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Abstract

Surgery theory is a classification technique for highly-dimensional manifolds which was
developed in the 1960s. The traditional Browder-Novikov-Sullivan-Wall-theory decides
whether an (n + 1)-dimensional normal cobordism (e, f, f'): (W, M, M') — X with
f and f’ homotopy equivalences is cobordant reld to an s-cobordism. There is an
obstruction in a group Lj,4+1(Z[m1(X)]) which vanishes if and only if this is possible.
Algebraic L-groups have been extensively studied and computed. For a ring A with
involution, L, (A) is a Witt group of quadratic forms if n is even and a Witt group of
quadratic formations if n is odd.

In the 1980s M. Kreck generalized Wall’s original approach by dealing with cobordisms
(e, f, f)): (W,M,M') — X of normal smoothings in which f and f’ are only [2f}]-
equivalences. There is an obstruction in a monoid l,,11(Z[r1 (X)]) which is elementary
if and only if that cobordism is cobordant reld to an s-cobordism. The [-monoids are
little understood algebraically and there are no computations of them.

This thesis studies the algebraic properties of la;(A) (i.e. n 4+ 1 = 2¢). l-monoids are
equivalence classes of generalized formations which we call preformations. We introduce
three obstructions to an element z € ly4(A) being elementary. Firstly, it is shown that
every elementary z € lyg(A) has a stable flip-isomorphism. In certain cases there is a
close relationship between flip-isomorphisms and isometries of the topological linking
forms of M and M’. Secondly, every flip-isomorphism of z determines an asymmetric
form which vanishes in the asymmetric Witt group LAsy’(A) if z is elementary. At
last, a quadratic signature can be defined for certain kinds of flip-isomorphisms. z is
elementary if and only if one of these quadratic signatures is zero in Log(A).

There are also computations of ly;(A) for skewfields A and it will be shown that

lam+2(Z[7]) cannot be embedded in a group.
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Chapter 1

Introduction

Throughout this thesis all manifolds are compact and smooth.

Surgery theory was pioneered in the famous paper of Kervaire and Milnor [KM63] on
the classification of homotopy spheres. Surgery on high-dimensional manifolds was
then developed by Browder, Novikov, Sullivan and Wall, culminating in the general
theory of Wall’s book [Wal99]. A modified theory which needs weaker prerequisites has
been presented and applied by M. Kreck (see [Kre99]). It assigns to any cobordism
of normal smoothings an element in the monoid lz4(A) which is elementary if and
only if that cobordism is cobordant reld to an s-cobordism.

The main aim of this treatise is to provide obstructions which can help to decide whether
an element in ly,(A) is elementary or not.

The first step is to determine whether such an element has a flip-isomorphism which
in certain cases is the same as the existence of an isometry of linking forms of the
simply-connected manifolds one wants to classify.

The second step is to compute asymmetric signatures i.e. certain elements in the
asymmetric Witt-group LAsy®(A) for each flip-isomorphism. In the case of an elemen-
tary element all these signatures vanish. If the element in lag42(A) allows linking forms
it turns out that the asymmetric signatures only depends on a choice of isometry of
those linking forms.

Alternatively one can define quadratic signatures for a certain class of flip-isomorph-
isms. An element in the [-monoid is elementary if it allows such a special kind of
flip-isomorphism and if the quadratic signature in the quadratic Witt-group Lag42(A)
vanishes for at least one of them.

The quadratic signature is technically more difficult to handle than its asymmetric
sister but they are related via the canonical map Lo, 2(A) — LAsy®(A).

Nicer results can be obtained when one deals with all those elements in ly4(A) that
are represented by non-singular formations (the objects which help to define the odd-
dimensional L-groups). They are the obstructions to a Kreck surgery problem where

e.g. all normal smoothings are in fact normal maps and if M and M’ are closed. Then



the definition of asymmetric signatures still requires the existence of a flip-isomorphism
but they will be independent of the particular choice. One can even tame the quadratic
signatures: they exist for all flip-isomorphisms and considerable simplifications can be
achieved.

All these construction involve a lot of algebraic surgery theory. Independently, linear
algebra allows us to compute lag12(A) for skew fields. As a by-product, it will be shown

that certain naive attempts of replacing the [-monoids by groups are not successful.

1.1 Classical and Kreck’s surgery theory

In the following the surgery theories of Browder-Novikov-Sullivan-Wall and its mod-
ification by Kreck are outlined. A more elaborate account can be found in Section
2.1.

In the 1960s C.T.C. Wall and others developed surgery theory as a tool to find out when
a (normal) homotopy equivalence f: M — N of n-dimensional manifolds is homotopic
to a diffeomorphism. There is a first obstruction which decides whether f can be

extended to a degree 1 normal cobordism

M W N
ool
N N xI N

(9, f;1n) : (W, M, N) — N x (I,{0},{1})

i.e. f, g and 1y are covered by maps of the stable normal bundles and they map
fundamental class to fundamental class. A second obstruction determines - in a more

general setting - whether a normal cobordism into a finite geometric Poincaré space X
(g7f0>f1) : (VV:MO:MI)_)XX (I,O,l) (11)

with homotopy equivalences f; is cobordant reld to a homotopy equivalence i.e. an
s-cobordism. In that case and for 71(X) with vanishing Whitehead groups! the s-
cobordism theorem tells us that My and M; are diffeomorphic. In the following we will

concentrate on the second obstruction.

LOf course there is also a version for other fundamental groups. Then we have to replace homotopy
equivalences by simple homotopy equivalences and use the simple L-groups.
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Assume the dimension of W is even (dimW = 2¢q + 2). Surgery below the middle
dimension allows us to replace g by a (¢ + 1)-equivalence. Then define (Ky41(W), A, v)
with K441 (W) the kernel module which is the homology of the induced map g: W —
X of the universal covers with twisted coefficients. \ is induced by the Poincaré duality
on W and X and v is the self-intersection map. Together they are a non-singular
(—)9*-quadratic form which vanishes in the Witt group Log+2(Z[m1(X)]) if and only
if (1.1) is cobordant reld to an s-cobordism.

If the dimension of W is odd (dim W = 2¢q + 1), the construction of an obstruction
is slightly more complicated. One way is to extend g: W — Y = X X I to a pre-

sentation (see [Ran01]), that is a (2¢ + 2)-dimensional degree 1 normal cobordism

(V. W, W)
@ 14 W

ek

such that also h and ¢’ are highly-connected. Define a non-singular formation

(F & G 5 F*) with

Ko (V) — F =Ko (V,W)

v: G
G = Kyna(V) — Ky (V, W) 2 K7V, W) = F*

A non-singular formation is a tuple (F «— G - F* ) such that (}): G —

H_yq(F) is an inclusion of a lagrangian into a hyperbolic form and (G, v*1,0) is a
(—)?+1-quadratic form. A formation determines a class of automorphisms of the hyper-
bolic form sending F' to G which represents the obstruction in Wall’s original version
of odd-dimensional surgery theory (see [Ran01] for details).

The obstruction formation lives in some kind of Witt-group Log41(Z[m1(X)]) of non-
singular formations (F 2L a5 F *). Again the obstruction vanishes if and only
if surgery is successful in producing an s-cobordism i.e. if and only if there exists a
presentation as before with f': W/ — Y a homotopy equivalence (i.e. an s-cobordism).

Matthias Kreck modified traditional surgery theory in the early 1980s (see [Kre99]) for

the odd- and even-dimensional case such that it requires much weaker topological input.



In this treatise we shall only focus on the even-dimensional case. There are two major
differences to the classical even-dimensional surgery programme. First of all Kreck can
replace the normal maps by a considerably weaker notion called normal smoothings,
that is, a lift of the stable normal bundle M — BO to a fibration B — BO. As
pointed out in his paper normal maps are a special case of this concept. The second
main difference is that Kreck just needs [n/2]-equivalences on the boundary of a normal
cobordism whereas in Wall’s theory we started with full homotopy equivalences. Hence

we look at a (2¢ + 2)-dimensional cobordism

M w M’
R
B

with f and f’ being g-equivalences and (after the usual surgery below the middle

dimension) g being a (g + 1)-equivalence. The obstruction here is an object

(F G- F*6)
= (Hg11 (W', My) «— (im(d: 7g12(B, W') = mg41(W))) — Hya (W', M1), %)

S l2q+2 (Z[Wl (B)])

(F L a5 F * 0) is called a preformation. It is basically a tuple of homomor-
phisms of (free) f.g. modules over Z[r(B)] such that (G,~v*u,0) is a (—)9T-quadratic
form. The obstruction lives in a monoid lz;12(A) and is elementary if and only if
(W, M, M’) is cobordant reld to an s-cobordism.

One observes that on the one hand side the classical even-dimensional case at the
beginning is a special case of Kreck’s surgery setting. On the other hand the obstruction
looks quite similar to the obstruction formation in the odd-dimensional case.

The theory was successfully applied by M. Kreck and others (see also Introduction of
[Kre99]) to the classification of 4-manifolds (see e.g. [Kre01], [HKT94]), 7-dimensional
homogeneous spaces (see e.g. [KS88], [KS91]), of complete intersections (see [Kre99])
or of classification of higher dimensional manifolds in general (see e.g. [KT91])
Despite its successes, there are disadvantages of this programme: the complicated al-

gebra. The obstructions do not lie in the L-groups anymore but in monoids la4(A)

6



for rings A with involution. The criterion that surgery is successful in creating an s-
cobordism is not that the obstruction vanishes but that it fulfils certain complicated
conditions (being elementary). M. Kreck himself writes: “The obstruction [-monoids
are very complicated and algebraically - in contrast to the L-groups - not understood.”
([Kre00] p.135) No-one has been able to compute la,42(A) so far - except for skewfields
by the author . Hardly any relations to the L-groups are known. The aim of this trea-
tise is to bring some more insight into the structure of lyq42(A), find relations to the
quadratic and asymmetric Witt-groups and give obstructions for elements in log;2(A)

to be elementary.

1.2 The main strategy

For a moment let us forget about normal maps and smoothings and consider a cobor-
dism of manifolds (W, M, M’) with dimW > 6 and even. Let A = Z[m(W)]. The
surgery theory question is: can we surgeon W (without affecting the boundary) in such
a way that the result will be an s-cobordism? Let us assume that we already know that
there is a diffeomorphism h: M =M. Using that diffeomorphism, the boundary of
W can be changed to a twisted double OW = M Uy, 5y M i.e. two copies of M glued
together along its boundary by the self-diffeomorphism on dM induced by h.

Twisted doubles play an important role in topology e.g. if one wants to compute the
cobordism group of diffeomorphisms or investigate open book decompositions. Kreck
computed the cobordism of automorphisms first (see e.g. [Kre84]), followed by Quinn
who offered an alternative approach. In [Qui79] he develops a theory about open books
decompositions which are strongly related to twisted doubles. In that context, he
needed to determine when a manifold with a twisted double on the boundary is cobor-
dant reld to another manifold that itself has a compatible twisted double structure
(see Section 5.1). In the even-dimensional case, he constructed a non-singular asym-
metric form which vanishes in the asymmetric Witt-group LAsy"(A) if and only
if the twisted double on the boundary can be extended (up to cobordism) to the whole
manifold. If (W, M, M) is an s-cobordism (i.e. a tube) any diffeomorphism M =
will transform W into a twisted double. Hence, if (W, M, M’) is cobordant reld to an
s-cobordism, the asymmetric signature will vanish for any diffeomorphism M =M.
This approach does not lead to a practical method helping in the classification of
manifolds. After all, it starts with the assumption that the manifolds, we want to
classify, are already diffeomorphic!

The asymmetric signature becomes workable though if we use algebraic surgery theory.
This theory provides us with constructions that imitate Quinn’s asymmetric signature
for symmetric Poincaré pairs (see [Ran98] Chapter 30 or Section 5.2 of this thesis).

Symmetric pairs are purely algebraic objects but arise naturally from topology. As an
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example, the symmetric Poincaré pair associated to a manifold W with the twisted
double M Up M as a boundary consists of singular chain complexes of the universal
covers of W, M and M together with chain equivalences that induce Poincaré duality
on those manifolds and further maps which guarantee the symmetry properties of that
chain equivalence. In addition, one needs the chain maps induced by the inclusion of
the boundary into W and the diffeomorphism h: OM =, 0M.

The algebraic surgery version of the asymmetric signature gives another way of finding
out whether W is cobordant to a twisted double (see e.g. [Ran98] Corollary 30.12). It
also shows that the answer to this question only depends on the homotopy type of the
ingredients.

But it does even more than that. It is a purely algebraic calculus and can be used to
help us with our problem of testing the elementariness of elements in loq42(A).

It will be shown that an element in ly442(A) (or to be more precise a preformation z =
(F PR F*,0) representing that element) gives rise to a quadratic Poincaré
pair z. A quadratic Poincaré pair is an algebraic model of a normal map. Every
quadratic Poincaré pair induces a symmetric Poincaré pair. For such quadratic Poincaré
pairs there are notions of surgery, cobordism reld and h-cobordisms. In particular, z
is cobordant reld to an algebraic h-cobordism if and only if the element lpg42(A) at
the beginning was elementary. Hence x behaves just like an “algebraic Kreck surgery
problem”. This gives us some hope that a purely algebraic version of an asymmetric
signature, as presented for manifolds before, is feasible and helps to test elementariness.
As a first step we need to transform the boundary of the quadratic Poincaré pair z
into some kind of algebraic equivalent of a twisted double. Instead of a diffeomorphism
M =5 M we only need an equivalence of the quadratic complexes which are the two
algebraic “boundary components” of z. For the preformation z this means that there
exists a (stable weak) isomorphism ¢ between z and its flip 2/ = (F* <& ¢ - F, —6):
a flip-isomorphisms.

There is also a more geometrical reason why flip-isomorphisms are the correct algebraic

substitute for a diffeomorphism. Let
(eafvf/): (VI/?M)M/) — X X (I’O,l)

be a presentation i.e. a degree 1 normal cobordism such that e, f and f’ are highly-
connected and assume for simplicity that M and M’ are closed. Let z = (F PN
G 1 6) be the Kreck obstruction formation. We encountered such a cobordism
before when we defined the odd-dimensional Wall obstruction for f. By Corollary 2.4.6
both obstructions can be assumed to be the same. The Wall obstruction of the odd-
dimensional highly-connected normal map f’ is the flip 2/ = (F* <& G - F,—0)
of z. An “algebraic” isomorphism from the L-theory point of view is hence a (weak)

isomorphism ¢ between z and 2’ - a flip-isomorphism:
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In any case we can prove quite easily that if z is (stably) elementary it has indeed
(stable) flip-isomorphisms.

The existence of flip-isomorphisms can be easily verified for a preformation z = (F' L
G - F*,0) over Z with finite cokery and coker . The preformation induces linking
forms i.e. £-symmetric forms on those cokernels. If z is an obstruction to an even-
dimensional Kreck surgery problem (W, M, M’) — B then those algebraic linking
forms of z are induced by the topological linking forms of M and M’. Any isometry of
those linking form gives rise to flip-isomorphisms and conversely any flip-isomorphism
induces an isometry of the linking forms of z.

But let us return to the quadratic Poincaré complex x we constructed out of z. Every
flip-isomorphism ¢ transforms the boundary of the Poincaré pair x into an algebraic
twisted double. Now the algebraic surgery version of the asymmetric signature yields
an asymmetric signature o*(z,t) € LAsy(A) depending only on the preformation z
and a flip-isomorphism ¢. (These constructions do not only work for group rings or Z
but for any weakly finite ring A with 1 and involution). If [z] € lag+2(A) is elementary
then the asymmetric signatures vanish for all (stable) flip-isomorphism.

As mentioned before, isometries of linking forms are a good source for flip-isomorphisms.
It turns out that the asymmetric signatures only depend on those linking forms.
Obviously we are interested in whether these asymmetric signatures will be complete
obstructions to elementariness. The evidence does not look all too optimistic. First of
all asymmetric signatures completely ignore all quadratic information simply because
- unlike in other surgery problems - their definition and application does only require
manifolds but not necessarily normal maps/smoothings. The computation of I-monoids
for skewfields will provide further counter-examples.

We again resort to the manifold world for some inspiration for a stronger obstruction.
Assume again we have an even-dimensional cobordism (W, M, M'). For a moment let
us assume that M and M’ are closed. Any diffeomorphism h: M =, M’ allows us
to glue both ends of W together. Alternatively we obtain the same manifold if we
replace M by M’ using h (then W is a manifold with an (un-)twisted double M + M on
the boundary) and then glue the s-cobordism M x (1,0, 1) on it. The resulting closed



manifold V' is null-cobordant if and only if (W, M, M’) is cobordant to an s-cobordism.
If M and M’ are not closed, h again turns (W, M, M') into a manifold with a twisted
double as a boundary. But we have to be careful now: not every twisted double is
the boundary of an s-cobordism. If, however, we demand that h|OM is isotopic to
loar we can glue (W, M, M) onto M x (I,0,1) and again get a closed manifold which
is null-cobordant if and only if (W, M, M’) is cobordant to an s-cobordism. Similar
constructions also work for a normal cobordism and a compatible diffeomorphism h.
Again we follow our philosophy that anything that can be done for manifolds can
also be done in the algebraic world of complexes. We imitate the procedures for the
quadratic Poincaré pair that x we created out of a preformation z. The case OM = ()
corresponds to the case where z is a non-singular formation. As an example, the
obstruction of a Kreck surgery problem (W,M,M’') — X x (I,0,1) is a formation
when all maps involved are normal maps, X is a finite geometric Poincaré space and
the induced map OM — 0X is a homotopy equivalence. Just like with manifolds
and normal maps, it is possible to glue quadratic Poincaré pairs together and there is a
notion of cobordism. All we need is an equivalent for the diffeomorphism h: M =M.
Any chain equivalence of the quadratic complexes which constitute the two “boundary
components” of x will do the job. It is nothing else than the flip-isomorphism, we have
encountered before. So we use a choice of flip-isomorphism to glue the “ends” of the
Poincaré pair together and the resulting Poincaré complex is null-cobordant if and only
if x is cobordant reld to an algebraic h-cobordism and this is the case if and only if
[2] € lag+2(A) is elementary. One of the fundamental facts of algebraic surgery theory
is that the set of cobordism classes of Poincaré complexes are Wall’s L-groups. Hence
our construction leads to an obstructions in Log42(A) - the quadratic signatures.
Unfortunately, the generalization to arbitrary preformations is much more unpleasant.
In the case of manifolds or normal maps not any diffeomorphism could be used for the
glueing operation. The same is true in the algebraic surgery world. Not every flip-
isomorphism is suitable to produce a quadratic signature. We have to introduce a new
class of flip-isomorphisms called flip-isomorphisms reld. The quadratic signatures
of such a flip-isomorphism reld will also depend on other choices and hence are rather
difficult to handle.

In any case, one can show that quadratic and asymmetric signatures are connected via

the canonical map

Logra(A) — LAsy’(A)
(K, 0) — (K v — )
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1.3 The results

Let A be a weakly finite ring with 1 and an involution. Let € = (—)7 and let z = (F «
G -5 Fr, f) be an e-quadratic split preformation, that is a tuple consisting of a free
f.g. A-module F, a f.g. A-module G, a A-homomorphism (},) : G — F & F* and a map
0: G — Q_c(A) such that (G,v*u,0) is a (—e)-quadratic form. The obstruction to a
surgery problem in Kreck’s theory is such an object.
We say that two preformations are stably strongly isomorphic if they are isometric
after one adds “hyperbolic elements” of the form

(Zeo)

(P& PY) == (P& P?) == (PeP7).(§}))

The equivalence classes form the /-monoid l’zq 12(A) and the equivalence classes of reg-
ular preformations define the [-monoid lz442(A) (compare Definition 2.2.13 on p.28).
The main theorem in Kreck’s modified surgery theory states that surgery leads to an
s-cobordism if the obstruction is stably elementary. Hence, our aim is to find ob-
structions for z to be stably elementary. By Corollary 2.4.7 (p.37) we can replace z by
a regular preformation i.e. one with a free G.
In Kreck’s original theory all isometries and isomorphisms were simple and all modules
involved were based. We will ignore the Whitehead obstruction in the following and
hence only deal with h-cobordisms. For A = Z or A = Z[Z™] there is no difference.

There are certain obvious primitive obstruction for a preformation to be elementary.

Proposition (See Corollary 2.4.3 on p.36 ). If [z] € lag12(A) is elementary then
ker v 2 ker u, coker v = coker p, ker v* 1 =2 ker v @ ker v*, coker yv*u =2 coker y & coker y*

and rk F' is even

The first obstruction we will deal with is the existence of a flip-isomorphism. A
flip-isomorphism is a weak isomorphism («, 3, x) of z with its flip 2’ = (F* Lo
F,—0). (Compare Definition 4.1.1 on p.61). Weak isomorphisms are a generalization
of isomorphisms of formations as they are used in the definition of the odd-dimensional
L-groups (see Definition 2.2.14 on p.29). A strong isomorphism (which is used in the
definition of the even-dimensional I-monoids) is also a weak isomorphism (see Remark
2.2.17 on p.30).

Every elementary preformation has a flip-isomorphism:

Proposition (See Corollary 4.1.3 on p.62). Let z be a reqular e-quadratic split
preformation. If z is (stably) elementary there is a (stable) strong flip-isomorphism
(o, 3,0) such that a: F — F* is e-symmetric and zero in L*1(A) (and hence also in
LAsy°(A)) and 5% = 1¢.

Now we use the flip-isomorphism to define asymmetric and quadratic signatures.

11



Flip-isomorphisms and Asymmetric signatures

For any flip-isomorphism ¢t = («, 3, x) (even those that do not fulfil the stronger con-
ditions of the previous proposition) there is an asymmetric signature o*(z,t) =
(M, p) € LAsy’(A) of a flip-isomorphism ¢t of z given by

0 0 o

p=11 0 —€ T M=FoFoF— M.

0 1 ea(xy—ex™)*a*
(Definition 5.3.1 on p.80). We define an abelian monoid flag42(A) as a kind of I-monoid
of preformations with a choice of flip-isomorphism (Definition 5.5.1 on p.84). Then the
asymmetric signatures define a map from that monoid into the asymmetric Witt-group

which vanishes for all stably elementary preformations.

Theorem (See Theorem 5.5.3 and Remark 5.5.2 on p.85). The asymmetric

signatures give rise to a well-defined homomorphism of abelian monoids

o*: flagra(A) — LAsy’(A)

[(z,8)] — o7(z,1)

If [] € lagt2(A) is elementary then o*(z,t) = 0 for all flip-isomorphisms t of all

preformations z with [z] = [2'] € lagy2(A).

We will give two proofs of this Theorem (or rather of the underlying Theorem 5.4.1
on p.81): one using algebraic surgery theory and a explicit stable lagrangian of our
asymmetric signature.

In Section 9.6, asymmetric signatures are studied if A is a field. The converse of the
theorem turns out to be true e.g. if A = Q or for fields of characteristic different from
2 endowed with a non-identity involution and ¢ even. Unfortunately there are also
counterexamples.

A test case for asymmetric signatures are boundaries of quadratic forms in particular

the submonoid of lyq42(A) given by the injection

Lagi2(A) = lagt2(A)
(K.0) — O(K,0) = (K «* K "=% K*,0)

Here live the obstructions of traditional surgery theory interpreted as a special case of

Kreck’s modified theory.

Corollary (Corollary 7.3.2, p.110). Let (K,0) be a non-singular (—e)-quadratic

form. Then z = O(K,0) is a non-singular e-quadratic split formation.
i) z has a (stable) flip-isomorphism.
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ii) [2] € lagy2(A) is elementary if and only if [(K,0)] =0 € Lag+2(A).
i) All asymmetric signatures equal [(K,0 — e0*)] € LAsy’(A).

iv) Assume that either A is a field of characteristic different to 2 or that A = 7Z and

e = —1. z is elementary if and only if the asymmetric signatures vanish.

Asymmetric signatures ignore any “quadratic split” information. Hence non-singular
skew-quadratic forms over Z and Z/27Z with non-trivial Arf-invariant have vanishing
asymmetric signatures but their boundaries aren’t stably elementary (see Example 7.3.3

on p.111).

Linking forms

What is an easy source for flip-isomorphisms? For a certain class of preformations the
answer is linking forms. Assume that S C A is a central multiplicative subset, e.g.
A =7Zand S =7\ {0}. We call a map an S-isomorphism if tensoring with S~*A makes
it an isomorphism. If p is an S-isomorphism the preformation determines a linking

form L, and if «y is an S-isomorphism it defines a linking form L.

Proposition (See Proposition 8.2.3 on p.118). Let z = (F «— G - F*.0) be a

reqular split e-quadratic preformation with either p or v an S-isomorphism.

i) If z allows a flip-isomorphism then both v and p are S-isomorphisms. Every flip-
isomorphism t = (o, 3, x) induces an isomorphism of split (—e¢)-quadratic linking

forms [a™*]: L, =, L,.

i) Assume vy and p are both S-isomorphisms and L, and L, are isomorphic. Every
isomorphism : L, =, L. induces a stable flip-isomorphism («, 3,x) of z such

that [a=*| =1: L, =, L,.

We introduce sub-monoids of the I-monoids [29+2(A) and fI24+2(A) of preformations
(F < G 5 F*) where  and p are S-isomorphisms and the quadratic refinement is

omitted:
l§q+2(A) = {[(F @ L F)] € lggra(A)|p and v are S—isomorphisms}

FER ) = il e W)

Similarly we define an [-monoid ll§q+2(A) of preformations (F < G - F*) with

a choice of isometry L, = L,. The previous proposition can be interpreted as the
existence of a surjection flg'">(A) — lz7*(A) (see Section 8.3).
For preformations in l%q(A) the asymmetric signature oc*(z,t) of a flip-isomorphism ¢

does only depend on the preformation and the isometry of linking forms induced by t.
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Theorem (See Theorem 8.4.3 on p.121). There is a lift of the asymmetric signature
map of Theorem 5.5.3

FIET2(A) —> LAsy (M)

N

()
If [2'] € l§q+2(A) is elementary then o*(z,1) = 0 € LAsy’(A) for all isomorphisms
I L= L

This theorem is quite an improvement. Instead of checking the asymmetric signature
for all flip-isomorphisms of all stably strongly isomorphic preformations, we only have
to go through all isometries of linking forms of one representative. In the case A = Z
and S =7\ {0} they are only finitely many of them. We can do even more. In certain
circumstances we can read off the linking forms from a simply-connected manifold

directly.

Proposition (See Propositions 8.5.6 on p.123). Letp: B — BO be a fibration with
m1(B) = 0. Let M; be (2q+ 1)-dimensional manifolds with a (¢ — 1)-smoothings in B
i.e. a lift of the stable normal bundle over p which is q-connected. Let f: OMy — OM;
be a diffeomorphism compatible with the smoothings. Let W be a cobordism of MoUjy My

with a compatible q-smoothing over B. As in Corollary 2.4.6 we define an obstruction
(W) = (F G- F* o)
= (Hq+1(W7 MO) A (1+2(B7W) - q+1(VV7 M1)70)

,2q+2 (Z)

m

Let lﬁi be the linking form on Hyi1(B, M;) which is induced by the topological linking
form of M;.

If coker vy = Hy1(B, My) is finite then LY = —lﬁo.

If coker pp = Hyy1(B, M) is finite then LV = —lﬁl.

Assume both cokernels are finite. If W is cobordant rel0 to an h-cobordism then there
exist isomorphisms l: L* = _lﬁh oL =e— lﬁo and their asymmetric signatures

o*(x(W),1) € LAsy®(Z) will all vanish.

Non-singular formations

In general asymmetric signatures are not strong enough to show elementariness, there-
fore we look out for a stronger obstruction - quadratic signatures.
Quadratic signatures turn out to be rather complicated objects so we will deal first with

a special class of preformations for which they behave nicely. Let z = (F 4L a5
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F*,0) be a non-singular e-quadratic split formation i.e. that means the map () : G —

H(F) is an inclusion of a lagrangian. Let (e, f, f'): (W, M, M') — X x (1,0,1)

<7
~
-—
®

{f,

X X x1TI X

be a degree 1 normal cobordism (i.e. ¢ and f and f’ are normal maps and (X,0X) is
a finite geometric Poincaré pair) and f|: 9M — 0X is homotopy equivalence. Then
the modified Kreck surgery obstruction of Corollary 2.4.6 (p.37) is such a non-singular
formation.

By [Ran80a] Proposition 2.2, the map () : G — H(F) can be extended to an iso-

morphism of hyperbolic e-quadratic forms

<f: (Z Z)(veu 2)) : H(G) — H(F)

For any 7: G* — G the maps 7/ = 7 4+ (1 — em), i’ = i+ p(r — er™), 0 =
O+ (7 —erm*)*0(T — er*) +7* (T — e7*)* — er define another extension to an isomorphism
of hyperbolic forms. Conversely any other extension has this form.
For any flip-isomorphism ¢ of a non-singular e-quadratic split formation z and a choice
of extensions 7, fi, @ we can define a quadratic signature o (z,t,7, [, 0) = (M,¢) €
Lag+2(A) given by

Vit Fava’y —Fay 0

¢ = 0 e 0| M=G" G F" — M*
ey — f) —u 0

(see Definition 7.2.1 on p.108).

Theorem (See Theorem 7.2.3 on p.108). Let 2’ be a non-singular e-quadratic
split formation. [2'] € lagr2a(A) is elementary if and only if there is a stably strongly

isomorphic z = (F PRy N F*.0), a flip-isomorphism t and 7, fi and 0 such that

<f: (Z D(wgu 2)) : H(G) — H(F)

is an isomorphism of hyperbolic e-quadratic forms and p*(z,t,7, f1,0) = 0 € Lagi2(A).
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There is also a surprise about asymmetric signatures of non-singular formations: they

are independent of the choice of flip-isomorphisms.

Theorem (See Theorem 7.3.1 on p.110). Let z be a non-singular formation. Let

t and t' be two flip-isomorphisms. Then o*(z,t) = o*(2,t') € LAsy’(A).

Quadratic signatures for arbitrary preformations

The general definition of a quadratic signature demands much more preparation and
we will only sketch it here. Let z = (F AN A 0) be a regular e-quadratic split
preformation and let t = («, 3,7) be a flip-isomorphism of z. z and ¢t and a choice of
representatives for 7 and 6, etc. define a self-equivalence (h¢, x¢): (C, 1)) = (C,9) of
2¢-dimensional quadratic Poincaré complexes (see (4.2) on p.64). Assume there exists a
homotopy (A, 7n): (1,0) =~ (hs, xt): (C, ) = (C, %) (see Definition 6.1.4 on p.93) then
t is called a flip-isomorphism reld (see Definition 6.2.1 on p.95). Those ingredients
define a quadratic signature in Log42(A) which vanishes for a choice of A, 7, 0, etc. if
and only if z is stably elementary. The construction is described in Section 6.3 on p.98
and the relation to elementariness in Theorem 6.4.1 on p.101.

The quadratic signature of z, t, A, etc. is mapped to the asymmetric signature o*(z, t)

via the map

Lagsa(A) — LAsy®(A)
(K, v) — (K10 — etyp)
(see Theorem 6.5.1 on p.103). Its kernel can be computed in terms of cobordism classes

of automorphisms of quadratic Poincaré complexes (see Remark 6.5.2 on p.104).

In the case of A =7 and e = —1 i.e. ¢ = 2m — 1 the map is an injection:

Proposition (See Corollary 6.5.3 on p.104). Let ¢ = 2m — 1 i.e. ¢ = —1. Let

z=(F PRARyE LN F*.0) be a reqular skew-quadratic split preformation over Z

i) [2] € lum(Z) is elementary if and only if there is a flip-isomorphism reld t such
that o*(z,t) = 0 € LAsy°(Z).

ii) The quadratic signature p*(z,t,v,0,Kk,A,;n) € Ly (Z) only depends on z and t.

[-monoids for skewfields

The following results are independent from the theory about asymmetric and quadratic
signatures and answer some questions about the structure of the monoid ly;42(A). First
of all it is possible to compute the [-monoid in case of skew fields. For simplicity we
just present the non-split case. Note that lpgr2(A) = [2972(A) for skewfields A with
char A # 2.
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Theorem (See Corollary 9.1.9, Remark 9.1.13, Corollary 9.2.2). For any weakly

finite ring A with 1 and involution there is a monomorphism

n RN O o (4
((K, M), s, t,x,z,y) — [O(K, )+ I(A*,0)
+ (A At Al o)
e @ e @

0

+(AY <AL A )]

with A(K,\) = (K «— K 25 K*).
Let A be a skewfield. Then n is an isomorphism. In that case the map

v 29720 = LN eNlez
(F G5 FY — ((G/kery* u,v* )], dim ker , dim ker p,
dimker (), dimker v*p, dim F' — dim G)

is also an isomorphism.

[2] € 129%2(A) is elementary if and only if v(z) = (0,a,a,b, ¢+ 2a,c) for some a,b € Ny
and ¢ € Z i.e. if and only if [(G/kery*u,v*u)] = 0 € L**2(A), dimkery = dimker p1
and dim ker v*u = dim ker v + dim ker v*.

Can we make groups out of the /[-monoids?

The theory of monoids is rather difficult, so one would like to replace or “approximate”
the [-monoids by groups. There are two naive ways: one tries to find a group into which
lag+2(A) can be embedded or one looks at l2q+2(A)/l§fI+2(A). There is not much hope

for either attempt:

Proposition (See Proposition 9.5.2 on p.143f.). ly;42(Z[n]) cannot be embedded

mnto a group.

Proposition (See Corollary 9.2.3 and 9.2.4 on p.137£.). [24(A)/I?2 (A) is not a

elem

group for a field or a principal ideal domain A.

1.4 The contents

Chapter 2 gives an introduction into the topology and algebra of traditional and
modified surgery theories. We will define forms, preformations and elementariness.

The next two chapters build up the foundation for the application of algebraic surgery
theory to the study of preformations In Chapter 3 we translate preformations into

quadratic complexes and pairs. We define algebraic versions of surgery and cobordism
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rel@ and h-cobordisms for quadratic pairs. In Chapter 4 we define the important
concept of flip-isomorphisms and discuss how they fit into the algebraic chain models
we constructed in the preceding chapter.

The following chapters discuss asymmetric and quadratic signatures in all generality.
Chapter 5 presents the theory of asymmetric forms and complexes and how one can
define asymmetric signatures for Poincaré pairs that have an algebraic twisted double
as a boundary. These general constructions are applied to the Poincaré pairs defined
in Chapter 4 and produce the asymmetric signatures of flip-isomorphisms. Chapter 6
deals with the definition of quadratic signatures for general preformations.

We continue with the treatment of special classes of preformations. Chapter 7 covers
the quadratic signatures for the easier case of non-singular formations. It also contains
a proof for the fact their asymmetric signatures do not depend on the choice of flip-
isomorphism. For preformations with linking forms the theory of asymmetric signatures
becomes particularly elegant as will be shown in Chapter 8.

Finally, in Chapter 9 we will compute la,42(A) for skew fields A and investigate the re-
lation between the existence of flip-isomorphisms, vanishing asymmetric signatures and
elementariness for preformations over fields. We will give examples of non-elementary
preformations over certain fields that have flip-isomorphisms and vanishing asymmetric
signatures. We also show that naive ways of replacing the monoid la;42(A) by a group
won’t work in general.

The Appendix A contains a compilation of constructions and formulae from algebraic

surgery theory.
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Chapter 2

Preformations

Section 2.1 presents the algebraic and geometric concepts behind Kreck’s surgery
theory and its relation to traditional surgery theories. In Section 2.2 we introduce the
language of forms, formations and preformations - the building blocks of all our various
surgery obstruction groups and monoids. Preformations are the objects that appear as
obstructions in Kreck’s surgery theory; its main theorem states that surgery succeeds
in producing an s-cobordism if and only if that obstruction preformation has a certain
property: stable elementariness. Section 2.3 will present a heuristic way from topology
to a definition of an elementary preformation. Then (Section 2.4) various equivalent
definitions and some simple properties of that important concept are given, e.g. simple
invariants which are obstructions to elementariness using cokernels and kernels of v, u
and ~*u of a preformation (F <~ G - F* 6) (see Corollary 2.4.3).

An obstacle to the transfer of preformations into algebraic surgery theory in the next
chapters is the fact that the module G in a preformation (F PR ¢ AN F*,0) does
not need to be free. By Corollary 2.4.7 any preformation can be replaced by a regular

preformation (i.e. a preformation with free G).

2.1 Forms, preformations and formations: the geometry

In this section we want to compare even- and odd-dimensional traditional surgery
theory and Kreck’s even-dimensional theory. We start with the traditional even-
dimensional theory as developed by C.T.C. Wall and others. Let (e, f, f'): (W, M, M') —
X x (1,0,1) be a (2q 4 2)-dimensional degree 1 normal cobordism
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X X xI X

with a finite (2¢ + 2)-dimensional geometric Poincaré space! X such that f and f’ are
homotopy equivalences.

Our aim is to perform surgery on W reld such that the result is an s-cobordism. Then,
by the s-cobordism theorem, M and M’ are diffeomorphic. Surgery theory works only
in higher dimensions, hence we assume q > 2.

After having made e highly-connected by surgery below the middle dimension, we
can define a (—1)9"!-dimensional quadratic form (Kg41(W), A, p) with K, (W) =
H,12(€) the homology of the induced map of the universal covers of W and X with
local coefficients and A and v the intersection and self-intersection numbers on W.
This form is zero in the Witt group Lag+2(Z[m1(X)]) of non-singular (—)9*!-quadratic
forms over Z[m(X)] if and only if e: W — X x I is cobordant reld to a homotopy
equivalence, i.e. if and only if we can do surgery on the inside of W to obtain an s-
cobordism. A quadratic form vanishes in the L-group if (after addition of hyperbolic
forms) it has a lagrangian (i.e. a free direct summand of half dimension on which the
quadratic form vanishes). If there is a lagrangian for (K,1(W), A, 1) one simply kills
its generators by surgery and the result will be an s-cobordism.

Before introducing Kreck’s even-dimensional approach we have a look at the tradi-
tional odd-dimensional case. Let (X,0X) be a finite (2¢g+1)-dimensional geometric
Poincaré pair. Let N and N’ be two 2¢-dimensional manifolds such that 9M = N UN’
and let f: (M,0M) — (X,0X) be a degree 1 normal map such that its restriction
to the boundary M — 09X is a homotopy equivalence. Surgery below the middle-
dimension makes f — X highly-connected. We are interested in the question whether
N and N’ are diffeomorphic, that is, whether f: M — X is cobordant reld to a

homotopy equivalence. One can construct an obstruction by looking at a so-called

L A Poincaré space (or pair) is a topological space (or a pair of spaces) for which there exists a
Poincaré (or Poincaré-Lefschetz) duality. A Poincaré space or pair is finite if it is a finite CTW-complex.
All closed manifolds are finite Poincaré spaces.
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presentation of f. A presentation is a (2q + 2)-dimensional normal cobordism
(e, f, f): W, M, M) — X x (I,0,1)

such that e is (¢ 4+ 1)-connected and f and f’ is g-connected. Such presentations exist
for any such f with the above properties: one chooses a set of generators {x1, ..., zx} of
the kernel module K (M). Because we are below the middle dimension, the generators
can be realized by disjoint framed embeddings g;: S? x DIt! — M. The trace W of
the surgeries performed on them will be a presentation.

There is a purely algebraic way to test whether there’s any presentation that contains
a homotopy equivalence f’: M’ — X on the other end (see also [Ran02] Chapter
12.2): Let U be the union of all the images of all g; and My = M\ U. Such a
decomposition is called a Heegaard splitting (see [Ran02] Definition 12.6). Then
the self-intersection form on K (0U) = Kg(##S? x S?) is the hyperbolic form on
Z[m (X))?k. Because OM = QU, the images of K,1(U,0U) and K,1(Mp,dU) in
K,(OU) are lagrangians. A non-singular quadratic form with a pair of lagrangians
is called a non-singular (—)?-quadratic formation. It turns out that the forma-
tion (K4(0U); Kg41(U, 0U), Kq41(Mp, 0U)) provides enough data to decide our surgery
problem.

We can read off the same information from our presentation. We define

Fo= KQ+1(W’ M) = KQ+1(U7 aU)
G = Ken(W) = Kga (Mo, U)

Let v: G = Kg1(W) — F = Kg1(W, M) and pi: G = Kg1 (W) — Kgp1 (W, M) =
F* be the maps induced by the long exact sequences of (W, M) and (W, M’) and
Poincaré-Lefschetz duality. Then (},) is the inclusion of one lagrangian G and F is
obviously another lagrangian of the hyperbolic form H_).(F) = K,(0U). Hence the
obstruction formation can also be written as (H(_y.(F); F,G) = (F L q L Fr0).
Different choices of presentations for f: M — X change the formations by a stable
isomorphism. A stable isomorphism class of formations is Wall’s algebraic model
for an odd-dimensional normal map. We will introduce this kind of isomorphism in
Definition 2.2.14 as a weak isomorphism, since we need to distinguish it from another
kind of isomorphism which we will encounter in the discussion of the modified theory
later. A presentation yields a homotopy equivalence f': M — X if and only if its
obstruction is a boundary (see Definition 2.2.12). From this discussion equivalence
relations can be derived which are used to define the algebraic odd-dimensional surgery
obstruction groups Lag41(Z[m1(X)]). z vanishes in that L-group if and only if f: M —

X is cobordant reld to a homotopy equivalence.
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In the 1980s Kreck generalized Wall’s results. This thesis will only deal with his even-
dimensional modified theory (compare [Kre99] p.724-732). Surprisingly, certain
aspects of it resemble the traditional odd-dimensional theory we have just discussed.
Kreck’s theory starts off, not with normal maps, but the weaker notion of normal
smoothings. Let p: B — BO be a fibration. A normal B-smoothing of a manifold
is a pull-back of its stable normal map. (Under certain connectivity assumptions the
homotopy type of B actually depends only on M but we will not need this fact. See
[Kre99] p. 711.) Assume that there is a (2¢ + 2)-dimensional (e, f, f'): (W, M, M') —
B cobordism of normal smoothings such that f and f’ are g-equivalences.
If B is a finite geometric Poincaré space and if p: B — BO is its Spivak bundle,
a normal B-smoothing is nothing but a normal map. In addition, if f and f’ are
homotopy equivalences, the situation is exactly the one of Wall’s even-dimensional
case. The geometrical input of the modified case is considerably weaker than in Wall’s
original theory. There we started by comparing the complete homotopy and normal
bundle information of M and M’ whereas in the modified theory only “half” of that
information is needed.
Surgery below the middle dimension yields a (¢ + 1)-connected map €¢': W' — B.
Now we can read off the obstruction which is a tuple z = (F «— G -~ F*, ) with
G = ker(e,: g1 (W) — mgq1(B)), 0: G — Q(_ya(Z[m1(B)]) the self-intersection
form on W', F := Hy(W', M’) and v and p are the compositions of the obvious maps
in homology and the Hurewicz homomorphism. Note that 6 + (—)9710* = 4*u. Such
a tuple (F Mo LN F*,0) with (G,~*u,0) a +-quadratic form will be called a
preformation.
There is of course an ambiguity as there may be many ways to make e: W — B highly-
connected. But the resulting manifolds W’ will only differ by a couple of tori 91 x §4+1
and algebraically, the obstruction preformations will differ only by hyperbolic elements
0 1

(PoP <L PaP* (20 P& P (90)
There is also a notion of isomorphism namely strong isomorphisms (see Definition
2.2.13). If (W,M,M’) — B is changed by a diffeomorphism compatible with the
normal B-smoothings. the obstructions will change by such a strong isomorphism.
The stable strong isomorphism classes (using hyperbolic preformations for stabilization)
define the monoid lag42(Z[m(B)]). e: W — X is cobordant reld to an s-cobordism if
and only if the class of the obstruction preformation in the l-monoid is elementary.
We will discuss elementariness later in Sections 2.3 and 2.4.
The modified theory appeals by its ability to digest much simpler geometrical input

than the traditional case:

i) The normal maps on M and M’ are not necessarily homotopy equivalences but
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only g-equivalences.

ii) The space B with which we compare our cobordism does not need to be a finite

Poincaré space.

