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A B S T R A C T

In some special cases the denominator identities of generalised Kac-

Moody algebras are automorphic forms on orthogonal groups. This

project gives an overview of the fundamental concepts of Lie algebras,

vertex algebras and automorphic forms and then proceeds to discuss

the recent classification results on generalised Kac-Moody algebras and

automorphic forms.
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P R E FA C E

The study of generalised Kac-Moody algebras, vertex algebras and

automorphic forms requires a great deal of mathematical maturity in

several fundamental areas. I believe that it is an exciting area of new

mathematics and I intend to give an overview of some of the important

results.

The first chapter begins by reviewing the classification of finite-

dimensional simple Lie algebras to get a feeling for the more general

infinite-dimensional case and how those Kac-Moody algebras can be

obtained. Next, we introduce the notion of a vertex algebra in the second

chapter and give an introduction to modular forms. These concepts will

later on be combined with the idea of the moonshine for the monster

in the third chapter and will allow us to discuss recent classification

results of generalised Kac-Moody algebras and automorphic forms in

the fourth chapter.

The first chapter is intended to be accessible for the keen final-year

undergraduate mathematician. From then on, the project demands a

greater mathematical maturity of the reader. Given an article of this

length, it is not possible to avoid making certain assumptions, but it is

hoped that the depths of the results can still be appreciated.

All in all, I hope to have composed a dissertation that not only

illustrates the fascinating intersection of these diverse mathematical

disciplines, but can also be appreciated by postgraduates working in

this area, as well as lecturers.
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1
L I E A L G E B R A S

"Grau, teurer Freund, ist alle Theorie,

Und grün des Lebens’ goldner Baum."

— Johann Wolfgang von Goethe, Faust I

Since generalised Kac-Moody algebras are natural generalisations

of finite-dimensional simple Lie algebras, this chapter will review the

well-known results for finite-dimensional Lie algebras and explain how

we can then derive the infinite-dimensional case.

1.1 finite-dimensional lie algebras

1.1.1 Introduction to Lie algebras

Let us begin by defining a Lie algebra.

Definition 1.1.1. A Lie algebra g is an algebra with a bilinear map:

(x, y) 7→ [x, y],

the Lie bracket, satisfying [x, x] = 0, and the Jacobi identity:

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0,

for all x, y, z ∈ g.

The product [x, y] is often referred to as the commutator of x and

y. In fact, we will see that any associative algebra can be made into

a Lie algebra by defining the Lie bracket as [x, y] = xy − yx. Using

[x + y, x + y] = 0, we clearly see that [x, y] = −[y, x]. Throughout this

paper, the base field will always be C if not stated otherwise.

Similar to the notion of a subgroup and a normal subgroup in group

theory, we have that the subalgebra of a Lie algebra g is a subspace

1



2 lie algebras

k which satisfies [k, k] ⊆ k, and an ideal of g is a subspace h such

that [h, g] ⊆ h. Due to anti-commutativity, we have that every ideal is

two-sided.

Example 1.1.2. Let Mn(C) be the algebra of complex n× n matrices.

Together with the Lie bracket [A, B] = AB − BA with A, B ∈ Mn(C),

this gives us a Lie algebra. Also, sln+1, which are the elements of

Mn+1(C) with trace equal to 0 form a Lie algebra under the prescribed

product.

We can also form quotients if we consider a Lie algebra and its

ideals, calling g/h the quotient or factor algebra of g. Similarly, we

can talk about the kernel of Lie algebra homomorphisms and obtain

corresponding isomorphism theorems. A simple example is the isomor-

phism gln/sln ∼= F, where an element gets sent to its trace, i.e. to the

sum of its diagonal entries.

1.1.2 Cartan subalgebra and the Killing form

Before we define a Killing form to obtain more information about

semisimple Lie algebras using matrices, we should revisit the decom-

position of a g-module V into its weight spaces. Firstly, note that if h

is a subalgebra of a Lie algebra g, then the idealiser of h is the set of all

x ∈ g such that [h, x] ⊆ h.

Definition 1.1.3. A Cartan subalgebra of a Lie algebra g is a subalgebra

h which is nilpotent and equal to its own idealiser in g.

Now, given a Lie algebra g and a Cartan subalgebra h, we can regard

g as a h-module. Then since h is nilpotent, we obtain the decomposition

of g into weight spaces

g =
⊕
λ

gλ,

for the weights λ. Since one can show that h = g0, the null component,

we have

g = h⊕ gα ⊕ gβ ⊕ . . .

where α, β, . . . are non-zero weights.
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Definition 1.1.4. Consider g as a h-module. Then the non-zero weights

of the h-module g are called the roots of g and the composition above is

called the Cartan decomposition of g with respect to h.

The Cartan decomposition can also be written as g = h⊕ (
⊕

α gα),

calling gα the root space of α. Let us now introduce the notion of the

Killing form to get a better understanding of the Cartan decomposition.

Given two elements x, y ∈ g, the Killing form associates an element

κ(x, y) ∈ C by

κ(x, y) = tr(ad x ◦ ad y).

This implies that we can choose a basis and then just take the trace

from our matrices. The Killing form associates a number to matrices

independent from the choice of basis, because the trace of an operator

is independent of choice of basis. It is a symmetric bilinear form on g.

Moreover, the Killing form is invariant in the following sense

κ([x, y], z) = κ(x, [y, z]).

Define the linear map ad x : g → g by (ad x)(y) = [x, y]. Then ad x is

a derivation of g for every x ∈ g and the adjoint representation is defined

to be the mapping x 7→ ad x. We denote a derivation D from g to itself,

satisfying [x, y]D = [xD, y] + [x, yD] for all x and y in g.

Example 1.1.5. Let us have a look at the Killing form of sl2(C). The

standard basis consists of the three matrices e, f and h:

e =

0 1

0 0

 , f =

0 0

1 0

 , h =

1 0

0 −1

 .

It is an easy calculation to get [e, f] = h, [h, f] = −2f and [h, e] = 2e and

the adjoint representations of ad e, ad f and ad h:

ad e =


0 −2 0

0 0 1

0 0 0

 , ad f =


2 0 0

0 0 0

0 0 −2

 , ad h =


0 0 0

−1 0 0

0 2 0

 .

Now, we can compute the Killing form

κ(e, h) = tr(ad e ◦ ad h) = tr


2 0 0

0 2 0

0 0 0

 = 4,
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and relative to our basis e, h and f, obtain the matrix for κ with

det (κ) = −128: 
0 0 4

0 8 0

4 0 0

 .

Note that the Killing form is non-degenerate since its determinant is

non-zero.

Consider a subspace k of a Lie algebra g. Then we can define the

orthogonal complement k⊥ as the set of elements of g such that κ(x, y) = 0

for all y ∈ k. We now have a convenient way of expressing the non-

degeneracy of the Killing form. We define the Killing form to be non-

degenerate if and only if g⊥ = 0 and use this definition to state the

following theorem.

Theorem 1.1.6 (Cartan’s Theorem). A Lie algebra g is semisimple if and

only if the Killing form of g is non-degenerate.

Furthermore, we can decompose a semisimple Lie algebra into a

direct sum of simple Lie algebras which means that the classification of

semisimple Lie algebras will follow from the classification of the simple

Lie algebras. The classification takes advantage of the so called Dynkin

diagrams, but before taking a closer look at them, we will have to collect

some more facts about the Cartan decomposition and its roots.

Given h ∈ h, we can define h∗ : h → C by h∗(x) = κ(h, x) for all

x ∈ h. Sending h to h∗ can be seen as an isomorphism of vector spaces

between h and h∗. For each root α ∈ h∗ there exists a unique hα ∈ h

such that α(x) = κ(hα, x). Also, if α, β and α + β are roots, then

hα+β = hα + hβ and h−α = −hα.

The vectors hα span the Cartan subalgebra h. Moreover, hα is an

element of [gα, g−α] for any root α.

Furthermore, the dimension of the root spaces gα is 1 for any root α,

although the space h = g0 need not be one-dimensional. Let α and β

be two roots with β 6= ±α. The α-chain through β is the sequence

β − sα, . . . , β − α, β, β + α, . . . , β + tα,
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where β + tα and β − sα are roots, but β + (t + 1)α and β − (s + 1)α

are not. It can be shown that

2
κ(hα, hβ)

κ(hα, hα)
= s − t ∈ Z,

and furthermore that κ(hα, hβ) ∈ Q for all roots α and β [Car, pp.50-51].

In addition, if α and λα are both roots, for λ ∈ C, then λ = ±1. The next

section will put these results in context with the Cartan decomposition

to get one step closer to the classification result.

1.1.3 The Cartan matrix and Dynkin diagrams

The Cartan decomposition of a semisimple Lie algebra g is

g = h⊕
⊕
α∈∆

gα,

where ∆ is the set of roots. If we are given a basis for h, say {h1, h2, . . . , hl},

then we can denote by h0 the set of all rational linear combinations of

h1, h2, . . . , hl, where hα ∈ h0 for all roots α. Now, we want to put an

ordering on the roots as follows. Let

x = λ1h1 + λ2h2 + . . . + λlhl ∈ h0,

where we define x > 0 if the first non-zero λi is positive. Also, given

any two x, y ∈ h0, x > y if x − y > 0, and x < 0 when −x > 0. So for a

root α, we define α to be positive if hα is positive. Given two roots, α

and β, then α > β if hα > hβ.

Definition 1.1.7. A simple root is a positive root which cannot be ex-

pressed as the sum of positive roots.

