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Editor’s Preface

The seminal ‘MIT notes’ of Dennis Sullivan were issued in June
1970 and were widely circulated at the time. The notes had a ma-
jor influence on the development of both algebraic and geometric
topology, pioneering

m the localization and completion of spaces in homotopy theory,
including p-local, profinite and rational homotopy theory, lead-
ing to the solution of the Adams conjecture on the relationship
between vector bundles and spherical fibrations,

m the formulation of the ‘Sullivan conjecture’ on the contractibility
of the space of maps from the classifying space of a finite group
to a finite dimensional CW complex,

= the action of the Galois group of Q over Q on smooth manifold
structures in profinite homotopy theory,

m the K-theory orientation of PL manifolds and bundles.

Some of this material has been already published by Sullivan him-
self: in an article! in the Proceedings of the 1970 Nice ICM, and
in the 1974 Annals of Mathematics papers Genetics of homotopy
theory and the Adams conjecture and The transversality character-
istic class and linking cycles in surgery theory?. Many of the ideas
originating in the notes have been the starting point of subsequent

Ireprinted at the end of this volume
2joint with John Morgan

vii
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developments®. However, the text itself retains a unique flavour of
its time, and of the range of Sullivan’s ideas. As Wall wrote in sec-
tion 17F Sullivan’s results of his book Surgery on compact manifolds
(1971) : Also, it is difficult to summarise Sullivan’s work so briefly:
the full philosophical exposition in (the notes) should be read. The
notes were supposed to be Part I of a larger work; unfortunately,
Part II was never written. The volume concludes with a Postscript
written by Sullivan in 2004, which sets the notes in the context of
his entire mathematical oeuvre as well as some of his family life,
bringing the story up to date.

The notes have had a somewhat underground existence, as a kind
of Western samizdat. Paradoxically, a Russian translation was pub-
lished in the Soviet Union in 1975%, but this has long been out of
print. As noted in Mathematical Reviews, the translation does not
include the jokes and other irrelevant material that enlivened the
English edition. The current edition is a faithful reproduction of
the original, except that some minor errors have been corrected.

The notes were TeX’ed by lain Rendall, who also redrew all the
diagrams using METAPOST. The 1970 Nice ICM article was Tex’ed
by Karen Duhart. Pete Bousfield and Guido Mislin helped prepare
the bibliography, which lists the most important books and papers
in the last 35 years bearing witness to the enduring influence of the
notes. Martin Crossley did some preliminary proofreading, which
was completed by Greg Brumfiel (“ein Mann der ersten Stunde”®).
Dennis Sullivan himself has supported the preparation of this edition
via his Albert Einstein Chair in Science at CUNY. I am very grateful
to all the above for their help.

Andrew Ranicki
Edinburgh, October, 2004

3For example, my own work on the algebraic L-theory orientations of topological manifolds
and bundles.

4The picture of an infinite mapping telescope on page 33 is a rendering of the picture in the
Russian edition.

5A man of the first hour.



Preface

This compulsion to localize began with the author’s work on in-
variants of combinatorial manifolds in 1965-67. It was clear from the
beginning that the prime 2 and the odd primes had to be treated
differently.

This point arises algebraically when one looks at the invariants of
a quadratic form!. (Actually for manifolds only characteristic 2 and
characteristic zero invariants are considered.)

The point arises geometrically when one tries to see the extent of
these invariants. In this regard the question of representing cycles
by submanifolds comes up. At 2 every class is representable. At odd
primes there are many obstructions. (Thom).

The invariants at odd primes required more investigation because
of the simple non-representing fact about cycles. The natural invari-
ant is the signature invariant of M — the function which assigns the
“signature of the intersection with M” to every closed submanifold
of a tubular neighborhood of M in Euclidean space.

A natural algebraic formulation of this invariant is that of a canon-
ical K-theory orientation

Apr € K-homology of M .

«

IWhich according to Winkelnkemper “... is the basic discretization of a compact manifold.”

ix



In Chapter 6 we discuss this situation in the dual context of bun-
dles. This (Alexander) duality between manifold theory and bundle
theory depends on transversality and the geometric technique of
surgery. The duality is sharp in the simply connected context.

Thus in this work we treat only the dual bundle theory — however
motivated by questions about manifolds.

The bundle theory is homotopy theoretical and amenable to the
arithmetic discussions in the first Chapters. This discussion con-
cerns the problem of “tensoring homotopy theory” with various
rings. Most notable are the cases when Z is replaced by the ra-
tionals QQ or the p-adic integers Zp.

These localization processes are motivated in part by the ‘invari-
ants discussion’ above. The geometric questions do not however
motivate going as far as the p-adic integers.?

One is led here by Adams’ work on fibre homotopy equivalences
between vector bundles — which is certainly germane to the manifold
questions above. Adams finds that a certain basic homotopy relation
should hold between vector bundles related by his famous operations

Y*.
Adams proves that this relation is universal (if it holds at all) —
a very provocative state of affairs.

Actually Adams states infinitely many relations — one for each
prime p. Each relation has information at every prime not equal to

p.

At this point Quillen noticed that the Adams conjecture has an
analogue in characteristic p which is immediately provable. He sug-
gested that the etale homotopy of mod p algebraic varieties be used
to decide the topological Adams conjecture.

Meanwhile, the Adams conjecture for vector bundles was seen to
influence the structure of piecewise linear and topological theories.

The author tried to find some topological or geometric under-
standing of Adams’ phenomenon. What resulted was a reformula-
tion which can be proved just using the existence of an algebraic

2Although the Hasse-Minkowski theorem on quadratic forms should do this.
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construction of the finite cohomology of an algebraic variety (etale
theory).

This picture which can only be described in the context of the
p-adic integers is the following — in the p-adic context the theory of
vector bundles in each dimension has a natural group of symmetries.

These symmetries in the (n—1) dimensional theory provide canon-
ical fibre homotopy equivalence in the n dimensional theory which
more than prove the assertion of Adams. In fact each orbit of the
action has a well defined (unstable) fibre homotopy type.

The symmetry in these vector bundle theories is the Galois sym-
metry of the roots of unity homotopy theoretically realized in the
‘Cech nerves’ of algebraic coverings of Grassmannians.

The symmetry extends to K-theory and a dense subset of the sym-
metries may be identified with the “isomorphic part of the Adams
operations”. We note however that this identification is not essential
in the development of consequences of the Galois phenomena. The
fact that certain complicated expressions in exterior powers of vec-
tor bundles give good operations in K-theory is more a testament to
Adams’ ingenuity than to the ultimate naturality of this viewpoint.

The Galois symmetry (because of the K-theory formulation of
the signature invariant) extends to combinatorial theory and even
topological theory (because of the triangulation theorems of Kirby-
Siebenmann). This symmetry can be combined with the periodicity
of geometric topology to extend Adams’ program in several ways —

i) the homotopy relation implied by conjugacy under the action
of the Galois group holds in the topological theory and is also
untversal there.

ii) an explicit calculation of the effect of the Galois group on the
topology can be made —

for vector bundles E the signature invariant has an analytical
description,

AE in Kc(E),

and the topological type of E is measured by the effect of the
Galois group on this invariant.
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One consequence is that two different vector bundles which are
fixed by elements of finite order in the Galois group are also topolog-
ically distinct. For example, at the prime 3 the torsion subgroup is
generated by complex conjugation — thus any pair of non isomorphic
vector bundles are topologically distinct at 3.

The periodicity alluded to is that in the theory of fibre homotopy
equivalences between PL or topological bundles (see Chapter 6 -
Normal Invariants).

For odd primes this theory is isomorphic to K-theory, and geomet-
ric periodicity becomes Bott periodicity. (For non-simply connected
manifolds the periodicity finds beautiful algebraic expression in the
surgery groups of C. T. C. Wall.)

To carry out the discussion of Chapter 6 we need the works of the
first five chapters.

The main points are contained in chapters 3 and 5.

In chapter 3 a description of the p-adic completion of a homotopy
type is given. The resulting object is a homotopy type with the
extra structure® of a compact topology on the contravariant functor
it determines.

The p-adic types one for each p can be combined with a rational
homotopy type (Chapter 2) to build a classical homotopy type.

One point about these p-adic types is that they often have sym-
metry which is not apparent or does not exist in the classical con-
text. For example in Chapter 4 where p-adic spherical fibrations are
discussed, we find from the extra symmetry in C P>, p-adically com-
pleted, one can construct a theory of principal spherical fibrations
(one for each divisor of p — 1).

Another point about p-adic homotopy types is that they can be
naturally constructed from the Grothendieck theory of etale coho-
mology in algebraic geometry. The long chapter 5 concerns this
etale theory which we explicate using the Cech like construction of
Lubkin. This construction has geometric appeal and content and
should yield many applications in geometric homotopy theory.*

3which is “intrinsic” to the homotopy type in the sense of interest here.
4The study of homotopy theory that has geometric significance by geometrical qua homotopy
theoretical methods.
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To form these p-adic homotopy types we use the inverse limit
technique of Chapter 3. The arithmetic square of Chapter 3 shows
what has to be added to the etale homotopy type to give the classical
homotopy type.’

We consider the Galois symmetry in vector bundle theory in some
detail and end with an attempt to analyze “real varieties”. The
attempt leads to an interesting topological conjecture.

Chapter 1 gives some algebraic background and preparation for
the later Chapters. It contains the examples of profinite groups in
topology and algebra that concern us here.

In part II® we study the prime 2 and try to interpret geometrically
the structure in Chapter 6 on the manifold level. We will also pursue
the idea of a localized manifold — a concept which has interesting
examples from algebra and geometry.

Finally, we acknowledge our debt to John Morgan of Princeton
University — who mastered the lion’s share of material in a few short
months with one lecture of suggestions. He prepared an earlier man-
uscript on the beginning Chapters and I am certain this manuscript
would not have appeared now (or in the recent future) without his
considerable efforts.

Also, the calculations of Greg Brumfiel were psychologically in-
valuable in the beginning of this work. I greatly enjoyed and bene-
fited from our conversations at Princeton in 1967 and later.

5Actually it is a beginning.
6which was never written (AAR).






Chapter 1

ALGEBRAIC CONSTRUCTIONS

We will discuss some algebraic constructions. These are localiza-
tion and completion of rings and groups. We consider properties of
each and some connections between them.

Localization

Unless otherwise stated rings will have units and be integral do-
mains.

Let R be a ring. S C R — {0} is a multiplicative subset if 1 € S
and a,b € S implies a-b € S.

DEFINITION 1.1 If S C R — {0} is a multiplicative subset then
STIR, “R localized away from S”
1s defined as equivalence classes
{r/s|r e R,s €S}
where
/

r/s~r'/s iff rs=r's.
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S7IR is made into a ring by defining

[r/s]-[r'/s'] = [rr'/ss'] and
(/5] + [r'/s] = {*] |

The localization homomorphism
R— S'R
sends r into [r/1].

ExAMPLE 1 If p C R is a prime ideal, R—p is a multiplicative subset.
Define
R,, “R localized at p”

as (R—p) 'R.

In R, every element outside pRR, is invertible. The localization
map R — R, sends p into the unique maximal ideal of non-units in
R,.

If R is an integral domain 0 is a prime ideal, and R localized at
zero is the field of quotients of R.

The localization of the ring R extends to the theory of modules
over R. If M is an R-module, define the localized S~!'R-module,
S—IM by

STM=M®rS'R.

Intuitively S~!M is obtained by making all the operations on M
by elements of S into isomorphisms.

Interesting examples occur in topology.

ExaMPLE 2 (P. A. Smith, A. Borel, G. Segal) Let X be a locally
compact polyhedron with a symmetry of order 2 (involution), 7'

What is the relation between the homology of the subcomplex of
fixed points F' and the “homology of the pair (X,T)”?

Let S denote the (contractible) infinite dimensional sphere with
its antipodal involution. Then X x S has the diagonal fixed point
free involution and there is an equivariant homotopy class of maps

XxS—S
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(which is unique up to equivariant homotopy). This gives a map
Xr=(Xx8)/T — S/T=RP*®
and makes the “equivariant cohomology of (X,T)”
H(X7:7,/2)
into an R-module, where
R = Zolz]| = H (RP>*;Z/2).

In R we have the multiplicative set S generated by x, and the coho-
mology of the fixed points with coefficients in the ring S'R = R, =
R[z~!] is just the localized equivariant cohomology,

H*(F;R;) =2 H*(Xp;Z/2) with x inverted = H*(Xp;Z/2) ®r R, .

For most of our work we do not need this general situation of
localization. We will consider most often the case where R is the
ring of integers and the R-modules are arbitrary Abelian groups.

Let £ be a set of primes in Z. We will write “Z localized at £”
Ze=S"17Z
where S is the multiplicative set generated by the primes not in /.
When ¢ contains only one prime ¢ = {p}, we can write
Ly =Ty
since Zy is just the localization of the integers at the prime ideal p.
Other examples are

Z{aull primes} — Z and Zy= Q=2 .

In general, it is easy to see that the collection of Z,’s

{Z4}

is just the collection of subrings of Q with unit. We will see below
that the tensor product over Z,

Ly @z, Lpr = Ly
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and the fibre product over QQ

Ly XQ Ly = Ly -

We localize Abelian groups at ¢ as indicated above.

DEFINITION 1.2 If G is an Abelian group then the localization of G
with respect to a set of primes ¢, Gy is the Zy-module

G®Zy .

The natural inclusion Z — Z;, induces the “localization homomor-
phism”
G—-G 0 -

We can describe localization as a direct limit procedure.

Order the multiplicative set {s} of products of primes not in ¢ by
divisibility. Form a directed system of groups and homomorphisms
indexed by the directed set = {s} with

multiplication by s’/s

Gs =G Gy if s< s .

ProrosiTION 1.1
li_r)nGs 2GR7Zi =G,

s

PROOF: Define compatible maps
Gs > GR7Zy
by g — g ® 1/s. These determine

liInGs —>G®Z@ .
—

s

In case G = Z this map is clearly an isomorphism. (Each map
7 — Zy is an injection thus the direct limit injects. Also a/s in Zy is
in the image of Z = G5 — Zy.)

The general case follows since taking direct limits commutes with
tensor products.

LEMMA 1.2 If ¢ and ¢ are two sets of primes, then Zy @ Zy 18 iso-
morphic to Zyny as rings.
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PROOF: Define a map on generators
Zoe ® Lo L Lye

by p(a/b® d' /') = ad’ /bb'. Since b is a product of primes outside ¢
and ' is a product of primes outside ¢, bb’ is a product of primes
outside £ N ¢ and p is well defined.

To see that p is onto, take r/s in Zyny and factor s = sys2 so that
“s1 is outside £” and “sg is outside ¢'.” Then p(1/s1 @ r/s2) =r/s.

To see that p is an embedding assume
Zai/bi ®Ci/di LN 0.

Then Zaicl-/bidi =0, or

ZaiCiHbjdj = 0.

i i#j
This means that

Zaz‘/bz’ ®ci/d; = Zaicz’(l/bi ® 1/d;)

i 7

= > (ITvdjaic) 1/ [T o1/ [ [ dn)
i i h h
=0

so p has kernel = {0}.

LEMMA 1.3 The Z-module structure on an Abelian group G extends
to a Z¢-module structure if and only if G is isomorphic to its local-
izations at every set of primes containing £.

Proor: This follows from Proposition 1.1.

EXAMPLE 3

0 pél

(B/p")e = 2/p" © Ly = {Z/p” pel

finitely generated) - .
(Abelian sroup G )Z E7¢® - DLy ® Zy Dl-torsion G

rank G factors



PROPOSITION 1.4 Localization takes exact sequences of Abelian groups
into exact sequences of Abelian groups.

PRrROOF: This also follows from Proposition 1.1 since passage to a
direct limit preserves exactness.

COROLLARY 1.5 If 0 - A — B — C — 0 is an exact sequence of
Abelian groups and two of the three groups are Zy-modules then so
s the third.

PRrROOF: Consider the localization diagram

0 A B C 0

l ®R7Zyg \L ®R7Zy i ®R7Zyg

0 Ay By Cy 0

The lower sequence is exact by Proposition 1.4. By hypothesis and
Lemma 1.2 two of the maps are isomorphisms. By the Five Lemma
the third is also.

COROLLARY 1.6 If in the long exact sequence
-—A,—-B,—>C,—> A, 1—> Bp_1— ...
two of the three sets of groups
{An}, {Bn}, {Cn}
are Zg-modules, then so is the third.
PRrROOF: Apply the Five Lemma as above.

