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Abstract

In this thesis, a bundle F' — (M,w) — B is said to be Lagrangian if (M,w) is a 2n-
dimensional symplectic manifold and the fibres are compact and connected Lagrangian
submanifolds of (M,w), i.e. w|p = 0 for all F'. This condition implies that the fibres and
the base space are n-dimensional. Such bundles arise naturally in the study of a special
class of dynamical systems in Hamiltonian mechanics, namely those called completely
integrable Hamiltonian systems. A celebrated theorem due to Liouville [39], Mineur
[46] and Arnol‘d [2] provides a semi-global (i.e. in the neighbourhood of a fibre) sym-
plectic classification of Lagrangian bundles, given by the existence of local action-angle
coordinates. A proof of this theorem, due to Markus and Meyer [41] and Duistermaat
[20], shows that the fibres and base space of a Lagrangian bundle are naturally integral
affine manifolds, 7.e. they admit atlases whose changes of coordinates can be extended
to affine transformations of R™ which preserve the standard cocompact lattice Z"™ C R™.

This thesis studies the problem of constructing Lagrangian bundles from the point
of view of affinely flat geometry. The first step to study this question is to construct
topological universal Lagrangian bundles using the affine structure on the fibres. These
bundles classify Lagrangian bundles topologically in the sense that every such bundle
arises as the pullback of one universal bundle. However, not all bundles which are
isomorphic to the pullback of a topological universal Lagrangian bundle are Lagrangian,
as there exist further smooth and symplectic invariants. Even for bundles which admit
local action-angle coordinates (these are classified up to isomorphism by topological
universal Lagrangian bundles), there is a cohomological obstruction to the existence of
an appropriate symplectic form on the total space, which has been studied by Dazord
and Delzant in [18]. Such bundles are called almost Lagrangian. The second half of this
thesis constructs the obstruction of Dazord and Delzant using the spectral sequence of
a topological universal Lagrangian bundle. Moreover, this obstruction is shown to be
related to a cohomological invariant associated to the integral affine geometry of the
base space, called the radiance obstruction. In particular, it is shown that the integral
affine geometry of the base space of an almost Lagrangian bundle determines whether
the bundle is, in fact, Lagrangian. New examples of (almost) Lagrangian bundles are
provided to illustrate the theory developed.
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Chapter 1

Introduction

1.1 Guiding questions

This thesis is concerned with the study of Lagrangian bundles, which, in recent years,
have been of interest in a number of branches of mathematics and theoretical physics,
ranging from symplectic topology to algebraic geometry, from classical mechanics to
mirror symmetry. A fibre bundle

m: (M,w)— B

is said to be Lagrangian if the fibres are maximally isotropic submanifolds of the sym-
plectic manifold (M,w) (cf. Definition 2.1). Such bundles arise naturally in the study
of Hamiltonian mechanics and, in particular, in completely integrable Hamiltonian sys-
tems (cf. Definition 2.10). Such dynamical systems exhibit a well-understood local
dynamical behaviour, as the phase space is fibred by abelian Lie groups along which
the motion is quasi-periodic. This is one of the main consequences of the celebrated
Liouville-Mineur-Arnol‘d theorem (cf. Theorem 2.2), which, in classical mechanics,
gives a theoretical approach to constructing the integral of motions by quadratures (cf.
[2]). For the purposes of this work, the most important consequence of this theorem
is that the fibres and base space of a Lagrangian bundle are affine manifolds (cf. Def-
inition 2.12), i.e. they admit an atlas whose changes of coordinates are constant on
connected components and lie in the group

Aff(R") := GL(n; R) x R"

of affine diffeomorphisms of R™. In fact, as pointed out by Duistermaat in [20], it turns
out that the fibres and base space of a Lagrangian bundle are integral affine manifolds,
i.e. the coordinate changes in their affine atlases lie in the group

Affz(R"™) := GL(n; Z) x R™.
The aim of this thesis is the following.
Aim. Study the integral affine geometry of Lagrangian bundles.
In particular, there are two guiding questions throughout.

Guiding Question 1. Does the integral affine structure on the fibres determine the
topological classification of Lagrangian bundles?



Guiding Question 2. Is the integral affine geometry on a manifold B related to the
problem of constructing Lagrangian bundles over B?

The classification and construction of Lagrangian bundles are problems that have
been extensively studied in the last thirty years mainly in relation to completely in-
tegrable Hamiltonian systems and mirror symmetry. In both cases, the bundles are
allowed to admit some singularities and the interest lies primarily in understanding the
nature of these; in one case, the singular fibres arise in concrete classical and quantum
integrable systems, such as the spherical pendulum (cf. [15]) or the hydrogen atom
in weak electric and magnetic fields (cf. [21]), while in the other they arise in mirror
maps between Calabi-Yau manifolds via the Strominger-Yau-Zaslow (SYZ) conjecture
(cf. [33, 60]). However, in order to study the nature of singularities, it is necessary to
have a deep understanding of the regular part of the bundle, and of how it affects the
topology and geometry of singularities. In some cases, there are classification results,
both topological (cf. [66, 68]) and symplectic (cf. [50]); moreover, there exist concrete
examples of Lagrangian bundles with singularities confirming that the SYZ conjecture
holds in some specific cases (cf. [13]).

The following two sections motivate further why the above guiding questions are
important and why works in the literature hint at the fact that they can be solved.

1.1.1 Guiding question 1: classification of Lagrangian bundles

The Liouville-Mineur-Arnol‘d theorem (cf. Theorem 2.2) gives a complete characteri-
sation of the local behaviour of completely integrable Hamiltonian systems. As such, it
can be looked at from various perspectives, e.¢g. dynamically, topologically or symplec-
tically, and there exist several different proofs of the theorem which highlight different
aspects of the result (cf. [8, 20, 40]). For the purposes of this thesis, the most important
result is the topological and symplectic classification in the neighbourhood of a fibre of
a Lagrangian bundle (cf. Theorem 2.2). Such classification is referred to as semi-global
in various works in the literature, e.g. [50, 68]. In particular, this result provides the
existence of local action-angle coordinates near a fibre of a Lagrangian bundle (cf. Sec-
tion 4.2), which are Darboux coordinates in this neighbourhood. A natural question
to ask is the following.

Question 1.1. Under what constraints does a Lagrangian bundle admit global action-
angle coordinates?

Failure of the existence of global action-angle coordinates for a Lagrangian bun-
dle yields interesting dynamical behaviour for the underlying completely integrable
Hamiltonian system. This phenomenon was first observed with regards to the spher-
ical pendulum (cf. Example 2.11) by Duistermaat in [20] and Cushman in [15]. In
this completely integrable Hamiltonian system there is a singularity which generates
monodromy, i.e. the angle coordinates cannot be defined globally for the underlying
Lagrangian bundle. However, it is important to observe that the possibility of exis-
tence of obstructions to the existence of global action-angle coordinates had also been
observed by Nehorosev in [49].

Motivated by Question 1.1, Duistermaat achieved a topological (and partly sym-
plectic) classification of Lagrangian bundles with compact and connected fibres in [20];
under these restrictions, the fibres are diffeomorphic to tori. Duistermaat showed that



any such Lagrangian bundle
(M,w) — B

over an n-dimensional manifold B has two topological invariants, namely:-

i) the monodromy representation
X+ : (B3 b) = GL(n; Z),

where b € B is a basepoint. This corresponds to the topological monodromy of
the bundle (cf. Section 3.2.1);

ii) the Chern class
c € H¥(B; Z7 ),

where Z is the system of local coefficients determined by the above monodromy
representation. This cohomology class is the obstruction to the existence of a
section s : B — M (cf. Section 3.2.2).

Remark 1.2 (Dynamical meaning of the Chern class). While monodromy has been
observed in several classical and quantum Hamiltonian systems (cf. [10, 15, 21]), there
are no examples of completely integrable Hamiltonian systems which exhibit non-trivial
Chern class. Thus the dynamical meaning of the latter is still mysterious.

In order to obtain the above topological classification of Lagrangian bundles, [20]
provides a proof of the Liouville-Mineur-Arnol‘d theorem which shows that the fibres
of a Lagrangian bundle inherit a smoothly varying affine structure, i.e. they are affine
manifolds whose atlases depend smoothly on B. This result uses a crucial observation
which was originally due to Markus and Meyer in [41]. In fact, these affine structures on
T™ are affinely diffeomorphic to the affine structure induced by the standard action of
Z" on R™ by translations (cf. Example 2.14.iv), which is integral. Denote this integral
affine manifold by R"/Z".

Moreover, [20] shows that the structure group of the Lagrangian bundle can be
reduced to the group
AfE(R"/Z") := GL(n; Z) x R"/Z" (1.1)

of affine diffeomorphisms of R™/Z"™. This observation can be used to construct the

topological invariants of Lagrangian bundles by studying the topology of the universal
bundle for Aff(R"™/Z").

1.1.2 Guiding question 2: construction of Lagrangian bundles

The theory developed in [20] does not suffice to provide a recipe to construct Lagrangian
bundles, as the crucial question of the existence of a suitable symplectic form on the
total space of the bundle is not studied there. However, the smoothly varying affine
structure on the fibres and the reduction of the structure group to Aff(R"™/Z") are
necessary conditions for a T"-bundle over an n-dimensional manifold to be Lagrangian.
Bundles which satisfy these conditions are called affine R™/Z"-bundles (cf. [5]).

The proof of the Liouville-Mineur-Arnol‘d theorem in [20] implies that the base
space of a Lagrangian bundle is necessarily an integral affine manifold. This is a con-
sequence of the symplectic topology of the bundle. In fact, all integral affine manifolds



are the base space of some Lagrangian bundle (cf. Lemma 4.3). Furthermore, the mon-
odromy of a Lagrangian bundle (M,w) — B inducing a given integral affine structure
A on B is determined by the linear holonomy [ of the integral affine manifold (B, .A)
via

e =T (1.2)

(cf. Section 4.3.1). Hence integral affine geometry is related to the construction of
Lagrangian bundles; this suggests that studying Guiding Question 2 might lead to a
better understanding of the relation between affine geometry and Lagrangian bundles.

In light of the above results, the problem of constructing Lagrangian bundles be-
comes the following (cf. Question 4.31).

Question 1.3. Let (B,.A) be an n-dimensional integral affine manifold with linear
holonomy [. The cohomology classes in

H?(B; Z{ 1)

classify the isomorphism classes of affine R"/Z"-bundles over B with monodromy [~7
Which of these bundles can be Lagrangian?

The above problem has been solved from a slightly different point of view by Dazord
and Delzant in [18]. This paper proves that there is a homomorphism

D(p.a) : H(B; Z}-r) — H*(B;R)

whose kernel gives the subgroup of realisable Chern classes, i.e. Chern classes whose
corresponding affine R™/Z"-bundles can be Lagrangian. The terminology comes from
the theory of symplectic realisations of Poisson manifolds, which is related to isotropic
bundles, a more general family of bundles (cf. [62]).

The idea of the proof of the above result is the following. Let (B,.A) be an integral
affine manifold with coordinate charts

Oa : Uy — R™.

The manifold R™ admits an integral affine structure, which comes from the standard
atlas. Let a denote integral affine coordinates on R”. In light of the above equivalence
between integral affine manifolds and base spaces of Lagrangian bundles (cf. Lemma
4.3), there exists a Lagrangian bundle over R"

(T*R"/PRn,wo) — Rn, (13)

where P C (T*R"™, Qgn) is the Lagrangian submanifold which covers R™ with fibre the
discrete span

Z(da',...da™),

and wgy denotes the induced symplectic form on the quotient. In fact, up to a sym-
plectomorphism which preserves the bundle structure, the bundle of equation (1.3) is
the only Lagrangian bundle over R™ (cf. [49]). Pull back the above bundle by the
diffeomorphisms ¢, to obtain locally defined Lagrangian bundles

(T*Us/ Paywa) = Uy



the cohomology class D(p 4)(c) is the obstruction for the local symplectic forms wq to
patch together on the total space of the affine R™/Z"™-bundle classified by ¢ (cf. Sections
4.4 and 6.3). In particular, this statement holds because there exists a symplectic
reference Lagrangian bundle associated to the integral affine manifold (B, .A) with linear
holonomy [ (cf. Definition 4.25), whose isomorphism class corresponds to

0 € H*(B; Z!" 7).

This bundle provides the local symplectic models for affine R™/Z"-bundles over B with
monodromy [~7; these local models are fibrewise symplectomorphic to the local La-
grangian bundles constructed above.

Interestingly, the construction of these local Lagrangian bundles depends entirely
on the integral affine geometry of (B,.A); in particular, the cohomology class of the
symplectic form wp on the total space of the symplectic reference Lagrangian bundle
over (B, A) is related to a cohomological invariant of the integral affine structure A (cf.
Theorem 7.5).

Finally, the problem of constructing Lagrangian bundles is interesting also because
of the dearth of explicit examples of these bundles with non-trivial topological (and
symplectic) invariants. The first examples of Lagrangian bundles with non-trivial Chern
classes were provided by Bates in [6]; these examples have been generalised in [55]. In
theory, given the classification works [18, 20], it should be possible to carry out a
classification of Lagrangian bundles over any integral affine manifold (B, .4); however,
there exists only a classification of such bundles over closed surfaces. This is because,
in dimensions higher than two, it is hard to determine whether a given closed manifold
is affine (but there are obstructions, cf. Section 1.1.3 and [58, 61]). In dimension two,
the only closed manifolds which can be (integral) affine are diffeomorphic to T? and the
Klein bottle K?; this is a theorem of Benzecri [9] and Milnor [45]. The classification
of Lagrangian bundles over a two-dimensional torus is in [48], while the case of the
Klein bottle is dealt with in [53]. Both papers hinge upon very strong results in the
theory of affine manifolds due to Fried, Goldman and Hirsch in [27], which allow for a
classification of integral affine structures on these manifolds (which should be compared
with the corresponding families of affine structures classified by Arrowsmith and Furness
in [28, 29]).

1.1.3 Affine geometry

Sections 1.1.1 and 1.1.2 explain why affine geometry permeates the study of Lagrangian
bundles. However, the study of affine manifolds precedes the modern interest in the
classification of Lagrangian bundles, since the structure of such manifolds has been
investigated since 1950 (cf. [4]).

The existence of an affine structure on a closed manifold puts some constraints on
the topology of the manifold, as shown by Smillie in [58], where the connected sums
of lens spaces are proved not to be affine. This result is obtained by studying the
interplay between the topology of an affine manifold and its fundamental group; this is
a recurring theme in affine geometry, as illustrated by the conjecture due to Auslander
[1], which relates geometric and topological properties of closed affine manifolds to al-
gebraic properties of their fundamental groups. This conjecture is still open, although



progress has been made throughout the years (cf. [1]).

The other main outstanding conjecture in affine geometry is due to Markus (cf.
[32, 41]); it states that the universal cover of a closed orientable affine manifold (B, .A)
is R™ with the standard affine structure if and only if the affine changes of coordinates
of (B, A) take values in

SL(n;R) x R™. (1.4)

Note that the study of this conjecture is related to the study of integral affine manifolds,
since their coordinate changes lie in the group of equation (1.4). In an attempt to solve
this conjecture, Fried, Goldman and Hirsch introduced a topological invariant of affine
manifolds, the radiance obstruction, which contains important information about the
affine structure of the underlying affine manifold (cf. [26] and Chapter 7). For instance,
using this cohomology class, the same authors proved that the conjecture of Markus
holds when the fundamental group of the manifold is nilpotent (cf. [27]).

1.2 Main results

This thesis provides answers to Guiding Questions 1 and 2, which are outlined in the
two sections below.

1.2.1 Answer to Guiding Question 1

The existence of a smoothly varying affine structure on the fibres of Lagrangian bundles
with compact and connected fibres determines the topological classification of such
bundles. This follows from the fact that the structure group reduces to

AF(R"/Z") = GL(n; Z) x R"/Z",

where the action of GL(n;Z) on R"/Z" descends from the standard action on R™. The
splitting
o:GL(n;Z) — AfE(R"/Z")
A (A,0)

induces a bundle

R"/7" — BGL(n;Z) — BAf(R"/Z"), (1.5)
via Theorem 3.2. This bundle generates all topological types of Lagrangian bundles in
the sense that every such bundle over B is isomorphic to the pull-back

R"/Z" — x*BGL(n; Z) — B,

where x : B — BAff(R"/Z") denotes the classifying map of the associated principal
Aff(R™/Z™)-bundle (cf. Section 3.1.1); this is the content of Theorem 3.6. For this rea-
son, the bundle of equation (1.5) is called the topological universal Lagrangian bundle.

As a consequence of Theorem 3.6, the topological invariants of Lagrangian bundles
defined in [20] arise as the pull-backs of topological invariants of the topological univer-
sal Lagrangian bundle. In particular, there exist a universal monodromy representation

id, : m (BAfF(R"/Z")) — GL(n; Z)



and a wuniversal Chern class
cy € H*(BAfF(R™/Z"); 23 ),

the latter being the obstruction to the existence of a section for the topological universal
Lagrangian bundle. The importance of these universal topological invariants is that
the study of properties of the topological invariants of Lagrangian bundles is reduced
to the study of these two invariants. In particular, the universal Chern class plays
an important role in the Leray-Serre spectral sequence of the topological universal
Lagrangian bundle, since it determines some differentials on the Ey page (cf. Theorem
6.6). Understanding this differential is useful to find an answer to Guiding Question 2.

1.2.2 Answer to Guiding Question 2

Not all pull-backs of the topological universal Lagrangian bundle of equation (1.5) give
rise to Lagrangian bundles, as there are necessary conditions on the base space (e.g. it
needs to be an integral affine manifold whose linear holonomy satisfies the condition of
equation (1.2)).

Let (B,.A) be an n-dimensional integral affine manifold with linear holonomy [. The

elements of
HQ(B§ Z[TL—T)

classify the isomorphism types of almost Lagrangian bundles (cf. Question 1.3 and
Definition 4.32). Fix one such

R"/7Z" — M — B

with Chern class ¢. The answer to Guiding Question 2 (and the main result of the
thesis) is the following.

Main Result. The obstruction for the above almost Lagrangian bundle to be La-
grangian is given by the cohomology class of the cup product

¢ 1, € H(B;R),

where - denotes the cup product with twisted coefficients and r(p 4) is the radiance
obstruction of the integral affine manifold (B, .A).

This result is obtained in four steps.

Step 1 The first explicit examples of fake Lagrangian bundles, i.e. almost Lagrangian
bundles which cannot be Lagrangian, are constructed. This is the content of
Theorem 5.1. The underlying integral affine manifold is R3/Z3. While the proof
of this result uses very specific tools (in particular, it uses crucially the fact
that the integral affine universal cover of R3/Z3 is affinely diffeomorphic to R?
with standard integral affine structure), it illustrates the topology behind the
homomorphism Dgs /73 of Dazord and Delzant which computes the obstruction
to the existence of an appropriate symplectic form on the total space of an almost
Lagrangian bundle over R3/Z3;

Step 2 Some differential d® on the Es-page of the Leray-Serre spectral sequence with
Z-coefficients of the topological universal Lagrangian bundle is proved to be given



by taking the cup product with the universal Chern class ¢y in Theorem 6.6. In
the proof of this theorem, the main ingredient is that the topological universal
Lagrangian bundle is the GL(n; Z)-equivariant equivalent of the universal bundle
for principal R™/Z™-bundles;

Step 3 Functoriality of the Leray-Serre spectral sequence (cf. [42]) implies that the result
of Step 2 applies to the Leray-Serre spectral sequence of any almost Lagrangian
bundle. Fix an n-dimensional integral affine manifold (B, .4) with linear holonomy
[; the symplectic form on the total space of its symplectic reference Lagrangian
bundle defines a cohomology class

wo € HY(B; HY(R"/Z"; R)y),

as shown in Lemma 6.7. The above cohomology group is, in fact, isomorphic to
E%’l, where E5™ denotes the Eg-page of the Leray-Serre spectral sequence with
real coefficients of the almost Lagrangian bundle over (B,.A) with Chern class c.
Note that the groups E;™ are independent of ¢. Theorem 6.9 proves that

Dyp.ay(c) = —dP (wp),

where d§2> : Eé’l — E:;,o is the differential. Note that Step 2 implies that dg) is
given by taking cup products with ¢®, the image of ¢ under the homomorphism

H*(B;Z" ;) — H*(B; Zr) ®z R 2 H*(B; Rl 1)
(cf. Corollary 6.8);

Step 4 The cohomology class wg is shown to be mapped to the radiance obstruction
7(B,4) under a natural isomorphism (cf. Theorem 7.5).

The above Main Result allows to study Lagrangian bundles using integral affine
geometry and wice versa; an example of the interaction is given in Theorem 7.6, which
proves that there exist no closed integral affine manifolds whose radiance obstruction
vanishes.

1.3 Structure of thesis

This thesis is structured as follows. Chapter 2 studies the relation between Lagrangian
bundles and completely integrable Hamiltonian systems. The Liouville-Mineur-Arnol‘d
theorem is stated (cf. Theorem 2.2) and a part of it is proved in Theorem 2.3, which
implies that the (compact and connected) fibres of a Lagrangian bundle can be natu-
rally endowed with a smoothly varying affine structure affinely diffeomorphic to R"™/Z".
This observation, along with the reduction of the structure group to Aff(R™/Z"), lays
the foundation for the work of Chapter 3, which constructs topological universal La-
grangian bundles (cf. Definition 3.5) starting from the topology of Aff(R™/Z™). The
topological invariants of Lagrangian bundles, i.e. monodromy and Chern class, are
constructed starting from their universal counterparts; moreover, these invariants are
shown to be sharp. Therefore Chapter 3 provides an answer to Guiding Question 1.

On the other hand, Guiding Question 2 is addressed in Chapters 4 to 7. The first
of these chapters starts with the observation that not all pull-backs of topological uni-
versal Lagrangian bundles are, in fact, Lagrangian; it then proceeds to investigate the



symplectic geometry of Lagrangian bundles to obtain further characterisations of such
bundles. Existence of local action-angle coordinates is proved in Theorem 4.2, which
completes the proof of the Liouville-Mineur-Arnol‘d theorem. These canonical coor-
dinates are used to prove that the base space of a Lagrangian bundle is an integral
affine manifold (cf. Definition 4.15); any such manifold is also the base of some La-
grangian bundle (cf. Lemma 4.3), which is called the symplectic reference Lagrangian
bundle. Existence of local action-angle coordinates is, however, not sufficient to con-
struct a suitable symplectic form, as illustrated by introducing the concept of almost
Lagrangian bundles (cf. Definition 4.32) and by stating a theorem due to Dazord and
Delzant (cf. Theorem 4.4), which gives a necessary and sufficient condition for an
almost Lagrangian bundle to be Lagrangian. Chapter 5 studies the problem of differ-
entiating between almost Lagrangian and Lagrangian bundles when the base space is
R3/Z3, thus constructing the first explicit examples of fake Lagrangian bundles. More-
over, Section 5.2 gives an example which shows that the homomorphism of Dazord and
Delzant does not determine whether the total space of a fake Lagrangian bundle is, in
fact, symplectic. Chapter 6 brings topological universal Lagrangian bundles into the
problem of constructing Lagrangian bundles over an integral affine manifold (B, .A);
Theorem 6.9 proves that the homomorphism D(p 4) of Dazord and Delzant is given by
taking twisted cup products with wg, the cohomology class of the symplectic form of
the symplectic reference Lagrangian bundle. This result is obtained by looking at the
Leray-Serre spectral sequence of the topological universal Lagrangian bundle: some dif-
ferential d® on the Ey-page is given by taking cup products with the universal Chern
class ¢y (cf. Theorem 6.6). Finally, Chapter 7 completes the proof of the Main Result
(cf. Section 1.2.2) by noticing that the cohomology class wq is, up to isomorphism,
equal to the radiance obstruction 7(p 4y of the integral affine manifold (B,.A). The
connection between the symplectic topology of Lagrangian bundles and integral affine
geometry is exploited in Theorem 7.6 and Section 7.3; the latter considers some explicit
examples which are related to singular Lagrangian bundles.

1.4 (Un)originality claims

Chapters 2 and 4 consist of material that is presented in various other works in the
literature, which I have referred the reader to. The exposition is my own and the
emphasis on affine geometry is stronger here than it is in most other works in the lit-
erature. Chapters 3, 5, 6 and 7 contain original results, unless otherwise stated in the
text. Again, it must be said that the construction of the universal radiance obstruction
ry as in Section 7.1 cannot be found elsewhere in the literature; the proved results are
well-known and there is no claim of originality there.

Finally, Chapter 3 is largely based on the published article [55], Chapter 5 presents
an example that comes from [54], and Chapters 6 and 7 expose results also presented
in [56].



Chapter 2

Preliminaries on Lagrangian
bundles and affine geometry

This is an expository chapter, introducing the main concepts and methods used in this
thesis.

2.1 Definition and examples of Lagrangian bundles

Let (M,w) be a 2n-dimensional symplectic manifold.

Definition 2.1 (Lagrangian bundles). A fibre bundle F' — (M,w) — B is said to
be Lagrangian if the fibres are Lagrangian submanifolds of (M,w), i.e. w|p = 0 and
dim F =  dim M = n.

Remark 2.2. The above definition implies that dim B = n.

Notation. Throughout this work, M and B denote 2n-dimensional and n-dimensional
manifolds respectively, unless otherwise stated.

Example 2.3 (The cotangent bundle). Let 7 : T*B — B denote the cotangent bundle
of a manifold B. It is well-known (e.g. [43]) that T*B admits a symplectic form €2,
called the canonical symplectic form. It is defined as follows. Let

Dr:TT*B - TB

be the differential of the projection map 7. For b € B, let v* € T;B. Define the
canonical 1-form A to be the linear map

v* o Dr(b,v*) : Ty T*B — R
at each (b,v*) € T*B. The canonical symplectic form € is defined by
Q= —dA.

If (a',...,a") are local coordinates on B and (a',...,a",p!,...,p") are induced local
coordinates on T* B, then a local representative of {2 is given by

Zn:dai Adp' = —d(i:pida’). (2.1)
i=1 i=1
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Equation (2.1) implies that the bundle
R" — (T*B,Q) — B

is Lagrangian. Note further that if u is a closed 2-form on B, then (T*B,) + 7*pu)
is a symplectic manifold, and the projection 7 : (T*B,Q + 7n*u) — B gives rise to a
Lagrangian bundle.

Notation. Throughout this thesis, 7w denotes projection of a fibre bundle.

Remark 2.4. Lagrangian bundles are henceforth assumed to have compact and con-
nected fibres, unless otherwise stated. However, it is important to bear Example 2.3 in
mind, as it is closely related to the local behaviour of Lagrangian bundles in general.
Under some restrictions, the classification of Lagrangian bundles with contractible fi-
bres can be carried out (cf. [48]). The constraint in this paper is on the affine structure
of the fibres (cf. Section 2.3).

Example 2.5 (Even dimensional tori). Let Qg2» be the canonical symplectic form on
R?m =~ T*R™. Addition of vectors makes (R?", +) into a Lie group. Let

A2n o~ ZQn C (RQn7 +) o THR™
be the standard lattice, which, under the projection map (and homomorphism)
m: (T*R", 4+) — (R",+), (2.2)

maps to the standard lattice A" C R™. Translating along the generators of A%" yields
a Z*"-action on R?", which descends to a Z"-action on R™ under the map of equation
(2.2). These Z?* and Z™-actions are free and properly discontinuous on R?" and R"
respectively; moreover, the Z?"-action leaves Qpg2n invariant. Thus there is a Lagrangian
bundle

T" < (R**/Z*",w) — R"/Z",

where R?" /72" and R?"/Z?" are diffeomorphic to T?" and T" respectively.

Example 2.6 (Kodaira-Thurston manifold). Recall the construction of the Kodaira-
Thurston example of a symplectic manifold which is not Kéhler (e.g. [43]). Let I' =
72 x 4 72, where the group operation is defined by

o o / / - 1 m/2
(m,n)-(m,n)—(m+m,Am/n+n), Am’— 0 1 s

where m’ = (m), m}) € Z?. Define an action on R* by

p: I — Diff(R?)
Pmn)(a,P) = (a+m, Amp +n),
where a = (a!,a?), p = (p',p?) and (a, p) € RY. The symplectic form
w = da® A da! + dp! A dp?
makes the bundle induced by the projection
R* — R?

(a',a® p',p*) = (a®,p")

11



into a Lagrangian bundle. The orbit I - 0 maps to the standard lattice A2 C R? under
the above projection. Note further that the action of I' on R* defined by equation (2.3)
preserves the fibres of the above bundle and it leaves w invariant. Thus w induces a
symplectic form w’ on R*/T" which makes the bundle

T? — (R*/I,w’) — T2

Lagrangian. Note that, unlike Examples 2.3 and 2.5, this bundle does not admit a
section.