From this definition, we get that every positive root is the sum of

simple roots and there are exactly l fundamental roots whose corre-

sponding vectors span h0, i.e. form a basis of h0 over Q. We can also

think of h0 as an inner product space over Q where the Killing form,

which is positive definite on h0, can be taken as an inner product. Defin-

ing the norm of x ∈ h0 to be equal to the square root of the Killing

form, i.e. |x| =
√

κ(x, x), then the angle θx,y between x, y ∈ h0 is given

by

κ(x, y) = |x||y|cos(θx,y).
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Also, the vectors which correspond to the simple roots will be denoted

by q1, q2, . . . , ql, where any two vectors are inclined at an obtuse angle.

Thus, {q1, q2, . . . , ql} is often referred to as an obtuse basis of h0.

Let us define the reflection in a root α by rα : h0 → h0 where

rα(x) = x − 2
κ(hα, x)

κ(hα, hα)
hα.

Definition 1.1.8. The Weyl group is the group generated by all reflections

rα.

We can now introduce the Cartan matrix and classify all such matrices

by classifying the associated Dynkin diagrams. In doing so we classify

the simple Lie algebras and hence the semisimple Lie algebras. Firstly,

the angle between any two vectors hα, hβ with α 6= ±β is one of the

following: π
6 , π

4 , π
3 , π

2 , 2π
3 , 3π

4 or 5π
6 . This can be seen from

2
κ(hα, hβ)

κ(hα, hα)
2
κ(hα, hβ)

κ(hβ, hβ)
= 4 cos2(θα,β),

recalling that

2
κ(hα, hβ)

κ(hα, hα)
∈ Z

and that 0 6 cos2(θα,β) 6 1. They have the same length if hα and hβ

are inclined at π
3 or 2π

3 . If the ratio of their lengths is
√

2, then they are

inclined at π
4 or 3π

4 , and if the ratio of their lengths is
√

3, then hα and

hβ are inclined at π
6 or 5π

6 . Note that we obtain no information about

their relative length if θα,β = π
2 .

Definition 1.1.9. For any two fundamental vectors qi, qj, define

aij = 2
κ(qi, qj)

κ(qi, qi)
.

The l× l matrix C = (cij) is called the Cartan matrix of g and the integers

cij are called Cartan integers. The Cartan matrix has the following

properties:

(i) cii = 2 for all i.

(ii) cij ∈ {0, −1, −2, −3} if i 6= j.

(iii) If cij = −2 or − 3, then cji = −1

(iv) cij = 0 if and only if cji = 0.
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A Dynkin diagram of a semisimple Lie algebra g is a graph with l

vertices where the ith vertex is joined to the jth vertex by a bond of

strength Nij = cijcji for i 6= j. In case the bond strength is greater

than one, there is an arrow pointing to the shorter of the two roots

so that the graph completely determines the Weyl group. The Dynkin

diagram is not necessarily connected, however, an arbitrary Dynkin

diagram is clearly the union of connected Dynkin diagrams. The Cartan

matrix splits up accordingly into blocks and the simple roots split up

into disjoint subsets which are mutually orthogonal. The split then

corresponds to the decomposition of the semisimple Lie algebra g as a

direct sum of simple Lie algebras. Thus, a semisimple Lie algebra g has

a connected Dynkin diagram if and only if g is simple. To determine the

distinct Dynkin diagrams it is important to introduce a quadratic form

which is defined in terms of the Dynkin diagrams. This real quadratic

form is called the angle form of g

l∑
i,j=1

ωijxixj where ωij =

 2 if i = j

−
√

Nij if i 6= j.

Note that ωijωji = cijcji. So the matrix ω = (wij) has 2s on the

diagonal and 0, −1, −
√

2, −
√

3 on the off-diagonal. Also, the matrix is

symmetric and entirely determined by the Dynkin diagram. Since a

quadratic form is said to be positive definite if all the leading minors of

its symmetric matrix (cij) have positive determinant, we have that the

angle form is positive definite.

The connected Dynkin diagram of any simple Lie algebra satisfies

the following conditions:

(A) The graph is connected.

(B) Any two distinct vertices are joined by a bond strength 0, 1, 2 or 3.

(C) The corresponding quadratic form is positive definite.

We wish to determine which graphs satisfy the conditions above and

which occur as Dynkin diagrams. By showing that the resultant list

has no redundant entries (i.e. all possible Dynkin diagrams obtained

give rise to simple Lie algebras), one obtains the classification of finite-

dimensional simple Lie algebras over C. The following picture shows
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the only graphs which satisfy our conditions, the classical Dynkin

diagrams.

Figure 1. Dynkin diagrams

We can now recover any simple Lie algebra from its Dynkin diagram

by reconstructing its Cartan matrix. The infinite families An, Bn, Cn

and Dn correspond to sln+1(C) the special linear group, so2n+1(C)

the odd orthogonal Lie algebra, sp2n(C) the symplectic Lie algebra,

and so2n(C) the even orthogonal Lie algebra respectively. The other

simple Lie algebras are called exceptional Lie algebras.

Theorem 1.1.10 (Cartan, Killing). With five exceptions, every finite-dimensional

simple Lie algebra g over C is isomorphic to one of the classical Lie algebras:

sln(C), son(C) and sp2n(C).

The five exceptional Lie algebras are known as E6, E7, E8, F4 and G2.

We will give an example of a simple root system and its correspond-

ing Cartan matrix.

Example 1.1.11. Let us look at the Dynkin diagram A2. There are two

fundamental vectors, say q1 and q2. Since the Dynkin diagram contains
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only single bonds, the Cartan matrix is uniquely determined and looks

as follows:  2 −1

−1 2

 .

We also know that |q1|2

|q2|2
= c21

c12
= 1 which implies that |q1| = |q2|. Also,

the angle satisfies

4 cos2(θ1,2) = c12c21 = 1,

which gives us θ1,2 = 2π
3 , because the fundamental vectors form an ob-

tuse basis. If we continue geometrically, then we draw the fundamental

vectors to scale and reflect them. Algebraically, we repeatedly apply the

fundamental reflections to the fundamental vectors until we obtain no

new vectors. Since we must also have the negatives of all vectors, this

gives us q1, −q1, q2, −q2, q1 + q2, −q1 − q2. There are six roots and

hence the dimension of A2 is 8. Also, it can be shown that (r1r2)3 = 1

and r2
1 = r2

2 = 1, which is a presentation of the symmetric group S3.

Thus, the Weyl group of A2 is isomorphic to S3.

A result by Serre reconstructs Lie algebras directly from its Cartan

matrix. In group theory, it is common to describe a group by generators

and relations that they satisfy. Serre’s construction can be seen as the

analogous case for Lie algebras. The standard generators ei, hi and fi

for i = 1, . . . , l satisfy the following properties:

(i) [ei, fj] = δijhi

(ii) [hi, ej] = cijej, [hi, fj] = −cijfj

(iii) (ad ei)
1−2cij/cii(ej) = 0 and (ad fi)

1−2cij/cii(fj) = 0 for i 6= j.

Serre’s theorem shows that the relations above entirely determine the

Lie algebra and, up to isomorphism, there is just one Lie algebra for

each root system.

Theorem 1.1.12 (Serre’s Theorem). Let C be a Cartan matrix of a root

system and g be a complex Lie algebra which is generated by the elements ei, hi

and fi for 1 6 i 6 l with the relations above. Then g is finite-dimensional

and semisimple with Cartan subalgebra h spanned by {h1, . . . , hl} and its root

system has Cartan matrix C.
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Let us again have a quick glance at the representations of these alge-

bras. We have seen that given a finite-dimensional simple Lie algebra,

a finite-dimensional representation decomposes into weight spaces,

where the representation is characterised by the highest weight in the

decomposition. We can calculate the irreducible characters of a simple

Lie algebra g by using Weyl’s character formula

char V =

∑
w∈W det(w)w(eρ+λ)

eρ
∏

α>0(1 − eα)
,

where W is the Weyl group, λ denotes the highest weight of the irre-

ducible representation and α runs over all positive simple roots. More-

over, if we apply Weyl’s character formula to the trivial representation,

then we obtain the so called denominator identity, i.e.

eρ
∏
α>0

(1 − eα) =
∑

w∈W

det(w)w(eρ).

1.2 infinite-dimensional lie algebras

If we apply the construction of complex semisimple Lie algebras given

by Serre’s theorem to a more general matrix instead of the Cartan

matrix, then we can construct new families of Lie algebras. In the finite-

dimensional case, the resultant Lie algebras are exactly those we have

already; the genuinely new Lie algebras are infinite-dimensional. We

define Kac-Moody algebras and generalised Kac-Moody algebras using

Serre’s relations and these generalised Cartan matrices.

1.2.1 Kac-Moody algebras

Recall that given a finite-dimensional simple Lie algebra g with Cartan

subalgebra h, g decomposes into a direct sum as follows

g = h⊕
⊕
α∈∆

gα,

where ∆ denotes the set of roots and the dimension of h is equal to l.
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The symmetrised Cartan matrix A = (aij) satisfies the following prop-

erties.

(1.) aii > 0

(2.) aij = aji

(3.) aij 6 0 for i 6= j

(4.) 2aij/aii ∈ Z.

(5.) A is positive definite.

Now, if we Apply Serre’s construction to a matrix which satisfies

conditions 1. − 4., but which is not necessarily positive definite, then

we obtain a Kac-Moody algebra. They are in general infinite-dimensional,

but their theory can be seen as similar to the finite-dimensional case.

Kac-Moody algebras can be classified under certain assumptions on

their Cartan matrices. If we assume that the determinant of the matrix

vanishes and the proper principal minors are positive or, equivalently,

that we have an indecomposable matrix A of rank l − 1, then the

construction gives us the affine Kac-Moody algebras. Similarly to the

finite-dimensional case, we have a character formula for Kac-Moody

algebras, which takes into account that the multiplicity of a root α,

i.e. the dimension of the root space gα, is here not necessarily 1. The

Weyl-Kac character formula is

char V =

∑
w∈W det(w)w(eρ+λ)

eρ
∏

α>0(1 − eα)mult(α)
, (1.1)

where mult(α) denotes the multiplicity of the root α. If we apply the

character formula to the trivial representation, then the character of

λ = 0 gives us e0 = 1 and hence the denominator identity looks as

follows

eρ
∏
α>0

(1 − eα)mult(α) =
∑

w∈W

det(w)w(eρ).

