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Abstract

The main part of the thesis is set to review and extend the theory of the so called Strichartz-
type estimates. We present a new viewpoint on the subject according to which our primary
goal is the study of the (endpoint) inhomogeneous Strichartz estimates. This is based on our
result that the class of all homogeneous Strichartz estimates (understood in the wider sense
of homogeneous estimates for data which might be outside the energy class) are equivalent to
certain types of endpoint inhomogeneous Strichartz estimates. We present our arguments in
the abstract setting but make explicit derivations for the most important dispersive equations
like the Schrodinger , wave, Dirac, Klein-Gordon and their generalizations. Thus some of the
explicit estimates appear for the first time although their proofs might be based on ideas that
are known in other special contexts.

We present also several new advancements on well-known open problems related to the
Strichartz estimates. One problem we pay a special attention is the endpoint homogeneous
Strichartz estimate for the kinetic transport equation (and its generalization to estimates with
vector-valued norms.) For example, this problem was considered by Keel and Tao [30], but at
the time the authors were not able to resolve it. We also fall short of resolving that problem but
instead we prove a weaker version of it that can be useful for applications. Moreover, we also
make a conjecture and give a counterexample related to that problem which might be useful
for its potential resolution. Related to the latter is the fact that we now primarily use complex
interpolation in the proof of the homogeneous and the inhomogeneous Strichartz estimates,
which produces more natural norms in the vector-valued and the abstract setting compared to
the real method of interpolation employed in earlier works.

Another important direction of the thesis is to study the range of validity of the Strichartz
estimates for the kinetic transport equation which requires a separate and more delicate ap-
proach due to its vector-valued dispersive inequality and a special invariance property. We
produce an almost optimal range of estimates for that equation. It is an interesting fact that
the failure of certain endpoint estimates with L or L'-space norms can be shown on char-
acteristics of Besicovitch sets. With regard to applications of these estimates we demonstrate
for the first time in the context of a nonlinear kinetic system (the Othmer-Dunbar-Alt kinetic
model of bacterial chemotaxis) that its global well-posedness for small data can be achieved via
Strichartz estimates for the kinetic transport equation.

Another new development in the thesis is connected to the question of the global regularity
of the Dirac-Klein-Gordon system in space dimensions above one for large initial data. That
question was instigated in the 1970’s by Chadam and Glassey [12, 13, 22] and although a
great number of mathematicians have made contributions in the past 30 years, we, together
with the independent recent preprint by Griinrock and Pecher [24], present the first global
result for large data. In particular, we prove that in two space dimensions the system has
spherically symmetric solutions for all time if the initial data is spherically symmetric and lies
in a certain regularity class. Our result is achieved via new inhomogeneous Strichartz estimates
for spherically symmetric functions that we prove in the abstract setting and in particular for
the wave equation.

We make a number of other lesser improvements and generalizations in relation to the
Strichartz estimates that shall be presented in the main body of this text.
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Chapter 1

Introduction

1.1 Preliminaries

Strichartz estimates are a type of a-priori estimates for the solutions of a large class of linear
partial differential equations whose common property is that their solutions tend to disperse
over time. Originally, such estimates were proved by R. Strichartz [44] in the late 1970’s for
the wave equation but later researchers extended them to other dispersive equations. The
original method of proof relied on the recently discovered by Stein and Tomas fundamental
results on the restriction properties of the multidimensional Fourier transform. However, the
techniques were based on heavy harmonic analysis and the estimates were limited to special
cases. In his article [38], Pecher showed that the time and space exponents need not be equal
and thus provided most of the Strichartz estimates for the homogeneous equation in the special
context of the Klein-Gordon equation. The next major advancement in the method came out
in Ginibre and Velo [20] who invented a simpler and more flexible proof that relied only on the
duality principle in Functional Analysis. In the late 1980’s, Yajima extended the method to
equations with inhomogeneous terms to cover different time and space exponents. These ideas
were finalized in the mid 1990’s in the papers by Lindblad and Sogge [31] and Ginibre and Velo
[21]. Today, the core of these techniques is known as the TT*-method.

By the mid 1990’s Strichartz estimates became a standard tool in the analysis of the
Schrodinger and the wave equations and gradually became familiar to researches working out-
sides these two equations. For example, in 1996 came out Castella and Perthame’s short article
[11], where they prove some homogeneous Strichartz estimates for the kinetic transport equa-
tion.

The next breakthrough came in 1997 when Keel and Tao [30] brought a much awaited
unification in the theory. The authors elucidated the fundamental property of scaling in the
estimates, presented the method in the abstract level, and gave some new tools based on

bilinear-form interpolation and scaling invariant decompositions which are today the core of



studying the end-point estimates and the inhomogeneous estimates.

In a paper of 2005, Foschi [19] gave a further refinement of the method by introducing
a dyadic Whitney decomposition which is more effective than the original one of [30] in the
inhomogeneous setting.

Note that in our historical review of method we selected only the works that, as it seems
to us, have contributed most to its transformation to present state. We omitted a number of
original works whose results are given in special contexts and have been recovered by others.
Nowadays the field is vast and continues to grow fast and many important special advances
are not mentioned at all. For example, we are not saying anything about Strichartz estimates
with potentials or variable coefficients, estimates over manifolds or special domains, discrete
Strichartz estimates, or estimates involving angular variables or spherical symmetry. There are
numerous applications of the method to other equations apart from the mentioned three. How-
ever, we shall mention other works on Strichartz estimates as we pass through our exposition,
especially at places where we have been influenced by them.

After these historical remarks let us now introduce the subject from mathematical per-
spective. We denote by U(t) the continuous linear evolution group of a linear homogeneous

differential equation. The two most important properties of U(t) are

e the dispersive estimate:
1
IO sz S g Iy, ¢ ER, VS € L (Xid) (L.1)

e the energy estimate

WUl S Il e R, VF € LA(X:dn) (1.2)

where o > 0 is the rate of decay, f is the initial profile of the wave, and by LP = LP(X;du)
we denote the Lebesgue space LP over some measure space (X, du). The two inequalities above
reflect the physical phenomenon that the amplitude of the wave decays over time (equation
(1.1)), while its total energy remains constant (in the case of equality in equation (1.2)).

As it stands today, the whole body of Strichartz estimates is built upon the consequences

of these two estimates. The homogeneous Strichartz estimates have the form

10O Ay S IFNze vfe L2,
To the inhomogeneous equation we associate the following operator

W(t)F:/t U(t — s)F(s)ds. (1.3)



Under the assumption that supp F C [0,00) x R™, (1.3) gives the Duhamel’s formula. The

inhomogeneous Strichartz have the form

WO Fl o, S IF (1.4)

Li'Le
where by L{L" we denote the Lebesgue space L4(R; L"(X; du)). We show in the sequel that the
homogeneous Strichartz estimates can be identified as a special subclass of the inhomogeneous
ones, see Theorem 1.3.2. From this point of view, the study of the inhomogeneous Strichartz
estimates shall be our prime goal.

The Lebesgue norms in the dispersive and energy inequalities shall be suitably generalized
to vector-valued Lebesgue norms and abstract Banach space norms in the subsequent chapters.

The thesis is organized as follows. We continue this introductory chapter with an example
of a typical application of the Strichartz estimates to the global well-posedness of a nonlinear
dispersive equation. The remainder of the chapter presents some types of equivalent Strichartz
estimates, this equivalence shall be used throughout the text.

We begin in essence with studying the Strichartz estimates for the kinetic transport (KT)
equation in the next chapter. This chapter is completely self-contained and the exposition
follows very closely our preprint [37]. This is done with the intent to expose the subject on a
concrete level first. Moreover, in the treatment of the KT equation we shall have to overcome
some technical difficulties peculiar to its vector-valued setting as opposed to the scalar setting
of the wave and Schrodinger equations for example. But in fact in doing so we shall then be
able to generalize easily our techniques to the abstract setting, i.e. to the case of arbitrary
Banach spatial norms. In Chapter 3 we give an application of the Strichartz estimates for the
KT equation to the global well-posedness of a nonlinear kinetic system. In Chapter 4 we prove
some new inhomogeneous Strichartz estimates with spherical symmetry and in Chapter 5 we
make an application of these to the global well-posedness of the Dirac-Klein-Gordon (DKG)
system in two spatial dimensions when the data is spherically symmetric. These four chapters
contain all the novel ideas and the major new developments we propose in our thesis. We
suggest that the remaining two chapters are regarded as an appendix.

The promised review of the method and the derivations to concrete PDE’s shall be postponed
till the final chapters of this thesis. We do this to help our potential readers (and the examiners
as well) to extract the new ideas we propose in our work in a quick and uncomplicated manner.
The repeated exposition of the method on the abstract level should then be regarded as routine
and straightforward generalization. We shall be less careful to maintain an even exposition in
such case and some well-known facts and techniques shall only be sketched. In Chapter 6 we
present the Strichartz estimates for some of the most important dispersive equations. This is
intended to be used as a reference. Their proof is given in Chapter 7.

Finally, the Appendix presents some fundamental facts from Analysis that shall be needed

10



throughout the text.

1.2 Working example

This section provides a working example for one of the most typical applications of the Strichartz

estimates in the analysis of nonlinear PDE’s. Let us consider the following estimate

lu®ll s + P2+ [P 0| S

~

L} (1.5)
1l iz + 10egll gr-vs2 + N E arapars -

‘LgOLg

for the solution of

Ou(t,z) = F(t,z,u) (t,z) € RT3

(u, Opu)i=0 = (f, 9),

proved by Strichartz in his original paper. For the definition of the operator D® of fractional

differentiation and that of the Sobolev space H® = H*(R") see section 8.

Example 1.2.1. [41, p. 110] Let us apply the above inequality to prove global existence and
uniqueness for Ou = 43 on R'3 with data (u, dyu)i—o(f, g) € HY? x H=1/2, provided that

Eo = fll 1z + lgllz-1r2

is sufficiently small. To see this, denote by X (u) the left hand side of (1.5). We now iterate in

this norm. The iterates are defined inductively by ug = 0 and
Uu; = u?_l
with data (f,g), for j € N. Then by (1.5), using the fact that

lwvwlLajs < flullpa ([0l o llw] 4

we have

X(UJ) S CE() + CX(Uj,1)3.

So if X (uj_1) < 2CEy, then so is X (u;), provided C(2CEp)? < 1/2. Then, since

L= (=)l o (ug +ug o) (uy — ujoa)

11



with vanishing initial data, we have
X (w1 —uj) < C'[X (ug) + X (uj-1)]* X (uj — uj1) < C'(4CEp)* X (uj — uj-1),

so {u;} is Cauchy provided C'16C?E? < 1/2.

1.3 Equivalent estimates

In this section we present some instances where we have equivalence between two given Strichartz
estimates. To do so, let us first introduce the setting. Consider two abstract Banach spaces By,
Bs. Suppose that the duality pairing (-, -) for these two spaces is the same and that By and By*
have a common dense subset S. We define the adjoint U*(t) : S — B1* to U(t) : § — Bs by

(Ut f,9) = (f.U*(t)g) VYf.,g€S.

A typical example is By = L?, By = L9, which have the same duality pairing (f,g) = [ fgdz,

and S being taken as the Schwartz class on R™.

Lemma 1.3.1 (The Duality lemma). The following two estimates for W (t) are equivalent

W@ F | Laip) S IE N Lo esm,) -

HW(t)F”Lp’(]R;Bl*) S ”F”Lq'(R;B2*) )

for 1 <p,q < oo, whenever they are both invariant to the transformation U(t) < U(—t).
Proof. The proof is a straightforward generalization of the proof of Lemma 2.3.14 |

Theorem 1.3.2 (The Equivalence theorem). A. The following three estimates are equivalent

U@l La@spy) S M5, » Vf € By,
W F | ags,) S NEFlpmp,y . VE€E LY(R; By),

[WOF Lo i) S 1E Lo @epyry s VE € LT (R; Bo).
B. Whenever By is a Hilbert space, the homogeneous estimate above is equivalent to
WO F | Lowisy) SNl wipyey»  VF € LT (R; By").

Proof. The proof is a straightforward generalization of the proof of Theorem 2.3.15. |

12



Chapter 2

Strichartz Estimates for the

Kinetic Transport Equation

2.1 Introduction

In this chapter we study the Strichartz estimates for the kinetic transport (KT) equation
Ou(t,x,v) +v-Vou(t,z,v) = F(t,z,v), (tz,v)€RxR" xR, (2.1)
to which we prescribe the initial data
u(0,z,v) = f(z,v). (2.2)

Strichartz estimates for the KT equation were first proved by Castella and Perthame [11] in
1996, where they derive some homogeneous estimates and also one symmetric inhomogeneous
estimate. In 1998 Keel and Tao [30] extended the range of the homogeneous estimates but were
unable to resolve the endpoint homogeneous Strichartz estimate. Recently, in 2007, Guo and
Peng [25] demonstrated the expected failure of the endpoint homogeneous estimate in spatial
dimension n = 1. Interestingly enough, they also showed that the estimate holds if one replaces
the spatial L*>°-norm by the BMO norm.

The first application of the Strichartz estimates for (2.1) appeared in Bournaveas et al. [8]
where the authors prove the existence of weak global solutions to a kinetic model of chemotaxis
without uniqueness. Another exposition of the results of [11] can be found in Perthame [40]
which contains a modern survey to the field of nonlinear kinetic equations from point of view
of Mathematical Analysis.

So, to summarize, the situation with respect to the Strichartz estimates for the KT equation

is as follows. The homogeneous estimates are understood, but without the arguably most
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difficult endpoint estimate. The range of the known inhomogeneous estimates is incomplete,
actually void, save for one symmetric inhomogeneous estimate. The possible application of
these estimates to the analysis of nonlinear kinetic equations is still rather misty as the only
known such application [8] delivers the quite unsatisfactory existence of weak global solutions
for small data without uniqueness.

It is quite clear that the situation can be radically improved, at least with regard to the in-
homogeneous estimates, if one takes into account the recent developments that took place in the
context of other equations. Moreover, our work contains several genuinely new developments.
For convenience, in the following list we summarize all that is new.

1. We prove the validity of the endpoint homogeneous estimate. In fact, our method is
easily generalizable to the abstract setting and can be used to prove the endpoint homoge-
neous Strichartz estimate for a vector-valued spatial norm. We also prove the entire range of
homogeneous and inhomogeneous Strichartz estimates for admissible exponents.

2. We also consider generalized homogeneous estimates for data outside the ”energy” or
in this context rather the "transport” class. We show that the question of finding the entire
range of these estimates is tied to the question of finding the entire range of some endpoint
inhomogeneous estimates.

3. The parallel to number 2 question is that of finding the entire range of the inhomogeneous
Strichartz estimates (including those for non-admissible exponents). We resolve these two
questions in spatial dimension n = 1 and leave open some estimates in higher dimensions.

4. We devise counterexamples to show that our estimates are essentially sharp. It is quite
interesting that the failure of the estimates that contain L2°-norms might be shown on the
characteristic functions of Besicovitch sets, we thus extend the counterexamples of Guo and
Peng [25] in a new geometrical fashion.

5. We show that the Othmer-Dunbar-Alt kinetic model of bacterial chemotaxis is globally
well-posed for small data via an application of the Strichartz estimates for the KT equation. We
thus demonstrate the usefulness of these estimates for showing global existence and uniqueness
in the context of a nonlinear kinetic equation. Our result improves and extends the previous

works [8, 28] on that system.

2.1.1 Basic facts about the Strichartz estimates for the KT equation

The KT equation is an interesting model for studying Strichartz estimates that offers some
peculiar advantages. First, the kinetic transport evolution group U (¢) has a very simple explicit

form

UWf = fa - to,v).
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Second, the homogeneous KT equation is invariant to the transformation
f=r% U@f—= U, (2.3)

which allows us to derive new estimates from a known homogeneous Strichartz estimate. The

exponents (in (2.6), analogously for (2.8)) transform according to the rule
(q,r,p,a) — (ag,ar,ap,aa), 0<a < . (2.4)

And third, the KT equation is probably the simplest model of an equation with a vector-valued
dispersive inequality

1
LD PV (2.5)

This fact makes the endpoint Strichartz estimate harder than those of the wave and the
Schrodinger equations. Furthermore, the specific power invariance (2.3) to the context of the
KT equation causes the study of the Strichartz estimates to take a separate approach from the
other equations we have considered so far.

The homogeneous Strichartz estimates have the form

WU Agsrges < 1l - (2.6)

where by LIL" LP we mean LY(R; LP(R™; L"(R™))). Note that now the class of the initial data
can be any L*(R?") for a > 0 due to the power transform (2.3). The inhomogeneous estimates
have the form

WO Fpopyrr S IF] L (2.7)

7By
LT Ly

where the inhomogeneous evolution operator W (t) is defined as
t
W) F = / Ut — s)F(s)ds.

Whenever we are interested in the initial value problem (IVP) only, we shall assume that supp
F C [0,00). Thus, by the abbreviation L L” L? we may also understand L%([0, co); LP(R"™; L™ (R™))).

We shall also consider generalized homogeneous estimates of the form

10O lpsngrn < 1l g - (2.8)

Following Keel and Tao [30], we shall call the Lebesgue exponents for which estimate (2.6)
holds for every f € L§, admissible. And as in Foschi [19] we shall call the exponents for

which (2.7) holds acceptable. Our next goal shall be to define precisely the range of admissi-
ble/acceptable exponents for the KT equation. To that end we denote by HM(p, r) the harmonic

15



mean of p and r, in other words a = HM(p, r) if and only if

1_1(1,1
a 2\r p)’
Definition 2.1.1. Set
p*(a) = 2%, r(a) =%, if "Tlgagoo,
1 ! (2.9)
p*(a) =1, r*(a) = g%, if 1<aq< 2t

1 n (1 1 def

Tz 2 <l aM 2.1

. 2(p r>, a (p,7), (2.10)
1<p,qr<oo, p(a)<p<a, a<r<ria), (2.11)

except in the case n =1, (¢,7,p) = (a,00,a/2).

A consequence of the above definition is the fact that if the triplet (g, r,p) is KT-admissible
then a < ¢ < 0o and p < r. Triplets of the form (g, r,p) = (a,7*(a),p*(a)), for (n+1)/n <a <
00, shall be called endpoint. When a = 1 the only admissible triplet is (0o, 1,1), and similarly,

when a = oo the only admissible triplet is (0o, 0o, 00).

na

Note that due to the power invariance (2.3) we could have chosen the bounds p*(a) = ;%%

and r*(a) = % for any a > 0. Indeed, these are the correct bounds when a = 2 as we shall
see in Theorem 2.2.1. However, the reason for having the second condition in (2.9) is to restrict

the exponents ¢, 7, p and a to the interval [1, 00] where we can use duality.

Definition 2.1.3. We say that the exponent triplet (¢, r,p) is KT-acceptable if

1 11
—<n<———), 1<g<oo, 1<p<r<oo, (2.12)
q p o

orifg=00,1<p=r<o0.

Note that every KT-admissible triplet is KT-acceptable too. The significance of this defini-

tion lies in the fact that if a triplet (g, r,p) is not admissible then the estimates
WU Loy < o0 W@ Fl Loy pp <00

can be violated on some f € C§°(R?"), F(t) € C§°(R?*™1), respectively, see section 2.6. In other
words the notion of acceptability delimits the range of exponents for which the homogeneous
and inhomogeneous Strichartz estimate can hold for a general class of initial data. But even

more importantly, in the context of the inhomogeneous Strichartz estimates only, we shall see
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that there are triplets (¢, 7, p), (¢,7,p) that are not admissible but merely acceptable for which
estimate (2.7) holds.

We introduce the following definition.

Definition 2.1.4. We say that the two KT-acceptable exponent triplets (¢, r,p) and (g, 7, p)
are jointly KT-acceptable if

1 1 1 1 1 1
-+ =-=n ].___T 5 _+T§1a (213)
q q T r q q

HM(p, ) = HM(7,7) < a, (2.14)

and if further the exponents satisfy the following restrictions

(i)

n—1 n n—1 n
< = < —
,

o T (2.15)

)
for r, 7 # oo.

(i) if » = oo then the point (1/¢,1/r,1/p,1/q,1/7,1/p) € ¥1 U B,

5 ={(,0,k,v,1 =k,1) : 0<p,v<1,0<pu+v<l k= (u+v)/n},

B =1(0,0,0,0,1,1).

(iii) if 7 = oo then the point (1/¢,1/r,1/p,1/G,1/7,1/p) € £2UC,

Yo={(u,1—k1L1v,0,k) : O<pv<l, 0<pu+v<l k= (u+v)/n},
¢ =(0,1,1,0,0,0).

Remark 2.1.5. We do not know whether condition (2.15) for dimensions n > 1 is necessary
(apparently, this condition is void for n = 1). This parallels the Schrédinger equation (and
other dispersive equations) for which the entire range of inhomogeneous Strichartz estimates is
not yet known when the rate of dispersion ¢ > 1 and a similar condition appears.

We also note that the two sets ¥; and ¥5 that describe the acceptable triplets with r = oo
or 7 = 00, respectively, are almost optimal. In fact, there are only some points lying on the
boundary of these sets whose corresponding inhomogeneous estimates (2.17) are still unresolved
for dimensions n > 1, see (2.88), (2.89). More precisely, these estimates correspond to points

lying on the hypotenuse AB of AOAB in fig. 2.1 in a sense explained below.

” A picture is worth a thousand words”, one Chinese proverb says. We finish our introduction
with a graphic illustration of the range of validity of the inhomogeneous Strichartz estimates
for the operator W(t) given in Theorem 2.2.2. Remember that the Lebesgue space LP is best

seen as a ”function” of 1/p rather than p in the context of interpolation. Therefore, the range
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of validity of estimate (2.17) in terms of its exponents (1/q,1/r,1/p,1/q,1/7,1/p) can be seen

as a region in RS. Its projection over the (1/q,1/§)-plane (for o > 1) is visualized on fig. 2.1.

1/q
1|B

1 1/q

Figure 2.1: Acceptable range of (1/¢,1/q) for o > 1.

The inner part of AOAB corresponds to the non-endpoint inhomogeneous estimates, while
its three sides correspond to the endpoint inhomogeneous estimates. In the context of Theorem
2.2.2, the inner part of AOAB corresponds to part (i), the cathetus OA - to part (ii), the
cathetus OB - to part (iii), and the hypotenuse AB - to part (iv).

