃0(Z[π]) ,
so that

B(τ(W ) − τ(X × R)) = [W ]+ + (−)n−1([W ]+)∗ = 0 ∈ K̃0(Z[π]) .

The finite surgery obstruction of (f, b) is

σ∗(f, b) = [W ]+ ∈ im(Ĥn+1(Z2; K̃0(Z[π]))−−→Ln(Z[π]))

= ker(Ln(Z[π])−−→Lpn(Z[π])) .

If this vanishes then (f, b) is normal bordant to a homotopy equivalence;
let

(L;M,M ′) −−→ X × ([0, 1]; {0}, {1})
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be such a normal bordism, restricting to a homotopy equivalence M ′ '
X . The open n-dimensional manifold

W ′ = W− ∪M L ∪M′ −L ∪M W+

is equipped with a split bounded homotopy equivalence h′ : W ′−−→X ,
related to h by a normal bordism

(g, c) : (V ;W,W ′) −−→ X × ([0, 1]; {0}, {1})
such that the finite bounded rel∂ surgery obstruction

σ∗(g, c) ∈ Ln+2(C1(Z[π])) = Lpn+1(Z[π])

has image
[σ∗(g, c)] = τ(h) = [W ]+

∈ Ĥn+2(Z2;Wh(C1(Z[π]))) = Ĥn+1(Z2; K̃0(Z[π])) .
For n ≥ 5 it is possible to make a choice of (L,M,M ′) with (V ;W,W ′)
a bounded h-cobordism if and only if

σ∗(g, c) ∈ im(Lsn+2(C1(Z[π]))−−→Ln+2(C1(Z[π])))

= im(Ln+1(Z[π]))−−→Lpn+1(Z[π])) ,
giving the secondary obstruction. (This is just the appropriate version of
the trick used by Browder [10] for dealing with an embedding problem
by first solving it up to cobordism). In the bounded version of the
terminology of Wall [84, §12B] the bounded splitting obstruction is

τ(h) = [W ]+ ∈ LSn(Φ) = Ĥn+2(Z2;Wh(C1(Z[π])))

= Ĥn+1(Z2; K̃0(Z[π])) .

Remark 15.5 By the realization theorem of Ferry and Pedersen [28] for
a finitely presented group π and n ≥ 6 every element x ∈ Ln(C1(Z[π]))
is the bounded surgery obstruction x = σ∗(e, a) of an n-dimensional
bounded normal map

(e, a) : (W,∂W ) −−→ (X, ∂X)× R
with (W,∂W ) an R-bounded n-dimensional manifold, (X, ∂X) a com-
pact (n − 1)-dimensional manifold with boundary such that π1(∂X) =
π1(X) = π and h = e| : ∂W−−→∂X×R an R-bounded homotopy equiv-
alence. Making (e, a) transverse regular at (X, ∂X)×{0} ⊂ (X, ∂X)×R
there is obtained an (n− 1)-dimensional normal map of pairs

(f, b) = e| : (M,∂M) = e−1((X, ∂X)× {0}) −−→ (X, ∂X) .

As in 15.4 it is possible to extend ∂f : ∂M−−→∂X to a normal map of
finitely dominated (n− 1)-dimensional geometric Poincaré bordisms

(g, c) : (∂W+; ∂M, ∂X) −−→ ∂X × ([0, 1]; {0}, {1})
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with g| = id. : ∂X−−→∂X , and ∂W+ = e−1(∂X × R+) ⊂ ∂W . The
K-theory isomorphism

B : Wh(C1(Z[π])) −−→ K̃0(Z[π])

sends the bounded torsion τ(h) ∈Wh(C1(Z[π])) to the end obstruction

Bτ(h) = [∂W+] ∈ K̃0(Z[π]) .

The L-theory isomorphism

B : Ln(C1(Z[π])) −−→ Lpn−1(Z[π])

sends the bounded surgery obstruction x = σ∗(e, a) ∈ Ln(C1(Z[π])) to
the projective surgery obstruction of the normal map of finitely domi-
nated (n− 1)-dimensional geometric Poincaré pairs

(f ′, b′) = (f, b) ∪ (g, c) : (M ∪ ∂W+, ∂X) −−→ (X, ∂X) ,

with the identity on the boundary, that is

Bσ∗(e, a) = σp∗(f
′, b′) ∈ Lpn−1(Z[π]) .

§16. L-theory of A[z, z−1]

The splitting of K1(A[z, z−1]) obtained in §10 will now be generalized
to L-theory, and it will be proved that up to natural isomorphism

Ln(A[z, z−1]) = Ln(A)⊕ Ln−1(P0(A))

for any additive category with involution A.
The duality involutions act on the split exact sequence of §10

0 −−→ K1(A)
i!−−→ K1(A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→

K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ 0
by

i!∗ = ∗i! , B∗ = − ∗B , N±∗ = ∗N∓ ,
so there is induced a split exact sequence of the Tate Z2-cohomology
groups

0 −−→ Ĥn(Z2;K1(A))
i!−−→ Ĥn(Z2;K1(A[z, z−1]))

B
−−→ Ĥn−1(Z2;K0(P0(A))) −−→ 0 .

Similarly for the Whitehead group Wh(A[z, z−1]), with K0 replaced by
K̃0. In particular, for any group π there is defined a split exact sequence

0 −−→ Ĥn(Z2;Wh(π))
i!−−→ Ĥn(Z2;Wh(π × Z))

B
−−→ Ĥn−1(Z2; K̃0(Z[π])) −−→ 0 .
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The geometric model for the L-theory splitting is the Künneth theo-
rem for manifold bordism

Ωn(X × S1) = Ωn(X)⊕ Ωn−1(X)

and its analogues for geometric Poincaré bordism. Here, X is any rea-
sonable space (such as a finite CW complex) and Ωn(X) is the bordism
group of pairs (M,f) with M a compact n-dimensional manifold and
f : M−−→X a reference map. The manifolds can be in any category
with transversality, such as smooth, PL or topological, and can be taken
to be oriented if required. The splitting of the manifold bordism groups
is given by a direct sum system

Ωn(X)
i

−−−−−→
←−−−−−

j
Ωn(X × S1)

B
−−−−−→
←−−−−−

C

Ωn−1(X)

with
i : Ωn(X) −−→ Ωn(X × S1) ; (M,f) −−→ (M, qf)

(q : X−−→X × S1;x−−→(x, ∗) for a base point ∗ ∈ S1) ,

B : Ωn(X × S1) −−→ Ωn−1(X) ; (N, g) −−→ (g−1(X × {∗}), g|)
(assuming g : N−−→X × S1 transverse at X × {∗} ⊂ X × S1) ,

j : Ωn(X × S1) −−→ Ωn(X) ; (N, g) −−→ (N, pg)

(p = projection : X × S1 −−→ X) ,

C : Ωn−1(X) −−→ Ωn(X × S1) ; (M,f) −−→ (M × S1, f × 1) .

Let Ωhn(X) (resp. Ωpn(X)) be the bordism group of pairs (M,f) with
M a finite (resp. finitely dominated) n-dimensional geometric Poincaré
complex and f : M−−→X a reference map. For n ≥ 5 the finite and
finitely dominated geometric Poincaré bordism groups are related by
the exact sequence of Pedersen and Ranicki [52]

. . . −−→ Ωhn(X) −−→ Ωpn(X) −−→ Ĥn(Z2; K̃0(Z[π]))

−−→ Ωhn−1(X) −−→ . . . (π = π1(X)) .
The map

Ωpn(X) −−→ Ĥn(Z2; K̃0(Z[π])) ; (M,f) −−→ [M ]

sends a finitely dominated Poincaré bordism class to the Tate Z2-cohomo-
logy of its projective class, and the map

Ĥn(Z2; K̃0(Z[π])) −−→ Ωhn−1(X) ; x −−→ (N, g)

sends the Tate Z2-cohomology of a self (−)n-dual projective class

x = (−)nx∗ ∈ K̃0(Z[π])

to the bordism class (N, g) of any finite (n − 1)-dimensional Poincaré
complex N with a map g : N−−→X for which there exists a finitely
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dominated Poincaré null-bordism (δN, δg) with projective class [δN ] =
x. Geometric Poincaré complexes do not have transversality: if N is a
finite n-dimensional geometric Poincaré complex and g : N−−→X × S1

is a map it is not in general possible to make g Poincaré transverse
at X × {∗} ⊂ X × S1, with g−1(X × {∗}) ⊂ N a finite codimension
1 Poincaré subcomplex. For n ≥ 6 the obstruction to the existence of
such a subcomplex up to bordism is the image of the Tate Z2-cohomology
class of the torsion τ(N) ∈ Ĥn(Z2;Wh(π × Z)) under the projection

B : Ĥn(Z2;Wh(π × Z)) −−→ Ĥn−1(Z2; K̃0(Z[π])) .

The obstruction vanishes for

(N, g)× S1 = (N × S1, g × 1) ∈ Ωhn+1(X × S1 × S1) ,

and there exists a finite codimension 1 Poincaré subcomplex

Q = (g × 1)−1(X × {∗} × S1) ⊂ N × S1

such that Q ' P ×S1 with P = Q the infinite cyclic cover of Q classified
by

Q −−→ N × S1
proj.
−−−−→ S1 .