In general, Kac-Moody algebras can be decomposed into 3 classes,

namely finite-dimensional, affine and indefinite Kac-Moody algebras.

Without going into details, we can note that an affine Kac-Moody

algebra can be written as

g⊗C[t, t−1]⊕CK
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a tensor product of a finite-dimensional Lie algebras with the algebra

of Laurent polynomials in one variable and realised as a so called

loop algebra, which we shall meet in the next chapter. The denominator

identities of the affine Kac-Moody algebras give sum expansions of

infinite products.

Proposition 1.2.1. For complex z and q with z 6= 0 and |q| < 1, the denomi-

nator identity of the affinisation of sl2(C) is∏
n>0

(1 − q2n)(1 − q2n−1z)(1 − q2n−1z−1) =
∑
n∈Z

(−1)nqn2
zn,

the Jacobi triple product identity.

Sketch of the proof:

Take the denominator identity (1), which is valid for any symmetris-

able Cartan matrix. Then given the affinisation of sl2(C), its system of

all positive roots can be described in terms of the two fundamental

roots α1 and α2 as follows:

∆+ = {n(α1 + α2), (n − 1)α1 + nα2, nα1 + (n − 1)α2} for n ∈ Z.

The multiplicity of each root is equal to 1 and we can define two

variables z and q by z−1q = e−α2 , zq = e−α1 . Substituting this into

(1) and considering the action of the Weyl group on the roots, we get

1 +

∞∑
n=1

(−1)n(znqn2
+ z−nqn2

) =

∞∑
n=−∞(−1)nznqn2

,

which is equal to∏
n>0

(1 − q2n)(1 − q2n−1z)(1 − q2n−1z−1).

1.2.2 Generalised Kac-Moody algebras

Borcherds weakened the conditions on the symmetrised Cartan matrix

even further to obtain the generalised Kac-Moody algebras. If we have

matrices which satisfy condition 2., 3., 4. if aii > 0, then using Serre’s

construction yields the generalised Kac-Moody algebras.
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More formally, the real matrix A = (aij) satisfies the following

properties:

(1.) aij = aji

(2.) aij 6 0 for i 6= j

(3.) 2aij/aii ∈ Z.

The generalised Kac-Moody algebra, associated to A is then defined

as the Lie algebra with generators {ei, hi, fi} satisfying the following

relations:

(i) [ei, fj] = δijhi

(ii) [hi, ej] = aijej, [hi, fj] = −aijfj

(iii) (ad ei)
1−2aij/aii(ej) = (ad fi)

1−2aij/aii(fj) = 0

if aij > 0 for i 6= j.

(iv) [ei, ej] = [fi, fj] = 0 if aij = 0.

Note that the generalised Kac-Moody algebra is a Kac-Moody algebra

if all the diagonal entries of the matrix A are positive. The set of roots

∆ (as in the finite-dimensional case) can be written as the union of the

positive roots and the negative roots, i.e. ∆ = ∆+ ∪ ∆−. We say that

α ∈ ∆ is a real root if κ(α, α) is positive and is an imaginary root if κ(α, α)

is negative. Note that the standard definition of the Killing form cannot

be used, since the trace of an infinite-dimensional matrix is usually

not defined. Nevertheless, the problem can be fixed by imposing the

properties of invariance, symmetry and bilinearity. Let κ( , ) be a

symmetric, bilinear form on any Lie algebra g, invariant in the sense

that

κ([x, y], z) = κ(x, [y, z]), for x, y, z ∈ g.

If g is finite-dimensional, then κ( , ) is a multiple of the Killing form as

defined before.

Borcherds discovered a character formula for generalised Kac-Moody

algebras. The corresponding denominator identity is given by

eρ
∏
α>0

(1 − eα)mult(α) =
∑

w∈W

det(w)w(eρ
∑
α

ε(α)eα),
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where ε(α), for α in the root lattice, is (−1)n if α is the sum of n

pairwise orthogonal imaginary simple roots and 0 otherwise. We will

give further explanation of this in the next chapters, but want to em-

phasize that generalised Kac-Moody algebras can be seen as a natural

generalisation of the finite-dimensional case where imaginary roots are

allowed.

In Chapter 3 it will be shown that their denominator identities are

sometimes automorphic forms.



2
V E RT E X A L G E B R A S

"There is no point in having an idea that is so complicated that nobody can

understand it. I remember I used to give talks on vertex algebras, and usually

nobody turned up. Then there was this one time when I got a really big

audience. But there had been a misprint, and the title read "vortex algebras",

not "vertex algebras". The audience was made up of fluid physicists, and

when they realised it was a misprint, they weren’t interested either in what I

had to say.".

— Richard E. Borcherds

2.1 vertex algebras

Vertex algebras find their application in the representation theory of

affine Lie algebras and play an important role in string theory, sporadic

group theory and the geometric Langlands correspondence. This chap-

ter will give a brief introduction to vertex algebras and some of their

applications. References are for example [Kac2] and [Fre1].

2.1.1 Background and definitions

To get a first intuition, we can think of a vertex algebra as a vector space

where each element has an associated formal operator - a vertex operator

- that acts on the space, satisfying certain conditions.

A vertex algebra and its representation theory, i.e. its modules and inter-

twiners, is a mathematically rigorous description of a two-dimensional

conformal field theory. By End(V)[[z]], we denote an algebra with re-

spect to multiplication of formal series.

15
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We let V be a vector space over R or C. Then a formal series

a(z) =
∑
n∈Z

anz−n−1 ∈ End(V)[[z, z−1]]

is called a field if for each v ∈ V , we have that anv = 0 for n large

enough.

Since the product of two nonzero elements might not be well defined,

we cannot multiply two formal series in End(V)[[z, z−1]], in general.

Example 2.1.1. Let V = C. Define a(z) = z21 − 17z100 and b(z) =∑∞
n=−∞ zn. Then

a(z)b(z) =
∑
n∈Z

zn+21 − 17
∑
n∈Z

zn+100

=
∑
n∈Z

zn − 17
∑
n∈Z

zn

= −16b(z).

Hence, (a(z) + 16) b(z) = 0.

This example highlights an interesting fact. We cannot simply cancel

terms and do not even have an integral domain. Therefore we have to

be careful between the differences of ordinary multiplication and the

normally ordered product of two fields, say a(z) =
∑

n∈Z anz−n−1 and

b(w) =
∑

n∈Z bnw−n−1 which is defined as follows:

: a(z)b(w) : =
∑
n∈Z

∑
m<0

ambnz−m−1 +
∑

m>0

bnamz−m−1

w−n−1

= a(z)+b(w) + b(w)a(z)−,

where

a(z)+ =
∑

m<0

bmz−m−1 and

a(z)− =
∑

m>0

amz−m−1.

Since : a(z)b(z) : is a well-defined field, the space of fields forms

an algebra under the operation of multiplication with respect to the

normal ordering as defined above. This operation is not necessarily
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commutative or associative and therefore we adopt the convention

to take the product under normal ordering from right to left, i.e. :

a(z)b(z)c(z) :=: a(z) (: b(z)c(z) :) :.

As a next step, it is important to define locality. Two fields a(z) and

b(z), as formal series in End(V)[[z±1, w±1]], are said to be local if

(z − w)N[a(z), b(w)] = 0,

for N large enough.

Let V be a vector space. We can now obtain a so-called vertex algebra

by defining a state-field correspondence which associates to each state

a ∈ V a field a(z) =
∑

n∈Z anz−n−1 satisfying certain properties.

More formally:

Definition 2.1.2. A vertex algebra is a vector space V with a vacuum

vector |0〉, a translation operator T and a state-field correspondence

V → End(V)[[z, z−1]]

a 7→ Y(a, z) =
∑
n∈Z

anz−n−1

which satisfies the following axioms:

(i) The vacuum axiom: Y(|0〉, z) = 1 and Y(a, z)|0〉 |z=0 = a.

(ii) The translation axiom: T on V is defined as [T , Y(a, z)] = δzY(a, z).

(iii) The locality axiom: All fields are mutually local.

Let us now have a look at a first example of a commutative vertex

algebra.

Example 2.1.3 (Fre1). Let V be a Z-graded commutative algebra

Z = ⊕∞
n=0Vn with an identity element and a derivation T . We want to

show that V can canonically be given the structure of a vertex algebra.

We take the identity of V as the vacuum vector |0〉 and define the

operation Y as follows

Y(a, z) =
∑
n>0

1

n!
m(Tna)zn,

where m(b) is the multiplication operator by b on V , for all b ∈ V .

All of the axioms of a vertex algebra are satisfied. For example, the



18 vertex algebras

locality axiom is satisfied in a strong sense: If we take any a, b ∈ V ,

then [Y(a, z), Y(b, w)] = 0. Thus, the locality condition holds for N = 0.

It can actually be shown that the notion of a Z-graded algebra with an

identity, a derivation and dim(Vn) < ∞ is equivalent to the notion of a

commutative vertex algebra .

Note that throughout this chapter we will be using two different

notations for the same thing, namely a(z) and Y(a, z). The reason for

this is that both are commonly used in the recommended references

and in some cases one of them turns out to be more convenient.

2.1.2 Basic properties

When Borcherds first defined vertex algebras, he took the following

identity as a main axiom.