COROLLARY 1.7 Let F — E — B be a Serre fibration of connected
spaces with Abelian fundamental groups. Then if two of

. F, m E, m.B
are Zy-modules the third is also.
Proor: This follows from the exact homotopy sequence
- mF - mE —mB— . ...
This situation extends easily to homology.

PrROPOSITION 1.8 Let F — E — B be a Serre fibration in which m B
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acts trivially on I:T*(F;Z/p) for primes p not in €. Then if two of
the integral _ B _
H.F, H.E, H.B

are Zg-modules, the third is also.

PROOF: H,X is a Zy-module iff H,(X;Z/p) vanishes for p not in /.
This follows from the exact sequence of coefficients

o Hy(X) D Hy(X) — Hi(X;Z/p) — ... .

But from the Serre spectral sequence with Z/p coefficients we can
conclude that if two of

H.(F;Z/p), H(E;Z/p), H.(B:Z/p)

vanish the third does also.

NoOTE: We are indebted to D. W. Anderson for this very simple
proof of Proposition 1.8.

Let us say that a square of Abelian groups
A—>B
1
¢——=>D
is a fibre square if the sequence
054, Bac =t Do
is exact.
LEMMA 1.9 The direct limit of fibre squares is a fibre square.

ProoOF: The direct limit of exact sequences is an exact sequence.

PROPOSITION 1.10 If G is any Abelian group and ¢ and ¢’ are two
sets of primes such that

(Nl =0, 00l = all primes

then
G G R7Zy

L

G@Z@/*)G@)Q
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is a fibre square.

PROOF:

Case 1: G = Z: an easy argument shows
0-Z—>Zi®Zp — Q—0

is exact.

Case 2: G = 7Z/p®, the square reduces to

Z)p* —=0 or Z/p* —>T7/p"

N

Z]p® —=0 0—0.
Case 3: (G is a finitely generated group: this is a finite direct sum of
the first two cases.

Case 4: G any Abelian group: this follows from case 3 and Lemma
1.9.

We can paraphrase the proposition “G is the fibre product of its
localizations Gy and Gy over Gg,”

More generally, we have

META PROPOSITION 1.12 Form the infinite diagram

Go Gs Gs...

N

Go

Then G is the infinite fibre product of its localizations Ga, Gs,
...over Gy.

PROOF: The previous proposition shows Gy 3) is the fibre product
of G9) and G 3) over G (). Then Gy 35) is the fibre product of Gy 3)
and G(5) over G (g, etc. This description depends on ordering the
primes; however since the particular ordering used is immaterial the
statement should be regarded symmetrically.
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Completions

We turn now to completion of rings and groups. As for rings
we are again concerned mostly with the ring of integers for which
we discuss the “arithmetic completions”. In the case of groups we
consider profinite completions and for Abelian groups related formal
completions.

At the end of the Chapter we consider some examples of profinite
groups in topology and algebra and discuss the structure of the p-
adic units.

Finally we consider connections between localizations and com-
pletions, deriving certain fibre squares which occur later on the CW
complex level.

Completion of Rings — the p-adic Integers

Let R be a ring with unit. Let
LDOLD...

be a decreasing sequence of ideals in R with

(1 ={0}.
j=1

We can use these ideals to define a metric on R, namely
d(z,y) =e* e>1

where x—y € [ybut x—y &€ Iy11, lp=R). fz—y € andy—z € I
then x —z €1 k,1)- Thus

min(
d(z,z) < max(d(z,y),d(y, 2)) ,
a strong form of triangle inequality. Also, d(x,y) = 0 means

r—y € (I ={0}.

J=0

This means that d defines a distance function on the ring R.
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DEFINITION 1.3 Given a ring with metric d, define the completion
of R with respect to d, Ry, by the Cauchy sequence procedure. That
is, form all sequences in R, {x,}, so that'

lim d(z,,xmnm)=0.
n,Mm— 00
Make {x,} equivalent to {y,} if d(zn,yn) — 0. Then the set of
equivalence classes Ry is made into a topological ring by defining

{zn}] + Hyn}] = {zn +wn}l,
Hznd] - Hyn}l = Hznyn}]

There is a natural completion homomorphism
RS Ry

sending r into [{r,r,...}]. ¢ is universal with respect to continuous
ring maps into complete topological rings.

ExAMPLE 1 Let I; = (p?) C Z. The induced topology is the p-adic
topology on Z, and the completion is the ring of p-adic integers, Z,,.

The ring ip was constructed by Hensel to study Diophantine equa-

tions. A solution in Z, corresponds to solving the associated Dio-
phantine congruence modulo arbitrarily high powers of p.

Solving such congruences for all moduli becomes equivalent to an
infinite number of independent problems over the various rings of
p-adic numbers.

Certain non-trivial polynomials can be completely factored in 21,,
for example
2Pt -1

(see the proof of Proposition 1.16.)

Thus here and in other situations we are faced with the pleas-
ant possibility of studying independent p-adic projections of familiar
t
)S

problems over Z armed with such additional tools as (p — 1)°" roots

of unity.

n this context it is sufficient to assume that d(Zn,Tn+1) — 0 to have a Cauchy sequence.
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EXAMPLE 2 Let ¢ be a non-void subset of the primes (p1,p2,...) =
(2,3,...). Define

’ )
Ij = (Hp])peé,pépj :

The resulting topology on Z is the (-adic topology and the comple-
tion is denoted Z,.

If ¢/ C ¢ then If C If/ and any Cauchy sequence in the /-adic
topology is Cauchy in the ¢'-adic topology. This gives a map

Zg —>ng.

PROPOSITION 1.13 Form the inverse system of rings {Z/p™}, where
Z)p"™ — ZJ/p™ is a reduction mod p™ whenever n > m. Then there
18 a natural ring isomorphism

2p % Lim{Z/p"} .

PROOF: First define a ring homomorphism
2}? — Z[p".
Pn

If {z;} is a Cauchy sequence in Z, the p" residue of z; is constant
for large ¢ so define

pnl{zi}] = stable residue z; .

If {z;} is equivalent to {y;}, p" eventually divides every z; — y;, so
pn is well defined.

The collection of homomorphisms p, are clearly onto and com-
patible with the maps in the inverse system. Thus they define

Ly, ; lian/p” :

pp is injective. For p,{z;} = 0, means p" eventually divides x; for
all n. Thus {z;} is eventually in I,, for every n. This is exactly the
condition that {z;} is equivalent to {0,0,0,...}.

pp is surjective. If (r;) is a compatible sequence of residues in
limZ/p™, let {7;} be a sequence of integers in this sequence of residue

classes. {r;} is clearly a Cauchy sequence and

Pp{Ti} = (r) € imZ/p"
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~

COROLLARY Zj is compact.

PRrOOF: The isomorphism p, is a homeomorphism with respect to
the inverse limit topology on lim Z/p".

PRrOPOSITION 1.14 The product of the natural maps Zg — Zp, peSl
yields an isomorphism of rings

Z[ ? Hzp .
pel

PrOOF: The argument of Proposition 1.13 shows that 24 is an in-
verse limit of finite /-rings

Z/I; .
But R
imz/I; = [[%p
J pel
since

' A
z/I; = [ z/v.
peL,p<p;
NOTE: Zg is a ring with unit, but unlike Zp it is not an integral

domain if ¢ contains more than one prime. Like Z,, zz is compact
and topologically cyclic — the multiples of one element can form a
dense set.

EXAMPLE 3 (K (RP>), Atiyah)
Let R be the ring of virtual complex representations of Z/2,

R=Z[x]/(x* - 1).

n + mx corresponds to the representation

1 1

—1

of Z/2 on C™™. Let I; be the ideal generated by (z —1)’. The
completion of the representation ring R with respect to this topology
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is naturally isomorphic to the complex K-theory of RP*>,

R~ KRP®) = [RP>®,Z x BU].

It is easy to see that additively this completion of R is isomorphic
to the integers direct sum the 2-adic integers.

ExAMPLE 4 (K (fixed point set), Atiyah and Segal) Consider again
the compact space X with involution T, fixed point set F', and ‘ho-
motopy theoretical orbit space’, Xp = X x S*°/((z,s) ~ (Tx,—s)).

We have the Grothendieck ring of equivariant vector bundles over
X, Kg(X) — a ring over the representation ring R. Kg(X) is a
rather subtle invariant of the geometry of (X,7T). However, Atiyah
and Segal show that

i) the completion of K¢ (X) with respect to the ideals (z — 1) Kg(X)
is the K-theory of X7.

ii) the completion of K (X) with respect to the ideals (2 + 1)’ Kg(X)
is related to K (F').

If we complete K¢ (X) with respect to the ideals (z — 1,z + 1) K (X)
(which is equivalent to 2-adic completion)? we obtain the isomor-
phism

K(F)® Zy[z]/(2® — 1) =2 K(X7), .

We will use this relation in Chapter 5 to give an ‘algebraic descrip-
tion’ of the K-theory? of the real points on a real algebraic variety.

Completions of Groups

Now we consider two kinds of completions for groups. First there
are the profinite completions.

Let G be any group and /¢ a non-void set of primes in Z. Denote
the collection of those normal subgroups of G with index a product
of primes in ¢ by {H},.

2z —1l,z+1)2Cc (@ C(z—1,z+1).
3Tensored with the group ring of Z/2 over the 2-adic integers.
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Now {H}, can be partially ordered by
Hy < Hy iff HH C Hy.

DEFINITION 1.4 The £-profinite completion of G is the inverse limit
of the canonical finite £-quotients of G —

Gy = lim (G/H).
{H}e

The ¢-profinite completion @g is topologized by the inverse limit
of the discrete topologies on the G/H’s. Thus G, becomes a totally
disconnected compact topological group.

The natural map R
G— Gy
is clearly universal? for maps of G into finite /-groups.

This construction is functorial because the diagram

H = fle/ > H'

|

!
G/H —~=G'/H’

shows f induces a map of inverse systems —
{H'}e — {f"H'} C{H}s
a/udta/m o=
and thus we have f
Gy =limG/H 2, limG'/H' = G}

4There is a unique continuous map of the completion extending over a given map of G into
a finite group.



Algebraic Constructions 15

EXAMPLES

1) Let G = Z, { = {p}. Then the only p-quotients are Z/p". Thus

p-profinite completion

— 3 T
of the group G - 1%1 Z[p

which agrees (additively) with the ring theoretic p-adic comple-
tion of Z, the “p-adic integers”.
2) Again G =2Z, { ={p1,p2,...}. Then

Zy =limZ/p}" .. pf

where
o = {(011,012,...,ai,0,0,0,...)}

is the set of all non-negative exponents (eventually zero) partially
ordered by
a<d if aigaé for all 7.

The cofinality of the sequence
ap = (k,k,...,k,0,0,0,...)
———
k places
shows that i
Zy = lim][]z/pf

k 3=0
_ : k
= [[limz/p

peEL K
= Hz;p
pel
3) For any Abelian group G
ag = H @p .

pel

4) The (-profinite completion of a finitely generated Abelian group
of rank n and torsion subgroup T is just

G®Zze = 26@"'@2@@ {-torsion T'.
—

n summands
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5) If G is (-divisible, then /-profinite completion reduces G to the
trivial group. For example,

Q =0, (Q/2Z),=0.

o0
6) The p-profinite completion of the infinite direct sum @Z/p is

(o ¢]
the infinite direct product HZ/p.

From the examples we see that profinite completion is exact for
finitely generated Abelian groups but is not exact in general, e.g.

0-2—-Q—-Q/Z—0

becomes R
0—-Zy—0—0—0.

If we wanted a construction related to profinite completion which
preserved exactness for non-finitely generated groups, we could sim-
ply make the

DEFINITION 1.5 The formal £-completion of an Abelian group G, Gy
s given by

GZ:G@)Z.

PROPOSITION 1.15 The functor G — Gy is exact. It is the unique
functor which agrees with the profinite completion for finitely gen-
erated groups and commutes with direct limits.

PROOF: The first part follows since Zg is torsion free. The second
part follows from
i) any group is the direct limit of its finitely generated subgroups

ii) tensoring commutes with direct limits.

If ¢ is {all primes} then ég is called “the profinite completion” of

G and denoted G.iég is the “formal completion” of G' and denoted
G. ThusG=GRZ=GRL.

We note here that the profinite completion of G, G is complete
if we remember its topology. Namely, let {H} denote the partially
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ordered set of open subgroups of G of finite index. Then

~ Xk ~ o~ ~
G = lgn{G /H} = “continuous completion of G” .

{8}

It sometimes happens however that every subgroup of finite in-
dex in G is open. This is true if G = Z, in fact for the profinite
completion of any finitely generated Abelian group. Thus in these
cases the topology of G can be recovered from the algebra using the
isomorphism .

The topology is essential for example in

oo o
HZ/p = profinite completion (@Z/p) .

Examples from Topology and Algebra

Now we consider some interesting examples of “profinite groups”.

1) Let X be an infinite complex and consider some extraordinary
cohomology theory h*(X). Suppose that m;(X) is finite and A'(pt)
is finitely generated for each ¢ (or vice versa.)

Then for each i, the reduced group EZ(X ) is a profinite group.
For example, the reduced K-theory of RP* is the 2-adic integers.
The profiniteness of h?(X) follows from the formula
(X)) lim 1 (skeleton X)
skeleta X

and the essential finiteness of hi(skeleton X).

2) Let K containing k be an infinite Galois field extension. K is a
union of finite Galois extensions of k,

K:UL.

Then the Galois group of K over k is the profinite group
Gal(K/k) = li<_m Gal (L/k).
{L}
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EXAMPLES

i)

Let k be the prime field F, and K = ﬁp, an algebraic closure of
F,. Then K is a union of fields with p" elements, Fj», n ordered
by divisibility, and

Gal (Fp, Fp) = lim Gal (Fpn, Fp)
= lim Z/n

=Z.

Moreover each Galois group has a natural generator, the Frobe-
nius automorphism

F
Fpn e Fpn .
T—xP

Z is the identity on F}, because of Fermat’s congruence

a? = a (mod p).

Thus the powers of .# generate Z topologically (they are dense.)
The fixed fields of the powers of the Frobenius are just the various
finite fields which filter F,.

If k=Q, and K = Ag is obtained by adjoining all roots of unity
to Q, then

Gal (Ag/Q) =2,

the group of units in the ring A

Ag can be described intrinsically as a maximal Abelian extension
of Q, i.e. a maximal element in the partially ordered “set” of
Abelian extensions of Q (Abelian Galois groups.)

z =]z,
p

tells one how Ag is related to the fields

The decomposition

A{é = {Q with all p® roots of unity adjoined},

for Gal (A%,(@) = Z;, the group of units in the ring of p-adic
integers.
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iif)

Ifk=Qand K = (@, an algebraic closure of O, then

G = “the Galois group of Q”

= Gal(Q/Q)
= lim Gal (K/Q)

pin
Galois number fields K

is a profinite group of great importance.

G has very little torsion, only “complex conjugations”, elements
of order 2. These are all conjugate, and each one commutes with
no element besides itself and the identity. This non-commuting
fact means that our (conjectured) etale 2-adic homotopy type for
real algebraic varieties (Chapter 5) does not have Galois symme-
try in general.

Notice also that in a certain sense G is only defined up to inner
automorphisms (like the fundamental group of a space) but its
profinite Abelianization

G/1G, G|

is canonically defined (like the first homology group of a space).
Perhaps this is one reason why there is such a beautiful theory
for determining G/[G,G|. This “class field theory for Q" gives a
canonical isomorphism

G/[G,G =T

We will see in the later Chapters how the 7" -Galois symmetry of
the maximal Abelian extension of Q, “the field generated by the
roots of unity” seems to permeate geometric topology — in linear
theory, C*°-theory, and even topological theory.

We will see below that the group of p-adic units is naturally
isomorphic to a (finite group) direct sum (the additive group),

e.g.
LZy=Z/(p—1)®Zy (p>2).

Thus there are non-trivial group homomorphisms
A~ ANk
7 — 7

~

e.g. Z, maps non-trivially into ZZ for ¢ = p, and ¢ =1 (mod p).
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Such non-trivial maps

%

Z 7
I

Abelianization of

“Galois group of F,” “Galois group of Q"

allow us to connect “characteristic p” with “characteristic zero”.

The p-adic units

Besides these interesting “algebraic occurrences” of profinite groups,
in the p-adic case analytical considerations play a considerable role.
For example, the p-adic analytic functions log and exp can be em-
ployed to prove

PROPOSITION 1.16 There is a “canonical” splitting of the (profinite)
group of units in the p-adic integers

Z,2L/(p-1)&Zy, (p>2)

Ty (Z)2)®Zy  (p=2)

Proor: Consider the case p > 2. Reduction mod p and the equiva-
lence

F; = multiplicative group of Fj, = Z/(p—1)

yields an exact sequence

~x%

1-U Z Z/(p—1)—1,

inclusion  ? reduction mod p

where U is the subgroup of units U = {1 + u where v =0 mod p}.