However, these generalizations come with a price tag - the difficult algebra. In fact,
very little is known about the algebraic structure of those I-monoids compared to the
extensive literature that exists about the L-groups.

There is a striking similarity between the obstructions of the modified even-dimensional
case and the traditional odd-dimensional case. In both cases one studies a cobordism
(e, f, f1): W,M,M') — X of highly-connected normal maps/smoothings such that
H;,(W,M) = H;(W,M') =0 for i # ¢+ 1. To a certain extend the discussion about
formations can be extended to preformations. In both cases () : (G,0) — H_ya(F)
defines a map from a zero form to a hyperbolic form.

The situation in the even-dimensional modified theory is of course more general: X is
not necessarily a finite Poincaré complex, the maps involved don’t need to be normal
maps and M — X might not be a homotopy equivalence. Therefore the map () is
not always an inclusion of a lagrangian.

There are more differences if one looks at the equivalence relations in the obstruction
groups/monoids. In the modified even-dimensional case, the equivalence relations for
the [-monoids are very strict, because they seek to preserve all algebraic data of the
whole cobordism (e, f, f'): (W, M, M') — X. On the other hand, in the traditional
odd-dimensional case that cobordism is just used to write down the obstruction data of
f — X. It is not important which cobordism is chosen if only it is highly-connected.
The equivalence relations for Lygy1(A) are designed such that only the surgery-relevant
information of f: M — X is retained.

Hence, philosophically, a preformation can be interpreted as an algebraic model for a
cobordism (e, f, f'): (W, M, M') — X or as a model for the map f: M — X only.
In the first case, one identifies preformations via strong isomorphisms (the ones used
to define the I-monoids) in the second case one uses weak isomorphisms (the ones used
to define the odd-dimensional L-groups). We will come back to this issue when we
introduce flip-isomorphisms in Chapter 4.

In any case, the similarity of the objects in odd-dimensional L-theory and [-monoids
enable us to use algebraic surgery theory to investigate la;(A). There are standard ways
of translating quadratic and symmetric complexes into forms and formations and vice

versa. These procedures extend to (regular) preformations as we will see in Chapter 3.
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2.2 Forms, preformations and formations: the algebra

We begin by defining a class of rings for which the rank of any f.g. free module is well-
defined. These rings are called weakly finite. All the rings which we are interested in

(like fields, principal ideal domains, group rings, etc.) have this property.

Definition and Lemma 2.2.1 ([Coh89] p.143). A ring A is weakly finite if for
any n € Ny and A-module K, A™ = A" @ K implies K = 0. O

Proposition 2.2.2. i) All commutative rings, artinian rings, noetherian rings, sub-
rings of weakly finite rings, skew fields and group rings C[n] and Z|r| are weakly
finite.

i1) All free modules over weakly finite rings have a well-defined rank.

iit) Let f,g : A" — A™ with fg = 1an and let A be weakly finite. Then gf = 1pn

i.e. f and g are isomorphisms.
w) If f: A" — A™ is surjective or a split injection than f is an isomorphism.

‘ 0y . , ‘ , ‘
v) Let A be an r X r-matriz s.t. (: ) s an isomorphism. Then A is an isomor-

A
phism.

Proof. For i) - iii) see [Coh89] pp.143-4 and [Mon69]. iv) is very easy to show. There
is an exact sequence

O—>kerf—>A”i>A”—>O

which splits because the last module is free. Then ker f & A™ = A". Hence the kernel
is trivial and f injective. A similar argument covers the case of a split injection. The
last statement follows from the fact that A* must be an epimorphism, hence it is an

isomorphism and so is A. O

Let € = (—)?. (All constructions would equally work for € € A such that e~! = €.) Let
A be a weakly finite ring with 1 and an involution x — Z (i.e. an anti-automorphism
A AP x — T with AP the opposite ring). All A-modules are left modules if not

stated otherwise.

Lemma 2.2.3. For a projective A-module M the map M — M** z+—— (f — f(x))

s an isomorphism of left A-modules.

Remark 2.2.4. In this section all surgery obstruction groups and monoids of the
various surgery theories presented before are defined. Strictly speaking, if we want to
decide whether or whether not a cobordism can be turned into an s-cobordism all the

equivalence relations below must only use simple isomorphisms (i.e. isomorphisms
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for which the torsion in the Whitehead group vanishes). We will ignore this condition in

this thesis, hence the results will only deal with A-cobordisms instead of s-cobordisms.

A careful analysis of the proofs and constructions given in this thesis, will certainly

lead to similar results for the simple I-monoids.

In the cases A = Z[Z™] and A = Z the Whitehead groups vanish and every h-cobordism

is an s-cobordism.

Forms and even-dimensional L-groups

Definition 2.2.5. i) Let M be a A-module. Using the canonical homomorphism

i)

iii)

iv)

M — M** of Lemma 2.2.3 we define the e-duality involution map

T.: Homp(M,M*) — Homp (M, M)
¢ r— (07— (y — ed(y)(2)))

and the abelian groups

Q(M) =ker(1—Tv) Qc(M) = coker(1 — T)
Q(A) = {b € Alb = eb} Qc(A) = A/{b—eblbc A}

An e-symmetric form (M, ¢) over A is a A-module M together with a ¢ €

Q°(M) It is non-singular if ¢: M — M* is an isomorphism of A-modules.

A sublagrangian L of an e-symmetric form (M, ¢) is a direct summand j: L —
M such that j*¢j = 0. Then the annihilator L+ = ker (j*¢: M — L*) is
contained in L. L is a lagrangian if L = L. A form that allows a lagrangian is

called metabolic.

An e-quadratic form (M, )\, v) over A is an e-symmetric form (M, A) together

with a map v: M — Q(A) such that for all z,y € M and a € A

(a) v(z+y) —vz) —v(y) = Az,y) € Qe(A)

(b) v(x) 4+ ev(z) = Mx,z) € Q°(A)
(c) v(az) = av(z)a € Qc(A)

v is called a quadratic refinement of the e-symmetric form (M, \). It is non-

singular if the underlying symmetric form is non-singular.

A sublagrangian L of an e-quadratic form (M, A\, v) is a direct summand j: L —
M such that j*\j = 0 and vj = 0. Then the annihilator L' of the underlying
e-symmetric form (M, )\) is a submodule of L. L is a lagrangian if L = L. A

form which allows a lagrangian is called metabolic.
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vi) A morphism f: (M,\) — (M’',)\) of e-symmetric forms is a map f €
Homy (M, M") such that f*\ f = A. It is an isomorphism if f: M — M’ is an

isomorphism of A-modules.

A morphism f: (M, \, u) — (M', N, 1') of e-quadratic forms is a morphism
f: (M, \) — (M',X) of e-symmetric forms such that y/f = p. It is an isomor-

phism if f: M — M’ is an isomorphism of A-modules. O

Remark 2.2.6. For a f.g. projective A-module M there is no difference between the
definition of e-quadratic forms and the following alternative (see e.g. [Ran80a] p.117ff):
An e-quadratic form (M, ) over A is a tuple consisting of a f.g. projective A-module
M together with an element ¢ € Q.(M). It is non-singular if (1 4+ T,)y: M — M*
is an isomorphism of A-modules.

A sublagrangian L of an e-quadratic form (M,)) is a direct summand j: L — M
such that j*¢j = 0 € Q.(L). Then the annihilator L+ = ker (j*(1 + T.)y: M — L*)
is contained in L. L is a lagrangian if L = L. A form which allows a lagrangian is
called metabolic.

A morphism f: (M,y) — (M’',4’) is a map f € Homy (M, M’) such that f*¢'f =
Y € Qc(M). Tt is an isomorphism if f: M — M’ is an isomorphism of A-modules.
An e-quadratic form (M, € Q(M)) defines an e-quadratic form (M, (1+T¢)v, v) with
v(z) = ¢¥(x)(x). Conversely any e-quadratic form (M, A\, v) gives rise to an e-quadratic
form (M, € Q°(M)) (see [Ran02] Proposition 11.9).

If % € A then quadratic and symmetric forms are the same. More generally:

Proposition 2.2.7. Assume there is a central s € A such that s+5 = 1. Then there is
a one-to-one correspondence between e-quadratic and e-symmetric forms over f.g. free
(or projective) A-modules given by (G,0 € Q(G)) — (G, (1 +T¢)0 € Q(G)). Its
inverse is (G, A € Q°(Q)) — (G, [sA] € Q(G)).

It can be shown ([Ran80a] Proposition 2.2) that any metabolic form is isometric to a

hyperbolic form.

Definition 2.2.8. For any (—e¢)-symmetric form (L*, ¢) over a f.g. free A-module L we

define the non-singular hyperbolic e-symmetric form

meo - (ror (! ) eowary)
We abbreviate H(L) = H¢(L,0).
For any f.g. free A-module L we define the non-singular quadratic hyperbolic e-

quadratic form

H (L) = <L@L*, (8 é) € QE(L@L*)>
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Definition and Lemma 2.2.9. The even-dimensional quadratic L-group Ly, (A)
is the set of equivalence class of all non-singular e-quadratic forms on f.g. free modules
over A where two forms are equivalent if they are isometric up to the addition of
metabolic (i.e. hyperbolic) forms. It is also called the Witt-group of quadratic
forms.

Similarly we can define the even-dimensional symmetric L-group L2(A). O

Preformations and even-dimensional [-monoids

The building blocks of the even-dimensional /-monoids are preformations. A special
case are formations which help to define the odd-dimensional L-groups (see below).
We also introduce the notion of regular preformations. They are preformations
where all modules involved are f.g. free. Only they can be fed into the algebraic surgery
machine which we will present in later chapters. Corollary 2.4.7 shows that the restric-

tion to regular preformations is not a serious limitation of the scope of our theory.

Definition 2.2.10. i) An e-quadratic preformation (F —— G - F*) is a tuple
with
(a) a free f.g. A-module F,
(b) af.g. A-module G,
(c) () € Hom (G, F @ F*) such that (G,v*p) is a (—¢)-symmetric form.
An e-quadratic split preformation (F 2L a5 F * 0) is an e-quadratic

preformation (F «— G -5 F*) and a map 0: G — Q_(A) such that (G,v*,0)

is a (—e)-quadratic form.

ii) An e-quadratic preformation (F LN *) is called regular if G is free. An
e-quadratic split preformation (F' L a5 F *0) is regular if G is a free. In

that case we interpret § € Q_.(G) as in Remark 2.2.6.

An e-quadratic split preformation (F' PR AN ) 0) is called an e-quadratic
split formation if ()G is a sublagrangian of the e-quadratic hyperbolic form
H.(F). It is called non-singular if the sublagrangian is indeed a lagrangian.

Similar for the non-split case. O

Remark 2.2.11. In Andrew Ranicki’s work the notation for e-quadratic formations
(F - G5 F*) is (H(F), F,Q) and for e-quadratic split formations (F «— G -
F*,0) it is (F,((}).0) G).

In an obvious way all symmetric and quadratic forms are non-singular formations:
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Definition 2.2.12. i) Let (K, \) be a (—¢)-symmetric form on a free f.g. A-module

ii)

iii)

K. Then the boundary of (K,\) is the non-singular e-quadratic formation
O(K,N) = (K &5 K 25 k).

Let (K, 0) be a (—e)-quadratic form on a free f.g. A-module K. Then the bound-
ary of (K,0) is the non-singular e-quadratic split formation 9(K,0) = (K Ax
K= K*p).

A trivial formation is a non-singular e-quadratic split formation of the form
(P,P*) = (P <& P -1 P*,0) with P a free f.g. A-module. Similar for the

non-split case. ]

Now we define strong isomorphisms and stable strong isomorphism for preformations.

Definition 2.2.13. i) The sum of two e-quadratic split preformations = =

ii)

iii)

iv)

(F & G % F*.0) and 2/ = (F' Nalye QN F'*,0") is the e-quadratic split

preformations
T+ = ((F@F’)Y@I el Yegaildt (FeF),000).

Similar for the non-split case.

A strong isomorphism of two e-quadratic split preformations (F' L

G % F*0) and (F' Nl F'",0") is a tuple (@, () of isomorphisms
« € Homp (F, F') and 8 € Homy (G, G') such that

F<"—g—t>p (2.1)

do o

F/,’YHG/L>F/*

commutes and 0 = 6.

Two (regular) e-quadratic split preformations z and 2’ are stably strongly iso-
morphic if there are boundaries of hyperbolic forms h and h’ such that there is

a strong isomorphism between x + h and x’ + h’. Similar for the non-split case.

The [-monoid l’2q 4o(A) is the set of stably strongly isomorphism classes of e-
quadratic split preformations. The “simple” version of this monoid is Kreck’s

original /-monoid.

The [-monoid ly2(A) is the set of stably strongly isomorphism classes of regular

e-quadratic split preformations.

The [-monoid !’ 2quz(A) is the set of stably strongly isomorphism classes of e-

quadratic preformations.
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The I-monoid 12912 (A) is the set of stably strongly isomorphism classes of regular

e-quadratic preformations.

All [-monoids are abelian monoids with zero. O

Formations and odd-dimensional L-groups

In Section 2.1 we explained that odd-dimensional traditional surgery theory and the
modified even-dimensional case use similar obstructions but that the equivalence re-
lations used in the construction of the obstruction groups/monoids are very differ-
ent. In both cases the obstruction associated to a (2¢ + 2)-dimensional cobordism
(e, f, f): W, M,M') — X x (1,0, 1) of normal maps/smoothings with f and f’ and
e highly-connected is some e-quadratic split preformation (F 2L a5 F * 0) with
F = Hy1(W, M) and (G, ~v*1,0) containing the self-intersection form on some homol-
ogy or homotopy group related to e.

In Kreck’s surgery theory this cobordism is the very surgery problem in question. The
equivalence relations (strong isomorphism, stabilization with boundaries of hyperbolic
forms) are very rigid and preserve the important data of the whole cobordism.

In contrast, traditional odd-dimensional surgery theory uses the cobordism
(e, f, f): W, M,M") — X x (I,0,1)

just as a prop to define an obstruction to the odd-dimensional surgery problem given by
f: M — X. Hence the equivalence relations we present below are much more flexible
- they need to filter out ambiguities which arise by the choice of a different presentation

i.e. another (2¢ + 2)-dimensional normal cobordism
(& £, f): (W, M, M) — X x (1,0,1)

with é and f highly-connected.

This leads to the unfortunate situation that there exist two notions of (stable) isomor-
phisms for preformations. (Stable) strong isomorphism classes of preformations are
algebraic models for a whole cobordism (e, f, f'): (W, M, M') — X x (1,0,1) whereas
stable weak isomorphism classes are models for the normal map f: M — X only.
Weak isomorphisms will reappear in Chapter 4 which deals with flip-isomorphisms.
We also have to be careful about stabilization. In the [-monoids we stabilize with “hy-

perbolics” (i.e. boundaries of hyperbolics) and in L-theory we use trivial preformations.

Definition 2.2.14. i) A (weak) isomorphism («a, 3, o) of two regular e-quadra-
tic preformations (F <— G - F*) and (F’ 2Log F'™) is a triple con-
sisting of an isomorphism « € Homy (F, F’), an isomorphism 8 € Homy (G, G")
and o € Q(F™) such that
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(a) ay+ aocp =8 € Homy (G, F')
(b) a™*u = /B € Homy (G, F'").

ii) A (weak) isomorphism (a,3,v) of two regular e-quadratic split prefor-
mations (F «— G -5 F*.0) and (F’ alye LN F'*,0') is a triple consisting
of an isomorphism « € Homy (F, F’), an isomorphism $ € Homy(G,G’) and
v € Q_c(F*) such that

(a) ay+ a(v —ev*)*u =+ € Homp (G, F’)
(b) a *u = /8 € Homy (G, F'™)
(c) O+ p vp =008 €Q (G

iii) A stable weak isomorphism of two regular e-quadratic split preforma-
tions z and 2’ is a weak isomorphism z + t = 2’/ + t/ for trivial formations ¢, t'.

O

An odd-dimensional normal map is cobordant to a homotopy-equivalence if and only if
its obstruction preformation is stably isomorphic to a boundary. It can be shown that
for any form there is another cobordant odd-dimensional map whose obstruction prefor-
mation differs from the original one by the boundary of a form (see [Ran02] Proposition
12.13, Theorem 12.29). This motivates the definition of the odd-dimensional surgery

obstruction groups.

Definition and Lemma 2.2.15 ([Ran02] Definition 12.23, Proposition 12.33).
We call two non-singular e-quadratic (split) formations z and 2’ equivalent if there is
a stable weak isomorphism between z + b and 2z’ + b’ for some boundaries b and b'.
In both cases (split and not-split) the equivalence classes form the odd-dimensional

L-groups Logt1(A). O

Remark 2.2.16. There are also odd-dimensional symmetric L-groups which are de-

fined as the Witt-group of e-symmetric formations. (see [Ran80a] Chapter 5).

Remark 2.2.17. i) Any strong isomorphism between regular preformations is also

a weak isomorphism.

i) Let z = (F <& G 2% F*0) and 2/ = (F/ < &' £ F*,0) be regular
e-quadratic split preformations and ¢ = («, 5,v): 2 — 2’ a weak isomorphism.
Then (o, B, (v—ev*)*) is a weak isomorphism of the underlying regular e-quadratic

preformation (F «— G - F*) and (F LN F™).

iii) If z is a formation, weak isomorphisms are nothing but isomorphisms of qua-

dratic (split) formations as defined in [Ran80a] p.122 and p.128. For example,
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an isomorphism (o, 3,0) of e-quadratic formations z = (F L B F *) and

2= (F' <~ G 5 F') is an isomorphism of e-quadratic hyperbolic forms
<a O‘”) . HY(F) —> HY(F")
which maps the (sub-)lagrangians F' and G onto F’ and G’ respectively.

iv) Despite the different ways of stabilizing, every stable strong isomorphism is also
a stable weak isomorphism. That’s because there is a weak isomorphism between
an even-dimensional trivial formation and a boundary of hyperbolic forms:

0 1 0 0 X oy

(1, (_6 O) | ( 0))  OH(P) — (P& P*,(P& P"))
The converse is not true: Let @ be a free A-module of rank 1. Let y = (Q, Q*) and
z = O0H_(Q). By the above, both preformations are stably weakly isomorphic,

but for rank reasons they cannot be stably strongly isomorphic.

2.3 Elementariness: the geometry

We haven’t quite explained yet how the obstruction preformation in Kreck’s surgery
theory can tell us whether surgery is able to turn our cobordism into an h-cobordism.
Again let ¢ > 2. In the case of the traditional even-dimensional case we only
have to check that the obstruction (Kg41(W), A, ) of a highly-connected (2¢ + 2)-
dimensional normal cobordism (W, M, M') — X x (I,0,1) is zero in the Witt-group
Lag(Z[m1(X)]). Then we know that there is a lagrangian L of Ky1.1(W) @ H_ye+1(K).
The stable lagrangian L is a recipe for successful surgery: we perform rk K trivial
surgeries on W (with the result W#+# 1 S9! x S971) and then kill a basis of L via
surgery. The result will be an A-cobordism.

In the modified case the criteria for success or failure are more complicated. The starting
point of Kreck’s modified surgery theory is the situation we described on p.21f: Let
p: B — BO be a fibration. Let My and M; be (2g + 1)-dimensional manifolds with
(g—1)-smoothings f and f"in B. Let f: dM =, 0M; be a diffeomorphism compatible

with the smoothings. There is a normal smooth cobordism i.e.

31



(eafmf/): (W7M07M1) — B

Surgery below the middle dimension on W is possible and yields a g-smoothing e’: W/ —

B. Then we can define a (—)?*!-quadratic split preformation.
Definition 2.3.1.
y(W) = (F<—H—F"¢)
= (Hg1 (W', Mo) « (im(d: mg42(B,W') = mg41(W'))) — Hgr (W', M), ¢)
2g2(Z[m (X))

m

is the Kreck surgery obstruction of W. 0

It turns out that killing low-dimensional homotopy classes by surgery in a different
manner will not change the class y(W) € Iy, 5(A). The obstruction contains all the

data to find out whether W can be made an h-cobordism due to the main theorem:

Theorem 2.3.2 ([Kre99] Theorem 3 and Remark p.730ff). W is B-cobordant
reld to an h-cobordism if and only if y(W) € Iy, 5(A) is elementary.

Before we give a strict definition of elementariness (see the next section), a heuristical
argument provides some geometric motivation for this new concept. We will later show
(Corollary 2.4.6) that in Definition 2.3.1 im(d: mg2(B,W') — mg41(W')) can be
replaced by Hgi2(B,W’). Without loss of generality we assume that W — B is
(¢ + 1)-connected and W = W".

From the long exact sequences for (B, W, M;) we learn that H;(W, M;) = 0 for j < ¢,

1 = 0,1 and that there is an exact sequence

0 — Hgt2(B, M;) — Hg2(B,W) — Hgp1 (W, M;) — Hgy1(B, M;) — 0
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and that the canonical maps H;(B, M;) — H;(B, W) are isomorphisms for j > ¢+ 3.
Then a (possibly non-free) chain complex model of the cobordism (W, My, M;) — B
looks like

Cyi2(B, My) = G Cys2(B, M) = G

Cq+2(B,W) =G

v 2

Cyr1(B,My) = F Cyi1(B, M) = F*

Assume it is possible to do simultaneous surgery on W killing some homology classes
x1,...,2 € Hyp1 (W) without changing the boundary. Assume further that they are
the basis of a f.g. free submodule j: U = (x1,...,25) — Hy11(W). A chain complex
model for the resulting cobordism (V, My, M;) — B is

0
Cq+3(B, V) =U

TR

Cyra(B, My) = G —> Cpya(B,V) = G<—— Cya(B, M) = G

“/l Vel “i

— — * — *
Cor1(B, Mo) = F = Cq41(B, V) = U <= Cq41(B, M1) = F

(compare with the proof of Theorem 3.3.3). We observe that the relative middle-

dimensional homology groups of the new cobordism are

Hy1(V, My) = ke(r(,uj))
im(5*u*
Hg1(V, M) = ke(r(’yj))

Using Poincaré-Lefschetz duality this means that (V, My, M7) is an h-cobordism if
and only if these homologies vanish or, equivalently, the mapping cones of either map
C(B,M;) — C(B,V) (that is
0—U LWl ge g
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and its dual) are exact sequences. This is in fact one way of defining that (F < G -

F*) is elementary (see Proposition 2.4.2iii)).

2.4 Elementariness: the algebra

First we will repeat the original definition of an elementary preformation before we

present alternative ways of looking at this concept.

Definition 2.4.1 ([Kre99] p.730). An e-quadratic split preformation (F «— G -~
F*,0) is elementary (in respect to U) if there is a f.g. free submodule j: U — G
with

i) j*y*puj =0 and 65 =0,

ii) 7j and pj are injective and their images Uy and U; are direct summands in F

and F™ respectively,
ili) Ry = F*/U; — U§, f+— f|Up is an isomorphism.

Such an U is called an h-lagrangian of the preformation.

An element in l’2q 4o(A) is elementary if it has an elementary representative. All
elementary elements form a submonoid !’ Slq +2(A) of I, o (A).

An e-quadratic split preformation z = (F PR RNy 0) is stably elementary if
2] € 13,,2(A) is elementary.

Similar for non-split and regular preformations. O

Proposition 2.4.2. Let (F PR e AN F*.0) be an e-quadratic split preformation.

Then the following statements are equivalent:

i) The preformation is elementary in respect to U.

ii) There is a f.g. free submodule j: U — G such that

0 U > [* ——=[J* 0
] (v9)

is an exact sequence and O|U = 0.

iii) There is a f.g. free submodule j: U — G such that the two horizontal chain maps

U
),

G ! G ! G

=0

T U P

are chain equivalences (i.e. this is a “chain complex model of an h-cobordism”)
and O|U = 0.
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iv) The preformation is strongly isomorphic to a preformation of the form

*((1)2) ((1)7;0) * %)
UeU* — UeR — U'aU,0)

for some maps 0: R — U* and 7: R — U such that "0 = —eoc™T and a

quadratic refinement 8': R — Q_.(A) of o*1 such that
0:UdR — Q_(A)
(u,r) = 0'(r) —ea(r)(u)
Similar for the non-split case.

Proof. The first two assertions are obviously equivalent. One observes that

0 U > [* ——=[* 0
] (v4)

and its dual are the mapping cones of the chain maps in iii). So iii) is equivalent to ii).
Finally, we concentrate on iv). Every preformation of the form described in there is
elementary in respect to U. On the other hand let (F L a5 F *) be an elementary
e-quadratic preformation. First we show that U splits, in particular G = U @ ker(77y)
with an arbitrary projection 7: F' — Uy along some complement Ry C F. Let x €
U Nker(my). Since 7 is a projection and y(U) = Uy we see that v(x) = 7y(x) = 0 and
therefore x = 0. Now let z € G. Then there is an x € U such that 7vy(z) = y(z). It
follows that z = x + (2 — x) with z € U and 7y(z — z) = 0.

Let R :=ker(ny) and let Ry C F* be some complement of U; = u(U). We write

’yz(fh 72>:UGBR — Up® Ry
Y3 V4

py s
,u’:<,1 ?):U@R—»M@Rl
M3 My

@ @ * *
@:((I); (pz):Ul@Rl — U} @R
[ — (f|Uo, f|Ro)

H1 2 * *
= cU®R — Uj®R
H <M3 M4> 0 0

v o D)

By assumption, 71 and i are isomorphisms and 73 and p4 are vanishing. We can apply
the strong isomorphism (1g, (7 7?)) to achieve the simpler situation of v = (§ %) and
Uy=U.

We compute v*u = (‘1’1*“/1 I) and see that ®; = 0. The last criterion of elementariness

implies that @5 is an isomorphism and therefore @3 is bijective as well. We use these

0 Doy ) (0 u2>
p="0 <<I>3u’1 D3y + Py ps pa
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Hence pg is an isomorphism. Because v*u = (ﬁ 13 4) (—€)-symmetric, po =

10

0 lfé) 1¢) and get a preformation with

—epzys. We apply the strong isomorphism (
the properties we want.
At last we deal with the case of quadratic split preformation. The same steps as before

yield a strong isomorphism between an e-quadratic split preformation (F S a-
F*.0) and

(59) (1 57)
UeoU* <~ UsR" —-"U"aU,0)

We define ¢’ := 0|R which is obviously a quadratic refinement of o*7. Because @ is a

quadratic refinement of v*u = ( 0 ) Ud R— U"® R* it follows for u € U and

o* o*T

r€ R: O(u,r) =0(u) 4+ 0(r) + v u(u,r) =0+ 0(r) — eo(r)(u). O
The proposition allows us to derive some quite simple obstructions for elementariness.
Corollary 2.4.3. Let z = (F L a-t F*) be a regular e-quadratic preformation.

i) The isomorphism classes of kernels and cokernels of v, u, (Z), Y1 as well as
tkG — 1k F € Z and vk F € 7Z/27 are invariants of [z] € [22(A).

i) If [2] € 1?9T2(A) is elementary then kery = ker i, cokery = coker u, ker v*p =
) 1f [] Y gl 1, g p, ker v p
ker v @ ker v*, coker v*u = coker v @ coker v* and rk F' is even

Similar for the split and non-reqular case.

Corollary 2.4.4.

elem
,2q+2 A — l/2q+2 (A)

(Y 75)

with O(u,r) = 0'(r) — eo(r)(u)

0
[(U*LRLU,G’)} — (U@U*( ”)UEBR U U,0)

s a well-defined surjective morphism of abelian monoids with kernel
{OCK A, WK\, p) s a (=)™ -quadratic form}
Similar for the non-split and regular case.

Finally we prove a little lemma about elementariness which has two interesting appli-

cations.
Lemma 2.4.5. Let © = (F <~ G 25 F*.0) and y = (F << H - F*4) be two
e-quadratic split preformations and m: G — H a surjective homomorphism such that

F<~"—G—">F (2.2)

RN

H
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commutes and 6 = r. Then x is (stably) elementary if and only if y is (stably)

elementary. Similar for the non-split case.

Proof. Let j: U — G be the inclusion of an h-lagrangian of x. Then omj = ~j is
injective and so is wj. Hence i = 7j: U — G is the inclusion of a free f.g. submodule.
It is in fact an h-lagrangian of y because i = owj = vj and 7 = 77 = puj.

On the other hand let j: U < H be the inclusion of an h-lagrangian of y. Let
{e1,...,e,} be a basis of U. For any k choose a b, € 7 1(j(ex)). This defines a
homomorphism i: U — G, e — bi. Obviously m¢ = j and ¢ is an inclusion of a
f.g. free submodule. It is in fact an h-lagrangian for x because vi = omi = oj and

Wi = TTL = Tj. 0

As a first application we can slightly improve the elegance of the obstruction in Defini-
tion 2.3.1.

Corollary 2.4.6. In the situation of Definition 2.3.1 and Theorem 2.3.2 we can define

an alternative (—)?-quadratic split preformation
w(W) = (F«-G-5 F0)
= (Hqul(W,aMO) — q+2(Ba W/) - (1+1(W/7M1)79_)

g2 (Z[m (X))

m

with 0 being induced by the self intersection form on W and maps v and p from the
long exact sequence of the triads (B, W, M;).

Then W is B-cobordant to an h-cobordism if and only if x(W) € Iy, o(Z[m1(X)]) is
elementary.

The long exact sequences of (B, W, M;) yields

ker'y = Hq+2(B, Mo) cokerv = Hq+1 (B, M(])
ker pp = Hyyp(B, My) coker p = Hgy1(B, M)

(Compare with Corollary 2.4.3)

The second application is a more theoretical: the decision whether a preformation is
elementary can always be replaced by checking that a related regular preformation is

elementary

Corollary 2.4.7. Let x = (F <<~ H - F* %) be an e-quadratic split preformation
and let G be a free f.g. module with an epimorphism w: G — H. Then there is an
e-quadratic split preformation y = (F PRERye AN F*.0) which makes the diagram 2.2

commute. x is reqular and it is elementary if and only if y is.
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Chapter 3

Translating Kreck’s surgery into
algebraic surgery theory

For the whole chapter let ¢ > 2, ¢ = (—)? and let A be a weakly finite ring
with 1 and involution.

The asymmetric and quadratic signatures which will be defined in the next chapters
are obstructions to the elementariness of a preformation. Constructions and proofs will
use results from the vast theory of algebraic surgery.

This section will provide the first step in the programme by translating preformations
into the language of algebraic surgery theory: quadratic Poincaré pairs and complexes
(see Section 3.1).

Preformations arise as obstructions when we ask whether a cobordism (W, M, M') —
B of normal smoothings is cobordant reld to an h-cobordism. As there is no realization
result for preformations, we cannot be sure whether they all arise from a surgery prob-
lem. The constructions in Section 3.1 can be thought of as an “algebraic realization
result”: any preformation appears as an “obstruction” of a certain Poincaré pair to
be cobordant reld to an algebraic h-cobordism. However, we will not try to develop a
general [-obstruction theory for Poincaré pairs because we do not need it. It suffices
to create a quadratic chain complex model for a preformation and to apply algebraic
surgery theory to it.

Algebraic equivalents of concepts like cobordisms reld and surgery inside a manifold
will be needed to model Kreck’s surgery theory. Section 3.2 deals with this rather
technical issue and confirms our expectations, namely that those notions exist and that
they behave similarly to their geometric equivalents (e.g. that two Poincaré pairs are
cobordant if and only if one is the result of a surgery of the other).

In Section 3.3 we prove some kind of algebraic equivalent of Theorem 2.3.2: the
Poincaré pair constructed in Section 3.1 is cobordant reld to an algebraic h-cobordism
if and only if the preformation is (stably) elementary. This theorem is the key to the

application of algebraic surgery theory to the analysis of preformations.
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3.1 From preformations to quadratic pairs

If we want to use the tools of algebraic surgery theory, we will need to translate prefor-
mations into the language of quadratic chain complexes and pairs. Readers can brush
up their knowledge of algebraic surgery theory by reading [Ran80a] or the appendix
(Chapter A, p. 148).

The translation is easier for non-singular formations. They can always be realized
([Ran02] Proposition 12.17) as an obstruction of a presentation i.e. a (2¢+2)-dimensional

cobordism of degree 1 normal maps

M w M’
l k U
X X xI X

(k,1,0')y: W, M,M") — X x (I,0,1)

into a finite geometric Poincaré pair (X,0X) such that | and !’ are g-connected, k
is (¢ + 1)-connected and [|: OM — 0X is a homotopy equivalence. We note that
a presentation is a special case for Kreck’s surgery theory but also a way to find
the L-obstruction of the odd-dimensional normal map [: (M,0M) — (X,0X) (see
also Section 2.1). In both cases (see Corollary 2.4.6 and [Ran02] Chapter 12) the ob-
struction is the non-singular e-quadratic split formation (F < G -5 F* ) with
F = Kgp1(W, M), G = Ky11(W), ete. It vanishes in logyo(Z]m(X)]) if and only if
k: W — X x I is cobordant reld to an h-cobordism and it vanishes in Log41(Z[m(X)])
if and only if I: (M,0M) — (X,0X) is cobordant reld to a homotopy equivalence i.e.
an h-cobordism (see also Section 2.1).

Algebraic surgery theory presents an alternative surgery obstruction for [: (M,0M) —
(X,0X): the quadratic kernel (D,v) of [. It is a (2¢ + 1)-dimensional quadratic
Poincaré complex over Z[r(X)] where D = C(I') is the mapping cone of the so-called

Umkehr chain map

I O(X) =5 O(X,0X)2+ = s o(M, 0M)2a+ 1 =5 ¢(M)
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with X and M the universal covers. The homology modules of D are the kernel
modules K, (M). The quadratic structure v € W (D)ag+1 is a family of maps vy €
Hom(D?3+1=7=5 D,) which generalizes the self-intersection number. It contains a chain
equivalence (14 T)vy: D*+1=* =, D inducing the Poincaré duality K2t —*(M) —
K.(M). (For the details of the construction see [Ran80b] Chapter 1 and 4.)

The algebraic surgery approach has two main advantages to the traditional obstruction

theory:
i) it works for normal maps l: (M,0M) — (X, 0X) which are not highly-connected,
ii) it provides a uniform obstruction theory for the odd- and even-dimensional case.

There are notions of algebraic surgery and cobordism for Poincaré complexes. In the
case of quadratic kernels they correspond to geometric surgery and normal cobordism
of the normal maps for which they were defined. The set of cobordism classes of n-
dimensional Poincaré complexes over a ring A with involution are isomorphic to Wall’s
L, (A). The instant surgery obstruction provides an easy formula to distill the tradi-
tional surgery obstruction form or formation out of a quadratic kernel. (See [Ran80a]
Chapter 4 and [Ran80b] Chapter 7 for details.)

The quadratic kernel construction can be generalized to (odd- or even-dimensional)
normal maps which are not a homotopy equivalence on the boundary (nor on the whole
manifold). The result will be a quadratic Poincaré pair of the same dimension.
Assume for example that 9l = [|: M — 0X is no longer necessarily a homotopy
equivalence. Then there is chain homotopy commutative diagram

C(0X) — C(X)

ix

az!i i“

C(0M) ——= C(M)

with ix and ips the inclusions of the boundary of W and X. It induces a map of the
mapping cones
f=1i:C=0¢l" — D=_0C(l"

The quadratic kernel of [ is the (2¢ + 1)-dimensional quadratic Poincaré pair ¢ =
(f: C — D,(0v,v) € Wo(f)ag+1). The quadratic structure contains again self-

intersection information and the maps

(600, fo) = €(f)*IH!1™* — D

induce the Poincaré-Lefschetz duality maps K24t1=*(M, OM) = K, (M). Its bound-

ary (C,) is a 2¢-dimensional quadratic Poincaré complex and it is by construction the
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quadratic kernel of the normal map I|: OM — 9X. (See also [Ran80b] Proposition
6.5.)

By Proposition A.2.10, there is a one-to-one correspondence between homotopy classes
of quadratic Poincaré pairs and quadratic complexes (the latter are not necessarily
Poincaré). It is induced by the Thom construction which assigns to every quadratic
Poincaré pair ¢ = (f: C — D, (6%,7)) a quadratic complex (N = C(f),{ = d/9) of
the same dimension. The homology of N are the relative kernel modules K, (M,0M).
The chain map (14 T)(p: N2t1—* = N induces the maps

K25 (M, 0M) — K17 (M) = K. (M, 0M)

If I|: &M — 9X is a homotopy equivalence as in the beginning, then C' ~ 0, (N, () ~
(D,v) and the Poincaré pair ¢ is homotopy equivalent to (0 — D, (0,v)).

In the same fashion we can translate the (2¢+2)-dimensional normal map k: (W, 0W) —
(X x I, X Upx X) into a (2q + 2)-dimensional quadratic Poincaré pair z = (¢g: 0F —
E, (éw,w)). The boundary W is the union of M and M’ glued together along their
common boundary. Similarly, the quadratic kernel (OF,w) of the normal map k|0W is
the algebraic union of the quadratic kernels of [ and I’ in the sense of Definition A.3.1.
Maps/diffeomorphisms of manifolds that are compatible with normal maps on them give
rise to morphisms/isomorphisms between the quadratic kernels (like e.g. OM = oM’ )
All in all, the constructions above yield a translation of normal maps (on manifolds) to

quadratic complexes as the table below illustrates:

’ Topology \ Algebraic surgery theory ‘
oM 2¢g-dimensional quadratic Poincaré complex (C, )
OM — M (2g + 1)-dim. quadratic Poincaré pair (f: C — D, (6, ))
M/OM (2¢ + 1)-dimensional quadratic complex (N = C(f), ()
oM’ 2¢g-dimensional quadratic Poincaré complex (C’, )
OM' — M’ (2g + 1)-dim. quadratic Poincaré pair (f': C' — D' (6¢',¢"))
M'JOM’ (2q + 1)-dimensional quadratic complex (N’ = C(f"), (")
oM = oM’ equivalence (h, x): (C,v) — (C”,9')
M Ugpy M’ (2¢ + 1)-dimensional quadratic Poincaré complex (OF,w)
M Ugyy M — W | (2q + 2)-dim. quadratic Poincaré pair (g: 0F — E, (dw,w))

Unfortunately, a generalization of this procedure to all preformations will not work
for two simple reasons: firstly, there is no generalization of quadratic kernels to nor-
mal smoothings, secondly, there is no geometric realization result known for general
preformations.

There is however a purely algebraic translation method which enables us to construct
the quadratic pairs and complexes by just using the data given by the formation. It
turns out that this method extends without a problem to e-quadratic (split) preforma-

tions as long as they are regular i.e. all modules in it are f.g. free.
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One has to be cautious. For arbitrary preformations and arbitrary Kreck surgery prob-
lems the relationship between geometry and algebra is not as straightforward as for
presentations. It can happen e.g. that there is a non-contractible algebraic boundary
(C, 1) although M is closed. Nevertheless the philosophy remains the same. We can
think of the complexes and pairs as vague algebraic models of the manifolds or nor-
mal smoothings as in the table above - but only to boost our intuition! If we want to
prove statements about those quadratic complexes and pairs we will not be able to use
geometry but we have to resort to the methods of algebraic surgery theory alone!

One example for this strategy is Theorem 3.3.3. It states that a preformation is (stably)
elementary if and only if the quadratic Poincaré pair x associated to it is cobordant
rel0 to an algebraic h-cobordism. It is an almost word by word translation of the proof
of Kreck’s Theorem 2.3.2. Nevertheless, it is not an automatic consequence because
there is no mathematically rigid connection between the algebraic model x and the
original (geometric) Kreck surgery problem. (Other examples are the construction of
asymmetric and quadratic signatures in the following chapters.)

By [Ran01] Proposition 9.4 there is a one-to-one correspondence between certain equiv-
alence classes of non-singular formations and short odd complexes. A similar result
can be found in [Ran80a] Proposition 2.3 and 2.5. We will not need those theorems or
a generalization in detail. We just use it as a motivation for translating a regular e-
quadratic split preformation (F «— G -2 F*, 0) into a connected (2¢+ 1)-dimensional

quadratic chain complex (N, ()

dy = p':Ngy1=F — Ny=G* (3.1)
G = 7 NT'=G— Ngp1 =F
¢ = e#:N'=G— N, =G

with @ a representative of § € Q_(G). Obviously (N, () depends on the choice of 6.
We will deal with this issue the end of this section (see Remark 3.1.3).

