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Abstract

This thesis presents two dimensional discrete dynamical system, the extended
standard family of maps, which approximates homoclinic bifurcations of contin-
uous dissipative systems. The main subject of study is the problem of separatrix
splitting which was first discovered by Poincaré in the context of the n-body
problem.

Separatrix splitting leads to chaotic behaviour of the system on exponentially
small region in parameter space. To estimate the size of the region the dissipative
map is extended to complex variables and approximated by differential equation
on a specific domain. This approach was proposed by Lazutkin to study separatrix
splitting for Chirikov’s standard map.

Furthermore the complex nearly periodic function is used to estimate the
width of the exponentially small region where chaos prevails and the map is re-
lated to the semistandard map. Numerical computations require solving complex
differential equation and provide the constants involved in the asymptotic formula
for the size of the region.

Another problem studied in this thesis is the prevalence of resonance for the
dissipative standard map on a specific invariant set, which for one dimensional
map corresponds to a circle. The regions in parameter space where periodic
behaviour occurs on the invariant set is known as Arnold tongues. The width
of Arnold tongue is studied and numerical results obtained by iterating the map
and solving differential equation are related to the semistandard map.
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Chapter 1

Introduction

In this thesis we study qualitative properties of the extended standard family of
maps depending on three parameters which is motivated by its universal and
extremely rich dynamics.

The extended standard map

Tpi1 = Jxp, +w + €sinb,

(1.1)

6n+1 = en + Tpta

can be considered on a plane or on a cylinder R x S!, where S' = R/27Z. The
map has a constant Jacobian J and is a diffeomorphism provided J # 0. We
consider the region in parameter space where w and € are close to 0 (Jw| < €) and
J is close to 1 so that the map is a perturbation of identity. If J < 1 the map is
dissipative (area contracting) and has two hyperbolic points including one saddle,
which collapse to one point when w = €. For J = 1 the map is area preserving
and has a nonhyperbolic fixed point and a saddle point.

As after appropriate change of coordinates or parameters scaling classical
maps including Chirikov’s map, Hénon and whisker map [3] (p. 669) and twist
map [2] (p. 349) are limiting or special cases of the extended standard map,
it represents a reference system for two dimensional maps and hence plays a
significant role in the field of discrete dynamical systems. The extended standard
map can be also considered as a perturbation of the family of Arnold circle map
studied in [1] and therefore it is also known as the fattened Arnold map.

The map exhibits a myriad of dynamically interesting behaviours; depending
on the regions of the three parameters in the parameter space, it transitions from
regular behaviour (existence of invariant circle) to chaotic behaviour (existence
of a strange attractor).

A comprehensive study of the dissipative standard map can be found in Broer
et al [3] (section 4). It also provides a complete classification of generic types of
dynamics inherent for two dimensional maps including local bifurcations, such
as period doubling and cusps, homoclinic bifurcations, in particular transversal
intersection and tangencies of invariant manifolds of a saddle point, existence of
globally attracting invariant circle, its destruction and eventually transition to
chaos leading to existence of strange attractors.



1.1 Subject of Study

This thesis is devoted to study two types of behaviour of the extended standard
map: the phenomenon of resonance zones, which originates from Arnold [1] and
transversal intersection of invariant manifolds of a fixed point known as separatrix
splitting which was discovered by Hénri Poincaré [31].

The problem of resonance zones first originated in the case of one dimensional
map Arnold circle map [1]. It can be extended to two and more dimensions
when the dynamics of the map can be restricted to an invariant circle. For a
diffeomorphism f the resonance zone is associated with existence of an orbit of
period p of the map f? i.e. when the map is topologically equivalent to the
rigid rotation, which is the case if and only if the rotation number is equal to
g. Rotation number is also known as Poincaré number as it was introduced by
Poincaré [30] and we provide its definition in Chapter 5. When € tends to 0 the
regions of resonance zone appear as a narrowing tongues, thus are called Arnold
tongues.

Another phenomenon studied in this thesis involves separatrix splitting re-
gions. Over one hundred twenty years ago unintentional assumption that this
phenomenon is not possible led Poincaré to false conclusion on existence of the
stable solution of n-body problem. He submitted his work for a competition and
did win the prize despite the error made in his work. In the attempt to correct the
mistake Poincaré published results that set foundations for future developments
in the field of deterministic chaos.

Separatrices splitting has been studied for discrete systems including the stan-
dard map [28] and analytic Hamiltonian maps [18] and also for continuous sys-
tems: quasi-periodic high-frequency perturbation of three dimensional pendulum
[10], rapidly forced system with a homoclinic orbit [24] and high-frequency time-
periodic perturbation of a Hamiltonian system [14], where the semistandard map
is used as a complex reference system. An asymptotic formula for the angle of
separatrix splitting for the standard map can be found in [17] and the coefficients
of the asymptotic expansion are calculated numerically. A thorough survey for
separatrix splitting phenomenon for area preserving maps and Hamiltonian sys-
tems can be found in Gelfreich and Lazutkin [15].

Separatrices splitting leads to complex behaviour involving existence of in-
variant set topologically conjugate to horseshoe. In general for a diffeomorphism
f of a plane with a saddle fixed point which stable and unstable manifolds in-
tersect transversally, there is a set invariant under f" topologically conjugate to
a horseshoe, which is a source of existence of infinitely many periodic orbits [21]
(section 6.6).

Extended standard map is a model system for a return map near homoclinic
tangency [3] (p. 746). Consider Hamiltonian flow with a homoclinic loop. To
model a return map of homoclinic tangency a perturbation of time-e map of the
flow is considered which gives an exponentially small splitting of separatrices.
The perturbation involves small conservative perturbation leading to separatrix
splitting and non conservative 'pull up’ of the unstable manifold relative to the
stable manifold. The stable and unstable manifolds are parametrised and the
return map is constructed as a set of transformations into coordinates such that



the resulting map is the extended standard map (1.1).

The general method to study dynamics of the dissipative standard map pre-
sented in this thesis is to consider € close to 0, so the map (1.1) can be ap-
proximated by the flow and to study intervals in parameter space where Arnold
tongues are present or homoclinic intersection appears, depending whether we fix
J or let it vary.

We extend the map to a complex domain and approximate its orbits by solu-
tions of complex ordinary differential equation. In the region where the approx-
imation breaks due to existence of a singularity of the invariant manifold of the
flow the map is approximated by the discrete system. Matching both approxima-
tions leads to exponential smallness of estimates of the interval. This approach
was introduced in Lazutkin [28] for the standard map and used to measure Arnold
tongues in [11] for the dissipative standard map and in Davie [9] for the sine circle
map.

The method presented in [28] used to study a chaotic zone for a dissipative
map can be found in Gelfreich [13]. Results of this paper include the Hénon
map and are similar to those in Chapter 4, although the proof of the asymptotic
formula is not complete. An accurate and direct numerical test of final formula
for the chaotic zone for the Hénon map can be found in [19].

The method of extending the map to complex domain was also used to study
fractal structures of fern type for the standard and semistandard map [16], where
the asymptotic behaviour of the coefficients of the unstable manifold expansion
(3.10) was conjectured. In [36] the conjecture was proved and relation between the
constant involved in the angle of splitting and the constant involved in asymptotic
formula for coefficients of the unstable manifold was given.

1.2 Structure of the Thesis

This thesis is composed of six chapters and the Appendix. In Chapter 2 we
prove introductory results relating a complex map to its approximating flow. The
approach is opposite to Euler approximation when we use a discrete dynamical
system to solve continuous system numerically. We provide construction of the
approximating flow and discuss the existence and parametrisation of the complex
invariant manifolds of a fixed point for maps and flows.

In Chapter 3 we consider the semistandard map and present an alternative
approach to the one used in [28] to study the width of separatrix splitting for the
standard map. This approach has been proposed in [6] and involves approxima-
tion of the standard map by the semistandard map, a construction of a nearly
periodic analytic function in a region of the complex plane and measure of its
oscillation. The benefit of this approach comes from the fact that it can be ex-
tended to non area preserving maps. We improve the accuracy of estimates in [6]
and provide numerical results which are consistent with those in Gelfreich [20].

In Chapter 4 we consider the map (1.1) with fixed parameter € close to 0 and
we vary J. The parameter w is taken to ensure existence of two fixed points of
the map (1.1), w = ae where |a| < 1. The aim is to measure the width of the
interval I, in J where the separatrix splitting occurs.



We extend the map to complex domain, approximate its orbit by the solution
of a complex flow in a region in a complex plane and by the semistandard map
outside the region and match the two approximation. The main part of the
chapter is the proof of existence and construction of the nearly periodic function
analytic on a specific region in the complex plane and estimation of its oscillations,
see Theorem 4.7.2. To measure the exponentially small region in parameter space
where the separatrix splitting occurs we estimate oscillations of nearly periodic
function and give numerical results which match with [20].

Main result of Chapter 4, Theorem 4.8.1 provides the width of the interval
where the homoclinic intersection appears

: NS a
oy L = Al

where constants A, and A depend on a, and pq is related to the standard map
[28].

In Chapter 5 we consider the extended standard map with fixed J, varying €
and w and study the width of Arnold tongue, where there is periodic orbit, which
corresponds to a rational rotation number of the map. The method to estimate
the resonance zone follows the approach demonstrated in [11], whose object of
study is the width of resonance zone for the Arnold circle map and the map
restricted to the invariant circle. We extend the map to the complex domain and
seek a periodic function analytic in a region in C. The function is expanded as a
Fourier series and its oscillation is estimated by first Fourier coefficient, which we
then use to estimate the width of Arnold tongue. The approach to construct the
periodic function is described in more detail in the next section, where we take a
simple example as illustration.

Furthermore we extend results of [11] (Chapter 4) and provide the asymptotic
behaviour of the width of resonance zone in a limiting case as J — 1. We do
not prove results rigorously, we use a heuristic argument followed by numerical
verification. To obtain numerical results we approximate the first Fourier coeffi-
cient by the function measuring the time on the invariant manifold. Numerical
results are consistent with [9], when the dissipative standard map collapses to
one dimensional case and with [20], when the map folds to the standard map.

Main result of Chapter 5, Theorem 5.4.1, gives limiting width of the Arnold
tongue in a weakly dissipative case and relating it to the constant present in the
estimation of separatrix splitting angle for the standard map [29].

In summary in this thesis we provide estimates for oscillations of invariant
manifolds in phase space and use this to get results for widths of regions in
parameter space.

In the final Chapter 6 we provide topics for potential future research, which
in particular could be a proof of the conjecture assumed in Chapter 4 or involve
application of the methods demonstrated here to a more general class of maps,
for example to the map with non constant Jacobian. We conclude this thesis
with the Appendix, where for completeness we include programs used to obtain
numerical results.



1.3 Omne Dimensional Example

We detail the method explained above by applying it to study oscillations of the
complex map in the neighbourhood of the fixed point.
Consider the map
f(z)=2"+2 (1.2)

and choose zy € C close to the origin such that $zg > 0. A more in depth study
of this map can be found in [12] and we shall see that results presented in this
section are consistent with those in [12].

An example orbit of the map (1.2) is shown in Figure 1.1. The height of the

0.014
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Figure 1.1: Iterates of the map (1.2)

‘circle’ in Figure 1.1 depends on the value of Szj.
First we define a function

1 1
o(z)=—2z'+Inz— 52t §z2 (1.3)
and note that it satisfies
o(f(2)) —plz) —1=0(|z]") (1.4)

Denote z, = f"(z0), by similar argument to the one used in [11] (Section 4.3) one
can show that the following limits

9(20) = nEIPOO(<P(Zn) —n) L
M) = Tim (p(s) =) (15)

n—-+o0o

are well defined hence one can define an analytic function

oc(w)=h(g7"(w) —w (1.6)

in the half plane {Sw > ¢} for a positive constant ¢. For w = ¢(z) we obtain



o(w) = h(z) — g(z). For constants b,b > 0 large enough the curves J¢g(z) = b
and Sh(z) = b are invariant under the iteration of the map (1.2). The curves
meet if and only if there exist real v, such that So(v +ib) =V — b. For z, such
that Rz > 0, the curve Sg(z) = b develops a wiggle, when approaching the origin

from the left, as illustrated in Figure 1.2.
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Figure 1.2: Wiggle of the curve J¢g(z) = 3.3 and its magnification
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Similar graph can be found in [12] (Fig. 2, Sg(z) € [0.05,3]). The aim is to
measure the size of the wiggle in Figure 1.2. From definitions (1.5) it follows that

hence o(w) is a function of period 1 it can be expanded as a Fourier series

o0
o(w) = Z ok
k=1

First Fourier coefficient plays a dominant role in measuring oscillation of ¢ and
hence the wiggle in Figure 1.2. We outline the approach to measure the wiggle

below.
Define
M) = max So(ib+v)
IS
N
m(b) = min So(ib+v)

The size of the wiggle is determined by the difference

e} [ee)
M(b) — m(b) = max g ope ek min g oxe
vER
k=1 k=1

veER

—27rkb%€2mkv



which for a large b can be estimated by
W = 2’01’6727rb 4 0(67471'1))

where o is the first Fourier coeflicient

ib+1
nQ)= [ et (1.10)
which is well defined for large b.

We constructed the function, which is analytic and 1-periodic, and we ex-
plained the approach to approximate the size of the wiggle in Figure 1.2 by its
first Fourier coefficient.

To compute o; numerically we approximate the integral (1.10) by the sum

=,
o1 =— Y o(g)e . (1.11)
1= ;
We find z satisfying
p(z) =¢—n (1.12)
and approximate
o(G) =9 (f*"(2)) =G —n+0O(n™) (1.13)

where ¢ is defined in (1.3) and measures the time change on the orbit of the map
(1.2).

In order to minimise approximation error in the estimation of W we need
to choose optimal values of parameters involved in numerical computations. We
choose b large enough to minimise the error in (1.10), large N to give a good
approximation to the integral (1.11), sufficient number of iterations m to find z
satisfying (1.12) and giving a small error in (1.4) and large n to minimise the
error in (1.13). The program sigma_1.c which calculates the constant o, for a
range of values b = Qw is included in the Appendix and the results are presented
in Table 1.1 with accuracy to two decimal places. Note that they are consistent
with the results in [12] (Table 1), where |o;| and arg oy for different values of b
have been given.

The same type of phenomenon occurs for iterates of the map ze* and following
the method described above to measure the oscillation would enable to obtain
the result for the width of Arnold tongues [9], which involves a constant related
to the constant £(0) in Chapter 5.

In subsequent chapters we study the maps with a higher degree of complexity
than example (1.2), but the method summarised above is a central theme in
obtaining results throughout this thesis. We define analogues of function ¢!
satisfying (1.8) exactly and of h either increasing by 1 (satisfying (1.9)) or (almost)
constant on the iterates of the map

h(f(2)) = h(2). (1.14)



Table 1.1: Numerical results of sigma_ 1.c program

b ’01’ %01 éRUl
3.2 22350579.22 3741603.54 -22035171.76
3.3 22350579.22 3741603.54 -22035171.76
3.4 22350579.22 3741603.54 -22035171.76
3.5 22350579.22 3741603.54 -22035171.76
3.6 22350579.22 3741603.54 -22035171.76
3.7 22350579.22 3741603.53 -22035171.76
3.8 22350579.22 3741603.53 -22035171.76
3.9 22350579.22 3741603.53 -22035171.76

In Chapter 5 we construct periodic functions, analogues of g and h satisfy-
ing (1.7) and (1.9) exactly and measure resonance region with the oscillation of
periodic function analogous to o defined in (1.6).

In chapters 3 and 4 we construct a parametrisation of the unstable manifold
as an analogous to g~ ! satisfying (1.8) exactly. We apply an analogue of function
h denoted as F in Chapter 3 and as H, in Chapter 4 satisfying (1.14) only
approximately. This gives us the construction of the nearly periodic function, an
analogue of function o defined in (1.6), and we estimate its oscillation to measure
the separatrix splitting region.

As o is periodic or nearly periodic it can be expanded as a Fourier series
and its coefficients decay exponentially in Sw, hence its first Fourier coefficient
measures the width of the region and the estimate is exponentially small.

Similar approach can be found in the literature, in the study of one dimen-
sional circle map [9] an analogue of function h satisfying (1.9) is defined. In the
study of two dimensional maps in [11] analogous of functions h and g~! are de-
fined satisfying conditions (1.9), (1.8) exactly and we summarise those results in
Chapter 5.

In the study of the standard map analogues of h and g~ called analytic
integrals are first conjectured in [28] and their existence is proved in [26]. In the
study of the standard and the semistandard maps [6] the analogue of g~! satisfying
(1.8) exactly is used to parametrise the unstable manifold, the analogue of h is
almost constant and satisfies (1.14) approximately. This leads to construction
of the nearly periodic function, an analogue of (1.6) which motivates results in
chapters 3 and 4. The problems are more complex than the simple example
above, but the general idea is similar.

1



Chapter 2

Preliminary Results

This chapter contains auxiliary results relating a complex discrete system arising
from iterations of the map to the continuous system given by solution of the ordi-
nary differential equation of the same dimension. We use these results in Chapter
4 to study the splitting of separatrices of the dissipative map. We approximate
behaviour of the dissipative map on a complex domain with the continuous sys-
tem. As in subsequent chapters we study dynamics of the complex map and
flow on the invariant manifolds of fixed points we discuss the existence and basic
properties of stable, unstable and centre manifolds.

2.1 General Results for a Map and its Approx-
imating Flow

In this section we study a map on a complex domain with certain properties and
we relate the iterates of the map to the solution of the continuous system which
gives an approximation to the map to any given order.

The results below provide construction of the continuous system approximat-
ing the map. In the real case results of this sort are fairly standard. We have not
found explicit references but in their application the results below are similar to
averaging [34] when we reduce dimension of the continuous dynamical system by
considering its Poincaré map and approximating it by the continuous system of
a lower dimension.

Another related problem to the results presented in this section explores
asymptotic expansions of truncation error of discretisation and its applications,
in particular to ordinary and partial differential equations, and can be found in
[35]. Proposition 2.1.2 is similar to normal forms (see Theorem 3.3.1 in [21]).

We consider complex map that is a perturbation of identity and construct the
flow which solutions give global approximation to the iterates of the map to a
given order of the perturbation.

Proposition 2.1.1. Suppose n is a positive integer, K > 0, D C C? is a domain,
D' is a relatively compact subset of D. Let v — x+0f(x) = F(x) : D — C? be a
map, such that DNR? — R, Assume that f is analytic and bounded | f(z)| < K
on D. Then there exist M > 0 and 5y > 0 depending on K, D and D', there

10



exist analytic functions 1; : D — C such that for § < &g and for x € D' the flow
i =G(z) =", 6%i(x) satisfies

|H(x) - Fla)| < M&™!

where H(x) is the time-one map of the flow.