Step 1. There is a canonical splitting T of

e £ ~

1 U Z, Z/(p—1)—=1.

Consider the endomorphism = — zP in Z; and the effect of iterating

it indefinitely (the Frobenius dynamical system on 2;) The Fermat
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congruences for x € 2;
P71 =1 (mod p)

2P?=1) =1 (mod p?)

2#" 1) =1 (mod p)

follow from counting the order of the group of units in the ring
Z/p*Z (which “approximates” Z,.)

These show that the “Teichmiiller representative”
a‘c:x—l—(:z‘p—x)+(1:p2—:z:p)+...
is a well defined p-adic integer for any x in 2;
However, x is just

p— . s
T = lim P .
n—oo

Thus, every point in Z; flows to a definite point upon iteration of
the Frobenius p'" power mapping, z — z?.

The binomial expansion

@iy = 3 (155l

l+k=p"
_ o " =DE"=2)...(p" = (k-1)) p
e (szpn 12, (k—1) (?)albk)
k>0

shows (a + pb)?" = a?" (mod p").
Thus Z only depends on the residue class of x modulo p.

So each coset of U flows down over itself to a canonical point.
The (p — 1) points constructed this way form a subgroup (compris-
ing as they do the image of the infinite iteration of the Frobenius
endomorphism), and this subgroup maps onto Z/(p — 1).

This gives the required splitting 7.
Step 2. We construct a canonical isomorphism

U?ip.
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Actually we construct an isomorphism pair
l ~ ~
U= ply CZy.
e
First,

(1+u)L>log(1+u) = u—u?/2+ud/3— ...

This series clearly makes sense and converges. If u = pv, the n'!
terms u"/n make sense for all n and approach zero as n goes to oo
(which is sufficient for convergence in this non-Archimedean situa-
tion.)

The inverse for ¢ is constructed by the exponential function
5 e” = 1+x+a?/24- - +a"/nl+. ..
which is defined for all z in the maximal ideal
pr - Zp.

Again one uses the relation x = py to see that 2™ /n! makes sense for
all n and goes to zero as n approaches infinity. The calculational
point here is that

n—p(n)
| =
winl) = ")
where vp(n) is defined by

and ¢p(n) = the sum of the coefficients in the expansion

n = ao+a1p—|—a2p2+...

Since €'°8% = z, and loge® = x are identities in the formal power

series rlng, we obtain an 1somorphlsm U= pZ Since Zp is torsion

free pr is canonically isomorphic to Z This completes the proof
for p > 2. If p = 2 certain modlﬁcatlons are required.

In step 1, the exact sequence
1—>U—>Z;LZ/2—>1
comes from “reduction modulo 4” and the equivalence

(Z)4) =7)2.
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The natural splitting is obtained by lifting Z/2 = {0,1} to {£1} C
Zs. But the exponential map is only defined on the square of the
maximal ideal,

47, S U.
Namely,
va(nl) = n—a(n)
2 n
means ( y') is defined (and even) for all n but only approaches zero

as required if y is also even.

From t}Alese functions we deduce that U is torsion free from the
fact that Zs is torsion free.

Then we have

U* 2%, 47,

U

squaring multiplication by four

where log is an isomorphism because the diagrams

47 U?
\Yj log
inclusion U inclusion 422
279 U

commute. (The first shows that 475 Z2 U is injective. The second
shows that exp - log is an isomorphism onto its image.)

NoOTE: There is some reason for comparing the splittings
Z,=7/(p—1)®Zy, podd
Ty 2 7)2® 7y
with
C* % arg z®log |z|

sign z®log |z
—_—

StaRT

~

R* 7)2 ® R+

where C is the complex numbers, R is the real numbers, R denotes
the additive group of R, and S' denotes Rt modulo the lattice of
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integers in RT.
Localization and Completion

Now let us compare localization and completion. Recall

localization: Gy = dir lim {G Latlao L =GRZ .

(' ,0)=1
profinite f-completion: Gy,=  lim {finite (-quotients of G}
“subgroups
of index ¢”
formal ¢-completion: Gy =G ®7Zy = dir lim {Hy}.

finitely generated
subgroups H C G

Let G be an Abelian group and let £ be a non-void set of primes.

PROPOSITION There is a natural commutative diagram

Gr=GR7Zy
G GgEG@ig

|

@g = lim {ﬁnite ﬁ-quotients}
- of G

ProOF: First observe there is a natural diagram

localization
G Gy

C
profinite com i

Gy
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For taking direct limits over ¢ prime to £ using

a—Y ¢

L

G/H, v G/H,, H, of finite ¢-index in G

o)

implies Gy maps canonically to each finite /-quotient of GG. Thus
Gy maps to the inverse limit of all these, Gg The diagram clearly
commutes.

Using the map ¢ and the expression

G = 1i_r>n H®, H® finitely generated subgroup of G

[e3

yields
nzraﬁgral n%‘clgf)al .
Gg<—hmHg —>hmH£ Gy .

But the first map is an isomorphism and the third group is just the
formal completion. Thus we obtain the natural sequence

Gg—>@g—>ag.

We can then form the desired diagrams. The upper triangle is
just a direct limit of triangles considered above (for finitely gener-
ated groups). So it commutes. The lower triangle commutes by
naturality,

hm HY hm Hz

N

(lim H a
—>
«

COROLLARY In case G is finitely generated we have

0

|

0 —— V' -torsion G — G —— Gy

|

égiée-
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For G =7 we get the sequence of rings

~

Z Z < Zy

4
localization completion

and

n%%’r’al B
G, . q,

is isomorphic to (identity G) ®c.

Regarding limits, it is clear that localization and formal comple-
tion commute with direct limits. The following examples show the
other possible statements are false —

a) localization: (limZ/p®) ® Q = Qp, while lim(Z/p” ® Q) = 0.

b) formal completion: (lgn Z/p®) ® Ly # Ly = lEn(Z/p ® Lp).

[e3

c) profinite completion:

i) write Q = limZ, then limZ =7 ® Q, but @ =0.

ii) lim(... 22222 7) =0,
butlim(...iziziz): 2p

If we consider mixing these operations in groups, the following
remarks are appropriate.

i) localizing and then profinitely completing is simple and often
gives zero,

. [T G, ifene#0
(Gz)z' = pelny!
0 ifene=9.

e.g. (G,1,0')=(Z,0,p) gives @p = 0.
ii) localizing and then formally completing leads to new objects, e.g.

a) (ZO);) = @p =0 ip, the “field of p-adic numbers”, usually
denoted by Q,. Q, is the field of quotients of Zp (although it
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is not much larger because only 1/p has to be added to Zp to
make it a field). Q, is a locally compact metric field whose
unit disk is made up of the integers Zp. The power series for
log(1 + z) discussed above converges for = in the interior of
this disk, the maximal ideal pzp of Z,.

Qp is usually thought of as being constructed from the field
of rational numbers by completing with respect to the p-adic
metric. It thus plays a role analogous to the real numbers, R.

b) (Zo) = Q = Q® Z is the restricted product over all p of the
p-adic numbers. Namely,

(2 @325 == iﬁiqu ;i Ii[(zp
p p

is the subring of the infinite product consisting of infinite
sequences

(7“2,?”3,T5,...,7“p,...)
of p-adic numbers where all but finitely many of the r, are
actually p-adic integers.
Note that Q is contained in Q as the diagonal sequences

n/m — (n/m,n/m,...,n/m,...).

If we combine this embedding with the embedding of QQ in the
reals we obtain an embedding

Q — Q x {real completion of Q}

as a discrete subgroup with a compact quotient.

Qx {real completion of Q} is called the ring of Adeles (for Q.)
Adeles can be constructed similarly for general number fields
and even algebraic groups (e.g. Q(¢) = Q(z)/(2? — 1) and
GL (n,Z).)

These Adele groups have natural measures, and the volumes
of the corresponding compact quotients have interesting num-
ber theoretical significance. (See “Adeles and Algebraic Groups’
Lectures by Andre Weil, the Institute for Advanced Study,
1961 (Progress in Mathematics 23, Birkhdauser (1982).)

In the number field case the Adeles form a ring. The units
in this ring are called ideles. The ideles are used to construct
Abelian extensions of the number field. (Global and local
class field theory.)

i
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The Arithmetic Square
Now we point out some “fibre square” relations between localiza-

tions and completions. The motive is to see how an object can be
recovered from its localizations and completions.

PROPOSITION 1.17 The square of groups (rings) and natural maps

p-adic
~ integers localized| completion p-adic
Ly > Ly at p integers
®0Q ®QJ/ = ilocalization localizationi
at zero at zero
Q T Qp rational p-adic
®Fp numbers formal numbers

p-adic completion
is a fibre square of groups (rings).
PRrROOF: We have to check exactness for

0— Z(p) —>(b)®(0) ip &b Q ﬂ) @p — 0

where ¢ and j are the natural inclusions

Z,—Q,, Q—Q,.
p®Qp ®2pp

Take n € Z and q € ZD then

(n/p®)+q = (n+p"q)/p"
can be an arbitrary p-adic number. Thus 7 — j is onto.
It is clear that (") @ (0) has zero kernel.

To complete the proof only note that a rational number n/m is
also a p-adic integer when m is not divisible by p. Thus n/m is in Z
localized at p.

COROLLARY The ring of integers localized at p is the fibre product of
the rational numbers and the ring of p-adic integers over the p-adic
numbers.
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PrRoOPOSITION 1.18 The square

cgggggsn product over all p
~ {integers} —— of the p-adic
L—=1 integers
®Q l ®Ql = localization localizationi
A at zero at zero
Q B Q rational restricted product
{numbers} ——— ¢ over all p of the
formal p-adic numbers

completion

“finite Adeles”
18 a fibre square of rings.

PROOF: Again we must verify exactness:
P

where we have used the relations
z = 1]z,
p —~
Q = the restricted product HQP .

p

An element in H Qp is an infinite tuple
p

a = (ro,r3,75,...)

of p-adic numbers in which all but finitely many of the components
are integers O,.

If the non-integral component r, equals O,/p® take n to be an
integer in the residue class (mod p®) of O,. Then

a+(n/p*,n/p® ....,n/p%...)
has one fewer non-integral component than a. This shows the finite

Adeles H Qp are generated by the diagonal Q and H Zp. Thus ¢ —J

D
1s onto.
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As before the proof is completed by observing that a rational
number which is also a p-adic integer for every p must actually be
an integer.

COROLLARY The ring of integers is the fibre product of the rational
numbers and the infinite product of all the various rings of p-adic
integers over the ring of finite Adeles.

More generally, for a finitely generated Abelian group G and a
non-void set of primes ¢ there is a fibre square

f-adic completion

GRZi=Gy Gi=GoZ
localization at zero localization at zero
formal completion _ ~
G®Q=Go (Ge)o = (Go), =GRQ® Z

Taking ¢ to be “all primes” we see that the group G can be recov-
ered from appropriate maps of its localization at zero G ® Q and its

profinite completion, H @p into G® “finite Adeles”. Taking ¢ = {p}

P
we see that G localized at p can be similarly recovered from its
localization at zero and its p-adic completion.

We will be doing the same thing to spaces in the next two Chap-
ters. Thus to understand a space X it is possible to break the
problem up into pieces — a profinitely completed space X and a ra-
tional space X(y. These each map to a common Adele space X 4, and
any information about X may be recovered from this picture

~

X

|

X04>XA.

This is the main idea of the first three Chapters.



Chapter 2

HOMOTOPY THEORETICAL
LOCALIZATION

In this Chapter we define a localization functor in homotopy the-
ory. There is a cellular construction for simply connected spaces and
a Postnikov construction for “simple spaces”.

At the end of the Chapter we give some (hopefully) enlightening
examples.

We work in the category of “simple spaces” and homotopy classes
of maps. A “simple space” is a connected space having the homotopy
type of a CW complex and an Abelian fundamental group which acts
trivially on the homotopy and homology of the universal covering
space.

Let ¢ be a set of primes in Z which may be empty. ¢ will be fixed
throughout the discussion and all localization will be made with
respect to it.

31
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DEFINITION 2.1 We say that Xy is a local space iff m. Xy s local,
i.e., me Xy 18 a Zo-module. We say that a map of some space X into
a local space X,

x4 x,

is a localization of X if it is universal for maps of X into local
spaces, t.e., given f there is a unique f; making the diagram

commutative.

Local spaces and localization are characterized by

THEOREM 2.1 For a map
x4 x
of arbitrary “simple spaces” the following are equivalent

i) ¢ is a localization

1) { localizes integral homology

H.X ¢ H.X

H.X®Z

!/

i13) £ localizes homotopy (x > 0)

T X ¢
% /

Te X ®Z£

.
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Taking ¢ = identity we get the

COROLLARY For a “simple space” the following are equivalent

i) X is its own localization
1) X has local homology

111) X has local homotopy.

COROLLARY If X L X isa map of local “simple spaces” then

i) ¢ is a homotopy equivalence
1) £ induces an isomorphism on local homotopy

111) ¢ induces an isomorphism of local homology
are equivalent.

Note the case £ = all primes. We also note here that a map induces
an isomorphism on local homology iff it does on rational homology
and on mod p homology for p € /.

The proof of the Theorem is not uninteresting but long so we
defer it to the end of this Chapter.

We go on to our construction of the localization which makes use
of Theorem 2.1.

We begin the cellular construction by localizing the sphere.

Choose a cofinal sequence {¢/ } from the multiplicative set of in-
tegers generated by primes not in /.

o .
Choose a map S* — 5* of degree ¢!, and define the “local sphere”
S; to be the “infinite telescope” constructed from the sequence

i Ui B i
St—= S8 =58—=....
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i-spheres

~S

mapping cylinders
picture of “the local sphere”

The inclusion of ¢ % Sé as the first sphere in the telescope clearly
localizes homology, for H7 we have

05%0 j#i

ZLHEIITIZ:ZZ j=i.

Thus by Theorem 2.1 £ also localizes homotopy,
T St L’ Ty Sz
- 2l

T S' @ Zy

and / is a localization. This homotopy situation is interesting be-
cause the map induced on homotopy by a degree d map of spheres
is not the obvious one, e.g.

i) §2 4, 52 induces multiplication by d? on 735% = Z. (H. Hopf)

ii) §4 2, 64 induces a map represented by the matrix (8 (1)) on
m3S* = Z/2 ® Z/2 (David Frank).

COROLLARY The map on d torsion of m;(S) induced by a map of
degree d is nilpotent.

DEFINITION 2.2 A local CW complex is built inductively from a
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point or a local 1-sphere by attaching cones over the local sphere
using maps of the local sphere Sy into the lower “local skeletons”.

NOTE: Since we have no local 0-sphere we have no local 1-cell.

THEOREM 2.2 If X is a CW complex with one zero cell and no one
cells, there is a local CW compler Xy and a “cellular” map

x4 x,

such that

i) ¢ induces an isomorphism between the cells of X and the local
cells of Xy.

1) £ localizes homology.

COROLLARY Any simply connected space has a localization.

ProOOF: Choose a CW decomposition with one zero cell and zero

one cells and consider ,
X=X

constructed in Theorem 2.2. By Theorem 2.1 /¢ localizes homotopy
and is a localization.

PROOF OF 2.2: The proof is by induction on the dimension. If X
is a 2 complex with X() = point, then X is a wedge of 2-spheres
X =VS8% \Vs?— \/S(QK) satisfies i) and ii), and is a localization.
Assume the Theorem true for all complexes of dimension less than
or equal to n — 1. Let X have dimension n. If f: A — A, satisfies i),
ii) and is a localization then > f: Y A — > A, does also. We have
the Puppe sequence

p
Vet L ymen s x —dygr Iy xmen
\[’i [an
n—1  fe (n—1)
50 =X
fr exists and is unique since by Theorem 2.1 X(Zb*l) is a local space.

Let X4 be the cofiber of f;. Then define £: X — X, by

0= L ue@): X" upe(\/ 5" = Xt ug e (V Si ) -
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¢ clearly sets up a one to one correspondence between cells and local
cells, since ¢, 1 does. We may now form the ladder
P
v gn—1 L> X(n—l) ¢ X d \/ Sn 4f> Z X(”_l)

e T

n—1 fe (n—1) ¢ n fe (n—1)
\/S(Z) 4>X(Z) HX(E)HVS(()HZX(Z) .

All the spaces on the bottom line except possibly X(, have local
homology thus by exactness it does also. Since all the vertical maps
localize homology except possibly ¢, it does also. This completes the
proof for finite dimensional complexes. If X is infinite take

X, = G xm,
n=0

This clearly satisfies i) and ii).

