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Abstract

A lot of attention has been drawn recently to global log canonical thresholds of Fano varieties,
which are algebraic counterparts of the a-invariant of Tian for smooth Fano varieties. In
particular, global log canonical thresholds are related to the existence of K&hler-Einstein metrics
on Fano varieties. The purpose of this thesis is to apply techniques from singularity theory in
order to compute the global log canonical thresholds of all Del Pezzo surfaces of degree 1 with
Du Val singularities, as well as the global log canonical thresholds of all Del Pezzo surfaces
of Picard rank 1 with Du Val singularities. As a consequence, it is proven that Del Pezzo
surfaces of degree 1 with Du Val singularities admit a Kéhler-Einstein metric if the singular

locus consists of only Aj, or Az, or Ay type Du Val singular points.
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Chapter 1

Introduction

A result of Demailly-Kollar [4] has recently drawn a lot of attention to global log canonical
thresholds of Fano varieties, which are algebraic counterparts of the a-invariant of Tian for
smooth Fano varieties (see [3, Appendix A]). Throughout this work we call Fano an algebraic
variety whose anticanonical bundle is ample. In particular, we are interested in calculating
global log canonical thresholds of two-dimensional Fano varieties, called Del Pezzo surfaces.
We note here that our varieties are not smooth and as we will see we allow mild singularities.
In order to define global log canonical thresholds, we need some definitions from singularity
theory. The interested reader could find more details in the classical reference [9].

Suppose that X is a variety and D = > d;D; is a Weil Q-divisor D on X with coefficients
0 <d; < 1. Then D is called a boundary on X and we say that (X, D) is a log pair. All the
varieties are usually considered having a boundary as an additional structure.

A log resolution is a resolution f : Y — X of singularities of X such that the union
(U Dl) UExc(f) of the strict transforms of all the D; and the exceptional locus of f is a divisor

with simple normal crossings.

Definition 1.1. Two Q-divisors D;, D2 on X are Q-linearly equivalent, written D; ~g Do,
if there is an integer r such that »D; and rDs are integral and linearly equivalent in the usual

sense, i.e. if 7(Dy — Ds) is the image of a principal divisor in Div(X).

Let X be a normal variety, D a Weil Q-divisor on X and f :Y — X a birational morphism,
such that Y is normal. Let £ C Y denote the exceptional locus of f. Assume that Kx + D is

Q-Cartier. Then we can write
Ky ~q f*(Kx + D)+ _a(X,D,E)E .

Definition 1.2. Any irreducible divisor £ C Y is called a divisor over X. The closure of
f(E) C X is called the centre of E on X and it is denoted by centerx E.

Definition 1.3. The discrepancy of the log pair (X, D) is the number
discrep(X, D) = infg {a(X, D, E)|E is exceptional divisor over X} .
The total discrepancy of the log pair (X, D) is the number

totaldiscrep(X, D) = infg {a(X, D, F)|E is divisor over X} .



We say that the log pair (X, D) is:

e terminal iff discrep(X, D) > 0,

e canonical iff discrep(X, D) > 0,

e log terminal iff discrep(X, D) > —1,

e log canonical iff discrep(X, D) > —1,

e Kawamata log terminal iff totaldiscrep(X, D) > —1.

Remark 1.4. In these cases we also say simply that Kx + D is terminal (respectively canonical,
etc.) and we are going to use the notation (X, D) and Kx + D interchangeably. If D is trivial,

we usually omit it and say that Ky is terminal (canonical, etc.).

Assume, now, that X is a variety with log terminal singularities, and let D be an effective
Q-Cartier Q-divisor on X. Then the number

let (X, D) = sup {\ € Q| the log pair (X, AD) is log canonical },

is called the log canonical threshold of the pair (X, D) and is a positive rational number.

Suppose, moreover, that X is a Fano variety with log terminal singularities.

Definition 1.5. The global log canonical threshold of X is the number
let(X) = inf {let(X, D)|D effective divisor on X such that D ~gp —Kx }.

Another way to consider the global log canonical threshold is by taking the inf,, {let,, (X)},

where

1
let, (X) = inf{lct(X7 ED) | D effective Q-divisor on X such that D € | — nKX|} .

Example 1.6. Suppose that X = P2. Then —Kp2 ~ 3H, where H is a general line on

the projective plane. Therefore, lct(X) < % Assume now that lct(X) < % According to
the definition of global log canonical threshold, this means that there is an effective Q-divisor
D ~g —Kx on P? such that the pair (X, %D) is not log canonical. Then there is a point
P in the projective plane such that multp(%D) > 1. We get the contradictory 3 = L-D >

1

multp(D) > 3, where L is a general line on P? passing through the point P. Thus, lct(X) = 3

In the case when X is a Del Pezzo surface of degree K% = 1, with Du Val singularities the
number lctq (X) was computed in [15].
In particular, global log canonical thresholds are related to the existence of Kéhler-Einstein

metrics on Fano varieties, as we can see in the following result due to [4], [13], [17] .

Theorem 1.7. Let X be an n-dimensional Fano variety with at most quotient singularities.

The variety X has a Kdhler-Einstein metric if the inequality holds

n
n+1"

let(X) >



For the rest of this thesis we are going to assume that X is a Del Pezzo surface with at most
Du Val singular points'. The problem of existence of Kihler-Einstein metrics on smooth Del
Pezzo surfaces was completely settled by Tian in [17].

Moreover the following is due to [1].

Theorem 1.8. Let X be a smooth Del Pezzo surface. Then

1/3 when X 2T, or K% € {7,9},

1/2 when X = P' x P! or K% € {5,6},

2/3 when K% =4 or X is a cubic surface in P* with an Eckardt point,
Lot (X) = 3/4 when X is a cubic surface in P? without Eckardt points,

3/4 when K% =2 and | — Kx| has a tacnodal curve,

5/6 when K% = 2 and | — K x| has no tacnodal curves,

5/6 when K% =1 and | — Kx| has a cuspidal curve,

1 when Ki =1 and | — Kx| has no cuspidal curves.

If, now, S C P2 is a singular cubic surface with Du Val singularities, and S3 admits a
Kéhler-Einstein metric, then according to [6] it can only have points of type A; or As.

Moreover, on a Del Pezzo surface Ss of degree 2 with only A; or As singularities a Kéhler-
Einstein metric exists due to [8]. In their method the authors of [8] consider S as a double
cover of P2, and use a Kihler-Einstein metric on P? to construct a Kihler-Einstein metric on
Sy. A Del Pezzo surface S; of degree 1 can be realised as a double cover of the cone P(1,1,2),
however P(1,1,2) does not admit a Kéhler-Einstein metric. Thus, one cannot apply the same
idea to prove existence of a Kahler-Einstein metric on S;. However, in [1] it was proven that
on every Del Pezzo surface of degree 1 with at most ordinary double points a Kéhler-Einstein
metric exists.

The main purpose of this thesis is to prove the following result.

Theorem 1.9. Let X be a Del Pezzo surface with Du Val singularities, such that either the
degree is K% = 1, or the Picard group is 7.> Then the global log canonical threshold lct(X) is
gien in Table A.1 to Table A.8.

Corollary 1.10. Let X be a degree 1 Del Pezzo surface having the following type of Du Val

singular points:

Ay, Ay + Ay, Ay 4+ Az, Ay + 28, Ay + Ay, Ag + 444,
As+ 301, 285 + 28, Ag + 241, As+ Ay, 245, As .

Then X admits a Kdhler-Einstein metric.

Proof. We see that Table A.8 together with Theorem 1.7 imply the existence of a Kéhler-
Einstein metric on every Del Pezzo surface of degree 1 with the singularities mentioned in
Corollary 1.10. O

LAll varieties are assumed to be projective, normal and defined over C.
2Global log canonical thresholds of cubic surfaces with Du Val singularities were computed in [2], while the
global log canonical threshold of the quadric cone is lct(P(1, 1,2)) = i (see [3]).



Tian’s a-invariants (and ag-invariants for a compact group G) introduced in [18], are used
in order to prove the existence of Kéhler-Einstein metrics. We now recall the definitions.
Let X be a compact Kahler manifold of dimension n with first Chern class ¢1(X) > 0. Let
g be a Kéhler-Einstein metric with w, := g;5d2z; A dZ; € ¢1(X). We define the space of Kéhler
potentials to be
P(X,g) := {qS € C*(X;R) |wy + ga&é > 0,supyé = o} .

We also define

Pu(X,g9) ={ ¢€P(X,g)|Iabasis fo,.., fv, of H'(X,Ox(—mKx)), s.t.

v—1_= _\/—1 = 2 2
Wy + 5000 = 5 —0dlog(| ol + . + . [*) }.

Definition 1.11. The a-invariant and «,,-invariant of X are defined to be:

a(X) = sup{a>0]|3C, >0, s.t. / efo“z’dVg < C,, V¢ € P(X,9)},
X
am(X) = sup{a>0]3C, >0,s.t. / eV, < Cy, V¢ € Pn(X,g)}.
X

Remark 1.12. In [16] and [17] the invariant o, 2(X) was introduced. One can see that
am2(X) > let(X) and aum, 2(X) goes to let(X) as m goes to +oo. However, it never reaches
let(X) if there are only finitely many Q-divisors D ~qg —Kx, such that lct(X) = lct(X, D).
The author believes that this is exactly the case when lct(X) = % and X is a Del Pezzo of
degree 1 with Du Val singularities of type Az, As or Ag. It follows, from [16] and [17], that a
Kéhler-Einstein metric exists on a smooth Del Pezzo surface X if ay, o(X) > % It is expected

that the same is true in case X is an orbifold Del Pezzo surface.
Therefore, we expect to have the following result.

Conjecture 1.13. Let X be a degree 1 Del Pezzo surface having only Du Val singularities of
type A, for n <6, then X admits a Kdahler-FEinstein metric.

Apart from their connection to the existence of Kéhler-Einstein metrics, global log canonical

thresholds have a birational application. For the following result we refer the reader to [14] and
[2].

Theorem 1.14. Let V,V be two varieties and Z be a smooth curve. Suppose that there is a

commutative diagram

V——==- >V (1.15)
A Z

such that m and 7™ are flat morphisms, and p is a birational map that induces an isomorphism

p|V\F:V\F—>V\F, (1.16)

where F and F are scheme fibers of © and T over a point O € Z, respectively. Suppose that

e the varieties V and V have terminal Q-factorial singularities,

10



o the divisors —Ky and — Ky, are m-ample and T-ample, respectively,
o the fibers F and F are irreducible.
Then p is an isomorphism if one of the following conditions hold:
e the varieties F' and F have log terminal singularities, and lct(F) + let(F) > 1;
e the variety F has log terminal singularities, and lct(F) > 1.

Before we proceed, as an illustration of Theorem 1.14, we provide the following example due
to [15].

Example 1.17. Let X — Z and Y — Z be two fibrations over Z, such that a generic fibre is a
Del Pezzo surface of degree 1. By this we mean that all the generic fibres are nonsingular, except
for the special fibre Sx of X and Sy of Y on which we allow Du Val singularities. We moreover
assume that Sy, Sy are irreducible and reduced. Suppose that the special fibre Sx has only
singularities of type As. If f: X --» Y is a birational map, then either f is an isomorphism
or the special fibre Sy of Y has an Eg singularity. Indeed, From Table A.1 to Table A.8 we
see that lct(Sy) > %, and that lct(Sy) = % only if Sy has an Eg type singularity. Moreover,
in this thesis we prove that lct(Sx) > 2. According to Theorem 1.14, if the birational map f
is not biregular, then lct(Sx) + let(Sy) < 1, and the only possibility for Sy is to have an Eg

type singularity.

11



Chapter 2

Preliminaries

2.1 Del Pezzo surfaces

Let X be a del Pezzo surface, that is a surface with ample anticanonical class —Kx. The
self-intersection number of its canonical class K% is called the degree of the Del Pezzo surface

X. In this thesis we are interested in studying Del Pezzo surfaces with Du Val singularities.

Definition 2.1. A point P of a normal surface X is called a Du Val singularity if there exists

a minimal resolution 7 : X — X such that K ¢ - Ei = 0 for every exceptional curve E; C X.

Definition 2.2. A curve C isomorphic to the projective line C' = P!, and having self-
intersection number C? = —1 (respectively C? = —2) is called a -1 curve (respectively -2

curve).

Every exceptional curve of the minimal resolution of a Du Val singularity is a -2 curve.
Indeed, if E; is one of the irreducible curves contracted to the point P by 7 : X — X, then
K¢ E; =0, and the classical Adjunction Formula on the smooth surface X gives 2g(F;) —2 =
E;(K 4 +E;). The self-intersection number of the curve E; is negative, and since the resolution
is minimal there are no curves with self-intersection number E? = —1. Tt follows that E? = —2
and E; = P

Du Val singularities appear throughout the classification of surfaces and there is a number
of ways of characterising them. They are quotient singularities C?/G, where G C SLy(C) is
a finite subgroup. The types of resolution graphs corresponding to Du Val singularities are

completely determined by the following Dynkin diagrams.

12



If X is a singular Del Pezzo surface with Du Val singularities, and K% = d, then X is one

of the following:
1) d =38, X =P(1,1,2) C P? is a quadric cone;
2)3<d<T, X=X,C P?is a projective normal surface of degree d;

3) d =2, can be represented as a double cover X %} P? ramified along a singular curve of

degree 4;

4) d =1, and X can be represented as a double cover X et P(1,1,2) C P3 of a quadric cone

ramified along a singular curve cut out on P(1, 1,2) by a surface of degree 3.

A minimal resolution X of the surface X in all cases except for 1) is a blow up of P? at 9 —d
points which are in almost general position. We say that a set of points ¥ in P? are in almost
general position when no 4 lie on a line, no 7 lie on a conic, and moreover, we cannot blow up a
point on a -2 curve. This means that we can allow curves with self-intersection number -1 and
-2, but no curve with self-intersection number -3 or smaller.

Consider the minimal resolution 7 : X — X of the Del Pezzo surface X. Then the anti-
canonical divisor —K ¢ of the smooth surface X is nef and big, and X is called a weak Del
Pezzo surface.

By Riemann-Roch Formula, we have that
WX, 03 (~Kx)) — W' (X, 03 (~Kg)) + B*(X, 05 (~Kg)) = K% + 1.

The higher cohomologies of O4(—K ) all vanish. Indeed, by Serre duality we have that
the group h?(X,03(-Kz)) = h%(X,04(2K%)), and the latter is zero since —K g is nef
and big. Moreover, dualising and using Kawamata-Viehweg vanishing h'(X, 03(-Kyg)) =
M (X,04(Kg+2(~Kg))) = 0. Therefore

dim| - K¢| = h%(X,0x(-Ky)) -1 =K% .

2.1.1 Del Pezzo surfaces of degree 1

The aim of this section is to give a more detailed description of the geometry of a Del Pezzo
surface X of degree K% = 1 and, in particular, to understand its anticanonical linear system

| — Kx|. Consider again the minimal resolution 7 : X — X.

13



Lemma 2.3. On a Del Pezzo surface of degree K% = 1, any element of the anticanonical linear

system | — K x| is reduced and irreducible.

Proof. Let D =" d;D; be the decomposition into prime divisors of an element D € | — Kx|.
According to [11, Theorem 4.20], since the surface X has only Du Val singularities, Kx is

Cartier and each d; is a nonnegative integer. Therefore
1=D-(-Kx) =" (D)-7"(-Kx) = D- (-Kg) = Y_diDi - (-Kg) 2 Y dy,

where D and bl are the strict transforms of D and D; via w. Thus, D is reduced and irreducible.
O

A degree one Del Pezzo surface is isomorphic to a degree six hypersurface in the weighted

projective space P(1,1,2,3). We write
X w® = A% + 22 folw,y) + 2 fa(z,y) + fo(x,y) C P(1,1,2,3),

where fo, f4, f¢ are homogeneous polynomials of degrees 2,4 and 6 respectively. The surface

X can be represented as the double cover

6. X 2L P(1,1,2) (2.4)
(x:y:z:w) — (x:y:2), (2.5)

which is ramified along a singular curve C : Az3+22 fa(x, y)+2 fa(z,y)+ fo(z,y) =0 C P(1,1,2)
of weighted degree 6. One can easily see that there is a 1-1 correspondence between the singular

points of the surface X and the singular points of the singular sextic curve C.
Lemma 2.6. The fized point of the linear system | — Kx/| cannot be a singular point of X.

Proof. Since dim| — Kx| = 1, the linear system | — Kx| is a pencil and we write | — Kx| =
{A\z + py =0|\,u € C}. Suppose now that the fixed point P of the linear system | — Kx]| is
a singular point of the surface X. Then the singular sextic curve C passes through the image
¢(P) of the fixed point P via the morphism ¢, and the equation of the curve C vanishes at
¢(P). As a consequence w|p = 0, and the point P : z = y = 0 is a base point of the linear
system | — 3K x| =< 23, 2%y, xy?, 3%, w2, yz,w >. However, this contradicts the fact that the

linear system | — 3K x| is base point free. O

Definition 2.7. Let w : Y — X be a resolution of a point P on a normal surface X. Let
E = Y E; be the divisor of the m-exceptional locus. Then there exists a unique effective
exceptional divisor I' = Y a; E; such that I' > 0, I'- E; < 0 for every E;, and I' is minimal with
respect to this property. The divisor T is called the fundamental cycle of the bunch {E;}.

For a minimal resolution of a Du Val singularity, we can easily find the corresponding
fundamental cycle. In Table 2.1 we have the fundamental cycles corresponding to each Du Val

singularity.

Lemma 2.8. Consider the minimal resolution © : X — X of a Del Pezzo surface of degree
K% =1. Let H be an element of the anticanonical linear system | — K | and T the fundamental
cycle of the minimal resolution m: X — X. If H contains a point of I, then H = D+T', where

D is a -1 curve.

14



Table 2.1: Fundamental cycles corresponding to Du Val singularities

Singularity | Fundamental cycle
1 1 1 1
A,,n>1 e @--.... e o
1 2 2 2 1
Dn, n Z 4 ° ° @ - ° °
1
°
1 2 3 2 1
Eg ° ° ° ° °
2
°
2 3 4 3 2 1
E7 ° ° ° ° . °
2
°
2 4 6 5 4 3 2
Eg ° ° ° H ° ° °
3
°

By Riemann-Roch Formula, we have that
hO(X,0x(=Kx)) = h'(X,Ox(~Kx)) + h*(X, Ox (~Kx)) = KX + 1,

and therefore
dim| — Kx| =h"(X,0x(-Kx)) - 1=K% =1.

Hence, there is a unique element Z € | — K x| which passes through each singular point of X.
Let now T be the fundamental cycle of the minimal resolution 7 : X — X. Since the resolution

is crepant, we have K ¢ = 7*(Kx), and therefore 7%(Z) € | — K ¢|. Again, [5] asserts that

where Z is the strict transform of Z and Z2 = —1.

We say that two singular Del Pezzo surfaces X and X’ with Du Val singularities have the
same singularity type if we can deform X to X’ by a finite sequence of deformations each of
whose fibres has the same number of isolated singularities of each type. Due to [19] we know that

the singularity types of singular Del Pezzo surfaces of degree K% = 1 and isomorphism classes

15



of subsystems of the root system [Eg, except for the subsystems of type 7A1,8A; and D4 + 44,
are in one-to-one correspondence, such that the configuration of singularities on the surface
coincides with the type of the corresponding root system. The complete classification of root
subsystems was done by Dynkin. Therefore, all possible combinations of Du Val singularities

on a Del Pezzo surface of degree 1 are the following.

Theorem 2.9. Let X be a Del Pezzo surface of degree 1 with Du Val singularities. Then its
singularity type is one of the following:

Ag, Dg, Ar + Ay, As + Ay + Ay, 244, 4A;, Eg + Ao,

E7 4+ Ay, Dg + 2A1, D5 4+ Ag, 2Dy, Dy + 4A1, 2A35 + 2A, 8Aq,

Ag+ A, Ay + A+ Ay, As+ Ay, 3A5+ Ay, Eg+ Ay, E7, Dy,

D5 + 241, Dy + 3Ay1, 283 + Ay, TA1, Dg + Aq, D5 + Ao, Dy + Ag,

Az + Ao + 2A1, As +4A, Ay + Az, As + 24, A7,

3As, Eg, Dg, Ag, Dy + 2A1, 2A3, D5+ Ay, Ag+3A1, Dy + As

6A1, Ao +4A1, Ay +2A1, Ag, Az + A + Ay, As + Ay, Ay + Ay, 20 +2A,,
D5, Az + 2A1, A+ Ag, As, 5A1, Ay + Ay, Dy + Ay, Ao +3A1, 2A5 + A4
Dy, 4A1, Ag +2A1, 2A5, As+ Ay, Ay, Ag, As + Ay, 3A1, As, 201, Ay .

The reason why there are exceptions, is because for 7A;,8A; and Dy + 44A,, the rational
elliptic surface obtained by blowing up a certain point on X has Euler-Poincaré characteristic
greater than the sum 12 of x(P?) = 3 and the total number 9 of blow-ups, which should be
prohibited.

2.1.2 Del Pezzo surfaces with Picard group Z

Let now X be a del Pezzo surface with Du Val singularities and Pic(X) = Z. Consider the
minimal resolution 7 : X — X of the surface X. The existence of special -1 curves intersecting
the exceptional locus Exc(r) is implied by the following result proven in [7], [12] and [20],
where all the possible singularity types are given for a Del Pezzo surface of rank one with Du

Val singularities.

Theorem 2.10. Let X be a Del Pezzo surface of rank one with Du Val singularities. Then its
singularity type is one of the following:

A, A+ As, Ay, 200 + Ag, D5, A + As, 3A,, Eg,

3A1 + Dy, A7, Ay +Dg, E7, Ay + 2A3, As + Aj, Dy,

2A1 + g, Eg, Ay +E7, Ay + A7, 244, Ag, A+ Ax + Ay,
As + Eg, Az + D5, 4A5, 2A1 + 2A3, 2Dy4.

Proof. The proof uses the theory of elliptic surfaces and in order to exhibit the idea, we will
consider only the case K% = 1. Let C and C’ be two non-singular members of the linear system
| — K| Since K?( = 1, the two curves C and C’ intersect in only one point P. Let f be a
rational function such that (f) = C' — C’. Then the point P is a point of indeterminacy of
f. Let 0 : Y — X be the blow up of X at the point P. Then f:=c lof:Y - Plisa
holomorphic mapping and the triple S = (Y, f ,P1) has a structure of an elliptic surface. Due
to [7] we know that the surface X has Pic(X) = Z, if and only if the exceptional locus Exc(m)

consists of as many -2 curves as the number of points we need to blow up on P? in order to
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Figure 2.1: Singular fibres

get X. Let E = Exc(m) = US_, E; be the exceptional locus in our case, and E be the strict
transform of E. Then F = E and F is contained in the singular fibres of S, since E does not
intersect non-singular members of | — K ¢|. The types of singular fibres of elliptic surfaces are
classified by Kodaira. In our case, E is contained in a fibre of one of the types in Figure 2.1,
where each vertex is a -2 curve, and the number adjacent to the vertex is the multiplicity of f.
Let F' be the -1 curve contracted to the point P via 0. Then F' is a section of S. Let Z be
the irreducible component of a singular fibre of S intersecting F. Then f has the multiplicity
one on Z. Thus the graph can be obtained by the combination of the graphs in Figure 2.2,
where the dotted vertices represent -1 curves, and of course, they are not components of E. In
our case, when we combine the graphs the number of the vertices must be equal to 8. Blowing
down these -1 curves, we can reduce to the case 2 < K% < 6 and recover all the possible types
of the graph. O

2.2 Log canonicity

As we saw in the previous section, for each Du Val singular point of a Del Pezzo surface
X of degree 1 there exists an element Z of the linear system | — Kx| passing through this
point of X. This way, we already obtain an upper bound for the log canonical threshold since
let(X) <let(X,Z2) < 1.

In general, the existence of special curves in some plurianticanonical linear system would
give us a smaller upper bound, say w < 1, for the global log canonical threshold lct(X). Even
for singular Del Pezzo surfaces of higher degree the main idea is to find special curves in order
to obtain an optimal upper bound w < KL§( for the global log canonical threshold. The existence
of such curves is shown case by case in Chapter 3 and Chapter 4.

We can now assume that the global log canonical threshold is strictly less than an optimal

upper bound w < K% This means that there is an effective Q-divisor D and a positive rational
X
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Figure 2.2: Position of the -1 curve o(Z) in X

number A < w < 1, such that the log pair (X,AD) is not log canonical and D ~g —Kx.
Consider the pull back of the divisor D by the minimal resolution. Then

D+ aE;i ~g (D). (2.11)

Definition 2.12. A proper irreducible subvariety Y C X is a centre of log canonical singular-
ities of (X, AD), if there is a birational morphism f : W — X and a divisor F' C W such that
F is contained in the support of the effective part of the divisor | f~*(AD) — > a(X,AD, E)E|
and f(F) =Y. The set of all centres of log canonical singularities of (X, AD) will be denoted
by LCS(X, AD).