Now P is a finitely dominated (n − 1)-dimensional geometric Poincaré
complex with a codimension 1 Poincaré embedding P ⊂ N , and the
projective class is such that

[P ] = Bτ(N) ∈ Ĥn−1(Z2; K̃0(Z[π])) .

The construction defines a map

B : Ωhn(X × S1) −−→ Ωpn−1(X) ; (N, g) −−→ (P, h) (h = g|)
which fits into a split exact sequence

0 −−→ Ωhn(X)
i
−−→ Ωhn(X × S1)

B
−−→ Ωpn−1(X) −−→ 0

with

i : Ωhn(X) −−→ Ωhn(X × S1) ; (M,f) −−→ (M, qf)

as in the manifold case. In accordance with the distinction established
in Ranicki [66] there are two natural choices for splitting this sequence,
given by the ‘algebraically significant’ direct sum system

Ωhn(X)
i

−−−−−→
←−−−−−

j
Ωhn(X × S1)

B
−−−−−→
←−−−−−

B̄

Ωpn−1(X)

and the ‘geometrically significant’ direct sum system

Ωhn(X)
i

−−−−−→
←−−−−−

j′
Ωhn(X × S1)

B
−−−−−→
←−−−−−
B̄′

Ωpn−1(X) ,
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with
j : Ωhn(X × S1) −−→ Ωhn(X) ; (N, g) −−→ (N, pg) ,

B̄′ : Ωpn−1(X) −−→ Ωhn(X × S1) ; (M,f) −−→ (M × S1, f × 1)

using the mapping torus trick of Mather [46] to replace M × S1 by a
homotopy equivalent finite n-dimensional geometric Poincaré complex
in the definition of B̄′. The difference between the algebraically and
geometrically significant split injections B̄, B̄′ is given by

B̄′ − B̄ : Ωpn−1(X) −−→ Ĥn−1(Z2; K̃0(Z[π])) = Ĥn+1(Z2; K̃0(Z[π]))

−−→ Ωhn(X)
i
−−→ Ωhn(X × S1) .

The bordism groups Ωsn(X) of pairs (M,f : M−−→X) with M a simple
n-dimensional geometric Poincaré complex fit into an exact sequence

. . . −−→ Ωsn(X) −−→ Ωhn(X) −−→ Ĥn(Z2;Wh(π)) −−→ Ωsn−1(X) −−→ . . .

and a split exact sequence

0 −−→ Ωsn(X)
i
−−→ Ωsn(X × S1)

B
−−→ Ωhn−1(X) −−→ 0 .

Again, B has both an algebraically significant splitting B̄ and a geomet-
rically significant splitting B̄′, with

B̄′ − B̄ : Ωhn−1(X) −−→ Ĥn−1(Z2;Wh(π)) = Ĥn+1(Z2;Wh(π))

−−→ Ωsn(X)
i
−−→ Ωsn(X × S1) .

The chain complex proof in Milgram and Ranicki [47] of the L-theory
splitting theorem for the Laurent polynomial extension A[z, z−1] of a
ring with involution A

Lhn(A[z, z−1]) = Lhn(A)⊕ Lpn−1(A)

depended on an algebraic transversality result: every free quadratic
Poincaré complex over A[z, z−1] has a ‘fundamental domain’ projective
quadratic Poincaré pair over A, by an algebraic mimicry of the geometric
transversality by which every infinite cyclic cover of a compact manifold
has a compact fundamental domain. The same method works for

Ln(A[z, z−1]) = Ln(A)⊕ Ln−1(P0(A))

for any additive category with involution A, using the locally finite Z-
graded category with involution

F1(A) = FZ(A) .

Definition 16.1 (i) An n-dimensional quadratic cobordism in A

X = ((f g) : C ⊕ C′−−→D, (δψ, ψ ⊕−ψ′))
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is fundamental if

(C′, ψ′) = (C,ψ) .

(ii) The union of a fundamental n-dimensional quadratic cobordism X

in A is the n-dimensional quadratic complex in A[z, z−1]

U(X) = (E, θ)

with

dE =
(
dD (−)r−1(f − gz)
0 dC

)
:

Er = Dr[z, z−1]⊕ Cr−1[z, z−1]

−−→ Er−1 = Dr−1[z, z−1]⊕ Cr−2[z, z−1] ,

θs =
(

δψs (−)sgψsz
(−)n−r−1ψsf

∗ (−)n−r−sTψs+1

)
:

En−r−s = Dn−r−s[z, z−1]⊕ Cn−r−s−1[z, z−1]

−−→ Er = Dr[z, z−1]⊕ Cr−1[z, z−1] .

(iii) A fundamental cobordism X in F1(A) is finitely balanced if C and
D are (G1(A),C0(A))-finitely dominated and

[C] = [D] ∈ K̃0(P0(A)) ,

in which case

[U(X)] = [D[z, z−1]]− [C[z, z−1]] = 0 ∈ K̃0(P0(A[z, z−1]))

and the union U(X) is homotopy A[z, z−1]-finite.

The union of a fundamental cobordismX can be viewed as the ‘infinite
cyclic cover’

U(X) =
∞⋃

j=−∞
zjX

obtained by glueing together a countable number of copies of X .

zj−1D zjD zj+1D

zj−1C zjC zj+1C zj+2C

If X is a fundamental quadratic Poincaré cobordism in A (resp. F1(A))
then the union U(X) is a quadratic Poincaré complex in A[z, z−1] (resp.
F1(A)[z, z−1])).
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Theorem 16.2 The quadratic L-groups L∗(A[z, z−1]) of a Laurent poly-
nomial extension category A[z, z−1] fit into a split exact sequence

0 −−→ Ln(A)
i!−−→ Ln(A[z, z−1])

B
−−→ Ln−1(P0(A)) −−→ 0 ,

with B the composite of the map Ln(A[z, z−1])−−→Ln(C1(A)) induced
by the inclusion A[z, z−1] ⊂ C1(A) and the isomorphism of 15.2

B : Ln(C1(A)) ∼= Ln−1(P0(A)) .

Proof Let Ln(∇) be the cobordism group of fundamental n-dimensional
quadratic Poincaré cobordisms in P0(A)

X = ((f g) : C ⊕ C−−→D, (δψ, ψ ⊕−ψ))

which are finitely balanced. The groups L∗(∇) fit into split exact se-
quences

0 −−→ Ln(A) −−→ Ln(∇) −−→ Ln−1(P0(A)) −−→ 0 ,

with
Ln(A) −−→ Ln(∇) ; (D, δψ) −−→ (0−−→D, (δψ, 0)) ,

Ln(∇) −−→ Ln−1(P0(A)) ; X −−→ (C,ψ) .

It is now possible to work exactly as for the case A = Bf (A) in §§1-
4 of Milgram and Ranicki [47], using the L-theory of the locally finite
additive category with involution F1(A). Specifically, it is claimed that
the union defines an isomorphism

U : Ln(∇) −−→ Ln(A[z, z−1]) ; X −−→ U(X) .

For any finite n-dimensional quadratic Poincaré complex (E, θ) in
A[z, z−1] and any Mayer-Vietoris presentation of E in C1(A)

E : 0 −−→ E+ ∩E−
i
−−→ E+ ⊕E−

j
−−→ E −−→ 0

there exists a finitely balanced fundamental n-dimensional quadratic
Poincaré cobordism X in F1(A) with

(C,ψ) = ∂((E, θ)/E+) ,

such that (E, θ) is homotopy equivalent to U(X). The inverse of U is
defined by

U−1 : Ln(A[z, z−1]) −−→ Ln(∇) ; (E, θ) −−→ X

For a ring with involution A and A = Bf (A) 16.2 recovers the split
exact sequence of Ranicki [57]

0 −−→ Lhn(A)
i!−−→ Lhn(A[z, z−1])

B
−−→ Lpn−1(A) −−→ 0 .

As for K1(A[z, z−1]) and Ωh∗(X × S1) there are two distinct natural
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choices of splitting Ln(A[z, z−1]), given by the algebraically significant
direct sum system

Ln(A)
i!−−−−−−−→

←−−−−−−−
j!

Ln(A[z, z−1])
B

−−−−−−−→
←−−−−−−−

B̄

Ln−1(P0(A))

and the geometrically significant direct sum system

Ln(A)
i!−−−−−−−→

←−−−−−−−
j′!

Ln(A[z, z−1])
B

−−−−−−−→
←−−−−−−−

B̄′
Ln−1(P0(A))

with j! induced by j : A[z, z−1]−−→A;L[z, z−1]−−→L and

B̄′ = −⊗ R : Ln−1(P0(A)) −−→ Ln(A[z, z−1]) ;

(C, p, ψ) −−→ (C, p, ψ)⊗ R .

See Ranicki [66] for further details concerning the two types of splitting.

Remark 16.3 Assume now that A has a a stable canonical struc-
ture which is compatible with the involution, so that an n-dimensional
quadratic Poincaré complex (E, θ) in A[z, z−1] has a torsion

τ(E, θ) = τ(θ0 : En−∗−−→E) ∈Wh(A[z, z−1]) .