There is a construction dual to the cellular localization using a
Postnikov tower.

Let X be a Postnikov tower

X"n K(ﬂ-n+1an+2)

/ fibre of nth k-invariant

X Xn_l K(?Tn,n+1)
nth
k-invariant

X0 *

We say that X is a “local Postnikov tower” if X™ is constructed
inductively from a point using fibrations with “local K(m,n)’s”.
(Namely K (m,n)’s with 7 local.)
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THEOREM 2.3 If X is any Postnikov tower' there is a local Post-
nikov tower X; and a Postnikov map

X —-Xy
which localizes homotopy groups and k-invariants.

Proor: We induct over the number of stages in X. Induction starts
easily since the first stage is a point. Assume we have a localization
of partial systems
P l
localizing homotopy. Then the k-invariant
ke H"H (X("_l);ﬂ'n)
may be formally localized to obtain
ke € H* ! (X("*l); T & Zg) .
k¢ determines a unique

ke B XV, 2

satisfying ¢*k;, = ky. This follows from remarks in the proof of The-
orem 2.1 and the universal coefficient theorem.

We can use the pair of compatible k-invariants (k, ky) to construct
a diagram

n— n—1
X ' ln—1 ¢
ke
X \

K(mp,n)

K(WW,@Zean)

where X" is the fibre of k (by definition of k), X}’ is defined to be
the fibre of ky, and ¢, is constructed by naturality.
Proceeding in this way we localize the entire X-tower.

'We need not assume 71 acts trivially on the homology of the universal cover to make this
construction.
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COROLLARY Any “simple space” has a localization.

ProOOF: Choose a Postnikov tower decomposition for the “simple
space”. Localize the tower by 2.3 to obtain a “simple space” local-
izing the original.

We remark that any two localizations are canonically isomorphic

by universality. Thus we speak of the localization functor.

PROPOSITION 2.4 In the category of “simple spaces” localization pre-
serves fibrations and cofibrations.

ProoF: We will use the homology and homotopy properties of lo-
calization. Let
F—-F—B
i J
be a fibration of “simple spaces”.

4>7r*(F)4>7r* 4>7'('>,< 4>7r>,< 1 )4>

>~ 7

is an exact sequence. Now form

fe

Fy By

ip E,
J

fibre (fg) —_— Eg —_— Bg .

ge exists since fyoiy = 0. This gives rise to a commutative ladder:

fox
—— F*(FZ) —_— TF*(Eg) ‘é> W*(Bg) —_— ﬂ-*—l(FZ) . ...

(%) l ln ln l

*

— 7, (fibre) — 7, (Ey) —> m(By) — m,_1(fibre) — - - -

To see that () commutes recall that the following commutes:

S+
«(By) <~ m.(Ey, Fy) T (Flp)

A

«(By) <—* 7« (Ey, fibre) LA 7« (fibre)
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Thus () is a commutative ladder. By the Five Lemma gy : Fy — fiber
is a homotopy equivalence, hence Fy B, LN By is a fibration. Let
Al x L x Uy CA be a cofibration of simple spaces. Then the
following commutes up to homotopy:

P
AT x XUy CA sa—tosx

P P
al lb ibuC(a) J/ a l b
P
J fe

Ap—"> Xy ——= XUy, C(A) —= S Ay —=> Y X,

There bU C(a) : X Uy C(A) — X, Uy, C(Ay) is an isomorphism of Z,
homology.

To complete the proof we need to show that
Xe Uy, C(A) = Yo

is a “simple space”. Then it will follow from the second corollary to
Theorem 2.1 that the natural map

Xy Uy, C(Ay) — (X Uy CA),

is an equivalence.

We leave to the reader the task of deciding whether this is so in
case Yy is not simply connected.

We note here that no extension of the localization functor to the
entire homotopy category can preserve fibrations and cofibrations.
For this consider the diagram

S2
idouble cover

1 1 2
S double S RP

cover

inatural inclusion

RP® = K(Z/2,1)

The vertical sequence is a fibration and the horizontal sequence is a
cofibration. If we localize “away from 2” (i.e. £ does not contain 2)
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we obtain
St

|

S — RF?

|

RPS = «

If cofibrations were preserved RIP’? should be a point. If fibrations
were preserved RP? should be S? (which is not a point).

It would be interesting to understand what localizations are pos-
sible for more general spaces.?

We collect here some additional remarks and examples pertaining
to localization before giving the proof of Theorem 2.1.
(1) We have used the isomorphism for local spaces X
[t XIpased = miX -

This is a group isomorphism for i > 1 (since S’é = ESéfl the left
hand side has a natural group structure) and imposes one on the
left for ¢ = 1.

(2) For a local space X,
X = Mapbased(séa X)
generalizing (1).

(3) The natural map A A
(V' X) — Q(Xy)

defined by universality from
aix 4 aix,

is an equivalence between the components of the constant map.
(Note Q'S* has “Z-components” but Q'(S}) has “Zs-components”).
Thus o o

(Mapbased(sla SZ)Jrl)g = Maphased (Si: S¢)+1 -

2See equivariant localization in the proof of Theorem 4.2.
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(4)

(5)

(7)

(8)

If ¢/ and ¢ are two disjoint sets of primes such that U ¢ = all
primes, then

X—X

L

Xo — Xo
is a fibre square. (It is easy to check the exactness of
0—->mX >mXQRZL®&mXQ Ly — mXQQ —0
see Proposition 1.11.)

More generally, X is the infinite fibre product of its localizations
at individual primes X,

over its localization at zero Xj.

X2,3) = Xa Xx, X3
X235 = X(@2,3) Xx0 X5

X = (X2 xxy X3) Xxo X5) Xx0 X7
(See Proposition 1.12.)

Xp is an H-space iff it is equivalent to a product of Eilenberg
MacLane spaces. (See Milnor and Moore, On the structure of
Hopf algebras, Annals of Math. 81, 211-264 (1965)).

X is an H-space if and only if X, is an H-space for each prime p
with H,(X,;Q) isomorphic as rings to H,(Xgy; Q) for all p and g.
(They are always isomorphic as groups.)

Proor: If X is an H-space, let X x X £, X be the multiplication.
p induces 1, ¢ (X x X), 2% X, and thus X, x X, =% X,. Thus
each X, inherits an H-space structure from X. (X,)o inherits
an H-space structure from X,. (X,)o = X, and if we give X
the H-space structure from X, this homotopy equivalence is an
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H-space equivalence. Thus we have the ring isomorphism

H.((Xp)0; Q) & H.(Xo; Q)
2l

H*(Xp§ Q) .

Conversely if X, is an H-space for each p and H,(X,; Q) = H.(X,; Q)
as rings then (X))o =~ (X,)o as H-spaces, since the H-space struc-
ture on a rational space is determined by its Pontrjagin ring.
Thus we have compatible multiplications in the diagram

XQ\I /X5 o

This induces an H-space multiplication on the fibered product,
X.

Note: If H.(X;Q) is 0 for * > n, some n, then the condition on
the Pontrjagin rings is redundant. This follows since H,(X,;Q) =
H,.(X4; Q) as groups, and both must be exterior algebras on a
finite set of generators. This implies that they are isomorphic as
rings.

(9) If H is a homotopy commutative H-space then the functor F =
[ ,H]®Zy is represented by Hj.

(10) If X has classifying space BX, then X, has one BX,.

(11) ( é H , the isomorphism is defined by the rational

Chern clagses '
¢ € H*(BU,,Q), 1<i<n.

To see this recall
H*(BU,;Q) = Qleyy -y enl,
H*(K(Q,2i);Q) = Qlaai].

(12) Since H*(BSO2;Q) = Q[p1, - -, pui x|/ (X* = pn)

BSO,, M2l ( HKQ 4i)) x K(Q,2n)
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defines the localization at zero of BSOsy,.

(13) H*(BSO2,-1;Q) = Q|[p1,...,pn-1]. In fact this is true if Q is
replaced by Z[1/2]. Thus

n—1

a) (BSOQn_l)O = H K(Q s 4i)
i=1
b) If we localize at odd primes, the natural projection

BSO2,—1 — BSO
has a canonical splitting over the 4n — 1 skeleton.
(14) The Thom space MU, is the cofiber in the sequence
BU,-1 — BU, - MU,,
thus (MU,), is the cofiber of

n—1 n
Y K(Q,2i) = Y K(Q,2i) — (MU,),
=1 =1

e.g. (MU,), has K(Q,2n) as a canonical retract.

GEOMETRIC COROLLARY: Ewvery line in H* (finite polyhedron; Q)
contains a point which is “naturally” represented as the Thom
class of a subcomplex

V' C polyhedron

with a complex normal bundle.

(15) (BU), is naturally represented by the direct limit over all n, k
BU, 2% BU,, .

(16) We consider S™ for n > 0.

a) S§ is an H-space iff n is odd. In fact Sg"_l is the loop space
of K(Q,2n).

b) Sg”_l is an H-space iff n = 1,2, or 4 and a loop space iff n = 1
or 2. (J. F. Adams)

c) Sg”_l is an H-space for all odd primes p and for all n. Sg”_l

is a loop space iff p is congruent to 1 modulo n. (The ne-
cessity of the congruence is due to Adem, Steenrod, Adams,
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(17) a)

and Liulevicius. For the sufficiency see Chapter 4, “Principal
Spherical Fibrations”.)

Thus each sphere S$?"~! is a loop space at infinitely many
primes, for example S” at primes of the form 4k + 1.

But at each prime p only finitely many spheres are loop spaces
— one for each divisor of p—1 if p > 2 (or in general one for each
finite subgroup of the group of units in the p-adic integers.)

PL = ! homeomorphisms

of R”
becomes an equivalence away from two as n — oo. (Kirby-
Siebenmann)

piecewise linear
N
{ of R™

homeomorphisms} ~ Top

If G is the limit as n — oo of proper homotopy equivalences
of R”, then away from 2:

G/PL = G/Top = BO (see Chapter 6).

at 2:
G /Top = product of Eilenberg MacLane spaces

o0 o0
[[1E2Z/2.4i +2) x [[ K(Z,43)
i=1 i=1
G/PL = almost a product of Eilenberg MacLane spaces
o o
K(Z/2,2) X552 K(Z,4) x [[ K(Z/2,4i +2) x [[ K(Z ,4i).
i=1 i=1
Away from 2, the K-theories satisfy
Kpp & f(Top =~ K @ Finite Theory. (Chapter 6)

where Kj denotes the special units in K-theory (1+ KO) and
the natural map B B B
KO — Kpr = Ky

is given by a certain exponential operation 6 in K-theory

0dzero

KO 2% KO* @ Finite Theory. (Chapter 6)

We will expand on these remarks in part II of this work.
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PROOF OF THEOREM 2.1: First we show i) and iii) are equivalent.
For this we need three general remarks.

Remark a) For studying the map

x4 x
we have its Postnikov decomposition
1 X fn (X"
“right side up _
Postnikov system” n=123,...
anl —1
anl (X/)n
nth k-invariant of X’
k,‘n(é)

K(mp,n+1) —= K(n,,,n+1)

where X0 = X ? = %, the vertical sequences are fibrations, and
XL X = lim{x" & (X)),

(The use of lim here is innocuous because of the skeletal convergence

of Postnikov systems. In Chapter 3 we consider a more non-trivial
lim situation and illustrate one of the pitfalls of lim.)

£n+1 ’
n+1

II Xnt1

“upside down _
Postnikov system” n=123...

Z mn
X, X!

ken (£
K (my,n) o), K(n,,n)
1
where (X3 £, X)) =X LN X"), the vertical maps are fibrations, and
X, & X, is the (n — 1) connected covering of X L x.
Remark b) For studying the maps
k" (€)

K(mp,n+1) —= K(nl,,n+1)
kn+1(€)
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which are induced by homomorphisms 7 k., 7' we have the diagram

kn

II1 K(m,n) K(n',n)
| |
P P
A
K(mn+1) 2 K/ n+1).

Here P “the space of paths” is contractible and the vertical se-
quences are fibrations.

Remark c¢) Propositions 1.7 and 1.8 generalize easily to the following:
if we have a map of fibrations

F4f>F’

L,

E—1-F

L,

B——p
then

i) If all spaces are connected, have m; Abelian and two of the maps
f, g, and h localize homotopy then the third does also.

ii) If the fundamental groups act trivially on the homology of the
fibres and two of the maps f, g, and h localize homology the third
does also.

The proof of i) follows immediately from the exact ladder of ho-
motopy as in Proposition 1.7.

The proof of ii) has two points. First, by Proposition 1.8 if two
of the homologies _ _ B
H.,F', HE, HDB
are local the third is also. Second, if we know the homologies on the
right are local then to complete the proof of ii) it is equivalent to
check that f, g, h induce isomorphisms on

Ho( ;Z)
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since e.g.

H.(F') >~ H,(F")® Zy = H,(F'; Zy) .

But this last point is clear since if two of f, g, h induce isomor-
phisms on H*( ;Zy) the third does also by the spectral sequence
comparison Theorem. With these remarks in mind it is easy now to
see that a map of simple spaces

x5Lx
localizes homotopy iff it localizes homology.
Step 1. The case
(X5 X)) = (K(m1) 5 K(x,1)).

If ¢ localizes homology, then it localizes homotopy since # = H1 X,
7/ = H1 X'. If £ localizes homotopy then

(r—7') = (7 —m).

So ¢ localizes homology if

i) m=7Z. { is just the localization
st — s}
studied above.

ii)
m=2Z/p" formy =0if p ¢ ¢

mp =Z/p"ifpel.

For general 7, take finite direct sums and then direct limits of the
first two cases.

Step 2. The case
(X LX) = (K(m,n) 5 K(x',n)).
If ¢ localizes homology, then it localizes homotopy as in Step 1
because m = H, X, n’ = H,X'.

If ¢ localizes homotopy, then we use induction, Step 1, diagram
IIT in remark b) and remark c) to see that ¢ localizes homology.
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Step 3. The general case X L ox.

If ¢ localizes homology, apply the Hurewicz theorem for n =1 to
see that ¢ localizes ;. Then use Step 1, diagram II in remark a) for
n = 1 and remark c) to see that

153 /
X2 — X2

localizes homology. We apply Hurewicz here to see that ¢ and thus
¢ localizes mo. Now use Step 2 for n = 2, diagram II for n = 2 and
remark c) to proceed inductively and find that ¢ localizes homotopy
in all dimensions.

If ¢ localizes homotopy then apply Step 2 and diagram I induc-
tively to see that each

X L (xy
localizes homology for all n. Then

{ = lim/,

localizes homology.

Now we show that i) and ii) are equivalent.

If X % X’ is universal for maps into local spaces Y, then by
taking Y to be various K(m,n)’s with 7 local we see that ¢ induces
an isomorphism of H*( ;Q) and H*( ;Z/p), p € £. Thus ¢ induces
homomorphisms of

H.( ;Q) and H.( ;Z/p), pe’l

which must be isomorphisms because their dual morphisms are. Us-
ing the Bockstein sequence

c= Hy( 5Z/p") — Hi( 5 Z/p") = Hi( 3 Z/p") — .

and induction we see that ¢ induces an isomorphism on H.( ;Z/p")
for all n. Thus ¢ induces an isomorphism on H,.( ;Z/p>) since
taking homology and tensoring commute with direct limits, and

Z]p™ =lmZ/p", pe L.

n

Finally ¢ induces an isomorphism of H,( ;Zy) using the coefficient
sequence
O—>Ze—>Q—>Q/ZZ—>O
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and the equivalence

Q/Z=Pz/r™.

pel
Now X' is a local space by definition. Thus the homology of X’

is local by what we proved above. This proves i) implies ii).

To see that ii) implies i) consider the obstruction to uniquely
extending f to f; in the diagram

X = x

|
\ v

Y

These lie in
H*(X', X;7m.Y).
Now .Y is a Zy-module and ¢ induces an isomorphism of Z, homol-
ogy. Using the natural sequence (over Zy)
0 — Ext(H;( ;Z¢),Z¢) — HT( ;Zy)
— HOI’Il(HH_l( ;Z@),Z@) —0
we see that ¢ induces an isomorphism of Z;-cohomology. By uni-

versal coefficients (over Zy) the obstruction groups all vanish. Thus
there is a unique extension fy, and ¢ is a localization.






Chapter 3

COMPLETIONS IN HOMOTOPY THEORY

In this Chapter we extend the completion constructions for groups
to homotopy theory.

In spirit we follow Artin and Mazur!, who first conceived of the
profinite completion of a homotopy type as an inverse system of
homotopy types with finite homotopy groups.