An obstruction preformation is an algebraic model for a (2¢+2)-dimensional cobordism
(W, M, M') — X of highly-connected normal smoothings. But the results from alge-
braic surgery theory that we are using were proven with odd-dimensional traditional
surgery theory in mind. As explained in Section 2.1, in that context an obstruction
formation for a (2¢ + 2)-dimensional normal cobordism (W, M, M') — X is thought
of as an obstruction for M — X only. Hence (IV, () is a quadratic complex model for
the normal map (M,0M) — (X, 0X).

Now we turn around the cobordism to derive the quadratic chain complex given by the
normal map (M,0M) — (X,0X). The obstruction of the “new” cobordism can easily
be constructed out of z and is called the flip of z. Again we take a relationship which

holds in the world of formations and presentation and generalize it to all preformations:
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Definition 3.1.1. Let z = (F PRGN F*,0) be an e-quadratic split preformation.
Its Flip is the preformation

d=FE L F-6)
Similar for the non-split case. O

As in (3.1) we use the flip preformation to define a connected (N’, (') be the (2¢ + 1)-

dimensional complex

dN/ = ’y*: N(;Jrl =F"— Né =G* (32)
¢ = eu: N’q—>Né+1
(f = —ef: N — Né

The next step is to thicken up (N,n) and (N’,7') to (2¢ + 1)-dimensional quadratic

Poincaré pairs
c = (fC:aN—>D:N2q+1_*7(5w:07¢:ac))
d = (f:C'=0N — D' = N7 (54 = 0,9 = 3¢))

(using the constructions in Definition A.2.7). They are given by

Cpt1 =G ——>Dyi1 =G (3.3)
fer1=1c
(=) —on
C,=F®F*—~D,=F*
7 SR TET
(n*ev”)
Cyp1 =G
s = 0
o = lg: cat :G—>Cq+1 =G
- (2 8)cmrer—curor
Y1 = (7" 0):C1=F"@F — Cpy =G
Yy = —€e0:CT =G — Cy1=G*
and
z/1+1 =G —— D;H =G (3.4)
g+1—+G
() |-
Ch=F@®F D, =F
fe=(01)
(v u*)
-1 =G
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o = 0
Y = 1¢:C" =G —Clyy =G

v = (1 0>:C’q:F@F O =F&F
Y = (@ 0):C"=FeF" —C,_ =G

vy = ef*: crl =g — Co1=G"

In the geometric situation we obviously find that OM = OM’. We expect a chain

complex analogue and indeed

_ ! _
Cot1 =G risia C’qJrl =G (3.5)
(=) (=&)
Cy=F®F" 5 C;:F*@F
he=(1 §)
(p* ev*) (v* w*)
_ * ! _ *
Cy-1 =G - Cq_l =G

0 —e q * *
X1 = <0 O>:C" =FagF —>C';:F e F
X2 = <_M>'C’q_1—G—>C’—F*®F

0 )" a
xs = 6:C7 =G —C_ =G

defines an isomorphism (h,x): (C,) =, (C",¢"). We glue ¢ and ¢ together along
(h, x) i.e. by Definition A.3.1 and Lemma A.2.6 we compute the union

(OE,w) = (f'h: C — D', ((=)*f'xf" = 0,9)) U (f: C — D, (0,—¢))
given by (0E, = D. ® C,_1 ® D)
OFg2 =08G @0
1
Y
(%)
1
OB 1 =Gd(FOF) DG
—ey € 0 0
( 0 pu*ey* O )
0 0 € —en

0E,=F&G* & F*
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0 0 00
wpo = |0 0 0 0]|:0F"™"' =G"0(F*oF)eG" —0E,=FaG o F*
0 -1 0 0
0 0 0
5 = | " 8 OEI = F* O GOF — 0B =Ga (FOF) e d
0 -1 0
0 0 0
wi = |- —€d 0| :0E'=F"¢GoF —0E,=FaG & F”
0 0 0

We will try to simplify the quadratic Poincaré complex (OF,w) and it is already clear
what the result will be if we look at the special case of formations and presentations.
In this case the long exact sequence of (W,0W) shows that v*u: G = Ko (W) —
G* = Kg1(W,0W) is a chain complex model for K41(0W). So it makes sense to
expect that the (2¢ 4+ 1)-dimensional quadratic Poincaré complex (A, 7) (arising from

the regular e-quadratic split preformation 9(G, @) by the same process as in (3.1))

di = (14T 08): Ay =G — A, = G* (3.6)
T0 = 1;Aq:G—>Aq+1:G
T o= e: Al=G— A;=G"

will be isomorphic to (OF,w). But if (OF,w) looks so simple, why did we go through all
the complicated procedures of thickening and glueing in the first place? Well, the aim of
Kreck’s surgery theory is to decide whether (W, M, M') is cobordant to an h-cobordism
i.e. whether the inclusions of M and M’ into some W’ cobordant to W are homotopy
equivalences. In our algebraic model, we will have to check whether the chain maps
of D and D’ into some algebraic cobordism are chain equivalences. Hence, we have to
keep track where exactly D and D’ are hidden in the boundary OF.

The isomorphism of chain complexes

aE3q4»2 — G
1
0
1 00 O (0)
—eye0 O 0
( 0€—€u>
0By — G & F o F*® G
010 O
(OOO,u*'y)
1 0 0 001 O
(4 5
0E, FoG o F*
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induces the equivalence (a,k): (OE,w) — (A, T) given by

8Eq+1 m Aq+1 — G (37)
l i(v*u)*
OE, . A, =G

Ky = €:A'=G — A, =G"

Every boundary of a form can easily be expressed as a Poincaré pair as the following

lemma suggests:

Lemma 3.1.2. Let (G,6) be an (—¢)-quadratic form. Then the (2q + 1)-dimensional
quadratic Poincaré complexr (A,T) defined in (3.6) is the boundary of the (2q + 2)-
dimensional quadratic Poincaré pair y = (p: A — E, (07 = 0,7)) given by p =

1: Aq+1 = G — Eq—‘,—l = G
Using Lemma A.2.6 we find that
x=(g9: 0F — E, (0w = 0,w))

with g = (1 0 0 —1):8Eq1 — Eg41 = G is a (2¢ + 2)-dimensional quadratic

Poincaré pair.

Remark 3.1.3. It is time to investigate the effect of a choice of representative 6 for
0 € Q_(G) on the construction of . Let 0 = 0+ 0+ €0* be another representative. Let
(C, {p\) and (C’ Ty ) be the 2¢-dimensional quadratic Poincaré complex given by (3.3)
and (3.4) using the representative 6.

Then ¢ — ¢ = d(¥) and ¢/ — ¢/ = d(—) with ¢ € Wy (C)aogs1 given by thg =
—ef*: Cl — g—1-

In the language of the Q-groups (compare Definition A.1.2) this means that [¢)] = [1}] €

Q24(C) and [¢] = [¢'] € Q24(C"). For the (2¢+1)-dimensional quadratic Poincaré pairs

-~ ~

¢ and ¢ follows that [(0,)] = [(0,%)] € Qaq41(f) and [(0,4")] = [(0,¢")] € Qag41(f'R).

The union construction is designed such that different representatives lead to the same
element [w] € Q2q+1(0F) (compare [Ran80a] p.135f). It is not difficult to verify that
both representatives of f lead to the same element [(0,w)] € Q24+2(9)-

In any case, if we define concepts which are based on the chain complex models pre-
sented here but which are concepts about preformations (F «— G - F* ) (that
is asymmetric signatures, flip-isomorphism reld and quadratic signatures) we
still have to take care of the effect of choices of representatives. See also Remarks 4.2.1,
6.2.2 and Lemma 6.4.2.
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3.2 Algebraic surgery and cobordisms of pairs

In Kreck’s surgery theory we look at a cobordism (e, f, f'): (W, M, M') — B of normal
smoothings and wonder whether it is cobordant reld to an h-cobordism or equivalently
whether surgery inside of W will produce an h-cobordism. This is the case if and only
if the obstruction in Iy, 5(A) is elementary. This section introduces algebraic versions
of cobordisms and surgery for Poincaré pairs.

The first step will be a purely technical namely to define the notion of algebraic cobor-
dism of quadratic pairs reld and algebraic surgery inside a quadratic pair.

In geometry a cobordism reld between two manifolds M and M’ with the same boundary

N is often thought of as a manifold with corners (W,0W = M UN x I U M’).

~

Nj M N_

Ny x1T w N_x1I
\N) . N>

By “collapsing” the N x I-part of OW and glueing together the boundaries of M and

M’ we produce a new manifold W’ with the boundary OW’' = M Uy M'.

Differential topology shows us that the existence of a null-cobordism of M Uy M’ is in
fact equivalent to (M, N) and (M', N) being cobordant reld. We will use this picture

in order to define algebraic cobordisms of pairs reld.

Definition 3.2.1. Two (n + 1)-dimensional e-quadratic Poincaré pairs ¢ = (f: C' —
D, (6¢,9)) and ¢ = (f': C — D', (6¢',)) are cobordant reld if there is an (n+ 2)-
dimensional e-quadratic Poincaré pair (h: D' Uc D — E, (6w, 69 Uy —07)). O

An easy example for such cobordisms are homotopy equivalences.
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Lemma 3.2.2. Let ¢ = (f: C — D, (0¢,)) and ¢ = (f': C — D', (6¢', 1)) be
(n + 1)-dimensional e-quadratic Poincaré pairs. Let (1,h;k): ¢ — ¢ be a homotopy

equivalence. Then ¢ and ¢’ are cobordant reld.

Proof. There is a (0x, x) € Wo,(f’, €)n+t2 such that
(1, s K)o (9, 4) — (89",9") = d(dx, x)-
Define the (n + 2)-dimensional e-quadratic Poincaré pair
(b: DUc D' — D', ((=)"dx, 09 Uy —0¢")) (3.8)
by b= (h,(=)""'k,~1): (DUc D"), =D, &C,_1 & D! | — D.. O

The next lemma proves the useful fact that changing the common boundary of two

Poincaré pairs ¢ and ¢’ doesn’t change anything about their cobordism relationship.

Lemma 3.2.3. Let ¢ = (f: C — D, (0¢,%)) and ¢ = (f': C — D', (0¢', 1)) be
two e-quadratic (n+ 1)-dimensional Poincaré pairs. Let (h,x): (C,0) == (C, 1) be an
equivalence. Define the (n + 1)-dimensional e-quadratic Poincaré pairs (using Lemma
A.2.6)

(f = th: C — D, (6¢ = 60 + (=)"fx[*,¥))
= (P =fh:C— D, (5§ =5 + ()" Fxf9)

o)
Il

~
C

Then ¢ and ¢ are cobordant reld if and only if ¢ and ¢ are.

Proof. 1If ¢ is cobordant reld to ¢ then there is an (n + 2)-dimensional e-quadratic
Poincaré pair

(e: DUc D — E, (bw,w = 69 Uy, —6¢"))
By Lemma A.3.3 there is an equivalence
(a,8): 2U~T = (DU D', 8¢ Uz ~89)) = cU —c = (D Ue D', 8¢ Uy —64)
Hence, by Lemma A.2.6 there is an (n + 2)-dimensional e-quadratic Poincaré pair
(ea: DUs D — E, (6w + (—)"exe”, 51 Us —6/1;’))
O

It is a well-known fact that two manifolds are cobordant if and only if one manifold is
derived from the other by a finite sequence of surgeries and diffeomorphisms. There is
an algebraic equivalent for Poincaré complexes (Proposition A.4.5). We will establish
the same relationship in the case of Poincaré pairs. First we need to define a surgery

on the inside of a pair:
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Definition 3.2.4. Let ¢ = (f: C — D, (61, %)) be an (n+ 1)-dimensional e-quadratic
Poincaré pair and d = (g: C(f) — B, (60,1 /1)) a connected (n + 2)-dimensional e-
quadratic pair. Write g = (a,b): C(f), = D, © C,_1 — B,. The result of the
surgery d on the inside of c¢ is the (n + 1)-dimensional e-quadratic Poincaré pair
d=(f:C— D' (6¢,9)) given by

dD 0 (_)n(l + Te)5¢06l* + (_)nf(l + Te)wob*

dpr = [(=)"a dp (=) (1 + Te)dog + (=) oyob*
U (=)"dp
D =D, ®B,1®B""* " — D, =D, ,&B,®B"3"
f
ff = |-b|:C — D.=D,®B,,1®B""
0
5o 0 0
Sy = 0 00
0 10

5w8 (_)STE&/}S—la* - fTe¢s—lb* 0
o, = 0 (=) oy 0
0 0 0

D/n—l—l—r—s — pntl-r—s & pnt2-r—s ® Byigy1 — D; =D, ®Brj1 @ Bnt2-r

for s > 0.
O

The following proposition will justify the formulae above by showing that surgery inside
of a pair is nothing but the composition of the following standard procedures of algebraic
surgery theory: Thom complex, algebraic surgery and thickening. (The latter is the

inverse operation to the Thom complex. See Proposition A.2.10.)
Proposition 3.2.5. We use the terminology of the previous definition.

i) If C =0 then (D',0v') is the result of the surgery (9 = a: D — B, (00,0 =
0 /) as in Definition A.4.1.

ii) The result of the surgery d = (g: C(f) — B, (00,1 /1)) on the Thom complex
(C(f), /1) of ¢ is isomorphic to the Thom complex (C(f'),0¢' /1) of .

Proof. The first part is trivial. So we turn our attention to the second claim. The
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Thom-complex of ¢ is given by

dp 0 (=)"(1+T)doa* + (=)"f(L+ Te)hod™ (=)"'f

o | ds (5 Tde0 + (<) by (=)'
“ |l o o (-)dy, 0
0 0 0 de

e(f/)T = (Dr ®Bry1® Bn+2—r) ® Cr_q
— C(f")y—1 = (D1 ® B, ® B"3 ") @& Cr_y

01 0 0 0
, B 0 0 0 0
(0 /¥)o = 0 1 0 0

(_)n+1fr¢0f* (_)nfrwob* 0 (_)nfr 61/}1
e(f/)n+1—r — (Dn+1—r D Bn+2—7" @ Br+1) D Cn—r
— C(f"y = (Dy ® Byy1 ® B"2") @ Cr_y

5¢s (_)STe(sws—la* - fTed}s—lb* 0 0
, _ 0 (=) s T 60 0 0
(_)n—&-l—r,djsf* (_)n—rwsb* 0 (_)n—r—s e",Z)erl

e(f/)ﬂ#»lfrfs _ (Dn+177'fs D Bn+277'fs D Br+s+1) D Cmfrfs
—C(f) =Dy ®Br 1 ®B" )@ C,_y for s> 0.

The result of the surgery d on the other hand is the (n + 1)-dimensional e-quadratic

complex (M, T) given as

d (=) 0 (=)L +To)dvoa* + (=) fTepob*
PR d 0 (=) uobd + (=) diob®
(=)'a (=)b d (=)"(1 +T¢)dog
0 0 0 (=)rd*
M, = (Dr S Cr—l) © Briy1® BT r—l(Dr—l S Cr—2) @ B, ® BT

5o 0 00
o= [T ()" T 00
0 0 00
0 0 10

Mn—i—l—r — (Dn-l—l—r @ Cn—r) @ Bn—r+2 @ Br+1
— M, = (DT &>, C’r—l) ® Bry1 Bntir

0ps 0 (=) Tebtps—1a" — fTeps—1b* 0

- (_)n+177awsf* (_)niris ews—&-l (_)niribsb* 0
s 0 0 (=) 5T b0y 0
0 0 0 0

Mn+1—r—s _ (Dn—i-l—r—s ® Cn—r—s) D Bn—r—s-‘r? D Br+s+1
— M, =(D, ®Cr_1)® Br11® B2 for s > 0.
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The isomorphisms

0 0

1 0

0 1

0 (_)nfrwob*

M, = (D, ®Cy_1) ® Bpy1 @ B

— C(f)y = (Dy ® Byy1 ® B"2 ") @ Cry

Uyr =

S O O
o o O

define an isomorphism (u,0): (M, ) =, (C(f"), (6¢' /1)) of connected (n + 1)-dimens-

ional e-quadratic complexes. O

At last we prove the expected relationship between cobordisms and surgery.

Proposition 3.2.6. Let c = (f: C — D, (6¢,v)) and ¢ = (f': C — D', (64, 1)) be
(n + 1)-dimensional e-quadratic Poincaré pairs. They are cobordant reld if and only if

one can be obtained from the other by surgeries and homotopy equivalences of the type

(1, h; k).
One direction of the proof is covered by the following lemma.

Lemma 3.2.7. Let ¢ = (f: C — D, (0¥,%)) be an (n + 1)-dimensional e-quadratic
Poincaré pair and d = (g: C(f) — B, (00,0¢/1)) a connected (n + 2)-dimensional
e-quadratic pair. Let ¢ = (f': C — D', (8v',4)) be the result of the surgery d on the

inside of c.

i) Let* (DUc D, 8¢ Uy —8) = cU—c be the union of ¢ with itself along its boundary
C. Then
d=(§: DU D — B, (37,6¢ Uy —6¢))
given by § = (a b 0) :(DUe D), = D, ® Cr—1 ® D, — B, is a connected
(n+2)-dimensional e-quadratic complex. The result of the surgery d is 1somorphic

to (D' Uc D, 6y Uy —6¢) = U —c

it) (h: DUcD — D, (0,84 Uy —6¢)) withh=(1 0 —1): D,®Cr_1®D, — D,

is an (n + 2)-dimensional e-quadratic Poincaré pair.
i) (D'Uc D, o0y Uy —0v) = ¢ U—c is null-cobordant i.e. ¢ and ¢ are cobordant reld.

Proof. i) The philosophy of this proof is that in some sense we can transfer every-
thing we did for the Thom complexes in the proof of Lemma 3.2.5 to the union

D Ug D’ using the morphism

((5 1 0):0): ueDow Ly ~0u) — (etr).o0/w)

'Define —c= (f: C — D, (=0v, —)) for a pair ¢ = (f: C — D, (6¢,%)).
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In particular we can apply it to Lemma A.2.6 and show that d is an (n + 2)-

dimensional e-quadratic pair.

The (n + 1)-dimensional e-quadratic Poincaré complex (V, o) = (D Ug D, 0% Uy,
—01)) = cU —c is given by

dp (=)'f 0

dy = 0 deo 0

0 (=)'f dp
Vi=D,@Cr1®Dp, — Vi1 =D 1 & Cra® Dy

05 0 0
Os = (_)n_r+1¢sf* (_)n—r—s eVst1 0
0 (_)Silfws _(hps

Vn+1—r—s — Dn+1—r—s DC" TS Dn+1—r—s SN ‘/7" — Dr D Crfl D Dr

The result of the surgery d is the (n+1)-dimensional e-quadratic Poincaré complex
(V.5):

dp  (=)7U 0 0 (=)™ Te)dwoa* + ()" fTetpob®

0 de 0 0 (=)"ob*d* + (=) diob*
d(/ — 0 (_)r—lf dp 0 (_)n—l—lfwob*
(=)Ya (=)b 0 dgp (=) (1 + T.)éog
0 0 0 0 (=)rds

‘;} = (Dr @ Cr—l b Dr) @ Br-i—l 2] Bn+2_T
- Nrfl = (Drfl ®Cr2® Drfl) ® B, ® BT

0o 0 0 0 0

(_)n—r-{—ldjof* (_)n—r ewl 0 00

oo = 0 —fto —6o 0 0
0 0 0 0 0

0 0 0 1 0

‘~/n+1,T — (DnJrlfr DC" " @ Dn+1—r) ® Bn+277. @ Br+1
SN ‘7} — (Dr st Crfl P Dr) e Br+1 D Bn+2—r

5 0 0 (=) Tedths—1a*+(=)"""=5 fTeths_1b* 0

N (=) T f (=) Tepspr O (=) Tpsb* 0
Os = 0 (=)5 "M fps  —Ous 0 0
0 0 0 (—)"*T*STedosfl 0

0 0 0 0 0

prtl-r—s _ (D’VH—I—T—S SOV g Dn—l—l—r—s) ® pBnt2-r—s ® Brisi1
— V= (D, ®Cr_1®D,)® Bry1 @ B"27" for s > 0.

On the other hand we have the union (V’,0’) = (D' Uc D, 6¢' Uy, —0¢) = ¢ U —c
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given by

dp 0 (=)"(1+To)ovoa* + (=)"f(1+Tpob* (=)"'f 0
(=)"a dp (=) (14 To)doo + (=) bapob* (=) 0
dyr = 0 0 (=) 0 0
0 0 0 de 0
0 0 0 (=) ~Lf dp
V) =(Dr ®By41 ® B"*7") & Croy ® Dy
—V =Dy 1®B,®B" ") & Cra® Dy
dbo 0 0 0 0
0 0 0 0 0
oy = 0 1 0 0 0
(=)o f* (=) Teb* 0 (=) Ty O
0 0 0 —fibo —61o
VT — (DT g BT @ By ) @ O @ DT
— V=D, & BB )@ C 6D,
5% (_)STeéws—la* - fTews—lb* 0 0 0
0 G I T Y 0 0 0
ol = 0 0 0 0 0
(=) f* (=)" " ehsb* 0 ()" *Tepsy1 O
0 0 0 (_)s+1f¢s _57/)5

V/n-l—l—r—s _ (Dn+1—r—s D Bn+2—r—s D Br+s+1) D onres D Dn+1—r—s

— V! = (D ® Bry1 @B”“_T) ®Cr1®D, fors>0.

The isomorphisms

1 0 0 0 0
0 0 01 0
Up = 0 00O 1
01 0 0 (=) "gob*
0010 0
‘77" = (Dr S5 C’r—l 2] D?") S Br+1 D Bn+27r

— V/=(D;®B,1 @B ) e C 16D,

1%

define an isomorphism (u,0): (V,5) — (V',o").
ii) Exercise.

iii) Follows from Propositions A.4.3 and A.4.5.
O

Proof of Proposition 3.2.6. It remains to show that cobordant pairs can be obtained
from each other by surgery and homotopy equivalences which leave the boundary un-

touched.
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Let c = (f: C — D, (0¢,¢)) and ¢ = (f': C — D', (6¢',)) be (n + 1)-dimensional
e-quadratic Poincaré pairs which are cobordant reld so that there exists an (n + 2)-

dimensional e-quadratic Poincaré pair
e=(h: DUc D' — E, (bw,w = 69 Uy, —6¢"))

with h = (jo k jl) : D, ® Cr1 & D, — E,. We define the connected (n + 2)-

dimensional e-quadratic pair

d = (9: C(f) — B =C(j1), (60,0 = 6y /1))
g = (J(;) _kf) : G(f)r = Dr @Cr—l B Br = ET @D:ﬂ—l

o — < Owg 0 ) '
s (—)”_T_l(5¢§jik + (_)sf/wsk*) (—)n_T_STe(Sl/{/H_l .
Bn+2—r—s _ En+2—7"—s ® DITH-I—T—S N Br _ Er ® D;‘—l

The result of the surgery d inside of ¢ is the (n + 1)-dimensional e-quadratic Poincaré
pair ¢/ = (f": C — D" (0¢",4)). There is a homotopy equivalence m: D" — D’
given by

m=(0 010 0 &}): D" =D, @B ®DL)®(E"? "D — D]

T

such that mdy"”"m* = §y’. Hence (1,m;0) defines a homotopy equivalence from ¢’ to

c. O

Remark 3.2.8. Definitions 3.2.4 and 3.2.1 can be rephrased in the language of e-
quadratic triads. (For a thorough introduction into triads the reader can consult
[Ran81] 1.3 and 2.1. and [Ran98] 20C.) Using the notation of Definition 3.2.4, a surgery
d inside of ¢ can be thought of as an (n + 2)-dimensional e-quadratic triad (I', ) with

>

ik

%
o<=—0

Sy

and ¥ = (60,0, 6v,9) € Q"T2(T).

A cobordism (h: D'UcD — E, (6w, §9'Uy—0v)) of the (n+1)-dimensional e-quadratic
Poincaré pairs ¢ = (f: C — D, (6¢,%)) and ¢/ = (f': C — D', (§¢’, 1)) reld can be
interpreted as an (n + 2)-dimensional e-quadratic Poincaré triad (I, ¥’). If we write

h= (a’ b a) : (D'Ue D), = D, @ Cy—1 ® D, — E, then the triad is given by

l\

D

a

-~

(ll

/HE

C
- ,l +b
!
\\\\
D
and U’ = (dw, 5, 09, 1) € Q"T2(TV) (see also [Ran81] Proposition 2.1.1).
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3.3 Elementariness in algebraic surgery theory

In this section we want to understand elementariness in the context of algebraic surgery
theory by reproving Theorem 2.3.2 for Poincaré pairs: a preformation is stably elemen-
tary if and only if the Poincaré pair x defined in Section 3.1 is cobordant reld to an
algebraic h-cobordism. This theorem is the key to applying algebraic surgery theory

to preformations in this treatise.

Definition 3.3.1. Let ¢ = (f: C — D, (6%,v)) and ¢ = (f: C — D', (6¢',v)) be
e-quadratic n-dimensional Poincaré pairs whose union is the boundary of an (n + 1)-
dimensional e-quadratic Poincaré pair d = (¢g: DUc D' — E, (0w, 69Uy, —1)')). Write
g = (jo k jl) : (DUeD'), = D,&®C,_1®D, — E,. dis an algebraic h-cobordism

if the chain maps jy and j; are chain equivalences. O

Example 3.3.2. The cobordism (3.8) constructed in the proof of Lemma 3.2.2 and the

Poincaré pair defined in Lemma 3.2.7ii) are algebraic h-cobordisms.

Theorem 3.3.3. Let z = (F PRI A 0) be a regular e-quadratic split preforma-
tion. Letx = (g: OF — E, (dw = 0,w)) be the (2q+2)-dimensional quadratic Poincaré

pair constructed in Section 3.1 for an arbitrary representative 6 of € Q_.(G).

i) If z is elementary then x is cobordant reld to an algebraic h-cobordism.

i) If = is cobordant reld to an algebraic h-cobordism then [z] € lag4o(A) is elemen-

tary.

We need some technical results before we can move on to the proof of this theorem.

Lemma 3.3.4. Let ¢ = (f: C — D, (69,9)) and ¢ = (f: C — D', (8¢, 1)) be e-
quadratic n-dimensional Poincaré pairs. Let d = (g: DUc D' — E, (dw, 1) Uy —0¢"))
and d' = (¢': DUc D' — E', (0w, 6¢ Uy —8¢')) be two homotopy equivalent® (n+ 1)-
dimensional e-quadratic Poincaré pairs. If d is an algebraic h-cobordism then so is
d'.

Lemma 3.3.5. Let ¢ = (f: C — D, (6¢,%¢)) and ¢ = (f: C — D', (¢, 1)) be e-
quadratic n-dimensional Poincaré pairs. Let d = (g: DUc D' — E, (dw, 1) Uy —0¢"))
be an (n + 1)-dimensional algebraic h-cobordism. Then d is homotopy equivalent to an

algebraic h-cobordism
d =(¢g: DUc D" — D, (6u', 8¢ Uy —6¢"))

such that g = (1 l h) :(DU¢ D)y =D, ®Cyp_1®D. — D, withh: D' = D a

chain equivalence.

2See Definition A.2.5.
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Proof. Write g = (jo k j1):(DUcD')y =Dy ®Cry ® D, — E,. Let ig: E — D
the chain homotopy inverse of jg and let A: igjo ~ 1: D — D be a chain homotopy.
Then there is a homotopy equivalence (1, p; (—A 0 0)): d — d with | = igk +
(=) "'Af and h = igj1. O

Lemma 3.3.6. Let V, n, Vi1 e -+ Vo — 0 be an exact sequence of free f.g.
A-modules. Then imd; C V;_1 and kerd; C V; are stably f.g. free direct summands for
allie{l,...,n}.

Proof. For i = 1 observe that 0 — kerd; — V} A, Vo — 0 is an exact sequence
and since Vj is free it splits. Hence im dy = Vj and ker d; are stably f.g. free and a direct
summand in the respective V;. Now assume the claim is true for i € {1,...,n — 1}.
Then we look at the exact sequence 0 — kerd; 11 — Vi1 Cli—“> kerd; — 0. Again
the sequence is exact and splits because by assumption kerd; is projective. Now the

claim follows for ¢ + 1. O

Proof of Theorem 3.3.3. i) Let (F < G %5 F*,0) be elementary and i: U — G
be the inclusion of an h-lagrangian. We define the chain map m: C(g) — B
(with C(g), = E, ® 0E,_1)

C(g)grs=00G

()

C(g)gr2 =00 (G®F @ F* 0 G)

C@gr1 =G (FG @ F) Byy1 =U"

m=(ab)
with a = —*y*p and b = (—ei*,u* 7" —i*’y*).

Because of i*0i = 0 € Q_(U) there is a dx € Homp (U, U*) such that i*0i =
dx + edx* € Homy (U,U*). We can check that (do,0 = dw/w) € Wy (m)2g43
with do1 = edx: B9 — B, is a cycle. Hence we have a connected (2g +
3)-dimensional quadratic pair d = (m: C(g) — B, (d0,0)). The result of the

surgery d on the inside of z is the (2¢ + 2)-dimensional quadratic Poincaré pair

' =(¢: 0F — FE', (' ,w)) given by (OE, = D.&C,_1®D,, E. = E, & B, 1P
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BQq+3—r):

0B 2=00G @0 5 B, ,=0000U

1
1

—ey e 0 O
0 pu*ey* O ey

0 0 € —en

OB, =F oG & F* E,=00U"®0

Sk ok oK

(ei*p* —i* i*y")

Swy = 1y E'=U-—FEyp=U

Using the inclusion (é %) : D' ® D — OF and with the help of Proposition

2.4.2iii) we see that 2/ is an algebraic h-cobordism.

ii) Now we assume that x is cobordant reld to an algebraic h-cobordism z’ =
(¢: OF — FE',(0w',w)). In order to simplify our calculations we remember
that the boundary of x and 2’ can be reduced in size by using the equivalence
(a,k): (OF,w) — (A,7) defined in (3.7) on page 46. Let ¢/ = (p': A —
E',(67',7)) be the (2¢ + 2)-dimensional quadratic Poincaré pair induced by 2’
and the inverse of (a,k). Let y = (p: A — E, (07 = 0,7)) be the (2q + 2)-
dimensional quadratic Poincaré pair from Lemma 3.1.2. (It is also induced by x

and the inverse of (a, k)).

By Lemma 3.2.3, y is cobordant reld to 3’ and by (the proof of) Proposition 3.2.6
and Lemma 3.3.4 we can assume that y' is the result of a surgery d = (m: C(p) —

B, (60,0 = 01/7)) inside of y with

Mq+2=bg+2

e(p)q+2 =G

(€= -

G(p) = G@ a* mg+1=(ag+1 bg+1
q =

Bgio

Byt

0 0
0 (0 69*> e = BT @ AT — C(p)gi1 = Egr1 @ A,
Our next step will be the analysis of the complex E’. If r > ¢+ 3 or r < ¢ the

differential is given by
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The top differentials are dual to the bottom ones, i.e.

0 A\ . 0 _\r—1
<1 (o)>dT(1 | )0 >:d2q+3r
forr>q+3 and r <gq.

Because E' ~ D the homology groups H,(E') vanish for r # ¢+ 1,q. Hence by
Lemma 3.3.6 there is a f.g. free submodule X C Ej such that kerd, © X = E.
Therefore Ey o/ kerd o = cokerd;, s = U is stably f.g. free and U* = kerd; =

im dq 41- This observation gives us the chance to cut away the higher and lower

parts of E’ and establish a chain equivalence E' — E” using the maps

Ejps = Bys © BT projx Eio=U (3.9)

G D Bq+2 D Bq+2 . 0o G & Bq+2 D Bq+2
) (bq+2],0>
dﬁll 0 01 P

E! = Byy & B3 Bl = U*

/
B =

with
) 0 —by 11
2 = |d e(L+T)doo + byiab, 4
0 ed*
' _ —an-i-l —e(14+T)dog
gtt — —ed*
0 =y
i = d e(1+ T )dog
0 ed
- 0 ed*
b= b w17V —ed (1+T)dog

Let’s define a regular e-quadratic split preformation

d=(F G PG = (F -GS FLA) @0 (Bq+2 © BT, <8 8))

which is another representative of [z] € lgg42(A). One can easily compute that
p= Z.*’)//*ll/l.

Now we have a look at the boundary of 3y/. The map ¢’: A — E’ is given by

1
_bq+2
0

(v*u)*l idéﬂ
Ag=G* Ej = Byy1 ® BIt?



Applying the chain equivalence (3.9) and the map D' ® D — 0E -% A to

g : A — E’ we find two chain maps D' — E” «— D

U
-1 J/Z 1
OO
—evl J{i*v’*u’ i—ﬁl‘
S PR R ORI B

which by assumption are chain equivalences. From the fact that (6o, 0) € Qa4+2(m)
one can deduce that i*0i = 0 € Q_.(U). Now it is not very difficult to verify that
the preformation 2’ fulfils the assumption of Proposition 2.4.2 iii) in respect to the
stably f.g. free submodule U. Further stabilization of 2’ by boundaries of hyper-
bolic forms helps to replace U by a f.g. free submodule. Hence [z] = []] € lag+2(A)

is elementary.

O]
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Chapter 4

Flip-isomorphisms

For the whole chapter let ¢ > 2, ¢ = (—)? and let A be a weakly finite ring
with 1 and involution.

Obviously, a (2¢ + 2)-dimensional normal cobordism (W, M, M’) — X only stands a
chance to be cobordant reld to an s-cobordism if there is a compatible diffeomorphism
between M and M’. Some kind of “algebraic isomorphism” between M and M’ can be
produced by just using preformations. Let z = (F' AN A8 6) be the obstruction
preformation. We can interpret z also as an algebraic model for the normal map M —
X and the flip 2/ = (F* <& G -5 F,—0) of z as a model for M’ — X. Following
that philosophy, we hope that z and 2’ are weakly isomorphic if z is elementary. We
shall call such an isomorphism flip-isomorphism. In Section 4.1 we motivate and
define flip-isomorphisms and show that, indeed, any elementary preformation - even
those that aren’t obstructions of the above or any surgery problem - has at least one.

Just like we translated preformations into quadratic pairs and complexes in Section
3.1, we translate flip-isomorphisms into isomorphisms of those quadratic complexes in
Section 4.2. Those isomorphisms can be applied to the quadratic Poincaré pair x from
Section 3.1. They transform x into a Poincaré pair with an algebraic twisted double
on the boundary (see Sections 4.3 and 4.4). This is a necessary preparation before

we can define asymmetric and quadratic signatures in the following chapters.

4.1 Flip-isomorphism

The idea behind flip-isomorphisms is inspired by an observation in geometry: a cobor-
dism (W, M, M') — X of highly-connected normal maps/normal smoothings can only
be cobordant to an s-cobordism if M and M’ are diffeomorphic. This hardly seems to
be a very revealing insight. After all it is the aim of any surgery theory to establish
existence or non-existence of such a diffeomorphisms.

But in the context of preformations we can produce a notion of some kind of “algebraic

isomorphism” of M and M’: flip-isomorphisms. First of all we remember from
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Section 2.1 that there are actually two ways of looking at preformations. We can think
of them as algebraic vehicles for surgery-relevant data of an even-dimensional cobordism
(W,M,M') — X x (1,0,1) of normal smoothings/maps. In that case we identify
preformations by the very rigid equivalence relation of (stable) strong isomorphisms in
order to preserve the essential information of the whole cobordism. This is the view of
[-theory. But we have also learnt that in traditional odd-dimensional surgery theory,
formations encode the information of the normal map M — X only. That is why the
odd-dimensional obstruction groups Lg,+1(A) have a much more flexible equivalence
relation which includes the use of weak isomorphisms (Definition 2.2.14).

So, philosophically, if we have a cobordism (W, M, M’) — X of normal smooth-
ings/maps and define its obstruction z and we think of it as a description of the whole
cobordism we use strong isomorphisms. If we treat z only as a description of the
map M — X we use weak isomorphisms. As alluded to in Section 3.1, turning
around the new cobordism leads to the flip of z as the obstruction for the cobordism
(W, M', M) — X. The heuristics so far suggests that the preformation-equivalent of
a diffeomorphism between M — X and M’ — X is a weak isomorphism between z
and its flip. Such an isomorphism will be called a flip-isomorphism.

For fans of algebraic surgery theory the importance of flip-isomorphisms as an obstruc-
tion to elementariness is even more evident: in Section 3.1, a regular e-quadratic split
preformation z defined a (2¢q + 2)-dimensional quadratic Poincaré pair z = (¢g: 0F —
E, (6w = 0,w)). By Theorem 3.3.3 we know that if z is elementary, x is cobordant reld to
an h-cobordism. Then the (2g + 1)-dimensional Poincaré pairs ¢ = (f: C — D, (0,1))
and ¢’ = (f'h: C — D', ((—=)%fxf* = 0,9)), whose union constitutes the bound-
ary of x (that is (0F,w) = ¢’ U —c¢), have to be homotopy equivalent. Both pairs are
thickening-ups of the quadratic complexes (N, ¢) and (N, ¢’) from (3.1) and (3.2) which
themselves stem from the preformation 2z and its flip 2’. Hence a homotopy equivalence
of the pairs ¢ and ¢’ will eventually lead to some kind of equivalence between z and 2’.
[Ran80a] Proposition 2.3 and 2.5, which provided a recipe for translating the prefor-
mations z, 2z’ to quadratic complexes (N, (), (N, (') respectively, states that there is a
natural bijection between equivalences of those quadratic complexes and (stable) weak
isomorphism classes of formations. A generalization of those Propositions shows that
z and 2’ are (stably) weakly isomorphic. The existence of a flip-isomorphism for ele-
mentary preformations can also be shown quite easily without algebraic surgery theory

(see the proof of the Proposition 4.1.2 below).

Definition 4.1.1. i) A flip-isomorphism of a regular e-quadratic preforma-
tions z = (F 2L F*) is a weak isomorphism of z with its flip i.e. a triple
(av, B, 0) consisting of isomorphisms o € Homp (F, F*) and € Homu (G, G) and
an element o € Q¢(F™*) such that
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(a) ay+ aop = euf € Homp (G, F*)
(b) a™*u =0 € Homy (G, F)

It is strong if it o = 0.

ii) A flip-isomorphism of a regular e-quadratic split preformation z =

)

consisting of isomorphisms a € Homy (F, F*) and 8 € Homy (G, G) and an ele-
ment 7 € Q_¢(F™*) such that

|

(F < G £ F*,0) is a weak isomorphism of z with its flip i.e. a triple (, 3,

(a) ay+ a(v — ev*)* u = epf € Homp (G, F*)
(b) @™ =~B € Homp(G, F)
(¢) B+ o+ B8 =0 € Q_(G)

It is strong if v = 0.

iii) A stable flip-isomorphism of a regular e-quadratic (split) preformation
z is a flip-isomorphism of z + h with h a boundary of a hyperbolic form. (Note
that [z] = [z + h] in the l-monoid). O

Proposition 4.1.2. Let z be a reqular e-quadratic (split) preformation. If z is elemen-

tary then z has a flip-isomorphism.

Proof. Let z = (F PSRN 6) be an elementary regular e-quadratic split prefor-
mation. We assume that our preformation has the form described in Proposition 2.4.2

iv). There is a flip isomorphism («, 3,7) of z given by

a = <—Oe _01>:F:UEBU—>F*:U*EBU*

g = (_01 _17>:G:U@R—>G:U@R

v = 0:F"—F
In the non-split case the flip-isomorphism is («, 3,0). O

Corollary 4.1.3. Let z be a regular e-quadratic split preformation. If z is (stably)
elementary there is a (stable) strong flip-isomorphism («, 3,0) such that a: F — F*
is e-symmetric and zero in L*3(A) (and hence also in LAsy’(A)) and 3% = 1¢. Similar

for the non-split case.

Corollary 4.1.4. Let z be a reqular e-quadratic split preformation and 2’ its flip. If z

is stably elementary then it has a stable flip-isomorphism and [z] = [2'] € lag+2(A).
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4.2 Translating flip-isomorphisms into algebraic surgery
theory

Let z = (F L a5 F * 0) be a regular e-quadratic split preformation. Let ¢ =
(a, B,7) be a flip-isomorphism of z.

In the following we fix representatives # and v for # and 7 and let x € Hom(G, G*)
such that 8*08 + 6 + p*vu = k + ex™ € Homy (G, G*). We must of course be aware
that once we leave the realm of chain complexes and define concepts about preforma-
tions and flip-isomorphisms (that is asymmetric signatures, flip-isomorphism reld and
quadratic signatures) we have to check to what extend they depend on the choice of
representatives. (Compare Remark 4.2.1)

In Section 3.1 we translated z into a Poincaré pair . The first step of this construction
was to use the proofs of [Ran80a] Proposition 2.3. and 2.5 to create (2¢+1)-dimensional
quadratic complexes (N, () and (N',¢{’) out of z and its flip 2’. Those proofs also
suggest that an isomorphism of two preformations gives rise to an isomorphism of those
quadratic complexes. Both propositions just cover formations but without problems
we can generalize the construction for all regular preformations. Hence ¢ induces an

isomorphism (e, pt): (N,() — (N',¢’) of (2¢ 4+ 1)-dimensional quadratic complexes
P (et p): (N, ; q q p

given by
u*l v*l
N, =G* N' = G*
q etq=p"* q
G = 7:N?— q+1

(i = €e0: NT— N,

A— . N4 /
0o = €u:NT — Ny
I = —ef: N1 — Né
_ * . ar/q+1 !
pto = ava N g+1
o * * | 1q9+1 /
pt1 = Yova i N — N,
Pt,2 — —/Bi*lﬂ?*ﬂill N/q Nl

q

The Poincaré pairs ¢ and ¢’ defined in (3.3) and (3.4) are thickenings of (N, () and
(N’,¢’) and the isomorphism (e, p;) leads to a homotopy equivalence of those two pairs
in particular to an isomorphism of the 2¢-dimensional quadratic Poincaré complexes
(Oer, 0pr): (Cy9p) = I(N,(¢) and (C',¢") = O(N',(’") (see Lemma A.2.9). Compos-
ing this isomorphism with the inverse of the canonical isomorphism (h, x): (C, ) =
(C’,4)") defined in (3.5) yields a self-equivalence (h, x¢) = (h, x) "1 (e, Opy): (C, ) =,
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(C, ) given by

Cor1=G

Cyr1 =G (4.2)

(=) (Z5)

Cy=F®F* Cq=FO®F"
0 a”*
ea ea(v*—ev) )
(w" ™) (1w er*)
Cq—1 =G — Co—1 =G
- (Y 0 :C!1=F"®F —C,=Fa@F~"
Xt1 = 1 —avta* ) = .=
Xt2 = ( O* « >10q_1=G—>Cq:F€BF*
en — avta’y
Xtz = —O0+0kfLCT =G — Cypy =G

(see Definition A.1.5 for inverses and compositions of isomorphisms of quadratic com-

plexes).