2.2 Relation to completely integrable Hamiltonian sys-
tems

The fact that the fibres of the bundles in Examples 2.5 and 2.6 are tori is no coincidence,
and it can be explained by investigating the relation between Lagrangian bundles and
a special class of dynamical systems arising in Hamiltonian mechanics. In this sec-
tion, completely integrable Hamiltonian systems are introduced and their relation to
Lagrangian bundles is explained.

In order to define a completely integrable Hamiltonian system, it is necessary to
introduce the concept of a Poisson bracket, which is central in Hamiltonian dynamics.

Definition 2.7 (Poisson bracket). Let N be a smooth manifold. A Poisson bracket
on C*(N) is an anti-symmetric, R-bilinear map {.,.} : C*°(N) x C®(N) — C®(N)
which, for all f,g,h € C*(N), satisfies

1. Leibniz rule: {f,gh} ={f,g}h+ g{f,h};
2. Jacobi identity: {f,{g,h}} +1{g,{h, f}} +{h,{f,9}} = 0.
A Poisson manifold is a pair (N, {.,.}), where {.,.} is a Poisson bracket on C*(N).

Example 2.8 (Symplectic manifolds). Let (M, w) be a symplectic manifold. For each
function f € C*(M), define its Hamiltonian vector field X; to be the unique vector
field satisfying

U Xp)w =df,

where ¢ denotes interior product. The bilinear map {.,.} defined on C*>(M) by setting
{f,9} = w(Xy, Xg) = df(Xy) = —dg(Xy)
for all f,g € C>°(M), yields a Poisson bracket.

Remark 2.9. There exist Poisson manifolds which are not symplectic. For instance,
consider R? with coordinates (a!,a?,a?) endowed with the bivector

9 .9
dal " Oa?’

The above bivector induces a Poisson bracket on C*(R?), but R? cannot be a symplectic
manifold for dimensional reasons.
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Definition 2.10 (Completely integrable Hamiltonian systems). Let (M,w) be a 2n-
dimensional symplectic manifold. A completely integrable Hamiltonian system is a map

f=(fr,. fa) : (M,0) = RY,
whose components satisfy

1. Involutivity: for all é,j =1,...,n,

{fi. fi} =0,
where {.,.} is the Poisson bracket on C*(M) as defined in Example 2.8;
2. Functional independence: df; A ... Adf, # 0 on a dense open subset of M.

Example 2.11 (The spherical pendulum [16, 20]). Let S? C R? be the standard
embedding, and let (a, p) be local coordinates on T*S? induced by the inclusion T*S? C
T*R3. Consider the function

H:T*S?> 5 R
1
(a,p) — §le|2 +a®,

where ||p||? = g(p, p), g denotes the metric on T*S? obtained by restricting the pullback
of the standard Euclidean metric on T*R? = RS, and a = (a!,a?,a?). Let Qg2 denote
the canonical symplectic form on T*S? and let {.,.} be the induced Poisson bracket on
C°°(T*S?). The function

J:T*S* 5 R
(a,p) — a'v? — a®v!
makes the map (H,J) : (T*S?,Qg2) — R? into a completely integrable Hamiltonian
system.

Understanding the dynamics of the spherical pendulum near its equilibrium points
was one of the motivations that brought mathematicians to study Lagrangian bun-
dles in further details. In particular, there is interesting dynamics near the unstable
equilibrium point of the map (H,J) above, as illustrated in the work of Delos et al.
[19]. However, it was previous work of Nehorosev in [49], of Duistermaat in [20], and
of Cushman in [15] that illustrated how the behaviour near the unstable equilibrium
point is reflected in the topology of the map (H,J).

The connection between Lagrangian bundles and completely integrable Hamiltonian
systems begins with the following observation.

Observation 2.1 (Duistermaat [20]). Let F' — (M,w) — B be a Lagrangian bundle.
Let U C B be a coordinate neighbourhood of B and let ¢ : U — R™ be a coordinate
map. Then the composite

porm: (1 U)Wl () = R”

is a completely integrable Hamiltonian system.
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Proof. Set ¢ om = (f1,..., fn). Functional independence of fi,..., f, follows from the
fact that ¢ is a local diffeomorphism. As for involutivity, recall that if X; denotes the
Hamiltonian vector field associated to f;, then

{fis fi} = w(Xi, X5),

where, for notational ease, w = w|,-1(¢7). Since the fibres of the bundle are Lagrangian,
the result is proved if each X; is shown to be tangent to the fibres. It is a standard
result that the Hamiltonian vector field X, is tangent to the level set {g = const}
for any function g on a symplectic manifold. In particular, each X; is tangent to the
submanifold defined by

{flzdla-"vfn:dn} (24)

where d = (dy,...,d,) € R" lies in the image of ¢ o 7. The submanifold of M defined
by equation (2.4) is precisely a fibre of the Lagrangian bundle and, thus, the result
follows. O

Thus methods from the theory of completely integrable Hamiltonian systems can
be used to prove properties of Lagrangian bundles. Moreover, given a completely
integrable Hamiltonian system there is a Lagrangian bundle associated to it. This is
one of the consequences of the Liouville-Mineur-Arnol‘d theorem.

Theorem 2.2 (Liouville [39], Mineur [46], Arnol‘d [2]). Letf = (f1,..., fn) : (M,w) —
R™ be a completely integrable Hamiltonian system and let d € R™ be a regular value of
f. Suppose that F = f~1(d) is compact and connected. Then

i) F is a Lagrangian submanifold of (M,w) and it is diffeomorphic to T™;

i) there exists an open neighbourhood U C M of F which is symplectomorphic to a
neighbourhood V' of the zero section of (T*T™, Qrn) — T", as illustrated in the
commutative diagram below

C T*T"

%

>TTL

M U
F

The proof of this theorem is split in two halves, namely as the proofs of Theorem
2.3 and Theorem 4.2. This approach is chosen as there are aspects of the proof that

have to be studied in detail for the purposes of this thesis. There are several proofs of
Theorem 2.2 in the literature, each with a slightly different emphasis (e.g. [2, 8, 20]).

It is possible to associate a Lagrangian bundle to a given a completely integrable
Hamiltonian system f : (M,w) — R™ as follows. Let R C R™ be the open subset of R"
consisting of regular values of f. Then

fi="fle-1r) s (F'(R),wle-1(r) = R CR" (2:5)

is a surjective submersion whose level sets are compact and connected; a theorem due
to Ehresmann [22] implies that f can be endowed with the structure of a fibre bundle.
Moreover, by part (i) of Theorem 2.2, the fibres of f are Lagrangian submanifolds of
(M,w) and thus the fibre bundle of equation (2.5) is Lagrangian.
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Theorem 2.2 also provides information regarding the topology of the fibres of La-
grangian bundles. If F' < (M,w) — B is Lagrangian, then Observation 2.1 proves
that it is locally given by a completely integrable Hamiltonian system and, thus, that
the fibres are diffeomorphic to T™. In order to use this observation to construct topo-
logical invariants of Lagrangian bundles, it is necessary to analyse the proof of the
Liouville-Mineur-Arnol‘d theorem and, in particular, its connection to affine differen-
tial geometry.

2.3 Affine geometry of the fibres of Lagrangian bundles

The essential element to construct topological characteristic classes of Lagrangian bun-
dles is the fact that the fibres are endowed with a natural affine structure.

Definition 2.12 (Affine manifolds). An affine structure on an n-dimensional manifold
B is a choice of atlas A = {(Uy, ¢o : Uy — R™)} whose changes of coordinates

050 05" da(Ua NUs) CR™ = ¢5(Us NUg) C R™

are constant on connected components, and are affine transformations of R", i.e. they
lie in the group
Aff(R") := GL(n; R) x R"™,

where the action of GL(n;R) on R" is the standard one. An affine manifold is a pair
(B, A), where B is a manifold and A is an affine structure on B.

Remark 2.13 (Equivalent definition in terms of linear connections). The original
definition of an affine manifold was given in terms of linear connections on tangent
bundles. For instance, [4] states that a manifold B is an affine manifold if there exists a
flat, torsion-free linear connection V on TB; in the same paper, this condition is shown
to be equivalent to Definition 2.12.

Example 2.14 (Affine manifolds).
i) Let A be the standard atlas of R”. Then (R", .A) is an affine manifold;

ii) Let N C R™ be open. Then the inclusion N < (R", A) induces an affine structure
on N;

iii) More generally, let D : N — R"” be a local diffeomorphism. For each p € N there
exists an open neighbourhood U, C N of p such that D|y, is a diffeomorphism.
The collection {(Up, D|y,)} yields a well-defined affine structure on the manifold
N;

iv) Let A C (R™,+) be a cocompact lattice; any such is isomorphic to Z" (cf. [63]).
Fix a choice of generators A1,..., A, of A and define a A-action on R™ by

a-\=ate',
where a = (a',...,a") denotes affine coordinates on R™ defined in (i) above, and
{e!,...,e"} is the standard basis of R" as a vector space. The quotient R"/A
inherits an affine structure Ay 4, since the above action is by affine diffeomor-
phisms of R™, i.e. diffeomorphisms which are affine in local affine coordinates.
The atlas Ax x on T" depends on the choice of generators A; of A and on the
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choice of A. However, for any other choice of cocompact lattice A’ and generators
A of A, there exists an affine diffeomorphism

(’]Im, A)\,A) — (Tn7 AA’,A’)?

since all cocompact lattices of (R", +) are isomorphic. Thus all such affine struc-
tures on T" are affinely diffeomorphic to the standard affine structure on T"
induced by translations along the standard lattice Z™ C R". For notational ease,
this latter affine manifold is henceforth denoted by R™/Z";

v) More generally, let (N,.A) be an affine manifold and let I' be a group acting
freely and properly discontinuously on the right of N via affine diffeomorphisms
of (N, A). Then the manifold N/I' inherits an affine structure Ar;

vi) Not all manifolds can be endowed with an affine structure. For instance, a theorem
due to Benzecri [9] and Milnor [45] states that the only closed orientable surface
that admits an affine structure is diffeomorphic to T?.

The following theorem relates Lagrangian bundles to affine geometry and is the
starting block for the construction of topological invariants of Lagrangian bundles.

Theorem 2.3 (Markus and Meyer [41], Duistermaat [20]). Let F' — (M,w) — B be a
Lagrangian bundle. Then

i) for each b € B, the fibre Fy, = n=1(b) is diffeomorphic to T";
it) the fibres are equipped with a smoothly varying affine structure;
iii) the structure group of the fibre bundle reduces to

Aff(R"/Z") := GL(n; Z) x R"/Z",
the group of affine diffeomorphisms
R"/7" — R"/72",
where R™ /7™ denotes the affine manifold of Example 2.14.iv.

Proof. The proof is structured so as to prove assertions (i), (ii) and (iii) sequentially.

Fix by € B, let U C B be an open neighbourhood of by which is also a coordinate
neighbourhood with coordinate map ¢ : U — R™. Set ¢ o = (f1,..., fn) and let X;
denote the Hamiltonian vector field of f;. For any p € Fy, = 71 (bo),

X1(p), -+, Xan(p)

form a basis of TpF}, and
(Xi, Xj] = X5y =0 (2.6)

for all 7, j, since the functions fi, ..., f, are in involution (cf. Observation 2.1). For each
i, let ¢! denote the flow associated to X;; 1! preserves Fy, and, since Fy, is compact,
the flow is complete. Moreover, equation (2.6) implies that these flows commute, i.e.

oyt =yl oyl (2.7)
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for all i, = 1,...,n, t',# € R. Define an (R", +)-action on Fy, by
\IfiRnXFbo—)FbO

N N (2.8)
(t=(t",....t"),p) = U(t,p) =] o...09 (p).

Note that it is indeed an (R™, 4)-action by equation (2.7). Since X7, ..., X,, are linearly
independent on the connected manifold F', the action is transitive and the isotropy
subgroups at points p,p’ € F are conjugate. As (R™, +) is abelian, conjugation induces
the identity automorphism on isotropy subgroups; for any choice of p € F', denote the
isotropy group of the action ¥ by

Py, = {t e R" : ¥(t,p) = p}.

Thus
Fyy = R"/ Py

since [y, is compact and n-dimensional, P, is an n-dimensional cocompact subgroup
of (R™,+) and, hence, isomorphic to Z™". It follows that

Fp, =T,
which proves statement (i).

The main idea to prove (ii) is to show that the above construction induces a
smoothly affine structure on the fibres of the bundle. Firstly, note that the above
construction shows that

Fyy = R @z Py, / Pyy; (2.9)

under this identification, Fj, inherits an affine structure as in Example 2.14.iv.

Secondly, this affine structure can be shown to be independent of the choice of maps

f1,- -, [n, or equivalently, of the choice of coordinatisation around by € B, as follows.
Let ¢ : U — R" be a coordinate map defined on an open neighbourhood of by € B. Set
¢pom=(fi,... fn)

and let X; be the Hamiltonian vector field of the function fi. The argument in the
proof of Observation 2.1 shows that for any p € Fp,, X1(p),...,Xn(p) form a basis of
T, Fp,. Thus there exist constants m;;(p) € R such that

Xi(p) = mij(p)X;;
j=1

for all 4; the matrix M(p) = (m;;(p)) is clearly invertible. Let ¢! denote the flow of

the vector field X;. Commutativity of the flows wfi, w;j shown in equation (2.7) implies
that

i) = ooy @ (p).

If U denote the R™-action on F;, induced by the flows w_ﬁl, e ,w?f as in equation (2.8),
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then for all t € R and all p € Fj,

) (3 m(p)t) (3 myn(p)t)
T(t,p) =, o... ot (p). (2.10)

Let Py, (p) denote the isotropy group of the (R™, +)-action defined by ® at p. If T €
Py, (p), then )
MT(p)T € Pyy(p).

Since the (R, +)-actions defined by ® and ® are abelian, the isotropy subgroups are
independent of the choice of p € Fp,. Thus the matrices M(p) are independent of p
and are henceforth denoted simply by M. As

R ®z Poy/Pyy = Fyy 2 R ®z Py / Py,
a change of coordinates around by € B induces an affine diffeomorphism
M_T(bg) :R®gz Pbo/Pbo — R ®yz Pbo/pbo- (2.11)

In particular, this shows that, up to affine diffeomorphism, the affine structure A, on
Fy, is well-defined.

It remains to show that the affine structure A, varies smoothly with b € U. To
this end, fix a coordinatisation ¢ : U — R™ around by € B and consider a local section
s: U — m~1(U), which, by shrinking U if needed, exists. Fix a basis T3, ..., Tg" of P,.
Applying the implicit function theorem to the equation

W(t,s(b)) = s(b),

and by shrinking U if needed, it is possible to obtain smooth maps T : U — R™ such
that T%(b) = T3 and '

W(T"(b), s(b)) = s(b)
for all b € U. The maps T, ..., T™ yield a smoothly varying basis for Py; by equation
(2.9), a choice of P, determines an affine structure on Fj,. Therefore, a smoothly varying

basis for Pj yields a smoothly varying affine structure on Fj, as claimed. This proves
part (ii) of the theorem.

In order to prove (iii), begin by noticing that a choice of local smooth section
s : U — 71 1(U) yields a trivialisation of the bundle as follows. By shrinking U if

needed, assume that it is a coordinate neighbourhood which induces an (R", +)-action
U on 7~ }(U) as above. Define a map

T:UxR"— 7n YU)

(2.12)
(b, t) > W(t, s(b)).

The above map is smooth as it is the composition of smooth maps. Moreover, if

r1,...,Tn € Z, then
T (b, ZriTi(b)) = s5(b), (2.13)
=1

where, for each i, T is the smooth map constructed above. Since each T* is smooth,
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the set
P:={(bt) e UxR": t € PR} (2.14)

is a smooth submanifold of U x R", diffeomorphic to U x Z". Let U x T™ denote the
quotient of U x R™ by P. Equation (2.13) shows that T factors through a map

YT:UxT" =7 YU); (2.15)

the arguments used above to prove that each fibre is diffeomorphic to T™ shows that
the map T yields a diffeomorphism which makes the following diagram commute

U x T 7 1(U)
pry /
U.

In other words, T gives a trivialisation of the Lagrangian bundle.

It is important to remark that the above trivialisation depends upon a choice of
section. Fix a choice of coordinatisation on U and choose a different section s’ : U —
7Y U). Let T : U x R" — 7~ Y(U) be the map defined as in equation (2.12) and
denote by Y’ the induced map on U x T™. The composite

T 1o :UxR*" > UxR"

is given by
(b,t) — (b,t + to(b)), (2.16)

where tg : U — R"™ is a smooth map such that
(o, s(b)) = s'(b).

Note that smoothness of ty is implied again by the implicit function theorem. This
composite descends to a well-defined map

T loY:UxT"—=UxT",

which is just a translation along the fibres in the affine coordinates of the fibres and,
thus, a fibrewise affine diffeomorphism.

Observe also that, for any choice of coordinate neighbourhood U C B, the fibres of
the Lagrangian bundle can be smoothly identified with the affine manifold R™/Z"™ of
Example 2.14.iv. This can be done by pre-composing any trivialisation T : U x T" —
7 1(U) with a fibrewise affine diffeomorphism

UxR"/Z" - U x T"

(b,0) — (b, A(b)8), (2.17)

where 6 = (6',...,60") denote affine coordinates on R"/Z" and

A(b) = (T (b),..., T"(b)).
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Fix by € B, let U, U’ C B be open coordinate neighbourhoods of by, such that
UNU’is connected, and let s : U — 7~ 1(U), s’ : U — 77 1(U’) be locally defined
sections. The pairs (U, s), (U’, s") induce trivialisations

T:UxRY/Z" - 7~} U), T : U x R*"/Z" — =~ 1 (U").

Let
e=""loY:(UNU")xR"/Z" - (UNU') x R*/Z"

denote the corresponding transition function. Equation (2.11) implies that, up to the
choice of s and s', ¢ acts linearly on each fibre. A priori the linear part of ¢ gives a
smooth map

M T UNU" - GL(n;R),

using the notation of the proof of the assertion (ii). Since for each b € UNU’', M~ (b)
maps P, to itself and this has been identified with the standard lattice Z" C (R", +)
via equation (2.17),

ML) e GL(n; 2)

forallb € UNU’. As UNU’ is connected and the map M7 is continuous, it is in fact
constant. For any given choice of sections s and s’, the restriction of ¢ to each fibre
is the composition of M~7T with a translation by equation (2.16). Thus the structure
group of the bundle can be restricted to Aff(R™/Z™) as claimed in (iii). This completes
the proof of the theorem. O

Remark 2.15. While the result of the above theorem is well-known, the proof pre-
sented above highlights the importance of affine geometry in the structure of Lagrangian
bundles; furthermore, it pinpoints where the symplectic structure on M is used to de-
rive the required results. In particular, note that the only place where closure of the
symplectic form w is used in the above proof is equation (2.6), while elsewhere the only
essential ingredient is just non-degeneracy. Hence there is a broader class of bundles
for which the above theorem holds, namely those bundles F' — (M,w) — B, where
w is a non-degenerate 2-form on M, F' is a Lagrangian submanifold of (M,w) and
dw = 7*u for a closed 3-form p defined on B. The local structure of such bundles
has been studied by Fasso and Sansonetto in [25] in relation to a more general form of
complete integrability than that given by Definition 2.10.

Remark 2.16. The subgroup of Aff(R"/Z") consisting of translations can be identified
with the affine manifold R™/Z" via the map that takes a translation 7 to T 6y, where
0y € R"/Z" is any fixed point. This explains why Aff(R"/Z") is denoted as the
semidirect product of GL(n;Z) and R"/Z".

Notation. A Lagrangian bundle is henceforth denoted by R"/Z" — (M,w) — B to
highlight the importance of the natural affine structure on the fibres.

For a fixed Lagrangian bundle R"/Z" — (M,w) — B, the proof of Theorem 2.3
implies that at each point b € B, the isomorphism class of the isotropy group Pj, of
the action ¥ defined in equation (2.8) (with respect to any choice of local coordinates
around b) is well-defined.

Definition 2.17 (Period lattice bundle, Duistermaat [20]). The isomorphism class of
the lattice P, is called the period lattice at b € B. Let P denote the union of period
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lattices over all points b € B. The natural projection
pr: P— B

yields a Z"-bundle over B called the period lattice bundle associated to the Lagrangian
bundle R"/Z" — (M,w) — B.

Remark 2.18. Under the identification of each fibre of a Lagrangian bundle R" /Z" —
(M,w) — B with the affine manifold R"/Z", for each b € B, the fibre P, of the
associated period lattice bundle Z™ <« P — B can be identified with a choice of n
linearly independent vector fields Xi(b),..., X,,(b) tangent to the fibre Fj, = R™/Z"
whose flows are periodic with period 1. Identifying X;(b) with the homology of the
cycle given by considering the time-1 map of its flow, the period lattice at b can be
identified with a choice of basis for Hy(Fy;Z) = Z™. This is the original interpretation
of the period lattice bundle as given in [20].

Remark 2.19 (Transition functions for the period lattice bundle, [16]). The proof
of Theorem 2.3 implies that a choice of trivialising cover for a Lagrangian bundle
R"/Z" — (M,w) — B for which the transition functions act on each fibre by elements
of Aff(R™/Z"™) yields a trivialising cover for the associated period lattice bundle. More-
over, the transition functions for the latter are given by considering only the linear part
of the transition functions of the former.

Historically, the existence of the period lattice bundle associated to a Lagrangian
bundle has yielded a topological classification of Lagrangian bundles, as carried out in
[20]. The approach taken in this thesis is slightly different, since the existence of the
period lattice bundle yields a well-defined affine structure on the fibres of a Lagrangian
bundle, which has been used to notice that the structure group of the bundle reduces
to Aff(R™/Z").
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Chapter 3

Topological classification of
Lagrangian bundles

In this chapter, topological universal Lagrangian bundles are constructed using the re-
sult of Theorem 2.3. These objects arise from the topology of the group Aff(R"™/Z");
Theorem 3.6 below proves that they are in fact universal for Lagrangian bundles. Sec-
tion 3.1 is devoted to studying the topology of the classifying space BAff(R"/Z") and
to constructing the topological universal Lagrangian bundles. In Section 3.2, the two
topological invariants of Lagrangian bundles are constructed using these universal bun-
dles; these characteristic classes have already been constructed in several works in the
literature (e.g. [18, 20, 40, 68]), but not using the approach taken in this thesis, which
emphasises the importance of the smoothly varying affine structure on the fibres of a
Lagrangian bundle. This chapter is largely based on the published article [55].

3.1 Topological universal Lagrangian bundles
Theorem 2.3 proves that the structure group of a Lagrangian bundle
R"/7" — (M,w) — B
reduces to the group
Aff(R"/Z") := GL(n; Z) x R" /7",
where the action of GL(n;Z) on R"/Z" is given by

GL(n;Z) x R*"/Z2" — R* /7" (3.1)

(A, 0) — A8, '
and @ = (0',...,0") denotes affine coordinates on R"/Z". Note that the expression
A0 makes sense as GL(n;Z) stabilises the standard cocompact lattice in (R™,+). In
this section some bundles, called topological universal Lagrangian bundles, are defined
using the topology of the group Aff(R™/Z"); these are then shown to be universal in
the sense that every Lagrangian bundle arises as the pull-back of one of these bundles
(cf. Theorem 3.6).

Let 0 and 1 denote the trivial group with additive and multiplicative structures
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respectively. There is a short exact sequence of groups

0—>R"/Z"— > Aff(R" /Z")—>GL(n; Z) —>1, (3.2)
where the homomorphisms 7, p are defined by

7:R"/Z" — AR(R"/Z")
60— (1,0)

p: Aff(R"/Z") — GL(n; Z)

(A,0)— A, (3:4)

and I denotes the identity in GL(n;Z). The sequence of equation (3.2) is split, i.e.
there exists a homomorphism o : GL(n; Z) — Aff(R"/Z") which is a right inverse for
p. Explicitly, the splitting is defined by

o:GL(n;Z) — AfE(R"/Z")

A (A0), (3:5)

where 0 denotes the identity in the group R"™/Z"™. The idea is to construct interesting
bundles using the injections o, 7 defined above. In order to do so, it is necessary to
introduce the concepts of the classifying space of an arbitrary topological group G.

3.1.1 Universal bundles

In this subsection, a few generalities on universal bundles and classifying spaces are re-
called to illustrate some of the results needed in the construction of topological universal
Lagrangian bundles.

Theorem 3.1 (Universal bundles [44]). Let G be a topological group. There exists a
principal G-bundle (defined uniquely up to homotopy), called the universal G-bundle,

G — EG — BG,

with the following properties
1 EG,BG are CW-complexes;
1 EG is contractible;

it if G — E — B is any principal G-bundle, there exists a map (defined uniquely
up to homotopy)
x : B — BG,

called the classifying map, such that the pull-back bundle x*EG — B is isomorphic
to the original bundle.

Notation. Throughout this thesis, all universal bundles, those bundles which are con-
structed from universal bundles by means of standard constructions, and classifying
maps are understood to be defined up to homotopy without further mention.

Definition 3.1 (Classifying space). Let G be a topological group. The base space BG
of its universal bundle is called the classifying space of G.
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Example 3.2 (Universal bundles).

i)

ii)

iii)

The Z-principal bundle
7——TR m Sl cC
is the universal bundle for the group Z;

If G, H are topological groups, then the principal G x H-bundle
Gx H—EGxEH - BGxBH

is the universal G x H-bundle. In particular, the universal Z"-bundle is given by
the bundle

7" — R" - T"
where the action of Z™ on R"™ is by translations along the standard cocompact

lattice in (R™,+) (cf. Example 2.14.iv);

For each n, let 8™ < S™*! be the inclusion given by identifying the equator of
S™*1 with S™. Taking the direct limit of these inclusions, it is possible to define
S which is a contractible CW-complex, since each inclusion S™ — S+ kills
mn(S™). Similarly, the direct limit of the inclusions CP"~! < CP" induced by
the standard inclusions C™ < C"*1, gives rise to a countable CW-complex CP>.
For each n, there is a principal S'-bundle

St — 5 cpr

which is well-behaved with respect to the above inclusions, i.e. there is a com-

mutative diagram
SQn—lC—> SQn—l—l

L

Cpr—1——CP".
Thus, in the direct limit, there is a principal S'-bundle
St 8§ — CP*™

which is the universal bundle for the group S*.

Remark 3.3. Let F'— E — B be a fibre bundle with structure group G. Then there
exists a principal G-bundle G — ) — B such that the original bundle is isomorphic
to the bundle @ xg F' — B, obtained via the Borel construction (cf. [17]). The
isomorphism class of the G-principal bundle () — B is determined by the isomorphism
class of the bundle £ — B. This principal G-bundle is said to be associated to the
original G-bundle. Hence, if y : B — BG denotes the classifying map for the principal
G-bundle Q — B, then x can also be thought as the classifying map for the G-bundle
FE — B with fibre F'.

Remark 3.3 implies that, for a given Lagrangian bundle R"/Z" — (M,w) — B,
there is a well-defined notion of a classifying map

x : B — BAf(R"/Z"),
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which is just the classifying map for the principal Aff(R™/Z")-bundle associated to
R"/Z" — (M,w) — B.

The following theorems are used in Section 3.1.2; they are stated below without
proof (cf. [38, 65]).

Theorem 3.2. Let G, H be topological groups and let v : H — G be a monomorphism.
Then there exists a bundle
G/H — BH — BG.

If, in addition, ((H) < G, then the above bundle is a G /H -principal bundle.

Theorem 3.3. An exact sequence of topological groups
1-K—-G—-H—1
induces a fibration (up to homotopy)
BK — BG — BH.

A splitting H — G induces (up to homotopy) a section BH — BG of the above fibration.

Theorem 3.4. Let H be a closed subgroup of a topological group G. The structure
group of a principal G-bundle G — E — B can be reduced to H if and only if there
exists a lift xg : B — BH of the classifying map xg : B — BG, i.e. there exists a

commutative diagram
]

B~z BG,

where the projection BH — BG arises as in Theorem 3.2.

3.1.2 Bundles arising from Aff(R"/Z")

In this subsection Theorem 3.2 and 3.3 are used to construct bundles relating the clas-
sifying spaces of the groups R"/Z", Aff(R"/Z") and GL(n;Z). In particular, for each
n, the splitting o defined by equation (3.5) gives rise to the topological universal La-
grangian bundle.

By Theorem 3.3, the short exact sequence

0—=R"/Z"— > Aff(R" /Z")—>GL(n; Z) —>1,

gives rise to a fibration
BR”/Z”C—T>BAH(R”/Z”)—p>BGL(n; 7), (3.6)

where the induced maps on classifying spaces are denoted with the same symbols as
the homomorphisms inducing them. This abuse of notation is justified in light of the

fact that the homomorphisms 7 and p determine the homomorphisms in homotopy and
cohomology of BR"/Z", BAff(R"/Z") and BGL(n;Z) (cf. [12]).
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Lemma 3.5 (Homotopy groups of BAff(R"/Z") [55]). The homotopy groups of the
classifying space BAff(R"™/Z™) are given by
GL(n;Z) ifi=1,
mi(BAH(R™/Z™)) = ¢ Z" if i =2, (3.7)
0 otherwise.
Proof. Begin by noticing that BR"/Z"™ and BGL(n;Z) are Eilenberg-Maclane spaces of
type K(Z",2), K(GL(n;Z), 1) respectively, i.e.
7" ifi=2
m(BR"/Z") = e
0  otherwise,
and

m(BGL(n; Z)) = {GL(n; Z) ifi=1,

otherwise.

