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Abstract

In this thesis, a bundle F ↪→ (M,ω) → B is said to be Lagrangian if (M,ω) is a 2n-
dimensional symplectic manifold and the fibres are compact and connected Lagrangian
submanifolds of (M,ω), i.e. ω|F = 0 for all F . This condition implies that the fibres and
the base space are n-dimensional. Such bundles arise naturally in the study of a special
class of dynamical systems in Hamiltonian mechanics, namely those called completely
integrable Hamiltonian systems. A celebrated theorem due to Liouville [39], Mineur
[46] and Arnol‘d [2] provides a semi-global (i.e. in the neighbourhood of a fibre) sym-
plectic classification of Lagrangian bundles, given by the existence of local action-angle
coordinates. A proof of this theorem, due to Markus and Meyer [41] and Duistermaat
[20], shows that the fibres and base space of a Lagrangian bundle are naturally integral
affine manifolds, i.e. they admit atlases whose changes of coordinates can be extended
to affine transformations of Rn which preserve the standard cocompact lattice Zn ⊂ Rn.

This thesis studies the problem of constructing Lagrangian bundles from the point
of view of affinely flat geometry. The first step to study this question is to construct
topological universal Lagrangian bundles using the affine structure on the fibres. These
bundles classify Lagrangian bundles topologically in the sense that every such bundle
arises as the pullback of one universal bundle. However, not all bundles which are
isomorphic to the pullback of a topological universal Lagrangian bundle are Lagrangian,
as there exist further smooth and symplectic invariants. Even for bundles which admit
local action-angle coordinates (these are classified up to isomorphism by topological
universal Lagrangian bundles), there is a cohomological obstruction to the existence of
an appropriate symplectic form on the total space, which has been studied by Dazord
and Delzant in [18]. Such bundles are called almost Lagrangian. The second half of this
thesis constructs the obstruction of Dazord and Delzant using the spectral sequence of
a topological universal Lagrangian bundle. Moreover, this obstruction is shown to be
related to a cohomological invariant associated to the integral affine geometry of the
base space, called the radiance obstruction. In particular, it is shown that the integral
affine geometry of the base space of an almost Lagrangian bundle determines whether
the bundle is, in fact, Lagrangian. New examples of (almost) Lagrangian bundles are
provided to illustrate the theory developed.
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Chapter 1

Introduction

1.1 Guiding questions

This thesis is concerned with the study of Lagrangian bundles, which, in recent years,
have been of interest in a number of branches of mathematics and theoretical physics,
ranging from symplectic topology to algebraic geometry, from classical mechanics to
mirror symmetry. A fibre bundle

π : (M,ω)→ B

is said to be Lagrangian if the fibres are maximally isotropic submanifolds of the sym-
plectic manifold (M,ω) (cf. Definition 2.1). Such bundles arise naturally in the study
of Hamiltonian mechanics and, in particular, in completely integrable Hamiltonian sys-
tems (cf. Definition 2.10). Such dynamical systems exhibit a well-understood local
dynamical behaviour, as the phase space is fibred by abelian Lie groups along which
the motion is quasi-periodic. This is one of the main consequences of the celebrated
Liouville-Mineur-Arnol‘d theorem (cf. Theorem 2.2), which, in classical mechanics,
gives a theoretical approach to constructing the integral of motions by quadratures (cf.
[2]). For the purposes of this work, the most important consequence of this theorem
is that the fibres and base space of a Lagrangian bundle are affine manifolds (cf. Def-
inition 2.12), i.e. they admit an atlas whose changes of coordinates are constant on
connected components and lie in the group

Aff(Rn) := GL(n;R)nRn

of affine diffeomorphisms of Rn. In fact, as pointed out by Duistermaat in [20], it turns
out that the fibres and base space of a Lagrangian bundle are integral affine manifolds,
i.e. the coordinate changes in their affine atlases lie in the group

AffZ(Rn) := GL(n;Z)nRn.

The aim of this thesis is the following.

Aim. Study the integral affine geometry of Lagrangian bundles.

In particular, there are two guiding questions throughout.

Guiding Question 1. Does the integral affine structure on the fibres determine the
topological classification of Lagrangian bundles?
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Guiding Question 2. Is the integral affine geometry on a manifold B related to the
problem of constructing Lagrangian bundles over B?

The classification and construction of Lagrangian bundles are problems that have
been extensively studied in the last thirty years mainly in relation to completely in-
tegrable Hamiltonian systems and mirror symmetry. In both cases, the bundles are
allowed to admit some singularities and the interest lies primarily in understanding the
nature of these; in one case, the singular fibres arise in concrete classical and quantum
integrable systems, such as the spherical pendulum (cf. [15]) or the hydrogen atom
in weak electric and magnetic fields (cf. [21]), while in the other they arise in mirror
maps between Calabi-Yau manifolds via the Strominger-Yau-Zaslow (SYZ) conjecture
(cf. [33, 60]). However, in order to study the nature of singularities, it is necessary to
have a deep understanding of the regular part of the bundle, and of how it affects the
topology and geometry of singularities. In some cases, there are classification results,
both topological (cf. [66, 68]) and symplectic (cf. [50]); moreover, there exist concrete
examples of Lagrangian bundles with singularities confirming that the SYZ conjecture
holds in some specific cases (cf. [13]).

The following two sections motivate further why the above guiding questions are
important and why works in the literature hint at the fact that they can be solved.

1.1.1 Guiding question 1: classification of Lagrangian bundles

The Liouville-Mineur-Arnol‘d theorem (cf. Theorem 2.2) gives a complete characteri-
sation of the local behaviour of completely integrable Hamiltonian systems. As such, it
can be looked at from various perspectives, e.g. dynamically, topologically or symplec-
tically, and there exist several different proofs of the theorem which highlight different
aspects of the result (cf. [8, 20, 40]). For the purposes of this thesis, the most important
result is the topological and symplectic classification in the neighbourhood of a fibre of
a Lagrangian bundle (cf. Theorem 2.2). Such classification is referred to as semi-global
in various works in the literature, e.g. [50, 68]. In particular, this result provides the
existence of local action-angle coordinates near a fibre of a Lagrangian bundle (cf. Sec-
tion 4.2), which are Darboux coordinates in this neighbourhood. A natural question
to ask is the following.

Question 1.1. Under what constraints does a Lagrangian bundle admit global action-
angle coordinates?

Failure of the existence of global action-angle coordinates for a Lagrangian bun-
dle yields interesting dynamical behaviour for the underlying completely integrable
Hamiltonian system. This phenomenon was first observed with regards to the spher-
ical pendulum (cf. Example 2.11) by Duistermaat in [20] and Cushman in [15]. In
this completely integrable Hamiltonian system there is a singularity which generates
monodromy, i.e. the angle coordinates cannot be defined globally for the underlying
Lagrangian bundle. However, it is important to observe that the possibility of exis-
tence of obstructions to the existence of global action-angle coordinates had also been
observed by Nehorošev in [49].

Motivated by Question 1.1, Duistermaat achieved a topological (and partly sym-
plectic) classification of Lagrangian bundles with compact and connected fibres in [20];
under these restrictions, the fibres are diffeomorphic to tori. Duistermaat showed that
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any such Lagrangian bundle
(M,ω)→ B

over an n-dimensional manifold B has two topological invariants, namely:-

i) the monodromy representation

χ∗ : π1(B; b)→ GL(n;Z),

where b ∈ B is a basepoint. This corresponds to the topological monodromy of
the bundle (cf. Section 3.2.1);

ii) the Chern class
c ∈ H2(B;Znχ∗),

where Znχ∗ is the system of local coefficients determined by the above monodromy
representation. This cohomology class is the obstruction to the existence of a
section s : B →M (cf. Section 3.2.2).

Remark 1.2 (Dynamical meaning of the Chern class). While monodromy has been
observed in several classical and quantum Hamiltonian systems (cf. [10, 15, 21]), there
are no examples of completely integrable Hamiltonian systems which exhibit non-trivial
Chern class. Thus the dynamical meaning of the latter is still mysterious.

In order to obtain the above topological classification of Lagrangian bundles, [20]
provides a proof of the Liouville-Mineur-Arnol‘d theorem which shows that the fibres
of a Lagrangian bundle inherit a smoothly varying affine structure, i.e. they are affine
manifolds whose atlases depend smoothly on B. This result uses a crucial observation
which was originally due to Markus and Meyer in [41]. In fact, these affine structures on
Tn are affinely diffeomorphic to the affine structure induced by the standard action of
Zn on Rn by translations (cf. Example 2.14.iv), which is integral. Denote this integral
affine manifold by Rn/Zn.

Moreover, [20] shows that the structure group of the Lagrangian bundle can be
reduced to the group

Aff(Rn/Zn) := GL(n;Z)nRn/Zn (1.1)

of affine diffeomorphisms of Rn/Zn. This observation can be used to construct the
topological invariants of Lagrangian bundles by studying the topology of the universal
bundle for Aff(Rn/Zn).

1.1.2 Guiding question 2: construction of Lagrangian bundles

The theory developed in [20] does not suffice to provide a recipe to construct Lagrangian
bundles, as the crucial question of the existence of a suitable symplectic form on the
total space of the bundle is not studied there. However, the smoothly varying affine
structure on the fibres and the reduction of the structure group to Aff(Rn/Zn) are
necessary conditions for a Tn-bundle over an n-dimensional manifold to be Lagrangian.
Bundles which satisfy these conditions are called affine Rn/Zn-bundles (cf. [5]).

The proof of the Liouville-Mineur-Arnol‘d theorem in [20] implies that the base
space of a Lagrangian bundle is necessarily an integral affine manifold. This is a con-
sequence of the symplectic topology of the bundle. In fact, all integral affine manifolds
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are the base space of some Lagrangian bundle (cf. Lemma 4.3). Furthermore, the mon-
odromy of a Lagrangian bundle (M,ω)→ B inducing a given integral affine structure
A on B is determined by the linear holonomy l of the integral affine manifold (B,A)
via

χ∗ = l−T (1.2)

(cf. Section 4.3.1). Hence integral affine geometry is related to the construction of
Lagrangian bundles; this suggests that studying Guiding Question 2 might lead to a
better understanding of the relation between affine geometry and Lagrangian bundles.

In light of the above results, the problem of constructing Lagrangian bundles be-
comes the following (cf. Question 4.31).

Question 1.3. Let (B,A) be an n-dimensional integral affine manifold with linear
holonomy l. The cohomology classes in

H2(B;Znl−T )

classify the isomorphism classes of affine Rn/Zn-bundles over B with monodromy l−T .
Which of these bundles can be Lagrangian?

The above problem has been solved from a slightly different point of view by Dazord
and Delzant in [18]. This paper proves that there is a homomorphism

D(B,A) : H2(B;Znl−T )→ H3(B;R)

whose kernel gives the subgroup of realisable Chern classes, i.e. Chern classes whose
corresponding affine Rn/Zn-bundles can be Lagrangian. The terminology comes from
the theory of symplectic realisations of Poisson manifolds, which is related to isotropic
bundles, a more general family of bundles (cf. [62]).

The idea of the proof of the above result is the following. Let (B,A) be an integral
affine manifold with coordinate charts

φα : Uα → Rn.

The manifold Rn admits an integral affine structure, which comes from the standard
atlas. Let a denote integral affine coordinates on Rn. In light of the above equivalence
between integral affine manifolds and base spaces of Lagrangian bundles (cf. Lemma
4.3), there exists a Lagrangian bundle over Rn

(T∗Rn/PRn , ω0)→ Rn, (1.3)

where P ⊂ (T∗Rn,ΩRn) is the Lagrangian submanifold which covers Rn with fibre the
discrete span

Z〈da1, . . .dan〉,

and ω0 denotes the induced symplectic form on the quotient. In fact, up to a sym-
plectomorphism which preserves the bundle structure, the bundle of equation (1.3) is
the only Lagrangian bundle over Rn (cf. [49]). Pull back the above bundle by the
diffeomorphisms φα to obtain locally defined Lagrangian bundles

(T∗Uα/Pα, ωα)→ Uα;
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the cohomology class D(B,A)(c) is the obstruction for the local symplectic forms ωα to
patch together on the total space of the affine Rn/Zn-bundle classified by c (cf. Sections
4.4 and 6.3). In particular, this statement holds because there exists a symplectic
reference Lagrangian bundle associated to the integral affine manifold (B,A) with linear
holonomy l (cf. Definition 4.25), whose isomorphism class corresponds to

0 ∈ H2(B;Znl−T ).

This bundle provides the local symplectic models for affine Rn/Zn-bundles over B with
monodromy l−T ; these local models are fibrewise symplectomorphic to the local La-
grangian bundles constructed above.

Interestingly, the construction of these local Lagrangian bundles depends entirely
on the integral affine geometry of (B,A); in particular, the cohomology class of the
symplectic form ω0 on the total space of the symplectic reference Lagrangian bundle
over (B,A) is related to a cohomological invariant of the integral affine structure A (cf.
Theorem 7.5).

Finally, the problem of constructing Lagrangian bundles is interesting also because
of the dearth of explicit examples of these bundles with non-trivial topological (and
symplectic) invariants. The first examples of Lagrangian bundles with non-trivial Chern
classes were provided by Bates in [6]; these examples have been generalised in [55]. In
theory, given the classification works [18, 20], it should be possible to carry out a
classification of Lagrangian bundles over any integral affine manifold (B,A); however,
there exists only a classification of such bundles over closed surfaces. This is because,
in dimensions higher than two, it is hard to determine whether a given closed manifold
is affine (but there are obstructions, cf. Section 1.1.3 and [58, 61]). In dimension two,
the only closed manifolds which can be (integral) affine are diffeomorphic to T2 and the
Klein bottle K2; this is a theorem of Benzecri [9] and Milnor [45]. The classification
of Lagrangian bundles over a two-dimensional torus is in [48], while the case of the
Klein bottle is dealt with in [53]. Both papers hinge upon very strong results in the
theory of affine manifolds due to Fried, Goldman and Hirsch in [27], which allow for a
classification of integral affine structures on these manifolds (which should be compared
with the corresponding families of affine structures classified by Arrowsmith and Furness
in [28, 29]).

1.1.3 Affine geometry

Sections 1.1.1 and 1.1.2 explain why affine geometry permeates the study of Lagrangian
bundles. However, the study of affine manifolds precedes the modern interest in the
classification of Lagrangian bundles, since the structure of such manifolds has been
investigated since 1950 (cf. [4]).

The existence of an affine structure on a closed manifold puts some constraints on
the topology of the manifold, as shown by Smillie in [58], where the connected sums
of lens spaces are proved not to be affine. This result is obtained by studying the
interplay between the topology of an affine manifold and its fundamental group; this is
a recurring theme in affine geometry, as illustrated by the conjecture due to Auslander
[1], which relates geometric and topological properties of closed affine manifolds to al-
gebraic properties of their fundamental groups. This conjecture is still open, although
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progress has been made throughout the years (cf. [1]).

The other main outstanding conjecture in affine geometry is due to Markus (cf.
[32, 41]); it states that the universal cover of a closed orientable affine manifold (B,A)
is Rn with the standard affine structure if and only if the affine changes of coordinates
of (B,A) take values in

SL(n;R)nRn. (1.4)

Note that the study of this conjecture is related to the study of integral affine manifolds,
since their coordinate changes lie in the group of equation (1.4). In an attempt to solve
this conjecture, Fried, Goldman and Hirsch introduced a topological invariant of affine
manifolds, the radiance obstruction, which contains important information about the
affine structure of the underlying affine manifold (cf. [26] and Chapter 7). For instance,
using this cohomology class, the same authors proved that the conjecture of Markus
holds when the fundamental group of the manifold is nilpotent (cf. [27]).

1.2 Main results

This thesis provides answers to Guiding Questions 1 and 2, which are outlined in the
two sections below.

1.2.1 Answer to Guiding Question 1

The existence of a smoothly varying affine structure on the fibres of Lagrangian bundles
with compact and connected fibres determines the topological classification of such
bundles. This follows from the fact that the structure group reduces to

Aff(Rn/Zn) = GL(n;Z)nRn/Zn,

where the action of GL(n;Z) on Rn/Zn descends from the standard action on Rn. The
splitting

σ : GL(n;Z)→ Aff(Rn/Zn)

A 7→ (A,0)

induces a bundle
Rn/Zn ↪→ BGL(n;Z)→ BAff(Rn/Zn), (1.5)

via Theorem 3.2. This bundle generates all topological types of Lagrangian bundles in
the sense that every such bundle over B is isomorphic to the pull-back

Rn/Zn ↪→ χ∗BGL(n;Z)→ B,

where χ : B → BAff(Rn/Zn) denotes the classifying map of the associated principal
Aff(Rn/Zn)-bundle (cf. Section 3.1.1); this is the content of Theorem 3.6. For this rea-
son, the bundle of equation (1.5) is called the topological universal Lagrangian bundle.

As a consequence of Theorem 3.6, the topological invariants of Lagrangian bundles
defined in [20] arise as the pull-backs of topological invariants of the topological univer-
sal Lagrangian bundle. In particular, there exist a universal monodromy representation

id∗ : π1(BAff(Rn/Zn))→ GL(n;Z)
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and a universal Chern class

cU ∈ H2(BAff(Rn/Zn);Znid∗),

the latter being the obstruction to the existence of a section for the topological universal
Lagrangian bundle. The importance of these universal topological invariants is that
the study of properties of the topological invariants of Lagrangian bundles is reduced
to the study of these two invariants. In particular, the universal Chern class plays
an important role in the Leray-Serre spectral sequence of the topological universal
Lagrangian bundle, since it determines some differentials on the E2 page (cf. Theorem
6.6). Understanding this differential is useful to find an answer to Guiding Question 2.

1.2.2 Answer to Guiding Question 2

Not all pull-backs of the topological universal Lagrangian bundle of equation (1.5) give
rise to Lagrangian bundles, as there are necessary conditions on the base space (e.g. it
needs to be an integral affine manifold whose linear holonomy satisfies the condition of
equation (1.2)).

Let (B,A) be an n-dimensional integral affine manifold with linear holonomy l. The
elements of

H2(B;Znl−T )

classify the isomorphism types of almost Lagrangian bundles (cf. Question 1.3 and
Definition 4.32). Fix one such

Rn/Zn ↪→M → B

with Chern class c. The answer to Guiding Question 2 (and the main result of the
thesis) is the following.

Main Result. The obstruction for the above almost Lagrangian bundle to be La-
grangian is given by the cohomology class of the cup product

c · r(B,A) ∈ H3(B;R),

where · denotes the cup product with twisted coefficients and r(B,A) is the radiance
obstruction of the integral affine manifold (B,A).

This result is obtained in four steps.

Step 1 The first explicit examples of fake Lagrangian bundles, i.e. almost Lagrangian
bundles which cannot be Lagrangian, are constructed. This is the content of
Theorem 5.1. The underlying integral affine manifold is R3/Z3. While the proof
of this result uses very specific tools (in particular, it uses crucially the fact
that the integral affine universal cover of R3/Z3 is affinely diffeomorphic to R3

with standard integral affine structure), it illustrates the topology behind the
homomorphism DR3/Z3 of Dazord and Delzant which computes the obstruction
to the existence of an appropriate symplectic form on the total space of an almost
Lagrangian bundle over R3/Z3;

Step 2 Some differential d(2) on the E2-page of the Leray-Serre spectral sequence with
Z-coefficients of the topological universal Lagrangian bundle is proved to be given
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by taking the cup product with the universal Chern class cU in Theorem 6.6. In
the proof of this theorem, the main ingredient is that the topological universal
Lagrangian bundle is the GL(n;Z)-equivariant equivalent of the universal bundle
for principal Rn/Zn-bundles;

Step 3 Functoriality of the Leray-Serre spectral sequence (cf. [42]) implies that the result
of Step 2 applies to the Leray-Serre spectral sequence of any almost Lagrangian
bundle. Fix an n-dimensional integral affine manifold (B,A) with linear holonomy
l; the symplectic form on the total space of its symplectic reference Lagrangian
bundle defines a cohomology class

w0 ∈ H1(B; H1(Rn/Zn;R)l),

as shown in Lemma 6.7. The above cohomology group is, in fact, isomorphic to
E1,1

2 , where E∗,∗2 denotes the E2-page of the Leray-Serre spectral sequence with
real coefficients of the almost Lagrangian bundle over (B,A) with Chern class c.
Note that the groups E∗,∗2 are independent of c. Theorem 6.9 proves that

D(B,A)(c) = −d(2)
c (w0),

where d
(2)
c : E1,1

2 → E3,0
2 is the differential. Note that Step 2 implies that d

(2)
c is

given by taking cup products with cR, the image of c under the homomorphism

H2(B;Znl−T )→ H2(B;Znl−T )⊗Z R ∼= H2(B;Rnl−T )

(cf. Corollary 6.8);

Step 4 The cohomology class w0 is shown to be mapped to the radiance obstruction
r(B,A) under a natural isomorphism (cf. Theorem 7.5).

The above Main Result allows to study Lagrangian bundles using integral affine
geometry and vice versa; an example of the interaction is given in Theorem 7.6, which
proves that there exist no closed integral affine manifolds whose radiance obstruction
vanishes.

1.3 Structure of thesis

This thesis is structured as follows. Chapter 2 studies the relation between Lagrangian
bundles and completely integrable Hamiltonian systems. The Liouville-Mineur-Arnol‘d
theorem is stated (cf. Theorem 2.2) and a part of it is proved in Theorem 2.3, which
implies that the (compact and connected) fibres of a Lagrangian bundle can be natu-
rally endowed with a smoothly varying affine structure affinely diffeomorphic to Rn/Zn.
This observation, along with the reduction of the structure group to Aff(Rn/Zn), lays
the foundation for the work of Chapter 3, which constructs topological universal La-
grangian bundles (cf. Definition 3.5) starting from the topology of Aff(Rn/Zn). The
topological invariants of Lagrangian bundles, i.e. monodromy and Chern class, are
constructed starting from their universal counterparts; moreover, these invariants are
shown to be sharp. Therefore Chapter 3 provides an answer to Guiding Question 1.

On the other hand, Guiding Question 2 is addressed in Chapters 4 to 7. The first
of these chapters starts with the observation that not all pull-backs of topological uni-
versal Lagrangian bundles are, in fact, Lagrangian; it then proceeds to investigate the
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symplectic geometry of Lagrangian bundles to obtain further characterisations of such
bundles. Existence of local action-angle coordinates is proved in Theorem 4.2, which
completes the proof of the Liouville-Mineur-Arnol‘d theorem. These canonical coor-
dinates are used to prove that the base space of a Lagrangian bundle is an integral
affine manifold (cf. Definition 4.15); any such manifold is also the base of some La-
grangian bundle (cf. Lemma 4.3), which is called the symplectic reference Lagrangian
bundle. Existence of local action-angle coordinates is, however, not sufficient to con-
struct a suitable symplectic form, as illustrated by introducing the concept of almost
Lagrangian bundles (cf. Definition 4.32) and by stating a theorem due to Dazord and
Delzant (cf. Theorem 4.4), which gives a necessary and sufficient condition for an
almost Lagrangian bundle to be Lagrangian. Chapter 5 studies the problem of differ-
entiating between almost Lagrangian and Lagrangian bundles when the base space is
R3/Z3, thus constructing the first explicit examples of fake Lagrangian bundles. More-
over, Section 5.2 gives an example which shows that the homomorphism of Dazord and
Delzant does not determine whether the total space of a fake Lagrangian bundle is, in
fact, symplectic. Chapter 6 brings topological universal Lagrangian bundles into the
problem of constructing Lagrangian bundles over an integral affine manifold (B,A);
Theorem 6.9 proves that the homomorphism D(B,A) of Dazord and Delzant is given by
taking twisted cup products with w0, the cohomology class of the symplectic form of
the symplectic reference Lagrangian bundle. This result is obtained by looking at the
Leray-Serre spectral sequence of the topological universal Lagrangian bundle: some dif-
ferential d(2) on the E2-page is given by taking cup products with the universal Chern
class cU (cf. Theorem 6.6). Finally, Chapter 7 completes the proof of the Main Result
(cf. Section 1.2.2) by noticing that the cohomology class w0 is, up to isomorphism,
equal to the radiance obstruction r(B,A) of the integral affine manifold (B,A). The
connection between the symplectic topology of Lagrangian bundles and integral affine
geometry is exploited in Theorem 7.6 and Section 7.3; the latter considers some explicit
examples which are related to singular Lagrangian bundles.

1.4 (Un)originality claims

Chapters 2 and 4 consist of material that is presented in various other works in the
literature, which I have referred the reader to. The exposition is my own and the
emphasis on affine geometry is stronger here than it is in most other works in the lit-
erature. Chapters 3, 5, 6 and 7 contain original results, unless otherwise stated in the
text. Again, it must be said that the construction of the universal radiance obstruction
rU as in Section 7.1 cannot be found elsewhere in the literature; the proved results are
well-known and there is no claim of originality there.

Finally, Chapter 3 is largely based on the published article [55], Chapter 5 presents
an example that comes from [54], and Chapters 6 and 7 expose results also presented
in [56].
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Chapter 2

Preliminaries on Lagrangian
bundles and affine geometry

This is an expository chapter, introducing the main concepts and methods used in this
thesis.

2.1 Definition and examples of Lagrangian bundles

Let (M,ω) be a 2n-dimensional symplectic manifold.

Definition 2.1 (Lagrangian bundles). A fibre bundle F ↪→ (M,ω) → B is said to
be Lagrangian if the fibres are Lagrangian submanifolds of (M,ω), i.e. ω|F = 0 and
dimF = 1

2 dimM = n.

Remark 2.2. The above definition implies that dimB = n.

Notation. Throughout this work, M and B denote 2n-dimensional and n-dimensional
manifolds respectively, unless otherwise stated.

Example 2.3 (The cotangent bundle). Let π : T∗B → B denote the cotangent bundle
of a manifold B. It is well-known (e.g. [43]) that T∗B admits a symplectic form Ω,
called the canonical symplectic form. It is defined as follows. Let

Dπ : TT∗B → TB

be the differential of the projection map π. For b ∈ B, let v∗ ∈ T∗bB. Define the
canonical 1-form λ to be the linear map

v∗ ◦Dπ(b, v∗) : T(b,v∗)T
∗B → R

at each (b, v∗) ∈ T∗B. The canonical symplectic form Ω is defined by

Ω = −dλ.

If (a1, . . . , an) are local coordinates on B and (a1, . . . , an, p1, . . . , pn) are induced local
coordinates on T∗B, then a local representative of Ω is given by

n∑
i=1

dai ∧ dpi = −d

(
n∑
i=1

pidai

)
. (2.1)
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Equation (2.1) implies that the bundle

Rn ↪→ (T∗B,Ω)→ B

is Lagrangian. Note further that if µ is a closed 2-form on B, then (T∗B,Ω + π∗µ)
is a symplectic manifold, and the projection π : (T∗B,Ω + π∗µ) → B gives rise to a
Lagrangian bundle.

Notation. Throughout this thesis, π denotes projection of a fibre bundle.

Remark 2.4. Lagrangian bundles are henceforth assumed to have compact and con-
nected fibres, unless otherwise stated. However, it is important to bear Example 2.3 in
mind, as it is closely related to the local behaviour of Lagrangian bundles in general.
Under some restrictions, the classification of Lagrangian bundles with contractible fi-
bres can be carried out (cf. [48]). The constraint in this paper is on the affine structure
of the fibres (cf. Section 2.3).

Example 2.5 (Even dimensional tori). Let ΩR2n be the canonical symplectic form on
R2n ∼= T∗Rn. Addition of vectors makes (R2n,+) into a Lie group. Let

Λ2n ∼= Z2n ⊂ (R2n,+) ∼= T∗Rn

be the standard lattice, which, under the projection map (and homomorphism)

π : (T∗Rn,+)→ (Rn,+), (2.2)

maps to the standard lattice Λn ⊂ Rn. Translating along the generators of Λ2n yields
a Z2n-action on R2n, which descends to a Zn-action on Rn under the map of equation
(2.2). These Z2n and Zn-actions are free and properly discontinuous on R2n and Rn
respectively; moreover, the Z2n-action leaves ΩR2n invariant. Thus there is a Lagrangian
bundle

Tn ↪→ (R2n/Z2n, ω)→ Rn/Zn,

where R2n/Z2n and R2n/Z2n are diffeomorphic to T2n and Tn respectively.

Example 2.6 (Kodaira-Thurston manifold). Recall the construction of the Kodaira-
Thurston example of a symplectic manifold which is not Kähler (e.g. [43]). Let Γ =
Z2 nA Z2, where the group operation is defined by

(m′,n′) · (m,n) = (m′ + m, Am′n + n′), Am′ =

(
1 m′2
0 1

)
,

where m′ = (m′1,m
′
2) ∈ Z2. Define an action on R4 by

ρ : Γ→ Diff(R4)

ρ(m,n)(a,p) = (a + m, Amp + n),
(2.3)

where a = (a1, a2), p = (p1, p2) and (a,p) ∈ R4. The symplectic form

ω = da2 ∧ da1 + dp1 ∧ dp2

makes the bundle induced by the projection

R4 → R2

(a1, a2, p1, p2) 7→ (a2, p1)
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into a Lagrangian bundle. The orbit Γ · 0 maps to the standard lattice Λ2 ⊂ R2 under
the above projection. Note further that the action of Γ on R4 defined by equation (2.3)
preserves the fibres of the above bundle and it leaves ω invariant. Thus ω induces a
symplectic form ω′ on R4/Γ which makes the bundle

T2 ↪→ (R4/Γ, ω′)→ T2

Lagrangian. Note that, unlike Examples 2.3 and 2.5, this bundle does not admit a
section.

2.2 Relation to completely integrable Hamiltonian sys-
tems

The fact that the fibres of the bundles in Examples 2.5 and 2.6 are tori is no coincidence,
and it can be explained by investigating the relation between Lagrangian bundles and
a special class of dynamical systems arising in Hamiltonian mechanics. In this sec-
tion, completely integrable Hamiltonian systems are introduced and their relation to
Lagrangian bundles is explained.

In order to define a completely integrable Hamiltonian system, it is necessary to
introduce the concept of a Poisson bracket, which is central in Hamiltonian dynamics.

Definition 2.7 (Poisson bracket). Let N be a smooth manifold. A Poisson bracket
on C∞(N) is an anti-symmetric, R-bilinear map {., .} : C∞(N) × C∞(N) → C∞(N)
which, for all f, g, h ∈ C∞(N), satisfies

1. Leibniz rule: {f, gh} = {f, g}h+ g{f, h};

2. Jacobi identity: {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.

A Poisson manifold is a pair (N, {., .}), where {., .} is a Poisson bracket on C∞(N).

Example 2.8 (Symplectic manifolds). Let (M,ω) be a symplectic manifold. For each
function f ∈ C∞(M), define its Hamiltonian vector field Xf to be the unique vector
field satisfying

ι(Xf )ω = df,

where ι denotes interior product. The bilinear map {., .} defined on C∞(M) by setting

{f, g} := ω(Xf , Xg) = df(Xg) = −dg(Xf )

for all f, g ∈ C∞(M), yields a Poisson bracket.

Remark 2.9. There exist Poisson manifolds which are not symplectic. For instance,
consider R3 with coordinates (a1, a2, a3) endowed with the bivector

∂

∂a1
∧ ∂

∂a2
.