Proof. We sketch the key steps of the proof. Let z(t) = (x1(t),...,z4(t)) be
a solution of the flow, z(0) = o, z;(0) = zjo for j = 1,...,d. We construct
functions 1j;, such that the flow

= Syi(ai(t), ..., xq(t)) for j=1,....d (2.1)
i=1
has the required properties. First we expand the solution of (2.1) in powers of ¢
= Zj0+ 25 zi,(t) + O™
for y =1,...,d. Differentiate both sides
t) = o*iu(t) (2.2)
k=1
and substitute z;(¢) into the differential equation (2.1)

= 0y (5510 + > (), xa0+ Y 5k£€dk(t)>
=1 k=1 k=1

We expand 1;; in the Taylor series around z(, and obtain

t) _ iék; Z D~ ¢Jk; xo (Z 5lxl ) + O(6n+1) (2'3)

k=1 |a|>0
for a d dimensional multi-index a, that is @ = (ay,...,qq), |a| = a1 + -+ + ag,
y* =yt .. .yg? and DY = (8%1)“1 e (%)O‘".

Now we equate equations (2.2) and (2.3) and compare terms of order 6*. For
terms of 9, 4% and 6% we obtain

T51(t) = Yj(ro)
Tjo(t) = ja(w0) + Z ng(fo)xﬂ(t)
Ti(t) = Yj(wo) +P

where P is a polynomial in z;/(¢) and v;; and its derivatives at xo, for [,I" < k,

11



1 =1,...,d. We can integrate the system of nd ordinary differential equations
T, (t), xjr(t) is a polynomial in t. We obtain z;(1) = ¥;(zo) + P’, where P’ is
a polynomial in v; and its derivatives at xq, for [ < k.

Then we can solve inductively for ¥;x(xo), j =1,....d, k =1,...,n to satisfy
z(1) = F(xo), and substitute ¢;;(x¢) back to the flow G. The solution of the
flow (2.1) approximates the solution of flow G up to an order of 6"

There exist §g > 0 depending on n, K, D and D', such that for § < dy the
solution of the flow G does not escape from a domain D” : D' C D" C D. We
apply the Cauchy inequalities [4] (p. 43) to the functions v;;, and conclude that
for z in D' |H(z) — F(z)] < M§"*, where M depends on n, K, D and D'. [

We consider the map in the neighbourhood of the fixed point and show that
we can find the flow that approximates the map locally. We expand the flow at
the fixed point and show that it is close to the expansion of the global flow. To
simplify notation we assume that the fixed point is at the origin as the proposition
below can be generalised to a flow with a fixed point elsewhere by shifting the
fixed point.

Proposition 2.1.2. Let x — F(x) be d dimensional analytic map on the neigh-
bourhood D € C? of 0. Assume that x(0) = 0 is a fized point of the map and that
the Jacobian of F(x) at the fized point has all eigenvalues positive. Then

i) There exists a constant L depending on D and bounds on F and reciprocals
of eigenvalues of the Jacobian of F at the origin, there exists the flow & =

g(x), such that g(z) = ZZLJF,“HFl biy g2l ...z for constants by, ;,, 1; >

0,9 + - +iyn=1,...,m and the time-one map H, of the flow satisfies
|Hy(2) — F(x)| < Llz[™*! (2.4)
for x € D', where D' a relatively compact subset of D.

it) If there ezists a flow & = g1(x), such that g,(x) = Zg,lzl Bil,,,idx? .. .xif and
its time-one map H,, satisfies

|Hy, (v) — F(z)| <e (2.5)
forx € D' and e > 0 then
|Bi1...id — b,y < Me (2.6)

for a constant M depending on D, bounds on F and reciprocals of eigen-
values of the Jacobian of F at the origin.

Proof. 1) We write the map F in the coordinates, such that the Jacobian is a
lower triangular matrix. We expand the map around the fixed point

m
_ i1 iq
F(x1,...,2q) = (@171 + E Aliy.igZy - Tg -+
i1 tig=2

d m
Zadixi + Z Qaiy i@ - 2) 4+ O™ )
i—1

i1+ tig=2

(2.7)

12



It follows from the assumption on the Jacobian, that a; > 0 fort=1,...,d. We
find constants b;;, bi;, . i, for i,7 = 1,...,d such that the time-one map of the

flow
Z bZ]I'] + Z biil...idxill N xif (28)

t14+ig=2

satisfies (2.4). Let u = (ul, ..., uq), such that w € D. Denote (u1,...,uq) —
H(uy, ..., uq) as the time-one map of the flow (2.8). Consider the solution of the
flow, (x1(t),...,zq(t)), such that (x1(0),...,24(0)) = (uy,...,us) and expand it

%

= Z cij(tu; + Z Ciiy.iy (DU .. Ul + oot (2.9)

j=1 114 Fig=2

Substitute the expansion to the differential equation (2.8)

i j
Fi= > by (Z cik(t)ur + Z Cijrga(Du’ -%‘i)
j=1

Jit+3a=2
i . (2.10)
S H (z Ot S il )
114 tig=2 11+ tig=2
Differentiate both sides of (2.9)
XT; = Z cw(t)ul + Z cmzd(t)u’f Ce uild -+ h.o.t. (211)
Jj=1 i1 tig=2

Equate equations (2.10) and (2.11) and compare same order terms in powers of
u;. We obtain md differential equations linear in ¢;;, ;, when comparing terms of

the expansion of z; of powers of u}! ufid

Cii(t) = bicii(t)

d
Ciiyig (1) = biiCiiy iy (t) 4 bisy iy H () + fi(t)
=1

where f;(t) depends on the coefficients corresponding to the lower order terms in
u; and does not depend upon b;;, . ;,. Hence we can solve equations inductively and
the solution gives a relationship between constants b;;, _;, and functions c;;, _;,(%).

Now to match the terms of the time-one map to the terms of the expansion of
F we require ¢;;, . ;,(1) to equate to the coefficients a;;, ;,. We can write ag, ;,
as functions of b, .,
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az; = exp by

d
&ih...id = bii1...id exp bn + kl fOI‘ Z(Z]bﬂ) — bn = 0, (212)
j=1
exp (Zc»lfl ijbjj) — exXp bm d
Aigy..ig = dji , biiy..ig + i for Z(ijbjj) —bii #0
> i1 (ibj) — by =

where the constants k;, [; depend on known coefficients b, and do not depend on
bii,..i,- We can solve these equations for b, ,, if a; > 0, which we assumed to
be satisfied.

For a given expansion of the map (2.7) we found the flow (2.8), such that the
condition (2.4) is satisfied up to the order m + 1. We can get the accuracy of the
local approximation to any given order by considering appropriate expansions of
the approximating flow.

ii) From the construction in the point ¢) we can find the map

m

_ E ~ i1 iq
fl = ailmidxl ...l‘d

i14-tig=1

for the flow ¢y, such that |[H, — F;| = 0. It follows from (2.5) that |F — F| < e.
Thus for x in D

m m
. . il id - =~ i ’i1 ’id
‘ E @iy i, T ... T E Qiy g2y ..y < e
i14-Fig=1 i1 tig=1

By the Cauchy inequalities for = in D’ |a;,..q, — @;,..q,] < Mie. Relation (2.12)
implies |bi1...id — bi1...id| S Me |

Now we relate Propositions 2.1.1 and 2.1.2 to obtain the existence of the flow
that approximates the map both globally (up to a given order of perturbation)
and locally (to a given order of the distance from the fixed point). We state the
following

Proposition 2.1.3. Let v — z + §f(z) = F(z) be a map C* > D — C, such
that DNRT — R?. Assume that f is analytic and bounded |f(z)] < K on D, K
is independent on 0. Suppose that x(0) = 0 is a fized point of the map and that
the Jacobian of F(x) at the fixed point has all eigenvalues positive.

Let & = G(x) be the global approzimating flow as in Proposition 2.1.1, such
that on a relatively compact subset D' C D the time-one map of the flow satisfies

|He(x) — F(x)] < Mo™ (2.13)

for 0 < dg.
Let & = g(x) be the local approximating flow of the map around fized point
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x(0) = 0 as in Proposition 2.1.2, such that the time-one map of the flow satisfies
|Hy(x) = F(2)| < Llz[™* (2.14)

for x € D'. Constants M and L depend on K and D, in addition L depends on
reciprocals of eigenvalues of the Jacobian of F at the origin. B

Then there exist positive constants M' and L' and there exists G a perturbation
of the flow G, such that for x € D' the time-one map Hg(z) satisfies

[He(z) — F(2)| < La™" (2.15)

|He(x) — Fla)| < M'5™+ (2.16)

for m,n € N and constants L', M’ depending on K and D, L' depends also on
reciprocals of eigenvalues of the Jacobian of F at the origin.

Proof. To simplify the notation we prove the proposition in one dimension. Let
G(z) = 37, bir' + hot and g(x) = 32", biz' + h.o.t be expansions around the
fixed point.

Define

G(z) = G(x) + P(x) (2.17)

where P(z) = >, <bi - Ez) z'.

From the definition of G, expansions of G and g agree up to order m. Since
g satisfies Proposition 2.1.2 so does G and (2.14) imply (2.15).

It follows from (2.13) that G satisfies condition (2.5) of Proposition 2.1.2 i)
for e = Mé™*t. It follows from of the Proposition 2.1.2 that the coefficients of
the expansions of the local flow ¢ and the flow G satisfy |b; — BZ\ < M6™tL It
implies that |G(x) — G(z)| < Myd™*!.

For close flows, time-one maps are close as implied by (2.12), hence |Ha(z) —
F(z)| < |Ha(x) — Hg(z)| + |He(z) — F(x)| < Maé™tt + M§™ = M6t and
(2.16) follows.

Thus for a given choice of m and n we found the flow that gives global ap-
proximation to the map of order 6"*! and local approximation of order z™*1. O

The above propositions can be generalised as we state below and the proofs
would follow a similar argument.

Remark 2.1.1. Propositions 2.1.2 and 2.1.3 hold for a map with two fixed points
x1 and xo neither placed at the origin. The bound of type (2.15) in Proposition
2.1.8 holds around both fized points. The definition (2.17) of the flow G should
involve a perturbation of the global flow G by the polynomial P of order 2m.
Coefficients of P should agree with coefficients of polynomaials corresponding to
expansions at both fixed points up to order m. The resulting flow will give a
global approximation to the map of order §"' and local approximations of order
|z — 1 |™ and |z — x| around fized points xy, x4 respectively.

Remark 2.1.2. Consider a linear change of coordinates which transforms the
map Tpy1 = Tn + 0f(xy,) into the map yYny1 = Yn + cOh(yn). We can find the
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global approximating flow y = G(y) satisfying Proposition 2.1.1 by expanding its
solution in powers of cd and applying the transformation to go back to the original
coordinates. The resulting flow is the same as the flow & = G1(x) found directly
in original coordinates by expanding its solution in powers of 6.

We conclude this section with an observation

Remark 2.1.3. Consider a sequence of maps f, converging uniformly on D to
the map fo asv — 0. If the approximating flows G, of the maps f, as constructed
in Proposition 2.1.1 are expanded to the same order m then G, — Go and Gy is
the m-th order approrimating flow of the map fy.

2.2 Parametrisation of the Manifold for the Map

We consider dynamical properties of real planar maps in the neighbourhood of
the fixed point. When the fixed point is hyperbolic its qualitative properties
can be deduced from the linearisation of the original system. Depending on the
eigenvalues of the Jacobian matrix at the fixed point there are different types of
dynamics.

For the flow when real parts of both eigenvalues are positive the fixed point
is repelling, when both are negative the fixed point is attracting. When the
eigenvalues are opposite signs the fixed point is a saddle and there exist uniquely
defined invariant curves passing through the fixed point, which are tangent to
eigenspaces of the linearised system, see Stable Manifold Theorem for a Fized
Point in [21] (Theorem 1.3.2). The fixed point is attracting for the stable manifold
and repelling for the unstable manifold.

Similarly to continuous system a discrete system given by iterations of a dif-
feomorphism has a hyperbolic fixed point if the eigenvalues of the Jacobian matrix
at the fixed point are not on the unit circle. If both eigenvalues are inside the unit
circle then the fixed point is attracting, if both are outside of the unit circle then
the fixed point is repelling. The fixed point is a saddle when the modulus of one
eigenvalue is bigger than 1 and one smaller than 1. Results similar to continuous
system can be obtained, see Stable Manifold Theorem for a Fized Point in [21]
(Theorem 1.4.2)

When at least one eigenvalue of the fixed point is on the unit circle (in case
of the discrete system) or its real part is equal to 0 (in case of the continuous
system), then the fixed point is nonhyperbolic and there exists, not necessarily
unique, centre manifold, see Centre Manifold Theorem in [21] (Theorem 3.2.1).
The centre manifold is not necessarily uniquely defined.

We give a brief description of some types of behaviour on the centre manifold.
The fixed point can be either attracting, repelling or neutral on the centre man-
ifold depending on the type of dynamics on the centre manifold and position of
the starting point on the manifold.

e fixed point can be both attracting and repelling - example map (1.2) in
Section 1.3

e the centre manifold is the whole plane - semistandard map (3.2)

16



e centre manifold is uniquely defined on the repelling branch and not uniquely
defined on the attracting branch - system (5.23) in Chapter 5

e ecvery point on the centre manifold is neutral - trivial example * =z, y =0

Throughout this thesis a subset of points on the centre manifold that are
attracted to the fixed point is called an improper stable manifold and a subset of
points repelled from the fixed point is called an improper unstable manifold.

Uniqueness of solution of smooth systems guarantees that two stable (or un-
stable) manifolds of two distinct point cannot intersect. When the stable and
unstable manifolds of two different fixed points intersect it implies rich dynamics
of the system as discussed in Chapter 1. An example of such interesting behaviour
is studied in Chapter 4, when the manifolds wind forming a stochastic layer (see
[27]) and get exponentially close to each other as mentioned in Chapter 1.

For analytic systems we can extend the notion of invariant manifolds to com-
plex plane by analytic continuation and we are interested in its parametrisation,
which is an analogue of function g~! satisfying (1.8). Note that complex invariant
curves can be identified with two dimensional surfaces in C?, which intersect at
the fixed point.

We provide the construction of the unstable manifold of the fixed point of the
complex discrete system. A similar statement of lemma below is due to Poincaré
[32] and its generalisation for invariant manifolds of n dimensional complex maps
can be found in [33].

Let F: C? D D — C? be the analytic mapping with a saddle fixed point at
the origin. Assume D a is bounded region and |F| < K on D. Let W, (W) be
the unstable (stable) global invariant manifold of the saddle point. Let A and
be the eigenvalues corresponding to W,,, W, respectively.

Lemma 2.2.1. There exists a constant a and there exists an analytic parametri-
sation of the unstable manifold of the fized saddle point v, : C D W — C?
satisfying vu(w + 1) = F(yu(w)) where W = {w € C: Rw < a}.

Proof. Proof is by construction. We first note that since the fixed point is hy-
perbolic we can write F in eigenvectors as coordinates. From linearisation for
z = (21,2) € C?

Fz1,22) = (A1, pz) + O(|2]?) (2.18)

where eigenvalues satisfy || <1 < |\ and |z| < R.

Take u € U = B(0,min(£,d'1In2)), where d is to be chosen. Define 1 :
C DU — C?, ¢yp(u) = F¥(A"u,0) is analytic in U. We show by induction that
for u € U, k < n the bound holds

[ (u)] < 2]A7" | (2.19)

Assume for 7 < k .
|1y ()| < 2]A""Hul (2.20)
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We obtain from (2.18)

Wk (w)] = [F(r(u))] < [9r(w)|(A + el (u)])
< k- (W) [(A + clthp-1 (u) DA + ¢l (w)])

k
< eo(u HA+c\w]
- wo(uWHH(HM)
j=0
k
S /\—n-l—k—l—l‘u‘ GXP(Z C’wj)\(u)‘)
j=0

From induction hypothesis (2.20) we obtain

k
()] < AT ufexp(2eA™" Y Nul)

Jj=0

We choose a constant d independent of k£ and n such that 2eA™" Z?:o N <d
and hence [¢gy1(u)| < 227" H|y| provided |u| < d~'1In2, which we assumed to
hold. We obtain that the bound on [t (u)| < 2JA"""*u| holds for k < n.

Next we show that ¢, (u) = F*(A™"u,0) is a uniform Cauchy sequence. Note
that the difference

g1 (u) = u(w)] = |F"((A"u,0) + OA>FV[u)?)) — F*(A"u, 0)]
= |DFMON2HD|y)?) (2.21)

where | DF]| is the operator norm.
From (2.18) |DF| < X + ¢|z| and by Chain Rule |[DF"| < T[r—a(\ + c|zi]),
which implies |DF"| < X" exp(3_r—g A~ '¢|2|). From the bound (2. 19) on [ty (u)|

we obtain
n—1

|DF" < A" exp(z 2N )

k=0

As the exponential term is bounded we obtain |[DF"| = O(A™). Substitution in
(2.21) implies
(Y1 () = ¥a(u)] = O Jul?)

which implies for m > n

) = Ya(@ S Y Wrilw) = Yria ()
_ O(A"Zyuﬁiw)
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The sum is bounded and we obtain that |¢,,(u) — 1, (u)| = O(A™"). The sequence
Y (u) is uniformly Cauchy so there exists a limit ¢ (u) = lim,, o ¥, (u) and 1 (u)
is analytic in U. We observe that

F(p(u)) = limy oo FPHAT,0) = lim, oo AT N0, 0) = ¥(Au).
Parametrisation ¢ (u) is unique up to the multiplication by a non zero number.
The recurrence relation and derivative ¢/(0) define ¢ (u) uniquely. Finally we
define v, (w) = ¥(X*) where @ = In(min(%,d"'In2))/InA and conclude that
on W ={w € C: Rw < a}, 7, : W — C? is an analytic function satisfying
Yu(w +1) = F(yu(w)). O

Corollary 2.2.1. The recurrence relation v,(w+1) = F(v,(w)) allows to define
the manifold outside of the neighbourhood of the fixed point. When F s analytic
in D then 7, (w) can be defined for those values of w that v, (w—1) is defined and
in D. When F is entire function then ~,(w) can be defined globally on whole C.

Note that the unstable manifold was considered for definiteness and Lemma
2.2.1 is true for the stable manifold, which can be easily deducted by taking the
time in the opposite direction. A generalisation of Lemma 2.2.1 for invariant
manifolds of n dimensional complex maps can be found in [33]. The proof of the
general result is more advanced than the argument presented in Lemma 2.2.1,
which for our purpose is sufficient. A different statement of this result is given in
[32] and the proof can be found in [37].

We conclude this chapter with the statement on parametrisation of the un-
stable manifold for the continuous system. The proof would follow by argument
similar to the one used in the proof of Lemma 2.2.1.

Lemma 2.2.2. Suppose that & = f(x) has a hyperbolic fized point. Then there
exrists a constant a and there exists an analytic parametrisation of the unstable
manifold of the fized point ¢, : C D W — C? satisfying ¢, (w + 1) = Ti (¢, (w))
where W = {w € C: Rw < a} and T} : C* — C? is the time-one map of the flow
f. It follows that ¢, is a solution i.e. it satisfies ¢u(w) = f(u(w)).

Analogous lemma holds for the stable manifold of the fixed point.
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Chapter 3

Semistandard Map

In this chapter we give an overview of the results in Davie [6], where nearly peri-
odic function is constructed for the standard map, which motivate the approach
we take in Chapter 4. We improve some estimates given in [6] to obtain good
approximation for a numerical result, which concludes this chapter.