The long exact sequence in homotopy for the fibration of equation (3.6)

... » mp(BR"/Z") — 7, (BAff(R"/Z")) — 7, (BGL(n; Z)) — mp—1(BR"/Z") — ...
implies that

mn(BA(R"/Z™)) = m,(R"/Z™) = 0

for all n > 3. The remaining part of the long exact sequence collapses to exact sequences

m3(BGL(n;Z)) =2 0 — m(BR"/Z"™) — ma(BAfF(R"/Z")) — m2(BGL(n;Z)) =0

T (BR"/Z") = 0 — 71 (BAH(R"/Z")) — m(BGL(n; Z)) — mo(BR"/Z™) = {x}.

Thus mo(BAff(R"/Z")) = mo(BR"/Z"™) and 71 (BAff(R"/Z")) = 71 (BGL(n;Z)), and
the result follows. O

Applying Theorem 3.2 to the inclusion 7 : R"/Z"™ — Aff(R™/Z"™) and to the splitting
o : GL(n;Z) — Aff(R"/Z"), obtain two bundles

GL(n; Z)—=B(R"/Z")——>BAff(R" /Z") (3.8a)
R" /Z"C—>BGL(n; Z)—Z>BAffz (R" /Z") (3.8b)

Remark 3.4. Note that since 0(GL(n;Z)) is not a normal subgroup of Aff(R™/Z"), the

fibres of R"/Z"—=BGL(n;Z)—>=BAffz(R"/Z") are not naturally endowed with
the structure of a group.

Definition 3.5 (Topological universal Lagrangian bundles [55, 56]). For each n, the
bundle of equation (3.8b) is called the topological universal Lagrangian bundle of di-
mension n'.

Remark 3.6. The fibres of a topological universal Lagrangian bundle are endowed with
an affine structure which makes them affinely diffeomorphic to R™/Z™. This is because

'Here, the dimension refers to the dimension of the fibre. Throughout this thesis, n is fixed, unless
otherwise stated, and the topological universal Lagrangian bundle of dimension n is referred to simply
as the topological universal Lagrangian bundle.
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the subgroup 7(R™/Z™) of Aff(R™/Z"™) can be identified with the affine manifold R"/Z"
(cf. Remark 2.16).

3.1.3 Universality

Theorem 3.6 below proves that the topological universal Lagrangian bundle is truly
universal for Lagrangian bundles.

Theorem 3.6 (Universality [56]). Let R"/Z"™ — (M,w) — B be a Lagrangian bundle
and let x : B — BAff(R"™/Z") denote its classifying map. Then R"/Z" — (M,w) — B
1s isomorphic to the pull-back of the topological universal Lagrangian bundle along x

X*BGL(n;Z) = BGL(n;Z)

| |

B BAff(R" /7).

Proof. The universal bundle Aff(R"/Z") — EAffz(R"/Z") — BAff(R"/Z") classifies
principal Affz(R"™/Z™)-bundles; thus the associated bundle

R"/Z" < EAff(R"/Z") X ag(njzn) R"/Z" — BAF(R"/Z")

classifies the topological type of R™/Z™-bundles with structure group Aff(R"/Z"). For
notational ease, set
E= EAH(R”/Z”) X AfF(R™/Z") Rn/Zn (3.9)

throughout the rest of the proof. If R"/Z" < (M,w) — B is a Lagrangian bundle and
X : B — BAff(R"/Z") is its classifying map, there is an isomorphism of fibre bundles

o

NS

B.

M

X'E

Hence it suffices to show that, up to homotopy, there is an isomorphism of bundles

o

BGL(n; Z) E

~,

BAff(R"/Z").

The group GL(n;Z) acts freely on the contractible space EAff(R"/Z") via o; thus, up
to homotopy, BGL(n;Z) can be constructed as the quotient EAff(R"/Z")/GL(n;Z).
Consider the continuous map

s : EAfE(R"/Z") — EAf(R"/Z") x R"/Z"
e (e,0).

The aim of the proof is to show that s descends to a map

5 EAE(R"/Z")/GL(n; Z) — E

(3.10)
lelaLnz) > [(€;0)]ag(rr /2,
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where E is as in equation (3.9) and [|ag(rn/z), [JaLn;z) denote elements of E and
EAff(R™/Z"™)/GL(n; Z) respectively. The map 3 is then shown to be the required iso-
morphism.

Let
q: EAH(R"/Z") x R"JZ" — E
denote the quotient map. The map
qox: EAE(R"/Z”) - E
e — [(e,0)] amr(rn/zn)

is continuous; moreover, if, for given e, ¢/ € EAff(R™/Z") there exists A € GL(n;Z)
such that
¢ =e-(A,0),

(where the convention is that a group H acts on the right on EH, following [17]), then

(e, 0)] A jzn) = [(€/,0)] Ae(rn /20y

In particular, g o 5z descends to the map 3, which is therefore well-defined. Reversing
the above argument proves that  is injective. Furthermore, note that for all (e,t) €
EAff(R"/Z™) x R"/Z™, there exists an element (¢/,0) € EAff(R"/Z") x R™/Z" such
that

[(e, )] amr(rn /zn) = (€', 0)] ar(n /2m)-

This proves that > is surjective. Thus the map ¢ is continuous and bijective.

It remains to construct an inverse. The continuous map
e: EAF(R"/Z") x R" /7" — EAff(R"/Z")
(e,t) — e
descends to a map
¢: EAf(R"/Z") x R"/Z" — EAff(R"/Z")/GL(n; Z),
which satisfies
E(e,t) = é(e- (A t), (A, t) 71 t)

for all (e,t) € EAff(R"/Z™) x R"/Z"™ and (A,t') € Aff(R"/Z"™). Hence, ¢ descends to

a continuous map

71 E - EAf(R"/Z")/GL(n; 7Z),

which is the inverse of 3. Therefore 3 is a homeomorphism.

Finally the map 3 makes the following diagram commutative

EAff(R"/Z")/GL(n; Z) - E (3.11)

7

BAfE(R"/Z"),
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where E is as in equation (3.9). Equation (3.11) proves the result. O

Remark 3.7. As observed in the literature (e.g. [8, 20, 40]), the fibres of a Lagrangian
bundle are not naturally equipped with a group structure. This can be proved directly
using Theorem 3.6 and Remark 3.4.

3.2 Topological invariants

In light of Theorem 3.6, the topological invariants of Lagrangian bundles are pull-backs
of universal invariants, which characterise the topological universal Lagrangian bundle.
In this section, the two topological invariants of Lagrangian bundles are defined in this
fashion; these are shown to coincide with different definitions in the literature (e.g.
[16, 18, 20, 40, 68]) and are proved to be sharp, i.e. they completely determine the
topological type of the bundle.

3.2.1 Monodromy

Fix a Lagrangian bundle R"/Z" — (M,w) — B with classifying map x : B —
BAff(R™/Z™).

Definition 3.8 (Monodromy [55, 56]). Let by € B be a basepoint. The monodromy of
R"/7Z" < (M,w) — B is defined to be the homomorphism

X« 1 m1(Bsbo) = mi (BALE(R™/Z"); x(bo)) = GL(n; Z).
Remark 3.9.

i) There is a notion of wniversal monodromy, which arises from considering the
classifying map of the topological universal Lagrangian bundle

R"/Z" < BAff(R"/Z") — BGL(n; Z).

This map is just the identity id : BAff(R"/Z") — BAff(R"/Z"). Thus the
universal monodromy is simply the identity homomorphism

id, : m (BAfE(R"/Z")) — m (BAff(R"/Z")),

where the dependence upon the basepoint is dropped, as it does not affect the in-
duced homomorphism. Note further that the topological monodromy of R"/Z" <
BAff(R"/Z™) — BGL(n;Z), i.e. the representation

T (BAfF(R™/Z")) — Aut(m (R"/Z")),

which arises from considering the action on 1 (R"™/Z") induced by the homo-
topy equivalences of the fibres obtained by lifting (homotopy classes of) loops in
BAff(R™/Z™), is given precisely by the identity homomorphism of GL(n;Z). This
follows from the fact that the GL(n; Z)-action on R /Z"™ which defines Aff(R"/Z"™)
as a split R™/Z"-extension of GL(n;Z) is given by the identity homomorphism of
GL(n; Z);

ii) The choice of base point by € B may affect the image of the homomorphism x.,
without, however, changing its conjugacy class in GL(n;Z). The free monodromy
of a Lagrangian bundle R"/Z"™ — (M,w) — B is defined to be the conjugacy
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class of the image of the monodromy [x.| and is therefore independent of the
choice of base point b € B. The free monodromy of a Lagrangian bundle is a
genuine invariant of the isomorphism type of the bundle;

iii) The bundle
GL(n; Z)—=B(R"/Z")——=BAffz(R"/Z")

of equation (2.3) is the universal covering of BAffz(R"/Z"). Thus if the (free)
monodromy Yy, of a Lagrangian bundle R"/Z" — (M,w) — B is trivial, the
classifying map x admits a lift x : B — B(R"™/Z™). This implies that the structure
group of the Lagrangian bundle can be reduced to the group R"™/Z™ (cf. [38]).

The monodromy of a Lagrangian bundle R"/Z" — (M,w) — B was originally
defined to be the homotopy class of the classifying map of the associated period lattice
bundle Z"™ < P — B (cf. [20]). This can be seen using topological universal Lagrangian
bundles.

Definition 3.10 (Universal period lattice bundles [56]). The universal period lattice
bundle associated to the topological universal Lagrangian bundle

R"/Z" — BAff(R"/Z") — BGL(n; Z)
is the induced system of local coefficients with fibre H; (R"/Z™; Z), denoted by
H, (R"/Z"; Z) — P, — BAffz(R"/Z").

The pull-back x*P, — B is isomorphic to the system of local coefficients obtained
by replacing each fibre R"/Z" of x*BGL(n;Z) — B with Hy(R"/Z";Z). By Theorem
3.6, x*BGL(n;Z) — B is isomorphic to the Lagrangian bundle R"/Z" — (M,w) — B
whose classifying map is given by y.

Lemma 3.7. Let P — B denote the period lattice bundle associated to the Lagrangian
bundle R" /7" — (M,w) — B (with classifying map x) as in Definition 2.17. Then
x*P, — B is isomorphic to P — B.

Proof. The Z™-bundles P — B and x*P, — B are isomorphic if and only if their
classifying maps are homotopic. Let

xp, : BAf(R"/Z") — BGL(n; Z)

denote the classifying map of the universal period lattice bundle H;(R"/Z™;Z) —
P, — BAffz(R"/Z™). Then the classifying map of x*P, — B is given by xp, o x. Let
xp : B — BGL(n;Z) denote the classifying map of the period lattice bundle P — B.
Since BGL(n; Z) is a K(BGL(n; Z); 1) space, the homotopy class of the maps xp, xp, 0X
is determined by the induced maps on fundamental groups (up to a choice of basepoint
b € B). Fix a basepoint b € B; it suffices to show that xp, = (xp, © X)«-

Note that the transition functions for P — B are given by considering the linear part
of the transition functions for the associated Lagrangian bundle R"/Z" — (M,w) — B.
Thus, up to homotopy,
XP=P°oX,
where p : BAff(R"/Z") — BGL(n;Z) is the map induced by the homomorphism
p : Aff(R"/Z") — GL(n;Z) of the long exact sequence of equation (3.2) defining
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Aff(R™/Z™). This is because the collection of transition functions of a bundle deter-
mines the homotopy class of the classifying map of the bundle (cf. [38]). In particular,

XP, = Px © Xx-

Since py : 1 (BAff(R"/Z")) — m1(BGL(n;Z)) is the identity (as the homomorphism
p: Aff(R"/Z™) — GL(n;Z) induces the identity map on m(Aff(R™/Z™))), then

XP. = X (3.12)

Hence it suffices to prove that the classifying map
xp, : BAff(R"/Z") — BGL(n; Z)

of the universal period lattice bundle induces the identity map on fundamental groups.
Note that the homotopy class of xp, is determined by the topological monodromy of
the topological universal Lagrangian bundle (cf. Remark 3.9.i). In particular, since the
latter is given by the identity representation of GL(n;Z), it follows that the classifying
map xp, of Hi(R"/Z";Z) — P, — BAffz(R"/Z") induces the identity on fundamental
groups, and the result follows. O

The (free) monodromy . of the Lagrangian bundle R"/Z" — (M,w) — B deter-
mines the homotopy class of the classifying map of x*F,, — B, which is isomorphic to
the period lattice bundle P — B by Lemma 3.7. This proves that the monodromy of
Definition 3.8 defined above is equivalent to the notion given in [20].

It is also important to expand upon Remark 3.9.iii, which says that the (free) mon-
odromy can be seen as an obstruction to reducing the structure group of the Lagrangian
bundle to R™/Z". The following lemma, proved using topological universal Lagrangian
bundles, shows that the (free) monodromy can be seen as the obstruction for a La-
grangian bundle to be a principal R"/Z"-bundle, as remarked by several authors (cf.
[16, 20, 40, 68]).

Lemma 3.8 ([20]). The (free) monodromy of a Lagrangian bundle R™ /Z™ — (M,w) —
B is trivial if and only if the bundle is a principal R™/Z™-bundle.

Proof. If the (free) monodromy is trivial, then the period lattice bundle P — B is also
trivial, i.e. P = B x Z"™. A smooth section of this bundle corresponds to a smoothly
varying frame Xy, ..., X, of the tangent bundle of the fibre F of the Lagrangian bundle
associated to P — B. Fix such a choice.

By considering a simply connected open neighbourhood U C B, there exist functions
fly"'mﬁﬂ : Tril(U) - R
such that each X; is the Hamiltonian vector field of f;. Note that if Y is a vector field
tangent to the fibres, Lagrangianeity implies that, for all 7, «(Y)df; = 0, which in turn
means that there exists functions

fyoii fa: U SR

such that B
df; =n*df;
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for all . The functions fi,... f, give a local coordinatisation on U and, thus, along
with a choice of section s : U — 7~ 1(U), induce a local trivialisation Y of R"/Z" —
(M,w) — B, as proved in Theorem 2.3. Let ¥y : R"/Z" x 7= 1(U) — 7~ }(U) denote
the locally defined smooth R"/Z"-action given by Theorem 2.3. Note that this action
is free, as it is just given by translation in affine coordinates on the fibres. Cover B by
such neighbourhoods, and let U’ be another such neighbourhood with U NU’ # (). The
locally defined smooth actions Wy, Wy depend only on a local choice of frame of the
tangent bundle to the fibres of 7= (UNU’) — UNU’; having fixed a globally defined such
choice above, these actions patch together on U U U’. Thus there is a globally defined
free R™/Z™-action ¥ on the fibres of the Lagrangian bundle R"/Z" — (M,w) — B
(which is given by left translations in affine coordinates).

Conversely, if R"/Z" — (M,w) — B is a principal R"/Z"-bundle, its structure
group can be reduced to R"/Z". If x : B — BAff(R"™/Z"™) denotes the classifying map,
then x admits a lift ¥ : B — BR"/Z™ by Theorem 3.4. This implies that the (free)
monodromy is trivial and the result follows. O

3.2.2 Chern class

Free monodromy is not the only topological invariant of a Lagrangian bundle. This
can be seen by considering the case when the (free) monodromy vanishes and the topo-
logical classification reduces to that of principal R™/Z"-bundles. In this case, there is
only one other topological invariant associated to the given fibre bundle, namely the
obstruction to the existence of a section. In what follows, the corresponding obstruction
for any Lagrangian bundle is defined using topological universal Lagrangian bundles;
this is then shown to coincide with the definition given in [18, 20, 68].

The approach taken below is obstruction theoretic, which is suitable since all spaces
involved are homotopic to CW complexes. For further details regarding the construc-
tions involved, see [17, 65]. The idea is to find the obstruction to the existence of a
section of the topological universal Lagrangian bundle. A section of this bundle is a
lift of the identity map id : BAff(R"/Z") — BAff(R"/Z"), i.e. a map (denoted by the
dotted arrow) which makes the following diagram commute

BGL(n;Z)

BAff(R"/Z") —%~ BAfF(R"/Z")
Since BAff(R™/Z"™) is not simply connected, there needs to be extra care to define this
obstruction, as the action of the fundamental group of BAff(R™/Z™) on the homotopy
groups of the fibres R™/Z™ needs to be taken into account. To this end, it is important
to give another description of the topological monodromy of the topological universal
Lagrangian bundle.

Fix a pointed CW decomposition of BAff(R"/Z"), i.e. a CW decomposition whose
0O-skeleton consists of a single point, say b, which exists since BAff(R"™/Z") is path-

connected. Set
w = m (BAfF(R"/Z"); b)
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P

for notational ease. Let BAff(R"/Z") denote the universal cover of BAff(R"/Z")
(which, by Remark 3.9.iii, is a K(Z"; 2)). The given CW decomposition of BAff(R"/Z")
induces a w-equivariant CW decomposition on BAfF(R™/Z") as follows. Each k-cell

ek in the CW decomposition of BAff(R"/Z") has preimages e 4 (v € @) under the
universal covering map

—_—

q : BAE(R"/Z) — BAF(R"/Z").

P

Identifying w with the group of deck transformations on BAff(R"/Z") acting on the

left, the cells e’g’w satisfy
k k
T Cay = Canyy

for all v,~" € w. For each y € w, let ¢, denote the corresponding deck transformation

P

on BAff(R"/Z"). The commutative diagram

BAff(R"/Z") BAff(R"/Z")

\/

BAff(R"/Z")

yields a commutative diagram of bundles

¢*BGL(n;Z) (g o¢y)*BGL(n; Z) (3.13)

\ /

BAff(R"/Zn),

where ¢*BGL(n; Z), (¢ 0 5y)*BGL(n; Z) — BAff(R"/Z") denote pull-backs of the topo-
logical universal Lagrangian bundle along ¢ and g o ¢, respectively. The isomorphism
¥, induces an automorphism of each fibre R"/Z"™ whose induced map on 71 (R"/Z") is
given by the action of v € 7 (BAff(R™/Z™); ) on the fundamental group of the fibres of
the topological universal Lagrangian bundle. Thus the topological monodromy of the
topological universal Lagrangian bundle can be seen as the homomorphism assigning
to each v € w1 (BAff(R™/Z™);b) the homotopy class of the automorphism of R"/Z"
induced by X,.

With this setup, the problem of finding the obstruction to the existence of a section
for the topological universal Lagrangian bundle can be tackled. Since both BGL(n;Z)
and the fibres R"/Z™ are path-connected, there exists a section s; defined on the
1-skeleton of BAff(R"/Z"). Therefore, if BAff(R"/Z")! denotes the 1-skeleton of
BAff(R™/Z™), there is a commutative diagram

BGL(n; Z) (3.14)
BAff(R"/Z")'— BAff(R"/Z"),

where BAff(R"/Z")! < BAff(R"/Z") denotes the standard inclusion. Let e2 denote
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the 2-cells in the pointed CW decomposition of BAff(R"/Z") fixed above, and let
eiﬁ, v € m (BAff(R"/Z");b) denote the 2-cells in the induced CW decomposition of

BAff(R"/Z™). For each « and 7, let

—_— 1

0a : 0el g = S — BAff(R"/Z")
denote the attaching map of egw. The composite
00510q0 0, : St — BAfF(R"/Z")

equals id o ¢ o g, by commutativity of the diagram in equation (3.14). Since id o q is
defined on the whole of BAff(R™/Z"), the map idogo g, can be extended to the interior
of the 2-cell egw and, thus, it is null-homotopic. By the homotopy lifting property of
bundles (cf. [65]), this means that the map s; 0 qo g4 : S' — BGL(n;Z) is homotopic
to a map S — R"/Z". For each 2-cell of BAff(R™/Z"), the above method yields the
homotopy class of a map h, : S I 5 R"/Z" into the fibre. The commutative diagram
of equation (3.13) implies that this construction is equivariant, i.e.

(hyry)e ="+ () (3.15)

for all v,~" € m (BAfF(R™/Z"™);b), where /- denotes the action of m (BAfF(R™/Z");b)
on 71 (R"/Z™). Thus the maps h, give rise to an element of the group

—_——

Homg ) (Co(BAfE(R™ /Z")); Z),

—_~—

where Z[w] denotes the group ring of 71 (BAff(R"™/Z"™);b), Co(BAff(R™/Z")) is the set

—_—

of 2-cells in the equivariant CW decomposition of BAff(R"/Z"), and Homy) denotes

the set of homomorphisms of Z[r; (BAff(R™/Z"™); b)]-modules. Both Co(BAff(R"/Z"))
and Z" are naturally Z[w]|-modules: the former because of the choice of w-equivariant

CW decomposition of BAff(R"/Z") and the latter via the topological monodromy rep-
resentation of the topological universal Lagrangian bundle.

Using standard techniques in obstruction theory (cf. [17, 65]), it can be shown
that this cochain is in fact a cocycle in the cohomology theory with local coefficients
determined by the representation

id, : m (BAfF(R"/Z"™); ) — Aut(m (R"/Z"™)) = GL(n; Z) (3.16)
given by the universal monodromy representation.

Definition 3.11 (Universal Chern class [56]). The cohomology class of the above
cocycle
cu € H*(BAf(R"/Z"); Ziy, ),

where Zi; denotes the system of local coefficients defined by equation (3.16), is called
the universal Chern class.

Remark 3.12. The above cohomology class represents the obstruction to finding a

—_—~—

w-equivariant lift of the universal covering map ¢ : BAff(R?/Z") — BAff(R"/Z"), i.e.
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a map (denoted by the dotted arrow) which makes the following diagrams commutative

BGL(n; Z)

T
e o
—_— :

BAff(R"/Zn) — BAfF(R™/Z")

and

—_~—

BAff(R"/zn) > BGL(n; Z)

—_—

BAff(R"/Z"),
for each v € m(BAff(R"/Z");b), where ¢, denotes the deck transformation of the

e~

universal cover BAff(R"/Z"™) induced by ~. This is precisely the obstruction to the
existence of a section for the topological universal Lagrangian bundle.

The importance of the universal Chern class ¢y is highlighted in Chapter 6 where it
is used to study the Leray-Serre spectral sequence associated to the topological universal
Lagrangian bundle.

Definition 3.13. Let R"/Z" < (M,w) — B be a Lagrangian bundle with classifying
map x : B — BAff(R"/Z"). Its Chern class is defined to be the pull-back

x*cv € H*(B; Z7 ).
Remark 3.14.

i) A priori, the cohomology class x*cy is only the primary obstruction to the ex-
istence of a section for R"/Z"™ — (M,w) — B, i.e. the vanishing of x*cy may
not mean that there exists a section s : B — M. However, if x*cy = 0, then
the argument of Remark 3.12 shows that there exists a section defined on the
2-skeleton of B. Since the fibres R™/Z™ of the bundle are K(Z™;1), it follows
from standard arguments in obstruction theory (e.g. [65]) that there is no ob-
struction to extending this section to the other skeleta of B. Thus x*cy is the
only obstruction to the existence of a section;

ii) In [55] the Chern class of a Lagrangian bundle is defined to be the obstruction to
the existence of a lift
BGL(n;Z)

B BAR(R"/Z")

This obstruction coincides with the obstruction to the existence of a section s :
B — x*BGL(n;Z). Since R"/Z" — (M,w) — B is isomorphic to the pull-back of
R"/Z"—=BGL(n; Z)—"=BAffz(R"/Z") along Y, the latter is just x*cy and
the above definition coincides with that of [55];

iii) Definition 3.13 is equivalent to the definition of Chern class given in [6, 18, 20, 68].
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3.3 Sharpness

The two topological invariants defined above completely determine the topological type
of a Lagrangian bundle, as mentioned in [6, 16, 18, 20, 40, 50, 68]. This can also be
seen using arguments in equivariant obstruction theory which are akin to those used to
define the universal Chern class. Thus the following sharpness theorem is only stated.

Theorem 3.9 (Sharpness [18, 20, 40, 56]). Two Lagrangian bundles
R"/Z" — (M,w) - B , R"/Z"— (M',u') — B

are isomorphic (as fibre bundles) if and only if their free monodromies and Chern
classes coincide.

Remark 3.15. It is important to note that the above theorem is merely a topological
statement and does not carry any information regarding the symplectic geometry of
the bundles. This deeper aspect is investigated in the following chapters.
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Chapter 4

Construction of Lagrangian
bundles

While the existence of topological universal Lagrangian bundles suffices to solve the
classification problem of Lagrangian bundles, it does not address the question of con-
structing Lagrangian bundles over a given manifold B. In this chapter, the symplectic
geometry of Lagrangian bundles is studied in detail in order to provide the comple-
mentary tools to tackle the construction problem. Section 4.1 shows that topological
universal Lagrangian bundles are, in fact, universal for a broader family of bundles,
namely those called affine R"/Z"-bundles (cf. Definition 4.7). The existence of a sym-
plectic form w which makes the fibres of a Lagrangian bundle into maximally isotropic
submanifolds of the total space imposes further restrictions on the topology and geom-
etry of the bundle itself. For instance, Section 4.2 constructs Darboux coordinates for
w in a neighbourhood of a fibre; these coordinates are commonly called action-angle
coordinates in Hamiltonian mechanics. The existence of such local coordinates implies
that the base space of a Lagrangian bundle is an integral affine manifold (cf. Definition
4.15); moreover, all integral affine manifolds are the base space of some Lagrangian
bundle, as illustrated in Section 4.3, where some affine invariants of the base space are
related to topological invariants of the underlying Lagrangian bundle. Finally, Section
4.4 formulates the construction question (cf. Question 4.31) that is studied in Chapters
5, 6 and 7 below.

4.1 Affine R"/Z"-bundles

The topological classification of Lagrangian bundles does not provide a method to deter-
mine whether a given T"-bundle over an n-dimensional manifold B can be endowed with
the structure of a Lagrangian bundle. This can be illustrated by studying invariants of
T"-fibrations, which have fewer constraints than the bundles under consideration.

Definition 4.1 (T"-fibrations). A T"-fibration is a fibration M — B whose homotopy
fibre is a K(Z™;1).

Remark 4.2. Any T"-bundle is a T"-fibration, but the converse is not true, since the
fibres of a T™-fibration are only homotopy equivalent to an n-torus.

Fix a T"-fibration M — B and a basepoint b € B. There is a homomorphism
which sends each element v € 71(B;b) to the homotopy equivalence of the homotopy
fibre Fj obtained by lifting v to M using the homotopy lifting property of fibrations
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(cf. [17]). Let Hty(K(Z™;1)) denote the group of homotopy classes of self-homotopy
equivalences of K(Z";1) with group operation given by composition of maps (defined
up to homotopy). The homomorphism

Hty(K(Z";1)) — Aut(m (K(Z";1))) = GL(n;Z)

4.1
h +— hy, (41)

is, in fact, an isomorphism, since it is the restriction of the bijection
[K(Z"; 1), K(Z"; 1)] = hom(Z"; Z")
to the subset of homotopy classes of self-homotopy equivalences of K(Z";1).

Given a T"-fibration M — B, there is a homomorphism
X : m1(B;b) — Hty(K(Z"; 1),

defined as follows (cf. [17]). Let «y : [0, 1] — B be a loop based at b. Let F} denote the
homotopy fibre of M — B at b; the inclusion Fj, — M makes the following diagram

commutative
Fb X {0}(—> M

|

where H : F, x [0,1]x — B is of the form
He,t) = a(t)

for all e € F, and ¢t € [0,1]. By the homotopy lifting property of fibrations (cf. [17]),
the map H admits a lift H which makes the following diagram commutative

Fy x {0}(—> M
e
Fb X [07 1] H > B.
Since the composite
H(_vl)

Fy——M——DB

is the constant map at b € B, it follows that it defines a map
Fb — Fb,

the homotopy class of this map does not depend on the homotopy class of a. Therefore,

there is a map
X« 1 T1(B;b) — Hty(K(Z";1)) = GL(n; Z)

which, in fact, is a homomorphism.

Definition 4.3 (Monodromy of a T"-fibration [17]). The homomorphism y. defined
above is called the monodromy of the fibration M — B.
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Remark 4.4. If B is connected, the free monodromy of a T"-fibration M — B is
the conjugacy class of the image of the monodromy x. in GL(n;Z). This notion is
independent of the choice of basepoint in B.

It is also possible to define the obstruction to the existence of a section s : B — M
(up to homotopy) using the same technique as that employed to define the universal
Chern class ¢y in Section 3.2.2. This yields a cohomology class

cc H*(B; Zy.,)-

Definition 4.5 (Chern class of a T"-fibration [17]). The cohomology class ¢ constructed
above is called the Chern class of the T"-fibration M — B.