The above bivector induces a Poisson bracket on C∞(R3), but R3 cannot be a symplectic
manifold for dimensional reasons.
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Definition 2.10 (Completely integrable Hamiltonian systems). Let (M,ω) be a 2n-
dimensional symplectic manifold. A completely integrable Hamiltonian system is a map

f = (f1, . . . , fn) : (M,ω)→ Rn,

whose components satisfy

1. Involutivity: for all i, j = 1, . . . , n,

{fi, fj} = 0,

where {., .} is the Poisson bracket on C∞(M) as defined in Example 2.8;

2. Functional independence: df1 ∧ . . . ∧ dfn 6= 0 on a dense open subset of M .

Example 2.11 (The spherical pendulum [16, 20]). Let S2 ⊂ R3 be the standard
embedding, and let (a,p) be local coordinates on T∗S2 induced by the inclusion T∗S2 ⊂
T∗R3. Consider the function

H : T∗S2 → R

(a,p) 7→ 1

2
‖p‖2 + a3,

where ‖p‖2 = g(p,p), g denotes the metric on T∗S2 obtained by restricting the pullback
of the standard Euclidean metric on T∗R3 ∼= R6, and a = (a1, a2, a3). Let ΩS2 denote
the canonical symplectic form on T∗S2 and let {., .} be the induced Poisson bracket on
C∞(T∗S2). The function

J : T∗S2 → R
(a,p) 7→ a1v2 − a2v1

makes the map (H,J) : (T∗S2,ΩS2) → R2 into a completely integrable Hamiltonian
system.

Understanding the dynamics of the spherical pendulum near its equilibrium points
was one of the motivations that brought mathematicians to study Lagrangian bun-
dles in further details. In particular, there is interesting dynamics near the unstable
equilibrium point of the map (H,J) above, as illustrated in the work of Delos et al.
[19]. However, it was previous work of Nehorošev in [49], of Duistermaat in [20], and
of Cushman in [15] that illustrated how the behaviour near the unstable equilibrium
point is reflected in the topology of the map (H,J).

The connection between Lagrangian bundles and completely integrable Hamiltonian
systems begins with the following observation.

Observation 2.1 (Duistermaat [20]). Let F ↪→ (M,ω) → B be a Lagrangian bundle.
Let U ⊂ B be a coordinate neighbourhood of B and let φ : U → Rn be a coordinate
map. Then the composite

φ ◦ π : (π−1(U), ω|π−1(U))→ Rn

is a completely integrable Hamiltonian system.
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Proof. Set φ ◦ π = (f1, . . . , fn). Functional independence of f1, . . . , fn follows from the
fact that φ is a local diffeomorphism. As for involutivity, recall that if Xi denotes the
Hamiltonian vector field associated to fi, then

{fi, fj} = ω(Xi, Xj),

where, for notational ease, ω = ω|π−1(U). Since the fibres of the bundle are Lagrangian,
the result is proved if each Xi is shown to be tangent to the fibres. It is a standard
result that the Hamiltonian vector field Xg is tangent to the level set {g = const}
for any function g on a symplectic manifold. In particular, each Xi is tangent to the
submanifold defined by

{f1 = d1, . . . , fn = dn} (2.4)

where d = (d1, . . . , dn) ∈ Rn lies in the image of φ ◦ π. The submanifold of M defined
by equation (2.4) is precisely a fibre of the Lagrangian bundle and, thus, the result
follows.

Thus methods from the theory of completely integrable Hamiltonian systems can
be used to prove properties of Lagrangian bundles. Moreover, given a completely
integrable Hamiltonian system there is a Lagrangian bundle associated to it. This is
one of the consequences of the Liouville-Mineur-Arnol‘d theorem.

Theorem 2.2 (Liouville [39], Mineur [46], Arnol‘d [2]). Let f = (f1, . . . , fn) : (M,ω)→
Rn be a completely integrable Hamiltonian system and let d ∈ Rn be a regular value of
f . Suppose that F = f−1(d) is compact and connected. Then

i) F is a Lagrangian submanifold of (M,ω) and it is diffeomorphic to Tn;

ii) there exists an open neighbourhood U ⊂ M of F which is symplectomorphic to a
neighbourhood V of the zero section of (T∗Tn,ΩTn) → Tn, as illustrated in the
commutative diagram below

M oo ? _
aa

0 PBB
BB

BB
BB

U //

��

V

��

� � // T∗Tn

F // Tn
- 


;;wwwwwwwww

The proof of this theorem is split in two halves, namely as the proofs of Theorem
2.3 and Theorem 4.2. This approach is chosen as there are aspects of the proof that
have to be studied in detail for the purposes of this thesis. There are several proofs of
Theorem 2.2 in the literature, each with a slightly different emphasis (e.g. [2, 8, 20]).

It is possible to associate a Lagrangian bundle to a given a completely integrable
Hamiltonian system f : (M,ω)→ Rn as follows. Let R ⊂ Rn be the open subset of Rn
consisting of regular values of f . Then

f̄ := f |f−1(R) : (f−1(R), ω|f−1(R))→ R ⊂ Rn (2.5)

is a surjective submersion whose level sets are compact and connected; a theorem due
to Ehresmann [22] implies that f̄ can be endowed with the structure of a fibre bundle.
Moreover, by part (i) of Theorem 2.2, the fibres of f̄ are Lagrangian submanifolds of
(M,ω) and thus the fibre bundle of equation (2.5) is Lagrangian.
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Theorem 2.2 also provides information regarding the topology of the fibres of La-
grangian bundles. If F ↪→ (M,ω) → B is Lagrangian, then Observation 2.1 proves
that it is locally given by a completely integrable Hamiltonian system and, thus, that
the fibres are diffeomorphic to Tn. In order to use this observation to construct topo-
logical invariants of Lagrangian bundles, it is necessary to analyse the proof of the
Liouville-Mineur-Arnol‘d theorem and, in particular, its connection to affine differen-
tial geometry.

2.3 Affine geometry of the fibres of Lagrangian bundles

The essential element to construct topological characteristic classes of Lagrangian bun-
dles is the fact that the fibres are endowed with a natural affine structure.

Definition 2.12 (Affine manifolds). An affine structure on an n-dimensional manifold
B is a choice of atlas A = {(Uα, φα : Uα → Rn)} whose changes of coordinates

φβ ◦ φ−1
α : φα(Uα ∩ Uβ) ⊂ Rn → φβ(Uα ∩ Uβ) ⊂ Rn

are constant on connected components, and are affine transformations of Rn, i.e. they
lie in the group

Aff(Rn) := GL(n;R)nRn,

where the action of GL(n;R) on Rn is the standard one. An affine manifold is a pair
(B,A), where B is a manifold and A is an affine structure on B.

Remark 2.13 (Equivalent definition in terms of linear connections). The original
definition of an affine manifold was given in terms of linear connections on tangent
bundles. For instance, [4] states that a manifold B is an affine manifold if there exists a
flat, torsion-free linear connection ∇ on TB; in the same paper, this condition is shown
to be equivalent to Definition 2.12.

Example 2.14 (Affine manifolds).

i) Let A be the standard atlas of Rn. Then (Rn,A) is an affine manifold;

ii) Let N ⊂ Rn be open. Then the inclusion N ↪→ (Rn,A) induces an affine structure
on N ;

iii) More generally, let D : N → Rn be a local diffeomorphism. For each p ∈ N there
exists an open neighbourhood Up ⊂ N of p such that D|Up is a diffeomorphism.
The collection {(Up, D|Up)} yields a well-defined affine structure on the manifold
N ;

iv) Let Λ ⊂ (Rn,+) be a cocompact lattice; any such is isomorphic to Zn (cf. [63]).
Fix a choice of generators λ1, . . . , λn of Λ and define a Λ-action on Rn by

a · λi = a + ei,

where a = (a1, . . . , an) denotes affine coordinates on Rn defined in (i) above, and
{e1, . . . , en} is the standard basis of Rn as a vector space. The quotient Rn/Λ
inherits an affine structure Aλ,Λ, since the above action is by affine diffeomor-
phisms of Rn, i.e. diffeomorphisms which are affine in local affine coordinates.
The atlas Aλ,Λ on Tn depends on the choice of generators λi of Λ and on the
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choice of Λ. However, for any other choice of cocompact lattice Λ′ and generators
λ′i of Λ′, there exists an affine diffeomorphism

(Tn;Aλ,Λ)→ (Tn;Aλ′,Λ′),

since all cocompact lattices of (Rn,+) are isomorphic. Thus all such affine struc-
tures on Tn are affinely diffeomorphic to the standard affine structure on Tn
induced by translations along the standard lattice Zn ⊂ Rn. For notational ease,
this latter affine manifold is henceforth denoted by Rn/Zn;

v) More generally, let (N,A) be an affine manifold and let Γ be a group acting
freely and properly discontinuously on the right of N via affine diffeomorphisms
of (N,A). Then the manifold N/Γ inherits an affine structure AΓ;

vi) Not all manifolds can be endowed with an affine structure. For instance, a theorem
due to Benzecri [9] and Milnor [45] states that the only closed orientable surface
that admits an affine structure is diffeomorphic to T2.

The following theorem relates Lagrangian bundles to affine geometry and is the
starting block for the construction of topological invariants of Lagrangian bundles.

Theorem 2.3 (Markus and Meyer [41], Duistermaat [20]). Let F ↪→ (M,ω)→ B be a
Lagrangian bundle. Then

i) for each b ∈ B, the fibre Fb = π−1(b) is diffeomorphic to Tn;

ii) the fibres are equipped with a smoothly varying affine structure;

iii) the structure group of the fibre bundle reduces to

Aff(Rn/Zn) := GL(n;Z)nRn/Zn,

the group of affine diffeomorphisms

Rn/Zn → Rn/Zn,

where Rn/Zn denotes the affine manifold of Example 2.14.iv.

Proof. The proof is structured so as to prove assertions (i), (ii) and (iii) sequentially.

Fix b0 ∈ B, let U ⊂ B be an open neighbourhood of b0 which is also a coordinate
neighbourhood with coordinate map φ : U → Rn. Set φ ◦ π = (f1, . . . , fn) and let Xi

denote the Hamiltonian vector field of fi. For any p ∈ Fb0 = π−1(b0),

X1(p), . . . , Xn(p)

form a basis of TpFb0 and
[Xi, Xj ] = X{fi,fj} = 0 (2.6)

for all i, j, since the functions f1, . . . , fn are in involution (cf. Observation 2.1). For each
i, let ψti denote the flow associated to Xi; ψ

t
i preserves Fb0 and, since Fb0 is compact,

the flow is complete. Moreover, equation (2.6) implies that these flows commute, i.e.

ψt
i

i ◦ ψt
j

j = ψt
j

j ◦ ψt
i

i . (2.7)
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for all i, j = 1, . . . , n, ti, tj ∈ R. Define an (Rn,+)-action on Fb0 by

Ψ : Rn × Fb0 → Fb0

(t = (t1, . . . , tn), p) 7→ Ψ(t, p) = ψt
1

1 ◦ . . . ◦ ψt
n

n (p).
(2.8)

Note that it is indeed an (Rn,+)-action by equation (2.7). Since X1, . . . , Xn are linearly
independent on the connected manifold F , the action is transitive and the isotropy
subgroups at points p, p′ ∈ F are conjugate. As (Rn,+) is abelian, conjugation induces
the identity automorphism on isotropy subgroups; for any choice of p ∈ F , denote the
isotropy group of the action Ψ by

Pb0 := {t ∈ Rn : Ψ(t, p) = p}.

Thus
Fb0
∼= Rn/Pb0 ;

since Fb0 is compact and n-dimensional, Pb0 is an n-dimensional cocompact subgroup
of (Rn,+) and, hence, isomorphic to Zn. It follows that

Fb0
∼= Tn,

which proves statement (i).

The main idea to prove (ii) is to show that the above construction induces a
smoothly affine structure on the fibres of the bundle. Firstly, note that the above
construction shows that

Fb0
∼= R⊗Z Pb0/Pb0 ; (2.9)

under this identification, Fb0 inherits an affine structure as in Example 2.14.iv.

Secondly, this affine structure can be shown to be independent of the choice of maps
f1, . . . , fn, or equivalently, of the choice of coordinatisation around b0 ∈ B, as follows.
Let φ̄ : Ū → Rn be a coordinate map defined on an open neighbourhood of b0 ∈ B. Set

φ̄ ◦ π = (f̄1, . . . , f̄n)

and let X̄i be the Hamiltonian vector field of the function f̄i. The argument in the
proof of Observation 2.1 shows that for any p ∈ Fb0 , X̄1(p), . . . , X̄n(p) form a basis of
TpFb0 . Thus there exist constants mij(p) ∈ R such that

X̄i(p) =
n∑
j=1

mij(p)Xj ;

for all i; the matrix M(p) = (mij(p)) is clearly invertible. Let ψ̄ti denote the flow of

the vector field X̄i. Commutativity of the flows ψt
i

i , ψ
tj
j shown in equation (2.7) implies

that
ψ̄ti(p) = ψ

mi1(p)t
1 ◦ . . . ◦ ψmin(p)t

n (p).

If Ψ̄ denote the Rn-action on Fb0 induced by the flows ψ̄t
1

1 , . . . , ψ̄
tn
n as in equation (2.8),
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then for all t ∈ R and all p ∈ Fb0

Ψ̄(t, p) = ψ
(
n∑
j=1

mj1(p)tj)

1 ◦ . . . ◦ ψ
(
n∑
j=1

mjn(p)tj)

n (p). (2.10)

Let P̄b0(p) denote the isotropy group of the (Rn,+)-action defined by Φ̄ at p. If T̄ ∈
P̄b0(p), then

MT (p)T̄ ∈ Pb0(p).

Since the (Rn,+)-actions defined by Φ and Φ̄ are abelian, the isotropy subgroups are
independent of the choice of p ∈ Fb0 . Thus the matrices M(p) are independent of p
and are henceforth denoted simply by M. As

R⊗Z Pb0/Pb0 ∼= Fb0
∼= R⊗Z P̄b0/P̄b0 ,

a change of coordinates around b0 ∈ B induces an affine diffeomorphism

M−T (b0) : R⊗Z Pb0/Pb0 → R⊗Z P̄b0/P̄b0 . (2.11)

In particular, this shows that, up to affine diffeomorphism, the affine structure Ab0 on
Fb0 is well-defined.

It remains to show that the affine structure Ab varies smoothly with b ∈ U . To
this end, fix a coordinatisation φ : U → Rn around b0 ∈ B and consider a local section
s : U → π−1(U), which, by shrinking U if needed, exists. Fix a basis T 1

0 , . . . , T
n
0 of Pb0 .

Applying the implicit function theorem to the equation

Ψ(t, s(b)) = s(b),

and by shrinking U if needed, it is possible to obtain smooth maps T i : U → Rn such
that T i(b0) = T i0 and

Ψ(T i(b), s(b)) = s(b)

for all b ∈ U . The maps T 1, . . . , Tn yield a smoothly varying basis for Pb; by equation
(2.9), a choice of Pb determines an affine structure on Fb. Therefore, a smoothly varying
basis for Pb yields a smoothly varying affine structure on Fb as claimed. This proves
part (ii) of the theorem.

In order to prove (iii), begin by noticing that a choice of local smooth section
s : U → π−1(U) yields a trivialisation of the bundle as follows. By shrinking U if
needed, assume that it is a coordinate neighbourhood which induces an (Rn,+)-action
Ψ on π−1(U) as above. Define a map

Υ̃ : U × Rn → π−1(U)

(b, t) 7→ Ψ(t, s(b)).
(2.12)

The above map is smooth as it is the composition of smooth maps. Moreover, if
r1, . . . , rn ∈ Z, then

Υ̃

(
b,

n∑
i=1

riT
i(b)

)
= s(b), (2.13)

where, for each i, T i is the smooth map constructed above. Since each T i is smooth,
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the set
P := {(b, t) ∈ U × Rn : t ∈ Pb} (2.14)

is a smooth submanifold of U × Rn, diffeomorphic to U × Zn. Let U × Tn denote the
quotient of U × Rn by P . Equation (2.13) shows that Υ̃ factors through a map

Υ : U × Tn → π−1(U); (2.15)

the arguments used above to prove that each fibre is diffeomorphic to Tn shows that
the map Υ yields a diffeomorphism which makes the following diagram commute

U × Tn Υ //

pr1 ##G
GGGGGGGG π−1(U)

π
{{www

ww
ww

ww

U.

In other words, Υ gives a trivialisation of the Lagrangian bundle.

It is important to remark that the above trivialisation depends upon a choice of
section. Fix a choice of coordinatisation on U and choose a different section s′ : U →
π−1(U). Let Υ̃′ : U × Rn → π−1(U) be the map defined as in equation (2.12) and
denote by Υ′ the induced map on U × Tn. The composite

Υ̃−1 ◦ Υ̃′ : U × Rn → U × Rn

is given by
(b, t) 7→ (b, t + t0(b)), (2.16)

where t0 : U → Rn is a smooth map such that

Ψ(t0, s(b)) = s′(b).

Note that smoothness of t0 is implied again by the implicit function theorem. This
composite descends to a well-defined map

Υ−1 ◦Υ : U × Tn → U × Tn,

which is just a translation along the fibres in the affine coordinates of the fibres and,
thus, a fibrewise affine diffeomorphism.

Observe also that, for any choice of coordinate neighbourhood U ⊂ B, the fibres of
the Lagrangian bundle can be smoothly identified with the affine manifold Rn/Zn of
Example 2.14.iv. This can be done by pre-composing any trivialisation Υ : U × Tn →
π−1(U) with a fibrewise affine diffeomorphism

U × Rn/Zn → U × Tn

(b,θ) 7→ (b, A(b)θ),
(2.17)

where θ = (θ1, . . . , θn) denote affine coordinates on Rn/Zn and

A(b) = (T 1(b), . . . , Tn(b)).
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Fix b0 ∈ B, let U, U ′ ⊂ B be open coordinate neighbourhoods of b0, such that
U ∩ U ′ is connected, and let s : U → π−1(U), s′ : U ′ → π−1(U ′) be locally defined
sections. The pairs (U, s), (U ′, s′) induce trivialisations

Υ : U × Rn/Zn → π−1(U), Υ′ : U ′ × Rn/Zn → π−1(U ′).

Let
ϕ = Υ′−1 ◦Υ : (U ∩ U ′)× Rn/Zn → (U ∩ U ′)× Rn/Zn

denote the corresponding transition function. Equation (2.11) implies that, up to the
choice of s and s′, ϕ acts linearly on each fibre. A priori the linear part of ϕ gives a
smooth map

M−T : U ∩ U ′ → GL(n;R),

using the notation of the proof of the assertion (ii). Since for each b ∈ U ∩U ′,M−T (b)
maps Pb to itself and this has been identified with the standard lattice Zn ⊂ (Rn,+)
via equation (2.17),

M−T (b) ∈ GL(n;Z)

for all b ∈ U ∩U ′. As U ∩U ′ is connected and the mapM−T is continuous, it is in fact
constant. For any given choice of sections s and s′, the restriction of ϕ to each fibre
is the composition of M−T with a translation by equation (2.16). Thus the structure
group of the bundle can be restricted to Aff(Rn/Zn) as claimed in (iii). This completes
the proof of the theorem.

Remark 2.15. While the result of the above theorem is well-known, the proof pre-
sented above highlights the importance of affine geometry in the structure of Lagrangian
bundles; furthermore, it pinpoints where the symplectic structure on M is used to de-
rive the required results. In particular, note that the only place where closure of the
symplectic form ω is used in the above proof is equation (2.6), while elsewhere the only
essential ingredient is just non-degeneracy. Hence there is a broader class of bundles
for which the above theorem holds, namely those bundles F ↪→ (M,$) → B, where
$ is a non-degenerate 2-form on M , F is a Lagrangian submanifold of (M,$) and
d$ = π∗µ for a closed 3-form µ defined on B. The local structure of such bundles
has been studied by Fassò and Sansonetto in [25] in relation to a more general form of
complete integrability than that given by Definition 2.10.

Remark 2.16. The subgroup of Aff(Rn/Zn) consisting of translations can be identified
with the affine manifold Rn/Zn via the map that takes a translation T to T θ0, where
θ0 ∈ Rn/Zn is any fixed point. This explains why Aff(Rn/Zn) is denoted as the
semidirect product of GL(n;Z) and Rn/Zn.

Notation. A Lagrangian bundle is henceforth denoted by Rn/Zn ↪→ (M,ω) → B to
highlight the importance of the natural affine structure on the fibres.

For a fixed Lagrangian bundle Rn/Zn ↪→ (M,ω) → B, the proof of Theorem 2.3
implies that at each point b ∈ B, the isomorphism class of the isotropy group Pb of
the action Ψ defined in equation (2.8) (with respect to any choice of local coordinates
around b) is well-defined.

Definition 2.17 (Period lattice bundle, Duistermaat [20]). The isomorphism class of
the lattice Pb is called the period lattice at b ∈ B. Let P denote the union of period
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lattices over all points b ∈ B. The natural projection

pr : P → B

yields a Zn-bundle over B called the period lattice bundle associated to the Lagrangian
bundle Rn/Zn ↪→ (M,ω)→ B.

Remark 2.18. Under the identification of each fibre of a Lagrangian bundle Rn/Zn ↪→
(M,ω) → B with the affine manifold Rn/Zn, for each b ∈ B, the fibre Pb of the
associated period lattice bundle Zn ↪→ P → B can be identified with a choice of n
linearly independent vector fields X1(b), . . . , Xn(b) tangent to the fibre Fb ∼= Rn/Zn
whose flows are periodic with period 1. Identifying Xi(b) with the homology of the
cycle given by considering the time-1 map of its flow, the period lattice at b can be
identified with a choice of basis for H1(Fb;Z) ∼= Zn. This is the original interpretation
of the period lattice bundle as given in [20].

Remark 2.19 (Transition functions for the period lattice bundle, [16]). The proof
of Theorem 2.3 implies that a choice of trivialising cover for a Lagrangian bundle
Rn/Zn ↪→ (M,ω)→ B for which the transition functions act on each fibre by elements
of Aff(Rn/Zn) yields a trivialising cover for the associated period lattice bundle. More-
over, the transition functions for the latter are given by considering only the linear part
of the transition functions of the former.

Historically, the existence of the period lattice bundle associated to a Lagrangian
bundle has yielded a topological classification of Lagrangian bundles, as carried out in
[20]. The approach taken in this thesis is slightly different, since the existence of the
period lattice bundle yields a well-defined affine structure on the fibres of a Lagrangian
bundle, which has been used to notice that the structure group of the bundle reduces
to Aff(Rn/Zn).
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Chapter 3

Topological classification of
Lagrangian bundles

In this chapter, topological universal Lagrangian bundles are constructed using the re-
sult of Theorem 2.3. These objects arise from the topology of the group Aff(Rn/Zn);
Theorem 3.6 below proves that they are in fact universal for Lagrangian bundles. Sec-
tion 3.1 is devoted to studying the topology of the classifying space BAff(Rn/Zn) and
to constructing the topological universal Lagrangian bundles. In Section 3.2, the two
topological invariants of Lagrangian bundles are constructed using these universal bun-
dles; these characteristic classes have already been constructed in several works in the
literature (e.g. [18, 20, 40, 68]), but not using the approach taken in this thesis, which
emphasises the importance of the smoothly varying affine structure on the fibres of a
Lagrangian bundle. This chapter is largely based on the published article [55].

3.1 Topological universal Lagrangian bundles

Theorem 2.3 proves that the structure group of a Lagrangian bundle

Rn/Zn ↪→ (M,ω)→ B

reduces to the group
Aff(Rn/Zn) := GL(n;Z)nRn/Zn,

where the action of GL(n;Z) on Rn/Zn is given by

GL(n;Z)× Rn/Zn → Rn/Zn

(A,θ) 7→ Aθ,
(3.1)

and θ = (θ1, . . . , θn) denotes affine coordinates on Rn/Zn. Note that the expression
Aθ makes sense as GL(n;Z) stabilises the standard cocompact lattice in (Rn,+). In
this section some bundles, called topological universal Lagrangian bundles, are defined
using the topology of the group Aff(Rn/Zn); these are then shown to be universal in
the sense that every Lagrangian bundle arises as the pull-back of one of these bundles
(cf. Theorem 3.6).

Let 0 and 1 denote the trivial group with additive and multiplicative structures
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respectively. There is a short exact sequence of groups

0 //Rn/Zn τ //Aff(Rn/Zn)
p //GL(n;Z) //1, (3.2)

where the homomorphisms τ, p are defined by

τ : Rn/Zn → Aff(Rn/Zn)

θ 7→ (I,θ)
(3.3)

p : Aff(Rn/Zn)→ GL(n;Z)

(A,θ) 7→ A,
(3.4)

and I denotes the identity in GL(n;Z). The sequence of equation (3.2) is split, i.e.
there exists a homomorphism σ : GL(n;Z) → Aff(Rn/Zn) which is a right inverse for
p. Explicitly, the splitting is defined by

σ : GL(n;Z)→ Aff(Rn/Zn)

A 7→ (A,0),
(3.5)

where 0 denotes the identity in the group Rn/Zn. The idea is to construct interesting
bundles using the injections σ, τ defined above. In order to do so, it is necessary to
introduce the concepts of the classifying space of an arbitrary topological group G.

3.1.1 Universal bundles

In this subsection, a few generalities on universal bundles and classifying spaces are re-
called to illustrate some of the results needed in the construction of topological universal
Lagrangian bundles.

Theorem 3.1 (Universal bundles [44]). Let G be a topological group. There exists a
principal G-bundle (defined uniquely up to homotopy), called the universal G-bundle,

G ↪→ EG→ BG,

with the following properties

i EG,BG are CW-complexes;

ii EG is contractible;

iii if G ↪→ E → B is any principal G-bundle, there exists a map (defined uniquely
up to homotopy)

χ : B → BG,

called the classifying map, such that the pull-back bundle χ∗EG→ B is isomorphic
to the original bundle.

Notation. Throughout this thesis, all universal bundles, those bundles which are con-
structed from universal bundles by means of standard constructions, and classifying
maps are understood to be defined up to homotopy without further mention.

Definition 3.1 (Classifying space). Let G be a topological group. The base space BG
of its universal bundle is called the classifying space of G.
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Example 3.2 (Universal bundles).

i) The Z-principal bundle

Z � � // R
exp(i·)// S1 ⊂ C

is the universal bundle for the group Z;

ii) If G, H are topological groups, then the principal G×H-bundle

G×H ↪→ EG× EH → BG× BH

is the universal G×H-bundle. In particular, the universal Zn-bundle is given by
the bundle

Zn ↪→ Rn → Tn

where the action of Zn on Rn is by translations along the standard cocompact
lattice in (Rn,+) (cf. Example 2.14.iv);

iii) For each n, let Sn ↪→ Sn+1 be the inclusion given by identifying the equator of
Sn+1 with Sn. Taking the direct limit of these inclusions, it is possible to define
S∞, which is a contractible CW-complex, since each inclusion Sn ↪→ Sn+1 kills
πn(Sn). Similarly, the direct limit of the inclusions CPn−1 ↪→ CPn induced by
the standard inclusions Cn ↪→ Cn+1, gives rise to a countable CW-complex CP∞.
For each n, there is a principal S1-bundle

S1 ↪→ S2n−1 → CPn−1,

which is well-behaved with respect to the above inclusions, i.e. there is a com-
mutative diagram

S2n−1 � � //

��

S2n+1

��
CPn−1 � � // CPn.

Thus, in the direct limit, there is a principal S1-bundle

S1 ↪→ S∞ → CP∞

which is the universal bundle for the group S1.

Remark 3.3. Let F ↪→ E → B be a fibre bundle with structure group G. Then there
exists a principal G-bundle G ↪→ Q → B such that the original bundle is isomorphic
to the bundle Q ×G F → B, obtained via the Borel construction (cf. [17]). The
isomorphism class of the G-principal bundle Q→ B is determined by the isomorphism
class of the bundle E → B. This principal G-bundle is said to be associated to the
original G-bundle. Hence, if χ : B → BG denotes the classifying map for the principal
G-bundle Q→ B, then χ can also be thought as the classifying map for the G-bundle
E → B with fibre F .

Remark 3.3 implies that, for a given Lagrangian bundle Rn/Zn ↪→ (M,ω) → B,
there is a well-defined notion of a classifying map

χ : B → BAff(Rn/Zn),
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which is just the classifying map for the principal Aff(Rn/Zn)-bundle associated to
Rn/Zn ↪→ (M,ω)→ B.

The following theorems are used in Section 3.1.2; they are stated below without
proof (cf. [38, 65]).

Theorem 3.2. Let G,H be topological groups and let ι : H ↪→ G be a monomorphism.
Then there exists a bundle

G/H ↪→ BH → BG.

If, in addition, ι(H) �G, then the above bundle is a G/H-principal bundle.

Theorem 3.3. An exact sequence of topological groups

1→ K → G→ H → 1

induces a fibration (up to homotopy)

BK → BG→ BH.

A splitting H → G induces (up to homotopy) a section BH → BG of the above fibration.

Theorem 3.4. Let H be a closed subgroup of a topological group G. The structure
group of a principal G-bundle G ↪→ E → B can be reduced to H if and only if there
exists a lift χH : B → BH of the classifying map χG : B → BG, i.e. there exists a
commutative diagram

BH

��
B

χH
=={{{{{{{{

χG
// BG,

where the projection BH → BG arises as in Theorem 3.2.

3.1.2 Bundles arising from Aff(Rn/Zn)

In this subsection Theorem 3.2 and 3.3 are used to construct bundles relating the clas-
sifying spaces of the groups Rn/Zn, Aff(Rn/Zn) and GL(n;Z). In particular, for each
n, the splitting σ defined by equation (3.5) gives rise to the topological universal La-
grangian bundle.

By Theorem 3.3, the short exact sequence

0 //Rn/Zn τ //Aff(Rn/Zn)
p //GL(n;Z) //1,

gives rise to a fibration

BRn/Zn � � τ //BAff(Rn/Zn)
p //BGL(n;Z), (3.6)

where the induced maps on classifying spaces are denoted with the same symbols as
the homomorphisms inducing them. This abuse of notation is justified in light of the
fact that the homomorphisms τ and p determine the homomorphisms in homotopy and
cohomology of BRn/Zn, BAff(Rn/Zn) and BGL(n;Z) (cf. [12]).
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Lemma 3.5 (Homotopy groups of BAff(Rn/Zn) [55]). The homotopy groups of the
classifying space BAff(Rn/Zn) are given by

πi(BAff(Rn/Zn)) =


GL(n;Z) if i = 1,

Zn if i = 2,

0 otherwise.

(3.7)

Proof. Begin by noticing that BRn/Zn and BGL(n;Z) are Eilenberg-Maclane spaces of
type K(Zn, 2),K(GL(n;Z), 1) respectively, i.e.

πi(BRn/Zn) =

{
Zn if i = 2,

0 otherwise,

and

πi(BGL(n;Z)) =

{
GL(n;Z) if i = 1,

0 otherwise.

The long exact sequence in homotopy for the fibration of equation (3.6)

. . .→ πn(BRn/Zn)→ πn(BAff(Rn/Zn))→ πn(BGL(n;Z))→ πn−1(BRn/Zn)→ . . .

implies that
πn(BAff(Rn/Zn)) ∼= πn(Rn/Zn) ∼= 0

for all n ≥ 3. The remaining part of the long exact sequence collapses to exact sequences

π3(BGL(n;Z)) ∼= 0→ π2(BRn/Zn)→ π2(BAff(Rn/Zn))→ π2(BGL(n;Z)) ∼= 0

π1(BRn/Zn) ∼= 0→ π1(BAff(Rn/Zn))→ π1(BGL(n;Z))→ π0(BRn/Zn) = {∗}.

Thus π2(BAff(Rn/Zn)) ∼= π2(BRn/Zn) and π1(BAff(Rn/Zn)) ∼= π1(BGL(n;Z)), and
the result follows.

Applying Theorem 3.2 to the inclusion τ : Rn/Zn → Aff(Rn/Zn) and to the splitting
σ : GL(n;Z)→ Aff(Rn/Zn), obtain two bundles

GL(n;Z) � � //B(Rn/Zn)
τ //BAffZ(Rn/Zn) (3.8a)

Rn/Zn � � //BGL(n;Z)
σ //BAffZ(Rn/Zn) (3.8b)

Remark 3.4. Note that since σ(GL(n;Z)) is not a normal subgroup of Aff(Rn/Zn), the

fibres of Rn/Zn � � //BGL(n;Z)
σ //BAffZ(Rn/Zn) are not naturally endowed with

the structure of a group.