The centre of log canonical singularities has a local nature, however one can consider its

global analog.

Definition 2.13. The union of all centres of log canonical singularities of (X, AD) is called the

locus of log canonical singularities and is denoted by LCS(X, AD) .

Definition 2.14. We will say that the pair (X, AD) is log canonical at a point P of X if P

belongs to a centre of log canonical singularities.

The locus of log canonical singularities LCS(X, AD), can also be realised as the locus where
the pair (X, AD) is not Kawamata log terminal. The following result, known as Connectedness
Theorem, can be found in [10, Chapter 17].

Theorem 2.15. If —(Kx+AD) is ample, then the log canonical locus LCS(X, AD) is connected.

From the way log canonicity is defined for the log pair (X, AD), one should understand all
resolutions of singularities of the log pair (X, AD). However, instead we will use the following

condition on the multiplicity that follows from [11, Theorem 4.5].

Lemma 2.16. If the pair (X, AD) is not log canonical at a smooth point P of the surface X,
then multpAD > 1 .
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Proof. Assume on the contrary that multpD < 1. Let f : Y — X be a resolution of the surface
X at the smooth point P with exceptional divisor E = UE;. We have X\P = Y\ U E; and
since the point P is smooth the birational map is a sequence of blow ups. Let now 7 : X — X
be the blow up of the surface X at the smooth point P and F; the exceptional divisor. Then
we write

Kg +AD ~g f*(Kx + AD) + (1 — mult pAD)E; .

Induction on the number of blow ups shows that if multpD < 1, then the pair (X, AD) is
actually canonical. From the definition canonical implies log canonical, which is a contradiction.
O

Remark 2.17. Throughout this thesis a divisor is understood as a Q-Weil divisor D = 3" d; D;,
with D; distinct prime Weil divisors on X and d; € Q. When D is 0-dimensional we will call
each coeflicient d; the multiplicity of D; in D, and we will adopt the donation multp, D := d;.

Due to [1], we have the following result which allows us to restrict our attention to the study

of log canonicity of the pair (X, AD) at the singular points of the surface X.

Lemma 2.18. The pair (X, AD) is log canonical everywhere except for a Du Val singular point

P, where (X, AD) is not log canonical.

Proof. According to Theorem 2.15 the log canonical locus LCS(X, AD) is connected, since
—(Kx + AD) ~g —(1 — A)Kx is ample. Suppose now that there is an irreducible curve C' on
the surface X, such that C' C LCS(X, AD). Then the curve C' is contained in the support of D
and we can write D = mC + 2, where m is a rational number mA > 1 and Q is an effective
Q-divisor such that C' ¢ Supp(Q).

But then Remark 2.16 implies that

1 1
K% =D-(—Kx)=mC-(-Kx)+Q-(-Kx)>mC - (-Kx) > Xdegc >—> K%,

which is a contradiction. Therefore the log canonical locus is zero-dimensional and there is a
point P € D where the log pair (X, AD) is not log canonical. Moreover we can assume that P
is not a smooth point of X. This follows from [1], where the case of smooth Del Pezzo surfaces
is treated. O

The following Lemma allows us to remove special irreducible curves, numerically equivalent
to the anticanonical divisor — K x, from the support of D. Then by intersecting with the strict
transform of D, we deduce crucial inequalities that bound the coefficients a; which appear in

the equivalence 2.11.

Lemma 2.19. Suppose that Z is an effective Q-divisor on X such that (X, \Z) is log canonical
and Z ~g —Kx. Then, if the pair (X, AD) is not log canonical, also the pair (X, ﬁ()\D —
aXZ)) is not log canonical, where a € Q such that 0 < a < 1.

Proof. Suppose on the contrary that the pair (X, —=— (AD—a)Z)) is log canonical. Let f: Y —

’l-a

X be a resolution of the surface X at the smooth point P with exceptional divisor £ = UF;.
We write
Ky +XZ ~q ["(Kx+A2)+> akE;,

1 - ~ . 1
Ky+m()\p_a)\z) ~o f (KX-FE()\D—a)\Z))—FZblEl.
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Since both the pairs above are log canonical, we have a; > —1 and b; > —1 for every . If we
now multiply the first equivalence with « and the second with 1 — «, and then add them, we
obtain Ky + AD ~q f*(Kx 4+ AD) + > (aa; + (1 — a)b;)E; . This means the pair (X, AD) is

log canonical, which contradicts our hypothesis. O
The following theorem is known as adjunction or inversion of adjunction (see [10]).

Theorem 2.20. Let X be normal and S C X be an irreducible Cartier divisor. Let B be an
effective Q-Cartier Q-divisor and assume that Kx + S + B is Q-Cartier and S is Kawamata
log terminal such that S € SuppB. Then

(X, S + B) is log canonical near S <= (S, B|S) is log canonical.

Throughout this paper we are going to refer to Theorem 2.20 simply as adjunction.

Theorem 2.21. Let D be an effective Q-divisor on a smooth surface X, such that the log pair

()~(, AD + Aa1 By + AasEs) is not log canonical at a smooth point Q, for some positive rational

number \ < 271;&12, where n > 3. If ay + 23 <1 and az < %, then

muth(D -F1) > 2a; —as or muth(D “Ey) > —gaz —ay .

n—

Proof. Suppose on the contrary that muth(D-El) < 2a1—as and muth(D-Eg) < fraz—ap .
Since the log pair K3 + \D + Aa1 E1 + Aas Es is not log canonical at @, so is the log pair
Ki+ AD + \a1 By + Eb. By Theorem 2.20, it follows that

n

~ 1
as — ai Zmuth(D-Eg) > Y

ai
n—1 ’

which implies that ag > "A—’nl .
Consider the blow-up o : X 1 — X of the surface X at the point () that contracts the -1

curve F} to the point Q. Then for the strict transforms of the divisors Ey, Ea, D we have

Ey ~g of(E)—Fi,
By ~q oi(E2)— I,

D1 ~Q O'T(D)—mlFl y
where my = muthD. Moreover, for the canonical divisor we get

Kf(l ~Q O'T(KX)—FFl.
From the inequalities

my = muthD < muth(b ‘FE1) < 241 —ag,

mi = muth[) < muth([) . EQ) < 1
n —

as
n—1

ay +
we get that m; < % The equivalence
KXl + /\[)1 + /\G1E1 + )\GQEQ + ()\(al + as + ml) — 1)F1 ~Q O'T (Kf( + )\[) + a1 E1 + /\CLQEQ)
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implies that there is a point Q1 € Fi, such that the pair
K)”(l + )\D1 + )\(LlE1 + )\(LQEQ + (Mar +a2+mq) — 1)
is not log canonical at Q.

e If Q) € Ein Fy, then the log pair K3 + AD; + Aa1 By + (Ma1 + a2 +mq) — 1)F; is not

log canonical at )1, and so are the pairs
KXl + )\D1 + El + (Mar +a2+mq1) — 1)

and
K)“(l + /\Dl + /\alEl —|—F1 .

By Theorem 2.20, it follows that
L 2
2a1 — as — My Zmuthl(Dl-El) > X —a1 — Gy —Mmq .

However, since the ay > %"Tfl, we get the contradictory inequality

<1 as <1 1 <2
a - - < —.
1= n—1 n\ — 3\

e If ), € Fl\(El U E'Q), then the log pair Kf(l + /\Dl + (/\(Gl + as + ml) — 1)F1 is not 10g
canonical at @1, and so is the pair K¢ + AD; + Fy, since Aar +az+m1)—1<1. By
Theorem 2.20, it follows that

)

mi 2 muth1 (Dl . Fl) >

> =

which is impossible since m; < %

e IfQ; € FsN Fy, then the log pair K3 + AD; + AasEs + (Ma1 + a2 +mq) — 1)F; is not

log terminal at @1, and so is the pair
Ki + ADy + Ey 4+ (Ma1 + ag +my) — 1)F .

By Theorem 2.20, it follows that

n

O 1 1
ag—al—mlzmuthl(Dl-Eg) >—-——a1—ay—m1+ -,

n—1 A A

which implies that

n 2 1 2n—2
Jag > — = as > —

(I+ =5 N o1

n—1

Consider now the blow-up o5 : X5 — X, of the surface X; at the point @)1 that contracts
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the -1 curve F, to the point (. If we denote by 75 := 01 0 02, we have

Kf(g ~Q T KX)+F1+2F2,
)

2(
Dy ~g mi(D)—miF — (my +my)Fy ,
By ~g Z
E2 ~Q W;(EQ)—F1—2F2 5
where mo = muthIDQ. Because of the equivalence

W; (Kf( + /\D + Xa1 By + /\CLQEQ) ~Q
K)"(Q + )\DQ + )\(LlEl =+ )\GQEQ =+ ()\(al + as + ml) — 1)F1 =+ ()\(al + 2as + m1 + mg) — 2)F2

there is a point Q3 € Fs, such that the pair
Ky 4 ADsy + AasEs + (a1 + az + m1) — 1)Fy + (May + 2a2 + my + ma) — 2)F,

is not log canonical at Q.

e If Q; € F, N Fy, then the log pair
Kg, + ADs + (Ma1 + az +m1) — 1)F1 + (Ma1 + 2a2 + m1 +ma) — 2)F
is not log canonical at @2, and so is the log pair
Kg, + ADy + Fy + (May + 2ag +my +ms) — 2)F; |
By Theorem 2.20, it follows that

- . - . 1 2
ml—mgzDg-FlZmuthQ(Dg-Fl) >X—(a1+2a2+m1+m2—x),

which gives a contradiction.

o If () € Fg\(ﬁ‘l U Eg), then the log pair Ky, + ADs + (Ma1 + 2a2 + mq +me) — 2)Fy is
not log canonical at 2, and so is the log pair K3 + AD, + F, since we have May +
2a9 +my + mg) — 2 < 1. By Theorem 2.20, it follows that

~ ~ 1
mo = Doy - Fp > muth2 <D2 . FQ) > X ,
which is a contradiction.
e If Q; € F> N Es, then the pair Kz, + ADs + (Ma1 + 2a9 + my +ma) — 2)Fy + \as Es is
not log canonical at ()2, and so is the log pair

K)“(Q +>\D2 + (AMa1 + 2a2 + m1 +me) — 2)Fy +E2 .

By Theorem 2.20, it follows that

n
n—1

. o\ 3
ag—al—ml—m2:D2~EgZmuItQ2<D2-Eg) >X—a1—2a2—m1—m2.
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This implies that

n
2 >
(+n—1 A

Consider now the blow-up oy, : Xk — Xk_l of the surface Xk_l at the point (Qr_1, which

contracts the -1 curve F} to the point Qi_1. If we denote by 7y := o o ... 0o 01, we have

Ky ~g mi(Kg)+Fyi+20 +3F+ .+ (k- 1)Fh1 + kFy
Dy, ~Q w;(b) —a1Ey — asEy — asFs — (a1 +ag + ml)ﬁl — (a1 +2a2 + my + mg)ﬁg
—.— (a1 + (k= Dag +my +mg + .. + mp_1) Fp_y
— (a1 + kag +mq +ma + .. + my) F, .

Moreover, by intersecting with the strict transform of D by 7, we get

OgEl-Dk = 2a1—az—mq,
OSEQ-Dk = 2a3—a;—az—mi; — Mg —...— Mg,
0<Ey Dy = 2a3—a,
0<F -D, = myp —ma,
0<Fy-Dy, = mz —ms ,
0< B Dy = my—q —my
0<Fy-Dy = my,

where m; = muthFlDi ,for i =1, ..., k. Because of the equivalence

(K¢ + AD + \a1 By + Aaz2Es) ~q
Ky, +ADy + Aa1Er + AagEs + (M(a1 + az +my) — 1)Fy
+(Aa1 + 2az +my +ma) —2)Fh + ...
+Aar+ (k—Dag+my +ma+ ... + mp—1) — (k—1)) Fk—l +
+ (Ma1 + kaz + mq +mo + ... + my) — k) Fy

there is a point @y € Fy, such that the pair

KXk + /\[)k + /\GQEQ + ()‘(al + (k - 1)&2 +mi1+mg+ ...+ mk_l) — (k‘ — 1)) Fk—l
+ (Ma1 + kaz + mq +mo + ... + my) — k) F,

is not log canonical at Q.

o If Q) € Fj, N Fj_1, then the log pair

Kg 4D+ (May + (k — Dag +my +ma + ..+ mp_1) — (k= 1)) Fry
+ (May + kag +my +mo + ... +my) — k) Fy,
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is not log canonical at @2, and so is the log pair
Kf(k +)\Dk +Fk,1 + (Ma1 + kag +my +ma+ ... + my) — k) F, .
By Theorem 2.20, it follows that
- - - - k+1
mp—1 —my = Dy - Fl—1 > multg, (D;C . Fk,l) > N a1 —kag —my —mo — ... —my ,

which is a contradiction. Indeed, from the inequality above we have that

k+1
a1+ka2+m1+m2+...+mk,2+2mk,1>T.

But since my > mgo > ... > my, we get that

k+1
a1+ka2+km1>——)’: .

However, the inequality 0 < El . Dk = 2a1 — ag — my finally gives us

k+1 1 k+1
2k +1 — < -11-+
2k +1ar > ——==a < (-1 -35—7),
which contradicts az > 1 - 714857—1;)111'

If Qr € Fk\(ﬁ’k_l U EQ), then the log pair
Ky + ADip + (May + kag +my +my + ... + mg) — k) Fy,
is not log canonical at Q, and so is the log pair
Ky, + \Dy, + F}, , since (A(aq + kag +mq +mo+ ... +my) — k) <1.
By Theorem 2.20, it follows that
my = Dy, - Fj, > multg, ([)k -Fk) > 1,

which is a contradiction since % >my > mo > . > My

If Qi € Fj, N E,, then the log pair
Kg, 4 ADy + (May + kaz + my +ma + ... +my) — k) Fi, + Aaz By
is not log canonical at Q, and so is the log pair
K¢ +ADgp + (Mar + kaz +my +ma + ...+ mg) — k) Fy + By .

By Theorem 2.20, it follows that

n
n—1

as —a;p —mp —Mmg — ... — Mg

.. . 1 k
:Dk-EQZmuthk(Dk'EQ) >X— (al—l—k‘ag—i—ml—l—mg—k...—i—mk—x) .

24



This implies that

k41 1 (k+D)(n—-1)
)“2>T$“Q>X'(/€+1)(n—1)+1'

Remark 2.22. It remains to be shown that after the k-th blow up we have

(Mar +kas +mq +mo+ ...+ my) — k) < 1.
Suppose that we have already blown up k — 1 times, then ay > % . % Let us assume, on
the contrary, that (A(a1 + kaz +mq +ma + ... + my) — k) > 1. We then have

k+1
a1+ka2+m1+m2—|—...+mk>T =
k+1 1 k+1
a1—|—2k‘a12a1—|—ka2+km1>% = a1>X-2k——:_1,
a9 1 k+1
< _ _ .
a1+n—1*1 = a2 < (n—1)(1 3 2k—|—1)’

which is a contradiction. Indeed, for n > 3 it is easy to see that we have

2n=2 k+1 n—2  k(n-1)

. < . .
P R D Kn-D+1 "

as < (n—1)(1
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Chapter 3

Del Pezzo surfaces of degree 1

3.1 Introduction

This chapter together with the following one form the main body of this thesis. Here we develop
the basic methodology for computing global log canonical thresholds on Del Pezzo surfaces. The
main idea consists of finding special curves, which belong to plurianticanonical linear systems
| — nKx|, and for which the global log canonical threshold attains its maximum value.

At first we consider the case of Del Pezzo surfaces with exactly one Du Val singular point
and then we move to the case of at least two Du Val singularities. All the possible combinations

of Du Val singularities on a Del Pezzo surface of degree 1 are given in Theorem 2.9.

3.2 Del Pezzo surfaces of degree 1 with exactly one A,
type singularity
Due to [1] and [15], we have the following result.

Theorem 3.1. Let X be a Del Pezzo surface of degree K% = 1, with only Du Val singularities
of type A1 or Ay. Then

1 when | — Kx| does not have cuspidal curves,

2/3 when | — K x| has a cuspidal curve C such that Sing(C) = As,
let(X) = ¢ 3/4 when | — Kx| has a cuspidal curve C such that Sing(C) = A;
and no cuspidal curve C such that Sing(C) = Aq,

5/6 in the remaining cases.

Proof. Let Z be an anticanonical divisor in | — K x|. Suppose that Z passes through a singular
point P of X. According to Lemma 2.8, if we consider the pull-back 7*(Z) of Z via the minimal
resolution 7 : X — X, then we may write 7(Z) = Z +7T, where I' = E; + E» in case the
singular point is A1, and I"' = E; in case the singular point is As. Note that the fundamental

cycle T' meets the -1 curve Z at two points counting multiplicity. Indeed, we see that
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In the case of Ay, the curves Z and T’ can meet transversally at 2 points or can be tangent to
each other with intersection number 2. If they meet transversally, then (X, Z) is log canonical
and lct(X, Z) = 1. If they are tangent, after blowing up X at the tangency point in order to
get a simple normal crossing divisor, we obtain lct(X, Z) = %.

If the singular point is Ao, we have

Z-BEi=2Z7 -BEy=(1"(Z)—E,—Ey)-Ey =1,

and either Z meets I at two distinct points or at a single point. In the first case, (X, Z) is log
canonical and lct(X, Z) = 1. In the second case, after blowing up X at the point of intersection
of the three curves E1, Ea, Z we get a simple normal crossing divisor and let(X, Z) = %

Consider now the case when Z does not pass through any singular point of X. If Z is smooth
or has a nodal point, then (X, Z) is log canonical and lct(X, Z) = 1. Otherwise, if Z has a
cusp, even though we take the minimal resolution 7 : X — X, the curve Z remains cuspidal
and we need to blow up further the surface X at the cusp in order to get simple normal crossing
divisor. Thus, Z has a cusp if and only if lct(X, Z) = %.

Therefore, we have showed that

1 when | — Kx| does not have cuspidal curves,
2/3 when | — Kx| has a cuspidal curve C such that Sing(C) = A,
3/4 when | — Kx| has a cuspidal curve C such that Sing(C) = A,

lct(X) <w

and no cuspidal curve C' such that Sing(C) = Aq,

5/6 in the remaining cases.

Suppose that let(X) < w. Then there exists an effective Q-divisor D and a positive rational
number A < w, such that D ~g —Kx and (X, AD) is not log canonical. Since A < 1, the log
canonical locus LCS(X, AD) is connected according to Theorem 2.15. If the locus LCS(X, AD)
is not zero-dimensional, then there exists an irreducible curve C' such that D = mC + Q,
where 2 is an effective Q-divisor, whose support does not contain the curve C. Since the pair
Kx 4+ AdmC + AQ) is not Kawamata log terminal, we have Am > 1. Intersecting with a general

curve H in the pencil | — Kx|, we get
1
1=D-H=mC -H+Q-H>m>1>1,

which is a contradiction. Therefore, LCS(X, AD) consists of a single point O. Since Kawamata
log terminal implies log canonical, the pair (X, AD) is log canonical everywhere outside of this
point O. Let Z be a curve in | — K x| that passes through the point O. It follows, by Lemma 2.3,
that the curve Z is irreducible and reduced.

If the point O is smooth, then by Lemma 2.16 we have multo(AD) > 1. Moreover, we
can assume that Z does not lie in the support of the divisor D by Lemma 2.19. According to
Lemma 2.16, we get the contradiction 1 = D - Z > multp(D) > % > 1. Therefore, the pair
(X, AD) is log canonical everywhere outside of a singular point of X.

Suppose that LCS(X,A\D) = { P}, where P is an A; type singularity. Consider the resolution
7 : X — X that contracts the curve E; to the point P. The pull-back of D via 7 is 7* (D) =
D+a1Ey, where a; is a positive rational number. Since Z & SuppD, we have 1—2a; = D-Z > 0.
The equivalence K § + AD + \a1 E; ~q ™ (Kx + AD) implies the existence of a point Q € F1,
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such that the pair ()~( , AD + a1 E1) is not log canonical at Q. If we increase the coefficients of
this pair the singularities will only get worse, hence (X' D+ E,) is also not log canonical at
@. By Theorem 2.20, the pair (E1, \D|g,) is not log canonical and Lemma 2.16 implies that
multg(AD|g,) > 1. Therefore, we get the contradictory

- 1
1>2a1 =D-Ey >multg(D|g,) > X > 1.

We see that P is of type As. Consider now the resolution which contracts two smooth
irreducible curves Eq, E5 to the point P. Then 7 induces an isomorphism X\(El UEs) = X\P,
and the surface X is smooth along F7 and Fs. Moreover, E12 = E22 = —2and F;-FEs =1. The
pull-back of D via 7 is 7*(D) = D+ a1 F1 + asEs, where aq,as are positive rational numbers.
Since Z ¢ SuppD, we have 1 —a; —as = D - Z > 0. Intersecting with the exceptional divisors
FE1, Ey, we get 2a1 — as = D- FE1 > 0 and 2a; — a1 = D- FE5 > 0. These inequalities give
alggand@g%.

The equivalence K¢ + \D + Aa1Ey + AagEy ~g m*(Kx + AD) implies the existence of a
point ) € Ey U Es, such that the pair K + AD + Aa1 By + AazEs is not log canonical at Q.
Suppose that @ € E1\E>. Then the pair K + AD + X\a1 E; is not log canonical at Q, and
arguing as in the case of A1, we see that 2a; — as = D-E > multg(D|g, ) > % > 1. Thisis a
contradiction since a; < % and 2as — a; > 0.

Therefore, the point @ is the unique intersection point of the two exceptional divisors F
and Fs. As we mentioned, increasing the coefficients of a pair, makes the singularities worse.
Thus, the pairs K ¢ + AD + Ey + Aax By and K ¢ + AD + Aay1 1 4+ E5 are not log canonical at

Q. By similar arguments as above, it follows that

- 1
2a1 —aa = D-E; >multg(Dl|g,) > Y > 1 —ao,
- 1
200 —a1 = D-FEy> muth(D|E2) > X —a1 >1—ay.
This is impossible since a1 + as < 1. O

Suppose now that X is a Del Pezzo surface of degree K3 = 1 with exactly one Du Val
singular point of type A,, n > 3. Consider the minimal resolution 7 : X — X, which contracts
the exceptional curves E1, Fso, E3, ..., E, to the singular point P of type A,,. The following dual

graph shows how the exceptional curves intersect each other.

Let Z be the unique curve in the linear system | — K x| that contains P, then

ZNQ’]T*(Z)—El—EQ—...— nfl—En.
Suppose that let(X) < 2’?_2. Then there exists an effective Q-divisor D C X and a positive
rational number A < 744 such that D ~g —Kx and the log pair (X, AD) is not log canonical.

According to Lemma 2.18 the pair (X, AD) is log canonical everywhere except for a singular
point P € X, where the log pair (X, AD) is not log canonical. The strict transform of the Q-
divisor D is D ~g ™ (D)—a1E1—asEs—...—apn_1E,_1—a,E, . Since the anticanonical curve

Z is irreducible, we may assume that the support of D does not contain Z by Remark 2.19.
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Intersecting the exceptional curves E1, Fs, 3, ..., E, and the curve Z with the strict transform

D, we get

0
0

Z = 1—a1—ay,, (3.2)

<D-
<E;-D = 2a;—a;—1—ajy1, forall i=1,..,n. (3.3)
From the inequalities above, we obtain

1+ 1 n—1i
a; > a; and ajo1 > —
7 = W41 H_l_n—i—l—z

a; , (3.4)

for all i = 1,...,n. The equivalence

Kg+AD+ ) Aa;E; ~g 7 (Kx + AD)
i=1
implies that there is a point () on the fundamental cycle Fy U Fr U ...U E,,_1 U E,,, such that
the pair
i=1

is not log canonical at Q.

Lemma 3.5. If the pair K5 + AD + S Aa;E; is not log canonical at a point Q on the
Sfundamental cycle, then this point @ has to lie on the intersection of two exceptional divisors.
Moreover, this point Q cannot be the intersection Ey N FEs or E, NE,_1 of two side exceptional

divisors.

Proof. If the point @ € E;\ (E;—1 U E;;1), then the log pair K¢ + AD + \a; E; would not be
log canonical at the point (), and so would be the pair K¢ + AD + E; since \a; < 1. By
Theorem 2.20, the pair (E;, )\ﬁ|E1) is not log canonical at (). The point @ is a smooth point
of F;, therefore muth)\D| g, > 1. This implies the following contradictory inequalities.