Remark 4.2.1. Let f/\,é\ be other representatives for v € Q_.(z,0) and 6 € Q_.(G).
Then there are § € Homy (G, G*), 7 € Homy (F*, F) such that o — v = 0 + e* €
Homy (F*,F) and 8 — 6 = 6 + ¢6* € Homy (G, G*). Define & = k + & — ei* + 368 +
0 + p*u € Homy (G, G*) for some & € Homy (G, G*).
9, 6 and % induce an isomorphism (hey Xt): (C, 12) = (C, 12) (Note that h; and the
chain complex C' are not affected by the choice of representative.) From Remark 3.1.3
we know that there is a ¢ € W, (C)ag+1 such that {U\— P = d(i[)) Then Y — x¢ =
) — hyph + dx with ¥ € Wey(C)agr2 given by

- 0 0 " "

X2 = (0 —aﬂ*a*) C1=F'@oF —Cy=FaF

X3 = —Xxod*: ca1 =G —Cy=FaF"

Xa = BHO+R)BHCT =G — Cpy =G

See also Remarks 3.1.3, 6.2.2 and Lemma 6.4.2.

4.3 Quadratic twisted doubles

A preformation with a flip-isomorphism is some kind of algebraic equivalent to a (2¢+2)-
dimensional normal cobordism (W, M, M) — X with a diffeomorphism h: M =M
compatible with the highly-connected normal maps M — X and M’ — X. The
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boundary of W — X can be replaced by a normal map on the twisted double
M Upjopr M into X. As sketched in the introduction this is the starting point for
constructions which yield obstructions for (W, M, M’) to be an h-cobordism: asym-
metric signatures and, if h|OM =~ 15)7, quadratic signatures. These constructions can
be imitated for quadratic Poincaré pairs as we will find out in Chapters 5 and 6. A
prerequisite for those constructions is to turn the boundary of the (2¢ + 2)-dimensional

e-quadratic Poincaré pair x from Section 3.1 into an algebraic twisted double.

Definition 4.3.1 ([Ran98] 30.8(ii)). The twisted double of an n-dimensional e-
quadratic Poincaré pair ¢ = (f: C — D, (d1,%)) over A with respect to a self-
equivalence (h, x): (C, ) — (C, 1)) is the n-dimensional e-quadratic Poincaré complex

over A

cUpy) —C = (DU, D, oy Uy —51/))
= (fh: C— D, (8 + (=)""' xS 9) U(f: C — D, (=%, —¢))

with
pun = e(() e —eo).
s+ ()" fxs S0 0
(51/) UX 6w)s = 0 _5¢s (_)S_lfd}s
(=) Tsh f 0 (=) sty

(D Up D)”—r—s = DVTTS g DTS @ omn—r—s—1
— (D Uh D)T. = DT‘ @ DT @ CT‘fl

O]

Let z = (F PRGN F*,0) be a regular e-quadratic split preformation. Let ¢t =
(o, 3,7) be a flip-isomorphism of z. Again we pick representatives § and v for § and v
and let k € Hom(G, G*) such that 8*05 4+ 0 + p*vu = k + er* € Homy (G, G¥)

The twisted double of ¢ = (f: C — D, (9v¢,1)) of (3.3) with respect to the self-

equivalence (h¢, x¢): (C,¢) — (C, ) from (4.2) is the (2¢ + 1)-dimensional quadratic
Poincaré complex (0F;,w;) given by (0E, = D, ® D, ® Cy_1)

(9Et,q+2 — 0 EB 0 @ G (43)

(2

OE 401 =GoGo (FoFY)

OB, = F* & F* & G*
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0 0 O
0 0 —1 . .
wto = 8E :F@F@G—>8Et +1:G@G@F@F
y 0 0 — t q
o 0 0
00 0 O
wo = (00 =1 0):0E" =G"0G* @ (F*®&F) — 0E,=F' & F &G
00 0 O
—avta® 0 0
wel = 0 0 0 |:90E]=F®&F&G—0E,=F &F &G
—ey*a* 0 —eb

o

There is an equivalence (at,0¢): (0F;, —w;) — (OF,w) of (2¢ + 1)-dimensional qua-

dratic Poincaré complexes given by

At qg+2 = ,82 8Et7q+2 =G — 8Eq+2 =G

0 38 0 0
a _ 0 0 O o *
et = 10 0 ea ea(vt —ev)
1 0 0 0
8Et’q+1 :G@G@<F@F*) —>8Eq+1 :G@(F@F*)@G
0 a* 0
atq = 0 0 p*|:0E=F'0oF &G —0E,=FaoG ®dF"
1 0 0
00 0 0
_ 0 0 0 0
ot0 = 0 0 ava™ 0
0 0 0 0
B =G0 (FFoF)®G* — 0B 1 =CGo(FOF)aq
0
o0 = (1|:0B1"?=G* —9E,=FoG & F*
0
0 0 € 0
o1 = —1 — —p*+eyava* —1|:9EM =G* @ (F*oF)o G
0 1 eava* 0
0 0 0
Ot = —* —eB kB! 0
-1 —epu—eava®y —eava®

OE1=F"&@GOF —0E,=F oG ®F"

Applying Lemma A.2.6 to the Poincaré pair z = (g: 0F — E,(dw = 0,w)) from

Section 3.1 yields a (2¢g + 2)-dimensional quadratic Poincaré pair given by

vy = (9t =ga: OB — E, (0w, wy))
ggtr = (1 =B 0 0):0E 1 =GOGOF&F — E;1 =G
bwi = —(0w+ (=) gog*) =0
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and a homotopy equivalence of pairs (a;, —1;0): z; — —zx.
The equivalence a; maps each copy of D in JF; isomorphically onto a copy of D and

D’ in OF. Hence z is cobordant reld to an h-cobordism if and only if z; is.

4.4 Symmetric twisted doubles

The computation of asymmetric signature of a flip-isomorphism (which we will accom-
plish in Chapter 5) demands a symmetric version of the constructions of the previous

section.

Definition 4.4.1 ([Ran98] 30.8(ii)). The twisted double of an n-dimensional e-
symmetric Poincaré pair ¢ = (f: C — D, (d¢,$)) over A with respect to a self-
equivalence (h, x): (C, ¢) — (C, ¢) is the n-dimensional e-symmetric Poincaré complex

over A

cUphy) —C = (DU D, Uy —0¢)
= (fh: C— D, (8¢ + (=)"""fxf*,¢)) U (f: C — D, (=06, —¢))

with
pup - ()i —pen)
8¢s + (=) fxsf* 0 0
(5¢ Ux _6¢)s = 0 _5¢s (_)871f¢s
(=) psh* f* 0 ()" Tegs

(D Up D)nfrJrs — anr+s D anr+s D Cnfr+sfl
— (DUy D), =D, & D, &Cr_y (s>0)

O]

Let z = (F 2L a5 F *.0) be a regular e-quadratic split preformation. Let ¢ =
(a, B,7) be a flip-isomorphism of z Let v, § and k chosen as in the previous section.
We symmetrize our ingredients (h¢, x;) and ¢ from the previous section:

The (2¢ + 1)-dimensional symmetric Poincaré pair which is the product of the sym-

metrization of ¢ defined in (3.3) is given by

(1+T)e = (f:C—D,(6¢=0,¢) = (1+T)(5%,7)) (4.4)
po = 1:0T7'=G —Cp1 =G
o = <(1) 8>:Cq—F*EBF—>Cq—F@F*

by = —e:CH=G* — —1=G"

The symmetrization of (h, ;) defined in (4.2) leads to a self-equivalence

=3

(ht> O) : (Cv ¢) - (Ov ¢)
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of the 2¢-dimensional symmetric Poincaré complex (C, ¢).

The symmetric twisted double (OF, ;) is given by the chain complex JE; from (4.3)

and
0 0 0
bro = 0 O 1 op —FereG—oB,, —GoGaFaF
£ = —(v*—ev)a* 0 0 | Tt b+l =
o* 0 0
00 0 0
bo = [0 0 -1 0|:0B""' =G @G ®F*®F — 0E,,=F & F* &G
g0 0 0
b0 = (0 0 €:0E/=F®F&G— 0E442=CG
00 0 O
00 0 0 . q+1 * * * *
O = g o o —1| 9B =GeGeFeF —0E=GoGaFaF
00 — O
0
Ht,l = 0 58E21+2:G*—>8Et7q:F*@F*@G*
~1

The twisted double construction and symmetrization are commutative operations up

to an equivalence.

Lemma 4.4.2. Let c= (f: C — D, (0v,7)) be an n-dimensional quadratic Poincaré
pair and let (h,x): (C,¢) — (C,¢) be a self-equivalence. Then there is a chain

equivalence
(1,0): (14 T)eUgn a1y —(1+ T)e — (14 T)(c Uy —0)

with (1+T)e=(f: C — D, (14+T)(6¢,v)) and
00 0
o0 = |0 0 0
0 0 (=)o
(D Uy, D)™ = prtler g prtler g " — (DU D), = D, © D, @ Cpy

We apply this lemma and Lemma A.2.6 to the symmetrization of the (2¢+2)-dimensional
quadratic Poincaré pair x; defined in the previous section and get a (2¢+2)-dimensional

symmetric Poincaré pair

xt = (gti 8Et — E, (59t = 0,915)

If z is cobordant reld to an h-cobordism then so is zt.

Remark 4.4.3. The construction of 2t and (h¢,0): (C,v¢) — (C, ) just depends on

the “symmetrization” of z and ¢ i.e. (F <— G - F*) and (a, 3, (v* — ev)*) (compare
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Remark 2.2.17). Every choice of representative for v leads to the same Poincaré pair

at.

For an e-quadratic preformation y = (F L a5 F *) and a flip-isomorphism s =

(o, B,0), x° can be constructed in the same way if, in the definition of 6; and h,

(v* — ev)* is replaced by o.
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Chapter 5

Asymmetric signatures of
fip-isomorphisms

For the whole chapter let ¢ = (—)? and let A be a weakly finite ring with 1
and involution.

Let (W, M, M) be a cobordism with boundary M U, M for some automorphism h of
OM. Then an asymmetric signature can be defined which vanishes in the asymmetric
Witt-group if and only if W is cobordant reld to a twisted double. An s-cobordism
(W, M, M) is a twisted double, so the asymmetric signature provides an obstruction for
W to be cobordant reld to an s-cobordism.

The previous chapter explained how a flip-isomorphism of a preformation defines a
symmetric Poincaré pair with an algebraic twisted double as the boundary. For such a
Poincaré pair we can define an asymmetric signature, too. Like in geometry it vanishes if
the pair is cobordant reld to an h-cobordism i.e. if the preformation is stably elementary.
Asymmetric signatures of manifolds do not require normal maps or smoothings (see e.g.
[Ran98] Corollary 30.12.). Similarly symmetric complexes and pairs suffice as input for
the algebraic asymmetric signature, e.g. the symmetric Poincaré pair z! defined in
Section 4.4.

In Section 5.1 we will give a short introduction into the origins of asymmetric forms
and twisted doubles in geometry. Then Section 5.2 will present the algebraic chain
complex analogues. We define asymmetric forms, complexes and pairs and show how a
Poincaré pair with a twisted double on the boundary determines an asymmetric com-
plex. We have already seen in Section 4.4 how a preformation and a flip-isomorphism
can be used to construct a symmetric Poincaré pair with an algebraic twisted double
as the boundary. In Section 5.3 we compute its asymmetric signature and show in
Section 5.4 that it vanishes for every flip-isomorphism of an elementary preformation.
The asymmetric signatures depend on the choice of flip-isomorphism. Hence in Section
5.5 we define an [-monoid of flip-isomorphism fI24(A). The asymmetric signatures de-

fine a monoid homomorphism fI29(A) — LAsy°(A). It turns out that the asymmetric
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signatures vanish for any flip-isomorphism of any stably elementary preformation.
In Section 5.6 we investigate the relationship between the asymmetric signature of

strong flip-isomorphisms in special cases.

5.1 Geometric twisted doubles and asymmetric forms

One of the successes of asymmetric forms in surgery theory was the open book obstruc-
tion theory of Quinn ([Qui79]) which led to a second computation of the cobordism
ring of automorphism. (The first computation was achieved by Kreck (see e.g. [Kre84))
using an early version of his l-surgery theory.)

We will outline Quinn’s approach to the cobordism of automorphism. For simplicity we
assume that all manifolds are simply-connected. Let h: IV =, Nbea diffeomorphism
of a closed 2¢-dimensional manifold (¢ > 1). The first obvious obstruction for h to be
null-cobordant is the cobordism class of the mapping torus T'(h).

So let us assume that T'(h) has a (2¢ + 2)-dimensional null-cobordism V and after

surgery on V we can make H;(V, N) vanish for i < g. The isomorphism
K :=Hy1(V,N) — H"(V,0V — N) — H™ Y V,N x I) — HT (V,N). (5.1)

gives us a non-singular asymmetric form A: K — K* which is zero in the asymmetric
Witt group LAsy®(Z) if and only if there is a diffeomorphism H: Q — @ with V =
T(H) and hence 0H = h.

More generally, an exact sequence describes the connection between the cobordism
ring of automorphisms and the asymmetric Witt group. Let €©;(X) be the cobordism
group of continuous maps from i-dimensional manifolds to X and A;(X) the group of
cobordism classes of triples (F, g, h) with F' a closed i-dimensional manifold, g: FF — X
amap, h: F' — F an automorphism together with a homotopy g ~ gh such that there

is an induced map
T(g): T(h) — T(1: X — X) =X x S%.
Then for any k£ > 2 and topological space X there is an exact sequence

0 — Agp+1(X) —= Qopy2(X x SY) ——= LAsy’ (Z[r1 (X)]) —

Agy(X) T Qo (X x 81) ——=0

with T: Ay(X) — Qi41(X x SY), (F,g,h) — (T(g),T(h)) (see also [Ran98] 30.6 (iv)
or [Qui79]).
In our case we start with an (n + 1)-dimensional cobordism (W, M, M’) such that

M' = M and M may have a boundary. Then there is an isomorphism h: OM — OM

71



such that the boundary of W is the twisted double M U, M. By glueing the ends
of the cobordism together we obtain a manifold V' with boundary T'(h). One can
do surgery below the middle dimension to make V highly-connected and read off an
asymmetric form as before. It vanishes in the asymmetric Witt group if and only if V'
is cobordant to a mapping torus of an automorphism and that is the case if and only
if W is cobordant reld to a twisted double.

It is also possible to define a chain complex version of that construction: an asymmetric
Poincaré complex consisting of the singular chain complex C (17, oM ) together with a
chain equivalence inducing the isomorphisms A: H"1—*(V/, oM ) =, H,(V, oM ). The

maps fit into a diagram of exact sequences

H™ 1= (V, W) &2 HY (M) ——= H™Hr(V,0M) —= H'H/(W,0M) - (5:2)

lg Aig ig

H,(M,0M) H,(V,0M) H, (W, M + M)

In particular, if 9M = (), the asymmetric complex is C«(V') together with the Poincaré
duality on V. If this asymmetric complex is zero in the asymmetric L-group LAsy®(Z[m1(V)])
then and only then a twisted double cobordant reld to W can be found (see e.g. [Ran98]
30.12).

5.2 Asymmetric forms, complexes and pairs

We present the algebraic equivalents of the geometric constructions of the previous
section. Note that the asymmetric signatures of manifolds do not require normal maps.
Therefore it is not surprising that the asymmetric signatures only require symmetric
complexes and pairs and not quadratic ones. (Obviously we can always symmetrize
any quadratic complexes, etc. and feed that information into the asymmetric signature
construction. Compare Section 4.4.)

For the following compare with [Ran98] Chapter 28F.

Definition 5.2.1. An asymmetric form (M, \) over A is a f.g. free A-module M
and a A € Homp (M, M*). It is non-singular if and only if ) is an isomorphism of
A-modules.

A lagrangian L of an asymmetric form (M, )\) is a direct summand L C M such
that L = L+ with Lt = {z € L|\(2)(K) = 0}. If an asymmetric form has a lagrangian
we call it metabolic.

An isomorphism f: (M, \) =, (M';N') of asymmetric forms is an isomorphism
of A-modules f: M — M’ such that X' = f*Af.

The asymmetric Witt-group LAsy®(A) is the abelian group of equivalence classes
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of non-singular asymmetric forms where
(N1, A1) ~ (N2, A) & (N1, M) @ (Mi, K1) — (Na, A2) @ (Mo, k)
for some non-singular metabolic forms (M;, k;). O

Definition 5.2.2. An n-dimensional asymmetric complex (C, \) over A is a chain
complex C together with a chain map \: C"™* — C. (C, ) is Poincaré if X is a
chain equivalence.

A morphism f: (C;\) — (C’, \) of n-dimensional asymmetric complexes is a
chain map f: C — C’ such that there is a chain homotopy X ~ fAf*: """ — (",
The morphism is an equivalence if f: C — (' is a chain equivalence.

An (n+ 1)-dimensional asymmetric pair (f: C — D, (d\, \)) is an n-dimensional
asymmetric complex (C, \), a chain map f: C' — D and a chain homotopy d\: fAf* ~

0: D"* — D. It is Poincaré if the chain maps given by

((_)ré—iﬁ)\f*) . DT L C(f)y = Dy & Cry

(BA (5)"fA) = et =Dl g 0" — D,

are chain equivalences, in which case (C,\) is Poincaré as well.

Asymmetric Poincaré complexes (C, X) and (C’, X') are cobordant if (C,\) & (C’, —X')
is the boundary of an asymmetric Poincaré pair.

The asymmetric L-groups LAsy™(A) is the cobordism group of n-dimensional Poin-

caré complexes. O

Remark 5.2.3. A 0-dimensional asymmetric complex is an asymmetric form. It is
Poincaré if the form is non-singular. For details see the errata to [Ran98]. [Ran98] (er-
rata) Proposition 28.34 shows that any 2m-dimensional asymmetric Poincaré complex
is cobordant to an m-connected 2m-dimensional asymmetric Poincaré complex which
again is nothing but a 0-dimensional asymmetric Poincaré complex i.e. LAsy?"(A) =
LAsy?(A). (The odd-dimensional asymmetric Witt groups are all trivial.) Hence we

will identify asymmetric Poincaré complexes with asymmetric forms.

We explained before that there is a geometric construction to assign an asymmetric
form to manifold with a twisted double on a boundary. We will state the algebraic
analogue. For that reason we need to define a chain equivalence of a Poincaré pair
with a twisted double on the boundary (which we shall call b-duality map) modelling
the Lefschetz-duality map H"™1=*(W,0M) = H,(W,M + M). It is mimicking the
diagram of exact sequences with the ordinary Poincaré dualities of our various manifolds
—— H""(0M) — H"'\""(W,0M) — H" =" (W) —— (5.3)
P.D.J/N + P.D.i"‘ h~P.D.J/N
— H,

r—1(0M) —— H, (W, M + M) —— H,(W,0W) ——
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The rules for the cap product show that the first square commutes up to an alternating

sign.

Definition and Lemma 5.2.4 ([Ran98] 30.10). Let = = (g: OE — FE,(0,00))
be an (n + 1)-dimensional symmetric Poincaré pair such that the boundary (0F, 00)

is a twisted double of an n-dimensional symmetric Poincaré pair with respect to a

self-equivalence (h, x): (C, ¢) — (C,¢) (compare Definition 4.4.1). We write

i)

i)

g:(](] il k):aEr:Dr@Dr@Cr—lﬁEr

The b-duality map «: C(jof)" =" — C(jo, j1) of z is defined (up to chain ho-
motopy) as the chain equivalence which fits into the chain homotopy commutative

diagram of exact sequences

S (0)

0 cn—* Cljof)" 1 ——— pntl-r ——— 0 (5.4)
& + K| V|
0 Cia C(jo, j1) o C(9) 0

(compare (5.3)) such that

(a) the first square commutes up to an alternating sign

100
(b) Qp = (8(1](1)) : e(jOajl)r =E.®D, 1 ®Dr 1 — e(g)r =FE®Dr1®
000
Dr—l S2] Cr—2
k
(C) ﬁr = *fh : Crfl — e(jO)jl)T
-f

_ %
(d) Vp = ((_)nJrlrang*
duality map of x (see Definition A.2.3)

(€) & = doh: C"" — Cry.

> : BT C(g), = E- ® OE,_; is the Poincaré

The asymmetric complex (B, \) of x is (up to chain homotopy) the (n + 1)-

dimensional asymmetric Poincaré complex with
B=C(jo—ji: D — C(jof: C — E))

and A\: B"1=* — B a chain equivalence which fits into the chain homotopy

commutative diagram of exact sequences (compare (5.2))

0 pDn—* Bn+1—* v @(jof)”+1** —0 (55)
| TX| 2 A=
0—C(f) —— B T €(jo, j1) ———0

with
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0
(a) Ty = ol :prr— Bn+177" — EnJrlfr OV T DT
1

Jo 0

0 1]: e(f)r =D, ®Cr1 — B, =E.®C,_1® D,
0 0

1 0 O

0 f 1 |:B —Cosji)r = Er® D1 & D,

0 0 -1

< n&b,,o(b f ) : D" — C(f), the Poincaré duality map of (f: C —
D, (6¢,9)) (see Definition A.2.3)

(f) TA, = (—)™\*: B""1=" — B, the duality involution of A

(g) k the b-duality map.

iii) The asymmetric signature of x is the asymmetric cobordism class

o*(z) = [(B,\)] € LAsy" "1 (A)

Proof. All we need to do is to show that the vertical sequences of Diagram (5.4) and
(5.5) are exact. First we notice that C(3: Cx—1 — C(jo, j1)) = C(g). Hence the bottom
sequence of Diagram (5.4) is the mapping cone sequence of 3 and therefore exact.

In the case of the bottom sequence of Diagram (5.5) we note that every element of

ker 7,- is in the image of o,. On the other side o, o 7. is null-homotopic:

Opr OTp = d@(jmjl)ArJrl + Arde(f): e(f)r — e(j()ajl)r

0 0
Ar = (_)T_l 0] : e(f)T—l = DT—l @ CT—Q I e(j(]ajl)r = Er ¥ Dr—l @ Dr—l
0 0

O

Remark 5.2.5. The asymmetric signature is vanishing if and only if one can extend
the twisted double structure on the boundary to the whole Poincaré pair x and it is
invariant under cobordism (see [Ran98] Proposition 30.11). We will only need certain
properties: Proposition 5.4.4 states that two Poincaré pairs which are cobordant reld
have the same asymmetric signature and Proposition 5.4.5 shows that the asymmetric

signature of an algebraic h-cobordism is zero.

We will need explicit formulae for (B, \) which will be presented here:
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Proposition 5.2.6. The chain maps k and X\ in the previous definition are given (up
to chain homotopy) by
(90 (—)n_rkgf)oh*
hr o= | ()" (b0 + ()" fxof s (=) fhgoht
(=)"""(6¢0T + fdok™) (=) foh*
Cjof)" 7" = BT @ O — C(jo, j1)r = Er © Dy—1 ® Dry

0o (=) Ljofxo + (=) "koh* J1600
TN = (=) "ok (=) " o(1 4+ h*) (=) "o f*
(=) (8o + fdok™) (=) fpoh™ (=) fpof*

Bn—i—l—r _ En—i—l—r pC" T DV —s B, =E, ® Cr—l ® D,

Proof. First we check that our definition of x makes the right square of Diagram (5.4)
commute i.e. whether Z = ax—v (1 0) : C(jof)" ™ * — C(g) is null-homotopic. We
define

e(jof)n+2—r — En+2—r D Cn+1—r

o o o o
o O O

S

(=)"oh*

- e(g)r = Er @ Drfl ® Drfl S Cr72

and find that Z, = d@(g)AT-i-l + Ard@(jof)nﬂ_*G(jof)”“—T — G(g)r,

The left square commutes up to an alternating sign because

_ 0 _ o
(_)n "Brér = Ky <1> 0T — e(]Oa]l)T =E ®Dr—1® Dy1.
This choice of x helps us to confirm that our formula of A fits into Diagram (5.5).

Y =TArt —7(: D" * — B is null-homotopic with chain homotopy

0
A;“: 0 : Dn—r-‘rl — B, =E. @ Cr—l @© D,
(—)"0¢0
which fulfils

YT‘ — dBA/T—‘rl + A'lf‘an_* N Dn_r — BT‘

Hence the left square of Diagram (5.5) commutes up to homotopy. For the other square
define Z = ki — oTA: B""1=* — €(jo, j1). Then

0 0 0
A;"/ =10 (_)n—’r—l—leO 0 . Bn—l—l—r — En—l—l—r @ o D prr
0 0 (=)"0¢0

- e(joajl)r = Er @ Dr—l D Dr—l
defines a chain null homotopy of Z i.e.

ZT - de(j07j1)A;“,+1 + AZdBvL+1—*
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Finally, one has to check that X is a chain map. Because Z is obviously a chain map and
¢ consists of injective module homomorphisms it follows easily that k is a chain map as

well. By the five-lemma the chain maps A and x have to be chain equivalences. ]

In the case of OE = 0 or C' = 0 the asymmetric complex (B, \) is equivalent to the

obvious symmetric complexes.

Lemma 5.2.7. Let (C,¢) be an e-symmetric n-dimensional Poincaré complex. Then
the identity induces an equivalence 1: (C,¢g) — (C, T.¢o) of n-dimensional asymmet-
ric complexes. (i.e. (C,¢o) = (C,Teppo) € LAsy™(A))

Proof. The symmetric structure ¢ of C fulfils the relation
dgr + (=)"¢1d" + ()" (¢o — Tegp) = 0: C"" — C

Hence

¢o — Tego = d((=)"¢1) + ((=)"¢1) ((=)"d")

den—+

shows that the identity on C' induces a chain equivalence between (C, ¢g) and (C’, ¢1)
(and also defines an asymmetric cobordism ((1,1): C&C — C, ((—=)"¢1, oD —Tep))-)
]

Corollary 5.2.8. We use the notation of Definition 5.2.4.
i) Let OE = 0. Then (B, \) and (E,6y) are equivalent.

ii) Let C = 0. Let (V,0) be the union of the fundamental n-dimensional symmetric
Poincaré pair (9 = (jo,j1): D ® D — E, (0,00 = d¢ ® —0¢)) (see Definition
A.8.4). Then (B,)\) = (V,00) € LAsy™"(A).

Proof. i) If 9E = 0 then T\, = fy: B"*'"" = E»t1=" _, B. = E,.

ii) In the case of C' = 0 we compute

o 90 j16¢0 . n+l—r _ pn+l—r n—r
TA, = ((—)”*”5%.7'6‘ i B —F @D

— B, =E, ® D

and B = C(jo — j1: D — FE). Then use the previous Lemma.
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5.3 The asymmetric signature of a flip-isomorphism

Let z = (F 2L a5 F *.0) be a regular e-quadratic split preformation. Let ¢ =
(av, B, 7) be a flip-isomorphism of z. Let v be a representative of 7. As an abbreviation,
define 0 = (v — ev*)*. o is independent of the choice of representative for .

The (2g + 2)-dimensional symmetric Poincaré pair ' = (¢*: F, — E,(0,6;)) of
Section 4.4 has a twisted double structure on its boundary which enables us to apply
the asymmetric signature construction from Proposition 5.2.6. The result is the (2¢+2)-

dimensional asymmetric complex (B, ). (B, = E, & C,_1 ® D,_1):

Bi=005G®0 By2=00Ga G (5.6)

Ag+2
1+
0
0
o
F

oT R+

Eda dlz—e(

Bq+1ZG*@(F*@F)@FﬁBq—H:G@(F@F*)@ .

—ed} do=(0 p* ey* 0)

B2 = 0& G* & G* B,=00G* @0

with

i <—e(1+ﬂ))

0 0 0 0

T L B
17 10 e+a0 ea —ea

0 —€ 0 0

o= (1457 —5)

We can reduce this complex to a smaller (2¢ + 2)-dimensional asymmetric complex

(B, \) via the chain equivalence

o)

— / —
B2 =GoG - GoG oD Byya =G
& (0a) 4
By1=G@® (F®F*) @ F* ;1 Go(FOF)@F =By =FOFoF”
(384%)
do (0dg) dy,
B, =G* = el - B, =G*
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with

1 0 O
_ % -1 0
‘1l o 0 0
w—exy e —1 B
1

1

e — 1 — eao

N
1
0

(e(M+ 87" )" (1+87)y ~%)

e: B — B 19

0 O 1
€ 0 —a*
—€ e af —ea+ eaca®

_ﬁ_*: B/q+2 _ B/q

(All A\, are in fact isomorphisms of A-modules.)

With the help of [Ran98] (errata) 28.34, we compute a highly-connected (2¢ + 2)-

. B/q+1

/
— B¢

dimensional asymmetric complex (B”, ") which is cobordant to the asymmetric com-

plex (B, \'):

B//q — :1/+2 = G
Ag+2
edll” d
pBratl LZW=FoFroF oG oG
!
7€dl1l* dg
+2 B// — *
B//q /\g q G
with
Y
1
@ = |0
0
ﬁ_l
dy = (eQ+p7)" Q+67)" v —ef7 0)
0 0 1 0 0
e 0 —a* 0 0
Z—H = —€ e of —ea+eaca” 0 0
0 0 0 0 —ef™™
0 0 0 1 0
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We can simplify this asymmetric complex to gain the asymmetric form we were looking

for using the isomorphism of chain complexes

By =G r» G

0

d// 0
! 0
1

B{]’H:F@F*@F*@G*GBG?F*@F@F*@G*@G

dy (00010)
" * *
B, =G o G
with
by = 1
Q@ 0 0 0 —avs
0 ea ™ 0 0 —ea *up
o) = 0 1 1 0 —ups
0 0 0 0 16}
by =1

Thus the asymmetric signature is given by the asymmetric form

0 0 o
p=11 0 —e T M=F®F"®F — M*
0 1 exoca®

It is clear that p does not depend on the choice of representative for 7. Hence we can
define

Definition 5.3.1. Let z = (F PRSI A 6) be an e-quadratic split preformation.
The asymmetric signature 0*(z,t) of a flip-isomorphism ¢t = (a, 3,7) of z is an

element (M, p) € LAsy°(A) given by

0 0 o'
p=11 0 —€ - M=F@F @®F — M"
0 1 ea(v*—ev)a”

Obviously we can define an asymmetric signature also for the non-split case

Definition 5.3.2. Let z = (F «— G - F*) be a regular e-quadratic preformation.
The asymmetric signature o*(z,t) of a flip-isomorphism t = («, 3,0) of z is an

element (M, p) € LAsy(A) given by

0 0 «
p=11 0 —e¢ T M=F@FaF— M"
0 1 eaca*
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5.4 Asymmetric signatures and elementariness

In this section we show that the asymmetric signatures are an obstruction to elemen-

tariness

Theorem 5.4.1. Let z = (F PRERyE AN F*.0) be a reqular e-quadratic split preforma-
tion which allows flip-isomorphisms. If z is elementary then the asymmetric signature

o*(z,t) € LAsy°(A) vanishes for all flip-isomorphisms t.

Remark 5.4.2. Theorem 5.5.3 will present a version for stably elementary preforma-
tions. The converse is not true in general. Counterexamples are presented in Example
7.3.3 and in Section 9.6.

The asymmetric signatures are generally not-trivial as Corollary 7.3.2, Propositions
9.6.7 and 9.6.8 will show.

We will give two proofs for this theorem. The first one is based on algebraic surgery
theory whereas the second proof is a low-level calculation of asymmetric forms.

The Definition 5.3.1 shows that the asymmetric signatures do only depend on the un-
derlying non-split preformation. It ignores the quadratic structure of both preformation
and flip-isomorphism. A generalization of Theorem 5.4.1 for non-split preformations

comes without surprise:

Corollary 5.4.3. Let z = (F PR ¢ N F*) be a reqular e-quadratic preforma-
tion which allows flip-isomorphisms. If z is elementary then the asymmetric signature

0*(z,t) € LAsy®(A) vanishes for all flip-isomorphisms t.

Proof. The second proof for Theorem 5.4.1 works also for the non-split case. There
should be no problem in using algebraic surgery again - one “only” needs to prove
symmetric versions of the previous two chapters. We leave this as an exercise to the

reader. O

The first proof of Theorem 5.4.1 needs some preparation. In the next two propositions

we show algebraic equivalents of the following facts from the world of manifolds:

i) Two manifolds with a twisted double on their boundary have the same asymmetric

signature if they are cobordant reld.

ii) An s-cobordism (W, M, M) is in fact a twisted double and hence its asymmetric

signature must vanish.
Proposition 5.4.4. Let x = (g: 0F — FE,(0,00)) and ' = (¢': OE — E',(0',00))
be two (n + 1)-dimensional symmetric Poincaré pairs such that the boundary (OF,00)

is a twisted double of an n-dimensional symmetric Poincaré pair (f: C — D, (0¢, ¢))

with respect to a homotopy self-equivalence (h, x): (C, @) = (C, @) (compare Definition
4.4.1).
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i) If v and &' are cobordant reld, then o*(z) = o*(2') € LAsy™ 1 (A).
i) o*(z) — o*(2') = o*(x U —12') € LAsy""L(A).
Proof. 1) This is a special case of [Ran98] Proposition 30.11(iii).

ii) By using the union construction one can easily verify that ((z U —2') + 2/ )Uz =
(zU—2")+(—(2zU—2")). In this formula the sum (C, ¢)+(f: D — E, (90, 0)) of an
(n+ 1)-dimensional e-symmetric (Poincaré) complex with an (n + 1)-dimensional
e-symmetric (Poincaré) pair is the (n + 1)-dimensional e-symmetric (Poincaré)
pair ((g) :D— E®C, (00 ¢,0)).

For any Poincaré complex (C, ¢) (and in particular for z U —2') ((1 —1):C@®

C — C,(0,90®—0¢)) defines a null-cobordism of (C, ¢)®(C, —¢). Hence the pairs

x and (x U —12') + 2’ are cobordant reld. Therefore o*(z) = o*((z U —2') + 2') €

LAsy™™'(A). Tt is not hard to see that the latter expression is the same as
o*(zU’) + o*(2)).

O

Proposition 5.4.5. Let © = (g: OE — E,(0,00)) be an (n + 1)-dimensional sym-

metric Poincaré pair such that the boundary (OF,00) is a twisted double of an n-

dimensional symmetric Poincaré pair (f: C — D, (0¢,¢)) with respect to a self-
equivalence (h,x): (C,¢) — (C,¢) (compare Definition 4.4.1). We write

9= (o 51 k):0E,=D,®D,&C,_1 — E,

Additionally assume that x is an h-cobordism i.e. that jo,j1: D — E are chain equiv-
alences. Then o*(z) =0 € LAsy"1(A).

Proof. We could refer to [Ran98] Proposition 30.11(ii) but instead we give a quick and
direct proof of the claim. Obviously it is enough to construct an asymmetric null-
cobordism for the asymmetric Poincaré complex (B, T\) given in Proposition 5.2.6.1

We define the (n + 2)-dimensional asymmetric Poincaré pair
(s: B— Dy_1,(0)\, X))
s = (00 1):B,=E®Cy_1®Dy_1 — D4
GA = (=) Hlagy: D1 p

In order to proof that it is Poincaré one observes that there is a chain equivalence
C(s) = €(jof)+—1 given by
o—j1 1 0 0
<‘70 0 J 0 1 0) : C(8)r =D 1®E_10Cr_2®D,_o
— C(jof)r-1=Er1® Cr2

n general, if (f: C — D, (6A, \)) is an n-dimensional asymmetric (Poincaré) pair, so is (f: C —
D, (T.0X, T.)\).
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O]

First proof of Theorem 5.4.1. By Theorem 3.3.3 the Poincaré pair z = (¢g: OEF —
E, (6w = 0,w)) from Section 3.1 is cobordant reld to an algebraic h-cobordism. By
Section 4.4 the Poincaré pair z; = (g: 0By — FE,(0,06;)) is cobordant reld to
an algebraic h-cobordism. By Proposition 5.4.5 its asymmetric signature (which is

o*(z,t) € LAsy°(A) by Section 5.3) is vanishing. O

Second proof of Theorem 5.4.1. We can also give a proof of the theorem without al-
gebraic surgery theory.? For simplicity we assume that (F PRy 6) has the
nice form presented in Proposition 2.4.2iv) and that i: U < G is the inclusion of the

h-lagrangian. We define a metabolic asymmetric form (M’, p'):

= <§) 8>:G*:U*®R*—>F:U@U*
10 * * * * *
b = <0 0>:G:U OR*  — F*=U"dU

t = <1* 0>:G*:U*@R*—>G*:U*€BR*

T 1
aa
k = 0 G — F"®oFaF*
—eaa — €b
p k 0
P/ = (00 —p|  M=MeGadG—M"=M">GoG*
0t O

A lagrangian for (M’, p’) is given by

eyBi ey(1+p8) 0
eayi  eayfl ea

j = 0 v 0 |:UsGoF —M=(FoFoF)oG oG
0 0 Yo
—€t —€ 0

Then (M, p) & (M',—p') has a lagrangian

0
8 MoG-—MoM =MoMoG oG
1

S O ==

O

2Here is the recipe for how the rather abstract theory of asymmetric complexes and pairs can be
used to produce the following explicit stable lagrangian for our asymmetric signature: One can express
the explicit algebraic h-cobordism z’ = (¢': 0E — E', (v, Ow)) from the proof of Theorem 3.3.3 as a
twisted double using the isomorphism (a, k): (9E, —(1 4+ T)8w) — (0E;,d6;) from Section 4.4. One
can compute its asymmetric signature in much the same way as in Section 5.3 and surprisingly one
gets the same result. Now one has to keep track of all the manipulations one did: equivalences of
asymmetric complexes and the use of [Ran98] Proposition 28.34 leads to an asymmetric cobordism.
Finally one glues the asymmetric null-cobordism one gets from Proposition 5.4.5 onto it. This leads to
an asymmetric null-cobordism of the asymmetric form (M, p) (see Definition 5.3.1). Using a method
presented in the Errata to [Ran98] one finally computes a stable lagrangian of (M, p).
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5.9

The flip-/-monoids

The asymmetric signature of a flip-isomorphism suggests the definition of an extension

of Kreck’s I-monoids which includes a choice of a stable flip-isomorphisms.

Definition 5.5.1. i) Let z = (F «— G % F*) and (F' N N F'") be

ii)

regular e-quadratic preformations and let ¢t = («,3,0) and ¢ = (o/,3,0’) be

flip-isomorphisms of z and 2’ respectively.

An isomorphism (7,() of the tuples (z,t) and (2/,¢) is a strong isomorphism
(n,¢): 2 =, 2/ of preformations such that o/ = n"*an~!, B = (B¢t and o' =
non*.

The sum (z,t) + (2/,¢') is the well-defined tuple (z @ 2/, t & t').

Let y* = OH¢(AF) be a hyperbolic preformation and t* = (( _01 _06) ) ((1) _01) ,0)
a (strong) flip-isomorphism of y*. 3

A stable isomorphism of the tuples (z,t) and (2’,¢') is an isomorphism of (z,t) +
(y*, 1) with (2/,¢') + (y!,#!) for some k,I € Ng. The stable isomorphism classes

form an abelian monoid namely the flip-l-monoid fI??*2(A).

Let 2z = (F «— G 45 F*,0) and (F' & &' 25 F”*,0') be regular e-quadratic
split preformations and let t = (o, 3,7) and t' = (/, 3, 7’) be flip-isomorphisms
of z and 2’ respectively.

An isomorphism (7,() of the tuples (z,t) and (2/,¢) is a strong isomorphism
(n,¢): 2 =, of preformations such that o/ = n~*an™', ' = (B¢~" and ¥ =
non’.

The sum (z,t) + (2/,¢') is the well-defined tuple (z @ 2/, t & t').

Let yx = OH_.(A¥) be a hyperbolic preformation and t; = (( 91 _06) , (6 _01) ,0)
a strong flip-isomorphism of ;.

A stable isomorphism of the tuples (z,t) and (z,t') is an isomorphism of (z,t) +
(yg, ti) with (2/,¢') + (y;,t;) for some k,l € Ny. The stable isomorphism classes

form an abelian monoid namely the flip-l-monoid fly,2(A). O

Remark 5.5.2. i) There are well-defined morphisms of abelian monoids

T fETRR(A) — PITE(A), [(z,8)] — [2]

7 flagr2(A) — lagi2(A), [(2,8)] — [2]

3Compare Corollary 4.1.3.
4Compare Corollary 4.1.3.
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ii) There is a well-defined morphism of abelian monoids

flagra(A) —  fIPTT3(A)
(F <~ G- F*.0),(a.8,7) — ((F<=G- F), (a,3,0" — "))

Theorem 5.5.3. The asymmetric signature of Definition 5.5.1 gives rise to a well-

defined homomorphism of abelian monoids

o fIP7T2(A) — LAsy’(A)

[(z,8)] — 07(2,1)

If [2/] € I29%2(A) is elementary then o* (7~ 1[2']) = {0} (with 7 as in Remark 5.5.2) i.e.
0*(z,t) = 0 for all flip-isomorphisms t of all preformations z with [z] = [2'] € lag+2(A)
(i.e. for all stable flip-isomorphisms t of z).