Definition 3.5 (Topological universal Lagrangian bundles [55, 56]). For each n, the
bundle of equation (3.8b) is called the topological universal Lagrangian bundle of di-
mension n1.

Remark 3.6. The fibres of a topological universal Lagrangian bundle are endowed with
an affine structure which makes them affinely diffeomorphic to Rn/Zn. This is because

1Here, the dimension refers to the dimension of the fibre. Throughout this thesis, n is fixed, unless
otherwise stated, and the topological universal Lagrangian bundle of dimension n is referred to simply
as the topological universal Lagrangian bundle.
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the subgroup τ(Rn/Zn) of Aff(Rn/Zn) can be identified with the affine manifold Rn/Zn
(cf. Remark 2.16).

3.1.3 Universality

Theorem 3.6 below proves that the topological universal Lagrangian bundle is truly
universal for Lagrangian bundles.

Theorem 3.6 (Universality [56]). Let Rn/Zn ↪→ (M,ω)→ B be a Lagrangian bundle
and let χ : B → BAff(Rn/Zn) denote its classifying map. Then Rn/Zn ↪→ (M,ω)→ B
is isomorphic to the pull-back of the topological universal Lagrangian bundle along χ

χ∗BGL(n;Z)
Ξ //

��

BGL(n;Z)

��
B χ

// BAff(Rn/Zn).

Proof. The universal bundle Aff(Rn/Zn) ↪→ EAffZ(Rn/Zn) → BAff(Rn/Zn) classifies
principal AffZ(Rn/Zn)-bundles; thus the associated bundle

Rn/Zn ↪→ EAff(Rn/Zn)×Aff(Rn/Zn) Rn/Zn → BAff(Rn/Zn)

classifies the topological type of Rn/Zn-bundles with structure group Aff(Rn/Zn). For
notational ease, set

E = EAff(Rn/Zn)×Aff(Rn/Zn) Rn/Zn (3.9)

throughout the rest of the proof. If Rn/Zn ↪→ (M,ω)→ B is a Lagrangian bundle and
χ : B → BAff(Rn/Zn) is its classifying map, there is an isomorphism of fibre bundles

M
∼= //

  A
AA

AA
AA

A χ∗E

}}zz
zz

zz
zz

B.

Hence it suffices to show that, up to homotopy, there is an isomorphism of bundles

BGL(n;Z)
∼= //

((PPPPPPPPPPPP E

yysssssssssss

BAff(Rn/Zn).

The group GL(n;Z) acts freely on the contractible space EAff(Rn/Zn) via σ; thus, up
to homotopy, BGL(n;Z) can be constructed as the quotient EAff(Rn/Zn)/GL(n;Z).
Consider the continuous map

κ : EAff(Rn/Zn)→ EAff(Rn/Zn)× Rn/Zn

e 7→ (e,0).

The aim of the proof is to show that κ descends to a map

κ̄ : EAff(Rn/Zn)/GL(n;Z)→ E

[e]GL(n;Z) 7→ [(e,0)]Aff(Rn/Zn),
(3.10)
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where E is as in equation (3.9) and [.]Aff(Rn/Zn), [.]GL(n;Z) denote elements of E and
EAff(Rn/Zn)/GL(n;Z) respectively. The map κ̄ is then shown to be the required iso-
morphism.

Let
q : EAff(Rn/Zn)× Rn/Zn → E

denote the quotient map. The map

q ◦ κ : EAff(Rn/Zn)→ E

e 7→ [(e,0)]Aff(Rn/Zn)

is continuous; moreover, if, for given e, e′ ∈ EAff(Rn/Zn) there exists A ∈ GL(n;Z)
such that

e′ = e · (A,0),

(where the convention is that a group H acts on the right on EH, following [17]), then

[(e,0)]Aff(Rn/Zn) = [(e′,0)]Aff(Rn/Zn).

In particular, q ◦ κ descends to the map κ̄, which is therefore well-defined. Reversing
the above argument proves that κ̄ is injective. Furthermore, note that for all (e, t) ∈
EAff(Rn/Zn) × Rn/Zn, there exists an element (e′,0) ∈ EAff(Rn/Zn) × Rn/Zn such
that

[(e, t)]Aff(Rn/Zn) = [(e′,0)]Aff(Rn/Zn).

This proves that κ̄ is surjective. Thus the map κ̄ is continuous and bijective.

It remains to construct an inverse. The continuous map

ε : EAff(Rn/Zn)× Rn/Zn → EAff(Rn/Zn)

(e, t) 7→ e

descends to a map

ε̂ : EAff(Rn/Zn)× Rn/Zn → EAff(Rn/Zn)/GL(n;Z),

which satisfies
ε̂(e, t) = ε̂(e · (A, t′), (A, t′)−1 · t)

for all (e, t) ∈ EAff(Rn/Zn) × Rn/Zn and (A, t′) ∈ Aff(Rn/Zn). Hence, ε̂ descends to
a continuous map

κ̄−1 : E→ EAff(Rn/Zn)/GL(n;Z),

which is the inverse of κ̄. Therefore κ̄ is a homeomorphism.

Finally the map κ̄ makes the following diagram commutative

EAff(Rn/Zn)/GL(n;Z)
κ̄ //

**TTTTTTTTTTTTTTT E

yysssssssssss

BAff(Rn/Zn),

(3.11)
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where E is as in equation (3.9). Equation (3.11) proves the result.

Remark 3.7. As observed in the literature (e.g. [8, 20, 40]), the fibres of a Lagrangian
bundle are not naturally equipped with a group structure. This can be proved directly
using Theorem 3.6 and Remark 3.4.

3.2 Topological invariants

In light of Theorem 3.6, the topological invariants of Lagrangian bundles are pull-backs
of universal invariants, which characterise the topological universal Lagrangian bundle.
In this section, the two topological invariants of Lagrangian bundles are defined in this
fashion; these are shown to coincide with different definitions in the literature (e.g.
[16, 18, 20, 40, 68]) and are proved to be sharp, i.e. they completely determine the
topological type of the bundle.

3.2.1 Monodromy

Fix a Lagrangian bundle Rn/Zn ↪→ (M,ω) → B with classifying map χ : B →
BAff(Rn/Zn).

Definition 3.8 (Monodromy [55, 56]). Let b0 ∈ B be a basepoint. The monodromy of
Rn/Zn ↪→ (M,ω)→ B is defined to be the homomorphism

χ∗ : π1(B; b0)→ π1(BAff(Rn/Zn);χ(b0)) ∼= GL(n;Z).

Remark 3.9.

i) There is a notion of universal monodromy, which arises from considering the
classifying map of the topological universal Lagrangian bundle

Rn/Zn ↪→ BAff(Rn/Zn)→ BGL(n;Z).

This map is just the identity id : BAff(Rn/Zn) → BAff(Rn/Zn). Thus the
universal monodromy is simply the identity homomorphism

id∗ : π1(BAff(Rn/Zn))→ π1(BAff(Rn/Zn)),

where the dependence upon the basepoint is dropped, as it does not affect the in-
duced homomorphism. Note further that the topological monodromy of Rn/Zn ↪→
BAff(Rn/Zn)→ BGL(n;Z), i.e. the representation

π1(BAff(Rn/Zn))→ Aut(π1(Rn/Zn)),

which arises from considering the action on π1(Rn/Zn) induced by the homo-
topy equivalences of the fibres obtained by lifting (homotopy classes of) loops in
BAff(Rn/Zn), is given precisely by the identity homomorphism of GL(n;Z). This
follows from the fact that the GL(n;Z)-action on Rn/Zn which defines Aff(Rn/Zn)
as a split Rn/Zn-extension of GL(n;Z) is given by the identity homomorphism of
GL(n;Z);

ii) The choice of base point b0 ∈ B may affect the image of the homomorphism χ∗,
without, however, changing its conjugacy class in GL(n;Z). The free monodromy
of a Lagrangian bundle Rn/Zn ↪→ (M,ω) → B is defined to be the conjugacy
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class of the image of the monodromy [χ∗] and is therefore independent of the
choice of base point b ∈ B. The free monodromy of a Lagrangian bundle is a
genuine invariant of the isomorphism type of the bundle;

iii) The bundle

GL(n;Z) � � //B(Rn/Zn)
τ //BAffZ(Rn/Zn)

of equation (2.3) is the universal covering of BAffZ(Rn/Zn). Thus if the (free)
monodromy χ∗ of a Lagrangian bundle Rn/Zn ↪→ (M,ω) → B is trivial, the
classifying map χ admits a lift χ̃ : B → B(Rn/Zn). This implies that the structure
group of the Lagrangian bundle can be reduced to the group Rn/Zn (cf. [38]).

The monodromy of a Lagrangian bundle Rn/Zn ↪→ (M,ω) → B was originally
defined to be the homotopy class of the classifying map of the associated period lattice
bundle Zn ↪→ P → B (cf. [20]). This can be seen using topological universal Lagrangian
bundles.

Definition 3.10 (Universal period lattice bundles [56]). The universal period lattice
bundle associated to the topological universal Lagrangian bundle

Rn/Zn ↪→ BAff(Rn/Zn)→ BGL(n;Z)

is the induced system of local coefficients with fibre H1(Rn/Zn;Z), denoted by

H1(Rn/Zn;Z) ↪→ Pn → BAffZ(Rn/Zn).

The pull-back χ∗Pn → B is isomorphic to the system of local coefficients obtained
by replacing each fibre Rn/Zn of χ∗BGL(n;Z) → B with H1(Rn/Zn;Z). By Theorem
3.6, χ∗BGL(n;Z)→ B is isomorphic to the Lagrangian bundle Rn/Zn ↪→ (M,ω)→ B
whose classifying map is given by χ.

Lemma 3.7. Let P → B denote the period lattice bundle associated to the Lagrangian
bundle Rn/Zn ↪→ (M,ω) → B (with classifying map χ) as in Definition 2.17. Then
χ∗Pn → B is isomorphic to P → B.

Proof. The Zn-bundles P → B and χ∗Pn → B are isomorphic if and only if their
classifying maps are homotopic. Let

χPn : BAff(Rn/Zn)→ BGL(n;Z)

denote the classifying map of the universal period lattice bundle H1(Rn/Zn;Z) ↪→
Pn → BAffZ(Rn/Zn). Then the classifying map of χ∗Pn → B is given by χPn ◦ χ. Let
χP : B → BGL(n;Z) denote the classifying map of the period lattice bundle P → B.
Since BGL(n;Z) is a K(BGL(n;Z); 1) space, the homotopy class of the maps χP , χPn ◦χ
is determined by the induced maps on fundamental groups (up to a choice of basepoint
b ∈ B). Fix a basepoint b ∈ B; it suffices to show that χP∗ = (χPn ◦ χ)∗.

Note that the transition functions for P → B are given by considering the linear part
of the transition functions for the associated Lagrangian bundle Rn/Zn ↪→ (M,ω)→ B.
Thus, up to homotopy,

χP = p ◦ χ,

where p : BAff(Rn/Zn) → BGL(n;Z) is the map induced by the homomorphism
p : Aff(Rn/Zn) → GL(n;Z) of the long exact sequence of equation (3.2) defining
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Aff(Rn/Zn). This is because the collection of transition functions of a bundle deter-
mines the homotopy class of the classifying map of the bundle (cf. [38]). In particular,

χP∗ = p∗ ◦ χ∗.

Since p∗ : π1(BAff(Rn/Zn)) → π1(BGL(n;Z)) is the identity (as the homomorphism
p : Aff(Rn/Zn)→ GL(n;Z) induces the identity map on π0(Aff(Rn/Zn))), then

χP∗ = χ∗. (3.12)

Hence it suffices to prove that the classifying map

χPn : BAff(Rn/Zn)→ BGL(n;Z)

of the universal period lattice bundle induces the identity map on fundamental groups.
Note that the homotopy class of χPn is determined by the topological monodromy of
the topological universal Lagrangian bundle (cf. Remark 3.9.i). In particular, since the
latter is given by the identity representation of GL(n;Z), it follows that the classifying
map χPn of H1(Rn/Zn;Z) ↪→ Pn → BAffZ(Rn/Zn) induces the identity on fundamental
groups, and the result follows.

The (free) monodromy χ∗ of the Lagrangian bundle Rn/Zn ↪→ (M,ω) → B deter-
mines the homotopy class of the classifying map of χ∗Pn → B, which is isomorphic to
the period lattice bundle P → B by Lemma 3.7. This proves that the monodromy of
Definition 3.8 defined above is equivalent to the notion given in [20].

It is also important to expand upon Remark 3.9.iii, which says that the (free) mon-
odromy can be seen as an obstruction to reducing the structure group of the Lagrangian
bundle to Rn/Zn. The following lemma, proved using topological universal Lagrangian
bundles, shows that the (free) monodromy can be seen as the obstruction for a La-
grangian bundle to be a principal Rn/Zn-bundle, as remarked by several authors (cf.
[16, 20, 40, 68]).

Lemma 3.8 ([20]). The (free) monodromy of a Lagrangian bundle Rn/Zn ↪→ (M,ω)→
B is trivial if and only if the bundle is a principal Rn/Zn-bundle.

Proof. If the (free) monodromy is trivial, then the period lattice bundle P → B is also
trivial, i.e. P ∼= B × Zn. A smooth section of this bundle corresponds to a smoothly
varying frame X1, . . . , Xn of the tangent bundle of the fibre F of the Lagrangian bundle
associated to P → B. Fix such a choice.

By considering a simply connected open neighbourhood U ⊂ B, there exist functions

f̄1, . . . , f̄n : π−1(U)→ R

such that each Xi is the Hamiltonian vector field of f̄i. Note that if Y is a vector field
tangent to the fibres, Lagrangianeity implies that, for all i, ι(Y )df̄i = 0, which in turn
means that there exists functions

f1, . . . , fn : U → R

such that
df̄i = π∗dfi
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for all i. The functions f1, . . . fn give a local coordinatisation on U and, thus, along
with a choice of section s : U → π−1(U), induce a local trivialisation ΥU of Rn/Zn ↪→
(M,ω) → B, as proved in Theorem 2.3. Let ΨU : Rn/Zn × π−1(U) → π−1(U) denote
the locally defined smooth Rn/Zn-action given by Theorem 2.3. Note that this action
is free, as it is just given by translation in affine coordinates on the fibres. Cover B by
such neighbourhoods, and let U ′ be another such neighbourhood with U ∩U ′ 6= ∅. The
locally defined smooth actions ΨU , ΨU ′ depend only on a local choice of frame of the
tangent bundle to the fibres of π−1(U∩U ′)→ U∩U ′; having fixed a globally defined such
choice above, these actions patch together on U ∪ U ′. Thus there is a globally defined
free Rn/Zn-action Ψ on the fibres of the Lagrangian bundle Rn/Zn ↪→ (M,ω) → B
(which is given by left translations in affine coordinates).

Conversely, if Rn/Zn ↪→ (M,ω) → B is a principal Rn/Zn-bundle, its structure
group can be reduced to Rn/Zn. If χ : B → BAff(Rn/Zn) denotes the classifying map,
then χ admits a lift χ̃ : B → BRn/Zn by Theorem 3.4. This implies that the (free)
monodromy is trivial and the result follows.

3.2.2 Chern class

Free monodromy is not the only topological invariant of a Lagrangian bundle. This
can be seen by considering the case when the (free) monodromy vanishes and the topo-
logical classification reduces to that of principal Rn/Zn-bundles. In this case, there is
only one other topological invariant associated to the given fibre bundle, namely the
obstruction to the existence of a section. In what follows, the corresponding obstruction
for any Lagrangian bundle is defined using topological universal Lagrangian bundles;
this is then shown to coincide with the definition given in [18, 20, 68].

The approach taken below is obstruction theoretic, which is suitable since all spaces
involved are homotopic to CW complexes. For further details regarding the construc-
tions involved, see [17, 65]. The idea is to find the obstruction to the existence of a
section of the topological universal Lagrangian bundle. A section of this bundle is a
lift of the identity map id : BAff(Rn/Zn)→ BAff(Rn/Zn), i.e. a map (denoted by the
dotted arrow) which makes the following diagram commute

BGL(n;Z)

σ

��
BAff(Rn/Zn)

id //

66

BAff(Rn/Zn)

Since BAff(Rn/Zn) is not simply connected, there needs to be extra care to define this
obstruction, as the action of the fundamental group of BAff(Rn/Zn) on the homotopy
groups of the fibres Rn/Zn needs to be taken into account. To this end, it is important
to give another description of the topological monodromy of the topological universal
Lagrangian bundle.

Fix a pointed CW decomposition of BAff(Rn/Zn), i.e. a CW decomposition whose
0-skeleton consists of a single point, say b, which exists since BAff(Rn/Zn) is path-
connected. Set

$ = π1(BAff(Rn/Zn); b)
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for notational ease. Let ˜BAff(Rn/Zn) denote the universal cover of BAff(Rn/Zn)
(which, by Remark 3.9.iii, is a K(Zn; 2)). The given CW decomposition of BAff(Rn/Zn)

induces a $-equivariant CW decomposition on ˜BAff(Rn/Zn) as follows. Each k-cell
ekα in the CW decomposition of BAff(Rn/Zn) has preimages ekα,γ (γ ∈ $) under the
universal covering map

q : ˜BAff(Rn/Zn)→ BAff(Rn/Zn).

Identifying $ with the group of deck transformations on ˜BAff(Rn/Zn) acting on the
left, the cells ekα,γ satisfy

γ′ · ekα,γ = ekα,γ′γ

for all γ, γ′ ∈ $. For each γ ∈ $, let ςγ denote the corresponding deck transformation

on ˜BAff(Rn/Zn). The commutative diagram

˜BAff(Rn/Zn)
ςγ //

q
((PPPPPPPPPPPP

˜BAff(Rn/Zn)

q
vvnnnnnnnnnnnn

BAff(Rn/Zn)

yields a commutative diagram of bundles

q∗BGL(n;Z)
Σγ //

((PPPPPPPPPPPP
(q ◦ ςγ)∗BGL(n;Z)

uulllllllllllll

˜BAff(Rn/Zn),

(3.13)

where q∗BGL(n;Z), (q ◦ ςγ)∗BGL(n;Z)→ ˜BAff(Rn/Zn) denote pull-backs of the topo-
logical universal Lagrangian bundle along q and q ◦ ςγ respectively. The isomorphism
Σγ induces an automorphism of each fibre Rn/Zn whose induced map on π1(Rn/Zn) is
given by the action of γ ∈ π1(BAff(Rn/Zn); b) on the fundamental group of the fibres of
the topological universal Lagrangian bundle. Thus the topological monodromy of the
topological universal Lagrangian bundle can be seen as the homomorphism assigning
to each γ ∈ π1(BAff(Rn/Zn); b) the homotopy class of the automorphism of Rn/Zn
induced by Σγ .

With this setup, the problem of finding the obstruction to the existence of a section
for the topological universal Lagrangian bundle can be tackled. Since both BGL(n;Z)
and the fibres Rn/Zn are path-connected, there exists a section s1 defined on the
1-skeleton of BAff(Rn/Zn). Therefore, if BAff(Rn/Zn)1 denotes the 1-skeleton of
BAff(Rn/Zn), there is a commutative diagram

BGL(n;Z)

σ

��
BAff(Rn/Zn)1 � � //

s1
66mmmmmmmmmmmmm

BAff(Rn/Zn),

(3.14)

where BAff(Rn/Zn)1 ↪→ BAff(Rn/Zn) denotes the standard inclusion. Let e2
α denote
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the 2-cells in the pointed CW decomposition of BAff(Rn/Zn) fixed above, and let
e2
α,γ , γ ∈ π1(BAff(Rn/Zn); b) denote the 2-cells in the induced CW decomposition of

˜BAff(Rn/Zn). For each α and γ, let

%α : ∂e2
α,0
∼= S1 → ˜BAff(Rn/Zn)

1

denote the attaching map of e2
α,γ . The composite

σ ◦ s1 ◦ q ◦ %α : S1 → BAff(Rn/Zn)

equals id ◦ q ◦ %α by commutativity of the diagram in equation (3.14). Since id ◦ q is

defined on the whole of ˜BAff(Rn/Zn), the map id◦q◦%α can be extended to the interior
of the 2-cell e2

α,γ and, thus, it is null-homotopic. By the homotopy lifting property of
bundles (cf. [65]), this means that the map s1 ◦ q ◦ %α : S1 → BGL(n;Z) is homotopic

to a map S1 → Rn/Zn. For each 2-cell of ˜BAff(Rn/Zn), the above method yields the
homotopy class of a map hγ : S1 → Rn/Zn into the fibre. The commutative diagram
of equation (3.13) implies that this construction is equivariant, i.e.

(hγ′γ)∗ = γ′ · (hγ)∗ (3.15)

for all γ, γ′ ∈ π1(BAff(Rn/Zn); b), where γ′· denotes the action of π1(BAff(Rn/Zn); b)
on π1(Rn/Zn). Thus the maps hγ give rise to an element of the group

HomZ[$](C2( ˜BAff(Rn/Zn));Zn),

where Z[$] denotes the group ring of π1(BAff(Rn/Zn); b), C2( ˜BAff(Rn/Zn)) is the set

of 2-cells in the equivariant CW decomposition of ˜BAff(Rn/Zn), and HomZ[$] denotes

the set of homomorphisms of Z[π1(BAff(Rn/Zn); b)]-modules. Both C2( ˜BAff(Rn/Zn))
and Zn are naturally Z[$]-modules: the former because of the choice of $-equivariant

CW decomposition of ˜BAff(Rn/Zn) and the latter via the topological monodromy rep-
resentation of the topological universal Lagrangian bundle.

Using standard techniques in obstruction theory (cf. [17, 65]), it can be shown
that this cochain is in fact a cocycle in the cohomology theory with local coefficients
determined by the representation

id∗ : π1(BAff(Rn/Zn); b)→ Aut(π1(Rn/Zn)) ∼= GL(n;Z) (3.16)

given by the universal monodromy representation.

Definition 3.11 (Universal Chern class [56]). The cohomology class of the above
cocycle

cU ∈ H2(BAff(Rn/Zn);Znid∗),

where Znid∗ denotes the system of local coefficients defined by equation (3.16), is called
the universal Chern class.

Remark 3.12. The above cohomology class represents the obstruction to finding a

$-equivariant lift of the universal covering map q : ˜BAff(Rn/Zn)→ BAff(Rn/Zn), i.e.
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a map (denoted by the dotted arrow) which makes the following diagrams commutative

BGL(n;Z)

σ

��
˜BAff(Rn/Zn)

q //

66

BAff(Rn/Zn)

and

˜BAff(Rn/Zn)

ςγ

��

// BGL(n;Z)

˜BAff(Rn/Zn),

77

for each γ ∈ π1(BAff(Rn/Zn); b), where ςγ denotes the deck transformation of the

universal cover ˜BAff(Rn/Zn) induced by γ. This is precisely the obstruction to the
existence of a section for the topological universal Lagrangian bundle.

The importance of the universal Chern class cU is highlighted in Chapter 6 where it
is used to study the Leray-Serre spectral sequence associated to the topological universal
Lagrangian bundle.

Definition 3.13. Let Rn/Zn ↪→ (M,ω)→ B be a Lagrangian bundle with classifying
map χ : B → BAff(Rn/Zn). Its Chern class is defined to be the pull-back

χ∗cU ∈ H2(B;Znχ∗).

Remark 3.14.

i) A priori, the cohomology class χ∗cU is only the primary obstruction to the ex-
istence of a section for Rn/Zn ↪→ (M,ω) → B, i.e. the vanishing of χ∗cU may
not mean that there exists a section s : B → M . However, if χ∗cU = 0, then
the argument of Remark 3.12 shows that there exists a section defined on the
2-skeleton of B. Since the fibres Rn/Zn of the bundle are K(Zn; 1), it follows
from standard arguments in obstruction theory (e.g. [65]) that there is no ob-
struction to extending this section to the other skeleta of B. Thus χ∗cU is the
only obstruction to the existence of a section;

ii) In [55] the Chern class of a Lagrangian bundle is defined to be the obstruction to
the existence of a lift

BGL(n;Z)

��
B

χ //

99

BAff(Rn/Zn)

.

This obstruction coincides with the obstruction to the existence of a section s :
B → χ∗BGL(n;Z). Since Rn/Zn ↪→ (M,ω)→ B is isomorphic to the pull-back of

Rn/Zn � � //BGL(n;Z)
σ //BAffZ(Rn/Zn) along χ, the latter is just χ∗cU and

the above definition coincides with that of [55];

iii) Definition 3.13 is equivalent to the definition of Chern class given in [6, 18, 20, 68].
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3.3 Sharpness

The two topological invariants defined above completely determine the topological type
of a Lagrangian bundle, as mentioned in [6, 16, 18, 20, 40, 50, 68]. This can also be
seen using arguments in equivariant obstruction theory which are akin to those used to
define the universal Chern class. Thus the following sharpness theorem is only stated.

Theorem 3.9 (Sharpness [18, 20, 40, 56]). Two Lagrangian bundles

Rn/Zn ↪→ (M,ω)→ B , Rn/Zn ↪→ (M ′, ω′)→ B

are isomorphic (as fibre bundles) if and only if their free monodromies and Chern
classes coincide.

Remark 3.15. It is important to note that the above theorem is merely a topological
statement and does not carry any information regarding the symplectic geometry of
the bundles. This deeper aspect is investigated in the following chapters.
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Chapter 4

Construction of Lagrangian
bundles

While the existence of topological universal Lagrangian bundles suffices to solve the
classification problem of Lagrangian bundles, it does not address the question of con-
structing Lagrangian bundles over a given manifold B. In this chapter, the symplectic
geometry of Lagrangian bundles is studied in detail in order to provide the comple-
mentary tools to tackle the construction problem. Section 4.1 shows that topological
universal Lagrangian bundles are, in fact, universal for a broader family of bundles,
namely those called affine Rn/Zn-bundles (cf. Definition 4.7). The existence of a sym-
plectic form ω which makes the fibres of a Lagrangian bundle into maximally isotropic
submanifolds of the total space imposes further restrictions on the topology and geom-
etry of the bundle itself. For instance, Section 4.2 constructs Darboux coordinates for
ω in a neighbourhood of a fibre; these coordinates are commonly called action-angle
coordinates in Hamiltonian mechanics. The existence of such local coordinates implies
that the base space of a Lagrangian bundle is an integral affine manifold (cf. Definition
4.15); moreover, all integral affine manifolds are the base space of some Lagrangian
bundle, as illustrated in Section 4.3, where some affine invariants of the base space are
related to topological invariants of the underlying Lagrangian bundle. Finally, Section
4.4 formulates the construction question (cf. Question 4.31) that is studied in Chapters
5, 6 and 7 below.

4.1 Affine Rn/Zn-bundles

The topological classification of Lagrangian bundles does not provide a method to deter-
mine whether a given Tn-bundle over an n-dimensional manifold B can be endowed with
the structure of a Lagrangian bundle. This can be illustrated by studying invariants of
Tn-fibrations, which have fewer constraints than the bundles under consideration.

Definition 4.1 (Tn-fibrations). A Tn-fibration is a fibration M → B whose homotopy
fibre is a K(Zn; 1).

Remark 4.2. Any Tn-bundle is a Tn-fibration, but the converse is not true, since the
fibres of a Tn-fibration are only homotopy equivalent to an n-torus.

Fix a Tn-fibration M → B and a basepoint b ∈ B. There is a homomorphism
which sends each element γ ∈ π1(B; b) to the homotopy equivalence of the homotopy
fibre Fb obtained by lifting γ to M using the homotopy lifting property of fibrations
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(cf. [17]). Let Hty(K(Zn; 1)) denote the group of homotopy classes of self-homotopy
equivalences of K(Zn; 1) with group operation given by composition of maps (defined
up to homotopy). The homomorphism

Hty(K(Zn; 1))→ Aut(π1(K(Zn; 1))) ∼= GL(n;Z)

h 7→ h∗,
(4.1)

is, in fact, an isomorphism, since it is the restriction of the bijection

[K(Zn; 1),K(Zn; 1)]→ hom(Zn;Zn)

to the subset of homotopy classes of self-homotopy equivalences of K(Zn; 1).

Given a Tn-fibration M → B, there is a homomorphism

χ∗ : π1(B; b)→ Hty(K(Zn; 1),

defined as follows (cf. [17]). Let γ : [0, 1]→ B be a loop based at b. Let Fb denote the
homotopy fibre of M → B at b; the inclusion Fb ↪→ M makes the following diagram
commutative

Fb × {0}� _

��

� � //M

��
Fb × [0, 1]

H
// B,

where H : Fb × [0, 1]× → B is of the form

H(e, t) = α(t)

for all e ∈ Fb and t ∈ [0, 1]. By the homotopy lifting property of fibrations (cf. [17]),
the map H admits a lift H̃ which makes the following diagram commutative

Fb × {0}� _

��

� � //M

��
Fb × [0, 1]

H̃

::uuuuuuuuuu

H
// B.

Since the composite

Fb
H̃(−,1)//M //B

is the constant map at b ∈ B, it follows that it defines a map

Fb → Fb,

the homotopy class of this map does not depend on the homotopy class of α. Therefore,
there is a map

χ∗ : π1(B; b)→ Hty(K(Zn; 1)) ∼= GL(n;Z)

which, in fact, is a homomorphism.

Definition 4.3 (Monodromy of a Tn-fibration [17]). The homomorphism χ∗ defined
above is called the monodromy of the fibration M → B.
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Remark 4.4. If B is connected, the free monodromy of a Tn-fibration M → B is
the conjugacy class of the image of the monodromy χ∗ in GL(n;Z). This notion is
independent of the choice of basepoint in B.

It is also possible to define the obstruction to the existence of a section s : B →M
(up to homotopy) using the same technique as that employed to define the universal
Chern class cU in Section 3.2.2. This yields a cohomology class

c ∈ H2(B;Znχ∗).

Definition 4.5 (Chern class of a Tn-fibration [17]). The cohomology class c constructed
above is called the Chern class of the Tn-fibration M → B.

The (free) monodromy and Chern class of a Tn-fibration are the only two topolog-
ical invariants attached to such fibrations. Thus the topological invariants defined in
Chapter 3 are not unique to Lagrangian bundles. The above example motivates the
following question.

Question 4.6. Are there topological/smooth/symplectic invariants which determine
whether a locally trivial Tn-bundle over an n-dimensional manifold B can be endowed
with the structure of a Lagrangian bundle?

One of the most important smooth invariants attached to a Lagrangian bundle is
the smoothly varying affine structure on the fibres constructed in the proof of Theorem
2.3. In particular, the fibres of a Lagrangian bundle can be smoothly identified with
the affine manifold Rn/Zn.

Definition 4.7 (Affine Rn/Zn-bundles [5]). A locally trivial Tn-bundle is called an
affine Rn/Zn-bundle if its structure group reduces to Aff(Rn/Zn).

Remark 4.8. The fibres of an affine Rn/Zn-bundle can be smoothly identified with the
affine manifold Rn/Zn. The topological classification of affine Rn/Zn-bundles can be
carried out as in Section 3.2 above, since their structure group reduces to Aff(Rn/Zn);
in particular, Theorem 3.9 applies to this more general class.

Not all locally trivial Tn-bundles are affine Rn/Zn-bundles as illustrated in the next
example.

Example 4.9 (Torus bundles over spheres [5, 23]). A result due to Farrell and Hsiang
in [23] implies that there exist pairs m,n ≥ 3 such that

πm−1(Diff(Tn)) 6= 0.