The semistandard map was also used as an approximation to the standard
map in relation to study separatrix splitting angle [28]. After appropriate complex
change of variables the standard map, which can be expressed as map (1.1) for
J =1 and w = 0, extended to complex domain can be well approximated for
small € by orbits of the semistandard map independent of € (see [28] for more
details).

As it is a special case of the extended standard map (1.1) we can relate results
of subsequent chapters to the result in Lazutkin [28]. Another problem related
to the semistandard map was studied in Davie [8] and involved the radius of
convergence of the expansion of the invariant circle.

3.1 Introduction and Preliminaries

This section contains a summary of results from [6] that are necessary in sub-
sequent sections of this chapter. We write the semistandard map fo in (¢, )
variables.

Tpy1 = Tp +ie#"

(3.1)
Pn+l = Pn + Tpia
After the change of variables z = —%, v = %e’“’/ 2 the map becomes
Zn+l = Zn T+ vfz
(3.2)

Unt1 = Une™ !
Define F' = 22/ — 0%, w = v~!, where 2/ = z 4 02
those variables as (uny1, Fri1) = h(up, F)
We state the following auxiliary results

and denote the map (3.2) in

Lemma 3.1.1. If |v| < 1/8 and |z| < 3|v| then |F, — Fy| < 128|v]®
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Lemma 3.1.2. There is a constant B > 0 such that if n is a positive integer and
[Fol < 2Jvol?, R < 0 and Rug < =B —n then |Fy| < [Fol + Cilug + k[~ and
lup, — ug — k| < Co(|ugFol + |ug + k|7) for 0 < k < n.

The proof of Lemma 3.1.1 and Lemma 3.1.2 can be found in [6]. Lemma 3.1.2
implies that |F,,| < C3 and |u, —ug—n| < C3. When F), and u,, are considered as
analytic functions of Fy and wug it can be shown by the Cauchy inequalities that

|3Fn/8uo\ S 03, \8un/8u0\ S 1+ 03,

3.3
|8Fn/0F0\ S Cg‘Uo‘g, \8un/8F0\ S 03|UQ‘3. ( )

We use F' and u as coordinates, they are analogous of functions h and ¢! in-

troduced in Chapter 1, with the exception that they satisfy (1.14) and (1.8)
only approximately. Lemma 3.1.2 and estimates (3.3) are used to construct the
invariant manifold of the map (3.2) satisfying (1.8) exactly.

Lemma 3.1.3. For{ € {R{ < —B} the sequence (,(§) = h™(§—n,0) is a Cauchy
sequence.

Proof. Let m <n, ¢, = h"(a, B), (o, B) = h*"™({ —n, 0). If follows from Lemma
3.1.2 that |a — (¢ — m)| < Cym™" and |B] < Cym~. Tt follows from (3.3) that
|G = G| = |R™ (v, B) — R™ (£ —m, 0)| < Csm™! so (,(€) is a Cauchy sequence. [

Note that (,(§+1) = A" (€+1—n,0) = h((,-1(£)). As (, is a Cauchy sequence
we can define the limit

0(€) = lim ()

and we get 70(§ + 1) = h(yo(€)), which implies that vy(§) is an analogue to the

function g—! and satisfy condition (1.8) exactly. From this construction we obtain

the parametrisation of the invariant manifold for the semistandard map ~o(),

which is improper unstable manifold in a sense introduced in Section 2.2 and the

whole plane is on 70(£). To distinguish from other manifolds v defined later we

use the notation 7y with a subscript 0 for the manifold for the semistandard map.
Take ug = £ —n and (u,, Fy,) = (,(£) and note the following

Remark 3.1.1. Lemma 5.1.2 implies that |u, —uo —n| < c|u,|™, and it follows
from Lemma 3.1.3 that the sequence w, has a limit, which implies that for £ €
{R¢ < —B} on the unstable manifold vo(§) the following relation holds £ =
u+ O(|u|™).

In [26] the construction of the invariant manifold is given in different coordi-
nates hence is defined on a different region in the complex plane.

Since vo(§) satisfies (1.8) exactly and F' satisfies (1.14) approximately the
analogue of function o (1.6) is nearly periodic rather than periodic. We state
proposition on nearly periodic functions, which we then use to study the be-
haviour of 75(&) on a specific domain.

Proposition 3.1.1. Suppose A,0, K and § are positive numbers with 6 > 1.
Then we can find positive numbers Qo, D, A and X such that if Q > Qo, M < Q)
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and g is an analytic function on an open set £ containing
Q={=0+iTt 0<0<2, —Q <7< -4}
satisfying
i) 19(6)] < KI€|%, for all € € Oy
ii) whenever £,& 4+ 1 € Q we have |g(€ +1) — g(&)| < K|&[™*
ii1) whenever £ € Q,RE+1 < 2M and |g(&)| < |¢|~2 we have £ +1 € Q.

Then € contains the domain
V=A{¢=o+it: Q<7< —-A, 0<o<min(Ae ™, M)}
and there is a complex number o with |po| < D such that on V' we have

19(€) — poe™*™¢| < DIE| . (3.4)

Proof of Proposition 3.1.1 can be found in [6] and is similar to the proof of
Proposition 4.7.2.

Proposition 3.1.1 is applied to go = F(7(§)) with @ and M both infinite.
It can be shown that gq satisfies assumptions of Proposition 3.1.1 if K is large
enough and ¢ is small enough. Hence we obtain

Proposition 3.1.2. There ezists a constant jg such that for & € {£ = o + it :
T<—=A, 0<0o< X ™} for suitable positive A, \

190(€) — poe™™*| < Dl¢| ™ (3.5)

The constant 24 was introduced in Lazutkin [28] and subsequently computed
with the highest precision in Gelfreich and Simé [20]. For completeness we provide
computation of g, but first we refine bounds from previous section to obtain more
accurate numerical results.

3.2 Further Estimates

In this section we modify results of Section 3.1 in order to improve numerical
estimates of the constant . First we modify F'

~ 1
F(z,v) = 22 —v* — é(zz/)2

We prove estimates analogous to Lemma 3.1.1
Lemma 3.2.1. Under the assumptions of Lemma 3.1.1 |Fy — Fy| < c|o|”

Proof. First we observe that [Fy — Fy| = [v?f1(¢) — 2v* ()], where { = z + 12,
[ =1 +e*)(¢ - %C?’) — €2 + 1 and f>5(¢) = ¢*(e* — 1). Note that f;(0) =

F10) = £2(0) = 0 for i = {1,2} and f(¢) = O(C?), £7(¢) = O(1). From
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assumptions it follows that |¢| < 4|v| < 3, so by Taylor expansion |F, — Fy| <

[0]?|CIO(ICF) + O(v?)) = O(Jvl") O

We define g;(§) = F(70(§)) and further improve estimation (3.5). By similar
argument to Proposition 3.1.1 one can show that

91(§) = poe > 4+ e ™+ O(|€77), (3.6)

which implies g ~ e*g; + p1e 2. To eliminate y; term we integrate (3.6)
and obtain
§o+1 o
pox [ g€
o
which for numerical computations is approximated by

N

~ 1 2mig;
Ho ~ N ; € 91(&)- (3'7)

We parametrise unstable manifold for the semistandard map (3.2) and use
this expansion for the numerical results in the next section.

_ 1 1.5, 209 5 8611 L
oO = £33t T imsoant O
_o b oty 1oy 1oy 193 5
z(§) = £ 73 58 T8 T ot (3.8)
59 s 6883, i,
T 36¢ Toomet O

Before we progress to numerical results we observe that the above expansion (3.8)
of the unstable manifold parametrisation is consistent with the expansion given
n [29]. After the change of variables u = —ip, v = —iz the semistandard map
(3.1) becomes

Vil = Vi + et'n

(3.9)
Upt1 = Uy + Vgl
and the manifold expansion expressed in (v, u) variables given in [29] is
w? 1 91 319
= —In——-w’+_——w't-——w'+Oow? 3.10
u(w) R LTy L v L G (3.10)
2,1 1,193 59 .
viw) = oW G +qw +1080w 137Y +O(w™)

We note that z = %V and v = \%euﬂ, substitute to (3.8) and obtain v and first

six terms of z, which verifies consistency of (3.1) and (3.10).
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3.3 Numerical Results

In this section we explain the computation of the constant . We start iterations
at £ € V., where RE = —400 is large negative in order to minimise the error in
(3.8) and get a good approximation to the unstable manifold. Then we iterate
the map (3.2) until we reach large positive R{ = 400 to minimise the error in
(3.6) and get a good approximation to ¢;(£). Finally we calculate the constant
o using (3.7) by taking the average over the interval [¢, & + 1].

The program mu_0. ¢ is included in the Appendix and the results of numerical
computation are presented in Table 3.1 for a range of values b = €.

Table 3.1: Numerical results of mu_0.c program
b | o Rpo

(&%
SHo

-2.6
-2.7
-2.8
-2.9
-3.0
-3.1
-3.2
-3.3
-3.4

959.41385297
559.41385297
559.41385297
559.41385297
559.41385297
559.41385297
559.41385297
559.41385297
559.41385297

559.41385297
559.41385297
559.41385297
559.41385297
559.41385297
559.41385297
559.41385297
559.41385297
559.41385297

o

OO OO O o oo

The relation between z and v gives the relation between the constant o and
the constant ¢, = 2u first published in [29]. The most accurate approximation to
Lazutkin’s constant can be found in [20] and the constant 24y = 1118.82770594
matches with it up to eight decimal place.

24



Chapter 4

Separatrix Splitting Region for
the Dissipative Standard Map

4.1 Introduction
Consider the extended standard family of maps F,, . with three parameters

Tpt1 = Jx, +w +esind,
i (4.1)
en—f—l - en + Tp+1

where (z,,6,) € R x R. We study properties of this map for parameter J close
to 1 and w and e close to 0. We fix the parameter a = %, |a| < 1 and vary J. We
let ¢ — 0 and take w = ae. When J < 1 the map is weakly dissipative and has
two hyperbolic fixed points, including one saddle. When J = 1 the map is area
preserving and has two fixed points one nonhyperbolic, one saddle.

In particular we are interested in the problem of transversal intersection of the
unstable manifold of the saddle point (6f,0) = (arcsin(—%),0) and the unstable
manifold of (ff + 27,0). We study the width of the interval of parameter J,
where the manifolds intersect transversally. We also look at a limit of the width
of the interval when J — 1, which relates the results of this chapter to results in
Chapter 3.

The approach we take to estimate the width of separatrix splitting interval is
similar to Lazutkin [28] in his study of the standard map. We extend the map to
the complex domain' and use the time-one map of a specific flow to approximate
dynamics of the map in a certain region of the complex plane. Outside of the
region we approximate the map with the semistandard map. Finally we combine
the two approximations and relate the conclusion to the result in Chapter 3 and
[28].

Main part of this chapter is the construction of the nearly periodic function
analytic on a domain in C. Bounds on oscillations of the nearly periodic function
(see Theorem 4.7.2) measure the interval of splitting. Construction is motivated
by results in Davie [6] in the study of the standard map.

We outline the approach in more detail. We consider parameters J, w, €,

!This approach has been suggested to Lazutkin by A.I.Shnirelman
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such that separatrix splitting occurs. We extend the map to complex variables
and prove existence of the complex approximating flow. We define a function H,
which is constant on the solutions of the flow and 0 on the stable manifold of the
saddle point of the flow. The function H, is defined to measure a distance from
the stable manifold for the flow at the point in the region where the map (4.1) is
approximated by the semistandard map. We specify its domain and prove that
it is well defined in the neighbourhood of the stable manifold for the flow.

As H, is constant for the flow and the map (4.1) is approximated by the flow,
as long as solutions of the flow are well defined, it implies that H, is almost
constant for the map, which is an analogue of function A in Chapter 1 satisfying
(1.14) and is motivated by function F' in Chapter 3, which is why we construct
H, almost constant for iterations of the map.

We verify that the unstable manifold of the map stays in the neighbourhood
of the stable manifold of the flow, which follows from the fact that the manifolds
of the map are close to manifolds of the flow. Then we prove that H, is well
defined on the unstable manifold of the map and nearly periodic.

We shift the time to relate the map (4.1) to the semistandard map and to
match the unstable manifolds of the maps. We parametrise the unstable mani-
fold of the map (4.1) such that it can be regarded as the analogue of g~ ! satisfying
relation (1.8) exactly. Similarly to Chapter 3 to measure the width of the sep-
aratrix splitting region we use estimates of oscillations of the function defined
analogously to (1.6), which is nearly periodic rather than periodic, because H,
satisfies (1.14) only approximately .

We conclude this chapter with numerical results which support the relation
between the width of separatrix splitting region and the angle of intersection of
separatrix for the standard map.

4.2 First Order Real Approximating Flow

In this section we study real approximating flow of the map (4.1). Let ¢ = /2
and = vy then the map F;, . can be written in the form:

y—y+v(a—Dby+sind)

4.2
0 — 0+ vy +v*(a—by+sind) (42)
where a = -5 and b = 1%7
Time-one map of the flow
y=v(a—by+sinf
i ( ) (4.3)
0 =vy
gives first order approximation to Fj, .
After scaling time the time- map of the flow
) =a — by +sin 6
Y Y (4.4)

0=y
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Figure 4.1: Parameters a and b giving the homoclinic orbit

approximates orbits of the map (4.2).

For a = b = 0 the system (4.4) becomes the pendulum equation with (6,y) =
(2k7,0) a saddle and (6,y) = (2(k + 1)7,0) an attracting fixed point for k €
N. The stable and unstable manifolds of the hyperbolic fixed point create a
homoclinic orbit that can be solved analytically y = +2sin g.

If |a] < 1 the flow (4.4) has a saddle fixed point (arcsin(—a) + 2k, 0) and a
nonhyperbolic fixed point (arcsin(—a) + 2(k + 1)7,0).

The Jacobian of the system (4.4) at the fixed point (6f,0) = (arcsin(—a),y)
is equal to

—b cos(6y)
1 0

and the eigenvalues are A, /s = 3(b =+ /b*> — 4 cos(fy))

For a given parameter a, such that |a| < 1, there is a corresponding parameter
b = W(a) where the stable and unstable manifolds of the saddle points of the
system (4.4) coincide creating the homoclinic orbit. For b # W(a) the manifolds
do not meet.

In the strip |a| < 1 pairs of parameters form a curve ¥ passing through the
origin as shown in Figure 4.1.

We find the slope of the curve ¥ at origin. Consider the Hamiltonian of the

pendulum equation
2

Hy(0,y) = % +cosf — 1.

For a = b = 0, Hy is constant on the trajectories of the pendulum equation, so
for a and b small, Hy is almost constant for the flow (4.4) and its derivative along
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the trajectory of (4.4) is equal to Hy(,y) = ay — by>.

When we consider the homoclinic orbit for the perturbed system (4.4), then
il Ho(8,y)dt = 0. Using this property we find a relation between the parameters
a and b which give the homoclinic orbit and hence the slope of ¥ at the origin.
We state it precisely in the following

Lemma 4.2.1. The slope of the curve W in the (a,b) space at the origin is equal
to 7.
4

Proof. We integrate HO(H,y) along the homoclinic trajectory of the perturbed
system (4.4). We approximate the homoclinic orbit by the solution of the pen-
dulum equation.

oo Oo+2m
/ Fo(0, y)dt — / (a — by)do = 2am — 8b+ O()
—00 0o

For b = Ja the above integral is equal to 0, hence the slope of the curve ¥ in the

parameter space (a,b) is equal ¥'(0) = . O

Homoclinic orbit of the flow (4.4) generates existence of separatrix splitting for
the map (4.2). The curve close to the curve ¥ gets fattened into the exponentially
narrow region and for parameters a and b inside this region the invariant stable
and unstable manifolds of the saddle point of the map (4.2) intersect transversally.

To estimate the width of this region we extend the system (4.4) to a complex
domain and perturb it to approximate iterates of the map (4.2).

4.3 First Order Complex Approximating Flow

We consider parameters a and b on the curve W. The unstable manifold of
the fixed point (6f,0) and the stable manifold of the fixed point (6; + 2m,0)
coincide for the real flow. From Lemma 2.2.2 one can parametrise the unstable
and stable manifolds of the fixed points of the flow (4.4). We define 0, = 6; + =
and parametrise the unstable manifold ¢, (0) = (0,,, ¥m) and the stable manifold
©s(0) = (0, ym). We note that for real ¢ the invariant manifolds are analytic and
©u(t) = ps(t). The manifolds form the invariant orbit, which we denote ®(¢).

We extend the system (4.4) to the complex domain and we denote w as the
complexification of real time ¢. By analytic continuation the manifolds coincide,
vu(w) = ps(w) and the invariant manifold ®(w) is analytic on the strip containing
R. Hence there is a maximal strip on which ®(w) is analytic. For parameters a,
b on the curve ¥ we assume that the following is true

Conjecture. There is only one singularity of the invariant manifold ®(w) on
each boundary line of the mazimal strip {w € C: |Sw| < 7}.

Hence the invariant manifold ®(w) : Wy — C2 is analytic on the set
Wo ={we C:|Suw| <7}\ ({@} U {@})
where w = ¢ + 47 is the singularity.
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In the case when parameters a = b = 0 the system (4.4) can be solved and the
manifolds coincide and the complex invariant manifold is analytic on the strip
{ISw| < %} and has one singularity on each boundary line of the strip at w = £i}
and has no other singularities inside the strip.

We believe that the conjecture is true because for a = b = 0 case when the
system can be solved analytically the unstable manifold has one singularity on
the boundary of the strip. After perturbation of parameters a and b the manifold
is close to the manifold of pendulum equation hence has a singularity close to the
singularity of the unperturbed system. The proof of Theorem 4.8.1 is valid for
any a € (—1,1) for which the conjecture holds.

The position of singularities in C is given by the integral w — w = fezo éd@,
where 0y = @1 (w), ®(w) = (P1(w), P2(w)), and y as a solution of the system
(4.4) in terms of 6 depends analytically on a, hence position of the singularities
is analytic function of a. If the conjecture was false then because the position of
singularities in C is analytic function of the parameter a it would be false on a
set of isolated values of a. It follows that the set on which the conjecture is true
is dense and open in [—1,1].

Now we study properties of function Hy(0(w),y(w)), where (0(w),y(w)) =
®(w) is on the invariant manifold

Lemma 4.3.1. There exists wo, such that |Ho(6(wo), y(wp))| < Le30(wo).