We “complete” the Artin-Mazur object to obtain an actual ho-
motopy type X for each connected CW complex X. This profinite
completion X has the additional structure of a natural compact
topology on the functor, homotopy classes of maps into X,

[ ,X].
The compact open topology on the functor | X | allows us to

make inverse limit constructions in homotopy theory which are nor-
mally impossible.

Also under finite type assumptions on X (or )A() this topology is

intrinsic to the homotopy type of X. Thus it may be suppressed or
resurrected according to the whim of the moment.

~ A formal completion X is constructed for countable complexes.
X is a CW complex with a partial topology on the functor
[ X]

L Etale homotopy theory, Springer Lecture Notes 100 (1969).

51
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We apply the formal completion to rational homotopy types where
profinite completion gives only contractible spaces.

In this case, an essential ingredient in the extra topological struc-
ture on the functor [ , X] is a Z-module structure on the homotopy

groups of X. This Z-structure allows one to treat these groups which
are enormous QQ-vector spaces.

These completion constructions and the localization of Chapter 2
are employed to fracture a classical homotopy type into one rational
and infinitely many p-adic pieces.

We discuss the reassembly of the classical homotopy types from
these pieces using an Adele type and a homotopy analogue of the
“arithmetic square” of Chapter 1.

Construction of the Profinite Completion X

We outline the construction.

We begin with the following observation. Let F' denote a space
with finite homotopy groups. Then the functor defined by F,

[ F]

may be topologized in a natural way. This (compact) topology arises
from the equivalence

Y, F] = lim Yo, F]
finite subcomplexes Y,

and is characterized by the separation property — Hausdorff.

Now given X consider the category {f} of all maps

X ER F, mF finite.

This category is suitable for forming inverse limits and a functor X

is defined by

X(Y) = lim[Y, F]. 2
{r}

2{f} depends on X.
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The compact open topology on the right implies that the Brown
requirements for the representability of X hold.

Thus we have a well defined underlying homotopy type for the
profinite completion X together with a topology on the functor
[ X]

NoOTE: The essential nature of this compactness for forming inverse
limits is easily illustrated by an example — let L denote the inverse
limit of the representable functor

[ .57
using the self map induced by

g2 degree 3 g2

It is easy to check
L(SY) = L(5?%) = %, but
L(RP?) has two elements .
Thus L is not equivalent to [ , B] for any space B.

We, perhaps prematurely, make the

DEFINITION 3.1 The profinite completion X of a connected CW
complex X consists of the triple

i) The contravariant functor X,
category of
{homotopy compact Hausdorff

category} lim[ ,F] totally disconnected
— spaces
{f}

it) a CW complez (also denoted )2') representing the composite func-
tor into set theory

. tural
homotopy & topological "inap" set
category category theory
11i) The natural homotopy class of maps (profinite completion)

X5 X
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corresponding to

[[xLF) in lim[X, F].
) {1

The following paragraphs discuss and justify this definition.

PROPOSITION 3.1 If F has finite homotopy groups, | ,F] may be
naturally regarded as a functor into the topological category of com-
pact Hausdorff totally disconnected spaces.

A homotopy class of maps F — F' induces a continuous natural
transformation of functors

PRrROOF: The proof is based on two assertions:

i) for each finite complex Y,

[Yao, F] is a finite set.

ii) for an arbitrary complex Y the natural map

[Y, F] restriction 1<i£1 [Ym F]
Y. a finite

subcomplex of Y

is a bijection of sets.

i) and ii) will be proved in the note below. Together they imply
that [Y, F] is naturally isomorphic to an inverse limit of finite dis-
crete topological spaces. But from general topology we know that
such “profinite spaces” are characterized by the properties compact,
Hausdorff, and totally disconnected.

A homotopy class of maps Y’ ERN Y induces a continuous map of
profinite spaces
Y,F] — [Y', F].

A cellular representative of f induces a map of directed sets

{5} — {fY5} C {¥a}
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and thus a map (the other way) of inverse systems.

Similarly F EN F’ induces a continuous natural transformation of
functors
lim([Y, F] 5 [Ya, ')
[V, F] — Y, F'].
COROLLARY The full subcategory of the homotopy category deter-
maned by homotopy types with finite homotopy groups is canonically

isomorphic to a category of functors from the homotopy category to
the category of compact Hausdorff spaces,

F—[ ,F].

Each space X determines a subcategory of this category of “com-
pact representable functors”.

First consider the category {f}, where

i) an object of {f} is a (based) homotopy class of maps
xLF,
where F' has finite homotopy groups.

ii) a morphism in {f}, f' — f, is a homotopy commutative diagram

f

N

Fl

X F

PROPOSITION 3.2

The category {f} satisfies

a) {f} is directed, namely any two objects f and g can be embedded

n a diagram
\
/

f
h

g
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b) morphisms in {f} are eventually unique, any diagram f=g can
be extended to a diagram

[Zg—h

where the compositions are equal.
PROOF:

a) Given X L F and X % F’ consider X 2% F x F'. Then

F x F'

7T

b) Given
X—F
el
F

consider the “coequalizer of h and h'”,

h
Ch,h) - F ZF', hog~hog.
h/

If h' is the point map, C(h,h') is just the fibre of h (after h is
made into a fibration). In general C'(h,h’) may be described as
the space mapping into F’ which classifies (equivalence classes
of) a map g into F’ together with a homotopy between h o g and
h'og in F. (This is easily seen to be a representable functor in
the sense of Brown.)

Or, more explicitly C(h, h’') may be described as a certain subset
of the product (paths in F) x F’, namely,

C(h,W) = {PeFl,zeF|P0)=h(z),P(1)=H(z)}.

As in the fibre case there is an exact sequence of homotopy groups

-—>7riC(h,h’)—>7riF’M>7riFﬁ....
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From the construction of C(h,h') we can (by choosing a homo-
topy) form the diagram

F'=C(H,h)

f l/
f

X——F

Nl

F'.

From the exact sequence we see that X — F” is in the category
{f} (F" = C(h,}) has finite homotopy groups.)

We find ourselves in the following situation —

i) for each space X we have by Proposition 3.2 a good indezxing
category {X — F} = {f}. (We also assume the objects in {f}
form a set by choosing one representative from each homotopy
type with finite homotopy groups.)

ii) we have a functor from the indexing category {f} to the cat-
egory of “compact representable functors”

f—=1 F.

This should motivate

ProprosiTION 3.3 We can form the inverse limit of compact repre-
sentable functors F, indexed by a good indexing category {a}. The
tnverse limit

lim F,

o

1s a compact representable functor.

PROOF: The analysis of our limit is made easier by considering for
each Y and «, the “infinite image”,
I,(Y) = intersection {image Fg(Y) — F,(Y)}.

over all
a— (3

One can use the directedness and eventual uniqueness in {a} to
see that all the morphisms from « to @

_
a:;ﬁ
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induce one and the same morphism

I5(Y) 22 1,(v).

For example, equalize o = 0 by a = 6 — =, then

E,(Y) = F3(Y) = Fa(Y)

coequalizes
Fa(Y) = Fo

but I3(Y) is contained in the image of F,(Y). Thus all maps of
F3(Y) into F,,(Y') agree on Ig(Y).

To see that this unique map
I(Y) = Fa(Y)

has image contained in I,(Y") use the strong form of directedness of
{a} —if
Ey(Y) — Fo(Y)

is an arbitrary map into F,(Y'), dominate 3 and v by ¢, then equalize
the compositions by d

Any point in Ig(Y') is contained in the image of F5(Y). By com-
mutativity its image in F,(Y) must also be contained in the image
of F,(Y'). Since

E(Y) — Fu(Y)
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was chosen arbitrarily we obtain

1Y) 22 1,(v).

It is clear that the inverse limit l(iin F, can be taken to be the

ordinary inverse limit lim I, over {a} with morphisms

«@ 3 G collapsed to « B, 0.

Moreover, 1,(Y) is clearly compact Hausdorff and non-void if all
the F(Y) are. (To see that I,(Y) is non-void an argument like the
above is used to check the finite intersection property for the images
of the Fg(Y)’s.)

Of course, F,(Y') always contains the constant map so
1(121 Fo

Y lim F,(Y)
—

[e3

assigns to each space Y a non-void compact Hausdorff space. (Here
we use the fundamental fact (xx), the inverse limit of non-void com-
pact Hausdorff spaces is a non-void compact Hausdorff space.)

To see that
G = lim F,
«—

@

is representable we need to check the Brown axioms —

i) the exponential law

ii) the Mayer Vietoris property.

The first property requires the natural map
G(\/Ys) = ][ G(¥a)
B B

to be an isomorphism. But this is clear since inverse limits commute
with arbitrary products.

The second property is more subtle and usually the one that fails.
If Y =AUB, Z= AN B (all complexes are subcomplexes), and
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we are given elements in G(A) and G(B) which restrict to the same
element in G(Z), then there should be at least one element in G(Y')
restricting to these elements in G(A) and G(B).

Now this is true at each index « since Fy, is a representable functor.
Moreover, the set of solutions is clearly a compact subset of F, (AU
B). Fundamental fact (xx) then insures that the inverse limit of
these compact solution spaces will be non-void. Thus IEnF = (7 has

the Mayer Vietoris property.

It is now easy to construct for such a functor as lim F' (universally

defined and satisfying i) and ii) universally) a representing CWW com-
plex X

limF, [ ,X].

«—

(e

(See for example, Spanier, Algebraic Topology.)

NoOTE: We left two points open in Proposition 3.1.
First if Y is finite and m; F' is finite for each ¢, then
[Y, F] is finite.

This is proved by an easy finite induction over the cells of Y. One
only has to recall that the set of homotopy classes of extensions of a
map into F' over the domain of the map with an i-cell adjoined has
cardinality no larger than that of m; F.

The second point was the isomorphism

Y, F] =5 lim[Y,, F],
T «—
{a}
{a} the directed set of finite subcomplexes of Y.

Step 1. r is onto for all Y and F. Let x be an element of the inverse
limit. Let § denote any subdirected set of {a} for which there is a
map
V5= Ya R
a€cef

representing x/3. The set of such (’s is partially ordered by inclu-
sion and the requirement of compatibility up to homotopy of xg.
Any linearly ordered subset of the (’s is countable because this is
true for {a}. We can construct a map on the infinite mapping tele-
scope of the Y3’s in any linear chain to see that the partially ordered
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set of #’s has an maximal element (by Zorn’s Lemma). This max-
imal element must be all of {a} because we can always adjoin any
finite subcomplex to the domain of any xg by a simple homotopy
adjunction argument.

Step 2. r is injective if m; F is finite. Let f and g be two maps which
determine the same element of the inverse limit. Then f and g are
homotopic on every finite subcomplex Y. Since m;F is finite there
are only finitely many homotopy classes of homotopies between f
and ¢ restricted to Y,. These homotopy classes of homotopies be-
tween f and ¢ form an inverse system (over {a}) of finite sets. The
inverse limit is then non-void (by compactness, again). Now we
repeat step 1 to see that such an inverse limit homotopy can be re-
alized to give an actual homotopy between f and g.

Some properties of the profinite completion

We study the homotopy and cohomology of the profinite comple-
tion X.

PROPOSITION 3.4 If X is (k— 1) connected, then
X = (ﬂkX)A, as topological groups.
PrOOF: By definition of X
7Tk5(: = llkaF

«—

{r}
Every finite quotient

X 5w

occurs in this inverse system, namely

X ——— S K(mX, k) 5 K(m, k).

1st k-invariant
A covering space argument for £ = 1 and an obstruction theory
argument for k£ > 1 shows the full subcategory of {f} where F' is
(k — 1) connected and 7 X EX 7 F is onto and cofinal. This proves

the proposition.

Before considering the relation between the higher homotopy of
X and X, we must first consider cohomology.
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There is a natural diagram

H{(X;Z /n)
H(X;Z /n) —— lim H'(FZ /n)

{r}
PROPOSITION 3.5 £ is an isomorphism for all n and 1.
PrROOF: To see that /¢ is onto consider the map
x L P = (x 2 K@Z/n0)
for some cohomology class z.

To see that £ is injective, consider the diagram

Fl

K(Z /n,q)

where z is some class in H*(F;Z /n) which goes to zero in X, the
vertical sequence is a fibration, and f’ is some lifting of f.

The canonical direct summand {image ¢} in H (X;Z /n) is closely
related to the continuous cohomology of X, those maps

X = K(Z /n,i)

which induce continuous transformations between the respective
compact representable functors

~

[ LX) and [ LK(@Z/n,i)].
PROPOSITION 3.6 The two natural subgroups of Hi(X;Z/n),
L = lmH(F;Z/n) = H'(X:Z [n)

f
C = “continuous cohomology of X
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satisfy
L C C C (L closure).
PROOF: Let us unravel the definition of C.
X 5 K(Z /n,i)
is a continuous cohomology class iff for each Y the induced map

X%

Y, X] Y, K (% /n,7)]
lim[V, F] lim[Ye, K(Z /n,i)]
. -

is continuous. This means that for each finite subcomplex Y, C Y
there is a projection X ELR F,, and a (continuous) map

[KFa] o Hi(Ya;Z/H)
so that

v, X] —[Y, K(Z /n,i)]
Q)

projection i l restriction

Y, Fo) > Yo, K(Z /n,i)]

commutes. Moreover, the map {Y, — f,} should be order preserving
and the g,’s should be compatible as « varies.

Thus it is true that an element in

L—l%nH(F,Z/n)

determines a continuous cohomology class. For if we take an index
X — F and a class u € H'(F;Z /n) for Y, CY define

fo=(X = F)
go = (¥, F] L Yo, K(Z /., 3))

to see that (u) € L is continuous. On the other hand, if x €
H(X;Z /n) is a continuous cohomology class take Y = X and apply
commutativity in (I) to the identity map of X. We obtain that for
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each finite subcomplex X, of X the restriction of x factors through
Fa,

X ——= K(Z/n,i)
Lk
X

« FCV'

The element in L determined by z’ has the same restriction to X,
as x. So for each finite subcomplex of X, L and C restrict to the
same subgroup of H"(Xy;Z /n).

Thus C cannot be larger than (L closure) = L’. Any point outside
L’ is separated from L’ in one of the finite quotients H"(X,;Z /n)

LEMMA 3.7 Suppose X has “countable type”,
Hom (71 X; finite group) and H'(X;Z /n)

are countable. Then X is a simple inverse limit

X2lm{ - — Fy — Fpq — - — %}
—

n

where each F,, has finite homotopy groups.

PROOF: Let F{;,) denote the “coskeleton of F” obtained by attach-
ing cells to annihilate the homotopy above dimension n. For spaces
with finite homotopy groups

F= lgn Finy

n

as compact representable functors.

Thus R
X =lim F' = lim lim F{,,
«— —
{r} {ry

is an inverse limit of spaces with only finitely many non-zero, finite
homotopy groups.

The collection of such homotopy types is countable. The homo-
topy set defined by any two is finite.

Under our assumption the homotopy set [X, F(n)] is countable.

Thus X has an inverse limit over an indexing category C which
has countably many objects and finitely many maps between any
two of them.
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One can now choose a linearly ordered cofinal subcategory

12— —>n—....

That is, each object O in C' maps to n and any two maps
OZ2Zn
can be equalized using n — m:
O=n—m.

(Order the objects in C, O1,02,... and suppose 1 — 2 — --- — r
has been chosen so that Oy,...0O, all map to r. Then choose

r EN r—+1
so that O,4+1 maps to r+ 1 and f equalizes all the elements in
Hom (O;,7) i< n.
And so on.)
We get a sequence of spaces
=B, == Fy— B
and R
X ¥ limF,
—
n

as compact representable functors. QED.

Now we can give a more precise interpretation of the topology on
the functor [ , X].

Suppose the maps in the above sequence
= F, = = Fy - B

are fibrations. (If this is not so we could achieve this by inductively
applying the path construction.)

Let F, denote the inverse limit space. F has a natural topology
which is not usually locally contractible.

It might be interesting to look at the topology induced on the
homotopy set

[Y, Fs] = {path components F_ }
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by the compact open topology on the function space. A set of ho-
motopy classes is open iff the set of all representatives is an open
set in the function space.

PROPOSITION 3.8 If X has countable type the topological functors
[ ,X] and | ,Fx] are homeomorphic.

PROOF: The natural map

[ >FOO]_>IEH[ >E]:[ ’55]

is onto by the fibration property. The injectivity then follows by the
same compactness argument used to prove

[Y,F] ~ lm[Y,, F]
‘o

in the preceding note.