Theorem 2.1.4 (Borcherds’ identity). Let k, m, n ∈ Z. Then∑
j>0

(
m

j

)
(an+jb)m+k−jc =

∑
j>0

(
n

j

)
(am+n−jbk+jc−(−1)nbn+k−jam+jc).

Borcherds’ identity follows from locality and can be proven by con-

tour integration. It is the most important identity in a vertex algebra.

There are several special cases of this identity and in what follows, we

will mention two of them. If we let n = 0, then we obtain the following

commutator formula

[am, bk] =
∑
j>0

(
m

j

)
(ajb)m+k−j,

and by setting m = 0, we obtain the associativity formula

(anb)k =
∑
j>0

(−1)j
(

n

j

)
(an−jbk+j − (−1)nbn+k−jaj).

The Antisymmetry condition implies that Y(a, z)b = ezTY(b, −z)a for

a, b ∈ V and can also be derived from Borcherds’ identity. Let us now

have a look at some of the standard definitions. A subalgebra of a vertex

algebra V is a subspace U which contains |0〉 such that

anU ⊂ U
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for all a ∈ U, n ∈ Z. Also, a homomorphism of a vertex algebra V to a

vertex algebra V ′ is a linear map f : V → V ′ such that

f(anb) = f(a)nf(b).

Then an ideal J of a vertex algebra V is a T -invariant subspace which

does not contain |0〉 such that anJ ⊂ J, for all a ∈ V and n ∈ Z. The

ideal J is a two-sided ideal by antisymmetry. Thus, we can form the

quotient V/J which is a vertex algebra as well. In addition to that, the

projection V → V/J is a vertex algebra homomorphism.

We can define a tensor product of two vertex algebras U and V in the

following way: Let the space of states be defined as U⊗V . The vacuum

is |0〉 ⊗ |0〉. and the translation operator is defined to be T ⊗ 1 + 1⊗ T .

Then the fields are

Y(a⊗ b, z) = Y(a, z)⊗ Y(b, z)

=
∑

m,n∈Z

am ⊗ bnz−(m+n)−2.

That is equivalent to

(a⊗ b)k =
∑

m∈Z

am ⊗ b−m+k−1,

and given this structure, U⊗ V is a vertex algebra.

Finally, we want to define a conformal vertex algebra.

A conformal vector of a vertex algebra V is a vector w such that the field

Y(w, z) =
∑

m∈Z

Lmz−m−1

gives a representation of the Virasoro algebra of central charge c, i.e.

[Lm, Ln] = (m − n)Lm+n + δm+n
m3 − m

12
c

and

(i) L−1 = T

(ii) L0 is diagonalisable on V .

We have that c is called the central charge of w and a conformal vertex

algebra is defined to be a vertex algebra with a conformal vector w.
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Now, let V be a conformal vertex algebra such that the eigenvalues

of L0 are integral and L1 acts locally nilpotent.

Define Vh = {v ∈ V |L0v = hv}. Then for a ∈ Vh, we can define the

adjoint vertex operator by

Y∗(a, z) = Y(ezL1(−z−2)L0a, z−1).

It follows that

Y∗(a, z) =
∑
n∈Z

a∗nz−n−1

with

a∗n = (−1)h
∑

m>0

(
Lm

1

m!
a

)
2h−n−m−z

.

As an example, we have L∗n = w∗n+1 = w1−n = L−n. Borcherds

identity then implies

Theorem 2.1.5. Let k, m, n ∈ Z. Then∑
j>0

(
m

j

)
(bn+ja)∗m+k−jc =

∑
j>0

(
n

j

)
(−1)j

(
a∗k+jb

∗
m+n−j − (−1)nb∗m+ja

∗
n+k−j

)
c.

A bilinear form ( , ) on V is called invariant if

(Y(a, z)b, c) = (b, Y∗(a, z)c),

or equivalently

(anb, c) = (b, a∗nc).

It can be shown that the space of invariant bilinear forms on V is

naturally isomorphic to the dual of V0/L1V1. This implies that we can

construct invariant bilinear forms by defining them on V0/L1V1.

We will discuss the two vertex algebras which are regarded as the

simplest and best understood: lattice vertex algebras and Wess-Zumino

Witten models and then explain how this relates to infinite-dimensional

Lie algebras.

2.1.3 Lattice vertex algebras

Let us briefly review some of the basic concepts surrounding lattices

before proceeding to construct the vertex algebras associated to an

integral lattice.
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Definition 2.1.6. A lattice L is a free Z-module together with a real

valued bilinear form.

A lattice L ⊂ Rn is called integral if x · y ∈ Z for all x, y ∈ L.

Also, the dual lattice, denoted by L∗, is defined as

L∗ = Hom (L, Z)

= {x ∈ Rn|x · y ∈ Z for all y ∈ L}.

A lattice is said to be unimodular if L∗ = L.

Definition 2.1.7. An integral lattice L is even if x2 = x · x ≡ 0( mod 2).

Let L be an integral lattice and define the underlying complex vector

space as H = L⊗C. Then the Heisenberg algebra with central element

c is defined as

Ĥ = H⊗C[t, t−1]⊗Cc

with the products

[h1(m), h2(n)] = mδm+n(h1, h2)c.

Note that h1(m) = h1 ⊗ tm. Also, Ĥ− = H⊗C[t−1]t−1 is an abelian

subalgebra of Ĥ and S(Ĥ−) denotes the symmetric algebra of polyno-

mials in Ĥ−.

We let ε : L× L → {±1} be a 2-cocyle, i.e.

ε(0, α) = ε(α, 0) = 1

ε(α, β + γ)ε(β, γ) = ε(α + β, γ)ε(α, β)

and denote the twisted group algebra by C[L]ε. The twisted group

algebra has a basis {eα|α ∈ L} and with the products

eαeβ = ε(α, β)eα+β,

and the unit 1 = e0 it forms an associative algebra. Now, the vector

space

V = S(Ĥ−)⊗C[L]ε

decomposes as

V = V0 ⊕ V1
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where Vj = S(Ĥ−)⊗C[Lj]ε.

Therefore, the vector space Ĥ has a natural action on the vector space

V which can be used to define a vertex algebra structure. Let c act as

the identity and k(m) acts by left multiplication on S(Ĥ−) if m < 0.

If m > 0, then k(m) acts as derivation on S(Ĥ−) and trivial on C[L]ε.

Finally, k(0) acts on C[L]ε by k(0)eα = (k, α)eα.

Define the vacuum vector |0〉 as 1⊗ e0 and

T : V → V by T |0〉 = 0, [T , k(m)] = −mk(m − 1) and T(eα) = α(−1)eα.

Then we define the vertex operator of eα as

eα(z) = eα(z)+ + eα(z)−

where

eα(z)+ = eα exp

(∑
m>0

α(−m)
zm

m

)
= eαcα

∑
m>0

Sm(α)zm

and

eα(z)− = zα(0) exp

(
−

∑
m>0

α(m)
z−m

m

)
.

Sn are called the Schur polynomials and for k(−n − 1), n > 0, we put

k(−n − 1)(z) = δ
(n)
z k(z)

with k(z) =
∑

n∈Z k(n)z−n−1, k ∈ H.

The normal ordered product of the Heisenberg generators : k1(n1) . . . kh(nh) :

is defined, as before, by placing all k(n) with n < 0 to the left of those

with n > 0. Therefore, (k1(−n1 − 1) . . . kh(−nh − 1)eα)(z)

= eα(z)+ : (k1(−n1 − 1)(z) . . . kh(−nh − 1)(z) : eα(z)−.

This definition can be linearly extended to V so that we obtain our

state-field correspondence V → End(V)[[z, z−1]], as desired.

Theorem 2.1.8. With the structure defined above, V is a vertex algebra and

different 2-cocyles satisfying the condition ε(α, β)ε(β, α) = (−1)αβ+α2β2

give isomorphic vertex algebras.

Example 2.1.9. V is graded by L and

(Vα)m(Vβ) ⊂ Vα+β.
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Example 2.1.10. Also, the first 3 Schur polynomials are

S0(α) = 1

S1(α) = α(−1)

S3(α) =
1

2
(α(−2) + α(−1)α(−1)).

Since a super Lie algebra is simply a Lie algebra with a Z2-grading

where the bracket is commutative on the odd part, the above definitions

and results can be easily generalised to the supercase.

2.1.4 Wess-Zumino Witten models

Here is another another example of a vertex algebra, namely the Wess-

Zumino Witten models. Essentially, we will show that the vacuum

representation of a loop algebra carries a vertex algebra structure.

Let g be a finite-dimensional simple Lie algebra over C. Then up to a

constant factor, g has a unique non-degenerate, invariant, symmetric

bilinear form ( , ). We can normalise ( , ) in such a way that the highest

root θ of our Lie algebra g has norm 2, i.e. θ2 = (θ, θ) = 2. Then this

bilinear form ( , ) is related to the Killing form by the dual Coxeter

number, i.e. ( , ) = 1
2h∨ ( , )κ, where h∨ > 0 denotes the dual Coxeter

number.

We define the loop algebra of g as the Lie algebra

Lg = g⊗C[t, t−1]

with products

[xm, yn] = [x, y]m+n

where, as before, we write xm = x⊗ tm.

Lg has unique 1-dimensional central extension

ĝ = Lg⊕CK

with products

[xm, yn] = [x, y]m+n + mδm+n(x, y)K.

Note that ĝ is not the full affine Kac-Moody algebra corresponding

to g, because the derivation term is missing.
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To obtain the vacuum representation, we define a 1-dimensional

representation Cvk of

g⊗C[t]⊕CK = g⊗C[t]t⊕ g⊕CK

by g⊗C[t]vk = 0 and Kvk = kvk, where k ∈ C.