Proof. Assume that for all w

1 4
[ Ho(0(w), y(w))| = éede(w)'
It implies that |y| < ¢\/Ho(6,y). Recall |Hy(8,y)| = |ay — by?|, which we can
bound by ¢|Hy(6,y)|. The bound |22Y4)| < |Hy(8,y)| implies exponential

dt
growth of Hy which contradicts the existence of the singularity, which we conjec-

tured. O

As long as the solutions of the system (4.4) y = \/ZHO(Q,y) + 4sin® ¢ is not

equal to 0 the solution of

dy a—0by+sind

g Y
exists and we can consider 6 as variable of the solution of (4.4). Lemma 4.3.1
implies that near 6y = 6(wy) we can express the solution of the system (4.4) in
terms of 6 as independent variable. Now we need to verify that we can solve (4.5)
starting from 6,. In order to do that we estimate the growth of Hy(f,y) on the
orbit of the system (4.4). Note that the derivative of Hy(f,y) with respect to
0 along a trajectory of the flow (4.4) is equal dHili(:’y) = a — by. The following
lemma holds

(4.5)

Lemma 4.3.2. There is a positive constant ¢ if ROy € (—m,37), Iy > ¢ and
|Ho(00, yo)| < 3¢3% then (4.5) can be solved and for (6,y) on the solution of the
system (4.4) through (0, yo) for a constant ¢ > 0 depending on 0y, for 6 satisfying
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RO € (—m,3m), IO > b6y the bound holds
| Hol0,y)| < cc®/2, (4.6)
Proof. We observe that

? dHO(d)v y(d)))
0 do

holds. We consider the integral over the shortest path, such that 6y < S¢ < 346.
The above implies

|Ho(6,y) — Ho(0o,y0)| = | do|

0

Hofb. )l <1 | (o~ b\/zHo<¢,y<¢>> +asin® D)o + | Hol0o, o)

9
< / (Jaf + |b\/2H0(¢,y(¢)) + 4sin® g‘)d¢| + [Ho (0o, yo)|

0o

and we obtain

0
Ho0.4) < | (ol + bsin §l)do
0

g) \do + | Ho (0o, yo)|
2

0o

) ‘Ho(dhy((b)) |

Define M := MaXgh,<Sp<S <in @
2

It follows that

M <

< max ——
$00<50<30 | sin 2|

(Ja(6—80)] +14b(cos & —cos )]+ M|o 60|+ Ho(bo, uo))

We choose ¢, such that S > ¢, it follows that 2|¢ — 6p| < |sin 2| which implies

0 1 16
[Ho(0.9)] < (10| + [8bos 2| + | (b, o))/ (1 = _ maxe |16 — gy

S00<SP<S0 sin &
From the assumption on Hy(6y, yo), cosg is a dominant term in the numerator,
i.e. absolute value of the numerator is comparable to | cos g|, and 1 is a dominant

term in the denominator. There is a constant ¢ dependent on 6, such that
|H0(07y)| S 66%6/2

hence for S0y < ¢ < SO |Ho(¢,y) + 2sin® £| # 0 and the system (4.5) can be
solved. 0

Let Wy = {w € C : |Sw| < T — Cp}, where Cy is a positive constant to be
chosen, 7 is the imaginary part of the singularity of the invariant stable manifold
¢s(w). Lemma 4.3.2 implies the following relation between time and 6 on ¢,(w).
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Lemma 4.3.3. Forw € Wy, for 0 satisfying the bound (4.6) in Lemma 4.3.2 the
relation between time w and 6 on ps(w) is

w= A, — 2% 4 O(e) (4.7)

—1
Proof. From the system (4.4) ‘2—‘5’ = \/2H0(¢, y) + 4 sin? %5 which implies that

-1
@—w:/g \/2H0(¢,y)+4sin2§ do

where w is the singularity of ¢,(w). For # satisfying assumptions of Lemma 4.3.2
we get

- < 1 eS¢/2
Bow= [ s Ol s

2s8in 5 sin
Next we expand the integral in powers of €/#/? and obtain
w— = —2e"%% 4 O(e?)

The integral from 6,, to 6 is equal to a constant depending on a and we denote
the constant A,. We combine the integrals and lemma holds. O

Observe that for the standard map the constant Ay = i5. Let w; € Wy and

choose ]
0, = 2iln —; 4.8
1 71n 007 ( )
denote (01,11) = @s(wy) = (p1(wy), p2(wy)). For Cy sufficiently small, 36, is
large and by by Lemma 4.3.2 satisfies condition (4.6), hence ¢/ (w;) # 0, which
enables us to verify that #; is well defined for the solution of the flow (4.4) near

the stable manifold 4 (w).

Lemma 4.3.4. For d > 0 there are constants §,r > 0 such that for (6,y) sat-
isfying d((0,v), ps(Wo)) < & and |(0,y) — (04,0)| > d, then for ¢ : Wy — C* a
solution of the system (4.4) through (8,y) 3w € Wy, such that |w —wq| < r and
Pr(w) = 0.

Proof. Take (6,y), such that d((0,y), ps(Wp)) < 6. There is wy € Wy such that
lps(wq) — (0,y)] < §. Let ¢(w) be the solution of the system (4.4) such that
Y(wg) = (0,y). From continuous dependence on initial conditions for a chosen e
there is 0 such that |¢s(wy) — ¥ (wy)| < e.

Because ¢ (w;) # 0 it follows by the Inverse Function Theorem that for ¢
small enough there is r, there is unique w in the neighbourhood of wy, w € Wy :
|w — wy| < 7, such that 1, (w) = 6. O

The above lemma and the remark below will be used in Section 4.5 to conclude
that in the neighbourhood of the stable manifold the function H, measuring the
distance from the stable manifold is well defined.
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Remark 4.3.1. If for (0,y) close to the fized point d((6,y), ps(Ws)) < c|(0,y) —
(07,0)| then for ¢ sufficiently small, for (65,y2) on the solution 1 through (0,y),
).

if (02, y2) — (07, 0)| > |(0,y) — (0, 0)| then d((62,y2), ps(Wo)) < d((6,y), ps(Wo)

Close to the hyperbolic fixed point (p distance) the solution of the flow can
be approximated by its linearisation. The distance from the stable eigenspace
is |eMp|, which for a backward orbit is strictly less than p. For the nonlinear
system the distance from the stable manifold is |e*¢p| + O(|p|?). Hence close to
the fixed point for ¢ sufficiently small backward orbit close to the stable manifold
gets closer to it.

4.4 Existence and Properties of the Complex
Approximating Flow

In this section we revert to original variables and parameters of the dissipative
standard map (4.1) to approximate its iterations by the time-one map of the
perturbation of the flow G1(6, z) = (G1, G)

0=u

4.9
i=w—(1-J)z+vsin. (4.9)

Time-one map of the above flow gives the first order approximation of the map
(4.1). We show that the perturbed flow approximates the map to a given order.
We use auxiliary propositions from Chapter 2 relating the map to the flow.

Proposition 4.4.1. There is a perturbation G : D — C? of the flow (4.9)
G(0,x) = (G} + O(ve™?)? G} + O(ve?*)*)T,

such that for a relatively compact set D' C D there is a positive constant M', that
for the map Fj., (4.1) the following bounds hold on D’

0/ —0c] < M/\ye%]m

0= 6] < MV"I(6,2) ~ (60,0)"

0 — 66| < MV|(6.5) = (60+2m,0)]"
o' —agl < M'es ™!

2 —ael < MY(0,5) = (60, 0)]"

2 —a6l < MY™(0,) = (60 +2m,0)|"

where D C {(0,z) : 30 < In(v72),|z| < cveS?}, (0y,2) is the hyperbolic
fized point, the iterates of the map (4.1) are denoted (0',2') = Fj,.(0,2) and
(O, zc) = T1(0, ) is the time-one map T} : D — C? of the flow G.

Proof. Consider a change of variables (¢, z) = S(0,x) = (ik—0, 5),where 0 = ves.
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Take (0, x) € Dy, where Dy = {(0,x) : k — 1 < |S0| < k + 1}, the bound on 3¢
gives |J¢| < 1.
The map (4.1) becomes the map F(¢, z)

Zn+1 = 2n + 5f1(¢n7 Zn)

1 = G+ 0 f2(Pns 2n) (4.10)

where f1(¢n, 2,) = ae™* — be_Tkzn + sin ¢, fo(én, 2n) = zn. The map is real for
real (¢, z,), has two hyperbolic fixed points (¢g,0) and (¢ + 27, 0), the bounds
on fi1(¢n, zn), fo(Pn, zn) do not depend on § hence from Proposition 2.1.1 and
Remark 2.1.1 there is a 6% perturbation Gy (¢, z) of the flow (4.9) such that the
time-one map T of the flow satisfies

Te, (¢, 2) — F(¢,2)] < M&™, k>0 (4.11)

Power m is a minimum of powers m and n in Proposition 2.1.3. Note that a §?
perturbation in (¢, z) variables corresponds to a §% perturbation in x variable.

Define G*(0,z) = S~'GxS(6,z) on Dy. From Proposition 2.1.3 and Remark
2.1.2, Gy = A7 'Gh1A on Dy, N Dyyq, where A(¢, 2) = (¢ + 4, e /22). It implies
that the flow G*(0,z) is well defined globally on D and from (4.11) satisfies the
bounds

10 — 0| < Ms™
7 — x| < M&m™H

(4.12)

where (0g+, xg+) is the time-one map of the flow G*.

Now we perturb the global flow G(0,x) = G*(0,z) + P(0 — 6y, %), where P
is a polynomial as in Remark 2.1.1. We apply Proposition 2.1.3 and Remark
2.1.1 in (¢, z) variables, which for k = 0 correspond to (6,y) variables. Denote
F(¢,2) = (¢',7') and T(¢,2) = (¢a,, 25,), Where T is the time-one map of the
flow éo. We obtain

¢ — g, < MV

6" — ¢g,| < M](¢,2) — (¢, 0)["
’¢/—¢GO’ < M(,2) — (¢ + 2m,0)[™
2" =25, < MY

2" = zg,l < M|(6,2) — (¢0,0)["

12/ =z, < M|(¢,2) = (¢o + 27, 0)|"
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which imply the following bounds for the flow G for 0 < 36 < 1

0 —0g] < My (4.13)
/ T m
0" =0l < M|, )~ (0,0)]
/ T m
6~ 6] < M|(6,>) — (6 +2,0)
2" —2q] < My™! (4.14)
/ T m
2" —za| < Mv|(0, ) — (6, 0)]
' —a6l < Ml(6, =) — (6 +2m,0)|"
It follows from (4.13) and (4.14) by Schwarz Lemma [22] (p. 204) that
/ m T m
’6 _HG‘ < Mv ’(67;>_(9070)‘
0/ — 66| < Mv™|(6, =) — (6 +2m,0)|"
2 —aa| < My™(6,5) = (6, 0)|"
2 —aal < M0, %) — (B + 27, 0)|"
For k£ > 0 we write
0 — 0| < |0 — 0| + [0 — 6
16" = 0| < |0 = Oc+| + |0 — Oc (4.15)

|2 — zg| < |2’ — zg| + |re — 26|

Bounds on the difference between unperturbed flow and the map iteration come
from (4.12), bounds on the difference between flows come from the bound on |P].
We obtain

10" — 0| < Mo™ + D;; (4.16)
’.T/ — .TG’ S M5m+1 + I/DZ']' ‘

where D;; = Z;ﬂj;ll V™0 — Oo|'lv'27. We bound || < €392 |z| < cved/? and
obtain D;; < Z;’;l ™ 1§ If § < m and k > 0 then v < § and we obtain

D;; < (m —1)cé™, hence

0" — 0| < M'6™
2" — zq| < M'6™H! (4.17)
and finally on D’
0/ —6c] < Mve?|™
‘$/—$G‘ S M/‘Ve%vn—i—l
for a constant M’ depending on ¢ and M which completes the proof. O
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The above proposition gives existence of the high order approximating flow
G for the map (4.1). To estimate the width of the separatrix splitting region we
require higher order approximation than the flow (4.9). We do not give the high
order approximating flow G explicitly as its construction is onerous. We perturb
the first approximating flow (4.9) instead and we deduce results for the flow G
from the perturbed flow.

To get a higher order approximating flow we perturb the flow (4.9) by applying
the change of variable

1
v=u1x+ 51/2(01 —bv 'z 4 sin6)

and observe that the high order approximating flow G satisfies

0=v+ 0%
b (4.18)
=11+ §y)(a — vt +sinf) + O(54).

g0
2

where 6 = ve2 . Define the function, which is analogous to Hy(6,y)

1
H(6,v) = 51}2 + c(cosf — 1)

where ¢ = v2(1 + %1/) The derivative of H with respect to ¢ along the solution
of the system (4.18) is equal 4 = c(a — bv—v) + O(6*). As long as |H (6, v) +
2¢sin? g\ > 0 and v ~ ¢, the solution of the system (4.18) can be parametrised
by 6. To formalise this we state the result for H similar to Lemma 4.3.2, which
enables us to use ¢ as variable of the solution of the flow (4.18).

Lemma 4.4.1. There is a positive constant ¢ if ROy € (m,3mw), S0y > ¢ and
| Ho (0o, v0)| < %cec“\eo then the solution of the system (4.18) can be parametrised by
0 and for (0,v) on the solution through (0y,vy) for constants c1,co > 0 depending
on by, for 6 satisfying RO € (m,37), 2In(Civ)~! > 30 > by, for a constant
Cy > 0 to be specified the bound holds

|H(6,v)] < c12e39/% 4 ¢,6* (4.19)

where 6 = veS?/2,

Proof. First we note that

 dH (¢,v(¢))
o do

We take the integral over the shortest path, such that 36, < S¢ < 6.

|H (6, v) — H(6o,v0)| = | de|
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The above implies

0
|H(0,v)] <| i c(a — bv~"v())do| + [ H (6, vo)| + O(6%)

0
:zw/ka—bv*¢mﬂ¢vw»+4amfgwm+wﬂwm%ﬂ+cx&>

0o

and we obtain
9
|H(0,v)| < |c/ (|a| + [2bv~/csin = \)d¢|
)

+ [ D ) + 016

[
2
Define M := maxgg,<s \M|
It follows that
1 ¢ 6o
< Z -
M < 00, 00X o n? ‘(\ac(qb 6o) + 4bv "t ey/c(cos 5 e85 )|

VN6 — o]+ H (0. 00)]) + O

We choose ¢ such that 36y > ¢. It follows that b2—‘l//6 ¢ — 6| < | sin £| which implies

|act + 8bv~'c\/ccos §| + |H (6, vo)| N

1= 555 maxag,<ascan | 516 — ol

[H(6,v)] < 0"

From the bound on |H (6, v)| < 5ce®®, which we get from the bound on Hy,

cosg is a dominant term in the numerator and 1 is a dominant term in the

denominator, which implies
|H(6,v)] < c1/2e39/% 4 ¢y6*

hence for the constant Cg large enough |H (¢, v)+2csin? 2| > 0 and v ~ §, which

implies that 6 can be used a variable to parametrise solutions of the system (4.18).
O

The above lemma enables us to parametrise solutions of the approximating
flow G with 6, which we use in the next section to verify that the stable and
unstable manifolds are well defined.

4.5 Complex Invariant Manifold of the Approx-
imating Flow

In this section we define the function that measures the distance from the stable
manifold of the fixed point of the flow G and conclude that it is well defined on
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a suitable neighbourhood of the stable manifold.
We consider parameters (a,b), such that for the real map (4.2) stable and
unstable manifolds intersect. Define sets

W={w:|Sw| <7 —Cj}

W ={Rw<o"+1}nW
WH={Rw>o" -1} NnW
Q={weC:|Suw| <7+ " —Rwandc* < Rw < 7"+ "} NW

where w* = 0* + 47 is the constant to be defined in (4.22) required to relate the
dissipative map (4.1) to the semistandard map (3.1).

Consider a parametrisation of the stable manifold ¢s(w) = (¢1(w), p2(w)) of
the fixed point of the approximating flow GG, defined in Proposition 4.4.1 satisfying
(4.18), such that ¢1(0) = 0,,.

We choose v small, since 0; defined in (4.8) satisfies condition (4.6) in Lemma
4.3.2 and the flow G is a perturbation of the flow (4.4) then for v small enough
0, satisfies the bound (4.19) in Lemma 4.4.1, which we are going to use to verify
that the stable manifold ¢, is analytic.

It follows from the Conjecture on page 28 and from the above argument that

Remark 4.5.1. The stable manifold ¢s(w) of the fized point of the flow G
satisfying Proposition 4.4.1 is an analytic function on the set Qo \ K, where
K={weQ:|w—w|<2v71Cp}.

We relate the time w and 6 on the stable manifold ¢,. Let A, be the constant
from Lemma 4.3.3. We state the following

Remark 4.5.2. For w € W™ the relation between time w and 6 on the stable
manifold ¢ps(w) of the approximating flow G, defined in Proposition 4.4.1, is

w=v 1A, — ZAa — 20712 L O(ve?) + O(ve=/?) (4.20)

Proof. Take the system (4.18) and apply the scaling s = (v4/1+ %y) w, u =

(v4/1+4 2v)~tv. The flow becomes

0 =u

421
w=a—bu+sinf ( )

where b’ = by/1+ %1/.
We apply Lemma 4.3.3 and get

s = A, — 2% 4 O(e)
Then we scale back to the system (4.18) and obtain

b , , :
w=v'A, — ZAG — 2712 L O(v1e?) 4 O(ve ?/?)
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where the error O(ve~*/?) comes from the perturbation.

Lemma 4.3.3 gives the relation on the manifold g of the flow (4.4), but the
flow G is a perturbation of this flow, so for v small enough relation (4.20) holds
on ¢,. O

We define the shift in time to relate the dissipative map (4.1) to the semis-

tandard map (3.1)

w* = (v — Z)Aa. (4.22)

Definition of w* comes from (4.20) and it depends on v unlike w. Remark 4.5.2
enables us to extend the manifold and we make it precise by stating the following

Remark 4.5.3. The stable manifold ¢s(w) of the fixed point of the flow G satis-
fying Proposition 4.4.1 is an analytic function on K.

Proof. From Lemma 4.4.1 it follows that for v small enough the solution of the
flow G, in particular the stable manifold ¢s(w), can be parametrised by 6, v =
U (6) and it can be extended for 6, such that 30 > 6, Rb € (7, 37).

From Remark 4.5.2 for a given 6 we can uniquely define w on the stable
manifold and from (4.20) the relation is approximately w* — w =~ 2v1e®/2. It
implies that S0 > S0 is transformed into |w* — w| < 2071, hence on K the
stable manifold can be parametrised by w. From the fact that the image ¢,(€2)
is a simply connected, bounded set by uniqueness of solution it matches with the
manifold parametrised by 6 hence ¢s(w) is analytic on K. O

We combine Remark 4.5.1 and Remark 4.5.3 and obtain that the stable man-
ifold is well defined on €2y. By similar argument we can show that the unstable
manifold is well defined. We state the following

Remark 4.5.4. There exists a constant Cj > Cy such that the stable manifold
os(w) of the fized point of the flow G satisfying Proposition 4.4.1 is an analytic
function on Qo and the unstable manifold ¢, (w) is an analytic function on W~.

Next we observe that since the flow GG approximates the dissipative map the
stable and unstable manifold are close.

Remark 4.5.5. For w € Qg stable and unstable manifolds of the fixed point of
the flow G satisfying Proposition 4.4.1 satisfy

[pu(w) = ps(w)] < [ve>/|H (4.23)

Recall that we consider parameters a and b such that the manifolds of the
dissipative map (4.1) intersect. Because the trajectories of the flow G approximate
the orbits of the dissipative map there is a parameter g, such that the manifolds
for the flow G satisfying Proposition 4.4.1 coincide and |b—b| < v, which imply
(4.23).