Let M be the middle of the hypotenuse AB. By duality each estimate corresponding to a
point P in AOAM is equivalent to an estimate corresponding to a point P’ in AOM B where P’
is the reflection of P along the median OM. The symmetric inhomogeneous estimates on OM
are equivalent to the homogeneous estimates (2.6), see the Equivalence theorem 2.3.15, part B,
and use the power invariance (2.3). Each inhomogeneous estimate on either of the two catheti
OA, OB is equivalent to a generalized homogeneous estimate (2.8), a new result contained in
Theorem 2.3.15. The inhomogeneous estimates can be put into three groups each having its
own method of proof and in ascending order of difficulty these are: the inner part of AOAB,
the two catheti OA and OB, and the hypotenuse AB.

2.2 Main results

Theorem 2.2.1 (Strichartz estimates for admissible exponents). Let u(t) be the solution to

the IVP for (2.1), (2.2). Then the estimate

lw@lparrry S NFllpa, + 1 Lo per o (2.16)

x,v

holds for all f € L*(R?"), F € L?/LZIL’Z if and only if (q,r,p) and (§,7,p) are two KT-
admissible exponent triplets and a = HM(p,r) = HM(p',7), apart from the case when n > 1

and (q,r,p) being an endpoint triplet, which remains open.

Theorem 2.2.2 (Global inhomogeneous estimates). Suppose that (q,r,p) and (¢, 7,p) are two
jointly KT-acceptable exponent triplets that further satisfy the following conditions
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(i) 1< q,q <00, q>{q, then the estimate

HW(t)FHL‘ZL;L{j S ||F||L?/L;/Lfl (217)
holds for all F € LY LT LV .
(i) ¢ =00, 1 < q < 0o, then the estimate
IWOF gy re S 1Ly (2.18)
holds for all F € L'LT L7 .
(iti) ¢ =00, 1 < § < oo, then the estimate
HW(t)FHLfOL;L{j 5 ”FHL?I’lLng, . (219)

holds for all F € LI 'L L7 .

(iv) 1 < q,q < 00, ¢ = ¢, these endpoint inhomogeneous estimates are left open, although
we can prove some weaker versions of (2.17) under the assumption of a compact velocity

space, see section 2.5.4

Conversely, in space dimension n = 1 if estimate (2.17) holds for all F € L,?’L;,Lgl then (q,r,p)
and (q,7,p) must be two jointly KT-acceptable exponent triplets. In space dimensions n > 1,
we can only show that (q,r,p) and (G,7,p) must be KT-acceptable and that conditions (2.13),

(2.14) are necessary.

Remark 2.2.3. The endpoint inhomogeneous estimates (2.18), (2.19), can be upgraded to con-
tain entirely of Lebesgue norms in a narrower range. That is so for estimate (2.18) if ¢ > p’
and the condition (2.15) is given as strict inequalities, and similarly for the estimate (2.19) if

¢ < p and the condition (2.15) is given as strict inequalities, see Lemma 2.5.6.

Definition 2.2.4. Set

r*(b,c) = 00 ifn=1
(2.20)
r*(b,c) = 75c ifn>1.

n
n—

Theorem 2.2.5 (Generalized homogeneous estimates). Suppose that the exponent 5-tuple

(q,7,p,b,c) satisfies the following conditions

def

+ , HM(p,r) =HM(b,¢c) = q, (2.21)

=3

Q| =
SIS

a<r<ribec), p<b<a<c<r. (2.22)
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Then the estimate

W@l o~ ryre S 1l (2.23)

holds for all f € LYLS and Lebesgue exponents 1 < q,7,p,b,c < oo. Furthermore, if ¢ > ¢ and

(q,7,p,b,c) satisfy (2.22) with strict inequalities, then the estimate

10O Azrprn S 15 (2.24)

holds for all f € LYLS and Lebesque exponents 0 < q,7,p,b,c < oo, see Lemma 2.5.5. Con-
versely, if estimate (2.24) holds for all f € LLLS then (q,r,p, b, c) must satisfy conditions (2.21)
and (2.22). However, we do not have a counterexample showing the necessity of the upper bound

r*(b, ¢) according to definition 2.2.4, in dimensions n > 1, and when b # c.

Remark 2.2.6. As we have already mentioned, we do not know whether the given upper bound
r*(b, ¢) is sharp. We, therefore, cannot discard the possibility that in the case of n > 1, b # ¢,
there might be some additional estimates of the form (2.24) resulting from a bigger upper bound

r*(b, ¢).

Remark 2.2.7. Let us recall that the appearance of Lorentz norms in some of the estimates
above is not a great obstacle to applications. For example, if we restrict ourselves to finite time

intervals [0, 7], we have the continuous embeddings

LE7([0,T]) = LP([0,T]), q¢>p, 1 <q,p,7 <00,

LP([0,T]) < L*"([0,T1), p>gq, 1 <q,p,7 < o0,

see [1, p. 217]. Let us recall also the global continuous embeddings L%¢(R) — L4(R) whenever
q > ¢, and LY(R) — L?¢(R) whenever ¢ < ¢. For example, let (co,r,p) and (¢,7,p) be such

that estimate (2.19) holds and let 1 < @ < ¢. Then we have the local inhomogeneous estimate

IWOF e joyiLary) ST ”FHL?'([O,T];L;?’Lf')

for any 0 < T < oo and any F' € L?,([O,T];LT’;/LfI).

For an application of the Strichartz estimates to the Othmer-Dunbar-Alt kinetic model of

chemotaxis see section 3.0.3.
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2.3 Preliminaries

2.3.1 Basic properties of the kinetic transport equation

Lemma 2.3.1 (The dispersive estimate [40]). The kinetic transport evolution group U(t) obeys

the estimate

1

100 Nezery < e 1 2 (2.25)

forall f € LLLS®

r—v °

Proof.

/n |U(t)f|oiv=/n|f(;v—tv,v)|dv§/]R sup |f(x — tv,y)|dv

n yeR™

1 1
< —n/ sup [£(z,9) dz = o [l oo -
17 Jon 20, 7 W llnars

O

Lemma 2.3.2 (The transport estimate). The kinetic transport evolution group U (t) obeys the

estimate

”U(t)f”LgoL;Lg < Hf”Lg“ , 0<a<oo, (2.26)
Jorall feLg,.
Proof. Trivial. O

Corollary 2.3.3 (The decay estimate). The kinetic transport evolution group U(t) obeys the

estimate
1
U@ fll e < W"f"L§L§7 1<p<r<oo, (2.27)

forall f e LPLY.

Proof. Complex interpolation between the dispersive estimate (2.5) and the two transport es-

timates (2.26) with a = 1 and a = 0. O
Lemma 2.3.4. The formal adjoint to U(t) is the operator U*(t) = U(—t).

Proof. We denote by (,-) the scalar product on L?(R?*"). Thus,

({Ut)f,g) = /jo f(xz —tv,v)g(z,v)dzdv

_ 1 " (, 0)a T T o) dydo = (£.U(—1)g),

where we have made the substitution y = x — tv. [l
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Lemma 2.3.5 (Scaling properties of U(t) and W (t)). The evolution operators U(t) and W (t)

enjoy the following scaling properties

U(t)fx = f (&)X — to/A,0) = U(t/N, 2/A0)f,
where f(x,v) = f (x/),v),
U)fa=flx/X=to/ v/ =U(t,z/\v/N)f,
where fx(z,v) = f(z/\v/N),

/A
W(t)Fy = )\/ F(s,x/A—({t/A—s)v,v)ds =AW (t/\, x/A,v) F,
0
where Fy\(t,x,v) = F(t/\ z/\v),
W(t)Fy = /0 F(s,x/A—(t—s)v/A\v/A)ds=W(t,x/\v/A\)F,

where Fy(t,x,v) = F (t,x/\,v/\).

Proof. Direct inspection. O

Lemma 2.3.6. Whenever f € C}(R?*™), the space of all continuously differentiable functions

on R?™ of compact support, the kinetic transport evolution group has the following continuity

property
U(t)f € C(R; LLLY). (2.28)

foralll <p<r<oo.

Proof. By Holder’s inequality

1U(t2)f — U fllpypp S NU(E)F — Ut
and then by Sobolev embedding we obtain that the term on the right is bounded by

(ta — t1)sup [vDy, f(z,v)|

z,v
which tends to zero as to —t1 — 0. [l

Lemma 2.3.7. If f € L, 1 < a < oo, then U(t)f € C(R; L ). Suppose that f : R"™ x

x,v7

V — R, where the velocity space V is a compact set in R™. There exist f € LS°, such that

T,V

U)f ¢ C(R;LgS,). If f € LY, and in addition if f is uniformly continuous on R"™ x V, then

T,V

Ut)f € C(R; LgS,), and for each t fived, U(t)f is uniformly continuous on R™ x V.

Proof. The first claim is due to the following standard argument. Suppose that xq(z,v) is the

characteristic function of a cube @ in R?". The claim holds for xg. Then it holds for the class
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of simple functions on R?*" and by density for all f € LS . The counterexample needed for the

second claim can be taken again on x¢g. And lastly, the third claim is trivial. O

2.3.2 Duality and the TT*-principle.

2

Consider the operator T': L , — L?L;Lf,', given by

T[f](t,x,v) = f(x—tv,v).

Its formal adjoint T : LZIL;/LZ — Lim is the L2-valued integral

oo

T*[F)(x,v) = / F(s,z + sv,v)ds.

— 00

Then the composition of the two TT* : Lf/ L L' — LIL" LT has the form
(o)
TT*[F|(t,z,v) = / F(s,z — (t — s)v,v)ds.

By the T'T*-principle, see e.g. [41, p. 113], T and TT* are equally bounded with ||T||* = | TT*]|.

Thus, the two estimates are equivalent

ITfllLapyp <C ||f||Lg ; vfell,, (2:29)

ITT*Fllspy 1 < C* P VF e L L) LY, (2.30)

/
arrlrr
Lt LT L'u

where C' = ||T].
By duality, (2.30) is equivalent to

> * 2 / T/ r
‘/OO<TT [F](t)’ G(t»dt‘ S ¢ HFHLZ’L;'LZ ||GHL;1’L;'LZ ’ VFa VG € L? L’I‘ va
or equivalently

* * 2
‘/Oo [m<U (s)F.U (t)G>dsdt‘ < C* Pl o, G g
By symmetry, the last inequality simplifies to

VE, VG e LI L L’ (2.31)

2
B(F,G)| < C*|Fll g . |G g

Lr'Lr Lr'Lr>

where the bilinear form B(F, G) is defined by

B(F,G) = / / U GRU ()G dsdt
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and (-, -) is the bilinear pairing on R?", i.e.

(f,g) = o f(z,v)g(z,v)dzdv.

We note here that the homogeneous Strichartz estimates of (2.29) are typically proven via
the corresponding estimate for the TT*-operator (2.30), or the corresponding bilinear estimate
(2.31).

We now turn to the inhomogeneous estimates. Suppose that (¢,r,p) and (G, 7,p) are two

exponent triplets such that

ITfllpoprry <C ||f||Lg ’ Vfels,,

||Tf||L‘ZL;L{f <C HfHLg’v ) Vfe L;:va
for some 1 < a < co. By considering

L Dope  Lopaprre

T,V v

we obtain the consequence

ITT*Flap,pr < Cc? IE Nl g o+ VF € LILTLY. (2.32)

Note now that the exponents in the two sides of (2.32) are not any longer symmetric.
This estimate does not imply boundedness for the operator T. However, this estimate implies

boundedness for the inhomogeneous operator W (t).

Lemma 2.3.8 (The TT*-lemma). The following two estimates are equivalent

ITT*Fllpopypp < HFHLg’Lng’ , VFeL]L;LY, (2.33)

WO Fl ory 00 < IFll oy VF € L LY LE. (2.34)

Proof. Estimate (2.33) implies (2.34) since we can write

(=L

in the definition of the T'T™*-operator and then make a change of variables in the third integral
to transform it to an integral like the second one. The details are left to the interested reader.

The converse follows by the estimate

[W(t)F| <TT*|F|.
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Analogously to (2.31), we have that the inhomogeneous estimate

||W(t)F||L§L;L€ S ”F”LE'L;;’LE' , VFeLlL] LY,

is equivalent to the estimate

BEGN S IFll g0 1G]y (2.35)

VP eLILTIY VG e LI LT LY.

We summarize this in the following lemma below which was first proved by Keel and Tao

[30] in a slightly different context.

Lemma 2.3.9. (i) The boundedness of the operator T : L2, — LILTLT of the form Tf =
U(t)f is equivalent to the boundedness of the bilinear mapping B : LE,L;/Lz X L?lL;/Lz — C.

(it) The boundedness of the operator W (t) : LflLZ,ij, — LILI'LP is equivalent to that of
the bilinear mapping B : Lf/ LT L x LgIL;'L{,’/ — C.

The bilinear formulation of the TT*-principle of Lemma 2.3.9 together with time decom-
positions of the bilinear operator B(F,G) that are scaling invariant is a very powerful new
technique. At this stage we shall only introduce some definitions. Denote by € the region

{(t, s)|s < t} on the (¢, s)-coordinate plane.

Definition 2.3.10. We call any positive integer that is a power of two a dyadic number.
Furthermore, we call a square @ in R? dyadic if its side length is a dyadic number and the

coordinates of its vertices are integer multiples of dyadic numbers.

We apply Whitney’s dyadic decomposition on 2 and obtain the family O of essentially
disjoint dyadic squares @ (except for overlapping on the sides) such that the distance between
any square Q € O and the boundary of Q ({(¢, s)|t = s}) is approximately proportional to the
diameter of @, see figure 2.2. By O, we denote the collection of all squares in O whose side
length is A.

Thus we obtain the representations

=] |J. BEG =) > BuFaq),

A Qe0y A QeO0y

where

Bo(F.G) = / /Q (U*(5)F(s), U (1)G(1))dsdt. (2.36)
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Yt
rF’:tV,
4

Figure 2.2: Whitney’s decomposition for the region s < ¢

The advantage of the above decomposition is that whenever @ = J x I and @ € Oy we have

A= [I] = |J| ~ dist(€2, 99Q) ~ dist(Z, J). (2.37)

The very special property (2.37) of this decomposition allows us to obtain the following scaling

invariance
|BQ (F’ G)| S )\ﬁ(q,r,d,f‘) ||F||Lf/(J;L';,L?3’) HGHLZ’(I;L;’L?ZI) ) (238)
of each dyadic piece B in the bilinear form B, where
1 1 1 1
ﬁ(QaraCjaF):_+T_n<1___T>~ (239)
q q roT

The latter shall be proved in section 2.5.1 and in particular Lemma 2.5.4 gives the range for
the ordered 6-tuple of exponents (1/¢,1/r,1/p,1/4,1/7,1/p), where the local scaling (2.38) is

known to be true. Another scaling invariant quantity is given by

Lemma 2.3.11. If % —|—% <1, then

> [Bo(F,G)| < \@nan) 1EN 1 gz 2y NG L g1 (2.40)
Qe
Proof. In view of (2.38)
Z |BQ(F7 G)| /S /\[3((1,7’,(},?) Z HF”L‘Z(];L;’L{;I) HG”LEI(I;L;'Lfl) :
QEeO, QEON,Q=JXxI
An application of Lemma 2.3.12 below concludes the proof. |

Lemma 2.3.12. Suppose %—i— % > 1. Then

Z HfHLza(J) ||9HLp(I) < HfHLza(R) ||g||LP(]R) :
QEO,, Q=JxI
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Proof. The lemma follows directly from the inequality

p

D lagbil < | D layl? dolbl”]
j i j

which holds in the range % + % > 1, and the fact that for each dyadic interval I there are at

most two dyadic squares in Oy with side . |

Consider the bilinear operator A : Lf/ LT LP x LgIL;/Lﬁl — [2°, (for a definition of I$° see

page 105), defined by the formula

A(Fa G) = {bA}AEQZ = Z |BQ(Fa G)|

QEOA €27

The boundedness of A : LI L7 LF x LI L7 17" — I implies the boundedness of B : LY L7 L7 x
L:{L;l Lgl — C. Thus, in view of the bilinear formulation of the TT*-principle in Lemma 2.3.9

the estimate
||{b)\}||l1 S ||F||Lf/L;/L?3’ HGHLZ’L';/L?SI ’ VE € L:‘I Lfv Lg ’ VG € L:‘IL:"L;Z?

implies the boundedness of W (t) : Lg’L;/Lgl — LILTLP . We summarize this argument in

Lemma 2.3.13. The boundedness of the bilinear operator A : Lf/L;/Lgl X LgIL;/Lp' — I

v

implies the inhomogeneous Strichartz estimate

W@ Fllpgng0p < I1Fll g oy VF € LTLTLE.

2.3.3 Equivalent estimates

Lemma 2.3.14 (The Duality lemma). The following two estimates for W (t) are equivalent

HW(t)F”L?LgLﬁ SJ HFHL‘Z/L';/Lf' ) \VIF € Lg L:’;: LZZ )

HW(t)F”L?LgL’;’ SJ HFHLZ/L;'Lfl 9 \VIF S Lg L;ngla

for 1 <p,q < cc.

Proof. By duality, the first estimate is equivalent to

|B(F5 G)| S HFHL;?'L?;’L{ZI ||G||L3/LEIL£/ )
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forall F e LI L7 LF G e LY L" L' . We have that

v

B(F.G) = / / UM CORU (=r)Ghdrde,

by making the substitution ¢ = —s, 7 = —t in the definition of B(F, ). The integral in the

line above can be written as

(—1)" / / W O)F U ()G drdo,

by making the substitution x — —z and setting F'(¢t,z,v) = F(—t,—z,v), G'(t,z,v) =
G(—t,—z,v). Hence the second estimate follows. The converse follows by the same argu-

ment. O

Theorem 2.3.15 (The Equivalence theorem). A. The following three estimates are equivalent

WU papree SN lnsre s vf e LiL, (2.41)
W@ Flpaprre SIFllpippre,  VFE€ L{Ly L, (2.42)

IWEF | e e S IFll e vF e L{ L) LY. (2.43)

Lo Ly
B. Whenever b = ¢ = 2 estimate (2.41) is equivalent to

IW@F oy S 1]y vF e L L L, (2.44)

Ly'Lye
Proof. Part A. The homogeneous estimate (2.41) trivially implies the first inhomogeneous esti-
mate (2.42). By the Duality lemma 2.3.14, the two inhomogeneous estimates (2.42) and (2.43)
are equivalent. All it remains is to show that (2.42) implies (2.41).

Formally, the proof follows if we choose an inhomogeneous term F'(t) = §(t) f, where (¢) is

the delta function on R and f € LY L¢. Indeed, we have

WO =00 6@ fllLiryps = 1Fllzs e

which furnishes the argument. To give a rigorous proof instead of d(¢) we consider a smooth
approximation of the identity 6.(t), e > 0. Suppose that f € C&(R?") and thus by Lemma 2.3.6
Ut)f € C(R; LY LS). In view of Lemma 8.0.9,

v

IW@)[6efll o e = 10 x U@ fll o e = IU@ Lo e
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on R as € — 0. Finally, by Fatou’s Lemma 8.0.10

U@l s @izore) S hfi%lf W@l Lo rirore) S

hrﬁnj(r)lf ”(SEf”L%(R;Lng) S Hf”Lng .

The general case of f € LYL¢ follows by density since C(R?") is dense in L2LS and U(t) is

T v

linear.

Part B. This follows directly from Lemma 2.3.9. |

Remark 2.3.16. The Equivalence theorem still holds if instead of the Lebesgue L9-norm in time
we have the more general Lorentz L%%-norm in time. The formulation and proof in this case

are straightforward and shall be omitted.

2.4 Estimates for admissible exponents

2.4.1 Non-endpoint estimates

We prove here the sufficient part of Theorem 2.2.1 in the case of non-endpoint estimates. In

particular, we prove separately the homogeneous and the inhomogeneous estimate

HU(t)fHLgL;Lf, < ||fHLg , 1<a<oo, (2.16a)

W@ Flpgp. e SIF (2.16b)

G’ ~ 57
q !y Dy
L LT L%

respectively, where (g, 7, p) and (¢, 7, p) are two non-endpoint KT-admissible triplets subject to

the scaling condition a = HM(p, r) = HM(p', 7).

Proof. 1t suffices to consider only estimate

10O Mrsngry S0 lss -

since the general case of (2.16a) will follow by the power invariance (2.3). By the TT*-principle,
the last inequality is equivalent to (2.30).
In view of the decay estimate

1
”U(t)f”L;Lg’ S W HfHL;’Lg , 2<r< oo,

where 8(r) =n(1 —2/r), cf. Corollary 2.3.3, we obtain the following estimate for TT*F

= o |[F(s)llror
TTF|l e S Ut —8)F(8)||7ryr ds < Mds
[ LtLy ~ LiLj ~ It |l3(r)

— 00 — — S
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We take the L?-norm in ¢ and in view of the Hardy-Littlewood-Sobolev (HLS) theorem of
fractional integration, see [1, pp. 228-229], [41], we obtain

||TT*FHL§L;LZ’ 5 ||F||L3’L;/Lz )
whenever 0 < (r) < 1,14+1/q=1/¢'+5(r). The latter conditions are equivalent to 2 < r < r*,
1/q¢+n/r =n/2. The left endpoint r = 2 follows trivially from the transport estimate (2.26).
The right endpoint r = r* will be treated in sections 2.4.2, 2.4.3, 2.5.4.