The vacuum representation of level k of ĝ is the induced representation

Vk(g) = Ind ĝ
g⊗C[t]⊕CK

Cvk

= U(ĝ)U(g⊗C[t]⊕CK) ⊗Cvk

= U(ĝ)⊗C Cvk/J,

where J is the vector space generated by ba⊗ vk − b⊗ avk for b ∈

U(g), a ∈ g⊗C[t]⊕CK and ĝ acts by left multiplication.

We have that ĝ decomposes into subalgebras as follows

ĝ = g⊗C[t−1]t−1 ⊕ g⊗C[t]⊕CK.

Then by the Poincaré-Birkhoff-Witt Theorem

U(ĝ) = U(g⊗C[t−1]t−1)⊗U(g⊗C[t]⊕CK).

Hence,

Vk(g) ∼= U(g⊗C[t−1]t−1).

Let {Ja}a=1,...,d be an ordered basis of g. Then the Poincaré-Birkhoff-

Witt Theorem implies that Vk(g) has a basis of monomials of the form

J
a1
n1

. . . Jam
nm

vk,

with n1 6 . . . 6 nm < 0 and if ni = ni+1, then ai 6 ai+1.

This enables us to define our vertex operators and to set up our

vertex algebras as follows. Define

(i) |0〉 = Vk

(ii) T : Vk(g) → Vk(g). by T |0〉 = 0 and [T , Ja
n] = −nJa

n−1.

(iii) Y(|0〉, z) = 1 and Y(Ja
−1|0〉, z) =

∑
n∈Z Ja

nz−n−1.

In addition to that, one can show that the fields Y(Ja
−1|0〉, z) are

mutually local.
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Theorem 2.1.11. Vk(g) is a vertex algebra.

In general, Vk(g) is not irreducible as a ĝ-module. In fact, Vk(g) is

not irreducible, if k is a non-negative integer. But the quotient Lk(g) =

Vk(g)/Jk by a maximal proper submodule is irreducible. If for example

k = 0, then Lk(g) is the trivial 1-dimensional representation of ĝ. If

k 6= 0, then Jk is an ideal of the vertex algebra Vk(g) and Lk(g) is a

simple vertex algebra.

Now, for positive integer k, the vertex algebra Lk(g) is called the

WZW-model (Wess-Zumino-Witten-model) of g of level k.

Also, the moonshine module V\ has the structure of a vertex operator

algebra. Constructed by Frenkel, Lepowsky and Meurmann in 1984

[Fre2], the moonshine module V\ can be written as

V\ =
⊕
n∈Z

Vn.

Let Λ be the Leech lattice and start with the so-called chiral vertex

algebra V(Λ) for the torus R24/Λ. Then by using the ±1-symmetry of

the Leech lattice, the moonshine module V\ was constructed as the

orbifold of the vertex algebra V(Λ) and is the direct sum of the invariant

part V
\
+ = V(Λ)1+ and the twisted part V

\
− = V(Λ)−1

+ . It is of central

charge c = 24, with V
\
0 = C1 and V

\
1 = {0} and more importantly the

Monster is the automorphism group of V\. In the next chapter, we will

explain its relation to modular forms and Borcherds’ famous proof of

the moonshine conjecture.

2.2 construction of the fake monster algebra

In this section we will study a generalised Kac-Moody algebra called

the fake monster algebra, which describes the physical state of a bosonic

string moving on a 26-dimensional torus. We will construct this algebra

by using cohomology groups of the BRST-operator.

Let

L = II25,1 ⊕Zσ,

where II25,1 is the unique even unimodular Lorentzian lattice of dimen-
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sion 26 and σ2 = 1. The vertex algebra VL associated to L represents

the Fock space of a bosonic string moving on the torus R25,1/II25,1:

VL = VII25,1⊕Zσ .

We choose a 2-cocycle ε : L× L → {1} such that ε(σ, σ) = 1. Then we

define ghosts to be b = e−σ and a = eσ and the ghost current as

jN = c−1b = σ(−1).

Also the ghost number operator is

jN0 = σ(0).

We have bnb = cnc = 0 for n > 0 and cnb = S−n(σ)e0 so that c0b = 1

and cnb = 0 when for n > 1. Therefore, the commutator formula

implies that

{bn, bm} = {cn, cm} = 0

and

{bm, cn} = δm+n+1.

Let {xµ} be a basis of II25,1 ⊗R, {xµ} be the corresponding dual basis

and gµν = (xµ, xν). The vector

ωM =
1

2
xµ(−1)xµ(−1)

generates a representation of the Virasoro algebra of central charge 26.

Now we define the vector

ωG =
1

2
σ(−1)σ(−1) +

3

2
σ(−2),

which generates a representation of the Virasoro algebra of central

charge 1 − 129
4 = −26. Then the following vector is a conformal vector

of central charge 0:

ω = ωM + ωG.

Note that L1 acts locally nilpotent and L0 has integral eigenvalues on

VL, because the vector enσ has always integral weight n(n − 3)/2.

Let us now define the BRST- current and its operator. The BRST-

current is defined as

jBRST = c−1(ωM +
1

2
ωG),
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and the BRST-operator is

Q = jBRST
0 .

Theorem 2.2.1. The operators satisfy the following relations

Q2 = 0 [jN0 , Q] = Q

{Q, bn+1} = Ln [Q, Ln] = 0.

The vector e3σ has conformal weight 0 and is not contained in L1V1.

The ghost b has conformal weight 2 and is annihilated by L1 so that

b∗n = b2−n.

Therefore, we can define an invariant bilinear form on VL by setting

(1, e3σ) = 1.

Similarly, we take

c∗n = −c−4−n

k(n) = k(−1)∗n = −k(−n)

Q∗ = −Q.

The bilinear form ( , ) is non-degenerate on VL. The space

C = VL ∩ ker b1 ∩ ker L0

is invariant under Q and graded by the lattice II25,1 and the ghost

number

C =
⊕

α∈II25,1

Cn
α, where n ∈ Z.

Note that Cn
α is of finite dimension.

We have the following finite sequence

. . . → Cn−1
α

Q−→ Cn
α

Q−→ Cn+1
α → . . .

with cohomology groups Hn
α. Let

H =
⊕

α∈II25,1

Hn
α, where n ∈ Z.

We have that H1 = ⊕α∈II25,1H1
α is the space of physical states of the

compactified bosonic string.
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Theorem 2.2.2. Let α 6= 0. Then the cohomology groups Hn
α are all trivial,

except for n = 1.

Since {c−1b1} = 1 and b∗1 = b1, we have that ( , ) is trivial on ker b1.

We can now define a non-trivial bilinear form on C by

(u, v)C = (c−2u, v).

This bilinear form induces a form 〈 , 〉 on H which pairs non-degenerate

H1+n
α with H1−n

−α and is symmetric on H1. The pairing is given by

〈k(−1)|c〉, k(−1)|c〉〉 = k2

so that the map

H1
α → II25,1 ⊗R

k(−1)|c〉 7→k

is an isometry of vector spaces. Recall that ∆(z) = q
∏

n>0(1 − qn)24

where q = e2πinz. By the Euler-Poincaré principle we obtain

dim H1
α = [1/∆](−α2/2) for α 6= 0.

If we now define a product on C in the following way

[u, v] = (b0u)0v,

then this product projects down to H and to G = H1. Finally, if we

define

G =
⊕

α∈II25,1

H1
α,

then we obtain the following results.

Theorem 2.2.3. (i) G is a Lie algebra under this product.

(ii) 〈 , 〉 is a non-degenerate symmetric invariant bilinear form on G.

(iii) G decomposes as

G =
⊕

α∈II25,1

Gα

with

dim Gα = [1/∆](−α2/2)

for α 6= 0. In particular, the norms of the roots are bounded above by 2.
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(iv) [Gα, Gβ] ⊂ Gα+β

(v) G is a generalised Kac-Moody algebra.

(vi) The denominator identity of G is

eρ
∏

α∈II+
25,1

(1−eα)[1/∆](−α2/2) =
∑

w∈W

det (w)w

(
eρ

∏
n>0

(1 − enρ)2

)
,

where ρ is a primitive norm 0 vector in II25,1 corresponding to the

Leech lattice and W is the reflection group of II25,1.

The construction we explained in this section can be generalised as

follows. The lattice II25,1 decomposes as II25,1 = Λ⊕ II1,1 so that

VL = VΛ ⊗ VII1,1 ⊗ VZσ.

We can replace VΛ by any other vertex algebra of central charge 24

and the construction we have shown is still possible. We could have for

example taken the monster vertex algebra to get the monster algebra.

Because of the factor VII,1, different vertex algebras can give isomorphic

generalised Kac-Moody algebras.





3
M O D U L A R F O R M S

"The real voyage of discovery consists,

not in seeking new landscapes,

but in having new eyes."

— Marcel Proust

This chapter will give a gentle introduction into the theory of modular

forms and automorphic forms. We will start with a review of the basic

definitions and properties, following [Ser1] and [Dia] very closely,

and then explain how this relates to the framework from the material

discussed in the previous chapters.

3.1 basic definitions

The general linear group GLn(R) is defined as the set of invertible n×n

matrices over any commutative ring R. We will be interested in the

special linear group SL2(Z) over the ring of integers and its subgroups.

Let Γ = SL2(Z) be the modular group, which can be represented as 2× 2

matrices of the form

M =

a b

c d

 for a, b, c, d ∈ Z and det M = 1.

The upper-half plane H is a simply connected Riemann surface defined

as the set of points with imaginary part strictly greater than 0:

H = {z ∈ C| Im (z) > 0}.

Then Γ acts on H as follows:

Mz =
az + b

cz + d
.

31
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This mapping is referred to as fractional linear transformation. Since

Im (Mz) =
Im (z)

|cz + d|2
,

we have that H is stable under the action of Γ , namely it maps the

upper-half plane to itself. The identity matrix 1 maps any point of H

back to itself. Also, MM ′(z) = M(M ′(z)) for all M, M ′ ∈ Γ and z ∈ H.