Fix such a pair, let f : Sm−1 → Diff(Tn) denote a map whose homotopy class represents
a non-trivial element in πm−1(Diff(Tn)), and let Mf → Sm be the Tn-bundle obtained
by using f as the clutching map, i.e.

Mf := (Dm
+ × Tn) ∪f (Dm

− × Tn),

where Dm
± denote the two hemispheres of Sm and ∪f denotes the union of the two

bundles glued along their boundaries via f , so that

(x,θ) ∈ ∂(Dm
+ × Tn)
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is glued to
(x, f(x)(θ)) ∈ ∂(Dm

− × Tn).

Suppose the Tn-bundle Mf → B is affine. Then its monodromy is trivial since Sm is
simply-connected; thus Mf → B is a principal Tn-bundle by the arguments of Section
3.2. Moreover, since m ≥ 3, H2(Sm;Zn) is trivial and hence the bundle Mf → B
admits a section. Therefore it is a trivial Tn-bundle, but this is a contradiction, since
its classifying map

Sm → BDiff(Tn)

induces a non-trivial map on mth-homotopy groups.

Studying the obstruction for a locally trivial Tn-bundle over an n-dimensional man-
ifold B to be an affine Rn/Zn-bundle is a problem that is not explored in greater details
in the rest of this thesis. However, Example 4.9 above illustrates the importance of the
geometry of the fibres of Lagrangian bundles and gives an a posteriori reason to study
this family of bundles with the methods of the proof of Theorem 2.3.

4.2 Existence of action-angle coordinates

Example 4.9 shows that the problem of constructing Lagrangian bundles over a fixed
n-dimensional manifold B depends on the topology of the base space. Consider the
following question, which is a weakened version of Question 4.6 above.

Question 4.10. Let Rn/Zn ↪→ M → B be an affine Rn/Zn-bundle over an n-
dimensional manifold B. Are there smooth/symplectic obstructions to endowing the
above with the structure of a Lagrangian bundle?

In general, the answer to the above question is affirmative, as illustrated by the
following example.

Example 4.11 (Affine Rn/Zn-bundles over Sn for n ≥ 3 [40, 55]). Fix n ≥ 3. The
isomorphisms classes of affine Rn/Zn-bundles over Sn are determined by the homotopy
classes of maps

χ : Sn → BAff(Rn/Zn).

Since both Sn and BAff(Rn/Zn) are CW complexes, these homotopy classes are com-
pletely determined by their actions on homotopy groups. Since n ≥ 3, πi(S

n) = 0 for
i = 1, 2. Since πk(BAff(Rn/Zn)) = 0 for k ≥ 3 by Lemma 3.5, it follows that any map
χ : Sn → BAff(Rn/Zn) is trivial and, thus, any affine Rn/Zn-bundle Rn/Zn ↪→M → B
is also trivial. Suppose that M ∼= Sn × Tn admits a symplectic form ω. Since M is
closed, the cohomology class

w = [ω] ∈ H2(M ;R)

is non-zero. The Künneth formula implies that

H∗(M ;R) ∼= H∗(Sn;R)×H∗(Tn;R);

in particular, the projection onto second component

pr2 : Sn × Tn → Tn (4.2)

induces an isomorphism
H2(Tn;R) ∼= H∗(M ;R).
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Thus there exists a 2-form ω′ defined on Tn such that

ω = pr∗2ω
′,

but this contradicts non-degeneracy of ω. Therefore M cannot be a symplectic manifold
and, in particular, no affine Rn/Zn-bundles over Sn can be Lagrangian.

Example 4.11 uses the fact that, for n ≥ 3, the total space of any affine Rn/Zn-
bundle over Sn is diffeomorphic to Sn × Tn which is not a symplectic manifold. This
argument does not work for the trivial affine T2-bundle over S2, since its total space
S2 × T2 is a symplectic manifold, as both S2 and T2 are. In this case, the relevant
question is whether there exists a symplectic form ω on S2 × T2 which makes the
projection

S2 × T2 → S2

into a Lagrangian bundle. In order to answer this question, it is necessary to investigate
the local structure of Lagrangian bundles from a symplectic point of view, as it is done
in [8, 20, 40].

4.2.1 Canonical coordinates

This section constructs canonical local symplectic coordinates for Lagrangian bundles,
which are commonly referred to in the Hamiltonian mechanics literature as action-angle
coordinates. This construction can be found in many other works, e.g. [8, 20, 40], and
is included here for completeness.

The starting point is a slight refinement of the proof of Theorem 2.3 which is due
to Duistermaat in [20]. Recall that if Rn/Zn ↪→ (M,ω) → B is a Lagrangian bundle,
for each b0 ∈ B there exists an open neighbourhood U ⊂ B and smooth functions

T i : U → Rn,

for i = 1, . . . , n, such that Z〈T 1(b), . . . , Tn(b)〉 yields the period lattice Pb for each
b ∈ B (cf. Definition 2.17). Note that these maps determine the smoothly varying
affine structure on the fibres of Rn/Zn ↪→ (M,ω)→ B, since each fibre Fb for b ∈ U is
diffeomorphic to

R〈T 1(b), . . . , Tn(b)〉/Z〈T 1(b), . . . , Tn(b)〉. (4.3)

These smooth maps are constructed using a coordinate map φ : U → Rn and by con-
sidering the Hamiltonian vector fields X1, . . . , Xn of the functions (f1, . . . , fn) = φ ◦ π,
where π denotes the projection M → B.

The following lemma shows that φ can always be changed to another coordinate
map φ′ so that the flows of the Hamiltonian vector fields X ′1, . . . , X

′
n of the functions

(f ′1, . . . , f
′
n) = φ′ ◦ π on the fibre Fb are given by

t 7→ Ψt·T 1(b), . . . , t 7→ Ψt·Tn(b),

where Ψ denotes the action defined by the flows of the Hamiltonian vector fields
X1, . . . , Xn as in equation (2.8). In other words, B admits an atlas of ‘preferred’
coordinates, which play a fundamental role in the rest of this thesis. The proof of the
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lemma is omitted as it can be found in [20], although some of the underlying ideas are
discussed in Remark 4.12.

Lemma 4.1 (Duistermaat [20]). Let Rn/Zn ↪→ (M,ω) → B be a Lagrangian bundle.
For each b ∈ B, there exists an open neighbourhood U ⊂ B and a diffeomorphism
φ′ : U → Rn such that the flows of the Hamiltonian vector fields of the functions
(f ′1, . . . , f

′
n) = π ◦ φ′ are periodic with period 1.

Remark 4.12. The idea underlying Lemma 4.1 is that the smooth maps

T 1, . . . , Tn : U → Rn

can be thought of as sections of the cotangent bundle T∗U → U . This can be seen
as follows. Let φ : U → Rn be a diffeomorphism or, equivalently, a coordinate map
inducing the smooth maps T 1, . . . , Tn. Then φ induces a trivialisation

T∗U ∼= U × Rn.

Under this trivialisation, the submanifold

P = {(b, t) ∈ U × Rn : t ∈ Pb}

of equation (2.14) becomes a submanifold of T∗U which is also denoted by P . Further-
more, the smooth maps T 1, . . . , Tn are identified with sections of the cotangent bundle
T∗U → U . The above trivialisation induces an isomorphism of fibre bundles

T∗U/P ∼= U × Tn;

composing this isomorphism with the trivialisation Υ (which depends on a choice of
local section s : U → π−1(U)) of equation (2.15), obtain a trivialisation (also denoted
by Υ)

Υ : T∗U/P → π−1(U). (4.4)

The main idea in the proof of Lemma 4.1 is that, by shrinking U if needed so that it
is simply connected, the coordinate map φ : U → R can be chosen so that the sections
T 1, . . . , Tn of T∗U → U are closed. This is equivalent to the statement of Lemma 4.1,
as shown in [20]. Denote this choice of coordinate map by φ′.

With this choice, P is a Lagrangian submanifold of (T∗U,ΩU ), where ΩU denotes the
canonical symplectic form on T∗U (cf. Example 2.3). Thus T∗U/P inherits a symplectic
form ω0 from the symplectic manifold (T∗U,ΩU ). If a1, . . . , an denote local coordinates
on U induced by φ′, and (a1, . . . , an, p1, . . . , pn) are the induced local coordinates on
T∗U , then

ΩU =

n∑
i=1

dai ∧ dpi

and

ω0 =
n∑
i=1

dai ∧ dθi, (4.5)

where θ1, . . . , θn are affine coordinates on the fibres Tn which take values in R/Z.
This is because φ′ is chosen so that the flows of the vector fields ∂/∂θ1, . . . , ∂/∂θn are
periodic with period 1. Note that these affine coordinates on the fibres coincide with
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the affine coordinates on the fibres given by the proof of Theorem 2.3 (cf. equation
(2.17)). Finally, by construction, the trivialisation of equation (4.4) satisfies

Υ∗
∂

∂θi
= X ′i (4.6)

for all i, where X ′1, . . . , X
′
n are the Hamiltonian vector fields of the functions

(f ′1, . . . , f
′
n) = φ′ ◦ π.

Lemma 4.1 provides the existence of preferred coordinates a on the base space B
of a Lagrangian bundle; using the ideas in the proof of Theorem 2.3, corresponding
affine coordinates θ on the fibres can be constructed. However, there is freedom in
choosing the latter coordinates, as the constraint given by equation (4.6) does not
specify affine coordinates uniquely. Recall that the trivialisation Υ constructed in
Remark 4.12 depends upon a choice of section

s : U → π−1(U).

It is natural to demand that the coordinates on the fibres be chosen so that, under Υ,
the section s corresponds to a preferred Lagrangian section of

(T∗U/P, ω0)→ U,

namely the zero section. This can always be achieved by translating the affine coordi-
nates along the fibres, as mentioned in [8]. With this preferred choice of coordinates,

Υ∗ω|π−1(U) = ω0, (4.7)

i.e. the map Υ is a symplectomorphism.

Definition 4.13 (Action-angle coordinates). The coordinates

(a,θ) = (a1, . . . , an, θ1, . . . , θn)

induced by Υ on π−1(U) are called local action-angle coordinates.

The above discussion proves the following theorem.

Theorem 4.2 (Existence of local action-angle coordinates [2, 20]). Let F ↪→ (M,ω)→
B be a Lagrangian bundle. There exists an open cover U = {Uα} of B and diffeomor-
phisms φα : Uα → R inducing symplectic trivialisations of the bundle

Υα : (T∗Uα/Pα, ω0,α)→ (π−1(Uα), ωα),

where Pα ⊂ (T∗Uα,Ωα) is the Lagrangian submanifold

Pα = {(aα,pα) ∈ T∗Uα : pα ∈ Z〈da1
α, . . . ,da

n
α〉},

a1
α, . . . , a

n
α are local coordinates on Uα induced by φα, and (aα,pα) are canonical coor-

dinates on T∗Uα. In other words, if (aα,θα) are action-angle coordinates on T∗Uα/Pα,
then

ω0,α =

n∑
i=1

daiα ∧ dθiα.
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Remark 4.14. The existence of canonical coordinates in the neighbourhood of a La-
grangian submanifold also follows from Weinstein’s Lagrangian neighbourhood theorem
[64]. However, the above approach is more revealing from the point of view of affine
geometry. For instance, the angle coordinates θ1, . . . , θn on the fibres of a Lagrangian
bundle are naturally affine. Moreover, Lemma 4.1 implies that the base space B of a
Lagrangian bundle inherits naturally the structure of an affine manifold, as proved in
the next section.

4.3 Integral affine geometry of the base space

The existence of local action-angle coordinates imposes constraints on the topology and
geometry of Lagrangian bundles. For the purposes of this work, the most important
consequence of Lemma 4.1 is that the base space B of a Lagrangian bundle inherits the
structure of an integral affine manifold.

Definition 4.15 (Integral affine manifold). An n-dimensional affine manifold (B,A) is
said to be integral if the coordinate changes in its affine structure A are integral affine
maps of Rn, i.e. to elements of the group

AffZ(Rn) := GL(n;Z)nRn.

Example 4.16 (Integral affine manifolds).

i) The examples of affine manifolds in Example 2.14 are also integral affine;

ii) There exist examples of affine manifolds which are not integral affine, e.g. affine
structures on T2 as constructed by Arrowsmith and Furness in [28];

iii) A diffeomorphism
(B,A)→ (B′,A′)

between (integral) affine manifolds is (integral) affine if it is (integral) affine in
local (integral) affine coordinates. There exist examples of affine diffeomorphisms
between integral affine manifolds which are not integral affine diffeomorphism.
For instance, consider lattices

Λ1 = Z, Λ2 = 2Z

in (R,+). The integral affine manifolds R/Λ1,R/Λ2 are affinely diffeomorphic,
but not integrally affinely diffeomorphic.

The following lemma proves that integral affine geometry is deeply related to the
study of Lagrangian bundles.

Lemma 4.3 ([20, 40, 55]). A manifold B is the base space of a Lagrangian bundle if
and only if it is an integral affine manifold.

Proof. Let Rn/Zn ↪→ (M,ω)→ B be a Lagrangian bundle. Let U = {Uα} be an open
cover as in the statement of Theorem 4.2, i.e. there exist diffeomorphisms φα : Uα → Rn
inducing local coordinates a1

α, . . . , a
n
α on Uα whose Hamiltonian vector fields have flows

which are periodic with period 1. By shrinking the open sets, it is possible to assume
that they are contractible and that each non-empty intersection Uα ∩ Uβ is connected.
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Fix α, β such that Uα ∩ Uβ 6= ∅. Let a1
α, . . . , a

n
α, a1

β, . . . , a
n
β be coordinates on

Uα ∩ Uβ induced by φα, φβ respectively, and let X1,α, . . . , Xn,α, X1,β, . . . , Xn,β be the
Hamiltonian vector fields of the functions a1

α, . . . , a
1
α, a1

β, . . . , a
1
β respectively. Since the

flows of the vector fields Xi,β, Xj,α have period 1 and Uα ∩Uβ is connected, there exist

integers mβα
ij satisfying

Xi,β =
n∑
j=1

mβα
ij Xj,α (4.8)

for each i (cf. proof of Theorem 2.3). Each mβα
ij ∈ Z since

{X1,α, . . . , Xn,α} and {X1,β, . . . , Xn,β}

are bases of the period lattice Pb, which has been identified with the standard lattice
Zn ⊂ (Rn,+) via the choice of action coordinates aα and aβ (cf. Remark 4.14). As

ι(Xk,α)ω = dakα, ι(Xk,β)ω = dakβ,

equation (4.8) implies that

daiβ = d

(
n∑
j=1

mβα
ij a

j
α

)
.

Since Uα ∩ Uβ is connected, this implies that there exist constants dβαi ∈ R such that

aiβ =

n∑
j=1

mβα
ij a

j
α + dβαi (4.9)

for all i. The matrix (mβα
ij ) is invertible over the integers, as it can be seen by swapping

the roles of the indices α and β above. This proves that {(Uα, φα)} defines an integral
affine structure on B.

Conversely, let (B,A) be an n-dimensional integral manifold, with A = {(Uα, φα)},
local coordinates a1

α, . . . , a
n
α and coordinate changes

φβ ◦ φ−1
α = (Aβα,dβα),

where Aβα ∈ GL(n;Z) and dβα ∈ Rn are constant on Uα ∩ Uβ for all α, β. Each
diffeomorphism

φα : Uα → Rn

induces an isomorphism
T∗Uα ∼= φ∗αT∗Rn;

let (aα,pα) be the induced coordinates on the cotangent bundle T∗Uα. The submanifold

Pα := {(aα,pα) ∈ T∗Uα : pα ∈ Z〈da1
α, . . . ,da

n
α〉}.

is a Lagrangian submanifold of (T∗Uα,Ωα), where Ωα is the canonical symplectic form of
Example 2.3. Thus Ωα descends to a symplectic form ω0,α, which makes the projection

T∗Uα/Pα → Uα

into a Lagrangian bundle. Note that if (Aβα,dβα) ∈ AffZ(Rn) denotes the change of
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coordinates defined on Uα ∩ Uβ, then the induced transition function of T∗B is given
by

(aβ,pβ) = (Aβαaα + dβα, A
−T
βα pα).

In particular, this implies that the locally defined Lagrangian bundles (T∗Uα, ω0,α)→
Uα patch together to yield a globally defined Lagrangian bundle

(T∗B/P, ω0)→ B, (4.10)

and the result follows.

Remark 4.17 (Properties of Rn/Zn ↪→ (T∗B/P(B,A), ω0)→ B). The bundle Rn/Zn ↪→
(T∗B/P(B,A), ω0)→ B constructed above admits a globally defined section, namely the
zero section, since the locally defined 0α : Uα → Uα ×Rn/Zn patch together. The zero
section is also Lagrangian, since each 0α is.

The submanifold P ⊂ T∗B plays an important role in the construction of La-
grangian bundles.

Definition 4.18 (Period lattice bundle of an integral affine manifold). Let (B,A) be
an integral affine manifold. The Lagrangian submanifold P ⊂ (T∗B,Ω) constructed in
the proof of Lemma 4.3 is called the period lattice bundle associated to (B,A).

Remark 4.19. Let Rn/Zn ↪→ (M,ω)→ B be a Lagrangian bundle. Theorem 2.3 and
Lemma 4.3 show that B can be covered by integral affine coordinate neighbourhoods Uα
over which the bundle is trivial. Let (aα,θα) be action-angle coordinates on π−1(Uα),
so that the restriction of ω to π−1(Uα), denoted by ωα is equal to

ωα =
n∑
i=1

daiα ∧ dθiα.

Denote by ϕβα the transition functions of the Lagrangian bundle with respect to the
above choice of local trivialisations. Then

i) the restriction of ϕβα to the fibres are affine transformations of Rn/Zn by Theorem
2.3;

ii) the restriction of ϕβα to Uα ∩ Uβ induces a change of integral affine coordinates,
denoted by (Aβα,dβα), by Lemma 4.3;

iii) the locally defined symplectic forms ωα, ωβ patch together to yield ω and, thus,

ϕ∗βαωβ = ωα. (4.11)

Therefore the transition functions of the Lagrangian bundle with respect to the above
choice of locally trivial neighbourhoods are of the form

ϕβα(aα,θα) = (Aβαaα + dβα, A
−T
βα θα + gβα(aα)), (4.12)

where Aβα and dβα are as in the proof of Lemma 4.3, and gβα : Uα ∩ Uβ → Rn/Zn is
a smooth map which is constrained by the fact that equation (4.11) holds.
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4.3.1 Affine holonomy and monodromy

Remark 4.19 allows to relate the monodromy of a Lagrangian bundle over (B,A) to an
algebraic invariant of the induced integral affine structure A, called the affine holonomy.

Let (N,A) be an integral affine manifold and x ∈ N be a basepoint. Define a
homomorphism

a : π1(N ;x)→ Aff(Rn) (4.13)

as follows. Let γ : [0, 1]→ N be a loop based at x. Cover the image of γ with finitely
many integral affine coordinate neighbourhoods U1, . . . , Un, labelled so that there exist
0 = t0 < t1 < . . . < tn = 1 such that

γ([ti, ti+1]) ⊂ Ui+1

for each i = 0, . . . , n− 1. Let (Ai+1,i,di+1,i) ∈ AffZ(Rn) denote the changes of coordi-
nates defined on Ui+1∩Ui for i = 1, . . . , n, and set Un+1 = U1, so that (An+1,n,dn+1,n) =
(A1,n,d1,n). Define

a(γ) =

{
(A1,n,d1,n) · . . . · (A2,1,d2,1) if n ≥ 2

(I,0) otherwise,
(4.14)

where · denotes composition in AffZ(Rn). This construction is independent of the
explicit representative γ of a fixed homotopy class in π1(N ;x), as shown in [3], and
thus it is well-defined and it is a homomorphism, as shown in [4].

Definition 4.20 (Affine and linear holonomy [4, 31]). The homomorphism a of equa-
tion (4.14) is called the affine holonomy of the integral affine manifold (N,A). Com-
posing a with the projection

Lin : Aff(Rn)→ GL(n;Z),

obtain the linear holonomy l : π1(N ;x)→ GL(n;Z).

Remark 4.21. The above construction can be carried out for any affine manifold, with
the only difference that, in this more general context, the affine (linear) holonomy takes
values in Aff(Rn) (GL(n;R) respectively).

Remark 4.22. The affine holonomy is only well-defined up to an explicit choice of affine
structure and up to a choice of basepoint. This is because, given any affine structure
A on a manifold N , it is possible to construct an affinely diffeomorphic structure A′ by
acting on Rn with an affine diffeomorphism (A,b). Throughout this work, whenever an
affine/linear holonomy homomorphism is considered, it is understood that the basepoint
and the explicit integral affine structure are given.

Example 4.23 (Affine holonomy of Rn/Zn). Consider the integral affine manifold
Rn/Zn obtained by taking the quotient of Rn by the standard action of Zn by trans-
lations. Let γ1, . . . , γn be generators of π1(Rn/Zn) corresponding to the standard gen-
erators e1, . . . , en of Zn via the identification of the fundamental group with the group
of deck transformations. Then the affine holonomy of Rn/Zn is given by

a(γi) = (I, ei)

for each i = 1, . . . , n.

47



Recall that the monodromy of a Lagrangian bundle Rn/Zn ↪→ (M,ω) → B is the
topological monodromy of the fibration (cf. Definition 3.8). In particular, it can be
calculated in a very similar fashion to the way in which the affine holonomy is defined
above. Let A denote the integral affine structure induced on B by Lemma 4.3, and let
{Uα} denote an open cover of B by coordinate neighbourhoods over which the bundle
can be trivialised, with transition functions given by equation (4.12). Fix a basepoint
b0 ∈ B and let γ : [0, 1]→ B be a loop based at b0. Let U1, . . . , Un be a finite cover of
the image of γ defined as above, and let the transition functions be denoted by ϕi+1,i.
Then the image of (the homotopy class of) γ under the monodromy homomorphism χ∗
is given by

χ∗(γ) =

{
A−T1,n . . . A

−T
2,1 if n ≥ 2

I otherwise.
(4.15)

Equations (4.14) and (4.15) imply that

χ∗ = l−T , (4.16)

i.e. the monodromy χ∗ of Rn/Zn ↪→ (M,ω) → B determines the linear holonomy of
the induced integral affine structure A on the base space B.

Remark 4.24. The linear holonomy l of an integral affine manifold (B,A) does not
determine the isomorphism class of the affine structure A. For instance, the integral
affine manifolds R/Z and R/2Z of Example 4.16.iii have trivial linear holonomy (cf.
Example 4.23), but they are not diffeomorphic as integral affine manifolds.

4.3.2 Reference bundles for integral affine manifolds

Fix an integral affine manifold (B,A) with linear holonomy l. The second half of
the proof of Lemma 4.3 gives a recipe to construct a Lagrangian bundle Rn/Zn ↪→
(T∗B/P(B,A), ω0)→ B with monodromy given by l−T and a distinguished Lagrangian
section, namely the zero section.

Definition 4.25 (Symplectic reference bundle [55, 68]). The bundle

Rn/Zn ↪→ (T∗B/P(B,A), ω0)→ B

is the symplectic reference Lagrangian bundle for the integral affine manifold (B,A).

Definition 4.26 (Topological reference bundle [53]). The isomorphism class of

Rn/Zn ↪→ (T∗B/P(B,A), ω0)→ B

as an affine Rn/Zn-bundle is called the topological reference Lagrangian bundle for
(B,A).

Remark 4.27 (Importance of reference bundles). The existence of reference bundles
associated to an integral affine manifold makes the problem of constructing Lagrangian
bundles over (B,A) less hard. The more complicated case in which the bundles are
allowed to have singularities has been studied extensively, e.g. [62, 50, 66, 68]. In
particular, [68] remarks that the lack of a reference bundle for manifolds which could
be the base space of singular Lagrangian bundles makes the construction problem much
harder to study, as illustrated in the fake base space example of the same paper.
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Remark 4.28 (Symplectic reference bundle). It is important to notice that the sym-
plectic reference Lagrangian bundle is equipped with a distinguished Lagrangian sec-
tion. Any other Lagrangian bundle which admits a Lagrangian section is fibrewise
symplectomorphic to the symplectic reference Lagrangian bundle, i.e. there exists a
fibre bundle isomorphism which is also a symplectomorphism of the total spaces. Such
a symplectomorphism is sometimes referred to as a polarisation in the literature, e.g.
[48].

Example 4.29 (Symplectic reference Lagrangian bundles [40, 53]). Let R/Z,R/2Z be
the integral affine manifolds of Example 4.16.iii. Their linear holonomies are trivial,
so that their symplectic reference Lagrangian bundles are principal S1-bundles with
a section, i.e. they are globally trivial. Thus their topological reference Lagrangian
bundles coincide. However, the total spaces of their symplectic reference Lagrangian
bundles are symplectomorphic to

(R2/Z2, ω1), (R2/2Z⊕ Z, ω2)

respectively, where ω1, ω2 are symplectic forms which descend from the standard sym-
plectic form Ω obtained by considering R2 ∼= T∗R, cf. [40]. These two symplectic
manifolds cannot be symplectomorphic since the total spaces have different volumes.
This example can been refined to work in the case when the total spaces have the same
volume, cf. [53].

The idea that lies at the heart of Example 4.29 is that the symplectic reference
Lagrangian bundle Rn/Zn ↪→ (T∗B/P(B,A), ω0) → B associated to an integral affine
manifold (B,A) contains information about the integral affine structure A. This idea
is further explored in Chapter 7.

4.4 Almost Lagrangian bundles

In light of Lemma 4.3, the base space of a Lagrangian bundle is necessarily an integral
affine manifold. However, not all Tn-bundles over an n-dimensional integral affine
manifold are Lagrangian as the next example shows (cf. Example 4.9).

Example 4.30 (A torus bundle over an integral affine manifold). A result of Farrell
and Hsiang [23] implies that

π4(Diff(T67))⊗Q ∼= Q67; (4.17)

in particular, the above homotopy group is non-trivial. Let f : S4 → Diff(T67) represent
a non-trivial homotopy class in π4(Diff(T67)). Consider the open subset B = R67 \V ⊂
R67 obtained by removing the closed subspace

V = {x ∈ R67 : x1 = 0, . . . , x6 = 0} ∼= R61.

Note that B is homotopy equivalent to S5 and that it inherits an integral affine structure
A from R67, as in Example 2.14.ii. The linear holonomy l of (B,A) is trivial, since π1(B)
is trivial. Let Mf → B be the isomorphism class of the T67-bundle classified by f , as
in Example 4.9. This bundle has trivial monodromy and so the condition of equation
(4.16) is satisfied. However, it is not a Lagrangian bundle, as otherwise it would be
trivial, since it would be a principal T67-bundle with a section. Note that equation
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(4.17) implies that there exist countably many pairwise non-isomorphic such examples
over B.

Note that what fails in the above example is the lack of a smoothly varying affine
structure on the fibres, as in Example 4.9. The question that is considered in the rest
of the thesis is stated below.

Question 4.31. Let (B,A) be an n-dimensional integral affine manifold with linear
holonomy l, and let Rn/Zn ↪→ M → B be an affine Rn/Zn-bundle classified by the
homotopy class of a map

χ : B → BAff(Rn/Zn),

which satisfies the condition of equation (4.16). What is the obstruction to endowing
M with a symplectic form ω which makes the bundle Lagrangian?

Definition 4.32 (Almost Lagrangian bundles). For a fixed n-dimensional integral
affine manifold (B,A) with linear holonomy l, the affine Rn/Zn-bundles over B whose
monodromy satisfies the condition of equation (4.16) are called almost Lagrangian.

Remark 4.33 (Classification of almost Lagrangian bundles). The isomorphism classes
of almost Lagrangian bundles over an n-dimensional integral affine manifold (B,A) with
linear holonomy l are classified by elements of the group H2(B;Zn

l−T
). This is because

they are affine Rn/Zn-bundles with monodromy l−T (cf. Remark 4.8). The almost
Lagrangian bundle corresponding to 0 ∈ H2(B;Zn

l−T
) is isomorphic to the topological

reference Lagrangian bundle of Definition 4.26. The proof of Lemma 4.3 shows that
the total space of this bundle can be endowed with a symplectic form ω which makes
the bundle Lagrangian. In particular, if ω is chosen so that the bundle admits a
Lagrangian section, the resulting Lagrangian bundle is fibrewise symplectomorphic to
the symplectic reference Lagrangian bundle (cf. [53]).

Remark 4.34 (Local trivialisations of almost Lagrangian bundles). Fix an almost
Lagrangian bundle Rn/Zn ↪→ M → B over (B,A) and denote by P its period lattice
bundle

H1(Rn/Zn;Z) ↪→ P → B. (4.18)

The isomorphism class of the covering projection of equation (4.18) is classified by a
homomorphism

π1(B)→ Aut(Zn) ∼= GL(n;Z),

which, up to a choice of basepoint, equals the inverse transposed l−T of the linear
holonomy of (B,A) by definition. If P(B,A) → B denotes the period lattice bundle
associated to (B,A) (cf. Definition 4.18), then there is an isomorphism

P ∼= P(B,A). (4.19)

Let U = {Uα} be a good open cover of B by integral affine coordinate neighbourhoods.
The restriction

Rn/Zn ↪→ π−1(Uα)→ Uα (4.20)

is an almost Lagrangian bundle. Since Uα is contractible, the above bundle is trivial
and therefore there exists a section sα : Uα → π−1(Uα). Fix such a section. Using the
ideas of the proof of Theorem 2.3, each fibre Rn/Zn of the bundle of equation (4.20)
can be identified with the integral affine manifold

H1(Rn/Zn;R)/H1(Rn/Zn;Z)
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by defining a free and transitive action of H1(Rn/Zn;R) on the fibre Rn/Zn whose
isotropy group is H1(Rn/Zn;Z) (cf. [68]). Since Pα = P |Uα → Uα is trivial, the above
identification can be extended to a trivialisation

π−1(Uα) ∼= (Pα ⊗Z R)/Pα

using the section sα. The isomorphism of equation (4.19) extends to yield an isomor-
phism

P ⊗Z R ∼= P(B,A) ⊗Z R ∼= T∗B,

where the second isomorphism follows from the definition of P(B,A). In particular, the
restriction of this isomorphism to π−1(Uα) defines a trivialisation

Υα : π−1(Uα)→ T∗Uα/P(B,A)|Uα (4.21)

which maps the section sα to the zero section of T∗Uα/P(B,A)|Uα → Uα. Note that if
ω0 denotes the symplectic form making the bundle

T∗B/P(B,A) → B

into the symplectic reference Lagrangian bundle associated to (B,A), and ω0,α is its
restriction to T∗Uα/P(B,A)|Uα , then

Υ∗αω0,α

makes the bundle of equation (4.20) Lagrangian. Furthermore, the section sα is also
Lagrangian.

If (aα,θα) denote action-angle coordinates on T∗Uα/P(B,A)|Uα , then they are action-
angle coordinates on π−1(Uα)→ Uα via the trivialisation Υα. Thus almost Lagrangian
bundles admit local action-angle coordinates. Furthermore, the transition functions

ϕβα = Υβ ◦Υ−1
α : T∗(Uα ∩ Uβ)/P(B,A)|Uα∩Uβ → T∗(Uα ∩ Uβ)/P(B,A)|Uα∩Uβ

take the familiar form (cf. equation (4.12))

ϕβα(aα,θα) = (Aβαaα + dβα, A
−T
βα θα + gβα(aα)), (4.22)

where the first component comes from an affine change of coordinates on Uα ∩ Uβ,
and the linear part of the second component is determined by the transition functions
for P(B,A) → B by construction. Note that the maps ϕβα are not necessarily fibre-
wise symplectomorphisms as the locally defined forms Υ∗αω0,α do not necessarily patch
together.