The inhomogeneous estimate (2.16b) is a consequence of estimate (2.16a), the factorization

(2.32), and the TT*-lemma 2.3.8. O

2.4.2 The endpoint homogeneous estimate

This section is optional and presents a conjecture we have on the endpoint estimate

WU fllpaggery SIFla o VI € L2R2™). (2.45)

A direct proof of it is probably not easy and quite likely technically involved. Indeed, the known
real interpolation techniques are well-adapted to the scalar LP-norm where they produce Lorentz
norms that imply the correct spatial norm in the endpoint case. In the context of the mixed
LT LP-norm, however, they produce and endpoint norm which is neither weaker nor stronger
than the desired endpoint norm, see Keel and Tao [30]. The biggest technical challenge to
Keel and Tao’s perturbative technique is the invariance HM(p,r) = HM(p,7) in the local

inhomogeneous estimate

W@l arppwny SWENa gpe ey s

where |I| = |J| =1, dist(I,J) = 1, which does not allow us to perturbate the spatial exponents
freely, see section 2.6.5.
We shall, therefore, seek a more indirect approach towards a resolution of the endpoint

estimate (2.45). First, note that in view of the power invariance (2.3), (2.45) is equivalent to
IO g gor S 1Fllg - VF € L2(E), Va € (0,00). (2.46)

and thus from now on we shall be only interested in proving (2.45). Furthermore, by scaling

and duality (2.45) is equivalent to the local estimate

17 Flla S IFlagomnege - VF € L(0.T): L5 1Y), (2.47)
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for any time T > 0, where
T
T*F(z,v) = / F(s,z + sv,v)ds.
0

If we knew that (2.47) holds then this would have implied that T* : L2([0, T]; L. L") — L2

T,V

is bounded or equivalently continuous on these spaces. Let us first try proving the weaker
statement that T* is everywhere defined (but perhaps unbounded) on the same spaces. In

other words we are going to show that
IT*Fllpz < oo, VFeL{(0,T)L, LY.

The above inequality is equivalent to | T*F ||2L2 < oo which by symmetry is equivalent to

B(F,F) < co. Consider the following modified bilinear operator

T t—e
B.(F,G) = / / (U*(s)F(s), U (t)G(t))dsdt. (2.48)
o Jo
Recall again the dyadic decomposition in fig. 2.2 and see that

B.(F,F) <Y Bo(F,F)
Q

where the sum is finite for every ¢ > 0. Assume that the scaling invariance (2.38) holds for
the admissible triplets (q,7,p) = (¢,7,p) = (2,7*,7*") for n > 1. In this case we have that
B(2,7*,2,7*) = 0. Then notice that B.(F, F') < oo as it is bounded by a finite sum.

It is not hard to see that essentially
B(F,F) < BU(=¢)F,U(=)F).

Thus the desired boundedness of B(F, F') will follow if we can prove the following

Conjecture 2.4.1.
VF € L;([(0,T); Ly Ly ), 3e(F) > 0: |U(=€)F |l 2o 1ysnp> 117y < 00

Note that it would be enough to take F' with a compact support in R} x R, n > 1.
We shall next show that 7% : L2([0,T]; L% L7") — L2 is closed. We need to show that if

z,v

F, — Fin L2([0,T); L7 L") and T*F,, — G in L2, we have that T*F = G. Consider the

T,V

identity

for f € S(R?"), the Schwartz class on R?", and F, € L2([0,T); L. L"), where by (-,-) we
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denote the duality pairing on R?”*! in the left hand side and the duality pairing on R?” in the
right hand side. Since both pairings are continuous with respect to their arguments, it follows

directly from the Holder’s inequality, we have that

(Tf,F)=({f,G) =}, T"F).

By density, G = T*F.
Thus if our conjecture is correct, the proof would follow from the Closed-graph theorem,
which for convenience we state below, see any standard course in functional analysis, e.g. [23,

p. 45].

Theorem 2.4.2. A closed linear operator mapping a Banach space into a Banach space is

continuous.

Furthermore, by considering the action of U(e) on rectangles in R?"+1, one can see that for
a fixed €

U(=e): LF([0, T Ly Ly ) — LF([0,T); L L))

is unbounded. But it is easy to see that this operator is closed, so again by the Closed-graph

theorem it follows that
Ve >0, 3F € L{([0, T Ly Ly) : |U(=€)F |l 20,000 1) = 00

This negative result shows that our conjecture is quite subtle, but it is, still, not unnatural.
Indeed, it is in line with the spirit of the Strichartz estimates which suggests to expect less than

continuity of U(—¢), perhaps merely integrability, with respect to ¢ on the considered spaces.

2.4.3 Inhomogeneous estimates - revisited

We revisit again the inhomogeneous estimate

HW(t)F”LfL;L{j S HF”LZ' (2.16b)

L7 e
where now (g, 7,p) and (¢, 7,p) can be any two KT-admissible triplets subject to the scaling
condition a = HM(p,r) = HM(p',7"). We can show that this estimate holds for all F €
Lg’Lzngl unless when both (g,r,p) and (g,7,p) are endpoint. The new claim is the validity
of that estimate when one of the exponent triplet is endpoint but the other is not. This claim
follows from Theorem 2.2.2, which we shall prove in the next section, part (i). In the same
theorem, part (iv), and Section 2.5.4, one can find a weaker version of the double endpoint

inhomogeneous estimate 2.16b as well.
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2.5 Estimates for acceptable exponents

2.5.1 Local inhomogeneous estimates

Following Foschi [19], we want to find the range of local estimates for W (t) that are invariant

to the scaling

11 _p(1—1_1
W @) bxas Flllpagarzs py S AT 07570 17 VA > 0, (2.49)

"ASLE LYY
where I and J are two unit intervals separated by a unit distance and x, s is the characteristic
of the rescaled interval AJ.

The bilinear formulation of (2.49) is

|Bo(F,G)| S A @ral |k el (2.50)

Li (57 Ly LI (L' Ly

where @ is the square I x J.

Lemma 2.5.1. Estimate (2.49) holds for any two (non-endpoint) K T-admissible triplets (q,r, p)
and (q,7,p) with a = a'.

Proof. The proof follows trivially from Theorem 2.2.1 due to the fact that 5(q,r, ¢, 7) = 0 under

the hypothesis of the lemma. O

Lemma 2.5.2. Estimate (2.49) holds with (q,r,p) = (co,r,p) and (g, 7,p) = (co,p’,7’), where

1<p<r<oo.

Proof. Due to the decay estimate (2.27) we have that

F(r Pror
JRiullr

sup ||W(t)[X>\JF]HL;Lf, < sup (1-1)
teXT ‘ N |t ="\

teN

< A\B(o0,m00.p") HF”Ll(,\J;Lng) )

O

Lemma 2.5.3. Whenever (q,r,p) and (¢,7,p) are exponent triplets for which estimate (2.49)
holds, we have that (2.49) also holds with (Q,r,p) and (Q,7,p), where 1 < Q < ¢, 1< Q < q.

Proof. A trivial application of Holder’s inequality

1 _ 1
WO DT Fll pearnrrny S A2~ IWE DA Flll oarnrrr

< MN@Qra?) | F)| B AB@rQP) | ]| 0O

Ld (AJ; L7 LE LO' (AJ,LY LBy

Let us define the range of validity of the local estimates (2.49) as the set £ in R®. Each

point in & corresponds to a 6-tuple of exponents (1/q,1/r,1/p,1/q,1/7 1/p). Below we find

33



the convex hull £* (£* C &) of the points in RS that correspond to the estimates in the three

lemmas above. We shall call any point or collection of points in £ acceptable.

Lemma 2.5.4 (Local inhomogeneous estimates). Estimate (2.49) holds whenever the exponent

triplets (q,r,p), (4,7,D) satisfy the following conditions

11 1111
0<—-,=-<1, 0<—-,-,-,=<1, (2.51)
rr q9 4qpp
ol Lol i) = aMgy, #) (2.52)
r 7p’ /f; 7?57 p7 - p7 ) N
1 1 1 2 1 1 1 1 2
- —=z—-——+-<—, —-=—=-—=—=-+=-<—, (2.53)
r p rr p ng r p rr p nq
n—1 n—1 n
< =, — < —, 2.54
or if the point (1/q,1/r,1/p,1/G,1/7,1/p) lies inside one of the cubes in R® below
(k,0, b, 1 — p, 1), 0<k,puv<l,
(2.55)
(’%)1_”71)”70)”)) OSK,IM,VSIL

Proof. We apply the Riesz-Thorin convexity theorem to interpolate between the already proven
local estimates. In essence, we find the convex hull of the locally acceptable sets associated with
Lemmas 2.5.1 and 2.5.2 and then expand that set by the rule given in Lemma 2.5.3.

The set of acceptability S of the local estimates in Lemma 2.5.1 is given by the system

11 1111
0<—-=z<1, 0<—-,=,—,=<1, (2.56)
rr q q pp
1 1 1 1 1 1
L ; tzﬁ -—— =, (2.57)
qg 2\p r qg 2\p T
1 1 1 1
S+t -+==2 (2.58)
r p T D
—1 1 -1 1
" nr ) n~ <an , (2.59)
p r p r

or if (1/¢,1/r,1/p,1/4,1/7,1/p) € {B,C|B = (0,0,0,0,1,1),C = (0,1,1,0,0,0)}.
Note that S is a convex polyhedron in R® and the two points B and C lie on its boundary.
The set of acceptability S of the local estimates in Lemma 2.5.2 is the convex hull (in fact a

triangle) of the three points

A=(0,0,1,0,0,1), B =1(0,0,0,0,1,1), C =(0,1,1,0,0,0). (2.60)

Vertices B and C' are already included in S7, thus it would suffice to take only the vertex A.
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Hence, we obtain the following set

N U RS’

Q q R P p’

1

ng, i:ﬁ, i=1—9+g, 0<6<1,
Q 4 R P D

where (1/Q,1/R,1/P,1/Q,1/R,1/P) are the coordinates of the new set Sz written in terms of
(1/¢,1/7,1/p,1/G,1/7,1/p) and 6. Of course, to S3 we must also add the line segments [A, B]

and [A, C]. We shall treat this case separately at the end.

Finally, we apply the rule given in Lemma 2.5.3 and thus we replace the equations for @

and Q above with the following inequalities

1

12_2 9 ]-
Q

vV

Qi =
Vv
2

LSRN

plus the restrictions

S|
IN
< =
IN

hs R
el =

which were implicitly assumed in (2.57).

1. We first eliminate ¢ and ¢ from the system for S; to obtain

Lonf0 0N L 1. onf, ;1 1
Q" 2\p 1)’ Q2 P R)’
0

N 1 1 2
~ P R nQ
Similarly,
1 1 2 11

LS S N R
R P R P 7
3. Reworking condition (2.59), we obtain
0<n+11+i 0<n+11+i
n—1R P n—1R P!
4. Condition (2.61) is replaced by
1 1 1 1
P’+R—0’ p/+R—9
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5. Finally, conditions (2.56) are transformed into

—_

1 1 1
_7Ta_a_~S0; OS_5_~7_5_~5_7_~S1-
P’ pR R QQ P PRR

6. We group all conditions obtained in the previous 5 steps according to their type

1 1 1 1 1 1 1 1
0,5, =5 =5 +ts = +t==0. 2.62
PR REP TR RS (2.62)
1 1 2 1 1 2 n+11 1 n+11 1
0<_ —— Ty T~ — _~7 — _’ - 771. 2~63
7R+P’+ nQ’ R+P’+nQ n—1R+P’ n—1R+P/ ( )
1 1 1 1 1 1 1 1 1 1
0<—, =, =, =, =, = <1, — 4=+ =+ ==2. 2.64
TQ Q PP R R P R R P (2.64)
7. We discard the redundant conditions like
1 1 1 1
0,————<9
P’ PR R

which are all weaker than the other two in (2.62).
There exists 6 solving all inequalities in (2.62), (2.63), if and only if every quantity in (2.62)
is bounded from above by any quantity in (2.63). Thus we form all possible combinations

between the quantities in the two types of (reduced) inequalities to obtain the following set of

conditions

1+1 1+1 2 1+1 1+1+2
R P~R P nQ) R PP~ R P nQ
1 1 n+11 1 n—1 n
_+_< — 77 _~’
R " " nmn—1R P/ P’ R
1+1<n+11 1 o n—1<n
R p! n—1R P P R’

1 1 1 1

_<_7 _~§_~a

R P P

describing the region Ss.

8. We apply the rule given in Lemma 2.5.3 to the two line segments [A, B] and [A, C] to

obtain the following two cubes in R®

(/.L,O,Kl,l/,l—/i,l), OSN,V7HS1,
(2.65)
(u,1 =k, 1,v,0,K), 0< v,k < 1.
Hence, the computation of the set £* is finished. |
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2.5.2 Non-endpoint global inhomogeneous estimates

Recall that under Lemma 2.3.13 in order to show the inhomogeneous Strichartz estimate

||W(t)F||L3L;L§3 S ||F||L5’L,;IL5' , VE € L? L LY,

it is enough to show the estimate
10}l S WF N g NGy oy VF € L LY L WG € LY 1718

where

{bA}Aeﬂ = Z |BQ(Fa G|

QEON Ae2Z

Suppose that (1/q,1/q) € A, where A = {1/¢ >0,1/G > 0,1/¢+1/¢ < 1}, and that P =
(1/q,1/r,1/p,1/4,1/7,1/p) € E* together with a small neighborhood of P on the (1/¢q,1/q)-
plane. We shall denote this set by &£. In virtue of Corollary 2.3.11 we have the estimate

b3l S XD P Lo G

7 1B 1o
L7 Ly L7 Ly

or in other words {bx} € I57, . - . Let us set

Vg =1/q+€ 1/Go=1/G+¢ 1/ =1/q—3¢, 1/@1=1/G—3e.

By the assumptions, if € > 0 is small enough we have that the perturbations of P with temporal

components equal to any of the above also belong to £;. Suppose also that
1/g+1/G=n(1—-1/r—1/F). (2.66)

Then we have that 5(qo, 7, do,7) = 2¢, and B(q1,7,Go,7) = B(qo,7,G1,7) = —2¢. The following
bilinear maps

ALOLT P s LOpr LY e,

A LOLT D s BT Ly e,

A LBLTLF < LOLT 1Y — 1%,

are bounded. In virtue of Lemma 8.0.7 we have that the map

A: (L?()LZ'L{?/,L?1L21L51)1/47(T X (LgSL;/LpI LgiL;/L{j’)WM/ — (152,1%)1/2.1-

v
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is also bounded. Finally, in view of the well-known interpolation identities of the Lorentz spaces

and that of Lemma 8.0.6, this simplifies to
ALILTL? x L9071y — 1L

Now let us recapitulate all conditions that we have imposed so far on the exponents. We
have the conditions of the local estimates (set £*) plus the scaling condition (2.66). Note
that conditions (2.53) together with (2.66) are equivalent to (g,r,p) and (G,,p) being KT-
acceptable. Let us also note that the two locally acceptable cubes in (2.65) give rise to the two
globally acceptable sets (cubic cross-sections) X1 and Yo in definition 2.1.4. Putting all these
together we obtain an explicit description of the cross-section of & with the hyperplane (2.66),

which is presented as part (i) of Theorem 2.2.2.

2.5.3 Endpoint global inhomogeneous estimates, case of § = oo

Suppose now that (1/g,1/q) lies on either one of the two catheti of AOAB (without loss of
generality we suppose that 1/¢§ = 0), without the two endpoints (0,0) and (1,0). Suppose that
Py, =(1/q,1/r,1/p,0,1/7,1/p) € £ together with a small neighborhood of 1/¢q on R. We shall
denote this set by &. In addition, we suppose that P, lies in the cross-section of £ with the
hyperplane (2.66). Then we have

A:LILE P x LOoLr I — 12°,

ALY P < LD 1Y — 1,

where

The real method with parameters (0, q) = (1/2,1) gives that
AL LP x L9 LT LY 1
By the T'T*-principle, this means that

IW@OF o1 < IF] (2.67)

Y
LirLh

for all F € LIL” L whenever (g,r,p) and (oo, 7, p) satisfy the assumptions we have made so
far. This is summarized as part (i) and part (iii) of Theorem 2.2.2.

In view of the Equivalence theorem 2.3.15 and especially the remark afterwards, we also
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have the following homogeneous estimate

WO flpaoerrr S I fllLyre » (2.68)

for all f € LY L¢, where we have set b = 7, ¢ = j', in the same range as the above inhomogeneous
estimate. We can get rid of the Lorentz norm in (2.68) and replace it with the Lebesgue norm
||'||L;1 if we slightly perturbate the exponents ¢, b, and ¢, and then interpolate with the real
method with (6, ¢) = (1/2, ¢), and make use of Proposition 8.0.5. Using the Equivalence theorem
2.3.15 in the other direction, we also sharpen (2.67) to a Lebesgue norm in time. To summarize,

we have

Lemma 2.5.5. The estimate

WUl pangrn S s g - (2.69)

holds for all f € L%LS whenever

= p<b<a<c<r, r<

n n n
- )
r

n—1

Za
HM(r,p) = HM(b,¢) = a, 1<gq,b,c,p,7 <00, q>c.

Note that condition q > ¢ can be removed if we replace the LY —norm by a LY —norm. More

generally, the estimate

NU@) fll Lo prrr S Mo re (2.70)
holds for all f € LYL¢ whenever
1 n n n
—+—=—, p<b<a<c<r, r< c,
q b n—1

HM(r, p) = HM(b, ¢) =4 a, 1<q,bepr<oo.

Lemma 2.5.6. Suppose that (q,7,p) and (co,7,p) are two jointly KT-acceptable exponent
triplets such that r < 57 (r < coinn = 1), ¢ > ¢, and 1 < q,b,¢,p,m < co. Then

the estimate

||W(t)F||LZL;Lf, S, ||F||Lt1Li’Lg’/ ’

holds for all F' € L%LT’;L%I. Similarly, if (co,r,p) and (¢,7,p) are two jointly KT-acceptable

exponent triplets such that 7 < 51" (F <ooinn=1),§ <p, and 1 < q,b,c,p,r < 00, then
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the estimate

HW(t)F“L;X’Lng S ||FHL?L;’L§/

holds for all F € L LT L7 .

Proof. The lemma follows directly from Lemma 2.5.5. Note that the condition p < b which in

the current notation translates to p < 7 is a consequence of the conditions

1 1 ( 1 1) 1 (1 1)
-4+ —=n({l-—=-—=|, —-<n|-—--],
qg o0 rooT q p T

so that it is automatically kept. The next inequality b < ¢, in current notation p < 7, can also
be assumed to hold since then otherwise the triplet (0o, @, a) is KT-admissible and so it is the

triplet (g,r,p), a case treated in Theorem 2.2.1. O

2.5.4 Endpoint global inhomogeneous estimates, case of ¢ = ¢

We are not able to prove this type of estimates for the KT equation. The main reason for
that is, especially when compared to the Schrodinger and the wave equation, that we cannot
perturbate the spatial and velocity exponents (p,r,p,7) freely, even on the level of the local
estimates, see the counterexample of section 2.6.5.

However, we can prove weaker versions of this type of endpoint estimates if we assume that
the velocity L?-norms are given over a compact velocity space V' C R™. In fact, such an assump-
tion is physically relevant. Consider now a 6-tuple of exponents (1/¢,1/r,1/p,1/4,1/7,1/D)
whose projection lies on the hypotenuse of AOAB, recall fig. 2.1. We also assume that
Py = (1/q,1/r,1/p,1/4,1/7,1/p) € £* with a small neighborhood of (r,p,7,p) € R: We
shall denote this set by £3. In addition, assume that P; lies in the cross-section of £3 with the

hyperplane (2.66). Consider the small perturbations of the point Ps

1 1 1 1 1 1 1
- = —+e, — = = +¢ - = - —, — = < — €,
ro T o T Po P Po P
1 1 1 1 1 1 1
- ==—=3¢ —==-3€¢ - =-+3, —==++3€
r1 T T1 T D1 P 1 P

We have that 8(g,70,q,70) = 2ne and B(q,r1,4,70) = B(q,70,4,71) = —2ne. Hence the

maps

~r FI ~/ ’ T/ ’

A LVLOLE x LY LRLE — 1%,
(j/ FI ﬁ/ (], T/ p/ 0o

A LTLRLE x LY LA LR — 1,

L ﬁ/ ropt p/
A LI Ly Lyt x L LY Ly — 152,
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are bounded. In virtue of Lemma 8.0.7 and the well-known interpolation identity
(LP(R; Ao), LP(R; A1))o,p = LP(R; (Ao, Ar)ep), 1 <p < oo, (2.71)
see [2], the map

5 ﬁ/ 5w ﬁ/
A : (Lg LmOLUO,Lg Lml L1)1)1/4’[1‘l X

/ 7 / 7 ’ /
q 170 1 Po qg rTirh1 00 700
(Li L’ Lo, Lf La* L' )1ja,g — (15¢,12%)1/2.1

is also bounded. In view of the fact that V is compact we have that LP'(V) < LPo(V)
and LIS(V) s L (V) whenever 1 < P < min(po, p1). Analogously, L' (V) < LPo(V) and
LP' (V) < LP (V) whenever 1 < P < min(pg, p1). Thus we also have that the map

A (LI LPLE LT LALE ) 4 g

v

(L LELY LY L LY ) jag — (53,1501,

is bounded. Finally, in view of the interpolation identity (2.71), the above map simplifies to
A LI LA LP s pd o ot

By the TT*-principle, this implies the estimate

WO F sty Sv 1F g o) (2.72)

for any P, P, such that 1 < P < pand 1 < P < p, and any two jointly KT-acceptable exponent

triplets (¢, r,p) and (g, 7,p) whose exponents further satisfy the following conditions

1<qqg<oo, q=¢, q<r, ¢<T

n—1 n n—1 n
<=, — < —.
p p r

/ /

2.6 Counterexamples and sharpness of the estimates

In this section we present some counterexamples to the Strichartz estimates (2.6), (2.8) for

U(t), and the inhomogeneous estimates (2.7) for W (t).
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2.6.1 Geometric interpretation of the Strichartz estimates for the ho-

mogeneous KT equation

Let us begin with the case n = 1. We denote by A[f] the velocity averages of the kinetic

transport evolution group U (t),

A[f)(t,z) = /  fo - to, v)d.

We can write this integral as a line integral

Al = o= [ s

along the straight line 7, ¢ in the (z, v)-plane that passes through the point X = (z,0) with gra-
dient equal to —1/t. Let f(z,v) = xg(x,v), where x¢ is the characteristic of some measurable

set @ in the plane Ozv. We can interpret ||U(t)xql| . geometrically. By the above,

1
Ut w71 = —————— €8S su / l)dl,
H ( )XQHL:E L} \/H—tQ meg - XQ( )

or in other words [|U(t)xql| 1 is the essential supremum of the (line) measure of all inter-

sections of @) with straight lines in a fixed direction (times a factor in ¢).

Lemma 2.6.1. There exist an open set (Q on the plane of arbitrary small positive measure €
that contains in its interior a unit line segment in every direction. The sets Q(e) can be chosen

to be uniformly bounded with respect to e.

