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Jacques Thévenaz: G-algebras and modular representation theory
Hans-Joachim Baues: Homotopy type and homology
P.D.D. Eath: Black holes: gravitational interactions
R. Lowen: Approach spaces: the missing link in the topology–uniformity–metric triad
Nguyen Dinh Cong: Topological dynamics of random dynamical systems
J.W.P. Hirschfeld: Projective geometries over finite fields 2nd edition
K. Matsuzaki and M. Taniguchi: Hyperbolic manifolds and Kleinian groups
David E. Evans and Yasuyuki Kawahigashi: Quantum symmetries on operator

algebras
Norbert Klingen: Arithmetical similarities: prime decomposition and finite group

theory
Isabelle Catto, Claude Le Bris, and Pierre-Louis Lions: The mathematical theory of

thermodynamic limits. Thomas–Fermi type models
D. McDuff and D. Salamon: Introduction to symplectic topology 2nd edition
William M. Goldman: Complex hyperbolic geometry
Charles J. Colbourn and Alexander Rosa: Triple systems
V.A. Kozlov, V.G. Maz’ya and A.B. Movchan: Asymptotic analysis of fields in

multi-structures
Gerard A. Maugin: Nonlinear waves in elastic crystals
George Dassios and Ralph Kleinman: Low frequency scattering
Gerald W Johnson and Michel L Lapidus: The Feynman Integral and Feynman’s
Operational Calculus
W. Lay and S.Y. Slavyanov: Special functions: a unified theory based on singularities
D. Joyce: Compact manifolds with special holonomy
A. Carbone and S. Semmes: A graphic apology for symmetry and implicitness
Johann Boos: Classical and modern methods in summability
Nigel Higson and John Roe: Analytic K-homology
S. Semmes: Some novel types of fractal geometry
Tadeusz Iwaniec and Gaven Martin: Geometric function theory and nonlinear analysis
Terry Lyons and Zhongmin Qian: System control and rough paths
Andrew Ranicki: Algebraic and geometric surgery



“fm” — 2002/8/6 — 14:51 — page iii — #3

Algebraic and Geometric
Surgery

ANDREW RANICKI

Department of Mathematics and Statistics
University of Edinburgh

CLARENDON PRESS • O X FO R D

2002



“fm” — 2002/8/6 — 14:51 — page iv — #4

3

Great Clarendon Street, Oxford OX2 6DP

Oxford University Press is a department of the University of Oxford.
It furthers the University’s objective of excellence in research, scholarship,

and education by publishing worldwide in

Oxford New York

Auckland Bangkok Buenos Aires CapeTown Chennai
Dar es Salaam Delhi HongKong Istanbul Karachi Kolkata

Kuala Lumpur Madrid Melbourne MexicoCity Mumbai Nairobi
SãoPaulo Shanghai Taipei Tokyo Toronto

Oxford is a registered trade mark of Oxford University Press
in the UK and in certain other countries

Published in the United States
by Oxford University Press Inc., New York

c© Oxford University Press 2002

The moral rights of the author have been asserted

Database right Oxford University Press (maker)

First published 2002

All rights reserved. No part of this publication may be reproduced,
stored in a retrieval system, or transmitted, in any form or by any means,

without the prior permission in writing of Oxford University Press,
or as expressly permitted by law, or under terms agreed with the appropriate

reprographics rights organization. Enquiries concerning reproduction
outside the scope of the above should be sent to the Rights Department,

Oxford University Press, at the address above

You must not circulate this book in any other binding or cover
and you must impose this same condition on any acquirer

A catalogue record for this title is available from the British Library

Library of Congress Cataloging in Publication Data

(Data available)

ISBN 0 19 850924 3

10 9 8 7 6 5 4 3 2 1

Typeset by Newgen Imaging Systems (P) Ltd, Chennai, India
Printed in Great Britain

on acid-free paper by T. J. International Ltd, Padstow



“fm” — 2002/8/6 — 14:51 — page v — #5

For Frank Auerbach



“fm” — 2002/8/6 — 14:51 — page vi — #6



“fm” — 2002/8/6 — 14:51 — page vii — #7

PREFACE

Surgery theory is a general method for the classification of manifolds. The theory
was developed over the last 40 years and is now the standard tool in the study of
manifolds of dimension > 5, starting with the Kervaire-Milnor classification of
exotic differentiable structures on spheres. Unfortunately, surgery theory is quite
difficult to learn, since it involves such a wide variety of algebraic and geometric
techniques. Where to start?

This book aims to be an entry point to surgery theory for a reader who already
has some background in topology. Familiarity with a book such as Bredon [10] or
Hatcher [31] is helpful but not essential. The prerequisites of both the algebraic
and the geometric parts of surgery are presented here, and enough machinery
is developed to prove the main result of the theory : the surgery exact sequence
computing the structure set of a differentiable manifold M of dimension > 5 in
terms of the topological K-theory of vector bundles over M and the algebraic
L-theory of quadratic forms over the fundamental group ring Z[π1(M)]. The
surgery exact sequence is stated in Chapter 1, and finally proved in Chapter 13.
Along the way, there are basic treatments of Morse theory, embeddings and
immersions, handlebodies, Steenrod squares, Poincaré duality, vector bundles,
cobordism, transversality, Whitehead torsion, the h- and s-Cobordism Theor-
ems, algebraic and geometric intersections of submanifolds, the Whitney trick,
Poincaré complexes, spherical fibrations, quadratic forms and formations, exotic
spheres, as well as the surgery obstruction groups L∗(Z[π]).