Remark 4.35 (Equivalent definition of almost Lagrangian bundles [18]). Fix an n-
dimensional integral affine manifold (B,A) with linear holonomy l, and let P(B,A) ⊂
T∗B denote its associated period lattice bundle. Denote by P the sheaf of smooth
sections of the projection P → B. Note that P is isomorphic to the period lattice
bundle of any Lagrangian bundle over B whose monodromy equals l−T , as proved in
[20]. Thus there is an isomorphism of cohomology groups

Hi(B;P) ∼= Hi(B;Znl−T )
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for all i. The sheaf P fits into a short exact sequence (cf. [20])

0→ P → C∞(T∗B)→ C∞(T∗B/P )→ 0, (4.23)

where C∞(T∗B) and C∞(T∗B/P ) are the sheaves of smooth sections of the cotangent
bundle T∗B → B and of the topological reference Lagrangian bundle T∗B/P → B re-
spectively. The long exact sequence in cohomology induced by equation (4.23) collapses
to isomorphisms

Hi(B; C∞(T∗B/P )) ∼= Hi+1(B;P)

for i ≥ 1, since C∞(T∗B) is a fine sheaf (cf. [37]). In particular,

H1(B; C∞(T∗B/P )) ∼= H2(B;P).

Hence
H1(B; C∞(T∗B/P )) ∼= H2(B;Znl−T ). (4.24)

The group H1(B; C∞(T∗B/P )) classifies the isomorphism classes of bundles over B
which are locally isomorphic to T∗B/P → B and have structure sheaf C∞(T∗B/P )
(cf. [18, 35]). These are bundles which admit local trivialisations which are isomorphic
to the trivialisations for T∗B/P → B and with transition functions given by locally
defined sections of T∗B/P → B. In light of Remark 4.33 and equation (4.24), an
almost Lagrangian bundle satisfies this condition and, conversely, any bundle over B
with the above properties is almost Lagrangian. This is the point of view taken in [18],
and, more generally, in other works in the literature, e.g. [20, 40, 68].

Remark 4.36 (Relation to integrable systems [25]). Almost Lagrangian bundles are
the correct geometric setting for studying the type of generalised Liouville integrability
that Fassò and Sansonetto consider in [25]. It can be shown that the total space of an
almost Lagrangian bundle admits an appropriate non-degenerate 2-form with respect
to which the fibres are maximally isotropic submanifolds. This work will appear in [52].

Not all almost Lagrangian bundles are Lagrangian. Fix an n-dimensional integral
affine manifold (B,A) with linear holonomy l, and let P ⊂ T∗B be the period lattice
bundle associated to (B,A) (cf. Definition 4.18). The sheaf of smooth sections P of
P → B fits in a short exact sequence

0→ P → Z(T∗B)→ Z(T∗B/P )→ 0, (4.25)

where Z(T∗B) and Z(T∗B/P ) are the sheaves of closed sections of T∗B → B and
T∗B/P → B respectively. Note that Lagrangianeity of P is necessary to construct the
above exact sequence (cf. Lemma 4.1). The induced long exact sequence in cohomology
groups yields a homomorphism

D(B,A) : H2(B;P)→ H2(B;Z(T∗B)),

where the subscript denotes the dependence upon the integral affine structure of the
manifold B. This homomorphism depends on A as the latter determines P as a La-
grangian submanifold of (T∗B,Ω) (cf. Definition 4.18). By Poincaré Lemma (cf. [64]),

H2(B;Z(T∗B)) ∼= H3(B;R),

where H3(B;R) denotes cohomology with real coefficients, and the isomorphism be-
tween this cohomology theory and the cohomology with coefficients in the constant
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sheaf R over B with R coefficients is used tacitly. Hence there is a homomorphism

D(B,A) : H2(B;P)→ H3(B;R). (4.26)

Theorem 4.4 (Dazord and Delzant [18]). Let Rn/Zn ↪→ M → B be an almost La-
grangian bundle over (B,A) with linear holonomy l, and let

c ∈ H2(B;Znl−T ) ∼= H2(B;P)

be its Chern class. Then Rn/Zn ↪→M → B is Lagrangian if and only if

D(B,A)c = 0. (4.27)

The remaining chapters of this thesis are devoted to proving that the homomor-
phism D(B,A) is related to a differential on the E2-page of the Leray-Serre spectral
sequence of the topological universal Lagrangian bundles constructed in Chapter 3.
This observation allows to give a different proof of Theorem 4.4, which highlights the
importance of integral affine geometry. The aim is to prove that D(B,A) is determined
by the universal Chern class cU and the radiance obstruction r(B,A), a cohomological
invariant associated to an (integral) affine manifold (B,A). The next chapter computes
the map D(B,A) in the case (B,A) = R3/Z3, thus providing the first explicit examples
of almost Lagrangian bundles which are not Lagrangian. Such bundles are called fake
Lagrangian. These examples should serve as motivation for Chapters 6 and 7.
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Chapter 5

Fake Lagrangian bundles over
R3/Z3

In this chapter, the problem of determining which almost Lagrangian bundles are La-
grangian is solved when the base space is R3/Z3, i.e. the integral affine manifold
obtained by considering the standard affine action of Z3 on R3, as in Example 2.14.iv.
Section 5.1 provides a necessary and sufficient condition for an almost Lagrangian bun-
dle over R3/Z3 to be Lagrangian (cf. Theorem 5.1). As a result, the first known
examples of fake Lagrangian bundles are constructed. In Section 5.2 a specific example
is considered to illustrate that the total space of a fake Lagrangian bundle can, in fact,
also be the total space of a Lagrangian bundle over a different integral affine manifold.

Remark 5.1. Throughout this chapter, the isomorphism between singular cohomology
with real coefficients and de Rham cohomology is used tacitly.

5.1 Almost Lagrangian bundles over R3/Z3

Let a1, a2, a3 denote local integral affine coordinates on R3/Z3, which are the standard
mod 1 coordinates on the 3-torus. The linear holonomy of R3/Z3 is trivial (cf. Example
4.23); thus any almost Lagrangian bundle over R3/Z3 is a principal R3/Z3-bundle (cf.
Section 3.2.1). The symplectic reference Lagrangian bundle for R3/Z3 is

(T∗(R3/Z3)/P, ω0)→ R3/Z3,

where ω0 is a symplectic form which descends from the canonical symplectic form ΩR3/Z3

on T∗(R3/Z3). The Lagrangian submanifold P ⊂ (T∗(R3/Z3),ΩR3/Z3) is spanned by
the differentials of the local integral affine coordinates on R3/Z3. If (a,p) denote local
coordinates on T∗(R3/Z3),

P = {(a,p) ∈ T∗R3/Z3 : p ∈ Z〈da1, da2,da3〉}. (5.1)

If P denotes the sheaf of sections of the covering map P → B, then the isomorphism
classes of almost Lagrangian bundles over R3/Z3 are classified by the cohomology group

H2(R3/Z3;P) ∼= H2(R3/Z3;Z3),

(cf. Remark 4.35). In particular, the coefficient system Z3 can be identified with the
integral span

Z〈da1,da2,da3〉,
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since the differential forms da1,da2, da3 are defined globally. The universal coefficient
theorem (cf. [59]) implies that

H2(R3/Z3;Z〈da1, da2, da3〉) ∼= H2(R3/Z3;Z)⊗ Z〈da1,da2,da3〉.

Choose an ordered basis η1, η2, η3 of H2(R3/Z3;Z), such that

η1 7→ da1 ∧ da2

η2 7→ da2 ∧ da3

η3 7→ da3 ∧ da1

(5.2)

under the monomorphism

H2(R3/Z3;Z) ↪→ H2(R3/Z3;R) ∼= H2(R3/Z3;Z)⊗Z R.

Fix da3,da1,da2 as an ordered basis of the above coefficient system P. Let

c = [clm]

be an element of H2(R3/Z3;P), where [clm] ∈ M(3;Z) is the 3×3 integer-valued matrix
representing c with respect to the above choices of ordered bases. Let F ↪→M → R3/Z3

be the isomorphism class of the almost Lagrangian bundle over R3/Z3 whose Chern
class is given by c. The following theorem gives a necessary and sufficient condition for
this bundle to be Lagrangian.

Theorem 5.1. The bundle F ↪→M → R3/Z3 is Lagrangian if and only if

Tr[clm] = 0. (5.3)

The strategy of the proof is as follows. The long exact sequence in homotopy for
the almost Lagrangian bundle F ↪→M → R3/Z3 (cf. [17]) is trivial except for

0→ π1(F )→ π1(M)→ π1(R3/Z3)→ 0,

since F ∼= R3/Z3. Thus, as an abstract group, π1(M) is a Z3-extension of Z3; since the
monodromy of the bundle is trivial, the only invariant classifying the above extension
is a cohomology class in H2(Z3;Z3), which is isomorphic to

H2(BZ3;Z3) ∼= H2(R3/Z3;Z3).

In fact, the Chern class c of the almost Lagrangian bundle F ↪→M → R3/Z3 classifies
this extension under the above isomorphism. Henceforth, denote π1(M) = Γc to high-
light the dependence of the fundamental group of M on the Chern class of the bundle.

The following lemma shows that the total space of any almost Lagrangian bundle
over R3/Z3 is diffeomorphic to a quotient of T∗R3 by some action of Γc.

Lemma 5.2. There exists a representation Γc → Diff(T∗R3) which makes M diffeo-
morphic to T∗R3/Γc.

Proof. Let q : R3 → R3/Z3 denote the universal covering. The induced integral affine
structure on R3 is just the standard structure (cf. Example 2.14.i). The pullback
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bundle

q∗M

��

Q //M

��
R3

q
// R3/Z3

is almost Lagrangian over R3, by naturality of the definition of almost Lagrangian
bundles (cf. Definition 4.32). Since R3 is 2-connected, i.e. πi(R3) is trivial for i = 1, 2,
the isomorphism type of q∗M → R3 is trivial by Theorem 3.9. In particular, there is
an isomorphism of almost Lagrangian bundles

T∗R3/PR3

∼= //

$$JJ
JJJ

JJJ
JJ

q∗M

}}zz
zz

zz
zz

R3,

where PR3 = q∗P , and P is defined as in equation (5.1). Thus there is a commutative
diagram

T∗R3
Q′ //

%%KKKKKKKKKKK T∗R3/PR3

��

Q //M

��
R3

q
// R3/Z3,

(5.4)

where Q′ : T∗R3 → T∗R3/PR3 denotes the quotient map. Note that both Q′ and
Q are covering maps, induced by smooth Z3-actions on T∗R3 (translation along the
submanifold PR3) and on T∗R3/PR3 (a lift of the Z3-action on R3) respectively. Thus
the composite

Q ◦Q′ : T∗R3 →M

is a fibration with unique path lifting property and discrete fibres; since both M and
T∗R3 are manifolds, this implies that Q ◦Q′ is a covering map (cf. [59]). Moreover, as
T∗R3 is simply connected, it is a universal cover of M and thus M is homeomorphic
to T∗R3/Γc. However, the action of Γc is obtained by composing the aforementioned
smooth Z3-actions and, therefore, it is smooth. Hence, the result follows.

Remark 5.2. The submanifold PR3 = q∗P ⊂ T∗R3 is the period lattice bundle as-
sociated to the integral affine manifold R3 with standard integral affine structure. In
particular, if a1, a2, a3 are integral affine coordinates on R3 induced by pulling back the
integral affine structure on R3/Z3, and (a,p) are induced coordinates on T∗R3, then

PR3 = {(a,p) ∈ T∗R3/Z3 : p ∈ Z〈da1, da2, da3〉}

(cf. equation (5.1)).

Lemma 5.2 illustrates also how Γc acts on T∗R3. The restriction of the action to
the normal subgroup of Γc corresponding to π1(F ) acts on the fibres of the cotangent
bundle T∗R3 → R3 inducing the covering map Q′ : T∗R3 → T∗R3/PR3 . The quotient
Γc/π1(F ) ∼= π1(R3/Z3) acts on T∗R3/PR3 ; this action lifts the action of π1(R3/Z3) on
R3 by deck transformations.
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Suppose that the almost Lagrangian bundle F ↪→ M → R3/Z3 is, in fact, La-
grangian, so that the total space M admits an appropriate symplectic form ω. The
following lemma is the equivalent of Lemma 5.2 in the category of Lagrangian bundles.

Lemma 5.3. The symplectic manifold (M,ω) is symplectomorphic to the quotient
(T∗R3/Γc, ω

′), where ω′ descends from the canonical symplectic form ΩR3 on T∗R3

(cf. Example 2.3).

Proof. It suffices to prove that Γc acts by symplectomorphisms on (T∗R3,ΩR3). Fix the
notation as in the proof of Lemma 5.2. The pullback bundle q∗M → R3 is Lagrangian,
since the symplectic form ω on M pulls back to a closed 2-form Q∗ω which is non-
degenerate as Q is a local diffeomorphism. Since

q∗M ∼= T∗R3/PR3 ,

Q∗ω defines a symplectic form which makes the bundle

T∗R3/PR3 → R3

Lagrangian. Remark 5.2 implies that the canonical symplectic form ΩR3 on T∗R3 de-
scends to a symplectic form ω0 on T∗R3/PR3 .

The Lagrangian bundles

(T∗R3/PR3 , ω0)→ R3 and (T∗R3/PR3 , Q∗ω)→ R3

are fibrewise symplectomorphic. This can be seen as follows. The bundle

p : T∗R3/PR3 → R3

admits a section s which is Lagrangian with respect to the symplectic form ω0. Let
β = s∗Q∗ω and note that translation by s along the fibres induces a fibrewise symplec-
tomorphism

(T∗R3/PR3 , Q∗ω) ∼= (T∗R3/PR3 , ω0 + p∗β)

(cf. [53]). Since R3 is 2-connected, β = dβ′ for some 1-form β′ which is unique up
to addition of closed 1-forms. Thus (T∗R3/PR3 , Q∗ω) is fibrewise symplectomorphic to
(T∗R3/PR3 , ω0 + d(p∗β′)). The 1-form β′ is a section of the cotangent bundle T∗R3 →
R3, thus

Q′ ◦ β′ : R3 → T∗R3/PR3

is a section of the bundle
T∗R3/PR3 → R3,

where Q′ : T∗R3 → T∗R3/PR3 is the quotient map in the proof of Lemma 5.2. The
isomorphism

T∗R3/PR3 → T∗R3/PR3

(a,θ) 7→ (a,θ −Q′ ◦ β′(a)),
(5.5)

gives a symplectomorphism

(T∗R3/PR3 , ω0) ∼= (T∗R3/PR3 , ω0 + p∗dβ′).

The composition of the various fibrewise symplectomorphisms together yields a fibre-
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wise symplectomorphism

(q∗M,Q∗ω) ∼= (T∗R3/PR3 , ω0).

By virtue of the commutative diagram of equation (5.4), the action of Γc on T∗R3 is
by symplectomorphisms, since the normal group π1(F ) acts by symplectomorphisms
(translations along PR3) of ΩR3 and the Z3-action on (q∗M,Q∗ω) is also by symplec-
tomorphisms by construction (as the form Q∗ω descends to define ω). This proves the
result.

In light of Lemmata 5.2 and 5.3, it suffices to study whether there exist symplectic
actions of Γc on (T∗R3,ΩR3), such that

i the restriction of the action to the normal subgroup π1(F ) induces the quotient
map

Q′ : (T∗R3,ΩR3)→ (T∗R3/PR3 , ω0);

ii the action of Γc/π1(F ) lifts the integral affine action of Z3 on R3 by translations
along the standard lattice Z3 ⊂ (R3,+).

Proof of Theorem 5.1. Fix an element c ∈ H2(R3/Z3;Z3) and suppose that the as-
sociated almost Lagrangian bundle F ↪→ M → R3/Z3 with trivial monodromy is
Lagrangian. Set Γc = π1(M). By abuse of notation, let a1, a2, a3 be integral affine co-
ordinates on R3 inducing coordinates (a,p) on T∗R3, so that the canonical symplectic
form ΩR3 is given by

ΩR3 =
3∑
i=1

dai ∧ dpi.

As mentioned above, the action of Γc on T∗R3 is constructed by combining the action of
π1(F ) on T∗R3 given by translations along PR3 , with the lift of the action of π1(R3/Z3)
on R3 to T∗R3/PR3 . In order to study such an action, a presentation of Γc is given in
terms of generators of π1(F ) and π1(R3/Z3).

Choose the standard generators γ1, γ2, γ3 of π1(R3/Z3) which are given by the ho-
motopy classes of loops of the form

γ1 : t 7→ (ta1, 0, 0)

γ2 : t 7→ (0, ta2, 0)

γ3 : t 7→ (0, 0, ta3),

where t ∈ [0, 1] and a are integral affine coordinates on R3/Z3. The integral affine
structure on R3/Z3 is such that the deck transformation on R3 corresponding to γi is
given by

a 7→ a + ei, (5.6)

for each i, where e1, e2, e3 is the standard basis of R3. Let (a,θ) be action-angle
coordinates on T∗R3/PR3 , so that

ω0 =
3∑
i=1

dai ∧ dθi.
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The lift of the π1(R3/Z3)-action on R3 to T∗R3/PR3 is by symplectomorphisms; equa-
tion (5.6) implies that the group acts by translations on R3, so the lifted action of the
generators γ1, γ2, γ3 is of the form

γ1 : (a,θ) 7→ (a + e1,θ + f)

γ2 : (a,θ) 7→ (a + e2,θ + g)

γ3 : (a,θ) 7→ (a + e3,θ + h),

(5.7)

where f ,g,h ∈ C∞(R3;R3/Z3) are constrained by the fact that, for each i,

γ∗i ω0 = ω0,

and by commutativity of the generators.

A choice of action-angle coordinates (a,θ) induces a choice of generators σ1, σ2, σ3

of the fundamental group of the fibre of the Lagrangian bundle (T∗R3/PR3 , ω0) → R3

by setting σi to be the loop defined by following the flow of the Hamiltonian vector
field of the function ai from time 0 to time 1 (cf. [20]). Explicitly, these are given by
the homotopy classes of the following loops in T∗R3/PR3

σ1 : t 7→ (0, 0, 0, tθ1, 0, 0)

σ2 : t 7→ (0, 0, 0, 0, tθ2, 0)

σ3 : t 7→ (0, 0, 0, 0, 0, tθ3),

where it is important to remember that the angle coordinates θ are coordinates mod
1 by Lemma 4.1. Note that under the action defined by equation (5.7), these loops
are mapped to homotopic loops and, thus, σ1, σ2, σ3 descend to generators of π1(F ).
Hence,

γ1, γ2, γ3, σ1, σ2, σ3

are generators for Γc. It remains to describe the relations among these generators. To
this end, recall that there is a short exact sequence of groups

0→ π1(F )→ Γc → π1(R3/Z3)→ 0

arising from the long exact sequence in homotopy for the Lagrangian bundle F ↪→
(M,ω) → R3/Z3. Since the bundle has trivial monodromy and π1(F ) injects into
Γc, for each i, σi commutes with all other generators of Γc. The obstruction for the
generators γ1, γ2, γ3 to commute in Γc is given by c (identified as a cohomology class
in H2(Z3;Z3) via the isomorphism

H2(R3/Z3;Z3) ∼= H2(Z3;Z3)

(cf. [12])). Fix ordered bases of H2(R3/Z3;Z) and Z3 so that c = [ckl] as in the
statement of the theorem. There is an isomorphism

Z〈da1, da2, da3〉 ∼= π1(F )
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defined by

da3 7→ σ3

da1 7→ σ1

da2 7→ σ2,

(5.8)

i.e. arising from associating to each generator of the period lattice bundle P the homo-
topy class of the loop traced by the flow of the corresponding Hamiltonian vector field.
The generators η1, η2, η3 ∈ H2(R3/Z3;Z) correspond to three 2-cells in the standard
CW-decomposition of R3/Z3 (cf. [36]), denoted by e2

1, e
2
2, e

2
3 respectively. The attach-

ing maps of these cells define relations amongst the generators γ1, γ2, γ3 in π1(R3/Z3);
given the choices of generators of H2(R3/Z3;Z) and π1(R3/Z3), the relations are given
by the words

γ1γ2γ
−1
1 γ−1

2 , γ2γ3γ
−1
2 γ−1

3 , γ3γ1γ
−1
3 γ−1

1 .

In light of the isomorphism of equation (5.8), obstruction theoretic arguments imply
that the lift of the above relations to Γc is given by

γ1γ2γ
−1
1 γ−1

2 = σc11
3 σc12

1 σc13
2

γ2γ3γ
−1
2 γ−1

3 = σc21
3 σc22

1 σc23
2

γ3γ1γ
−1
3 γ−1

1 = σc21
3 σc22

1 σc23
2 .

(5.9)

Any Γc-action (T∗R3,ΩR3) acting by symplectomorphisms is defined on the above
generators by

σ1 : (a,p) 7→ (a,p + e1)

σ2 : (a,p) 7→ (a,p + e2)

σ3 : (a,p) 7→ (a,p + e3)

γ1 : (a,p) 7→ (a + e1,p + f̃)

γ2 : (a,p) 7→ (a + e2,p + g̃)

γ3 : (a,p) 7→ (a + e3,p + h̃),

(5.10)

where (a,p) are canonical coordinates on T∗R3, and

f̃ , g̃, h̃ ∈ C∞(R3;R3)

are lifts of the maps
f , g, h ∈ C∞(R3;R3/Z3)

of equation (5.7). There are further constraints on the above action, namely that

i) the deck transformation corresponding to each γi is a symplectomorphism of
(T∗R3,ΩR3);

ii) the action need satisfy the relations of equation (5.9).

For instance, if f̃ = (f̃1, f̃2, f̃3), then

γ∗1ΩR3 = ΩR3
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implies that
∂f̃i
∂aj

=
∂f̃j
∂ai

(5.11)

for all i 6= j and throughout R3; on the other hand, the first relation in equation (5.9)
implies that

g̃3(a− e1 − e2)− g̃3(a− e2) + f̃3(a− e1)− f̃3(a− e1 − e2) = c11

g̃1(a− e1 − e2)− g̃1(a− e2) + f̃1(a− e1)− f̃1(a− e1 − e2) = c12

g̃2(a− e1 − e2)− g̃2(a− e2) + f̃2(a− e1)− f̃2(a− e1 − e2) = c13.

(5.12)

Set
∂f̃3

∂a2
= F (a) =

∂f̃2

∂a3
,

∂g̃3

∂a1
= G(a) =

∂g̃1

∂a3
,

∂h̃2

∂a1
= H(a) =

∂h̃1

∂a2
.

Clearly F,G,H ∈ C∞(R3). Write

f̃3(a) =

a2∫
F (a1, ã2, a3)dã2 +A(a1, a3),

etc. The relations of equation (5.12) imply the following equalities

a2∫
a2−1

F (a1 − 1, ã2, a3)dã2 −
a1∫

a1−1

G(ã1, a2 − 1, a3)dã1 = c11,

a3∫
a3−1

G(a1, a2 − 1, ã3)dã3 −
a2∫

a2−1

H(a1, ã2, a3 − 1)dã2 = c22,

a1∫
a1−1

H(ã1, a2, a3 − 1)dã1 −
a3∫

a3−1

F (a1 − 1, a2, ã3)dã3 = c33,

(5.13)

which hold for all a ∈ R3. Integrating the first equality in equation (5.13) over [a3 −
1, a3], obtain that

a3∫
a3−1

a2∫
a2−1

F (a1 − 1, ã2, ã3)dã2dã3 −
a3∫

a3−1

a1∫
a1−1

G(ã1, a2 − 1, ã3)dã1dã3 = c11

for all a ∈ R3. The functions F and G are smooth and these integrals are over compact
subsets of R3 (for some fixed a1, a2, a3); by Fubini’s theorem, the order of integration
can be switched, so that

a2∫
a2−1

a3∫
a3−1

F (a1 − 1, ã2, ã3)dã3dã2 −
a1∫

a1−1

a3∫
a3−1

G(ã1, a2 − 1, ã3)dã3dã1 = c11. (5.14)

The second and third equations in (5.13) can now be used to derive the necessary
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condition. Indeed the a3-integrals of equation (5.14) are given by

a3∫
a3−1

G(a1, a2 − 1, ã3)dã3 =

a2∫
a2−1

H(a1, ã2, a3 − 1)dã2 + c22,

a3∫
a3−1

F (a1 − 1, a2, ã3)dã3 =

a1∫
a1−1

H(ã1, a2, a3 − 1)dã1 − c33,

(5.15)

and so equation (5.14) becomes

a2∫
a2−1

a1∫
a1−1

H(ã1, ã2, a3 − 1)dã1dã2 −
a1∫

a1−1

a2∫
a2−1

H(ã1, ã2, a3 − 1)dã2dã1

= c11 + c22 + c33.

(5.16)

Using Fubini’s theorem again, the left hand side of equation (5.16) vanishes and so the
necessary condition follows.

It remains to show that the condition is sufficient. Fix a cohomology class c ∈
H2(R3/Z3;Z3) represented by an integral matrix [clm] with c11 +c22 +c33 = 0. Consider
the Γc-action on T∗R3 defined by the following vector valued functions f̃ , g̃, h̃

f̃(a1, a2, a3) = (c12a
2 − c32a

3, c12a
1 + c11a

3,−c32a
1 + c11a

2),

g̃(a1, a2, a3) = (−c13a
2, c23a

3 − c13a
1, c23a

2),

h̃(a1, a2, a3) = (c31a
3 − c22a

2,−c22a
1 − c21a

3, c31a
1 − c21a

2).

This action is symplectic and the bundle obtained in the quotient is a Lagrangian
bundle over R3/Z3 with trivial monodromy and Chern class given by c. This shows
that the condition is sufficient and therefore completes the proof of the theorem.

Remark 5.3 (Fake Lagrangian bundles). The almost Lagrangian bundles over R3/Z3

whose Chern classes do not satisfy the condition of Theorem 5.1 are the first explicit
examples of fake Lagrangian bundles.

5.2 Relation to symplectic topology

Fake Lagrangian and Lagrangian bundles are topologically indistinguishable as they are
both examples of affine Rn/Zn-bundles (cf. Section 4.1). Theorem 5.1 characterises the
difference between these two notions when the base space is the integral affine manifold
R3/Z3. It is also possible to consider this result from a different point of view. Let M
be the total space of a principal R3/Z3-bundle over R3/Z3 with Chern class c; Theorem
5.1 gives a necessary and sufficient condition on the topology of M (which depends on
c) for it to admit a symplectic form which makes the given principal R3/Z3-bundle
Lagrangian. From this point of view, the following is a natural question to investigate.

Question 5.4. Is the condition of Theorem 5.1 necessary for M to be a symplectic
manifold?
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This question studies the extent to which the obstruction to the existence of a suit-
able symplectic form on the total space of an almost Lagrangian bundle is, in fact, an
obstruction to the existence of a symplectic structure. In this section a negative answer
is provided to the above question, using, as the starting block, an examples of a fake
Lagrangian bundle over R3/Z3.

The example under consideration has trivial monodromy and Chern class given by
the integral matrix

c = diag(1, 0, 0),

where the notation and conventions followed are those of Section 5.1. Throughout the
rest of this section, let M denote (a representative of the diffeomorphism type of) the
total space of this fake Lagrangian bundle and set Γ = π1(M). This bundle is denoted
by F ↪→M → R3/Z3. In what follows, not only is it shown that M admits a symplec-
tic form, but also that this symplectic form makes M the total space of a Lagrangian
bundle over a manifold which is diffeomorphic to T3.

As in Section 5.1, let γ1, γ2, γ3 and σ1, σ2, σ3 be generators of π1(R3/Z3) and π1(F )
respectively. The group Γ is generated by γ1, γ2, γ3, σ1, σ2, γ3 and the only relation
which is not commutation of two generators is given by

γ1γ2γ
−1
1 γ−1

2 = σ3.

The manifold M can be constructed smoothly as the quotient T∗R3/Γ, where the
(integral affine action) of Γ (identified as a group of deck transformations on T∗R3) is
given by

σ1 : (a,p) 7→ (a,p + e1)

σ2 : (a,p) 7→ (a,p + e2)

γ3 : (a,p) 7→ (a,p + e3)

γ1 : (a,p) 7→ (a + e1,p + (0, 0, a2))

γ2 : (a,p) 7→ (a + e2,p)

γ3 : (a,p) 7→ (a + e3,p),

(5.17)

and a = (a1, a2, a3),p = (p1, p2, p3) are canonical coordinates on T∗R3 as in Section
5.1. The projection π : M → R3/Z3 arises from the projection π̃ : T∗R3 → R3 given by

π̃ : (a1, a2, a3, p1, p2, p3) 7→ (a1, a2, a3).

Identify T∗R3 ∼= R6 and consider the projection

π̃L : R6 → R3

(a1, a2, a3, p1, p2, p3) 7→ (a1, p2, a3).

The symplectic form

η̃ = da1 ∧ dp3 − a1da1 ∧ da2 + dp2 ∧ da2 + da3 ∧ dp1

makes the vector bundle π̃L : R6 → R3 into a Lagrangian bundle with fibre R3. More-
over, η̃ is invariant under the action of Γ and therefore descends to a well-defined sym-
plectic form η on M . Denote by N the normal subgroup of Γ generated by σ1, γ2, σ3;
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N ∼= Z〈σ1, γ2, σ3〉 acts trivially on R3 = π̃L(R6). Therefore there exists a commutative
diagram of bundles

(R6, η̃)
N //

π̃L ''OOOOOOOOOOOOO
(R3 × R3/Z3, η̄)

��

Γ/N // (M,η)

πL
��

R3
Γ/N // R3/(Γ/N)

where the horizontal arrows denote quotient maps induced by the action of N on R6,
and Γ/N on R3×R3/Z3 and R3. In particular, note that R3/(Γ/N) is diffeomorphic to
T3 and that the fibre of πL : M → T3 is diffeomorphic to a 3-torus, which is Lagrangian
with respect to the symplectic form η. Thus the bundle πL : M → R3/Z3 is Lagrangian.
Note that the vector bundle π̃L : R6 → R3 admits a section

s : (a1, p2, a3) 7→ (a1, p2, a3, 0, 0, 0)

which is invariant under the action of Γ. In particular, πL : M → R3/Z3 admits a global
section and so the bundle has zero Chern class. On the other hand, since Γ � Z6, M
is not diffeomorphic to T6 and so the bundle πL : M → R3/Z3 has non-trivial mon-
odromy. Therefore M is the total space of a Lagrangian bundle over T3 with non-trivial
monodromy and zero Chern class.

Remark 5.5. It is interesting to notice that the integral affine structure A that the
Lagrangian bundle constructed above induces on the base space T3 is not affinely
diffeomorphic to the the standard one. This follows from the fact that the monodromy
of the Lagrangian bundle is not trivial and, thus, the linear holonomy of the integral
affine structure on T3 is not trivial in light of equation (4.16). Any integral affine
manifold diffeomorphic to T3 which is also (integrally) affinely diffeomorphic to R3/Z3

must have trivial linear holonomy. Therefore (T3;A) is not affinely diffeomorphic to
R3/Z3 and the result follows.