Proof. We repeat the construction of a Besicovitch set, see Besicovitch [3]. As we do not need
to turn the line segment continuously, so we drop from the construction the joints between the
triangles. This allows us to keep @ bounded regardless of e. We iterate a finite number of
times, thus the resulting set is a polygon, a modification of the so called Perron-Schoenberg
tree. For () we choose any open set that properly contains the latter so that the measure of

their difference is small enough. We shall also call the set @ a Besicovitch set. O

It is now clear that the one-dimensional endpoint

IO llrzrery S 1 lse (2.73)

fails on the characteristic functions of Besicovitch sets (thus we recover the result of [25] by

different means).

Lemma 2.6.2. The Strichartz estimate
WO oy < 1oy (2.74)
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fails for some f € LYLS, whenever 0 < q,p,b,c < 0o, ¢ # 0o. Furthermore, if ¢ = oo all

T v’

remaining estimates of the form (2.74) are
10O grrerze S 1l pone (2.75)

and also fail, except in the trivial case of ¢ = oo which holds. Therefore, there are no non-trivial

homogeneous Strichartz estimates (2.8) with r = oco.

Proof. We begin with the case n = 1. It is enough to consider only the case when all exponents
q,7,p, c are bigger or equal to one. We set f = x, where @Q is a Besicovitch set on the (z,v)-
plane of measure € > 0. If ¢ < oo, by Holder’s inequality ||XQHL3L5 < ”XQ”LEL% = ¢'/¢. Note
that the assumption ¢ < oo is essential to guarantee that ”XQHLl;Lg is small if the measure of
Q is small. In view of the power invariance (2.3), we can always assume that p = 1 in (2.74).
Then we have that the right hand side of (2.74) is O(e!/¢) while the left hand side is O(1). For
higher dimensions n > 1 we repeat the same argument with the product set Q™ = Q x @ X ...Q.

The fact that the estimates (2.74) must have the form (2.75) whenever r = ¢ = oo follows
by scaling. These estimates fail because the pair (g, r,p) = (g, 00, nq) is not KT-acceptable, see

(2.84). O

Lemma 2.6.3. A. The Strichartz estimate

WO Fll popeorr S 1l (2.76)

G’ ~ 57
q !y Dy
L LT L%

fails for some F € LflLZ,Lf/, whenever 1 < q,q,p,p,7 < 0o, P’ # oo.
B. Moreover, if p' = oo estimate (2.76) holds for all F € Lg’Lf;/Lgo whenever (q,r,p) and

(q,7,p) are two jointly KT-acceptable triplets, that is
(I/Qa ]‘/r’ 1/p7 ]-/Qa 1/7’2 1/15) € E1 U Ba

(recall definition 2.1.4.)
C. Thus, the only remaining estimates of the form (2.76) with r = p' = oo have their
exponents lying on the boundary 0% of the set 1. They are

W@ F|lapeepe S 1l rppapee (2.77)
L Py 1 P (278)
WO F Lapeory S IFllpapnpee,  for1<gq<oo. (2.79)

Estimates (2.77), (2.78) fail. Also forn =1 estimate (2.79) fails too. Thus, the only unresolved

inhomogeneous estimates having r = oo are those in (2.79) for n > 1.
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Proof. Part A. Again, it is enough to consider in detail only the case when n = 1. We put the
inhomogeneous term F'(t,z,v) = x(t € [0,1]; (x,v) € @), where @ is a Besicovitch set on the
(z,v)-plane of measure € > 0. Then F is a characteristic function of a set in R?*! with measure
e. Thus, as above, estimate (2.76) fails whenever ' < cc.

Part B. In the case when p' = 00, 1 < ¢,§ < oo and 1/¢+1/q < 1, the estimate (2.76) holds
in view of Theorem 2.2.2, see the case of the set ¥.

Part C. Suppose that p’ = 0o, 1/¢+ 1/¢ < 1, and either ¢ or § is equal to co. In such case
we deal with estimates of the form (2.77) or (2.78). These estimates fail because the exponents
are not KT-acceptable, see section 2.6.4 and in particular condition (2.86).

We next consider estimate (2.79) in dimension n = 1, so that 1/¢+1/§=1,1 < ¢,§ < 0.
Take F(t,z,v) = ¢(t)v(x)g(v), where ¢(t) = xp0.1)(t), g(v) = 1 € L®(R), and ¢ € L'(R),
1 > 0. We have

[ wora= [ [ s - - s
> ol Il | o) = o

Consequently, all estimates of the considered type fail.

Finally, the estimate (2.79) is left open for n > 1. O

Lemma 2.6.4. A. The Strichartz estimate

WO F Loy e S I Ly (2.80)

=1
P
Lirf o

fails for some F € L?/L;Lgl, whenever 1 < q,q,p,p, 7 < 00, p # 1.

B. Moreover, if p = 1 estimate (2.80) holds for all F € LflL;Lgl whenever (q,r,p) and

(q,7,p) are two jointly KT-acceptable triplets, that is

(1/Q71/T71/p51/671/f71/ﬁ) S 22 UC;

(recall definition 2.1.4.)
C. Thus, the only remaining estimates of the form (2.80) with ¥ = p = 1 have their
exponents lying on the boundary 0%o of the set Xo. They are

IWOF| ooy SIFlipage s p = (ng) (2.81)
WO F 20y SIFlypye - = (n0) (2.82)
WO Flprery S 1Flpgnyrg. o =n1<q<oo. (2.83)

Estimates (2.81), (2.82) fail. Also for n = 1 estimate (2.83) fails too. Thus, the only unresolved
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inhomogeneous estimates having 7 = oo are those in (2.83) for n > 1.
Proof. Follows by the preceding lemma and duality. O

Remark 2.6.5. In the preceding lemmas we showed that there are no nontrivial homogeneous
Strichartz estimates with a Lebesgue exponent r = co. Furthermore, in the case of the in-
homogeneous Strichartz estimates the set of admissible (acceptable) exponents with either r
or 7 being equal to oo is precisely described by the sets 31 and 3o, respectively. As we saw,
the only unresolved such inhomogeneous estimates have their exponents lying on the boundary
0X1, 0%, respectively, for n > 1. We mention preemptively that due to these counterexamples
all Strichartz estimates for U(t) and W (¢) in spatial dimension n = 1 are now known (although
some endpoint estimates, e.g. with ¢ = oo, or ¢ = co, appear in a modified form in terms of a

weaker Lorentz-norm in time.

In the remainder of this subsection we extend the geometric interpretation of the KT evo-
lution operator to higher dimensions, more precisely that of ||U(t)XQHL;L11)a where 1 < r < oo,
and n > 1. We only sketch our argument so this part can be skipped on a first reading. In
fact, condition (2.84) can be derived on an elementary counterexample similar to those in the
subsequent subsections.

It is not hard to see that

/ / xo(l)dlde = /1 +¢? // (m/2 = 0)xo(l,m)dldm,
Ve, t

where by R(1) we denote rotation by an angle ¢» and cot § = —t. Therefore, if we denote

N:(6.Q) = [IR(/2 ~ 6)xqll 1 -

we obtain the representation

1 1/r'
HU(t)XQHLgL;L}, = H(ﬁ) N.(0,Q)

= H (sin 0)1/T/_2/q N,.(6, Q)’

La(R)

La(0,7)

Note that when the exponent triplet (g,r,1) is KT-admissible in n = 1, that is 1/q =
1/2(1/p — 1/r) we have that

10Xl Lspy s = IN-(0, @)l Lago,x) -

We can generalize the above idea to any dimension n by considering the product Q™ =
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Q@ X Q X ...Q. By repeating the argument above we obtain

n/r’
1 n
IO ®xe llzgryey = H (W) N0, Q)

Let @ be the unit circle in the plane Oziv1. Then obviously N, (6,Q™) = const for all

Li(R)
0 € [0,7]. Consequently, the norm above is finite only if » > 1, gn/r’ > 1. By the power
invariance (2.3), we generalize to any admissible (¢, r, p) and obtain the restrictions
1 1 1
r>a, —-<n|l-—-=], org=00,1<p=r <o, (2.84)
q p T

to the range of validity of estimate (2.6). The restrictions above trivially imply that p < r.

2.6.2 Homogeneous estimates

By scaling, see Lemma 2.3.5, estimate
10O pargrs < 1 Flpg .. VF € LS, (2.6)
can only hold if

+

=3

n
=— =HM .
S a=HM.)

| =

By the T'T*-principle, estimate (2.6) with a = 2 is equivalent to

VE e LILTLT .

’
ks T T v
La: Lv

17T Fll o, S Iy

By translation invariance in x, see Proposition 8.0.13, » > 7/, or equivalently > 2. By the
power invariance (2.3) we generalize the case a = 2 to any 0 < a < 00, the respective condition
isr > a.

We now find the upper bound on r, that is the bound r < r*(a). To that end, we first
consider again the special case a = 2. Note that the condition ¢ > 2 is equivalent to the one
at hand. By translation invariance in t, see Proposition 8.0.13, ¢ > ¢’, or equivalently q > 2.
By the power invariance (2.3) we generalize the case a = 2 to any 0 < a < oo, the respective

condition is ¢ > a, or equivalently » < r*(a). Thus in view of (2.84), p*(a) <p < a <71 <1*(a).

2.6.3 Homogeneous estimates for mixed LP-data

If we consider the mixed LP-data estimate

WM psrre S W llppe ., Yfe Ly L (2.8)
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then most of the preceding section applies as well. By scaling, we have that the conditions

1 e
St M) M) (2:85)

Sl

are necessary. The conditions p < a < r and a < r carry over from the preceding section. We
do not have, however, a suitable counterexample giving that exact upper bound 7*(b, ¢) to r in
estimate (2.8) in n > 1. The last condition we need to verify is that b < c¢. Estimate (2.8) is
equivalent to

ITT*Fllpaprry S Wl ippre s VE€E LiLy L.

By duality, it is equivalent to

/ ’ /
ITT*Fl oo py o S HF”Lg’Lng’ , VFeL{L,L7.

By the restrictions on the inhomogeneous estimates, see section 2.6.4, we obtain & > ¢ or
equivalently b < ¢. Thus we have that p < b < a < c <r (p < b follows from (2.84) and (2.85))
ora=b=c=p=r (and g = c0).

2.6.4 Global inhomogeneous estimates

In this section we present some counterexamples to the validity of the inhomogeneous estimates

IWOF | angr S 1P ey (2.7)
By scaling, see Lemma 2.3.5, we obtain that the conditions
1 1 1 1
g " (1 T T) . HM(p,r) = HM(#,7) < a,
g g roT
are necessary.
Consider F(t,z,v) = x (0<t <1,|z|] <1,|v] <1). When ¢ > 1 we have that
1 1
TT*F%W(t)F%X(’v—% < ¥,|v| < 1) %x{vw g,xwt}.
Hence,
W) F Ly ~t7 7, > 1.
It follows that ”W(t)FHLZLTLS < o0 only if
(E—E>q<—17 or if ¢ =00, = p. (2.86)
r.p

By the duality Lemma 2.3.14, the dual exponents (G, 7, p) must also satisfy (2.86). Thus we
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have that the conditions p < r and p < 7 are necessary for the validity of estimate (2.7). The
same conclusion applies if we replace W (t) by TT™ in (2.7).

‘We now show that conditions

+ S]-a _+

Q| =
SN

are necessary for the validity of estimate (2.7). Indeed, that follows from the translation in-
variance of W (t) in ¢ and = and Proposition 8.0.13. We check this fact only for ¢. Consider
F.(t) = F(t — ) and W (t)F,. We have

/t Ut — )F(s — 7)ds = /M Ult— 7 — 0)F(0)do,

—o0 —o00

or in other words W (t)F, = W(t — 7)F, QED.
Thus we have fully verified the necessity of the condition that (g,r,p) and (¢, 7,p) be two
jointly K'T-acceptable exponent triplets (apart from some boundary cases, e.g. ¢ = 00, etc.)

We do not have a suitable counterexample showing the necessity of condition

-1 -1
o o s (2.15)
4 r P r
However, we can show that the similar condition
n 1 n n 1 n
— <=4z, —<-+-, (2.152)
p q T p q T

is sharp. Indeed, (2.15a) is a direct consequence of the two conditions (2.12), (2.13). Condition
(2.15a) implies (2.15) whenever p’ < ¢ and p’ < ¢g. Thus, if there are some other global
inhomogeneous estimates for W (t) not included in Theorem 2.2.2, they must belong to the

range § < p’ or g < p'.

2.6.5 Local inhomogeneous estimates

In this section we show that the condition HM(p,r) = HM(p',7’) is necessary for the validity

of the local inhomogeneous estimates, for example for the estimate

”W(t)FHLZ([Q,S];L;Lﬁ) 5 ||FHL?/([17Q];L§'L{:/)' (2-87)

The implication of this is the fact that we cannot perturbate the exponents p,r,p,7 freely.
Therefore, the perturbative techniques for treating the endpoint homogeneous and inhomoge-
neous estimates do not apply to the present context. However, we managed to circumvent
that difficulty for the endpoint homogeneous estimate but not for the endpoint inhomogeneous

estimates with exponents (1/¢,1/§) lying on the hypotenuse of AOAB in fig. 2.1 which we
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leave open.

Let us set F(t,z,v) = x (t € [0,1], (z,v) € Qr), where by Qr we denote the cube of side

length 2R with center at the origin of R?", that is
Qr={(z,v) : [zl <R, |vllo <R},
where ||z||, = sup;<,<,, |7i|,for x = (21, ..,2,). Hence,
1Bl g oty ~ BT
We set 7 = ¢ — s, and consider the set Qr(7) given by
o= (¢ — )l < R ol < R.

Then, for t € [2,3], s € [0,1], and therefore 7 € [1, 3], we have the inclusions

Qr/a C Qr(T) C Qur.

Hence,

W@ Fll s 22,0y ~ R7 7

We conclude that condition
1 1 1 1
Sto=ats
rop r D

is necessary for the validity of the local estimates (2.87).

2.7 Some open problems

The following estimates remain unresolved.

1. In dimensions n > 1, inhomogeneous endpoint estimates of the form
WOl gy < 1Fl s

for 1 < ¢ < .

2. In dimensions n > 1, inhomogeneous endpoint estimates of the form
W@ F Lappry S W papare

for 1 < ¢ < oo, where p=n/(n—1).
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3. In dimensions n > 1, all endpoint inhomogeneous estimates of the form

W oryrp S IF g

4. To remove the Lorentz norm in time for all endpoint estimates with ¢ or § = co (2.18),
(2.19), and replace it by a Lebesgue norm.

5. In dimensions n > 1, the full range of validity of the estimate

||W(t)F||LZL;Lf, S, ”F”Lf'L;’L‘E' )
that is to show whether condition (2.15) is sharp or otherwise find all other estimates of

the above type.

6. In dimensions n > 1, the analogous question in the context of the generalized homogeneous
estimates, i.e. the question of what the precise upper bound r*(b, ¢) to r should be in the

estimate
WA Larrry S UL pe -

7. In dimensions n > 1, if the upper bound r* (b, ¢) = nc/(n— 1) given in (2.20) is not sharp,

then find all remaining generalized homogeneous estimates.
We would also like to ask the following questions
1. Is there any improvement to the above estimates for spherically symmetric f or F'?

2. It would be curious to know what happens with the estimates of Lemmas 2.6.2 and 2.6.3

that we showed to fail if one replaces the L*>-norm in space by the BMO-norm?

3. What are the best constants in the Strichartz estimates for the KT equation and what are
their maximizers? Are the characteristics to Besicovitch sets, or to any other distinguished

family of sets, maximizers to certain estimates?

4. What is the full range of acceptability of the local estimates, that is the set £7 The answer
to this question might help us understand the analogous question in the context of the
Schrodinger equation, see Foschi [19, sect. Open questions]. One distinct advantage to
working in the context of the KT equation is that we avoid the technical complications

associated with oscillations characteristic to other contexts.
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Chapter 3

Application to Kinetic

Chemotaxis

In this chapter we consider the Othmer-Dunbar-Alt kinetic model of chemotaxis (3.1) - (3.3)
and prove its global well-posedness for small data in space dimensions n > 2 by making use
of the Strichartz estimates of Theorem 2.2.1. With this result we extend and improve the
results of [28] and [8] and would like to encourage the use of the Strichartz estimates for the
KT equation as a new tool for proving global well-posedness for small data in the context of a
nonlinear kinetic equation.

Our attention to the Othmer-Dunbar-Alt kinetic model and the possibility of studying its
well-posedness via Strichartz estimates was drawn by [8]. However, the authors manage to
prove only weak global solutions to that system without uniqueness. It seems to us that our
improvement is made only possible by the larger range of inhomogeneous Strichartz estimates
that we have now at hand. Another distinction between our approach and that of [8] is the fact
that we estimate the chemoattractant S(¢,x) in terms of spacetime estimates, while in [8] this

quantity is estimated for fixed time.
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3.0.1 Introduction
The kinetic model (3.1) - (3.3) describes a population of bacteria in motion in a field of a

chemoattractant, see [8], [7], and the references therein. The system reads

Ou(t,z,v) +v - Vyu(t,z,v) = / T[S)(t, z,v,v" )u(t,z,v")dv’, (3.1)
VeV
—/ T[S|(t, x, v, v)u(t,z,v)dv’, t>0,zeR" veV
eV
— ALS(t @)+ S(t,x) = p(t, ) & / u(t, z,v)dv, (3.2)
veV
u(0, z,v) = f(z,v) >0, (3.3)
where by u(t,z,v) we denote the cell density in phase space and we assume that the space
of admissible velocities V' C R™ is compact. The cell density in physical space is denoted by
p(t, z), where t and x are a time and a space coordinate respectively. The free transport operator
Opu(t, x,v)+v-Veu(t, z,v) describes the free runs of the bacteria which have velocity v € V. The
nonlinear terms in the right hand side of (3.1) denote a scattering operator that expresses the
reorientation of the bacteria towards regions of high concentration in chemoattractant S(¢,x).
Based on biologically realistic assumptions, the turning kernel T'[S](t, z,v,v") > 0 is assumed

to satisfy the following bound
ITISYE Mgz Sivim 156 g + 198G, (3.4)

whenever r > py, po, see [8, Theorem 3].

3.0.2 Maximum principle for the transport equation

In this short section we present the maximum principle for the transport equation

Owu(t,z,v) + v - Vyu(t,z,v) + g(t, z,v)u(t, z,v) =

/ h(t,z,v,v" )u(t,z,v")dv' + F(t,z,v),
v
subject to the initial condition

w(0,z,v) = f(z,v). (3.6)

We assume that (¢,z,v) € R x R™ x V, V C R", and the kernel i(t,z,v,v’) in (3.5) is nonneg-

ative.

Lemma 3.0.1 (Maximum principle for the transport equation). Suppose that u(t) satisfies

(3.5), (3.6) with F(t,z,v) >0 and f(x,v) > 0. Then u(t,z,v) >0 for all time.
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Proof. The claim follows directly from the representation of (3.5), (3.6) as an integral equation

u(t, z,v) = f(z — tv,v) exp (‘ /Ot gls,@=(t =)o, U)ds) ! (3.7)

t t—s
/ Q(s,xz — (t — s)v,v) exp (—/ g(t+ s,z —(t—s—1)v, v)d7> ds,
0 0
where
Q(t,x,v) = / h(t,z,v,v" )u(t,z,v")dv' + F(t,z,v).
v

The solution to (3.7) can be constructed by an iteration scheme whenever f, g, h and F are

regular enough. It is easy to see that on each step we obtain nonnegative solutions. [l

Corollary 3.0.2 (Comparison principle for the KT equation). Suppose that ui(t) solves
Opuq (t, z,v) +v - Vyur (t,z,v) = Fi(t, z,v), u(0)= fi(z,v),

and that us(t) solves
Opus(t, z,v) +v - Vyuse(t,z,v) = Fo(t, z,v), u(0)= fo(z,v),

where Fi(t,z,v) < Fy(t,z,v) and fi(z,v) < fao(z,v). Then ui(t) < ua(t) for all time.
Proof. Trivially follows from the maximum principle of Lemma 3.0.1. |

The following equation

Owu(t, z,v) +v - Vau(t,z,v) =
(3.8)
K (v, v )u(t,z,v") — K, v)u(t, z,v)dv
]Rn

is often called the scattering kinetic equation, see [40, pp. 226, 227]. The function K (v,v’) > 0
is called a scattering kernel and my also depend on (¢, z) through quantities that depend on
the density u(t) like the chemoattractant S(¢) in (3.2). In particular, we can take T'[S] to be
the kernel K.

Lemma 3.0.3 (Maximum principle for the scattering kinetic equation). Suppose that u(t)

satisfies (3.8) and w(0) > 0. Then u(t) > 0 for all time.
Proof. Set g(t,z,v) = [, K(v,v")dv', h(t,z,v,v") = K(v',v) and apply Lemma 3.0.1. O

Corollary 3.0.4. The solution u(t) to the IVP (3.1) - (3.3) satisfies the following bound

0 <u(t,z,v) <wui(t,z,v) + us(t, z,v), (3.9)
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where

Opur (t, z,v) +v - Veur(t,z,v) =0, u1(0) = f,

and
Sua(t, T, v) + v Vyus(t,z,v) = / T[S|(t, z, v, 0" )u(t,z,v")dv', wu2(0) =0.
v eV

Proof. The first inequality in (3.9) follows from the maximum principle of Lemma 3.0.3. The

second one follows from the comparison principle of Corollary 3.0.2. |

3.0.3 Global well-posedness to the Othmer-Dunbar-Alt kinetic model

of chemotaxis

Theorem 3.0.5. The IVP (3.1)-(3.3) is globally well-posed for small data in the class [ €
LYR™ x V)N LY(R™ x V) forn < a < oo and n > 2. More specifically, there erist a fived
positive constant M, depending only on the space dimension n, so that whenever ||f||L:,: < M,
the IVP (3.1)-(3.3) admits a unique solution u(t) € C([0,00); L}Y(R™ x V) N L*(R" XYV)) for
which

HPHL?L;?/W—D <00, [ISllpppe < oo

Remark 3.0.6. The theorem also holds for a = co but in this case we cannot claim continuity

of u(t) but rather that u(t) € L>([0,00); LY(R™ x V) N L*(R™ x V)), see Lemma 2.3.7.