Now we take 1

2C5v

6, = 2iln (4.24)
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at which we are going to measure the distance from the stable manifold. We
define the neighbourhood of the stable manifold ¢,(w)

U={(0,v):](0,v) — ¢ps(Qo)] < K|1/sing]5 and |30| < 2In(Cyv)~ '}

and verify that for solutions of the flow GG in this neighbourhood the difference
in function H does not change much along the solution. In particular we relate
the difference in function H between two solutions at #,, and 6,. To be precise
we state

Proposition 4.5.1. Take (6,v),(0,v) € U on the solutions of the approzimating
flow G satisfying (4.18) through (0, vm), (Om, Um) and (0,,v,), (0,,0,) respec-
twvely. If 36, < S0 < 30, then

\H(0,,v,) — H(8,,7,)| = e PR Aafrda).

- (4.25)
N H (O, V) — H(Op, 00| (1 + O(6))
|H(0,v) — H(0,0)| = O(|H (O, vm) — H(Om, m)|) (4.26)
Proof. First we consider the flow (4.4) and deduce result for the flow G satisfying
(4.18). Consider two solutions u = 3z? and uy = u + €z, where z measures the

difference in H. Define f(0,u) = v*(a — bv~'v/2u + sin @), from the flow (4.4)
by the Chain Rule we get f(6,u) = 2. We consider f(#,u + €z), from Taylor

do-
expansion we obtain % = fu(0,u)z. Next we differentiate f with respect to u,
which gives % = —vba~'z, we substitute 9 and obtain z = zge7**""") by solving

4z — _ybdt.

T Asu= 20?4+ O(v?) for v small enough it follows from Remark 4.5.2 that
eV = ¢~ MR(Aa—GrAa) (1 4 O(§)). Finally we observe |H(6,v) — H(6,7)| = |3v% —
$0?| and (4.25) holds. A different constant applies for # between 6,, and 6, hence
the difference in H at € is of the same order as the difference in 6,, and (4.26)
follows. O

Define

where VU is a parametrisation of the solution of the flow G.

Proposition 4.5.2. For (6,v) € U the point (0,,v,) on the solution of the ap-
prozimating flow G satisfying (4.18) through (0,v) is uniquely defined.

Proof. Take (6,v) € U. For (6,v) close to the fixed point, for v small enough it
follows from Remark 4.3.1 that for the solution ¢ (w) through (0, v) the distance
to the stable manifold ¢4(£2y) decreases, because the flow (4.18) is a perturbation
of the flow (4.4).

For (0,v), satisfying conditions of Lemma 4.3.4, for v small enough there
exists unique w € o, such that ¥(w) = (6, v1). It implies by Lemma 4.4.1 that
Y can be parametrised by 0; ¥(0) = v. Hence v, = ¥(6,) is uniquely defined
for (6,v) € U. Finally we observe that from continuous dependence on initial
conditions and Proposition 4.5.1 (6,,v,) € U. O
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Corollary 4.5.1. As the consequence of Proposition 4.5.2 a function
1
1,(0,0) = 507~ V2(0,)) (4.28)

1s a well defined analytic function on U, where VU, is a parametrisation of the
stable manifold for the flow G satisfying Proposition 4.4.1 and (4.18).

We conclude this section with the relation between the difference in function
H,, on two different solutions in the neighbourhood of the stable manifold ¢, and
the difference between solutions at 6,,,. This relation is used in the main result of
this chapter.

Corollary 4.5.2. It follows immediately from Proposition 4.5.1 that
[y (O, 0) = Hy (0, D)| = e Ae=8 4 (0, 0) = H (0, D)|(1+ O(0))

We have used the approximating flow to define H,. Now we can relate the
above results to the map and define the nearly periodic function, which measures
the width of separatrix splitting region.

4.6 Relating the Dissipative Map to the Ap-
proximating Flow

In this section we look at the relation between unstable manifolds of the flow
G and the map and state results which enable us to define the nearly periodic
function and deduce its properties from previous results on H and H,,.

Consider the map Fj,, . (4.1) in (6, z) variables, where z = v~'ze"/2. Denote
Yu(w) = (71(w),12(w)) a parametrisation of the unstable manifold of the map
satisfying 71 (0) = 6,,.

Proposition 4.6.1. For s € Qq, such that v,(s) = (0, z) there is a constant M
such that the distance between unstable manifolds is bounded

[Du(s) = vuls)] < M(ve>2) (4.29)

Proof. Take s € €y and choose n > 0, such that ¢t = s — n. Denote v,(s) =
(O, 20) Yu(t+n—1) = (On_i, 2n—;) and v, (t) = (g, z0). Observe that the manifolds
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satisfy

|Pu(t +n) =yt +n)| = |G(du(t +n — 1)) = F(ru(t + 1 — 1))
< [G(u(t +n—1)) = Fu(t +n = 1))
+|F(¢u(t +n— 1)) - F(Vu(t +n— 1))‘
< |G(Pult +n—1)) = F(dult +n — 1))
+HIDF||pu(t +1 = 1)) = u(t + 1 — 1)
: (4.30)
< 5577 ((TE2 IDF@ult 41— 1) 1G(0ult + 1 = ) = Floult +n = )])
TS IDF((6ut + 1= )0ult) 300
First we consider bounded 36, such that e3%/2 < ¢,.
For s € Qg we choose n > 0, such that for t = s — n the manifolds ¢,(t),v.(t) €

B((0 — 6,0),v), where (6¢,0) is the fixed point.
Define 6; = ve3%/2, by argument similar to Lemma 2.2.1 we obtain the bound

From the Proposition 4.4.1 and (4.30) it follows

J n

Z chu "(cqu)™ +exp(z cv)M'v™

Y =1 i=0
< enexp(nev)v™

where ¢ depends on M’ ¢; and ¢,.
The eigenvalue A, satisfies A, — 1 ~ O(v) and A\ ~ O(r~!), which implies
the bound on n < av~'Inv~!, hence we obtain

|0u(s) = u(s)] < acym =72
For the constants a, ¢; we choose m, such that

|¢u(8) - F)/u(s)| S acyn

which implies the bound (4.29) with a constant M dependent on M’ ¢; and ¢y
for bounded 6.

Next we consider unbounded $6,. Similarly to the bounded case we take
s € € and choose n, such that for t = s —n we get 0y < co. It follows from
Proposition 4.4.1, (4.30) and (4.31) that

5u(5) — (o |<z((expzclan_i>) M’d’?fj) W)

We divide 6 plane in N strips S, = {6 : k —1 < S0 < k + 1} and define
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P = veF/2. The number of strips between 6, and 6,_; is equal to 21n

n [

Lemma 4.5.2 implies that the number of steps in the strip ¢ is of order o, 1, ie.

there is a constant ¢, such that the number of steps in the strip ¢ is bounded by
C

5
It implies that

exp(}i:cl5n_0 < (6§i.)2an (4.33)

and we observe

n N
|¢u(5) . %L(S)‘ < M/(')*Zcq 2621:]'2@1 < M,(Siccl ZpZ7172C6171

j=1 k=1
Since Zk Lo 27 is a geometric series we obtain
|6u(8) — Yu(s)] < M/C52e pr—2eer=t < ppogm=1
and for given ¢ and ¢; we can choose m such that the manifolds satisfy
[6u(s) = yu(s)| < M3,

for M dependent on M’, C, ¢; and c,. It implies that on

[Pu(s) = vul(s)] < M(ve>2)

Define set

1 0—0
Q, :{wecm&u<ﬁ—§a4mwwﬂ<wmhﬁiﬁ

—0;, 2
\<a}

and |v sin

Take (6,z) on the unstable manifold 7, of the map (4.1) and take (#,z) on
the stable manifold ¢, of the approximating flow G satisfying Proposition 4.4.1.
Denote (¢, 2") = Fo.(0,x) and (01, 71) = T1(0, T), where T} is the time-one map
of the flow G. Proposition below provides estimates for the difference in time on
v, and time on ¢s.

Proposition 4.6.2. For w € Q, if v,(w) = (0,2) and ¢s(t) = (0,T) then w =
t+0(1).

Proof. Take w € Q,, consider (01,7;) on ¢s, (0',2) on ”yu and corresponding
(¢/,%) on ¢,. From definition of €, |z — Z| < |vsin Z5X |4 and |H, (0, 2")] <
|vsin G/jf |, which by Proposition 4.5.1 implies that |6 —01\ < Cer|ysin ;Gf 4.

Denote Aw the time difference betvveen points («9/ ,x'), (01,71) on ¢g. Since
Aw = ‘fiw AH and close to the fixed point = —ve "™ we can show that Aw =

CeM|vsin 24 \3 and we obtain that w —t =", Ce’\“]l/sm %9113 As close
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to the fixed point n = O(r=?) we get w =t + O(1). Away from the fixed point
the estimate is better, but since this estimate holds on 2, it is sufficient for next
results. O

From Corollary 4.5.1 the function

gu(w) = Hy(yu(w)), (4.34)

which is a measure of the distance between the stable manifold of the flow and
the unstable manifold of the map, is well defined analytic function on 2.

As H,, is defined as constant on the solutions of the flow G it is almost constant
on the orbits of the map (4.1), which imply that g,(w) is nearly periodic and is
analogous to the function h defined in Chapter 1 satisfying (1.14) approximately.
In order to deduce it from properties of H, and other results in previous sections
we define a function for Sw > 0

h(w) = (w—w*)™Y %wﬁ%jta*
vexp (—vw), Rw >+ 0%,

define h(w) = h(w). As a consequence of Proposition 4.6.2 we obtain

Remark 4.6.1. For 0 = v,(w) on the unstable manifold the following relation
holds

psin ") = O(|h(w)))

4.7 Unstable Manifold of the Map and Nearly
Periodic Functions

The following proposition states properties of g, (w) and is similar to the hypoth-
esis of Proposition 3.1.1 in Chapter 3 on nearly periodic function

Proposition 4.7.1. For a constant Cy > C§ sufficiently large, there exists a
constant K, such that 2, D Qy and g,(w) satisfies

i) |g,(w)| < K|h(w)|'° for w € Q,
) Ifwt 1€, then g, (w+ 1) — g, (w)] < K|n(w)]"
i) if w e Q, and |g,(w)| < |W(w)|® then w+1 € Q,,
w) ifw+1e€RNQ, then It € [w,w + 1] such that |g,(t)] < [h(w)|*

Proof. i) Take w € Qq, ¢s(w) = (6, %), vu(w) = (6, ) from Proposition 4.6.1 and
from Remark 4.5.5 by triangle inequality

|¢s(w) — ’yu(w)‘ < (1/6%6/2)11‘
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We bound |H, (0, z) — (9 7)| by 2|y — 7|+ 2h2|0 — 6|. As H, is constant on

6H” d’““ = — 2y 4nd we can bound

the solution of the flow H, = 0, Wthh gives 590 = —,

|H,(0, %) — H,(0,%)| by % (|z — 7| + %16 — 0]).
Proposition 4.5.1 gives the bound on ‘9H” , the bound 011 5+ along the solution

is of order (ve%%/2)~! hence from the fact that H, is equal to 0 on ¢s(w) we obtain

|H,(0,x)] < M|veS?|10.
Remark 4.6.1 implies

lgv(w)] < K|w —w*[71
and we obtain ).

ii) Take w+ 1 € Q, and ~,(w + 1) = (¢, 2), by triangle inequality

9o (w +1) = gu(w)| = [H, (yu(w + 1)) = Hy(vu(w))]
<|H,(¢',2") — H,(T\(0,x))| + |H,(T1(0, x)) — H,(0, x)|.

where T} is the time-one map of the flow GG. As H,, is constant on the trajectories
of the flow the latter difference is 0.

Asv|0—0¢| = O(|vsin %D close to the fixed point and v|e%%/2| = O(|vsin %

for large Values of 36 the estimates in Proposition 4.4.1 can be bounded by
M|vsin f ™.

By snnllar argument to point ¢) we obtain
0—0
o +1) — g )| < Msin 01

and i) follows from Remark 4.6.1.

- 6 9=95 16

iii) The assumption |g, (w)| < |h(w)|® implies | H, (6, z)| < |vsin Z 52|°. Propo-
sition 4.5.1 implies |z — z| < Clv 81r19—|5 Similarly to the argument in i)
Proposition 4.4.1 implies for (6;,x1) = T1(0, x)

(0, 2") — (61, 21)] < |Vsin¥|u.
We also observe that
(01, 21) = (0,31)] < ™|z - 7]
which we can bound by Ce*|vsin —\5 From triangle inequality

(0", 2") = (0, 7)< [(0',27) = (01, 21) ] + | (00, 21) — (0, )]

< 20eM|ysin —L

Finally it follows from Proposition 4.5.1 that

-0
|H,(0,2)] < C'e*|vsin L,
2
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which is less than |vsin 2[5 and hence w + 1 € €.

iv) Since parameters a, b are chosen such that the real manifolds of the map
(4.1) meet we can choose t € R, such that for ' € R ~,(t) = ~s(t'), for 75 the
unstable manifold of the map. Hence Proposition 4.4.1 implies that

0—10
ult) = 6(t)] < Ml sin =21,
which by Proposition 4.5.1 and the fact that H,(¢s(t)) = 0 imply
0—10
|H, (7u(t))] < M'C"|1/sian|11

which can be bounded by |h(w)['® and iv) follows. O
Next we define 1)g(c) for a constant A to be specified

bo(o) In (o —o*) + Cy, o+ A<o<vi+4+o*
o) =
‘ (c—c)w—Inv+Cy—1, o>vt+o

where Cy = ZA —In A. Define ¢(0) = 7% — 2¢y(0) for 0¥ + A < 0 < M, where

M=v ' (Em" +Inv—Co+ 1)+ 0.
We note that for 7 = (o)

2r(r=r") _ {6602(0 —0)7", ot A<o<vl+o

676021/6666761/(070' )’ o>yt 4ot

Denote w(o) = (o,ip(0)). From definition of function h(w) we observe that
2" (@)=7") is of order |h(w(c))|® i.e. there are positive constants ¢y, ¢y indepen-
dent on A, such that

Cle%(w(a)—f*) < e‘GCQ\h(w(a))\G < 02627r(w(a)—7*)_ (4.35)

We will use this property in the proof of the main result of this thesis, which
gives the approximation to oscillation of g, (w) defined in (4.34). It is related to
the conclusion of the Proposition 3.1.1 in Chapter 3.

Proposition 4.7.2. There exist constants A > C7 and D > 0 such that €,
contains the domain

V,={w=0+ir: Rwy <o <M, |7| <o)}

where wy = (0" 4+ A, it* — A) and there are complex numbers b, and p, such that
bu|, [11] < De™®™" and for w € V,, the following holds

|9 (w) = (b, + pe™>™ + ,e*™)| < D|h(w)[’ (4.36)

Proof. First we define V; = {w €V, : Rw < s} and
1
s, =sup{s < M : Yw € V; we have w € Q, and |g,(w)| < §|h(w)\6}
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Denote V, = V,,. We begin the proof by lemma

Lemma 4.7.1. For w € V,, |¢,(w + 1) — ¢/ (w)| < CK|h(w)|® for a constant
C>0.

Proof. Take w € V, and z € B(w,r) where r = 2|h(w)|.
From the definition of 0V the slope of ¥ (o) is equal

3 *|—1 —1 *
V(o) = {g'“ S
“v, o>V " +o0
which is bigger than the slope of the line through z — 1 and w for r = 2|h(w)|
which implies that z — 1 € V, U €.
From definition of V. and point i) we get |g,(z — 1)| < 3|h(z — 1)|°. From
condition 7) it follows that z € 2, and from i) |g,(2) — g, (2 —1)| < K|h(z 1)]°.
For A sufficiently large 3|h(z — 1)|°® < |h(2)|® and |h(z — 1)| < {5, the latter
implies K|h(z — 1)[° < 1|h(z — 1)|°. Hence from triangle inequality |g,(z)| <
|h(2)]® which by 444) implies z + 1 € €, and condition i) holds for z € B(w,r).
From the Cauchy inequalities

uw+1) = gl w)| < 3 max gz + 1) = g, ()l/h(w)

It implies that |g)(w + 1) — g/ (w)| < CK|h(w)[* for C' > % and lemma holds.

w+1 27rzkz

Define ay(w) = | g,(2)dz, Br(w) = fol e*mksg! (w + s)ds. Note that
|Be(w)] = |e"?™* @ (w)] and ]@k(w)] = [e*™* (g (w+1)—g! (w))|. For convenience
we use notation ag(o) = ag(w(o)).

Lemma 4.7.1 implies that for w € V,

o, (w)] < CKe 2™ 5| h(w)]®. (4.37)

We use this fact to bound |5 (w)|. The following properties of |}, (w)| for Sw > 0
follow from the bound (4.37) and from (4.35). Take wy = w(oy), wy = w(oy),
09 < 01 < 02 < 8y,

for k=1

/ 1 (0)|do < CKexe®2e=27 ()| (4.38)

1

< OKeyplege 25w | h(wy) |7 (4.39)

for k > 2

/ ld(0)ldo < CK / 70O (w(0)) Fdo

o1

—_

< —CO K ¢yefC2k g2k (wy)| 76 (4.40)

—_

< —CKeplege ™52 b (wsy)|”

o
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Now take w = o + i1, Swy; = 71, Swy = 7, 0 < 7y < 1 < Y(0),
for k>0

[Cleitwar < crc T IEOR R o <o
* - [h(wy)[® [ e2dr, o> 140

T1

1
k

IN

CKe ™™ | h(w,)| (4.41)

T2

|l wlar < Cxlpun) [ émar
n n (1.42)

S CK627rk72 ’h(wZ)V

| =

By condition i) and lemma similar to Lemma 4.7.1 for £ > 1 we obtain
wo+1 ]
|ar(00)] < CK || |h(s)|ds

wo

As maxX efug,wo+1] |R(5)] = |h(wo)| it follows that
lax(00)| < CKe 2™ | h(wy)|? (4.43)

Take w = o + it € V, and w(o) € 9V,, 7 = Sw(o). The following inequality
holds

/

()] < lax(oo)| + / () ldo + / " o (w)|dr (4.44)

From (4.40), (4.41), (4.43) follows that for £ > 2 and for a positive constant c
dependent on ¢y, ¢y

c
lag(w)| < EC‘K@’Q’””VL(LU)]7 (4.45)

and hence .
|Br(w)| < ECK\h(w)V (4.46)

Next we bound | (w) — a1(s.)|. We observe that

/ Su

o (w) — ar(s)] < / o (w)|dr + / ()| ds
From (4.39) and (4.41) it follows that
lag (w) — aq1(s.)] < cC’Ke_%”\h(wﬂ7

and hence ‘
1B1(w) — a;(s,)e ™| < cCK|h(w)|". (4.47)
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It remains to bound |Gk (w)| for negative k. We note that for & > 1

\a_kuun:=\a_k«ﬂ|+1[f\a'kuu»dt

Bound on |a_g(0)| comes from the fact that o € R and from (4.45) |a_x(0)| =
lag(0)] < £CK|h(0)|”. To bound the integral we apply (4.42) to obtain [ o/, (¢)]dt <
CKe*™ [ h(w)]".

Thus for k < —1 |aj(w)| < £CKe ™7 |h(w)|".

Next we note

oy (w —als*\</ 0, (w)|dt + |a1(0) — a_1(s.)]