The (free) monodromy and Chern class of a T"-fibration are the only two topolog-
ical invariants attached to such fibrations. Thus the topological invariants defined in
Chapter 3 are not unique to Lagrangian bundles. The above example motivates the
following question.

Question 4.6. Are there topological /smooth/symplectic invariants which determine
whether a locally trivial T"”-bundle over an n-dimensional manifold B can be endowed
with the structure of a Lagrangian bundle?

One of the most important smooth invariants attached to a Lagrangian bundle is
the smoothly varying affine structure on the fibres constructed in the proof of Theorem
2.3. In particular, the fibres of a Lagrangian bundle can be smoothly identified with
the affine manifold R™/Z".

Definition 4.7 (Affine R"/Z"-bundles [5]). A locally trivial T"-bundle is called an
affine R™/Z"-bundle if its structure group reduces to Aff(R"™/Z").

Remark 4.8. The fibres of an affine R” /Z"-bundle can be smoothly identified with the
affine manifold R™/Z"™. The topological classification of affine R"/Z"-bundles can be
carried out as in Section 3.2 above, since their structure group reduces to Aff(R"/Z");
in particular, Theorem 3.9 applies to this more general class.

Not all locally trivial T™-bundles are affine R™/Z"-bundles as illustrated in the next
example.

Example 4.9 (Torus bundles over spheres [5, 23]). A result due to Farrell and Hsiang
in [23] implies that there exist pairs m,n > 3 such that

o1 (Diff (T™)) # 0.

Fix such a pair, let f : S™~! — Diff(T") denote a map whose homotopy class represents
a non-trivial element in 7,1 (Diff(T")), and let M — S™ be the T"-bundle obtained
by using f as the clutching map, i.e.

My = (D™ x T") Uy (D™ x T"),

where D' denote the two hemispheres of S and Uy denotes the union of the two
bundles glued along their boundaries via f, so that

(x,0) € (D™ x T
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is glued to
(z, f(x)(0)) € (DT x T").

Suppose the T"-bundle M; — B is affine. Then its monodromy is trivial since S™ is
simply-connected; thus M; — B is a principal T"-bundle by the arguments of Section
3.2. Moreover, since m > 3, H2(S™;Z") is trivial and hence the bundle My — B
admits a section. Therefore it is a trivial T"-bundle, but this is a contradiction, since
its classifying map

S™ — BDiff(T")

induces a non-trivial map on m'"-homotopy groups.

Studying the obstruction for a locally trivial T™-bundle over an n-dimensional man-
ifold B to be an affine R /Z"-bundle is a problem that is not explored in greater details
in the rest of this thesis. However, Example 4.9 above illustrates the importance of the
geometry of the fibres of Lagrangian bundles and gives an a posterior: reason to study
this family of bundles with the methods of the proof of Theorem 2.3.

4.2 Existence of action-angle coordinates

Example 4.9 shows that the problem of constructing Lagrangian bundles over a fixed
n-dimensional manifold B depends on the topology of the base space. Consider the
following question, which is a weakened version of Question 4.6 above.

Question 4.10. Let R"/Z" < M — B be an affine R"/Z"-bundle over an n-
dimensional manifold B. Are there smooth/symplectic obstructions to endowing the
above with the structure of a Lagrangian bundle?

In general, the answer to the above question is affirmative, as illustrated by the
following example.

Example 4.11 (Affine R"/Z"-bundles over S™ for n > 3 [40, 55]). Fix n > 3. The
isomorphisms classes of affine R /Z"-bundles over S™ are determined by the homotopy

classes of maps
x : 8" — BAff(R"/Z").

Since both S™ and BAff(R"™/Z"™) are CW complexes, these homotopy classes are com-
pletely determined by their actions on homotopy groups. Since n > 3, m;(S™) = 0 for
i =1,2. Since m,(BAff(R"/Z"™)) = 0 for k > 3 by Lemma 3.5, it follows that any map
X : 8™ — BAff(R"/Z") is trivial and, thus, any affine R"/Z"-bundle R"/Z" — M — B
is also trivial. Suppose that M = S™ x T™ admits a symplectic form w. Since M is
closed, the cohomology class

w = [w] € H*(M;R)

is non-zero. The Kiinneth formula implies that
H*(M;R) 2 H*(S™;R) x H*(T"; R);
in particular, the projection onto second component
pry : S" x T — T" (4.2)

induces an isomorphism

H?(T™;R) = H*(M;R).
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Thus there exists a 2-form «w’ defined on T such that
w = priw’,

but this contradicts non-degeneracy of w. Therefore M cannot be a symplectic manifold
and, in particular, no affine R™/Z"-bundles over S™ can be Lagrangian.

Example 4.11 uses the fact that, for n > 3, the total space of any affine R"/Z"-
bundle over S™ is diffeomorphic to S™ x T™ which is not a symplectic manifold. This
argument does not work for the trivial affine T?-bundle over S?, since its total space
52 x T? is a symplectic manifold, as both S? and T? are. In this case, the relevant
question is whether there exists a symplectic form w on S? x T? which makes the
projection

S? x T? — §?
into a Lagrangian bundle. In order to answer this question, it is necessary to investigate

the local structure of Lagrangian bundles from a symplectic point of view, as it is done
in [8, 20, 40].

4.2.1 Canonical coordinates

This section constructs canonical local symplectic coordinates for Lagrangian bundles,
which are commonly referred to in the Hamiltonian mechanics literature as action-angle
coordinates. This construction can be found in many other works, e.g. [8, 20, 40], and
is included here for completeness.

The starting point is a slight refinement of the proof of Theorem 2.3 which is due
to Duistermaat in [20]. Recall that if R"/Z" — (M,w) — B is a Lagrangian bundle,
for each by € B there exists an open neighbourhood U C B and smooth functions

T :U — R",

for i = 1,...,n, such that Z(T*(b),...,T"(b)) yields the period lattice P, for each
b € B (cf. Definition 2.17). Note that these maps determine the smoothly varying
affine structure on the fibres of R"/Z" — (M,w) — B, since each fibre Fy, for b € U is

diffeomorphic to
]R(Tl(b), e ,T”(b))/Z(Tl(b), L TTD)). (4.3)

These smooth maps are constructed using a coordinate map ¢ : U — R” and by con-
sidering the Hamiltonian vector fields X1, ..., X, of the functions (fi,..., fn) = ¢om,
where 7 denotes the projection M — B.

The following lemma shows that ¢ can always be changed to another coordinate
map ¢’ so that the flows of the Hamiltonian vector fields X7, ..., X/ of the functions
(f1,---, f1) = ¢' om on the fibre F}, are given by

tes UTO) s w0,

where W denotes the action defined by the flows of the Hamiltonian vector fields
X1,...,X,, as in equation (2.8). In other words, B admits an atlas of ‘preferred’
coordinates, which play a fundamental role in the rest of this thesis. The proof of the
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lemma is omitted as it can be found in [20], although some of the underlying ideas are
discussed in Remark 4.12.

Lemma 4.1 (Duistermaat [20]). Let R"/Z" — (M,w) — B be a Lagrangian bundle.
For each b € B, there exists an open neighbourhood U C B and a diffeomorphism
¢+ U — R™ such that the flows of the Hamiltonian vector fields of the functions
(fi,---, fl) =mo ¢ are periodic with period 1.

Remark 4.12. The idea underlying Lemma 4.1 is that the smooth maps
T ..., T":U - R"

can be thought of as sections of the cotangent bundle T*U — U. This can be seen
as follows. Let ¢ : U — R" be a diffeomorphism or, equivalently, a coordinate map
inducing the smooth maps T, ...,T". Then ¢ induces a trivialisation

T"U =2 U x R™.
Under this trivialisation, the submanifold
P={(bt)eUxR": te P}

of equation (2.14) becomes a submanifold of T*U which is also denoted by P. Further-
more, the smooth maps T, ..., T™ are identified with sections of the cotangent bundle
T*U — U. The above trivialisation induces an isomorphism of fibre bundles

T*U/P = U x T"

composing this isomorphism with the trivialisation T (which depends on a choice of
local section s : U — 7~ 1(U)) of equation (2.15), obtain a trivialisation (also denoted
by 1)

T:T*U/P — n }(U). (4.4)
The main idea in the proof of Lemma 4.1 is that, by shrinking U if needed so that it
is simply connected, the coordinate map ¢ : U — R can be chosen so that the sections

T, ...,T" of T*U — U are closed. This is equivalent to the statement of Lemma 4.1,
as shown in [20]. Denote this choice of coordinate map by ¢'.

With this choice, P is a Lagrangian submanifold of (T*U, €y7), where ¢ denotes the
canonical symplectic form on T*U (cf. Example 2.3). Thus T*U/ P inherits a symplectic
form wg from the symplectic manifold (T*U, Q). If a', ..., a™ denote local coordinates
on U induced by ¢, and (a',...,a" p',...,p") are the induced local coordinates on
T*U, then

n
Qu =) da’ Adp'
i=1
and
n . .
wo = Z da' A d6", (4.5)
i=1
where 6',... 0" are affine coordinates on the fibres T" which take values in R/Z.

This is because ¢’ is chosen so that the flows of the vector fields §/901,...,0/00™ are
periodic with period 1. Note that these affine coordinates on the fibres coincide with
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the affine coordinates on the fibres given by the proof of Theorem 2.3 (cf. equation
(2.17)). Finally, by construction, the trivialisation of equation (4.4) satisfies

0
for all 4, where X7,..., X/ are the Hamiltonian vector fields of the functions

(fl,-  fl)=¢ om.

Lemma 4.1 provides the existence of preferred coordinates a on the base space B
of a Lagrangian bundle; using the ideas in the proof of Theorem 2.3, corresponding
affine coordinates 8 on the fibres can be constructed. However, there is freedom in
choosing the latter coordinates, as the constraint given by equation (4.6) does not
specify affine coordinates uniquely. Recall that the trivialisation Y constructed in
Remark 4.12 depends upon a choice of section

s:U — 7 YU).

It is natural to demand that the coordinates on the fibres be chosen so that, under Y,
the section s corresponds to a preferred Lagrangian section of

(T"U/P,wo) = U,

namely the zero section. This can always be achieved by translating the affine coordi-
nates along the fibres, as mentioned in [8]. With this preferred choice of coordinates,

T w11y = wo, (4.7)
i.e. the map T is a symplectomorphism.
Definition 4.13 (Action-angle coordinates). The coordinates
(a,0) = (a',...,a", 0, ...,0™)
induced by T on 71(U) are called local action-angle coordinates.
The above discussion proves the following theorem.

Theorem 4.2 (Existence of local action-angle coordinates [2, 20]). Let F — (M,w) —
B be a Lagrangian bundle. There exists an open cover U = {Uy} of B and diffeomor-
phisms ¢q : Uy — R inducing symplectic trivialisations of the bundle

Yo : (T"Us/Po,wo,a) — (W_I(Ua),wa),
where P, C (T*Uy, Q4) is the Lagrangian submanifold

Po = {(8a,Pa) € T*Ua : Pa € Z{da,,,...,dal)},

al,...,a” are local coordinates on Uy, induced by ¢, and (aq, pa) are canonical coor-

dinates on T*Uy. In other words, if (a,,04) are action-angle coordinates on T*U,, /P,
then

n
Wo,a = Z dal, A dé.,.
i=1
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Remark 4.14. The existence of canonical coordinates in the neighbourhood of a La-
grangian submanifold also follows from Weinstein’s Lagrangian neighbourhood theorem
[64]. However, the above approach is more revealing from the point of view of affine
geometry. For instance, the angle coordinates 6',...,0™ on the fibres of a Lagrangian
bundle are naturally affine. Moreover, Lemma 4.1 implies that the base space B of a
Lagrangian bundle inherits naturally the structure of an affine manifold, as proved in
the next section.

4.3 Integral affine geometry of the base space

The existence of local action-angle coordinates imposes constraints on the topology and
geometry of Lagrangian bundles. For the purposes of this work, the most important
consequence of Lemma 4.1 is that the base space B of a Lagrangian bundle inherits the
structure of an integral affine manifold.

Definition 4.15 (Integral affine manifold). An n-dimensional affine manifold (B, .A) is
said to be integral if the coordinate changes in its affine structure A are integral affine
maps of R™, i.e. to elements of the group

Aff7(R") := GL(n; Z) x R".
Example 4.16 (Integral affine manifolds).
i) The examples of affine manifolds in Example 2.14 are also integral affine;

ii) There exist examples of affine manifolds which are not integral affine, e.g. affine
structures on T? as constructed by Arrowsmith and Furness in [28];

iii) A diffeomorphism
(B, A) = (B, A)
between (integral) affine manifolds is (integral) affine if it is (integral) affine in
local (integral) affine coordinates. There exist examples of affine diffeomorphisms

between integral affine manifolds which are not integral affine diffeomorphism.
For instance, consider lattices

A =7, Ay =27

in (R,+). The integral affine manifolds R/A;,R/As are affinely diffeomorphic,
but not integrally affinely diffeomorphic.

The following lemma proves that integral affine geometry is deeply related to the
study of Lagrangian bundles.

Lemma 4.3 (]20, 40, 55]). A manifold B is the base space of a Lagrangian bundle if
and only if it is an integral affine manifold.

Proof. Let R"/Z" — (M,w) — B be a Lagrangian bundle. Let &/ = {U,} be an open
cover as in the statement of Theorem 4.2, i.e. there exist diffeomorphisms ¢, : U, — R”
inducing local coordinates a, . ..,a? on U, whose Hamiltonian vector fields have flows
which are periodic with period 1. By shrinking the open sets, it is possible to assume
that they are contractible and that each non-empty intersection U, N Ug is connected.
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Fix «, B such that U, N Uz # 0. Let al,...,a? aé,...,ag be coordinates on

» a

U, NUg induced by ¢q, ¢g respectively, and let Xy 4,..., Xy o, X18,..., Xy 3 be the

Hamiltonian vector fields of the functions al, ..., al, a};, . ,a}j respectively. Since the

flows of the vector fields X; 3, X; o have period 1 and U, NUp is connected, there exist

integers mfja satisfying

n
Xig=Y miXjq (4.8)
7=1

for each i (cf. proof of Theorem 2.3). Each mfja € Z since
{X1,00--, Xna}t and {Xi1s,...,X,3}

are bases of the period lattice P, which has been identified with the standard lattice
Z™ C (R™,+) via the choice of action coordinates a, and ag (cf. Remark 4.14). As

U Xko)w = dag, (X p)w = dag,

equation (4.8) implies that
n
da% =d ( Z mfﬁa&) :
=1
Since U, N Ug is connected, this implies that there exist constants diﬁ ® € R such that
n
ajy =Y milal +d* (4.9)
j=1

Ba

for all i. The matrix (m; ! ) is invertible over the integers, as it can be seen by swapping

the roles of the indices o and § above. This proves that {(Ua, ¢n)} defines an integral
affine structure on B.

Conversely, let (B,.A) be an n-dimensional integral manifold, with A = {(Uy, ¢o)},
local coordinates al, ..., a” and coordinate changes

(bﬁ © ¢;1 = (A,Bomdﬂa>7

where Ag, € GL(n;Z) and dg, € R™ are constant on U, N Ug for all o, 3. Each
diffeomorphism
Oa : Uy — R"

induces an isomorphism

T U, = ¢, T*R";
let (aq, Pa) be the induced coordinates on the cotangent bundle T*U,. The submanifold
P := {(80,Pa) € T*Us ¢ pa € Z(dal,, ..., dal)}.

is a Lagrangian submanifold of (T*U,, €2, ), where Q,, is the canonical symplectic form of
Example 2.3. Thus €2, descends to a symplectic form wy ,, which makes the projection

T*Uqs/ Py — Uy

into a Lagrangian bundle. Note that if (Agy,dgs) € Affz(R™) denotes the change of
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coordinates defined on U, N Ug, then the induced transition function of T*B is given
by

(a5, Pp) = (Agada + dsa; Agl Pa)-
In particular, this implies that the locally defined Lagrangian bundles (T*U,,wp o) —
U, patch together to yield a globally defined Lagrangian bundle

(T*B/P,wy) — B, (4.10)
and the result follows. O

Remark 4.17 (Properties of R" /Z" < (T*B/Pp 4),wo0) — B). The bundle R" /Z" —
(T*B/P(p,4),wo) — B constructed above admits a globally defined section, namely the
zero section, since the locally defined 0, : U, — Uy x R™/Z"™ patch together. The zero
section is also Lagrangian, since each 0, is.

The submanifold P C T*B plays an important role in the construction of La-
grangian bundles.

Definition 4.18 (Period lattice bundle of an integral affine manifold). Let (B, .4) be
an integral affine manifold. The Lagrangian submanifold P C (T*B, Q) constructed in
the proof of Lemma 4.3 is called the period lattice bundle associated to (B,.A).

Remark 4.19. Let R"/Z" — (M,w) — B be a Lagrangian bundle. Theorem 2.3 and
Lemma 4.3 show that B can be covered by integral affine coordinate neighbourhoods U,
over which the bundle is trivial. Let (as,8,) be action-angle coordinates on 7= 1(Uy),
so that the restriction of w to 7=1(U,), denoted by w, is equal to

Wo = idafx A dee,.
i=1

Denote by g, the transition functions of the Lagrangian bundle with respect to the
above choice of local trivialisations. Then

i) the restriction of ¢34 to the fibres are affine transformations of R"/Z" by Theorem
2.3;

ii) the restriction of ¢g, to Uy N Up induces a change of integral affine coordinates,
denoted by (Agq,dgq), by Lemma 4.3;

iii) the locally defined symplectic forms wq,wg patch together to yield w and, thus,
PBaWp = Wa- (4.11)

Therefore the transition functions of the Lagrangian bundle with respect to the above
choice of locally trivial neighbourhoods are of the form

@Ba(aav Ha) — (A/gaaa + dﬁa, AgaTHa + gﬁa(aa)), (412)

where Ag, and dg, are as in the proof of Lemma 4.3, and gg, : Uy N Uz — R"/Z" is
a smooth map which is constrained by the fact that equation (4.11) holds.
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4.3.1 Affine holonomy and monodromy

Remark 4.19 allows to relate the monodromy of a Lagrangian bundle over (B, .4) to an
algebraic invariant of the induced integral affine structure A, called the affine holonomy.

Let (N, A) be an integral affine manifold and z € N be a basepoint. Define a

homomorphism
a:m(N;z) — Aff(R™) (4.13)

as follows. Let 7 : [0,1] — N be a loop based at z. Cover the image of v with finitely
many integral affine coordinate neighbourhoods Uy, ..., U,, labelled so that there exist
0=ty <t1 <...<ty,=1such that

Y([ti, tiv1]) C Uiga

for each i =0,...,n — 1. Let (Aj414,di+1,) € Affz(R™) denote the changes of coordi-
nates defined on U;11NU; for i = 1,...,n, and set Uy 41 = Uy, so that (Ay 410, dnt1n) =
(A1n,d1 ). Define
A, dig) .. - (Ag1,do1) ifn>2
() = § i) e (agedaa) i = 2 (4.14)
(1,0) otherwise,

where - denotes composition in Affz(R™). This construction is independent of the
explicit representative «y of a fixed homotopy class in 71 (N;x), as shown in [3], and
thus it is well-defined and it is a homomorphism, as shown in [4].

Definition 4.20 (Affine and linear holonomy [4, 31]). The homomorphism a of equa-
tion (4.14) is called the affine holonomy of the integral affine manifold (N, .A). Com-
posing a with the projection

Lin : Af(R") — GL(n;2),

obtain the linear holonomy | : m(N;z) — GL(n;Z).

Remark 4.21. The above construction can be carried out for any affine manifold, with
the only difference that, in this more general context, the affine (linear) holonomy takes
values in Aff(R™) (GL(n;R) respectively).

Remark 4.22. The affine holonomy is only well-defined up to an explicit choice of affine
structure and up to a choice of basepoint. This is because, given any affine structure
A on a manifold N, it is possible to construct an affinely diffeomorphic structure A’ by
acting on R"™ with an affine diffeomorphism (A, b). Throughout this work, whenever an
affine/linear holonomy homomorphism is considered, it is understood that the basepoint
and the explicit integral affine structure are given.

Example 4.23 (Affine holonomy of R"™/Z™). Consider the integral affine manifold
R™/Z" obtained by taking the quotient of R™ by the standard action of Z™ by trans-
lations. Let 71, ...,v, be generators of 71 (R™/Z") corresponding to the standard gen-
erators e!, ..., e" of Z" via the identification of the fundamental group with the group
of deck transformations. Then the affine holonomy of R"/Z" is given by

a(yi) = (1,e')

foreachi=1,...,n.
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Recall that the monodromy of a Lagrangian bundle R"/Z" — (M,w) — B is the
topological monodromy of the fibration (cf. Definition 3.8). In particular, it can be
calculated in a very similar fashion to the way in which the affine holonomy is defined
above. Let A denote the integral affine structure induced on B by Lemma 4.3, and let
{U4} denote an open cover of B by coordinate neighbourhoods over which the bundle
can be trivialised, with transition functions given by equation (4.12). Fix a basepoint
bp € B and let 7 : [0,1] — B be a loop based at by. Let Uy,...,U, be a finite cover of
the image of v defined as above, and let the transition functions be denoted by ;1 ;.
Then the image of (the homotopy class of) v under the monodromy homomorphism x
is given by

_T -7 .
() = {Al,n .. .A271 ifn > 2 (4.15)
I otherwise.

Equations (4.14) and (4.15) imply that
e =T, (4.16)

i.e. the monodromy y, of R"/Z" — (M,w) — B determines the linear holonomy of
the induced integral affine structure A on the base space B.

Remark 4.24. The linear holonomy [ of an integral affine manifold (B,.4) does not
determine the isomorphism class of the affine structure A. For instance, the integral
affine manifolds R/Z and R/2Z of Example 4.16.iii have trivial linear holonomy (cf.
Example 4.23), but they are not diffeomorphic as integral affine manifolds.

4.3.2 Reference bundles for integral affine manifolds

Fix an integral affine manifold (B,.A) with linear holonomy [. The second half of
the proof of Lemma 4.3 gives a recipe to construct a Lagrangian bundle R"/Z" —
(T*B/P,4),wo) — B with monodromy given by (T and a distinguished Lagrangian
section, namely the zero section.

Definition 4.25 (Symplectic reference bundle [55, 68]). The bundle
Rn/Zn — (T*B/P(B,_A):w(]) — B
is the symplectic reference Lagrangian bundle for the integral affine manifold (B, .A).

Definition 4.26 (Topological reference bundle [53]). The isomorphism class of
Rn/Zn — (T*B/P(B7_A),CU0) — B

as an affine R™/Z"-bundle is called the topological reference Lagrangian bundle for

(B, A).

Remark 4.27 (Importance of reference bundles). The existence of reference bundles
associated to an integral affine manifold makes the problem of constructing Lagrangian
bundles over (B,.A) less hard. The more complicated case in which the bundles are
allowed to have singularities has been studied extensively, e.g. [62, 50, 66, 68]. In
particular, [68] remarks that the lack of a reference bundle for manifolds which could
be the base space of singular Lagrangian bundles makes the construction problem much
harder to study, as illustrated in the fake base space example of the same paper.
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Remark 4.28 (Symplectic reference bundle). It is important to notice that the sym-
plectic reference Lagrangian bundle is equipped with a distinguished Lagrangian sec-
tion. Any other Lagrangian bundle which admits a Lagrangian section is fibrewise
symplectomorphic to the symplectic reference Lagrangian bundle, i.e. there exists a
fibre bundle isomorphism which is also a symplectomorphism of the total spaces. Such

a symplectomorphism is sometimes referred to as a polarisation in the literature, e.g.
[48].

Example 4.29 (Symplectic reference Lagrangian bundles [40, 53]). Let R/Z,R/27Z be
the integral affine manifolds of Example 4.16.iii. Their linear holonomies are trivial,
so that their symplectic reference Lagrangian bundles are principal S'-bundles with
a section, i.e. they are globally trivial. Thus their topological reference Lagrangian
bundles coincide. However, the total spaces of their symplectic reference Lagrangian
bundles are symplectomorphic to

(R?/Z2%,w1), (R?/2Z & Z,ws)

respectively, where wq,ws are symplectic forms which descend from the standard sym-
plectic form  obtained by considering R? = T*R, cf. [40]. These two symplectic
manifolds cannot be symplectomorphic since the total spaces have different volumes.
This example can been refined to work in the case when the total spaces have the same
volume, cf. [53].

The idea that lies at the heart of Example 4.29 is that the symplectic reference
Lagrangian bundle R"/Z" < (T*B/Pg 4),wo0) — B associated to an integral affine
manifold (B, .A) contains information about the integral affine structure .A. This idea
is further explored in Chapter 7.

4.4 Almost Lagrangian bundles

In light of Lemma 4.3, the base space of a Lagrangian bundle is necessarily an integral
affine manifold. However, not all T"-bundles over an n-dimensional integral affine
manifold are Lagrangian as the next example shows (cf. Example 4.9).

Example 4.30 (A torus bundle over an integral affine manifold). A result of Farrell
and Hsiang [23] implies that

m4(Diff(T%)) ® Q = Q°"; (4.17)

in particular, the above homotopy group is non-trivial. Let f : $* — Diff(T%7) represent
a non-trivial homotopy class in m4(Diff(T67)). Consider the open subset B = RS\ V C
RS7 obtained by removing the closed subspace

V={xeR: 2! =0,...,2° = 0} =2 RO

Note that B is homotopy equivalent to S® and that it inherits an integral affine structure
A from R% as in Example 2.14.ii. The linear holonomy [ of (B, A) is trivial, since 71 (B)
is trivial. Let M; — B be the isomorphism class of the T%"-bundle classified by f, as
in Example 4.9. This bundle has trivial monodromy and so the condition of equation
(4.16) is satisfied. However, it is not a Lagrangian bundle, as otherwise it would be
trivial, since it would be a principal T®"-bundle with a section. Note that equation

49



(4.17) implies that there exist countably many pairwise non-isomorphic such examples
over B.

Note that what fails in the above example is the lack of a smoothly varying affine
structure on the fibres, as in Example 4.9. The question that is considered in the rest
of the thesis is stated below.

Question 4.31. Let (B,.A) be an n-dimensional integral affine manifold with linear
holonomy [, and let R"/Z"™ < M — B be an affine R"/Z"-bundle classified by the
homotopy class of a map

x : B — BAff(R"/Z"),

which satisfies the condition of equation (4.16). What is the obstruction to endowing
M with a symplectic form w which makes the bundle Lagrangian?

Definition 4.32 (Almost Lagrangian bundles). For a fixed n-dimensional integral
affine manifold (B, .A) with linear holonomy [, the affine R"/Z"-bundles over B whose
monodromy satisfies the condition of equation (4.16) are called almost Lagrangian.

Remark 4.33 (Classification of almost Lagrangian bundles). The isomorphism classes
of almost Lagrangian bundles over an n-dimensional integral affine manifold (B, .A) with
linear holonomy [ are classified by elements of the group H?(B; Z} 7). This is because
they are affine R"/Z"-bundles with monodromy [~ (cf. Remark 4.8). The almost
Lagrangian bundle corresponding to 0 € H?(B; Zi* r) is isomorphic to the topological
reference Lagrangian bundle of Definition 4.26. The proof of Lemma 4.3 shows that
the total space of this bundle can be endowed with a symplectic form w which makes
the bundle Lagrangian. In particular, if w is chosen so that the bundle admits a
Lagrangian section, the resulting Lagrangian bundle is fibrewise symplectomorphic to
the symplectic reference Lagrangian bundle (cf. [53]).

Remark 4.34 (Local trivialisations of almost Lagrangian bundles). Fix an almost
Lagrangian bundle R"/Z" < M — B over (B, .A) and denote by P its period lattice
bundle

H,(R"/Z";Z) — P — B. (4.18)

The isomorphism class of the covering projection of equation (4.18) is classified by a
homomorphism

m1(B) — Aut(Z") = GL(n; Z),

which, up to a choice of basepoint, equals the inverse transposed [77 of the linear
holonomy of (B,.A) by definition. If P 4y — B denotes the period lattice bundle
associated to (B, .A) (cf. Definition 4.18), then there is an isomorphism

P = P(B,.A)' (419)

Let U = {U,} be a good open cover of B by integral affine coordinate neighbourhoods.
The restriction
R™/Z™ — 77 Y (U,) = U, (4.20)

is an almost Lagrangian bundle. Since U, is contractible, the above bundle is trivial
and therefore there exists a section s, : Uy, — ﬂfl(Ua). Fix such a section. Using the
ideas of the proof of Theorem 2.3, each fibre R"/Z" of the bundle of equation (4.20)
can be identified with the integral affine manifold

Hi(R"/Z"™;R)/H(R"/Z"; Z)
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by defining a free and transitive action of H;(R™/Z™;R) on the fibre R™/Z"™ whose
isotropy group is Hy(R"/Z"™;Z) (cf. [68]). Since P, = P|y, — U, is trivial, the above
identification can be extended to a trivialisation

W_I(Ua) > (Py®zR)/ Py

using the section s,. The isomorphism of equation (4.19) extends to yield an isomor-
phism
P®zR = P(B,.A) Q7 R = T*B,

where the second isomorphism follows from the definition of P g 4). In particular, the
restriction of this isomorphism to 771(U,) defines a trivialisation

Yo: 7 ' (Ua) = T*Ua/Pp plv. (4.21)

which maps the section s, to the zero section of T*Us/P(p 4y, —+ Ua. Note that if
wp denotes the symplectic form making the bundle

T*B/P(B,_A) — B

into the symplectic reference Lagrangian bundle associated to (B,.A), and wy is its
restriction to T*Ua/P(p, 4)lU,, then

*
Tawo,a

makes the bundle of equation (4.20) Lagrangian. Furthermore, the section s, is also
Lagrangian.