Proof. Due to Corollary 3.0.4 we can ignore the second integral term when we estimate the

solution u(t). Thus, for some admissible triplets (¢, r,p) and (g, 7,p) we have

lollgigse S W7l +| [ TiSHa

, (3.10)
Li ey

where we have used the abbreviation v’ = u(t, z,v"). To the integral term above we first apply
Holder’s inequality to get

/ T[S](taxavav/)u(tv'xvvl)dvl S HT[S](t,Z‘,U, ')HLP’ ||U(t,$, )”Lp .
174 ! ol

We next take the L7 -norm in v and then take the L™ -norm in z using Holder’s inequality with

L =141 get

< HT[S](ta R )|

/ T[S]u(t, z,v")dv'
v

Li/Lgl L;’Lf/qu’: Hu(t’ E )HLng .
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Choosing w = co guarantees that w > p’, p’, so that we can use the bound (3.4) to get

where S = G * p and G is the Bessel potential

We recall the following two estimates on G, see [28], G € L*(R"), for 1 < b < 5, and

VG(z) € L°(R™) for 1 < ¢ < 5. Hence, an application of the Young’s inequality yields the

estimates on the chemoattractant
1G*p(O)ll e S NG Lo lp@)] -
IVG*p(t)ll e S IVGI e @)l -

where + =1 =1-1 n>2 and r > n. Next we use that ||p|,. Sv u(t, )l e and

choose ¢’ = ¢/2 to obtain

/v T[S]u'dv’

Hence, we obtain the following a-priori estimate

2
S [t 03, 2

<l 2 ’ .
LiLr LY L<tz/2 ~ ” ||LZL;L{,’

2
||U||L§L;L2 < ||f||L;U + ||u||L3L;L€ (3.11)

for u(t), whenever the following system of conditions

admits a solution. By a direct inspection, we see that the following sets of exponents

(q,r,p,a) = (nan2/(n - 1),712/(71 + ].),TL) y

((177Zaﬁ7 al) = (n/(n - 2)7n2/(n2 —2n+ 2)a n2/(n - 2)a n/(n - 1))

satisfy all of the above conditions.
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By a standard bootstrap argument on estimate (3.11) there exist some fixed positive constant

M, depending only on the space dimension n, such that if ||f[|,, < M then

([ 2/(nt1) < O0.

Lprp/-ipn

This inequality immediately gives that

HP”L?L:?/(n—l) <00, Sy < oo

Hence, considering again equation (3.1) and using the estimate on S above, we obtain the

following Gronwall’s inequality

T
b b b
swp [Ju(®)l,, Sr Al + [ o)l ds
te[0,T] : ‘ 0 ‘

for all 0 < T' < oo, where b =n/(n —1) and n < a < co. Hence,

sup |lu(®)| . <oo, VT €(0,00). (3.12)
t€[0,T] o

We next sketch the proof of the local well-posedness of the system. Coupled with the global
estimate (3.12), the full claim will then follow easily. Let us write equations (3.1) - (3.3) in the

equivalent integral form

t

u(t):U(t)f+/0 Ut — $)F(u(s))ds, (3.13)

where F(u) is the right hand side of (3.1), (recall again the representation S = G * p.) Define
the right hand side of (3.13) as the operator

K+ L=([0,T], L*(R*")) —L>([0, T], L*(R*")),

t
Ku)=U®)f —|—/ Ut — s)F(u(s))ds.
0
This nonlinear operator is bounded on the cited spaces as it can easily be seen from the estimate
1Sl ps . S leOlgg. a>n.

Indeed,
t
KGO sg | S Mg, + [ Tl s

Hence, for any 0 < T' < oo the operator K is bounded.
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Let u(t), ua(t) € L>([0,T], L*(R?")). Similarly, we have the estimate

sup [[K(u1(t) —u2(®)llpa < q sup [ua(t) —u2(®)llz.
te[0,T) v te[0,T) v

for some 0 < ¢ < 1, whenever T' > 0 is small enough and n < a < co. The theorem follows by

standard arguments henceforth. [l
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Chapter 4

Strichartz Estimates with

Spherical Symmetry

Strichartz estimates with spherical symmetry have attracted a lot of interest recently. The gain
of regularity of these estimates over the standard Strichartz estimates varies with the equation
but, for example, in the context of the wave equation this gain is significant. Most attention
has been dedicated to the homogeneous setting, see Sterbenz [43], Fang and Wang [18], Hidano
and Kurokawa [26], Machihara et al [33], Tao [47], and Vilela [48], with only a few special
inhomogeneous estimates being proved. Below, we produce a range of inhomogeneous Strichartz
estimates with spherical symmetry analogous to the inhomogeneous Strichartz estimates in the
standard setting. To this end we restrict the standard spaces of functions to their subspaces of

spherically symmetric functions and proceed with the TT*-argument.

4.1 Inhomogeneous Strichartz estimates with
spherical symmetry

In order to present the Strichartz estimates with spherical symmetry in the abstract setting we
need to introduce an appropriate set-up for that. We shall restrict ourselves to function spaces
over subsets of R™ where the property of spherical symmetry makes immediate sense. So, let
us suppose that X C R”, n > 2, and (X;dp) is a measure space. We further assume that the
measure du is absolutely continuous with respect to the Lebesgue measure dx on R™ and has a
density function ¢ : X — C that is a spherically symmetric function, that is ¢(z) = ¢(|x]).
Consider now a Hilbert space H over (X;du) such that the spatial rotations R act on it as

an unitary operator. By that we mean the identity
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for all f, g € H, where we have set Rf = f(Rx).

Suppose we are given a family of Strichartz estimates

IO fll Lamspey S 1l (4.2)

that hold for all spherically symmetric f € H. An exponent pair (g, ) for which estimate
(4.2) holds under the assumptions we have made shall be called radially-admissible and the
full range of radially-admissible pairs shall be denoted by the set A C [1,00] x [0,1]. We are
not interested to know how the family of estimates (4.2) is obtained but a typical situation
will be when U (t) satisfies a dispersive and an energy inequality for non-symmetric functions.
In addition, on the assumption that f is spherically symmetric one obtains a better dispersive
estimate through specific properties of the evolution operator U(t). However, we shall only

need to assume explicitly that U(t) satisfies the energy inequality

1@ Fllags 11l

in order to define the adjoint operator through the identity

<U(t)fa g>7’l = <f7 U*(t)g>7'(7 vag € Ha vt € R.

Denote by T : H — L%(R;By) the operator Tf = U(t)f. This operator might not be
bounded on the cited spaces as the estimate (4.2) is assumed to hold only on spherically sym-
metric functions. Furthermore, the standard methods of proving Strichartz estimates are based
on bounded operators, e.g. duality and the TT*-principle, the Christ-Kiselev Lemma, ... etc.
Therefore, we shall proceed by restricting the operator T' to spaces for which T is bounded.

Denote by B? the subspace of the Banach function space B that are spherically symmetric.
We would like to have that B” is closed and therefore a Banach space itself. We shall assume
that in B convergence in norm implies convergence in measure over sets of finite measure. This
in turn implies that from every convergent sequence in B we can select a convergent subsequence
that converges pointwise p-a.e., which guarantees the preservation of spherical symmetry under
a limit. Analogously, by H” we denote the subspace of the Hilbert space H of all spherically
symmetric functions in H, which itself is a Hilbert space (under the same assumption on .)

Suppose that U(t) commutes with spatial rotations, that is U(t)[Rf] = R[U(¢)f]. Then we
have that the operator

T:H — LYR;BY), Tf=U®t)f

is bounded. The formal adjoint 7 is defined through the identity

| W Fa)a = T e,

—0o0
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forall f € H?, F(t) € LY (R; Bj"), where the bracket (-, -) on the left denotes the duality pairing

on BY. Let us find T* explicitly. A simple computation

| wwrrwa= [ o @remw = (5. [ rereas) (43)

—o0 —o0 —0o0 HP

yields that
T*F :/ U*(s)F(s)ds.

A direct consequence of the TT*-principle is the following

Lemma 4.1.1. The boundedness of
T:H — LYR;BY), Tf=U({)f
1s equivalent to the boundedness of
T*: LY (R; BS*) — HP, T*F = /jo U*(s)F(s)ds.

The above lemma gives us conditions when T is bounded. But what we really want to have

is a sort of a ”dual” estimate to (4.2), that is the estimate

S E N Lais,e) -
H

[roros

whenever F € L9 (R; By*) is spherically symmetric. Thus, we need to be able to identify the
space BY * with the subspace of spherically symmetric functions in Bj. A useful criterion for

that is the following one. Suppose that By and its dual By™ satisfy

£, = sup { ‘/fwdu € By,

1 is spherically symmetric, and [|¢[5,. < 1}, (4.4)

¢llg,- = Sup{ ‘/qﬁgdu 19 € By,

g is spherically symmetric, and [|gl|5, < 1}, (4.5)

whenever f and ¢ are spherically symmetric functions. Then, obviously, the desired property

holds. An example of such spaces is given in the next

Lemma 4.1.2. LP(R") and L? (R™) are associate spaces satisfying (4.4), (4.5), for 1 < p < oo

and n > 2.
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Proof. Whenever 1 < p < 00, the supremum in (4.4) is reached on

W = sign(f)1F" /1IF1175"

Apparently, ¢ € L¥' (R"), %1l » =1, and 7 is spherically symmetric if f is.
In the case when p = co the supremum generally is not reached on a concrete function in
LY(R™) but on a sequence of functions that approximate the identity. They can be taken to be

spherically symmetric. [l
Another desirable property of T* is given in

Lemma 4.1.3. Suppose that T : H — L%(R;By) commutes with spatial rotations, then T* :
LY (R; By*) — H does too.

Proof. For the image RF(t) of F(t) under a spatial rotation R we have the identity

(U ()], RE(t)) = /

X

U)f - RE(t)6(x)dz = /X RU)f-F(H)dy
(URS, F(t)).

Thus, in view of (4.3), we obtain that

(1 /O:O U*(s)RF(s)ds>H (s, /o; U*(s)F(s)ds>H.

The claim now follows from the assumption (4.1). O
We conclude this section by

Theorem 4.1.4 (Inhomogeneous Strichartz estimates with spherical symmetry). Suppose that
the homogeneous Strichartz estimate (4.2) holds for all spherically symmetric f € H whenever

(g,7) € A. Then we have that the following inhomogeneous Strichartz estimate

Sl s, (4.6)

HU(t) /0 U () F (s)ds

Li(R;Bg)

holds for all spherically symmetric F(t) € L (R; B;*), whenever (q,0), (4, 0) e A, and q > §

or (¢,0) = (,9).
Proof. As usual, we consider the TT*-operator

TT* : Lé'(R;Bg*) — LY(R;BY), TT*F = U(t)/ U*(s)F(s)ds,

— 00

where (g, 6), (g, é) € A. Obviously, TT* commutes with spatial rotations and is bounded on the

cited spaces due to the preceding lemmas. In the case when g > ¢’ we apply the Christ-Kiselev
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Lemma, otherwise we use the Equivalence Theorem 1.3.2, part B, to conclude the proof of the

claim. O

4.2 Strichartz estimates for the wave equation

Define the operators

Us(t)f = eFitED f(g),
Uo(t)f = (U4 (t) = U_(£))/2iD,

t

U()t—s (s)ds,

where the operator D has a Fourier symbol |£|. Note that D commutes with rotations and thus
preserves spherical symmetry.

Then the solution to the IVP for the wave equation

Ou = F(t,x), te€]0,00)xR", (4.7)
u(0) = f, Owu(0)=g. (4.8)
is given by the formula
u(t) = O Uo(t) f + Uo(t)g + Wo(¢)F.

For simplicity, we denote by Up(t)[f, 9] = 0:Uo(t)f + Up(t)g the propagation of the free wave
with initial data f and g.

Definition 4.2.1. We say that the exponent pair (g, r) is radially wave-admissible if

n>1, (4.9)

where 2 < ¢, < 00, (¢,7) # (00, 0), or if (¢q,r) coincides with (o0, 2).

Theorem 4.2.2 ([18], [26]). The following estimate

1oL W arr S W ers + gllprsv s (4.10)

holds for all spherically symmetric f € HS(R"), g € Hs’l(R”), whenever the exponent pair

(g,r) is radially wave-admissible and the Sobolev exponent s satisfies the scaling condition

+

Q|
=3

Theorem 4.2.3. Let u(t) be the solution to the IVP for the wave equation (4.7), (4.8), where
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f, g, and F(t) are spherically symmetric. Then the following estimate

ID7u@l gz S Wl + lizos + 1D Fl
holds for all f € H*(R"), g € H*"*(R"), and D*>F(t) € L?LZ, whenever (q,7), (¢,7) are two
radially wave-admissible pairs' and satisfy the following scaling condition

1 n n
__|___0'1:——3:
q T 2

1 n
?4—5_2_0’2' (4'11)

Proof. The homogeneous Strichartz estimates of Theorem 4.2.2 hold for each of the operators
U, separately. For simplicity let us consider U_(¢) first. For U_(t) : H*(R") — L?(R") we
have that U*(¢) : L3(R") — H*(R") and U*(t) = D=2U4(t). In view of Theorem 4.2.2,
the operators Ty : H5(R") — LIL", T\ f = D'U_(t)f, and Ty : H¥(R") — LILT Tof =
Ds=PU_(t)f are bounded on spherically symmetric data f € H*(R"), where

and (q,r), (¢,7) are two radially wave-admissible pairs and ¢ > ¢’. Hence, in view of Theorem

4.1.4, we obtain the estimate

Repeating the same argument for Uy (t), we obtain the estimate

Setting o2 = s + [ — 1 gives condition (4.11).

t
/ U_(t — s)D* P25 F(s)ds SIFN
0 t

L,,;/ .
LiLr *

s+6-1 )
Lo < ||p FHLg’Lg' :

/0 Wo(t — $)F(s)ds

The case when (¢,), (¢,7) are two radially wave-admissible pairs with ¢ = ¢ =2 and r = 7
follows directly from the Equivalence Theorem 1.3.2, part B.

And finally, the case when (g, 1), (¢, 7) are two radially wave-admissible pairs with ¢ = § = 2

([l

and r # 7 is reduced to the previous one by Sobolev embedding.

IExcept when q = G = 2, 7 # 7, and either r or 7 is equal to co.
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Chapter 5

Applications to the

Dirac-Klein-Gordon system

5.1 Introduction

The central topic of this chapter is the question of the global well-posedness of the DKG sys-
tem in dimensions higher than one. This is a relativistic field model that describes nuclear
interactions of subatomic particles and plays an important role in the relativistic quantum
electrodynamics, see [4]. The system generates a significant mathematical interest too. Math-
ematically, its main feature is: a system for two quantities where there is an a-priori bound
for only one of the two in the L?-class and no positive definite energy, but at the same time a
presence of a special null-form structure in both nonlinearities allowing the system to be studied
at very low regularities, see [22], [15] [42], [39], [32], [16].

Now that we have obtained the necessary to our goals spherically symmetric Strichartz
estimates in the preceding chapter, the main challenge will be to come up with the correct
definition of spherical symmetry for spinors. It is well-known that the Dirac operator does not
preserve spherical symmetry, at least not in the way one expects if one takes the erroneous
attitude to treat spinors as normal functions. Thus, we investigate the action of rotations on
spinor-space and define spherical symmetry for spinors to be the invariance with respect to that
action. However, we do not know whether this definition has been used in the physics literature
before.

The basic local existence result of the DKG system is the following

Theorem 5.1.1 (D’Ancona, Foschi, Selberg [15]). Consider the IVP for the DKG system
(5.1), (5.2) for initial data in the class Py—o = tho € L*, ¢ju—0 = ¢o € H" and dypji—o = ¢1 €
H™ 1, where 1/4 < r < 3/4. Then there exist a time T > 0, depending continuously on the
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L? x H" x H " '-norm of the data, and a solution
b e C(0,T;L?), ¢ eC(0,T); BN CY(0,T); B,

of the DKG system (5.1), (5.2) on (0,T) x R2, satisfying the initial condition above. Moreover,

the solution is unique in this class, and depends continuously on the data.

5.2 Global well-posedness of spherically symmetric solu-
tions in 2-D

The two-dimensional DKG system reads

(Or + 010, + 020y +iMo3)(t, x,y) = idosp, (t,z,y) € [0,00) x R X R, (5.1)
(af2 -A + m2)¢(t,x,y) = <J3¢a ¢>a (52)
where
0 1 0 —1 1 0
o1 = , o2 = , 03= : (5.3)
1 0 i 0 0 -1

are the Pauli spin matrices and M and m are nonnegative constants. The unknown quantities

are a two-spinor ¥(t, z,y) : [0,00) x R? — C2, and a real scalar field ¢(t, z,y) : [0,00) x R? — R.
Let us recall that the system (5.1), (5.2) is form covariant with respect to Lorentzian trans-

formations and in particular to space rotations. Suppose that the coordinate system Ozy is

changed into Oz'y’ by a space rotation R(p) of an angle ¢

x cosp —singp x

Y sing  cosgp Y

Then we want to find a rule ¢p — 9" as Ozy — Ox'y’ of the form ¢'(¢,2") = S(p)¥(t, z), where
S(¢) is a 2 x 2 matrix and z denotes (x,y), that leaves (5.1), (5.2) form invariant. Of course,

for the scalar field ¢ we have ¢'(¢,2") = ¢(t, z). Substituting in (5.1), (5.2)

¢(ta Z) = Sil(@)lbl(tv R(‘ﬂ)z)v
¢(t7 Z) = ¢l(t7 R(‘ﬂ)z)v
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we obtain

(0r + 0100 4 050y +iMay)y'(t, 2') = igasy), (5.4)
(02 — A +m?) ¢ (t,2') = (ahy' '), (5.5)

where

a1 = S(p) (01 cosp — oasinp) S~ ()
o = S(p) (—o1 sing 4 o cos ) S7(p)
oy = S(p)azS~(p).

Thus the matrix S(¢) must be such that o} = o;, for j =1,2,3. One can check that if we set

e 0

0 1

all of the above conditions are satisfied. Note that the Klein-Gordan part of the system is
form invariant as (o9, ¢") = (031,1) due to the fact that S(y) is unitary and the well-known

invariance of the Laplacian A with respect to rotations. Thus we come with the following

Definition 5.2.1. We say that the two-spinor 1(z) : R? — C? is spherically symmetric if it

satisfies

Yo(R(p)z) = S(p)o(2). (5.6)

Lemma 5.2.2. A function 1y(z) : R? — C? satisfies (5.6) if and only if it has the form

Yo(z) = S(e)x([2)),

where ¢ is the argument of the complex number x + iy and x(p) : [0,00) — C2.
Proof. Trivial. O

Remark 5.2.3. From the explicit representation above and the fact that €% = (z +iy)/|z| €
C*>°(R?\ 0), we see that the smoothness of ¢y depends on the smoothness of y and the behavior

of x around the origin.

Lemma 5.2.4. Suppose that IVP for (5.1), (5.2) has a unique solution in some class of initial
data. Then for a spherically symmetric data from that class the solution to (5.1), (5.2) remains

spherically symmetric for all time.

Proof. Trivial. O
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Lemma 5.2.5. Suppose that u(t) is the solution to the IVP for the wave equation (4.7), (4.8) in
space dimension n = 2. Suppose that the data f and g and the forcing term F(t) are spherically
symmetric with f € H*(R?), g € H*71(R?), and F(t) € L*LL(R?). Then we have the estimate

ID*u(O)ll e 12 S 1 irogany + 191 e a2y + 1Pl 0.y (5.7)

for s €10,1/2) and 1/G = s.

Proof. We apply Theorem 4.2.3 with (¢,r) = (c0,2), (¢,7) = (§,0), § > 2, 01 = s, and
0o = 0. [l

Theorem 5.2.6. Consider the IVP for the DKG system (5.1), (5.2), with m = 0, for initial
data in the class Yj—g = o € L?, =0 = ¢o € H" and Oypy—g = ¢1 € H™ 1, where
1/4 < r < 1/2 and vo, ¢o, and ¢1 are spherically symmetric. Then there exist a spherically

symmetric solution
Y € C((0,00); L%), ¢ € C((0,00): H") N CH((0,00); H™H),

of the DKG system (5.1), (5.2) on (0,00) x R2, satisfying the initial condition above. Moreover,

the solution is unique in this class, and depends continuously on the data.

Proof. The fundamental conserved property of the system is the charge estimate

@2 = llvoll 2 -

Using this, the proof follows by standard arguments from Theorem 5.1.1 and Lemma 5.2.5. O
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Chapter 6

Strichartz Estimates for Some

Particular Dispersive Equations

6.1 The Schrodinger equation

In this section we present the Strichartz estimates for the Schrodinger equation

10w+ Au = F(t, ), (t,x) € [0,00) x R™, (6.1)
u(0,2) = f(x). 62)

Let us recall that the Schrodinger evolution group has the form U/(?) f = €€ f in Fourier
space, and

U0)f = s | Sl Wy (63)

(

in physical space. These two representations immediately yield the next two fundamental

estimates

(i) the energy estimate:

U0l = I1fll2.  ViES, (6.4)

(i) the dispersive estimate:
1
OS2z S s My WS €S (6.5)

where by S we denote the Schwartz class on R™. Another fundamental property of U(t) that

shall play a role in our arguments is

(iii) the group property:



We next proceed with the various definitions that shall describe the range of validity of the
known Strichartz estimates for (6.1), (6.2).

Definition 6.1.1. Set

. 00 ifo <1,

ag

(6.7)

Definition 6.1.2 (Keel and Tao [30]). We say that the exponent pair (q,7) is o-admissible,
whenever

apart from the case 0 =1, (¢,7) = (2, 00).

The next two definitions pertain to the inhomogeneous estimates.
Definition 6.1.3 (Foschi [19]). We say that the exponent pair (g, r) is o-acceptable, whenever
(6.9)
or if (¢,r) = (00, 2).

We introduce the following definition.

Definition 6.1.4. We say that the two o-acceptable exponent pairs (g, r) and (g, 7) are jointly
o-acceptable, whenever

(6.10)

and if further satisfy the following restrictions

(i) if ¢ > 1: then r,7 < oo,

(ii) whenever ¢ > ¢’, 1 < ¢,4 < oo: then

(c —)r<of, (c—1)F<or

otherwise

(c —1)r<or, (c—1)F<or.