Proof. Using the notation of Definition 5.5.1 assume that there is an isomorphism (7, ()
of (z,t) and (2/,t"). Let

00 a
p:<10 —€ >:M:F@F*EBF—>M*

01 ea(v*—ev)a*

/ 00 o / / 1% / 1%
p = (1)(1) —€ M =F3&F oF —M
EQ

/(V/*_Eyl)a/*

be the asymmetric forms whose image in LAsy?(A) are by definition the asymmetric
-1 0

0

t

U o
signatures of (z,t) and (2/,t'). Then f = ( o0 : M — M’ is an isometry of

0
,'7*
0 0nt
the asymmetric forms (M, p) and (M’, p'). So o*(z,t) = o*(2',t').

Clearly o*(yg, t) = 0 by Proposition 5.6.2i) and it is obvious that o*(z,t) +o*(2',t') =
c*(z@® 2, t ®t'). Hence the asymmetric signature doesn’t change under stable isomor-
phisms of tuples (z,t) and it is compatible with the actions of both monoids. The rest

follows from Corollary 5.4.3. O

5.6 Strong flip-isomorphism and asymmetric signatures

In the following we restrict our attention to strong flip-isomorphisms ¢ = («, 3,0). We
. . . . . 00 « .

want to bring light into the relationship between a and p = ((1) (1) Be>. It is not as

straightforward as one might expect. For instance, o and p are not necessarily equal

in LAsy®(A) as we will show for the case A = CT (complex field with conjugation

involution). The map a — p defines an endomorphism of the asymmetric Witt group

which but it is not always injective.

Definition 5.6.1 ([Ran98] Definition 39.25). For an asymmetric form (F,«) over
a commutative ring A define cho(z) = det(z — a~ta*) € A[2]. O
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Proposition 5.6.2. i) There is a group homomorphism
®.: LAsy’(A) — LAsy’(A)

(Fa) — (M=F&F eFp, =

O = O
= o O
|
)

ii) Let (o, 3) be the strong flip isomorphism of the boundary of a non-singular (—e)-
symmetric form (K,X). Then ®(K,a) = (K, \).

0
i) Let (F,a) € ker ®. Let (FENDON*,a') € LAsy’(A) of the form o' := (g 0 ﬁi).

P5 P3 P4
Then o € ker ®,

iv) For an asymmetric form (F,«) over a commutative ring A with k = rk(F)
Chpo (2) = (z + €)F det(22 — eata*) = (2 + €)Fecha(e2?)

Proof. i) Let g € GL(F) and a: F' — F* an isomorphism. Then

g 0 0 g 0 0
0 g' 0]pal0 g 0] =pgrag-
0o 0 g* 0 0 g

Now let o’ be another non-degenerate asymmetric form on F’. Define

10 00 0O
000100
010000
Pi= 000O0T1PO0
001000
000 O0O0T1

Then

«(Pa 0 _
P <O pa’) P - paEBa .

Finally we have to show that p, is metabolic for metabolic «. We can assume

that L C F is a lagrangian of o hence

o= <g é) Lelt — Lf oLt

Therefore

Pa =

O OO = OO

SO o= O OO

O R O O OO

_ o O o oo
A
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has the lagrangian

1 0 0
0 0 O
0 0 O
01 0
0 0 1
0 0 O
ii) The map
e 1
i=| ] Eg KoK —KoK oKok
-8 f

is obviously a split injection and turns out to be a lagrangian of <g ?\)

iii) Let i = (g) : L — F @ F* @ F be the inclusion of a lagrangian of ®.(a)). Then

:L— (FONoON )Y DO (FONSON )" @ (FON@N™)

<

Il
cCon oo OO -8
coococococor o
cCoo~r o000 OO
O~ o000 OoOoO

is the inclusion of a lagrangian of ®.(a/).

iv) Computation.

Remark 5.6.3. Proposition 5.6.2ii) will be generalized in Corollary 7.3.2.

In special cases we can compute @, or at least decompose it into smaller bits. From
the following calculations we can deduce how ®. looks like for algebraically closed
fields of characteristic # 2. In the following we use some facts from [Ran98] 39D. In
particular we define L°(A,a) for a € U(A) = {x € A : 2z = 1} as the Witt-group of all
non-singular a-symmetric forms over A.

Lemma 5.6.4. i) Let (F,a) € L°(A,¢) and assume that 2 € A*.

Then ®(F, o) = (F,ea).

ii) Let (F,a) € LAsy(A) with chq(€) € A*.

Then ®.(F,a) = (F,a* — ea) + (F* @ F, (60‘1 ;) ).
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iii) Let (F,a) € LO(A, eb?) with bb = —1 and 1 — b € A,
Then ®(F,a) = (F,a* — ea).
i) Let (F,a) € LO(A,eb?) with bb =1 and 2,1 —b? € A*.
Then @ (F,a) = (F,a* —ea) + (F*,2(e + b)) + (F*,2(e — b)av).

0 —at

€
Proof. i) Let Q := | —« 0 %eoz . The matrix equation
€ ea™! %
0 O 1 e ea ! %
1 0 0]Q=|0 —a! €
e ea! 1 0o 0 2

shows that @ is invertible. Computing Q*p,Q yields the claim.

0 ea ™ €

ii) Let Q := | « 1 0. The matrix equation
—€ 0 1
0 1 0 a 1 0
0 1 ea|@=10 1 €x
—ea"ta* a7l e 0 0 e—ato*

shows that @ is invertible. Computing Q*p,Q yields the claim.

iii) By assumption, chq(e) = (e(1—?))"™* ¥ € AX. So we can use ii). We observe that

b is a lagrangian of carr e
a~t srang 1 ea)’

0 e+b e—>
iv) As before we can use ii) or we use the matrix P := | a« o a* |. Then
—€ e —eb

P*poP = (a* — ea) @ (2(e + b)a) @ (2(e — b)ar). Now we have to show that this
matrix is invertible: a* —ea = €(b? — 1)a obviously is invertible. With 1 — b? also
1 £ b is invertible and so is 2(e + b)a.

O

This is enough to compute ®. for some fields.

Corollary 5.6.5. Let A be an algebraically closed field with char A # 2. Then by
[Ran98] 39.27 and 39.22, LAsy’(A) = @,epa) LASY(,_ oy (A) with U(A) = {z €
Az = 1}. Let (F,a) € LAsy? (A) and b € A with a = eb?. Then

(z—a)>
(F,ea) € LAsy?Z_E)oo (A) if b=+1
(F,a* —ea) € LAsy?Z+€)OO(A) if bb=—1

O (F,a) = (F,a* — ea) + (F,2(e + b)) + (F,2(e — b)ar)

€ LASy?z+e)oo (A) & LAsy(OZ_b)OO A e LASZ/?Z_H,)OO (A) else

88



Proof. Use Lemma 5.6.4 and the isomorphism LO(A, a) — LAsy?Z_a)oo(A), x — z of
[Ran98] 39.27 (iii). O

Example 5.6.6. Let A = C™ be the field of complex numbers with conjugation. Using
the isomorphism LAsy?(C*) = Z[S!] of [Ran98] 40B, @, looks like

®y:7Z[SY] — 7[S9
1 ifa= 1,
1, —
—1_1—1y+1_ ifa#1 withb? =a,3b> 0.
®_4:72[8Y — 7Z[S
11—]_1'—171' ifazl,
1, — -1_4 ifa=-1,
—sgnSa(ly — 1+ 1) ifa # +1 with b* = —a,Sb > 0.

They are injective but not surjective and obviously not the identity map.
At last we deal with the question whether ®. is always an injection.

Proposition 5.6.7. Let A be a field with char A # 2. If there is a b € A with bb = —1,
LA, —€) #0, |[U(A)| > 2 then ®, is not injective.

If A is algebraically closed, the converse is true as well.

Lemma 5.6.8. Let e, € U(A) with e +n € A*. Then

LO(Ae) — L°(A,n)
(K,\) — (KN +70A=(7+ €N

s an isomorphism.

Proof of Proposition (5.6.7). Let © € U(A) with  # 1. Define b; := b and by :=
br. Obviously b;b; = —1 and b; # by. By the preceding lemma we know that
kit LO(A,eb?) — LO(A, —e), (K,\) — (K,&(b? — 1))) is an isomorphism. Choose
a non-zero a € LY(A, —¢) and define o; := k; *((—)’a). Then by Proposition 5.6.4 iii)
O (a1 Bag) = Ki(a1) ®ka(az) = 0. On the other side o; € LAsy?Z_Eb?)w(A) is not zero
and b3 # b3 and therefore a; @ as # 0 in LAsy(A).

Now we assume that A is algebraically closed. By [Ran98] 39.27 and 39.22 we know
that

LAsy’(A) = P L°(Aa).
acU(A)

Let (F, ) € ker @.. We can write (F,a) =3 ca)(Fa, %) € Daecpa) LO(A, a).
Let 7': LAsy°(A) — L°(A,€) be the projection. Then by Corollary 5.6.5, 0 =
7' ®(F,a) = (F,,ea.). Hence (F,, a.) = 0.
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Now let a € U(A) such that thereis a b # +1 with a = eb?, bb = 1. Let m,: LAsy’(A) —
LY(A,b) be the projection. By Corollary 5.6.5, 0 = 7,®(F,a) = (F,,2(e + b)ay).
Therefore (Fy,aq) = 0.

So far we have shown that

ker®. C A := @ LA, a)
ac{eb?|bb=—1}
If either bb # —1 for all b € A or if LY(A,eb?) = LO(A,—€) = 0 for a b € A with
bb = —1 then obviously A = 0 and ®. is injective. If U(A) has only two elements (i.e.
U(A) = {#£1}) and there is a b € A with bb = —1 then eb?> = —¢ and A = LO(A, —e).
By Corollary 5.6.5, ®|A is injective. So again ker &, = 0. O

Example 5.6.9. Here is an explicit example of a ring for which ®, is not injective.
Let s,y,v,w € QX such that s?> + v? is not a square but s2 + v? + y? = t? (e.g.

t 241 21
s=12,v =4,y = 3,t = 13). Define z := 377”::, and d := ~ ;L _r 5

S Yy Yy s

As d is not a square, A := Q(v/d) is a genuine field extension of Q. We introduce the
standard involution ¢ 4+ pvd = ¢ — pv/d on A. Then b = z + yv/d has the property
bb = —1 and ¢ = r + sv/d is not +£1 but c¢ = 1. So |U(A)| > 2. Finally we observe
that (A, 1) is a non-trivial element in L°(A, 1) and (A, V/d) is non-trivial in L°(A, —1).

Hence the maps ®4; are not injective.
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Chapter 6

Quadratic signatures of
fip-isomorphisms

For the whole chapter, let ¢ > 2, ¢ = (—)? and let A be a weakly finite ring
with 1 and involution.

Let (W, M, M’) be a cobordism such that 9M = OM’ = (). If there is an automorphism
H: M =5 M, we can glue M on M’ along H in order to obtain a closed manifold
V. If Vi is null-cobordant then (W, M, M’) is cobordant reld to the h-cobordism
(M x I Ug-—1 M', M, M'").

As usual we try to transfer the above into the world of algebraic surgery theory. Let
z=(g9: 0F = D'UcD — E, (éw,w)) be a (2¢+2)-dimensional quadratic Poincaré pair
e.g. the one we constructed out of a preformation z in Section 3.1. Assume that C' is zero
or at least contractible. For the Poincaré pair from Section 3.1 that is only the case if z is
a non-singular formation (see also Chapter 7). So we deal in fact with a Poincaré pair of
the form (g: D®&D" — FE, (6w',v®1')). A flip-isomorphism induces an isomorphism of
D and D', so that x transforms to a fundamental pair 2/ = (D& D — E, (0w, v & —v))
which we can glue together along D (see Definition A.3.4). The result is a (2q + 2)-
dimensional Poincaré complex. It is (algebraically) null-cobordant if and only if 2’ is
cobordant reld to ((1,1): D& D — D, (0,v® —v)) which is the case if and only if z is
cobordant to an h-cobordism. Using standard surgery theory (e.g. Lemma A.4.6) this
Poincaré complex corresponds to a non-singular quadratic form and that form vanishes
in the even-dimensional L-group if and only if the Poincaré complex is null-cobordant.
Hence we expect to be able to define an element in Lgg42(A) for each flip-isomorphism
of z such that z is elementary if and only if such a quadratic signature vanishes for a
flip-isomorphism.

The manifold case requires more care if the boundary of M and M’ is non-empty. Again
we go through all automorphisms H: M =, M’ and replace M’ by M using H. The
original cobordism becomes (W, M, M) and the boundary of W turns into a twisted
double MU, M (h = H|: 9M — OM' = OM). But not every twisted double M U, M
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is a boundary of an h-cobordism. If we want to follow the strategy of the closed case in
the beginning we have to assume that e.g. h is isotopic to the identity. Then (W, M, M)
can be glued onto M x (1,0, 1). If the result, a closed manifold, is null-cobordant then
(W, M, M) and hence (W, M, M') is cobordant reld to an h-cobordism.

Similarly, for general preformations the situation is more complicated. In Section 4.3 a
flip-isomorphism ¢ of z replaces the boundary OF of x by an algebraic twisted double.
This yields a (2¢ + 2)-dimensional quadratic Poincaré pair z; = (g;: D' Uy, D —
E, (dwy,wy = 09 Uy, —09)) with a twisted double at the boundary. It is not always
possible to find an algebraic h-cobordism with that boundary except e.g. if (hy, x¢) is
homotopic to the identity. This involves a concept of homotopies of morphisms between
quadratic complexes which we develop in the rather technical Section 6.1. We define
flip-isomorphisms reld in Section 6.2 as flip-isomorphisms for which (hy, x¢) is
homotopic to (1,0): (C, ) = (C, ).

Then we deviate slightly from the example in geometry. We use the homotopy to change
x; such that it looks like (D Uc D — E, (, 61 Uy, —0%)) and then stick the standard
algebraic h-cobordism (D Uc D — D, (0,0t Uy —d%)) on it. As before, the result
will be a (2¢g + 2)-dimensional Poincaré complex which corresponds to a non-singular
quadratic form. This is the quadratic signature which will be constructed in Section
6.3. In Section 6.4 it is proven that a preformation z is stably elementary if and only
if one of its quadratic signatures is vanishing.

The disadvantage of the quadratic signatures is that they not only depend on the
preformation and the flip-isomorphism, but e.g. also the explicit homotopy of (h¢, x¢) ~
(1,0). Hence we do not have something like a map flo,(A) — Log(A). In certain cases,
though, we can restrict the effect of those choices on the quadratic signature (see Lemma
6.4.4).

Curiously, the quadratic and asymmetric signatures are related by the canonical map
Laog(A) — LAsy’(A), (K,v¥) — (K,9 — ey*) as we will show in Section 6.5.

6.1 Homotopy and twisted doubles

This section deals with a very technical issue, the extension of the concept of chain
homotopies of chain maps
A:fefliC—C

to a homotopy of morphisms of quadratic (or symmetric) complexes

(An): (f,x) = (f,x): (Crp) — (C, )

Obviously the chain homotopy A will affect the quadratic structures x and x’. Their
difference is determined by an operation Agt (and a boundary dn). In Lemma 6.1.5

we show that the homotopy of morphisms is an equivalence relation.
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We will only be able to define the quadratic signature if the chain map (h, x¢): (C, %) =,
(C,4) defined in (4.2) is homotopic to (1,0). This makes it necessary to keep track
how a twisted double changes if the self-equivalence used is changed by a homotopy.
Lemma 6.1.6 deals with this case.
Section 6.5 discusses the relationship between quadratic and asymmetric signatures.
We will need Lemma 6.1.8 which shows that changing the self-equivalence involved by
a homotopy will not affect the asymmetric signature.
Definition 6.1.1. Let A: f ~ f': C — C’ be a chain homotopy of two chain maps.
Let ¢ € W”(C,€),. Define A%¢p € W(C', €)1 by

(A%¢)s = =Ags f* + (=) (f'bs + ()" AT, 1) A" T — O

r

Let ¢ € Wo (C', €)p. Define Agtp € Wy (C')€)pni1 by

(Aggth)s = —Aths f* + (=) (/s + (-)"AT b)) A" 770 — )

Lemma 6.1.2. Let A: f ~ f': C — C’ be a chain homotopy of two chain maps.

i) Let ¢ € W%(C,€)n. Then d(A%¢) = —A%(dp) + fof* — flof™* € WH(C,e)n.
ii) Let 1 € Wo(C,€)n. Then d(Aqtp) = —Ag(dy)) + foof* — [l f"™ € Wy (C,e)n.
iii) Let 1) € W (C,€)n. Then
(147,) (Do)~ A% (14T, )) = d5+{<_md(Tew)°N: e o
with € € WR(C', €)nya given by & = (=) T AT g A*: "2 — ..

i) Let g: C' — D be a chain map. Then gA: gf ~ gf': C — D is a chain
homotopy.
Let ¢ € W7(C, ). Then (gA)%¢ = g(A%¢)g* € W(D, €)1
Let ¢ € Wy (C,€)n. Then (9A)g Y = g(Ag1))g* € Wy (D, €)ny1-

Lemma 6.1.3. Let (f,x): (C,v) — (C",¢') be a morphism of n-dimensional e-
quadratic complezes. Let A: f ~ f': C — C be a chain homotopy.

Then (f', x+Agy1): (C,v) — (C', ') is also a morphism of n-dimensional e-quadratic
complexes. Similar in the symmetric case.

Definition 6.1.4. A homotopy (A,7n) of two morphisms of n-dimensional e-
quadratic complexes (f, x), (f',x"): (C,v) — (C’,¢’) is a chain homotopy A: f ~
f': C — C" and an element 7 € Wy (C’)42 such that

X' = x = Ayt +d(n) € Wy (C')ns1
Similar in the symmetric case. O
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Lemma 6.1.5. Let (A,n): (f,x) =~ (f',X"): (C,v) — (C",9) be a homotopy of two

morphisms of n-dimensional e-quadratic complexes.
i) Then there is a homotopy (A" = —A,n"): (f',X") =~ (f,x): (C,v) — (C",¢").

ii) Let (A, n'): (f',x") = (f",xX"): (C,v) — (C',4") be another homotopy. Then
also (f,x) and (f",Xx") are homotopic.

iii) Homotopy induces an equivalence relation on all morphisms (C,v) — (C', ).
iv) Let (g,p): (C',¢") — (D, ) be a morphism. Then there is a homotopy
(94, 9n9"): (9, p)(f,x) — (9, )(f',X"): (C,¢)) — (D, 0)
with (g, p)(f,x) = (9f, p+ gxg*) as in Definition A.1.5.
Similar in the symmetric case.
Proof. i) Use 1, = —ns + (=) T A A*: 027775 O

ii) Define A” = A+ A’ and /! = ns + 1, + (=) A, A*: ¢ — €. Then
(A", n"): (f,x) = (f",x"): (C,¥) — (C",¢') is a homotopy.

iii) Clear from the previous two previous statements.

iv) Obvious.

O]

Lemma 6.1.6. Letc = (f: C — D, (69, 4))be an n-dimensional e-quadratic Poincaré
pair. Let (A, n): (h,x) ~ (W, X'): (C,¢) — (C, ) be a homotopy of self-equivalences.
Then there is an isomorphism (a,0): c Uy, ) —¢ e U(n,xry —C of the corresponding

quadratic twisted doubles given by

10 (-)fA
a, = 0 1 0
0 0 1

(D Un D)r =D, eCr1® D, — (D Up D)T =D, ®C,_1®D,
(_)n_lfnsf* 00
Os = 0 0 0
(_)nd]sA*f* 00
(D Up D)n+177"73 _ Dn+1frfs DC" TS @ Dn+17r75

— (D Up/ D)r =D, ®Cr_1®D,

Lemma 6.1.7. Letc = (f: C — D, (¢, ¢))be an n-dimensional e-symmetric Poincaré

pair. Let (A, n): (h,x) ~ (W, X): (C,¢) — (C,¢) be a homotopy of self-equivalences.
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Then there is an isomorphism (a,0): ¢ Uy, ) —¢ e U(n,x1y —C of the corresponding

symmetric twisted doubles given by

10 (-)fA
a, = 0 1 0
0 0 1

(D Up D)r =D, ®Cr 1D Dy — (D Up D)r =D, ®C,1® D,
(_)n_lfnsf* 00
o5 = 0 00
(=)"¢sA™f* 0 0
(D Ups D)n+1—r+s — Dn+1—7"+s D Cn—r+s D Dn+1—7"+s

— (D Upr D)r = Dr S¥ Cr—l S DT

Lemma 6.1.8. Letc = (f: C — D, (¢, ¢))be an n-dimensional e-symmetric Poincaré
pair. Let (A,n): (h,x) ~ (W, x"): (C,¢) — (C,$) be a homotopy of self-equivalences.

Then there is an isomorphism
(a,0): (OE,0) = cUy, ) —c — (OE',0") = c Uy ) —c

of the corresponding symmetric twisted doubles given in Lemma 6.1.7.

Let ' = (¢': OE' — E, (00',0)) be an (n+1)-dimensional e-symmetric Poincaré pair.
Thenx = (9= g'a: 0E — E, (60 = 60'+(—)"g'cg’",0)) is also an (n+1)-dimensional
e-symmetric Poincaré pair (by Lemma A.2.6).

Then the asymmetric signatures o*(x) = o*(2') € LAsy°(A).

Proof. Use Definition 5.2.4 and show that the b-duality maps of  and x’ are homotopic.

Then it follows that the asymmetric complexes of z and z’ are equivalent. O

6.2 Flip-isomorphisms reld

As explained in the introduction we can only produce a quadratic signature if (hg, x¢) ~
(1,0). Inconveniently, (hy, x;) depends on the choice of representatives for § and v and

a map k. This is the reason for the next, rather awkward, definition.

Definition 6.2.1. A flip-isomorphism ¢ reld of a regular e-quadratic split pre-
formation z = (F MRSy S 0) is a flip-isomorphism ¢ = («, 3, 7) of z such that
there is a representative 6 of § € Q_.(G) and a representative v for 7 € Q_.(F*) and
k € Homy(G,G*) such that *00 + 0 + p*vp = k + ex* and such that the isomor-
phism (h¢, x¢): (C, ) =, (C, 1) defined in (4.2) and (3.3) is homotopic to the identity

o

(1,0): (C, ) — (C,9). O
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Remark 6.2.2. To a certain extend the “reld”-property is independent of the choices
of § and v (but not necessarily of the choice of k): Assume that for v, § and  as before,

there exists a homotopy

(A,m): (1,0) = (hy, x1): (C, ) — (C, 1))

IIZ

Let 7, 5, R, 7,0, k as in Remark 4.2.1. They induce a new isomorphism (he, Xe): (C, 1,/))
(C, TZ)\) which is also homotopic to the identity by

~

(A, + %) (1,0) = (he, %) (C9) — (C,)
with y defined in Remark 4.2.1. See also Remarks 3.1.3, 4.2.1 and Lemma 6.4.2.

The “rel0”-property is invariant under the equivalence relations of fla,42(A) and any

elementary preformation has such a flip-isomorphism.
Proposition 6.2.3. i) Every elementary preformation has a flip-isomorphism rel.

ii) Let t and t' be flip-isomorphisms of e-quadratic split preformations z and z' re-

spectively. If t and t' are flip-isomorphisms reld then so ist ®t'.
i) Let [(z,t)] = [(2/,t)] € flagr2(A). If t is a flip-isomorphism reld then so is t'.

Proof. i) Let z be of the form describe in Proposition 2.4.2iv). Then the flip-
isomorphism defined in Proposition 4.1.2 is a flip-isomorphism rel0 with rep-
resentatives

o — (8 ):G:U@RHG*:U*@R*

e}

0
Kk = (O > G=U®R—G' =U"®R"

~

and with a homotopy (A,n): (1,0) =~ (he, xt): (C, 1) — (C, 1) given by

Aq+1 = <O 0

€

0>‘Cq UeU") e U &U) — Cy=UeR

A, =

o O O O

0
0
) Cor=U"@R — Cy=UaU)a (U &)
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0 01 0 " X
0 0
e 0 —+1 * * * *
m o= |, o|: " =UeR —C=UaU)e U )
0 0
10 o1
m =y o) C"'=U®R—Cpi=UsR
00 0 O
oo oo 4 .
m =1, 00 0l C'=UONeUaT)
01 ¢ 0
—Cy,=UaU"a® U aU)
—€ 0
0 0 —1 % *
m o= |, o €T EUSR—C=UaU) e U BD)
0 O
0

Ny = (_ . 8>:Cq1:U@R—>C’q_1:U*®R*

)

ii) Obvious.

iii) We only sketch the proof. Let ¢ and ¢’ be flip-isomorphisms of e-quadratic split pre-
formations z and 2’ respectively. ¢ and ¢’ induce self-equivalences (ht, xt): (C, 1) =,
(C,v) and (hy, x;): (C',¢") =, (C",¢"). Let t and t' be flip-isomorphisms of -
quadratic split preformations z and 2’ respectively. Let (n, () be an isomorphism
between (z,t) and (2/,t') in the sense of Definition 5.5.1. Then define an isomor-

phism (%, 0): (C,¢) — (C',¢') by

her1 = C:Cr1=G — Cop1 =G

7 n 0 x = *
hgy = (0 n_*):C’q:F@F — Cy=F oF
heo1t = (i Cp1=G = Cyg1 =G

Then hhyh™' = B}: C' = C' and hy:h* = x}. Assume
(A,m): (1,0) = (he; xe): (C,9) — (C,9)
is a homotopy, then
(RAR™Y, hnh*): (1,0) = (b, x): (C',4") — (C',4))
is a homotopy as well.

Assume now that there is a k € Ny such that the flip-isomorphism ¢ + ¢ of z + yg

is a flip-isomorphism reld (¢ and y; are defined in Definition 5.5.1.) Now observe
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that the 2¢-dimensional quadratic complex C' induced by ¥, is contractible. It

follows that t is a flip-isomorphism reld.
O

6.3 Construction of the quadratic signature

Let t = («, 8,7) be a flip-isomorphism reld of a regular e-quadratic split preformation
2= (F < G- F* 0). Choose 6, v and & as in Definition 6.2.1 Then there exists
a homotopy (A,n): (1,0) =~ (hs, xt): (C, ) =, (C,9). Write Agp1 = (R 5): Cq =
FoF*— Cyp1=Gand Ay = <g> Cq1=G"— Cy=Fa@F.

We use the homotopy to change the boundary of z; = (¢:: 0B, = D Up, D —

E, (dwi,wy)) to the simpler quadratic Poincaré complexes

(OE",w') = cU—c= (D Ug D, Uy —6¢) = (D Uy D, 5 Uy —6)

(=23

by applying Lemma 6.1.6. We obtain an isomorphism (a,0): (OE',w') — (0F¢, wy)
given by (0E. = D, ® C,_1 ® D, 0E;, = D, ® D, ® Cy_1)

OE, ,=00G®0 - OF1442=000® G

+2 =
<ﬂ>

—ef 1

5

o

1

)

I

1

8E;+1:G@(F@F*)@G OB g1 =GO G® (F@ F*)

1 —eR —eS 0
(0 0 0 1)
01 00
—enw 0 € 0 0 0 1 0 —ep 0 a a(v*—ev)
(0#*67*0) <Oeu0 € )
0 0 € —€n 0 0 ,J,* e'y*
OE, =F &G © F* OB =F"0 F" & G”

™

N
OO
>—\O<
oo
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0 0 0
0 — 0
wy = 0 0 o OE'=F&GaF —0E, ,=G&(FaF)aG
0 -1 0
0 0 00
Wy = [0 0 0 0]:0E" =G"@F* @ F®G* — 0B, = F* &G ¢ F*
0 -1 00
0 0 0
wj = |0 —ef 0]|:0E"=FoGa&F —0E,=F oG aF"
0 0 0
op = (=V* 0 0):0E]=F®F®G — 0E;q42=G
m 0 0 0
0 0 00 q+1 * * * * * *
oy = 0 0 0 0 0BT =G"eG O (F*OF) —0E,=F"eoF oG
-R* 0 0 0
m 0 0
0 0 0| ¢ .
o= |4 o ol B =FeFeG—0Eu=CGaGa(FaF)
0 00
m 0 0 0
o = 0 00 0|:0E""=G"0G* @ (F&F)—08E,=FaoF oG
ey*R* 0 0 0
2 0 0
oy = 0 0 0|:0E]=F®F®G—0E,=F @&F &G
*V*: 0 0

Then we change the boundary of the (2¢ + 2)-dimensional quadratic Poincaré complex
Tt — (gti 6Et —_— E, ((5wt,wt))

from Section 4.3 using Lemma A.2.6 and the above isomorphism. We obtain

wy = (gp=ga: OE' — E, (6w = dwy + (—)2q+lgtag,§‘,w’)) (6.1)
Swig = —mo: B =G* — Eg1 =G

The next step is to glue w; to an algebraic h-cobordism y = (m: OE' = DUc D —
D, (0,w")) with m, = (=1 0 1):8E] =D, ® Cr_1 & D, — D, (compare Example
3.3.2). Let the result be the (2¢ + 2)-dimensional quadratic Poincaré complex (V,7) =
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wy U —y. Using the isomorphism (V; = E, & 0E|_, & D,)

%+3:0@G®0 G
1 1
1 (—17?88 0
1010
Vir2 =08 (GOFF ©G) 00— > GaFaF aC
a0 e 898
0 p* ey O 1—-eS00 5 0p*00
0 0% N 93 8¢
€ 00 —e 0 -101-—p
Ven=Go(FroGeor) e Yograc e Fad
(0 —€0€ —ep) (00010)
V=080 F* ‘ F*

we can shrink the chain complex V to a smaller chain complex V' via the chain equiv-

alence given by

Vire =GOFOF 06— Vi = F
R
| (%)
Vit =GO F oG o oG —rar Vi =G
0—*100

The induced quadratic structure on V' is given by

-n B 1 .
T = (O _60*>:V/q GG —V,,=Gad

Using Lemma A.4.6 we can define the quadratic signature

Definition 6.3.1. Let z = (F MRy A8 0) be a regular e-quadratic split prefor-
mation and t = («, 3, 7) a flip-isomorphism reld of z.

Choose representatives § of § € Q_.(G) and a representative v for 7 € Q_.(F*) and
a k € Homy (G, G*) such that 506 + 6 + p*vu = k + ex* and such that there is a
homotopy (A,n): (hy, xt) =~ (1,0): (C,v) = (C,%) of the isomorphism defined in
(4.2) and (3.3). The quadratic signature p*(z,t,v,0,k,A,n) = [(M,§)] € Lag+2(A)

is given by the non-singular (—e)-quadratic form

- pf 0
& = 0 —-e* 0| M=G"dPGHF — M*
R* uw o0
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6.4 Properties of the quadratic signatures

First we show that the quadratic signatures detect whether an element in lyg12(A) is

elementary or not.

Theorem 6.4.1. [2'] € lag2(A) is elementary if and only if there is a flip-isomorphism
reld t of z with [z] =[] € lagr2(A) and A, k, 0, v and n as in Definition 6.3.1 such
that p*(z,t,v,0,k,A,m) =0 € Lagia(A).

Proof. Let z be a regular e-quadratic split preformation. If z is elementary then use
the flip-isomorphism and the choices for A, v, etc. made in the proof of Proposition
6.2.31).

On the other hand assume that there is ¢, A, etc. such that p*(z,t,v,0,k,A,n) =0 €
Lag+2(A). Then (V,7) = yU—w; constructed in the previous Section is null-cobordant.
Hence the Poincaré pairs y and w; from the previous section are cobordant reld. y is an
algebraic h-cobordism. The Poincaré pair x constructed in Section 4.3 is cobordant reld

to an algebraic h-cobordism. By Theorem 3.3.3 then [z] € lyg42(A) is elementary. [0

Quadratic signature depend on a lot of choices. We can restrict that dependency to a

certain extend:

Lemma 6.4.2. Let z, t, v, 0, k, A and n as in Definition 6.3.1.
Let 0 € Homa (G, G*), 7 € Homp (F*, F), &k € Homy (G, G*) and 7 € Wo (C, €)2g+3.
Define

v = v+v+ert € Homy(F*, F)

§ = 0+6+ e € Homy(G,G*)

R = k+k—ei"+008+0+ p op € Homy (G, G¥)
no= n+X+d)

with x defined in Remark 4.2.1.
Then p*(z,t,V, 5, R, A,n) exists and is equal to p*(z,t,v,0, Kk, A,n).

Proof. Straightforward. See also Remarks 3.1.3, 4.2.1 and 6.2.2. O
Lemma 6.4.3. Let z, t, v, 0, K, A and n as in Definition 6.3.1. Let 2/, t', V', ¢/, ¥/,
A" and n' another set of data as in Definition 6.3.1. Then
p*(z? t’ Ij’ 07 H? A? 77) + p*(zl? t/7yl79/? K/? A,’ /rl,)
= pzedtotverv 00 ko, AN nor)
In a special case the quadratic signatures only depend on z, t and A. Later it will

be shown that the quadratic signature does only depend on the preformation and flip-

isomorphism reld if A =7 and e = —1 (see Corollary 6.5.3).
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Lemma 6.4.4. Let z, t, v, 0, k, A and n as in Definition 6.5.1. Let z, t, V', 0', k', A
and ' another set of data as in Definition 6.5.1. Assume that the map Q_.(G*) —
Q-c(F), 0 — ubu* is injective. Then p*(z,t,v,0,k,A,n) = p*(z,t, V', 0" k', A ).
Hence the quadratic signature only depends on z, t and A.

If A =7 this is the case if p is injective and, for e =1, if additionally | Tor coker | is
odd.

Proof. Using Lemma 6.4.2 we can reduce the problem to the case where 0 = ¢, v = /.

Then we have two homotopies

(A;n) = (L,0) = (he,xe): (Cp) — (CL9)
(An) = (L,0) = (he, xp): (C,9) — (C, %)

Hence x;—x: = d(n'—n). It follows that d(7})o = 0: C?*! — C, and d(7}); = 0: C9 —
Cy for 77 =’ —n. Combining the equations yields drjod* = (1+T¢)(—edijy —ef2): C1 —
Cy. Hence piop* =0 € Q_(F). Hence ' =n € Q_(G) and the claim follows.

Now let A = Z. We need to prove that p induces an injection between the Q-groups.

By the Smith Normal Form Theorem 9.4.2, we can assume that
di 0---0

0
Ol.¢g=2" —F=2"
d

S

o O O

0---0
0---0 0

with all d; > 0 and m > n. By assumption, all d; are odd if e = 1. Let 8 € Mat(nxn,Z)
such that pfp* = k + ex™ for some k € Mat(m x m,Z). It follows that 6;; = €f;; and
d?0;; = (1 + €)ky; for all 4,5 € {1,...,n}. If e = —1 then 6;; = 0 for all i. Hence

K = bij i<y fulfils 6 = £’ + ex'* and [] = 0 € Q—_(G*).
0 else
If e = 1 then d?ﬂii = 2k;;. By assumption d%|/m and hence we can define k' € Mat(n x
91']' ifi<y
n,Z) by kj; =  kii/d% if i = j. Tt follows that 6 = &' 4 ex’" and [0] = 0 € Q_(G¥).
0 else

O

6.5 Quadratic and asymmetric signatures

There is a close relationship of asymmetric and quadratic signatures which is not
that surprising if we re-examine their construction. For simplicity let (W, M, M)
be a (2¢ + 2)-dimensional cobordism with OM = (). By glueing W together along
M and after surgery below the middle dimension we obtain a (2¢ + 2)-dimensional

closed manifold V. Poincaré duality induces a non-singular (—)%-symmetric form
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At HPY (V) — Hyy1(V). The asymmetric signature of (W, M, M) is the image of
that form in LAsy’(A) (compare Section 5.1).

Similarly in the algebraic surgery world we can glue an (2¢ + 2)-dimensional quadratic
Poincaré pair d = (D ® D — E, (0v,v & —v)) together along D and obtain a (2q + 2)-
dimensional quadratic Poincaré pair (V,7) (which is basically the quadratic signature
in this simple situation). By Lemma 5.2.8 the image of its symmetrization (V, (1+7)7)
in LAsy®(A) is the asymmetric signature of d. This fact generalizes to the case of all

quadratic signatures.

Theorem 6.5.1. Let z, t, v, 0, k, A and 1 as in Definition 6.3.1. The image of the

quadratic signature p*(z,t,v,0, k, A,;n) under the map

Logr2(A) —  LAsy’(A)
(dej) — (K7w0_€¢*)

is the asymmetric signature o*(z,t).

Proof. Let (V,7) = wy U —y be the union of (2¢ + 2)-dimensional quadratic Poincaré
pairs defined in Section 6.3. (Using standard algebraic surgery theory - e.g. Lemma
A4.6 - (V,7) is a (29 + 2)-dimensional quadratic Poincaré complex representing the
quadratic signature p*(z,t,v,0, Kk, A,n) € Lagy2(A)).

By Lemma A.3.2, (V,(1+T)7) =2 (14+T)w,U—(14+T)y. Again by Lemma A.3.2 there

is an isomorphism
(1,6): (OF',0") = (1+ T)cU—(1+T)c — (OE', (1 + T)w') = (1 + T)(cU —c)

with ¢ = (f: C — D, (0%, 1)) (compare (4.4) and (3.3)) which - applied to (1 +T)w;

yields a new (2¢ + 2)-dimensional symmetric Poincaré pair

w' = (g,: 0E' — E,(60' = 1+ T)sw' + (—)*'g,5¢'7,0))
50y = —((14Tmo+ eAgpiTehoAL,): B = G* — Egpy = G

(we use Lemma A.2.6 here).

By Lemma A.3.3 (1 +T)w; U —(1+T)y = w'U —y' with some Poincaré pair y" which
is - like y and (14 Ty - an algebraic h-cobordism.

All in all this means that (V, (1 + T)7) = w' U —y'. Note that w' is a Poincaré pair
with a (trivial) twisted double on its boundary. Hence by Proposition 5.4.4, 5.4.5 and
Corollary 5.2.8

(14+T_)p*(z,t,v,0,k,A,m) = (V,(14+T)r)=0"(V,(1+T)7)
= () — o*(y) = o (w!) € LAs(A)
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Now we verify that (A, (14+T)n+&): (he,0) ~ (1,0): (C,¢) — (C, ¢) is a well-defined
homotopy with ¢ as in Lemma 6.1.2 which transforms w! to z! using Lemmas 6.1.7.
Then Lemma 6.1.8 shows that o*(w') = o*(2') = 0*(x,t) € LAsy°(A). O

Remark 6.5.2. The relationship between quadratic and asymmetric signatures can be

made more precise. By [Ran98] 30.29 there is an exact sequence

1+7T_¢
0 —> DBLygy1(A) —— Logyn(A) —

LAsy°(A)

p*(z, t,v,0,k, A, ) ———>0*(2,t)

with DBLygy1(A) the kernel of the map

LAutogi1(A) — Lb,.,(A)

~

((h0): (€0) =€) — [(Cw)

The map t is induced by the algebraic mapping torus: Let (h, x): (C,v) — (C, 1)
be a self-equivalence of an n-dimensional quadratic Poincaré complex. Then the al-
gebraic mapping torus is the union of the fundamental (n + 1)-dimensional quadratic
Poincaré pair

((h,1): CoC— C,((=)"x, ¢ © 1))

as described in Definition A.3.4.
In the case of A = Z and q = 2k, the map Ly 2(Z) — LAsy(Z) factors through

L**+2(7) = 0 hence the above sequence boils down to
0 —> DBLuyj41(Z) = L/2L —> Lupso(Z) = Z/2Z —"~ LAsy’(Z)

In the case A = Z and ¢ = 2k — 1, the composition Ly(Z) = Z — LAsy’(Z) —
LAsy°(C) is an injection (because composition with the asymmetric multi-signatures
LAsy’(C) = Z[S'] from [Ran98] Proposition 40.6 and the projection Z[S!] — Z,

> _ges1 Mg — na gives the signature on Ly (Z) = Z). The exact sequence becomes

1+T_¢
0—> DBLy_1(Z) = 0 —%> Ly(Z) = Z(;)LAsyO(Z)

Corollary 6.5.3. Let ¢ = 2m — 1 i.e. e = —1. Let z = (F < G - F*,0) be a

regular skew-quadratic split preformation over Z

i) [2] € lam(Z) is elementary if and only if there is a flip-isomorphism reld t such
that o*(z,t) = 0 € LAsy°(Z).

ii) The quadratic signature p*(z,t,v,0,k,A,n) € Ly (Z) only depends on z and t.
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Chapter 7

Non-singular formations

Throughout this chapter “formation” will mean a non-singular e-quadratic
split formation for ¢ = (—)?, ¢ > 2. Let A be a weakly finite ring with

involution and 1.

M w M’
ool
X X xI X

Let (e, f, f"): (W, M, M') — X x (I,0,1) be a special kind of Kreck surgery situation
(i.e. e, f and f’ are highly-connected): all maps are normal maps and (X,9X) is
a finite geometric Poincaré pair such that dM — 9X is a homotopy equivalence.
Such a normal cobordism is called a presentation of f. Presentations are also used
to define obstructions to odd-dimensional traditional surgery problems (for details see
Section 2.1). Hence the Kreck surgery obstruction z = (F «— G - F* ) with
F=Kgi(W,M) and G = K411(W) in this case is a formation i.e. () : G — H¢(F)
is an inclusion of a lagrangian.

It is possible to prove much stronger results about formations. In Section 7.1 we deal
with some useful technical observations about formations and their flip-isomorphism.
If one applies the construction of Section 3.1 to a formation one obtains a (2¢ + 2)-
dimensional quadratic Poincaré pair x = (¢g: OF = D' Us D — E, (w = 0,w)) for
which C' is contractible.

The definition of quadratic signatures was rather awkward because we had to make sure

that a flip-isomorphism induces a self-equivalence (h¢, x¢) on (C, 1) which is homotopic
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to the identity. For formations C is contractible and, hence, every flip-isomorphism is a
flip-isomorphism reld. This also leads to a simpler version of the quadratic signatures
in Section 7.2.

We investigate the behaviour of the asymmetric signatures of formations in Section
7.3. They turn out to be independent from the choice of flip-isomorphism. As an
application we will construct non-elementary preformations for which all asymmetric
signatures are vanishing. We will also show how the asymmetric signatures relate to
traditional even-dimensional surgery theory i.e. how they behave for boundaries of non-

singular forms.