Thus, it is indeed a group action. Furthermore, since the element −1

acts trivially on H as well, we actually have the projective linear group

PSL2(Z) = SL2(Z)/{±1} acting faithfully on H, which means that every

element other than the identity acts in a non-trivial way. To prove this,

we can suppose that z = az+b
cz+d for all z ∈ H. Then for all z, we have

that

cz2 + (d − a)z − b = 0,

which implies that a = d and b = c = 0. Since the only scalar matrices

with determinant 1 are ±1, we have that only the identity acts trivially,

as desired.

The following two matrices S and T generate Γ and can therefore be

seen as the building blocks of our modular group:

S =

0 −1

1 0

 and T =

1 1

0 1

 .

If we consider the action of the two matrices under our fractional

linear transformation, we have

Sz =
−1

z
and Tz = z + 1.

In addition to that, S2 = 1 and (ST)3 = 1. With the help of these

identities, one can show that there exists a fundamental domain D for

the action of Γ on H. Let G be a subgroup of Γ and recall that two

points z1, z2 are said to be G-equivalent if there exists a M ∈ G such

that z2 = Mz1. Then the formal definition of a fundamental domain D

is as follows.

Definition 3.1.1 (Kob). Let D be a closed region in H. Let every z ∈ H

be G-equivalent to a point in D, but no two distinct points z1, z2 in the

interior of D being G-equivalent. Then D is a fundamental domain for
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the subgroup G of Γ , where two boundary points are permitted to be

G-equivalent.

Theorem 3.1.2. The region D, defined as

D = {z ∈ H|
−1

2
6 Re (z) 6

1

2
and |z| > 1},

is the fundamental domain for Γ .

The following picture shows the fundamental domain D for Γ .

Figure 2. Fundamental Domain for SL2(Z)

The proof of the theorem can be found in any of the recommended

texts and is based on the idea that one can shift and translate any point

into the fundamental domain by repeatedly applying S and T . Before

we define modular forms, it is important to describe a few subgroups

of Γ .

Let N be a positive integer. Then we define

Γ(N) =


a b

c d

 ∈ SL2(Z)|a ≡ d ≡ 1( mod N), b ≡ c ≡ 0(mod N)

 .

This subgroup is called the principal congruence subgroup of Γ of level

N and in fact a normal subgroup of Γ . It is the kernel of the group

homomorphism from Γ to SL2(Z/NZ), reducing each entry modulo N.

The following lemma from [Shi] summarises this fact as follows.
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Lemma 3.1.3. Let f : SL2(Z) → SL2(Z/NZ) be defined by f(M) =

α(mod N), then the sequence

1 → Γ(N) → SL2(Z)
f−→ SL2(Z/NZ) → 1

is exact.

Any subgroup of SL2(Z), which contains Γ(N) for some N, is called

a congruence subgroup of Γ . The most important congruence subgroups

are

Γ0(N) =


a b

c d

 ∈ Γ |c ≡ 0(mod N)


and

Γ1(N) =


a b

c d

 ∈ Γ |a, d ≡ 1(mod N), c ≡ 0(mod N)

 .

If one wants to abbreviate the defined groups, then one can write

these two congruence subgroups as

Γ0(N) =


a b

c d

 =

∗ ∗

0 ∗

 (mod N)


and

Γ1(N) =


a b

c d

 =

1 ∗

0 1

 (mod N)

 ,

where ∗ means that there are no congruence conditions modulo N on

this entry.

Given an element z ∈ H, an isotropy subgroup of z is denoted by Γz

and defined as

Γz = {M ∈ Γ |Mz = z}.

Thus, for a point in the upper-half plane and the modular group, we

have the following lemma.
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Lemma 3.1.4. Let z ∈ D. Then Γz = ±I, except in the following cases:

(i) Γ = ±{I, S} if z = i.

(ii) Γ = ±{I, ST , (ST)2} if z = ω = −1
2 +

√
−3
2 .

(iii) Γ = ±{I, TS, (TS)2} if z = −ω̄ = 1
2 +

√
−3
2 .

The points in H with non-trivial isotropy subgroups are called elliptic

points.

3.2 modular forms

In this section, we will review some of the basic properties of modular

forms. The advanced reader can skip the first sections, returning to

them for definitions and notation as needed.

Definition 3.2.1. Let k be an integer. A meromorphic function f : H →

C is called weakly modular of weight k with respect to Γ if it satisfies the

following relation:

f(Mz) = (cz + d)kf(z),

where M ∈ Γ and z ∈ H. A weakly modular function f is modular if it

is meromorphic at infinity.

So considering the behaviour of weakly modular functions under the

action of Γ , we see that to understand these functions on H, it suffices

to understand them on a fundamental domain D.

More precisely, since S and T generate Γ , one can easily show that

for a meromorphic function to be weakly modular it suffices to satisfy

the two relations

f(z + 1) = f(z) and f(−1/z) = zkf(z).

This implies that f can be expressed as

f =

+∞∑
−∞ ane2πinz =

+∞∑
−∞ anqn.

We say that f is holomorphic at i∞ if f has a Laurent expansion in a

neighborhood of the origin with an = 0 for n < 0.
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Definition 3.2.2. Let k be an integer. A weakly modular function f

which is holomorphic on H and holomorphic at i∞ is said to be a

modular form of weight k.

Given this definition, we can write f as a series in the form

f(z) =

∞∑
n=0

ane2πinz =

∞∑
n=0

anqn.

The series converges if |q| < 1 which is equivalent to the condition that

Im (z) > 0. Now, if we are given two modular forms, say of weight k

and l, then their product will be a modular form of weight k + l. In

fact, the set of modular forms is a graded ring. If we denote the space

of modular forms of weight k by Mk(SL2(Z)), then

M(SL2(Z)) =
⊕
k∈Z

Mk(SL2(Z)).

Definition 3.2.3. Let k be an integer. A modular form f is called a cusp

form of weight k if the leading coefficient of its Fourier Series is equal

to 0. Therefore, f can be written in the form

f(z) =

∞∑
n=1

anqn,

where qn = e2πnz and similarly to above, Sk(SL2(Z)) denotes the

vector space of cusp forms of weight k.

Given the Fourier expansion, the constant term a0 is called the value

of f at i∞, denoted by f(i∞). The function f is a cusp form, if a0 = 0

and the smallest n such that an 6= 0 is called the order of the zero of

f at i∞. Also, the cusp forms Sk(SL2(Z)) are a vector subspace of the

modular forms Mk(SL2(Z)). Since a product of a modular form and a

cusp form (Spitzenform in German) will still have a leading coefficient

equal to zero, it should be clear that the graded ring

S(SL2(Z)) =
⊕
k∈Z

Sk(SL2(Z))

is an ideal in M(SL2(Z)).

Let us give an example of a modular form of weight k.
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Example 3.2.4. Let us consider the Eisenstein series. Let k be an even

integer and let m, n not both be zero. We have that

Ek(z) =
1

2

∑
m,n∈Z

(m,n)=1

1

(mz + n)k

is a modular form of weight k for k > 4.

Proof. By reordering the sum, one can notice that the Eisenstein series

transform nicely under the action of the modular group:

Ek(Tz) = Ek(z + 1) = Ek(z)

Ek(Sz) = Ek

(
−1

z

)
=

1

2

∑
m,n∈Z

(m,n)=1

1

(−m + nz)k
= z−kEk(z).

Using the partial fraction expansion of the cotangent, we can show that

the Fourier expansion of the Eisenstein series is given by

Ek(z) = 1 −
2k

Bk

∞∑
n=1

σk−1(n)qn

with q = e2πiz and σk−1(n) =
∑

d|n dk−1.

Example 3.2.5. The function

j(z) = 1728
E4(z)3

E4(z)3 − E6(z)2
= q−1 + 744 + 196884q + 21493760q2 + . . .

is a modular function of weight 0.

Example 3.2.6. If we put ∆(z) = E4(z)3 − 27E6(z)2, then ∆(z) is a cusp

form of weight 12.

Definition 3.2.7. The Dedekind eta function η(z) is defined as

η(z) = q1/24
∞∏

n=1

(1 − qn).

The Dedekind eta function satisfies the transformation law, i.e.

η(−1/z) =
√

−iz η(z).

An interesting fact follows from η24(−1/z) = z12η24(z).
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By comparing the coefficients of the Fourier expansion of our delta

function and the Dedekind eta function, we obtain the following identity

[Dia, page 20]:

∆(z) = q

∞∏
n=1

(1 − qn)24 = η24(z).

We are now able to have a look at spaces of modular forms. To

determine the spaces Mk(Γ) and Sk(Γ), we will state a few well-known

theorems which do not only help to identify when two modular forms

turn out to be the same, but also give some insight into the structure of

spaces of modular forms in general.

Theorem 3.2.8 (Kob). Let f(z) be a non-zero modular function of weight

k for Γ . For a point z ∈ H, let νz(f) denote the order of the zero of f at the

point z. Let ν∞(f) denote the index of the first non-vanishing term in the

q-expansion of f(z). Then

ν∞(f) =
1

2
νi(f) +

1

3
νω(f) +

∑
z∈Γ\H,z6=i,ω

νz(f) =
k

12
.

The proof to this theorem can be found in any of the recommended

texts and can also be generalised to congruence subgroups. The idea of

the proof is to count the zeros and the poles in Γ \ H by using contour

integration along the boundary of the fundamental domain D. A fairly

detailed version of the proof is given in [Kob] and [Ser].

As a consequence of this theorem, we obtain the following result.

Corollary 3.2.9 (Kob). Let k be an even integer. Then

(i) The only modular forms of weight 0 for Γ are constants, i.e. M0(Γ) = C.