Note that for ¢ < 1 condition (ii) is void. We also have the two consequences that (i) if

q = oo, then r < 7, and (ii) if § = oo, then 7 < r. They follow directly from (6.9) and (6.10).

Definition 6.1.5. In the case when ¢ = n/2 we shall call an exponent pair that is o-admissible,
o-acceptable, .

.. ete, Schrodinger-admissible, Schrodinger-acceptable, respectively, . . . etc
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We are now ready to formulate the Strichartz estimates for the Schrodinger equation.

Theorem 6.1.6 (Strichartz estimates for admissible exponents [30]). Let u be the solution to

the IVP for (6.1), (6.2). Then the estimate

bz S 1F1lgz + 1Fl g g (6.11)

holds for all f € L?*(R"), F € Lf/L’:' if and only if (q,v) and (§,7) are two Schrédinger-

x ’

admissible exponent pairs.

Proposition 6.1.7 (Generalized homogeneous estimates). Suppose that (q,r) is an exponent

pair satisfying

2
=R (6.12)
q T p
for some p € (1,2]. Then the estimate
U@ fllparry S Fllze (6.13)
holds for every f € LP(R™) whenever the exponents r and p are in the range
eifn=1, 1<p<2, p<r<oo,
e ifn=21<p<2, p<r<oo,
o ifn>3, 1<p<2 p<r<2Lsp,
or if (g,r,p) = (0,2,2).
Remark 6.1.8. Note that for ¢ > p estimate (6.13) implies the estimate
Oy P Vi (6.14)
This condition always holds for n < 2.
Theorem 6.1.9 (Global inhomogeneous estimates). The estimate
W@ Fl pary SIEI e e (6.15)

holds for all F € Lg’Li, if and only if (g,r) and (§,7) are two jointly Schrédinger-admissible
exponent pairs for n = 1,2. Suppose that n > 3 and that (¢,7) and (q,7) are two jointly

Schrédinger-admissible pairs with exponents in the range
(i) 1 <q,§ <oo, q>q: then estimate (6.15) holds for all F € L7 (R;LF'),

(i) 1< q,q§ < oo, q={q : then estimate
HW(t)F”LfL;’q /S HF”L;ILz'yq (616)
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holds for all F € LY(R; L")
(iii) ¢ =00, 1 < q < oo: then estimate
HW(t)FHthz,'F’L; ,S ||FHL}L§, (617)
holds for every F € L*(R; L™),

(iv) g =00, 1< q < oo: then estimate

WO F e S 1l (6.18)

L Ly
holds for every F € L7 (R; L™).

Note that whenever 7 < ¢ < r, then estimate (6.16) implies (6.15), whenever ¢ > 7’ estimate
(6.17) implies estimate (6.15) and similarly, whenever ¢’ < r estimate (6.18) implies estimate

(6.15).

6.2 Generalized Schrodinger-type equations

In this section we shall generalize the results of the preceding section to linear operators U (t)

with the following properties

(i) U(t) obeys the dispersive estimate:
1
0O Nz S g Wy V€S, teR (6.19)

for any o > 0.

(ii) U(t) obeys the energy estimate:

WOl S NFllz VFeS, teR (6.20)

(iii) U(t) enjoys the group property:

U*(t) = U(—t), U@®U*(s) = U(t—s). (6.21)

The next statements are a direct consequence of this definition.

Theorem 6.2.1 (Strichartz estimates for admissible exponents, [30]). The estimate

W@ gy + IWEF ey S 112+ 1Fl g (6.22)
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holds for all f € L*(R"), F € Lf/L’:' whenever (q,r) and (§,7) are two o-admissible exponent

x

pairs.

Proposition 6.2.2 (Generalized homogeneous estimates). Suppose that (q,r) is an exponent

pair satisfying

1
—+2=2 (6.23)
q T p
for some p € (1,2]. Then the estimate
100 gy < 1Fle (6.24)
holds for every f € LP(R™) whenever the exponents r and p are in the range
e ifo<l, 1<p<2 p<r<oo,
e ifo=1, 1<p<2, p<r<oo,
e ifo>1, 1<p<2, p<r<Zp,
orif (g,r,p) = (00,2,2).
Remark 6.2.3. Note that for ¢ > p estimate (6.24) implies the estimate
10O Flzazy <150z (6.25)

This condition always holds for o < 1.

Theorem 6.2.4 (Global inhomogeneous estimates). Suppose that (q,7) and (4,7) are two

jointly o-admissible exponent pairs and that o < 1. Then the estimate

IWOF e, S IFly (6.26)
holds for all F € Lg’LZ'.For o > 1, we consider the following cases
(i) 1 <q,q§ <oo, q>q: then estimate (6.26) holds for all F € L7 (R;LF/),
(i) 1< q,q§ < oo, q=q : then the estimate
W@ Fllporpa S IFl Lo (6.27)
holds for all F € L1(R; L™)
(iti) ¢ =00, 1 < q < oo: then the estimate
IWOFl oy, S 1Pl (6.28)

holds for every F € LY(R; L™),
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(iv) g =00, 1< q < oo: then the estimate

WO F ey S 1l (6.29)

Loy
holds for every F € L7 (R; L™).

Note that whenever 7 < ¢ < r, estimate (6.27) implies (6.26), whenever ¢ > 7, estimate
(6.28) implies estimate (6.26) and similarly, whenever ¢’ < r, estimate (6.29) implies estimate

(6.26).

Remark 6.2.5. Parts (i) and (ii) are originally proven by Foschi [19] and independently in the
context of the Schrédinger equation by Vilela [49]. There is an earlier result by Kato [29] in
the context of the Schrédinger equation that contains estimates similar to parts (i) - (iv) but,

however, in more restricted range and based on a less sophisticated method.

6.3 The wave equation

The IVP for the wave equation reads

Ou(t, z) = F(t, z), (t,x) € [0,00) x R", (6.30)

u(0) = f, Jwu(0)=g. (6.31)

Then the solution to the homogeneous wave equation is given by the formula

U(t)+U(-t)
2

Ut) —U(=t)

[+ g

where D is the operator of fractional differentiation with symbol [].
The inhomogeneous operator W(t) is defined in the usual way, see (1.3), and thus the

solution w(t) to the inhomogeneous wave equation with zero initial conditions is given by

provided that supp F' C [0, 00) x R™.

Typically, the dispersive estimate for the wave equation is given by
< 1
VO sz S g Iy o == 172, (6.32)

where f is a frequency localized initial data away from the origin, e.g. supp f C {1 < |¢] < 2}.

Let {¢x}~_ be a homogeneous Littlewood-Paley dyadic decomposition on R™. By standard
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scaling arguments, see [41], estimate (6.32) can be sharpened to

2(n—z7)k
10605 Pl § S o s s (6.33)

for all kK € Z and any f € L*(R™). We further rework the dispersive estimate by multiplying
(6.33) by 2-("=9)k/2 and take the /2-norm to obtain the Besov norm formulation of dispersive

estimate

1
10O 522, S g 115z, (6.34)

where = (n+1)/4,0 =(n—1)/2,and f € Blﬁ2

It is not hard to see that U(t) obeys the energy estimate ||U(t)f||L§ = ||f||L§, enjoys the
group property U*(t) = U(—t), U(t)U*(s) = U(t — s), and that U(t) commutes with fractional
differentiation, i.e. U(t)D*f = D*U(t)f.

Definition 6.3.1. We say that the exponent pair (g,r) is nonsharply o-admissible whenever

+

=19

<2, 2<q<oo, 2<r<o, (6.35)

| =

apart from
e 0<1,(qr)=(2/0,0),
e o>1,(¢r)=(2,0),
* (g;7) = (00,00).

Remark 6.3.2. Note that definition 6.3.1 generally allows r = oo apart from the three endpoint
cases given above. The estimates with = co are proven by making use of an Gargliano-type

interpolation inequality that first appeared in [17], see Proposition 7.4.2.

Definition 6.3.3. We say that the two jointly o-acceptable exponent pairs (g, r) and (g, 7) are

nonsharply jointly o-acceptable, whenever

1 1 1 1
_+_~gg(1_-—i>. (6.36)
q g r T

Definition 6.3.4. We shall call an exponent pair that is c-admissible, o-acceptable, ...etc,

wave-admissible, wave-acceptable, respectively, ... etc, in the case when o = (n — 1) /2.

Theorem 6.3.5 (Strichartz estimates for wave-admissible exponents [30]). The estimate

)l zany S 0 ige + Nl zrems + 1D g

holds for all f € H5(R™), g € H*"Y(R") and D’F ¢ L?Lil, if and only if (q,r) and (q,T)

are two nonsharply wave-admissible exponent pairs and the Sobolev exponents s and p fulfill
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condition
1 n
4+ ==
q

1 n
?+§—2—p. (6.37)

o3

— s =

Proposition 6.3.6 (Generalized homogeneous estimates). Let u(t) be the solution to the IVP
for the wave equation (6.30), (6.31). The estimate

W)z S 1D Fllgz + 1D (6.39)
holds for all f and g such that D°f € LP(R™), D*"'g € LP(R™) and n > 1, whenever the

Lebesgue exponent q, r and p are such that

1+n—1_n—1
q 2r  2p

and according to the dimension n, lie in the range
en=2 1<p<2 p<r<oo,
en=3 1<p<2 p<r<oo,

en>3 1<p<2 p<r<i=ly,

and the Sobolev exponent s satisfies

Theorem 6.3.7 (Global inhomogeneous estimates). Suppose that (q,r) and (¢,7) are two
nonsharply jointly wave-acceptable exponent pairs with r,7 < oo, and n = 2,3 (i.e. o < 1).
Then the solution w(t) to the IVP for the wave equation (6.30), (6.31), with f = g =0, enjoys
the estimate

lo(®)lny S IDPFl gy

for all F' such that DPF € L7 (R; LF/), whenever the Sobolev exponent p fulfills the dimensional

condition

1
~+
q

1 n
:?+~,—2—p. (6.39)

r

=3

The interpolation argument that allowed us to include r,7 = oo in the context of Theorem
6.3.5 cannot be reproduced for pairs that are not nonsharply admissible, hence the restriction
r, T < 00.

The inhomogeneous Strichartz estimates for the wave equation of Theorem 6.3.7 are formu-
lated only in the small dimensions n = 2,3, where they can be stated especially simply. For

the corresponding estimates in higher dimensions see section 6.6.
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6.4 The Klein-Gordon equation

The IVP for the Klein-Gordon (KG) equation reads

Ou(t, z) + u(t,z) = F(t,x), (t,x) € [0,00) x R™, (6.40)

u(0) = f, Jwu(0)=g. (6.41)

Equation (6.40) deserves a special attention since it has a stronger decay than the wave equation.
However, this does not necessarily mean that the Strichartz estimates for the Klein-Gordon
equation are better than those for the wave equation in a sense of a bigger gain of regularity.
The reason for that lies in the fact that the gain in decay rate is payed for a greater regularity
assumptions on the initial data. This might not be always desirable, especially if one is interested
in solutions of low regularity. However, the dispersive estimate for the KG equation offers a
flexibility to trade between the rate of decay at large times and the initial regularity of the
data. We shall base the Strichartz estimates for the KG equation on that ground and obtain
a whole family of estimates for a given space dimension. Originally, this fact was exploited
by Machihara et al [34] to circumvent the lack of an LZ-type estimate in R3 (when o = 1
for the wave equation) that had obstructed the study of a nonlinear Dirac equation at almost
critical regularity. The estimates of this section extend the estimates of [34] to non-admissible
exponents.

We define the Klein-Gordon evolution group U by U (t)f = et f and by A% we denote the
inhomogeneous operator of fractional differentiation with symbol (€)*, where (z) = (1+|x|*)*/2.
It is not hard to see that U(t) has the group property U*(t) = U(—t), U(t)U*(s) = U(t — s),
and that U(t) commutes with fractional differentiation, i.e. U(t)A®f = AU (t)f.

We now recall the following dispersive estimate

92B(0)k
U@k * fllpe S W ok * flls s (6.42)

for the Klein-Gordon equation from [34] and the references therein, where

n+1+6

B8(0) = 1 , 0<0<1,

and {qﬁk}go is an inhomogeneous Littlewood-Paley dyadic decomposition on R™. As in the
case with the wave equation we multiply both sides by 272(¥) and take the {?-norm to get the

dispersive estimate in terms of Besov norms

1
||U(t)f||3;ff259> S Ww HfHBff;) - (6.43)
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Thus we can vary the rate of dispersion

o) = n—Tl—i—H =:0y9 (6.44)

in (6.43) with 6 € [0, 1]. Note that in the dispersive estimate (6.43) the difference between the
decay rate o9 = 23(0) — 1 and the regularity of the initial data equal to 25(0), if measured in
terms of generalized derivatives in the Besov space BRQ, remains constant with . However,
observe also that as the forbidden L?-type estimate occurs for oy = 1 it is not anymore fixed

to the spatial dimension n = 3.

Theorem 6.4.1 (Strichartz estimates for admissible exponents). Let u(t) be the solution to

the IVP for the Klein-Gordon equation (6.40), (6.41). The estimate

lullpary S WFllers + gl s +IA7El g oo s

holds for all f € H*(R™), g € H*"Y(R") and APF € LfIL’:' whenever (q,r) and (4,7) are two

nonsharply og-admissible exponent pairs (cg > 0) and the Sobolev exponents s and p fulfill the
dimensional condition
1 n 0 0

— —2—0p. 6.45
ooq’ * o9 P (6.45)

n
4l L D =gy
2

Proposition 6.4.2 (Generalized homogeneous estimates). Let u(t) be the solution to the IVP
for the KG equation (6.40), (6.41). The estimate

1Ol arry < IAFle + A ]l (6.46)

holds for all f and g such that A*f € LP(R™), A*~1g € LP(R™), whenever the Lebesque exponent

q, 7 and p are such that

and according to og > 0, lie in the range
eog<l, 1<p<2 p<r<oo,
eoy=1, 1<p<2 p<r<oo,

eop>1, 1<p<2 p<r<-=2yp,

0’971

and the Sobolev exponent s satisfies



Theorem 6.4.3 (Global inhomogeneous estimates). Suppose that (q,7) and (4,7) are two
nonsharply jointly cg-acceptable exponent pairs with r,7 < oo, and 0 < g < 1. Then the
solution w(t) to the IVP for the Klein-Gordon equation (6.40), (6.41), with f = g =0, enjoys
the estimate

g S 1P

for all F' such that APF € L7 (R; LF/), whenever the Sobolev exponent p fulfills the dimensional

condition
1 n 0 1 n 0 0
-+ ==+ = - —+——2—0p. (6'47)
qg r oeq ¢ T 097 oy

6.5 The Dirac equation

The Dirac equation is a first-order wave equation with matrix-valued coefficients. We shall

distinguish the following two cases

- massless Dirac

0 + i - Vip = 0, (6.48)

- massive Dirac

00 +ic - Vip + B = 0. (6.49)

In both equations the spinor field ¢ (¢, ) : R**" — C» maps R!*" to a column vector ¥ (t, z) =

(P1(t,2), ..., N (t,x))t in CV, where N = 2L"2"). We use the abbreviations
a- V=010 +..+a,0,, 0;=0/0z;.

The matrices a; € My(C), j = 1...n and 8 € My(C) are the well-known Dirac matrices.
If we multiply the Dirac equations (6.48), (6.49) by 8 we obtain a new set of coefficients v#,
p=0...n, where v° = 8 and v = o, j = 1...n. The commutation properties of the gamma

matrices give the identities
(v0,)? =0In, ("0, +In)*> = (O+1)Ix. (6.50)

where Iy is the identity in My (C) and Einstein’s summation convention is used. One can use
the identities (6.50) to define the gamma matrices and through them « and S but there are
more than one (equivalent) sets of matrix representations that satisfy (6.50).

The unknown (¢, ) is a spinor, which loosely speaking means that 1 changes under change
of coordinates by a specific rule. For more details about the nature of that rule see Bjorken and
Drell [4] or chapter 5. In a fixed coordinate system, however, and with a fixed representation

of the Dirac matrices ¥ can be regarded as an ordinary vector-valued function.
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Due to the identities (6.50) a free wave to (6.48) satisfies the homogeneous wave equation
componentwise and a free wave to (6.49) satisfies the homogeneous Klein-Gordon equation
componentwise. Therefore, the Strichartz estimates to the wave and the Klein-Gordon equation
from the previous subsections also apply to the Dirac equation after some minor adjustment.

Let us for the sake of concreteness consider the IVP for the massive Dirac equation

10 + i - Vo + By = F(t,x), (t,x) € [0,00) x R™, (6.51)
$(0) = 0. (6.52)
Note that the rate of dispersion oy of the massive Dirac equation is given by (6.44).

Theorem 6.5.1 (Strichartz estimates for admissible exponents). Let ¢(t) be the solution to

the IVP for the massive Dirac equation (6.51), (6.52). The estimate

IWIILgL; S 1oll gs + HAPFHL?'LQ’ ’

holds for all 19 € H*(R™) and APF € L?LF whenever (q,r) and (§,7) are two nonsharply

x 7

og-admissible exponent pairs (op > 0) and the Sobolev exponents s and p fulfill condition

+——1-p (6.53)

Proposition 6.5.2 (Generalized homogeneous estimates). Let 1(t) be the solution to the IVP
for the massive Dirac equation (6.51), (6.52). The estimate

POl Larrr S N80l e (6.54)

holds for all ¥y such that Ay € LP(R™), whenever the Lebesque exponent q, r and p are such
that

and according to og > 0, lie in the range
eop<l, 1<p<2 p<r<oo,
eoy=1, 1<p<2 p<r<oo,

g9 /

eop>1, 1<p<2, p’<r<0971p,

and the Sobolev exponent s satisfies



Theorem 6.5.3 (Global inhomogeneous estimates). Suppose that (q,7) and (4,7) are two
nonsharply jointly cg-acceptable exponent pairs with r,7 < oo, and 0 < g < 1. Then the
solution x(t) to the IVP for the massive Dirac equation (6.51), (6.52), with 1o = 0, enjoys the

estimate

(Ol S IAPF ] gy
for all F such that APF € LT L™ | whenever the Sobolev exponent p fulfills condition

1 n 0 1 n 0 0
St — ==+ ~/—|———1—p. (6.55)
q r 0pq q r 9

6.6 Generalized wave-type equations

In this section we shall generalize the results of the preceding sections to abstract linear oper-

ators U (t) with the following properties

(i) U(t) obeys the dispersive estimate

1
100522, S g 115z, (6.56)

where 0 >0, 0 < 3 < %, and f € S, the Schwartz class of rapidly decaying functions on
R™.

(ii) U(t) obeys the energy estimate
U@l S Iflz. ¥FES teR. (6.57)
(iii) U(t) enjoys the group property
U t) =U(-t), U@QU*(s)=U(t—s). (6.58)
(iv) U(t) commutes with fractional differentiation

U(t)A” = AU (t). (6.59)

Again, for the sake of concreteness we formulate the estimates in terms of inhomogeneous
Besov norms. The case of homogeneous norms is completely analogous and can be treated by

replacing everywhere the inhomogeneous Besov norms with homogeneous ones.

Theorem 6.6.1 (Strichartz estimates for admissible exponents). The estimate
W0 gy + IV OF | aasgy < 1z + 1F ) oo, (6.60)
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holds for all f € L?, F € L‘YB::B,’Q, whenever (q,r) and (§,7) are two o-admissible exponent

pairs and the smoothness exponents p(r) and p(7) fulfill condition

o(r) = 28 (% - %) . (6.61)

Corollary 6.6.2. The estimate
U@ Fllpapy +IWEFlLapy S I fllgs + IAFll Lo o
holds for all f € H*, A°F € LY L™, whenever (¢,7) and (q,7) are two nonsharply o-admissible

exponent pairs and the Sobolev exponents a and s fulfill condition

-2
n-28 n_n___
oq T 2

n—2ﬂ+£_n—2ﬂ_a

/

(6.62)

oq T o

Proposition 6.6.3 (Generalized homogeneous estimates). The estimate
1Ol gy S 1Al

holds for all f such that A*f € LP(R™), whenever the Lebesque exponent q, r and p are such

that
1 o o
e
qa T p
and according to o > 0, lie in the range
e o<1, 1<p<2 p<r<oo,
eo=1, 1<p<2, p<r<oo,
eo>1, ' <p<2, p<r<z%yp,
and the Sobolev exponent s satisfies
n n n—2
s=———+ 4
p T oq

Remark 6.6.4. In particular, for o < 1 we have that

OO oy S TAfllze

since then the inequality p < ¢ always holds.

(

q,7) are two
5= p(F) fulfill

Theorem 6.6.5 (Global inhomogeneous estimates). Suppose that (gq,7) and
jointly o-acceptable exponent pairs and the smoothness exponents p = p(r) and
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condition (6.61). Then the operator W (t) obeys the estimate

|‘W(t)F||Lq(R;B;g) 5 ”F”L@’(R;B?,J)’ (6-63)

for all F € L7 (R; Bf,j), whenever o < 1. If 0 > 1 we consider different cases

(i) The point (1/q,1/q) lies inside NOAB in fig. 2.1, that is 1 < q,§ < 0o and q > ¢': then
W (t) satisfies (6.63) for all F € L‘Y(]R;Bg,g).

(i1) The point (1/q,1/q) lies on the hypotenuse AB, that is 1 < q,4 < oo and ¢ = ¢': then
W (t) satisfies (6.63) if ¢ < 2, or otherwise

IWEF gy S 1F g, )

for all F € LI(R; B, ,).

(i1i) The point (1/q,1/q) lies on the side OA, that is 1 < ¢ < 00, § = oc0: then W (t) satisfies

IWOF | o gnmg) S 1 s s,

for all F € LT (R; B, ,).

(iv) The point (1/q,1/q) lies on the side OB, that is 1 < § < oo, ¢ = 0o, then W (t) satisfies

||W(’5)F||Loo(R;B;g) S ”F”LQ“’YT(R;BQQ)

for all F € LT (R; BY, ,).

Corollary 6.6.6. By the usual embeddings between the Besov and Sobolev spaces, estimate
(6.63) implies estimate
W@ oo S NEl Lo gz, - (6.64)

whenever 2 < r,7 < 00.