1—1 n—1 1 1

D-E;, < 2a;—ai1—ai <20, — ——a; — -a; < —a;i + ————a; < a1 +a, <1
P >~ 1 1—1 +1 > ) i ) 'fL—f—].—Zz_Zz 'fL—f—].—Z?_ 1 n X )

D - E;

vV

- 1
muth(D-Ei) >5>1
In order to prove the second part of the statement, suppose on the contrary that the pair
K+ /\D—FZ?:l Aa; E; is not log canonical at the point @ of intersection of two side exceptional

divisors, say Fy; N Fa. At first, we observe that as < 2::12. Indeed, if ay = 2:;:12, then

inequalities (3.2) and (3.3) would imply that

-1 2(n—1 2(n —2 2 1—14 2
nel o 2n-1),  2n-2), (n+1-0)

I I T P TE E n+1 E A |

D ~Q * (D) ns
and then the pair (X, AD) would be log canonical. Therefore, since the assumptions of Theo-
rem 2.21 are satisfied, we have muth(b - E1) > 2a; — ag, or muth(D cBo) > —ran —ay .
Secondly, increasing the coefficients of a log pair the singularities can only get worse. Thus,
both pairs K ; + AD + Ey + XaxEp and K ¢ + AD + Aa1 Ey + E5 are not log canonical at Q. By

29



Theorem 2.20, we have

203 — a1 —az =D - Fy > muth(ﬁ-Eg) > i 1a2 —as,
or
2a1 —ag = D B> muth([) . El) > 2a1 — ag,
which both lead to a contradiction. O

Lemma 3.6. Let X be a Del Pezzo surface with exactly one Du Val singularity of type As and
K% = 1. Then the global log canonical threshold of X is

1 when | — Kx| does not have cuspidal curves,

let (X)) :{

5/6 when | — K x| has a cusp outside of the singular point Ag.

Proof. We take the minimal resolution 7 : X - X , which contracts the exceptional curves
F4, Es, E5 to the singular point P of type Az. The following dual graph shows how the excep-

tional curves intersect each other.

E; E> Es

Let Z be the unique curve in the linear system | — K x| that contains P, then

ZNQTF*(Z)—El—EQ—Eg.

Suppose that let(X) < lct1(X). Then there exists an effective Q-divisor D C X and a positive
rational number A < 1, such that D ~g —Kx and the log pair (X, AD) is not log canonical.
For the strict transform of D we have D ~g ™ (D) —a1E1 — agEs — asEs . According to
Lemma 2.18, the pair (X, AD) is log canonical everywhere except for a singular point P € X

where the log pair (X, AD) is not log canonical. The equivalence
KX + )\[) + da1 E1 4+ AasEs + \asEs ~Q 7T*(KX + )\D),

implies that there is a point Q € £1 U E» U B3, such that K¢ + AD + Xa1 E1 4+ MasEs + AasFs

is not log canonical at (). The result then follows from Theorem 3.5. |

Lemma 3.7. Let X be a Del Pezzo surface with one Du Val singularity of type Ay and K% = 1.
Then the global log canonical threshold of X is

4

let(X) = - .
(=%
Proof. We take the minimal resolution 7 : X — X, which contracts the exceptional curves

Fh, Es, E3, Ey to the singular point P of type Ay4. The following diagram shows how the

exceptional curves intersect each other.

Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — Kx|
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that contains P, and for the strict transform of Z we have

ZNQW*(Z)—El—EQ—Eg—E4.

Furthermore, there exists a unique smooth irreducible element C' of the linear system | —

2K x|, whose strict transform C intersects the fundamental cycle as following.

For the strict transform of the irreducible curve C' we have
C+E +2B+2E3+ F, €| —2K¢] .

Since C is irreducible and C' ~g —2Kx, we can assume that the curve C' is not contained in

the support of D. Hence
muthf)gé-D:2—a2—a3 = muthD+a2+a3§2. (3.8)

Suppose that let(X) < %. Then there exist an effective Q-divisor D C X and a positive
rational number \ < %, such that the log pair (X, AD) is not log canonical and D ~g —Kx. It
follows that the pair (X, AD) is log canonical outside of a point P € X, but is not log canonical
at P. The strict transform of the divisor D is D ~o (D) — a1 By — agF2 —asFEs3 — a By .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the curve

Z in its support. From the inequalities (3.2) and (3.3), we see that

3 4 3 4
2a42a3,§a32a2,§a22a1 and 2a12a2,§a22a3,§a32a4.

Moreover, for these coefficients we get the following upper bounds

4
5

6
a1 < g,a4§

6
a2§37a3§

Ot

We observe that for the coefficient as, we have as < % Indeed, if ag = g, the above inequalities

would give
D~on*(D)—ZE) — —Ey— —F3 — ZF, .

The log pair (X, AD) would then be log canonical, which is a contradiction.

The equivalence K ¢ + AD + a1 E; + MasEs + MazEs + AasEy ~q ™ (Kx + AD) implies
that there is a point @ € £y U Es U E3 U Ey, such that the log pair K ¢ + AD + a1 E1 4+ asEy +
AasFEs3 4+ AagEy is not log canonical at Q.

According to Theorem 2.21, the only possibility is @) € E» N E3. Then the pair K ¢ + AD +
Aaz Bz +Xas B3 is not log canonical at the point (), and so are the log pairs K +)\D—|—Eg +Aaz E3
and K g + AD + \aa Fs 4 E3. By Theorem 2.20, the pairs (Ez, AD|g,) and (Fs, AD|g,) are not
log canonical at Q. It then follows that

1 ~ b)
2a2—§a2—a322a2—a1—a3=D-E2Zmuth(D-Eg) >Z—a3,

and

~ 5
2a3—a2—a4=D-E3Zmuth(D-Eg) >Z—a2.
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These imply that as > % and as > %.
Consider now the blow-up p; : X — X of the surface X at the point Q that contracts the -1
curve E to the point (). Then for the strict transforms of the exceptional divisors F, Es, E5, Fy

we have

By ~q pi(Er)
Ey ~q pj(Es)—E
Es ~q pi(Es)—E
Ey ~q pi(Es)

Let now p: X 2 X 5 X be the composition p=mop;. We have

Kz = pi(Kz)+E~qpi(n"(Kx)) + E~q p"(Kx) + E
and
D = pi(D)-mE
~g i (D) —ar1Ey — asEy — asBs — asEy — b1 Fy — byFy — b3F3 — byFy) —mE

~Q P (D) — (LlEl — a2E~2 — (L3E3 — a4E’4 — blﬁ‘l — bgFQ — b3F3 — b4F4 — (ag + a3z + m)E y
where m = multgD. Also the strict transform of the anticanonical curve Z is

Z ~q pi(Z)
~q pi(n*(Z) — E1 — By — E3 — Ey)
~q p(Z)—Ey —Ey— E3— Eq —2E .

e

From the inequalities

ogf)-é = 1l—a1—aq
OgEl-l:) = 2a; —as
0S~2'5 = 2a9—a;—az—m
O§~3-5 = 2a3— a2 — a4 —m
O§~4-5 = 2a4 — a3
0<E-D = m

we get that m = muth[) < %
The equivalence p*(K  + AD + NasEs + AasE3) ~q K):( +AD + XasEs + MasFs3 + ()\(ag +

as —|—mu1th~)) — 1>E implies that there is a point R € E, such that the pair K):( —|—)\l:)—|—)\a2E’2 +
NasFEs + ()\(ag +as + muthD) - 1)E is not log canonical at R.

o If Q€ Fs NE, then K):( + )\5 +XasEs+ ()\(ag + a3+ muthD) — l)E is not log canonical
at the point R, and so is the log pair K):( + )\5 +XagEy + E . By Theorem 2.20, the pair
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(E, (/\l:) + XazFEs)|g) is not log canonical at R. Hence, it follows that
5 ~ = x 5
2—6—ag22—a2—a3ZmuthDzD-EZmultR(D-E) >Z—a2,

which is a contradiction.

e If Q € E\(E2UE3), then Kz + AD + ()\(ag + a3 +multgD) — 1)E is not log canonical at
the point R, and so is the log pair K+ /\l:) + E . By Theorem 2.20, the pair (E, /\l:)|E

is not log canonical at R. Hence, it follows that

> muthZN) = l:) -E > multR(l:) . E) >

3

N =
| ot

which is a contradiction.

o If Q€ F5 NE, then K):( + )\5 +XasEs+ ()\(ag + a3+ muthD) — l)E is not log canonical
at the point R, and so is the log pair K):( + /\l:) +XasEs+ E . By Theorem 2.20, the pair
(E,(AD + XazFE3)|g) is not log canonical at R. Hence, it follows that

5 - = = 5
2—6—ag22—a2—a3ZmuthD:D-EZmultR(D-E)>Z—a3,

which is a contradiction.

O

Lemma 3.9. Let X be a Del Pezzo surface with one Du Val singularity of type As and K% = 1.
Then the global log canonical threshold of X is

let(X) = % .

Proof. We take the minimal resolution 7 : X - X , which contracts the exceptional curves
FEh, Es, E3, By, E5 to the singular point P of type As. The following diagram shows how the

exceptional curves intersect each other.

E; Es E3 E4 Es

As the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — K x| that

contains P, and for the strict transform of Z we have

ZNQW*(Z)—El—EQ—Eg—E4—E5.

Furthermore, there exists a curve Lg in X passing through the singularity P, whose strict

transform is a -1 curve L3, which intersects the fundamental cycle as following:
Ly-E3=1 and Lz-E; =0, for j =1,2,4,5.

In order to show the existence of L3, consider the curve Z which intersects each of the exceptional
curves F; and FEx transversally with intersection multiplicity 1 forming a cycle. If we now

contract the curves Z, Es, E4, E5, in this order, we are left with two curves Ey, E» intersecting
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each other transversally at two points with intersection multiplicity 1 at each point. The self-
intersection number of each of these curves is E? = 2 and E = —1. However, the resulting
surface is isomorphic to P? blown up at 4 points and in this case the configuration of all the
-1 curves is known. Therefore, there is always a -1 curve Lo that intersects the exceptional
curve E5 transversally, but does not intersect F;. Indeed, I~/2 cannot intersect F; since, by
the classical Adjunction Formula K3 - Ls + I:% = 2g(l~/3) — 2, every -1 curve intersects the
anticanonical divisor only at one point.

Consider now the pull-back 7*(Z) = Z + E1 + Es 4+ E3+ E4 + E5 together with the extra -1
curve I~/2 on the surface X. If we take the contraction of the curves ig, A , E5, E4 in this order,
we obtain a smooth Del Pezzo surface of degree 5 and we have a configuration of lines as shown
in Figure 3.1. Therefore, there exist -1 curves L and L3, which intersect the exceptional curves

FE5 and Ej3 transversally and do not intersect any other exceptional curve.

/ Es=1 \

Figure 3.1: Smooth Del Pezzo surface of degree 5

We, thus, see that there are two -1 curves Lo and L intersecting the exceptional curve Fo
and one -1 curve L3 intersecting F3, such that Ly L3 = I:’Q Ly =1Lo- I:’Q = 0. The image of
L3 under involution is either fixed or L3 is mapped to another curve Lj. In either case, we can
assume that the irreducible line L3 is not contained in the support of the divisor D and, thus,

deduce the crucial for what will follow inequality

0<L3;-D=1-—as. (3.10)

We can easily see that the strict transform of Lg is

- 1 3 1
Ly ~g 7(L3)— =F1— By — "By —Ey— -
3@77(3)21 223 425,
and, because L3 ~g —Kx, this implies that lct(X) < % Suppose now that let(X) < % Then
there exists an effective Q-divisor D C X and a positive rational number A < %, such that
D ~g —Kx and the log pair (X, AD) is not log canonical. It follows that the pair (X, AD) is

log canonical outside of the point P and not log canonical at P. Then
D ~Q 7'('»< (D) — a1E1 — CLQEQ — a3E3 — CL4E4 — a5E5 .

We see then that inequalities (3.2) and (3.3) become

N W

o Wt
SO
SIS
Q
ot
IN
ol Wt

a1 <~ ,a2< - ,a3< - ,a4 <
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and

3 4 5
20%52&4,5@42&375&32&27Za22a1-

The equivalence K ¢ + AD 4+ a1 M\Ey + ag\Es + as\E3 + as\FEy + as\Es ~q ™ (K x + D) implies
that there is a point @ € Ey U Ey U E3 U By U Ej, such that the pair K¢ + AD + a ANEy +
asAFEs + asAE3 + asAE4 + asAE5 is not log canonical at Q.

According to Lemma 3.5 the only possibility is that Q € EsNEy or Q € Fo N E3. Suppose
that @ € E» N E3. Then the log pair K¢ + AD + asAFs + agAE3 is not log canonical at the
point (), and so is the log pair K ¢ + AD + asA\E> + F5 , since \as < 1. By Theorem 2.20, the
log pair (Ej, /\l~)| B,) is not log canonical at @, and it follows that

- - 1 3
2a3 —as —ag =D - E3 Zmuth(D-Eg) > X—ag > 5—0,2 .
This, together with the inequality aq4 > %ag, implies that az > %. However, this contradicts
as S 1. O

Lemma 3.11. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Ag
and K% = 1. Then the global log canonical threshold of X is

2

Proof. We take the minimal resolution 7 : X — X, which contracts the exceptional curves
FEh, Es, Es, Ey, E5, Eg to the singular point P of type Ag. The following diagram shows how

the exceptional curves intersect each other.

FEq FEs Es3 Ey Es Eg

Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — K|

that contains P, and for the strict transform of Z we have
Z ~ou*(Z)—E) — Ey —E3 — Ey— Es — Eg .

In total we get six curves Lo, L, L3, Ly, Ls, L € X that pass through the point P, such
that their strict transforms in X are the -1 curves EQ,EIQ,E3,E4,E5,E/5 that intersect the

fundamental cycle as following
Ly Ey=Ls - Es=L, E,=1Ls Es=1

and
Li-Ej=0foralli=2345and j=1,..,6 with i # j .
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We can easily see that

~ 5 10 8 6 4 2

Lo ~g 7(L2) — 2F1 — —FEy— By — ~Ey— —Es — -E,
2 ~q 7 (L2) ZE = =By — 2By — 2By — £ Es — 2B
~ 5 10 8 6 4 2

Ly ~o (L)~ 2By~ —Ea— =By~ 2By~ - B — 2B ,
. 4 8 12 9 6 3

Ly ~g 7(L3)— —F1— 2By — —Ey— “Ey— ~Es — °F,
3 ~q 7 (Ls) 7B~ By~ — B3 — 2By — o Bs — - Es
~ 3 6 9 12 8 4

Ly ~g 7(La)— 2F) — 2By — 2By — —E,— SEs — -E
1 ~g 7 (L) 2B = 2B — 5B — —Ei - oEs — 2K
. 2 4 6 8 10 5

Ls ~g 7(Ls)— —F1— -Fy— 2Ey— “Ey— —FEs — 2F,
5 ~qo 7 (Ls) 7B~ By~ 2By — n By~ — B — - E
~ 2 4 6 8 10 5

L ~ *(LLY—ZFE, — -FEy— —-E3——-E,— —FE- — —Eg .
5 ~q m(Ls) 2B — 2By — 2By — 2 By — — Bs — - Eg

We compute the intersection matrix for the curves Lo, L}, Ly and we see that these three

divisors are linearly independent.

~ ~ 10 - 10 3

L3 = w°(Lo)-7"(La) = Lo n*(Lo) = L34+ —La- By = ~1+ — = =,

~ ~2 10 - 10 3

LE = (L) w (L) = Dyom" (L) = 4+ =L By = —1+ = =5

~ ~2 12 - 12 5

L2 = 7n*(Ls)-7"(L3) = Lz -7*(L3) = L3 +— Ly By =—1+— ==,
- - . 8- 8
L/2L3 = W*(L/Q)’]T*(L3):L/27T*(L3)=L/2L3+?L/2E2:?
8 - - 8- 8
LQ-Lg = ﬂ*(LQ)'Tr*(Lg):LQ'T(*(LB):LQ'Lg—'—?LQ'EQ:?
, . e s = =10 10
LQ'LZ = T (LQ)'7T(L2):L2'7T (L2)2L2L2+7L2E2=7

We know that Pic(X) = Z° and we collapse the six exceptional -2 curves E, Ey, E3, Ey, F5, Eg
in order to obtain X. Therefore, Pic(X) = Z ® Z & Z and {Ls, L}, L3} is a basis of the group
Pic(X).

We have that Lo+ Ls € | — 2K x| and Ls + Ly € | — 2K x| and we can assume that at least
one member from each pair Ly + Ly and Lz + L4 is not contained in the support of D. Thus
ngg-D:1—a30r0§I:4-l~)=1—a4.

First we observe that Ls+ Ly € | —2K x| and for the strict transform of this bianticanonical
divisor we have Ls+ Ly ~q m(Lg+ La) — By —2E; —3E3 —3E4 —2E5 — Eg . This means that
let(X) < 2. Suppose now that let(X) < lcta(X) < 2. Then there exists an effective Q-divisor
D C X and a positive rational number \ < %, such that D ~g —Kx and the log pair (X, AD)
is not log canonical. It follows that the pair (X, AD) is log canonical outside of the singular

point P € X and not log canonical at P. For the strict transform of the Q-divisor D we have
D ~Q 7T* (D) - a1E1 - CLQEQ - a3E3 - CL4E4 - a5E5 - a6E6 .
From the inequalities (3.2) and (3.3), we see that

3 4 5 6
26162&5,§a52a4,§a42a371032a2,3a22a17
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and

3 4 5 6
26112&2750%22&3,§a32a471a42a5,3a52a6-

Moreover, for these coefficients we get the bounds

a; < y a4 <

10
aa2§77a3g

ali©
~IS

10
;a5§77a6S

K=
K=

The equivalence K ¢ + AD + a1 \E; + asA\Es + az\Es + ay\Ey + as\Es5 + ag\Eg = 7* (Kx+ D)
implies that there is a point Q € £y U Ey U E3 U Ey U Es U Eg, such that the pair K + AD +
a1 AE + asAEs + asAEs + asAE4 + asAEs + agAFEg is not log canonical at Q.

o If ) € E3N Ey4, then the log pair K¢ + AD + as\E5 + ay\Ey is not log canonical at the
point (), and so are the log pairs K ; + AD + E3 4+ a4 \E; and K¢+ AD + as\Es + Ey |
since Aay < 1. By Theorem 2.20, each of the log pairs (F3, AD|z,) and (E4, AD|z,) is not
log canonical at Q). Thus, it follows that

2 ~ ~ 1
2a3—gag—a422a3—a2—a4:D-E3Zmuth(D-Eg)>X—a4>§—a4,

and

2 ~ ~ 1
2a4—a3—§a422a4—a3—a5:D-E4Zmuth<D-E4)>X—a3>g—a3.

This means that a3 > 1 and a4 > 1 which is a contradiction.

o If ) € B> N E3, then the log pair K¢ + AD + as\Es + as\E3 is not log canonical at the
point @), and so are the log pairs K ¢ + AD + Es +az\E5; and Ky + AD + as\Es + Es ,
since Aaz < 1. By Theorem 2.20, each of the log pairs (Fa, AD|z,) and (E3, AD|z,) is not
log canonical at Q. It then follows that

N - 1 3
2a2—a1—a3=D-E2zmuth(D|E2)>X—a3>§—a3:>a2>1,
and

- - 1
2a3—a2—a4:D~E3Zmuth<D|E3)>X—a2>g—a2:>a3>§.

If Ly & SuppD, then 0 < D - Ly = 1 — ay which contradicts the above inequalities. We
also get a contradiction in the case Ls & SuppD. Therefore, we assume that the divisor
D contains the curves Lo and Ls in its support. We can then write D = aLs + cL3z + €0,
where Q is a Q-divisor which does not contain Lo, L3 in its support. Since the divisors
{Ls, L, L3} form a basis of the group Pic(X), our effective divisor D may be written as

D = %Lg + %L'Q + %L3 . For the strict transform of D we have

2 4 4 2 1

D =n*(D) — gE1 - §E2—§E3—E4—§E5— gE6 .

We should note here that the pull back 7*(D) of the divisor D is a simple normal crossings
divisor and thus, if we blow up more, we do not improve the log canonical threshold.

However, the log pair (X, AD) is log canonical at P, and this is a contradiction.
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Figure 3.2: Minimal resolution of A7

Lemma 3.12. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Az
and K% = 1. Then the global log canonical threshold of X is

1/2 when R is reducible ,
3/5 when R is irreducible .

lct (X ) = {

We take the minimal resolution 7 : X — X, which contracts the exceptional curves

FEy, Es, E3, E4, E5, Bg, E7 to the singular point P of type A7;. The following diagram shows
how the exceptional curves intersect each other.

E3

Ey Es

As the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — K x| that

contains P, and for the strict transform of Z we have

ZNQ’]T*(Z)—El—EQ—Eg—E4—E5—E6—E7.

Consider the minimal resolution X where we have the following configuration of curves. If
we now contract the curves Z, Fr, Fg, F5, By, F5 in this order, we obtain a smooth Del Pezzo

surface of degree 7 with two curves F1, Es intersecting as in Figure 3.3.

Figure 3.3: Smooth Del Pezzo surface of degree 7

However, a Del Pezzo surface of degree 7 is the blow up of P? at two points and we have
three -1 curves. Thus, there is at least one -1 curve intersecting the exceptional curve FEs
transversally. Consider now the fundamental cycle together with the -1 curve Lo, the existence
of which we just showed (see Figure 3.4). Let us contract the curves Lo, Z, FEy, E7, Es, Fg in
this order. We then obtain a smooth Del Pezzo surface of degree 7 with three curves F1, Fy, E5
intersecting each other as in Figure 3.5. Therefore either there exists a -1 curve Ly intersecting
the exceptional curve Ej transversally or there exists a -1 curve Ly intersecting the exceptional

curve E5 transversally.
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E1

Figure 3.4: Minimal resolution of A7

Figure 3.5: Smooth Del Pezzo surface of degree 7

The Del Pezzo surface X can be realised as the double cover X =5 P(1,1,2) , which is

ramified along a sextic curve R € P(1,1,2). If the ramification divisor R is reducible, then this

implies the existence of a -1 curve L, which intersects the fundamental cycle only at the central

exceptional curve F, and this intersection is transversal. In the case the ramification divisor

R is irreducible no such line exists. Therefore we should consider two cases depending on the

existence or not of the -1 curve 1i4.

Proof when the ramification divisor R is reducible. At first we observe that there exist curves

Lo, Ly, Lg € X, each of which passes through the point P. Their strict transforms are -1 curves

that intersect the fundamental cycle as following.
Ly -Es=Ly-Ey=Lg-Eg=1

and
Li-E;j=0foralli,j=2,4,6 with¢#j .

Then we easily see that

i * 3 3 5 3 1 1
L2 ~Q W(L2)_1E1_§E2_ZE3_E4_1E5_§E6_1E7’
- . 1 3 3 1

Ly ~q 7T(L4)—§E’1—E’2—§E’3—2E’4—§E5—E6_§E77
y . 1 1 3 5 3 3

L6 ~Q T (LG) - ZEl - §E2 - ZEB _E4 - ZES - §E6 — ZEY .

Since 2Ly is a Cartier divisor in the bianticanonical linear system | —2K x|, we have Ict(X) < 3.

Suppose that let(X) < 1.

1

Then there exist an effective Q-divisor D C X and a positive

rational number \ < %, such that the log pair (X, AD) is not log canonical and D ~g —Kx. It

follows that the pair (X, AD) is log canonical outside of a point P € X, but is not log canonical
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at P. The strict transform of the divisor D is
D ~Q W*(D) — a1E1 — agEQ — a3E3 — a4E4 — a5E5 — a6E6 — a7E7 .

From the inequalities (3.2) and (3.3), we see that

3 4 5 6 7
26172@6,56162&5,§a52a4,za4203,ga:sZaz,gazZal,

and

3 5
26112(12,5@22@3,5@32&4,Za42a5,ga52a6,ga62a7-

Moreover, for these coefficients we get the following upper bounds

1 15 15 12
a2§_7a3§§aa4§2;a5<_7a’6<

< _
“=3o 8 =73 =7

7
aa7§§~

ool =3

Since Ly is irreducible and L4 ~g —Kx, we can assume that the curve L, is not contained in
the support of D and then 0 < Ly, D=1-ay.