7.1 Flip isomorphisms

We will need to discuss some very technical properties of non-singular formations in
order to make the computations in the following sections.
A formation (F L a5 F *0) is an e-quadratic split preformation such that the

map

<Z) : G — H.(F)

is an inclusion of a lagrangian. By [Ran80a] Proposition 2.2., this map can be extended

to an isomorphism of hyperbolic e-quadratic forms

<f: (Z Z)(veu 2)) : H(G) — H(F)

For any 7: G* — G the maps 7/ = 7 + (1 —er®), i’ = i+ p(r — er®), 0 =
0+ (1 —em*)*0(T — e7*) +7* (7 — e7*)* — 7 define another extension to an isomorphism

of hyperbolic forms. Conversely any such extension can be derived from 7, fi, 6.
The relationship between those maps and a flip-isomorphism of the formation can be

described as follows:

Lemma 7.1.1. Let (F —— G -5 F*,0) be a formation and (a,3,v) a flip isomor-

phism. Let f, 7, i and 0 as explained before.
51 prooey
i = . %
)= (7))
ii) There is an isomorphism

(7)o ) (4 3):

(F LG5 F0)+(F <L q L F o) = 0(G,0) + (G*,G)

wi) (a) aly+ v —ev’)'p) = eu
(b) o p =18
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(c) 0B+ 0+ pvp=0€ Q_(G)

iv) There is a £ € Q_<(G*) and Y = & — €£* such that

(a) cal§ + (v — )" 0)B* = uY + i
(b) o~ i =Y +7

Proof. i) From f*H.f = H. it follows that f~' = H_'f*H.,.
ii) Follows straight from the Definition 2.2.13.

iii) One can compute the composition of isometries of hyperbolic forms
1 a a(v—ev*)* g7t 0\ (1Y
;o He (0 a”* > ! < 0o pB) \0 1

Y = @l apt + 7oy + Y a(v — o) 1"
£ = —B0*B* — BV B + €YY + ey uY + b

with

7.2 Quadratic signatures

Let z = (F < G % F*,0) be a formation and t = («, 3,v) be a flip-isomorphism.

there is a representative 6 of § € Q_.(G) and a representative v for 7 € Q_.(F*) and

a k € Homp (G, G*) such that 8*058 4+ 0 + p*vp = k + ex™.

As described in the previous section we can extend (},) to an isomorphism (

hyperbolic forms. A choice of 7, fi, # (compare previous section) defines a homotopy

Ac:1~0: C — C with
Acgr1 = (e 7%):Cq=F&F*— Cy1 =G

)

Acg = —e(%) :Cy1 =G — Cy=FaF"

Then all flip-isomorphisms of a z are flip-isomorphisms reld with a homotopy

(A=Ac(l =h),n=Acyu(xe — Ag)): (1,0) = (he, xe): (Ch) — (C,0)

In particular?

M = Fava™y —e(ia i+ ot — )i - Fav* - e)a’7):

CTH =G — Cy1 =G

R = e — ey

'The computations are easier if one uses the fact that A% = 0.
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The non-singular (—e)-quadratic form (M, £) from the definition of quadratic signatures

(6.3.1) is given by

-no B 0
£ = 0 —e0* 0| M=G"doGOF" — M*
R* w0
Using the isomorphism
1 0 —alv" —ev)—pgfa™ N
f =101 0 cMF — M*
00 1

we obtain a prettier non-singular (—e)-quadratic form (M, & = —fEf*)
Y+ Yoy —yay 0
¢ = 0 e 0| M=G" dGHF" — M*
e(a™y — [1) -1 0

Definition 7.2.1. The quadratic signature p*(z,t,7, fi,6) is the element (M,¢’') €
Log12(A). O

Remark 7.2.2. For any 7: G* — G the maps 7/ = y+~y(r—e7™), f = i+ u(r—er™),
0 = 0+ (1 — er™)*0(T — er*) + (T — e7*)* — er define another extension to an

isomorphism of hyperbolic forms. Conversely any such extension can be derived from

7, fis 6.
Theorem 7.2.3. Let 2’ be a formation. [2'] € lagi2(A) is elementary if and only if
there is a stably strongly isomorphic z = (F PR N F*.0), a flip-isomorphism t

and 7, [i and 0 such that

(=G )4 9) e =

is an isomorphism of hyperbolic e-quadratic forms and p*(z,t,7, [1,0) = 0 € Lagi2(A).

Proof. If there exist t,7, ji and 6 as above then by construction 0 = (2, t,7, 1) =
—p*(2,t, A, p). By Theorem 6.4.1 [2] € lgg42(A) is elementary.

Assume now that z = (F L 5F * 0) is elementary and let it have the special
form described in Proposition 2.4.2iv). Clearly (7): U — U @ U* is a split injection

and even a lagrangian. As in Section 7.1 the map can be extended to an isometry

<<: g)’((ﬁ; g/)>rHe(R)—>H6(U*)

of hyperbolic forms. Then the maps

5 = (8 2):0*:U*@R*—>F:U@U*

i = <(1) _;U):G*:U*@R*%F*:U*GBU

Sy
|

(8 g,>:G*—U*@R*—>G—U@R
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are completing (,) to an isometry of hyperbolic forms (compare Section 7.1).
Define a strong flip-isomorphism ¢ = («, 3,7 = 0) of z by

a = <—Oe _01>:F:UEBU*—>F*:U*69U

3 = (‘01 _17>:G:U@R—>G:U@R

Then p*(z,t, fi,0) is given by the non-singular form

0 0 0 0O 0 O

0 o*7 eo* 0O 0 0

0 0 0 0O 0 O « " "

0 0 —o* 0 0 0 M=U" o RReoUDPRaU " ®U
—€ 0 0 e 0 O

0O —er -1 —7 0 0

— M'=U®ROU*®dR*0oUU

with a lagrangian

1 0 0
0 1 0
) 0 0 1 N N " " «
=10 0 o0 U RPeU — M=U"eR U RaU U
0 0 O
0 ec O

7.3 Asymmetric signatures

The asymmetric signature of formations has one surprising property: it is independent
of the choice of flip-isomorphism (although the existence of a flip-isomorphism is still
a necessity to define it). We illustrate this fact by showing an analogy in the world of
manifolds. Let (W, M, M’) be a manifold with M = 0 and let H: M —s M’ be a
diffeomorphism. Glueing the cobordism along H yields a closed manifold Wy;. Different
choices of H lead to different manifolds which however are in the same Schneiden-und-
Kleben-cobordism class (= cut-and-paste-cobordism class). These cobordism groups
were e.g. studied in [KKNOT73] (see also [Ran98] Remark 30.30) and are quotients of
the ordinary cobordism groups using the equivalence relation P Uy N ~ P Uy N for
manifolds with boundary (P,0P) and (N,0N) and homeomorphisms f,g: ON =
OP. The SKL-cobordism group of an (n + 1)-dimensional manifold V' with n > 5 is
discovered by an asymmetric signature similar to the one used for twisted doubles in
Section 5.1: one takes a singular chain complex C' = C(V') with a chain equivalence
A= [M]n—:C*1~* = C and looks at the image of (C,)\) € LAsy"*(Z). The
SKL-bordism group is isomorphic of the image of L""(Z) — LAsy™"(Z), hence Z
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if n = 0 (mod 4) and zero else. Our proof will imitate this strategy for symmetric

Poincaré pairs.

Theorem 7.3.1. Let z be a formation. Let t and t' be two flip-isomorphisms. Then
o*(z,t) = 0*(z,t') € LAsy’(A). Hence the map o* defined in Theorem 5.5.3 induces a

map
0" laga(N) — LAsy’(A)

with lagro(A) = {[2] € lagr2(A) : 2 is a formation which allows stable flip-isomorphisms}

a submonoid of lag42(A).

This theorem can be applied to the boundary of non-singular forms. They are the
obstructions of Wall’s surgery theory interpreted as a special case of Kreck’s surgery

theory i.e. they live in the image of the inclusion

Log+2(A) = lagta(A)
(K.0) — O(K.0) = (K < K "~% K*,0)

Corollary 7.3.2. Let (K,0) be a (—¢)-quadratic form. Then z = O(K,0) is a forma-

tion.

i) z has a (stable) flip-isomorphism (i.e. [2] € lagy2(N)) if and only if (K,0) is

non-singular.

ii) z has a stable strong flip-isomorphism if and only if (K,0) is non-singular and

2-[(K,60)] = 0 € Lagya(A).

iii) [z] € lag+2(A) is elementary if and only if (K,60) is non-singular and [(K,0)] =
0e L2q+2 (A)

w) If (K,0) is non-singular, o*([z,t]) = [(K,0 — €8*)] € LAsy’(A) for any stable
) 1If (K, 9) 9 ([z.t]) = [( )] y y

flip-isomorphism t.

v) Assume that either A is a field of characteristic different to 2 or that A = 7Z and

e = —1. z is elementary if and only if the asymmetric signature vanishes.

Proof. 1) Obviously (K, #) must be non-singular if z allows a stable flip-isomorphism.

If (K, #) is non-singular then t = (A\*,1,eA™1!) is a flip-isomorphism of 2.

ii) If (K,0) has a strong flip-isomorphism (c, 3) then *05 = —0 € Q_(K). Hence
[(K,0)] = [(K,—0)] € Lag+2(A). On the other hand if 2 [(K,0)] =0 € Lag12(A)
then, after stabilization, there is an isomorphism (*05 = —0 € Q_.(K) and
(e\B, B) is a strong flip-isomorphism.
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iii) Easy.
iv) Let t = («, 8,v) be the flip-isomorphism of i). Let A = 6§ — ef* and let
0 0 a
p=11 0 —€ - M=F@FaF— M"
0 1 ea(v*—ev)a*

as in Definition 5.3.1. Then p & —\ has the lagrangian

€ 1
0 —eX
1 0
— 1

Hence the asymmetric signature o*(z,t) = (K, \) € LAsy’(A). By Theorem 7.3.1

the asymmetric signature is independent of the choice of stable flip-isomorphism.

v) In all these cases the maps (1 +T_¢): Log2(A) — L?*2(A) and L% +2(A) —
LAsy’(A) are injective (see e.g. [Ran98] Chapter 39D and Remark 6.5.2).
O

Here is a counter-example for the converse of Theorem 5.5.3.

Example 7.3.3. Let (K, 0) be a non-singular (—e¢)-quadratic form such that

i) [(K,0)] # 0 € Logia(A)
i) [(K,A\=0—¢e0*)] =0¢& LAsy’(A)

Any non-singular skew-quadratic form over Z or Z/27Z with non-trivial Arf-invariant
fulfils these properties. By Corollary 7.3.2 z has stable flip-isomorphisms and all asym-

metric signatures vanish although it is not stably elementary.

Back to the proof of Theorem 7.3.1. We recall that in Section 5.3 the asymmetric
signature o*(z,t) € LAsy?(A) of a flip-isomorphism ¢ of a formation z = (F «— G -
F*,0) was defined as the asymmetric signature of the (2¢ + 2)-dimensional symmetric
Poincaré pair xy = (¢;: 0E; — FE, (0,00;)). For our purposes, we need to analyze the
asymmetric signature of the case that the chain complex C'is contractible and therefore
that D’@® D and OF are chain equivalent. The following two lemmas treat this situation

in general.

Lemma 7.3.4. Let (f: C — D, (d¢,¢)) be an n-dimensional symmetric Poincaré
pair and (h,x): (C,¢) — (C, ¢) a self-equivalence. Assume that C is contractible with
A:1~0:C—C.

Define v =06¢ + (—)" LfA%Gf* and p= AP (A%p — x — hRA%ph*).
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There is an equivalence

(a,0) : (D& D,vd —v) = (DU, D,d¢ Uy —09)
10
a = (0 1):D, D, — (DU, D), =D, ®D, ®C,_
00
(=)"fpsf 0 0
o = 0 0 (- fA%,

(_)n+17TA%¢sh*f* 0 (_)n+17r+sTeA%¢s_1
(D Uy, D)™H1r+s — prtlrs g pntl=rts g on—r+s

— (D Up D)r =D, ®D, ®Cr_y
of n-dimensional e-symmetric Poincaré complezes.

Lemma 7.3.5. Let ¢ = (¢g: OE — E,(0,00)) be an (n + 1)-dimensional symmetric
Poincaré pair such that the boundary (OE,00) is a twisted double of an n-dimensional

symmetric Poincaré pair (f: C — D, (0¢, ¢)) with respect to a homotopy self-equivalence
(h,x): (C,9) =, (C,¢). We write

9= (o j1 k):0E, =D, &D,®Cr1 — E,

Assume that C is contractible with A: 1 ~0: C — C. Hence there is a chain equiv-
alence A: 0 ~1: C — C (i.e. dA+ Ad = 1¢). Applying Lemmas 7.3.4, A.2.6 to x
yields an (n + 1) -dimensional symmetric Poincaré pair

o = (o h):D&D— E,(0'=0+(-)"gog",v& —v))

Let (B, \) be the asymmetric complex of x and (B, \') the asymmetric complex of x’

as given in Proposition 5.2.6. Then there is an equivalence

(b,¢) : (B, TN\ — (B, TXN)

b - (é () 0ra ?) B, =E,6C, & D, — B.=E, @D,
e = <(—kA¢oh* + (=)o fpo) A% f* 5 0 > _
fAQZ)O((—)n_Tk* _h*A*f*]ék) (_)n—rfA¢0f* .

BITL+27T — ETH*Q*T e DTL+17T _ B,:, — Er @ -D'r‘
of (n+ 1)-dimensional asymmetric complexes with p and p as defined in Lemma 7.5.4.

Proof of Theorem 7.3.1. By Lemma 7.3.5 the asymmetric signature o*(z,t) € LAsy’(A)

is the asymmetric signature of the (2¢ + 2)-dimensional symmetric Poincaré pair

' = (" D®D— E, (60 ,v® —v))
dor = (1 =B): Dgy1©Dgp1 =G &G — Egyy =G
60y = —eY: BN =G* —E,,1 =G
vw = —p:DI=F-—Dy1 =G
v = —ji:D"'=G*— D,=F*
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By Corollary 5.2.8 O'*(a?/t) is the image of the union of ' in LAsy°(A). But there is

another way to construct ': there is a (2¢ + 2)-dimensional quadratic Poincaré pair

T = (DD — E,(0,vd —1))

g = (1 =1):Dgu1®Dgy1 =GDG — Egp1 =G
vy = —v:D'=F"—D|, =G

vy = 3D =G —D,=F

~

and an isomorphism (&, x¢): (D,v) — (D', ') given by

etgt1 =B Dgp1 =G — Dy =G
etg=a :Dg=F"— D, =F
Xt,0 = —€Y: Dt =g D:;-H =G

Lemma A.2.6 and the isomorphism can be used to replace the “boundary component”
(D',v') by (D,v). The result will be 2’*. So, glueing both ends (i.e. the “boundary
components” D and D') of & together using (&, X;) yields the union of z’ !, Hence the
unions of z'* for different choices of ¢ are all in the same algebraic Schneiden-und-
Kleben-cobordism class. By [Ran98] 30.30(ii) their images in LAsy??*2(A) coincide.

Those images are precisely the asymmetric signatures o* (2’ 1t) =0*(z,1). O
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Chapter 8

Preformations with linking forms

For the whole chapter let ¢ > 2, ¢ = (—)? and let A be a weakly finite ring
with 1 and involution.

We consider a special group of preformations (F' L a B F * ) namely those for
which g becomes an isomorphism after localization. The most important examples are
probably preformations over Z with injective p and tkG = rk F'. For those classes
of preformations one can use the theory of linking forms developed for formations in
[Ran81] 3.4. and improve our results for asymmetric signatures.

In Section 8.1 we quickly repeat the concept of localization and define linking forms
following [Ran81]. Section 8.2 defines linking forms on preformations and discusses
the relationship between isometries of those linking forms and flip-isomorphisms. It
turns out that every flip-isomorphism induces an isometry of linking forms and in turn
every isometry of linking forms gives rise to a stable flip-isomorphism.

Similar to the flip-l-monoids, in Section 8.3 we define linking-I-monoids of preforma-
tions with a choice of isometry of their linking forms

In Section 8.4 we show that the asymmetric signatures we defined in Section 5.3 only
depend on the effect of the flip-isomorphism on the linking forms of the preformation.
If a preformation is stably elementary then all those asymmetric signatures vanish (see
Theorem 8.4.3). This theorem is an improvement to Theorem 5.4.1 because isometries
of linking forms are easier to handle then flip-isomorphisms. For Z there are only finitely
many isometries of a given linking form. Also, it is enough to look at one representative
of a class in lagy2(A).

We will use these results to define asymmetric signatures for certain simply-connected
Kreck surgery problems using the topological linking forms of the manifolds involved

(see Section 8.5).
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8.1 Localization

Although we could generalize our results for Ore-localization, we will focus on the easier
case of localization away from a central multiplicative subset.

We repeat some definitions from [Ran81] Chapter 3.1. and 3.4.
Definition 8.1.1. A subset S C A is called central and multiplicative if
i) st € S for all s,t € S,
ii) se Sforall se S,
iii) if sa =0 € A for some s € S and a € A then a =0 € A,
iv) sa=as € A for all s € S and a € A. O

Definition 8.1.2. Let S C A be a central and multiplicative subset. The localization
S~'A of A away from S is the ring with involution and 1 defined by the equivalence

classes of pairs (a,s) € A x S under the relation
(a,s) ~ (d',s') = as' =d'se A
with

= (as'+d's, ss)
= (ad,ss")

(a,s) = (a,s)

O]

Example 8.1.3. Let m be a group and w: m — Z/2Z be a group morphism. Let
A = Z[r] be its group ring endowed with the w-twisted involution n-1; —— w(g)n-1,-1.
Then S = Z \ {0} is a central multiplicative subset of A. The localization of A away

from S is canonically isomorphic to the group ring Q[r] with the obvious involution.

Definition 8.1.4. Let S C A be a central and multiplicative subset. A morphism
f: M — N of A-modules is called an S-isomorphism if the induced S~!A-module

morphism
S7lf. 7'M — STIN
LN (C)}
S s
is an isomorphism. O

Definition 8.1.5. Let S C A be a central and multiplicative subset. A chain complex
C over A is S-acyclic if the chain complex S™'C = C ®, S~!A is acyclic. O
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Definition 8.1.6. Let S C A be a central and multiplicative subset. A (A, S)-module

M is an A-module such that there is an exact sequence of A-modules
0—P-%Q—M-—0

with P and @ f.g. projective and d an S-isomorphism. 0

Definition 8.1.7. Let S C A be a central and multiplicative subset.

i) Define the relative Q-groups

Q°(N,S) = {beS'Ab—eb=a—ea,ac A}/A
C QYST'A/AN) ={be STIAb—ebc A}/A
Q(N,S) = {beS'Ab=eb}/{a+ca:ac A}
C QJ(ST'A/N) =ST'A/{a+b—eblac Abe STIA}

ii) An e-symmetric linking form (M, ) over (A,S) is an (A, S)-module M to-
gether with a pairing A\: M x M — S~'A/A such that A\(z,—): M — S™1A/A

is A-linear for all z € M and A(z,y) = e\(y, x) for all z,y € M.

iii) A split e-quadratic linking form (M,\,v) over (A,S) is an e-symmetric
linking form (M, \) over (A, S) together with a map v: M — Q.(S7'A/A) such
that for all x,y € M and a € A

(a) v(ax) = av(z)a € Q(S™TA/A)
(b) v(z +y) —v(z) —v(y) = Mz, y) € Q(ST'A/A)
(¢) 1+Tov(x) = Az, x) € Q(A,S)

O]

Example 8.1.8. Let A =Z and S = Z\ {0}. Then S7'A = Q/Z. A (A, S)-module is
nothing but a finite abelian group.

An e-symmetric linking form (M, A) over (A, S) is a finite abelian group M together
with a bilinear e-symmetric pairing \: M x M — Q/Z on it.

For e =1 a split quadratic linking form (M, \,v) over (A, S) is nothing but symmetric
linking form (M, \) with v: M — Q1(S™'A/A) = Q/Z given by v(z) = FA(z, ).
Fore = —1, Q_1(Q/Z) = 0 and a split skew-quadratic linking form (M, A\, v) over (A, S)
is a skew-symmetric linking form (M, \) with A(z,z) = 0 for all z € M.

8.2 Flip-isomorphisms and linking forms of preformations

Let S C A be a central multiplicative subset of A.
As in the proof of [Ran81] p. 242ff we define the linking forms of preformations for

which v or pu are S-isomorphisms.
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Definition 8.2.1. Let z = (F MR ) 0) be a regular e-quadratic split prefor-

mation.
i) If p is an S-isomorphism there is a split (—e)-quadratic linking form L, =
(coker i, Ay, vy,) over (A, S) given by
1

Au: coker p x coker p — STEA/A, (z,y) — gv*(:n)(g)
1 1
v: cokerp — Q_(STIA/A), v 20(0)(0)

for x,y € F*, g € G, s € S such that sy = u(g).

ii) If + is an S-isomorphism there is a split (—e)-quadratic linking form L. =

(cokery, Ay, vy) over (A, S) given by
A, : cokery x cokery —s §LA/A, (2,1) — %;ﬁ(x)(g)
vy cokery — Q_(5TA/A), yr— —0(9)(9)
for z,y € F, g € G, s € S such that sy = v(g).

iii) If 4*p is an S-isomorphism there is a split (—e€)-quadratic linking form L., =

(coker ¥* f1, Ayxpy, Uy+) over (A, S) given by

1
Ayt cokery*p x coker y*p — STIA/A, (x,y) — —z(9)
s
X _ 1 1
Uyt COker7 2 Q—E(S 1A/A)7 Yy EQ(Q)(Q)E

for x,y € G*, g € G, s € S such that sy = v*u(g).

Similarly, there exist (—e)-symmetric linking forms L?, L* and LY* for e-quadratic

preformations with « respectively u S-isomorphisms. O

Remark 8.2.2. The definitions are taken from the proof of [Ran81] Proposition 3.4.3
which establishes a correspondence between S-formations and linking forms. It is easy
to verify that a preformation z = (F' PRSI 6) and its flip 2’ are S-formations
if p or v are S-isomorphisms. Under that correspondence z is mapped to L, and 2’ is

mapped to L,. We will exploit this fact in the proof of Proposition 8.2.3.

Let M,E(A, S) be the abelian monoid of isomorphism classes of split (—e)-quadratic
linking forms over (A,S). Then the previously defined linking forms give rise to the

following homomorphisms of abelian monoids with zero.

Ly: {[(F &= G 5 F*,0)] € lagra(A)|p is an S-isomorphism} — M_((A, S)

~—

Ly:A{[(F G F*,0)] € lyg12(A)]y is an S-isomorphism} — M,E(A S
Loy {[(F <= G 5 F* )] € lygi2(A)|y*p is an S-isomorphism} — M_
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Linking forms can tell us something about elementariness and the existence of flip-

isomorphisms.

Proposition 8.2.3. Let z = (F AN A 0) be a regular split e-quadratic prefor-

mation with either p or v an S-isomorphism.

i) If z allows a flip-isomorphism then both v and p are S-isomorphisms. Every flip-
isomorphism t = (o, 3, x) induces an isomorphism of split (—e¢)-quadratic linking
forms [a™*]: L, =, L,.

i) Assume vy and p are both S-isomorphisms and L., and L, are isomorphic. Every

isomorphism : L, =, L., induces a stable flip-isomorphism («, 3,X) of z such

that @] =1: L, — L.
iit) If z is stably elementary then

(a) v and p are S-isomorphism,

(b) LH = LV}

(¢) (G,v*u,0) is S-hyperbolic i.e. L.x, vanishes in the Witt group Le(A,S) of
non-singular e-quadratic split linking forms (see [Ran81] p.271).

Similar for the non-split case.

Proof. For the proof it is necessary to remember the definition of the (2¢+1)-dimensional
quadratic complexes (N, () and (N’, ') associated with z and its flip 2’ ((3.1) and (3.2)
on p. 42).

i) Direct calculation.

ii) z and its flip 2’ are split e-quadratic S-formations in the sense of [Ran81] p.242.
Hence we can apply [Ran81] Proposition 3.4.3. The proof shows that there exists
a stable isomorphism of split e-quadratic S-formations between z and 2’. Using
the isomorphism in Remark 2.2.17 iv) it is not difficult to show that this leads to

a stable (weak) flip-isomorphism of z.

iii) Obvious from Proposition 2.4.2 iv) and [Ran81] Proposition 3.4.6ii).

8.3 The linking-/-monoid 1i5,(A)

Let S C A be a central multiplicative subset.
Proposition 8.2.3 shows that there is a strong relationship between flip-isomorphisms of

preformations which allow linking forms and the isomorphisms of those linking forms.
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Similar to Section 5.5 we define a monoid of preformations with linking forms and a

choice of isomorphism between them.

Definition 8.3.1.

l§q+2(A) = {[(F G F*L0)] € lagya(A)|p and v are S—isomorphisms}
Flgea(8) = {l(=.0)]: [2] € l542(A)}

are sub-monoids of lag42(A) and flag+9(A). Similarly one defines [377*(A) and fI37"2(A)

in the non-split case. ]

Definition 8.3.2. We consider tuples (z,1) with z = (F «— G - F* 6) a regular
e-quadratic preformation such that v and p are S-isomorphisms and [: L, =, L. an

isomorphism of linking forms.

1%

An isomorphism (7, {) of such tuples (z,1) and (2/,1’) is a strong isomorphism (7,¢): z —
2" of preformations such that I’ = n*In.

Define the hyperbolic elements (yx,0) with yp = OH_(AF).

The stable isomorphism classes of such tuples form the linking-/-monoid llgq 1o(A)

Similarly we can define ll?qqJr2 (A) for the non-split case. O

Proposition 8.3.3. There is a commuting diagram of surjective morphisms of abelian

monoids with zero

fl§q+2(A) ? l§q+2(A)

4 A

llQSq—i-Q (A)

with L(z,t = («, B,v)) = (z,[a™*]), 7¢(2,t) = 2z and m(z,1) = z. The fibre 771([2])
of a preformation z = (F <L a5 F 0) is either empty or the set of all isometries

L, =, L.,. Similar for the non-split case.

Proof. Use Proposition 8.2.3 O

8.4 Asymmetric signatures

Let S C A be a central multiplicative subset. Let z = (F «— G - F*,0) be a
regular e-quadratic split preformation such that v and g are S-isomorphisms. In other
words [z] € l*;q 4o(A). Proposition 8.2.3 shows that any flip-isomorphism gives rise to an
isomorphisms of the linking forms L. and L, and vice versa. The relationship between
flip-isomorphism and linking form isomorphism goes even further. We will prove that
the asymmetric signature of two flip-isomorphisms which induce the same isomorphism

L* =, L7 are identical.

119



This drastically reduces the amount of work one has to put into checking all the asym-
metric signatures (see Theorem 8.4.3). Instead of going through all flip-isomorphisms
of all the preformations z + H_(A"™), in the case of A = Z, we only have to compute
them for a finite number of isomorphisms of two given linking forms of one arbitrary
representative of [z] € lag42(A).

First we need to check that the asymmetric signature of an isomorphism L* = is
well-defined.

Proposition 8.4.1. Let t = («,3,x) and t' = (', 3',X') two flip-isomorphisms of z

which induce the same isomorphism of linking forms
¥ =[] " = L7
Then o*(2,t) = o*(z,t') € LAsy’(A). Similar in the non-split case.

We need a little lemma which shows that for 1-dimensional S-acyclic complexes quasi-
isomorphisms and chain-equivalences are the same. This is not true for arbitrary (even

free) chain complexes.

Lemma 8.4.2. Let N and N’ be free 1-dimensional S-acyclic chain complexes and
f: N — N’ a chain map which induces the zero map in homology. Then there is a

chain homotopy A: f ~ 0.

Proof. From f, = 0: Hy(N) — Hy(N’) follows that im fy C im(d': N — N{). Let
{e1,...,en} be a basis for Ny and choose b; € Ni such that fo(e;) = d'(b;). There is a
A € Homp (Ny, Ny) such that A(e;) = b; and therefore fo = d’A. On the other hand
d' f1 = fod = d’Ad. d’ is injective (because N’ is S-acyclic) and therefore f; = Ad. O

Proof of Proposition 8.4.1. The asymmetric signature of a flip-isomorphism is con-
structed in Section 5.3 as the asymmetric signature of the (2¢ + 2)-dimensional sym-
metric Poincaré pair 2! = (¢': 0FE; — FE,(0,6;)). Its boundary is a twisted double
of the symmetric Poincaré pair (f: C' — D, (0, ¢)) in respect to the self equivalence
(ht,0): (C,¢) = (C,¢). We will show that the two flip-isomorphisms ¢ and t’ lead to
homotopic equivalences (ht,0) ~ (hy,0) and that therefore the twisted doubles (OEy, 0;)
and(OEy,0y) are equivalent and, finally, that the asymmetric signatures of 2! and zt
are the same.

As described in Section 4.2, t and ' induce two isomorphisms (e, p), (¢/, p'): (N, () —
(N',¢") of the (2¢ 4+ 1)-dimensional quadratic complexes defined in (3.1) and (3.2) on
p. 42ff. The fact that ¢ and ¢’ induce the same linking form isomorphisms translates
into e* = ¢*: H*(N') — H*(N).

By Lemma 8.4.2, ¢ and ¢’ are chain homotopic. Let A: e ~ ¢’: N — N’ be a chain

homotopy.
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By the proof of [Ran80a] Proposition 3.4. (see also Lemma A.2.9) (e,p) and (¢, p)
induce isomorphisms

o

(0e,0),(9¢€,0): (C,¢) = (ON, (1 + T)0¢) — (C",¢') = (ON', (1 + T)9()
of 2¢-dimensional symmetric Poincaré complexes given by

_\r+1
He = <8 ( ) e(_1*+ T)P) : 6NT — Nr—l—l @N2q+1—r _ 8N1£ _ N;+1 @N’Zq_H_T

Using the fact that NV and N’ are short and S-acyclic one can show that there is a chain
equivalence (0A,0): (9e,0) ~ (0¢',0): (C, ¢) = (C',¢') given by

g1 = (0 efA*a™™): Cp=FaF" —Cpyy =G

5, = (B)icr-c —c-rar

As explained in Section 4.2 we compose Je with the inverse (h,0): (C, ¢) = (¢
from (3.5) on page 44 in order to get the self homotopy equivalence (hy,0): (C, ¢) =,
(C,¢). Using Lemma 6.1.2 or by direct calculation one finds a homotopy of the chain
maps

(h19A,0): (he,0) = (hy,0): (C,¢) — (C, ¢)

which can be fed into Lemma 6.1.8. Hence o*(z,t') = o*(z") = o*(2") € LAsy’(A)
with 2 = (¢": 0E; — E,(0,6;)) given by

p=(1 B 0-FAa*):0E4 1 =GOGOFOF — B =G
Finally, there is a homotopy equivalence (1,1;1): 2" — ! given by
=0 efA*a™™ 0):0E,=F'@F'®G — E;1 =G

Hence 2" and z! are cobordant reld by Lemma 3.2.2. By Proposition 5.4.4 their asym-

metric signatures coincide. O

This proposition shows that the asymmetric signature of a flip-isomorphism in l§q 1o(A)

only depends on its induced isomorphism of linking forms.

Theorem 8.4.3. There is a lift of the asymmetric signature map of Theorem 5.5.3

fl§Q+2 (A) — LAsyO(A) Similarinthenon — splitcase.

%

U (A)

Let 7 be as in Proposition 8.3.3. If [z] € l§q+2(A) is elementary then o*(; *[2]) = {0}
i.e. there exist isomorphisms . L* =, L7 and the asymmetric signatures o*(z,l) €
LAsy®(A) vanish for all of them.
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8.5 Asymmetric signatures of simply-connected manifolds

We will now concentrate our efforts to simply-connected manifold i.e. the case of A = Z
and S =Z\ {0}. First we observe that results of Section 8.4 can be generalized - they
remain true even if v and p are not injective and if G is not free (i.e. if the preformation
is not regular). We can also show that the algebraic linking forms of an obstruction
preformation are induced by the topological linking forms in certain simply-connected
Kreck surgery problems.

Let z = (F L oL F *) be a e-quadratic preformation over Z such that coker~y
and coker p are finite. (G may have torsion and v and g might not be injective). We
will show that the asymmetric signature for flip-isomorphisms of z also only depend on
their behaviour on the linking forms LY and L* by constructing a new preformation
2" which is closely linked to z but fulfils all the requirements of Section 8.4 (i.e. it is

regular and its maps are S-isomorphisms).
Lemma 8.5.1. i) ker~y = ker p
ii) G/ ker~ is f.g. free and of rank rk F'.

iii) There is another reqular split e-quadratic preformation 2z’ over Z defined by 2’ =

(F L G/ ker~ BN F*,4) for which the following diagram commutes

F G £

b ”i n
G/ ker vy

i) z is elementary if and only if 2’ is elementary

v) Every flip-isomorphism t = («, 3,0) of the e-quadratic formation (F AR e RN
F*) induces a flip-isomorphism t' = («a, ',0) of 2'. Then o*(2,t) = o*(,t') €
LAsy*(Z).

Proof. There is a free f.g. submodule G’ such that G = G’ ® ker~y. There can be no

torsion in G’ because 7 is a homomorphism into a free module. We write

v o= (fyl 0):G:G'@ker’y—>F
p o= (m p): G=G dkery — F*

~1 is obviously injective and hence induces an isomorphism over Q. Therefore G’ has
the same rank as F. As v*pu is (—e)-symmetric, po must vanish. Then p; must be
injective as well. Hence 2/ = (F <& G’ 25 F* 0|G’) is a well-defined preformation
with all the claimed properties.

By Lemma 2.4.5 z is elementary if and only if 2’ is elementary.
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Let t = (a, 3, x) be a flip-isomorphism of z. Obviously #(ker~) = ker u = ker~. So we
can write

8= (g; 503> G=G dkery — G =G Dkery

It follows that ¢ = («, 1,0) is a flip-isomorphism of z’. The Definition 5.3.1 of the
asymmetric signature is independent of 3 and G, hence the signatures of ¢t and t' are

the same. 0
The lemma justifies the following generalization of asymmetric signatures:

Definition 8.5.2. Let [: L* — L7 be an isomorphism of split (—e)-quadratic linking
forms. Let 2z’ be the regular e-quadratic split preformation constructed in Lemma
8.5.1. Then 6*(z,1) = 0*(#/,1) € LAsy’(Z) is the asymmetric signature of »z and

the isomorphism [: L* =, 17 of linking forms. O

Theorem 8.5.3. If [z] € I"*172(Z) is elementary then the asymmetric signature *(z,1) €

LAsy®(Z) vanishes for all isomorphisms [: L* =0 of linking forms.
Proof. Follows from Lemma 8.5.1, Lemma 2.4.5 and Theorem 8.4.3. O

Definition 8.5.4 ([Ran02] Example 12.44). i) Let M be a (2¢+1)-dimensional
manifold. The linking form on M is the bilinear form on the torsion submodule
of Hy(M) and H,(M,0M) given by

In: THy(M) x THy(M,0M) — Q/Z

1
(0y) — t<zy>
with z € C9(M,0M) and s € Z \ {0} such that sz = d(z N [M]) € Cy(M).

ii) Let M — B be a map of (2q 4+ 1)-dimensional manifold in a topological space.
The B-linking form on M is the (—¢)-symmetric form on the torsion submodule
of Hy11(B, M) given by

1% TH, 1 (B,M) x THy1(B,M) — Q/Z
(z,y) — la(p(),p(y))

with p: Hyp1(B, M) — Hy(M). O

Remark 8.5.5. If M = () then [y is a non-singular (—e)-symmetric linking form on
TH,(M).

Proposition 8.5.6. We repeat the assumptions of Kreck’s surgery theory in the simply-
connected case: Let p: B — BO be a fibration with m1(B) = 0. Let M; be (2¢ + 1)-

dimensional manifolds with a (¢ — 1)-smoothings in B i.e. a lift of the stable normal
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bundle over p which is g-connected. Let f: OMy — OM; be a diffeomorphism compatible
with the smoothings. Let W be a cobordism of MyUy My with a compatible q-smoothing

over B. As in Corollary 2.4.6 we define an obstruction
(W) = (F <L G- F*0)
= (Hgr1(W, My) «— Hy12(B,W) — Hg1(W, My),0)

l/2q+2 (Z)

m

If coker vy = Hy1(B, My) is finite then LY = —lﬁo.
If coker p = Hyy1 (B, M) is finite then LF = —lﬁl.
Assume both cokernels are finite. If W is bordant reld to an h-cobordism then there
exist isomorphisms l: L* = —lﬁl S =e— lﬁo and their asymmetric signatures

*(x(W),1) € LAsy®(Z) will all vanish.

Proof. The complex Cyio = Hyio(B,W) — Cyi1 = Hyy1(W, Mp) has homology
H,(C) = H.(B, My). There is a homotopy equivalence m: C' — C(B, M) and there
is a chain map C(B, My) — Ci_1(Mp) which induces the connecting homomorphism

Ox: Hi(B, My) — H,_1(My). Both maps together yield a chain map
Cy1 (Mo) —— Cy(Mp)

(R

C‘H‘Q v Cq+l

which induces the connecting map p: Hyy1(B, My) — Hy(My).

Let a,b € cokery = Hy1(B, My) = Hy1(C). Represent both homology classes by
chains @,b € Cyy1. Then thereis a g € Cyy2 and an s € Z\ {0} such that sa = (g). Let
z € C1(My, 0My) such that p(g) = zN[Mp]. Then sp(a) = d(zN[My]). Hence lﬁo (a,b) =

1(z,p(b)). Let V/ € HT1(W, My') such that ¥ N [W] = b. Then lﬁo(a,b) = L{p 2,0/ N

W] = —e%(b’,p*(z) N [W]). Since p is a connecting homomorphism p*(z) N [W] =
—ei(z N [Mo]) = —eip(g) = —eu(g). Hence Ify (a,b) = (', p(g)) = —ezu*(b)(g9) =
—L7(a,b). O
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Chapter 9

Preformations over skew fields

For the whole chapter let ¢ = (—)? and let A be a weakly finite ring with 1
and involution.

At first sight the l-monoids seem to be uncomputable but with a little linear algebra
we can calculate them in the case of skew fields (see Section 9.1). If the characteristic
of A is not 2 the result is very simple: logi2(A) = Logio(A) @ N3, Any element
2] = [(F <= G - F*,8)] € lag12(A) is determined by the dimension of the kernels of
Vs s Y, (1) and dim F'—dim G and the Witt-class of (G/ ker v*u, v*11) (see Corollary
9.1.12 and Remark 9.1.13).

In Section 9.2 we compute all its elementary elements. Again for the case char A # 2
we find a rather simple relationship: (F PR ANy 0) is stably elementary if and
only if (G/ker~y*u,v*u) is stably metabolic, dimkery = dimker p and dimkerv*p =
dim ker v+ dim ker v* (see Corollary 9.2.2). As a by-product we prove that the quotient
monoid lag42(A)/ lgf] 4o(A) is not group if A is a skewfield or a principal ideal domain
(see Corollaries 9.2.3 and 9.2.4).

The case char A = 2 demands more work. The simplest example is lo4(Z/2Z) of which
we will give a complete description in Section 9.3.

At last we exploit our findings about fields for a deeper understanding about lag42(Z)
(see Section 9.4). Unfortunately the results are rather meagre: we get the “trivial”
invariants described in Corollary 2.4.3 and, if ¢ is odd, invariants in Lo(Q) and Lo(Z/pZ)
for all primes p.

We would have much less trouble in understanding the /[-monoids if they were groups.
The computation of the I-monoids for skewfields of characteristic # 2 shows that they
at least can be embedded into Lo,(A) @ Z°. Unfortunately Section 9.5 shatters our
hopes by revealing that l4,,+2(Z[n]) violates the cancellation rule and that therefore it
is not a sub-monoid of a group.

We are obviously interested whether vanishing asymmetric signatures suffice in order
to show that a preformation is stably elementary. The computations of the [-monoids

for skewfields gives us the opportunity to falsify that conjecture in Section 9.6.
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9.1 Computation of the /-monoids

We start with the definition of the Q-modules (see also [Ran02] 11.1) and the monoid
Me (A) of isomorphism classes of quadratic forms (G, §) with underlying symmetric form
(G,0). We will use them later to describe our candidate for the [-monoid of a skewfield
- the m-monoid. They reappear in Section 9.5 when we deal with the cancellation rule
for lag42(A). All these objects can be defined over any weakly finite ring A with 1 and

involution.

Definition 9.1.1 ([Ran02] Definition 11.1). For a free f.g. A-module K define

Q(K) = {veHomy(K,K*)|v—ev* =0}/{w + ew*|w € Homy (K, K*)}
‘“(A) = {a€Aa—ea=0}/{x+ex|xr €A}

Q)

Remark 9.1.2. They fit into an exact sequence of abelian groups

14T,
—

0 — Q(K) — Q—c(K) Q (K) — Q(K) — 0

Definition 9.1.3. The isomorphism classes of (—¢)-quadratic forms (G,0 € QE(G))
over free f.g. modules G form an abelian monoid M¢ (A) with operation (G, 0)+(G',¢") =

(I

(G® G, 0@ 0) and zero represented by the zero module.
There is another way of characterizing M¢ (A).

Lemma 9.1.4.

U e/~ — M), [alw--’ak]*)[Ak’(l"'ak)]

keNy

with (ay,...,ax) ~ (bi,...,bg) if and only if there exists an f € GLk(A) such that
S frianfii = b € CAQE(A) foralll <i<k.

ai
Proof. The map Q°(A)* — Q¢(AF), ([ai])1<i<k — [( >] is bijective. O
ak
Example 9.1.5. i) There is a well-defined rank map
rk: M(A) — No, [M, 6] — rk(M)

Assume that (1 +7_¢): Q—_c(A) — Q°(A) is an injection. This is true e.g. for
rings which contain a central element z € A with z +z = 1 (if A is a skewfield
of characteristic # 2 take x = %) Then the group @e(A) vanishes and the rank

map becomes an isomorphism. Hence M’ ¢(A) = Np.
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ii) Let A be a field such that Q°(A) # 0 (that means char A = 2) and such that the

map A — QE(A), T —— Tx IS a surjection.