(ii) Mk(Γ) = 0 if k is negative or k = 2.

(iii) Mk(Γ) is one-dimensional, generated by Ek, if k = 4, 6, 8, 10 or 14. In

other words, Mk(Γ) = CEk for those values of k.

(iv) Sk(Γ) = 0 if k < 0 or k = 14. S12(Γ) = C∆ and for k > 14, we have

Sk(Γ) = ∆Mk−12(Γ). This implies that the cusp forms of weight k are

obtained by multiplying modular forms of weight k − 12 by the function

∆(z).
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(v) Mk(Γ) = Sk(Γ)⊕CEk for k > 2.

From the previous theorem, one can see that the terms on the left-

hand side will all be non-negative for any given modular form. Thus,

by taking different values of k, there are only so many possible ways of

choosing νz(f) so that the theorem still holds.

As a final result for this section, the algebra of modular forms M(Γ)

can be described as follows.

Theorem 3.2.10 (Ebe). The algebra M(Γ) of modular forms is isomorphic to

the polynomial algebra C[E4, E6] of complex polynomials in the Eisenstein

series E4 and E6. Thus, any f ∈ M(Γ) can be written in the form

f(z) =
∑

4i+6j=k

ci,jE4(z)iE6(z)j.

A nice proof of this theorem can be found in [Lan], using induction on

k. Similarly, one can consider the algebra of modular forms for different

congruence subgroups, for example Γ0(2), and determine whether they

form a polynomial algebra or not.

Corollary 3.2.11. Let k be a positive integer. The dimension of M(Γ) is

dim M(Γ) =

 [k6 ] if k ≡ 1(mod 6)

[k6 ] + 1 if k 6≡ 1(mod 6).

We define the factor of automorphy j(M, z) ∈ C for a matrix M ∈ Γ and

z ∈ H as

j(M, z) = cz + d.

Note that it is possible to generalise the factor of automorphy to other

matrix groups.

Definition 3.2.12 (Dia). Let k be an integer and let M ∈ Γ . Then the

weight-k operator [M]k on functions f : H → C is defined as

(f[M]k)(z) = j(M, z)kf(M(z)), for z ∈ H.

If we have second look at our Figure 1, the fundamental domain D,

then we can identify the two vertical sides by T and the two arcs of the

circle |z| = 1 by S. This identification yields a topological space Γ \ H

which looks like a punctured 2-sphere. Therefore, we can extend our

definition of the upper-half plane in the following way.
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Definition 3.2.13 (Sil). The extended upper half-plane H̄ is the union

of the upper half-plane H and the rational points including a point at

infinity,

H̄ = H ∪Q∪ {i∞}.

The point at infinity can be visualised as far up the imaginary axis

and is sometimes also denoted simply as "{∞}". The action of Γ is

transitive on the points Q ∪ {i∞}, called cusps, since any fraction a
c ,

with (a, c) = 1, can be completed to a matrix which lies in Γ . Thus,

all the rational points lie in the same equivalence class as {i∞}. If we

consider a subgroup of Γ , say Γ ′, then the action on Q∪ {i∞} is generally

not transitive. We have usually more than just one equivalence class

when dealing with congruence subgroups of Γ . It is then common to

use the most convenient representative of the equivalence class and say

that for example "Γ has a single cusp at i∞". It is obvious that ∞ in the

case for SL2(Z) could be replaced with any other fraction a
c .

It can be proved that SL2(Z) \ H̄ has only one cusp and for any

congruence subgroup Γ ′ of Γ , we have that Γ ′ \ H̄ has finitely many

cusps. Note that there exist more modular forms when dealing with

congruence subgroups. Let a
c ∈ H̄ be a representative of a cusp and let

M0 be the corresponding element in Γ such that M0(i∞) = a
c . Then

we have the following definition of modular forms for congruence

subgroups.

Definition 3.2.14 (Kob). Let k be an integer and let Γ ′ 6 Γ be a congru-

ence subgroup of level N. A holomorphic function f : H → C is called

a modular form of weight k for Γ ′, if

(f[M]k)(z) = f(z) for all M ∈ Γ ′

and if for any M0 ∈ Γ ,

(f[M0]k)(z) has the form
∞∑

n=0

anqn with an = 0 for n < 0.

The last condition describes what it means for a modular form to be

holomorphic at a cusp. Hence, in addition to being holomorphic on H,

a modular form for Γ ′ must be holomorphic at all cusps. A cusp form

for Γ ′ must vanish at all cusps, i.e. a0 = 0 for every M0 ∈ Γ .
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3.2.1 Moonshine for the Monster

The proof of the classification of finite simple groups was published

around 1980 and comprises the work of more than a hundred mathe-

maticians, consisting of several thousand journal pages. After the proof

had been announced, several mathematicians tried to simplify parts

of the proofs and discovered several gaps. It was only a few years ago

that M. Aschbacher and S.D. Smith succeeded in closing the last gaps

in their 1,300-page pre-print.

Theorem 3.2.15. Classification Theorem [Asc] Each finite simple group is

isomorphic to one of the following groups:

(1) A group of prime order.

(2) An alternating group An for n > 5.

(3) A group of Lie type.

(4) One of the 26 sporadic groups.

An example of a group of Lie type is PSL2(Fq), that is the quotient

of SL2(Fq) by its centre. The sporadic groups do not fit into any of

the categories and range from the Mathieu group M11 to the largest

sporadic simple group, the so-called Monster M. The monster group

contains all but 6 of the other sporadic groups as subgroups or sub-

quotients. This group was predicted by Fischer and Griess in 1973 and

constructed by Griess in 1982. Whereas the M11 is of order 7920, the

Monster M has order

|M| = 245×320×59×76×112×133×17×19×23×29×31×41×47×59×71 ≈ 8×1053.

The character table of the Monster can be found in the Atlas and the

number of conjugacy classes is equal to 194. Now, the dimension of the

first few irreducible representations of the monster group are

1, 196883, 21296876, 842609326, . . . .
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Almost 30 years ago, J. McKay noticed that

1 = 1

196884 = 196883 + 1

21493760 = 21296876 + 196883 + 1.

Recall the j-function from the previous section.

j(z) =
θE8

(z)3

∆(z)
= 1728

E4(z)3

E4(z)3 − E6(z)2
= q−1 +744+196884q+21493760q2 + . . . .

It appears that the coefficients of the elliptic modular function j are

related to the dimensions of the irreducible representations of M. This

led Conway and Norton in 1979 [Con1] to the moonshine conjecture.

Moonshine here refers to what was considered to be the completely

unlikely, outlandish relation between sporadic groups and modular

functions. The conjecture states that there exists an infinite-dimensional

Z-graded M-module

V =
⊕
n∈Z

Vn

for each element g in the Monster such that the McKay-Thompson

series

Tg(z) =
∑
n∈Z

tr (g|Vn)qn

is a modular function of weight 0 for genus 0 subgroups of SL2(Z).

The first essential step in the proof of this conjecture was made in 1988,

when Frenkel-Lepowsky-Meurman [Fre] constructed a graded infinite-

dimensional representation of M, namely V\. We have already encoun-

tered the rich algebraic structure of V\ and, indeed, Aut (V\) ∼= M.

They constructed a suitable candidate for V , with T1(z) = j(z) − 744,

but could not prove in general that the McKay-Thompson series satis-

fied the required properties. This was eventually proved by Borcherds

applying the theory of generalised Kac-Moody algebras [Bor1]. He

constructed, using the module V , a generalised Kac-Moody algebra,

namely the monster Lie algebra of chapter 2. The denominator identity

of this Lie algebra

1

q1

∏
n1>0
n2∈Z

(1 − q
n1
1 q

n2
2 )[j](n1n2) = j(z1) − j(z2)
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gives a product expansion of the function j. The exponent [j](n) de-

notes the coefficients at qn in the Fourier expansion of j. Borcherds

showed that the monster acts naturally on the monster Lie algebra and

calculated the corresponding twisted denominator identities. These

identities imply that the McKay-Thompson series are modular func-

tions of weight 0 for genus 0 groups. Borcherds received the Fields

Medal for his astonishing work in 1998 and described his feeling in an

interview with the following words (Guardian, 28 August, 1998): "I was

over the moon when I proved the moonshine conjecture. If I get a good

result I spend several days feeling really happy about it. I sometimes

wonder if this is the feeling you get when you take certain drugs. I

don’t actually know, as I have not tested this theory of mine."

3.3 automorphic forms on orthogonal groups

The autormophic forms on orthogonal groups are meromorphic func-

tions on Grassmannians transforming nicely under discrete subgroups

of the orthogonal groups On,2(R).

Let L be an even lattice of signature (n, 2) with n > 2 and V = L⊗R.

Note that a negative definite form is the negative of a positive form with

signature (0, n). The orthogonal group O+(V) acts on the Grassmannian

D = {Z ⊂ V | dim (Z) = 2, Z negative definite},

D has a realisation as a tube domain H ⊂ Cn and the above definition

of an automorphic form carries over to Γ ⊂ O+(L) as follows:

Definition 3.3.1. A meromorphic function f on H is called an auto-

morphic form of weight k for a subgroup Γ of finite index in O+(L)

if

f(Mz) = j(M, z)kf(z)

for all M ∈ Γ . Here j(M, z) is an automorphy factor for O+(V). If f has

weight n/2 − 1, then we say that f has singular weight.

Borcherds’ singular theta correspondence is a map from modular forms

for the Weil representation to automorphic functions on orthogonal



44 modular forms

groups [Bor5]. In the following, we want to give a little more detail on

how this lift works.

Let L be an even lattice of even rank and L ′ the dual lattice of L.