The equivalence K 5 + AD + \a1 By + AasFs + Aas Fs + Aay Ey + Aas Es + Aag Eg + \a7 E- ~Q
7*(Kx + D) implies that there is a point @ € E3 UFE> U E3U E4U E5 U Eg U E7, such that the
pair K ¢ + AD + Aay By + Mas Es + Aas Es + Aas Ey + Mas Es + AagFEg + Aaz E7 is not log canonical

at @. By Lemma 3.5, we only need to consider the following two cases.

o If () € B> N Ej3, then the log pair K3 + AD + XasEs + AazE5 is not log canonical at the
point @, and so is the log pair K ¢ + AD + AasEs + Es since \az < 1. By Theorem 2.20,
the pair (Es, AD|g,) is not log canonical at @ and it follows that

) ~ ~ 1
§a4—a4—a222a3—a4—a2=D-E3ZmuItQ<D|E3) >X—a2>2—a2,

which is a contradiction.

o If () € B3N Ey, then the log pair K3 + AD + XasEs + AasE, is not log canonical at the
point @, and so is the log pair K ¢ + AD + XasFs + E4 since Aag < 1. By Theorem 2.20,
the pair (E4, AD|g,) is not log canonical at Q and

~ ~ 1
2a4—a3—a5=D-E4Zmu1tQ(D|E4) >X—a3>2—a3,

which contradicts a4 < 1.
O

Proof when the ramification divisor R is irreducible. There are lines Lo, L3, L5, Lg € X that
pass through the point P whose strict transforms are -1 curves that intersect the fundamental

cycle as following.
Ly-Ey=L3-E3s=Ls-FEs=Lg-Eg =1

and
L;-E;=0foralli,j=2,3,56withi#j.

40



Then we easily get that

i 3 3 5 3 1 1
L2 ~Q Tr*(LQ) - ZEl - EEQ - ZEB - E4 - ZEE} - EEG — ZE7 s
7 5 5 15 3 9 3 3

Ly ~q 7'(L3) - gEl - ZE2 - §E3 - §E4 - §E5 - ZEG —-FE,

8
~ 3 3 9 3 15 5 )
8

Ls ~q 7(Ls) - gEl - ZE2 - §E3 - §E4 ~3 Es — ZEG - -FE7,
T * 1 1 3 ) 3 3
Le ~Q T (LG)_ZEl_§E2_ZE3_E4_ZE5_§E6_ZE7 .

We obtain the surface X from X by contracting the -2 curves E1,..., E;. Therefore, since

Pic(X) = Z°, we will have Pic(X) = Z @ Z. Moreover, from the intersection matrix

L3 Le-Lg ) _ 40
Ly Ly I3

we deduce that the two curves Lo, L3 are linearly independent. Thus, the set {Ls, L3} forms a
basis of Pic(X). For the strict transform of the divisor Ls + 2L3 we have

N[0 T
00]~1 x|t

_Z/Q +2[~/3 ~Q 7T*(L2 +2L3) —2F, —4F5; — 5FE3 —4FE, — 3E5 — 2Eg — E7 .

The divisor Ls+2L3 belongs to the triple anticanonical linear system | —3K x|, and this implies
that let(X) < 2.

Suppose now that let(X) < % Then there exists an effective Q-divisor D C X and a positive
rational number \ < %, such that the log pair (X, AD) is not log canonical and D ~g —Kx. It
follows that the pair (X, AD) is log canonical outside of a point P € X, but is not log canonical

at P. The strict transform of the divisor D is
13 ~Q W*(D) - a1E1 - a2E2 - a3E3 - a4E4 - a5E5 - a6E6 - a7E7 .
The inequalities (3.2) and (3.3) now give

3 4
26172@6756162&5,§a52a471a42a3,gaszaz,g%zau
and

3 4
26112(12,5@22@3,5@32&4,Za42a5,ga52a6,ga62a7-

Moreover, for these coefficients we get the following upper bounds

a a — , Q — , a - .
; U4 > ’ 5787 678’ 7f8

12 15

ap < §7a3§§

[CRREN|

aa2§

Since Lo + 2L3 € | — 3K x|, we can assume that Lo & SuppD or Ls & SuppD. Then

OSEQ'DZ].—G,2:>(L2§]. or 0§I~/3-D=1—a3:>a3§1.

In the same way, since L3+ L5 € | — 2K x|, we can assume that at least one of the curves L3, Ls

is not contained in the support of D. Hence, we obtain that

0<L3-D=1-as=a3<1 or 0<Ls-D=1-—a3=as<1.
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The equivalence K 5 + AD + \a1 E1 + Aas Es + AasEs + AasEs + Nas Es + Aag E + Mar Eq ~Q
7*(Kx + AD) implies that there is a point @ on the fundamental cycle, such that the pair
Kg + AD + Aa1 By + AasEs + MasEs + AayEy + AasEs + MagEg + a7 F7 is not log canonical

at the point ). By Lemma 3.5, we have the following two cases.

o If ) € E> N E3, then the log pair K¢ + AD + XasEs + AasEs is not log canonical at the
point Q. Also, the log pairs K § + AD + \azEs3 + E5 and Ki + AD + E5 + Aas E5 are not
log canonical at @ since Aaz < 1 and Aaz < 1. By Theorem 2.20, the pairs (F», )\l~)|E2)
and (F3, AD|g,) are not log canonical at Q. It follows that

~ . 1
2a2—%—a322a2—a3—a1:D-Egzmuth(D-Eg)>X—a3>g—a3

and

4 - - 1 5
2a3—a2—ga322a3—a2—a4:D-E3zmuth(D-Eg)>X—a2>§—a2.

This is a contradiction, since either as < 1 or ag < 1.

o If ) € E3N Ey4, then the log pair K¢ + AD + XasE5 + AaqEy4 is not log canonical at the
point (). Moreover, the log pair K 3 + AD + XasE; + E4 is not log canonical at Q since
Aay < 1. By Theorem 2.20, the pair (E4, AD|g,) is not log canonical at @Q, and it follows
that

2a4—%a4—a322a4—a5—a3:D-E4 Zmuth(D|E4) >g—a3 ,

This implies that as > %, which is contradicts either ag < 1 or a5 < 1.

O

Lemma 3.13. Let X be a Del Pezzo surface with at most one Du Val singularity of type Ag
and K% = 1. Then the global log canonical threshold of X is

1
let(X) = = .
(X) =3
Proof. We take the minimal resolution 7 : X — X, which contracts the exceptional curves

FEh, Es, Es, By, E5, Eg, F7, Eg to the singular point P of type Ag. The following diagram shows

how the exceptional curves intersect each other.

As the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — K x| that

contains P, and for the strict transform of Z we have
Z ~on*(Z) —E| — Ey — E3 — Ey — Es — Eg — Fy — Fg .

Furthermore, there exist two curves L3, Lg € X, which pass through the singularity P, whose

strict transforms are -1 curves L, Lg which intersect the fundamental cycle as following.

[~/3'E3=E6'E6:1 and E3'Ej=_Z/6'Ek:0 fory;é3,k7é6
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Figure 3.6: Minimal resolution of Ag

Figure 3.7: Projective plane

Indeed, we have a configuration of exceptional curves in the minimal resolution X as shown
in Figure 3.6. After contracting the curves Z, Eg, E7, Fg, E5, E4, E3, Eo in this order, we obtain
a nodal cubic curve in the projective plane (see Figure 3.7).

Therefore one of the tangent lines to the cubic at the nodal point becomes the -1 curve Ls
in X, which intersects the exceptional curve Ej transversally. The image of the -1 curve L
under involution is the -1 curve Lg intersecting the exceptional curve Eg transversally. Then

we can easily see that

Ls ~NQ T (L?,)_gEl — §E2—2E3—§E4—§E5_E6_ §E7—§Eg
L ~q T((Lﬁ)—gEl_§E2_E3_§E4_§E5_2E6_§E7_§E8.

We observe that L3+ L4 is a Cartier divisor in the bianticanonical linear system | — 2K x|. Since
L3 and Lg are irreducible and L3 ~q L4 ~g —Kx, we can assume that both curves Ls, L¢ are

not contained in the support of D. Thus

0<L3-D=1-a3 and 0<Lg-D=1—ag.

Suppose that let(X) < % Then there exists a Q-divisor D C X and a positive rational
number A < %, such that the log pair (X, AD) is not log canonical and D ~g —Kx. It follows
that the pair (X, AD) is log canonical outside of a point P € X, but is not log canonical at P.

The strict transform of the divisor D is

13 ~Q W*(D) - a1E1 - CLQEQ - a3E3 - a4E4 - a5E5 - a6E6 - CL7E7 - agEg .

43



From inequalities ((3.2)) and (3.3), we have

3 4 5 6 7 8
26182@775&72&6,—a62a5,—a52a47—042613,6@32&27?&22&1,

and
2 > —3 > - > — > - > — > —a > a
a a a a a a a a a a a ar 7 .
1 = G2, 2 2 = U3, 3 3 = U4, ] 4 = W5, 5 5 = Ug , 6 6 — ) 7 - W8

Moreover, for these coefficients we get the following upper bounds

20 14

a1 < Eaa6§2aa7ggva8g

14 20
,GQSE,G3S2,G4S§,G5S

Neliee]
©| o

The equivalence K ; + AD + Aa1 B + AasEs + AasFEs + AagEy + Aas Es + AagEg + \arE7 +
XagEg ~q m*(Kx + D) implies that there is a point Q € By UE2UFEsUE U FEs UEgUE; U Eg,
such that the pair K 3 + AD+ a1 B+ ag Eo+AasEs+MagEy+ Aas Es + AagEg+ Aar E7 + \ag Eg

is not log canonical at ). By Lemma 3.5 we only need to check the following cases.

o If () € B> N E3, then the log pair K3 + AD + AasEs + AasE5 is not log canonical at the
point @, and so is the log pair K ¢ + AD + Xag Es + Fj5 since Aas < 1. By Theorem 2.20,
the pair (Es, AD|g,) is not log canonical at @ and it follows that

5 ~ ~ 1
2a3—6a3—a222a3—a2—a4:D-E3Zmuth(D|E3) >X—a2>2—a2.

This is impossible, since az < 1.

o If ) € E3N Ey4, then the log pair K¢ + AD + XasE5 + Aa4Ey4 is not log canonical at the
point ), and so is the log pair K ¢ + AD + E35 + AasEy since \ay < 1. By Theorem 2.20,
the pair (E4, AD|g,) is not log canonical at Q and

2 ~ - 1
2a3—§a3—a4 >2a3 —as—ag =D - F3 zmuth(D|E3) > X—a4 >2—ay .
This contradicts az < 1.

o If () € E4 N E5, then the log pair K3 + AD + AayE4 + AasEs is not log canonical at the
point @, and so is the log pair K ¢ + AD + E, + AasFs since Aag < 1. By Theorem 2.20,
the pair (Fy, )\D| £,) is not log canonical at @, and it follows that

—as >2—as .

3 ~ ~ 1
2a4—1a4—a5 >2a4—a3 —as5=D-FE, Zmuth(D|E4) > X

This is a contradiction since a4 < %.
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3.3 Del Pezzo surfaces of degree 1 with exactly one D>,
type singularity

Lemma 3.14. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Dy
and K% = 1. Then the global log canonical threshold of X is
1
let(X) == .
cH(X) =
Proof. We take the minimal resolution 7 : X — X, which contracts the exceptional curves

FE,, Es, E3, B4 to the singular point P of type Dy4. The following diagram shows how the

exceptional curves intersect each other.

o1 ol ok
o2
Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — Kx|

that contains P, and for the strict transform of Z we have Z ~om(Z)—FE1 — FEy—2E3— Ey .

Since Z ~g —Kx, this implies that lct(X) < 1.

Suppose that let(X) < % Then there exists an effective Q-divisor D € X and a positive
%, such that the log pair (X, AD) is not log canonical and D ~g —Kx.
It follows that the pair (X, AD) is log canonical everywhere outside of a singular point P € X

rational number A <
and is not log canonical at P. For the strict transform of the Q-divisor D we have
D ~Q W*(D) — a1E1 — CLQEQ — a3E3 — CL4E4 .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the curve

Z in its support. Intersecting with the strict transform D, we obtain

OSD'Z = 1-—as,
0< 1-[) = 2a; — ag,
<Ey-D = 2ay— a3,

E3D = 2a3— a1 —ay — ag,
0<FE;-D = 2a4— as.

From the above inequalities, we see that
2a1 > a3 , 2a3 > as , 2a4 > a3 and as >ay,a3 > as, as > ay4 .
Moreover, for these coefficients we get the following upper bounds
a1 <1l,a2<1l,a3<1,a4<1.

The equivalence K ¢ +AD+Na1 E1 + A as Es+XagEs+MayEy ~q ™ (K x+AD) implies that there
is a point ) € E1UEyUE3U Ey, such that the pair K 3 + A\D+ a1 Eq1+AasEs 4+ AasEs+ M as By
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is not log canonical at Q.

o If the point @ € E;\E3, then the pair K¢ + AD + a1 E; is not log canonical at the
point @, and so is the pair K3 + AD + Ey, since Aay < 1. By Theorem 2.20, the pair
(E1,AD|g, ) is also not log canonical at Q and

201 —a3 =D - FE; > muth<D|E1) :muth<D-E1) > 2,

which along with the inequalities a3 < 2a1, az < 2a2, a1+ a2+ a4 < 2a3, az < 2a4 implies

that a; > 2 which is a contradiction.

o If Q € E3\ (E1UE,U Ey), then the pair K¢ + AD + \azFj5 is not log canonical at the
point (), and so is the pair K3 + AD + E5, since \as < 1. By Theorem 2.20, the pair
(E3,A\D|g,) is also not log canonical at Q and

2a3 —a; —as —ay = D - Fy Zmuth(D|E3) :muth(D-Eg) > 2,

which along with as < 2a41, ag < 2as, as < 2a4 leads to the contradictory inequality
as > 4.

o If () € E4 N E3, then the log pair K3 + AD + Aa1 E1 + AasEs5 is not log canonical at the
point (), and so is the log pair K ¢ + AD + E; + AaszEs, since Aa; < 1. By Theorem 2.20,
the pair (F1, )\D| B, ) is also not log canonical at (). This implies that

2a1 —az = D- E > muth([)|El) = muth([) . El) > 2 —as,
which is a contradiction.

O

Lemma 3.15. Let X be a Del Pezzo surface with exactly one Du Val singularity of type D5
and K% = 1. Then the global log canonical threshold of X is

1
let(X) = = .
(X) =3
Proof. We take the minimal resolution 7 : X - X , which contracts the exceptional curves

FEh, Es, E3, Ey, E5 to the singular point P of type D5. The following diagram shows how the

exceptional curves intersect each other.

ofn ol ob1 oLs
ol
Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — Kx|

that contains P, and for the strict transform of Z we have
Z ~ou*(Z) — By — Ey —2F3 — 2E, — Es .
Since Z ~gp —Kx, this implies that lct(X) <

1
3
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Suppose that let(X) < % Then there exists a Q-divisor D in X and a positive rational
number A < %, such that the log pair (X, AD) is not log canonical and D ~g —Kx. It follows
that the pair (X, AD) is log canonical outside of a point P € X and not log canonical at P.

The strict transform of the divisor D is
ﬁ ~Q W*(D) — a1E1 — CLQEQ — a3E3 — a4E4 — a5E5 .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the

curve Z in its support. Intersecting with the strict transform D, we obtain

0<D-Z = 1-au,

0<E; -D = 2a —as,
0<E,-D = 2ay—as,
0§E3-l~) = 2a3— a1 —ag — ay,
0§E4-ﬁ = 2a4 —asg — as,
0§E5-ﬁ = 2a5 — a4.

From the above inequalities, we see that
2a1 > a3 , 2a2 > a3 , a3 > a4 > as ,

and

5 3
6032611,6%2(12,5@42&3,2@52&4-

Moreover, for these coefficients we get the following upper bounds

5
alSZacLQS

N W

7a3S ,G4S1,G5S1.

| Ot

The equivalence K ¢ + AD + a1 E1 + Aas Es + Aas Es + Aay E4 + Aas Es ~q ™ (Kx + AD) implies
that there is a point Q € Ey U Ey U E3 U Iy U Es5, such that the pair K3 + AD + a1 B +
AasEs 4+ AasEs + AasE4 + AasEs is not log canonical at Q.

o If the point @ € E;\E3, then the pair K¢ + AD + a1 E; is not log canonical at the
point (), and so is the pair K3 + AD + E;, since Aa; < 1. By Theorem 2.20, the pair
(E1,AD|g,) is also not log canonical at Q and it follows that

- ~ 1
122a1—ga122a1—a3:D~E12muth(D|E1) >X>2’

which is a contradiction.

o If Q € E3\ (E1UE>U Ey), then the pair K¢ + AD + X\a3E3 is not log canonical at the
point @, and so is the pair K¢ + AD + Ej since \ag < 1. By Theorem 2.20, the pair
(E3, A\D|g,) is not log canonical at Q and this implies that

2 ~ ~ 1
22a3—————§a322a3—a1—a2—a4:D-E3zmuth(D|E3)>X>2,

N =
V]
V]
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which is a contradiction.

o If ) € E1 N E3, then the log pair K¢ + AD + \a1 By + MasE5 is not log canonical at
the point @, and so is the log pair K3 + AD + Aa1 E; + E3. By Theorem 2.20, the pair
(E3, AD|g,) is not log canonical at Q and it follows that

5 2 - -
Z—al22a3—a1—%—§a322a3—a1—a2—a4:D-E3Zmuth<D|E3) >2—a,

which is a contradiction.

o If Q € E5\FE,, then the log pair K¢ + AD + \asE5 is not log canonical at the point @,
and so is the pair K ¢ + AD + E5, since Aas < 1. By Theorem 2.20, the pair (Es, )\D|E5)

is not log canonical at @) and
1> 2a5 —as > 2a5 —as =D - E5 > muth<D|E5) = muth<D . E5) > 2,

which is a contradiction.

o If Q € E4\(E3N Es), then the log pair K¢ + AD + XasE, is not log canonical at the
point @), and so is the pair K¢ + AD + E4 since \ay < 1. By Theorem 2.20, the pair
(E4, A\D|g,) is not log canonical at Q and

- - 1
22a4—a4—%22a4—a3—a5:D-E4Zmuth(D|E4)>X>2,

N =

which is a contradiction.

o If () € E4 N E5, then the log pair K3 + AD + XayE, + AasE5 is not log canonical at the
point (), and so is the log pair K ¢ + AD + E5 + Aa4Ey4, since \as < 1. By Theorem 2.20,
the pair (E5, AD|g,) is not log canonical at @ and it follows that

- - 1
2—a422a5—a4=D-E5zmuth(D|E5) > ——ag4 > 2— ay,

A

which is a contradiction.
O

Lemma 3.16. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Dg
and K% = 1. Then the global log canonical threshold of X is

1
let(X) == .
(X) =3
Proof. We take the minimal resolution 7 : X — X, which contracts the exceptional curves

FE, Es, E3, By, E5, Eg to the singular point P of type Dg. The following diagram shows how

the exceptional curves intersect each other.
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Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — Kx|

that contains P, and for the strict transform of Z we have
Z ~g m*(Z) — By — By — 2F3 — 2B, — 2F5 — Fg .

Since Z ~g —Kx, this implies that let(X) < %

Suppose that let(X) < % Then there exists a Q-divisor D in X and a positive rational
number A < %, such that the log pair (X, AD) is not log canonical and D ~g —Kx. It follows
that the pair (X, AD) is log canonical outside of a point P € X and is not log canonical at P.

The strict transform of the divisor D is
D ~Q 7T* (D) — a1E1 — CLQEQ — a3E3 — CL4E4 — a5E5 — a6E6 .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the

curve Z in its support. Intersecting with the strict transform D, we obtain

OSD-Z = 1-—as,

0<E; -D = 2a —as,
0<E,-D = 2ay—as,
0§E3-l~) = 2a3— a1 —as — ay,
0§E4-ﬁ = 2a4 —asz — as,
0§E5-l~) = 2a5 — a4 — ag,
0<E¢-D = 2ag—as.

From the above inequalities, we see that
2a1 > agz , 2a2 > a3z , a3 > ag > as > ag ,

and

3 4 3
Zagzal,Zagzag,§a42a3,§a52a4,2a62a5.

Moreover, for these coefficients we get the following upper bounds

N W
N W

aa3§27a4§

N W

alg ;GQS aa5§17a6S1-

The equivalence K ¢ + AD +\a1 By + \asEs + Aas Es + Aas By + Aas Es + \ag Eg ~g ™ (Kx+AD)
implies that there is a point () on the fundamental cycle, such that the pair K 3 + AD+ a1 Eq +
AasEs 4+ AasEs + AasEy + AasEs + AagEg is not log canonical at Q.

o If the point @ € E1\E3, then the pair K¢ + AD + a1 F; is not log canonical at the point
@, and so is the pair K ¢ +AD+ Ej since Aa; < 1. By Theorem 2.20, the pair (E1, AB|E1)

is not log canonical at @) and
4 ~ . 1
122@1—§a1 >2a1 —az3 =D - E; Zmuth(D|El) > X > 2,

which is a contradiction.

o If () € B4 N E3, then the log pair K3 + AD + Aa1 E1 + AasEs5 is not log canonical at the
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point @, and so is the log pair K ¢ + AD + \a1 Ey + E5 since \az < 1. By Theorem 2.20,
the pair (Es, AD|g,) is not log canonical at @ and it follows that

3 3 - - 1
§—a12Zag—al22a3—a1—a2—a4:D-E3zmuth<D|E3) >X—a1>2—a1,

which is a contradiction.

If Q € Es\ (Eq U Ey U Ey), then the pair K¢ + AD + A\a3E3 is not log canonical at the
point @, and so is the pair K¢ + AD + Ej since \ag < 1. By Theorem 2.20, the pair
(E3, AD|g,) is not log canonical at Q and thus

3 ~ ~ 1
22a3—————1a322a3—a1—a2—a4:D-E3zmuth(D|E3)>X>2,

N =
V]
V]

which is a contradiction.

If Q € B3N Ey, then the log pair K; + \D + AazFEs 4+ AagEy is not log canonical at the
point (), and so is the log pair K 3 + AD + \asF5 + E4 since Aay < 1. By adjunction, the
pair (E4, AD|g,) is not log canonical at Q. This implies that

2 ~ ~ 1
2—a322a4—a3—§a422a4—a3—a5:D-E42muth(D|E4) > —

/\—a3>2—a3,

which is a contradiction.

If the point @ € E4\(E3UEs), then K ¢+ AD + Aay E, is not log canonical at the point Q,
and so is the pair K ¢ + AD + E, since Aay < 1. By Theorem 2.20, the pair (Ey, )\D|E4)

is not log canonical at @) and

2 - ~ 1
22a4—a4—§a422a4—a3—a5:D~E4zmuth<D|E4) > —

> 2
)\ Y

N | =

which is a contradiction.

If Q € E4N Es, then the log pair K + AD + XayEy + AasEs is not log canonical at the
point @), and so is the log pair K ¢ + AD + E, + a5 E5 since Aas < 1. By adjunction, the
pair (Ey4, AD|g,) is not log canonical at Q and then

3 ~ ~ 1
5—@522@4—@4—%22a4—a3—a5:D-E4Zmu1tQ(D|E4) >X>2—a5,

which is a contradiction.

If @ € Es\(E4U Eg), then the log pair K¢ + AD + \asEs is not log canonical at the
point @), and so is the pair K3 + AD + Ej since \as < 1. By Theorem 2.20, the pair
(Es,AD|g,) is not log canonical at @ and

. N 1
22a5—a5—a—2522a5—a4—a6=D-E5zmuth(D|E5)>X>2,

N~

which is a contradiction.

If Q € B5 N Eg, then the log pair K3 + AD + AasEs + \agFEg is not log canonical at the
point @), and so is the log pair K ¢ + AD + a5 Es + Eg since Aag < 1. By adjunction, the
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pair (Eg, AD|g,) is not log canonical at Q and
2a¢ — 2a5 = D - Eg > multg (D|E6) = multg (b . Eg) > 2 — as,

which is a contradiction.

e If the point Q € Eg\FEs5, then the log pair K ¢ + AD + AagEg is not log canonical at the
point @, and so is the pair K¢ + AD + Eg since \ag < 1. By Theorem 2.20, the pair
(Es, AD|g,) is not log canonical at Q and hence

- ~ 1
12a622a6—a5:D-E62muth(D|E6) >X>2,

which is a contradiction.

O

Lemma 3.17. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Dy
and K% = 1. Then the global log canonical threshold of X is

1
let(X) = = .
cl(X) = 5
Proof. We take the minimal resolution 7 : X - X , which contracts the exceptional curves

FEh, Es, Es, By, E5, Eg, E7 to the singular point P of type D;. The following diagram shows how

the exceptional curves intersect each other.

o1 ol ok ok of% o7
o2
Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — Kx|

that contains P, and for the strict transform of Z we have
Z ~gm*(Z) — By — Ey — 2E3 — 2By — 2F5 — 2Eg — Ey .