If (aq, 0,) denote action-angle coordinates on T*U,/P(p 4)|u, , then they are action-
angle coordinates on 7~ !(U,) — U, via the trivialisation Y. Thus almost Lagrangian
bundles admit local action-angle coordinates. Furthermore, the transition functions

Ppa =Yoo X' : T*(Ua NUp)/Pp a)lvanv, = T (Ua NUs) /P a)lvanus,

take the familiar form (cf. equation (4.12))

SO,Boz(aaa Oa) = (A,Baaa + d,Bom Aggaa + g,@’a(aa))a (4'22)

where the first component comes from an affine change of coordinates on U, N Usg,
and the linear part of the second component is determined by the transition functions
for P(p,_4)y — B by construction. Note that the maps pg, are not necessarily fibre-
wise symplectomorphisms as the locally defined forms Y}, wp o do not necessarily patch
together.

Remark 4.35 (Equivalent definition of almost Lagrangian bundles [18]). Fix an n-
dimensional integral affine manifold (B,.A) with linear holonomy [, and let Pp.ay C
T*B denote its associated period lattice bundle. Denote by P the sheaf of smooth
sections of the projection P — B. Note that P is isomorphic to the period lattice
bundle of any Lagrangian bundle over B whose monodromy equals [~7, as proved in
[20]. Thus there is an isomorphism of cohomology groups

H(B;P) 2 H(B;Z" 1)
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for all i. The sheaf P fits into a short exact sequence (cf. [20])
0—P —=C>®(T*B) - C=®(T*B/P) — 0, (4.23)

where C*°(T*B) and C>°(T*B/P) are the sheaves of smooth sections of the cotangent
bundle T*B — B and of the topological reference Lagrangian bundle T*B/P — B re-
spectively. The long exact sequence in cohomology induced by equation (4.23) collapses

to isomorphisms ‘ ‘
H(B;C>(T*B/P)) = H"(B; P)

for i > 1, since C*°(T*B) is a fine sheaf (cf. [37]). In particular,
H!(B;C>(T*B/P)) =~ H*(B; P).

Hence
HY(B;C>*(T*B/P)) 2 H*(B; Z{" 1). (4.24)

The group H!(B;C®(T*B/P)) classifies the isomorphism classes of bundles over B
which are locally isomorphic to T*B/P — B and have structure sheaf C*°(T*B/P)
(cf. [18, 35]). These are bundles which admit local trivialisations which are isomorphic
to the trivialisations for T*B/P — B and with transition functions given by locally
defined sections of T*B/P — B. In light of Remark 4.33 and equation (4.24), an
almost Lagrangian bundle satisfies this condition and, conversely, any bundle over B
with the above properties is almost Lagrangian. This is the point of view taken in [18],
and, more generally, in other works in the literature, e.g. [20, 40, 68].

Remark 4.36 (Relation to integrable systems [25]). Almost Lagrangian bundles are
the correct geometric setting for studying the type of generalised Liouville integrability
that Fasso and Sansonetto consider in [25]. It can be shown that the total space of an
almost Lagrangian bundle admits an appropriate non-degenerate 2-form with respect
to which the fibres are maximally isotropic submanifolds. This work will appear in [52].

Not all almost Lagrangian bundles are Lagrangian. Fix an n-dimensional integral
affine manifold (B, .A) with linear holonomy [, and let P C T*B be the period lattice
bundle associated to (B,.A) (cf. Definition 4.18). The sheaf of smooth sections P of
P — B fits in a short exact sequence

0— P — Z(T*B) —» Z(T*B/P) = 0, (4.25)

where Z(T*B) and Z(T*B/P) are the sheaves of closed sections of T*B — B and
T*B/P — B respectively. Note that Lagrangianeity of P is necessary to construct the
above exact sequence (cf. Lemma 4.1). The induced long exact sequence in cohomology
groups yields a homomorphism

D4 : H*(B; P) — H*(B; Z(T*B)),

where the subscript denotes the dependence upon the integral affine structure of the
manifold B. This homomorphism depends on A as the latter determines P as a La-
grangian submanifold of (T*B, ) (cf. Definition 4.18). By Poincaré Lemma (cf. [64]),

H*(B; Z(T*B)) = H?(B;R),

where H3(B;R) denotes cohomology with real coefficients, and the isomorphism be-
tween this cohomology theory and the cohomology with coefficients in the constant
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sheaf R over B with R coefficients is used tacitly. Hence there is a homomorphism
D(p.4) : H(B; P) — H*(B; R). (4.26)

Theorem 4.4 (Dazord and Delzant [18]). Let R"/Z" — M — B be an almost La-
grangian bundle over (B, A) with linear holonomy [, and let

c € H*(B;Z{r) 2 H*(B;P)
be its Chern class. Then R"/Z"™ — M — B is Lagrangian if and only if
D(p,ac = 0. (4.27)

The remaining chapters of this thesis are devoted to proving that the homomor-
phism D(p 4 is related to a differential on the Eg-page of the Leray-Serre spectral
sequence of the topological universal Lagrangian bundles constructed in Chapter 3.
This observation allows to give a different proof of Theorem 4.4, which highlights the
importance of integral affine geometry. The aim is to prove that D(p 4 is determined
by the universal Chern class ¢y and the radiance obstruction r(p ), a cohomological
invariant associated to an (integral) affine manifold (B, .4). The next chapter computes
the map D(p 4) in the case (B, A) = R3/Z3, thus providing the first explicit examples
of almost Lagrangian bundles which are not Lagrangian. Such bundles are called fake
Lagrangian. These examples should serve as motivation for Chapters 6 and 7.
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Chapter 5

Fake Lagrangian bundles over
R3/73

In this chapter, the problem of determining which almost Lagrangian bundles are La-
grangian is solved when the base space is R®/Z3, i.e. the integral affine manifold
obtained by considering the standard affine action of Z? on R?, as in Example 2.14.iv.
Section 5.1 provides a necessary and sufficient condition for an almost Lagrangian bun-
dle over R3/Z? to be Lagrangian (cf. Theorem 5.1). As a result, the first known
examples of fake Lagrangian bundles are constructed. In Section 5.2 a specific example
is considered to illustrate that the total space of a fake Lagrangian bundle can, in fact,
also be the total space of a Lagrangian bundle over a different integral affine manifold.

Remark 5.1. Throughout this chapter, the isomorphism between singular cohomology
with real coefficients and de Rham cohomology is used tacitly.

5.1 Almost Lagrangian bundles over R?/Z3

Let a',a?,a® denote local integral affine coordinates on R3/Z3, which are the standard
mod 1 coordinates on the 3-torus. The linear holonomy of R3/Z3 is trivial (cf. Example
4.23); thus any almost Lagrangian bundle over R3/Z3 is a principal R?/Z3-bundle (cf.
Section 3.2.1). The symplectic reference Lagrangian bundle for R3/Z3 is

(T*(R3/Z3)/ P,wp) — R3/Z3,

where wy is a symplectic form which descends from the canonical symplectic form s /73
on T*(R?/Z*). The Lagrangian submanifold P C (T*(R%/Z?), Qs ,zs) is spanned by
the differentials of the local integral affine coordinates on R3/Z3. If (a, p) denote local
coordinates on T*(R3/Z3),

P ={(a,p) € T*R?*/Z3 : p € Z(da',da?, da?)}. (5.1)

If P denotes the sheaf of sections of the covering map P — B, then the isomorphism
classes of almost Lagrangian bundles over R3/Z3 are classified by the cohomology group

H?(R?/Z% P) = H*(R®/Z% Z°),

(cf. Remark 4.35). In particular, the coefficient system Z3 can be identified with the
integral span
Z(da',da?, da?),
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since the differential forms da', da?, da® are defined globally. The universal coefficient
theorem (cf. [59]) implies that

H?(R?/Z3; Z{da', da?, da®)) = H*(R3 /23, Z) @ Z(da', da?, da®).

Choose an ordered basis 11, 12, 73 of H2(R3/Z3;Z), such that

m — da' A da?

o + da® A da® (5.2)
ns — da® A da'

under the monomorphism
H?(R3/73;7Z) — H%(R3/Z3;R) = H?(R3/Z3; Z) @7 R.
Fix da?,da', da® as an ordered basis of the above coefficient system P. Let

c= [Clm]

be an element of H2(R3/Z3; P), where [c;,,,] € M(3;7Z) is the 3 x 3 integer-valued matrix
representing ¢ with respect to the above choices of ordered bases. Let F' — M — R3/Z3
be the isomorphism class of the almost Lagrangian bundle over R?/Z3 whose Chern
class is given by c¢. The following theorem gives a necessary and sufficient condition for
this bundle to be Lagrangian.

Theorem 5.1. The bundle F — M — R3/Z3 is Lagrangian if and only if
Tricy,) = 0. (5.3)

The strategy of the proof is as follows. The long exact sequence in homotopy for
the almost Lagrangian bundle F' — M — R3/Z3 (cf. [17]) is trivial except for

0 — m(F) = (M) = 7 (R?/Z%) = 0,

since F = R3/Z3. Thus, as an abstract group, 71 (M) is a Z3-extension of Z?; since the
monodromy of the bundle is trivial, the only invariant classifying the above extension
is a cohomology class in H2(Z?;Z3), which is isomorphic to

H%(BZ?; Z°) = H3(R3 /23, Z7).

In fact, the Chern class c of the almost Lagrangian bundle F' < M — R3/Z3 classifies
this extension under the above isomorphism. Henceforth, denote 71 (M) = I'. to high-
light the dependence of the fundamental group of M on the Chern class of the bundle.

The following lemma shows that the total space of any almost Lagrangian bundle
over R3/Z3 is diffeomorphic to a quotient of T*R3 by some action of I'...

Lemma 5.2. There exists a representation T'. — Diff(T*R3) which makes M diffeo-
morphic to T*R3/T...

Proof. Let q : R — R3/Z3 denote the universal covering. The induced integral affine
structure on R? is just the standard structure (cf. Example 2.14.i). The pullback
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bundle
" Q
M —— M

L

R? —— R3/Z?

is almost Lagrangian over R3, by naturality of the definition of almost Lagrangian
bundles (cf. Definition 4.32). Since R? is 2-connected, i.e. m;(IR?) is trivial for i = 1,2,
the isomorphism type of ¢*M — R3 is trivial by Theorem 3.9. In particular, there is
an isomorphism of almost Lagrangian bundles

o

T*R3/ Pys M
\ R?”

where Pps = ¢*P, and P is defined as in equation (5.1). Thus there is a commutative
diagram

T*R® —%> T*R3/ Pys M (5.4)

~o

R — > R*/Z%,

where @' : T*R3 — T*R3/Pgs denotes the quotient map. Note that both Q' and
Q are covering maps, induced by smooth Z3-actions on T*R? (translation along the
submanifold Pgs) and on T*R3/Pps (a lift of the Z3-action on R3) respectively. Thus
the composite
QoQ TR > M

is a fibration with unique path lifting property and discrete fibres; since both M and
T*R3 are manifolds, this implies that Q o Q' is a covering map (cf. [59]). Moreover, as
T*R3 is simply connected, it is a universal cover of M and thus M is homeomorphic
to T*R3/T.. However, the action of I'.. is obtained by composing the aforementioned
smooth Z3-actions and, therefore, it is smooth. Hence, the result follows. ]

Remark 5.2. The submanifold Pgs = ¢*P C T*R3 is the period lattice bundle as-
sociated to the integral affine manifold R® with standard integral affine structure. In
particular, if a', a?, a® are integral affine coordinates on R? induced by pulling back the

integral affine structure on R?/Z3, and (a,p) are induced coordinates on T*R3, then
Pgs = {(a,p) € T*R3/Z? : p € Z(da',da?, da®)}
(cf. equation (5.1)).

Lemma 5.2 illustrates also how I'. acts on T*R3. The restriction of the action to
the normal subgroup of ', corresponding to 71 (F’) acts on the fibres of the cotangent
bundle T*R? — R3 inducing the covering map Q' : T*R3 — T*R3/Pgs. The quotient
I./m(F) = w1 (R3/Z3) acts on T*R3/Pgs; this action lifts the action of 1 (R3/Z3) on
R3 by deck transformations.
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Suppose that the almost Lagrangian bundle F' < M — R3/Z3 is, in fact, La-
grangian, so that the total space M admits an appropriate symplectic form w. The
following lemma is the equivalent of Lemma 5.2 in the category of Lagrangian bundles.

Lemma 5.3. The symplectic manifold (M,w) is symplectomorphic to the quotient
(T*R3/T,w’), where w' descends from the canonical symplectic form Qps on T*R3
(cf. Example 2.3).

Proof. It suffices to prove that T, acts by symplectomorphisms on (T*R3, Qps). Fix the
notation as in the proof of Lemma 5.2. The pullback bundle ¢*M — R3 is Lagrangian,
since the symplectic form w on M pulls back to a closed 2-form Q*w which is non-
degenerate as @ is a local diffeomorphism. Since

q*M = T*R3/ Pgs,
Q*w defines a symplectic form which makes the bundle
T*R3/Pgs — R3

Lagrangian. Remark 5.2 implies that the canonical symplectic form Qgs on T*R3 de-
scends to a symplectic form wg on T*R3/Pgs.

The Lagrangian bundles
(T*R3/Pgs,wp) = R® and (T*R3/Pgs, Q*w) — R?
are fibrewise symplectomorphic. This can be seen as follows. The bundle
p: T*R3/Pps — R?

admits a section s which is Lagrangian with respect to the symplectic form wg. Let
b = s*@Q*w and note that translation by s along the fibres induces a fibrewise symplec-
tomorphism

(T'R?/ Pgs, Q*w) = (T*R?/ Pgs, wo + p" )

(cf. [53]). Since R3 is 2-connected, B = dB’ for some 1-form B’ which is unique up
to addition of closed 1-forms. Thus (T*R3/Pgs, Q*w) is fibrewise symplectomorphic to
(T*R3/Prs,wo + d(p*B")). The 1-form 3’ is a section of the cotangent bundle T*R3 —
R3, thus

Q of :R3— T*R3/Pgs

is a section of the bundle
T*R3/Pgs — R3,

where Q' : T*R?® — T*R3/Pgs is the quotient map in the proof of Lemma 5.2. The
isomorphism

T*R3/Pgs — T*R3/Pgs

(a,0) — (2,0 — Q' o B'(a)), (5.5)

gives a symplectomorphism
(T*R?/Pps,wo) = (T*R®/ Pps, wo + p*df).

The composition of the various fibrewise symplectomorphisms together yields a fibre-
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wise symplectomorphism
(q*M7 Q*W) = (T*R3/PR37 WO)'

By virtue of the commutative diagram of equation (5.4), the action of I'. on T*R? is
by symplectomorphisms, since the normal group m(F') acts by symplectomorphisms
(translations along Pgs) of Qs and the Z3-action on (¢*M,Q*w) is also by symplec-
tomorphisms by construction (as the form Q*w descends to define w). This proves the
result. O

In light of Lemmata 5.2 and 5.3, it suffices to study whether there exist symplectic
actions of T'; on (T*R3, Qps), such that

i the restriction of the action to the normal subgroup 71 (F') induces the quotient
map
Q' : (T*R?, Qgs) — (T*R3/Pgs,wp);

ii the action of I'./71(F) lifts the integral affine action of Z3 on R? by translations
along the standard lattice Z3 C (R3, +).

Proof of Theorem 5.1. Fix an element ¢ € H?(R3/Z3;Z3) and suppose that the as-
sociated almost Lagrangian bundle F < M — R3/Z3 with trivial monodromy is
Lagrangian. Set I'. = m1(M). By abuse of notation, let a',a?, a® be integral affine co-
ordinates on R? inducing coordinates (a, p) on T*R3, so that the canonical symplectic
form Qps is given by

3
Qps = _da’ Adp'.
=1

As mentioned above, the action of I', on T*R3 is constructed by combining the action of
71 (F) on T*R? given by translations along Pgs, with the lift of the action of 1 (R3/Z3)
on R? to T*R3/Pgs. In order to study such an action, a presentation of I, is given in
terms of generators of 71 (F) and 71 (R3/Z3).

Choose the standard generators 1,72, 73 of w1 (R3/Z3) which are given by the ho-
motopy classes of loops of the form

y1 1t (ta',0,0)
v 1t (0,ta?,0)
Y3t (O,O,ta3),

where t € [0,1] and a are integral affine coordinates on R3/Z3. The integral affine
structure on R3/Z? is such that the deck transformation on R? corresponding to v; is
given by

a—a+e, (5.6)

for each i, where e!,e? e is the standard basis of R3. Let (a,8) be action-angle

coordinates on T*R3/Pgs, so that

3
wo = Z da* A dO'.
=1
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The lift of the 7 (R3/Z3)-action on R3 to T*R3/Pgs is by symplectomorphisms; equa-
tion (5.6) implies that the group acts by translations on R?, so the lifted action of the
generators 1, 2, y3 is of the form

7 :(a,0)— (a+e' 0+1)
Y2 i (a,0) — (a+e2,0+g) (5.7)
15 (2,8) > (a+e%,0+ ),

where f, g, h € C®°(R3;R3/Z3) are constrained by the fact that, for each i,

*
Vi Wo = Wwo,

and by commutativity of the generators.

A choice of action-angle coordinates (a, @) induces a choice of generators o1, 09,03
of the fundamental group of the fibre of the Lagrangian bundle (T*R3/Pgs,wg) — R3
by setting o; to be the loop defined by following the flow of the Hamiltonian vector
field of the function a’ from time 0 to time 1 (cf. [20]). Explicitly, these are given by
the homotopy classes of the following loops in T*R3/Pps

o1 :t— (0,0,0,t0%,0,0)

o9 1t (0,0,0,0,t0%0)

o3t (0,0,0,0,0,t0%),
where it is important to remember that the angle coordinates 8 are coordinates mod
1 by Lemma 4.1. Note that under the action defined by equation (5.7), these loops

are mapped to homotopic loops and, thus, o1, 09,03 descend to generators of m (F).
Hence,

7,72,73,01,02,03

are generators for I'.. It remains to describe the relations among these generators. To
this end, recall that there is a short exact sequence of groups

0— m(F) = T.— m(R3/Z3 =0

arising from the long exact sequence in homotopy for the Lagrangian bundle F —
(M,w) — R3/Z3. Since the bundle has trivial monodromy and (F) injects into
I'., for each i, o; commutes with all other generators of I'.. The obstruction for the
generators 1, y2,73 to commute in I'. is given by ¢ (identified as a cohomology class
in H%(Z3;Z3) via the isomorphism

H*(R®/2% 2°) = H* (2% 1)
(cf. [12])). Fix ordered bases of H?(R3/Z3;7Z) and Z3 so that ¢ = [c] as in the

statement of the theorem. There is an isomorphism

Z(da',da?, da®) = 7 (F)
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defined by

da® — o4
da' — oy (5.8)

da® — o,

i.e. arising from associating to each generator of the period lattice bundle P the homo-
topy class of the loop traced by the flow of the corresponding Hamiltonian vector field.
The generators 71, 72,73 € H?(R3/Z3;7Z) correspond to three 2-cells in the standard
CW-decomposition of R3/Z3 (cf. [36]), denoted by e?,e2, 2 respectively. The attach-
ing maps of these cells define relations amongst the generators v1,v2,73 in 71 (R3/Z3);
given the choices of generators of H?(R3/Z3;Z) and 71(R3/Z3), the relations are given
by the words

Y12 e sy te v T

In light of the isomorphism of equation (5.8), obstruction theoretic arguments imply
that the lift of the above relations to I'. is given by

—-1_-1 _ _ci11,c12 _ci3
Y17271 Yo = 03 071709

Yoy375 vt = 0o ag (5.9)

—1,—-1 __ _co1 __c22 _C23
Y3713 Y1 = 03 077097

Any T-action (T*R3,Qps) acting by symplectomorphisms is defined on the above
generators by

o1:(a,p) — (a,p+e')
o2 : (a,p) = (a,p +€?)
3
o3:(a,p) — (a,p+le ) ) (5.10)
v :(a,p)— (a+e,p+T)
21 (a,p) = (a+e’,p+8)
v3: (a,p) — (a+e3,p+f1),

are lifts of the maps
f, g, h e C*(R*;R*/Z%)

of equation (5.7). There are further constraints on the above action, namely that

i) the deck transformation corresponding to each ~; is a symplectomorphism of
(T*RS,QRS);

ii) the action need satisfy the relations of equation (5.9).
For instance, if f = (f1, fa, fg), then

’)/TQRB = Q]Ra’
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implies that . B
ofi _9f;
dal  dat

for all i # j and throughout R3; on the other hand, the first relation in equation (5.9)

implies that

(5.11)

g3(a— el — e2) —gs(a— e2) + fg(a - el) — fg(a —el — e2) =cy

gilla—el —e)) —gia—ed) + fila—el) — fila—e' —e?) =cpp (5.12)
Go(a—el —e?) —gola—e) + fola—el) — fola—el —e?) = ¢is.
Set ~ )
=TGR G =Ce =G G = g
Clearly F,G, H € C®(R?). Write

a2
f3(a) = /F(al,dQ,a?’)d&Z+A(a1,a3),

etc. The relations of equation (5.12) imply the following equalities

a? al

/F(al—l,d2,a3)dd2— / G(a',a® —1,a%)da' = ¢y,

a?-1 al—1

/Ga a® —1,a%)da’® — / H(a',a? a® —1)da® = ey, (5.13)
a3—1 a?-1

(l

/Ha a?,a® — 1)da' — / F(a' —1,a?%,a%)da® = c33,

al—1 a3—1

which hold for all a € R?. Integrating the first equality in equation (5.13) over [a® —

1,a%], obtain that

a®  a? 3 ol
/ / F(a' —1,ad% a%)da*da® — / / G(@',a® —1,a%)da'da’ = ey

ad—1a2-1 ad—1lal-1

for all a € R3. The functions F and G are smooth and these integrals are over compact
subsets of R? (for some fixed a', a?, a®); by Fubini’s theorem, the order of integration
can be switched, so that

CL2 CL3 a1 a3
/ / F(a' —1,a% a%)da*da® — / / G(a',a® —1,a%)da*da' = c11.  (5.14)

a?—1la3—1 al—1a3-1

The second and third equations in (5.13) can now be used to derive the necessary
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condition. Indeed the a-integrals of equation (5.14) are given by

a

a3—1 a?—1

3 CL2
G(a',a® —1,a%)da® = / H(a',d?, a3 — 1)da® + coo,
3

) (5.15)
a a
/ F(a' —1,d% &%) da® = / H(a',a? a® —1)da' — c33,
a3—1 al—1
and so equation (5.14) becomes
ll2 (Ll (Ll CL2
/ / H(a',a? a® —1)datda® - / / H(a',a? a® — 1)da’dat
(5.16)

a?2—1lal-1 al—1a2-1

= c11 + ¢22 + C33.

Using Fubini’s theorem again, the left hand side of equation (5.16) vanishes and so the
necessary condition follows.

It remains to show that the condition is sufficient. Fix a cohomology class ¢ €
H?(R3/73; Z3) represented by an integral matrix [cy,,] with 114 cao +c33 = 0. Consider
the I'.-action on T*R3 defined by the following vector valued functions f, g, h

3

e/ 2 3 2 3 1 1 2
f(a ,a”,a ) = (Clga — c32a°,c120° + c11a0°, —Cc32a” + C11G ),

2 3 1 2
(—ci3a®, caga® — ci3a-, c2307),

S
w
~—

I

This action is symplectic and the bundle obtained in the quotient is a Lagrangian
bundle over R3/Z3 with trivial monodromy and Chern class given by c. This shows
that the condition is sufficient and therefore completes the proof of the theorem. [

Remark 5.3 (Fake Lagrangian bundles). The almost Lagrangian bundles over R3/Z3
whose Chern classes do not satisfy the condition of Theorem 5.1 are the first explicit
examples of fake Lagrangian bundles.

5.2 Relation to symplectic topology

Fake Lagrangian and Lagrangian bundles are topologically indistinguishable as they are
both examples of affine R™/Z"-bundles (cf. Section 4.1). Theorem 5.1 characterises the
difference between these two notions when the base space is the integral affine manifold
R3/7Z3. Tt is also possible to consider this result from a different point of view. Let M
be the total space of a principal R?/Z3-bundle over R3/Z3 with Chern class ¢; Theorem
5.1 gives a necessary and sufficient condition on the topology of M (which depends on
¢) for it to admit a symplectic form which makes the given principal R3/Z3-bundle
Lagrangian. From this point of view, the following is a natural question to investigate.

Question 5.4. Is the condition of Theorem 5.1 necessary for M to be a symplectic
manifold?
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This question studies the extent to which the obstruction to the existence of a suit-
able symplectic form on the total space of an almost Lagrangian bundle is, in fact, an
obstruction to the existence of a symplectic structure. In this section a negative answer
is provided to the above question, using, as the starting block, an examples of a fake
Lagrangian bundle over R3/Z3.

The example under consideration has trivial monodromy and Chern class given by
the integral matrix
¢ = diag(1,0,0),

where the notation and conventions followed are those of Section 5.1. Throughout the
rest of this section, let M denote (a representative of the diffeomorphism type of) the
total space of this fake Lagrangian bundle and set I' = 1 (M). This bundle is denoted
by F < M — R3/Z3. In what follows, not only is it shown that M admits a symplec-
tic form, but also that this symplectic form makes M the total space of a Lagrangian
bundle over a manifold which is diffeomorphic to T3.

As in Section 5.1, let v1,72,73 and o1, 02, 03 be generators of 71 (R3/Z3) and 71 (F)
respectively. The group I' is generated by v1,72,73,01,092,73 and the only relation
which is not commutation of two generators is given by

MYV Y =03

The manifold M can be constructed smoothly as the quotient T*R3/T, where the
(integral affine action) of I' (identified as a group of deck transformations on T*R3) is
given by

o1:(a,p)— (a,p+er)

o2:(a,p)— (a,p +e2)

73:(a,p) = (a,p +e3) (5.17)
7 : (a,p) — (a+er,p+(0,0,a%)

v2: (a,p) — (a+eq,p)

73 (a,p) — (a+es3,p),

and a = (a',a?,a®),p = (p',p?,p®) are canonical coordinates on T*R? as in Section

5.1. The prOJeCtIOH 7+ M — R3/Z3 arises from the projection 7 : T*R3 — R? given by
i (a',a? a’,p',p% p’) = (a', 0%, d”).
Identify T*R? 2 RS and consider the projection
7 RS - R?
(a',a®,a® p',p?,p°) = (a',p?, ).
The symplectic form
i =da' Adp® — alda! A da? + dp® A da® + da® A dp!

makes the vector bundle 7, : R® — R? into a Lagrangian bundle with fibre R3. More-
over, 7] is invariant under the action of I' and therefore descends to a well-defined sym-
plectic form 1 on M. Denote by N the normal subgroup of I' generated by o1, 72, 03;
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N = Z{01,v2,03) acts trivially on R? = 77 (R%). Therefore there exists a commutative
diagram of bundles

- N . TI/N
(R, ) —— (R® x R3/Z3, i) ——— (M, n)

L I/N

R? R?/(T'/N)

where the horizontal arrows denote quotient maps induced by the action of N on RS,
and T'/N on R? x R3/Z3 and R3. In particular, note that R3/(I'/N) is diffeomorphic to
T3 and that the fibre of 77, : M — T3 is diffeomorphic to a 3-torus, which is Lagrangian
with respect to the symplectic form . Thus the bundle 7, : M — R3/Z3 is Lagrangian.
Note that the vector bundle 77, : RS — R? admits a section

s: (a',p? a®) = (a',p* a*,0,0,0)

which is invariant under the action of I'. In particular, 77, : M — R3/Z3 admits a global
section and so the bundle has zero Chern class. On the other hand, since I' ¢ Z5 M
is not diffeomorphic to T® and so the bundle 77, : M — R3/Z3 has non-trivial mon-
odromy. Therefore M is the total space of a Lagrangian bundle over T2 with non-trivial
monodromy and zero Chern class.