The proof of 16.2 gives a finitely balanced fundamental quadratic Poinc-
aré cobordism in F1(A)

X = ((f g) : C ⊕ C−−→D, (δψ, ψ ⊕−ψ))

such that (E, θ) ' U(X) and

Bτ(E, θ) = [C] = [D] ∈ K̃0(P0(A)) .

The Tate Z2-cohomology class τ(E, θ) ∈ Ĥn(Z2;Wh(A[z, z−1])) is such
that

Bτ(E, θ) = 0 ∈ Ĥn−1(Z2; K̃0(P0(A)))

if and only if there exists a fundamental quadratic Poincaré cobordism
X in A such that (E, θ) ' U(X).

As usual, there are also versions of the splittings

Ln(A[z, z−1]) = Ln(A)⊕ Ln−1(P0(A))

for the intermediate and round L-groups, such as
Lrsn (A[z, z−1]) = Lrsn (A)⊕ Lrn−1(A) ,

Lsn(A[z, z−1]) = Lsn(A)⊕ Ln−1(A)

with Ls∗ = L
{0}⊆Wh
∗ the simple L-groups and Lrs∗ = L

{0}⊆K1
∗ the round

simple L-groups.
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§17. Lower L-theory

The lower quadratic L-groups L〈−m〉∗ (A) (m ≥ 0) are defined for any
additive category with involution A, and the connections with Laurent
polynomial extensions and the Rothenberg exact sequences are obtained.

By convention, write

L〈1〉n (A) = Ln(A) (n ∈ Z) .

Definition 17.1 The lower quadratic L-groups of A are defined for
m ≥ 0 by

L〈−m〉n (A) = coker(i! : L〈−m+1〉
n+1 (A)−−→L〈−m+1〉

n+1 (A[z, z−1])) (n ∈ Z) .

It is an immediate consequence of the 4-periodicity of the quadratic
L-groups L∗(A) = L∗+4(A) that the lower quadratic L-groups are also
4-periodic

L〈−m〉n (A) = L
〈−m〉
n+4 (A) (m ≥ 0 , n ∈ Z) .

The duality involutions act on the split exact sequence of §10

0 −−→ K1(A)
i!−−→ K1(A[z, z−1])

B ⊕N+ ⊕N−
−−−−−−−−−−−→

K0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) −−→ 0
by

i!∗ = ∗i! , B∗ = − ∗B , N±∗ = ∗N∓ ,
so there is induced a split exact sequence of the Tate Z2-cohomology
groups

0 −−→ Ĥn(Z2;K1(A))
i!−−→ Ĥn(Z2;K1(A[z, z−1]))
B
−−→ Ĥn−1(Z2;K0(P0(A))) −−→ 0 .

Define the duality involution on the lower K-groups

∗ : K−m(A) −−→ K−m(A)

to agree with (−)m the projective class duality

(−)m∗ : K0(Pm(A)) −−→ K0(Pm(A)) ,

or equivalently with (−)m+1 the torsion duality

(−)m+1∗ : K1(Cm+1(A)) −−→ K1(Cm+1(A)) .

With this convention there are defined split exact sequences

0 −−→ Ĥn(Z2;K1−m(A))
i!−−→ Ĥn(Z2;K1−m(A[z, z−1]))
B
−−→ Ĥn−1(Z2;K−m(P0(A))) −−→ 0
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for all m ≥ 0.
Define the reduced lower K-groups of A by

K̃−m(P0(A)) = coker(K−m(A)−−→K−m(P0(A)))

( = K−m(A) for m ≥ 1) .

Theorem 17.2 The lower quadratic L-groups are such that for all m ≥
−1 and n ∈ Z

L〈−m〉n (A[z, z−1]) = L〈−m〉n (A)⊕ L〈−m−1〉
n−1 (A) ,

L〈−m〉n (C1(A)) = L
〈−m−1〉
n−1 (A) ,

L〈−m〉n (A) = Lm+n(Pm(A))

= Lm+n+1(Cm+1(A)) = Lsm+n+2(Cm+2(A)) ,
and there are defined Rothenberg exact sequences

. . . −−→ L〈−m+1〉
n (A) −−→ L〈−m〉n (A) −−→ Ĥn(Z2; K̃−m(P0(A)))

−−→ L
〈−m+1〉
n−1 (A) −−→ . . . .

Proof By induction on m, with the initial case m = 0 already obtained
in §16. As usual, there are two preferred ways of splitting the exact
sequence

0 −−→ L〈−m+1〉
n (A)

i!−−→ L〈−m+1〉
n (A[z, z−1])

B
−−→ L

〈−m〉
n−1 (P0(A)) −−→ 0 ,

an algebraically significant one compatible with the functor j : A[z, z−1]
−−→A and a geometrically significant one involving the split injection

B̄′ = −⊗ R : L
〈−m〉
n−1 (P0(A)) −−→ L〈−m+1〉

n (A[z, z−1]) .

Proposition 17.3 For any m ≥ 1 the quadratic L-groups L∗ = L
〈1〉
∗ of

the m-fold Laurent polynomial extension A[Zm] of A are such that up to
natural isomorphism

Ln(A[Zm]) =
m∑
i=0

(
m
i

)
L
〈1−i〉
n−i (A) (n ∈ Z) .

Proof Iterate the case m = 1 obtained in §16. Again, the natural
isomorphism can be chosen to be either algebraically or geometrically
significant. The sum of the algebraically significant summands for i ≥ 1
is the subgroup

ker(j! : Ln(A[Zm])−−→Ln(A)) ⊆ Ln(A[Zm])

with

j : A[Zm] −−→ A ; L[Zm] −−→ L

the augmentation functor.
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The geometrically significant summand

im(B̄′1B̄
′
2 . . . B̄

′
m = −⊗ Rm : L〈−m+1〉

n−m (A)−−→Ln(A[Zm])) ⊆ Ln(A[Zm])

will be identified in §18 below with the subgroup of the Tm-transfer
invariant elements.

The lower quadratic L-groups of a ring with involution A

LK−m(A)
n (A) = L〈−m〉n (A) (m ≥ 0 , n ∈ Z)

were defined in Ranicki [57] inductively to fit into the algebraically sig-
nificant splittings

L〈−m〉n (A[z, z−1]) = L〈−m〉n (A) ⊕ L〈−m−1〉
n−1 (A) (m ≥ −1) .

Here, A[z, z−1] is the Laurent polynomial extension ring A[z, z−1], with
the involution extended by

z̄ = z−1 .

For m = 0, 1 these are the projective and free L-groups of A

L
〈0〉
∗ (A) = Lp∗(A) , L

〈1〉
∗ (A) = Lh∗(A) .

Example 17.4 The lower quadratic L-groups of a ring with involutionA
are the lower quadratic L-groups of the additive category with involution
Bf (A) of based f.g. free A-modules

L
〈−m〉
∗ (A) = L

〈−m〉
∗ (Bf (A)) (m ≥ −1) .

This is immediate from 17.2 and the identifications
Cm(A) = C1(Cm−1(A)) ,

Cm(A[z, z−1]) = Cm(A)[z, z−1] .

Remark 17.5 Given a ring with involutionA let A[x], A[x−1], A[x, x−1]
be the polynomial extension rings with the involution extended by

x̄ = x .

The lower L-groups L〈−m〉∗ (A) (m ≥ −1) were shown in Ranicki [59, 4.5]
to fit into split exact sequences

0 −−→ L〈−m〉n (A) −−→ L〈−m〉n (A[x]) ⊕ L〈−m〉n (A[x−1])

−−→ L〈−m〉n (A[x, x−1]) −−→ L〈−m−1〉
n (A) −−→ 0 ,

by analogy with the lower K-theory split exact sequences

0 −−→ K−m(A) −−→ K−m(A[x]) ⊕K−m(A[x−1])

−−→ K−m(A[x, x−1]) −−→ K−m−1(A) −−→ 0 .
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Definition 17.6 The intermediate lower quadratic L-groups LS∗ (A) are
defined for a ∗-invariant subgroup S ⊆ K−m(A) (m ≥ 1) by

LSn(A) = LS0
m+n(Pm(A)) = LS1

m+n+1(Cm+1(A)) (n ∈ Z)

with S0 ⊆ K0(Pm(A)), S1 ⊆ K1(Cm+1(A)) the ∗-invariant subgroups
isomorphic to S.

The intermediate lower L-groups associated to ∗-invariant subgroups
S ⊆ S′ ⊆ K−m(A) are related by the usual Rothenberg exact sequence

. . . −−→ LSn(A) −−→ LS
′

n (A) −−→ Ĥn(Z2;S′/S) −−→ LSn−1(A) −−→ . . . ,

and

L
K−m(A)
∗ (A) = L

〈−m〉
∗ (A) , L{0}⊆K−m(A)

∗ (A) = L
〈−m−1〉
∗ (A) .

Definition 17.7 The ultimate lower quadratic L-groups of an additive
category with involution A are defined by the direct limits

L〈−∞〉n (A) = lim
m→∞

L〈−m〉n (A) (n ∈ Z) ,

with L
〈−m〉
n (A)−−→L〈−m−1〉

n (A) the forgetful maps.

The ultimate lower L-groups are such that

L
〈−∞〉
∗ (A) = L

〈−∞〉
∗ (P0(A)) = L

〈−∞〉
∗+1 (C1(A)) .