Furthermore, there are two curves Li, Lo € X that pass through the point P, such that
their strict transforms in X are the -1 curves El, fjg which intersect the fundamental cycle as
following

Lh-By=1Ly-Fa=1,

and
Li-Ej=0foralli=1,2and j =1,..,6,7 with i # 5 .

We can easily see that

Ly ~q 7 (L1) = gB1— (B — 5 B3 — 2By — S Bs — B — 5 Er
i * 1 3 5 5 7
Ly ~q W(LQ)_§E1_E2_§E3_2E4_§E5_ZE6_ZE7'
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For the strict transform of the bianticanonical divisor L; + Lo we have

- . 9 9 9 9
L1+ Lo ~Q T (Ll) — ZEI — ZEQ —4F3 —4F, — 4F5 — ZEG — ZEY

Since L1 4+ Lo ~g —2Kx, this implies that let(X) < %

Suppose that let(X) < %, then there exist a Q-divisor D in X and a positive rational number
A< %, such that the pair (X, AD) is not log canonical and D ~g —Kx. It follows that the pair
(X, AD) is log canonical outside of a point P € X, but is not log canonical at P. For the strict

transform of the divisor D we have
D ~Q 7T*(D) - a1E1 - a2E2 - CL3E3 - CL4E4 - a5E5 - a6E6 - a7E7 .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the curve
Z in its support. Moreover, we have that L1 + Lo € | — 2K x|, hence we can assume that at
least one member of the pair L, + Ls, say the curve L1, is not contained in the support of D.

Intersecting with the strict transform D, we obtain

Ogﬂl-D = 1-—ay,

0<D-Z = 1-ag,

0<E -D = 2a —as,
0<E;-D = 2ay—as,
O§E3-l~) = 2a3— a1 —as — ay,
O§E4-l~) = 2a4 —az — as,
0<E5-D = 2a5 — a4 — ag,
0<E6-D = 2a¢ —as — ar,
0<E;-D = 2a7—ag.

From the above inequalities, we see that

asz > asz ,

a32a1,ﬁ >

3 5 7
2a7 > ag, 56 > as, 3% > aa, 1% > as, T

and

2a1 > a3, 2a2 > a3, az > a4 > a5 > ag > ar .

Moreover, for these coefficients we get the following upper bounds
7 3
a1§1702337a3§2,a4§2,a5§§,a6§1,a7§1-

The equivalence K ¢ + AD + A1 By +Aas By + Aag B3 4+ Aas By + Aas Es + Aag Eg + AarE7 ~q
7*(Kx + AD) implies that there is a point @ on the fundamental cycle, such that the pair
Kg+ AD + Aa1 By + AasEs + MasEs + AayEy + AasEs + MagEg + a7 FE7 is not log canonical
at Q.

e If the point @ € E1\E3, then the pair K ¢ + AD + Aayi E; is not log canonical at the point
@, and so is the pair K ¢ +AD+ E; since Aa; < 1. By Theorem 2.20, the pair (E1, )\l~)|E1)
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is also not log canonical at @ and it follows that

4 10 - - 1
?22a1—7a122a1—a3=D-E1zmuth(D|E1) >X>2,

which is a contradiction.

If the point @ € E>\E3, then the pair K ¢ + AD + Aay Es is not log canonical at the point
@, and so is the pair K ¢ +AD + E; since Aag < 2. By Theorem 2.20, the pair (Ea, AB|E2)

is also not log canonical at @ and it follows that

4 10 - - 1
g > 2a2—7a2 >2a9 —az3 =D - Ey Zmuth(D|E2) > —

> 2
)\ Y

which is a contradiction.

If Q € By N E3, then the log pair K3 + \D + Aa1 E1 4+ AasEs is not log canonical at the
point @, and so is the log pair K ¢ + AD + \a1 Ey + E3 since \az < 1. By Theorem 2.20,
the pair (Es, AD|g,) is not log canonical at @ and hence

- - 1
g—al22a3—a1—a2—a4:D-E3Zmuth(D-Eg)>X—a1>2—a1,

which is a contradiction.

If Q € Es\ (Eq U EyU Ey), then the pair K¢ + AD + Xa3E3 is not log canonical at the
point @, and so is the pair K¢ + AD + Ej since \ag < 1. By Theorem 2.20, the pair
(E3,A\D|g,) is not log canonical at Q and

4 ~ ~ 1
22a3—————3a322a3—a1—a2—a4:D-E3Zmuth(D-Eg)>X>2,

ot DN

which is a contradiction.

If Q € B3N Ey, then the log pair K + AD + \asFEs + AagEy is not log canonical at the
point (), and so is the log pair K ; + AD + E5 + \asEy since Aas < 1. By adjunction, the
pair (Es, AD|g,) is not log canonical at @ and thus

2—a42a3—a422a3—a1—a2—a4=D-E3Zmuth(ﬁ-Eg)>2—a4,

which is a contradiction.

If the point @ € E4\(E3 U Es), then the log pair K ¢ + AD + AasE, is not log canonical
at the point @, and so is the pair K¢ + AD + Ej since Aay < 1. By Theorem 2.20, the
pair (E4,AD|g,) is also not log canonical at Q. It follows that

3 ~ ~ 1
22a4—a4—Za422a4—a3—a5:D-E4Zmuth(D|E4) >X>2,

N =

which is a contradiction.

If Q € E4 N Es, then the log pair K + AD + XayEy + AasEs is not log canonical at the
point @), and so is the log pair K ¢ + AD + AayEy + E5 since Aas < 1. By adjunction, the
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pair (Es, AD|z,) is not log canonical at @ and hence
2 - -
2 —as > 2a5 — aq — §a5 >2a5—a4—ag =D - E5 zmuth<D|E5) >2—ay,

which is a contradiction.

If @ € E5\(E4 U Es), then the log pair K¢ + AD + AasF5 is not log canonical at the
point @, and so is the pair K¢ + AD + E5 since \as < 2. By Theorem 2.20, the pair
(Es,AD|g,) is not log canonical at Q and hence

9 _ 3
22a5—a5—§a522a5—a4—a6:D-E5Zmuth(D|E5)> > 2,

1
A

N =

which is a contradiction.

If Q € E5 N Eg, then the log pair K + AD + XasEs + AagEg is not log canonical at the
point (), and so is the log pair K ; + AD + Es5 + \agEg since Aas < 2. By adjunction, the
pair (Es, AD|z,) is not log canonical at @ and hence

3 . -
5—a622a5—a5—a622a5—a4—a6:D-E5Zmuth(D|E5)>2—a6.

which is a contradiction.

If the point Q € Es\(Es U E7), then the pair K ¢ + AD + AagEg is not log canonical at
the point (), and so is the pair K¢ + D + Eg since \ag < 1. By Theorem 2.20, the pair
(Es, AD|g,) is not log canonical at Q and hence

~ . 1
22@6—%—&—2622&6—a5—a7:D~E6zmuth(D|E6)>—>2,

A

N~

which is a contradiction.

If Q € Es N E7, then the log pair K5 + AD + XagEg + AarE7 is not log canonical at the
point @), and so is the log pair K ¢ + AD + \agEg + F7 since Aay < 1. By adjunction, the
pair (E7, AD|g,) is not log canonical at Q and hence

2 —ag Z2a7—a6=l~)-E7 zmuth(D|E7) :muth(D-E7) >2—ag .

which is a contradiction.

If the point Q € E;\Eg, then the pair K ¢ + AD + a7 F7 is not log canonical at the point
@, and so is the pair K ¢ +AD+ E7 since Aay < 1. By Theorem 2.20, the pair (E7, AB|E7)
is not log canonical at @ and hence

12@722@7—@6:D-E72muth(D|E7) zmuth<D-Ey) > 2,

which is a contradiction.
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Lemma 3.18. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Dg
and K% = 1. Then the global log canonical threshold of X is

1

Proof. We take the minimal resolution 7 : X — X, which contracts the exceptional curves
FEy, Es, Es, Ey, E5, Eg, Fr, Eg to the singular point P of type Dg. The following diagram shows

how the exceptional curves intersect each other.

E; E3 Ey Es5 Es Er Eg

b2

Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — Kx|

that contains P, and for the strict transform of Z we have
ZNQ?T*(Z)—El — FEy —2FE3 —2E, — 2FE5 —2FE¢ — 2E; — Eg .

Furthermore, there are two curves L1, Ly € X which pass through the point P, such that
their strict transforms in X are the -1 curves El, fzg which intersect the fundamental cycle as
following

L -Ei=Ly Ey=1,

and

Li-Ej=0foralli=1,2and j=1,...,6,7,8 with ¢ # j .
We can easily see that

. 3 5 3 1
Ly ~q w(L1) = 2By~ 5F» — 3By — 5By — 2E5 — S Fo — By — 5 Bs

2
i 1 3 5 3
L2 ~NQ T (LQ)—EEl —EQ— §E3—2E4—§E5—3E6— §E7—2E8 .

In order to obtain X from X, we collapse eight -2 curves to the point P, therefore Pic(X) = Z.
Since then Ly ~g L2 ~g —Kx, this implies that lct(X) < %

Suppose that let(X) < %, then there exist a Q-divisor D in X and a positive rational number
A< %, such that the pair (X, AD) is not log canonical and D ~g —Kx. It follows that the pair
(X, AD) is log canonical outside of a point P € X, but is not log canonical at P. For the strict

transform of the divisor D we have
ﬁ ~Q W*(D) - a1E1 - a2E2 - a3E3 - a4E4 - a5E5 - a6E6 - CL7E7 - agEg .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the curve
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Z in its support. Intersecting with the strict transform D, we obtain

0<D-Z = 1—ar7,

0<E -D = 2a;—as,
0<E,-D = 2ay—as,
0§E3-D = 2a3— a1 —ay — ag,
0§E4-D = 2a4 —asg — as,
0§E5-l~) = 2a5 — a4 — ag,
OgEg-ﬁ = 2a¢ —as — ar,
0§E7-ﬁ = 2a7 — ag — as,
0<FEs-D = 2as—ar.

From the above inequalities, we see that
2a1 > ag, 2a2 > a3 > ag > a5 > ag > ay > as ,

and

3 4
2ag > a7, 507 > ag, 346 > as, 1% > aq, 504 > as, 303 >aq, 303 > asz .

Moreover, for these coefficients we get the following upper bounds
5 3
CllSQ,GQS27a3S3,G4S§,a5SQ,GﬁSi,GJSl,agSl.

The equivalence K ; + AD + Aa1E1 + AasEs + AasFEs + AagEy + Aas Es + AagEg + \arE7 +
XagEg ~q 7 (Kx + AD) implies that there is a point @ on the fundamental cycle, such that
the pair KX + )\[) + Aa1E1 + Aags By + AasEs + AasEy + MasEs + AagEg + Ma7E7 + \agEg is

not log canonical at Q.

o If the point Q) € E;\E3, then the pair K¢ + AD + a1 F; is not log canonical at the point
@, and so is the pair K ¢ +AD+ E; since Aa; < 1. By Theorem 2.20, the pair (E1, )\D|E1)

is not log canonical at @) and

- - 1
1> 2a1 — a122a1—a3=D-E12muth(D|El) >—->3,

A

which is a contradiction.

o If ) € E4 N E3, then the log pair K¢ + AD + Xa1 By + AasEs is not log canonical at the
point @, and so is the log pair K ¢ + AD + \a1 Ey + Fj5 since Aas < 1. By Theorem 2.20,
the pair (E3, AD|z,) is not log canonical at @ and hence

2 ~ ~ 1
22gag22a3—a1—a2—a4=D-E3zmuth(D-Eg)>X—a1>3—a1,

which is a contradiction.

o If Q € E3\ (B U EyU Ey), then the pair K + AD + \asFEj5 is not log canonical at the
point @), and so is the pair K3 + AD + Ej since \az < 1. By Theorem 2.20, the pair
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(E3,A\D|g,) is not log canonical at Q and

1

22&3—————%&3 22a3—a1—a2—a4:D-E3zmuth<D-E3) > X >3,

a
>3
6

N~

which is a contradiction.

If Q € B3N Ey, then the log pair K + \D + AazFEs 4+ AagEy is not log canonical at the
point @), and so is the log pair K ¢ + AD + E5 + \asEy since Aag < 1. By adjunction, the
pair (Es, AD|g,) is not log canonical at @ and thus

3—a4Zag—a422a3—a1—a2—a4:D-E3zmuth([)-Eg)>3—a4,

which is a contradiction.

If the point @ € E4\(E3 U Es), then the log pair K ¢ + AD + Aay By is not log canonical
at the point @, and so is the pair K¢ + AD + Ej since Aay < 1. By Theorem 2.20, the
pair (E4, AD|g,) is also not log canonical at Q. It follows that

4 ~ ~ 1
> a422a4—a4—ga422a4—a3—a5=D-E4Zmuth(D-E4)>X>3,

N =
ot =

which is a contradiction.

If Q € £4 N Es5, then the log pair K3 + \D + AagE4 4+ AasEs is not log canonical at the
point (), and so is the log pair K ; + AD + XayE4 + E5 since Aay < 1. By adjunction, the

pair (Es5, AD|g,) is not log canonical at Q and hence

~ ~ 1
g—a52a4—a522a4—a3—a5=D-E42muth(D-E4)>X—a5>3—a5.

which is a contradiction.

If Q@ € E5\(E4U Eg), then the log pair K¢ + AD + \asEs is not log canonical at the
point @, and so is the pair K¢ + AD + E5 since \as < 2. By Theorem 2.20, the pair

(Es, A\D|g,) is not log canonical at Q and hence

>3,

3 ~ - 1
Z2a5—a5—1a5 22a5—a4—a6=D-E5Zmuth(D|E5) > X

N =

which is a contradiction.

If Q € E5 N Eg, then the log pair K + AD + XasEs + AagEg is not log canonical at the
point (), and so is the log pair K ; + AD + Es5 + \agEg since Aas < 2. By adjunction, the
pair (Es, AD|z,) is not log canonical at @ and hence

2—a622a5—a5—a622a5—a4—a6=D-E5Zmuth(ﬁ|E5)>3—a6.

which is a contradiction.

If the point @ € Es\(Es U E7), then the pair K ¢ + AD + AagEg is not log canonical at
the point @), and so is the pair K¢ + D + Eg since Aag < 1. By Theorem 2.20, the pair
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(Es, \D|g,) is not log canonical at Q and hence

N =

2 ~ ~ 1
22a6—a6—§a622a6—a5—a7:D-E6zmuth<D|E6) >X>3,

which is a contradiction.

o If () € Es N Er, then the log pair K3 + AD + MagEg + AarE7 is not log canonical at the
point @), and so is the log pair K ¢ + AD + \agEg + F7 since Aay < 1. By adjunction, the
pair (E7,AD|g,) is not log canonical at Q and hence

3 1 ~ ~ 1
§—a622a7—a6—§a722a7—a6—agzD-E7Zmuth(D|E7) >X>3—a6,

which is a contradiction.

o If the point QQ € E7\Es, then the pair K ¢ + AD + a7 F7 is not log canonical at the point
@, and so is the pair K ¢ +AD+ E7 since Aay < 1. By Theorem 2.20, the pair (E7, )\l~)|E7)

is not log canonical at @ and hence

1 ~ ~ 1
22a7—a7—§a722a7—a6—agzD-E72muth(D|E7) >X>37

N =

which is a contradiction.

o If ) € E7 N Eg, then the log pair K¢ + AD + Xa7E7 + AagEs is not log canonical at the
point @, and so is the log pair K ¢ + AD + Aa7E; + Eg since Aag < 1. By Theorem 2.20,
the pair (Eg, AD|z,) is not log canonical at Q and

~ ~ 1
2—a722a8—a7:D-EgZmuth(D|E8) >X>3—a7,

which is a contradiction.

e If the point Q € Eg\E7, then the pair K ¢ + AD + AagEs is not log canonical at the point
Q, and so is the pair K ¢ +AD+ Eg since Aag < 1. By Theorem 2.20, the pair (Eg, AD|g, )

is not log canonical at @) and
~ ~ 1
1>ag>2as—ay=D-FEg > muth<D|E8) > X > 3,

which is a contradiction.

3.4 Del Pezzo surfaces of degree 1 with exactly one [Eg
type singularity

Let X be a Del Pezzo surface with exactly one Du Val singularity of type Eg and K% =
1. We take the minimal resolution 7 : X — X, which contracts the exceptional curves

FEh, Es, E3, By, E5, Eg to the singular point P of type Eg. The following diagram shows how the
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exceptional curves intersect each other.

o1 o2 ofis ol oL
ol
Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — Kx|

that contains P, and for the strict transform of Z we have
Z ~gm*(Z) — Ey —2Fy — 3E3 — 2E4 — 2E5 — E .

Since Z ~gp —Kx, this implies that let(X) < % In this section we will prove the following.

Lemma 3.19. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Eg
and K% = 1. Then the global log canonical threshold of X is

1

Proof. Suppose that let(X) < %, then there exists a Q-divisor D in X and a positive rational
number A < g, such that the log pair (X, AD) is not log canonical and D ~g —Kx. It follows
that the pair (X, AD) is log canonical outside of a point P € X, but is not log canonical at P.

For the strict transform of the divisor D we have
D ~Q " (D) — (LlEl — agEg — (L3E3 — a4E4 — (L5E5 — GGEG .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the curve

Z in its support. Intersecting with the strict transform D, we obtain

0<D-Z = 1 —ay,

0<E,-D = 2a1 — ag,
OSEQ-D = 2a2 —aj — as,
0§E3-D = 2a3—as — aq4 — as,
0<E,-D = 2a4—as,
0§E5-l~) = 2a5 — a3z — ag,
OgEg-ﬁ = 2a¢ — as.

From the above inequalities, we see that

3 5 4
2a1 > ao, 502 > as, 508 > as, 505 > ag, 303 >ay ,

and

3 5 4
2a¢ > as, 385 > as, 548 > ag, 502 > a1, 2a4 > as .
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Moreover, for these coefficients we get the following upper bounds

4 5
a1:a6§§702:a5§§aa3§27a4§1-

The equivalence
Kg +AD + Ma1Ey + AagEs + MazFs + AayEy + MasEs + AagEg ~q 7" (Kx + AD)

implies that there is a point @ € £y U Ey U E3 U By U Es U Eg, such that the log pair K¢ +
AD + \a1 Eq + AaaFs + asEs + AasEy + Aas Es + MagFg is not log canonical at the point Q.

e If the point @ € E1\E», then the pair K¢ + AD + a1 F; is not log canonical at the point
@, and so is the pair K ¢ +AD+ E; since Aa; < 1. By Theorem 2.20, the pair (E1, )\l~)|E1)

is not log canonical at ) and

4 - - 1
22611—5&1 >2a1 —ax =D - E; Zmuth(D|E1) > X >3,

(S e]

which is a contradiction.

o If the point ) € £y N Ey, then the pair K3 + D+ a1 E1 4+ Aas Es is not log canonical at
the point @, and so is the pair K ¢ + AD + Ey + Aag B since Aa;y < 1. By Theorem 2.20,
the pair (Ey, AD|g, ) is not log canonical at Q and

8 - - -
§ —ag >2a1—ax=D-F; zmuth(D|E1) :muth(D-El) >3 —as,

which is a contradiction.

e If the point Q € E»\(E1UEs), then K ¢+ AD + \az E, is not log canonical at the point Q,
and so is the pair K g + AD + E5 since Aag < 1. By Theorem 2.20, the pair (E2, AD|p,)

is not log canonical at @ and

7 6 ~ - 1

- Z?ag—%——agZ2a2—a1—agzD-EQZmuth(D|E2) >—>3,

6 2 5 A
which is a contradiction.

o If the point ) € Ex N E3, then the pair K 3 + D+ Aao Fs 4+ Aag E3 is not log canonical at
the point @, and so is the pair K ¢ + AD + E5 + agEs since Aag < 1. By Theorem 2.20,
the pair (Fa, AD|g,) is not log canonical at Q and

5 R R 1
5—&322&2—%—&322a2—a1—agzD-EQZmuth(D|E2) > -3>3-as,

which is a contradiction.

e If the point Q € E3\(F2UFE4U Es), then the pair K¢ + AD + 3Xa3E3 is not log canonical
at the point ), and so is the pair K + AD + Ej5 since A\as < 1. By Theorem 2.20, the
pair (Es, A\D|g,) is not log canonical at @ and

2 2
22a3——a3——a3—%

- - 1
3 3 22a3—a2—a5—a4:D~E3zmuth(D|E3)>—

T>3

Wl

which is a contradiction.
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e If the point () € E3NEy, then the pair K ¢ +AD+3XagEs +2XasEy is not log canonical at
the point (), and so is the pair K ¢ + AD + 3\asEs + Ey4 since Aag < 1. By Theorem 2.20,
the pair (E4, AD|g,) is not log canonical at Q and

- - 1
2—a322a4—a3:D-E4Zmu1tQ<D|E4) >X—a3>3—ag7

which is a contradiction.

o If the point Q@ € E4\E3, then the pair K¢ + AD + 2)\ay By is not log canonical at the
point @, and so is the pair K3 + AD + E, since \asq < 1. By Theorem 2.20, the pair
(E4, A\D|g,) is not log canonical at Q and

. . 1
22@4—%&422&4—a3:D-E4zmuth(D|E4) >— >3,

A

N~

which is a contradiction.

3.5 Del Pezzo surfaces of degree 1 with exactly one [E;
type singularity

Let X be a Del Pezzo surface with exactly one Du Val singularity of type E; and K% =
1. We take the minimal resolution 7 : X — X, which contracts the exceptional curves
FEy, Es, E3, By, E5, Eg, E7 to the singular point P of type E;. The following diagram shows

how the exceptional curves intersect each other.

ol o2 olls olis oL o7
of
Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — K|

that contains P, and for the strict transform of Z we have
7 ~g m*(Z) — 2B — 3Ey — 4E3 — 2B, — 3E5 — 2E — By .

Since Z ~g —Kx, this implies that lct(X) <

In this section we will prove the following.

1
I-

Lemma 3.20. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Er
and K% = 1. Then the global log canonical threshold of X is

1
let(X) = - .
ct(X) = 7
Proof. Suppose that let(X) < i. Then there exists a Q-divisor D in X and a positive rational

number A < 1, such that the log pair (X, AD) is not log canonical and D ~g —Kx. It follows
that the pair (X, AD) is log canonical outside of a point P € X, but is not log canonical at P.
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For the strict transform of the divisor D we have
D ~Q W*(D) — a1E1 — agEQ — a3E3 — a4E4 — a5E5 — a6E6 — a7E7 .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the curve

Z in its support. Intersecting with the strict transform D, we obtain

0<D-Z = 1-a,
0<E; -D = 2a; —as,
OSEQ-D = 2a9 — a1 — as,
O§E3-l~) = 2a3—as — a5 — aq,
0<E,-D = 2a4—as,
0<FEs-D = 2a5 — a3 — ag,
0§E6-D = 2a¢ —as — ar,
0<E;-D = 2a7—ag.
From the above inequalities, we see that
2a1 > ay, §a2 2 as, lag > g, §as 2 as, éas > s, §a6 > ar,
2 12 6 5 4

and

3 4 3 2
2a7r > ag, a6 > a5, 505 > a3, 2a4 > a3, —a3z > Az, ;a2 > ay .
2 3 4 3
Moreover, for these coefficients we get the following upper bounds

7
a1§17a2§2,a3§3,a431,a535,a6§2,a7§

ot
N W

Due to the equivalence
KX + /\D + Aa1 B 4+ Nas By + AasEs + AagEy + AasEs + AagEg + \a7Ex ~Q " (KX + /\D),

there is a point @ which lies on the fundamental cycle of X, such that the log pair K 5+ AD +
Aa1E1 4+ AasEs 4+ AasEs + AagEy 4+ AasEs + AagEg + AarE7 is not log canonical at Q.

e If the point @ € E;1\E», then the pair K ¢ + AD + Aay E; is not log canonical at the point
@, and so is the pair K ¢ +AD+ E; since Aa; < 1. By Theorem 2.20, the pair (E1, )\D|E1)

is not log canonical at @) and

- ~ 1
22a1—ga1 >2a1—as=D-F; zmuth(D|E1) > " >4,

N~

which is a contradiction.

o If the point Q) € £y N Ey, then the pair K 3 + AD + Aay By 4 Aas E5 is not log canonical at
the point @, and so is the pair K ¢ + AD + Ey + \ag Es since Aay < 1. By Theorem 2.20,
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the pair (E1,A\D|g,) is not log canonical at @ and this implies that

~ . 1
2—a222a1—a2:D-E1zmuth(D|E1) >X—a2>4—a2,

which is a contradiction.

If the point @ € E>\(E, U E3), then the pair K ¢ + AD + XasE5 is not log canonical at
the point @, and so is the pair K¢ + AD + E, since Aas < 1. By Theorem 2.20, the pair
(E3, AD|g,) is not log canonical at Q and

a

4 - - 1
ZQag—E—gagZ?ag—al—agzD-EQZmuth(D|E2)>X>4,

Wl =

which is a contradiction.