6.7 Abstract vector-valued equations

In this section we shall present the Strichartz estimates in the abstract setting. We shall
work with Banach spaces B whose norms are denoted by |-|| 5. Thus the evolution operator
U(t) : S — B maps for any fixed time ¢ € R a space S of some nice functions to an element of
the Banach space BB, meaning that the images are assumed to be smooth enough and to decay
rapidly enough so that all formal operations in the sequel are justified. In the context of the

initial value problem (IVP) for a partial differential equation (PDE) S is typically considered
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to be a dense subset of the space of the initial data f since we have that U(0)f = f. However,
the latter property of U(t) has no bearing on what follows.

Consider a Banach spaces By and a Hilbert space By with the properties: (i) they are
compatible for interpolation (see [2, 1]), (i) Bo* and B1* have a common dense subset S of nice
functions in a sense described earlier, and (iii) they have the same duality pairing (-,-). Let
us explain what is meant by (iii) on a concrete example. Suppose that By and B; are spaces
of measurable functions over some measure space (X, du). Then the duality pairing for both

spaces has the very simple form

(f.9) = /X fodn.

In fact, in all applications to concrete equations we shall deal with such spaces only.

By By we shall denote the complex interpolation space (Bo, B1)g, for 8 € [0, 1], and by By 4
we shall denote the real interpolation space (By, B1)s,q, for 6 € [0,1], 1 < ¢ < 0.

The Strichartz estimates that we shall present in this work follow from the following as-

sumptions on the operator U(t) : S — By U By:

(i) U(t) obeys the dispersive estimate
1
05, S 77 1fllge-» >0, (6.65)
2|

(ii) U(t) obeys the energy estimate

W fls, Sl flls,» VEER (6.66)

(iii) U(t) enjoys the group property
U (t)y=U(-t), URU*(s)=U(t—s), (6.67)
(iv) U(t) enjoys the following regularity property
Ut)f € CR; By*) (6.68)

for all 6 € [0,1], f € S.

To formulate the Strichartz estimates in the abstract setting in what follows we shall often

o0 1/q
(Gl = ([ _IG0NEar)

use norms of the form

where G : R — B maps R to some Banach space B.

Before we begin we would like to remark that, for example, in Keel and Tao [30] the energy
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estimate (6.66) is given a slightly more general formulation
U@ fllg, S fll. VfES, tER, (6.69)

for some Hilbert space H and some Banach space B; with H # B in general. However, this
causes some difficulties not present in formulation (6.66). One difficulty is the fact that estimate

(6.69) implies the inhomogeneous estimate

WO oo isyy S N gire) » (6.70)

which is of different nature compared to the standard family of inhomogeneous Strichartz

estimates

W@ F |l arzy) S IE e ;8,7 - (6.71)

Then, the description of the full set of inhomogeneous estimates would become more involved
as it would include estimates that are interpolations between (6.70) and (6.71). What is more,
from the viewpoint of applications, formulation (6.66) is quite natural as it reflects the principle
in physics of energy conservation more closely than (6.69).

The Strichartz estimates for U(t) have the form

1T Fll arssyy S 1 f1ls, » (6.72)

and more generally

IO fl awipey S I1flls,- - (6.73)

For comparison estimate (6.72) correspond to estimate (6.14) with p = 2 and estimate (6.73)
corresponds to estimate (6.14) with 1 < p < 2 in the context of the Schrédinger equation. The

inhomogeneous estimates have the form

W@ F |l oz S IF Lo m;8,%) - (6.74)

The global in time estimates (6.73), (6.74) have local counterparts

10Ol o z1:80) S 1 1ls, (6.75)

W@ F | Laqo,11:85) S N1E | e (0.71:8,) » (6.76)

for any 0 < T < oco. This follows immediately if we consider the localized operator U (t)x[o, 1),
where 0,77 is the characteristic function of the interval [0,77], and see that it as well as U(t)
satisfies conditions (6.65) - (6.68).

We continue with the necessary definitions that describe the range of validity of the homo-
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geneous and inhomogeneous Strichartz estimates (6.72), (6.73) and (6.74).

Remark 6.7.1 (Mnemonic rule). The abstract definitions below can be easily remembered from

the more familiar definitions for the Schrédinger equation if one replaces 2/r by 6.

Definition 6.7.2. Set

0* =0, it o<1,
(6.77)
0 =(c—-1)/o, if o>1.

Definition 6.7.3 ([30]). We say that the exponent pair (g, 0) is o-admissible, whenever

1

apart from the case 0 = 1, (¢,0) = (2,0).

We shall call a pair (q,0) endpoint if ¢ > 1 and (g, 0) = (2,6*). Note that definition 6.7.3
forbids the endpoint o = 1, (¢, 6) = (2,0) but allows all higher-dimensional endpoints for o > 1.

The following definitions pertain to the inhomogeneous estimates.

Definition 6.7.4 ([19]). We say that the exponent pair (g, 0) is o-acceptable, whenever

1
p <o(l-0), 1<g<oo, 6€]0,1), (6.79)

or if (gq,0) = (00, 1).
We introduce the following definition.

Definition 6.7.5. We say that the two g-acceptable exponent pairs (g, 6) and (g, é) are jointly
o-acceptable, whenever

+==2(2-0-9), (6.80)

Q=
2| =

and if further satisfy the following restrictions
(i) if ¢ > 1: then 0 < 6,0,

(ii) whenever ¢ > ¢, 1 < q,¢ < oo: then
(c—1)0<c0, (6—1)0<o00,

otherwise

(60 —1)0 <0, (0—1)0< ob.

Note that for o < 1 condition (ii) is void. We also have the two consequences: (i) if ¢ = oo,

then 6 < 6, and (ii) if ¢ = oo, then 6 < 6. They follow directly from (6.79) and (6.80). We
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shall call an inhomogeneous Strichartz estimate with exponent pairs (q,0), (¢,0) endpoint if (i)
q = ¢, which can only happen if o > 1, (ii) if ¢ = oo, and (iii) if § = oc.

We next formulate the Strichartz estimates in the abstract setting.

Theorem 6.7.6 (Estimates for admissible exponents). The estimate

IO La@sy) + IWOFN Lagsyy S 15, + 1F L @5, - (6.81)

holds for all f € By, F € LT (R; By™), whenever (q,0) and (4, é) are two o-admissible exponent

pairs, and (q,0) is not an endpoint pair.

Proposition 6.7.7 (Generalized homogeneous estimates). Suppose that (q,0) is an exponent

)

for some 6 € (0,1]. Then the estimate

pair satisfying

1T oo sy S 11l (6.82)

holds for every f € Be’f whenever the exponents 6 and 0 are in the range

e o<1, 0<6<1, 0<6<8,
oo =1, 0<6<1, 0<6<0,
o0 >1, 0<6<1, -1 <9 <9,

g

or if (q,9,9~) = (o0, 1,1).

Theorem 6.7.8 (Global inhomogeneous estimates). Suppose that (q,6) and (§,0) are two

jointly o-acceptable exponent pairs. Then the operator W (t) obeys the estimate

WO F | Lo rz) S IFl 7 @;8,7) (6.83)

for all F € L7 (R; B;*) whenever o < 1. If 0 > 1 we consider different cases

(i) the point (1/q,1/q) lies inside AOAB in fig. 2.1, that is 1 < q,§ < oo and q¢ > ¢': then
W (t) satisfies (6.83) for all F € L9 (R; Bs*).

(i) The point (1/q,1/q) lies on the hypotenuse AB, that is 1 < ¢,§ < o0 and ¢ = ¢': then
W(t) satisfies

WO F | Larss,.,) < ”FHLG(R;B‘;jﬂ
for all F € LY(R; B; ;*).
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(i1i) The point (1/q,1/q) lies on the side OA, that is 1 < ¢ < 0o, § = oc: then W (t) satisfies

WO F | oo imy) S NF L1 mim,7) » (6.84)

for all F € L*(R; B;").
(iv) The point (1/q,1/q) lies on the side OB, that is 1 < § < 00, q = oo: then W (t) satisfies
WO F || oo ri8e) S NF L1 mi8,7) (6.85)

for all F € LTY(R; B;").

Remark 6.7.9. The appearance of Lorentz norms in some of the estimates above is not a

great obstacle to applications. Indeed, if we restrict to finite time intervals [0, T], we have the

continuous embeddings

LE7([0,T]) — LP([0,T]), q¢>p, 1 <q,p,7 <00,

LP([0,T]) — L*7([0,T]), p>gq, 1 <q,p,r <00,

see [1, p. 217]. For example, let ¢, 6 and 0 be such that estimate (6.82) holds and let 1 < @ < g.

Then we have the local homogeneous estimate

100 F 1l o.10) S 11l -

Similarly, if for example g, 0 and 6 are such that estimate (6.85) holds and 1 < Q < G, then we

have the local inhomogeneous estimate

||W(t)F||Lm([0,T];69) St HFHL@’([O,T];BF;*)'
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Chapter 7

Proofs

In this chapter we shall prove the estimates we presented in the sections of the preceding
chapter. We shall give complete and rigorous proofs only in the abstract formulation of the
estimates. The estimates for the concrete equations we considered so far shall be derived as
consequences of the abstract estimates.

We begin with a revision of the T'T*-principle in the abstract setting.

7.1 The TT*-principle

Lemma 7.1.1. [21, p. 56], [41, p. 113] Let T be a linear operator, B be a Banach space, and

‘H be a Hilbert space. The following statements are equivalent:
(i) T : H — B is bounded,
(i) T* : B* — H 1is bounded,
(iti) TT* : B* — B is bounded.
Furthermore, we have the following equality of operator norms ||T|* = || T*||> = || TT*|.

A few remarks are due. The second source [41] contains the proof of this lemma in the
important and technically uncomplicated setting of B = LP, for 1 < p < oo, H = L?. The
general case is presented in the first source [21] and the references therein. The general proof is
word for word the same as the LP-case if one replaces the LP-symbol with that of the Banach
space B. We notice, however, that in the context of the Lebesgue spaces the lemma holds with
B = L™ but instead of the dual space to L> we can use its associate L?.

We next present an important consequence of the TT*-principle that shall play a role in the
proof of the inhomogeneous Strichartz estimates. Suppose that the bounded linear operator
T : By — L9(R; By) is of the form T'f = U(t)f. Then its formal adjoint T* : LY (R; By*) — By
is a bounded linear operator of the form [, U*(t)F(t)dt. We shall the call exponent pair (g, 6)
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admissible. Suppose that 7' is bounded for two admissible pairs (g,6) and (§,). Then the
composition of T': By — L4(R; By) with T : L7 (R; B;*) — By is the bounded operator
TT* : L7 (R; B;*) — LY(R; By), TT*F = / U(t — s)F(s)ds.
R

Notice the similarity between TT*F and
t
W(t)F = / Ult — 5)F(s)ds.

The boundedness of the operator W (t) : LT (R;B;") — L4(R;Bp) easily implies that of the
TT* : L7 (R; B;") — L9(R;Bp) under some minor assumptions on U(t). The proof of that

(=[]

in the definition of the TT*-operator and then make a change of variables in the second integral

statement follows if we consider that

on the right to transform it to an integral like the first one on the right. The details are left as
an exercise and we now address the more important question of when the boundedness of the
TT*-operator implies that of W (t). In general this implication holds whenever ¢ > ¢’ and there
are known counterexamples to the limiting case ¢ = ¢’. This is due to the celebrated Lemma
8.0.14 of Christ-Kiselev. This combination of the TT*-principle with the Christ-Kiselev Lemma
is the standard way of obtaining Strichartz estimates for W (¢) from the estimates for U(¢). In
passing we remark that in the symmetric case (¢,6) = (g, 0~) the opposite is also true which is
an easy consequence of Lemma 7.1.2.

The T'T*-principle for Strichartz estimates can be recast in a bilinear formulation which is

more effective.

Lemma 7.1.2 (Keel and Tao [30]). Consider the bilinear form

B(F,G) = / / U ORU @G)dsdr (7.1)

(i) The boundedness of the operator T : H — Li(R; By) of the form T f = U (t)f is equivalent
to the boundedness of the bilinear mapping B : LY (R; Bg*) x L7 (R; By*) — C.

(i) The boundedness of the operator W (t) : L7 (R; B;*) — Li(R; By) is equivalent to that of
the bilinear mapping B : LY (R; Bg*) x LY (R; B;*) — C.

As with the KT equation we consider the decompositions

=] . BEG =) > BuFaq),

A Qe0y A QeO0y
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where

Bo(F.G) = / / (U*(s)F(s), U (1)G(1))dsdt.
Q
The advantage of the above decomposition is that whenever Q@ = J x I and @ € Oy we have

A= 1] = |J| ~ dist(€2, 9Q) ~ dist(L, J). (7.2)

The very special property (7.2) of this decomposition allows us to obtain the following scaling
invariance

|Ba(F.G)| S NCOTD | F| L 5,09

Gl (1.7 (7.3)

of each dyadic piece Bg in the bilinear form B. The latter shall be proved in section 7.3.1

and in particular Lemma 7.3.4 gives a certain range for the ordered 4-tuple of exponents (g, 6),

(g, 0), where the local scaling (7.3) holds true. Another scaling invariant quantity is given by

Lemma 7.1.3. If% —|—% <1, then

Z |BQ(Fa G) < AP (8.26) HFHL‘f'(R;Be‘*) ”GHL‘I'(R;Be*) ’
Qe

Proof. In view of (7.3)

03,0
Y [Bo(RG) g X810y T I e ) 1G] Lo 1, -
QEeO QeO,Q=JIxI
An application of Lemma 7.1.4 below completes the proof. |
Lemma 7.1.4. Suppose %—i—% > 1. Then
Z HfHLza(J) ||9HLp(I) < HfHLza(R) ||g||LP(]R) :

QEeO,, Q=JxI

Proof. The lemma follows directly from the inequality

p

D lagbil < | D layl? dolbl”]
j i j

which holds in the range % + % > 1, and the fact that for each dyadic interval I there are at

most two dyadic squares in Oy with side . |

Consider the bilinear operator A : L (R; B;") x LY (R; Bg*) — 12°, defined by the formula

A(Fa G) = {bA}AEQZ = Z |BQ(Fa G)|

QEOA Ae2Z
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Thus, in view of the bilinear formulation of the TT* in Lemma 2.3.9, the estimate

103y S Il ooy Gl o sy VF € L7 (Rs By), WG € LY (R: By,

implies the boundedness of W (t) : LY (R; B;*) — Li(R; By).

7.2 Estimates for admissible exponents

7.2.1 The basic case

Let us recall

Theorem 7.2.1. The estimate

IO La@:sy) + IWOFN Loy S 15, + 1F L @5, - (7.4)

holds for all f € By, F € LY (R; Byp™), whenever (q,0) and (q, é) are two o-admissible exponent

pairs. In the double endpoint case (q,0) = (q,0) = (2,0%), though, the norm of the space
L2(R; By+) has to be replaced by that of the space L*(R; By 2).

Proof. In view of the T'T*-principle, to prove the boundedness of the operator U(t) : By —
L(R; By) whenever (g, 0) is o-admissible it is enough to prove the boundedness of the operator
TT* : LY (R; By*) — LI(R;By). Note that TT*-operator is a convolution operator for which
we can apply some standard techniques from Analysis. We begin with complex interpolation
between the dispersive estimate (6.56) and the energy estimate (6.57) to obtain the following

decay estimate

1
10 fls, < W I flls,-» 0 €1[0,1].

Using this, we obtain

o0 o0 F .
|TT*F| 5 < |U(t = $)F(s)| g, ds < EG s, (7.5)
By ~ - By ~ o |t i s|0(170)

We now take the L%-norm in ¢ in both sides of the above inequality. To estimate the right
hand side (RHS), we apply the Hardy-Littlewood-Sobolev theorem of fractional integration, see
[1, pp. 228-229], [41]. Thus we obtain

”TT*FHL‘I(R;BQ) S ”FHLQI(R?B@*)’

whenever 0 < o(1—0) <1,1+1/g=1/¢' 4+ o(1 — ). The latter conditions are equivalent to
0* <0 <1,2/q=o0(1l—0). Remember that the exponent o(1 — f) = o must be in (0,1) in
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order to apply the above argument. However, the left endpoint (o = 0), i.e. § = 1, coincides
with the energy estimate (6.66). The right endpoint (aw = 1), i.e. 8 = 6*, (recall definition
(6.77)), is too delicate to be resolved by this argument. The corresponding estimate is the

endpoint homogeneous Strichartz estimate

WU 2 @ipyey S I flls, > VS € B (7.6)

This estimate has been proved false for many concrete equations when ¢ = 1. In higher

dimensions, when ¢ > 1, Keel and Tao showed that the modified estimate

10O sy ) S 1 ls VF € By

always holds. Of course, in the special case when By are Lebesgue spaces L” with r > 2, this
estimate implies the original one.

In view of the Christ-Kiselev Lemma 8.0.14, the above implies the inhomogeneous estimate

W@ Lagssey S IFN e 25,7 » (7.7)

whenever (g, ), (g, 9~) are two og-admissible exponent pairs with ¢ > ¢’. The double endpoint

case (¢,0) = (q,0) = (2,0*) follows from the Equivalence Theorem 1.3.2, part B. O

7.2.2 Generalized global homogeneous estimates

Proposition 7.2.2. Suppose that (q,0) is an exponent pair satisfying
1 -
—:f(z—a—@,
q 2

for some 6 € (0,1]. Then the estimate

||U(t)f||Lq,u(R;59) S Hf“za‘éyu/* ;o 1<ce< oo, (7.8)

holds for every f € B; C,' whenever the exponents 0 and 0 are in the range

o o<1, 0<6<1, 0<6<80,
e o=1, 0<6<1, 0<6<86,
o0 >1, 0<6<1, 0* <60 <9,

or if (q,9,§) = (o0, 1,1).

Proof. Suppose at first that o # 1. We interpolate with the real method with parameters 7, c,
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for 0 <n<1,1<c¢< o0, in the two inequalities below

IO F o sy S Il 67 <O, (7.9)

U@l Loy S g« 07 <6<1, (7.10)

where 1/£(0) = o(1 — 0). In view of the reiteration theorem, see [1], we obtain the estimate

HU(t)fHLQvC(R;B[e]) S, HfHB{;&/* )

where

Expressing £ and ¢ in terms of  and eliminating 7 from these equations, we obtain the equivalent

conditions

1 o ~ -

—=—(2-6-46 f<h<1, O*<HLI.

03 ( ), 0<0<1, <0<
Relabeling @) by ¢ and reformulating the inequalities above as 6* < 0 <1,6% <6 <0, we finish
the proof in the case o # 1.

The case 0 = 1 is treated in exactly the same way but this time estimates (7.9), (7.10) are

valid only in the range 6* < 6 < 1. |

Note that instead of real interpolation we can use the complex method, which yields the

alternative estimate

1T oo sy < 17 s, - (7.11)

The argument of this section is a generalization of an argument of Kato [29], originally
presented in the specific context of the Schrodinger equation. We shall further extend the

range of these estimates for ¢ > 1 in section 7.3.4.

7.3 Estimates for acceptable exponents

This section is dedicated to the proof of the global inhomogeneous Strichartz estimates of
Theorem 6.7.8 which is to be done considering several different case. We begin with the proof

of some local estimates that shall be crucial in the sequel.
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7.3.1 Local inhomogeneous estimates

Following Foschi [19], we want to find the range of local estimates for W (t) that are invariant

to the scaling
W () [X)\JF]”LQ(AI;BQ) S A@8.a0) ”FHLri’()\J;Bé*) , VA>0, (7.12)

where I and J are two unit intervals separated by a unit distance and x s is the characteristic

of the rescaled interval A\J and

B(q,0,G,0) = = + (2—0-0). (7.13)

o
2

Q| =
2| =

The bilinear formulation of (7.12) is

|Bo(F,G)| S N @OED | o 5.9

‘G”Lq’([;Bs*) ) (7-14)

where @ is the square I x J.

Lemma 7.3.1. Estimate (7.12) holds for any two o-admissible pairs (q,0) and (q,0).

Proof. The proof follows trivially from Theorem 6.1.6 due to the fact that 5(q,0,d,0) = 0 under
the hypothesis of the lemma. O

Lemma 7.3.2. Estimate (7.12) holds with (q,0) = (G, 0) = (o0, 0).

Proof. By the dispersive estimate (6.65) we have that

3 1) g,
sup [|W()[xas Flll5, < sup o—dr
teAT text Jag [t —T|

< \B(00,0,00,0) ”FHLl(AI;Bo*) i

O

Lemma 7.3.3. Whenever (¢,0) and (g,0) are exponent pairs for which estimate (7.12) holds,
we have that (7.12) also holds with (Q,0) and (Q,0), where 1 < Q < ¢, 1 < Q <.

Proof. A trivial application of Holder’s inequality

1_1
W@ DT Fll e arisyy S AZ 7 IWE DT F Laar:8,)

SNQTID o 2 gigyey S AT B

/()\J;Bg* AT;Bg*) - g

Let us define the range of validity of the local estimates (7.12) as the set £ in R%. Each
point in & corresponds to a 4-tuple of exponents (1/¢,6,1/4, é) Below we find the convex hull
E* (€% C &) of the points in R* that correspond to the estimates in the three lemmas above.

We shall call any point or collection of points in & acceptable.
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Lemma 7.3.4 (Local inhomogeneous estimates). Estimate (7.12), or equivalently (7.14), holds

whenever the exponent pairs (q,0), (¢,0) € £* given explicitly by the following conditions

11 ~
OS_7TS1) 0S979§1) (715)
q q
TGy <t Zw_g<? (7.16)
2 —q) _67 :
(0 —1)0 <0, (0—1)8<0b. (7.17)

If o > 1 then also 0,0 > 0.
Remark 7.3.5. Condition (7.17) is void when o < 1.

Proof. We apply the Riesz-Thorin convexity theorem to interpolate between the already proven
local estimates. In essence, we find the convex hull of the locally acceptable sets associated with
Lemmas 7.3.1 and 7.3.2 and then expand that set by the rule given in Lemma 7.3.3.