The following identification of the functor X−−→L〈−∞〉∗+1 (CO(X)(A))
with a non-connective delooping of L-theory was obtained by Ferry and
Pedersen [28] using geometric bounded surgery methods. (A lower L-
theory delooping was previously obtained by Yamasaki [89] in the con-
text of controlled surgery). See Ranicki [69, Appendix C] for the con-
nection with the assembly map in algebraic L-theory.

Proposition 17.8 For any filtered additive category with involution A
the functor

{compact polyhedra} −−→ {Z-graded abelian groups} ;

X −−→ L
〈−∞〉
∗+1 (CO(X)(A))

is a reduced generalized homology theory with a 4-periodic non-connective
coefficient spectrum L〈−∞〉. (A) such that

π∗(L〈−∞〉. (A)) = L
〈−∞〉
∗ (A) ,

L
〈−∞〉
∗+1 (CO(X)(A)) = H̃∗(X ;L〈−∞〉. (A)) .

Proof For homotopy invariance it suffices to consider the ultimate lower
L-theory of CO(CX)(A), with O(CX) the open cone on an actual cone
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CX of a compact polyhedron X . The natural flasque structure defined
on CO(CX)(A) in 3.3 is compatible with the involution. For each m ≥ 0
the category Cm(CO(CX)(A)) has a natural flasque structure which is
compatible with the involution, so that

L
〈−m〉
∗ (CO(CX)(A)) = Lm+∗+1(Cm(CO(CX)(A))) = 0 ,

and passing to the limit

L
〈−∞〉
∗ (CO(CX)(A)) = lim

m→∞
L
〈−m〉
m+∗+1(Cm(CO(CX)(A))) = 0 .

For exactness let X = X+ ∪X−. For each m ≥ 0 define the ∗-invariant
subgroup
Y−m = im(∂ : K−m(CO(X+∪X−)(A))−−→K−m−1(PO(X+∩X−)(A)))

⊆ K−m−1(PO(X+∩X−)(A)) ,

which is naturally isomorphic to the ∗-invariant subgroup
Y ′−m = im(∂ : K1(CO(X′+∪X′−)(A))−−→K0(PO(X′+∩X′−)(A)))

⊆ K0(PO(X′+∩X′−)(A))

with X ′ = Σm+1X , X ′± = Σm+1X± the (m + 1)-fold reduced suspen-
sions. By 14.6 there is defined a Mayer-Vietoris exact sequence

. . . −−→ LY−mn (PO(X+∩X−)(A))

−−→ L〈−m〉n (CO(X+)(A)) ⊕ L〈−m〉n (CO(X−)(A))

−−→ L〈−m〉n (CO(X+∪X−)(A))
∂
−−→ L

Y−m
n−1 (PO(X+∩X−)(A)) −−→ . . . .

Passing to the limit as m→∞ and identifying

lim−→
m

L
Y−m
∗ (PO(X+∩X−)(A)) = L

〈−∞〉
∗ (PO(X+∩X−)(A))

= L
〈−∞〉
∗ (CO(X+∩X−)(A))

gives the ultimate lower L-theory exact sequence

. . . −−→ L〈−∞〉n (CO(X+∩X−)(A)) −−→

L〈−∞〉n (CO(X+)(A))⊕ L〈−∞〉n (CO(X−)(A)) −−→

L〈−∞〉n (CO(X+∪X−)(A))
∂
−−→ L

〈−∞〉
n−1 (CO(X+∩X−)(A)) −−→ . . . .

§18. Transfer in L-theory

In §12 the lower K-group K1−m(P0(A)) (= K1−m(A) for m ≥ 2)
was identified with the subgroup K1(A[Zm])INV of the Tm-transfer in-
variant elements in K1(A[Zm]). The same is now done for L-theory,
identifying the lower L-group L

〈1−m〉
n (A) (m ≥ 1) with the subgroup
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Lm+n(A[Zm])INV of the Tm-transfer invariant elements in Lm+n(A[Zm]).
Again, start with the case m = 1.

As in §16 consider first the case of manifold bordism. The q-fold
covering map q : S1−−→S1; z−−→zq induces transfer maps

q! : Ωn(X × S1) −−→ Ωn(X × S1) ; (W, f) −−→ (W !, f !)

using the pullback diagram

W !
w

f !

u

X × S1

u

1× q

W w
f

X × S1 .

If f : W−−→X × S1 is transverse regular at X × {∗} ⊂ X × S1 with
inverse image the codimension 1 framed submanifold

M = f−1(X × {∗}) ⊂W
then f ! : W !−−→X × S1 is also transverse regular at X × {∗} ⊂ X × S1

with inverse image a copy of M

M ∼= (f !)−1(X × {∗}) ⊂W ! ,

so that

Bq!(W, f) = B(W !, f !) = (M,f |) = B(W, f) ∈ Ωn−1(X) .

Moreover, if f : W−−→X × {∗}−−→X × S1 then

q!(W, f) = (W !, f !) =
∐
q

(W, f) = q(W, f) ∈ Ωn(X × S1) .

Thus the bordism transfer map fits into a morphism of split exact se-
quences

0 w Ωn(X) w
i

u

q

Ωn(X × S1) w
B

u

q!

Ωn−1(X) w

u

1

0

0 w Ωn(X) w
i Ωn(X × S1) w

B Ωn−1(X) w 0

and the image of the split injection

C : Ωn−1(X) −−→ Ωn(X × S1) ; (M,f) −−→ (M × S1, f × 1)

coincides with the subgroup of transfer-invariant bordism classes
Ωn(X × S1)INV =

{(W, f) ∈ Ωn(X × S1) | q!(W, f) = (W, f) for all q ≥ 1} .
The identity

im(C : Ωn−1(X)−−→Ωn(X × S1)) = Ωn(X × S1)INV
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allows the identification

Ωn(X × S1)INV = Ωn−1(X) .

Similar considerations apply to geometric Poincaré bordism, with a mor-
phism of split exact sequences

0 w Ωhn(X) w
i

u

q

Ωhn(X × S1) w
B

u

q!

Ωpn−1(X) w

u

1

0

0 w Ωhn(X) w
i Ωhn(X × S1) w

B Ωpn−1(X) w 0 .

It follows that there is an identity

im(B̄′ : Ωpn−1(X)−−→Ωhn(X × S1)) = Ωhn(X × S1)INV

with B̄′ the geometrically significant split injection, allowing the identi-
fication

Ωhn(X × S1)INV = Ωpn−1(X) .

For an additive category with involution A and any integer q ≥ 1 the
q-fold transfer on the bounded Z-graded category

q! : C1(A) −−→ C1(A) ; M −−→ q!M , q!M(j) =
q−1∑
k=0

M(qj + k)

is a functor of additive categories with involution. The q-fold transfer
functor on the Laurent polynomial extension category

q! : A[z, z−1] −−→ A[z, z−1] ;

L[z, z−1] −−→ q!(L[z, z−1]) = (
q−1∑
k=0

L)[z, z−1]

induces the q-fold transfer maps in the algebraic L-groups

q! : Ln(A[z, z−1]) −−→ Ln(A[z, z−1]) .

By analogy with 12.1 and 12.2 :

Definition 18.1 The S1-transfer invariant subgroup of Ln(A[z, z−1])
is

Ln(A[z, z−1])INV = {x ∈ Ln(A[z, z−1]) | q!(x) = x for every q ≥ 2} .

Proposition 18.2 (i) The effect of q! on the geometrically significant
direct sum decomposition of Ln(A[z, z−1]) is given by the commutative
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diagram

Ln(A)⊕ Ln−1(P0(A)) w
(i! B̄′)

u

q ⊕ 1

Ln(A[z, z−1])

u

q!

Ln(A)⊕ Ln−1(P0(A)) w
(i! B̄′)

Ln(A[z, z−1]) .

(ii) The image of the geometrically significant split injection

B̄′ : Ln−1(P0(A)) −−→ Ln(A[z, z−1])
is the subgroup of the S1-transfer invariant elements

Ln−1(P0(A)) = im(B̄′) = Ln(A[z, z−1])INV .

(iii) The effect of q! on Ln(C1(A)) is

q! = 1 : Ln(C1(A)) −−→ Ln(C1(A)) .

Proof (i) By the proof of 16.2 it is possible to regard Ln(A[z, z−1]) as
the cobordism group of n-dimensional quadratic Poincaré cobordisms in
P0(A)

X = ((f− f+) : C ⊕ C−−→D, (δψ, ψ ⊕−ψ))

such that

[C] = [D] ∈ K̃0(P0(A)) .

The q-fold transfer of X is the union of q copies of X
q!X =

⋃
q

X = ((f ′− f
′
+) : C ⊕ C−−→D′, (δψ′, ψ ⊕−ψ))

with D′ = C(g) the algebraic mapping cone of the chain map

g =



f+ 0 0 . . . 0
−f− f+ 0 . . . 0

0 −f− f+ . . . 0
...

...
...

. . .
...

0 0 0 . . . f+

0 0 0 . . . −f−


:
∑
q−1

C = C ⊕ C ⊕ . . .⊕ C −−→
∑
q

D = D ⊕D ⊕ . . .⊕D .