This text introduces surgery, concentrating on the basic mechanics and work-
ing out some fundamental concrete examples. It is definitely not an encyclopaedia
of surgery theory and its applications. Many results and applications are not
covered, including such important items as Novikov’s theorem on the topolo-
gical invariance of the rational Pontrjagin classes, surgery on piecewise linear and
topological manifolds, the algebraic calculations of the L-groups for finite groups,
the geometric calculations of the L-groups for infinite groups, the Novikov and
Borel conjectures, surgery on submanifolds, splitting theorems, controlled topo-
logy, knots and links, group actions, stratified sets, index theory, . . . . In other
words, there is a vast research literature on surgery theory, to which this book
is only an introduction.

The books of Browder [14], Novikov [65] and Wall [92] are by pioneers of
surgery theory, and are recommended to any serious student of the subject.
However, note that [14] only deals with the simply-connected case, that only a
relatively small part of [65] deals with surgery, and that the monumental [92] is
notoriously difficult for beginners, probably even with the commentary I had the
privilege to add to the second edition. The papers collected in Ferry, Ranicki,
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viii Preface

and Rosenberg [24], Cappell, Ranicki, and Rosenberg [17] and Farrell and Lück
[23] give a flavour of current research and include many surveys of topics in
surgery theory. In addition, the books of Kosinski [42], Madsen and Milgram
[45], Ranicki [70, 71, 74] and Weinberger [94] provide accounts of various aspects
of surgery theory.

On the afternoon of my first day as a graduate student in Cambridge, in
October, 1970 my official supervisor Frank Adams suggested that I work on sur-
gery theory. This is still surprising to me, since he was a heavy duty homotopy
theorist. In the morning he had indeed suggested three topics in homotopy the-
ory, but I was distinctly unenthusiastic. Then at tea-time he proposed that I
look at the recent work of Novikov [64] on surgery theory and hamiltonian phys-
ics. Novikov himself had not been permitted by the Soviet authorities to attend
the Nice ICM in September, but Frank had attended the lecture delivered on
Novikov’s behalf by Mishchenko. The mathematics and the circumstances of the
lecture definitely sparked my interest. However, as he was not himself a surgeon,
Frank suggested that I actually work with Andrew Casson. Andrew explained
that he did not have a Ph.D. himself and was therefore not formally qualified to
be a supervisor of a Ph.D. student, though he would be willing to answer ques-
tions. He went on to say that in any case, this was the wrong time to start work
on high-dimensional surgery theory! There had just been major breakthroughs
in the field, and what was left to do was going to be hard. This brought out
a stubborn streak in me, and I have been working on high-dimensional surgery
theory ever since.

It is worth remarking here that surgery theory started in 1963 with the
classification by Kervaire and Milnor [38] of the exotic spheres, which are the dif-
ferentiable manifolds which are homeomorphic but not diffeomorphic to the
standard sphere. Students are still advised to read this classic paper, exactly
as I was advised to do by Andrew Casson in 1970.

This book grew out of a joint lecture course with Jim Milgram at Göttingen
in 1987. I am grateful to the Leverhulme Trust for the more recent (2001/2002)
Fellowship during which I completed the book. I am grateful to Markus Banagl,
Jeremy Brookman (who deserves special thanks for designing many of the
diagrams), Diarmuid Crowley, Jonathan Kelner, Dirk Schuetz, Des Sheiham,
Joerg Sixt, Chris Stark, Ida Thompson, and Shmuel Weinberger for various
suggestions.

Any comments on the book subsequent to publication will be posted on the
website

http://www.maths.ed.ac.uk/˜aar/books
2nd June, 2002
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5 Bundles 86
5.1 Fibre bundles and fibrations 86
5.2 Vector bundles 89
5.3 The tangent and normal bundles 105
5.4 Surgery and bundles 112
5.5 The Hopf invariant and the J-homomorphism 118

6 Cobordism theory 124
6.1 Cobordism and transversality 124
6.2 Framed cobordism 129
6.3 Unoriented and oriented cobordism 133
6.4 Signature 135



“fm” — 2002/8/6 — 14:51 — page x — #10

x Contents

7 Embeddings, immersions, and singularities 142
7.1 The Whitney Immersion and Embedding Theorems 142
7.2 Algebraic and geometric intersections 148
7.3 The Whitney trick 156
7.4 The Smale–Hirsch classification of immersions 161
7.5 Singularities 167

8 Whitehead torsion 170
8.1 The Whitehead group 170
8.2 The h- and s-Cobordism Theorems 175
8.3 Lens spaces 186
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