Remark 5.5. It is interesting to notice that the integral affine structure A that the
Lagrangian bundle constructed above induces on the base space T3 is not affinely
diffeomorphic to the the standard one. This follows from the fact that the monodromy
of the Lagrangian bundle is not trivial and, thus, the linear holonomy of the integral
affine structure on T3 is not trivial in light of equation (4.16). Any integral affine
manifold diffeomorphic to T? which is also (integrally) affinely diffeomorphic to R3/Z3
must have trivial linear holonomy. Therefore (T3;.A) is not affinely diffeomorphic to
R3/Z3 and the result follows.

Remark 5.6. The idea for the above construction comes from the classification of
T2-bundles over T? carried out in [51]. In particular, a manifold diffeomorphic to
the example due to Kodaira and Thurston (cf. Example 2.6) is the total space of
inequivalent Lagrangian bundles over T?, one inducing the standard integral affine
structure on the base space but with non-trivial Chern class and the other admitting
a section, but with non-trivial monodromy (cf. [30]). The example above can be
considered as a generalisation, with the added result that one bundle is Lagrangian
while the other is fake.
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Chapter 6

The spectral sequence of
topological universal Lagrangian

bundles

This chapter studies the difference between the notion of almost Lagrangian and La-
grangian bundles over a fixed integral affine manifold (B, .4). The main result is Theo-
rem 6.9 which proves that this obstruction is given by the cup product (in the appropri-
ate cohomology theory) of the Chern class of the bundle with the cohomology class of
the symplectic form on the symplectic reference bundle associated to (B, .A). The proof
of Theorem 6.9 also provides a proof to Theorem 4.4 (cf. [18]). Section 6.1 proves that
the problem of studying the topology of the topological universal Lagrangian bundle is
simply the problem of studying the equivariant topology of the universal R"/Z"-bundle.
Lemma 6.1 allows to study the Leray-Serre spectral sequence of the topological uni-
versal Lagrangian bundle starting from that of the universal R™/Z"-bundle. Since the
differentials on the Leray-Serre spectral sequence of the latter are well-understood (cf.
Lemma 6.4), it is possible to explicitly compute some differentials on the Eo-page of
the spectral sequence of the former, which depend on the universal Chern class ¢y (cf.
Theorem 6.6). This is the content of Section 6.2. Finally, Section 6.3 relates these
results to the study of almost Lagrangian bundles first by highlighting the importance
of the symplectic reference Lagrangian bundle, which encapsulates information about
the integral affine structure of (B, .4), and then by proving Theorem 6.9.

6.1 A preparatory lemma

In this section, the topological universal Lagrangian bundle is identified as the equiv-
ariant equivalent of the universal bundle for principal R™/Z™-bundles. The arguments
at the end of Section 3.2.1 show that the (free) monodromy of a Lagrangian bundle is
the obstruction to be a principal R"™/Z"™-bundle. Lemma 6.1 uses topological methods
to prove the equivalent result for all bundles which are classified by the topological
universal Lagrangian bundle, e.g. almost Lagrangian bundles, affine R™/Z"™-bundles.

Recall that the split short exact sequence

p
0—=R"/Zn—T > Aff(R"/Z") —~ GL(n; Z)—1,

(e
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induces bundles

7 : BR"/Z" — BAfE(R"/Z")
o : BGL(n;Z) — BAff(R"/Z")

(cf. equations (3.8a) and (3.8b)). The following lemma proves that the pull-back of the
topological universal Lagrangian bundle along 7 is the universal bundle for principal
R™/Z"-bundles.

Lemma 6.1. The pull-back bundle
R"/7" — 7*BGL(n;Z) — BR" /7"
is a universal bundle for principal R™/Z™-bundles.

Proof. The group R"/Z"™ acts freely on EAffz(R™/Z™) via the inclusion 7. Thus there
is a commutative diagram

EAffz(R"/Z") (6.1)
BR"/Z" - BAff(R"/Z"),

where the vertical maps are the quotient maps induced by the R"/Z" and Affz(R"/Z"™)
actions on EAff7(R"™/Z") respectively. The group R"™/Z™ acts on itself by left transla-
tions; tautologically, the associated bundle

R"/Z" < EAffz(R"/Z") Xgn jzn R"/Z" — BR"/Z",

where the action of R™/Z" on itself is by left translations, is a universal principal
R"™/Z"-bundle. Thus it suffices to show that there exists a bundle isomorphism

EAff7(R"/Z") Xgn jzn R"/Z" = T*BGL(n; Z).

Recall from the proof of Theorem 3.6 that the topological universal Lagrangian bundle
is isomorphic to the associated bundle

R™/Z" — EAff7(R™/Z") X ar,(mrnjzny R"/Z" — BAF(R"™ /Z7),
where the left action of Affz(R™/Z™) on R™/Z" is given by

Affz(R"/Z") x R"/Z" — R™/Z"
((A,s),t) — At +s.

Hence it suffices to prove that there exists a bundle isomorphism
EAffz(R"/Z") Xgn jzn R" /2" = 7*(EAffz(R" /Z") X pgr,mn jzny R™/Z7).
Equation (6.1) implies that
BR"/7" = EA(R"/Z"™)/(R"/Z");

if z € EAff(R"/Z"), its equivalence class in BR"/Z" is denoted by [z]gn /zn. Consider
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the map

¢: EAF(R"/Z™) x R"/Z" — BR"/Z" x EAff(R"/Z") x R" /7" (6.2)
(l’,t) = ([J"]R"/Z"’(mat)) ‘

It is continuous as it arises from the composition of continuous maps; thus, the map

¢ = qog, where

q: BR"/Z" x EAff(R"/Z") x R"/Z" — BR"/Z" x EAff(R"/Z") X pgr, (mnjzny R™ /2"

is the quotient map, is also continuous. Note that, by construction,

S(EAfE(R"/Z™) x R"/Z™) C 7" (EAfF(R™/Z") X age, (rr jzny R" /Z7).
In fact, ¢ is onto 7*(EAff(R™/Z") X g, (mn /20y R /Z7), for if

([z]rn 20, [Y, t] A, (mn jzn)) € T (EAFE(R™/Z") X A, (mnjzny R™/ZT),

then the equivalence classes of z,y € EAff(R"/Z™) under the action of Affz(R"/Z"™)
are equal. In particular, there exists an element a € Affz(R"™/Z") such that y = x - ;
thus

[y, tlam, (mrjzn) = [2 - @, t]ag, rr/zn) = [T, 0 t] g, @®nzn)-
Hence,
S(z,a-t) = [y, t]am, (rr /2,
and so

S(BAF(R™/Z") x R"/Z") = r*(BAE(R"/Z") X aqp, (zn /2 R”/Z).

Let s € R"/Z™ and identify it with an element of Affz(R"/Z"™) via the injection 7.
Then, since

[z -8, t]am, (rr/z0) = [2,8 - t]am, (/20
for all z € EAff(R"/Z"), t € R"/Z", it follows that
S(x-s,t) =¢(x,s-t). (6.3)
Equation (6.3) implies that ¢ descends to a well-defined, continuous, surjective map
$:EAE(R™/Z™) Xgnjzn R™ /2" — 7% (EAfE(R"/Z") X pr,(mn jzy R"/Z"),

which is going to yield the required isomorphism. Note that < is also injective, since if

([, tlrn zn) = S([2", 6 ]Rn 20 ),

for some z,2’ € EAff(R"/Z"), t,t' € R"/Z"™, then there exists s € R"/Z" (again
identified as an element of Affz(R™/Z™) via 7) such that

¥ =z-s and t' =s"' t.

Thus
[.1‘/, t/]Rn/Zn — [.’L‘ . S7 S_1 . t]Rn/Zn — [:U/, t/]Rn/Zn,

and the map < is injective.
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It remains to exhibit a continuous inverse. Let
Aff7(R"/Z") x R"/Z" — EAff(R"/Z") x R"/Z" — BAff(R"/Z")

be the bundle obtained from the universal bundle for Affz(R™/Z™) and considering the
cartesian product of the total space EAff(R™/Z™) with R™/Z"™. There is a continuous
map
pry : TH(EAff(R"/Z") x R"/Z") — EAH(R"/Z") x R"/Z"
([x]R”/Znﬂ (yv t)) = (y, t’)?

which is just projection onto the second component. The composite
9 T (EA(R™/Z") x R"/Z") — EA(R™/Z") Xgn jzn R™ /2"
is therefore also continuous. Note that, by definition,
([#lgn/zn; (y, 8)) € T (EAF(R"/Z") x R" /2")

if and only if there exists a(x,y) € Affz(R™/Z™) such that y = z - a(z,y). When
such element exists, it is unique since Affz(R"™/Z") acts freely on EAff(R"/Z"). In
particular,

ﬁ([m]Rn/Zn, (y,t)) = [y,t}Rn/Zn = [x,a(x,y) . t}Rn/Zn.
Note that for any b € Affz(R"/Z") and any ([z]gn/zn, (y,t)) € 7" (EAff(R"/Z") x
R™/7"),
I([x]gn jz0, (y - 1)) = I([2]Rn /20, (4,0 - 1)),
since the action of Affz(R"/Z™) on EAff(R"/Z") is free. Therefore ¥ descends to a
continuous map

A~

O : T (EAF(R"/Z") X pgiy(wn jzmy R"/Z") — EAF(R™/Z") Xgn jz0 R™ /2"

(6.4)
([@]rn 20, [y, tlAf, (R 20)) > [, a(2, Y)t]Rn 20

Note that for all ([CL‘]Rn/Zn, [y, t]AﬂZ(R"/Z")) eT* (EAE(R”/Z”) XAHZ(R"/Z") Rn/zn)’

>

SoI([z]rnzn, [Ys tlag, @ /zn)) = ([ZlRn 20, [T, a(2,Y) - tl A, @®ej2n))
([x]R”/Zna [IIZ‘ ’ a(x7 y)7 t]AHZ(R"/Z"))

([x]rn sz (Y, tl AL (RP /27

so that
gA o 19 = idT* (EAH(R"/Z")XAHZ(Rn/Zn)Rn/Zn) .
It is also clear that

U o< = idpaft(rr/zn)xgn zn R /20

hence ¢ is a homeomorphism. Moreover, 6,19 are morphisms of fibre bundles and, in
particular, isomorphisms. This proves the lemma. O

Remark 6.1. Lemma 6.1 proves that an affine R™/Z"-bundle with trivial monodromy
is, in fact, a principal R™/Z"-bundle. This is because the classifying map x : B —
BAff(R"/Z"™) factors through a map x : B — BR"/Z" by Theorem 3.2. Hence, the
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bundle is isomorphic to the pull-back of the bundle
R"/7" — 7*BGL(n;Z) — BR"/Z" (6.5)

along y. Since Lemma 6.1 shows that (6.5) is a model for the universal bundle for
principal R™/Z™-bundles, the result follows.

Furthermore, by naturality of the Chern class, the obstruction to the existence of a
section of the bundle (6.5) is given by

ey € H(BR"/Z" 2, o). );

where ¢y denotes the universal Chern class of Definition 3.11. Note that 71 (BR"/Z"™)
is trivial, so that the above coefficient system is just the usual constant Z"-system of
coefficients on BR"/Z". Since (6.5) is a model for the universal bundle for principal
T"-bundles,

T Cy = Crnjzn, (6.6)

where cgn /zn is the obstruction to the existence of a section for the bundle

R" /7" < ER"/Z" — BR"/Z".

6.2 The spectral sequence of a topological universal La-
grangian bundle

In this section the methods of [14] are adapted to prove that some differential on the
Es-page of the Leray-Serre spectral sequence of the topological universal Lagrangian
bundle

R"/Z"——BGL(n; Z)—"=BAffz(R"/Z")

is given (up to some isomorphisms) by taking cup products with the universal Chern
class
cu € H*(BAF(R"/Z™); Z2Y).

Aside from its intrinsic value, this result is important when studying the problem of
distinguishing fake Lagrangian and Lagrangian bundles over a fixed integral affine man-
ifold, as illustrated in Section 6.3.

Given a spectral sequence, the main idea in [14] is to use auziliary spectral sequences
to reduce the problem of determining differentials on the Es-page of the original spectral
sequence to a simpler one. While [14] deals with the cohomology of group extensions
and, in particular, with abelian extensions, the case of the topological universal La-
grangian bundle and, more generally, of affine R™/Z"-bundles can be thought of as a
natural generalisation. This is because the interesting part of the long exact sequence
in homotopy for an affine R"/Z"-bundle R"/Z" — M — B is

0 — mM — moB - mR"/Z" — miM — m B — 1.

In many known cases, the connecting homomomorphism 7B — mR"™/Z"™ vanishes
identically (say, when B has contractible universal cover) and the results of [14] can be
applied directly. However, this is not the case in general, as shown by the examples
due to Bates [6].
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Remark 6.2. The reason why it is possible to adapt the methods of [14] to the present
case is that the fibres of affine R"/Z"-bundles have very simple topology which is
completely determined by the fundamental group.

6.2.1 Auxiliary spectral sequences

The Eg-page of the Leray-Serre spectral sequence' for the topological universal La-
grangian bundle
R"/Z"——=BGL(n; Z)—"=BAffz(R"/Z")

with Z coefficients is denoted by
BB = HP(BAR(R"/Z"); HI(R" /2" Z) ).
The homomorphism
pq : T (BAE(R"/Z")) — Aut(HY(R"/Z"; Z))

classifies the local coefficient system defined by replacing each fibre R™/Z" of the topo-
logical universal Lagrangian bundle with its ¢-th cohomology group with integer coef-
ficients HY(R™/Z™; Z). Henceforth, fix a basepoint in BAff(R"/Z"), so that the above
homomorphisms are also fixed. Denote by

pr: m(BAF(R™/ZM)) — Aut(H,; (R"/Z"; Z))

the homomorphism classifying the local coefficient system with fibre H; (R™/Z"; Z) over
BAff(R™/Z™). Following [14], introduce auziliary spectral sequences, whose Eg-pages
are given by

ED? = HP(BAfF(R"/Z"™); HY(R™ /2", HY (R"/Z"; 7))p,)s

BS & HP(BAR(R" /2); HU(RY /2 Hy(R" 2 ), o7

where the above local coefficient systems are given by
Pq = pg @ p1 : T (BAFF(R™/Z™)) — Aut(HY(R™/Z"™; Z) @ HY(R"/Z"™; 7)),
Pq = pq @ p1 : m(BA(R"/Z")) — Aut(H(R"/Z"; Z) @ H\(R" /Z"; Z)),
via the isomorphisms
HI(R" /2 H' (R" /2" 7)) = HI(R" /2" 2) @ H' (R"/Z"; ),
HY(R" /2" Wy (R /2", Z)) = HY(R" /2", Z) © Hi (R™ /2" Z),

induced by the universal coefficient theorem. These spectral sequences are henceforth
referred to as the Leray-Serre spectral sequences with HY(R"/Z"; Z) and H; (R"/Z"; Z)
coeflicients respectively.

There is a pairing

LFor generalities on the Leray-Serre spectral sequence construction see [17, 42].
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induced by taking cup products and by the standard duality
HY(R"/Z", 7)) @7 H (R"/Z™; ) — Z.

Definition 6.3 (Auxiliary pairing). The pairing of equation (6.8) is called the auziliary
pairing associated to the topological universal Lagrangian bundle.

If d®, d®, d® denote the differentials on the Es-page of the spectral sequences
E;”, EJ™, EJ™ respectively, there is the multiplicative formula

d®(z-y) = dP(@) -y + (-2 - dP(y), (6.9)

where = € Eg’q, Yy € E’Q’/’q/ and x - y denotes the auxiliary pairing between z and y.
Equation (6.9) follows from the fact that the Leray-Serre cohomology sequence for a
fibration preserves the cup product structures on both the base and the fibre. In par-
ticular, any differential in the spectral sequence is a derivation (cf. [17, 42]).

As shown in [14], there is an isomorphism
0:ER' — EDO (6.10)
induced by the isomorphism
HY(R"/Z"; Z) — H(R"/Z™; H (R"/Z"™; 7).

The identity map
id: Hy(R"/Z"™;Z) — Hy(R"/Z™;, Z)

defines an element g* € H'(R"/Z"; H;(R"/Z"™;Z)), since
HY(R" /2 Hy (R" /2" 7)) = Hom (Hy (R" /2" Z); Hy (R" /27 2)).
The element ¢!, in turn, defines an element
fe By = HO(BAF(R™/Z"); HY(R™/Z"; Hy (R /2 Z)) 5y ),

since g' is fixed by the action of 71 BAff(R"/Z") defined by p;. The following two
propositions are presented below without proof.

Proposition 6.2 (Proposition 2.1 [14]). Let x € Eg’l. Then
z=0(z)- f1, (6.11)
where - denotes the auziliary pairing defined above.
Proposition 6.3 (Proposition 2.2 [14]). Let x € Eg’l. Then
d®(z) = (~1)P*(x) - AP (f1).

Proposition 6.3 reduces the problem of determining d® to that of determining
d®(f1), which depends on the universal Chern class ¢y: this is the content of The-
orem 6.6, which provides an explicit expression for this differential in terms of the
universal Chern class cg.

71



Before computing 3(2)( f1), it is useful to compute the corresponding differential for
the bundle

R"/7" — ER"/Z"™ — BR"/Z", (6.12)

which, in light of Lemma 6.1, is isomorphic to the pull-back of the topological universal

Lagrangian bundle along the universal covering 7 : BR"/Z" — BAff(R"/Z"). Let

b, 5. = HP(BR"/Z" HY(R" /2" Hy (R" /2" Z)))

denote the Eg-page of the Leray-Serre spectral sequence for the bundle (6.12) with

Hi(R™/Z"™;Z) coefficients, and let &gﬁ Jzn denote the corresponding differential. Let

fﬂén Jzn IS Eg’ﬁw Jzn be the element arising from the identity map
id: Hy(R"/Z"™;Z) — H1(R"/Z"; Z)

as above. In fact, in light of Lemma 6.1, the relation between f! and fﬁn /7 is given
by
fﬂé”/zn = T*fla

where 7 : BR"/Z"™ — BAff(R"/7Z") is the universal covering. Let
Ygn/zn : B (BRY/Z" H(RY/Z Z)) = ESp 0 (6.13)
be the isomorphism arising via an identification
HO(R® /2" Hy (R"/Z7; 7)) & Hy (R*/Z"; 7).

The following lemma computes the image of fﬂén /zn under the differential 3(2)

Rn /7" This

is a well-known result (e.g. [30]), but a proof is included for completeness.

Lemma 6.4. iy
d]gyz/zn(fﬂén/zn) - w(CRn/Z“)a

where cgn/zn € H2(BR"/Z"; Hy (R™ /Z"; 7)) is the Chern class of the universal bundle

R"/Z™ — ER"/Z"™ — BR"/Z", as in equation (6.6).

Proof. By naturality of the Chern class, it is enough to prove the result when n = 1.
In this case, the universal bundle is isomorphic (up to homotopy) to

St s §°%° - CP™. (6.14)
Since S°° is contractible, the differential

A2 p01 520
dot t By = By

. . . . : ~ . (2 .
is an isomorphism. In particular, since fslq € Eg’}gl is a generator, d(sl)(fél) is a gen-

erator of Eg’osl, and thus equal to +1g1(cg1). In fact, the normalisation axiom for the

Chern classes (cf. [43]) implies that

&gﬂ(fél) = g1 (cq1).
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f Let E;%n Jzn E;:;%” Jzn denote the Eas-pages of the Leray-Serre spectral sequences
o

R"/7" < ER" /7" — BR" /7"

with Z and H'(R"/Z"; Z) coefficients respectively, and denote by dgﬁ Iz (Ai]g,z Jzn their

respective differentials. Lemma 6.4 and Proposition 6.3 can be combined to prove the
following corollary, which is a version of Theorem 6.6 for principal R™/Z"-bundles.

Corollary 6.5. Let x € EP'

ok zn- 1Ls image dgﬁ/zn (z) € EPTEY s given by

2,R" /7"

d[ﬁ@?/m (#) = (=1)PT Opn jz0 () “Rn jz0 Ve jz0 (CRA 20),

where Ogn jzn, ‘grnjzn are the analogues of the isomorphism of equation (6.10) and the
auziliary pairing of equation (6.8) for the bundle R™/Z" — ER"™/Z"™ — BR"/Z".
6.2.2 The differential d®

One of the aims of this chapter is to prove the analogue of Corollary 6.5 for the topolog-
ical universal Lagrangian bundle. This is the content of the following theorem, which
states that, up to some isomorphisms, the differential

SIS U DA

is given by taking the cup product with the universal Chern class ¢yy. The notion of
taking cup products makes sense since the local coefficient systems involved are dual to
one another, the duality arising from the standard duality between H*(R"/Z™;Z) and
H,.(R"/Z™; Z) (cf. Remark 6.2).

Theorem 6.6. Let x € EY'. Its image d® (x) € EbT*0 = HPH2(BAfF(R"/Z"); Z) is
given by
d®?(z) = (=1)P10(x) - ¢ (cv), (6.15)

where 1 : H*(BAfF(R™/Z"); 2, ) — Eg’o is the isomorphism induced by the identifica-
tion
HY(R"/Z", H,(R"/Z"; Z)) = 7.
Proof. In light of Proposition 6.3, it suffices to show that
d@ (1) = y(ew), (6.16)

which is just the equivariant version of the result of Lemma 6.4. The idea of the proof
is to use Lemma 6.4 and functoriality of the Leray-Serre spectral sequence to deduce
the result.

By Lemma 6.1, the pull-back bundle
R"/Z" — 7*BGL(n;Z) — BR"/Z"

is a universal bundle R"/Z" — ER"/Z™ — BR"/Z". In particular, there is a commu-
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tative diagram

~ * 10,1
Eg’l T E2,R"/Z" (617)
a<2>l la]&;z Jom
2,0

52,0 )
Ey" — > By pnzn

arising from functoriality of the Leray-Serre spectral sequence (cf. [42]). By Lemma
6.4,

CAlI(RQ,z/Zn o T*(fl) = '(/JRn/Zn (CRn/Zn), (618)

since fﬂén Jzn = 7 f1. Equation (6.18) and the commutativity of the diagram in equation
(6.17) imply that )
7 0 d@(f1) = Ygn g0 (crnjz0). (6.19)

Note that, by definition, the isomorphism ¢ is the equivariant version of ¢¥gn zn, i.e.
there is a commutative diagram

H2 (BAM(R"/Z"); 20y ) — 2 120 (6.20)

n n n A2?0

Ygn zn
By equation (6.6), the commutative diagram (6.20) implies that
T o p(cr) = Yrnyzn (Crr 7). (6.21)
In particular, combining equations (6.19) and (6.21), obtain that
A (Y = (cy) = p € ker 7. (6.22)
It therefore remains to show that p = 0.

This is achieved in the following two steps.

Step 1 Prove that 1 ~!(u) lies in the image of the homomorphism
p* : H*(BGL(n; Z); Zije) — H*(BAfF(R"/2"); Ziy,)
induced by the fibration
p: BAff(R"/Z") — BGL(n; Z);
Step 2 Prove that 1 ~!(u) lies in the kernel of the homomorphism
o* : H*(BAfF(R"/Z"); Z1.) — H*(BGL(n; Z); L)
induced by the topological universal Lagrangian bundle

R /Z"—>BGL(n; Z)—Z>BAff; (R"/Z").
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Step 1

Recall that there is a fibration
BR”/Z”(—T>BAH(R”/Z”)L>BGL(n;Z) (6.23)

arising from the group Affz(R"/Z") = GL(n; Z)xR"™/Z" (cf. Theorem 3.3 and equation
(3.6)), and consider the bundle

R"/Z"™ — 0*BGL(n;Z) — BGL(n; Z) (6.24)
obtained by pulling back the topological universal Lagrangian bundle along the map
o : BGL(n;Z) — BAff(R"/Z") induced by the section ¢ : GL(n;Z) — Affz(R"/Z"™).
There is an associated system of local coefficients

HY(R"/Z",Z) < ¢*P, — BGL(n; Z), (6.25)

which is just the pull-back of the universal period lattice bundle P, — BAff(R"/Z")
along o. The pull-back

HY(R"/Z"™,7) < p*o* P, — BAff(R"/Z")
is classified by the (conjugacy class of the) homomorphism
0. 0 ps : M (BAF(R"/Z™)) — w1 (BAfF(R"/Z")), (6.26)
which is the identity, as the composition of homomorphisms
oop: Aff(R"/Z") — Aff(R"/Z")

preserves path-connected components. Hence, the following cohomology rings are iso-
morphic

H*(BAf(R"/Z"); Zig,) = H* (BAF(R"/Z"); Hi(R" /2" Z) (50p).)- (6.27)

There is a twisted version of the Leray-Serre spectral sequence, constructed by Siegel
in [57], which allows to calculate the cohomology ring

H*(BAfF(R™/Z"); Hy(R" /Z"; Z) (gop)..)
using the fibration
BR"/Z" T >BAff(R"/Z")—->BGL(n; Z)
and the system of local coefficients on BGL(n;Z) of equation (6.25). Let E5? denote

the Eg-page of this spectral sequence; since BR™/Z™ is simply connected, there is an
exact sequence

0——F20 L H2(BAM(R? /Z7); 228 )~ 702, (6.28)
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where the isomorphism of equation (6.27) is used tacitly. There are isomorphisms
n 270 ~ . .
E2 = H2(BGL(TI,Z), Zif)’
Ey? = [H*(BR"/Z"Z")| C H*(BR"/Z 2",

where id¢ : mBGL(n;Z) = GL(n;Z) — Aut(Z") = GL(n;Z) is the identity and [.]¢
denotes the group of GL(n;Z)-invariant elements. Since ker 7% = im p*, it follows that
v~ 1 (i) € im p*. This completes the proof of Step 1.

Step 2

Consider the bundle of equation (6.24). This bundle admits a section, which is induced
by the identity map BGL(n;Z) — BGL(n;Z). Thus

o*(cy) = 0 € H*(BGL(n; Z); Z7'c). (6.29)

Moreover, if E;E denotes the Leray-Serre spectral sequence for
R"/Z" < 0¢*BGL(n;Z) — BGL(n;Z)
with Hy (R"/Z"; Z) coefficients, it follows from [14] that the differential

7(2) | 10,1 2,0
dg’ 1By = B3¢

) )

vanishes identically, since the map pr* induced in cohomology by the projection pr :
0*BGL(n;Z) — BGL(n;Z) is injective as the bundle admits a section. Thus there is
the following commutative diagram arising from functoriality of spectral sequences

~0,1 o~ 50,1
E2 E2,G

a(2>l iaggo
2,0 (2,0
E5 e E2,G>

which implies that X
o d@ (1 =o. (6.30)

If g : H*(BGL(n; Z); Zgi*g) — EgOG is the isomorphism arising from the identification
HO(R"/Z™; H,(R™/Z"; 7)) = 7",
there is a commutative diagram (cf. equation (6.20))

H2 (BAFF(R"/Z"); 20 ) —2 s 320 (6.31)

.| E

H?(BGL(n; 2); 27 ) — 129,

Equation (6.29) and the diagram (6.31) imply that

a*p*(cy) = 0. (6.32)
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Applying o* to both sides of equation (6.22), and using equations (6.30) and (6.32),
obtain that
o' =0,

which proves Step 2.
By Step 1, there exists
v € H*(BGL(n; Z); Zc)
such that ~!(u) = p*v. , then
o opop*(v)=0"n=0, (6.33)

since p € kero* by Step 2. Commutativity of the diagram in equation (6.31) implies
that

0" o hop* () = oot op'(v).

Since 1 is an isomorphism, equation (6.33) implies that
0" o p*(v) = 0
as o* o p* is the identity on H?(BGL(n; Z); L3 ), it follows that v = 0. Therefore,

p=20

as required. ]

6.3 Relation to almost Lagrangian bundles

Theorem 6.6 provides information on some differentials on the Es-page of the Leray-
Serre spectral sequence of almost Lagrangian bundles by functoriality of the Leray-Serre
spectral sequence. Throughout this section, fix an integral affine manifold (B, .A) with
linear holonomy [ and an almost Lagrangian bundle R"/Z"™ — M — B with Chern
class

c € H*(B;Z{ 7).

The aim of this section is to use Theorem 6.6 to compute the obstruction for the
above bundle to be Lagrangian; Theorem 6.9 proves that this obstruction is given by
the cohomology class of the cup product of the Chern class of the bundle with the
cohomology class of the symplectic form on the total space of the symplectic reference
Lagrangian bundle associated to (B,.A) (cf. Lemma 6.7 below).

6.3.1 Symplectic reference Lagrangian bundles

The symplectic reference Lagrangian bundle
Rn/Zn — (T*B/P(By_A),WQ) — B

associated to the integral affine manifold (B,.A) (cf. Definition 4.25) plays an impor-
tant role in determining whether almost Lagrangian bundles over (B,.A) are, in fact,
Lagrangian. The symplectic form wy defines a cohomological invariant of (B,.A), as
shown in the next lemma.
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Lemma 6.7. The 2-form wq defines a cohomology class
wo € H'(B;H'(R"/Z"; R),),

where [ : m(B) — GL(n;Z) C GL(n;R).