The relations B̄′q! = B̄′, i!q! = i!q are now clear.
(ii)+(iii) Immediate from (i).

Let m ≥ 1. For any m-tuple Q = (q1, q2, ..., qm) of integers qj ≥ 1 the
Q-fold transfer functor of additive categories with involution

Q! : A[Zm] −−→ A[Zm] ; L[Zm] −−→ (
q1−1∑
j1=0

q2−1∑
j2=0

. . .

qm−1∑
jm=0

L)[Zm]
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induces transfer maps in the L-groups

Q! : L∗(A[Zm]) −−→ L∗(A[Zm]) .

By analogy with 12.3 and 12.4 :

Definition 18.3 The Tm-transfer invariant subgroup of Ln(A[Zm]) is

Ln(A[Zm])INV = {x ∈ Ln(A[Zm]) |Q!(x) = x for every Q} .

Proposition 18.4 For each m ≥ 1 the geometrically significant split
injection

B̄′1B̄
′
2 . . . B̄

′
m : L〈1−m〉n (A) −−→ Lm+n(A[Zm])

maps the lower quadratic L-group to the subgroup of the transfer invari-
ant elements in Lm+n(A[Zm])

L〈1−m〉n (A) = im(B̄′1B̄
′
2 . . . B̄

′
m) = Lm+n(A[Zm])INV .

Proof This follows from the case m = 1 dealt with in 18.2 and the
factorization of the Q-fold transfer for Q = (q1, q2, . . . , qm) as the m-fold
composition of the single transfers

Q! = (q1)!(q2)! . . . (qm)! : A[Zm] −−→ A[Zm] ,

with (qj)! acting on the jth coordinate (1 ≤ j ≤ m).

§19. Symmetric L-theory

The symmetric L-groupsL∗(A) of an additive category with involution
A are defined in Ranicki [68] to be the cobordism groups of symmetric
Poincaré complexes in A. The symmetric L-groups of A = Bf (A) for
a ring with involution A are the symmetric L-groups L∗(A) of Ranicki
[61]. Except for 4-periodicity all the results on the quadratic L-groups
L∗(A) of §13-§18 have symmetric L-theory analogues, with entirely anal-
ogous proofs. In particular, there are defined lower symmetric L-groups
Ln〈−m〉(A) (m ≥ 0, n ∈ Z). The one noteworthy feature is that for
n ≤ −3 the lower symmetric L-groups coincide with the lower quadratic
L-groups L〈−m〉n (A).

Let ε = ±1. Given a finite chain complex C in A let Z2 act on C⊗AC
by the ε-transposition involution

Tε : C ⊗A C −−→ C ⊗A C ; φ −−→ εTφ .

The
{
ε-symmetric
ε-quadratic

Q-groups of C are defined by{
Qn(C, ε) = Hn(HomZ[Z2](W,C ⊗A C))
Qn(C, ε) = Hn(W ⊗Z[Z2] (C ⊗A C)) .
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See Ranicki [68] for the definition of the n-dimensional
{
ε-symmetric
ε-quadratic

L-group
{
Ln(A, ε)
Ln(A, ε)

(n ≥ 0) as the cobordism group of n-dimensional{
ε-symmetric
ε-quadratic

Poincaré complexes
{

(C, φ ∈ Qn(C, ε))
(C,ψ ∈ Qn(C, ε))

in A, with{
φ0 : Cn−∗ −−→ C

(1 + Tε)ψ0 : Cn−∗ −−→ C

a chain equivalence.
{
L0(A, ε)
L0(A, ε)

(resp.
{
L1(A, ε)
L1(A, ε)

) is the Witt group of

nonsingular
{
ε-symmetric
ε-quadratic

forms (resp. formations) in A. The skew-

suspension maps{
S̄ : Ln(A, ε) −−→ Ln+2(A,−ε) ; (C, φ) −−→ (SC, S̄φ)
S̄ : Ln(A, ε) −−→ Ln+2(A,−ε) ; (C,ψ) −−→ (SC, S̄ψ)

are isomorphisms in the ε-quadratic case, but not (in general) in the
ε-symmetric case. For ε = 1 write

L∗(A, 1) = L∗(A) , L∗(A, 1) = L∗(A) .

Definition 19.1 An n-dimensional ε-symmetric complex (C, φ) in A is
even if there exists ψ0 ∈ HomA(Cn, Cn) such that

φ0 = ψ0 + εψ∗0 : Cn −−→ Cn .

(Let L〈v0〉n(A, ε) be the cobordism group of n-dimensional even ε-symm-
etric Poincaré complexes in A. The skew-suspension maps

S̄ : Ln(A, ε) −−→ L〈v0〉n+2(A,−ε) ; (C, φ) −−→ (SC, S̄φ)

are isomorphisms for all n ≥ 0).
The unified L-theory of Ranicki [63, §1.8] (originally for A = P(A))

allows n-dimensional ε-symmetric complexes to be defined for all n ≤ −1
in any additive category with involution A, namely
2i-dimensional ε-symmetric complex

= 0-dimensional
{

even (−ε)-symmetric
(−)iε-quadratic

complex for
{
i = −1
i ≤ −2

,

(2i+ 1)− dimensional ε-symmetric complex

= 1-dimensional
{

even (−ε)-symmetric
(−)iε-quadratic

complex for
{
i = −1
i ≤ −2

.

The cobordism groups Ln(A, ε) of n-dimensional ε-symmetric complexes
in A are defined for all n ∈ Z to be the cobordism groups of n-dimensional
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ε-symmetric Poincaré complexes in A, with

Ln(A, ε) = Ln(A, ε) for n ≤ −3 .

Only the most important of the symmetric L-theory versions of the
results of §13-§18 are spelled out:

Proposition 19.2 (i) For a compact polyhedron X = X+ ∪X− ⊆ Sk

the ε-symmetric L-groups of the bounded O(X+ ∪X−)-graded category
CO(X+∪X−)(A) of a filtered additive category with involution A fit into
a Mayer-Vietoris exact sequence
. . .−−→LnY (PO(X+∩X−)(A), ε)−−→Ln(CO(X+)(A), ε)⊕ Ln(CO(X−)(A), ε)

−−→Ln(CO(X+∪X−)(A), ε)
∂
−−→ Ln−1

Y (PO(X+∩X−)(A), ε)−−→ . . .

(n ∈ Z) ,
with
Y = ker(K̃0(PO(X+∩X−)(A))−−→K̃0(PO(X+)(A)) ⊕ K̃0(PO(X−)(A)))

= im(∂̃ : WhCO(X)(A))−−→K̃0(PO(X+∩X−)(A)))

⊆ K̃0(PO(X+∩X−)(A)) .

(ii) The ε-symmetric L-groups of C1(A) and A[z, z−1] are such that for
all n ∈ Z

Ln(C1(A), ε) = Ln−1(P0(A), ε) ,

Ln(A[z, z−1], ε) = Ln(A, ε)⊕ Ln−1(P0(A), ε) .

By convention, write

Ln〈1〉(A, ε) = Ln(A, ε) (n ∈ Z) .

Definition 19.3 The lower ε-symmetric L-groups of A are defined by

Ln〈−m〉(A, ε) = coker(i! : Ln+1
〈−m+1〉(A, ε)−−→L

n+1
〈−m+1〉(A[z, z−1], ε))

(m ≥ 0 , n ∈ Z) .

Note that for n ≤ −3

Ln〈−m〉(A, ε) = L〈−m〉n (A, ε) (m ≥ −1) ,

with the lower (−)kε-quadratic L-group L〈−m〉n+2k(A, (−)kε) defined for any
k such that n+ 2k ≥ 0.
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Proposition 19.4 The lower ε-symmetric L-groups are such that for
all m ≥ 0, n ∈ Z

Ln(A[Zm], ε) =
m∑
i=0

(
m

i

)
Ln−i〈1−i〉(A, ε) ,

Ln〈−m〉(A[z, z−1], ε) = Ln〈−m〉(A, ε)⊕ Ln−1
〈−m−1〉(A, ε) ,

Ln〈−m〉(C1(A), ε) = Ln−1
〈−m−1〉(A, ε) ,

Ln〈−m〉(A, ε) = Lm+n(Pm(A), ε) = Lm+n+1(Cm+1(A), ε)

= Lm+n+2
s (Cm+2(A), ε) ,

Ln〈1−m〉(A, ε) = Lm+n(A[Zm], ε)INV ,

and there are defined Rothenberg exact sequences

. . . −−→ Ln〈−m+1〉(A, ε) −−→ Ln〈−m〉(A, ε) −−→ Ĥn(Z2; K̃−m(P0(A)))

−−→ Ln−1
〈−m+1〉(A, ε) −−→ . . . .

Definition 19.5 The ultimate lower ε-symmetric L-groups are defined
by the direct limits

Ln〈−∞〉(A, ε) = lim
m→∞

Ln〈−m〉(A, ε) (n ∈ Z) ,

with Ln〈−m〉(A, ε)−−→Ln〈−m−1〉(A, ε) the forgetful maps.

Proposition 19.6 For any A, ε the functor
{compact polyhedra} −−→ {Z-graded abelian groups} ;

X −−→ L∗+1
〈−∞〉(CO(X)(A), ε)

is a reduced generalized homology theory with a non-connective coeffi-
cient spectrum L.