For the topologies consider first the case when F, = X = X=F
a single space with finite homotopy groups. It is fairly easy to check
that the “inverse limit” and “compact open” topologies on [Y, F]

agree.’

It follows that the natural bijection
[ ? FOO] - [ 7X}

is continuous. The openness follows from the fibration property.

QED.

Since Fi, and X have the same weak homotopy type they have the
same singular homology and cohomology. Also the set of singular
simplices of F is just the inverse limit of the sets of singular sim-
plices of the F;. It seems that it is an unsolved problem to use this
precise information to relate the singular cohomology of the inverse
limit F, and the limit cohomology of the F;.

To continue to study the cohomology and homotopy of X we must
take a new tack and place more restrictions on X.

3This uses two basic facts about CW complexes

i) the finite subcomplexes are cofinal in the lattice of compact subspaces of a CW complex

ii) the “compact open” topology on [finite complex, CW complex] is discrete.
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THEOREM 3.9 If X is simply connected* and its homotopy groups
are finitely generated then

i) H(X,Z /n) ~ H(X,Z /n)
i) (mX) ~mX
ii) H(X,Z) ~ H'(X,Z) ~ H(X,Z)

iv) any map of X into a space with profinite homotopy groups ex-
tends uniquely to X.

v) X — X is characterized among maps of simply connected spaces
by any one of the above properties and the fact that the homotopy
groups of X are profinite.

vi) the topology on the functor | ,)?] 1s intrinsic to the underlying
homotopy type, |X|, in fact
(X)) ~X
as compact representable functors.

NOTE: part ii) of the Theorem has the corollary
K(Y) = [v,BU,

for Y a finite complex. This is proved by induction over the cells of Y
using ii), the Puppe sequence, and the fact that profinite completion
is exact for finitely generated groups.

The proof of Theorem 3.9 is based on the following.

LEMMA 3.10 Suppose X is a simple space with finitely generated
homotopy groups. Then there is a map X — Y and an tnverse
system of spaces with finite homotopy groups {F;} so that

i) Y 2 limF,
—
4The simply connected hypothesis may be replaced by 71X is “good” for example w3 X

is finite or m1 X is finitely generated Abelian. Then a form of Lemma 3.10 with twisted
coefficients may be proved using twisted k-invariants. See remark below for the first step.
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i) H*(X,Z/n) = H"(Y,Z [n) = lim H*(F;,Z /n).

PROOF:

Step 1: The case X = S!. Let X — Y be the natural map K(Z,1) —
K(Z,1). Let {F;} be the inverse system {K(Z/i,1)}. Then i) and
ii) are clear. The first equivalence of iii) holds because

K(Z,1) — K(Z,1) — K(Z]Z 1)

is a fibration and 2/ 7Z is a vector space over Q. The second equiva-
lence of iii) follows from the first by calculating

lim H*(K(Z /i,1),Z /n) = H*(S",Z/n).

Step 2: The case X = K(G,n), G any finitely generated Abelian
group. Take Y = K (G, n) and {F;} to be {K(G®Z/i,1)}. The above
argument commutes with finite products to take care of n = 1, the
case G = Z /r being trivial. The case n > 1 is reduced to n = 1 as
usual using the fibration

K(r,n—1) - % — K(m,n).

The first equivalence of iii) follows by comparing the spectral se-
quences of the fibrations

~

K(G,n—-1)—=K(G,n—1)

|

Path space —— Path space

|

K(G,n)

i
K(G,n)

The second equivalence of iii) follows by studying the map be-
tween the mod p cohomology spectral sequence for K(G,n — 1) —
* — K(G,n) and the direct limit of the corresponding sequences for

KG®Z/ii;n—1) x> K(GRZ/i,n).

Since taking homology commutes with direct limits we can generate
a direct limit spectral sequence. Since the cohomology groups in
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question are all finite in each degree the E5 term of the limit sequence
is the appropriate tensor product. The comparison then proceeds
as usual.

Step 3: Suppose i), ii) and iii) hold for n-stage Postnikov systems and
consider the case when X1 is an (n + 1)-stage Postnikov system.
We have the fibration

Xpi1 — Xn 5 K(m,n+2)

where X, is the n-stage of X,,+1 and 7 is mp1(Xpt+1). We also
have by induction the map X,, — Y, and the inverse system {F;}
satisfying i), ii) and iii).

Using iii) we can distribute the various reductions mod r of the
k-invariant in X,, among the F; to construct maps of fibrations

Xnt1 E;
XTZ Fir

lk y

K(m,n+2) K(r &7 /rn+2)

reduction
mod r

which are compatible over r.

Then we consider the {F; } and Y41 = lim E;,. We have a map

Xn+1 — Ynt1, namely lim f,. ii) holds by construction.

We have the map of sequences

XnJrl XnJrl
X, Y,

| l

K(m,n+2) —= K(m,n+2) -

The sequence on the right is a fibration because its homotopy se-
quence is the inverse limit of exact sequences of finite groups and
therefore exact.

i) clearly holds.
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The equivalence of iii) then follows from step 2 by the spectral
sequence and limit spectral sequence arguments used there.

Step 4: General case. X is the inverse limit of its n-stages X,,. Let
{Fi} be the union inverse system of spaces constructed inductively
above. Let Y be the inverse limit of these (or of the Y;,). By the
skeletal convergence of homotopy and cohomology i) and iii) follow
from step 3.

Proof of Theorem 3.9. Let us consider defining the profinite com-
pletion of X by considering maps into simply connected spaces with
only finitely many non-zero (finite) homotopy groups. Thus we have
a general inverse system {E;}, a map X — {F;} and X =lim F;. We
can assume the {F;} in the Lemma form a subsystem.

Since H*(X,Z /n) ~ lim H*(F;,Z /n) each map X — E; factors
in an eventually unique manner through some F; by elementary

obstruction theory.

Thus
X ~ limFE; ~ limF, ~ Y

and i) and ii) of the Theorem are proved.

The second part of iii) follows from i) since K(A,n) ~ lim K(A;,n)
if A is the profinite group lim A;, A; finite.

The first part of iii) is analogous to the remark about Eilenberg-
Moore spaces or follows by direct calculation.

iv) follows by a covering space argument, obstruction theory, and
i).

iv) shows (|X|) and X are defined by the same inverse system of
simply connected spaces. This proves vi).

Now consider v). If we have X EN Y and Y has profinite homotopy

groups, there is a canonical extension X ﬁ Y by iv).

If f satisfies ii) then ]? must induce an isomorphism of homotopy
groups.

If f satisfies i), then
X — mY
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is isomorphic to Hs X — HsY which is profinite completion by
Lemma 3.11 below. If we pass to the 2-connective of f we are in the
same situation by a spectral sequence argument. And so on. QED.

LEMMA 3.11 Suppose m — 7' is a homomorphism of Abelian groups
such that

i) c®Z /n is an isomorphism of finite groups

i1) ' is an inverse limit of finite groups.

Then © ~ 7 and c is profinite completion.
ProOF: Note that G ® Z /n finite implies

G

12

l{igl(G@Z/n).

Thus ¢ induces an isomorphism of profinite completions,
lime®Z /n
T=lmr®Z/n) —————— lim(r' ®Z /n) =7".
It suffices to prove that 7/ ~ 7’.
Topologize 7’ using the hypothesis

7 ~ limF,.
—

«@
‘n . . .
Now 7’ — 7’ is continuous since
lim(F, — F,) is.
—
n
Thus the image nn’ is compact and closed.

The quotient
/o’ = ' QZ/n

is finite. So nz’ is also open.

Thus, the natural map

-~/

2T / .
s —>1<1£n(7r RZ/n)=7
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is continuous.
{ is onto by the usual compactness argument. But
/ =~/

™ — T

is always a monomorphism for any profinite group n’. This proves
the Lemma.

NortE: Finally we make a remark® that is useful for non-simply con-
nected examples.

We can normalize the inverse system for defining X so that each
map X — Fj is surjective on m and 7, F; is zero above some point.

Then any local system of finite groups defined on X is eventually
defined on any subsystem {E;} — {F;} when

~

(mX) ~ limm, Ej .

Suppose that
H*(X;M) ~ limH*(Ej;; M)

for all such twisted coefficients M. Then obstruction theory shows
that {£;} is cofinal in {F;} so

X ~ limE;.
EXAMPLES
i) If G is finitely generated and Abelian then
K(G,n) ~ K(G,n) ~ K(GRZ,n).
ii) If 7,X is finite, X ~ X.

iii) S™ is not the Moore space M(z,n) 5™ has rational homology in
infinitely many dimensions (A. Bousfield).

~ ~

iv) K(Q/Z,1) ~ (CP®) ~ K(Z,2).
The above note shows that the system {K(Z /n,2)} is cofinal.

5Due to Artin and Mazur.
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v)

vi)

vii)

If X = BO,, the classifying space for the orthogonal group of
degree 2, then X is the total space of the natural non-orientable
fibration with base K(Z /2,1) and fibre K(Z,2). We will see below
that the completion of X at odd primes is completely different.

A recent striking observation® in homotopy theory implies profi-
nite completion K (S, 1) ~ Fy where So, = lim S,,, S,, the sym-

metric group of degree n and Fjy = lim (2"S™),, the limit of the

function space of degree zero maps of S” to itself under suspen-
sion.

A map K(S«,1) — Fp is defined by converting a finite cover over
X into a framed subspace of X x R" and applying the Pontrjagin
construction.

Now Fy has finite homotopy groups, 1 Fy = m,415" = Z /2, and
71500 18 Z /2 because of the simplicity of the alternating groups
Ay, n > 4. The map K(Sx,1) — Fy induces an isomorphism of
finite cohomology.

Suppose X has the homotopy type of a complex algebraic variety
V. Then under mild assumptions on X Cech-like nerves of alge-
braic (etale) coverings of X give simplicial complexes with finite
homotopy groups approximating the cohomology of X. (Lubkin,
On a Conjecture of Weil, American Journal of Mathematics 89,
443-548 (1967).)

The work of Artin-Mazur’ related to Grothendieck’s cohomology
implies

X ~ lim (Cech-like nerve) .

etale covers

A beautiful consequence is the Galois symmetry that X inherits
from this algebraic description. This is a preview of Chapter 5.

(-profinite completion

One can carry out the previous discussion replacing finite groups

by (-finite groups. (¢ is a set of primes and /-finite means the order

6Contributed to by Barratt, Kan, Milgram, Nakaoka, Priddy and Quillen.
"Etale Homotopy, Springer Lecture Notes 100 (1969).
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is a product of primes in ¢. ¢ = {all primes} is the case already
treated.)

The construction and propositions go through without essential
change.

A new point in the simply connected case is a canonical splitting
into p-adic components.

ProrosiTION 3.16 If (7T1X); =0, there is a natural splitting

Xg >~ H Xp
pel

in the sense of compact representable functors. Furthermore any
map

factors

F= 11

pel

PROOF: Write any space F' with finite homotopy groups as an
inverse limit (in the sense of compact representable functors) of it
coskeletons

F=1lmF".
—

n

F" has the first n-homotopy groups of F.

If m F =0, each F™ may be decomposed (using a Postnikov argu-
ment) into a finite product of p-primary components

=117

pel

Then
F =lim (][ Fp)
n pel
(lim F')

E,.

Il
18

=~
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If m; F' is {-finite, we obtain

F=]][F.

pel

More generally,

X =lmF, X L F, F (finite.

f

So we obtain N
X = lim H F,
I pel

~ [[imF,
(—
pel f

~ [ X,

pel

Recall that the topology in [ ,F] was canonical so that it may
be used or discarded at will. This should clarify the earlier manip-
ulations.

The last equation

lim F, = X, ,

pa
f

uses the splitting on the map level

(F—F) = [[F 2 F).

pel

This follows from the obstruction theory fact that any map
F,—F; p#q
is homotopic to a constant map.
This generalizes (using obstruction theory) to — any map
Xp L }A/q p#q
is null homotopic.

EXAMPLE Let X = BO,, the classifying space of the 2 dimensional
orthogonal group. Let £ be the set of odd primes. Then X, satisfies
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1) le?g =0
ii) H*(Xy;Z /p) = Z [plzs], p odd.

These imply
i) X, =~ 53,

So the 2 non-zero homotopy groups of Os have been converted
into the infinitely many non-zero groups of Sg’.

More precisely,

(BOy), =[] (BOw,

odd primes

and for (BOQ)];,

T, T2, T3, T4, . .., T2p, ... = 0,0,0,Zp,0,0,...,0,Z/p,...

The calculation ii) is discussed in more detail in Chapter 4 under
“principal spherical fibrations”.

Formal Completion

We give a construction which generalizes the completion construc-
tion

. ®Qz .
rational numbers — /¢-adic numbers.

Let X be a countable complex®. Then X may be written as an
increasing union of finite subcomplexes

XoCcXjCcXoCc---CX,C---C XL

DEFINITION (Formal ¢-completion) The formal £-completion is de-
fined by

Xe=J (Xn),,
n=1

8This condition is unnecessary — a more elaborate mapping cylinder construction may be
used for higher cardinalities.
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the infinite mapping telescope of the (-profinite completions of the
finite subcomplexes X,,.

Note that X,, is a CW complex and the functor
[ 7Xf]

has a partial topology. If Y is a finite complex then

[V, X, =2 L[V, (X,),] ?

> lim{profinite spaces}
has the direct limit topology.

PROPOSITION 3.17 The homotopy type of X; and the partial topology

[ 7X@]

only depend on the homotopy type of X.

Proor: If {X;} is another filtering of X by finite subcomplexes, we
can find systems of maps

Xi = Xj0)
Xj = Xy

because the CW topology on X forces any map of a compact space
into X to be inside X; (X;) for some i (for some j). The compositions

Xj = Xigj) = Xj6G))
Xi = Xjw) = Xig))
are the given inclusions. So the induced maps
UXi 2 UX;

1@[1/, Xz 11_@[1/, X,], Y finite

T J

are inverse. In the second line maps are continuous, so this proves
the proposition.

9See proof of Proposition 3.17.
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A similar argument using cellular maps shows that a filtering on
a homotopy equivalent space X’ leads to the same result.

In fact, the formal completion is a functorial construction on the
homotopy category.

The homotopy groups of X, are direct limits of profinite groups.
The maps in the direct system are continuous and Zg-module ho-
momorphisms. So i Xy is a topological group and a Z;-module.
Similarly mX ® Zy is a Zy-module and a topological group. The
topology is the direct limit topology

X Q Ly = lin H,.
finitely generated
subgroups H

ProprosITION 3.18 If X is simply connected, there is a natural iso-
morphism - N
T Xy EmX QR Ly

of topological groups and 2g-m0dules.

PROOF: Write X as an increasing union of simply connected finite
subcomplexes {X'}. Then

Wng = li_r>n ﬂj)z'é since S’ is compact,
>~ lim (iji); since 1 X' = 0 and
= P .
i X" is finite
(Proposition 3.14),

= lim ((Win) ® Z@) since m; X" is finitely generated,
= (lim 71'in) ® 7, since tensoring commutes

— . . . . .

i with taking direct limits,

1

(miX) ® Z again using the compactness of S/,

and all isomorphisms are Z,-homomorphisms and continuous.
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The Arithmetic Square in Homotopy Theory

We consider the homotopy analogue of the arithmetic square,

rational integers = 7, —— HZP =z
P
rational numbers = Q — Q ® Z = Q = finite Adeles.

Say that X is geometric if X is homotopy equivalent to a CW
complex with only finitely many i-cells for each i. We consider the

process
profinite

completion

TN

*

localization localization

0
~—_ 7

formal
completion

and assume for now that X is simply connected.

The profinite completion of X, Xisa CW complex together with
a compact topology on the functor

[ X

In this simply connected geometric case, we saw that this topology
could be recovered from the homotopy type of X. The homotopy
groups of X are the Z-modules,

~

mX = (mX) .

The localization at zero of X, Xy is a countable complex whose
homotopy groups are the finite dimensional QQ-vector spaces

i Xo2mX®Q.



80

The localization at zero of X gives a map of CW complexes

)’(: localization , &
—_—

(X)o
which in homotopy satisfies

= localization

m X Wi()?)o

IR

r—rR®1

The isomorphism is uniquely determined by the requirement of
commutativity. Thus 7;(X), has the natural Z-module structure (or
topology) of

mX ® Q= lim(mX & mX).

n

The formal completion of Xy may be defined since X is countable.
This gives a CW complex (Xy)~ with a partial topology on

[ ) (XO)_] .

In particular, the homotopy group are topological groups and 7-
modules; and these with structures satisfy

7TZ'(X0)_ = (7TZ'X0) X 2 .