When o # 1 the set of acceptability S; of the local estimates in Lemma 7.3.1 is given by

the system
1 .
—=%ﬂ—®7:=gﬂ—ﬂ
S = q (7.18)
0" <0<1, 0*<6<I1.
Interpolating with O = (0,0,0,0) we get
l_n 1_n
s la v G 7
0 =nb ézné, 0<n<1

And lastly, applying to So the rule of Lemma 7.3.3 we get

1>=>1
Q 4 (7.19)
nd, 0<p<L

1> n L
q

We need to eliminate from the definition of S5 the following variables q,§,6,0 and 7. By
expressing ¢ and ¢ in terms of 6 and 6 respectively, see (7.18), we simplify the four inequalities

in (7.19) to

Ogiigl,
QQ
2 2 ~
n<—+6, n<—=+06
O'Q o
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The two equalities in (7.19) are simplified to
ng* <O <y n*<O<n 0<n<l

Let us now group all similar inequalities for n

e 6
- — 21
77<9*79*7 (7 )
<2 02161 (7.22)
77—0_ ’O'Q 9 L .

There is n € [0, 1] solving the inequalities in (7.20), (7.21), (7.22), if and only if any quantity
on the left is bounded by any quantity on the right in these inequalities. This gives the lemma,
i.e. that S3 = &*. O

7.3.2 Non-endpoint global inhomogeneous estimates

Our goal in this subsection shall be to show the boundedness of

A LT (R; B;) x LY (R; By*) — 1! (7.23)
whenever the ordered 4-tuple (g, 9), (g, 9~) is non-endpoint in a certain sense, recall the notation
introduced at the end of section 7.1.

Suppose that (1/¢,1/4) € Ag, where Ag = {1/¢>0,1/G>0,1/¢+ 1/§ < 1}, and that the

4-tuple (q,0), (q,0) € £, together with a neighborhood of small perturbations in (1/q,1/4).

Then in virtue of Corollary 7.1.3 we have the estimate

ba] < 2\3(4,0,4.0) |

|F||L6’(R;Bé*) |G||Lq’(R;Bg*) )

or in other words {by} € l;‘zqe a0y’ Since Ag is an open set (triangle) on the (1/¢,1/q)-
coordinate plane, we can always find a small enough open neighborhood of points in Ay around

(1/g,1/q). Let us set
1/go=1/q+e, 1/Go=1/G+¢, 1/ =1/q—3¢, 1/@1=1/G— 3e.

Suppose that € > 0 is small enough so that (1/qo,1/do), (1/q1,1/G1) € AN E*. Suppose also

that, cf. (7.13), B(q,0,G,0) = 0. Then we have that ((qo,0, do,0) = 2¢, and [(q1,0,Go,0) =
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B(qo,0,q1,0) = —2¢. Thus we obtain the maps

A: Lqé(R;Bé*) X Lqé@& By*) — 152,
A LI0(R; B;*) x LU (R; By*) — 1%,

A LT(R; B5*) x L%(R; Bg*) — 1%,
are bounded. In virtue of Lemma 8.0.7 we have that the map

A (L9(R; By ), LT (R; By™))1a.q % (L9 (R; Bo*), L% (R; Bo™))1 /a0 —

(13¢5 125)1 /2.1

is also bounded. Finally, in view of the well-known interpolation identities of the Lorentz spaces
and that of Lemma 8.0.6, this implies (7.23)

Now let us recapitulate all conditions we have imposed so far on the exponents. We have the
conditions of the local estimates (set £*) plus the scaling condition (g, 6, G, 6) = 0. Remember
that all inequalities in the definition of £* that contain ¢ or § must be rewritten as strict
inequalities to allow perturbation in these quantities. Also note that conditions (7.16) together

with 8 = 0 are equivalent to (g,0) and (¢, ) being KT-acceptable.

7.3.3 Endpoint global inhomogeneous estimates, case of ¢ = ¢

We now proceed with the proof of the endpoint estimates with exponents that lie on the
hypotenuse on AOAB, see figure 2.1. To that end we shall need the well-known interpolation

identities
(LP(R; Ao), LP(R; A1))g,p = LP(R; (Ao, A1)op), 1 <p < oo, (7.24)

see [2]. We fix an exponent 4-tuple (1/¢,0,1/4, 0) € £* such that 3(q, 0, ,0) = 0. We perturbate
the exponents in estimate (7.3) by finding two 4-tuples (1/q,600,1/4, 0~0), (1/q,01,1/4, 51) €&
subject to

90:9+€, 9~0:é—|—6, 91:1/(]—36, 5125—36.

Thus B(q, 6o, g, 9~0) = 20¢ and (g, 61,4, 9~0) = B(q, 0o, q, 9~1) = —20¢. Hence the maps

At LT (R; By, ") x LY (R; By, ™) — 152,
A: L‘j/(R;Béo*) x LY (R; By, ™) — 1%,

A L7 (R; By, ") x L (R; By, ™) — 1%,
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are bounded. In virtue of Lemma 8.0.7 we have that the map

A (LT (R; By, "), L7 (R; By, *))1/aq % (L7 (R; B, ™), LY (R; Bo, ™)1/,

- (152’13025)1/2,1
is also bounded. Finally, in view of the interpolation identity (7.24), the above simplifies to
A LT (R; By *) x LY (R; Byg") — 1,

where by By , we denote the real interpolation space (By, B1)g,q for 6 € [0,1], 1 < g < o0.
The set of validity of these estimates is determined in the same way as in the previous
section. Except that now all inequalities in the definition of £* that contain 6 or 6 must be

rewritten as strict inequalities as we perturbate with respect to these quantities.

7.3.4 Endpoint global inhomogeneous estimates, case of § = oo

Suppose now that (1/¢,1/g) lies on either one of the two catheti of AOAB in figure 2.1, for the
sake of concreteness let us suppose that 1/¢§ = 0. We also exclude the two endpoints O = (0, 0)
and A = (1,0) (if o > 1, otherwise A = (,0)), so that we can perturbate with respect to q.
We also suppose that (g, ) belongs to £* together with a neighborhood of small perturbations

in ¢ as well as the 4-tuple (q,0), (g,60). Assuming that the scaling condition 3(q,0,q,0) = 0
holds we have that

A LY (R; B;") x ng(]KBe*) — 1,

A LMNR; By) x LU (R; By*) — I

€9

where

The real method with parameters (0, q) = (1/2,1) gives that
A LNR; By) x LYY (R; By*) — 1.
By the TT*-principle, this means that

WO FN Lo mi8o) S 1F 1 mi,7) (7.25)

for all F € L'(R; B;*) whenever (g, ) and (oo, 0) satisfy the assumptions we have made so far.
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In view of the Equivalence Theorem 1.3.2, we also have the following homogeneous estimate

10Ol iy < 1715, (7.26)

for all f € Bg, in the same range as the inhomogeneous estimate (7.25).
To summarize, we have

Proposition 7.3.6. Suppose that (q,0) and (4,0) are two jointly-acceptable exponent pairs. If

q = oo then the estimate
W@ F | oo ipe) S NF L1 i85+ 5 (7.27)
holds for every F € L*(R; B;). If analogously q = oo, then by duality the estimate
WO Fll oo mi8e) S Il L1 miy7) » (7.28)

holds for every F € L7\ (R; B;").

Proposition 7.3.7. Suppose that (q,0) is an exponent pair satisfying
1 .
=7 (2 . 9) :
q 2

for some 6 € (0,1]. Then the estimate

1T oo sy S 11l (7.29)

holds for every f € B; /' whenever the exponents 0 and 0 are in the range

e 0 <1, 0<0<1, 0§9<§,
eo=1, 0<6<1, 0<6<8,
oo >1, 0<6<1, =19 <9 <9,

g

or if (q,@,é) = (00,1, 1).

7.4 Derivations of Strichartz estimates for concrete equa-
tions

The derivation of the Strichartz estimates from the abstract setting to each of the concrete
equations in Chapter 6 is completely straightforward. In a number of cases, though, we shall

need to make some extra computations. That is sketched in the context of the generalized
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Schrodinger and wave equations and can be found in the two subsections that follow. The cases
of the Klein-Gordon and Dirac equations are completely analogous to that of the wave equation
and shall not be considered separately.

Note that in the careful exposition of Keel and Tao [30], one can find the derivation of the
estimates for admissible exponents in the context of the Schrédinger and the wave equation,
that is Theorem 6.1.6 and Theorem 6.3.5. The sharpness of these theorems is also given in [30].
Similarly, in Foschi [19] one can find a derivation of the inhomogeneous Strichartz estimates for
the Schrédinger equation, that is Theorem 6.1.9. Foschi [19] and Vilela [49] present a number of
counterexamples for the sharpness of Theorem 6.1.9. In Taggart [45] one can find a derivation
of the inhomogeneous Strichartz estimates for the wave equation that are similar to those given

in Theorem 6.3.7.

7.4.1 Generalized Schrodinger-type equations
The Strichartz estimates for the Schrodinger and the generalized Schrodinger-type equations
follow from the abstract Strichartz estimates by the identification

) L
By=L", 6==, B;=1L", 6=

!
- , (7.30)

I
=<2

» P

<o

for 6,0 € [0,1].

The only additional computation is that of the generalized homogeneous estimates of Propo-
sition 6.2.2 where one needs to upgrade an L{"*-norm to a L{"’-norm, where L? is the class of
the initial data. For that see next subsection where this matter is discussed in the context of

the wave equation.

7.4.2 Generalized wave-type equations

The Strichartz for the generalized wave-type equations are contained as a special case in that

of the abstract Strichartz estimates by the identification

92 L
By=Bf, 0=> B;=B:f 0=
’ T

7,

=N

, p="7, (7.31)

for 6,6 € [0,1].

In this section we suppose that U(t) is a generalized wave evolution group satisfying condi-
tions (6.56)-(6.59).

Let us for example prove the generalized homogeneous estimates of Proposition 6.6.3. In

view of the abstract estimates of Proposition 6.7.7 and the identification above we have the
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estimate

||U(t)f||Lq,oo(R;B;§) S ||f||B§,2 ’

or equivalently

1D U O 1m ) S W,

in the same range for the exponents as in Proposition 6.7.7. In fact, this estimate implies

HD_p_ﬁU(t)fHL;IOOL; S HfHLg ? (732)

by the usual embeddings and the fact that r > 2 and p < 2. Now we use a standard argument
that shall be repeated in similar situations. We perturbate slightly the exponents ¢ and p and
use real interpolation with (0, p). Basically, in this way we sharpen (7.32) inside its range of

validity to
D= PUDf|| o e S F Nl (7.33)

The final result is summarized in Proposition 6.6.3.
In the next two propositions we assume (without loss of generality) that (6.56)-(6.59) are

given in terms of homogeneous Besov norms.

Proposition 7.4.1. Suppose that (q,r) is a nonsharply o-admissible exponent pair. Then we

have the estimate

||U(t)f||LgL;§Hf||Ha7 oqU= = — — —

for all f € H*. Analogously, if (g,7) and (§,7) are two nonsharply o-admissible exponent pairs,

then we have the estimate

IW () Fllap, < ID°F] (7.34)

Ly
for all D*F e LT (R; L™), where o is subject to (7.36).

Proof. If the pair (g,r) is nonsharply o-admissible then we can always find an exponent R,

2 < R < r, such that the pair (¢, R) is o-admissible. If < co we use the Sobolev embedding

n

1T S, SUDEFU@F] Lo

so that we can apply the Strichartz estimates of Theorem 6.6.1 to the right hand side. In view
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of 6.61, we obtain

If r = co we use Proposition 7.4.2.

By the TT*-principle, we have already proven that the inhomogeneous estimate (7.34)
applies to the T'T™*-operator. If ¢ > 2 we use the Christ-Kiselev Lemma 8.0.14. If ¢ = § = 2 we
use Sobolev embedding and the Equivalence Theorem 1.3.2, part B. O

Proposition 7.4.2. The estimate

n—20
oq

n
WO s SW s a=5—

holds for every f € H® whenever the exponent pair (g,00) is nonsharply o-admissible.

Proof. Consider the formula
0O f e < D USSR |1 DU me (7.35)

which is a special case of the interpolation inequality of Proposition 8.0.8, for some R < oo
fixed and big enough, and some 6, «, and -y, which we need to determine. To determine o we

consult formula (6.62) with r = co which suggests

g _n=26 _n . (n_ m-28 n\_
2 oq 2 2 oqf R)

Thus, vy = —k+k/0+n/r, k= (n—20)/0oq, and v > n/r if we can choose 6 < 1. Substituting

in (8.4) u = a, A =y, we obtain the identity
1-0k+(1-0)(—k)=0,

so that we are free to choose any 6 < 1. In particular, we choose 6 so that the pair (¢f, R) is o-
admissible. Thus we first apply Proposition 8.0.8 to the term ||U(t) f[| g, to obtain (7.35). To
each term on the right hand side of (7.35) we then apply Proposition 7.4.1 with the admissible
pairs (00,2), (¢, R), respectively, to conclude the proof. Note that this argument only works
if ¢ is away from the two endpoints ¢ = 2/0 (¢ = 2 when o > 1), ¢ = .

As a final remark we note that since o > 0 we can always replace the homogeneous norm

H* with the inhomogeneous norm H® in case that our estimates are based on inhomogeneous

norms. |
We next give a corollary to Theorem 6.6.5 in the case when o < 1.

Corollary 7.4.3. Suppose that (q,r) and (g, 7) are two nonsharply jointly o-acceptable exponent
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pairs with o < 1. Then the operator W (t) obeys the estimate

IW () Fllap, < ID°F] 7 < oo,

Li'Le
for all F, D*F € L7 (R; LF,), whenever the Sobolev exponent a fulfills condition

n—2 n
B—I——: — =
oq r o} T

n—20 E_n—Zﬁ_

/!

a. (7.36)

g

Proof. Consider two nonsharply jointly o-acceptable pairs (¢, ) and (¢, 7). We can always find
R and R such that 2 < R < r and 2 < R < 7 and (¢, R) and (¢, R) are jointly o-acceptable.
Then as we did in the preceding propositions we use Sobolev embedding. The Sobolev exponent
a in (7.36) is computed from

a=p+p+y+7,

where

y=n/R—n/r, 4=n/R—n/f
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Chapter 8

Appendix

Here we collect some standard facts and definitions from analysis that shall be used frequently
in our arguments throughout the entire body of this work.

Let D® be an operator of fractional differentiation that has symbol |£|® and analogously,
let A® be the corresponding inhomogeneous operator of symbol (1 + [£[*)/2. We define the
homogeneous Sobolev space H2(R") on R” by

(R = {u € §'(RY) \ PR") : [|D*ull ) < 00}

for 1 < r < 0o, s € R, that is the set of the tempered distributions &’'(R™) on R", factorized
by all polynomials P(R") on R", whose Sobolev norms [|D*:|| .., are finite. When r = 2,
instead of HQS (R™), we simply write H 5(R™). Analogously, the inhomogeneous Sobolev space

H:(R™) on R™ is defined by
H(R") = {u € S'(R") : [ A%l gy < 00}
The homogeneous Besov space Bﬁ 4(R™) on R™ is defined by
B ") = {ue S @)\ PR : {27 16 * ull o hiez||, < o0}

where {¢;};ez is a homogeneous Littlewood-Paley dyadic decomposition on R™. Analogously,

the inhomogeneous Besov space By (R") on R™ is defined by
B, (R") = {u e S : 129 10, 5l oy 52|, < 00}

where {¢; }j‘?io is a inhomogeneous Littlewood-Paley dyadic decomposition on R™.

Recall the well-known continuous embeddings between the Besov spaces Bﬁ}Q, and the
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Sobolev spaces H?
H:<—>B:2, 1<r<2, Bf2<—>H:, 2 <r < oo, (8.1)

see [2, p. 152]. Analogous embeddings are valid for the inhomogeneous Besov and Sobolev
spaces t00.

Let us recall several standard facts from real interpolation that shall be used often in our
arguments. By LP? = LP(X;B) and L"? = LP9(X;B) we denote the Lebesgue space and the
Lorentz space, respectively, of vector-valued functions that map a fixed measure space (X, du)

to a fixed Banach space B.

Proposition 8.0.4 (see [2, p. 113]). Suppose that 0 < pg, p1, @0, 1 < 00, 0 < 6 < 1, and

po # p1- Then
(LP07(10,LP17(11)9’q — L;DJI,

where 1/p=(1—0)/po+6/p1.

Suppose that By and By two Banach spaces that are compatible for interpolation.
Proposition 8.0.5 (see the Appendix of [14]). For every 1 < pg,p1 < 00, 0< 0 <1, 1/p=
(1=0)/po+0/p1 and p < q we have

LP(X5(Bo, B1)o,q) <= (L7 (X;Bo), L (X B1))o.q-

Denote by [2 the space of number sequences with a norm

. 1/
Hatjezlly = (2% ]a;1") ", 1<p<oo,

[{a} ezl =sup2’®la;|,  p=cc.
: JEZ

Lemma 8.0.6 (See Theorem 5.6.1 in [2]). We have the identity

(lsDoOJ?f)al :l;’

where s, s1 € R, so # s1 and s = (1 — 0)sg + Os1.
Lemma 8.0.7 (See pp. 76-77 in [2]). Suppose that (Ao, A1), (Bo,B1), (Co,C1) are interpolation

couples and that the bilinear operator T acts as a bounded transformation as indicated below:

T:A()XB()—>C(),
T:AOX31—>01,
T:A1X80—>C1.
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If 0p,0, € (0,1) and p,q,r € [1,00] such that 1/p+1/q > 1, then T also acts as a bounded

transformation in the following way:

T : (Ao, A1)ag,pr X (Bo, B1)e,,qr — (Co,C1)a0+61,r-

Proposition 8.0.8 (Interpolation inequality, [35]). Let A, u,p,q,r,0 satisfy A\, u € R, 1 <
pg<r<oo, 0<6<1,

As2o D (8.2)

p T

n o n
- — — 8.3
W< (8.3)
9<A—E+E)+G—W(M—E+E>ZQ (8.4)

p r q r
Then there exists a constant C' > 0 such that
0 1-6

1Fllzy < CUAE 171 s (8.5)

g
for all f € Hy N HY'.

Our next goal shall be to generalize to the abstract setting some basic facts about approxi-
mations of the identity. Denote by L(B, B) the space of all linear continuous operators on the
Banach space B and let K(t) : R — L(B, B) be an operator-valued function that maps R into
L(B,B). For each t € R, let m(¢t) : R — [0, o] denote the operator norm of K (t). Suppose that

m(t) € LN L' and
/ m(t)dt = 1.

— 0o

We set
t
€

&@le(

>7 FFZF*KFZ/ Ke(t_S)F(S)dS7

€ —00

where F' : R — B is a vector-valued function. In the next lemma we specify conditions on F'
and K under which F, — F, in the sense that ||F(t) — Fc(t)||z — 0 as € — 0. We shall call any

such family of kernels K, for € > 0, an approximation of the identity.

Lemma 8.0.9. Suppose that F : R — B belongs to L}, .(R; B), the space of all locally integrable

B-valued functions on R, and m(t) = O(|t|™") as |t| — +oo. Then F. — F at each point of
continuity of F.

In the classical setting of B =R (or C) the proof of this theorem can be found in a standard
course of Real Analysis like e.g. [50, p. 152]. The generalization to the vector-valued setting is
straightforward. The lemma shall be used under the same assumptions on the kernel to show
that |[Fe(t)|lz — [|F(t)| 5z on R, as e — 0, whenever F' € C(R; B)

In the same spirit we generalize

106



Lemma 8.0.10 (Fatou’s lemma). Suppose that Fy, — F a.e. on R, then

HF“LPJZ(]R;B) < hknigolf HFk”Lp,q(]R;B) )

wherep=q=1,p=qg=o00, orl <p< oo and 1 < g < 0.

Remark 8.0.11. The classical Fatou’s lemma is originally stated in the case of LP9(R;B) =
LY(R), ie. forp=¢g=1and B=R.

Proof. The limit Fj, — F a.e. on R means that ||F(t) — Fy(t)|| 3 — 0 for almost all ¢ € R. This
implies the limit || Fy|| 3 — || F|| 5 a.e. on R. By considering fi(t) : R — [0,00), fx(t) = || Fk(t)| 5,
and f(t) : R — [0,00), f(t) = ||[F(t)| 5 it will be enough to show the claim only in the scalar
case. However, the latter is a direct consequence of the Monotone convergence theorem for the
Lorentz space LP9(R) stated below. Indeed, let g, = inf{f, fit+1,...}. Then gr ~ f and
0 < gk < fi- Thus,

||f||LP~<1 = lim HngLP~q < lim inf ||kaprq
and the claim follows. O

Theorem 8.0.12 (Monotone convergence theorem for Lorentz spaces). Let (X,X,u) be a
measure space and let {fi} be a sequence of measurable functions on X. If 0 < fi. /' f u-a.e.

on X, then

||kaLPv‘1(X;dp,) - Hf“LPJI(X;dH) )
wherep=q=1,p=qg=00, or1 <p < oo and 1 < q < oo.

Proof. In the case when p = ¢ = 1 the proof can be found in [50, p. 172]. The case when

p = q = oo is trivial. The rest follows from the special representation of the Lorentz norm

o dt
1l naian = [ @75 OFF a<.

1l poa(xsam = sup {77 ()}, g = oo,
0<t<oo

see [1, p. 216]. Indeed, the claim follows from the property

\fel /] prace. = fg /7 F7,

see [1, p. 41], where by f* we have denoted the decreasing rearrangement of f, for a definition

see [1, p. 39]. O

The next lemma shall be useful to us when we are seeking to determine the boundaries of

the range of validity of the Strichartz estimates for the KT equation, in section 2.6.
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Lemma 8.0.13 (Hérmander [27]). Whenever a (non-trivial) linear and bounded operator maps
a vector-valued LP-space to another vector-valued L1-space, 1 < p,q < 0o, and additionally this

operator is translation invariant, then we must have that p < q.
And finally, the next lemma is useful in the proof of the inhomogeneous estimates.

Lemma 8.0.14 (Christ-Kiselev, see Lemma 3.1 of [47], or [46]). Suppose that the integral

operator

TIF)(t) = /_ T Kt 5)F(s)ds (8.6)

is bounded from LP(R;B1) to LY(R;Bs) for some Banach spaces By, B and 1 < p < ¢ < oo.
The operator-valued kernel K (t,s) : R? — L(By, Bz) maps R? to the space of all bounded linear
operators from By to By. Assume also that the kernel K is regular enough to ensure that (8.6)

is well-defined as a Ba-valued Bochner integral for almost all t € R. Then the operator

FIF)(t) = /_ K(t,5)F(s)ds

is also bounded on the same spaces.
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