〈−∞〉(A, ε) such that

π∗(L
.
〈−∞〉(A, ε)) = L∗〈−∞〉(A, ε) ,

L∗+1
〈−∞〉(CO(X)(A), ε) = H̃∗(X ;L

.
〈−∞〉(A, ε)) .

§20. The algebraic fibering obstruction

The chain complex approach to the K- and L-theory of the Laurent
polynomial extension category A[z, z−1] developed in §10 and §16 will
now be used to give an abstract algebraic treatment of the obstruction
theory for fibering n-dimensional manifolds over S1 for n ≥ 6. Fol-
lowing the positive results of Stallings [79] for n = 3 and Browder and
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Levine [11] for n ≥ 6 and π1 = Z a general fibering obstruction theory
for n ≥ 6 was developed by Farrell [21], [22] and Siebenmann [74], [76],
with obstructions in the Whitehead group of an extension by an infi-
nite cyclic group. See Kearton [38] and Weinberger [85] for examples of
non-fibering manifolds in dimensions n = 4, 5 with vanishing Whitehead
torsion fibering obstruction.

The mapping torus of a self-map h : F−−→F is defined by

T (h) = F × [0, 1]/{(x, 0) = (h(x), 1)|x ∈ F} ,
as usual. If F is a compact (n−1)-dimensional manifold and h : F−−→F
is a self homeomorphism then T (h) is a compact n-dimensional manifold
such that

T (h) −−→ I/(0 = 1) = S1 ; (x, t) −−→ [t]

is the projection of a fibre bundle over S1 with fibre F and monodromy
h.

A CW complex band is a finite CW complex X with a finitely domi-
nated infinite cyclic cover X̄. Let ζ : X̄−−→X̄ be a generating covering
translation. For the sake of simplicity we shall only consider CW com-
plex bands with

ζ∗ = 1 : π1(X̄) −−→ π1(X̄) ,

so that

π1(X) = π1(X̄)× Z , Z[π1(X)] = Z[π1(X̄)][z, z−1] .

However, there is also a version of the theory which allows a non-trivial
monodromy ζ∗ : π1(X̄)−−→π1(X̄) in the fundamental group, correspond-
ing to the exact sequences of Farrell and Hsiang [23] and Ranicki [58] for
the K- and L-groups of α-twisted Laurent polynomial rings Aα[z, z−1]
with az = zα(a) for an automorphism α : A−−→A

K1(A)
1−α
−−→ K1(A) −−→ K1(Aα[z, z−1])

−−→ K0(A) ⊕ Ñil0(A,α) ⊕ Ñil0(A,α−1)
(1−α)⊕0⊕0

−−−−−−−→ K0(A) ,

. . . −−→LJn(A)
1−α
−−→ Ln(A)−−→Ln(Aα[z, z−1])−−→LJn−1(A)−−→ . . .

with J = ker(1− α : K̃0(A)−−→K̃0(A)) and z̄ = z−1.
A finite structure on a topological space X is an equivalence class of

pairs

(finite CW complex K , homotopy equivalence f : K−−→X)

subject to the equivalence relation

(K, f) ∼ (K ′, f ′) if τ(f ′−1f : K−−→K ′) = 0 ∈Wh(π1(X)) .
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The mapping torus T (ζ) of a generating covering translation ζ :
X̄−−→X̄ for a CW band X has a preferred finite structure (Mather
[46], Ferry [27] and Ranicki [67]), represented by (T (fζg), h) for any
finite domination of X

(K , f : K−−→X , g : X−−→K , gf ' 1 : K−−→K ) ,

with h : T (fζg) ' T (gfζ) ' T (ζ) defined as in [67, §6]. Let p : X̄−−→X
be the covering projection, and define homotopy equivalences

q+ : T (ζ) −−→ X ; (x, t) −−→ p(x) ,

q− : T (ζ−1) −−→ X ; (x, t) −−→ p(x) .
The intrinsic finite structure on X is not in general compatible with
either of the extrinsic finite structures X inherits via q+, q− from the
preferred finite structures on T (ζ), T (ζ−1).

The geometric fibering obstructions of a CW band X with respect to
a choice of generating covering translation ζ : X̄−−→X̄ are the torsions

Φ+(X) = τ(q+ : T (ζ)−−→X) ,

Φ−(X) = τ(q− : T (ζ−1)−−→X) ∈Wh(π1(X))
measuring the difference between the intrinsic and the two extrinsic finite
structures on X . The effect on the fibering obstructions of the opposite
choice of generating covering translation ζ is given by

Φ+(Xop) = Φ−(X) , Φ−(Xop) = Φ+(X) .

Further below, the fibering obstruction of a manifold X with finitely
dominated infinite cyclic cover X̄ will be identified with the geometric
fibering obstructions of the underlying CW band − in the manifold
case there is a Poincaré duality Φ−(X) = ±Φ+(X)∗, so the two fibering
obstructions determine each other.

Let (B,A ⊆ B) be a pair of additive categories. Given a self chain
equivalence h : C−−→C of an A-finitely dominated chain complex C in
B define the mixed torsion-class invariant

[C, h] = τ(−zh : C[z, z−1]−−→C[z, z−1]) ∈Wh(A[z, z−1]) .

The mixed invariant has components
[C, h] = (τ(h), [C], 0, 0)

∈Wh(A[z, z−1]) = Wh(A)⊕ K̃0(P0(A)) ⊕ Ñil0(A)⊕ Ñil0(A)
with respect to the geometrically significant direct sum decomposition
of Wh(A[z, z−1]). The mixed invariant of a self-homotopy equivalence
h : X−−→X of a finitely dominated CW complex X with h∗ = 1 :
π1(X) = π−−→π is defined by

[X,h] = [C(X̃), h̃] ∈Wh(π × Z) ,
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with h̃ : C(X̃)−−→C(X̃) the induced self chain equivalence of the finitely
dominated cellular Z[π]-module chain complex of the universal cover X̃.
In Ranicki [67] the mixed invariant was identified with the torsion

[X,h] = τ(h ×−1 : X × S1−−→X × S1) ∈Wh(π × Z) .

Assume now that A has a stable canonical structure. An A-finite
structure on a chain complex C in B is an equivalence class of pairs
(D, f) with D a finite chain complex in A and f : D−−→C a chain
equivalence, subject to the equivalence relation

(C, f) ∼ (C′, f ′) if τ(f ′−1f : D−−→D′) = 0 ∈Wh(A) .

Given a self chain equivalence h : C−−→C of an A-finitely dominated
chain complex C in B (as before) define a preferred A[z, z−1]-finite struc-
ture (E, k) on the algebraic mapping torus

T+(h) = T (h) = C(1− zh : C[z, z−1]−−→C[z, z−1])

as in Ranicki [67, §6], using any A-finite domination (D, f : C−−→D, g :
D−−→C, gf ' 1) of C, with E = T (fhg : D−−→D). Define similarly
a preferred A[z, z−1]-finite structure on the opposite algebraic mapping
torus

T−(h) = C(1− z−1h : C[z, z−1]−−→C[z, z−1]) .

For any chain homotopy inverse h−1 : C−−→C of h let

r : T−(h−1) −−→ T+(h)

be the chain equivalence defined by

r =
(
−zh e

0 1

)
: T−(h−1)n = Cn⊕Cn−1 −−→ T+(h)n = Cn⊕Cn−1

for the appropriate e : Cn−1−−→Cn. The torsion of r with respect to the
preferred A[z, z−1]-finite structures is the mixed invariant of h

τ(r) = [C, h] ∈Wh(A[z, z−1]) .

For any CW band X there is defined a homotopy commutative dia-
gram

T (ζ−1)�
�
���q−

w
r T (ζ)

N
N
NNQ
q+

X

with

r : T (ζ−1) −−→ T (ζ) ; (x, t) −−→ (x, 1− t) .
With the conventions of 8.15 the cellular Z[π×Z]-module chain complex
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of the universal cover T̃ (ζ) of T (ζ) is the algebraic mapping torus of
ζ̃−1 : C(X̃)−−→C(X̃)

C(T̃ (ζ)) = T+(ζ̃−1)

= C(1− zζ̃−1 : C(X̃)[z, z−1]−−→C(X̃)[z, z−1]) .
Now r induces the isomorphism of fundamental groups

r∗ : π1(T (ζ−1)) = π×Z −−→ π1(T (ζ)) = π×Z ; (g, n) −−→ (g,−n) ,

and the induced Z[π × Z]-module chain equivalence

r̃ : r∗C(T̃ (ζ−1)) −−→ C(T̃ (ζ))

is given algebraically by

r : T−(ζ̃ : C(X̃)−−→C(X̃)) −−→ T+(ζ̃−1 : C(X̃)−−→C(X̃))

with torsion the mixed invariant

τ(r) = [C(X̃), ζ̃−1] = [X̄, ζ−1] ∈Wh(π × Z) .

Applying the sum formula for Whitehead torsion gives

Φ−(X)− Φ+(X) = τ(r) = [X̄, ζ−1] ∈Wh(π × Z) .