Proof. The cohomology theory used throughout this proof is Cech-de Rham (cf. [11]).
The cohomology class of a closed differential form can be represented as the obstruction
to finding a globally defined potential. Let & = {U,} be a good open cover by integral
affine coordinate neighbourhoods of (B,.A). The proof of Lemma 4.3 shows that there
exist local action-angle coordinates (an, 84) on 771 (U,) = U, x R"/Z", so that

wa = wolr-1(7,) = Y _ dal, Adf}, =d ( > a@d&fl) : (6.34)

The transition functions g, for this choice of local trivialisations of T*B/Pp 4y — B
are given by
(a0, 0a) = (Apada + dga, A5 64), (6.35)

where Ag, € GL(n;Z) and dg, € R™ is constant (cf. Lemma 4.3). For each «, set
Vo = Z al de’,.
i

The cohomology class of wy (as a differential form on T*B/P 4)) is given in Cech
cohomology by the cocycle

TBa = PhaVs — Va = Zciﬁad%.
ik

Since U is a good cover for B, 7 = {734} defines a one dimensional cohomology class
wg on B with coefficients in the local coefficient system

HY(R"/Z";R) — P — B,

whose monodromy is given by [ : 71 (B) — GL(n;Z) C GL(n;R), since this equals the
inverse transposed of the monodromy of the period lattice bundle P g 4). This proves
the result. O

Remark 6.4. Let w’ be any other symplectic form on T*B/ P(p, ) making the topolog-
ical reference Lagrangian bundle R"/Z" — T*B/ P4y — B Lagrangian. This bundle
admits a section s (cf. Remark 4.17). Let

/
uw=sw

denote the pull-back of the symplectic form ' to B. If 7 : T*B/P,4) — B denotes
the projection map, then 7*u is a closed 2-form on T*B/ P(p,4) and the 2-form

wo + T

is symplectic, since wg is non-degenerate. Moreover, the fibres of m are Lagrangian
submanifolds of wg + 7* . Thus

Rn/Zn — (T*B/P(B7A),CU(] —|—7r*,u) — B
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is a Lagrangian bundle. Translation along s induces a fibrewise symplectomorphism
(T*B/Pp ), w') = (T*B/ P ay,wo + 7 1),

as in the proof of Lemma 5.3 and [53]. Let U = {U,} be the good open cover of B of
the proof of Lemma 6.7, let (a,,0,) be action-angle coordinates for the restriction of
the symplectic reference Lagrangian bundle to each 7=1(U,), and denote by 7* i, the
restriction of the above 2-form. In light of the above fibrewise symplectomorphism,

n
wo = W10,y = Zdai A O, + T i
=1

set
w*ﬂa = dﬂ'*Xa

for some 1-form Yy, which exists as U, is simply connected. Then
n . .
W, =d ( > addl + W*Xa> : (6.36)
i=1
Set
n . .
Do = Vo + T Xa = »_ abdfl, + 7 Xa,
i=1
and consider the cocycle
’fga = gogaﬁ/g — Vg = TBa + @EQW*X5 — W*Xa.
If ¢35, denotes the change in integral affine coordinates on (B, .A), then mopg, = ¢gaom
by equation (6.35). In particular,
CBaT X8 — T Xa = T (PhaXs — Xa) = T 1ga-

The cocycle 1 = {ngq} represents the cohomology class of 3 in Cech-de Rham coho-
mology and, thus, 7*n represents the cohomology class of 7*3 in H?(T*B/ P a);R).
Thus

W =T B=uw —n*s*
also defines the cohomology class wg of Lemma 6.7. This construction is independent
of the choice of section s (cf. [11]).

Remark 6.5 (Alternative definition of wp). Fix an n-dimensional integral affine man-
ifold (B, .A) with linear holonomy [. Let

RnC—L>T*B/P(B’A)47r>B
be (a representative of the isomorphism class of) the topological reference Lagrangian
bundle, so that Pp 4) C T*B is classified by (=T, Let w be a symplectic form on

T*B/ P, 4y making the above bundle Lagrangian. Denote its cohomology class by

w € H(T*B/Pp a); R);
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since R is a field, there is an isomorphism
H*(T*B/Pp.4);R) = B © By © EX,

where E;* denotes the Leray-Serre spectral sequence with real coefficients for the above
bundle. Recall that the projection

H2(T*B/Pp 4 R) — E%? € E)” ¢ HA(R"/Z";R)
corresponds to the map
* : H¥(T*B/Pp 4);R) — H*(R"/Z";R)

(cf. [59]). Since t*w = 0, it follows that the EX® component of w is zero. As the Chern
class of the bundle vanishes, Corollary 6.8 implies that

EL! — E%,l_
00 )
thus the B! component of w defines a class in
Ey' = H'(B;H'(R"/Z"; R)).
Remark 6.4 above implies that there exists a closed 2-form 8 on B such that
w=wy+ 7 0G;

since

7™ : H*(B;R) — H*(T*B/Pp _4);R)
corresponds to the homomorphism

E2? - BX — H?(T*B/Pp 4);R)

(cf. [42]), the EX component of the cohomology class of w equals the EX component
the cohomology class of wg. The proof of Lemma 6.7 shows that the cohomology class
of wy is

wo € H'(B; HY(R"/Z"™;R),) = Ey'' = ELL.

In particular, this shows that wy is the EL component of the cohomology class of any
symplectic form w on T*B/ P(p, ) making the bundle

Rn(—L>T*B/P(B7A) L>B
Lagrangian.

Example 6.6 (Symplectic forms on a topological reference Lagrangian bundle). The
integral affine manifold R?/Z? has trivial linear holonomy. The corresponding topolog-
ical reference Lagrangian bundle is isomorphic to

R?/7% — R?/7* x R?/7? — R?/Z2.

Let Op,0Fr denote integral affine coordinates on the base and fibre respectively. The
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symplectic form wq for which the zero section is Lagrangian is given by
wo = dfk A db}. + d6% A d6%.
Consider the section

5:R%/7% - R?/7* x R? /7?2

6.37
(05.0%) > (0%, 6%, 6%, 0); (6.37)

the pull-back
s*wp = dOf A d6%

defines a generator of H?(B;R). Denote the projection in the above bundle by 7. The
symplectic form
w=uwy — s wy

makes the above bundle Lagrangian with a Lagrangian section, given by s. Moreover,
translation by s gives a fibrewise symplectomorphism

(R?/Z% x R? /7% wp) = (R?/Z% x R? /72, w).

Note, however, that the cohomology class of w is not equal to the cohomology class of
wo; however, their Eé&} components coincide, where

EL = H'(R?/Z* H'(R*/Z* R)) = H'(R*/Z* R) @ H'(R*/Z*; R).

The cohomology class wy does not depend solely on the linear holonomy [ of (B, .A),
as the next example illustrates (cf. Example 4.29).

Example 6.7. Let R/Z and R/2Z be the integral affine manifolds of Example 4.16.iii
and 4.29. These affine manifolds have trivial linear holonomy. Let w; and wsy be
symplectic forms on their respective symplectic reference Lagrangian bundles. These
bundles are isomorphic as affine R/Z-bundles and their total spaces can be identified
with S x S!. The cohomology classes

wo,1,wo e € HY(SY; H'(R/Z;R)) — H?(S! x S1;R)
defined from w; and ws as in Lemma 6.7 satisfy
Wo,2 = 2’w071.

In particular, the above example hints at the fact that wqg is an integral affine in-
variant of the manifold (B, .A). This is evident from the cocycle 7 = {73, } representing
wo in the proof of Lemma 6.7, since it depends on the translational components of the
changes of integral affine coordinates of (B, .A).

Remark 6.8. It is important to notice that the differential 1-forms dé}, ..., d6? rep-
resent, in fact, integral cohomology classes in

HY(R"/Z";R) = HY(R"/Z";Z) @7 R

for all indices «. This is because these forms are dual to the flows of the vector fields
d/00L,...,0/00" from time 0 to time 1. These curves define a basis of the integral
homology groups

Hi(R"/Z"; Z),
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(cf. Remark 4.12). Thus the reason why real coefficients are used throughout is that
the translational components of the changes of integral affine coordinates of (B,.A) are
not necessarily integral. This is further studied in Remark 7.18.

6.3.2 Realisability theorem

This section is devoted to proving Theorem 6.9, which shows that the homomorphism
D(p, 4y of Dazord and Delzant (cf. Theorem 4.4) is, in fact, determined by a differen-

tial d® on Es-page of the Leray-Serre spectral sequence of the topological universal
Lagrangian bundle and by the cohomology class wg of Lemma 6.7. Let E;E denote
the Eo-page of the Leray-Serre spectral sequence with integer coefficients of the almost
Lagrangian bundle

R"/7Z" —~ M — B

fixed above. Theorem 6.6 and functoriality of the Leray-Serre spectral sequence imply
the following corollary.

Corollary 6.8. Let z € Eg’g. Its image under the differential dg) s given by

A2 (z) = (1) 0p(x) -5 ¥s(0),

where O, Yp, ‘B are the pull-backs of 60, 1, - defined for the topological universal
Lagrangian bundle.

The main idea of Theorem 6.9 is to study the differential
(2 . pll 3,0
dpr:Eypr = Eopr

on the Eg-page of the Leray-Serre spectral sequence with real coefficients (hence the
subscript R) associated to the above almost Lagrangian bundle. Corollary 6.8 can be
used to show that if z € E’Q”}B g then

dg,)R(iﬂ) = (=P 0pg(x) Br YBR(C),
where * € H?(B; R;*) is the image of ¢ under the homomorphism
H*(B; Z{r) — H*(B;R1) (6.38)
induced by the standard inclusion
7" - R" 27"z R,

and 0p R, ¥R are the appropriate isomorphisms. Henceforth, the subscripts B, R are
omitted in order to simplify notation.

Remark 6.9 (Realisability theorem). Theorem 6.9 may be called a realisability theo-
rem, since it provides a way to determine which cohomology classes in H?(B:; Z[",T) can
be realised as the Chern class of some Lagrangian bundle over (B, .A). The terminology
comes from the theory of symplectic realisations of Poisson manifolds (cf. [62]); these
are symplectic manifolds which fibre over a Poisson manifold such that the projection
map is a Poisson morphism. Such manifolds arise in the study of isotropic bundles,
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which are a natural generalisation of Lagrangian bundles and are associated to a more
general notion of integrability due to Mis¢enko and Fomenko (cf. [47]).

Firstly, it is shown that
wo € Eé’l.

The homomorphisms
pq s m(B) = Aut(HY(R"/Z™; R))

are completely determined by p;, since
HY(R"/Z";R) = H' (R"/Z";R) A ... \HY(R"/Z™; R).

q

Recall that the monodromy [~7 classifies the local coefficient system
Hy(R"/Z";Z) < Pp,.ay — B;
thus
p1 = [:m(B) = GL(n; Z) = Aut(H' (R"/Z"; 7)) — Aut(H'(R"/Z";R)),
where the last inclusion follows from the injection
HY(R"/Z";7) — HY(R"/Z"; Z) ®z R = H(R"/Z"™; R)
induced by the universal coefficient theorem. Thus
wo € E;’l,
where wy is the cohomology class defined in Lemma 6.7.

Secondly, using local action-angle coordinates, it is possible to give an explicit co-
cycle representing the form wg in Cech-de Rham cohomology. Let U = {Uq} be a good
open cover by integral affine coordinate neighbourhoods of (B, A). Remark 4.34 shows
that there exist local trivialisations

To:m 1 (Uy) — T"Ua/ P, a)lu.,

inducing action-angle coordinates (a,8,) on 7~ !(Uy,); the corresponding transition
functions g, are of the form

@Ba(aaa ea) - (Aﬁaaoc + dﬁav Aggea + gﬁa(aa))v

where the first component corresponds to a change in integral affine coordinates on
(B, A). The family of 1-forms

Tha = zn: djs, A6
1=1

define an element in H'(B;H'(R"/Z";R),,), since the forms d@é, ..., dd} are closed
and the family of cohomology classes of 73, form a Cech cocycle. This last statement

holds since
n
(67__)041042043 =d ( Z dgga:sgzvzal)
i=1
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and the right hand side is an exact form. Since the angle coordinates 8, are pulled
back from angle coordinates on the symplectic reference Lagrangian bundle via the
local trivialisations Ty, it follows that the cohomology class that {7g,} defines equals
the cohomology class wy, since for all indices «, 8

Tha = TBa
(cf. proof of Lemma 6.7).

With the above constructions in place, it is possible to prove the main theorem of
this chapter.

Theorem 6.9. Let (B,.A) denote an integral affine manifold with linear holonomy I.
An almost Lagrangian bundle R™/Z"™ — M — B over (B, A) is a Lagrangian bundle if

and only if
d® (wg) = 0, (6.39)

where d? Eé’l — Eg’o is the differential on the E%-page of the Leray-Serre spectral
sequence for R™/Z"™ — M — B with real coefficients.

Proof. Cech-de Rham cohomology and the corresponding interpretation of the Leray-
Serre spectral sequence with real coefficients are used throughout this proof (cf. [11]).
Firstly, suppose that the bundle is, in fact, Lagrangian. Let w denote a symplectic form
on M making R"/Z" — M — B Lagrangian. Theorem 4.2 and Remark 4.19 imply
that there exists a good open cover U = {U,} of B with local action-angle coordinates
(aq,0,) on each 771(U,) and transition functions

Pazar (Aar; 0ay) = (Aasa, 8a; + dOéQOCI’A;QI;qBOél + Basar (Aay)) (6.40)

(cf. Equation (4.12)), with the functions g,,q, constrained by

Way = Way s (6.41)

Pazar
where w,, denotes the restriction of w to 7=!(U,,) for i = 1,2. On each intersection,

equation (6.41) is equivalent to

n
DAY, dal, Adgl,, = 0; (6.42)

Qo]
ij=1

since each Uy, N Uy, is simply-connected (in fact, contractible), the forms dag1 are
exact and so the above equation implies that

d( > AgQQIagldeQ(ll) =0. (6.43)

3,j=1

As in the proof of Lemma 6.7, let

n
Oq = g ay,dé;,
i=1

be a locally defined potential for w. Since equation (6.41) holds,
Ragay = 90;2@10042 — Oy
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is a closed 1-form. The Cech cocycle {kq,a, } Tepresents the cohomology class of w in
H2(M;R). Take

Z A32a1a£1dg;2a1 + Z dlagaldezvz

ij=1 i=1

=Cagay =Tagay

as a representative of Kgya,. Note that {7a,a, } IS @ representative of the cohomology
class wg € E%’l; if 6 denotes the Cech-boundary map, then

n
(57—)04042043 =d ( Z dZOéQchg(ZXQOq) = dna1a2a3'
=1

The local potentials 7,,a5q; are defined up to a choice of constants. The functions
{=(0M)aya20304 } are a Cech-de Rham cocycle whose corresponding cohomology class
in Eg”o is A (wp) since the cover U is good (cf. [11]).

The Cech boundary of {Ca,a, } is equal to

n

(5C)a1a2a3 =d ( Z(dfxlag - dfxlag)géqa2> = dgmazag- (6'44)

i=1

It can be checked that for all indices aq, ao, a3, ay

(55)011&2043044 = _(5n)a1a2a3a4; (6.45)

the proof of this equality is postponed to Appendix A. In particular, 5¢ is a Cech-de
Rham cocycle representing the cohomology class d(?) (wp). In order to prove that this
class vanishes, it suffices to show that £,,n,a5 can be chosen so that

(55)041012013014 =0

for all indices aq, ag, ag, ay.

Since equation (6.42) holds and the cover U is good, the 1-forms (n,q, are closed
and, hence, exact. Set

Cagal = deagal

for each pair of indices oy, ap. Then
(00)arazas = Ad(€azas — €aras + €azas) = A(0€)arazas- (6.46)
Equations (6.44) and (6.46) imply that
Sarazas = (0€)araras + Carasas

for some constants Cy,qya3- By substituting {o,asas With &4y asas — Cajasas, it may be
assumed that

5(11042041 = (66)011012043’

which, in turn, implies that for all indices a1, a9, a3, ay

(55)611042&3044 - (626)041622043044 =0.
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This proves that d® (wg) = 0.

Conversely, suppose that d® (wg) = 0 for the almost Lagrangian bundle R"/Z" —
M — B. Let U = {U,} be the good cover of B given by Remark 4.34, i.e. there exist
local action-angle coordinates (a,,80,) on 7~ 1(U,) and the transition functions are of
the form

Pazar (ay,0a1) = (Aazar @a;y + da2a1>A;§xlga1 + Zasar (Aas )

without the constraint on the functions g,,, given by equation (6.41). Recall that the
form

n
wo = _dal, AdO},
i=1
makes the bundle R"/Z" — 7=1(U,) — U, Lagrangian. The obstruction to patching

these forms together to yield a globally defined symplectic form w on M which makes
the bundle R"/Z"™ — M — B Lagrangian is given by the Cech cocycle

n

SOZQCUMOCQ - wOCl = Z Agzaldaél A dgé{zoq’ (647)
i,7=1

Since the cover U is good, this cocycle represents a cohomology class in H!(B; Z%(T*B)),
where Z2(T*B) denotes the sheaf of closed sections of the bundle T*BAT*B — B. In
light of the isomorphism

HY(B; 2*(T*B)) = H3(B;R)
(cf. [11, 18]), the above cocycle defines a cohomology class
v € H3(B;R).

Using the notation of the first half of the proof, a cocycle representing v in Cech coho-
mology is given by —d¢ (this simply unravels the above isomorphism). The equality of
equation (6.45) still holds, since it is not necessary to have that the transition functions
Yasa, are symplectomorphisms in order to prove it (cf. Appendix A). Thus

—6& = .

Note that the Cech-de Rham cocycle —d7 is a representative of d® (wp); by assumption,
this vanishes and
v =0.

Therefore

n
Z Agmldaél A dgé{m1
i,j=1
is a coboundary; thus there exists closed 2-forms k, defined on each U, such that
n
(0k)asas = Y A, dad, Adgh,., (6.48)
ij=1

for all indices aq, .
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The forms

Wo — T kg

defined on each 7=1(U,) patch together by virtue of equations (6.47) and (6.48). Denote
the resulting 2-form on M by w. It is closed and non-degenerate since each w, — 7k,
is; moreover, the fibres of the bundle are Lagrangian submanifolds of (M, w), since they
are Lagrangian submanifolds of the relevant symplectic manifold (7~1(Uy,),wa — 7*kq)
and, hence, the result follows. O

Remark 6.10.

i)

i)

Let R"/Z"™ < M — B be an almost Lagrangian bundle over the integral affine

manifold (B, .A) with Chern class ¢, and let wg be the cohomology class of Lemma
6.7. If
d? Byt — By’

denotes the differential on the E?-page of the Leray-Serre spectral sequence of
R™/Z"™ — M — B with real coefficients, Theorem 6.9 proves that

d®(wo) = —D(p,a)(c),

where D(p 4) denotes the homomorphism of Dazord and Delzant (cf. Theorem
4.4). This is because the cohomology class D(p 4)(c) is given by the Cech-de
Rham cocycle

{> AY da), Adgi,},
ij=1
whose cohomology class can also be represented by the Cech cocycle —6¢ defined

above. The relation of equation (6.45) proves the claim;

The reason why Cech-de Rham cohomology is used throughout the above proofs
is to highlight the importance of the role of local action-angle coordinates in the
construction of Lagrangian bundles.
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Chapter 7

Relation to integral affine
geometry

Chapter 6 proves that the obstruction for an almost Lagrangian bundle over an integral
affine manifold (B,.A) to be Lagrangian is given (up to isomorphism) by taking the
cup product of the Chern class of the bundle with the cohomology class wgy of the
symplectic form on the symplectic reference Lagrangian bundle. This chapter proves
that the cohomology class wy is an integral affine invariant of the base space (B,.A),
namely its radiance obstruction r(p 4). Section 7.1 constructs the universal radiance
obstruction ry; (cf. Definition 7.1), which arises from the topology of the group Aff(R");
the radiance obstruction r(p 4 is the pull-back of 7y along the classifying map of the
affine tangent bundle
T™'B - B

associated to the integral affine manifold (B,.A). The relation between g 4) and wo
is studied in Section 7.2, which proves that, up to isomorphism, these two cohomol-
ogy classes coincide (cf. Theorem 7.5). In light of Theorem 6.9, this fact implies that
the homomorphism D(p 4 is determined by the integral affine structure .A; moreover,
Theorem 7.5 allows to study integral affine geometry using techniques from Lagrangian
bundles and vice versa. This interaction is exploited in two examples, namely in The-
orem 7.6 and in Section 7.3; in the latter, some examples connected to the study of
singular Lagrangian bundles are studied.

7.1 The radiance obstruction of an affine manifold

In this section the radiance obstruction of an affine manifold is introduced, following the
work of Goldman and Hirsch in [31]. This obstruction was first introduced by Smillie in
[58], and further investigated in [27, 31, 32]. It is an important cohomological invariant
of an affine manifold, as it encapsulates many essential properties of the affine structure.

7.1.1 Universal radiance obstruction

In this subsection, the radiance obstruction is defined in group theoretic terms, starting
from the structure of the group

AfE(R™) = GL(n; R) x R™.
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There is an exact sequence
0—=R"—“ > Aff(R") 22 GL(n; R) —1, (7.1)
where the action of GL(n;R) on R™ is given by
GL(n;R) x R™ — R"
(A,b) — Ab,

and the map Lin : Aff(R") — GL(n;R) is simply projection onto the first component.
Define the map
Trans :Aff(R") — R"

(A,b) — b, (7.2)

which satisfies
Trans((A,b) - (A',b’)) = Trans(A, b) + Lin(4, b)Trans(A’,b’),

for all (A, b), (4’,b') € Aff(R™). Thus Trans is a crossed homomorphism (cf. [12]) and
it defines an element
TU € HI(AH(RH)7 fin)v

where R}, denotes R™ as an Aff(R™)-module via the homomorphism Lin.

Definition 7.1 (Universal radiance obstruction [31, 32]). The cohomology class r is
called the universal radiance obstruction.

Remark 7.2 (A characteristic class). A cohomology class in H!(Aff(R™); R}. ) corre-
sponds to a choice of (conjugacy class of) splitting of the split extension of Aff(R™) by
R™, where the action of the former on the latter is given by the homomorphism Lin.
The splitting corresponding to ri; can be constructed as follows. Consider the pull-back

Lin* (Aff(R")) —Z= Aff(R™)

L

AfE(R™) GL(n; R),

Lin
where
Lin*(Aff(R™)) := {((4,b), (A", b’)) € Af(R™) x Aff(R") : Lin(A,b) = Lin(A4’,b")}.

Note that Lin*(Aff(R™)) is a subgroup of Aff(R™) x Aff(R™) and that the natural
homomorphism

Lin*(Af(R™)) — Aff(R)

given by the projection onto the first component has kernel isomorphic to R™. The
graph of the identity map
id : Aff(R"™) — Aff(R"™)

is a splitting of the exact sequence

0 — R" — Lin*(Aff(R")) — Aff(R") — 1, (7.3)
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inducing the crossed homomorphism Trans : Aff(R") — R™ defined in equation (7.2).
The cohomology class defined by Trans classifies the (conjugacy class of the) above
splitting. On the other hand, the cohomology class of the crossed homomorphism Trans
is the universal radiance obstruction by definition. Hence, ry; classifies the (conjugacy
class of the) above splitting.

Let (B,.A) be an affine manifold with affine holonomy representation
a:m(B) = Aff(R")

(cf. Definition 4.20). Let [ = Lin o a denote its linear holonomy and let I' = m(B)
throughout.

Definition 7.3 (Group theoretic definition of radiance obstruction [31]). The coho-
mology class
T(B,A) = Cl*T‘U € Hl(P;R?)

is called the radiance obstruction of the affine manifold (B, .A).

Remark 7.4 (Well-definedness [31]). The class (g _4) depends on the choice of affine
holonomy representation a (cf. Remark 4.22), but its vanishing does not. Henceforth,
whenever the radiance obstruction of an affine manifold is mentioned, it is understood
that a choice of affine holonomy representation has been fixed.

Definition 7.5 (Radiant manifolds [27, 31]). An affine manifold (B, .A) whose radiance
obstruction r(p 4) vanishes is called a radiant manifold.

Remark 7.6 (Characterisation of radiant manifolds [31]). An affine manifold (B, A)
is radiant if and only if its affine holonomy representation a can be chosen so that its
image lies entirely in GL(n;R) C Aff(R™). Equivalently, an affine manifold (B,.A) is
radiant if and only if there exists an affine structure A’ which is affinely diffeomorphic
to the given one and whose changes of coordinates are constant linear transformations
of R™.

7.1.2 The topology of the universal radiance obstruction

The universal radiance obstruction r;; can also be described as a topological obstruction,
exploiting the isomorphism

H*(G; Kp) = H*(K(G; 1); Kp),

where G is any topological group and K, is a G-module via the representation p : G —

Aut(K).

Let a : I' — Aff(R™) be a representation of a discrete group I'. The composition
Trans o a defines a crossed homomorphism which represents a cohomology class

e € H' <F§Rfinoa)'

Remark 7.7. If (B, A) is an affine manifold whose fundamental group is isomorphic
to I' and whose affine holonomy is given by the above representation a, then

T(B.A) =T,

where r(p 4) is the radiance obstruction of Definition 7.3.
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Lemma 7.1. The cohomology class rr wvanishes if and only if the representation a
is conjugate in Aff(R™) to a representation whose image lies entirely in o(GL(n;R)),
where

o : GL(n;R) — Aff(R"™)

7.4
A (A,0) (7.4)
is a splitting for the exact sequence of equation (7.1) (cf. equation (3.5)).

Proof. For v € T, set
a(y) = (K(v), Trans(a(7))),

where | = Lin o a and the injective homomorphisms ¢ and ¢ have been used tacitly.
Suppose that rr vanishes. By definition (cf. [12]), there exists b € R™ such that

Trans(a(y)) =l(v)b—b
for all v € I'. Then
(I, b) ) ([(7)7 Trans(a(ﬁ)/)» (I, _b) = ([<7)7 0) (7'5)

for all v € I'. Thus the representation a can be conjugated by an element in ¢(R") to
lie in o(GL(n;R)).

Conversely, suppose there exists an element (A, b) € Aff(R™) such that
(4,b) - (I(~), Trans(a(7))) - (A7}, =A™'b) € o(GL(n; R))

for all v € I'. Then
Trans(a(y)) = (1)A"'b — A~ 'b

for all v € I'; thus rr = 0 and the result follows. O

For any topological group G, let G denote the group endowed with the discrete
topology. In light of equation (7.1), there is a split short exact sequence

Lin
0 (R™)?——=Aff(R")°____ GL(n;R)——1.

[oa

Applying Theorem 3.2 to the splitting o, obtain a fibration
(R")? — BGL(n; R)® — BAff(R")°,

where
BGL(n;R)? ~ EAff(R")° /GL(n; R)°.

Note that BAff(R™)° and BGL(n;R)? are K(Aff(R");1) and K(GL(n;R);1) respec-
tively. Using the ideas of the proof of Theorem 3.6 and Lemma 6.1, the following
lemma can be proved.
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Lemma 7.2. There exists a bundle isomorphism

1%

EAff(R")? /GL(n;R)® EAfF(R™)? X pg(nys (R™)°

\/

BAff(R™)°.

Let I be a discrete topological group. Any representation
a:I'— Aff(R")

factors through AH(R”)‘S, since I' is discrete. The homomorphism a induces a map
(defined up to homotopy)
a: BI' —» BAff(R")°

whose induced map on fundamental groups coincides with a (up to a choice of base-
points). A lift

BGL(n;R)°
Bl ——> BAf(R")
a

exists if and only if
a.(T") C o.(m1 (BGL(n; R)?)),

since the fibre of the projection o : BGL(n; R)? — BAff(R™)? is discrete (cf. [65]). Note
that the induced map

o, : T (BGL(n; R)°) = GL(n; R) — m (BAfF(R™)%) = Aff(R™)

equals the homomorphism o of equation (7.4) by construction. Hence, the map a admits
a lift if and only if the representation

a, : m(BD) 2 T — 7 (BAfF(R")?) = Aff(R")

lies entirely within the image of o,. The latter statement is true if, up to conjugation,
the image of the representation a lies entirely in o(GL(n;R)), which is true if and only
if /0 = 0. In particular, letting I' = Aff(R”)® and a : Aff(R")® — Aff(R") be the

identity homomorphism, the above discussion proves the following theorem.

Theorem 7.3. The universal radiance obstruction ry is the obstruction to the existence
of a section for the fibration

(R")? < BGL(n; R)° — BAff(R")°.

7.1.3 A geometric interpretation

It is possible to give a geometric interpretation to the radiance obstruction of an affine
manifold, which, thus far, is simply a cohomological invariant of the fundamental group
of the manifold.