Finite fields of characteristic 2 with the identity involution fulfil those conditions:

their Frobenius homomorphism & — 22 is surjective and @E(A) =A#0.

We use Lemma 9.1.4 to compute ]\/ZE(A). Let k € N. Let a; € @E(A) for1 <i<k

with a; # 0 € Q°(A) for some j € {1,...,k}. Without loss of generality we

can assume j = 1. Let ¢; € A such that ¢;¢; = a;. Define an invertible matrix
1 ifi=1landl#1,

f € GLE(A) by fii = Q¢ ifl=1, . Then ), fribifii = a; with b =
0 else,

(1,0,...,0). Hence a =b € ]\/ZE(A). b does not vanish because 1 # 0 € @6(./&).

Therefore M ¢(A) contains precisely two elements of rank k: oj represented by

(0,...,0) € A* and e;, represented by b = (1,0,...,0) € A*.
Therefore, the abelian monoid Me (A) is given by the set {0 = 0g, 01, €1, 092, €2, ...}
with O represented by the trivial zero module and the operation oy + 0; = 04
and oy +e; = ex+e = epry. (G,0 € @E(G)) with rk G = k represents ¢, € ]\//_Te(A)
if £ 0 € Q(G) and o € M(A) if 6 =0 € Q°(G).

iii) Q'(Z) = Z/2Z and as in the previous example we get the same monoid M (2) =
MY(2/2Z). Q=Y(Z) = 0 and M~Y(Z) = N,.

The m-monoids are our candidates for the I-monoid of skewfields. Their definition is
rather cumbersome but for skewfields with char A # 2 it is rather easy (see Remark
9.1.7). Again we can define them over any ring. For arbitrary rings they are sub-

monoids of the /-monoids (see Proposition 9.1.7).

Definition 9.1.6. We consider tuples

(K, 0k € Q_c(K)), (S,05 € Q°(S)), (T, 07 € Q<(T)),
(X,0x € Q°(X)), (2,07 € Q°(2)),y € No)

such that (K, 0k) is non-singular i.e. (14+7_)0g = O — €0},: K — K* is an isomor-

phism. We introduce an equivalence relation on those tuples.

((Ka GK)’ (57 ‘95)7 (Ta GT)v (X7 aX)v (Za 92),y) ~
(K, 0k), (S, 05), (T, 07), (X", 0%),(Z',07).9/)

if and only if there exist t, € Homy(7T,Z2), s, € Homp(S,Z), z, € Homy (X, Z),
xs € Homp(X,S), z; € Homp(X,T), k, € Homp(K,Z), ks € Homy (K, S), k €

127



Homy (K, T), k, € Homp (K, X) such that

(K", 0%)] = [(K,0k +ki0zk. + k;0sks + k;Ork, + ki0xky = 0%)] € Lagi2(A)
(X', 0%)] = [(X,0x +2i0z2, + ' 05y + xf0rx,)] € ME(A)

[(S,05)] = [(S.0s+s50zs.)] € M(A)

(T",07)] = [(T,07 +t50zt.)] € M(A)

[(2,0)] = [(Z.62)) € M*(A)

y = yeNy

(Note that because of § = —6 € @G(M ), the equivalence relation is symmetric. The
form (K, 6% ) is non-singular because (1 +7T_.)07 = (1 +T_)0k.)

The set of equivalence classes forms the abelian m-Monoid ma,2(A). O

Remark 9.1.7. i) There is a well-defined map of abelian monoids

magr2(A) — Ng

(K,0Kk),(S,0s),(T,07),(X,0x),(Z,02),y] +— (kS,tkT, vk X, tk Z,y)

ii) There is a well-defined surjection of abelian monoids

Logia(A) @ MY(A)* &Ny — maggea(A)
([(K79K)]7[(5705)]a[(TveT)]?[(XvQX)]’[(Z7‘9Z)]7y) — [(KaeK)v(S795)v(T70T)v
(X70X>7(Z79Z)7y]

iii) There is a well-defined injection of abelian monoids

Logr2(A) @8Ny —  magsa(A)
((K,0)],s.t,2,2,y) — [(K,0),(A%0),(A%0), (A%,0), (A*,0),9]
It is an isomorphism if Q<(A) = 0.
We show that there is an injection of monoids magy2(A) < lag42(A) for any ring A.
Proposition 9.1.8. For any set of (—¢)-quadratic forms (K,\ € Q_.(K)), (S,0s €
Q(S)), (T, 07 € Q(T)), (X, 0x € Q(X)), (2,07 € Q(Z)) and y € Ny one can define
an e-quadratic split preformation
n((Kv GK)a (Sa 93)’ (T7 9T)7 (Xv GX)a (Z> QZ)a y) = a(Ka HK)
+ T <7510
L0 (D)
+ XX — X —=SX"0X,0x)
+ YLz %y 0y
with Y = AY. n induces a monomorphism magi2(A) — lag+2(A) of abelian monoids.
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Corollary 9.1.9. There is a monomorphism of abelian monoids

p PR NG PIR(A)
([(K,N)],s,t,z,2,y) — [0(K,\)+ (A%, 0) + (AF, AY)
o e @ e @)
+ (A< A LAY 0)]
Proof. Use Remark 9.1.7. 0

Lemma 9.1.10. Let G; be free modules over A. Let (G = G1 @& G2,0 € Q_<(G)) be an
(—€)-quadratic form such that 0 — e0* = (; 8) GO H — G*® H*. Then there exist

unique 01 € Q_(G1) and b € @E(Gz) such that 0 = (%1 6?> € Q_(G).
2

A A
Az Ay

B = <0 A2>. 0 — e0* = (; 8) implies that Ay — €A = 0. Then

0 0
ia-[(f ][ 2)erer

Therefore 0 = [A;] and 0y = [A4] do the job. O

Proof. Let A := < ) :G@® H — G* & H* be a representative of 6 and define

Proof of Proposition 9.1.8. Let (K, Ak ), (K', X)) be non-singular (—e)-quadratic forms
and (8,05 € Q<(9)), (T,0r € Q(T)), (X,0x € Q(X)), (2,07 € Q°(2)), (5,05 €
Q<(S"), (T, 0} € Q(T")), (X',0y € Q(X")), (2,0, € Q°(Z') and y,y’ € Ny such
that

n((Kv 0K)a (Sv 95)7 (T7 QT)a (Xa GX)’ (Za 02)7 y) =
W((K/, H/K)v (Slv 9,/9)7 (Tlv 02/1“)7 (X/7 QZX)? (Z,? 0/Z)7 y/) € l2q+2(A)
After adding enough hyperbolic forms to (K, \) and (K’, \') we can assume that there
is an (unstable) strong isomorphism of preformations

¥ w

F G jai
o I ot |
JoP— o
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with

F = KoSoT" o XX oY
G = KoSeTeoXp~Z
v o= 1lg®@lg®ly: G — F
L = A@lrdlx: G— F*

0k 0 0 0 O

0650 0 0
0 = 0 06,y 0 O

0 0 06x O

0 0 0 0 6z
F' = KoSoeT" o X' eX " aY’
G/ — K/@S/@T/@X/@Z/
fy/ = lK/@ls/@lelG/%F/
/J,, = )\l@lT/@lxllG/—>F/*

Ogr 0 0 0 0
0 0 0 0 0
0 = 0 06 0 0
0 0 0 6y O
0 0 0 0 6y

Because of Corollary (2.4.3) we see that

Zo®T=kery = kery =Z'@T (9.1)

I

Z®S =kerp kerp/ =2' @ S

I

KoeSe X =imy imy =K' oS5 oX'

2

KroT®X =imp impy =K"aoT &X'

1

K*=im~y*u im~y" = K"
Z=ker()) = ker(Z:) =7
KeSoeT'oXoX*'aY = KeoSoT"oX' oX "Y'
and therefore K © K/, S S T2T' X=X y=y and Z= 7. If @6(A) was zero
we would be done now. The general case demands more work. We need to evaluate

the equations ay =7/, o*p/f = p and 5*0'6 = 6 € Q_(G).

idK 0 0 0 0 11 (12 0 14 0
a1l ... Q16 0 ids 0 0 0 a1 (99 0 24 0
ay = 0 0 0 0 0 _ @31 Q32 0 Q34 0
0 0 0 idX 0 41 42 0 Q44 0
el .- Q66 0 0 0 0 0 51 Q59 0 Q54 0
0 0 0 0 O agr o2 0 ags O
idgr 0 0 0 0 B11 P2 Bz Ba Bis
0 idg 0 0 O /8, . B P Paz P23 Paa P25
g — |0 0 0 0 0 . 1 o o o o o0
Te= 0 0 0 idxs 0 : [ Bu Ba2 Baz Paa Bus
0 0 0 0 0] \Fr .o P 0O 0 0 0 0
0 0O 0 0 O 0 0 0 0 0
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Comparing both sides shows that ay = +/f if and only if

11 Q12 Q13 Q14 Q15 (e
Qi1 Qg2 (23 (x4 Q25 (V26
0 0 33 0 ags (36
Qg1 Qg Q43 Qg4 Q45 Q46
0 0 Q53 0 as5  O56
0 0 g3 0 Qg5 Qge

aip a2 0 a0
a1 azp 0 ax O

B = |B31 B2 [33 P31 B35

og1 ag 0 agg O

Bs1 Bs2 Bs53 Bsa Bss

Now we look at p = o™/ 3. First compute:

aiy ad 0 aj 0 0 N0 0 0 0
ajs a5y 0 ajy 0 0 0 0 O 0 0
* * * * * * :
Ji=a* /B = Q3 Qo3 Q33 Oyz CQpz  Qgg 0 0 idp 0 0 8=
oy, a5y 0 ap O 0 0 0 0O 0 0
* * * * * * M
Q15 Qo5 Qg5 Qus Q55 Qs 0.0 0 idx 0
* * * * * *
Qg Qg Qg Oy Q55 Ogg 00 0 0 0
o XN 0 0 0 0
11
WtV 00 0 0 a1 a2 0 o O
12
af N 0 af. afs 0 agn ez 0 ey 0
13 33 O53 _
X 0 0 0 0 B31 PBz2 B33 B3 P35 | =
0;4)\’ 0 af afs 0 I I
15 35 Os5
o\ . . Bs1 Bs2 P53 Bs54 PBss
ajgN 0 azg aig O
o Nany ai Nais 0 o N g 0
afo N ann afa N ars 0 oo N a1y 0
afsNar1+aisf31+aisaqn afsNarotadsBaataisan alsfsz afsNaratalsfaataisas alsfss
of N a1 af N ans 0 o N a1 0

i ! I
ajsNar1tagsf31+afsaar ajsN aret+assBaataisase ajsB33 ajsN arataisBaataisass ajsBss
! ’
afeN aritaggBa1taisour ajgN aretalgfaetalgaas o833 afgN aratadsBrataisous algfss

We evaluate the matrix equation

A0 0 0 0
00 0 0 0
00 idy 0 Of_,
00 0 0 0
00 0 idy O
00 0 0 0
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and find that o *p = ¢/ (and ay = 7/3) if and only if

a1 0 a3 0 a5 O
Qo1 Qoo g3 Qo4 Qa5 Qg
0 0 B 0 0 0
a = (9.2)
ag1 0 o433 auq ous  Que
—x%
O 0 a3 0 g5 g6
ap; O 0 0 0
a1 a2 0 ax O
B = [P 0 B33 B3a O
41 0 0 Q44 0
Bs1 P52 P53 Bsa Bss
. . . -1 —
with ajy N ai1 = A, B33, agq isomorphisms and as3 = —ass 05,083, a15 = €N oy af ass

-1 _ . . .
and a3 = eN'” aqy (B4 — o as5054)as3. Because o and (3 are isomorphisms it follows

(by Proposition 2.2.2) that asgg, ags and (55 are isomorphisms as well. Conversely, any

map « and [ of the form (9.2) with the above properties defines an isomorphisms of

the e-quadratic preformations (F <~ G -~ F*) and (F' <~ G’ X5 F) (i.e. ignoring

quadratic refinements).

At last we analyze what («, 3) does to the quadratic refinement i.e. we evaluate 6 =

50’5 € Q_(G). First we compute

ajp ay O3
. 0 a3 O
0 = pOB=|0 0 B
0 ayy 3
0 0 0
a{leK/ 045105/ ﬂ;‘lHT/
0 VN 0
= 0 0 Baz01
0 as,0s B3,07
0 0 0
Using Lemma 9.1.10
0k O
B 0 #dg
=10 0
0 O
0 O

if and only if

ol B\ [0 0 0 0 0
0 5|10 65 0 0o o
0 Sz 0 0 6 0 0 |p
o Bl o o 0 6x o
0 5 0 0 0 0 60y
04119)(/ ,8;1021 11 0 0 0 0
0 B520z ag; azx 0 agg O
0 Bis0z | | B31 0 B3z Baa O
04149)(/ ﬁg492/ Qi1 0 0 agq O
0 Bisbz) \Bs1 Bs2 Bs53 Bsa DBss
0 0 0
0 0 0
QT* 0 0 GQ—E(G)
0 6x O
0 0 6y

07 = B0z 055 € Q(Z)

Or = (5507033 + Bisbz O3 € Q(T)
s = abybsians + Bialz P52 € Q°(S)
Ox =

O =
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These are exactly the equivalence relations of the Proposition. O
Theorem 9.1.11. If A is a skew-field then n is an isomorphism.

Corollary 9.1.12. Let char A £ 2. Then the inverse of n is given by

~

T baa(d) S (0@ N
(F -GS FY| — (G kery v ),
s := dimker 1 — dimker (}}) ,
t := dimkery — dimker (},),
2 := dim ker v* . — dim ker p — dim ker v + dimker(Z) )
z = dimker (),

y := dim coker v — dim ker v* 1 + dim ker p1)

Remark 9.1.13. i) Let char A # 2. In regard to Corollary 2.4.3 and because of

1

dim coker y—dim ker vy = dim F'—dim G, one can simplify 7 and find an injection

of abelian monoids

v l2q+2(A) i L2q+2(A) ©® Né @b Z,
(F LG F*0) — ([(G)kery*p,v* )], dim ker y, dim ker 4,
dimker (), dimker v*p, dim F' — dim G)

ii) For symmetric I-monoids [2472(A) there is an uniform result for all skewfields
regardless of their characteristic: Corollary 9.1.12 and i) give rise to an iso-
morphism n~1: 120+2(A) = L20+2(A) @ Nj and an injection v: [29F2(A) —

L2q+2(A) ) Né Y/

Proof of Theorem 9.1.11. Let (F L a5 F * 0) be an e-quadratic split preforma-
tion.

Step 1: Due to Lemma 9.1.10 we get

(F <GP 0) = (F< G/(keryNkerp) -5 F*, o)
@ (0 % keryNkerpy —2 0*,8).

with some 8 € Q¢ (kery Nker ).
Step 2: We can now start with a preformation (F «— G % F* ) such that (}}) is
injective.
Claim 1: For any subspace R C G with ker~y & ker u & R = G there is some subspace
A C F such that

y(ker i) @ p(kery)* @ y(R) @ A= F.
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Proof of Claim 1: Surely v|R and p|ker are injective for R := R @ ker p. It is enough
to show that y(R) N u(kery)* = 0. So let » € R and ~v(r) € u(kerv)*. Using the

canonical isomorphism F' — F**, the map
Q:F— A, fr— f(y(r))

is in pu(kervy)*. Hence r = 0 & & = 0 < P@|u(kery) = 0. But for any s € ker~,
B(u(s)) = p()(1(1)) = e(r)(1(s)) = 0.

Claim 2: There is a subspace R’ C G such that kery @ ker u ® R’ = G and p(R') C
Y(R')* @& A”™ with A’ chosen as in Claim 1.

Proof of Claim 2: First we choose some arbitrary complement R of ker u @ ker~yin G
and A as in Claim 1. Then u(R) C F* = 7y(ker p)* & u(kery) @ v(R)* @ A*. But
since for any r € R,s € kery, u(r)(y(s)) = eu(s)(y(r)) = 0, we can conclude that
pu(R) C pu(kery) @ y(R)* @ A*. Hence for any r € R there’s an s, € ker(y) and elements
gr € ¥Y(R)* and a, € A* with u(r) = pu(s;) +gr +a,. The map r — s, is in fact a vector

space homomorphism

R w(R) Incl g proj; w(ker ) (““l”fl ker y

Hence R := {r—s,|r € R} is a well-defined subspace of R@®ker~y. We have to check now
whether R’ has the two properties we want. Let x € R’ N (ker vy @ ker ). We show that
x vanishes necessarily. There are r € R, a € kery and b € ker y with z =r —s, = a+b.
It follows that » = 0 and s, = 0 and finally z = 0. Obviously dim R = dim R’. Hence
kery @ ker u® R' = G. It is clear that y(R) = v(R’). This means we can use the same
A for R' and Claim 1 holds. At last, we want to show that u(R’) C v(R')* @& A*: For
any x € R’ there is an r € R with z = r — s, and p(z) = ¢g» + a, € y(R)* ® A* by
construction. Hence Claim 2 is proven.

From Claim 1 and 2 and Lemma 9.1.10 we conclude that

(F =G5 F0) = (y(kerp) < kerp — y(ker )", 0ur)
(nker 7)* <= kery == p(ker), 0c)

b
® (R)eA)—R — (y(R) @A), k).
The first summand is strongly isomorphic to the boundary of the form (ker u, 0y, €
Q¢(ker ;1)) and the second one is of the type (T* Lol T, 07).
Step 3: At last we deal with the remaining preformation ((y(R) ® A) «— R -
(Y(R)® A)*,0r). v = () and p = (/) are injective by construction in step 2.
Without loss of generality v1 = 1p. Let R = ker up & K. We rewrite our formation
therefore as
0

¥ (Lf

(kerpp @ K @A) LY kerppd K V25 (kerpp @ K & A)*, 0R).
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Now v*u must be (—e)-symmetric, hence up = 0. It is also clear that pe must be an
isomorphism.

As i is injective so is ug: kerugr — A*. Therefore there are vector spaces X and
Y and isomorphisms o = (gi) : A* =, X@Y*and 7 : X — kerpug such that
ousT = (1X ) This leads to the commuting diagram

0
0 0
6 G
keruR@K@A<LkeruR@K%(ker,uR)*@K*@A*

i s e

XX oYK o XoK 0o X"oXQY QK"
(oo) (10
00 00
01 0 p2
with

T 0 0 0

—% ok _k —% ok _x 7 0

a= |0 —py pgor —py pgoy 11, 52( )

X ¥ 01

0 o] o5 0

9.2 Computation of elementary elements

Even more important then the computation of ly,42(A) for skewfields is probably to

provide an easy test for elementariness of its elements.

Theorem 9.2.1. Let A be a skew-field with involution.

n([(Kﬂ 0K)? (S7 05)7 (T7 GT)v (X7 HX)v (Zv 02)7y]) S lz‘]+2(A)

is elementary if and only if

[(K79K)7(S>95)a(T79T)a(XveX)v(Zan)vy] =
[0,(5,95),(S,@S),(X,O),(Z,Hz),(]] € m2f1+2(A)

Again the case of char A # 2 is much more digestible.

Corollary 9.2.2. Let A be a skew-field with involution. Assume that char A £ 2. Then
n([(K,\)],s,t,x,2,y) is elementary if and only if s = t, [(K,\)] = 0 € L?2(A) and
y=0.

(2] € lag42(A) is elementary if and only if v(z) = (0, a,a,b,c+ 2a,c) for some a,b € Ny
and ¢ € Z, i.e. if and only if [(G/ker v*pu,v*p)] = 0 € L?9+2(A), dimkery = dim ker s
and dim ker v*p = dim ker v 4+ dim ker v*.

The same statements hold for the symmetric l-monoids I124T2(A) for all skewfields of

any characteristic.

Proof. See Corollaries 9.1.9, 2.4.3 and Remark 9.1.13. O
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Proof of Theorem 9.2.1. 1t is obvious that the boundary of a stably metabolic form,
1x 0

(X ®X™*) (L) X (1—X>) (X ® X*)*,0) and (0 «— Z — 0,60y) are elementary. The

preformation ((S & S*) &0

U:={(s,9)|s € S}.

Assume that after adding hyperbolic forms to (K,0x) we can assume that the e

S % (S ® S*)",0s ® 0g) is elementary in respect to

quadratic split preformation
(F < G -5 F*,0) = n((K,0k), (S,0), (T,0r), (X, 0x),y, (Z,02))

is elementary in respect to the h-lagrangian

j:< >:U—>G=K@S@T€BX€BZ

[CRSHeRS

A

S)

Then vj =

SOQUOTR

0

and uj = | § |. We rephrase what it means to be elementary:
d
0

i) a*0xa+ b*0sb+ c*Opc+ d*0xd + e*0ze =0 € Q_(A)

.o a a . . .

ii) (Z) and (3) are injective

ili) 2dimU =dim K + dim S + dim7 + 2dim X + dimY
Criterion i) implies a*Aa = 0 and therefore rka < %dim K. That means that dimU =
vk () < Jdim K + dim S + dim X and dimU = vk (£ ) < Jdim K + dim T + dim .
Together with criterion iii) this leads to y = dimY = 0 and dim S = dim7". Therefore
dim K is even and dimU = %dim K +dim S + dim X. The ranks tell us even more:
1 1
5 dim K-+dim S+dim X = dim U = rk ( g) < rkatrkbirkd < 7 dim K-+dim S+dim X

Therefore the inequalities rka < % dim K and rkb < dim S and rkd < dim X are in fact

identities. Similarly we deduce rkc¢ = dim7T'. Together with the fact that a*Aa = 0 this

means that the (—e)-symmetric form (K, \) has the lagrangian L = im a. We write K =

L*® L. There are 01 € Q_.(L*) and 6, € Q¢(L) such that 0 = (001 912> €Q_(L*®L).

Criterion ii) is equivalent to V Nkerb = V Nkerc = 0 with V' := kera Nkerd. This

implies

dimS = rkb=dimU — dimkerb > dim V' = dim ker a + dim ker d — dim(ker a + ker d)
> (dimU —rka) 4+ (dimU —rkd) —dimU = dim S

which means that dimU — dimkerb = dimV = dim S and therefore V @ kerb = U.

Using this decomposition, j looks like this:

0 0
a 0 ao
. b b O "
j= = Vakeb— (L'el)oSeToXaZ
C C1 (&)
d 0 ds
€1 €9
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Now by = b|V and ¢; = ¢|V are injective and due to dimension reasons they are in fact
isomorphisms. On the other hand (gi ) is injective and again by comparing dimensions,

the map turns out to be an isomorphism. We feed this information into criterion 1i):

(8 c?z> (901 912> (8 aoz>+<b01> Os (by 0)+@) o7 (c1 )
e ()o@ w)+ ()o@ @) -0e@w

bT95b1 + CTQTQ + €>{9261 CT@TCQ + 64{9262 —0e QG(U)
c§¢9T01 + 639261 CL;@QCLQ + C;eTCQ + dzede + 639262

This is the case if and only if

Os = [*(0r+g"029)f =0 € Q(S)
(902 ;j{) = h*0rh+ k*0zk € Q°(L @ X)
with f = clbfl, g= elcfl, h =cy (32)_1 and k = es (g;)_l. (Note that signs do not

matter because 20 =0 € @E(M))
Define h1 = h(}), k1 =k (}), ha =h(9) and k2 = k(}). Then

Ox = hiOrhg + k30zks € Q°(X)
(6 1
O = (o 92>

- <8 (1))+(0 hi) 07 (0 h1)+ (0 k1)" 0z (0 ki) € Q_(L* & L)

O]

As an approximation to the question whether a class in lyg42(A) is elementary or not
one can look at its image in the quotient monoid lag42(A)/ l2q 4o(A). Much would be
won if this object was a group. Unfortunately the following corollaries show that in the

case of skewfields and principal ideal domains they are not.

Corollary 9.2.3. Let A be a skew field. Then the quotient monoid

lag+2(A )/l;fﬁf%( ) is not a group.
Proof. Let y # 0. There is no « € lag42(A) such that £+(0,0,0,0,0,y) € l;iﬁ@(A). O

Corollary 9.2.4. Let A be a principal ideal domain. Then the quotient monoid

lag+2(A) /15K (A) is not a group.

Proof. Let F' = Quot(A). Let y # 0. Assume there is an = € lyg42(A) such that
x + n(0,0,0,0,0,y) € lSé‘ﬂ(A). Tensoring with F yields the existence of an 2/ =
rQ®F € lygyo(F) such that 2’ 4+n(0,0,0,0,0,y) € l;ée_f%( ). This is a contradiction. [J
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9.3 The I-monoid l,,(Z/2Z)

The easiest non-trivial example (i.e. char A = 2) for maog42(A) and hence lyg42(A) is
the case A = Z/27.

We know that the Arf-invariant induces an isomorphism Logi2(Z/27) = Z/27. By
Example 9.1.5, ]/\/I\(Z/QZ) = {0 = 0p,01,€1,02,€2,...} with a commutative operation
given by o+ o = oy and ex; = ex + ¢ = ex +0;. (G,0 € @(G)) =exqg € ]\7(2/22)
if 0 #0€eQ(G) and (G,0 € Q(Q)) = o € M(Z/2Z) if 0 = 0 € Q(G).

A little lemma helps us to disentangle the equivalence relations in the definition of
Mag+2(Z/2Z).

Lemma 9.3.1. Let (M = Z/2Z™,0 € Q(M)) and (N = Z/2Z",v € Q(N)) be quadra-
tic forms over Z/2Z.

There exists a b € Homg oz (M, N) such that (M,0" = 0 + b*vb) = oy, € M(Z/QZ) if
and only if (M,0) = o, € J\/Z(Z/2Z) or (N,v)=e, € ]\/Z(Z/2Z).

There exists a b € Homg,o7(M, N) such that (M,0" = 0 4 b*vb) = ep € M\(Z/2Z) if
and only if (M,0) = en, € M(Z/2Z) or (N,v) = e, € M(Z/27).

Proof. If 6 #0 € @(M) then there is a ¢ € GL(M) such that ¢g*0g = diag(1,0,...,0) =
b e QM). If v # 0 € Q(N) then there is an h € GL(N) such that h*vh =
diag(1,0,...,0) = ¢ € Q(N). Let A € Homgy 97(N, M) such that A*cA = b (i.e.
A1 =1 all other 4;; = 0).

If0=0€eQ(M), b=0gives & =0 Q(M).

If0£0eQ(M)and v #0 e Q(N), b=hAg~! gives ¢ =0 € Q(M).

If@#OEQ( , glvesﬁ’;éOEQ( ).

If=0€cQ(M)and v #0e€ Q(N), b= hA gives 8 # 0 € Q(M).
If0#£0€eQ(M)and v =0 Q(N) then # # 0 € Q(M) for all choices of b.
Conversely if v =0 € Q(N) then ' = 6 € Q(M) for all choices of b. O

)
) b
)
)

Proposition 9.3.2. Let (Z/QZQ, 0;) be non-singular quadratic preformation with Arf-

invariant © € Z/27. There is an isomorphism

7)22 & M(Z)2Z)* ® No/ ~ — moga(Z/27)
[k‘,s,t,x,z,y] — [(2/222,9k),8,t,$,2,y]

with (k,s,t,x,z,y) ~ (K, ¢, ¢, 2,2 y) if and only if

Yy =y €Ny

? =z € M(Z/27)

' =te M(ZJ2Z) if z= o0, for an a € Ny

S/:SGJ\/I(Z/2Z) if z =04 for an a € Ny

x’:xe]\/Z(Z/ZZ) if z=04, s =0 and t = o, for some a,b,c € Ny

K =kelZ/2Z if z=04, s=o0p, t =0, and x = oq for some a,b,c,d € Ny
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Define m(op) = (Z/2ZF,0 € Q(Z/2Z%)) for k € No. For any | € N choose some
vy #0 € Q\(Z/QZZ) (for example one represented by the identity matriz) and define
m(e;) = (227!, vy). Then there is an isomorphism
W Z)27.& M(Z)2Z)* @ NoJ ~ — lagi2(Z/27)

[k,s,t, 2y, 2]+ [0((Z/22%,65),m(s), m(t), m(z), m(y), m(2))]

Proposition 9.3.3. Define the subsets A; C 7/27 @® J/W\(Z/ZZ)4 @ Ny

Ao = {(0,0s,0t,0z,0.,y) : s, t,x,y,z € No}

A1 = {(1,0s,0t,04,0:,Y) : s,t,x,y,2 € Ng}

Ay = {(0,0s,01,€5,0:,9) : S, t,x,y,z € Nog,z # 0}
As = {(0,es,0t,04,0:,9) : 8,t,x,y,2 € Ny, s # 0}
Ay = {(0,0s,€t,0z,0.,y) : s, t,x,y,2 € No, t # 0}
As = {(0,es,6e4,04,05,9) : 8,t,2,y,2 € Ng, s,t # 0}
A¢ = {(0,0s,0t,0z,€,,y) : 8, t,x,y,2 € Ng,z # 0}

Then A= A1 UAs U A3 U A4 U As U Ag is a complete set of representatives.
Actem = {(k,s,t,2,0,2) € AgUA5UAg} are all the elements of A whichn' of Proposition

9.53.2 maps to elementary elements.

Proposition 9.3.4. Let z = (F PR N F*,0) be a quadratic split preformation
over Z/2Z. Define B; = n/'(A;) C lag12(Z/2Z). Let

s = dimker u — dimker (})

t = dimkery — dimker(})

r = dimkery*u — dimker u — dimker v + dim ker (},)
z = dimker(})

y = dimcokery — dimkery*u + dimker )

(compare Corollary 9.1.12). Then
i) If 0] (ker (7)) # 0 € Q(ker (1)) then [2] = 1/(0, 05,01, 04, €2.) € Be.

i) If O|(ker () =0 € @(ker(l)) and 0| (kerv) # 0 € Q(kervy) and 6|(ker y1) # 0 €

Q(ker i) then [z] = 7/(0, €5, €4, 04,02, Y) € Bs.

iii) If O|(ker (1)) = 0 € Q(ker (7)) and 0| (ker~) # 0 € Q(ker~) and 0|(ker ) = 0 €

Q(ker p) then [z] = 1/ (0, 05, €t, 04, 02,y) € By.

w) If O|(ker (},)) =0 € @(ker(,l)) and 0| (kerv) = 0 € Q(ker~y) and 0|(ker y1) # 0 €

Q(ker p) then [2] = 1/(0, e, 04,04, 0., y) € Bs.
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v) If O|(ker (1)) = 0 € Q(ker () and 0](kerv) = 0 € Q(ker~y) and 0| (ker ) = 0 €
Q(ker p1) and 8| (ker y* 1) # 0 € Q(ker v* 1) then [z] = 1/(0, 05, 04, €5, 02, y) € Bs.

vi) If O|(kery*u) =0 € @(ker v* 1) then (G/ker v*u,0) is a well-defined non-singular
quadratic form. If its Arf-invariant vanishes then z = 1/(0, 0s, 0¢, 04, 04,y) € By
else [z] =n'(1, 05,04, 04,0,,y) € By.

(2] € log+2(Z/2Z) is elementary if and only if y =0 and [2] € By U Bs U Bg

Proof. By the proof of Proposition 9.1.11 there is an (unstable) strong isomorphism
(e, B) of z with n((K,0k), (S,0s), (T, 0r),(X,0x),(Z,0z),y). It is easy to check (com-

pare with (9.1)) that § induces isomorphisms of the quadratic forms

(ker (), 0l (ker (1)) (Z,02)

) (ZeT,07 @ 0r)
) 2 (Z® 85,07 ®05)
) (

ZOSOT®X,07®05®07@0x)

)
(ker ~y, 6] (ker )
(ker p, 0| (ker )

)

*

(ker y" p, 6| (ker v*pu

Using the equivalence relations laid down in Proposition 9.3.2 proves the claims. O

9.4 Application to preformations over Z

Let A be a field. Let z = (F L a5 F *) be a regular e-quadratic preformation over
Z. Tensoring with A yields a preformation z® A over A. If z is elementary obviously also
z®A is elementary. Therefore it makes sense to wonder whether additional obstructions
to the (stable) elementariness of z can be found by applying the results of the previous
section to z ® A.

Let P C Ng be the set of all primes. Define for any prime p € P

bp: PTT2(Z) — 1PYX(Z/pZ), 2+ 2QZ/pL
po: 124(Z) — PPTT2(Q), z2+—22Q

Any map 1?9+2(Z) — 12972(A), z — 2z ® A factors through ¢epara because Q and
Z/pZ are the prime fields and isomorphic to the images of the map Z — A. Hence we
can concentrate on those fields.

Note that log2(Q) = 12472(Q) and lsy42(Z/pZ) = 124t2(Z/pZ) for p # 2. In or-
der to transfer the following results to lyg42(Z) the reader simply needs to replace
1242(7/27) = L*2(Z/2Z) ® N} (see Remark 9.1.13) by the map for the more cum-
bersome log42(Z/27Z) in Section 9.3.

It is well-known that in L-theory there is an exact sequence

0— L%(z) — L°(Q) — P L°(Z/p2) — 0
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The following observation shows that a similar result cannot be expected from the

[-monoids.
Proposition 9.4.1. For allp € PU{0}
i) ¢p is surjective unless p =2 and q even,
ii) ¢p is not injective,
iii) there is a mon-elementary z € 12972%(Z) such that ¢,(z) is elementary.
We need some important facts about maps and skew-symmetric forms over Z.

Theorem 9.4.2 (Smith Normal Form). Let A € Mat(n x m,Z) with r = rk A.
Then there are g € GL,(Z) and h € GLy,(Z) such that gAh = diag(dy,...,d,,0,...,0)
with d;|di+1 for all 1 <i <r and all d; > 0.

Theorem 9.4.3 (Skew Smith Normal Form ([New72] pp. 57)). Let A € Mat(nx
n,Z) be skew-symmetric with r =rk A. Then r is even and there is a g € GL,(Z) and
a diagonal matriz D = diag(dy,...,d) with d;|di11 for all 1 < i < k and all d; > 0
0 D O
such that r =2k and g*Ag=|—-D 0 0
0 0 0
Proof of Proposition 9.4.1. i) Let p = 0. Let z = (F < G - F*) be an e
quadratic preformation over Q. There is an N € Z such that 4/ = N~ and
i/ = Np are matrices over the integers. Let F’, G’ be free modules over Z of
the same rank as F', G respectively. Then there is a strong isomorphism (1, %)

between z and (F' <— &' X5 F') @ Q. Hence ¢y is surjective.

Let H=(°,§) € Mat(2k x 2k,Z) and v € Mat(2k x 2k, Z) of full rank. Define
p = Hy. Then z, = (2% < 7?* 2 7%%) is an e-quadratic preformation over
Z. There is a strong isomorphism (1,7): 2, ® Q — 9(H ¢(QF)) over Q. Hence
do(zy) = 0 € 12772(Q) for all choices of . However z, # z, € I?772(Z) if e.g.
coker v # coker’ (See Corollary 2.4.3). So ¢¢ cannot be injective. If e.g. v = 2
then z, cannot be elementary (because 7j is not a split injection for any map
j: U — Z2%) but ¢o(zy) is.

ii) Let p € P be a prime. Let z be an e-quadratic preformation over Z/pZ. By Corol-
lary 9.1.9 and Remark 9.1.13, z is strongly isomorphic to n((K, A), s,t,z,y, z) for
some s,t,7,y,2 € Ng and (K, \) € L?*2(Z/pZ). If q is odd L?**2(Z/pZ) is gen-
erated by elements (Z/pZ,[n]) for n € {1,...,p — 1}. Tensoring the symmetric
form (Z,n) over Z with Z/pZ obviously gives (Z/pZ, [n]). Hence there is a (—¢)-
symmetric form (K’,\') over Z such that (K',\') ® Z/pZ = (K, ). If ¢ is even
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and p # 2, L?9%2(Z/pZ) = 0 and we choose (K’, \') = 0. Obviously the image of

the quadratic preformation
n((K/7 Al)’ 8? t? x? y’ Z)

under ¢, is 2z € [2472(Z/pZ). Hence ¢, is surjective.
If ¢ is even and p = 2 then [0(Z/2Z,1)] € 1?9%%(Z/27Z) cannot be in the image of
P2
21 =0(Z%,(84)) = 0H “(Z) and 2 = O(Z, (8 IJOFP)) are different in [2972(Z) but
bp(21) = ¢p(22) = 0 € 1292(Z/pZ). So ¢}, cannot be injective. Note that zo is
not elementary but ¢,(z2) is.

O

Now we analyze the combination of all ¢,.

Proposition 9.4.4. Define

o=go [[ bp: @) — PQe [[P(2z/r2)

peEP peP

Let z = (F <~ G % F*) and 2/ = (F/ & @' X5 F') be e-quadratic preformation

over Z. Assume that

kery = kers
cokery = cokery
kerpu = kerpy
cokeru = coker '
kerv*p = ker~y"y/
cokerv* = coker~y' i/
v Y o4
ker () = ker(uz)
AN v
coker () = coker (u’ )
[(G/kery*u, v )] = [(G'/kery*u,v*p)] € L*%(Q)

(GRZ/pL]ker(v' n @ L/pZL), v n @ Z/pZ)] =
(G'®Z/pZ/ker(" 1 @ Z/pZ)," 1/ @ Z/pZ)] € L***(Z/pZ) (p€ P)

Then ¢(z) = ¢(2').
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Assume that

kery = kerp
cokery = coker
kery*pu = kervy @ ker~*
cokery* = cokery & coker v*
[(G/kery*u,v*pw)] = 0¢€ L**2(Q)
(G @Z/pZ/ker(v'p @ Z/pZ), v p @ Z/pZ)) = 0€ L***(Z/pZ) (p€ P)

Then ¢p(z) is elementary for all p € P.

For € = 1 one can ignore all the conditions about the L-groups since they all vanish. The
proof of the Proposition follows from Remark 9.1.13, Corollary 9.2.2 and the following

observation.

Lemma 9.4.5. Let f: M — N be a homomorphism of free Z-modules. Then

rk(coker(f @ A)) = rk(coker(f)® A)
rk(ker(f ® A)) = rk(ker(f)) + rk(Tor(coker(f),A))

Proof. Apply the Universal Coefficient Theorem to the “complex” f: M — N. O

9.5 The cancellation rule and Iy, 2(A)

On the algebraic side, one obvious disadvantage of Kreck’s approach is that the ob-
structions do not live in a group but in a monoid. One can easily see that lag42(A) is

not a group. The set of all its invertible elements is the image of
L2q+2 (A) — l2q+2 (A)v (K7 9) — a(K7 9)

One can still wonder whether lyq2(A) can at least be embedded into a group. A
necessary and sufficient criteria for the existence of such an embedding is the validity

of the cancellation rule.

Definition 9.5.1. A monoid M fulfils the cancellation rule if for all z,y, z € M with
x + z =y + z follows that z = y. O

Proposition 9.1.9 shows that ly;42(A) is embeddable into a group if A is a skewfield of

characteristic not equal 2. In a lot of other cases we are less fortunate.

Proposition 9.5.2. i) If A is a weakly finite ring with involution such that z+ # 1
for all x € A then lyms2(A) does not fulfil the cancellation rule.
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ii) Let Z[r] a group ring as in Example 8.1.8. lyms2(Z[r]) does not fulfil the cancel-

lation rule.

iii) For any skewfield A with char A = 2 and identity involution lag4o(A) does not

fulfil the cancellation rule.

Proof. Let € = (—)9. One can easily prove from scratch (or using Proposition 9.1.8)

that the map
ME(A) — lagia(A)
(S,0) — 9(S,0) = (S < 5 - 5%,0)

is an injection. We will show that M (A) does not fulfil the cancellation rule for the

rings described above.

i) Assume that there is no « € A such that x+z = 1. Define a = (A, 1),b = (A,0) €
Q'(A). Then

atb = (A2,9:((1) 8)6@1(A2))
ara = 3o = (5 1) e@wd)
;o= <(1) DEGLQ(A)

Then f*0'f = 6 € Q'(A?) and hence a +b = a + a € M'(A). Now we have
to show that b # a € ]/\4\1(/\) Assume b = a € ]\/Zl(A) i.e. assume there is a
g € A* = GL1(A) such that g*1g =0 € @1(1&). Then there is a y € A such that
Gg =1y + 7. Then x = g~ 'yg~?! fulfils  + Z = 1 which is a contradiction.

ii) Assume that x = 3 ng -1, € Z[n] is such that x +z = 1. Then 2ny = nq +
w(1)ny = 1 € Z which is not possible. Hence z + & = 1 for no x € A. Hence

lam+2(Z[7]) does not fulfil the cancellation rule.

iii) If A is a skewfield of characteristic 2 with identity involution then z + z = 0 for

all z € A.

9.6 Asymmetric signatures over fields

Let A be a field with involution. By Remark 9.1.13 there is an isomorphism n: L22(A)@
NS =, 124¥2(A). Using this computation, we will investigate whether it is enough for
a preformation to have flip-isomorphisms and vanishing asymmetric forms in order to
be elementary. The proofs will use properties of the asymmetric Witt-groups of fields.

The reader is referred to [Ran98] Chapter 39D for any details.
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Proposition 9.6.1. Let w = n((K,\),s,t,z,y,2) be an e-quadratic preformation.
Then w allows (stable) weak flip-isomorphisms if and only if s = t. w has stable

strong flip-isomorphisms if also 2 - (K,\) = 0 € L?*7T2(A).

Proof. Let w = n((K,\),s,s,x,y,2z). The proof of Proposition 9.1.11 reveals that
even without stabilization we can split w up into three e-quadratic preformations
w = wy ® wy ® ws such that w; = n((K,)),0,0,0,0,0), wy = n(0,s,s,z,0,z) and
ws = 1(0,0,0,0,y,0). ws is elementary and therefore has a strong flip-isomorphism
by Corollary 4.1.3. Any isomorphism f:Y =,y yields a strong flip-isomorphism
(f,0) of the e-quadratic preformation (Y U R Y). Hence ws has a strong
flip-isomorphism. For any (—e¢)-symmetric form (K, \), there is a flip-isomorphism
(A, 15, =227 1) of (K, N).

On the other hand if w has a flip isomorphism then obviously rky=rk p. Using (9.1)
one easily deduces s = t.