PropPOSITION 3.19 Let X be a geometric simply connected complex.
Then there is a natural homotopy equivalence between

(Xo)~ and ()?)0'

The induced isomorphism on homotopy groups preserves the module
structure over the ring of “finite Adeles”,

QRZ.
PROOF: Filter X by simply connected finite subcomplexes {X*}.
Then the natural map

X = lim()?i) — )/(:
=

i
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is a homotopy equivalence (lim means infinite mapping telescope)

This follows since our assumptions imply

mX 2mX ® 7= (mX)A = ﬂ'i)/(\'.

So apply the formal completion functor to the map

x4 x,.

This gives a map i
X 5 (Xo)”

which on homotopy is a map of Z-modules

_ - _
T Z’X iy (X 0)
B-module isomorphism

. I®identity B ~
7T7;X Q7 7TZ'X0 QRYL .

But [ is the localization

X

IR

r—r®1

So for the composed map !’

U (Xo)_
N

we can construct a diagram

U _
ﬂ'i(Xo)

X

7TZ'X

=Rl B-module isomorphism

Wi)?®@.
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Thus (Xp)~ is a localization at zero for X with the correct Z-
module structure on its homotopy groups. It follows that it has the
correct (Z ® Q)-module structure.

~

DEFINITION Let (X), or (Xo)~ be denoted by X4, the “finite Adele
type of X 7. The homotopy groups of X o have the structure of mod-
ules over the ring of “finite Adeles”,

A=Q®7Z.

Using this equivalence we may form an arithmetic square in ho-
motopy theory for X “geometric” and simply connected

profinite . .
completion o H p-adic completion
X~ of X

p
localization |( localization

“rational type of X” =¥,

X4 = “Adele type of X”

In the homotopy level we have

Te XX

O<—-"N
K =N

This proves the

PRroroOSITION 3.20 The arithmetic square is a “fibre square”. That
18, if
X — Xy, Xog— Xay

are converted into fibrations, then

X localization X, and

profinite
completion
_—

X X

are equivalent to the induced fibration over Xy and )?, respectively.
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COROLLARY 3.21 X is determined by its rational type Xy, its profi-
nite completion X, and the equivalence

(Xo)~ % ()?)0 (= “Adele type of X).

e is a Z-module isomorphism of homotopy groups. The triple
(1/07 Y? f)
also determines X iff there are equivalences

Xo LYy, X2V

so that R
(Xo)™ —(X),
b
_f S
(Yo)” —=(Y),
commutes.

In this description of the homotopy type of X one should keep in
mind the splitting of spaces

=T[5,
P
(product of compact representable functors) and maps

=TI
p

Then one can see how geometric spaces X are built from infi-
nitely many p-adic pieces and one rational piece. The fitting to-
gether problem is a purely rational homotopy question — with the
extra algebraic ingredient of profinite module structures on certain
homotopy groups.

In this pursuit we note the analogue of the construction of Adele
spaces in Weil, Adeles and Algebraic Groups (Progress in Mathe-
matics 23, Birkhduser, 1982).

Let S be any finite set of primes. Form

Xs = (H(Xp)o) X (H)?p)

peS pé¢S
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The second factor is (as usual) constructed using the natural com-
pact topology on the functors [ ,X,].

The {Xg} form a directed system and
PROPOSITION 3.22 The “Adele type” of X satisfies'®

Xa N]im)?g.
s

The equivalence preserves the Z-module structures on homotopy
groups.

PRrooOF: Using obstruction theory one sees there is a unique exten-
sion f in
Y xY’

localization X identityi W:zatlon

Y0><Y’—f—>(Y><Y’)O.

Thus we have natural maps
X5 — Xa

which imply a map
lim Xg 2 X4
l

It is easy to see that A induces a Z-module isomorphism of ho-
motopy. One only has to check the natural equivalence

@®2N1£H(H@P) x (HZP)’
s pes ¢S

the ring of finite Adeles is the restricted product over all p of the
p-adic numbers.

NoTe: This proposition could be regarded as a description of the
localization map for a profinite homotopy type X,

~

X — (X),.

10 A5 always direct limit here means infinite mapping cylinder over a cofinal set of S’s.
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NOTE: In summary, we apply this discussion to the problem of ex-
pressing a simply connected space Y — whose homotopy groups are
finitely generated Z-modules — as the profinite completion of some
geometric complex X, N

Y ~2X.

We take Y and form its localization at zero. To do this we could
make the direct limit construction using the individual p-adic com-

ponents of Y as in Proposition 3.22 (using YV & Y o H?p). This
gives the “Adele type”, X 4, of X if it exists. p

X 4 is a rational space — its homotopy groups are Q-vector spaces
(of uncountable dimension). However, these homotopy groups are
also Z-modules. The problem of finding X then reduces to a problem
in rational homotopy theory — find an appropriate “embedding” of
a rational space (with finitely dimensional homotopy groups) into
X 4. Namely, a map

X035 Xa

so that R
T, X0 R7Z — Xy,
as Z-modules.
Then the desired X is the induced “fibre product”
X——Y

L

Xo—>X4

For example, in the case of a complex algebraic variety X we see
what is required to recover the homotopy type of X from the etale
homotopy type of X ~ X.

We have to find an “appropriate embedding” of the rational type
of X into the localized etale type

X0 — (X)O
NoOTE: It is easy to see that any simply connected space Y whose

homotopy groups are finitely generated Q-modules is the localization
of some geometric space X,

Y & X,.



86
One proceeds inductively over a local cell complex for Y =]V, —
S(’f LY, 1, YV, = Yn_l/SéC = cofibre a.
If X,,_1 is constructed so that
(Xn-1)g = Yn—1, Xpn_1 geometric
we can find @’ so that
Sk _a Xn—1

localizationi llocaliza‘cion

a
S —— Yo

commutes, for some choice of the localization S* — S(’f. In fact

choose one localization of S*, then the homotopy element
skLosk sy,
may be written (1/m) - a’, where @’ is in the lattice

image (7 X,—1 — T Yn—1) .
Then a' works for the new localization
Sk sk =, Sk
and X, = X,,_1/S* = cofibre a’ satisfies

(Xn)y2Y,.

This argument also works for localization at some set of primes /.

It would be interesting to analyze the obstructions for carrying
out this argument in the profinite case.
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The Local Arithmetic Square

There is an analogous discussion for constructing the “part of X
at 0.

The square of groups
Ly ——17y

¢ a non-void
set of primes

Q—0® 25 = {-adic numbers
has the homotopy analogue

XEH)/Q

|

Xo— Xa,= (Xy)y = (Xo); -

The above discussion holds without essential change.

If ¢ = {p}, the square becomes

X, %,

L

XOHXQp’
where
X@p = (Xp)o = (XO);

is the form of X ower the p-adic numbers — the p-adic completion
of Q.

One is led to ask what X should be where R is the real numbers
— the real completion of QQ, and how it fits into this scheme.

For example, the “finite Adele type” X 4 should be augmented to
“the complete Adele type”

XAXXR.
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Then the fibre of the natural map
Xo — X4 x Xp

has compact homotopy groups and this map might be better under-
stood.

If ¢ is the complement of {p}, then spaces of the form X, can be
constructed algebraically from algebraic varieties in characteristic

.
The problem of filling in the diagram

X,

|

“finite dimensional over Q7 — Xy — — > (5(:@)0

appropriately (ﬂ*()?g)o ~ 1. Xo ® Zy as z—modules) provides homo-
topy obstructions to lifting the variety to characteristic zero.



Chapter 4

SPHERICAL FIBRATIONS

We will discuss the theory of fibrewise homotopy classes of fibra-
tions where the fibres are [-local or [-adic spheres. These theories
are interrelated according to the scheme of the arithmetic square
and have interesting symmetry.

DEFINITION. A Hurewicz fibration!
£E:S—-F—B

where the fibre is the local sphere Slnfl, n > 1, is called a local
spherical fibration. The local fibration is oriented if there is given
a class in

Ues € H'(E — B;Zy)?

which generates
HY (S — % Z)) 2 7

upon restriction.

When [ is the set of all primes the theory is more or less familiar,

i) the set of fiberwise homotopy equivalence classes of S"~! fibra-
tions over X is classified by a homotopy set

(X, BG] .

1E — B has the homotopy lifting property for maps of spaces into B.
2H™(E — B) means H" of the pair (mapping cylinder of E — B, E).

89
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i)

iii)

BG,, is the classifying space of the associative H-space (compo-
sition)
Gp= {51 L 571 | deg f € {1} = 2}

that is, QBG,, = G, as infinitely homotopy associative H-spaces.
(Stasheff, Topology 1963, A Classification Theorem for Fibre
Spaces.)

the oriented theory? is classified by the homotopy set
[X, BSG)]
where BSG, may be described in two equivalent ways

a) BSG), is the classifying space for the component of the iden-
tity map of S~ ! in G, usually denoted SG,,.

b) BSG, is the universal cover of BG,,, where m BG,, = Z/2.

the involution on the oriented theory obtained by changing ori-
entation

§— ¢

corresponds to the covering transformation of BSG,,.

there are natural inclusions G,, — Gp+1, BG, — BGy41, corre-
sponding to the operation of suspending each fibre. The union

BG = D BG,

n=1

is the classifying space for the “stable theory”.

The stable theory for finite dimensional complexes is just the di-

rect limit of the finite dimensional theories under fiberwise suspen-
sion. This direct limit converges after a finite number of steps — so
we can think of a map into BG as classifying a spherical fibration
whose fibre dimension is much larger than that of the base.

For infinite complexes X we can say that a homotopy class of

maps of X into BG is just the element in the inverse limit of the
homotopy classes of the skeleta of X. This uses the finiteness of
the homotopy groups of BG (see Chapter 3). Such an element in

3The fibre homotopy equivalences have to preserve the orientation.
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the inverse limit can then be interpreted as an increasing union of
spherical fibrations of increasing dimension over the skeletons of X.

The involution in the “stable theory” is trivial* and there is a
canonical splitting

BG = K(Z/2,1) x BSG.

Some particular examples can be calculated:

BGy =RP®, BSG; = S® =«
BGy = BOs, BSGs = CP>® = BSO,

All higher BG),’s are unknown although the (finite) homotopy
groups of

o0
BG = | ] BG,,
n=1
are much studied.
stable .
mir1BG = i-stem = li_n>17ri+k(5’ ).

k

Stasheff’s explicit procedure does not apply without (semi-simplicial)
modification to Slnfl-ﬁbrations for [ a proper set of primes. In this
case S' is an infinite complex (though locally compact).

If we consider the l-adic spherical fibrations, namely Hurewicz
fibrations with fibre Slnfl, the situation is even more infinite. Slnfl
is an uncountable complex and therefore not even locally compact.

However, Dold’s theory of quasi-fibrations can be used® to obtain
abstract representation theorems for theories of fibrations with ar-
bitrary fibre.

THEOREM 4.1 (Dold). There are connected CW complexes B}' and

4This is the germ of the Adams phenomenon.
5See Halbezakte Homotopiefunktoren, Springer Lecture Notes 12 (1966), , p. 16.8.
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El” so that
{Szlt?e]ggga;];ns} = [ Bl'lfrees
{o it o} = 1 Bilhe.
Actually, Dold must prove a based theorem first, namely

based ~
{ﬁbrations} = [, Blbased-

then divide each set into the respective w1 B orbits to obtain the free
homotopy statements of the Theorem.

2

The Main Theorem

THEOREM 4.2

i) There is a canonical diagram

brew
S"~1-fibration lo@a?ggzgn S;—1-fibration
theory theory

fibrewise
fibrewise completion
leti -~ )
completion Sn_l—ﬁbratlon
theory

which corresponds to a diagram of classifying spaces

BG, —— By

RN

Bp.
i1) The diagram of fundamental groups is the diagram of units

(£} =2 — 7}

U

7r .
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111) The universal cover of the diagram of classifying spaces is canon-
ically isomorphic to

BSG,, localization at 1 (BSGn)l

completion

(BSG.,), -

This diagram classifies the diagram of oriented theories. The
action of the fundamental groups on the covering spaces corre-
sponds to the action of the units on the oriented theories —

(Ea U{) - (ga an)

where £ 1s the spherical fibration, E — B, U¢ s the orientation
in H"(E — B;R), a is a unit of R = (2,7, 7).

The proof of 4.2 is rather long so we defer it to the end of the
Chapter. However, as corollary to the proof we have

COROLLARY 1 There are natural equivalences

mo Aut ]
(Aut S )

2

7 ,
(SGTL)[ I

~

moAut St =2 ZF,

l =

~

(AutSPh), = (SG,), .

Here Aut X is the singular complex of automorphisms of X — a
simplex ¢ is a homotopy equivalence

ox X —X.

The subscript “1” means the component of the identity.
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The Galois Group

A second corollary of the Main Theorem which should be empha-
sized is the symmetry in

(BSG,); and (BSG,), .

COROLLARY 2 Since the Theorem shows these spaces classify the
%
oriented theories they have compatible Z; and Z; symmetry.

For | = {p},

Zy 2 7/2& Free Abelian group
generated by the
primes other

than p
5 2 Z/o-1eZ, p>2)
Z)2® Ly (p=2)

So in the complete theory we see how the rather independent sym-
metries of the local theory coalesce (topologically) into one compact
(topologically) cyclic factor.

We will see below (Corollary 3) that the homotopy groups of
BSG,, are finite except for one dimension —

m,BSG, = Z @ torsion n even

Ton—oBSG,, = 7Z ® torsion n odd
The first (n — 1) finite homotopy groups correspond to the first
n — 2 stable homotopy groups of spheres.

Then (BS Gn); has for homotopy the [-torsion of these groups plus
one Z; (in dimension n or 2n — 2, respectively).

The units Z; act trivially on the low dimensional, stable groups
but non-trivially on the higher groups. For example, for n even we
%
have the natural action of Z; on

ﬂn(BSGn);/mod torsion 2 7 .
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On the higher groups the action measures the effect of the degree
« map on the homotopy groups of a sphere. This action is com-
putable up to extension in terms of Whitehead products and Hopf
invariants. It seems especially interesting at the prime 2.

The Rational Theory

If [ is vacuous, the local theory is the “rational theory”. Using
the fibration

[(Qnilsnil)l — SGp — Snil]localized at =0
it is easy to verify

COROLLARY 3 Oriented Sg_l fibrations are classified by

i) an Euler class in H™(base; Q) for n even

ii) a “Hopf class” in H*"~2(base; Q) for n odd.

It is not too difficults to see an equivalence of fibration sequences

... —= SGap —= SGans1 — SGans1/SGan —= BSGop —= BSGanilg

~ | evalu- i~ o~ Euler Hopf
ation class class
2n—1 In—1 2
o— 5 — 5 Si" K 2n) — K 4n
0 0 Whitehead 0 (Q ’ ) cup (Q ’ )
product square

Corollary 3 has a “twisted analogue” for unoriented bundles.

Stably the oriented rational theory is trivial. The unoriented sta-
ble theory is just the theory of Q coefficient systems, H'( ;Q*).

Note that Corollary 3 (part i) twisted or untwisted checks with

the equivalence
Syt = K(Q,2n—1).

The group of units in Q

Q"= 7Z/2@® free Abelian group generated
by the primes

61t is convenient to compare the fibrations SO, — SOpy1 — S™, (QS™); — SGpy1 — S™.



96

acts in the oriented rational theory by the natural action for n even
and the square of the natural action for n odd.

The Stable Theory

COROLLARY 3

i) For the stable oriented theories, we have the isomorphisms

oriented stable oriented stable
l-local = l-adic = [ ,H(BSG)p] .
theory theory p€l

11) The unoriented stable theory is canonically isomorphic to the
direct product of the oriented stable theory and the theory of Z
or Z; coefficient systems.

stable

I-local = [ K (ZF) x H(BSG),,],
theory pé€l

stable R

l-adic %[ K(Z) xH(BSG)p]
theory pé€l

1) The action of the Galois group (units of l-adic integers) is trivial
in the stable oriented theory.

PROOF:

i) Since BSG has finite homotopy groups there is a canonical split-
ting
BSG = [[(BSG),
P
into its p-primary components.

Clearly, for finite dimensional spaces

| II®se),] =1 .(Bsa))
€l
’ ~ [ lim (BSGy)]

= lim oriented Slnfl theories
—

& stable oriented local theory .
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iii)

Also, because of the rational structure

lim ((BSG,), — (BSG,),)

n—oo

is an isomorphism. This completes the proof of i) since the stable
oriented [-adic theory is classified by

lim (BSG,), .

n—oo
Consider the l-adic case. A coefficient system
aeHY( 7))

determines an §ll—bundle a by letting the units act on some repre-
sentative of S} by homeomorphisms. (A functorial construction
of K(Z;,1) will suffice.)