Remark 5.6. The idea for the above construction comes from the classification of
T2-bundles over T2 carried out in [51]. In particular, a manifold diffeomorphic to
the example due to Kodaira and Thurston (cf. Example 2.6) is the total space of
inequivalent Lagrangian bundles over T2, one inducing the standard integral affine
structure on the base space but with non-trivial Chern class and the other admitting
a section, but with non-trivial monodromy (cf. [30]). The example above can be
considered as a generalisation, with the added result that one bundle is Lagrangian
while the other is fake.
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Chapter 6

The spectral sequence of
topological universal Lagrangian
bundles

This chapter studies the difference between the notion of almost Lagrangian and La-
grangian bundles over a fixed integral affine manifold (B,A). The main result is Theo-
rem 6.9 which proves that this obstruction is given by the cup product (in the appropri-
ate cohomology theory) of the Chern class of the bundle with the cohomology class of
the symplectic form on the symplectic reference bundle associated to (B,A). The proof
of Theorem 6.9 also provides a proof to Theorem 4.4 (cf. [18]). Section 6.1 proves that
the problem of studying the topology of the topological universal Lagrangian bundle is
simply the problem of studying the equivariant topology of the universal Rn/Zn-bundle.
Lemma 6.1 allows to study the Leray-Serre spectral sequence of the topological uni-
versal Lagrangian bundle starting from that of the universal Rn/Zn-bundle. Since the
differentials on the Leray-Serre spectral sequence of the latter are well-understood (cf.
Lemma 6.4), it is possible to explicitly compute some differentials on the E2-page of
the spectral sequence of the former, which depend on the universal Chern class cU (cf.
Theorem 6.6). This is the content of Section 6.2. Finally, Section 6.3 relates these
results to the study of almost Lagrangian bundles first by highlighting the importance
of the symplectic reference Lagrangian bundle, which encapsulates information about
the integral affine structure of (B,A), and then by proving Theorem 6.9.

6.1 A preparatory lemma

In this section, the topological universal Lagrangian bundle is identified as the equiv-
ariant equivalent of the universal bundle for principal Rn/Zn-bundles. The arguments
at the end of Section 3.2.1 show that the (free) monodromy of a Lagrangian bundle is
the obstruction to be a principal Rn/Zn-bundle. Lemma 6.1 uses topological methods
to prove the equivalent result for all bundles which are classified by the topological
universal Lagrangian bundle, e.g. almost Lagrangian bundles, affine Rn/Zn-bundles.

Recall that the split short exact sequence

0 //Rn/Zn τ //Aff(Rn/Zn)
p //

GL(n;Z)
σ
oo //1,
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induces bundles

τ : BRn/Zn → BAff(Rn/Zn)

σ : BGL(n;Z)→ BAff(Rn/Zn)

(cf. equations (3.8a) and (3.8b)). The following lemma proves that the pull-back of the
topological universal Lagrangian bundle along τ is the universal bundle for principal
Rn/Zn-bundles.

Lemma 6.1. The pull-back bundle

Rn/Zn ↪→ τ∗BGL(n;Z)→ BRn/Zn

is a universal bundle for principal Rn/Zn-bundles.

Proof. The group Rn/Zn acts freely on EAffZ(Rn/Zn) via the inclusion τ . Thus there
is a commutative diagram

EAffZ(Rn/Zn)
prRn/Zn

wwoooooooooooo prAffZ(Rn/Zn)

((RRRRRRRRRRRRR

BRn/Zn τ
// BAff(Rn/Zn),

(6.1)

where the vertical maps are the quotient maps induced by the Rn/Zn and AffZ(Rn/Zn)
actions on EAffZ(Rn/Zn) respectively. The group Rn/Zn acts on itself by left transla-
tions; tautologically, the associated bundle

Rn/Zn ↪→ EAffZ(Rn/Zn)×Rn/Zn Rn/Zn → BRn/Zn,

where the action of Rn/Zn on itself is by left translations, is a universal principal
Rn/Zn-bundle. Thus it suffices to show that there exists a bundle isomorphism

EAffZ(Rn/Zn)×Rn/Zn Rn/Zn ∼= τ∗BGL(n;Z).

Recall from the proof of Theorem 3.6 that the topological universal Lagrangian bundle
is isomorphic to the associated bundle

Rn/Zn ↪→ EAffZ(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn → BAff(Rn/Zn),

where the left action of AffZ(Rn/Zn) on Rn/Zn is given by

AffZ(Rn/Zn)× Rn/Zn → Rn/Zn

((A, s), t) 7→ At + s.

Hence it suffices to prove that there exists a bundle isomorphism

EAffZ(Rn/Zn)×Rn/Zn Rn/Zn ∼= τ∗(EAffZ(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn).

Equation (6.1) implies that

BRn/Zn = EAff(Rn/Zn)/(Rn/Zn);

if x ∈ EAff(Rn/Zn), its equivalence class in BRn/Zn is denoted by [x]Rn/Zn . Consider
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the map

ς : EAff(Rn/Zn)× Rn/Zn → BRn/Zn × EAff(Rn/Zn)× Rn/Zn

(x, t) 7→ ([x]Rn/Zn , (x, t)).
(6.2)

It is continuous as it arises from the composition of continuous maps; thus, the map
ς̄ = q ◦ ς, where

q : BRn/Zn × EAff(Rn/Zn)× Rn/Zn → BRn/Zn × EAff(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn

is the quotient map, is also continuous. Note that, by construction,

ς̄(EAff(Rn/Zn)× Rn/Zn) ⊂ τ∗(EAff(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn).

In fact, ς̄ is onto τ∗(EAff(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn), for if

([x]Rn/Zn , [y, t]AffZ(Rn/Zn)) ∈ τ∗(EAff(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn),

then the equivalence classes of x, y ∈ EAff(Rn/Zn) under the action of AffZ(Rn/Zn)
are equal. In particular, there exists an element a ∈ AffZ(Rn/Zn) such that y = x · a;
thus

[y, t]AffZ(Rn/Zn) = [x · a, t]AffZ(Rn/Zn) = [x, a · t]AffZ(Rn/Zn).

Hence,
ς̄(x, a · t) = [y, t]AffZ(Rn/Zn),

and so

ς̄(EAff(Rn/Zn)× Rn/Zn) = τ∗(EAff(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn).

Let s ∈ Rn/Zn and identify it with an element of AffZ(Rn/Zn) via the injection τ .
Then, since

[x · s, t]AffZ(Rn/Zn) = [x, s · t]AffZ(Rn/Zn)

for all x ∈ EAff(Rn/Zn), t ∈ Rn/Zn, it follows that

ς̄(x · s, t) = ς̄(x, s · t). (6.3)

Equation (6.3) implies that ς̄ descends to a well-defined, continuous, surjective map

ς̂ : EAff(Rn/Zn)×Rn/Zn Rn/Zn → τ∗(EAff(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn),

which is going to yield the required isomorphism. Note that ς̂ is also injective, since if

ς̂([x, t]Rn/Zn) = ς̂([x′, t′]Rn/Zn),

for some x, x′ ∈ EAff(Rn/Zn), t, t′ ∈ Rn/Zn, then there exists s ∈ Rn/Zn (again
identified as an element of AffZ(Rn/Zn) via τ) such that

x′ = x · s and t′ = s−1 · t.

Thus
[x′, t′]Rn/Zn = [x · s, s−1 · t]Rn/Zn = [x′, t′]Rn/Zn ,

and the map ς̂ is injective.
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It remains to exhibit a continuous inverse. Let

AffZ(Rn/Zn)× Rn/Zn ↪→ EAff(Rn/Zn)× Rn/Zn → BAff(Rn/Zn)

be the bundle obtained from the universal bundle for AffZ(Rn/Zn) and considering the
cartesian product of the total space EAff(Rn/Zn) with Rn/Zn. There is a continuous
map

pr2 : τ∗(EAff(Rn/Zn)× Rn/Zn)→ EAff(Rn/Zn)× Rn/Zn

([x]Rn/Zn , (y, t)) 7→ (y, t),

which is just projection onto the second component. The composite

ϑ : τ∗(EAff(Rn/Zn)× Rn/Zn)→ EAff(Rn/Zn)×Rn/Zn Rn/Zn

is therefore also continuous. Note that, by definition,

([x]Rn/Zn , (y, t)) ∈ τ∗(EAff(Rn/Zn)× Rn/Zn)

if and only if there exists a(x, y) ∈ AffZ(Rn/Zn) such that y = x · a(x, y). When
such element exists, it is unique since AffZ(Rn/Zn) acts freely on EAff(Rn/Zn). In
particular,

ϑ([x]Rn/Zn , (y, t)) = [y, t]Rn/Zn = [x, a(x, y) · t]Rn/Zn .

Note that for any b ∈ AffZ(Rn/Zn) and any ([x]Rn/Zn , (y, t)) ∈ τ∗(EAff(Rn/Zn) ×
Rn/Zn),

ϑ([x]Rn/Zn , (y · b, t)) = ϑ([x]Rn/Zn , (y, b · t)),

since the action of AffZ(Rn/Zn) on EAff(Rn/Zn) is free. Therefore ϑ descends to a
continuous map

ϑ̂ : τ∗(EAff(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn)→ EAff(Rn/Zn)×Rn/Zn Rn/Zn

([x]Rn/Zn , [y, t]AffZ(Rn/Zn)) 7→ [x, a(x, y)t]Rn/Zn .
(6.4)

Note that for all ([x]Rn/Zn , [y, t]AffZ(Rn/Zn)) ∈ τ∗(EAff(Rn/Zn)×AffZ(Rn/Zn) Rn/Zn),

ς̂ ◦ ϑ̂([x]Rn/Zn , [y, t]AffZ(Rn/Zn)) = ([x]Rn/Zn , [x, a(x, y) · t]AffZ(Rn/Zn))

= ([x]Rn/Zn , [x · a(x, y), t]AffZ(Rn/Zn))

= ([x]Rn/Zn , [y, t]AffZ(Rn/Zn)),

so that
ς̂ ◦ ϑ̂ = idτ∗(EAff(Rn/Zn)×AffZ(Rn/Zn)Rn/Zn).

It is also clear that
ϑ̂ ◦ ς̂ = idEAff(Rn/Zn)×Rn/ZnRn/Zn);

hence ς̂ is a homeomorphism. Moreover, ς̂ , ϑ̂ are morphisms of fibre bundles and, in
particular, isomorphisms. This proves the lemma.

Remark 6.1. Lemma 6.1 proves that an affine Rn/Zn-bundle with trivial monodromy
is, in fact, a principal Rn/Zn-bundle. This is because the classifying map χ : B →
BAff(Rn/Zn) factors through a map χ̃ : B → BRn/Zn by Theorem 3.2. Hence, the
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bundle is isomorphic to the pull-back of the bundle

Rn/Zn ↪→ τ∗BGL(n;Z)→ BRn/Zn (6.5)

along χ̃. Since Lemma 6.1 shows that (6.5) is a model for the universal bundle for
principal Rn/Zn-bundles, the result follows.

Furthermore, by naturality of the Chern class, the obstruction to the existence of a
section of the bundle (6.5) is given by

τ∗cU ∈ H2(BRn/Zn;Zn(τ◦id)∗
),

where cU denotes the universal Chern class of Definition 3.11. Note that π1(BRn/Zn)
is trivial, so that the above coefficient system is just the usual constant Zn-system of
coefficients on BRn/Zn. Since (6.5) is a model for the universal bundle for principal
Tn-bundles,

τ∗cU = cRn/Zn , (6.6)

where cRn/Zn is the obstruction to the existence of a section for the bundle

Rn/Zn ↪→ ERn/Zn → BRn/Zn.

6.2 The spectral sequence of a topological universal La-
grangian bundle

In this section the methods of [14] are adapted to prove that some differential on the
E2-page of the Leray-Serre spectral sequence of the topological universal Lagrangian
bundle

Rn/Zn � � //BGL(n;Z)
σ //BAffZ(Rn/Zn)

is given (up to some isomorphisms) by taking cup products with the universal Chern
class

cU ∈ H2(BAff(Rn/Zn);Znid∗).

Aside from its intrinsic value, this result is important when studying the problem of
distinguishing fake Lagrangian and Lagrangian bundles over a fixed integral affine man-
ifold, as illustrated in Section 6.3.

Given a spectral sequence, the main idea in [14] is to use auxiliary spectral sequences
to reduce the problem of determining differentials on the E2-page of the original spectral
sequence to a simpler one. While [14] deals with the cohomology of group extensions
and, in particular, with abelian extensions, the case of the topological universal La-
grangian bundle and, more generally, of affine Rn/Zn-bundles can be thought of as a
natural generalisation. This is because the interesting part of the long exact sequence
in homotopy for an affine Rn/Zn-bundle Rn/Zn ↪→M → B is

0→ π2M → π2B → π1Rn/Zn → π1M → π1B → 1.

In many known cases, the connecting homomomorphism π2B → π1Rn/Zn vanishes
identically (say, when B has contractible universal cover) and the results of [14] can be
applied directly. However, this is not the case in general, as shown by the examples
due to Bates [6].
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Remark 6.2. The reason why it is possible to adapt the methods of [14] to the present
case is that the fibres of affine Rn/Zn-bundles have very simple topology which is
completely determined by the fundamental group.

6.2.1 Auxiliary spectral sequences

The E2-page of the Leray-Serre spectral sequence1 for the topological universal La-
grangian bundle

Rn/Zn � � //BGL(n;Z)
σ //BAffZ(Rn/Zn)

with Z coefficients is denoted by

Ep,q2
∼= Hp(BAff(Rn/Zn); Hq(Rn/Zn;Z)ρq).

The homomorphism

ρq : π1(BAff(Rn/Zn))→ Aut(Hq(Rn/Zn;Z))

classifies the local coefficient system defined by replacing each fibre Rn/Zn of the topo-
logical universal Lagrangian bundle with its q-th cohomology group with integer coef-
ficients Hq(Rn/Zn;Z). Henceforth, fix a basepoint in BAff(Rn/Zn), so that the above
homomorphisms are also fixed. Denote by

ρ̆1 : π1(BAff(Rn/Zn))→ Aut(H1(Rn/Zn;Z))

the homomorphism classifying the local coefficient system with fibre H1(Rn/Zn;Z) over
BAff(Rn/Zn). Following [14], introduce auxiliary spectral sequences, whose E2-pages
are given by

Ēp,q2
∼= Hp(BAff(Rn/Zn); Hq(Rn/Zn; H1(Rn/Zn;Z))ρ̄q),

Êp,q2
∼= Hp(BAff(Rn/Zn); Hq(Rn/Zn; H1(Rn/Zn;Z))ρ̂q),

(6.7)

where the above local coefficient systems are given by

ρ̄q = ρq ⊗ ρ1 : π1(BAff(Rn/Zn))→ Aut(Hq(Rn/Zn;Z)⊗H1(Rn/Zn;Z)),

ρ̂q = ρq ⊗ ρ̆1 : π1(BAff(Rn/Zn))→ Aut(Hq(Rn/Zn;Z)⊗H1(Rn/Zn;Z)),

via the isomorphisms

Hq(Rn/Zn; H1(Rn/Zn;Z)) ∼= Hq(Rn/Zn;Z)⊗H1(Rn/Zn;Z),

Hq(Rn/Zn; H1(Rn/Zn;Z)) ∼= Hq(Rn/Zn;Z)⊗H1(Rn/Zn;Z),

induced by the universal coefficient theorem. These spectral sequences are henceforth
referred to as the Leray-Serre spectral sequences with H1(Rn/Zn;Z) and H1(Rn/Zn;Z)
coefficients respectively.

There is a pairing

Ēp,q2 ⊗Z Êp
′,q′

2 → Ep+p
′,q+q′

2 (6.8)

1For generalities on the Leray-Serre spectral sequence construction see [17, 42].
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induced by taking cup products and by the standard duality

H1(Rn/Zn;Z)⊗Z H1(Rn/Zn;Z)→ Z.

Definition 6.3 (Auxiliary pairing). The pairing of equation (6.8) is called the auxiliary
pairing associated to the topological universal Lagrangian bundle.

If d(2), d̄(2), d̂(2) denote the differentials on the E2-page of the spectral sequences
E∗,∗2 , Ē∗,∗2 , Ê∗,∗2 respectively, there is the multiplicative formula

d(2)(x · y) = d̄(2)(x) · y + (−1)p+qx · d̂(2)(y), (6.9)

where x ∈ Êp,q2 , y ∈ Ēp
′,q′

2 and x · y denotes the auxiliary pairing between x and y.
Equation (6.9) follows from the fact that the Leray-Serre cohomology sequence for a
fibration preserves the cup product structures on both the base and the fibre. In par-
ticular, any differential in the spectral sequence is a derivation (cf. [17, 42]).

As shown in [14], there is an isomorphism

θ : Ep,12 → Ēp,02 (6.10)

induced by the isomorphism

H1(Rn/Zn;Z)→ H0(Rn/Zn; H1(Rn/Zn;Z)).

The identity map
id : H1(Rn/Zn;Z)→ H1(Rn/Zn;Z)

defines an element g1 ∈ H1(Rn/Zn; H1(Rn/Zn;Z)), since

H1(Rn/Zn; H1(Rn/Zn;Z)) ∼= Hom(H1(Rn/Zn;Z); H1(Rn/Zn;Z)).

The element g1, in turn, defines an element

f1 ∈ Ê0,1
2
∼= H0(BAff(Rn/Zn); H1(Rn/Zn; H1(Rn/Zn;Z))ρ̂1),

since g1 is fixed by the action of π1BAff(Rn/Zn) defined by ρ̂1. The following two
propositions are presented below without proof.

Proposition 6.2 (Proposition 2.1 [14]). Let x ∈ Ep,12 . Then

x = θ(x) · f1, (6.11)

where · denotes the auxiliary pairing defined above.

Proposition 6.3 (Proposition 2.2 [14]). Let x ∈ Ep,12 . Then

d(2)(x) = (−1)p+1θ(x) · d̂(2)(f1).

Proposition 6.3 reduces the problem of determining d(2) to that of determining
d̂(2)(f1), which depends on the universal Chern class cU : this is the content of The-
orem 6.6, which provides an explicit expression for this differential in terms of the
universal Chern class cU .
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Before computing d̂(2)(f1), it is useful to compute the corresponding differential for
the bundle

Rn/Zn ↪→ ERn/Zn → BRn/Zn, (6.12)

which, in light of Lemma 6.1, is isomorphic to the pull-back of the topological universal
Lagrangian bundle along the universal covering τ : BRn/Zn → BAff(Rn/Zn). Let

Êp,q2,Rn/Zn
∼= Hp(BRn/Zn; Hq(Rn/Zn; H1(Rn/Zn;Z)))

denote the E2-page of the Leray-Serre spectral sequence for the bundle (6.12) with

H1(Rn/Zn;Z) coefficients, and let d̂
(2)
Rn/Zn denote the corresponding differential. Let

f1
Rn/Zn ∈ Ê0,1

2,Rn/Zn be the element arising from the identity map

id : H1(Rn/Zn;Z)→ H1(Rn/Zn;Z)

as above. In fact, in light of Lemma 6.1, the relation between f1 and f1
Rn/Zn is given

by
f1
Rn/Zn = τ∗f1,

where τ : BRn/Zn → BAff(Rn/Zn) is the universal covering. Let

ψRn/Zn : H2(BRn/Zn; H1(Rn/Zn;Z))→ Ê2,0
2,Rn/Zn (6.13)

be the isomorphism arising via an identification

H0(Rn/Zn; H1(Rn/Zn;Z)) ∼= H1(Rn/Zn;Z).

The following lemma computes the image of f1
Rn/Zn under the differential d̂

(2)
Rn/Zn . This

is a well-known result (e.g. [30]), but a proof is included for completeness.

Lemma 6.4.
d̂

(2)
Rn/Zn(f1

Rn/Zn) = ψ(cRn/Zn),

where cRn/Zn ∈ H2(BRn/Zn; H1(Rn/Zn;Z)) is the Chern class of the universal bundle
Rn/Zn ↪→ ERn/Zn → BRn/Zn, as in equation (6.6).

Proof. By naturality of the Chern class, it is enough to prove the result when n = 1.
In this case, the universal bundle is isomorphic (up to homotopy) to

S1 ↪→ S∞ → CP∞. (6.14)

Since S∞ is contractible, the differential

d̂
(2)
S1 : Ê0,1

2,S1 → Ê2,0
2,S1

is an isomorphism. In particular, since f1
S1 ∈ Ê0,1

2,S1 is a generator, d̂
(2)
S1 (f1

S1) is a gen-

erator of Ê2,0
2,S1 , and thus equal to ±ψS1(cS1). In fact, the normalisation axiom for the

Chern classes (cf. [43]) implies that

d̂
(2)
S1 (f1

S1) = ψS1(cS1).
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Let E∗,∗2,Rn/Zn , Ē∗,∗2,Rn/Zn denote the E2-pages of the Leray-Serre spectral sequences
of

Rn/Zn ↪→ ERn/Zn → BRn/Zn

with Z and H1(Rn/Zn;Z) coefficients respectively, and denote by d
(2)
Rn/Zn , d̂

(2)
Rn/Zn their

respective differentials. Lemma 6.4 and Proposition 6.3 can be combined to prove the
following corollary, which is a version of Theorem 6.6 for principal Rn/Zn-bundles.

Corollary 6.5. Let x ∈ Ep,12,Rn/Zn. Its image d
(2)
Rn/Zn(x) ∈ Ep+2,0

2,Rn/Zn is given by

d
(2)
Rn/Zn(x) = (−1)p+1θRn/Zn(x) ·Rn/Zn ψRn/Zn(cRn/Zn),

where θRn/Zn , ·Rn/Zn are the analogues of the isomorphism of equation (6.10) and the
auxiliary pairing of equation (6.8) for the bundle Rn/Zn ↪→ ERn/Zn → BRn/Zn.

6.2.2 The differential d(2)

One of the aims of this chapter is to prove the analogue of Corollary 6.5 for the topolog-
ical universal Lagrangian bundle. This is the content of the following theorem, which
states that, up to some isomorphisms, the differential

d(2) : Ep,12 → Ep+2,0
2

is given by taking the cup product with the universal Chern class cU . The notion of
taking cup products makes sense since the local coefficient systems involved are dual to
one another, the duality arising from the standard duality between H∗(Rn/Zn;Z) and
H∗(Rn/Zn;Z) (cf. Remark 6.2).

Theorem 6.6. Let x ∈ Ep,12 . Its image d(2)(x) ∈ Ep+2,0
2

∼= Hp+2(BAff(Rn/Zn);Z) is
given by

d(2)(x) = (−1)p+1θ(x) · ψ(cU ), (6.15)

where ψ : H2(BAff(Rn/Zn);Znid∗) → Ê2,0
2 is the isomorphism induced by the identifica-

tion
H0(Rn/Zn; H1(Rn/Zn;Z)) ∼= Zn.

Proof. In light of Proposition 6.3, it suffices to show that

d̂(2)(f1) = ψ(cU ), (6.16)

which is just the equivariant version of the result of Lemma 6.4. The idea of the proof
is to use Lemma 6.4 and functoriality of the Leray-Serre spectral sequence to deduce
the result.

By Lemma 6.1, the pull-back bundle

Rn/Zn ↪→ τ∗BGL(n;Z)→ BRn/Zn

is a universal bundle Rn/Zn ↪→ ERn/Zn → BRn/Zn. In particular, there is a commu-
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tative diagram

Ê0,1
2

τ∗ //

d̂(2)

��

Ê0,1
2,Rn/Zn

d̂
(2)
Rn/Zn
��

Ê2,0
2 τ∗

// Ê2,0
2,Rn/Zn

(6.17)

arising from functoriality of the Leray-Serre spectral sequence (cf. [42]). By Lemma
6.4,

d̂
(2)
Rn/Zn ◦ τ

∗(f1) = ψRn/Zn(cRn/Zn), (6.18)

since f1
Rn/Zn = τ∗f1. Equation (6.18) and the commutativity of the diagram in equation

(6.17) imply that
τ∗ ◦ d̂(2)(f1) = ψRn/Zn(cRn/Zn). (6.19)

Note that, by definition, the isomorphism ψ is the equivariant version of ψRn/Zn , i.e.
there is a commutative diagram

H2(BAff(Rn/Zn);Znid∗)
ψ //

τ∗

��

Ê2,0
2

τ∗

��

H2(BRn/Zn;Zn)
ψRn/Zn

// Ê2,0
2,Rn/Zn .

(6.20)

By equation (6.6), the commutative diagram (6.20) implies that

τ∗ ◦ ψ(cU ) = ψRn/Zn(cRn/Zn). (6.21)

In particular, combining equations (6.19) and (6.21), obtain that

d̂(2)(f1)− ψ(cU ) = µ ∈ ker τ∗. (6.22)

It therefore remains to show that µ = 0.

This is achieved in the following two steps.

Step 1 Prove that ψ−1(µ) lies in the image of the homomorphism

p∗ : H2(BGL(n;Z);Zn
idG∗

)→ H2(BAff(Rn/Zn);Znid∗)

induced by the fibration

p : BAff(Rn/Zn)→ BGL(n;Z);

Step 2 Prove that ψ−1(µ) lies in the kernel of the homomorphism

σ∗ : H2(BAff(Rn/Zn);Znid∗)→ H2(BGL(n;Z);Zn
idG∗

)

induced by the topological universal Lagrangian bundle

Rn/Zn � � //BGL(n;Z)
σ //BAffZ(Rn/Zn) .
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Step 1

Recall that there is a fibration

BRn/Zn � � τ //BAff(Rn/Zn)
p //BGL(n;Z) (6.23)

arising from the group AffZ(Rn/Zn) = GL(n;Z)nRn/Zn (cf. Theorem 3.3 and equation
(3.6)), and consider the bundle

Rn/Zn ↪→ σ∗BGL(n;Z)→ BGL(n;Z) (6.24)

obtained by pulling back the topological universal Lagrangian bundle along the map
σ : BGL(n;Z) → BAff(Rn/Zn) induced by the section σ : GL(n;Z) → AffZ(Rn/Zn).
There is an associated system of local coefficients

H1(Rn/Zn;Z) ↪→ σ∗Pn → BGL(n;Z), (6.25)

which is just the pull-back of the universal period lattice bundle Pn → BAff(Rn/Zn)
along σ. The pull-back

H1(Rn/Zn;Z) ↪→ p∗σ∗Pn → BAff(Rn/Zn)

is classified by the (conjugacy class of the) homomorphism

σ∗ ◦ p∗ : π1(BAff(Rn/Zn))→ π1(BAff(Rn/Zn)), (6.26)

which is the identity, as the composition of homomorphisms

σ ◦ p : Aff(Rn/Zn)→ Aff(Rn/Zn)

preserves path-connected components. Hence, the following cohomology rings are iso-
morphic

H∗(BAff(Rn/Zn);Znid∗) ∼= H∗(BAff(Rn/Zn); H1(Rn/Zn;Z)(σ◦p)∗). (6.27)

There is a twisted version of the Leray-Serre spectral sequence, constructed by Siegel
in [57], which allows to calculate the cohomology ring

H∗(BAff(Rn/Zn); H1(Rn/Zn;Z)(σ◦p)∗)

using the fibration

BRn/Zn � � τ //BAff(Rn/Zn)
p //BGL(n;Z)

and the system of local coefficients on BGL(n;Z) of equation (6.25). Let Ĕp,q2 denote
the E2-page of this spectral sequence; since BRn/Zn is simply connected, there is an
exact sequence

0 //Ĕ2,0
2

p∗ //H2(BAff(Rn/Zn);Znid∗)
τ∗ //Ĕ0,2

2 , (6.28)
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where the isomorphism of equation (6.27) is used tacitly. There are isomorphisms

Ĕ2,0
2
∼= H2(BGL(n;Z);Zn

idG∗
),

Ĕ0,2
2
∼= [H2(BRn/Zn;Zn)]G ⊂ H2(BRn/Zn;Zn),

where idG∗ : π1BGL(n;Z) ∼= GL(n;Z) → Aut(Zn) ∼= GL(n;Z) is the identity and [ . ]G

denotes the group of GL(n;Z)-invariant elements. Since ker τ∗ = im p∗, it follows that
ψ−1(µ) ∈ im p∗. This completes the proof of Step 1.

Step 2

Consider the bundle of equation (6.24). This bundle admits a section, which is induced
by the identity map BGL(n;Z)→ BGL(n;Z). Thus

σ∗(cU ) = 0 ∈ H2(BGL(n;Z);Zn
idG∗

). (6.29)

Moreover, if Ê∗,∗2,G denotes the Leray-Serre spectral sequence for

Rn/Zn ↪→ σ∗BGL(n;Z)→ BGL(n;Z)

with H1(Rn/Zn;Z) coefficients, it follows from [14] that the differential

d̂
(2)
G : Ê0,1

2,G → Ê2,0
2,G

vanishes identically, since the map pr∗ induced in cohomology by the projection pr :
σ∗BGL(n;Z) → BGL(n;Z) is injective as the bundle admits a section. Thus there is
the following commutative diagram arising from functoriality of spectral sequences

Ê0,1
2

σ∗ //

d̂(2)

��

Ê0,1
2,G

d̂
(2)
G ≡0
��

Ê2,0
2 σ∗

// Ê2,0
2,G,

which implies that
σ∗d̂(2)(f1) = 0. (6.30)

If ψG : H2(BGL(n;Z);Zn
idG∗

)→ Ê2,0
2,G is the isomorphism arising from the identification

H0(Rn/Zn; H1(Rn/Zn;Z)) ∼= Zn,

there is a commutative diagram (cf. equation (6.20))

H2(BAff(Rn/Zn);Znid∗)
ψ //

σ∗

��

Ê2,0
2

σ∗

��
H2(BGL(n;Z);Zn

idG∗
)

ψG
// Ê2,0

2,G.

(6.31)

Equation (6.29) and the diagram (6.31) imply that

σ∗ψ∗(cU ) = 0. (6.32)
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Applying σ∗ to both sides of equation (6.22), and using equations (6.30) and (6.32),
obtain that

σ∗µ = 0,

which proves Step 2.

By Step 1, there exists

ν ∈ H2(BGL(n;Z);Zn
idG∗

)

such that ψ−1(µ) = p∗ν. , then

σ∗ ◦ ψ ◦ p∗(ν) = σ∗µ = 0, (6.33)

since µ ∈ kerσ∗ by Step 2. Commutativity of the diagram in equation (6.31) implies
that

σ∗ ◦ ψ ◦ p∗(ν) = ψ ◦ σ∗ ◦ p∗(ν).

Since ψ is an isomorphism, equation (6.33) implies that

σ∗ ◦ p∗(ν) = 0;

as σ∗ ◦ p∗ is the identity on H2(BGL(n;Z);Zn
idG∗

), it follows that ν = 0. Therefore,

µ = 0

as required.

6.3 Relation to almost Lagrangian bundles

Theorem 6.6 provides information on some differentials on the E2-page of the Leray-
Serre spectral sequence of almost Lagrangian bundles by functoriality of the Leray-Serre
spectral sequence. Throughout this section, fix an integral affine manifold (B,A) with
linear holonomy l and an almost Lagrangian bundle Rn/Zn ↪→ M → B with Chern
class

c ∈ H2(B;Znl−T ).

The aim of this section is to use Theorem 6.6 to compute the obstruction for the
above bundle to be Lagrangian; Theorem 6.9 proves that this obstruction is given by
the cohomology class of the cup product of the Chern class of the bundle with the
cohomology class of the symplectic form on the total space of the symplectic reference
Lagrangian bundle associated to (B,A) (cf. Lemma 6.7 below).

6.3.1 Symplectic reference Lagrangian bundles

The symplectic reference Lagrangian bundle

Rn/Zn ↪→ (T∗B/P(B,A), ω0)→ B

associated to the integral affine manifold (B,A) (cf. Definition 4.25) plays an impor-
tant role in determining whether almost Lagrangian bundles over (B,A) are, in fact,
Lagrangian. The symplectic form ω0 defines a cohomological invariant of (B,A), as
shown in the next lemma.
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Lemma 6.7. The 2-form ω0 defines a cohomology class

w0 ∈ H1(B; H1(Rn/Zn;R)l),

where l : π1(B)→ GL(n;Z) ⊂ GL(n;R).