If the point @ € E> N E3, then the pair K ¢ + AD + \as E> + \asEs is not log canonical at
the point @, and so is the pair K + AD + E5 + AagF5 since Aag < 1. By Theorem 2.20,
the pair (Fa, AD|g,) is not log canonical at Q and

- - 1
322a2—%—a322a2—a1—a3=D-E2Zmuth(Dh;z) >X—a3>4—a3,

which is a contradiction.

If the point @ € E3\(F2 U E4 U Es), then the pair K ¢ + AD + a3 E3 is not log canonical
at the point ), and so is the pair K + AD + Ej5 since A\as < 1. By Theorem 2.20, the
pair (Es, AD|g,) is not log canonical at @ and

1 2 3 - - 1
—>2a3——a3——a3—@22ag—ag—a4—a5:D-E3zmuth(D|E3) > —

4~ 3 4 2 /\>4’

which is a contradiction.

If the point @ € E3N Ey, then the pair K ¢ + AD + \a3 Es + \asE, is not log canonical at
the point @, and so are the pairs K ¢ +AD + E3+ \ay By since Aag < 1. By Theorem 2.20,
the pair (E3, AD|z,) is not log canonical at @ and hence

7 2 3 ~ ~
Z—a422a3—§a3—1a3—a422@3—&2—@5—&4:D-E3zmuth(D|E3) >4—a4,

which is a contradiction.

If the point @ € E4\E3, then the pair K ¢ + AD + AayE,4 is not log canonical at the point
@, and so is the pair K ¢ +AD+ Ej since Aay < 1. By Theorem 2.20, the pair (Ey, )\l~)|E4)

is not log canonical at @ and

12

~ ~ 1
22a4—7a422a4—a3:D~E4Zmuth(D|E4) >—>4,

1
2 A

which is a contradiction.

If the point @ € E3N E5, then the pair K ¢ + AD + XasEs + a5 E5 is not log canonical at
the point ), and so are the pairs K 3 +AD + XagE5+ Ej5 since Aas < 1. By Theorem 2.20,
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the pair (Es, AD|z,) is not log canonical at @ and hence

10 2 ~ ~ 1
E—ag22a5—§a5—a322a5—a3—a6:D-E5Zmuth<D|E5) >X—a3>4—a3,

which is a contradiction.

If the point @ € Es\(E3 U Eg), then the pair K ¢ + AD + AasE5 is not log canonical at
the point @, and so is the pair K¢ + AD + Ej5 since Aas < 1. By Theorem 2.20, the pair
(Es,AD|g,) is not log canonical at Q and

6

2 ~ - 1
22a5—3a5—§a522a5—a3—a6:D-E5zmuth(D|E5) >X>47

LI W~

which is a contradiction.

If the point @ € E5N Eg, then the pair K ¢ + AD + \as Es + \agEg is not log canonical at
the point ), and so are the pairs K 3 +AD + \asEs5 + Eg since Aag < 1. By Theorem 2.20,
the pair (Eg, AD|z,) is not log canonical at Q and

1 ~ ~ 1
322a6—a5—§a622a6—a5—a7:D-E6zmuth(D|E6) >X—a5>4—a5,

which is a contradiction.

If the point @ € Es\(Es U E7), then the pair K ¢ + AD + AagEg is not log canonical at
the point () and so is the pair K 3 + AD + Eg since Aag < 1. By Theorem 2.20, the pair
(Es, AD|g,) is not log canonical at @ and

5

1 ~ ~ 1
22a6—1a6—§a622a6—a5—a7:D-E6Zmuth(D|E6) >X>4’

N~

which is a contradiction.

If the point @ € EgN E7, then the pair K ¢ + AD + \ag Eg + a7 E- is not log canonical at
the point @, and so is the pair K ¢ + AD + \agEs + E7 since Aay < 1. By Theorem 2.20,
the pair (E7, A\D|g,) is not log canonical at @ and hence

) ) 1
3—a622a7—a6=D-E7Zmu1tQ(D|E7) > —as>4-as,

which is a contradiction.

If the point @ € E7\FEg, then the pair K ¢ + AD + Aa7 E7 is not log canonical at the point
@, and so is the pair K ¢ +AD + E7 since Aaz < 1. By Theorem 2.20, the pair (Er, )\l~)|E7)

is not log canonical at @ and

- ~ 1
3>2a7>2a7—ag =D - FEy zmuth(D|E7) > —

4
N

which is a contradiction.
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3.6 Del Pezzo surfaces of degree 1 with exactly one [Eg
type singularity

Let X be a Del Pezzo surface with exactly one Du Val singularity of type Eg and K% =
1. We take the minimal resolution 7 : X — X, which contracts the exceptional curves
FEy, Es, E3, By, E5, Eg, By, Eg to the singular point P of type Eg. The following diagram shows

how the exceptional curves intersect each other.

ol o2 olls olis oLl o7 ol
of
Since the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — K|

that contains P, and for the strict transform of Z we have

Z ~Q W*(Z) —2E1 —4E2 —6E3 —3E4 —5E5 —4E6 —3E7—2Eg .

Since Z ~g —Kx, this implies that lct(X) < %. In this section we will prove the following.

Lemma 3.21. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Eg
and K% = 1. Then the global log canonical threshold of X is

let(X) = é .

Proof. Suppose that let(X) < %. Then there exists a Q-divisor D in X and a positive rational
number A\ < %, such that the pair (X, AD) is not log canonical and D ~g —Kx. It follows that
the pair (X, AD) is log canonical outside of a point P € X, but is not log canonical at P. For

the strict transform of the divisor D we have
D ~Q W*(D) — a1E1 — a2E2 — a3E3 — a4E4 — a5E5 — agEg — a7E7 — agEg .

Since the curve Z is irreducible, we may assume that the divisor D does not contain the curve

Z in its support. Intersecting with the strict transform D, we obtain

0<D-Z = 1—as,

0<E; -D = 2a—as,
OgEg-ﬁ = 2a92 —ai — as,
0<E;-D = 2a3 — ag — a5 — aq,
0<E;-D = 2a4— as,
0§E5-ﬁ = 2a5 — as — ag,
O§E6-l~) = 2ag — a5 — ary,
0<E;-D = 2a7 — ag — as,
OSES-D = 2as — ar.
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From the above inequalities, we see that

3 8 5 4 3 2
2a1 > ao, 302 > ag, 5% > ay, 58 > as, 505 > ag, 106 > ar, 307 >ag ,

and

3 4 5 7 4
2ag > ar, 507 > ag, 36 > as, 1% > as, 2a4 > as, 1098 > ag, e >a .

Moreover, for these coefficients we get the following upper bounds
7 8
G1S2,GQS§,G3S5,G4S§,a5S4,GGS3,G7S2,G8S1.

The equivalence

7 (Kx + AD) ~g
Kf( + )\[) + Aa1E1 + AasEs + AasE3 + AasEy + AasEs + AagEg + a7 E7 + AagEg

implies that there is a point Q € E; U F, U E3U E, U E5 U Eg U E7 U Eg, such that

K +AD + Ma1 By + MagEz + MazEs + MagEq + Aas Es + AagEs + Aar Er + \agEs

is not log canonical at Q.

e If the point Q € E1\E», then the pair K ¢ + AD + Aay E; is not log canonical at the point
@, and so is the pair K ¢ +AD+ E; since Aa; < 1. By Theorem 2.20, the pair (E1, )\D|E1)

is not log canonical at @ and

~ - 1
22a1—£a1 >2a1—as=D-F; zmuth(D|E1) > X >0,

N~

which is a contradiction.

e If the point ) € £y N Ey, then the pair K3 + D+ a1 E1 4+ Aas Es is not log canonical at
the point @, and so are the pairs K ¢ +AD+ By + Aag Es since Aay < 1. By Theorem 2.20,
the pair (Ey, AD|g, ) is not log canonical at Q and

- - 1
4—a222a1—a2:D-E1Zmuth(D|E1) >X—a2>6—a2,

which is a contradiction.

o If the point @ € Eo\(E; U E3), then the pair K¢ + AD + AasFE5 is not log canonical at
the point @, and so is the pair K3 + AD + E, since Aas < 1. By Theorem 2.20, the pair
(B3, AD|g,) is not log canonical at @ and

1

10 ~ ~ 1
>2a9 — —as — —ag > 2a9 —ay —az =D - Ey zmuth(D|E2) > —

2 7 x o0

| =

which is a contradiction.

e If the point Q) € Eo N E3, then the pair K 3 + AD + Aaz Es 4+ AaszE3 is not log canonical at
the point @, and so are the pairs K ¢ +AD + E5 + \agEs since Aag < 1. By Theorem 2.20,
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the pair (Fa, AD|g,) is not log canonical at Q and

21 1 ~ ~ 1
Z—ag22ag—§a2—a322a2—a1—a3:D-E2Zmuth<D|E2) >X—a3>6—a3,

which is a contradiction.

If the point @ € E3\(F2 U E4 U Es), then the pair K ¢ + AD + a3 E3 is not log canonical
at the point @, and so is the pair K¢ + AD + Fs since Aag < 1. By Theorem 2.20, the
pair (Es, AD|g,) is not log canonical at @ and

~ ~ 1
2a3—a2—a4—a5:D-E3Zmuth(D|E3) >X>6,

which is a contradiction.

If the point @ € E3N Ey, then the pair K ¢ + AD + \a3zEs + \asEy is not log canonical at
the point @, and so is the pair K + AD + a3 Es + E4 since Aas < 1. By Theorem 2.20,
the pair (E4, AD|g,) is not log canonical at Q and

16 ~ ~ 1
?22a4—a3:D-E42muth(D|E4) >X—a3>6—a3,

which is a contradiction.

If the point @ € E4\E3, then the pair K ¢ + AD + AayE,4 is not log canonical at the point
@, and so is the pair K ¢ +AD+ Ej since Aay < 1. By Theorem 2.20, the pair (Ey, )\l~)|E4)

is not log canonical at @) and
. - 1
%4 —a3 =D Ey> muth<D|E4) >5>6.

which is a contradiction.

If the point @ € E3N Es5, then the pair K ¢ + AD + XasEs + Mas E5 is not log canonical at
the point @, and so is the pair K ¢ + AD + \agFs + Es since Aas < 1. By Theorem 2.20,
the pair (Es5, AD|g,) is not log canonical at Q and

3 ~ ~ 1
522a5—1a5—a322a5—a6—a3:D-E5Zmuth(D|E5) >X—a3>6—a3,

which is a contradiction.

If the point Q € E5\(E3 U Eg), then the pair K¢ + AD + \azF5 is not log canonical at
the point @ and so is the pair K3 + AD + E5 since Aas < 1. By Theorem 2.20, the pair
(Es,A\D|g,) is not log canonical at Q and

- N 1
2a5 —asz —ag =D - B zmuth(D|E5) > —

$>6.

which is a contradiction.

If the point ) € E5N Eg, then the pair K ¢ + AD + Xas E5 + MagEg is not log canonical at
the point @, and so is the pair K + AD + E5 + AagEg since Aas < 1. By Theorem 2.20,
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the pair (Es, AD|z,) is not log canonical at Q and

16 6 - - 1
E—a@'22a5—ga5—a622a5—a3—a6:D-E5Zmuth<D|E5) >X—a6>6—a6,

which is a contradiction.

If the point Q € Es\(Es U E7), then the pair K ¢ + AD + AagEg is not log canonical at
the point @), and so is the pair K¢ + AD + Ej since Aag < 1. By Theorem 2.20, the pair
(Es, AD|g,) is not log canonical at Q and

- - 1
2a6—a5—a7:D-E6Zmuth(D|E6) >X>6,

which is a contradiction.

If the point @ € EgN E7, then the pair K ¢ + AD + \ag Eg + a7 E- is not log canonical at
the point @, and so is the pair K + AD + Eg + Aaz E7 since Aag < 1. By Theorem 2.20,
the pair (Eg, AD|z,) is not log canonical at Q and

9 5 - - 1
Z22a6—1a6—a722&6—a5—a7:D-E6Zmuth(D|E6) >X—a7>6—a7,

which is a contradiction.

If the point @ € E;\(Es U Eg), then the pair K ¢ + AD + AarE7 is not log canonical at
the point @, and so is the pair K3 + AD + E7 since a7 < 1. By Theorem 2.20, the pair
(E7,AD|g,) is not log canonical at @ and

. ~ 1
2a7—a6—ag:D-E72muth<D|E7) > —

> 6.

which is a contradiction.

If the point @ € E7 N Eg, then the pair K ¢ + AD + \a7E7 4+ \agEs is not log canonical at
the point @, and so is the pair K ¢ + AD + a7 Er + Eg since Aag < 1. By Theorem 2.20,
the pair (Eg, AD|z,) is not log canonical at Q and

- . 1
2—a722a8—a7:D-E8Zmuth(D|E8) >X—a7>6—a7,

which is a contradiction.

If the point @ € Eg\E7, then the pair K ¢ + AD + AagEs is not log canonical at the point
@, and so is the pair K ¢ +AD + Eg since Aag < 1. By Theorem 2.20, the pair (Es, )\l~)|E8)

is not log canonical at @ and

3 ~ ~ 1
> 2ag — §a8 >2ag —ay =D - FEg zmuth(D|E8) > —

T >6.

N =

which is a contradiction.
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3.7 Del Pezzo surfaces of degree 1 with at least two sin-

gular points

Suppose now that X is a Del Pezzo surface of degree 1 having at least two Du Val singular

points. We have the following result.

Lemma 3.22. Suppose that the surface X has at least one singularity of type Dy, D5, Dg, Eg, E7.
Then the global log canonical threshold of X is

1/4  when E; € Sing(X)
let(X) =4 1/3  when Eg € Sing(X)
1/2  otherwise.

Proof. We will only treat the case Dy, as the rest of the cases are similar. Since the linear
system | — K x| is 1-dimensional there is a unique element Z € | — K x| that passes through the
singular point 4. This curve Z is irreducible and does not pass through any other singular
point of X. Let 7 : X — X be the minimal resolution of X. Then

7 ~gm*(Z) — By — By —2F3 — By,

where F1, Fsy, E3, Ey are the exceptional curves of 7 that are contracted to the Du Val singular

point Dy. This means that the global log canonical threshold is

let(X) <

N =

Now we assume that lct(X) < % Then there exists a Q-divisor D in X such that D ~g —Kx
and the log pair (X, AD) is not log canonical, for some rational number A < % According to
Lemma 2.18 the pair (X, AD) is not log canonical at a singular point of X. If the pair (X, AD)
is not log canonical at D4, we proceed as in Lemma 3.14, otherwise we follow the proof of

Theorem 3.1. In any case we obtain a contradiction, thus
1
let(X) == .
cH(X) = 5

O

Lemma 3.23. Suppose that the surface X has at least one singularity of type As, Ag. Then
the global log canonical threshold of X is

tet (X) =2 .

Proof. Again we will consider only the case that X has at least one A5 type singular point, as
Ag can be treated in a similar fashion. Let 7 : X — X be the minimal resolution of X and
let FE1, Es, E3, E4, E5 be the exceptional curves of 7 that are contracted to the Du Val singular
point As. Then we can always find a -1 curve L3 in X that only intersects F3 transversally

among the exceptional curves of the fundamental cycle. Then we have that

) . 1 3 1
Ls~qm (L3)—§E1—E2—§E3—E4—§E5,
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This means that the global log canonical threshold is

let(X) <

[SSAN )

Now we assume that lct(X) < 2. Then there exists a Q-divisor D in X such that D ~g —Kx
and the log pair (X, AD) is not log canonical, for some rational number A < % According to
Lemma 2.18 the pair (X, AD) is not log canonical at a singular point of X. If the pair (X, AD)
is not log canonical at As, we proceed as in Lemma 3.14, otherwise we follow the proof of

Theorem 3.1. In any case we obtain a contradiction, thus
2
let(X) = - .
ct(X) = 2

O

Lemma 3.24. Suppose that the surface X has at least one singularity of type Ay. Then the
global log canonical threshold of X is

2/3 when | — Kx| has a cuspidal curve C such that Sing(C) = As,
Al;

Lot (X) 3/4 when | — Kx| has a cuspidal curve C such that Sing(C)
C =
but no cuspidal curve C' such that Sing(C) = A,,

4/5 in the remaining cases.

Proof. Let 7 : X — X be the minimal resolution of X and let FE1, Es, Es, B4 be the exceptional
curves of 7 that are contracted to the Du Val singular point A4. In all the cases when we have
at least an Ay type singularity there exists a unique smooth irreducible element C' of the linear
system | — 2K x|, which passes through the intersection point F7 N Es. For the pull back of the

irreducible curve C' we have
C+Ey+2F+2B3+Eyc|— Kgl.

If we blow up once more in order to get transversal intersections, we see that the global log

canonical threshold is

4
let(X) <let(X,C) = 5
Now we assume that lct(X) < 2. Then there exists a Q-divisor D in X such that D ~g —Kx
and the log pair (X, AD) is not log canonical, for some rational number A < %. According

to Lemma 2.18 the pair (X, AD) is not log canonical at a singular point of X. If the pair
(X, AD) is not log canonical at A4, we proceed as in Lemma 3.7, otherwise we follow the proof

of Theorem 3.1. In any case we obtain a contradiction, and the result follows. [l

Lemma 3.25. Suppose that the surface X has at least one singularity of type As and no
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singularity of type Ay, Dy, D5. Then the global log canonical threshold of X is

1 when | — Kx| does not have cuspidal curves,

2/3 when | — K x| has a cuspidal curve C such that Sing(C) = As,
let(X) = ¢ 3/4 when | — Kx| has a cuspidal curve C such that Sing(C) = A,
and no cuspidal curve C such that Sing(C) = Ag,

5/6 in the remaining cases.

Proof. Let 7 : X — X be the minimal resolution of X and let FE1, Es, E5 be the exceptional
curves of 7 that are contracted to the Du Val singular point Az. One can show that in all the
cases when we have at least an Ajs type singularity we must have let(X) < 1.

Now we assume that lct(X) < 1. Then there exists a Q-divisor D in X such that D ~g —Kx
and the log pair (X, AD) is not log canonical, for some rational number A < 1. According to
Lemma 2.18 the pair (X, AD) is not log canonical at a singular point of X. If the pair (X, AD)
is not log canonical at As, we proceed as in Lemma 3.6, otherwise we follow the proof of

Theorem 3.1. In any case we obtain a contradiction, and the result follows. O
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Chapter 4

Del Pezzo surfaces with Picard

group Z

4.1 Introduction

In this chapter we calculate log canonical thresholds of Del Pezzo surfaces with Du Val singu-
larities and Picard group Z. The geometry of these surfaces was studied in [7], [12] and [20].
In particular, it was shown that all possible combinations of Du Val singular points on a Del
Pezzo surface X with Pic(X) = Z are the ones listed in Theorem 2.10.

4.2 Del Pezzo surfaces of degree 1

Lemma 4.1. Let X be a Del Pezzo surface with one Du Val singularity of type Az, one of type
A1 and K% = 1. Then the global log canonical threshold of X is

let(X) = % .

Proof. We take the minimal resolution 7 : X — X, which contracts the exceptional curves
FEy, Es, E3, By, E5, Eg, E7 to a singular point of type A7, and the exceptional curve Fi to a

point of type A;. The following diagram shows how the exceptional curves intersect each other.

Fy

As the linear system | — K x| is one-dimensional, there exists a unique curve Z in | — Kx|

that passes through the point A7, and for the strict transform of Z we have

ZNQ’]T*(Z)—El —EQ—Eg—E4—E5—E6—E7 .
We should note here that there are two -1 curves Ly, Lg which intersect only the following

exceptional curves.
Ly Ey=L¢ - Eg=L¢-F1=1.
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Therefore we have

i * 1 3 3 1
L4 ~Q 7'('(L4)_§E1—E2—§E3—2E4_§E5_E6_§E7

7 % 1 1 3 5 3 3 1

L¢ ~q 7T(LG)_ZEl_§E2_ZE3_E4_ZE5_§E6_ZE7_§F1'

and since Lg ~q L4 ~g —Kx we see that lct(X) < %

Suppose that let(X) < %, then there exists a Q-divisor D in X such that the log pair
(X, AD) is not log canonical, where A < % and D ~g —Kx. According to Lemma 2.18 the pair
(X, AD) is not log canonical at a singular point of X. If the pair (X, AD) is not log canonical
at A7, we proceed as in Lemma 3.12, otherwise we follow the proof of Theorem 3.1. In any case

we obtain a contradiction, and the result follows.
O

4.3 Del Pezzo surfaces of degree > 2

Lemma 4.2. Let X be a Del Pezzo surface with one Du Val singularity of type B and K% = 2.
Then the global log canonical threshold of X is

1

Proof. Suppose that let(X) < %, then there exists an effective Q-divisor D ~g —K x such that
the log pair (X, AD) is not log canonical, where A < %. It follows that the pair (X, AD) is log
canonical everywhere except for a point P € X at which it is not log canonical. Let 7 : XX
be the minimal resolution of X. The configuration of the exceptional curves is given by the

following Dynkin diagram.

Then
D ~Q W*(D) - a1E1 - a2E2 - CL3E3 - CL4E4 - a5E5 - a6E6 - a7E7 .

By the way we obtain X as the blow up of P2 at seven points we can see that there is a —1

curve L that intersects the exceptional divisor F7. In fact we have

_Z/NQ W*(L)_El_2E2_3E3_3E4_3E5_2E6_2E77

and since 2L € | — Kx| we get that let(X) < ¢.