Now we consider the case of strong stable flip-isomorphisms. The flip of w is an strongly
isomorphic to n((K, —\),t,s,z,y, z). Hence w has - after some stabilization - a strong
flip-isomorphism if and only if s = ¢ and 2- (K, \) = 0 € L?42(A). O

Definition 9.6.2. A e-quadratic preformation z = (F «— G -%5 F*) is nice
if it is either stably elementary or if it has a stable flip-isomorphisms for which the
asymmetric signature is not zero.

A field with involution is nice if all its e-quadratic preformations are nice i.e. if the

converse of Theorem 5.5.3 is true. O

Proposition 9.6.3. A field A is nice if

i) for all (K,\) € L?>¥2(A) there is an a € A* and s € A such that (gé))fe) +
(K, ) € LAsy’ (),

g : ~ ~ 00 &

ii) there is an & € GL2(A) and 0 € Mat(2 x 2,A) such that ((1)(1116> # 0 €

LAsy°(A).
If the second criterion is violated then A is not nice.

Proof. Let A be a field with involution for which the two criteria are fulfilled. Let
w = (F —— G - F*) be an e-quadratic preformation for which there exists (stable)
flip-isomorphisms and for which all asymmetric signatures vanish. Without loss of
generality we can assume that w = w; + wy + ws with wy; € n((K, A),0,0,0,0,0),
wy € 1(0,s,s,2,0,2) and ws € 7(0,0,0,0,y,0) (compare with the proofs of Propositions
9.6.1 and 9.1.11). We need to show that y = 0 and [(K,\)] = 0 € L2+2(A).
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fi = (A", 1,—2X71) is a flip-isomorphism of w;. Its asymmetric signature o*(wy, f1) =

(K,\) € LAsy°(A) because p @ — has the lagrangian

€ 1

0 —eA

1 0

—e 1
with p as in Definition 5.3.2.
wy is elementary and hence has a flip-isomorphism fo for which o*(ws, f2) = 0 €
LAsy°(A).
Assume that y = 2m + 1. Let a € A* and s € A such that <§§—e) # (K,—-\) €

S
—1.——1

LAsy(A). Define a flip-isomorphism f3 = <<§ § g) ,0, (m 1§a §§>> for ws. Then

o*(w, f1 + fo + f3) # 0 which is a contradiction.

So we assume y = 2m. Define a new flip-isomorphism f; = ((94),0,0). Then 0 =
o*(w, fi + fo+ f4) = (K,)\) € LAsy’(A). The natural map L**2(A) — LAsy’(A)
is injective for fields, so (K,\) = 0 € L?7"2(A). Assume that m > 0. Then f} =
(<§ § g) ,0, <6a71§a7* (8)§>> is another flip-isomorphism of ws such that o*(w, f1 +
f2+ f¥) # 0. This is again a contradiction, hence m = 0.

If the last criterion is not true then (A2 2o A?) is not nice. O
Corollary 9.6.4. FEvery non-singular e-quadratic formation over a field is nice.

Proof. Similar to the proof of the preceding Proposition using the fact that [z] €
U(qu(A)aN()vNO?NOaOaO)- ]

Example 9.6.5. Fields with LAsy?(A) = Z/2Z are not nice. Let M(A) be defined as
in [Ran98] 39.19

i) Let C* be the complex field with the identity involution. Then M(A) = {z 4 1}.
By [Ran98] 39.27

LAsy’(Ct) = L%(C*, 1)@ L°(C*t, —1) = L%C*,1) = 2/2Z

ii) Let A be an algebraically closed field of characteristic 2 with the identity involu-
tion. Then M(A) = {z — 1} and LAsy’(A) = L%(A) = Z/2Z (Every symmetric
form over A can be diagonalized. Because A is algebraically closed the diagonal
elements can be chosen to be 1. Obviously such forms are metabolic if and only

if the rank is even).
But there are also positive results:

Lemma 9.6.6. If e =1 and char A # 2 then the first condition of Proposition 9.6.3 is
fulfilled
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Proof. Let ¢ = 2m. Let (K,\) € L?7*2(A) = L*™*+2(A). Then by [Ran98] Proposition
39.27 L*+2(A) = LO(A, —1) and L*™(A) = L(A, 1) are both subgroups of LAsy®(A)
whose intersection is trivial.

By Proposition 5.6.4, ®1(A,1) = (A,1) € L*(A). It cannot be the image of any
(—e€)-symmetric form in LAsy?(A). O

Proposition 9.6.7. Let ¢ = 1. FEwvery field A with char A # 2 and an involution that

is not the identity is nice.

Proof. We have to show that the second condition of Proposition 9.6.3 is fulfilled.
Let b € A such that b # b. Let a = 7 # 1. By Proposition 5.6.4, ®1(A,1) =
(A, 1) € L*™F2(A) = LO(A,1) € LAsy(A) and ®1(A,b) = (A,b—b) +z € LO(A, —1)
LAsy?ZQ_a)oo (A) € LAsy°(A) (see also [Ran98] Chapter 39D). For rank reasons ®1 (A, 1
and ®1(A,b) are not zero in LAsy(A) and because the intersection of L4 +2(A)
LO(A,—1) and L*™(A) = LO(A, 1) in LAsy?(A) is zero, 1 (A%, (§9)) # 0 € LAsy°(A).

O

1S~
~— EB

Proposition 9.6.8. Q is nice

Proof. Let e = 1. ®1(Q?,1) = (Q%1) £ 0 € L*™(Q) C LAsy’(Q) by Proposition 5.6.4.
By Lemma 9.6.6 and Proposition 9.6.3, Q is nice.
Now let € = —1. By Proposition 5.6.4 and [Ran98] Chapter 39D,

_1
a

~1
Pa(@0) = @20+ (o ([ 1)) € L2006 LAn )
C LAsy’(A)
for any a € Q\ {0}. Hence e.g. ®_1(Q?,1) # 0 € LAsy’(A).
Let (K,\) € L*™(A) = L°(A,1). Let a = 1 if sgn(K,\) > 0 and a = —1 else. Using the

signature it is obvious that (K, \)+®_1(Q,a) # 0 € LAsy’(A) because their projection
onto L°(A, 1) is not vanishing. Again Proposition 9.6.3 finishes off the proof. O
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Appendix A

A crash course in algebraic
surgery theory

This chapter is a compilation of the main theorems and constructions of algebraic
surgery theory, taken from [Ran80a] or [Ran81]. Section A.1 repeats basic definition
of algebraic topology and defines quadratic and symmetric complexes. In Section A.2
we define quadratic and symmetric pairs, boundaries, Thom-complexes and thicken-
ings. The union of Poincaré pairs are treated in Section A.3. The last Section A.4
discusses surgery on complexes.

Throughout this chapter let A be a weakly finite ring with 1 and an involution
and let € € A such that e = ¢! (e.g. e = £1).

A.1 Quadratic and symmetric complexes

Let X be a finite CW complex with universal cover X. Let €' = C(X) be its chain
complex of f.g. finite Z[m1(X)]-modules. A generalization of the diagonal chain map

that is used to define the Steenrod squares yields a natural transformation
A:C— W) ={¢s: C" 7 — Cyr € Z,s > 0}

For any homology class z € C,,(X) we can define an n-dimensional symmetric Poincaré
complex (C, ¢ = A(z) € W*(C),) over Z[r1(X)] such that ¢pg = 2N —: C"* — C.
In particular if (and only if) X is an n-dimensional geometric Poincaré space with
fundamental class @ = [X] this construction gives an n-dimensional symmetric Poincaré
complex.

There is a similar construction, the quadratic kernel, for a degree 1 normal map
f: M — X between a closed n-dimensional manifold M and an n-dimensional finite
geometric Poincaré space. It is an n-dimensional quadratic Poincaré complex (C, 1))

with C' the mapping cone of the Umkehr chain map
o oX) = ox)n LS conn = o)
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with X and M the universal covers. The homology of C are the kernel modules K «(M)
of f. The chain map
(1+T)hy: C* = C

induces the Poincaré duality on the kernel modules. One can relate symmetric con-

struction and quadratic kernel. In the category of symmetric Poincaré complexes

(C(M), A[M]) = (C, (1 +T)¢) & (C(X), A[X])
See [Ran80b] for details.
Both constructions can be extended to geometric Poincaré pairs (e.g. manifolds with
boundary) and relative normal maps f: (M,0M) — (X,0X) from manifolds with
boundary to geometric Poincaré pairs. The result will be a symmetric or quadratic
Poincaré pair. If the boundary is contractible or f|: 9M — 0X is a homotopy equiv-
alence this Poincaré pair will be again a Poincaré complex.
Algebraic surgery theory was originally invented to give an alternative way of finding
the obstruction to a Wall surgery problem. Let (e, f, f'): (W, M,M') — X x (I,1,0)
be an n-dimensional normal cobordism such that f and f’ are homotopy equivalences
and n > 5. Wall asked in [Wal99] whether it is possible to write down a surgery
obstruction without making e highly-connected beforehand.
The answer is the quadratic kernel (C,%) of e: W — X. It has the following re-
markable properties: If one performs surgery on the cobordism, the quadratic kernel of
the result will change from the old kernel (C, %) by an algebraic surgery for which
explicit formulae exist (see Definition A.4.1). If e: W — X X [ is cobordant reld to a
homotopy equivalence then the relative quadratic kernel of that cobordism will be an
(n+ 1)-dimensional Poincaré pair (f: C — D, (§1,1)). Its boundary is the quadratic
kernel (C,1). Hence (C, 1) is algebraically null-cobordant.
It is not surprising to suspect that the converse is true as well: e: W — X x [ is
cobordant reld to a homotopy equivalence if and only if (C,%)) is algebraically null-
cobordant. In fact this is true and even more. Algebraic cobordism of Poincaré pairs is
an equivalence relation and its cobordism classes from a groups which are isomorphic to
Wall’s L-groups. As in geometry, there is a close relationship between cobordism and
surgeries: every cobordism is realized as a trace of surgeries (Proposition A.4.3). Using
the instant surgery obstruction it is very easy to read off the conventional obstruction
form and formation from (C,t) (Lemma A.4.6 is a special case of it). For further

details see [Ran80a] and [Ran80b].

Definition A.1.1. A chain complex C (over A) is a collection of homomorphisms
of f.g. free A-modules {d,: C, — C,_i|r € Z} such that d,d,+; = 0: Cry1 — Cr_;

for all r. C' is called n-dimensional if C;. =0 for r < 0 and r > n.
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Its homology A-modules H,(C) are defined by
H,(C) =ker(d: C;, — Cy—1)/im(d: Crp1 — Cy).
Its cohomology A-modules H*(C') are defined by
H"(C) = ker(d*: C" — C"™™Y)/im(d*: C"71 — C").

A chain map f: C — D of chain complexes over A is a collection of A-module
morphisms { f,: C,, — D,|r € Z} such that dpf, = fr—1dc: C, — D,_; for all r.

A chain homotopy ¢g: f ~ f': C — D of two chain maps f and f’ is a collection
of A-module morphisms {g,: C,_1 — D,|r € Z} such that f/ — f, = dpgr+1 +
grdc: C. — D,

A chain map is a chain equivalence if it has a chain homotopy inverse. It is an
isomorphism if it consists of isomorphism of modules only.

The mapping cone C(f) of a chain map f: C — D is the chain complex given by

_\r—1
de = <dé) ( ilc f) : e(f)r =D, ®Crqy — e(f)r—l =D, 1®Cr2

O
Definition A.1.2. Let C be a chain complex. The e-duality involution T is defined
by
T.: Homy (C?,C;) — Homa(CY,C))
o= ()P’
We define new chain complexes W7 (C, ¢) and Wy, (C, €) by

W2(C,e)y = {¢s: C""T — Chlr e Z,s >0}
A% W?(Cre)y — W?(C,e)n
(65} = {dps + (=) bsd" + (=) g1 + (=)*Teths—1):
crrtsl L Cylr e Z,s > 0}
where we set ¢_; = 0.
We (Cie)p = {¢s:C""° —ChlreZ,s>0}
doy: Wer(Cr€)n — Wy (Ce)n
{ths} — {ds+ (=) ®sd" + ()" (War1 + (=) Tethst) :
crrsTl L Cylr e Z,s > 0}

Their homology groups are the e-symmetric Q-groups Q" (C,e) = H,(W”(C,¢))
and the e-quadratic Q-groups Q,(C,e) = H,(Wy(C,¢€)). They are related by the
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e-symmetrization map

Qn(Cre) — Q"(C.e)
{(+Tge} cifs=0,
tod} {O cif s £ 0.

O]

Remark A.1.3. In the case of ¢ = 1 we omit the ¢ and we will simply speak of

symmetric complexes, @, (C), W”(C), T etc.

Definition A.1.4. Let C be a chain complex and n € N. Define the chain complex
C"* by
den—« = (=)'di: (CVF), =C" " =Cr_, — (C"")p1.

An e-symmetric n-dimensional complex (C, ¢) is a chain complex C together with

a cycle ¢ € W%(C,€),. It is called Poincaré if the Poincaré duality map
gf)o OV — C

is a chain equivalence.
An e-quadratic n-dimensional complex (C, 1)) is a chain complex C together with

a cycle ¥ € Wy, (C,€),. It is called Poincaré if the Poincaré duality map
(14T :C"* —C

is a chain equivalence.
A morphism of e-symmetric n-dimensional complexes f = (f,p): (C,¢) —
(C',¢) is a chainmap f: C — C’" and a p € W*(C’, €),41 such that ¢/ — fof* = d”(p)

1.€e.
¢y = fosf* = dps + (=) psd™ + (=) (ps—1 + (=) Teps—1): C"77F° — G,

Le. fof* =¢' € Q"(C). Tt is an equivalence if f: C — C’ is a chain equivalence. It
is an isomorphism if f: C — (' is an isomorphism.
A map of e-quadratic n-dimensional complexes [ = (f,0): (C,¢) — (C',¢') is

a chain map f: C'— " and a o € Wy (€', €)ny1 such that ¢/ — ff* = dy (o) ie.
Yo = fouf* = dos + (=) 0ud” + (=)' (01 + ()T o) €T — G

Le. fuf* =" € Q,(C). Tt is an equivalence if f: C — C’ is a chain equivalence. It

is an isomorphism if f: C — (' is an isomorphism. O

We can define compositions and inverses of morphisms. One can also define inverses

for homotopy equivalences but we will not need such a construction in this treatise.
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Definition A.1.5. The composition of two morphisms of e-symmetric n-dimensional
complexes (f,p): (C,¢) — (C',¢') and (f,p'): (C',¢') — (C”, ¢") is the morphism
(F'f.0 + Fpf™): (C,8) — (C",¢").

The composition of two morphisms of e-quadratic n-dimensional complexes
(f,0): (C,¢) — (C',¢") and (f',0"): (C",¢)') — (C",4)") is the morphism (f'f,o’ +
o) (Cri) — (C, ).

The inverse of an isomorphism (f,p): (C,¢) =, (C',¢) of e-symmetric n-
dimensional complexes is the isomorphism (f, p) ™! = (f~1, —f~tpf~*): (C',¢) —
(C,9).

The inverse of an isomorphism (f,0): (C,v) — (C’,¢’) of e-quadratic n-

dimensional complexes is the isomorphism (f,0) ™t = (f~1, —f~lof=*): (C',9) =,

(C, ). 0

Remark A.1.6. For any closed n-dimensional manifold M it is possible to construct
an n-dimensional symmetric complex (C, ¢) with C = C(M ) the chain complex over
A = Z[m1(M)] of the universal cover (See [Ran80b] for details). The Poincaré dual-
ity map of (C,¢) is a chain level representative of the Poincaré duality isomorphisms
H”_T(M, A) — HT(M, A),z — = N [M]. ¢ is a chain homotopy between ¢y and
T.¢p making sure that the homology isomorphism induced by ¢g has the symmetry
properties we are expecting from the Poincaré duality.

Let f: M — X be an n-dimensional degree 1 normal map of the manifold into an
n-dimensional Poincaré space X The geometry gives rise to an n-dimensional quadratic
complex (C = C(f: M— X ),%). The Poincaré duality map is a chain level repre-
sentative of the duality of Kernel groups K" "(M) — K,(M),z —— z N [M] with
Kn(M) = Hy_1(f).

Remark A.1.7. In the standard references about Algebraic Surgery Theory ([Ran80al,
[Ran81], etc.) an e-symmetric {quadratic} complex is defined as a tuple (C,[¢] €
Q"(C,e€)) {(C,[¢¥] € Qn(C,e€))}. Some of the constructions we are using however need
a specific representative ¢ {¢}. Therefore we follow [Ran98] by defining the complexes
slightly differently as tuples (C, ¢ € ker d”) {(C,1) € kerdy,)}.

A.2 Quadratic and symmetric pairs

Whereas the algebraic equivalent of closed manifolds (respectively normal maps of
closed manifolds) are symmetric Poincaré complexes (resp. quadratic Poincaré com-
plexes), the analogues of manifolds with boundaries or normal maps are symmetric and

quadratic pairs.

Definition A.2.1. Let f: C — D be a chain map. We define chain complexes
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W?(f,€) and We,(f,€) by

W2 (f, 1 = {(0¢s: D" PTT — Dy 6 O — G|, 7 € Z,s > 0}
4% WL, 1 — W(f,e)n
{(60s,0s)} ¥ {(d(06s) + (=) (6¢s)d™ + (=) (051 + (=) Te(0s—1) +
+(=)"fsf*: DT — Dy,
s + (=) dsd" + (=) HPso1 + (=) Teps 1)
crrtsl L C))reZ,s >0}

where we set ¢_1 = 0 and d¢p_1 = 0.

Wo (f,€)nt1 = {((51/15: pr—p—stl Dy, s cht — Cy)|p,r € 2,5 > O}
doy: Wo(f,€)nt1 — Wo(f, €)n
{(0hs,10s)} > {(d(50s) + (=) (5 )d* + (=) *(0psqr + (=) T Te(60hs41)) +

+(_)nf¢sf*: D"t — D,,
dips + (=) sd™ + (=) (hogr + (=) T Tetpsyn):
CrTsl L e € Z,s > 0}

Their homology groups are the e-symmetric Q-groups Q"(f,e) = H,(W%(f,e€))
and the e-quadratic Q-groups Q,(f,€) = H,(Wy(f,€)). They are related by the

e-symmetrization map

Qn(fa 6) - Qn(f’ 6)

@+ T)do, (1 + Two) i s =0,
(045, 9 {0 Lif s £ 0.

O]

Remark A.2.2. Let f: C' — D be a chain map. The rather complicated differential
of W”(f,€) can be understood in terms of W”(C,¢) and W?(D, €). Let z = (63, 1) €
W?%(f,€)ns1. Then obviously d1p € W (D, €)p41 and ¢p € W?(C,¢),. The differential

is alternatively given by

d: WE(f, €)1 — W2(f )
(0, 9) —  (di(69) + (—)"fof*,d2())

with dy: W2(D, €)py1 — W%(D,¢€), and da: W*(C,€),, — W?%(C,€),_1 the differ-

entials we discussed above. z is a cycle if and only if

is a map of e-quadratic n-dimensional complexes. Same for the symmetric case.
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Definition A.2.3. An (n+1)-dimensional e-symmetric pair (f: C — D, (§¢, ¢))
is a chain map f: C — D together with a cycle (6¢,¢) € W(f, €)ns1. It is called

Poincaré if the Poincaré duality map D""'~* — C(f) given by

((—)nf@mf*) : DM — ()

is a chain equivalence.

An (n + 1)-dimensional e-quadratic pair (f: C — D, (01,%)) is a chain map
f: C — D together with a cycle (6,v) € Wo,(f, €)nt1. It is called Poincaré if the
Poincaré duality map D""1=* — C(f) given by

(1+ T)60 R
<(—)"+1_’"(1+T5)¢0f*> DT C)r

is a chain equivalence. ]

Remark A.2.4. In the above definitions the Poincaré duality maps can be replaced

by the chain maps
(660, foo) : C(/)"' ™" — D

in the symmetric case and by

((1+ T840, f(1+ Te)tbo) : C(f)" ™ — D
in the quadratic case.

Definition A.2.5. A homotopy equivalence of (n + 1)-dimensional e-quadratic
pairs

(9, hik): (f: C— D, (09, 9)) — (f': C" — D', (39, )

is a triple (g, h; k) consisting of chain equivalences
g:C—C', h:D—D

and a chain homotopy
k: flg~hf:C— D'

such that

(gv ha k)%(&l’, d}) = ((hblv ¢/) € QnJrl(f/a 6)
with
(9,7 k) (00,9)s = (hdpsh™ + (=)"kips(Rf)* + (=) kTcthsa k™ +

(_)nfTJrlf/gwsk*: D/n-‘rl—s—r N D;,
gPsg": CTT — ) (s 20)
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Here are some useful lemmas about changing the boundary of a pair and examples for

homotopy equivalences of pairs.

Lemma A.2.6. Let ¢ = (f: C — D, (0¢,%)) be an (n + 1)-dimensional e-quadratic
pair and (g,0): (C',9)") — (C, ) be a map of n-dimensional e-quadratic complezes.
Then

d=(f=fg:C"— D,(6¢'=0¢+ (=)"fof*{"))
is an (n + 1)-dimensional e-quadratic pair. If g is a chain equivalence, then ¢ and ¢

are homotopy equivalent pairs. Same for the symmetric case.

Proof. First we show that ¢’ is an e-quadratic pair. We use Remark A.2.2 to compute

Aoy + (=)"fof*0') = (dop + (=)"fdof* + (=)"fgu'g" f*, dy')
= (doY + (=)"f(W —g'g") f" + ()" fo'g™ f7, dY') =

There is a homotopy equivalence (g,1;0): ¢ — (f: C — D(§¢',g¢'g*)). By def-
inition o € Wy (C, €)pt1, hence y = (0 o) € Wy (f, €)nta. Its boundary is d(y) =
(=) fof* do) = ((=)" " fof* ¢ — g¢'g*) and (8¢, g¢'g") + d(y) = (0¢,¢). O

Complexes and pairs are in a one-to-one correspondence.

Definition A.2.7. An n-dimensional e-symmetric complex (C,¢) is connected if
Hy(¢o: C"* — C) = 0. An n-dimensional e-quadratic complex (C, 1)) is connected
if Hy((1 4+ Te)ipg: C"* — C) = 0.

The boundary (0C,0¢) of a connected n-dimensional e-symmetric complex
(C, ¢) is the (n — 1)-dimensional e-symmetric Poincaré complex defined by

doc = <d0 ) ) L OC, = Cryy © C"" — OCy 1 = Cp @ "7+
0 (=)"dg

_\n—r—1 _\rn
8¢0 _ (( ) ) Te¢1 ( g] €> : acnfrfl —C" " @ Cr+1 N 8CT _ CT-‘,—I Y oka

_\n—r+s—1
aqbs _ <( ) . TE¢S+1 8) . acn—r—i-s—l — Cn—r—i—s @Cr75+1 SN aCr

The boundary (0C,0v¢) of a connected n-dimensional e-quadratic complex

(C,1) is the (n — 1)-dimensional e-quadratic Poincaré complex defined by

l—i-T)w()

dac = rdC > . aCr = Cr+1 ) Cnir — 3Cr_1 = C?“ D Cn7r+1

0

n r—s— 1T1/}s—1 0

0

8¢0 _ <0 O) acmTr= 1 —onr D CT—‘,—I SN 607« — Cr+1 o cnr
8¢5 = (

) . 801177"7571 =C" TS g Cr+s+1 _ 8Cr
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The thickening of a connected n-dimensional e-symmetric complex (C,¢) is
the e-symmetric n-dimensional Poincaré pair (ic: 0C — C"7*,(0,0¢)) with ic =
(0 1) :0C, =Crp1 ®@C"T — (C"F), =C™ .

The thickening of a connected n-dimensional e-quadratic complex (C, ) is
the e-quadratic n-dimensional Poincaré pair (ic: 0C — C"*,(0,0v¢)) with ic =
(0 1):9C, =Crpy®C" " — (C"*), =C™.

The Thom complex of an (n + 1)-dimensional e-symmetric Poincaré pair
(f: C — D, (d¢,¢)) is the connected (n + 1)-dimensional e-symmetric complex
(&(1), 86/9) given by

- 0ps 0 .
((5¢/¢)s = <()n+1—r¢sf* ()n_r+8+1T€¢Sl> :
C(f)HITTHS = DTS g 0 @(f), = Dy @ Cry

The Thom complex of an (n+1)-dimensional e-quadratic Poincaré pair (f: C —

D, (61,1)) is the connected n-dimensional e-quadratic complex (C(f),d¥ /) given by

B Sibs 0 ‘
e = (Cptlog e o mgn)
e(f)n+l—r—s — Dn—i—l—r—s D Cn—r—s SN e(f)r — Dr @ Cr—l

O

Lemma A.2.8. Let ¢ = (f: C — D, (0¢,%)) be an (n + 1)-dimensional e-quadratic
Poincaré pair. Then the operations “Symmetrization” and “Thom-complex” are com-

muting i.e. the identity map on C(f) induces an isomorphism

(120 (€U (TS + ) — (€(), (1+ T)(60/w)
0= (0 Ly O — e,

of connected (n + 1)-dimensional e-symmetric complexes.
The following lemma is a special case of [Ran80a] Proposition 3.4.

Lemma A.2.9. Let (f,%): (C,¥)) — (C", ') be an isomorphism of n-dimensional
e-quadratic complexes. Then there is an isomorphism
(9f,0x) : (9C,00) = (AC",00)
of = <£ (_)Tl(lft*ﬂ)mf*) . 9, =Crp ®C"T =S 0CL =Cl 0™
dxo=0 : aC™ " — acC!

Oxs = <(_) e 8) 2 aCmTT =TT e O,

—0C, =Cl e C™" (s>0)

and a homotopy equivalence (Of, f~*;0) between the thickening-ups of (C,v) and (C',¢").
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Proposition A.2.10 ([Ran80a] Proposition 3.4.). The Thom complex operation in-
duces an natural one-to-one correspondence between the homotopy equivalence classes of
n-dimensional e-symmetric Poincaré pairs and the homotopy equivalence classes of con-
nected n-dimensional e-symmetric complexes. Poincaré pairs with contractible bound-
aries correspond to Poincaré complexes. Thickening is the inverse operation. Similar

for the quadratic case.

Lemma A.2.11 ([Ran80a] Prop 3.4.). Let (f: C — D, (5v,v)) be an (n + 1)-

dimensional e-quadratic Poincaré pair. Then the maps
(01 0 —th) : Cr—0C(f)r=Dry1 ®Cr @Dy ®C""

defines a chain equivalence C ~ 9C(f).

A.3 Unions of pairs

The union-construction is an algebraic analogue of glueing two (n + 1)-dimensional
cobordisms (W, M, M') and (W', M', M") together at M’.

Definition A.3.1 ([Ran80a] p.135). The union of two adjoining e-symmetric

(n+ 1)-dimensional cobordisms

c = ((fe fo):CaC" — D,(6¢,0® —¢))
d = ((fer fon):C'aC" — D, (64,4 @ —¢"))

is the e-symmetric (n + 1)-dimensional cobordism

cU C, — ((f”/ f”//) . CEB C/l N D”, (5¢1/’¢@ _¢/l))

given by
dp (=)""'fer 0
dD// = 0 dcl 0 N D:,,, = DT‘ @ C’Il‘—l @ D:,. i D;‘,—l = Dy-fl @ C;N_Q @ D’;‘—l
0 (=)""fer dp
fe
& = 0|:C.— D/
0
0
f”// = 0 . C,,,‘/ — D;,,
f/C//
S 0 0
0¢y = | ()"TTESE ()T, 0
0 (=) feds 0

— 1 _ — — 1
D//n r+s+ - D" r4+s+1 @ C/n r+s @ D/n r+s+ D;’ _ Dr ® Crl‘—l ® D;
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We shall normally write
D"=D Ucr D/, (5¢” =40¢ Uy (5¢/
The union of two adjoining e-quadratic (n + 1)-dimensional cobordisms

¢ = ((fe fo):CaC — D, (8,9 & —y"))
d = ((fto fbn):C@C" — D' (8¢, ¢/ & —y"))

is the e-quadratic (n 4 1)-dimensional cobordism
cU cl — ((f/// f////) . C ey C” _ .D”, (5¢/I7w D _1/}1/))

given by the same complex D" and the same maps f{, fl, as in the symmetric case

and
d1s 0 0
sl = | TS (T, 0
0 (=) ferds 6t

pmTTTt = prrestlg 0T g DT L DY = D, @ O @ D)
We shall normally write
D"=DUg D', 69" =69 Uy 69/
O

Glueing and symmetrizing cobordisms are commutative operations as this example

shows.
Lemma A.3.2. Let
¢ = (for: C'— D, (5¢,—¢))
¢ = (for: €' — D', (3¢, 4))
be two e-quadratic (n + 1)-dimensional Poincaré pairs. Then

(17 X) : (D” =D Uer D/a (1 + Ts)((sw UT// 5¢/))
— (D" = DU D, (14 T)(59) Uy (14 T2)(59))

0 0 0
xo= 1|0 (_)T_ITQ/)O ol - DIt _ pnt2—r ® C/n+1fr o pnteT
0 0 0

— D/=D,&C,_;&D,
is an isomorphism of (n + 2)-dimensional e-symmetric Poincaré complexes.

Next we show that changing the common boundary of two pairs doesn’t change their

union
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Lemma A.3.3. Let

¢ = (f: C—D,(6¢,¢))
d = (f':+C— D'\ (), ¥))

be two e-quadratic (n + 1)-dimensional Poincaré pairs. Let (h,x): (6,12)\) = (C,v)
be an equivalence of quadratic complexes. Using Lemma A.2.6, define the (n + 1)-

dimensional e-quadratic Poincaré pairs

= (f=/fh:C— D,(00 =8¢+ ()" fxf* b))

¢ = (P =fh:C— D, 5 =0+ (—)"fxf" D))

o)

Then there is an chain equivalence of (n + 2)-dimensional e-quadratic Poincaré com-

plexes
100 N
0 h 0,0 : cu-¢= (DUGD/,(MUJ—&/J)
0 0 1
s cU—c= (DUc D', 8¢ Uy, —6¢)
0 0 0
o5 = | ()X ()" Txe O
0 (_)s—lleS 0

(D Uc D/)n+2—7‘—5 — Dn+2—7‘—5 D Cn-f—l—r—s ® Dm+277a,5
—_— (D UC D,)r = DT‘ ) CT*I @D;_l

Another construction we will use is the union of a fundamental pair. The geometrical
analogue can be described as such: Let (W, M, M) be an (n+ 1)-dimensional cobordism
and glue it together along its boundaries. Using Mayer-Vietoris one sees that the
resulting manifold V' has the chain complex C(f —g) with (f,g): M + M — W being

the inclusion of the boundary.

Definition and Lemma A.3.4 ([Ran98] Definition 24.1.). An (n+1)-dimensional
e-symmetric pair is called fundamental if it is of the form ((f,g): C®C — D, (0¢, ¢@
—¢)). Similar for the quadratic case.

The union of a fundamental (n + 1)-dimensional e-symmetric Poincaré pair
((f,9): C®C — D,(d¢,¢ @ —¢)) over A is the (n + 1)-dimensional e-symmetric

Poincaré (U, p) complex over A given by
U = C(f—-g:C— D)
p _ < 5¢s (_)Sg¢s ) .
s (_)nfrJrl(ﬁsf* (_)nfr+s+1Te¢S_1

Un+1—7‘+s _ Dn+1—7”+5 fa Cn_r+s — U, =D, ® Crfl
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The union of a fundamental (n + 1)-dimensional e-quadratic Poincaré pair

((f,9): C®»C — D, (61,% & —1)) over A is the (n + 1)-dimensional e-symmetric

Poincaré (U, o) complex over A given by
U = C(f—g9:C— D)

S O S S O st
Un+1frfs — DnJrl*T‘*S O "5 — U-=D,®Crq

Proof. Compute the union (D", ¢") of the two cobordism over A

¢c = ((f,9): Ca&C—D, (66,0 & —9))

/

d = (L1):CalC —C,(0,—9p D ¢))

(or the quadratic analogue). Then use the isomorphism of chain complexes

1 00 —qg
~lo10 o
= o1 1 ()t
0 0 O 1
D'=D, & (Cro1 ®Cr_1) & C, ar D’

d (=)' (=)""1g 0
0 d 0 0
0 0 d 0
0 (_)7‘—1 (_)r—l d

D/),f'/_l =Dr1® (Cr—Q @ CT—Q) & Cr1 — D;"/—l

A.4 Surgery on complexes

Definition A.4.1. Let (C,%) be a connected n-dimensional e-quadratic complex and

c=(f: C — D,(61,1)) an e-quadratic (n + 1)-dimensional pair.

c is connected if the zeroth homology of its Poincaré duality map vanishes.

The result of an e-quadratic surgery on a connected pair c is the connected

160



n-dimensional e-quadratic complex (C’, ') given by

dc 0 (=)"" 1+ T)vof*

der = [ (=)"f dp (=)' (1 +T)d¢o
0 0 (=)"dp
' =C.®Dy @DV — (! =C.1®D, @DV
o 0 0
Yo = [0 00
0 10

Cln—T e e anrJrl o Dr-‘,—l _ C; — Cr @ Dr+1 D anrJrl
Q,Z)s (*)STﬂbsflf* 0

Yo = [0 ()" Tdsr O
0 0 0
Cln—r—s =TS g anrferl @ Dr+s+1 N C; — CT‘ D Dr+1 D anTJrl
(s >0)
Similar for the symmetric case. O

In an obvious way we can introduce the notion of an cobordism of complexes. It turns

out to be an equivalence relation and its equivalence classes are the surgery L-groups.

Definition A.4.2. A cobordism of two n-dimensional e-quadratic Poincaré
complexes (C,¢) and (C’,¢’) is an (n + 1)-dimensional e-symmetric Poincaré pair
(f: C®C" — D, (6¢,¢ & —1')). Similar for the symmetric case. O

The well-known relations between surgery and cobordism hold also in the algebraic

world

Proposition A.4.3 ([Ran80a] Proposition 4.1.). i) Algebraic surgery preserves
the homotopy type of the boundary, sending Poincaré complezes to Poincaré com-

plezes.

ii) Two Poincaré complexes are cobordant if and only if the one can obtained from

the other by surgery and homotopy equivalence.

Lemma A.4.4 ([Ran80a] Proposition 1.4i). With C and C' as in the Definition
A.4.1 the map

1 0
0 0
0 0
0 1
0 0
E( _) n+r)r 0

9C, = Cp iy @ C"" — OC". = Cyy1 ® Dy s ® D" " @ C™" @ D" " @ D, 4y

defines a homotopy equivalence.
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Proposition A.4.5 ([Ran80a] Proposition 3.2). Cobordism is an equivalence rela-
tion on n-dimensional Poincaré compleres. Homotopy equivalent Poincaré complexes

are cobordant.

The cobordism classes of Poincaré complexes are groups and are the preferred definition
for the L-groups amongst algebraic surgeons because they are related to the L-groups
defined as Witt-groups of forms and formations. See [Ran80a] Chapter 4 and 5 for

more details. For our purposes the only fact we really need is the following lemma:

Lemma A.4.6. Let (C,v) be an 2m-dimensional quadratic Poincaré complex with
Ci =0 forig {m+1,m}. Then

(M =C"®Cpy1,0 = (Z;S 8) € Q()M(M)>

is a non-singular (—)™-quadratic form.
(C, ) is null-cobordant if and only if (M,0) = 0 € Lam12(A). Homotopic or cobordant

e-quadratic complexes lead to the same element in Lopy42(A).

Remark A.4.7. This is a special case of the instant surgery obstruction given in

[Ran80a]. A similar result does not hold in general for symmetric complexes.

Proof. Define the connected (2m + 1)-dimensional quadratic pair (f: C — D, (0,%))
with f =1: Cy41 — Dipy1 = Cpg1 and D; = 0 for @ # m+ 1. We simplify the result

C’ of the surgery on C using the homotopy equivalence

'
Cm—i—l = Cmt1

d
()
0

C! = Ch @ Dypi1 ® D

*

(79" 01)

[Ran80a] Proposition 4.3. and Proposition 5.1. finish the proof O

162



[Coh&9]

[HKT94]

[KKNO73]

[KM63]

[Kre84]

[Kre99)]

[Kre00]

[Kre01]

[KS8S]

[KS91]

Bibliography

P. M. Cohn. Algebra. Vol. 2. John Wiley & Sons Ltd., Chichester, second
edition, 1989.

Ian Hambleton, Matthias Kreck, and Peter Teichner. Nonorientable 4-
manifolds with fundamental group of order 2. Trans. Amer. Math. Soc.,
344(2):649-665, 1994.

U. Karras, M. Kreck, W. D. Neumann, and E. Ossa. Cutting and past-
ing of manifolds; SK-groups. Publish or Perish Inc., Boston, Mass., 1973.

Mathematics Lecture Series, No. 1.

Michel A. Kervaire and John W. Milnor. Groups of homotopy spheres. 1.
Ann. of Math. (2), 77:504-537, 1963.

Matthias Kreck. Bordism of diffeomorphisms and related topics. Springer-
Verlag, Berlin, 1984. With an appendix by Neal W. Stoltzfus.

Matthias Kreck. Surgery and duality. Ann. of Math. (2), 149(3):707-754,
1999.

Matthias Kreck. A guide to the classification of manifolds. In Surveys on
surgery theory, Vol. 1, pages 121-134. Princeton Univ. Press, Princeton,
NJ, 2000.

Matthias Kreck. h-cobordisms between 1-connected 4-manifolds. Geom.

Topol., 5:1-6 (electronic), 2001.

Matthias Kreck and Stephan Stolz. A diffeomorphism classification of 7-
dimensional homogeneous Einstein manifolds with su(3) x su(2) x u(1)-
symmetry. Ann. of Math. (2), 127(2):373-388, 1988.

Matthias Kreck and Stephan Stolz. Some nondiffeomorphic homeomorphic
homogeneous 7-manifolds with positive sectional curvature. J. Differential
Geom., 33(2):465-486, 1991.

163



[KT91]

[Mon69)]

[New72]

[Qui79]

[Ran80a]

[Ran80b]

[Ran81]

[Ran98]

[Ran01]

[Ran02]

[Wal99]

Matthias Kreck and Georgia Triantafillou. On the classification of manifolds
up to finite ambiguity. Canad. J. Math., 43(2):356-370, 1991.

M. Susan Montgomery. Left and right inverses in group algebras. Bull.
Amer. Math. Soc., 75:539-540, 1969.

Morris Newman. Integral matrices. Academic Press, New York, 1972. Pure

and Applied Mathematics, Vol. 45.

Frank Quinn. Open book decompositions, and the bordism of automor-

phisms. Topology, 18(1):55-73, 1979.

Andrew Ranicki. The algebraic theory of surgery. I. Foundations. Proc.
London Math. Soc. (3), 40(1):87-192, 1980.

Andrew Ranicki. The algebraic theory of surgery. II. Applications to topol-
ogy. Proc. London Math. Soc. (3), 40(2):193-283, 1980.

Andrew Ranicki. Fzract sequences in the algebraic theory of surgery. Prince-

ton University Press, Princeton, N.J., 1981.

Andrew Ranicki. High-dimensional knot theory. Springer-
Verlag, New York, 1998. Algebraic surgery in codimension
2, With an appendix by Elmar Winkelnkemper, errata under
http://www.maths.ed.ac.uk/ aar/books/knoterr.pdf.

Andrew Ranicki. An introduction to algebraic surgery. In Surveys on
surgery theory, Vol. 2, pages 81-163. Princeton Univ. Press, Princeton,
NJ, 2001.

Andrew Ranicki. Algebraic and Geometric Surgery. Oxford University
Press, Oxford, UK, 2002.

C. T. C. Wall. Surgery on compact manifolds. American Mathematical
Society, Providence, RI, second edition, 1999. Edited and with a foreword
by A. A. Ranicki.

164



Index

o, 86

9(C, ¢), 155
9(C, ), 155
0(K, ), 28

Algebraic h-cobordism, 55
Annihilator, 25, 26
Asymmetric complex, 73
cobordism, 73
equivalence, 73
morphism, 73
of a Poincaré pair, 74
Poincaré, 73
Asymmetric form, 72
isomorphism, 72
metabolic, 72
non-singular, 72
Witt-group, 73
Asymmetric pair, 73
Poincaré, 73
Asymmetric signature
of a flip-isomorphism, 80
of a Poincaré pair, 75

over Z, 123

b-duality map, 74
Boundary
of a form, 28
of a quadratic complex, 155

of a symmetric complex, 155

Cancellation rule, 143
Central and multiplicative subset, 115
chqo(2), 85

165

Chain equivalence, 150
Chain homotopy, 150

Chain map, 149, 150
Cobordism of complexes, 161
Cobordism reld, 47
Cohomology, 150
Connected, 155, 160

Duality involution map, 25, 150, 153
Elementariness, 34

Finite Poincaré space, 20
fI29H2(A), 84
flag+2(A), 84
Flip, 43
Flip-l-monoid, 84
Flip-isomorphism, 61, 62
philosophy, 60
reld, 95
stable, 62
strong, 62
Formation
non-singular, 27
quadratic, 27
split quadratic, 27
trivial, 28
Fundamental pair, 159

union, 159

Heegaard-splitting, 21
Homology, 150
Homotopy equivalence, 154

Homotopy of morphisms, 93



Hyperbolic form, 26

K.(M),5
Kernel modules, 5
Kreck surgery theory, see Surgery the-

ory

(A, S)-module, 116
L-group
asymmetric, 73
formations, 30
quadratic, 27
symmetric, 27
Loy (A), 27
L?(A), 27
L2q+1(A)v 30
[-monoid, 28
lyya(A), 28
lag+2(A), 28
I27T2(A), 28
12a+2(A), 29
I5g42(A), 34
Lagrangian, 25
LAsy (M), 73
LAsy™(A), 73
Linking form
B-, 123
split quadratic, 116
symmetric, 116
topological, 123
Linking-I-monoid, 119
ll3,,5(A), 119
122 (A), 119

Localization, 115

Me(A), 126
m-Monoid, 128
mag+2(A), 128
Mapping cone, 150
Metabolic, 25, 26, 72

166

Nice field, 145

Normal smoothings, 22

Poincaré pair
geometric, 20
quadratic, 154
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