Proof. The cohomology theory used throughout this proof is Čech-de Rham (cf. [11]).
The cohomology class of a closed differential form can be represented as the obstruction
to finding a globally defined potential. Let U = {Uα} be a good open cover by integral
affine coordinate neighbourhoods of (B,A). The proof of Lemma 4.3 shows that there
exist local action-angle coordinates (aα,θα) on π−1(Uα) ∼= Uα × Rn/Zn, so that

ωα = ω0|π−1(Uα) =
∑
i

daiα ∧ dθiα = d

(∑
i

aiαdθiα

)
, (6.34)

The transition functions ϕβα for this choice of local trivialisations of T∗B/P(B,A) → B
are given by

ϕβα(aα,θα) = (Aβαaα + dβα, A
−T
βα θα), (6.35)

where Aβα ∈ GL(n;Z) and dβα ∈ Rn is constant (cf. Lemma 4.3). For each α, set

να =
∑
i

aiαdθiα.

The cohomology class of ω0 (as a differential form on T∗B/P(B,A)) is given in Čech
cohomology by the cocycle

τβα = ϕ∗βανβ − να =
∑
i,k

ciβαdθiβ.

Since U is a good cover for B, τ = {τβα} defines a one dimensional cohomology class
w0 on B with coefficients in the local coefficient system

H1(Rn/Zn;R) ↪→ P ∗R → B,

whose monodromy is given by l : π1(B) → GL(n;Z) ⊂ GL(n;R), since this equals the
inverse transposed of the monodromy of the period lattice bundle P(B,A). This proves
the result.

Remark 6.4. Let ω′ be any other symplectic form on T∗B/P(B,A) making the topolog-
ical reference Lagrangian bundle Rn/Zn ↪→ T∗B/P(B,A) → B Lagrangian. This bundle
admits a section s (cf. Remark 4.17). Let

µ = s∗ω′

denote the pull-back of the symplectic form ω′ to B. If π : T∗B/P(B,A) → B denotes
the projection map, then π∗µ is a closed 2-form on T∗B/P(B,A) and the 2-form

ω0 + π∗µ

is symplectic, since ω0 is non-degenerate. Moreover, the fibres of π are Lagrangian
submanifolds of ω0 + π∗µ. Thus

Rn/Zn ↪→ (T∗B/P(B,A), ω0 + π∗µ)→ B
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is a Lagrangian bundle. Translation along s induces a fibrewise symplectomorphism

(T∗B/P(B,A), ω
′)→ (T∗B/P(B,A), ω0 + π∗µ),

as in the proof of Lemma 5.3 and [53]. Let U = {Uα} be the good open cover of B of
the proof of Lemma 6.7, let (aα,θα) be action-angle coordinates for the restriction of
the symplectic reference Lagrangian bundle to each π−1(Uα), and denote by π∗µα the
restriction of the above 2-form. In light of the above fibrewise symplectomorphism,

ω′α = ω′|π−1(Uα) =
n∑
i=1

daiα ∧ dθiα + π∗µα;

set
π∗µα = dπ∗χα

for some 1-form χα, which exists as Uα is simply connected. Then

ω′α = d

(
n∑
i=1

aiαdθiα + π∗χα

)
. (6.36)

Set

ν̄α = να + π∗χα =

n∑
i=1

aiαdθiα + π∗χα,

and consider the cocycle

τ̄βα = ϕ∗βαν̄β − ν̄α = τβα + ϕ∗βαπ
∗χβ − π∗χα.

If φβα denotes the change in integral affine coordinates on (B,A), then π◦ϕβα = φβα◦π
by equation (6.35). In particular,

ϕ∗βαπ
∗χβ − π∗χα = π∗(φ∗βαχβ − χα) =: π∗ηβα.

The cocycle η = {ηβα} represents the cohomology class of β in Čech-de Rham coho-
mology and, thus, π∗η represents the cohomology class of π∗β in H2(T∗B/P(B,A);R).
Thus

ω′ − π∗β = ω′ − π∗s∗ω′

also defines the cohomology class w0 of Lemma 6.7. This construction is independent
of the choice of section s (cf. [11]).

Remark 6.5 (Alternative definition of w0). Fix an n-dimensional integral affine man-
ifold (B,A) with linear holonomy l. Let

Rn � � ι //T∗B/P(B,A)
π //B

be (a representative of the isomorphism class of) the topological reference Lagrangian
bundle, so that P(B,A) ⊂ T∗B is classified by l−T . Let ω be a symplectic form on
T∗B/P(B,A) making the above bundle Lagrangian. Denote its cohomology class by

w ∈ H2(T∗B/P(B,A);R);
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since R is a field, there is an isomorphism

H2(T∗B/P(B,A);R) ∼= E0,2
∞ ⊕ E1,1

∞ ⊕ E2,0
∞ ,

where E∗,∗∗ denotes the Leray-Serre spectral sequence with real coefficients for the above
bundle. Recall that the projection

H2(T∗B/P(B,A);R)→ E0,2
∞ ⊂ E0,2

2 ⊂ H2(Rn/Zn;R)

corresponds to the map

ι∗ : H2(T∗B/P(B,A);R)→ H2(Rn/Zn;R)

(cf. [59]). Since ι∗ω = 0, it follows that the E0,2
∞ component of w is zero. As the Chern

class of the bundle vanishes, Corollary 6.8 implies that

E1,1
∞ = E1,1

2 ;

thus the E1,1
∞ component of w defines a class in

E1,1
2
∼= H1(B; H1(Rn/Zn;R)l).

Remark 6.4 above implies that there exists a closed 2-form β on B such that

ω = ω0 + π∗β;

since
π∗ : H2(B;R)→ H2(T∗B/P(B,A);R)

corresponds to the homomorphism

E2,0
2 → E2,0

∞ ↪→ H2(T∗B/P(B,A);R)

(cf. [42]), the E1,1
∞ component of the cohomology class of ω equals the E1,1

∞ component
the cohomology class of ω0. The proof of Lemma 6.7 shows that the cohomology class
of ω0 is

w0 ∈ H1(B; H1(Rn/Zn;R)l) = E1,1
2 = E1,1

∞ .

In particular, this shows that w0 is the E1,1
∞ component of the cohomology class of any

symplectic form ω on T∗B/P(B,A) making the bundle

Rn � � ι //T∗B/P(B,A)
π //B

Lagrangian.

Example 6.6 (Symplectic forms on a topological reference Lagrangian bundle). The
integral affine manifold R2/Z2 has trivial linear holonomy. The corresponding topolog-
ical reference Lagrangian bundle is isomorphic to

R2/Z2 ↪→ R2/Z2 × R2/Z2 → R2/Z2.

Let θB,θF denote integral affine coordinates on the base and fibre respectively. The
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symplectic form ω0 for which the zero section is Lagrangian is given by

ω0 = dθ1
B ∧ dθ1

F + dθ2
B ∧ dθ2

F .

Consider the section

s : R2/Z2 → R2/Z2 × R2/Z2

(θ1
B, θ

2
B) 7→ (θ1

B, θ
2
B, θ

2
B, 0);

(6.37)

the pull-back
s∗ω0 = dθ1

B ∧ dθ2
B

defines a generator of H2(B;R). Denote the projection in the above bundle by π. The
symplectic form

ω = ω0 − π∗s∗ω0

makes the above bundle Lagrangian with a Lagrangian section, given by s. Moreover,
translation by s gives a fibrewise symplectomorphism

(R2/Z2 × R2/Z2, ω0) ∼= (R2/Z2 × R2/Z2, ω).

Note, however, that the cohomology class of ω is not equal to the cohomology class of
ω0; however, their E1,1

∞ components coincide, where

E1,1
∞ = H1(R2/Z2; H1(R2/Z2;R)) ∼= H1(R2/Z2;R)⊗R H1(R2/Z2;R).

The cohomology class w0 does not depend solely on the linear holonomy l of (B,A),
as the next example illustrates (cf. Example 4.29).

Example 6.7. Let R/Z and R/2Z be the integral affine manifolds of Example 4.16.iii
and 4.29. These affine manifolds have trivial linear holonomy. Let ω1 and ω2 be
symplectic forms on their respective symplectic reference Lagrangian bundles. These
bundles are isomorphic as affine R/Z-bundles and their total spaces can be identified
with S1 × S1. The cohomology classes

w0,1, w0,2 ∈ H1(S1; H1(R/Z;R)) ↪→ H2(S1 × S1;R)

defined from ω1 and ω2 as in Lemma 6.7 satisfy

w0,2 = 2w0,1.

In particular, the above example hints at the fact that w0 is an integral affine in-
variant of the manifold (B,A). This is evident from the cocycle τ = {τβα} representing
w0 in the proof of Lemma 6.7, since it depends on the translational components of the
changes of integral affine coordinates of (B,A).

Remark 6.8. It is important to notice that the differential 1-forms dθ1
α, . . . ,dθ

n
α rep-

resent, in fact, integral cohomology classes in

H1(Rn/Zn;R) ∼= H1(Rn/Zn;Z)⊗Z R

for all indices α. This is because these forms are dual to the flows of the vector fields
∂/∂θ1

α, . . . , ∂/∂θ
n
α from time 0 to time 1. These curves define a basis of the integral

homology groups
H1(Rn/Zn;Z),
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(cf. Remark 4.12). Thus the reason why real coefficients are used throughout is that
the translational components of the changes of integral affine coordinates of (B,A) are
not necessarily integral. This is further studied in Remark 7.18.

6.3.2 Realisability theorem

This section is devoted to proving Theorem 6.9, which shows that the homomorphism
D(B,A) of Dazord and Delzant (cf. Theorem 4.4) is, in fact, determined by a differen-

tial d(2) on E2-page of the Leray-Serre spectral sequence of the topological universal
Lagrangian bundle and by the cohomology class w0 of Lemma 6.7. Let E∗,∗2,B denote
the E2-page of the Leray-Serre spectral sequence with integer coefficients of the almost
Lagrangian bundle

Rn/Zn ↪→M → B

fixed above. Theorem 6.6 and functoriality of the Leray-Serre spectral sequence imply
the following corollary.

Corollary 6.8. Let x ∈ Ep,12,B. Its image under the differential d
(2)
B is given by

d
(2)
B (x) = (−1)p+1θB(x) ·B ψB(c),

where θB, ψB, ·B are the pull-backs of θ, ψ, · defined for the topological universal
Lagrangian bundle.

The main idea of Theorem 6.9 is to study the differential

d
(2)
B,R : E1,1

2,B,R → E3,0
2,B,R

on the E2-page of the Leray-Serre spectral sequence with real coefficients (hence the
subscript R) associated to the above almost Lagrangian bundle. Corollary 6.8 can be
used to show that if x ∈ Ep,12,B,R, then

d
(2)
B,R(x) = (−1)p+1θB,R(x) ·B,R ψB,R(cR),

where cR ∈ H2(B;Rnχ∗) is the image of c under the homomorphism

H2(B;Znl−T )→ H2(B;Rnl−T ) (6.38)

induced by the standard inclusion

Zn ↪→ Rn ∼= Zn ⊗Z R,

and θB,R, ψB,R are the appropriate isomorphisms. Henceforth, the subscripts B, R are
omitted in order to simplify notation.

Remark 6.9 (Realisability theorem). Theorem 6.9 may be called a realisability theo-
rem, since it provides a way to determine which cohomology classes in H2(B;Zn

l−T
) can

be realised as the Chern class of some Lagrangian bundle over (B,A). The terminology
comes from the theory of symplectic realisations of Poisson manifolds (cf. [62]); these
are symplectic manifolds which fibre over a Poisson manifold such that the projection
map is a Poisson morphism. Such manifolds arise in the study of isotropic bundles,
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which are a natural generalisation of Lagrangian bundles and are associated to a more
general notion of integrability due to Mǐsčenko and Fomenko (cf. [47]).

Firstly, it is shown that
w0 ∈ E1,1

2 .

The homomorphisms
ρq : π1(B)→ Aut(Hq(Rn/Zn;R))

are completely determined by ρ1, since

Hq(Rn/Zn;R) ∼= H1(Rn/Zn;R) ∧ . . . ∧H1(Rn/Zn;R)︸ ︷︷ ︸
q

.

Recall that the monodromy l−T classifies the local coefficient system

H1(Rn/Zn;Z) ↪→ P(B,A) → B;

thus

ρ1 = l : π1(B)→ GL(n;Z) ∼= Aut(H1(Rn/Zn;Z)) ↪→ Aut(H1(Rn/Zn;R)),

where the last inclusion follows from the injection

H1(Rn/Zn;Z) ↪→ H1(Rn/Zn;Z)⊗Z R ∼= H1(Rn/Zn;R)

induced by the universal coefficient theorem. Thus

w0 ∈ E1,1
2 ,

where w0 is the cohomology class defined in Lemma 6.7.

Secondly, using local action-angle coordinates, it is possible to give an explicit co-
cycle representing the form w0 in Čech-de Rham cohomology. Let U = {Uα} be a good
open cover by integral affine coordinate neighbourhoods of (B,A). Remark 4.34 shows
that there exist local trivialisations

Υα : π−1(Uα)→ T∗Uα/P(B,A)|Uα

inducing action-angle coordinates (aα,θα) on π−1(Uα); the corresponding transition
functions ϕβα are of the form

ϕβα(aα,θα) = (Aβαaα + dβα, A
−T
βα θα + gβα(aα)),

where the first component corresponds to a change in integral affine coordinates on
(B,A). The family of 1-forms

τ̄βα =

n∑
i=1

diβαdθiβ

define an element in H1(B; H1(Rn/Zn;R)ρ1), since the forms dθ1
β, . . . ,dθ

n
β are closed

and the family of cohomology classes of τ̄βα form a Čech cocycle. This last statement
holds since

(δτ̄)α1α2α3 = d

(
n∑
i=1

diα2α3
giα2α1

)

83



and the right hand side is an exact form. Since the angle coordinates θα are pulled
back from angle coordinates on the symplectic reference Lagrangian bundle via the
local trivialisations Υα, it follows that the cohomology class that {τ̄βα} defines equals
the cohomology class w0, since for all indices α, β

τβα = τ̄βα

(cf. proof of Lemma 6.7).

With the above constructions in place, it is possible to prove the main theorem of
this chapter.

Theorem 6.9. Let (B,A) denote an integral affine manifold with linear holonomy l.
An almost Lagrangian bundle Rn/Zn ↪→M → B over (B,A) is a Lagrangian bundle if
and only if

d(2)(w0) = 0, (6.39)

where d(2) : E1,1
2 → E3,0

2 is the differential on the E2-page of the Leray-Serre spectral
sequence for Rn/Zn ↪→M → B with real coefficients.

Proof. Čech-de Rham cohomology and the corresponding interpretation of the Leray-
Serre spectral sequence with real coefficients are used throughout this proof (cf. [11]).
Firstly, suppose that the bundle is, in fact, Lagrangian. Let ω denote a symplectic form
on M making Rn/Zn ↪→ M → B Lagrangian. Theorem 4.2 and Remark 4.19 imply
that there exists a good open cover U = {Uα} of B with local action-angle coordinates
(aα,θα) on each π−1(Uα) and transition functions

ϕα2α1(aα1 ,θα1) = (Aα2α1aα1 + dα2α1 , A
−T
α2α1

θα1 + gα2α1(aα1)) (6.40)

(cf. Equation (4.12)), with the functions gα2α1 constrained by

ϕ∗α2α1
ωα2 = ωα1 , (6.41)

where ωαi denotes the restriction of ω to π−1(Uαi) for i = 1, 2. On each intersection,
equation (6.41) is equivalent to

n∑
i,j=1

Aijα2α1
dajα1

∧ dgiα2α1
= 0; (6.42)

since each Uα1 ∩ Uα2 is simply-connected (in fact, contractible), the forms daiα1
are

exact and so the above equation implies that

d

(
n∑

i,j=1

Aijα2α1
ajα1

dgiα2α1

)
= 0. (6.43)

As in the proof of Lemma 6.7, let

σα =
n∑
i=1

aiαdθiα

be a locally defined potential for ω. Since equation (6.41) holds,

κα2α1 = ϕ∗α2α1
σα2 − σα1
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is a closed 1-form. The Čech cocycle {κα2α1} represents the cohomology class of ω in
H2(M ;R). Take

n∑
i,j=1

Aijα2α1
ajα1

dgiα2α1︸ ︷︷ ︸
:=ζα2α1

+

n∑
i=1

diα2α1
dθiα2︸ ︷︷ ︸

=τα2α1

as a representative of κα2α1 . Note that {τα2α1} is a representative of the cohomology
class w0 ∈ E1,1

2 ; if δ denotes the Čech-boundary map, then

(δτ)α1α2α3 = d

(
n∑
i=1

diα2α3
giα2α1

)
:= dηα1α2α3 .

The local potentials ηα1α2α3 are defined up to a choice of constants. The functions
{−(δη)α1α2α3α4} are a Čech-de Rham cocycle whose corresponding cohomology class
in E3,0

2 is d(2)(w0) since the cover U is good (cf. [11]).

The Čech boundary of {ζα2α1} is equal to

(δζ)α1α2α3 = d

(
n∑
i=1

(diα1α3
− diα1α2

)giα1α2

)
:= dξα1α2α3 . (6.44)

It can be checked that for all indices α1, α2, α3, α4

(δξ)α1α2α3α4 = −(δη)α1α2α3α4 ; (6.45)

the proof of this equality is postponed to Appendix A. In particular, δξ is a Čech-de
Rham cocycle representing the cohomology class d(2)(w0). In order to prove that this
class vanishes, it suffices to show that ξα1α2α3 can be chosen so that

(δξ)α1α2α3α4 = 0

for all indices α1, α2, α3, α4.

Since equation (6.42) holds and the cover U is good, the 1-forms ζα2α1 are closed
and, hence, exact. Set

ζα2α1 = dεα2α1

for each pair of indices α1, α2. Then

(δζ)α1α2α3 = d(εα2α3 − εα1α3 + εα3α2) = d(δε)α1α2α3 . (6.46)

Equations (6.44) and (6.46) imply that

ξα1α2α3 = (δε)α1α2α3 + Cα1α2α3

for some constants Cα1α2α3 . By substituting ξα1α2α3 with ξα1α2α3 −Cα1α2α3 , it may be
assumed that

ξα1α2α1 = (δε)α1α2α3 ,

which, in turn, implies that for all indices α1, α2, α3, α4

(δξ)α1α2α3α4 = (δ2ε)α1α2α3α4 = 0.
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This proves that d(2)(w0) = 0.

Conversely, suppose that d(2)(w0) = 0 for the almost Lagrangian bundle Rn/Zn ↪→
M → B. Let U = {Uα} be the good cover of B given by Remark 4.34, i.e. there exist
local action-angle coordinates (aα,θα) on π−1(Uα) and the transition functions are of
the form

ϕα2α1(aα1 ,θα1) = (Aα2α1aα1 + dα2α1 , A
−T
α2α1

θα1 + gα2α1(aα1)),

without the constraint on the functions gα2α1 given by equation (6.41). Recall that the
form

ωα =
n∑
i=1

daiα ∧ dθiα

makes the bundle Rn/Zn ↪→ π−1(Uα) → Uα Lagrangian. The obstruction to patching
these forms together to yield a globally defined symplectic form ω on M which makes
the bundle Rn/Zn ↪→M → B Lagrangian is given by the Čech cocycle

ϕ∗α2α1
ωα2 − ωα1 =

n∑
i,j=1

Aijα2α1
dajα1

∧ dgiα2α1
. (6.47)

Since the cover U is good, this cocycle represents a cohomology class in H1(B;Z2(T∗B)),
where Z2(T∗B) denotes the sheaf of closed sections of the bundle T∗B ∧T∗B → B. In
light of the isomorphism

H1(B;Z2(T∗B)) ∼= H3(B;R)

(cf. [11, 18]), the above cocycle defines a cohomology class

υ ∈ H3(B;R).

Using the notation of the first half of the proof, a cocycle representing υ in Čech coho-
mology is given by −δξ (this simply unravels the above isomorphism). The equality of
equation (6.45) still holds, since it is not necessary to have that the transition functions
ϕα2α1 are symplectomorphisms in order to prove it (cf. Appendix A). Thus

−δξ = δη.

Note that the Čech-de Rham cocycle −δη is a representative of d(2)(w0); by assumption,
this vanishes and

υ = 0.

Therefore
n∑

i,j=1

Aijα2α1
dajα1

∧ dgiα2α1

is a coboundary; thus there exists closed 2-forms kα defined on each Uα such that

(δk)α2α1 =
n∑

i,j=1

Aijα2α1
dajα1

∧ dgiα2α1
(6.48)

for all indices α1, α2.
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The forms
ωα − π∗kα

defined on each π−1(Uα) patch together by virtue of equations (6.47) and (6.48). Denote
the resulting 2-form on M by ω. It is closed and non-degenerate since each ωα − π∗kα
is; moreover, the fibres of the bundle are Lagrangian submanifolds of (M,ω), since they
are Lagrangian submanifolds of the relevant symplectic manifold (π−1(Uα), ωα−π∗kα)
and, hence, the result follows.

Remark 6.10.

i) Let Rn/Zn ↪→ M → B be an almost Lagrangian bundle over the integral affine
manifold (B,A) with Chern class c, and let w0 be the cohomology class of Lemma
6.7. If

d(2) : E1,1
2 → E3,0

2

denotes the differential on the E2-page of the Leray-Serre spectral sequence of
Rn/Zn ↪→M → B with real coefficients, Theorem 6.9 proves that

d(2)(w0) = −D(B,A)(c),

where D(B,A) denotes the homomorphism of Dazord and Delzant (cf. Theorem

4.4). This is because the cohomology class D(B,A)(c) is given by the Čech-de
Rham cocycle

{
n∑

i,j=1

Aijβαdajα ∧ dgiβα},

whose cohomology class can also be represented by the Čech cocycle −δξ defined
above. The relation of equation (6.45) proves the claim;

ii) The reason why Čech-de Rham cohomology is used throughout the above proofs
is to highlight the importance of the role of local action-angle coordinates in the
construction of Lagrangian bundles.
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Chapter 7

Relation to integral affine
geometry

Chapter 6 proves that the obstruction for an almost Lagrangian bundle over an integral
affine manifold (B,A) to be Lagrangian is given (up to isomorphism) by taking the
cup product of the Chern class of the bundle with the cohomology class w0 of the
symplectic form on the symplectic reference Lagrangian bundle. This chapter proves
that the cohomology class w0 is an integral affine invariant of the base space (B,A),
namely its radiance obstruction r(B,A). Section 7.1 constructs the universal radiance
obstruction rU (cf. Definition 7.1), which arises from the topology of the group Aff(Rn);
the radiance obstruction r(B,A) is the pull-back of rU along the classifying map of the
affine tangent bundle

TAffB → B

associated to the integral affine manifold (B,A). The relation between r(B,A) and w0

is studied in Section 7.2, which proves that, up to isomorphism, these two cohomol-
ogy classes coincide (cf. Theorem 7.5). In light of Theorem 6.9, this fact implies that
the homomorphism D(B,A) is determined by the integral affine structure A; moreover,
Theorem 7.5 allows to study integral affine geometry using techniques from Lagrangian
bundles and vice versa. This interaction is exploited in two examples, namely in The-
orem 7.6 and in Section 7.3; in the latter, some examples connected to the study of
singular Lagrangian bundles are studied.

7.1 The radiance obstruction of an affine manifold

In this section the radiance obstruction of an affine manifold is introduced, following the
work of Goldman and Hirsch in [31]. This obstruction was first introduced by Smillie in
[58], and further investigated in [27, 31, 32]. It is an important cohomological invariant
of an affine manifold, as it encapsulates many essential properties of the affine structure.

7.1.1 Universal radiance obstruction

In this subsection, the radiance obstruction is defined in group theoretic terms, starting
from the structure of the group

Aff(Rn) = GL(n;R)nRn.
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There is an exact sequence

0 //Rn ι //Aff(Rn)
Lin //GL(n;R) //1, (7.1)

where the action of GL(n;R) on Rn is given by

GL(n;R)× Rn → Rn

(A,b) 7→ Ab,

and the map Lin : Aff(Rn)→ GL(n;R) is simply projection onto the first component.
Define the map

Trans :Aff(Rn)→ Rn

(A,b) 7→ b,
(7.2)

which satisfies

Trans((A,b) · (A′,b′)) = Trans(A,b) + Lin(A,b)Trans(A′,b′),

for all (A,b), (A′,b′) ∈ Aff(Rn). Thus Trans is a crossed homomorphism (cf. [12]) and
it defines an element

rU ∈ H1(Aff(Rn);RnLin),

where RnLin denotes Rn as an Aff(Rn)-module via the homomorphism Lin.

Definition 7.1 (Universal radiance obstruction [31, 32]). The cohomology class rU is
called the universal radiance obstruction.

Remark 7.2 (A characteristic class). A cohomology class in H1(Aff(Rn);RnLin) corre-
sponds to a choice of (conjugacy class of) splitting of the split extension of Aff(Rn) by
Rn, where the action of the former on the latter is given by the homomorphism Lin.
The splitting corresponding to rU can be constructed as follows. Consider the pull-back

Lin∗(Aff(Rn))
L //

��

Aff(Rn)

Lin
��

Aff(Rn)
Lin

// GL(n;R),

where

Lin∗(Aff(Rn)) := {((A,b), (A′,b′)) ∈ Aff(Rn)×Aff(Rn) : Lin(A,b) = Lin(A′,b′)}.

Note that Lin∗(Aff(Rn)) is a subgroup of Aff(Rn) × Aff(Rn) and that the natural
homomorphism

Lin∗(Aff(Rn))→ Aff(Rn)

given by the projection onto the first component has kernel isomorphic to Rn. The
graph of the identity map

id : Aff(Rn)→ Aff(Rn)

is a splitting of the exact sequence

0→ Rn → Lin∗(Aff(Rn))→ Aff(Rn)→ 1, (7.3)
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inducing the crossed homomorphism Trans : Aff(Rn) → Rn defined in equation (7.2).
The cohomology class defined by Trans classifies the (conjugacy class of the) above
splitting. On the other hand, the cohomology class of the crossed homomorphism Trans
is the universal radiance obstruction by definition. Hence, rU classifies the (conjugacy
class of the) above splitting.

Let (B,A) be an affine manifold with affine holonomy representation

a : π1(B)→ Aff(Rn)

(cf. Definition 4.20). Let l = Lin ◦ a denote its linear holonomy and let Γ = π1(B)
throughout.

Definition 7.3 (Group theoretic definition of radiance obstruction [31]). The coho-
mology class

r(B,A) = a∗rU ∈ H1(Γ;Rnl )

is called the radiance obstruction of the affine manifold (B,A).

Remark 7.4 (Well-definedness [31]). The class r(B,A) depends on the choice of affine
holonomy representation a (cf. Remark 4.22), but its vanishing does not. Henceforth,
whenever the radiance obstruction of an affine manifold is mentioned, it is understood
that a choice of affine holonomy representation has been fixed.

Definition 7.5 (Radiant manifolds [27, 31]). An affine manifold (B,A) whose radiance
obstruction r(B,A) vanishes is called a radiant manifold.

Remark 7.6 (Characterisation of radiant manifolds [31]). An affine manifold (B,A)
is radiant if and only if its affine holonomy representation a can be chosen so that its
image lies entirely in GL(n;R) ⊂ Aff(Rn). Equivalently, an affine manifold (B,A) is
radiant if and only if there exists an affine structure A′ which is affinely diffeomorphic
to the given one and whose changes of coordinates are constant linear transformations
of Rn.

7.1.2 The topology of the universal radiance obstruction

The universal radiance obstruction rU can also be described as a topological obstruction,
exploiting the isomorphism

H∗(G;Kρ) ∼= H∗(K(G; 1);Kρ),

where G is any topological group and Kρ is a G-module via the representation ρ : G→
Aut(K).

Let a : Γ → Aff(Rn) be a representation of a discrete group Γ. The composition
Trans ◦ a defines a crossed homomorphism which represents a cohomology class

rΓ ∈ H1(Γ;RnLin◦a).

Remark 7.7. If (B,A) is an affine manifold whose fundamental group is isomorphic
to Γ and whose affine holonomy is given by the above representation a, then

r(B,A) = rΓ,

where r(B,A) is the radiance obstruction of Definition 7.3.
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Lemma 7.1. The cohomology class rΓ vanishes if and only if the representation a
is conjugate in Aff(Rn) to a representation whose image lies entirely in σ(GL(n;R)),
where

σ : GL(n;R)→ Aff(Rn)

A 7→ (A,0)
(7.4)

is a splitting for the exact sequence of equation (7.1) (cf. equation (3.5)).

Proof. For γ ∈ Γ, set
a(γ) = (l(γ),Trans(a(γ))),

where l = Lin ◦ a and the injective homomorphisms ι and σ have been used tacitly.
Suppose that rΓ vanishes. By definition (cf. [12]), there exists b ∈ Rn such that

Trans(a(γ)) = l(γ)b− b

for all γ ∈ Γ. Then

(I,b) · (l(γ),Trans(a(γ))) · (I,−b) = (l(γ),0) (7.5)

for all γ ∈ Γ. Thus the representation a can be conjugated by an element in ι(Rn) to
lie in σ(GL(n;R)).

Conversely, suppose there exists an element (A,b) ∈ Aff(Rn) such that

(A,b) · (l(γ),Trans(a(γ))) · (A−1,−A−1b) ∈ σ(GL(n;R))

for all γ ∈ Γ. Then
Trans(a(γ)) = l(γ)A−1b−A−1b

for all γ ∈ Γ; thus rΓ = 0 and the result follows.

For any topological group G, let Gδ denote the group endowed with the discrete
topology. In light of equation (7.1), there is a split short exact sequence

0 //(Rn)δ
ι //Aff(Rn)δ

Lin //
GL(n;R)δ

σ
oo //1.

Applying Theorem 3.2 to the splitting σ, obtain a fibration

(Rn)δ ↪→ BGL(n;R)δ → BAff(Rn)δ,

where
BGL(n;R)δ ' EAff(Rn)δ/GL(n;R)δ.

Note that BAff(Rn)δ and BGL(n;R)δ are K(Aff(Rn); 1) and K(GL(n;R); 1) respec-
tively. Using the ideas of the proof of Theorem 3.6 and Lemma 6.1, the following
lemma can be proved.
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Lemma 7.2. There exists a bundle isomorphism

EAff(Rn)δ/GL(n;R)δ
∼= //

))RRRRRRRRRRRRRR
EAff(Rn)δ ×Aff(Rn)δ (Rn)δ

uukkkkkkkkkkkkkkk

BAff(Rn)δ.

Let Γ be a discrete topological group. Any representation

a : Γ→ Aff(Rn)

factors through Aff(Rn)δ, since Γ is discrete. The homomorphism a induces a map
(defined up to homotopy)

ā : BΓ→ BAff(Rn)δ

whose induced map on fundamental groups coincides with a (up to a choice of base-
points). A lift

BGL(n;R)δ

σ

��
BΓ

99

ā
// BAff(Rn)δ

exists if and only if
ā∗(Γ) ⊂ σ∗(π1(BGL(n;R)δ)),

since the fibre of the projection σ : BGL(n;R)δ → BAff(Rn)δ is discrete (cf. [65]). Note
that the induced map

σ∗ : π1(BGL(n;R)δ) ∼= GL(n;R)→ π1(BAff(Rn)δ) ∼= Aff(Rn)

equals the homomorphism σ of equation (7.4) by construction. Hence, the map ā admits
a lift if and only if the representation

ā∗ : π1(BΓ) ∼= Γ→ π1(BAff(Rn)δ) ∼= Aff(Rn)

lies entirely within the image of σ∗. The latter statement is true if, up to conjugation,
the image of the representation a lies entirely in σ(GL(n;R)), which is true if and only
if rΓ = 0. In particular, letting Γ = Aff(Rn)δ and a : Aff(Rn)δ → Aff(Rn) be the
identity homomorphism, the above discussion proves the following theorem.

Theorem 7.3. The universal radiance obstruction rU is the obstruction to the existence
of a section for the fibration

(Rn)δ ↪→ BGL(n;R)δ → BAff(Rn)δ.