73



The inequalities

OgD-f/ = 1—ay

0<FE-D = 2a;—2a
OSEQ'D = 2a9 —a; —as
O§E3-D = 2a3—az —as — a4
0<FEy-D = 2a4—as
O§E5-D = 2a5 —a3z— ag
O§E6-D = 2a¢ —as —ay
0<FE;-D = 2ar—ag

imply that a; <2, a9 <3, a3 <4, a4 < %, a5 <3, a6 < 2, ay <1 . The equivalence
K +AD 4 Xa1 By + AasEy 4 Maz B3 + MagEy 4+ MasEs + \agEs + May By ~q 7* (K x + AD)
implies that there is a point Q € F1 U E5 U E3U E4 U E5 U Eg U E; such that the pair
Kg +AD 4+ Xa1 By + a2 Ez 4+ MagFs + AagEq + Mas Es + \agEg + May By

is not log canonical at Q.

e If the point Q € E1\E», then the pair K ¢ + AD + Aayi E; is not log canonical at the point
@, and so is the pair K ¢ +AD+ Ej since Aa; < 1. By Theorem 2.20, the pair (E1, AB|E1)

is not log canonical at @) and
3 - .
201 — Sa1 > 201 —ap = D Fy 2 multg (D E1) > 6,

which is a contradiction.

e If the point ) € £y N Ey, then the pair K3 + D+ a1 E1 4+ Aas Es is not log canonical at
the point @, and so are the pairs K ¢ + AD + Ey 4+ AagEs and K + AD + a1 B+ Es .
By Theorem 2.20, it follows that

2a1 — ag Zﬁ-El zmuth(D|E1) :muth(D-El) > 6 — as

and
2a9 —a; —az =D - By > muth<D|E2) = muth<D . Eg) >6—ay,

which is a contradiction.

e If the point @ € Eb\(E; U E3), then the pair K¢ + AD + XasE5 is not log canonical at
the point (), and so is the pair K 3 + AD + E, . since Aas < 1. By Theorem 2.20, the pair
(B3, AD|g,) is not log canonical at @ and

2a9 —a; —ag =D - By > muth(D|E2) = muth(D . Eg) >6,
which is a contradiction.
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e If the point ) € Eo N E3, then the pair K 3 + AD + Aaz Es 4+ AaszE3 is not log canonical at
the point @, and so are the pairs K ¢ + AD + Es 4+ AagE3 and K ; + AD + AasFEs + Es3 .
By Theorem 2.20, it follows that

200 — a1 —az = D - By > muth([)|E2) = muth([) . EQ) > 6 — a3 and
and
2a3 —as —as — ag = D- E3 > muth([)|E3) = muth([) . Eg) >6—as,

which is a contradiction.

e If the point Q € E3\(F> U E4U Es), then the pair K ¢ + AD + a3 E3 is not log canonical
at the point ), and so is the pair K + AD + Ej since A\as < 1. By Theorem 2.20, the
pair (Es, A\D|g,) is not log canonical at @ and

2a3 — as — ay —as = D - F3 Zmuth<D|E3) :muth(D-Eg) > 6,

which is a contradiction.

e If the point Q) € E3N Ey, then the pair K 3 + AD + AasEs 4+ AasE, is not log canonical at
the point @, and so are the pairs K ¢ + AD + Es+ AagEy and K ¢ + AD + AasEs3 + Ey.
By Theorem 2.20, it follows

2a3 —as — a4 — as :D-Eg ZmlﬂtQ(Dh;s) :muth([)-Eg) > 06— ay

and
2a, —az =D - E, > muth(ﬁ|E4) = muth(ﬁ . E4) >6—as,

which is a contradiction.

e If the point @ € E4\E3, then the pair K ¢ + AD + AayE,4 is not log canonical at the point
Q, and so is the pair K ¢ +AD+ Ey since Aag < 1. By Theorem 2.20, the pair (Ey, AD|g, )

is not log canonical at @) and
2a4 —az = D- Ey > muth ([)|E4) = muth (D . E4) > 6,

which is a contradiction.

e If the point ) € E3N E5, then the pair K 3 + D+ AasFEs 4+ Aas E5 is not log canonical at
the point @), and so are the pairs K ¢ + AD + Es+ AasEs and K ; + AD + AasFEs + Es .
By Theorem 2.20, it follows that

2a3 —as — a4 — as :D-Eg ZmlﬂtQ(Dh;s) :muth([)-Eg) >6—as

and
2a5 —az —ag =D - Es > muth<D|E5) = muth<D . E5) >6—as,

which is a contradiction.

e If the point Q € E5\(E3 U Es), then the pair K¢ + AD + \azFE5 is not log canonical at
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the point @, and so is the pair K3 + AD + Ej5 since Aas < 1. By Theorem 2.20, the pair
(Es,AD|g,) is not log canonical at Q and

2a5 —az —ag = D - E5 > muth(D|E5) = muth(b . E5) >6,

which is a contradiction.

e If the point Q) € E5 N Eg, then the pair K 3 + D+ Aas Es 4+ Aag Eg is not log canonical at
the point ), and so are the pairs K ¢ + AD + E5 + \agEs and Kg+ AD + \asEs + Eg .
By Theorem 2.20, it follows that

2a5 —az —ag =D - E5 > multg (ﬁ|E5) = multg (ﬁ . E5) > 6 —ag and
and
2a6 — a5 — a7 = D- FEg > muth([)|E6) = muth(D . E@) >6—as,
which is a contradiction.

e If the point @ € Eg\(E5 U E7), then the pair K¢ + AD + AagEg is not log canonical at
the point @, and so is the pair K¢ + AD + Ejg since Aag < 1. By Theorem 2.20, the pair
(Es, D|g,) is not log canonical at Q and

2a6 — a5 — a7 = D- FEg > muth([)|E6> = muth([) . Eﬁ) >6,

which is a contradiction.

e If the point Q) € Es N E7, then the pair K 3 + AD + AagEs 4+ Aaz E7 is not log canonical at
the point ), and so are the pairs K ¢ + AD + Eg + AayE; and Kg+ AD + MagEs + Er .
By Theorem 2.20, it follows that

2a6 —as —ar = D - Eg > muth(b|E6) = muth(b . Eg) >6—ay

and
2a7 —ag = D- E; > muth([)|E7) = muth([) . E7) >6—ag,

which is a contradiction.

o If the point QQ € E7\Es, then the pair K ¢ + AD + a7 F7 is not log canonical at the point
Q, and so is the pair K ¢ +AD+ Ey since a7 < 1. By Theorem 2.20, the pair (E7, AD|g,)

is not log canonical at ) and
2a7 —ag = D- Er > muth ([)|E7) = muth (D . E7) > 6,

which is a contradiction.
O

Lemma 4.3. Let X be a Del Pezzo surface with one Du Val singularity of type D¢, one of type
A1 and K% = 2. Then the global log canonical threshold of X is

1
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Proof. Suppose that let(X) < i, then there exists a Q-divisor D ~g —Kx, such that the log

pair (X, AD) is not log canonical for some rational number A < i. It follows that the pair

(X, AD) is log canonical outside of a point P € X and not log canonical at P. Let 7 : X — X
be the minimal resolution of X. The configuration of the exceptional curves is given by the

following Dynkin diagram.

E1 E3 E4 E5 E6 Fl

o2

Then
D ~Q W*(D) — a1E1 — (LQEQ — 2a3E3 — 2(L4E4 — 2a5E5 — a6E6 — blFl .

From the way we blow up P? to obtain X we can see that there exist -1 curves Ly, Lg such that
L1 BEy=Lg-Es=L¢-F, =1

and therefore

Ly ~q (L) — gEl — Fy —2E5 — SE4 —E5— %EG
and
I:GNQw*(LG)—%El—%EQ—Eg—E4—E5—E6—%F1.

Since 2L ~q 2Lg ~g —Kx we get that lct(X) < i. From the inequalities

0<D-Ly = 1—a

0<D-Lg = 1—2a5—10b

0<E -D = 2a —2a3

0§E2~D = 2as — 2a3

O§E3-l~) = 4daz— a1 —as — 2ay4

0<E, D = 4ay—2as— 2as

0§E5~D = 4das — 2a4 — ag

0<E¢-D = 2ag—2as

0<F,-D = 2b

we see that agz < a1, az < ag, a4 < as, as < a4, ag < 2a; and

3 4 3 3 5
a5 < ag, ag < 535, 3 < §a4, a; < 533, @2 < 53 @1 +as < 203

In particular we get the following upper bounds

w

2
a1S17a2S17a3S§7a4S_a5S 70‘6S17b1§1-

47

N =
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The equivalence
Ky + AD 4 Xa1 E1 + AagEs + 2 a3 B3 + 2Xas By 4 2Xas Es + AagFs ~q ™ (Kx + AD)
implies that there is a point Q € F1 U E5 U E3 U E4 U E5 U Eg such that the pair
Ky + AD + Xa1 By + AasEs + 2XasEs 4+ 2Xa4Ey + 2 asEs + \agFEe

is not log canonical at Q.

e If the point @ € E1\E3, then the pair K ¢ + AD + Aay1 E; is not log canonical at the point
Q, and so is the pair K ¢ +AD+ E; since Aa; < 1. By Theorem 2.20, the pair (E1, AD|g, )

is not log canonical at @) and
4 - - -
2a; — gal >2a; —2a3 =D - E; > multg (D|E1) = multg (D . El) >4,

implies that a; > 6 which is a contradiction.

o If Q € E3\ (E1 UE>U Ey), then the pair K¢ + AD + 2)\a3E5 is not log canonical at the
point @), and so is the pair K¢ + AD + Fj5 since 2Xas < 1. By Theorem 2.20, the pair
(E3,A\D|g,) is not log canonical at Q and

3 By - -
4a3—a3—a3—§a3 >4daz3—a;—az—2a4 =D-F3 > muth(D|E3) :muth(D-Eg) >4,

implies that as > 8 which is a contradiction.

o If ) € E1 N E3, then the log pair K 3 + AD + Aa1 E1 + 2 a3 E3 is not log canonical at the
point (), and so is the log pair K 3 + AD + a1 E; + F5 . By Theorem 2.20, it follows that

1 - - -
;a4—a4—2a4—a1 > 4das—a1—as—2a4 = D-Es > multg (D|E3) = multg (D'Eg) >4—aq .

This implies that as > 1—72 which is a contradiction.

o If Q € E3N Ey, then the log pair K ; + AD + 2 a3 E3 + 2Xa4 Ey is not log canonical at the
point @, and so is the log pair K 3 + AD + 2)\asEs + E4 since 2 aq < 1. By adjunction,

it follows
6as — 2as — 2a3 > 4ayq — 2a3 — 2a5 = D- Ey > multg <D|E4) = multg (D . E4) >4 —2ag .

This implies that a5 > 1 which is a contradiction.

e If the point Q € E4\(E3 U E5), then the pair K ¢ + AD + 2Xa4Ey is not log canonical at
the point @), and so is the pair K¢ + AD + E4 . By Theorem 2.20, the pair (Ey, )\D|E4)

is not log canonical at @) and
4 - - -
day — 2a4 — §a4 > 4day —2a3 — 2a5 = D - B4 > multg (D|E4) = multg (D . E4) >4 .

This implies that a4 > 6 which is a contradiction.

o If the point Q € E5\(E4U Es), then the log pair K ¢ + AD + 2)as E5 is not log canonical
at the point @, and so is the pair K3 + AD + Es since 2\as < 1. By Theorem 2.20, the
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pair (Es, AD|g,) is not log canonical at @Q and
das — 2a5 — a5 > 4as — 2a4 — ag = D- E5 > muth<D|E5) = muth<D . E5) >4 .

This implies that as > 4 which is a contradiction.
o If Q € E4NE5, then the log pair K + \D + 2 a4 E4 + 2ia5E5 is not log canonical at the
point @, and so is the log pair K3 + AD + 2Xa4E4 + E5 . By adjunction, it follows that

das — a5 — 2a4 > das — 2a4 — ag = D-E5 > muth<D|E5) zmuth<D-E5) >4 — 2ay .

This implies that a5 > % which is a contradiction.

o If ) € E5N Eg, then the log pair K ; + AD + 2X\a5 Es + AagEg is not log canonical at the
point ), and so is the log pair K ¢ + AD + 2X\a5E5 + Eg since Aag < 1. By adjunction, it
follows that

2a6 — 2a5 = D - Eg > muth([)|E6) = muth([) . E@) >4 —2as .

This implies that ag > 2 which is a contradiction.

e If the point Q) € Eg\ Es, then the pair K ¢ + AD + AagFEg is not log canonical at the point
@, and so is the pair K¢ + AD + E . By Theorem 2.20, the pair (Ee, )\D|E6) is not log

canonical at ¢ and
2a6 — ag > 2a¢ — 2a5 = D- Eg > muth ([)|E6> = muth ([) . E@) >4,

implies that ag > 4 which is a contradiction.

o If the point ) € Fi, then the pair K ¢ + AD + \by F} is not log canonical at the point Q,
and so is the pair K ¢ + AD + Fy since \b; < 1 By Theorem 2.20, the pair (Fy, )\l~)|pl) is

not log canonical at () and
2, = D - Fy > multg (D|F1) = multg (D : Fl) >4,
which is a contradiction.

O

Lemma 4.4. Let X be a Del Pezzo surface with one Du Val singularity of type Dy, three of
type Ay and K% = 2. Then the global log canonical threshold of X is

let(X) = % .

Proof. Let X be a Del Pezzo surface with one Du Val singularity of type Dy, three A; type
singularities and K% = 2. Suppose lct(X) < % Then there exists an effective Q-divisor
D € X such that the log pair (X, AD) is not log canonical for some rational number A < % and
D ~q —Kx.

It follows that the pair (X, AD) is log canonical outside of a point P € X and not log

canonical at P. Let m : X — X be the minimal resolution of X. The following diagram shows
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how the exceptional curves intersect each other.

.E1 .E3 .E4 F F> Fy

oE2

Then D ~g (D) — a1 By — agEs — asEs — asEy — b1 Fy — baFy — by Fy. From the inequalities

OSD-I} = 1—a;—bh
0<D-Ly = l—as—b
OSD I~J4 = 1—a4—by
0<E,-D = 2a —as
0<Fy-D = 2as—as
O§E3-D = 2a3— a1 —as — a4
0<E;-D = 2a4—as
0<F-D = 2

0<F,-D = 2by

0<Fy-D = 2b

we see that a1 < 1,a2 <1,a3 <2,a4 <1,b; <1,by <1,bs4 <1. We should note here that
there are three -1 curves fq, l~/2, f/4 such that

Li-Ey=L,-F\=Ly - Ey=Lo-Fo=Ls - E4y=Ls-Fy=1.

Therefore we have

- 1 1 1

Ly ~ *(I)—F, — =By — F3 — —E; — —F
1 Q 7T( 1) 1 D) 2 3 5 4 D) 1
L *(Ls) Ly —mop - ltp—lp
2 Q T 2 D) 1 2 3 5 4 D) 2
- . 1 1 1
L4 ~Q T (L4)—§E1—§E2—E3—E4—§F4 .

The equivalence
Ky +AD 4 Xa1 By + MaaEs 4+ Maz B + MaaEy + \by Fi 4 AboFy + Moy Fy ~q 7 (Kx + AD)
implies that there is a point Q € Fy U E5 U E3 U E4 U F1 U Fy U Fy such that the pair
Kg +AD + Xa1 By + MagFa + MazFs + MagEy + Aoy Fy + AboFy + by Fy
is not log canonical at Q.

e If the point QQ € E1\E3, then the pair K¢ + AD + a1 E; is not log canonical at the point
@, and so is the pair K¢ + AD + E; . By Theorem 2.20, the pair (E1, \D|g,) is not log
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canonical at ¢ and
201 —a3 =D - FE; > multg <D|E1) = multg (D . El) > 2,

which implies that a; > 1 which is a contradiction.

o If Q € E3\ (B4 U EyU Ey), then the pair K¢ + AD + \asFEj5 is not log canonical at the
point (), and so is the pair K¢ + D + Ej5, since Aag < 1. By Theorem 2.20, the pair
(E3,AD|g,) is not log canonical at Q and

az > 2a3 — aq —ag—a4:D-E1 Zmuth<D|E3) :muth(D-Eg) > 2,

which is a contradiction.

o If ) € E4 N E3, then the log pair K¢ + AD + \a1 B + %agEg is not log canonical at the
point @), and so is the log pair K ; + AD + Aa1 By + Fs5 . By Theorem 2.20, it follows that

az —aj > 2az3 — a —ag—a4:l~)-E3 zmuth<D|E3) :muth<D-E3) >2—a .

and we see then that a3 > 1 which is not possible.

o If Q € Fi, then the log pair K ¢ + AD + Aby F} is not log canonical at the point Q, and so
is the log pair K + AD + Fy . By Theorem 2.20, it follows that

2b; = D- Fy > muth<l~)|F1) = muth([) . Fl) > 2.

and we see then that b; > 1 which is not possible.

O

Lemma 4.5. Let X be a Del Pezzo surface with two Du Val singularities of type Az, one Ay
type singularity and K% = 2. Then the global log canonical threshold of X is

1

Proof. Let X be a Del Pezzo surface with two Du Val singularities of type As, one A; type
singularity and K% = 2. Suppose that lct(X) < %, then there exists an effective Q-divisor
D € X such that the log pair (X, AD) is not log canonical for some rational number A < % and
D ~qg —Kx.

Let Z be the curve in | — Kx| that contains P. Since the curve Z is irreducible we may
assume that the support of D does not contain Z.

It follows that the pair (X, D) is log canonical outside of a point P € X and not log canonical
at P. Let m : X — X be the minimal resolution of X. The following diagram shows how the

exceptional curves intersect each other.

E; E> E3 Fy F> F3 G1
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Then ﬁ ~Q Tq (D) — a1E1 — CLQEQ — a3E3 — blFl — bQFQ — bgFg — C1G1. From the inequalities

0<D-L; = l—a—b
ng)-f@ = l—ay—0
0<D-Ly = 1—as—bs
0<E,-D = 2a —as
0§E2~b = 2a9—a1 —as
0<E;-D = 2a3—as
0<F-D = 2b—b
0<F-D = 2by—b—bs
0<F3-D = 2b3—b
0<Gi-D = 2¢

we see that a1 <1,a2<1,a3<1,61<1,05<2,05<1,¢1<1.
We have three lines Ly, Lo, L intersecting the fundamental cycle as following
Li-BEy=L, F =1,
Ly Ey=1L3 F3=1,
EQ'EQZfJQ'G1:17

and in particular we have

7 x 3 1 1 3 1 1
Ll ~Q 7Tl(Ll)_ZEll _§E2_ ZES_ ZFl _§F2—ZF3
i x 1 1 1

Ly ~q 7T1(L2)—§E1—E2—§E3—§G1

- 1 1 3 1 1 3

Ly ~q mi(Ls)— ZEl - §E2 - ZEg - ZFl - §F2 - ZF3 .
The equivalence
K +AD + a1 Ey + XagEs + MagEs + AD + b1 Fi 4+ Moo Fy 4+ Mbs F3 + Aer Gy ~g 7 (Kx + AD)
implies that there is a point Q € Fy U E5 U E3 U Fy U F5 U F3 U G such that the pair
K¢ +AD + Xa1Ey + Xa2 Bz + AazE3 + AD + Aoy Fy + Abo Fy + Abs Fs + Ae1 Gy
is not log canonical at Q.

e If the point @ € E;1\E», then the pair K ¢ + AD + Aay E; is not log canonical at the point
@, and so is the pair K¢ + AD + E; . By Theorem 2.20, the pair (E1, )\D|E1) is not log

canonical at Q and
4 N N -
gal >2a1 —ay =D -FE; > muth(D|E1) = muth(D . El) > 2,

implies that a; > % which is a contradiction.

o If Q € E>\ (E, U E3), then the pair K ¢ + AD + Aas E5 is not log canonical at the point Q,
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and so is the pair K g + AD + E5 since Aag < 1. By Theorem 2.20, the pair (E2, AD|p,)

is not log canonical at @) and
as > 2as — a1 —asz = D- By > muth(b|E2) = muth(b . Eg) > 2,

which is a contradiction.

o If ) € B4 N E», then the log pair K¢ + AD + Xa1 By + AasEs is not log canonical at the
point @, and so is the log pair K ; + AD + E1 + AagEs . By Theorem 2.20, it follows that

201 —ay =D - F; Zmuth<D|El) :muth<D-E1) > 2 —ao

and this implies that a; > 1 which is a contradiction .

o If Q € Gy, then the log pair K + AD 4 Ae1Gy is not log canonical at the point Q, and
so is the log pair K ¢ + AD + Gy . By Theorem 2.20, it follows that

2c1 = D- Gy > muth (D|G1) = muth ([) . Gl) > 2

which is a contradiction.

O

Lemma 4.6. Let X be a Del Pezzo surface with one Du Val singularity of type As, one of type
A and K% = 2. Then the global log canonical threshold of X is
1
let(X) = 3

Proof. Suppose lct(X) < % Then there exists an effective Q-divisor D € X such that the log
pair (X, AD) is not log canonical and D ~g —Kx, where A < % Therefore the log pair (X, AD)
is also not log canonical.

Let Z be the curve in | — Kx| that contains P. Since the curve Z is irreducible we may
assume that the support of D does not contain Z.

It follows that the pair (X, AD) is log canonical outside of a point P € X and not log
canonical at P. Let m; : X — X be the minimal resolution of X. The following diagram shows

how the exceptional curves intersect each other.

ol

Then
D ~Q WT(D) — a1E1 — GQEQ — a3E3 — CL4E4 — a5E5 — b1F1 — b2F2 .

We have three lines L1, L3, L5 intersecting the fundamental cycle as following

L1 BEy=L, Fy=L3 Es=1Ls -FEs=1Ls - Fy=1
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Therefore

Ly ~q m(L1) - €E1_§E2_§E3_ §E4— 6E5—§F1—§F2
- * ) 2 1 1 1 2 1
Lz ~q m(Ls)— EEI - gEz - §E3 - §E4 - EES - gFl - gFQ
- 1 3 1

Ls ~Q WT(L5)_§E1—E2—§E3—E4—§E5

Since 2Ly ~gq 2L3 ~qg 2L5 ~g —Kx we see that lct(X) <

From the inequalities

1
3

ng)-il = l—a;—b
0<D-Ly = 1l—as
0<D-Ly = l—as—b
0<E -D = 2a —as
OSEQ-[) = 2a2—a1 —asg
0§E3-l~) = 2a3—as —ay
0§E4~D = 2a4 —asz —as
0<E5~D = 2a5—aq
0<F-D = 2b—b
0<F-D = 2b—10

we see that
4 4
alSLGQS§,a3§1,a4§§,a5§1,b1§1752§1

and what is more

3
2a52a4,§a42a3,§a32a2,1a22a1.

The equivalence
K +AD 4 Xa1 By + AasEs 4+ Maz B3 + MagEy + AasEs + \o1 Fi + \bo Fy ~q 7 (Kx + D)
implies that there is a point Q € F1 U E5 U E3 U E4 U E5 U Fy U Fy such that the pair
Kg +AD + Xa1Fy + MagFa + MazFs + MayEy + MasEs + Aoy Fy + Abo Iy
is not log canonical at Q.

e If the point Q) € E1\E», then the pair K¢ + AD + a; \E; is not log canonical at the point
@, and so is the pair K ¢ +AD+ Ej since Aa; < 1. By Theorem 2.20, the pair (E1, )\l~)|E1)
is not log canonical at @) and

4 - - 1
2a1—3a122a1—a2=D'E1ZmUItQ(D'El)>X>3’

implies that a; > % which is a contradiction.

o If () € B4 N Ey, then the log pair K3 + \D + a1 AE1 4+ a2 AEs is not log canonical at the
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point (), and so is the log pair K 3 + AD + E; + aAEs . By Theorem 2.20, it follows that
~ ~ ~ 1
201 —ay =D -FEy > muth(D|E1) :muth(D-El) > 3 —as >3 —as .

From the second inequality we get that a; > % which is a contradiction.

If Q € E>\ (Ey U E3), then the pair K ¢ + AD + a3 AE5 is not log canonical at the point Q,
and so is the pair K g + AD + E5 since ag\ < 1. By Theorem 2.20, the pair (E2, AD|p,)

is not log canonical at @ and
ag 3 ~ ~ - 1
2a9 — 7 — Zag >2as—a1 —az3 =D -FEy > muth(D|E2) zmuth(D-Eg) > X > 3.

Then we get ag > 4 which is a contradiction.

If Q € B> N B3, then the log pair K3 + \D + asAFEs 4+ azAE3 is not log canonical at the
point (), and so are the log pairs K ¢ + AD + as\Es + E5 since Aag < 1. By Theorem 2.20,
it follows that

- ~ 1
2a3—a2—a4:D-E3Zmuth(D-Eg)>X—a2>3—a2.

This together with the inequality a4 > %ag, implies that agz > % However, this contradicts
as S 1.

If Q € E3\ (E2 U Ey), then the pair K ¢ + AD + a3z AE3 is not log canonical at the point Q,
and so is the pair K g + AD + Ej since az\ < 1. By Theorem 2.20, the pair (E3, AD|p,)

is not log canonical at @) and
2 2 - - - 1
2a3 — gag — gag >2a3—as —ag =D - FE3 > muth(D|E3) = muth<D . E3) > X >3,

implies that ag > % which is a contradiction.

If @ € F1, then the log pair K¢ + AD + Aby F} is not log canonical at the point @, and so
is the log pair K + AD + Fy . By Theorem 2.20, it follows that

gbl > 2b1 — by Z[D-Fl > muth([)|F1) = muth([)-Fl) > 3.

and we see then that b; > 2 which is not possible.

If @ € F1 N F;, then the log pair K¢ + \D + Ab1 F1 4+ A\bo Fy is not log canonical at the
point @, and so is the log pair K ¢ + AD + F; 4+ Aby Fy . By Theorem 2.20, it follows that

201 — by =D - Fy >multg(D|r, ) =multg(D-F1) >3—by .
Q Q

and we see then that by > % which is a contradiction.

If Q) € F5, then the log pair K3 + AD + \by F is not log canonical at the point Q, and so
is the log pair K ¢ + AD + F, . By Theorem 2.20, it follows that

gbg > 9by — by = D - Fy > multg (D|F2) = multg (D : Fg) >3,
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and we see then that by > 2 which is not possible.
O

Lemma 4.7. Let X be a Del Pezzo surface with at most one Du Val singularity of type A7 and
K% = 1. Then the global log canonical threshold of X is

1

Proof. Suppose that let(X) < %, then there exists an effective Q-divisor D € X and a positive

rational number A < %, such that the log pair (X, AD) is not log canonical and D ~g —Kx,
where A < %

It follows that the pair (X, AD) is log canonical outside of a point P € X and not log
canonical at P. Let 71 : X — X be the minimal resolution of X. The following diagram shows

how the exceptional curves intersect each other.

Then

D ~Q WT(D) — a1E1 — (LQEQ — a3E3 — a4E4 — (L5E5 — a6E6 — (L7E7 .

Furthermore there are lines f/g, L¢ € X that pass through the point P whose strict trans-

forms are -1 curves that intersect the fundamental cycle as following.
Ly -Ey=1Lg Eg=1

and
Li-Ej=0foralli,j =26 with i # j .

Then we easily get that

. . 3 3 5 3 1 1
LQ = T (LQ) — ZEl — EEQ — ZEB — E4 — ZE5 — §E6 — ZE7
- i 1 1 3 5 3 3

Lo = m*(Ls) = 7 B1 = 5By — B — By — {Bs — S — JBr .