Let now E be a chain complex band in A[z, z−1], that is a finite
chain complex such that i!E is C0(A)-finitely dominated in G1(A). The
positive and negative end invariants [E]± are such that

[E]+ + [E]− = [i!E] ∈ K̃0(P0(A)) .

The universal Mayer-Vietoris presentation

E〈∞〉 : 0 −−→ i!i
!E

1− zζ−1

−−−−−−−→ i!i
!E

p
−−→ E −−→ 0

determines chain equivalences in G1(A)[[z, z−1]]
q+ = (p 0) : T+(ζ−1) = C(1− zζ−1) −−→ E ,

q− = (p 0) : T−(ζ) = C(1− z−1ζ) −−→ E .

Working as in Ranicki [67, §6] use a C0(A)-finite domination of i!E in
G1(A)

(D , f : i!E−−→D , g : D−−→i!E , gf ' 1 )

to define a preferred A[z, z−1]-finite structure (C, h) on T+(ζ−1) with

C = T (fζ−1g : D−−→D) ,

and similarly for T−(ζ). The chain equivalence

r : T−(ζ) −−→ T+(ζ−1)

is defined by

r =
(
−zζ−1 0

0 1

)
:

T−(ζ)n = i!En ⊕ i!En−1 −−→ T+(ζ−1)n = i!En ⊕ i!En−1 ,
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with torsion the mixed invariant

τ(r : T−(ζ)−−→T+(ζ−1)) = [i!E, ζ−1] ∈Wh(A[z, z−1]) .

The algebraic fibering obstructions of a chain complex band E in
A[z, z−1] are defined by

Φ+(E) = τ(q+ : T+(ζ−1)−−→E) ,

Φ−(E) = τ(q− : T−(ζ)−−→E) ∈Wh(A[z, z−1]) ,

and are such that
Φ−(E) − Φ+(E) = τ(r : T−(ζ)−−→T+(ζ−1))

= [i!E, ζ−1] ∈Wh(A[z, z−1]) .

The geometric fibering obstructions of a CW band X with π1(X) =
π×Z are just the algebraic fibering obstructions of the cellular Z[π×Z]-
module chain complex C(X̃) of the universal cover X̃

Φ±(X) = Φ±(C(X̃)) ∈Wh(π × Z) .

The algebraic mapping torus of a self chain equivalence h : F−−→F of
a finite chain complex F in A

T (h) = C(1− zh : F [z, z−1]−−→F [z, z−1])

has T (h) ' F , ζ ' h−1, so that the algebraic fibering obstructions are
given by

Φ+(T (h)) = τ(1 : T (h)−−→T (h)) = 0 ∈Wh(A[z, z−1]) ,

Φ−(T (h)) = τ(r : T−(h−1)−−→T+(h)) = [F, h] = i!τ(h)

∈ im(i! : Wh(A)−−→Wh(A[z, z−1])) .

A chain complex band E in A[z, z−1] is simple chain equivalent to
T (h) for a simple self chain equivalence h : F−−→F of a finite chain
complex F in A if and only if

Φ+(E) = Φ−(E) = 0 ∈Wh(A[z, z−1]) .

Φ+(E) has image

(B ⊕N+ ⊕N−)Φ+(E)

= (−[E]−, [i!E/ζ−N
+
E+, ζ], [i!E/ζN

−
E−, ζ−1])

∈ K̃0(P0(A))⊕ Ñil0(A)⊕ Ñil0(A) ,

for any N = (N+, N−) ∈ Nf (E). Similarly, Φ−(E) has image

(B ⊕N+ ⊕N−)Φ−(E) = ([E]+, [i!E/ζN
−
E−, ζ−1], [i!E/ζ−N

+
E+, ζ])

∈ K̃0(P0(A)) ⊕ Ñil0(A)⊕ Ñil0(A) .

The algebraic fibering obstructions are absolute invariants of chain
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complexes which determine the Whitehead torsion, by analogy with Rei-
demeister torsion. (In the geometric context this was already observed
by Siebenmann [74], [76]). Specifically, the Whitehead torsion of a chain
equivalence f : E′−−→E of chain complex bands in A[z, z−1] is given by

τ(f) = Φ+(E)− Φ+(E′)

= Φ−(E) − Φ−(E′) ∈Wh(A[z, z−1]) ,

since there are defined commutative squares of chain equivalences

T±((ζ′)∓1)

u

(q′)±

w T±(ζ∓1)

u

q±

E′ w
f

E

with

τ(T±((ζ′)∓1)−−→T±(ζ∓1)) = 0 ∈Wh(A[z, z−1]) .

In particular, if E is a contractible finite chain complex in A[z, z−1] the
fibering obstructions are given by the torsion

Φ+(E) = Φ−(E) = τ(E) ∈Wh(A[z, z−1]) .

If A has an involution then the n-dual of a chain complex band E in
A[z, z−1] is a chain complex band En−∗ with algebraic fibering obstruc-
tions given by

Φ±(En−∗) = (−)n−1Φ∓(E)∗ ∈Wh(A[z, z−1]) .

For a pair (B,A ⊆ B) of additive categories with involution the dual of
the mixed invariant [C, h] ∈ Wh(A[z, z−1]) of a self chain equivalence
h : C−−→C of an A-finitely dominated chain complex C in B is given by

[C, h]∗ = τ(−zh : C[z, z−1]−−→C[z, z−1])∗

= τ(−z−1h∗ : C∗[z, z−1]−−→C∗[z, z−1])

= −[C∗, (h∗)−1] ∈Wh(A[z, z−1]) .

If (E, θ) is an n-dimensional symmetric Poincaré complex in A[z, z−1]
with E a chain complex band then (i!E, i!θ) is an A-finitely dominated
(n−1)-dimensional symmetric Poincaré complex in F1(A). The ‘covering
translation’

ζ : i!E −−→ i!E ; x −−→ zx

defines a self chain equivalence

ζ : (i!E, i!θ) −−→ (i!E, i!θ)
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such that
[i!E, ζ−1]∗ = −[(i!E)∗, ζ∗] = (−)n[i!E, ζ−1] ∈Wh(A[z, z−1]) ,

τ(ζ)∗ = (−)nτ(ζ) ∈Wh(A) , [i!E]∗ = (−)n−1[i!E] ∈ K̃0(P0(A)) .
The torsion

τ(E, θ) = τ(θ0 : En−∗−−→E) ∈Wh(A[z, z−1])

is such that
τ(E, θ) = Φ+(E)− Φ+(En−∗) = Φ+(E) + (−)nΦ−(E)∗

= Φ+(E) + (−)nΦ+(E)∗ + [i!E, ζ−1] ∈Wh(A[z, z−1]) ,

Bτ(E, θ) = [E]+ + (−)n([E]−)∗ ∈ K̃0(P0(A)) ,

N±τ(E, θ) = N±Φ+(E) + (−)n(N∓Φ+(E))∗

= −([i!E/ζ∓N
±
E±, ζ±1] + (−)n[i!E/ζ±N

∓
E±, ζ∓1]∗)

∈ Ñil0(A) .
The algebraic mapping torus T (ζ) is an n-dimensional symmetric Poinc-
aré complex in F1(A)[z, z−1] with a preferred A[z, z−1]-finite structure,
with respect to which

τ(T (ζ)) = [i!E, ζ−1] = (−)n[i!E, ζ−1]∗ ∈Wh(A[z, z−1]) .

Any chain equivalence E ' T (h) to the algebraic mapping torus of
a self chain equivalence h : F−−→F of an A-finitely dominated chain
complex F can be lifted to a chain equivalence i!E ' F , and F supports
an (n− 1)-dimensional symmetric Poincaré structure φ preserved by h,
such that there is defined a homotopy equivalence of homotopy A-finite
n-dimensional symmetric Poincaré complexes

(E, θ) ' T (h : (F, φ)−−→(F, φ)) .

Thus Φ+(E) = Φ−(E) = 0 ∈Wh(A[z, z−1]) if and only if (E, θ) is simple
homotopy equivalent to the algebraic mapping torus T (h) of a simple
self homotopy equivalence h : (F, φ)−−→(F, φ) of an (n− 1)-dimensional
symmetric Poincaré complex (F, φ) in A, in which case (E, θ) (but not
necessarily (F, φ)) is simple.

For a simple n-dimensional symmetric Poincaré complex (E, θ) in
A[z, z−1]

τ(E, θ) = Φ+(E) + (−)nΦ−(E)∗ = 0 ∈Wh(A[z, z−1]) ,

and

N+τ(E, θ) = N+Φ+(E) + (−)n(N−Φ+(E))∗ = 0 ∈ Ñil0(A) ,

so the two Ñil-components of Φ+(E) are related by

N+Φ+(E) = (−)n−1(N−Φ+(E))∗ ∈ Ñil0(A) .
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Since

Φ+(E) = (−)n−1Φ−(E)∗ ∈Wh(A[z, z−1])

there is redundancy in the two algebraic fibering conditions

Φ+(E) = Φ−(E) = 0 ∈Wh(A[z, z−1]) ,

and Φ+(E) = 0 ∈ Wh(A[z, z−1]) if and only if (E, θ) is simple homo-
topy equivalent to the algebraic mapping torus T (h) of a simple self
homotopy equivalence h : (F, φ)−−→(F, φ) of an (n − 1)-dimensional
symmetric Poincaré complex (F, φ) in A. For any such (F, φ) the Tate
Z2-cohomology class of the torsion

τ(F, φ) = (−)n−1τ(F, φ)∗ ∈Wh(A)

is the image of the Wh2-invariant

τ2(E, θ) ∈ Ĥn(Z2;Wh2(A[z, z−1]))

under the split surjection induced by the Wh2-analogue

B2 : Wh2(A[z, z−1]) −−→ Wh(A)

of B : Wh(A[z, z−1])−−→K̃0(P0(A))

τ(F, φ) = B2τ2(E, θ) ∈ Ĥn−1(Z2;Wh(A)) .