7.1.3 A geometric interpretation

It is possible to give a geometric interpretation to the radiance obstruction of an affine
manifold, which, thus far, is simply a cohomological invariant of the fundamental group
of the manifold.

Firstly, note that the tangent bundle of an affine manifold can be endowed with the
structure of a flat affine bundle.
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Definition 7.8 (Flat affine bundle [31]). Let (F,B) ↪→ E → N be an affine bundle, so
that (F,B) is an affine manifold and its structure group is Aff(F,B). It is said to be
flat if it admits locally constant transition functions.

Example 7.9 (Tangent bundles of affine manifolds). The tangent bundle of an affine
manifold (N,A) (thought of as a vector bundle) is naturally a flat linear bundle, since
the standard transition functions are locally constant. This is because the changes of
affine coordinates on the manifold are locally constant too. The inclusion

GL(n;R) ↪→ Aff(Rn)

makes the tangent bundle TN → N a flat affine bundle.

There is, however, a different choice of flat affine bundle structure that can be
chosen on the tangent bundle of an affine manifold (B,A), which is called natural in
[31]. Let (B,A) be an n-dimensional affine manifold and let

φα : Uα → Rn

denote a local coordinate map. Define affine trivialisations

tα : TUα → Uα × Rn

(x,v) 7→ (x, (Dφα(x))(v) + φα(x)),
(7.6)

where D denotes derivative. Note that the map tα is truly a trivialisation as φα is a
diffeomorphism. Denote the locally constant changes in affine coordinates by

φβ ◦ φ−1
α (aα) = Aβαaα + dβα, (7.7)

where a ∈ Rn. The transition functions for the local affine trivialisations of equation
(7.6) are given by

fβα : (Uα ∩ Uβ)× Rn 7→ (Uα ∩ Uβ)× Rn

(x,y) 7→ (x,Aβαy + dβα).
(7.8)

Since the changes of coordinates of equation (7.7) are locally constant, it follows that
the trivialisations of equation (7.6) induce a flat affine bundle structure on TB, which
is henceforth denoted by TAffB.

Definition 7.10 (Affine tangent bundle [31]). For an affine manifold (B,A), the affine
bundle TAffB → B constructed above is called the affine tangent bundle.

Remark 7.11 (Dependence on affine structure). For a given manifold B there can be
inequivalent affine structures on B which induce inequivalent flat affine structures on
the tangent bundle TB → B (cf. Example 7.16).

Fix an n-dimensional manifold (B,A) and let TAffB → B be its affine tangent
bundle. Since its fibres are contractible, there exists a section to this bundle, e.g. the
zero section. However, it is not necessarily true that the affine tangent bundle admits
a flat section.

Definition 7.12 (Flat section of a flat affine bundle [31]). Let (F,B) ↪→ E → N
be a flat affine bundle. A section s : N → E is flat if, for any local trivialisation
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π−1(Uα)→ Uα × F , the composite

Uα
sα //π−1(Uα) //Uα × F

pr2 //F

is locally constant.

Example 7.13.

i) Let (B,A) be an affine manifold, let φα : Uα → Rn be an affine coordinate chart
and consider the affine tangent bundle TAffUα = TAffB|Uα with trivialisation
given by equation (7.6). The section

sα : Uα → TAffUα

x 7→ (x,−(Dφα(x))−1(φα(x)))
(7.9)

is flat;

ii) On the other hand, the zero section 0α is not flat, since the composite

Uα
0α // TAffUα

// Uα × Rn
pr2 // Rn

is the map
x 7→ φα(x),

which is a diffeomorphism by definition.

Fix an affine manifold (B,A) and let TAffB → B denote the corresponding affine
tangent bundle with trivialisations given by equation (7.6) and transition functions fβα
as in equation (7.8). The map

fβα : Uα ∩ Uβ → Aff(Rn)

is locally constant; thus it factors through

f̄βα : Uα ∩ Uβ → Aff(Rn)δ.

For each α, endow the fibres of TAffUα → Uα with the discrete topology and denote
the resulting space by (TAffUα)δ. The trivialisation tα of equation (7.6) induces a
trivialisation

t̄α : (TAffUα)δ → Uα × (Rn)δ.

These trivialisations, along with the maps f̄βα, define a bundle

(Rn)δ ↪→ (TAffB)δ → B, (7.10)

which is classified by the homotopy class of a map

χAff : B → BAff(Rn)δ.

Moreover, in light of Lemma 7.2, the bundle of equation (7.10) is isomorphic to the
pull-back bundle

χ∗AffBGL(n;R)δ → B.

Therefore the cohomology class
χ∗AffrU
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is the obstruction to the existence of a section for the bundle of equation (7.10).

The homotopy class of the map χAff is determined by its induced map on funda-
mental groups, since BAff(Rn)δ is a K(Aff(Rn); 1). By construction, this map equals
(up to conjugation) the affine holonomy

a : π1(B) = Γ→ Aff(Rn)

of the affine manifold (B,A) (cf. [4]). Let

ā : BΓ→ Aff(Rn)δ

be the map (defined up to homotopy) induced by the affine holonomy and let χB̃ : B →
BΓ denote the classifying map for the universal covering B̃ → B. Then the following
diagram commutes (up to homotopy)

B
χAff //

χB̃   A
AA

AA
AA

A BAff(Rn)δ

BΓ,

ā

99tttttttttt

(7.11)

as
(TAffB)δ ∼= B̃ ×Γ (Rn)δ,

where the action of Γ on (Rn)δ is given by the representation a. The latter defines an
action on (Rn)δ since the transition functions are locally constant. In particular,

χ∗AffrU = χ∗
B̃
◦ ā∗rU = χ∗

B̃
r(B,A),

where the second equality follows from the definition of the radiance obstruction of
(B,A). The map χ∗

B̃
is an isomorphism on one dimensional cohomology with any

coefficient system (cf. [31]) and thus

r(B,A) = (χ∗
B̃

)−1 ◦ χ∗AffrU . (7.12)

Remark 7.14. By abuse of nomenclature and notation, the class χ∗AffrU is henceforth
also referred to as the radiance obstruction of (B,A) and denoted by r(B,A).

With this identification, the radiance obstruction r(B,A) is the obstruction to the
existence of a section to the bundle of equation (7.10). By construction, a section
for the aforementioned bundle exists if and only if TAffB → B admits a flat section.
Therefore the following theorem holds.

Theorem 7.4 (Goldman and Hirsch [31]). Let (B,A) be an n-dimensional affine man-
ifold with linear holonomy l. The radiance obstruction

r(B,A) ∈ H1(B;Rnl )

is the obstruction to the existence of a flat section for the flat affine bundle TAffB → B.

Remark 7.15. There are other ways to define the radiance obstruction r(B,A) of an
affine manifold (B,A), as shown in [31, 32, 34]; these different definitions can be used
to prove different properties of this characteristic class.
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Example 7.16 (Flat affine structures on T(S1 × R)). The manifold S1 × R can be
endowed with several affine structures, as shown in [7]. In this example, two inequiv-
alent affine structures on this manifold are constructed to illustrate that there exist
inequivalent flat affine structures on its tangent bundle. Firstly, consider the Z-action
on R2 given by translations in a fixed direction b0 6= 0; this action is free, proper and
by affine transformations on R2. Thus the manifold R2/Z is affine (cf. Example 2.14.v)
and its affine holonomy

aR2/Z : Γ1(R2/Z)→ Aff(R2)

is defined on a generator γ as

aR2/Z(γ) = (I,b0), (7.13)

and extended by linearity. The crossed homomorphism Trans◦aR2/Z defines a non-zero
cohomology class

rR2/Z ∈ H1(R2/Z;R2),

where the local coefficient system is trivial since the linear holonomy lR2/Z = Lin◦aR2/Z
is trivial. The non-vanishing of rR2/Z follows from the fact that for any (A,d) ∈ Aff(R2),

(A,d) · aR2/Z · (A−1,−A−1d)

has a non-trivial translational component since b0 6= 0; thus, Lemma 7.1 implies that
rR2/Z 6= 0. In light of Theorem 7.4, the flat affine bundle TAff(R2/Z)→ R2/Z does not
admit a flat section. On the other hand, the inclusion

R2 \ {0} ↪→ R2

induces an affine structure on R2 \{0} which has trivial affine holonomy. Therefore the
affine tangent bundle

TAff(R2 \ {0})→ R2 \ {0}

admits a flat section. These two bundles are isomorphic as vector bundles, but are not
as flat affine bundles.

7.2 Relation to Lagrangian bundles

In this section, the radiance obstruction r(B,A) is related to the problem of constructing
Lagrangian bundles over B inducing the integral affine structure A. In particular, the
radiance obstruction r(B,A) is identified with the cohomology class w0 of Lemma 6.7.
Throughout the following, fix an integral affine manifold (B,A) whose linear holonomy
is denoted by l.

Remark 7.17. The importance of the radiance obstruction in the study of Lagrangian
bundles has also been observed by Gross and Siebert in [34], where mirror symmetry
is studied from the point of view of Lagrangian bundles.

Recall that w0 is the cohomology class of the symplectic form ω0 of the symplectic
reference Lagrangian bundle associated to (B,A)

Rn/Zn ↪→ (T∗B/P(B,A), ω0)→ B
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into a Lagrangian bundle for which the zero section is Lagrangian. Let C∞(TAffB) and
C∞(T∗Rn/Zn) denote the sheaves of sections of the affine tangent bundle TAffB → B
and of 1-forms on the fibres of the symplectic reference Lagrangian bundle respectively.
The symplectic form ω0 defines an isomorphism of sheaves

C∞(T∗Rn/Zn) ∼= C∞(TB). (7.14)

In local action-angle coordinates (aα,θα), the above isomorphism is given by

n∑
i=1

hiαdθiα 7→
n∑
i=1

hiα
∂

∂aiα
, (7.15)

where h1
α, . . . , h

n
α are smooth functions. Equation (7.15) follows from the fact that ω0

is given by
n∑
i=1

daiα ∧ dθiα

in local action-angle coordinates (aα, θα). By equation (7.15), the isomorphism of
equation (7.14) restricted to the subsheaf C∞flat(T

∗Rn/Zn) of locally constant sections
descends to an isomorphism of sheaves

C∞flat(T
∗Rn/Zn) ∼= C∞flat(T

AffB).

Since T∗Rn/Zn admits a frame of closed forms, a locally constant section of M∗ → B
is given in local action-angle coordinates by

n∑
i=1

riαdθiα,

where r1
α, . . . , r

n
α ∈ R are constant. Such sections are in 1-1 correspondence with

cohomology classes in H1(Rn/Zn;R), since the forms dθ1
α, . . . ,dθ

n
α induce a basis of

H1(Rn/Zn;R). Hence, the symplectic form ω0 induces an isomorphism of sheaves

P∗ ∼= C∞flat(T
AffB), (7.16)

where P∗ denotes the sheaves of sections of the local coefficient system

H1(Rn/Zn;R) ↪→ P ∗ → B

associated to the symplectic reference Lagrangian bundle. This isomorphism induces
an isomorphism of cohomology groups

Φ : H∗(B;P∗)→ H∗(B; C∞flat(T
AffB)). (7.17)

Since both P∗ and C∞flat(T
AffB) are locally constant sheaves, the above isomorphism

induces an isomorphism

Φ : H∗(B; H1(Rn/Zn;R)l)→ H1(B;Rnl ).

Theorem 7.5. The cohomology class w0 ∈ H1(B; H1(Rn/Zn;R)l) defined by the sym-
plectic form ω0 as in Lemma 6.7, maps to the radiance obstruction r(B,A) ∈ H1(B;Rnl )
via the isomorphism Φ induced by the symplectic form ω0 of equation (7.17).
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Proof. Throughout the proof Čech cohomology is used. First, by Theorem 7.4, the
radiance obstruction r(B,A) is the obstruction to the existence of a flat section to

TAffB → B. Let U = {Uα} be a good open cover by integral affine coordinate neigh-
bourhoods of (B,A) and let

φα : Uα → Rn

denote the coordinate map. The section

sα : Uα → TAffUα

x 7→ (x,−(Dφα(x))−1(φα(x)))
(7.18)

is flat (cf. Example 7.13.i). The collection

τ̂ = {τ̂βα} := {sβ − sα}

is a Čech cocycle; moreover, each τ̂βα yields a flat section of

TAff(Uα ∩ Uβ)→ Uα ∩ Uβ.

Thus τ̂ defines a cohomology class in H1(B;Rnl ) which equals r(B,A) (cf. [31]).

Let aα denote affine coordinates on Uα induced by φα and, as usual, set

φβ ◦ φ−1
α (aα) = Aβαaα + dβα ∈ AffZ(Rn).

Using the affine trivialisations

tα : TAffUα → Uα × Rn

of equation (7.6), the difference sβ − sα is given by

τ̂βα =

n∑
i=1

diβα
∂

∂aiβ
. (7.19)

In light of equation (7.15), the preimage of τ̂βα under the isomorphism of equation
(7.16) is given by

n∑
i=1

diβαdθiβ. (7.20)

The cocycle of equation (7.20) corresponds to the cocycle τ defining the cohomology
class w0 in the proof of Lemma 6.7 and, thus, the result follows.

The radiance obstruction of an integral affine manifold (B,A) corresponds to the
cohomology class of the symplectic form ω0 on the symplectic reference Lagrangian
bundle over (B,A). Theorem 7.5 allows to use tools from affine geometry to study
problems in the symplectic geometry of Lagrangian bundles and vice versa. For in-
stance, the following theorem holds.

Theorem 7.6. There exist no closed radiant integral affine manifolds.

Proof. Suppose the contrary. Let (B,A) be a closed radiant integral affine manifold
and let P(B,A) denote the period lattice bundle associated to it (cf. Definition 4.18).
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Consider the symplectic reference Lagrangian bundle

Rn/Zn ↪→ (T∗B/P(B,A), ω0)→ B; (7.21)

since B and Rn/Zn are closed, so is T∗B/P(B,A). Therefore the cohomology class

[ω0] ∈ H2(T∗B/P(B,A);R)

is non-zero. Lemma 6.7 proves that [ω0] vanishes if and only if w0 vanishes. However,
Theorem 7.5 implies that

w0 = Φ−1(r(B,A)) = 0,

where the second equality follows by assumption. Therefore [ω0] = 0, but this is a
contradiction.

Remark 7.18. It is important to notice the difference between the bundle P ∗ → B
and the period lattice bundle P → B associated to an integral affine manifold (B,A).
The former is an affine invariant of B (via the symplectic form ω0), while the latter
is only a linear invariant, since it is the pull-back of a universal lattice defined over
BGL(n;Z). The period lattice bundle can be endowed with the structure of an affine
lattice of (B,A) if and only if the radiance obstruction r(B,A) is an integral form, which,
in turn, is true if and only if the coordinate changes of the atlas A can be chosen to lie
in the group of affine transformations of Zn

Aff(Zn) := GL(n;Z)n Zn.

Such manifolds are henceforth called strongly integral affine manifolds, although it must
be noticed that this terminology is not standard (cf. [34]). In view of Theorem 7.5,
the symplectic form ω0 on the symplectic reference Lagrangian bundle of a strongly
integral affine manifold (B,A) is itself integral.

The following corollary is obtained by combining the above theorem with Theorem
6.9.

Corollary 7.7. Let (B,A) denote an integral affine manifold with linear holonomy l.
An almost Lagrangian bundle Rn/Zn ↪→M → B over (B,A) is Lagrangian if and only
if its Chern class c ∈ H2(B;Zn

l−T
) satisfies

θ(Φ−1(r(B,A))) · ψ(cR) = 0, (7.22)

where the notation is the same as in Theorem 6.9, and r(B,A) is the radiance obstruction
of the integral affine manifold (B,A).

This corollary proves that the homomorphism D(B,A) of Dazord and Delzant [18]
is completely determined by the integral affine structure on the base of an almost
Lagrangian bundle and by the universal Chern class cU .

Remark 7.19. If (B,A) is a strongly integral affine manifold with linear holonomy l,
Corollary 7.7 can be strengthened to say that an almost Lagrangian bundle over (B,A)
is Lagrangian if and only if its Chern class c ∈ H2(B;Zn

l−T
) satisfies

θ(Φ−1(r(B,A))) · ψ(c) = 0. (7.23)

In particular, if Rn/Zn ↪→ (M,ω)→ B is a Lagrangian bundle over a strongly integral
affine manifold (B,A) (i.e. it induces the affine structure A on B), then ω can always
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be chosen to be integral. This should be compared with Remark 1.2 of [34]. It is not
true that for a fixed integral affine manifold (B,A) there is a strongly integral affine
manifold (B′,A′) in the same integral affine diffeomorphism class. This can be seen by
considering an integral affine two-torus with trivial linear holonomy and translational
components which are not integral (cf. [48]).

The following corollary is a special case of Corollary 7.7.

Corollary 7.8. If (B,A) is a radiant affine manifold, then D(B,A) = 0.

Remark 7.20. Corollary 7.8 should be compared with what is known in the literature
regarding exactness of the symplectic form on the total space of a Lagrangian (or
isotropic) bundle, e.g. [20].

7.3 Some examples

In this section a manifold is endowed with various radiant integral affine structures to
illustrate how the classification of Lagrangian bundles depends on the integral affine
geometry of the base space.

Let B = R2 \ {0} be endowed with three integral affine structures A1, A2, A3

defined as follows. The manifold B inherits an integral affine structure from R2 via the
natural inclusion

B ↪→ R2.

Denote this integral affine structure by A0. Its universal cover B̃ can also be endowed
with an integral affine structure Ã0; an explicit description of the affine structure on B̃
can be found in [7]. It is important to notice that this affine structure on B̃ is not affinely
isomorphic to the standard affine structure on R2. For any matrix A ∈ GL(2;Z), it is
possible to define a Z-action on (B̃, Ã0) which induces an integral affine structure on
B whose affine holonomy is given by the representation defined on the generator γ of
π1(B) by

γ 7→ (A,0).

For A1, A2, A3 ∈ SL(2;Z), let A1, A2, A3 be the corresponding radiant integral affine
structures on B. Consider the integral affine manifold

(Y,AY3) = (B,A1)× (B,A2)× (B,A3). (7.24)

This affine manifold is radiant, as it can be seen by looking at its affine holonomy. Thus
D(Y,AY ) = 0 by Corollary 7.8. Note that Y has the homotopy type of a three-torus and
so it has H3(Y ;R) ∼= R. This integral affine manifold therefore provides an example
of trivial homomorphism D(Y,AY ) of Dazord and Delzant even though its range is non-
trivial.

Let lY denote the linear holonomy of (Y,AY ). The twisted cohomology group

H2(Y ;Z6
l−TY

)

is not trivial if and only if at least one of the Ai is unipotent. If this condition is satisfied,
then (Y,AY ) provides the first example of a manifold whose associated homomorphism
D(Y,AY ) is trivial notwithstanding the fact that both its domain and range are not triv-
ial. More generally, by taking the product of k radiant integral affine manifolds of the
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form described above, it is possible to construct such examples in any even dimension
greater than or equal to 6.

Consider the product

(Zn,AZn) = (B,An1)× . . . (B,Ank),

where n = (n1, . . . , nk) ∈ Zk+, each nj 6= 0 and the radiant integral affine structure Anj
on B has linear holonomy generated by the matrix(

1 0
−nj 1

)
. (7.25)

Let lZn be the linear holonomy of (Zn,AZn). All elements of the cohomology group

H2(Zn;Z2k
l−TZn

)

(which, by the above remark, is non trivial) can be realised as the Chern class of some
regular Lagrangian bundle over (Zn,AZn). This example is interesting because each
(B,Anj ) is the affine model in the neighbourhood of a focus-focus singularity of a com-
pletely integrable Hamiltonian system, which is homeomorphic to a two torus pinched
nj times, as shown in [7, 67]. Thus (Zn,AZn) is a local affine model for a product of
focus-focus singularities. Such products occur naturally amongst non-degenerate sin-
gularities of Lagrangian bundles, which have been classified topologically by Zung in
[66].

The above examples show that there are no obstructions to constructing Lagrangian
bundles with non-trivial Chern classes over radiant integral affine manifolds (cf. Corol-
lary 7.8). In order to construct a singular Lagrangian bundle (M,ω) → B, such
that (M,ω) is a smooth symplectic manifold, it is necessary that its regular part
(Mreg, ωreg) → Breg also be Lagrangian. Suppose that Breg is a smooth manifold,
so that Lemma 4.3 implies that it is integral affine. Let Areg be the induced integral
affine structure. Corollary 7.8 shows that if (Breg,Areg) is a radiant integral affine
manifold, there is no symplectic obstruction to constructing regular Lagrangian bun-
dles over (Breg,Areg). In particular, all elements of H2(Breg;Znlreg

) can be realised as

Chern classes of some Lagrangian bundle over (Breg,Areg). However, it still remains to
understand how the integral affine structure Areg affects the topology and symplectic
geometry near the singular fibres of (M,ω)→ B. For instance, the linear holonomy in
the affine model near a focus-focus singularity (cf. [7]) determines the topology of the
singular set.
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Chapter 8

Conclusion

This thesis has established the deep link between integral affine geometry and the
topology and symplectic geometry of Lagrangian bundles. In light of Theorem 7.5, it
is possible to use the methods of symplectic topology and Lagrangian bundles to study
the geometry of integral affine manifolds and vice versa. There are a few questions
that naturally stem from the work in this thesis, which are stated and briefly discussed
below; these address problems which can be solved by exploiting the above relation.

Generalisation to isotropic bundles

Lagrangian bundles are a special case of isotropic bundles. These are of the form

F ↪→ (M,ω)→ B,

where M is 2n-dimensional, and the fibres F are isotropic submanifolds of (M,ω), i.e.
ω|F = 0 for all F . These bundles are related to a more general notion of integrability
than Liouville integrability (cf. Definition 2.10), known as non-commutative or super-
integrability, which was first formulated by Fomenko and Mǐsčenko in [47]. Arguments
akin to those used to prove the Liouville-Mineur-Arnol‘d theorem (cf. 2.2) imply that
the fibres of isotropic bundles are k-dimensional tori (k ≤ n) and that the manifold B
inherits the structure of a regular Poisson manifold, i.e. a manifold endowed with a
Poisson structure (cf. Definition 2.7) whose rank is constant (cf. [24]). In fact, the rank
of the induced Poisson structure is precisely 2n− 2k; this implies that the manifold B
is foliated by symplectic manifolds of dimension 2n− 2k (cf. [62]).

The work of Dazord and Delzant in [18] addresses the issue of constructing isotropic
bundles when the regular Poisson manifold B is fixed. A natural question to ask is the
following.

Question 8.1. Can the methods of this thesis be extended to the isotropic case? In
particular, does there exist a link between integral affine geometry and the construction
problem for isotropic bundles?

A good reason to study this problem is that the current theory of classification
of non-degenerate singularities of completely integrable Hamiltonian systems is based
on the study of isotropic bundles in [18]. Thus finding an answer to Question 8.1
might shed some light towards understanding the role of integral affine geometry in the
classification of singularities of Lagrangian fibrations.
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Symplectic topology of total spaces of Lagrangian bundles

Symplectic topology is normally regarded as being flabby, while integral affine geometry
is rigid. Total spaces of Lagrangian bundles are examples of symplectic manifolds
whose symplectic topology depends on the integral affine geometry of the base space.
For instance, any integral affine diffeomorphism of (B,A) can be lifted to a fibrewise
symplectomorphism of its associated symplectic reference Lagrangian bundle

Rn/Zn ↪→ (T∗B/P(B,A), ω0)→ B.

The group of integral affine diffeomorphisms AffZ(B,A) often has multiple connected
components, as it is a subgroup of AffZ(Rn).

Question 8.2. Does the injection

AffZ(B,A) ↪→ Symp(M,ω)

give information about the topology of Symp(M,ω)? For instance, do distinct con-
nected components of AffZ(B,A) map to distinct components of Symp(M,ω)?

The above question is interesting to study because it illustrates the interplay be-
tween the flabbiness of symplectic topology and the rigidity of integral affine geometry
in the context of Lagrangian bundles. A first step towards answering Question 8.2
would be to study which integral affine diffeomorphisms of the base space (B,A) lift
to fibrewise symplectomorphisms of a Lagrangian bundle Rn/Zn ↪→ (M,ω) → B with
non-trivial Chern class.

Integral affine geometry via Lagrangian bundles

Theorem 7.6 gives an example of an application of the methods of symplectic topology
to the study of integral affine manifolds. The link connecting the two subjects is the
radiance obstruction r(B,A) of an integral affine manifold (B,A). The importance of
this cohomological invariant has been remarked by several authors in both fields (cf.
[31, 32, 34]). In light of the importance of Lagrangian bundles in Hamiltonian me-
chanics and theoretical physics, a study of the topological properties of integral affine
manifolds is needed.

As a starting point, it should be noted that the radiance obstruction r(B,A) provides
information about the cohomology group

H1(B;Rnl ),

where l denotes the linear holonomy of (B,A). For instance, the following question can
be asked.

Question 8.3. Suppose (B,A) is an integral affine manifold with linear holonomy l.
What are the elements of H1(B;Rnl ) which can arise as the radiance obstruction of an
integral affine structure A′ on B whose linear holonomy is l?

Question 8.3 is closely related to the following question, which explores the difference
between integral and strongly integral affine manifolds (cf. Remark 7.19).

Question 8.4. Let (B,A) be an integral affine manifold with linear holonomy l. Does
there exist a strongly integral affine structure A′ on B with linear holonomy l?
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In particular, an affirmative answer to Question 8.4 would imply that integral ele-
ments of H1(B;Rnl ) arise as the radiance obstruction of some integral affine structure
on B. The existence of strongly integral affine manifolds with given linear holonomy
is related to the study of singular Lagrangian bundles in mirror symmetry (cf. [34]).
Moreover, answers to the above questions would provide some insight in the topology
of integral affine manifolds, which could then be used to attempt to tackle longstanding
conjectures in affine geometry, e.g. Markus’ and Auslander’s conjectures (cf. Section
1.1.3), for integral affine manifolds.

Classification of singularities of Lagrangian fibrations

A Lagrangian fibration (M,ω) → B is a singular Lagrangian bundle. As mentioned
in the Introduction to this thesis, the interest in Lagrangian fibrations stemming from
Hamiltonian mechanics and mirror symmetry concentrates on the topology and sym-
plectic geometry of the singularities.

There exist several works in the literature which offer some results on the clas-
sification of singular Lagrangian fibrations. For instance, Zung has completed the
topological classification of non-degenerate singularities, first by showing that they are
locally given by products of lower dimensional singularities in [66], then by producing a
Dazord-Delzant type of theory for the construction of non-degenerate singular bundles
in [68]. It would be interesting to study the classification and construction problem of
Lagrangian fibrations using as a starting point integral affine geometry. The works of
Castaño-Bernard and Matessi in [13] and of Gross and Siebert in [34] are along this line.

The construction of Lagrangian fibrations with non-trivial Chern class (in the sense
of Zung’s paper [68]) would be a good first step towards understanding the role of
integral affine geometry in Lagrangian fibrations. The following question arises from
Section 7.3.

Question 8.5. Is it possible to construct Lagrangian fibrations whose regular parts
are isomorphic to some Lagrangian bundle with non-trivial Chern class over (Zn,AZn)?
What about the Lagrangian bundles with non-trivial Chern class constructed by Bates
in [6]?
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Appendix A

Proof of equation (6.45)

Throughout the appendix fix the notation as in the proof of Theorem 6.9. Let Rn/Zn ↪→
M → B be an almost Lagrangian bundle over (B,A) and let U = {Uα} be the good
cover of B given by Remark 4.34, i.e. there exist local action-angle coordinates (aα,θα)
on π−1(Uα) and the transition functions are of the form

ϕα2α1(aα1 ,θα1) = (Aα2α1aα1 + dα2α1 , A
−T
α2α1

θα1 + gα2α1(aα1)), (A.1)

where the first component corresponds to a change in integral affine coordinates on the
base space (B,A). The cocycle condition for the transition functions of equation (A.1)
imply the following equalities

dα1α2 − dα1α3 = Aα1α3dα3α2 (A.2a)

gα1α2 − gα1α3 = A−Tα1α3
gα3α2 (A.2b)

for all indices α1, α2, α3. Let
d(2) : E1,1

2 → E3,0
2

denote a differential on the E2-page of the Leray-Serre spectral sequence of Rn/Zn ↪→
M → B with real coefficients. Let w0 be the cohomology class of the symplectic form
of the symplectic reference Lagrangian bundle

Rn/Zn ↪→ (T∗B/P(B,A), ω0)→ B

associated to (B,A). Using the Čech-de Rham interpretation of this spectral sequence
(cf. [11]), a cocycle representing w0 ∈ E1,1

2 is given by

τα2α1 =
n∑
i=1

diα2α1
dθiα2

.

Define

ηα1α2α3 :=
n∑
i=1

diα2α3
giα2α1

as in the proof of Theorem 6.9.

The obstruction to the existence of an appropriate symplectic form ω on M which
makes the above bundle Lagrangian is the cohomology class υ represented by the Čech
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cocycle
n∑

i,j=1

Aijα2α1
dajα1

∧ dgiα2α1
.

Set

ξα1α2α3 :=

n∑
i=1

(diα1α3
− diα1α2

)giα1α2

as in the proof of Theorem 6.9. The cocycle −δξ is another Čech representative of υ
(cf. [11]). The following lemma proves the equality of equation (6.45).

Lemma A.1. For all indices α1, α2, α3, α4,

(δξ)α1α2α3α4 = −(δη)α1α2α3α4 .

Proof. On the one hand,

(δη)α1α2α3α4 = ηα2α3α4 − ηα1α3α4 + ηα1α2α4 − ηα1α2α3

=
n∑
i=1

diα3α4
giα3α2

−
n∑
i=1

diα3α4
giα3α1

+
n∑
i=1

diα2α4
giα2α1

−
n∑
i=1

diα2α3
giα2α1

.

(A.3)

On the other,

(δξ)α1α2α3α4 = ξα2α3α4 − ξα1α3α4 + ξα1α2α4 − ξα1α2α3

=
n∑
i=1

(diα2α4
− diα2α3

)giα2α3
−

n∑
i=1

(diα1α4
− diα1α3

)giα1α3

+
n∑
i=1

(diα1α4
− diα1α2

)giα1α2
−

n∑
i=1

(diα1α3
− diα1α2

)giα1α2

=
n∑
i=1

((diα2α4
− diα2α3

)giα2α3
− (diα1α4

− diα1α3
)giα1α3

+ (diα1α4
− diα1α3

)giα1α2
).

(A.4)

Equation (A.2b) with the first and third indices being equal yields

gαβ = −A−Tαβ gβα (A.5)

for all indices α, β. Applying equation (A.5) to the last line of equation (A.4) and using
equation (A.2a) repeatedly, the following equality is obtained

(δξ)α1α2α3α4 = −
n∑

i,j,k=1

((diα2α4
− diα2α3

)︸ ︷︷ ︸
=

n∑
k=1

Aikα2α3
dkα3α4

(A−Tα2α3
)ijgjα3α2

− (diα1α4
− diα1α3

)︸ ︷︷ ︸
=

n∑
k=1

Aikα1α3
dkα3α4

(A−Tα1α3
)ijgjα3α1

+ (diα1α4
− diα1α3

)︸ ︷︷ ︸
=

n∑
k=1

Aikα1α3
dkα3α4

(A−Tα1α2
)ijgjα2α1

)
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= −

(
n∑
j=1

djα3α4
gjα3α2

−
n∑
j=1

dkα3α4
gjα3α1

+
n∑
j=1

n∑
k=1

Ajkα2α3
dkα3α4︸ ︷︷ ︸

= djα2α4
−djα2α3

gjα2α1

)
.

Therefore, equation (A.3) implies that

(δξ)α1α2α3α4 = −(δη)α1α2α3α4 ,

and the result follows.
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