Because 2Ly ~g 2Ls ~g —Kx we have that lct(X) < 1.
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From the inequalities

0<D-Ly = l-ay
OSIN)EG = 1—a6
0< E; D = 2a1 — ag
OSEQD = 2&2—&1—&3
0§E3D = 2&3—&2—&4
0§E4 [) = 2&4—&3—&5
0§E5D = 2&5-&4-&6
OgEGD = 2a6—a5—a7
0§E7'[) = 2ar—ag
we get
5
2a72a6,—a62a57§a52a4,Za42a373a32a2,—a22a1
and . 6
2a12a2,—a2203,§a32a4,za4205,5%2%,—%2(17-
Therefore . 5 5 .
alﬁg,azﬁl,%ﬁg,a4§2,a5§§,a6§1,a7§6

The equivalence
Kg +AD 4+ Xay By + NaxEs + Mag B + MaaEy + Mas Es + MagEg + MarEr ~q 75 (Kx + D)
implies that there is a point Q € Fy U Es U E3 U E4 U E5 U Eg U Er, such that the pair
K +AD + Xa1E1 + Mz Es + MazE3 + \aa By + Mas Es + AagEg + \az By
is not log canonical at Q.

o If the point Q) € E1\E», then the pair K¢ + AD + a \F; is not log canonical at the point
Q, and so is the pair KX+)\Z~)—|—E1 since a1 A < 1. By Theorem 2.20, the pair (Fy, )\l~)|E1)

is not log canonical at ) and
8 6 - ~ 1
§a122a1—?a1 >2a1 —ax =D - FE; zmuth(D-El) > X >3,

which is a contradiction, since a; < %.

o If () € B4 N Ey, then the log pair K3 + \D + Aa1 E1 4+ Aas Es is not log canonical at the
point @), and so is the log pair K 3 + AD + E1 + AagEs . By Theorem 2.20, it follows that

5 ~ _ _ 1
2a2—6a2—a1 > 2as—ar1—az = D-Ey > muth <D|E2) = muth (DEQ) > X—GQ > 3—ay ,

which is a contradiction, since as < 1.

o If Q € E>\ (E1 U E3), then the pair K ¢ + AD + Aas E5 is not log canonical at the point Q,
and so is the pair K¢ + AD + E5 since Aaz < 1. By Theorem 2.20, the pair (B2, )\D|E2)
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is not log canonical at @ and

5 ~ 1
2a2—6a222a2—a1—a3=D-E2ZmlﬂtQ(D'EQ)>X>3a

which is a contradiction, since as < 1.

o If () € B> N Ej3, then the log pair K3 + AD + XasEs + AazE5 is not log canonical at the
point @, and so is the log pair K ¢ + AD + AasEs + Ej since \az < 1. By Theorem 2.20,
it follows that

4 ~ ~ ~ 1
2a3—a2—ga3 > 2a3—az—a4 = D-E5 > multg <D|E3) = multg (D'Eg) > X—ag > 3—as ,

which implies that ag > g, which is impossible.

o If Q € E3\ (B2 U Ey), then the pair K ¢ + AD + a3 E5 is not log canonical at the point Q,
and so is the pair K g + AD + Ej since Aag < 1. By Theorem 2.20, the pair (E3, AD|p,)

is not log canonical at @ and
4 - ~ 1
23— za3 > 2a3 —az —as = D - By Zmuth(D-Eg) >5>3.

This inequality implies that as > g, which is a contradiction.

o If () € B3N Ey, then the log pair K3 + AD + AasE3 + AasE, is not log canonical at the
point @, and so is the log pair K ¢ + AD + XasFs + E4 since Aag < 1. By Theorem 2.20,
it follows that

3 ~ _ _ 1
2&4—&3—1&4 > 2a4—az—as = D-E4 > muth <D|E4) = muth (DE4) > X—ag > 3—as ,

which contradicts a4 < 2.

o If Q € E4\ (E3 U E5), then the pair K ¢ + AD + Aa4E4 is not log canonical at the point Q,
and so is the pair K¢ + AD + E, since Aay < 1. By Theorem 2.20, the pair (Ey, )\D|E4)

is not log canonical at ) and
3 = - - 1
2a4 — Za4 >2a4 —az3—a5 =D -FE, > muth(D|E4) = muth(D . E4) > X >3,
which is a contradiction since a4 < 2.

O

Lemma 4.8. Let X be a Del Pezzo surface with one Du Val singularity of type As, one of type
A1 and K% = 6. Then the global log canonical threshold of X is

1

Proof. Suppose that let(X) < %. Then there exists an effective Q-divisor D ~g —Kx such
that the log pair (X, AD) is not log canonical for a rational number A\ < %.
It follows that the pair (X, AD) is log canonical everywhere except for a singular point P,

at which point P it is not log canonical. Let m : X — X be the minimal resolution of X. The
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following diagram shows how the exceptional curves intersect each other.

Ey E>

° ° ol

Then
D ~Q WT(D) — a1E1 — CLQEQ — a3E3 .

We have a —1 curve L; intersecting the fundamental cycle as following

Li - BEy=L,-Es=1,L,-F, =0

and
~ 1 2 1
Ly ~ 1(L1)—=E1— -FEy — —F3 .
1Q7T1(1)313223
Since 6Ly ~g —Kx we see that let(X) < §.
From the inequalities
OSDL = 1—a2—a3
0<E -D = 2a —a
OSEQD = 2as —ax
0<FE;-D = 2ag

we see that a1 <2, a0, <1,a3<1.

The equivalence
Kg +AD + a1 By + Aag By + MazFs ~g 5 (Kx + AD)
implies that there is a point ) € F1 U E5 U F3 such that the pair
K¢ +AD + Xa1Ey + Nz Es + Aas Es
is not log canonical at Q.
e If the point @ € E;\E», then the pair K + AD + Aay E; is not log canonical at the

point (), and so is the pair K¢ + AD + E; since \a; < 1. By Theorem 2.20, the pair
(E1,AD|g,) is not log canonical at Q and

2a1 — % 22a1—a2:D-E1 zmuth<D|E1) :muth<D-E1) >6,

implies that a; > 4 which is a contradiction.

o If () € B4 N Ey, then the log pair K + \D + Aa1 E1 4+ Aas Es is not log canonical at the
point ), and so are the log pairs K ¢ + AD + Ey+ MaoEs and K + AD + a1 B+ Ey .
By Theorem 2.20, it follows that

201 —ay =D - F; Zmuth<D|El) zmuth<D-E1) > 6 — ao
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and
2a9 —a; —az =D - By zmuth(b|E2) :muth(b-Eg) >6—aj .

This implies that a; > 3, as > 3 which is a contradiction.

o If () € E3, then the log pair K¢ + AD + AasEs is not log canonical at the point @, and
so is the log pair K ¢ + AD + Ej . By Theorem 2.20, it follows that

2>2%3=D-F3> multg <D|E3) = multg (D . Eg) >6
which is a contradiction.

O

Lemma 4.9. Let X be a Del Pezzo surface with exactly one Du Val singularity of type Ay and
K% =5. Then the global log canonical threshold of X is

1

Proof. Suppose lct(X) < %. Then there exist an effective Q-divisor D ~g —Kx and a positive
rational number A < %, such that the log pair (X, AD) is not log canonical.

It follows that the pair (X, AD) is log canonical everywhere except for a Du Val point P,
at which point the pair is not log canonical. Let 7 : X — X be the minimal resolution of X.

The following diagram shows how the exceptional curves intersect each other.

Then

D ~Q WI(D) — a1E1 — a2E2 — a3E3 — a4E4 .

Furthermore there is a line L1 € X that passes through the point P, whose strict transform

intersects the fundamental cycle as following
Li-BEy=1and L, -E; =0forall j =1,3,4.

Then we easily get that

. . 3 6 4 2
L1 ~Q ™ (Ll) — gEl — 5E2 — gEg — 3E4 .

Because 511 ~g —Kx we have that let(X) < %.

Since L is irreducible we can assume that L; ¢ SuppD. Then from the inequalities

OSD il = 1—as
0§E~D = 2a1 —as
OSE-[) = 2a2—a1 —ag
0<F3-D = 2a3—as—ay
0§E~D = 2a4 —as3
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we get
and
Therefore

The equivalence
Kg +AD 4 Xa1 By + NazEs 4+ Mag B3 + May By ~g 7 (Kx + AD)
implies that there is a point Q) € E1 U Es U F3 U Ey, such that the pair
Kg +AD + Xa1 By + MagFa + MazFs + MasEy
is not canonical at Q.

e If the point @ € E1\E», then the pair K¢ + AD + ai; \E; is not log canonical at the point
@, and so is the pair K ¢ +AD+ E; since a1\ < 1. By Theorem 2.20, the pair (E1, )\D|E1)

is not log canonical at ) and

3 ~ ~ 1
22a1—1a122al—a2=D-E12muth(D-E1)>X>6,

Wl ot

which is a contradiction.

o If ) € E4 N E», then the log pair K¢ + AD + Xa1 By + AasEs is not log canonical at the
point (), and so is the log pair K 3 + AD + E; + MasE» . By Theorem 2.20, it follows that

N - N 1
2a1 —ay =D - Fy zmuth(D|E1) :muth(D-El) > X—a2>6—a2 ,

and

- ~ 1
2a2—a1—a3:D~Egzmuth(D-Eg)>X>6—a1.

This implies that a; > 3 which is a contradiction.

o If Q € B>\ (E1 U E3), then the pair K ¢ + AD + AasE5 is not log canonical at the point Q,
and so is the pair K g + AD + E5 since Aag < 1. By Theorem 2.20, the pair (E2, AD|p,)

is not log canonical at ) and

2 ~ 1
2a2—%—§a222a2—a1—a3:D-E2zmuth(D-Eg)>X>6,

which is a contradiction, since as < 1.

o If ) € B> N E3, then the log pair K¢ + AD + XasEs + AasEs is not log canonical at the
point ), and so is the log pair K ¢ + AD + \asEs + Ej since \az < 1. By Theorem 2.20,
it follows that

~ ~ 1
2a2—a—22—a322a2—a1—a3:D'E2Zmuth<D'E2)>X>6_a3
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and
- - - 1
2a3 —ay —as =D - E3 > muth(D|E3) = muth(D . E3) > X —as >6—as .
This implies that as > 4, ag > 4, which is a contradiction.

O

Lemma 4.10. Let X be a Del Pezzo surface with two Du Val singular points of type As, two
A1 type singular points and K% = 4. Then the global log canonical threshold of X is
1
let(X) = - .
t(X) = 5
Proof. Suppose that let(X) < i, then there exists an effective Q-divisor D such that D ~q
—Kx and the log pair (X, AD) is not log canonical for some rational number A < 1.
It follows that the pair (X,AD) is log canonical everywhere except for a singular point

P € X, where (X,AD) is not log canonical. Let 7; : X — X be the minimal resolution of X.

The following diagram shows how the exceptional curves intersect each other.

E1 E2 E3 Fl Gl

Then
D ~Q WT(D) — (LlEl - (LQEQ - a3E3 - blFl - 01G1 .

We have two lines L1, L3 intersecting the fundamental cycle as following

Since 4Ly ~qg 4L3 ~g —Kx we see that lct(X) < L Moreover we can assume that
Ly € SuppD and L3 ¢ SuppD. From the inequalities

S[)El = 1—&1—[)1
SD.Z/;), = 1—a3—01
§E1D = 2a1—a2

2&2 —aip —as

© o0 © o © o o
IN
5
il
I

§E3D = 2&3—@2
<F-D = 2h
SGllN) = 201

we see that

3 3
az < 2a1, az < 502 and az < 2a3, a1 < 392 -

Therefore we get the bounds

CllSl,GQSQ,aggl,blgl,Clgl.
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The equivalence
Kg +AD + a1 By + AagEy + MazFs ~g 7} (Kx + AD)
implies that there is a point ) € E1 U E5 U F3 such that the pair
K5 +AD + Xa1E1 + Nz Es + Mas Es

is not log canonical at Q.

o If the point QQ € E1\E», then the pair K¢ + AD + a1 F; is not log canonical at the point
@, and so is the pair K ¢ +AD+ Ej since Aa; < 1. By Theorem 2.20, the pair (E1, )\l~)|E1)

is not log canonical at @ and
4 2 - .
gal 22a1—§a1 >2a1 —as =D - FE; zmuth(D-El) >4,

implies that a; > 3 which is a contradiction.

o If ) € E4 N E», then the log pair K¢ + AD + Xa1 By + Aas Es is not log canonical at the
point (), and so is the log pair K 3 + AD + E; + MazE» . By Theorem 2.20, it follows that

2a1—a2:l~)-E12mu1tQ(l~)-E1) >4 —ao .

This implies that a; > 2, which is a contradiction.

o If Q € Ey\ (E1 U E3), then the log pair K¢ + AD + \asEs is not log canonical at the
point @, and so is the log pair K 3 + AD + E, . By Theorem 2.20, it follows that

2a2—%—%22ag—a1—a3:l~)-E3zmuth([)-Eg)>4

and this implies that as > 4, which is a contradiction.

e If the point @ € Fy, then K + AD + \by F} is not log canonical at the point @, and so is
the pair K¢ + AD + F} since \b; < 1. By Theorem 2.20, the pair (Fy, /\D|F1) is not log

canonical at @ and
2, = D - Fy > multg (D|F1) = multg (D : Fl) >4,
implies that by > 2 which is a contradiction.

O

Lemma 4.11. Let X be a Del Pezzo surface with one Du Val singularity of type D5 and
K% = 4. Then the global log canonical threshold of X is

1
let(X) == .
ct(X) = ¢
Proof. Suppose that lct(X) < %, then there exists a Q-divisor D in X such that D ~g —Kx

and the log pair (X, AD) is not log canonical, for some rational number A < %. It follows that

the pair (X, AD) is log canonical everywhere except for a singular point P € X, where (X, AD)
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is not log canonical. Let 7 : X — X be the minimal resolution of X. The configuration of the

exceptional curves is given by the following Dynkin diagram.

E1 E3 E4 E5

oE2

Then
ﬁ ~Q W*(D) — a1E1 — CLQEQ — a3E3 — a4E4 — a5E5 .

We have a line L intersecting the fundamental cycle as following

. . 5 3 3 1
L1 ~Q 7T1 (Ll) — ZEl — ZEQ — §E3 — E4 — §E5

Since 4L, ~g —Kx we see that lct(X) < % and moreover we can assume that Ly ¢ SuppD.

From the inequalities

0<D-L; = l-a

0<E,-D = 2a —as
0<E,-D = 2ay—as
O§E3-D = 2a3— a1 —as — a4
O§E4-D = 2a4 — a3z —as
0<Es-D = 2as5—a4

we see that

a3 < 2a1, a3 < 2a2, ag < a3, as < ayg

and

3
ag < 2as, a3 < 504, 02 < 5% @ < 508 -

In particular we get the following upper bounds
5
a1S17a2S§7a5§a4Sa3§2-
The equivalence
Kg +AD + Xa1 By + AagEs 4+ MazBs + Aay By + MasEs ~q 7 (Kx + AD)
implies that there is a point Q € Fy U E5 U E3 U E4 U E5 such that the pair
KX + /\D + Aa1 E1 + AasEs + AasEs + Aas By + AasEs

is not log canonical at Q.

o If the point Q) € E1\E3, then the pair K¢ + AD + a1 F; is not log canonical at the point
@, and so is the pair K¢ + AD + E; . By Theorem 2.20, the pair (Ey, \D|g,) is not log
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canonical at ¢ and

6 - -
a122a1—3a122a1—a3:D-E1zmuth(D-El)>6,

|~
(S

>

which is contradiction.

If Q € £y N Es, then the log pair K + AD + Xa1 By + AasEs is not log canonical at the
point ), and so is the log pair K 3 + AD + E; + \azFs5 . By Theorem 2.20, it follows that

2a1 —az = D-El > muth([)|El) = muth([)-El) >6—as .

and this implies that a3 > 3, which is a contradiction.

If Q € Es\ (Eq U Ey U Ey), then the pair K¢ + AD + \azFj5 is not log canonical at the
point @ and so is the pair K3 + AD + Ej since \az < 1. By Theorem 2.20, the pair
(E3,A\D|g,) is not log canonical at Q and

2 - -
2a3—————§a322a3—a1—a2—a4=D-E3Zmuth(D-Eg)>6,

implies that ag > 18 which is a contradiction.

If Q € B3N Ey, then the log pair K3 + \D + AazFEs 4+ AagEy is not log canonical at the
point ), and so is the log pair K 3 + AD + E5 + MasE, . By Theorem 2.20, it follows that

2a3 —as — ay —CL4=[)-E3 Zmuth([)|E3) :muth([)-Eg) >6—ay .

This implies that as > 6 which is a contradiction.

If @ € E4\(E3NEs), then the log pair K ¢ + AD + AayEy4 is not log canonical at the point
Q, and so is the pair K + AD + Ey . By Theorem 2.20, the pair (Fy, AD|g,) is not log

canonical at ¢ and
2a4 —az —as =D - Ey > muth(b|E4) = muth(b . E4) >6,

implies that a4 > 12 which is a contradiction.

If Q € E5\Ey, then the log pair K ¢ +AD + Aas s is not log canonical at the point Q, and
so is the pair K ¢ + AD + E5 . By Theorem 2.20, the pair (Ej, /\D|E5) is not log canonical
at @ and

205 —ay = D - E5 > multg (D|E5) = multg (D . E5) > 6,

implies that a5 > 6 which is a contradiction.

If Q € E4 N Es, then the log pair K + AD + XayEy4 + Aas Es is not log canonical at the
point @), and so is the log pair K ; + AD + E5 + AasE4 . By Theorem 2.20, it follows that

2a5 — a4 = D-E5 > muth([)|E5) = muth([)-E5) >6—ay .

and we see then that as > 3 which is not possible.
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Chapter 5

Conclusion

This thesis was motivated by the previous work of I.Cheltsov on global log canonical thresholds.
In his papers [1] and [2] he calculated the global log canonical threshold of all smooth Del Pezzo
surfaces, and of some singular Del Pezzo surfaces with Du Val singularities. Therefore, there
was a need to answer the natural question of what is the global log canonical threshold of the
remaining Del Pezzo surfaces with Du Val singularities.

Thus, this research was initiated with the study of Del Pezzo surfaces of degree 1 with Du Val
singularities. However, the smaller the degree of the Del Pezzo surface, the most complicated
the calculation of the global log canonical threshold. The difficulty lies in the fact that the
number of Du Val singularities on a Del Pezzo surface increases as the degree of the Del Pezzo
surface decreases. In most cases, the calculation of log canonical thresholds was achieved by
handling effective anticanonical divisors on the minimal resolution of these Del Pezzo surfaces.
This was possible due to the fact that a complete classification of the singularities of such
surfaces exists. However, some problems arose in the case of A,, type Du Val singularities.

Therefore, the next logical step was to study a simpler class of such Del Pezzo surfaces,
those with Picard group Z, and try to apply the same technique. What is interesting about
those surfaces is that the geometry of the minimal resolution is well known and very explicit,
making it considerably easier to handle the anticanonical divisors on the minimal resolution.
This step, not only enabled the author to calculate global log canonical thresholds of singular
Del Pezzo surfaces with Picard group Z, but was moreover the cornerstone in order to get a
value for the global log canonical threshold of a general Del Pezzo surface of degree 1 with Du
Val singularities, and not necessarily of Picard rank 1.

As this thesis was being completed, J.Park and J.Won obtained independently the global log
canonical thresholds of Del Pezzo surfaces of degree K )2( = 2,4,5,6,7 with Du Val singularities.
In the Appendix we present the complete lists of log canonical thresholds of all Del Pezzo

surfaces with Du Val singular points.
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Table A.1: Del Pezzo surfaces of degree 1 and Pic(X) = Z

Singularity Type let(X)
Eq 1
Er + Ay o

Eg + Az, Dg 1
Ag, Ar + Ay, Dg + 2A1, D5 + Az, Dy + Dy 1
24, 3
As + Ay + Ay %
4A5 and | — Kx| has no cuspidal curves 1
4A5 and | — Kx| has a cuspidal curve, %
but no cuspidal curve C such that Sing(C) = A

4A5 and | — Kx| has a cuspidal curve such that Sing(C) = A, 2
2A3 4+ 2A; and | — Kx| has no cuspidal curves 1
2A3 4+ 2A; and | — K x| has a cuspidal curve , %
but no cuspidal curve C such that Sing(C) = A;

2A3 +2A; and | — Kx| has a cuspidal curve with Sing(C) = A 3
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Table A.2: Del Pezzo surfaces of degree 2 and Pic(X) = Z

Singularity Type | lct(X)
E; z
Dg + Ay 3
Aq 1
Dy + 34, 3
As + Ay 3
2A3 + Aq z

Table A.3: Del Pezzo surfaces of degree 3 and Pic(X) = Z

Singularity Type | lct(X)
Eq 1
As + Ay %
3As 3

101



Table A.4: Del Pezzo surfaces of degree 4 and Pic(X) = Z
Singularity Type | lct(X)

1
Ds 3

Az +2A,

W=

Table A.5: Del Pezzo surfaces of degree 5 and Pic(X) > Z
Singularity Type | lct(X)

1
Ay 5

Table A.6: Del Pezzo surfaces of degree 6 and Pic(X) = Z
Singularity Type | lct(X)

As + Ay

[N
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Table A.7: Del Pezzo surfaces of degree 1

Singularity Type let(X)
Eg %
E:, E; + Ay i
Eg, E¢ 4 Az, Eg + Ay 1
Dg 1
D7 %
Dg, Dg + 2A+, Dg + Aq 1
D5, D5 + Az, D5 + Ao, D5 + 241, D5 + Ay !
Dy, Dy + Dy, Dy + Ag, Dy + Ag, Dy + 4A4,

Dy + 3A1, Dy + 2A1, Dy + A4 !
Ag %
A7, A7 + Ay .
A g
Ag, Ag + Ay %
As, As + Ay, As +2A1, As + Ag, A5 + Ag + Ay %
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Table A.8: Del Pezzo surfaces of degree 1

Singularity Type

let(X)

Ay, Ag+ Ay, Ay + As

[N

Ag+As + Ay, Ay +2A1, Ay + A, Ag+ Ay
If | — Kx| has no cuspidal curve C such that
Ay = Sing(C') or Az = Sing(C)

[N

A+ A+ Ay, Ag+2A, Ay + Ay
If | — Kx| has a cuspidal curve C such that A; = Sing(C),
but no cuspidal curve C such that Ay = Sing(C)

E[eY)

Ay +Ar+A, Ay + Ay
If | — Kx| has a cuspidal curve C such that Ay = Sing(C)

Wl

Az, 2A3, Az +4Aq, Az + 3A1, 2A5 +2A4, Az +2A, Az + Ay
Az 4+ Ag, Az + Ag + Ay, Az + Ag + 24
If | — Kx| has no cuspidal curves

Ag +4Aq, Ag +3A1, Az +2Aq, Az + Ay,
If | — Kx| has a cuspidal curve such that Sing(C) = Ay,
but no cuspidal curve C such that Ay = Sing(C)

L[N

Az, 2A3, Az +4A1, Az + 3A1, Az +2A;, Az + A4,
Az + Az, Az + Ax + Ay
If | — Kx| has cuspidal curves C, but Sing(C') # A; and Sing(C') # A,

ot

Az + Ag, Az + Ag + Ay
If | — Kx| has a cuspidal curve C such that Sing(C) = A,

win
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Table A.9: Del Pezzo surfaces of degree 2

Singularity Type let(X)
1
6
{EG} Sll’lg {]D)G} %
) 2 {Ds}, {As} 3
2 {BA)'} {(4A)'}, {5A1}, {As), {Ad}, {AF), {Ac}, {Ar}, {Da} | 3
in all other cases %

Table A.10: Del Pezzo surfaces of degree 3

Singularity Type Ict(X)
Sing(X) = {A1} 2
Sing(X) = {Du}, Sing(X) 2 {Au}, {42, A2} | 3
Sing(X) = {Ds}, Sing(X) 2 {As} 1
Sing(X) = {Eq} 1
in all other cases 1
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Table A.11: Del Pezzo surfaces of degree 4

Singularity Type Ict(X)
Sing(X) = {Ds} 1
Sing(X) = {A4}, Sing(X) = {D4}, Sing(X) D {1 + Az} |}
Sing(X) = {As}, Sing(X) 2 {A1 + A} 3
in all other cases 3

Table A.12: Del Pezzo surfaces of degree 5

Singularity Type let (X)
Sing(X) = {A4} g
Sing(X) = {As}, Sing(X) = {A1 + A} | 1
Sing(X) = {As}, Sing(X) = {A1 + Ay} | 3
Sing(X) = {A;} 3
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Table A.13: Del Pezzo surfaces of degree 6

Singularity Type let(X)
Sing(X) = {A1 + Ay} 3
Sing(X) = {As}, Sing(X) = {A1 + A} i
Sine () = (A} :

Table A.14: Del Pezzo surfaces of degree 7
Singularity Type | lct(X)

Sing(X) = {A1}

=
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