By similar argument that before from (4.39) and (4.42) we obtain
a1 (w) — ai(s,)| < cCCKe* |h(w)[*

Now consider Sw < 0. Note that f(w) = f_x(w). From the bound (4.46) on
| Br(w)] for Sw > 0 follows that for Sw < 0 |G_p(w)| < §CK|h(w)|?, similarly
from (4.47) |B_1(w) — a_1(s.)e*™™| < cCK|h(w)|".

Hence for w € V, the following holds

Bu(w)| < CKh(w)[" (4.48)

for |k| > 1, and .
|B41(w) — a1 (s.)e™™™| < cCK|h(w)| (4.49)

Define ¢(w) = flgl,(w + s)ds, b, = gf)(s*). We bound |¢(w) — b,|. We can
write |¢p(w) — b,| = \f ¢ (2)dz| < [7|gu(z + 1) — gu(2)|dz.

Note that
/ ]dz—/ |h(z( 8dt+/ |h(z(s))|*ds

after integrating the right hand side of above and applying i) it follows that

|p(w) — b, < K|h(w)[". (4.50)

Now we define h(s) = g, (w + s) — s (g,(w+ 1) — g,(w)) for s € [0,1] and

w) = fol h(s)e*™*sds. After integrating by parts we obtain that for k # 0
or(w) = 52 Fk(w). Tt follows that |6, (w)| = [d_(w)| and from (4.48) [0 (w)| <
ZCOK|h(w)|".

We note that h(0) = h(1) = g,(w) and write h(s) = > dp(w)e 2"**. By
taking s = 0 we get g, (w) = > dx(w) which implies the following bound

|90 (w) = (Go(w) + b1 (w) + [ D auw)] < difh(w)]”

k£{0,£1}

for a positive constant d; dependent on ¢y, ¢, C, K. The following bounds hold
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from (4.49) and (4.50)
[do(w) — b, < K|h(w)[*
|01 (w) = ™| < cCK |h(w)[*
|0-1(w) — 70,e*™| < cCK|h(w)[*
where p, = 5=a1(s,). The above imply the bound

lgv(w) = (by + poe™™ + F,e*™)| < d|h(w)|” (4.51)

for a constant d dependent on ¢y, co, C, K.
Now we show that |u,| is bounded. We observe that

)l < )]+ [ lds)lds

0

< CKcpe®@2e™ |h(wy)|

The latter inequality follows from (4.38) and (4.43). Hence there exists a positive
constant D; depending on C, K, ¢y such that |u,| < D1e?™ A= Te 277",

Next we take w +1 € RNV, find x € [w,w + 1] and apply (4.51) at z. From
point iv) |g,(x)| < |h(w)|" hence we can write

|b,| < d|h(w)|" + [h(w)|"® + 2D AT (4.52)
which implies the bound for Sw > 0

d|h(w)|" + d|h(Rw)|" + [h(Rw)[° 4 4D, > A AT 2m (T —Sw)
2d|h(w)|7 + |h(w)|'0 + 4D, > A AT 2 (T —Sw)

3d|h(w)|" 4 4D e*™ A7 ey e | h(w)|© (4.53)
3d|h(w)|” + 4Dy A eyt h(w)[®

|g(w)]

VANVANRVAN

As |h(w)]? < d for A > 1 and Sw < (o) the inequality (4.53) holds.

We obtain |g, (w)| < §|h(w)|® provided |h(w)| < (18d)~! and 4D; A ¢y " < &
which both hold for A large enough. The bound for Sw < 0 comes from the fact
that g, (w) = g, (w).

Next we show that s, = M. Suppose s, < M. By continuity there is s’ > s,
such that for w € Vi |g,(w)| < 3|h(w)|%, which contradicts definition of s, and
s, = M follows.

Finally bound on |b,| comes from applying (4.52) at w = M and observing
that |h(M)|™ is or order e~ 57" ~4) which is small compared to e~ 27" =4,

Hence there is a constant D depending on A, C, K, ¢, ¢5 such that (4.36) holds,
|t ], [b,| < De=2™" and the proof is complete. O

4.8 Relation with the Semistandard Map

In this section we state the result relating the manifolds of the dissipative map
(4.1) and the semistandard map. We give general ideas and sketches of the proofs
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and omit the details. Results of this section can be proved rigorously by methods
presented in previous sections.

First we observe that after the shift 6 = ¢ +71n 3—2 the dissipative map (3.1)
becomes

o 1 .
Tpi1 = Jxp +w+ie” ¥ — Zl/‘lew"

(4.54)
P+l = Pn + Tpp

When parameters J — 1, v,w — 0 then the map can be approximated by the
semistandard map (3.1).
Second we observe that after the change of variables (¢, z) = (¢+2k In(2i), 7),

where o = 2% the flow

3 = gie”
. (4.55)
Y = oz

is the first order approximation to the semistandard map (3.1) in (¢, z) coordi-
nates.

We can construct the flow Gy, a perturbation of the system (4.55), which gives
a higher order approximation to the semistandard map. We expand Gq to the
same order as the approximating flow of the dissipative map. We consider the flow
Gy on the domain in {(p,z) : Sp < 0,]z] < v2ce®¥/?} and apply Proposition
2.1.3 to the strips {—2(k+1)In2 < Sp < —2(k —1)In2} in a similar manner to
Proposition 4.4.1. As the argument is similar to the proof of Proposition 4.4.1
we omit the details.

Next we show the relation between the unstable manifold for the dissipative
map (4.1) and the semistandard map (3.1). We recall 7,(£) a parametrisation
of the unstable manifold for the semistandard map defined in variables (F, u)
introduced in Section 3.1. We also denote v, (w) a parametrisation of the unstable
manifold for the dissipative map (4.1), where w = £ + w*.

We use notation v, (w) = (F,,U,) for coordinates of the dissipative map and
(ﬁw, U,) for the approximating flow G satisfying (4.18).

After appropriate shift in time unstable manifold of the semistandard map is
a limit of the unstable manifold of the dissipative map as v — 0. We state the
following

Proposition 4.8.1. For{ € C, if v — 0 then v,(§ +w*) — 70(&).

Proof. Take £ € C,e > 0 and choose k such that R({ — k) < 0. Lemma 3.1.2
implies that |F,_x| = O(|veS9/2[4).

From relation between z and v we obtain that |F,_z| < S|H| + O(Jve
From Proposition 4.6.1 for v small enough the bound holds for the dissipative
map |Fy_ix| < 3H| 4+ O(Jve3/?|*). For v small enough Lemma 4.4.1 implies
|H(0,v)] = O(|ve¥2|*), so from relation between § and u we obtain |F,_z| =
O([u|™) and it follows that

30/2 ’4)'

Awak = ’wak - wak‘ = O(’uwfk‘izl)
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Remark 4.5.2 and relation between 6 and u imply w — w* = u + O([u|™!). From
Proposition 4.6.1 for v small enough ¢ = w — w* = u+ O(|u|™!) and by Remark
3.1.1 it follows that

Aty = Uty — U—i| = O(|th—i| ")

Recall notation (uy, Fy,) = h*(ty_, Fyy_x) from Section 3.1 and observe that from
the Cauchy estimates (3.3) if follows |(tuw, Fp) — B*(Uw—ts Fuwo—)] = O(|tw_1| 1)
for orbits of the semistandard map.

For v small enough we obtain |hF(Ty_k, Fu_i) — (Uw, Fu)| = O(|Uw_r| ™)
which imply that

AF, = |Fy— Fy|=O(uw ™)

Aty = |Ty — Uy| = O(]uw,k\_l)

For k large enough |u,, 4|~ is less than e. Hence for € > 0 there is vy > 0, such
that for v < 1y we obtain |y, (£ +w*) — 1 (§)| < e O

Next consider parametrisation of the unstable manifold 75(&) for the semistan-
dard map (3.1) in (¢, z) coordinates. Then we take (¢, x) in the neighbourhood
of 0(&). We fix ¢g = iln ﬁ and take (o, o) on the solution of the semistandard
map approximating flow G¢ through (¢, z). By argument similar to Proposition
4.5.2 we obtain that z, is uniquely defined and hence Hy(p, z) = %x% is well de-
fined in the neighbourhood of Jy(§). Next we define §,(§) = Ho(70(€)) and note
that after the appropriate change of variables one can show that |F| ~ $|H,|.
Finally we define H,(0,v) = H,(0,v) + 39%(0,), 9,(w) = H,(7.,(w)) and state
the following

Lemma 4.8.1. For§ € Vo ={R > A, Q< Cy — %lnéﬁf}
lim 7, (€ +w") = go(¢) (4.56)

Proof. Denote the change of variables (0,v) = P(p,z) = (p+iln2v7!, z+31%(a—
bv~'z+sin0)). It follows from Remark 2.1.3 that H, 0 P(p,x) — Ho(p, x), which
implies (4.56). O

The limiting behaviour of the constant p, is a consequence of Lemma 4.8.1
and Proposition 4.7.2 and we state the following

Proposition 4.8.2. For the parameter a there is a constant j
liII(l) pye 2T A (4.57)

where b gives existence of homoclinic orbit and A, is the constant introduced in
Remark 4.5.2.

Proof. Take ¢ > 0 and choose & € 9V;, such that IS¢ < %ln 221 for the constant

D; to be specified below. We apply Proposition 4.7.2 to w = £ +w* and w+1/2.
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It follows by (4.36) that for v and v/
190 () =g (W)= (g (wH1/2) =g (w'+1/2)) = (2> —2p,e7>7")| < D|h(w)["

Lemma 4.8.1 implies that g, is a Cauchy sequence, so we choose € < €'€*™3¢ and
then we choose 1, such that for v/ < v < 1y

11,72 — e < ¢/2 4 DIh(w)|".
From (4.35) we obtain

|tye 270 — 1”2 | < /2 1 Dy eTm/3%¢
where D; depends on A, D and cy. It follows that

|MV€—2mw* . ,U,l,/e_%riw,* | < 6—27r§‘9£€/2 + Dlew/i’)i‘sf

which for a given choice of £ and e implies

‘luye—%riw* . Iuy/e—Qmw’*‘ <.
Hence j,e 2" is a Cauchy sequence, so tends to the limit  when v — 0.
Finally (4.57) follows from Remark 4.5.2. O

We apply Proposition 4.7.2 to g, as v — 0. From Lemma 4.8.1 and Proposi-
tion 4.8.2 follows that

Remark 4.8.1. For & €V

[G0(€) — pe™™¢| < DI¢|TT

In addition by argument similar to Proposition 3.1.2 one can show that

1G0(€) — 2p0e™™| < D¢

where gy is the constant discussed in Chapter 3. From the above we obtain that
|1l = 2l pao].

Next we fix the parameter a, consider the flow (4.4) and take y,(6,,) the value
on the unstable manifold of 6, and y,(#,,) the value on the stable manifold of
0o+2m at 6,,. Define f(b) = 1(y2(6m)—y2(0n)). Denote the constant ¢ = f'(¥(a))
and the constant A = 8¢ le(Z34atR4a)b  definition of function ¥ was introduced
in Section 4.2 and it is graphically presented in Figure 4.1.

We state the main result of this chapter.

Theorem 4.8.1. For a fized parameter a the width of the interval | Jo — Jy| where
the separatriz splitting occurs for the dissipative map (4.1) satisfies

lim 27340 /e[ 1| = Al (4.58)
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Proof. We outline the idea of the proof. Define H(b) = %(H,,(@m, ) —Hy, (O, x5)),
for a fixed parameter a the width of |I,| = |by — by| can be estimated as |H (by) —
H(by)| /52,

By Proposition 4.7.2 close to the fixed point (6 + 2m,0), at 6y + 2w — §
for small 4, oscillations of g, (w) is 4|u,|, and one can show that the difference
in H, close to the fixed point is approximately the difference in H, at 6,, so
| H (b)) — H(b1)| = 4.

From Proposition 4.8.2 we obtain 4, | &~ 4¢=2734a(""'=9)| ;)| and from Remark
273 Aq (vt b

4.8.1 the numerator can be estimated by 8e =9 | o).

By Chain Rule the denominator % = %%. Corollary 4.5.2 and relation
between v and y imply % ~ v2e A

Finally we combine the numerator and the denominator and obtain
1] = 8ugle 34 7 ~D12M0n (1 4 (1))

It follows that

lllii%eﬁy_ldAaVQ‘[a‘ — A’ﬂO’-

When we scale back from parameters a, b to J, €, w we obtain from |I,| = v|1,|
that »

lim eV 3| 1| = Aluo|

€e—

O

In subsequent section we provide numerical results for the constants A,, ¢ and
A, which support Theorem 4.8.1.

4.9 Numerical Results

In the final section of this chapter we explain the details of numerical calculations.
We consider the flow (4.4) and for a given parameter a we compute parameter b
leading to the homoclinic orbit, and constants A, and ¢ defined above.

We rewrite the system (4.4) with 6 as independent variable

dy a—by+sind

do y

w1 (4.59)

oy
First to find ¢ we consider f;(b) = %(em), denote z = % and calculate %
from (4.59). It follows that

dz a+sinf

G YR | 4.60

70 R (4.60)
We observe that % = f1(b)y(0,,), which implies

¢ = (2u(0m) — 25(0n))y(0m) (4.61)
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To compute b and ¢ for a fixed a we consider (4.59) and (4.60) in real variables.
We expand y at the fixed point 6y = arcsin(—a) and obtain

y(@) = 01(9 — (90) + 02(9 — 90)2 + 03((9 — 90)3 + (9((9 — 90)4).

We substitute the expansion to the system (4.59) to find the coefficients

1
¢ = jzé(b— Vb2 + 4 cos by)

B sin 6y
2T 720+ 30

_ 12¢5 +cos by
ST T8+ 40

The + sign in ¢; corresponds to the stable manifold and the — sign to the unstable
manifold.

We solve the system of equations (4.59) and (4.60) using 4th order Runge-
Kutta method starting from the point 6y + 0 on the unstable manifold and from
0y + 2w — 6 on the unstable manifold until we reach 6,,. We use bisection method
to find parameter b, where manifolds coincide and we calculate constant ¢ using
(4.61).

To find A, we consider the system (4.59) in complex variables and we solve in
imaginary direction starting from 6,, until A, converges to a constant, which in
practise is for @ of order 102. We calculate constant A as a function of b, ¢ and A,
using the program separatrix_splitting.c for the range of the input parameter
a. The program is included in the Appendix and the results are presented in Table
4.1.

Observations

1 For a = 0, A, = 4%, which corresponds to the singularity of the complex

homoclinic orbit for the pendulum equation.

2 For a = 0.01 the ratio b/a = 0.7854 is approximately equal to 7a, which
corresponds to the slope of the curve ¥ at a = 0 calculated in Lemma 4.2.1.

3 For a = 1 parameter b=2 = 0.702563563, which corresponds to a constant
given in [3] (p. 761) and we explain the relationship in more details below

4 First two columns of Table 4.1 are presented on Figure 4.1 and form a curve
U in the parameter space (a,b) where the homoclinic orbit ® occurs for the
system (4.4).

We conclude this chapter with relating a = 1 case to the result in [3]. For the
parameter a = 1 after the change of variables { = 0 + 7, = by and scaling in
time ¢ = 15 the flow (4.4) becomes

7]=—7]+2sin22
§=1bn
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Table 4.1: Numerical results of separatrix_splitting.c program
a b c RA, SA, A
0.00 0.000000 7.999922 0.000000 1.570796 1.000010
0.01 0.007854 8.000042 0.003153 1.570809 1.019538
0.05 0.039285 8.002918 0.015776 1.571125 1.102088
0.10 0.078660 8.011975 0.031625 1.572114 1.215604
0.15 0.118219 8.027300 0.047620 1.573776 1.342413
0.20 0.158057 8.049251 0.063840 1.576130 1.484779
0.25 0.198278 8.078360 0.080370 1.579204 1.645489
0.30 0.238995 8.115362 0.097301 1.583038 1.828015
0.35 0.280336 8.161245 0.114740 1.587681 2.036733
0.40 0.322444 8.217323 0.132809 1.593202 2.277248
0.45 0.365489  8.285338 0.151652 1.599684  2.556844
0.50 0.409673 8.367616 0.171445 1.607237 2.885182
0.55 0.455246 8.467314 0.192409 1.616007  3.275357
0.60 0.502523 8.588798 0.214827 1.626183 3.745603
0.65 0.551915 8.738291 0.239074 1.638023 4.322149
0.70 0.603983 8.924994 0.265672 1.651892  5.044282
0.75 0.659531 9.163220 0.295381 1.668322 5.974013
0.80 0.719783 9.476826 0.329383 1.688145 7.216332
0.85 0.786799 9.909771 0.369706 1.712784 8.967765
0.90 0.864595 10.556962 0.420389 1.745055 11.659070
0.95 0.963536 11.695356 0.492120 1.792354 16.563262
1.00 1.193046 17.039464 0.702507 1.934538 40.748532

which is the flow studied in [3]. We obtain from Chain Rule % = V'b?y, which
implies ¥ = b=2. Constant & = 0.702563658263, in [3] (p. 761), agrees up to six
decimal places with the value of b=2 in Table 4.1.

In summary the observations above verify that numerical results presented in
Table 4.1 are consistent with the case a = b = 0, where position of the singularity
can be derived analytically (1), they are also consistent with Lemma 4.2.1 (2).
Finally numerical results for the case a = 1 match with numerical result obtained

in [3].
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Chapter 5

The Width of Arnold Tongues for
the Dissipative Standard Map

5.1 Introduction

In this chapter we study the presence of resonance zone for the weakly dissipative
map [0

k
Tpi1 = Jx, — —sin 270,

o (5.1)
en—f—l = ‘gn + Q4+ Tpt1

where (z,,,0,) € R x R, parameters k£, € R and 0 < J < 1.

After the change of coordinates 6,, — 270, x,, — 27(Q + x,,) and scaling of
parameters k = —¢, ) = the map (5.1) takes the form (4.1) considered in
Chapter 4.

We can identify R ~ R/Z and consider the map on a cylinder, (x,,0,) €
R x S'. When k£ = 0 the set {0} x S! is invariant. The motion on this set is
determined by the parameter €2 and is a rigid rotation. For rational values of the
parameter ) the motion is periodic, for irrational values every orbit is dense on
St.

From the theory of normal hyperbolicity [23] it follows, that for k close to 0
there exists a set homotopic to S', which is a C" manifold on a cylinder R x S*
invariant under the iterations of the map (5.1).

Resonance zone also called Arnold tongue as alluded in Chapter 1 was first
studied in relation to a family of one dimensional circle maps. For a homeomor-
phism f of the circle one can define a lift F, for which Poincaré [30] defined a
rotation number p of f as

27r(L1u7J)

o(f) = tim 20

n— oo n

mod 1 (5.2)

It can be shown that the rotation number is independent of the lift F' and of x
thus is well defined for a homeomorphism f. It can also be shown that f has a
periodic orbit if and only if p(f) is rational [2] (Proposition 1.5.1). For example
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for a family of circle maps
flx)=2+Q+ksin’z

Arnold tongues are regions in parameter space, where the rotation number is
rational, which is equivalent to existence of periodic motion, hence to study the
width of Arnold tongues we measure the regions in parameter space where rota-
tion number is rational.

Both definition of rotation number and the Arnold tongues can be extended
to a family of maps in more dimensions. If a family of maps has an invariant
circle we can restrict the action of the map to the invariant circle and investigate
regions in parameter space where periodic motion is present, which leads to a
problem of Arnold tongues.