Firstly, note that the tangent bundle of an affine manifold can be endowed with the
structure of a flat affine bundle.
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Definition 7.8 (Flat affine bundle [31]). Let (F,B) — E — N be an affine bundle, so
that (F,B) is an affine manifold and its structure group is Aff(F, B). It is said to be
flat if it admits locally constant transition functions.

Example 7.9 (Tangent bundles of affine manifolds). The tangent bundle of an affine
manifold (N, A) (thought of as a vector bundle) is naturally a flat linear bundle, since
the standard transition functions are locally constant. This is because the changes of
affine coordinates on the manifold are locally constant too. The inclusion

GL(n;R) — Aff(R")
makes the tangent bundle TN — N a flat affine bundle.

There is, however, a different choice of flat affine bundle structure that can be
chosen on the tangent bundle of an affine manifold (B,.A4), which is called natural in
[31]. Let (B,.A) be an n-dimensional affine manifold and let

Oa : Uy = R”
denote a local coordinate map. Define affine trivialisations

to : TUy — Uy X R®
(#,v) = (2, (D¢a(2))(V) + da(2)),

where D denotes derivative. Note that the map ¢, is truly a trivialisation as ¢, is a
diffeomorphism. Denote the locally constant changes in affine coordinates by

(7.6)

(Z),B © gb;l(aa) = A,Baaa + d,é’om (77)

where a € R™. The transition functions for the local affine trivialisations of equation
(7.6) are given by

fﬁa : (UaﬁUﬁ) x R™ (UaﬂUg) x R™

(z,y) = (z,Agay + dga). 78)

Since the changes of coordinates of equation (7.7) are locally constant, it follows that
the trivialisations of equation (7.6) induce a flat affine bundle structure on TB, which
is henceforth denoted by TAfB.

Definition 7.10 (Affine tangent bundle [31]). For an affine manifold (B, .A), the affine
bundle TAf B — B constructed above is called the affine tangent bundle.

Remark 7.11 (Dependence on affine structure). For a given manifold B there can be
inequivalent affine structures on B which induce inequivalent flat affine structures on
the tangent bundle TB — B (cf. Example 7.16).

Fix an n-dimensional manifold (B, A) and let TATB — B be its affine tangent
bundle. Since its fibres are contractible, there exists a section to this bundle, e.g. the
zero section. However, it is not necessarily true that the affine tangent bundle admits
a flat section.

Definition 7.12 (Flat section of a flat affine bundle [31]). Let (F,B) — E — N
be a flat affine bundle. A section s : N — E is flat if, for any local trivialisation
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771 (Uy) — Uy x F, the composite

Ug—o 0 (Up)—>Uq x F225F

is locally constant.

Example 7.13.

i) Let (B,.A) be an affine manifold, let ¢, : U, — R™ be an affine coordinate chart
and consider the affine tangent bundle TATU, = TAYB|y  with trivialisation
given by equation (7.6). The section

S : Uy = TAU,
. (7.9)
z = (2, —(Doa(2))” (¢alz)))
is flat;

ii) On the other hand, the zero section 0, is not flat, since the composite

U, gTAHUa U, x R* 22 e

is the map
z = Po(x),

which is a diffeomorphism by definition.

Fix an affine manifold (B,.A) and let TATB — B denote the corresponding affine
tangent bundle with trivialisations given by equation (7.6) and transition functions fg,
as in equation (7.8). The map

fBa : UaNUz — Aff(R™)
is locally constant; thus it factors through
fsa 1 Ua N U5 — AfF(R™)°.

For each «, endow the fibres of TATU, — U, with the discrete topology and denote
the resulting space by (TAU,)°. The trivialisation ¢, of equation (7.6) induces a
trivialisation

to : (TMUL)? — Ua x (R™)°.
These trivialisations, along with the maps fﬁa, define a bundle
(R")° — (TAB)? — B, (7.10)
which is classified by the homotopy class of a map
xaf : B — BAfF(R")°.

Moreover, in light of Lemma 7.2, the bundle of equation (7.10) is isomorphic to the
pull-back bundle
XagBGL(n;R)° — B.

Therefore the cohomology class
XARTU
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is the obstruction to the existence of a section for the bundle of equation (7.10).

The homotopy class of the map xag is determined by its induced map on funda-
mental groups, since BAff(R")? is a K(Aff(R");1). By construction, this map equals
(up to conjugation) the affine holonomy

a:m(B) =T — Aff(R")
of the affine manifold (B,.A) (cf. [4]). Let
a: BT — Aff(R")°

be the map (defined up to homotopy) induced by the affine holonomy and let x5 : B —
BT denote the classifying map for the universal covering B — B. Then the following
diagram commutes (up to homotopy)

XAff

B BAff(R")? (7.11)

BT,

as B
(TAB)’ = B xp (R")°,

where the action of T' on (R™)? is given by the representation a. The latter defines an
action on (R™)® since the transition functions are locally constant. In particular,

* * =% *
XAgTU = Xp o0 Tu = XgT(B,A)>

where the second equality follows from the definition of the radiance obstruction of
(B, A). The map X*B is an isomorphism on one dimensional cohomology with any
coefficient system (cf. [31]) and thus

r.a) = (Xg) o Xagry- (7.12)

Remark 7.14. By abuse of nomenclature and notation, the class x}; v is henceforth
also referred to as the radiance obstruction of (B,.A) and denoted by 7(p 4)-

With this identification, the radiance obstruction r(p 4 is the obstruction to the
existence of a section to the bundle of equation (7.10). By construction, a section
for the aforementioned bundle exists if and only if TAfB — B admits a flat section.
Therefore the following theorem holds.

Theorem 7.4 (Goldman and Hirsch [31]). Let (B,.A) be an n-dimensional affine man-
ifold with linear holonomy I. The radiance obstruction

rp.a) € H'(B;RY)
is the obstruction to the existence of a flat section for the flat affine bundle TA*B — B.

Remark 7.15. There are other ways to define the radiance obstruction r(g 4y of an
affine manifold (B, .A), as shown in [31, 32, 34]; these different definitions can be used
to prove different properties of this characteristic class.
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Example 7.16 (Flat affine structures on T(S! x R)). The manifold S' x R can be
endowed with several affine structures, as shown in [7]. In this example, two inequiv-
alent affine structures on this manifold are constructed to illustrate that there exist
inequivalent flat affine structures on its tangent bundle. Firstly, consider the Z-action
on R? given by translations in a fixed direction by # 0; this action is free, proper and
by affine transformations on R2. Thus the manifold R?/Z is affine (cf. Example 2.14.v)
and its affine holonomy
agez : [1(R?/Z) — Aff(R?)

is defined on a generator vy as

aRQ/Z(’Y) = (Iab0)7 (713)

and extended by linearity. The crossed homomorphism Trans o agz 7 defines a non-zero
cohomology class
rre7, € H'(R*/Z; R?),

where the local coefficient system is trivial since the linear holonomy [g2 /7 = Linoagz 7
is trivial. The non-vanishing of rgz 7 follows from the fact that for any (A, d) € Aff(R?),

(A,d) -agzjz - (A1, —A7'd)

has a non-trivial translational component since bg # 0; thus, Lemma 7.1 implies that
T2z 7 0. In light of Theorem 7.4, the flat affine bundle TAT(R?/Z) — R2/Z does not
admit a flat section. On the other hand, the inclusion

R?\ {0} — R?

induces an affine structure on R?\ {0} which has trivial affine holonomy. Therefore the
affine tangent bundle
TAT(R?\ {0}) — R*\ {0}

admits a flat section. These two bundles are isomorphic as vector bundles, but are not
as flat affine bundles.

7.2 Relation to Lagrangian bundles

In this section, the radiance obstruction r(p 4) is related to the problem of constructing
Lagrangian bundles over B inducing the integral affine structure A. In particular, the
radiance obstruction r(p 4) is identified with the cohomology class wo of Lemma 6.7.
Throughout the following, fix an integral affine manifold (B, .A) whose linear holonomy
is denoted by I.

Remark 7.17. The importance of the radiance obstruction in the study of Lagrangian
bundles has also been observed by Gross and Siebert in [34], where mirror symmetry
is studied from the point of view of Lagrangian bundles.

Recall that wq is the cohomology class of the symplectic form wy of the symplectic
reference Lagrangian bundle associated to (B, .A)

R"/Z" < (T*B/Pp_a),w0) — B

96



into a Lagrangian bundle for which the zero section is Lagrangian. Let C*°(TA%B) and
C>(T*R"™/Z™) denote the sheaves of sections of the affine tangent bundle TAfB — B
and of 1-forms on the fibres of the symplectic reference Lagrangian bundle respectively.
The symplectic form wq defines an isomorphism of sheaves

C®(T*R"/Z") = C=(TB). (7.14)

In local action-angle coordinates (a,, 8, ), the above isomorphism is given by

zn: hLde:, — i R, aiz‘ , (7.15)
=1 =1 @

where hl, ... h%

" are smooth functions. Equation (7.15) follows from the fact that wp
is given by

zn: dal, A d6?,
=1

in local action-angle coordinates (aq,6,). By equation (7.15), the isomorphism of
equation (7.14) restricted to the subsheaf CgS, (T*R"™/Z"™) of locally constant sections
descends to an isomorphism of sheaves

Chae(T'R"/Z") = 5, (T B).

Since T*R™/Z™ admits a frame of closed forms, a locally constant section of M* — B
is given in local action-angle coordinates by

n

g rodly,,

i=1
where rl, ... "

;7 € R are constant. Such sections are in 1-1 correspondence with
cohomology classes in H!(R"/Z";R), since the forms df.,...,df" induce a basis of
H!(R"/Z";R). Hence, the symplectic form wg induces an isomorphism of sheaves

P* = Ce (TAB), (7.16)
where P* denotes the sheaves of sections of the local coefficient system
HY(R"/Z";R) — P* — B

associated to the symplectic reference Lagrangian bundle. This isomorphism induces
an isomorphism of cohomology groups

® : H*(B; P*) — H*(B; C5S, (TAB)). (7.17)

Since both P* and Cg:t(TAHB) are locally constant sheaves, the above isomorphism
induces an isomorphism

® : H*(B; H'(R"/Z™;R),) — H'(B;R}).

Theorem 7.5. The cohomology class wy € H'(B; H'(R"/Z™;R)() defined by the sym-
plectic form wo as in Lemma 6.7, maps to the radiance obstruction r(p 4y € HI(B;R{L)
via the isomorphism ® induced by the symplectic form wgy of equation (7.17).
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Proof. Throughout the proof Cech cohomology is used. First, by Theorem 7.4, the
radiance obstruction r(p 4y is the obstruction to the existence of a flat section to

TAB  B. Let U = {U4} be a good open cover by integral affine coordinate neigh-
bourhoods of (B,.A) and let
¢ : Uy — R

denote the coordinate map. The section

S : Uy = TMU,
x> (2, — (Do () (da(2)))

is flat (cf. Example 7.13.i). The collection

(7.18)

7 ={76a} = {sp — sa}
is a Cech cocycle; moreover, each T8 yields a flat section of
T (U, N Ug) — U, N U3.

Thus 7 defines a cohomology class in H'(B;R}) which equals r(p 4y (cf. [31]).

Let a, denote affine coordinates on U, induced by ¢, and, as usual, set
$50 0o (Aa) = Agada + dga € Affz(R").
Using the affine trivialisations
to : TATU, — Uy x R®

of equation (7.6), the difference sg — s, is given by

n
. ;0
P8 = ngaa—i. (7.19)
; a
=1 B
In light of equation (7.15), the preimage of 75, under the isomorphism of equation
(7.16) is given by
n
> dj,d6). (7.20)
i=1
The cocycle of equation (7.20) corresponds to the cocycle 7 defining the cohomology
class wg in the proof of Lemma 6.7 and, thus, the result follows. O

The radiance obstruction of an integral affine manifold (B,.A) corresponds to the
cohomology class of the symplectic form wy on the symplectic reference Lagrangian
bundle over (B,.A). Theorem 7.5 allows to use tools from affine geometry to study
problems in the symplectic geometry of Lagrangian bundles and vice versa. For in-
stance, the following theorem holds.

Theorem 7.6. There exist no closed radiant integral affine manifolds.

Proof. Suppose the contrary. Let (B,.A) be a closed radiant integral affine manifold
and let P 4) denote the period lattice bundle associated to it (cf. Definition 4.18).
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Consider the symplectic reference Lagrangian bundle
R™/Z" — (T*B/Pp, 4y, wo) — B; (7.21)
since B and R"/Z" are closed, so is T*B/Pp 4). Therefore the cohomology class
wo] € H*(T*B/P(p,4); R)

is non-zero. Lemma 6.7 proves that [wp] vanishes if and only if wy vanishes. However,
Theorem 7.5 implies that
wo = (I)il(T(B,A)) =0,

where the second equality follows by assumption. Therefore [wy] = 0, but this is a
contradiction. O

Remark 7.18. It is important to notice the difference between the bundle P* — B
and the period lattice bundle P — B associated to an integral affine manifold (B, .A).
The former is an affine invariant of B (via the symplectic form wy), while the latter
is only a linear invariant, since it is the pull-back of a universal lattice defined over
BGL(n;Z). The period lattice bundle can be endowed with the structure of an affine
lattice of (B, .A) if and only if the radiance obstruction (g 4y is an integral form, which,
in turn, is true if and only if the coordinate changes of the atlas A can be chosen to lie
in the group of affine transformations of Z"

Aff(Z"™) :== GL(n; Z) x Z".

Such manifolds are henceforth called strongly integral affine manifolds, although it must
be noticed that this terminology is not standard (cf. [34]). In view of Theorem 7.5,
the symplectic form wy on the symplectic reference Lagrangian bundle of a strongly
integral affine manifold (B, .A) is itself integral.

The following corollary is obtained by combining the above theorem with Theorem
6.9.

Corollary 7.7. Let (B,.A) denote an integral affine manifold with linear holonomy I.
An almost Lagrangian bundle R"™/Z"™ — M — B over (B, A) is Lagrangian if and only
if its Chern class ¢ € H?(B; Zj.r) satisfies

0@ (r(p.a))) - ¥() =0, (7.22)
where the notation is the same as in Theorem 6.9, and r(p, 4) is the radiance obstruction
of the integral affine manifold (B, .A).

This corollary proves that the homomorphism D(p 4y of Dazord and Delzant [18]
is completely determined by the integral affine structure on the base of an almost
Lagrangian bundle and by the universal Chern class cg.

Remark 7.19. If (B, A) is a strongly integral affine manifold with linear holonomy I,
Corollary 7.7 can be strengthened to say that an almost Lagrangian bundle over (B, A)
is Lagrangian if and only if its Chern class ¢ € H?(B; Zr) satisfies

0(2~ (r(p,.4))) - ¥(c) = 0. (7.23)

In particular, if R"/Z" — (M,w) — B is a Lagrangian bundle over a strongly integral
affine manifold (B, A) (i.e. it induces the affine structure A on B), then w can always
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be chosen to be integral. This should be compared with Remark 1.2 of [34]. It is not
true that for a fixed integral affine manifold (B,.A) there is a strongly integral affine
manifold (B, A’) in the same integral affine diffeomorphism class. This can be seen by
considering an integral affine two-torus with trivial linear holonomy and translational
components which are not integral (cf. [48]).

The following corollary is a special case of Corollary 7.7.
Corollary 7.8. If (B, A) is a radiant affine manifold, then D(g 4y = 0.

Remark 7.20. Corollary 7.8 should be compared with what is known in the literature
regarding exactness of the symplectic form on the total space of a Lagrangian (or
isotropic) bundle, e.g. [20].

7.3 Some examples

In this section a manifold is endowed with various radiant integral affine structures to
illustrate how the classification of Lagrangian bundles depends on the integral affine
geometry of the base space.

Let B = R?\ {0} be endowed with three integral affine structures A;, As, As
defined as follows. The manifold B inherits an integral affine structure from R? via the
natural inclusion

B < R?.

Denote this integral affine structure by Ag. Its universal cover B can also be endowed
with an integral affine structure Ap; an explicit description of the affine structure on B
can be found in [7]. It is important to notice that this affine structure on B is not affinely
isomorphic to the standard affine structure on R?. For any matrix A € GL(2;7Z), it is
possible to define a Z-action on (B, fto) which induces an integral affine structure on
B whose affine holonomy is given by the representation defined on the generator « of
71(B) by
v+ (4,0).

For Ay, Ay, A3 € SL(2;Z), let Ay, A2, As be the corresponding radiant integral affine
structures on B. Consider the integral affine manifold

(Y, AYJ) = (B,.Al) X (B,Ag) X (B,.A?,). (7.24)

This affine manifold is radiant, as it can be seen by looking at its affine holonomy. Thus
Dy, ay) = 0 by Corollary 7.8. Note that Y has the homotopy type of a three-torus and
so it has H3(Y;R) = R. This integral affine manifold therefore provides an example
of trivial homomorphism Dy, 4,.) of Dazord and Delzant even though its range is non-
trivial.

Let [y denote the linear holonomy of (Y, Ay ). The twisted cohomology group
H? (Y; Z?;T)

is not trivial if and only if at least one of the A; is unipotent. If this condition is satisfied,
then (Y, Ay) provides the first example of a manifold whose associated homomorphism
Dy, 4y is trivial notwithstanding the fact that both its domain and range are not triv-
ial. More generally, by taking the product of £ radiant integral affine manifolds of the
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form described above, it is possible to construct such examples in any even dimension
greater than or equal to 6.

Consider the product
(Zl‘lvAZn) = (B, Anl) X (B7Ank)7

where n = (ny,...,n;) € Z¥, each nj # 0 and the radiant integral affine structure A,
on B has linear holonomy generated by the matrix

(_17” 2) . (7.25)

Let [z, be the linear holonomy of (Zy,Az,). All elements of the cohomology group
H?(Zy; ngz)

(which, by the above remark, is non trivial) can be realised as the Chern class of some
regular Lagrangian bundle over (Zy,, Az, ). This example is interesting because each
(B, Ay;) is the affine model in the neighbourhood of a focus-focus singularity of a com-
pletely integrable Hamiltonian system, which is homeomorphic to a two torus pinched
nj times, as shown in [7, 67]. Thus (Zn, Az,) is a local affine model for a product of
focus-focus singularities. Such products occur naturally amongst non-degenerate sin-
gularities of Lagrangian bundles, which have been classified topologically by Zung in
[66].

The above examples show that there are no obstructions to constructing Lagrangian
bundles with non-trivial Chern classes over radiant integral affine manifolds (cf. Corol-
lary 7.8). In order to construct a singular Lagrangian bundle (M,w) — B, such
that (M,w) is a smooth symplectic manifold, it is necessary that its regular part
(Myeg,wreg) — DBreg also be Lagrangian. Suppose that Bieg is a smooth manifold,
so that Lemma 4.3 implies that it is integral affine. Let Aoz be the induced integral
affine structure. Corollary 7.8 shows that if (Bieg, Areg) is a radiant integral affine
manifold, there is no symplectic obstruction to constructing regular Lagrangian bun-
dles over (Breg, Areg). In particular, all elements of HQ(Breg;Zﬁeg) can be realised as
Chern classes of some Lagrangian bundle over (Breg, Areg). However, it still remains to
understand how the integral affine structure A,e, affects the topology and symplectic
geometry near the singular fibres of (M,w) — B. For instance, the linear holonomy in
the affine model near a focus-focus singularity (cf. [7]) determines the topology of the
singular set.
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Chapter 8

Conclusion

This thesis has established the deep link between integral affine geometry and the
topology and symplectic geometry of Lagrangian bundles. In light of Theorem 7.5, it
is possible to use the methods of symplectic topology and Lagrangian bundles to study
the geometry of integral affine manifolds and wvice versa. There are a few questions
that naturally stem from the work in this thesis, which are stated and briefly discussed
below; these address problems which can be solved by exploiting the above relation.

Generalisation to isotropic bundles

Lagrangian bundles are a special case of isotropic bundles. These are of the form
F — (M,w) = B,

where M is 2n-dimensional, and the fibres F' are isotropic submanifolds of (M, w), i.e.
w|p = 0 for all F. These bundles are related to a more general notion of integrability
than Liouville integrability (cf. Definition 2.10), known as non-commutative or super-
integrability, which was first formulated by Fomenko and Mis¢enko in [47]. Arguments
akin to those used to prove the Liouville-Mineur-Arnol‘d theorem (cf. 2.2) imply that
the fibres of isotropic bundles are k-dimensional tori (k < n) and that the manifold B
inherits the structure of a regular Poisson manifold, i.e. a manifold endowed with a
Poisson structure (cf. Definition 2.7) whose rank is constant (cf. [24]). In fact, the rank
of the induced Poisson structure is precisely 2n — 2k; this implies that the manifold B
is foliated by symplectic manifolds of dimension 2n — 2k (cf. [62]).

The work of Dazord and Delzant in [18] addresses the issue of constructing isotropic
bundles when the regular Poisson manifold B is fixed. A natural question to ask is the
following.

Question 8.1. Can the methods of this thesis be extended to the isotropic case? In
particular, does there exist a link between integral affine geometry and the construction
problem for isotropic bundles?

A good reason to study this problem is that the current theory of classification
of non-degenerate singularities of completely integrable Hamiltonian systems is based
on the study of isotropic bundles in [18]. Thus finding an answer to Question 8.1
might shed some light towards understanding the role of integral affine geometry in the
classification of singularities of Lagrangian fibrations.
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Symplectic topology of total spaces of Lagrangian bundles

Symplectic topology is normally regarded as being flabby, while integral affine geometry
is rigid. Total spaces of Lagrangian bundles are examples of symplectic manifolds
whose symplectic topology depends on the integral affine geometry of the base space.
For instance, any integral affine diffeomorphism of (B,.A) can be lifted to a fibrewise
symplectomorphism of its associated symplectic reference Lagrangian bundle

Rn/Zn — (T*B/P(B,A),WO) — B.

The group of integral affine diffeomorphisms Affz(B,.A) often has multiple connected
components, as it is a subgroup of Affz(R").

Question 8.2. Does the injection
Afty (B, A) — Symp(M, w)

give information about the topology of Symp(M,w)? For instance, do distinct con-
nected components of Affz(B,.A) map to distinct components of Symp(M,w)?

The above question is interesting to study because it illustrates the interplay be-
tween the flabbiness of symplectic topology and the rigidity of integral affine geometry
in the context of Lagrangian bundles. A first step towards answering Question 8.2
would be to study which integral affine diffeomorphisms of the base space (B,.A) lift
to fibrewise symplectomorphisms of a Lagrangian bundle R"/Z" — (M,w) — B with
non-trivial Chern class.

Integral affine geometry via Lagrangian bundles

Theorem 7.6 gives an example of an application of the methods of symplectic topology
to the study of integral affine manifolds. The link connecting the two subjects is the
radiance obstruction 7(p 4) of an integral affine manifold (B,.A). The importance of
this cohomological invariant has been remarked by several authors in both fields (cf.
[31, 32, 34]). In light of the importance of Lagrangian bundles in Hamiltonian me-
chanics and theoretical physics, a study of the topological properties of integral affine
manifolds is needed.

As a starting point, it should be noted that the radiance obstruction (g _4) provides
information about the cohomology group

H'(B;RY),
where [ denotes the linear holonomy of (B, .A). For instance, the following question can

be asked.

Question 8.3. Suppose (B, .A) is an integral affine manifold with linear holonomy I.
What are the elements of H!(B;R!") which can arise as the radiance obstruction of an
integral affine structure A’ on B whose linear holonomy is [?

Question 8.3 is closely related to the following question, which explores the difference
between integral and strongly integral affine manifolds (cf. Remark 7.19).

Question 8.4. Let (B, .A) be an integral affine manifold with linear holonomy [. Does
there exist a strongly integral affine structure A’ on B with linear holonomy [?
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In particular, an affirmative answer to Question 8.4 would imply that integral ele-
ments of H'(B; R}') arise as the radiance obstruction of some integral affine structure
on B. The existence of strongly integral affine manifolds with given linear holonomy
is related to the study of singular Lagrangian bundles in mirror symmetry (cf. [34]).
Moreover, answers to the above questions would provide some insight in the topology
of integral affine manifolds, which could then be used to attempt to tackle longstanding
conjectures in affine geometry, e.g. Markus’ and Auslander’s conjectures (cf. Section
1.1.3), for integral affine manifolds.

Classification of singularities of Lagrangian fibrations

A Lagrangian fibration (M,w) — B is a singular Lagrangian bundle. As mentioned
in the Introduction to this thesis, the interest in Lagrangian fibrations stemming from
Hamiltonian mechanics and mirror symmetry concentrates on the topology and sym-
plectic geometry of the singularities.

There exist several works in the literature which offer some results on the clas-
sification of singular Lagrangian fibrations. For instance, Zung has completed the
topological classification of non-degenerate singularities, first by showing that they are
locally given by products of lower dimensional singularities in [66], then by producing a
Dazord-Delzant type of theory for the construction of non-degenerate singular bundles
in [68]. It would be interesting to study the classification and construction problem of
Lagrangian fibrations using as a starting point integral affine geometry. The works of
Castano-Bernard and Matessi in [13] and of Gross and Siebert in [34] are along this line.

The construction of Lagrangian fibrations with non-trivial Chern class (in the sense
of Zung’s paper [68]) would be a good first step towards understanding the role of
integral affine geometry in Lagrangian fibrations. The following question arises from
Section 7.3.

Question 8.5. Is it possible to construct Lagrangian fibrations whose regular parts
are isomorphic to some Lagrangian bundle with non-trivial Chern class over (Zy, Az, )?
What about the Lagrangian bundles with non-trivial Chern class constructed by Bates
in [6]7
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Appendix A

Proof of equation (6.45)

Throughout the appendix fix the notation as in the proof of Theorem 6.9. Let R" /Z™ «—
M — B be an almost Lagrangian bundle over (B, .A) and let & = {U,} be the good
cover of B given by Remark 4.34, i.e. there exist local action-angle coordinates (ay, 6)
on 7~ Y(U,) and the transition functions are of the form

Pazar (Aay, 0ay) = (Aagas 8a; + da2a1>A;2:r(;¢10a1 + Bazar (Bay ) (A1)

where the first component corresponds to a change in integral affine coordinates on the
base space (B, .A). The cocycle condition for the transition functions of equation (A.1)
imply the following equalities

dOé1O<2 - da1a3 = Aa1a3da3a2 (A.2a)
Zaiaz — Baiag = A;E;&gga?)aQ (A.2b)

for all indices aq, ao, 3. Let
d® B} —» B

denote a differential on the Es-page of the Leray-Serre spectral sequence of R"/Z™ —
M — B with real coefficients. Let wg be the cohomology class of the symplectic form
of the symplectic reference Lagrangian bundle

Rn/Zn — (T*B/P(B,A)aw()) — B

associated to (B,.A). Using the Cech-de Rham interpretation of this spectral sequence
(cf. [11]), a cocycle representing wgy € Eé’l is given by

n
- i i
Tasa; = E vy, 405, -
i=1

Define n
Noiazas = Z dloczoaggéézoq
i=1
as in the proof of Theorem 6.9.

The obstruction to the existence of an appropriate symplectic form w on M which
makes the above bundle Lagrangian is the cohomology class v represented by the Cech
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cocycle
n

> AU, dal, Adgl,,-
ij=1
Set

n

5041042043 = Z(dglag dzoqag)g&locg

i=1

as in the proof of Theorem 6.9. The cocycle —d¢ is another Cech representative of v
(cf. [11]). The following lemma proves the equality of equation (6.45).

Lemma A.1. For all indices aq, as, ag, oy,

(5@&1&2&3&4 = - (577)041042043014 .

Proof. On the one hand,

(577)061012043044 = 770120130(4 — Nonazas T Nojagay — 77a1a2a3

- Z da3a4ga3a2 Z da3a4ga5a1 + Z da2a4ga2a1 Z da2a3go¢2a1

(A.3)
On the other,
(08)arazasan = €a2a3a4 — Sarazas T Sarazas — Sarazas
n
Z s — Do )G — O (Boyoy = o) G
i:l
Z s = Do) Giran = O (g = o) Gl s (A4)
i=1
Z s — Tonas) Thoers = (B = Toyg) Ty g
(d’am — diyy03)9010,)-
Equation (A.2b) with the first and third indices being equal yields
8ap = AL 8pa (A.5)

for all indices «, 8. Applying equation (A.5) to the last line of equation (A.4) and using
equation (A.2a) repeatedly, the following equality is obtained

T T
(55)041042043044 = - Z 042044 042043)(‘4(12043)1]9(}3042 (d,(L)élOézl dftt)cla3)(Aa1a3)”ga3a1
—_— —_—
4,5,k=1 " n

7 i T \i
(da1a4 doqocg)(Aoqaz) ]gagal)
—_——

- k
Z Afxla3 agoy
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j=1 k=

ik .
( Z da3a4ga3a2 Z da3a4ga3a1 Z Z A‘gtgag Q304 gégcn) :
%,_/

*dj

—
=d a3

@204

Therefore, equation (A.3) implies that

(55)111&2043044 - - (577)6!1@2&3&4 )

and the result follows.
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