Represent a stable oriented [-adic fibration by an I-local fibration
v using the isomorphism of i). The fiberwise join %~ determines
a (cohomologically twisted) l-adic fibration since

SpxSpt = gt

One easily checks (using the discussion in the proof of Theorem
4.2) that this construction induces a map

K(Z;,1) x (BSG), — (1im B}")
which is an isomorphism on homotopy groups.

The local case is similar. In fact an argument is unnecessary
since one knows a priori (using Whitney join) that the stable
local theory is additive.

The action of the Galois group is clearly trivial using ii). Or, more
directly in the local theory the action is trivial because there are
automorphisms of

Sll fibre joiny, < an oriented local fibration
which change the orientation by any unit of Z;. Then the action

of the profinite group 2}" is trivial by continuity.

Note that part iii) of Corollary 3 is a “pure homotopy theoretical

Adams Conjecture”.
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The Inertia of Intrinsic Stable Fibre Homotopy Types

We generalize the “purely homotopy theoretical Adams conjec-
ture” of the previous Corollary 3, iii).

Let
B0—>---—>Bni>Bn+1—>...

be a sequence of spaces. Assume that each space is the base of a
spherical fibration of increasing fibre dimension

Sdn_}’Yn_)Bn7

and that these fit together in the natural way

i*'7n+1 fé (’yn fibre join Sdn+1—dn) )

We will study the “stable bundle”
B+ - BG,

where B, = mapping telescope {B,}, and a representative of = is
constructed from the {v,} and the equivalences {f,}.”

The basic assumption about the “stable fibration” ~ is that it is
“intrinsic to the filtration” {B,} of B, — there are arbitrarily large
integers n so that the spherical fibration 7,41 is strongly approxi-
mated by the map

Bn — Bny1,
i.e. the natural composition

cross section .4 i*
> 1 Yn4+1 — Ynt1

By
is an equivalence over the d(n)-skeleton where (d(n) —dn) approaches
infinity as n approaches infinity.

"Recall from Chapter 3 that mapping into BG defines a compact representable functor. ~p,

over B, determines a unique map B, m» BG and 7 is the unique element in the inverse

limit lim[By,, BG] 2 [Boo, BG| defined by these. In particular, 7 is independent of the

equivalences {fn}.
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The natural stable bundles

“orthogonal” BO — BG,
“unitary” BU — BG,
“symplectic” BSp — BG,
“piecewise linear” BPL — BG,
“topological” BTop — BG,
“homotopy” BG BG
identity

are “intrinsic” to the natural filtrations

{BOn}, {BUn}, {BSp,}, {BPLn}, {BTop,}, {BGn}.

We make the analogous definition of intrinsic in the local or [-
adic spherical fibration context. In the oriented case we are then
studying certain maps,

Boo — (BSG), = [ [ (BSG), .

pel

It is clear that the localization or completion of an intrinsic stable
fibration is intrinsic.

THEOREM (INERTIA OF INTRINSIC FIBRE HOMOTOPY TYPE)
Let v be a stable spherical fibration over B (ordinary, local or
complete) which is intrinsic to a filtration {B,} of Bs. Let As be
any filtered automorphism of By,

Bo 2= By, = lim (B, 2% B,).

n—oo
Then A preserves the fibre homotopy type of v, that is

Aoo

By
\ / commutes.
BG

PROOF: Assume for convenience d, = n and d(n) = 2n. The di-
mensions used below are easily modified to remove this intuitive
simplification.

B
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We have the spherical fibrations
Sdn —_— ’Yn Sdn+1 —_— ’yn+1

l J{ P*Yni1 = vy fibre join Sdn—dn-1

Bn Bn+1

the filtered automorphism

fibre j = F,, — B, An B,

P o ¥

n+1
Buy1 =% B

and the map e which is a d(n)-skeleton equivalence,

Yn4+1

B €
n
cross section /

" Ynt1

We can assume that A,;; is a skeleton-preserving map, that A,
is fibre preserving in the sequence

F, — B, — Buy1,
and that e is a fibre preserving map covering the identity.

We restrict e and (A,+1, 4,,) to the pertinent spaces lying over the
n-skeleton of B, —

An/

B,/ B,/

b

(BTH' 1 )n—skeleton — (Bnt1 )n—skeleton

7n+1/

Then we make e/ and A,,/ cellular and restrict these to 2n-skeletons
giving

(An/) 2 seteton
B il

(€/) 21-skeleton
(7”+1/)2n-skeleton e (B”/)Qn-skeleton (Bn/)2n-skeleton'

The second map is still an equivalence, while the first map be-
comes an equivalence by the intrinsic hypothesis. On the other
hand,

Tn+1 / - (Bn-f—l )n-skeleton
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is a S"-fibration, so

’Yn—l-l/ = (’Yn+1/)2n-skeleton :

We can then transform the automorphism of (A4,/)s,,_ckeleton USING
(€/)an-skeleton t0 Obtain an automorphism A of v,41/ covering the

automorphism (An11),,_ckeletons

IR | b

7n+1/ '7n+1/

| i

(An+1)-skeleton
(Bn+1)n—skeleton > (B”+1)n-skelet0n

Then the composition

Ynt1/ 4 Yn+1 ‘& An i1 (Ynt1/)
is a fibre homotopy equivalence
Ynt1/ ~ App1(n+1/)
covering the identity map of (B,41),,_skeleton-
Letting n go to infinity gives the desired homotopy commutativity

Aso

N

BG

B B

COROLLARY Any automorphism of BG which keeps the filtration
{BG,} invariant is homotopic to the identity map.

REMARK: There is at least one homotopy equivalence of BG which
is not the identity — the homotopy inverse

x— x !

defined by the H-space structure in BG.

REMARK: In the intrinsic examples above BO, BPL, BG, ..., the fil-
tered automorphisms are precisely those operations in bundles which
give isomorphisms and preserve the geometric fibre dimension. That
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is they are isomorphisms which are geometric in character. The The-
orem can then be paraphrased “geometric automorphisms of bundle
theories preserve the stable fibre homotopy type”.

When is an [-adic fibration the completion of a local
fibration?

According to Chapters 1 and 3 there are the fibre squares

7 —=7, (BSG,), (BSGy),

| e | |

Q ?Zl) @l (BSGn)O E—— (BSGn)gormal l-completion

This leads to the

COROLLARY 4 An oriented §l”_1—ﬁbmtion is the completion of a
Slnfl—ﬁbration iff

a) for n even, the image of the Fuler class under
H"(base; Zl) Y H"(base; Q;)
&

is rational, namely in the image of

H"(base; Q) — H"(base; Q).
@B

b) For n odd, the Hopf class, which is only defined in
H2"2(base; Q)

18 rational.

PRrROOF: The fibre square above is equivalent to (n even)

(BSGr), — (BSG,),

rational l-adic
Euler class Euler class

K(Qvn)*)K(len)
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The corollary is a restatement of one of the properties of a fibre
square. Namely, in the fibre square of CW complexes

A—B

|

C—D

maps into C' and B together with a class of homotopies between
their images in D determine a class of maps into A.

ADDENDUM. Another way to think of the connection is this — since

(BSGy), = [](BSG.),,

pEl

a local Sl"_l—ﬁbration is a collection of §g*1—ﬁbrations one for each
p in [ together with the coherence condition that the characteristic
classes (either Euler or Hopf, with coefficients in Q) they determine
are respectively in the image of a single rational class.

Principal Spherical Fibrations

Certain local (or l-adic) spheres are naturally homotopy equiva-
lent to topological groups. Thus we can speak of principal spherical
fibrations. The classifying space for these principal fibrations is easy
to describe and maps into the classifying space for oriented spherical
fibrations.

PROPOSITION (p odd) §g*1 is homotopy equivalent to a topological
group (or loop space) iff n is even and n divides 2p — 2.8

COROLLARY 5’12"_1 is homotopy equivalent to a loop space iff

I C{p:Z/n C p-adic units} .

Let SIQ”_1 have classifying space P*°(n,l), then

QP>(n,l) = St

8For p = 2, it is well known that only S', S3 and S” are H-spaces, and S” is not a loop
space.
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The fibration
SPt — % — P> (n,l)

implies
i) H* (Poo(n, l);Zl) 18 1somorphic to a polynomial algebra on one
generator in dimenston 2n.

11) For each choice of an orientation of Sf"fl there is a natural map
P>(n,l) — (BSG2,), -

In cohomology the universal Euler class in (BSGay,), Testricts to
the polynomial generator in P*°(n,l).

PROOF OF THE PROPOSITION: A rational argument implies a spher-
ical H-space has to be odd dimensional.

If §3*1 is a loop space, 2B,,, it is clear that the mod p cohomology
of B, is a polynomial algebra on one generator in dimension n.
Looking at Steenrod operations implies A divides (p—l)pk for some k,
where n = 2)\. Looking at secondary operations — using Liulevicius’
mod p analysis generalizing the famous mod 2 analysis of Adams
shows k = 0, namely A divides p — 1.

On the other hand, if A divides p — 1 we can construct B,, directly

i) embed Z/\inZ/(p—1) C Z;,

ii) choose a functorial K (ZP,Q) on which Z; acts freely by cellular
homeomorphisms,
iii) form
Ba = (K(Zp2)/(Z/N).

We obtain a p-adically complete space which is simply connected,
has mod p cohomology a polynomial algebra on one generator in
dimension n and whose loop space is ngl.

In more detail, the mod p cohomology of K(ip,Q)/(Z/)\) is the
invariant cohomology in K(Zj,2) —

(1,z, 22,23, ...) %5 (1,ax,a%2%,...), o =1.
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This follows since ) is prime to p and we have the spectral sequence
of the fibration

K(Zy,2) — K(Z,2)/(Z) ) — K(Z/,1).

B,, is simply connected since

T (K(Zy,2)/(Z/N), = (Z/), = 0.
B, is then (n — 1)-connected by the Hurewicz theorem.

The space of loops on B, is an (n — 2)-connected p-adically com-
plete space whose mod p cohomology is one Z/p in dimension n — 1.
The integral homology of 2B, is then one ip in dimension n—1 and
we have the p-adic sphere §;}_1.

PROOF OF THE COROLLARY. If [ is contained in {p : n divides (p —
1)}? construct the “fibre product” of

1155

p€El

|

K(Q,2n) — K(Q;,2n)

where BY is the de-loop space of 5’;%”_1 constructed above.

If we take loop spaces, we get the fibre square

a2n—1
Sf”_l —_— H Sp

‘/ pel
SE (s
Thom Isomorphism

(Thom) A S} '-fibration with orientation

Ue € HM(E — X;7)

9The case left out is taken care of by 513'
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determines a Thom isomorphism
. U, .
HY(X;Z)) =5 HE — X;7,).

This is proved for example by induction over the cells of the base
using Mayer-Vietoris sequences.

Conversely (Spivak), given a pair A EN X and a class
Ue H'(A— X;Z)
such that ' .
HY(X;Z) =5 HYWA — X 7))
is an isomorphism, then under appropriate fundamental group as-
sumptions A ER X determines an oriented Slnfl—ﬁbration.

For example if the fundamental group of X acts trivially on the
fibre of f, then an easy spectral sequence argument shows that

H*(fibre f;2Z;) = H* (S} Y, Z)) .

If further fibre f is a “simple space” a fiberwise localization!? is

possible, and this produces a Sl"_l—ﬁbration over X,

fibre f A X
localization fibrewise
localization
Syt E X

A similar situation exists for [-adic spherical fibrations.
Whitney Join

The Whitney join operation defines pairings between the Slnfl,
S;"~1 theories and S~ ! theories. We form the join of the fibres
(Sl"_1 and Slm_l) over each point in the base and obtain a Sln+m_1—
fibration.

This of course uses the relation

Spta gt e gt

10See proof of Theorem 4.2.
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The analogous relation is not true in the complete context. How-
ever, we can say that

(S?n 1 Sm 1) ~ Sn+m 1
!

Thus fibre join followed by fiberwise completion defines a pairing
in the l-adic context.

PROOF OF 4.2: (page 92)

i) The map [ is constructed by fiberwise localization. Let & be a
fibration over a simplex o with fibre F', and let 0l

floc— 0 Lo

(F a “simple space”
ﬁbr& %)re F; b p )

be a fibre preserving map which localizes each fibre. Then filling
in the diagram

arbitrary
trivialization
€00 —=¢ ~ ox F
ol projection
t localization
08 - —-=I F

gives an extension of the fiberwise localization 0l to all of o.
Namely,

§—1> ¢’ = mapping cone of ¢
\ / 2
o X Fj
o
But t exists by obstruction theory,
H*(0¢' ¢ | Qo Fy) =2 H*(@U X (Fl,F);Zl—module) =0.
Thus we can fiberwise localize any fibration with “simple fibre”
by proceeding inductively over the cells of the base. We ob-

tain a “homotopically locally trivial” fibration which determines
a unique Hurewicz fibration with fibre Fj.
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The same argument works for fiberwise completion,
F—F
whenever R R
H*(F,F;Z;)) = 0.
But this is true for example when F = S"~! or Sln*l.

This shows we have the diagram of i) for objects. The argument
for maps and commutativity is similar.

To prove ii) and iii) we discuss the sequence of theories

. oriented ¥ ‘ . 1 *
v {SR-ﬁbrations} - {SR-ﬁbratlons} Y H ( 'R )

where Sp = S"1, Sl”_l, or §l”_1; and R is Z, Z;, or Zl.
The first map forgets the orientation.

The second map replaces each fibre by its reduced integral homol-
ogy. This gives an R coefficient system classified by an element in
H'( ;RY).

Now the covering homotopy property implies that an Sg fibration
over a sphere S°*! can be built from a homotopy automorphism of
S* x Sp preserving the projection S* x Sp — S*. We can regard this
as a map of S? into the singular complex of automorphisms of Sg,
Aut Sg.

For ¢ = 0, the fibration is determined by the component of the
image of the other point on the equator. But in the sequence

7o Aut Sgp — [SRr, SR] = Th—1Sr — H,—1SR

the first map is an injection and the second and third are isomor-
phisms. Thus

o Aut Sp =2 R* = Aut (H,—1SR) -

This proves ii) and the fact that oriented bundles over S! are all
equivalent.

More generally, an orientation of an Sgi fibration determines an
embedding of the trivial fibration Sgp — * into it. This embedding
in turn determines the orientation over a connected base.
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Thus if the orientation sequence U corresponds to the sequence
of classifying spaces

BRL BR™ K(R*1)
we see that for ¢ > 0

mis1BR = [S*+! BR]
=~ oriented bundles over S**!

=~ based bundles over S'*!

= [S™, BR]pased

= 7Ti+1BR .

free

So on homotopy we have

*LR* R*  for my,

| =

f
Tit1 — Tiy1 — *  for miqq.

Therefore, U is the universal covering space sequence.

Also the correspondence between based and oriented bundles shows
the R* actions correspond as stated in iii).

We are left to prove the first part of iii).

The cell by cell construction of part i) shows we can construct
(cell by cell) a natural diagram

Gn = Aut§"t — Aut S

.

Aut §l”_1

Also, a based or oriented Sg-fibration over S*! has a well defined
characteristic element,

S* — component of the identity of AutSg.
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So we need to calculate the homotopy in the diagram

SGp, — (Aut Sp 1),

e

(Aut Y, .

For example, to study c look at the diagram

n—1 on—1+\based c1 Sn—1 an—1,based
(S = )1 completion (Sl ’Sl )1

|

c an—1
SGn completion (Aut jl )1

an—1
go-t,

co

Sn—l

completion

Now c¢j just tensors the homotopy with Z.

An element in 7; of the upper right hand space is just a homotopy
class of maps

S'x Sp — Sg, Sp=25"""

which is the identity on * x S and constant along S? x *. By trans-
lation to the component of the constant we get a map which is also
constant along * x Sg, thus a homotopy class of maps

S'ASp — Sk.

This homotopy set is isomorphic to

[Spriml, Spml & (gl G > g ST @7

The naturality of this calculation shows ¢; also l-adically com-
pletes the homotopy groups.

There is a long exact homotopy sequence for the vertical sequence
on the left.





























































































































































































































































































13 This kernel argument and the tensor product formulation are due to Conner-

Floyd.
See "The relation of cobordism to K-theory", Springer Lecture Notes 28 (1966),

for their beautiful ~"complex and symplectic formulae".
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13 This kernel argument and the tensor product formulation are due to Conner-Floyd. 
See "The relation of cobordism to  K-theory", Springer Lecture Notes 28 (1966), 
for their beautiful ``complex and symplectic formulae''.
















































































































































































































