We can consider the behaviour of the map fi ;o restricted to the invariant
circle homotopic to St. It follows from one dimensional case mentioned above that
the map has a periodic orbit on the invariant circle if and only if the rotation
number is rational. In particular if the Poincaré number is equal to % then an
orbit of period n exists, which is equivalent to existence of a fixed point of the
map fi' ;. The region in parameter space where periodic orbit is present has
been studied for example in Arnold [1] and Davie [9] for the circle map.

In subsequent section we give an overview of the results in Evans [11] regarding
the width of Arnold tongues for the dissipative map (5.1). To study the width of
the resonance region we fix parameter J, let £ — 0 and measure the width of the
interval in parameter {2, where the rotation number is equal to %

As in previous chapters we extend the map to the complex domain. From
Theorem 11.1 in [38] it follows that the improper unstable manifold (see page 17
for definition) is analytic on a strip containing R, which allow us to measure the
width of Arnold tongues for the dissipative standard map.

Throughout this chapter we do not provide rigorous arguments but heuristic
reasoning supported by numerical results.

5.2 Preliminary Results

In this section we summarise as necessary for further investigation results pre-
sented in Chapter 4 in [11]. First we quote that for & close to 0 the length of the
interval of parameter 2, where Poincaré number of the map (5.1) is equal % is

1001 = TS, o) 5.9

for some constants (35, 5;. It gives cubic term in n, which was ascertained in [25].
We quote Theorem 4.1 in [11] which gives an estimation of the width of the
interval |Gy — ]

Theorem 5.2.1.

—2n(1-J)

B2 = B ~ ek A(J) (5.4)

as k — 0, where A(J) is a constant depending on J.
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Proof. In order to introduce necessary notation we give a summary of the proof.

Step 1. Consider rotation number equal to 0. If 2, € I1, then fi o0 — fro-
as n — 0o, where * is the right end point of the interval To, then fro- has a
parabolic fixed point (z*,0*). For k close to 0 there exists an invariant circle
through the fixed point. Let 0 = 6" + ¢. We express the map f; - restricted to
the invariant circle as

¢n+1 = fk,Q* (¢n)

We are looking for a transformation A, such that

A(Pni1) = A(gn) = 1

which is found by solving the appropriate approximating flow
¢ = F(¢)

where F' is a polynomial with terms in ¢. We define A as A = P!, where
¢ = P(t) is a solution of the above flow. Once A is found we are able to define
mappings g, hg : (0,1) — R

gk(¢o) = lim A(¢n) —n

hi(éo) = lim A(6,) —n

gk is a strictly increasing surjection, so the following function o : R — R
ou(w) = by 0 g7 (u) — (5.5)

is well defined and 1-periodic function.
Next we quote Theorem 4.3 in [11]. It relates the interval /1 to the map oy
and is the key part in the proof of the Theorem 5.2.1.

Theorem 5.2.2. The endpoints of the interval 11 are given by

% ’/T2 1 ﬂl _3 .

Q—i-a(ﬁ—i—ﬁ)—‘—O(n ), Z:1,2
where Q0 is the right endpoint of the interval Iy, ¢, d, (31,32 are constants, and
the length of the interval By, B2] is equal to twice the length of the interval in s

such that op(u) — s has a zero for the 1-periodic function oy : R — R.

The theorem has been proved in Davie [7]. It follows, that in order to estimate
the length of [31, F2] we need to estimate the quantity

R TR
Step 2. We extend the real map f o (5.1) to the complex variables (z,6) €
Cx C/Z. Parameters J, k, Q are real constants. Consider the case, when Q = Q*.
It follows from Theorem 11.1 in [38] that a parametrisation y(u), such that
fro-(v(w)) = v(u + 1), of the improper unstable manifold of the parabolic fixed
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point satisfies
y(u) — (z*,6%), for Ru — —oo

It follows from analysis in Chapter 4 in [11] that on a suitable strip containing R
the parametrisation y(u) of the improper unstable manifold satisfies

v(u) — (z*, 0% + 27), for Ru — oo

Note that y(R) coincides with the real invariant circle excluding the fixed point,
so that the image of the strip is a complex analytic invariant manifold which
extends the real invariant circle. This complex invariant manifold is a subset of
{(0,0) : |S0| < 5= In+ — C}, where C is a positive constant.

A complex analogue of function A is defined on an appropriate subset of C.
Complex analytic continuations ¢, , and h; j of g, and hy, are well defined on the
complex invariant manifold and g x is the inverse of the parametrisation y(u).

Step 3. After the change of variable y = 6 — b, where b = % ln% the map
fr.o- (5.1) can be approximated by the map

VA .
-2
Tpy1 = Jx, — —e T

in (5.6)
Yn+1 = Yn + Tn+41

as k — 0. The shift b is chosen so the exponential term above is independent of
k
We determine ¥, in terms of y, as we restrict orbits {z,,y, + ib} of the
map (5.6) to the invariant manifold. Consider the expansion x,.; in powers of
e 2™ substituting to (5.6) we obtain the following formula for the iterations of
the limiting mapping on the invariant manifold
1 o 1]
Ynt1 = Yo — € =

(1= ) s (5.7)

for yo € Do = {y : |Ry — %\ < 7,8y < —C'} Solving approximating flow of the
above recurrence equation enables to find a function ¥ : C — C

14+ J

U(y) =2(1— J)e*™ —
(y) =2(1—J)e T

Y (5.8)

such that
qj(yn+1) - \Il(yn) ~ 1

Both limits lim,, .+ ¥(y,) — n exist and are analytic functions which are related
to the complex analytic continuations of real functions g, hy defined in step 1.

Glyo) = lim W(y,)—n
_ (5.9)
H(yo) = lim W(y,) —n

The exact relationship between those limits and their counterparts g; , and hy
is given in [11] in Lemma 4.5.
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From definition (5.5) of o} we can write the following equalities for the r-th
Fourier coefficient of oy (u)

ug+1
o-(k) = / (o(u) —u)e*™ ™ du

uo

#1 ‘
- /¢ (hs(&) — Gus(@)F 5@ gt (H)do

0
which implies by Lemma 4.5 in [11]

mr(l— 21 y1 -
lim o, (k) =2 = o 17 / (H(y) — Cly)) @™ OO (y)dy  (5.10)

Yo

where yo = G~ (ug) and y; = G~ (ug + 1).
_2r(1-J)

Ask — 0, |o,41] = O(e” * 0,(k)) and we obtain

max or(u) — Inin ok(u) ~ 401 (k)]

hence the length of the interval

—2n(1-J)

1By — Bi| ~ e & A(J)

where

™I B(J) (5.11)

and

/ " H(y) — G O0G (y)dy

Yo

which gives the estimation of the interval /1 in 2, where the map (5.1) is periodic
on the invariant circle. !

5.3 Change of Coordinates

In this section we consider the map (5.6) in different variables and formulate
analogous results to previous section. We focus our attention on the limiting
behaviour of the constant A(J) as J — 1 and relate it to Theorem 5.2.1 and to
(5.3).
Note that after the change of variables x = %z, y = £1n(2iv) the map (5.6)
becomes
Znt1 = J2n + UZ

B (5.12)

which we denote as f;.
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The Jacobian of the map (5.12) at the origin is equal to

J 0
i
so (0,0) € C x C is a nonhyperbolic fixed point. We consider the map on the
improper unstable manifold (see page 17 for definition).

We find the expansion of the unstable manifold at origin by substituting z =
> a;v to z,41 in (5.12) and comparing same order terms

1, 2, 6(1+J) 4 16(4J2+13J+4) 4

T3¢ —mv —i—mv - 3T ) v® + 0" (5.13)

z =

We approximate iterations of the map f; on the unstable manifold by substituting
2 t0 vpy41 in (5.12) and we obtain

Unt1 = Un + A0} 4+ Asv) + Agv) + Agvl) + O(v))) (5.14)
_ 1 _ _1-5J _ 49J2422J+1 _ T729J3+1565J24392J—1)
where A; = 1—J° Ay = 2(1—J)3’A3 — T 6(1-J) Ay = — 24(1—=J)7

We are seeking for the mapping ¢(v) : C — C, such that
O(vns1) — B(va) = 1+ O()
First we consider the flow approximating the map (5.14)
v = A1U3 + A2U5
we integrate
| w
———dv
A1U3 + A2U5

1-J 1+4+J
o1(v) = — 507 +1_J1nv

We observe that the following holds

G1(Vns1) — P1(vn) =1+ O(UZ)

and obtain

In order to find more accurate approximation we consider
qb(U) = ¢1(U) + 0611)2 + OCQU4

and find that for oy = =2 and a, = LSBT the following holds

P(Uny1) — @(vn) =1+ O(US)

for
1-J 14J
ov) =——5 +7 j_L 7 o+ arv’ + axe? (5.15)

To obtain approximation to a given order v we need to consider the expansion
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of order v*™*2 of the unstable manifold (5.13).
By argument similar to [11] it can be shown that both limits exist

H(v) = lim ¢(v,) —n

G(v) = lim_o(u) —n
Note that these functions play similar role to functions g and h defined in Chapter
1 and satisfy (1.7) and (1.9) exactly.
We denote f(y) = —%e‘”y and state the following lemma, which relates these
limits for the map (5.12) in (z,v) variables to the corresponding limits for the
map (5.6) in (x,y) variables.

Lemma 5.3.1. For yy € Dy and vy € Vo = f(Dy) the following approximations
hold

1+J
1-J

H(yo) = H(vo) + 1 i i In(27) + o(1) (5.17)

G(yo) = G(vo) +

In(2i) 4 o(1) (5.16)

where functions G(y) and H(y) are defined in previous section in (5.9).

Proof. From (5.8) it follows that for yo € Dy

1+ J

Glyo) = ¥(y) =0 =2(1 = e — =

miy —n+o(1)

We substitute y in terms of v, simplify and obtain

1+J 1+J

‘Il(y)—n:qb(v)—l—1_J1n(2i)—n=g(vo)+1_J

In(24) + o(1)
for vy € Vp, which gives relation (5.16). Argument for relation (5.17) is similar
and is omitted. O

We now use Lemma 5.3.1 to reformulate (5.11) with a different constant. We
relate the above results to the constant A(J) in Theorem 5.2.1 and state the
following

Proposition 5.3.1. There is a constant E(J) , such that the width of the interval

1+J

1By — By ~ 82" ez 127 B(.J) (5.18)

for k — 0.

62



Proof. 1t follows from Lemma 5.3.1 that

B(J) = / () - G(y)}emG@)G/(y)dy]
- |/ ) — G E g ()
= e [ ) - GG s
= e”Q%E{;)
where o
B = | [ 1) - 609G ) (5.19)
It follows from (5.11) that )
A(T) = 8 5 T E()) (5.20)
which by Theorem 5.2.1 implies (5.18). 0

In the next section we study limiting behaviour of the constant £ (J) as J — 1.

5.4 Relation with the Semistandard Map

In this section we relate the dissipative map (5.12) to the semistandard map and
we establish the limiting behaviour of the constant £(.J) when J — 1. We outline
the main points of the argument relating the constant E(J) to the constant pq
introduced in Chapter 3. We omit the details as the argument is similar to the
proof of Theorem 4.8.1 presented in Section 4.8.

Close to the origin the dissipative map (5.12) can be approximated by the
flow

i=(J—1)z+2°

. (5.21)
v =wvz
We apply the scaling to eliminate the parameter J
Z =(1-J)"
V =1-J) (5.22)
T =(1-J)t
and obtain
Z=—7Z+V?
i (5.23)
V=VZ

For large values of V, Z is small relative to V2 and solution curves of the
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system (5.23) can be approximated by solution curves of the flow

Z=V’

. (5.24)
V=VZ

which is the first order approximating flow of the semistandard map (3.2). The

solution curves of the flow (5.24) are Z? — V2 = (', which gives Z = V2 + C.

This implies that the solutions of the system (5.23) can be approximated by

C

Z_V+2V+... (5.25)

hence parametrised by C. Note that the error of this approximation is larger
than = term as we shall see later in (5.35).

We investigate the impact of scaling (5.22) on the constant F(.J) involved in
the estimate of the width of the Arnold tongue. After the scaling the family of
dissipative maps (5.12) converges to the semistandard map (3.2). By Remark
2.1.3 one could construct the sequence of flows approximating the dissipative
map and it would converge to the approximating flow of the semistandard map.
Similarly to previous chapter we approximate the map using the flow. As we only
give an outline of the argument we use the first order approximating flows (5.21)
and (5.23).

Similarly to argument in Section 4.8 one needs to relate the manifold of the
dissipative map to the manifold of the semistandard map. Denote v;(t) the
unstable manifold of the map (5.12) and ~,(¢) the unstable manifold of the semi-
standard map. One can show by following the proof of Proposition 4.8.1 that
after appropriate real shift in time s; the manifolds v; and vy can be matched
on a specific region in C

lim Vot +s75) =(0). (5.26)

Recall function F' defined in Section 3.1. It follows from Proposition 3.1.2 that
F(v0(t)) ~ poe™2™. Relation (5.26) implies that F(v,(t)) ~ e~ 2¢=52) where
Lo is the constant introduced in Chapter 3. Denote ¢ = z? — v?, approximation
to the solution of (5.21) and observe that ¢ is approximately F' hence we obtain

c(7a(t)) ~ poe >, (5.27)
Since v;(t) = G~*(t) the analogue of function ¢ (1.6) defined in (5.19) is
[H(75(8)) = t| ~ e ™ E(]) (5.28)

To measure oscillation of the of |H(7y,(t)) — t| we regard it as a time shift on the
orbits of the system (5.23) from the origin to infinity. To apply (5.27) we need
dependence of time T on C. As time from the origin to infinity is infinite, we
fix a point (V, Z) for each C, such that |Z?| + |V?| = § on the orbit close to the
fixed point. We define T' = f5(C), a finite measure of time along the orbit from ¢
to infinity. For C' corresponding to the unstable manifold of (5.23) we define the
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constant

d= (lsin% 15(0). (5.29)
Observe that d can be approximated by d ~ g—g and that % = g—;g—g%. From

the scaling (5.22) we obtain
AC=AZ* -V =(1-J) AR —v?) ~ (1 —J) *Ac

which implies
At
—xd(l1-J)
A Al =J)

Hence from (5.27) the time shift from § to infinity is approximately
d(1 — J) B pge2rit=ss), (5.30)

We combine (5.30) and (5.28) and obtain the following
Proposition 5.4.1. For the constant d defined above the following holds

lim d (1 — J)PE(J) = | o (5.31)

J—1

From relation (5.20) and Proposition 5.4.1 follows
Corollary 5.4.1.

A A
lim T A) (1= I = | (5.32)

One can show that Theorem 5.2.1, formula (5.3) and Corollary 5.4.1 imply

Theorem 5.4.1. The width of the interval in parameter ) where there is n-
periodic orbit of the map (5.1) on the invariant circle is

kn® , 1-g

7l_2
lim lim lim |72 (k) FeT 1t (1— )2 = | (5.33)

J—1k—0n—oo n %6

The rigorous proof of the heuristic argument sketched in this section leading

to the statement in the theorem above is expected to follow analogous argument

to the one in Section 4.8. Proposition 5.4.1 is supported by numerical results
which we discuss below.

5.5 Numerical Results

In this section we explain numerical calculations of the constants C, d and E(.J).
First we consider the system (5.23) and find expansion of the unstable manifold
at (0,0).

Z =V?*-2V* + 12V° — 112V® 4 1360V'° 4+ O(V'?) (5.34)

Now we improve the approximation (5.25) of the solution of the system (5.23) for
large values of V. We take (5.25), calculate Z, substitute to (5.23) and compare
same order terms to obtain next term in the expansion. By repeating the process
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iteratively it follows that

1 2 3-05C C C+1
Z =V —-1+1 4 7
V=1+(v) (V MATERITE ) v Ty 5.35)
24+ 1.5C — 0.125C2 , 18 L '

which gives us the approximation of the unstable manifold of the system (5.23).

In order to compute the constant C' corresponding to the unstable manifold
we solve the system (5.23) starting close to (0,0) on the unstable manifold (5.34)
until we reach large values of V', where Z is or order V' and we find C' = —1.832
iteratively from (5.35). The program constant_C. c is included in the Appendix.

We look at the change in time as a function of change in the orbits, g—g First
we find expansion of T" in terms of V. For small values of V' we substitute (5.34)
to V in (5.23) and obtain

av

-5 = V3 -2V 4 12V7 — 1129 + 1360V + O(V1'3)

which implies

dT
YA V342U 8V 4 72V — 896V° + O(VT). (5.36)

We integrate the above and obtain expansion of time
T =¢(V)+O(VF)
for V' small, where

448

1
o(V) = —51/—2 +2InV —4V? 4 18V* — TV6 (5.37)

Similarly for large values of V we substitute (5.35) to V in (5.23) and obtain
approximation of time

T=®V)+0V™?
where

1 1, 3mV-2+15C 4V +1+2C
V)=~ g5t e + e (5.38)

As for large values of V' time expansion is the explicit function of C' and V is
independent of C' to find g—g we differentiate (5.38) with respect to C' and obtain

0P 1 1 0.3In(V)  0.94 —0.15C 6
— = — ow 5.39
oc  6V3 + 214 Vs + Vs +0( ) ( )
We approxnnate o= by a¢ for small values of V. To compute % we take a
different approach. We denote X = gg, Y = 2% and observe that = g—“ﬁg—g,
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which by (5.36) implies

)
5%::xxv—3+2v—P—8v+JQv3—smﬂﬁ) (5.40)

We compute (5.40) by solving the system

Z=—Z+V?

V=VZ

. (5.41)
Y =-Y +2VX

X=YV+XZ

starting at (V, Z) on the unstable manifold (5.35), for X = 0 (as V' is independent
of C') and Y calculated from (5.35), until we reach V' close to 0, where we calculate
% from (5.40).

Finally to estimate the effect of a difference in orbits, which are parametrised
by C, on the change in time for the flow (5.23) we add 9% calculated at the starting
point and % calculated at the final point. We obtain the constant d defined in
(5.29), such that |d| = 2.153 and the program constant_d.c is included in the
Appendix.

We use the results for the flow to produce numerical results for the iteration
of the map (5.12). We discuss remaining numerical computations supporting
Theorem 5.4.1.

We choose point (v, z) on the invariant circle, v satisfies (5.15) and z is calcu-
lated using the expansion (5.13). We iterate the map (5.12) for a range of values
b = Qv and approximate the integral (5.19) using (5.15) in a similar way to the
calculation of the constant py.

The limiting constant has been calculated in E_J. ¢ program, which is included
in the Appendix and the results for the constant E(J)(1 — J)* and D(J) =
E(J)(1 — J)3d~" are included in Table 5.1.