The discriminant form of L is the finite abelian group D = L ′/L with

quadratic form γ2/2 mod 1. The level of D is the smallest positive

integer N such that Nγ2/2 = 0 mod 1 for all γ ∈ D. Now, the Weil

representation of SL2(Z) on C[D] is defined as

ρD(T)eγ = e(−γ2/2)eγ

and

ρD(S)eγ =
e(sign(D)/8)√

|D|

∑
β∈D

e((γ, β))eβ

where S and T are the two generators of SL2(Z).

Definition 3.3.2. A holomorphic function

F(z) =
∑
γ∈D

Fγ(z)eγ

on H with values in C[D] is called an almost modular form for ρD of

weight k if

F(Mz) = j(M, z)kρD(M)F(z)

for all M ∈ SL2(Z) and F is meromorphic at i∞.

Example 3.3.3. Let L be a positive definite even lattice of even rank 2k.

For γ ∈ D, we can define the theta function as

θγ+L(z) =
∑

α∈γ+L

qα2/2.

Then θ(z) =
∑

γ∈D θγ+L(z)eγ is a modular form for the dual Weil

representation of weight k, which is holomorphic at i∞.

Suppose D has level N. Then we can construct modular forms which

transform under the Weil representation by lifting scalar valued modu-

lar forms on Γ0(N). The identity e0 in C[D] is up to a character value

invariant under Γ0(N). Thus, if f is a modular form on Γ0(N) of weight

k and character χD, then

F(z) =
∑

M∈Γ0(N)\SL2(Z)

f|M(z)ρD(M−1)e0
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is a modular form for ρD of weight k. This map can be used to construct

Eisenstein series for the Weil representation by lifting scalar valued

Eisenstein series on Γ0(N).

Borcherds’ singular theta corrpesondence maps modular forms with

poles at cusps transforming under the Weil representation of SL2(Z)

to automorphic forms on orthogonal groups. Since these automorphic

functions can be written as infinite products, they are called automorphic

products. If we take a modular form F for ρD and integrate it with an

Eisenstein series E, then by exponentiation, we obtain the automorphic

product Ψ corresponding to F.

When we discuss the classification of generalised Kac-Moody al-

gebras, we will see the reflective automorphic products play a very

important role. The zeros and poles of automorphic products lie on

divisors Dλ = {Z ∈ D|Z ⊥ λ} where λ is a primitive vector of positive

norm in L. Also, a root of L is a primitive vector α of positive norm such

that the reflection σα(x) = x −
2(x,α)
(α,α) α is an automorphism of L. Then

an automorphic product Ψ is called reflective if its divisors are zeros of

order 1 and are orthogonal to roots of L. Also, Ψ is called completely

reflective if Ψ is reflective and all roots of L give zeros of order 1. We

will see examples of automorphic products in the beginning of the next

chapter.





4
R E C E N T R E S U LT S

"Inanimate objects can be classified scientifically into three major categories;

those that don’t work, those that break down and those that get lost."

— Russell Baker

4.1 recent results on generalised kac-moody algebras and

automorphic forms

In this chapter we will discuss some recent results concerning the

classification of automorphic products and generalised Kac-Moody

algebras. We will review and state some of Scheithauer’s results [Sch3]

and then give some open problems with a more detailed strategy on

how to proceed.

4.1.1 Denominator identities as automorphic forms

The denominator identities of generalised Kac-Moody algebras are

sometimes automorphic forms.

The Matthieu group M23 acts on the Leech lattice Λ. Given an

element g of order N, we can write its characteristic polynomial as∏
k|N

(xk − 1)bk .

If N is square-free, then bk = 24/σ1(N) for all k|N. Recall that

η(z) = q1/24 =
∏
n>0

(1 − qn).

Then we define a modular form for each element g as

ηg(z) =
∏
k|N

η(kz)bk .

47
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We lift the modular form fg = 1/ηg to a vector valued modular form

Fg on the lattice

Λg ⊕ II1,1 ⊕ II1,1(N).

Next, we apply the singular theta correspondence to obtain an auto-

morphic form Ψg. This can be represented by the following diagram

g 7→ 1/ηg 7→ Fg 7→ Ψg.

An explicit calculation yields that Ψg has singular weight. Also, the

theta correspondence gives the product expansion of Ψg at the different

cusps.

Theorem 4.1.1 (Sch3). Let g be an element of M23 of order N. Then g

corresponds naturally to a reflective automorphic product Ψ of singular weight

on the lattice Λg ⊕ II1,1 ⊕ II1,1(N). If N is square-free, then Ψ is completely

reflective and the expansion of Ψ is given by

e((ρ, z))
∏
k|N

∏
α∈(L∩kL ′)+

(1 − e((α, z)))[1/ηg](−α2/2k)

=
∑

w∈W

det (w)ηg((wρ, z))

where W is the reflection group of the lattice L = Λg ⊕ II1,1. This identity is

the denominator identity of a generalised Kac-Moody algebra.

The theorem gives a denominator identity of a generalised Kac-

Moody algebra and an automorphic form of singular weight for an

orthogonal group. In this way we obtain 10 generalised Kac-Moody

algebras, corresponding to elements of square-free level in M23, which

are very similar to the fake monster Lie algebra described in chapter 2.

4.1.2 Classification results

The classification of Kac-Moody algebras requires certain assumptions

on the Cartan matrices. In particular, we have that the Cartan matrix

must be finite, which is not a reasonable assumption for generalised

Kac-Moody algebras. The most interesting examples, i.e. the monster

Lie algebra and the fake monster Lie algebra, have infinitely many sim-

ple roots and thus infinite Cartan matrices. Given that the denominator
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identities of some generalised Kac-Moody algebras are automorphic

forms of singular weight for orthogonal groups, it is natural to consider

whether such algebras can be classified. We will show that the 10 Lie al-

gebras constructed in the previous section are the only generalised Kac-

Moody algebras whose denominator identities are completely reflective

automorphic products of singular weight on lattices of square-free level

and positive signature [Sch3].

We know that reflective automorphic products come from lifting re-

flective modular forms, which transform under the Weil representation.

Given the theorem above, we can give a necessary condition for the

existence of a reflective form by pairing it with an Eisenstein series.

This tool has been used to obtain the following classification result.

Theorem 4.1.2 (Sch3). Let L be an even lattice of signature (n, 2) with

n > 2 and square-free level N. Suppose L splits 2 hyperbolic planes. Let

G be a real generalised Kac-Moody algebra whose denominator identity is a

completely reflective automorphic product of singular weight on L. Then G

can be constructed as seen before, by an element of order N in M23.

Sketch of the proof:

By lifting a vector valued modular function F =
∑

Fγeγ for the

Weil representation of weight 2 − k where k = 1 + n/2, we obtain the

denominator identity of G. Let E =
∑

Eγeγ be the Eisenstein series

for the dual Weil representation. Then
∑

FγEγ is a scalar modular

function on SL2(Z) of weight 2 with a pole at the cusp i∞. By the

residue theorem, the constant coefficient in the Fourier expansion of∑
FγEγ vanishes.

The equation has only very few solutions, namely only those which

come from elements with square-free order in M23. If L has even p-

ranks np, the equation parametrising completely reflective automorphic

products is given by

k

k − 2

1

Bk

∏
p|N

1

pk − 1

(
εp

(
−1

p

)np/2

(pk−np/2 + pnp/2) − 2

)
= 1.

This is an equation in the indeterminates N, k, εp and np and has

exactly 8 solutions.
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4.2 open problems

Here are some interesting open problems in the theory of generlised

Kac-Moody algebras and automorphic products.

(i) Scheithauer classified those generalised Kac-Moody algebras

whose denominator identities are reflective automorphic products

of singular weight on lattices of squarefree level. There are 10 such

Lie algebras and 2 exceptional cases where it is still unknown if

the Lie algebra exists. The exceptional cases can be obtained by

using theorem 4.2, not assuming that L has to split 2 hyperbolic

planes.

(ii) In chapter 2, we have already seen that for N = 1, the generalised

Kac-Moody algebra can be realised as the cohomology group of

the BRST-operator Q acting on the vertex superalgebra VII25,1 ⊗

ZZσ. Show that the 10 generalised Kac-Moody algebras whose

denominator identities are reflective automorphic products of

singular weight on lattices of squarefree level describe bosonic

strings moving on a torus moving on suitable space times.

(iii) The denominator identity of some generalised Kac-Moody al-

gebras are automorphic forms on orthogonal groups. Is there

a relation between automorphic forms and the representation

theory of these Lie algebras?

Let us describe a possible approach to problem (i) and (ii) in more

detail.

By [Sch3], the exceptional cases can only occur in level 30 and 182.

Thus, to attack the first problem, we consider the congruence subgroups

Γ0(30) and Γ0(182). In particular, we analyse the corresponding cusp

forms of weight 2 and trivial character and of weight 1 and character

χ(j) =
(

j
7

)
, respectively. Once we have constructed a basis of the vector

spaces, we try to find suitable functions which can be lifted to vector

valued modular forms, using [Sch3]. Applying Borcherds’ singular

theta correspondence [Bor5], it could then be shown that the excep-

tional cases in the classification correspond to existing automorphic
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forms and generalised Kac-Moody algebras. This result would be very

important, because it would give the first example of reflective automor-

phic products of singular weight and generalised Kac-Moody algebras

which do not correspond to automorphisms of the Leech lattice.

For the second problem, one possible approach is as follows. Since

each of the 10 Lie algebras correspond to a unique element g in the

automorphism group of the Leech lattice Λ, one could tensor the

vertex algebra of the fixpoint lattice Λg with a suitable orbifold vertex

algebra of Λg⊥. This yields a vertex algebra V of conformal weight

24. Then the physical state of the bosonic string with vertex algebra

V ⊗ VII1,1 gives a natural realisation of the generalised Kac-Moody

algebras corresponding to g.
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