There exists a simple homotopy equivalence

(E, θ) ' T (h : (F, φ)−−→(F, φ))

with

τ(h : F−−→F ) = τ(F, φ) = 0 ∈Wh(A)

if and only if

Φ+(E) = 0 ∈Wh(A[z, z−1]) ,

B2τ2(E, θ) = 0 ∈ Ĥn−1(Z2;Wh(A)) .

The Wh2-invariant is implicit in the way Wall [84, §12B] used fibering
obstruction theory to identify the codimension 1 splitting obstruction
groups LS∗ in the two-sided non-separating case with Ĥ∗+1(Z2;Wh(π)).
Indeed, the groups M∗ of [84, Thm. 12.6] are the higher L-groups deco-
rated by im(i! : Wh2(π)−−→Wh2(π × Z)). The fibering Wh2-invariant
is closely related to the pseudo-isotopy Wh2-invariant of Hatcher and
Wagoner [33], and appears explicitly in the work of Kinsey [41] on the
uniqueness of fibre bundle structures over S1.

If X is an n-dimensional geometric Poincaré complex which is a CW
band then the torsion of T (ζ) with respect to the preferred finite struc-
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ture is such that
τ(T (ζ)) = τ(r : T (ζ−1)−−→T (ζ)) = [X̄, ζ−1] = (−)n[X̄, ζ−1]∗ ,

τ(X) = τ(T (ζ)) + Φ+(X) + (−)nΦ+(X)∗

= Φ+(X) + (−)nΦ−(X)∗ ∈Wh(π1(X)) .
A ‘candidate for fibering’ in the sense of Siebenmann [76] is a compact

n-dimensional manifold X with a finitely dominated infinite cyclic cover
X̄. Again, only the case ζ∗ = 1 : π = π1(X̄)−−→π1(X̄) is considered
here, so that π1(X) = π × Z. For n 6= 4 X is a CW band, since it
is a CW complex via the handlebody decomposition, but in any case
X has a preferred intrinsic finite structure. Any finite CW complex
Y in the preferred simple homotopy type of X is a CW band which
is a simple n-dimensional geometric Poincaré complex. The algebraic
fibering obstruction of X is defined by

Φ+(X) = Φ+(C(X̃)) ∈Wh(π × Z) ,

interpreting C(X̃) as C(Ỹ ) if n = 4. Φ+(X) is the total fibering obstruc-
tion of [76] and Farrell [22], such that Φ+(X) = 0 if (and for n ≥ 6 only
if) X fibers over S1, i.e. is homeomorphic to the mapping torus T (h) of a
self-homeomorphism h : F−−→F of a compact (n−1)-dimensional mani-
fold F , with the infinite cyclic cover X̄ Z-homeomorphic to T (h) = F×R.
The total fibering obstruction Φ+(X) is related to the original two-stage
fibering obstruction theory of Farrell [21] by the geometrically significant
split exact sequence

0 −−→ Wh(π)
i!−−→ Wh(π × Z)

B⊕N+⊕N−
−−−−−−−→

K̃0(Z[π]) ⊕ Ñil0(Z[π])⊕ Ñil0(Z[π]) −−→ 0 .
The images

BΦ+(X) = −[X̄−] = −[i!C(X̃)/ζ−N
+
C(X̃)+] ∈ K̃0(Z[π]) ,

N+Φ+(X) = [i!C(X̃)/ζ−N
+
C(X̃)+, ζ] ∈ Ñil0(Z[π])

are the primary obstructions of [21], being the components of the split-
ting obstruction of Farrell and Hsiang [23] (cf. 10.9) ; if these vanish and
n ≥ 6 there exists a fundamental domain (V ;U, ζU) for X̄ which is
an h-cobordism, with the torsion τ(V ;U, ζU) ∈ Wh(π) the secondary
obstruction, such that

Φ+(X) = i!τ(V ;U, ζU)

∈ ker(B ⊕N+ ⊕N− : Wh(π × Z)

−−→ K̃0(Z[π]) ⊕ Ñil0(Z[π])⊕ Ñil0(Z[π]))

= im(i! : Wh(π)−−→Wh(π × Z)) .
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Thus Φ+(X) = 0 if and only if (V ;U, ζU) is an s-cobordism, which by the
s-cobordism theorem is homeomorphic to a product U×([0, 1]; {0}, {1}).
Since X is simple

τ(X) = Φ+(X) + (−)nΦ+(X)∗ + [X̄, ζ−1] = 0 ∈Wh(π × Z) ,

Bτ(X) = [X̄+] + (−)n[X̄−]∗ = 0 ∈ K̃0(Z[π]) .
The identity

[X̄+] = (−)n−1[X̄−]∗ ∈ K̃0(Z[π])

is a generalization of the end obstruction duality theorem of Sieben-
mann [73, §11]. Since X is a manifold τ2(X) = 0 ∈ Wh2(π × Z), so
Φ+(X) ∈Wh(π×Z) is the only algebraic obstruction to X being simple
homotopy equivalent to the mapping torus T (h) of a simple self homo-
topy equivalence h : F−−→F of a simple (n − 1)-dimensional geometric
Poincaré complex F .

Siebenmann, Guillou and Hähl [77, 5.13] developed a version of the
fibering obstruction theory for Hilbert cube manifolds. In the corrected
version of this theory (Chapman and Siebenmann [19, p.208]) there are
two independent obstructions, which are precisely the two algebraic
fibering obstructions Φ+(E), Φ−(E) of the associated chain complex
band E.

It is possible to extend the algebraic fibering obstruction theory to fi-
brations over manifolds other than S1, which in the non-simply-connected
case necessarily involves both lower K- and lower L-theory. For the ge-
ometric fibering obstruction theory see Casson [17], Quinn [55], Burghe-
lea, Lashof and Rothenberg [14] and Levitt [43]. For fibrations over
Tn part of the obstruction concerns the expression of a non-compact
manifold as a product M × Rn - see Bryant and Pacheco [13] for the
corresponding obstruction theory. There is also a connection with the
geometric theory developed by Hughes, Taylor and Williams [37] for
relating manifold approximation fibrations and bundles.
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relative, K1(F ), 11
S1-transfer invariant,
K1(A[z, z−1])INV , 108
Tm-transfer invariant,
K1(A[Zm])INV , 112

torsion, K1(A), 10

Laurent extension ring
finite, A[z, z−1], 70
infinite, A[[z, z−1]], 70
L-group
ε-quadratic, Ln(A, ε), 154
ε-symmetric, Ln(A, ε), 154
intermediate, LSn(A) , 118
intermediate lower, LSn(A), 148
lower, L〈−m〉n (A), 145
lower ε-symmetric,
Ln〈−m〉(A, ε), 155

quadratic, Ln(A), 114
round, Lrn(A), 118
S1-transfer invariant,
Ln(A[z, z−1])INV , 151
Tm-transfer invariant,
Ln(A[Zm])INV , 153

ultimate lower
quadratic, L〈−∞〉n (A), 148
ε-symmetric, Ln〈−∞〉(A, ε), 156

linear morphism
in G1(A)[[z, z−1]], 74

mapping torus, 157
Mayer-Vietoris
presentation
in A[z, z−1], 74
finite, 75
torsion, 75
universal
chain complex, 77
object, 75

in CX(A), 33
in G1(A)[[z, z−1]], 76
finite, 76
torsion, 76

sequence, M, 32
mixed torsion-class, 158

nilpotent
category Nil(A), 81
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class group, Nil0(A), 81
endomorphism, 81
reduced class group, Ñil0(A), 81

open cone, O(X), 53

projective class
chain complex, 9
chain homotopy projection, 9

proper eventually
Lipschitz map, 15

q-fold transfer,
in C1(A), q!, 107
in K-theory, q!, 108
in L-theory, q!, 151
Q-fold transfer Cm(A), Q!, 111
Q-groups
ε-quadratic, Q∗(C, ε), 153
ε-symmetric, Q∗(C, ε), 153
quadratic, Q∗(C), 113

quadratic
Poincaré complex, 113
Poincaré pair, 114

quotient object, 20

restriction, i!, 73
round quadratic complex, 117

sign, ε(L,M), 46
splitting
chain homotopy projection, 9
quadratic complex, 116
Poincaré, 117

stable
canonical structure, 48
isomorphism, 10

subobject, 15
support, 17

torsion,
chain equivalence, τ(f), 47
x-based, 55

transposition, 113

union,
fundamental cobordisms, 142
quadratic pair, 116

Whitehead group,
Wh(CO(X)(A), 57
Wh(A[z, z−1]), 78

ζ-equivariant morphism, 71