We observe that D(J) tends to the constant g related to the semistandard
map computed in program mu_0, which supports (5.31).
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Table 5.1: Numerical results of E_ J.c program

J b EJ)(1-J)* D(J)
0.90 2.0 1152.92 535.50
0.90 3.0 1152.92 535.50
0.90 4.0 1152.97 535.52
0.92 2.0 1162.39 539.89
0.92 3.0 1162.39 539.90
0.92 4.0 1162.52 539.95
0.94 2.0 1171.94 544.33
0.94 3.0 1171.94 544.33
0.94 4.0 1171.87 544.30
0.96 2.0 1181.54 548.79
0.96 3.0 1181.55 548.79
0.96 4.0 1181.55 548.79
0.98 2.0 1191.21 553.28
0.98 3.0 1191.23 553.29
0.98 4.0 1191.24 553.29

After a slight modification the program computes the constant £(0) = 1114.63,
which after appropriate change of coordinates is related to the constant I' =
649.97 introduced in [9] and we note that the results of the program are consis-

2
tent with relation (see [11]) ' ~ 87%e~ 2 E(0).
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Chapter 6

Conclusion and Further Research

In this thesis we studied the extended standard family of maps, which exhibits
rich and universal dynamics and is a model system for classical families of maps.
We established the width of the separatrix splitting region and provided heuristic
argument for the width of Arnold tongues. We provided numerical results to
support our findings.

We conclude our discussion with some directions of future research. In Chap-
ter 4 we studied the width of the splitting region in parameter space near the
curve W, another possibility is to study homoclinic intersection line in the (a,b)
plane, where b = 0.

We also conjectured existence of singularity for the flow (4.4), potential subject
of further research would be to prove the conjecture or support it by numerical
verification.

Results of Chapter 4 can be extended further to more general families of
maps. An example extension of the extended standard map (4.1) is the inclusion
of nonlinear term in z, and the map

Tpt1 = YTp — aa:i +w +e€sinb,
6n+1 = en + Tp+1
can be approximated by the flow studied in [5] (p. 79).
Last but not least one could rigorously prove results sketched in Chapter 5

and refine numerical calculations by using higher order approximating flow to
improve approximation to the semistandard map.
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Appendix

Program sigma_ 1.c

#include <math.h>
#include <stdio.h>
#include <complex.h>
/* Compute constant \sigma_1 */
main()
{ int i,j,k,m,n;
double b,N;
complex s,sig,sigma,S,z;

N = 100;
n = 500;
b = 3.2;

FILE *stream;
stream = fopen("sigmal_output.txt","w+");
for(k = 0; k < 8; kt+)

{ sigma = 0;
for(j = 0; j < N; j++)
{ s = j/N+Ixb;

z = 1/(n-s);

for(m = 0; m <= 10; m++)
/* Find z */
{ z = 1/(clog(z)-0.5%z+(1/3.0) *z*z-s+n) ;
}

/* Iterate the map */
for(i = 0; i <= 2*n; i++)
{ z = z+z*xz;
}
/* Calculate oscillation */
sig = cexp(-2*%M_PIxIks)*(-1/z+clog(z)-0.5%z+(1/3.0)*z*z-s-1n);
sigma = sigma+sig;
}
S = sigma/N;
/* Output the table */
fprintf (stream,"%.1f & %.2f & %.2f & %.2f\\\\\n",b,cabs(8),cimag(S) ,creal(S));
printf ("%.1f %f %f %f \n",b,cabs(S),cimag(S),creal(S));
b = b+0.1;
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Program mu_ 0O.c

#include <math.h>
#include <stdio.h>
#include <complex.h>
/* Compute constant \mu_0 */
main()
{ int i,j,k,M,N;
double Re,B,b,x;
complex w,z,v,F,mu,mu_O;

Re = -400;
N = 100;
M = 800;
B = 2.6;

FILE *stream;

stream = fopen("mu_O_output.txt","w+");

for(k = 0; k < 9; k++)
{ b = B+(0.1%k);

mu_0 = 0;
for(j = 0; j < N; j++)
{x=3j;

/*Initial condition for iteration*/

w = Re+x/N -Ixb;

/* Expansion of the unstable manifold */

z = -1/w - 1/(2xcpow(w,2)) - 1/(12*cpow(w,3)) + 1/(8*cpow(w,4)) +
193/(2160*cpow(w,5)) - 59/ (846%cpow(w,6)) - 6883/(60480*cpow(w,7))
v = 1/w - 1/(8*cpow(w,3)) + 209/(3456*cpow(w,5)) -

8611/ (138240*cpow(w,7));

/* Iterate the semistandard map */

for (i = 1; i <= M; i++)
{ z = z+v*v;
v = vxcexp(z);

}

F = z*x(z+v*v)-v*v-(1/6.0) *cpow (z* (z+v*v) ,2) ;

mu = cexp(2*M_PI*I*(w+M))*F;
/* Calculate constant mu_0 */
mu_0 = mu_O+mu;
}
/* Output the table */

fprintf (stream,"%.1f & %.8f & %.8f & %.0f\\\\\n",
-b,cabs (mu_0) /N, cimag(mu_0/N) ,creal (mu_0/N));

printf("%.1f,%.8f,%.8f,%.8f\n",

-b,cabs(mu_0) /N, cimag(mu_0/N),creal (mu_0/N)) ;
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Program separatrix__splitting.c

#include <stdio.h>
#include <math.h>
double a,c,L_a;
double delta = 0.01;
double y_1,y2,z1,2z2,T1;
/* Calculate the difference between manifolds for a given $a$ and $b$*/
double difference(double b)
{ int i,j,n,k,1,N;
double h1,h2,L;
double T2,y,rT1,rT2,ry2,ryl,rzl,rz2;
double c1,cl11,c2,c21,c3,c31;
double ki11,k12,k13,k14,k21,k22,k23,k24,111,112,113,114,121,122,123,124;
N = 20000;
L = 2*%M_PI-2*delta;
hl = L/(2%N);
h2 = -L/(2%N);
/* Define coefficients of expansion of the unstable manifold of $\theta_0$ */
cl = (-0.5)*b+(0.5)*sqrt (b*b+4*cos(asin(-a)));
c2 = ((-0.5)*(-a ))/(b+3xcl);
c3 = ((-1/6.0)*(12*c2*c2+cos(asin(-a))))/(4*cl+b);
/* Define coefficients of expansion of stable manifold of $\theta_0+2\pi$ */
c11 = (-0.5)*b-(0.5)*sqrt (b*b+4*cos(asin(-a)));
c21 = ((-0.5)*(-a ))/(b+3%cl1l);
c31 ((-1/6.0)*(12*c21*c21+cos(asin(-a))))/(4*cll1+b);
/* Initial condition near $\theta_0$ */
T1 = asin(-a)+delta;
y_1 = ci1x(Ti-asin(-a))+c2*pow((T1-asin(-a)),2)+c3*pow((Tl-asin(-a)),3);

z1l = 0;

rTl = 0;
ryl = 0;
rzl = 0;

/* Initial condition near $\theta_0+2\pi$ */

T2 = 2+«M_PI+asin(-a)-delta;

y2 = c11x(T2-asin(-a)-2*M_PI)+c21*pow((T2-asin(-a)-2*M_PI),2)
+c31*pow ((T2-asin(-a)-2*M_PI),3) ;

z2 = 0;
rT2 = 0;
ry2 = 0;
rz2 = 0;

/* Integrate the real system using rk4 algorithm to compute $b$ and $c$*/
for (i = 0; i < Nj; ++i)
{ k11 = hi*((a-b*y_1+sin(T1))/y_1);
k12 = hi*(a-bx(y_1+k11/2)+sin(T1+h1/2))/(y_1+k11/2);
k13 = hix(a-b*(y_1+k12/2)+sin(T1+h1/2))/(y_1+k12/2);
k14 = hi*(a-bx(y_1+k13)+sin(T1+h1))/((y_1+k13));
ryl = (k11+2*(k12+k13)+k14)/6;
111 = hix((-zlx(a+sin(T1))/(y_1*xy_1))-1);
112 = h1*((-(z1+111/2)*(a+sin(T1+h1/2)) )/(pow((y_1+k11/2),2))-1);
113 = hi*((-(z1+112/2)*(a+sin(T1+h1/2)) )/(pow((y_1+k12/2),2))-1);
114 = h1*((-(z1+113/2)*(a+sin(T1+h1/2)) )/(pow((y_1+k13),2))-1);
rzl = (111+2%(112+113)+114)/6;
T1 T1+h1;
y_1 = y_1+ryl;
z1l = zl+rzl;
k21 = h2*((a-b*y2+sin(T2))/y2);
k22 = h2x*(a-b*(y2+k21/2)+sin(T2+h2/2))/ (y2+k21/2);
k23 = h2*(a-b*(y2+k22/2)+sin(T2+h2/2))/ (y2+k22/2) ;
k24 = h2x*(a-b*(y2+k23)+sin(T2+h2))/((y2+k23));
ry2 = (k21+2%(k22+k23)+k24)/6;
121 = h2*((-z2*(a+sin(T2))/(y2*y2))-1);
122 = h2*( ( -(z2+121/2)*(a+sin(T2+h2/2)) ) /(pow((y2+k21/2),2)) -1);
123 = h2%((-(22+122/2) * (a+sin(T2+h2/2)) )/ (pow((y2+k22/2),2))-1);
124 = h2*((-(z2+123/2)* (a+sin(T2+h2/2)) )/ (pow((y2+k23),2))-1);
rz2 = (121+2%(122+123)+124)/6;

T2 = T2+h2;
y2 = y2+ry2;
z2 = z2+rz2;
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/* Output difference between manifolds at $\theta_O+\pi$ */
return y2-y_1;
}
/* Define sign of a number */
int signum(double x)
{ int sig;
if (x > 0) { sig = 1;}
else if (x < 0) { sig = -1;}
else {sig = 0;}
return sig;
}
main ()
{ int ii;
FILE *stream;
stream = fopen("manifold_splitting_output.txt","w+");
/* Compute $b$ giving a homoclinic orbit for a range of $a$
using bisection method with accuracy epsilon */
for (ii = 0; ii < 21; ii++)
{ a=1i/20.0;
double bl = ax(M_PI/4-0.1);
double b2 = 2xbi;
double epsilon = 1le-10;
double ri1,r2,r;
int s = signum(ril)+signum(r2);
rl = difference(bl);
r2 = difference(b2);
do
{ r = difference(0.5%(b1+b2));
if (signum(rl) == signum(r)) { bl = 0.5%(b1+b2);}
else if (signum(r2) == signum(r)) { b2 = 0.5%(b1+b2);}
else { break;}
}
/* Integrate complex system */
while(fabs(r) > epsilon);
int j;
double ReH,M;
_Complex double H,Theta,Y,rY,t,rt,K1,K2,K3,K4,K11,K12,K13,K14;

ReH = 0.001;

H = csqrt(-1)*ReH;
M = 100000;

Theta = T1;

Y =y_1;

t = 0;

rt = 0;

/* Integrate the complex system using rk4 algorithm to compute $A_a$ */
for (j = 0; j < M; ++j)
{ K1 = Hx((a-b1*Y+csin(Theta))/Y);
K11 = H/Y;
K2 = H*((a-b1*(Y+K1/2.0)+csin(Theta+H/2.0))/(¥+K1/2.0));
K12 = H/(Y+K1/2);
K3 = H*((a-b1*(Y+K2/2.0)+csin(Theta+H/2.0))/(¥+K2/2.0));
K13 = H/(Y+K2/2);
K4 = H*((a-bl*(Y+K3)+csin(Theta+H))/(Y+K3));
K14 = H/(Y+K3);
rY = (K1+2x(K2+K3)+K4)/6.0;
rt = (K11+2*(K12+K13)+K14)/6.0;
Theta = Theta+H;
Y = Y+rV;
t = t+rt;

}
c = (z2-z1)*y_1;
/* Calculate constant $\Lambda$ */
L_a = (8.0/(c))*cexp(((M_PI/2.0)*cimag(t)+creal(t))*bl);
/* Output the table */
fprintf(stream,"%.2f & %f & %f & % & %f & %AE\\\\\n",
a,bl,c,creal(t),cimag(t),L_a);
printf ("a=%.2f,b=)f,c=)f ,Re_t=%f,Im_t=);f ,Lambda=%f\n",
a,bl,c,creal(t),cimag(t),L_a);
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Program constant_ C.c

#include <stdio.h>
#include <math.h>
main()
{ int i,j,k,n;
double C,z,v,rz,rv;
double h,k11,k21,k12,k22,k13,k23,k14,k24;

n = 1000000;

h = 0.01;

v = 0.05;

z = vkv-2*pow(v, 4)+12xpow(v, 6)-112*pow(v, 8)+1360*pow(v,10);
rz = 0;

rv = 0;

/* Integrate the system further */
for (k = 0; k < 3; k++)
{rz = rz;

rv = rv;
v = v;
z = z;

/* Integrate the system using rk4 algorithm */
for (i = 0; i < n-1; ++i)
{ k11 = hx(-z+v*v);
k21 = h*(zxv);
k12 = h*(-(z+k11/2)+(v+k21/2) *(v+k21/2) ) ;
k22 = h*((z+k11/2)*(v+k21/2));
k13 = h*x(-(z+k12/2)+(v+k22/2)* (v+k22/2));
k23 = h*x((z+k12/2)*(v+k22/2));
k14 = h*(-(z+k13)+(v+k23) * (v+k23)) ;
k24 = h*((z+k13)*(v+k23));
rz = (k11+2x%(k12+k13)+k14)/6;
rv = (k21+2x(k22+k23)+k24)/6;
z = ztrz;
vV = virv;
/* Use different step size to increase accuracy */

if (v < 10)
{h =0.001;
}
else
{ h = 0.0000001;
}

C = 2x(z*xvxv-pow (v, 3)+vkv-v*log(v)-2xlog(v)-1)/(2+v) ;
for (j = 0; j < 100; j++)
{ C = 2*v*(z-v+1-log(v) /v-2%log(v)/(v*v)-(C+1)/(v*v) +0.5%(log(v)*log(v))/(pow(v,3))
-(3-0.5*C)*1og(v) / (pow(v,3))-(2+1.5%C-0.125*C*C) / (pow(v,3))) ;
}
}
n = 100000;
printf ("%f,%E,%E, %L, % \n" ,z,rz,v,rv,C) ;
}
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Program constant__d.c

#include <stdio.h>
#include <math.h>
#include <complex.h>
main()
{ int i,j,n;
double C,h;
complex z,v,dz,dv,rz,rv,rdz,rdv;
complex ki11,k21,k12,k22,k13,k23,k14,k24;
complex kdi11,kd21,kd12,kd22,kd13,kd23,kd14,kd24;
complex d,d_test,dphi,dphilL,phi,phiL;

C = -1.832;

n = 10000000;

h = 0.0000001;

v = -100;

z = v-1+clog(v)*((1/v)+(2/ (vkv))+(3-0.5%C) / (vkv*v))+(0.5%C/v)

+((C+1) / (v*v) ) +(2+1.5*%C-0.125%C*C) / (v¥v*v) -0.5%clog (v) *clog(v) / (v¥v*v) ;
dv = 0;
dz = (-0.5xclog(v))/(vxv*v)+(0.5/v)+(1/(v¥v))+(1.5-0.25%C)/ (v¥v*v) ;
dphil = 1/(6.0%cpow(v,3))+1/(2.0*cpow(v,4))+(0.94-0.3*clog(v)-0.15%C)/cpow(v,5);
/* Integrate the system using rk4 algorithm */
for (i = 0; i < n-1; ++i)
{ k11 = h*x(-z+v*v);

k21 = h*(z*v);

k12 = h*(-(z+k11/2)+(v+k21/2) *(v+k21/2));

k22 = h*((z+k11/2)*(v+k21/2));

k13 = h*x(-(z+k12/2)+(v+k22/2) * (v+k22/2) ) ;

k23 = h*((z+k12/2)*(v+k22/2));

k14 = h*x(-(z+k13)+(v+k23) *(v+k23)) ;

k24 = h*x((z+k13)*(v+k23));

rz = (k11+2*(k12+k13)+k14)/6;

rv = (k21+2%(k22+k23)+k24)/6;

kd11l = hx(-dz+2*v*dv) ;

kd21 = hx(dv*z+dz*v) ;

kd12 = h*(-(dz+kd11/2)+2*(v+k21/2)* (dv+kd21/2)) ;

kd22 = h*x((dv+kd11/2)*(z+k11/2)+(dz+kd11/2)*(v+k11/2));

kd13 = h*(-(dz+kd12/2)+2* (v+k22/2) * (dv+kd22/2)) ;

kd23 = h*((dv+kd12/2)*(z+k12/2)+(dz+kd12/2) * (v+k12/2));

kd14 = hx(-(dz+kd13)+2*(v+k23) *(dv+kd23)) ;

kd24 = h*((dv+kd13)*(z+k13)+(dz+kd13)*(v+k13));

rdz = (kd11+2*(kd12+kd13)+kd14)/6;

rdv = (kd21+2*(kd22+kd23)+kd24)/6;

z = z+rz;

vV = V+rv;

dz = dz+rdz;

dv = dv+rdv;

if (cabs(v) < 10)

{h =0.001;
}
else
{ h = 0.0000001;
}

}
dphi = dv*(1/(cpow(v,3))+2/(v)-8*v+72*cpow(v,3)-2*448*cpow(v,5)) ;
d = dphi+dphilL;
printf ("%f,%E, %L, %L, %E,%E ,%E\n" ,creal (v) ,cimag(v) ,creal(z),cimag(z) ,creal(d),cimag(d) ,cabs(d));
¥
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Program E_ J.c

#include <math.h>
#include <stdio.h>
#include <complex.h>
/* Compute limiting behaviour of the constant E_J */
main()
{ int i,j,k,1,m,n;
double d,J0,J,al,a2,a3,a4,B,b,x,N,D,DJ;
complex z,v,s,E,e;
FILE *stream;
stream = fopen("E_J_output.txt","w+");
d = 2.153;
JO = 0.9;
for(l = 0; 1 < 5; 1++)
{ J = J0+(0.02%1);

al = (J-1)/2;
a2 = (J+1)/(1-1);
a3 = (1+10xJ+pow(J,2))/ (3*pow((J-1),3));
a4 = (pow(J,3)+35*pow(J,2)+35*J+1)/(4*pow((1-J),5));
N = 50;
n = 10000;
B = 2;
for(k = 0; k < 3; k++)
{b=B+k);
E = 0;
for(j = 0;j<N;j++)
{x=73;
s = x/N +Ixb;
v = (al/(s-n));
for(m = 0; m <= 20; m++)
{ v = csqrt((-a1)/(a2xclog(v)+a3*v*v+ad*cpow(v,4)-s+n)) ;
}
z = ((v¥v)/(1-3))-(2*cpow(v,4))/(pow((1-J),3))-6*(J+1) *cpow(v,6) / (pow((1-J),5))
-16% (4% J*J+13%J+4) *cpow(v,8) / (3.0*pow((1-J),7));
for(i = 0; i <= 2*n; i++)
{ z = J*xz+v*v;
v = v*cexp(z);
e = cexp(-2*M_PI*Ix*s)*((al/(v*v))+a2*xclog(v)+al3*v*v+ad*cpow(v,4)-s-n);
E = E+e;
}
D = pow((1-J),3)*cabs(E)/N;
DJ = D/4d;
fprintf(stream,"%.2f & %.1f & %.2f & %.2f\\\\\n",J,b,D,DJ);
printf ("%.2f %.1f %.2f ’%.2f\n",J,b,D,DJ);
}
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