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Abstract

Since its beginning in the early 1980s the subject of Quantum Groups has ex-
panded to include many areas of mathematics. We will be concerned with study-
ing two particular quantized coordinate rings from an algebraic perspective.

The first quantized coordinate ring under investigation is Multiparameter
Quantum SL,. In Chapter 2, inspired by an observation in a paper by Dipper
and Donkin, we tackle the problem of defining a quantum analogue of SL, in
the Multiparameter Quantum Matrices setting when the quantum determinant is
not central. We construct a candidate for this algebra in a natural way using the
process of Noncommutative Dehomogenisation. We go on to show that the object
defined has many appropriate properties for such an analogue and observe that
our new algebra can also be obtained via a process known as twisting. Finally we
see what our definition means in the particular case of Dipper-Donkin Quantum
Matrices and also look at the Standard Quantum Matrices case.

In Chapter 3 we move on to our other object of study, Quantum Skew-
symmetric Matrices. This was defined, along with the concept of g-Pfaffians, in
a paper by Strickland in 1996. We show that this algebra is an iterated skew
polynomial ring, and we are able to read off many results by applying the ma-
chinery detailed in a book by Brown and Goodearl. We go on to show that a
g-Laplace expansion of g-Pfaffians holds and that the highest-length g-Pfaffian is
central. Finally we show that a factor of Quantum Skew-symmetric Matrices is
isomorphic to G,(2,n).

Quantum Skew-symmetric Matrices are also mentioned in a 1996 paper by
Noumi. In Chapter 4 we recall his definition of the algebra and of g-Pfaffians.
These definitions are different to those of Strickland. We show that, when ¢ is not
a root of unity, these contrasting definitions are in fact the same. Using Noumi’s
definition we show that another Laplace-type expansion, the natural g-analogue
of a classical result, holds for g-Pfaffians.

In the final chapter we investigate the commutation relations between the
g-Pfaffians. In proving the centrality of the highest-length g-Pfaffian in Chapter
3 we determine some specific commutation relations; these are used in Chapter 5
to establish more general results. We observe that the set of g-Pfaffians has the
structure of a partially ordered set and show that our relations are well-behaved

with respect to this structure.
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Chapter 1

Introduction

The main objects of study in this thesis are two algebras that can be thought of
as quantized coordinate rings. The purpose of this first chapter is to introduce
the terminology that we will use to describe and investigate them. We claim no
originality for any of the material in this chapter, it is all well known. Indeed we
also claim no originality for the presentation, most of the material having been
already presented in perfect clarity in [4] - a book which we take as our main
source of inspiration. Our sole purpose is to fix our notation and gather together

the language and results that will frame the rest of the thesis.

Throughout this thesis, if not explicitly stated, K will denote a fixed base field
and tensor products, ®, will be over K. All rings and algebras will be assumed

to contain a unit element.

1.1 Coalgebras, Bialgebras, and Hopf Algebras

Many of the algebras that we will encounter will possess, or will be proved to
possess, the structure of either a coalgebra, bialgebra, or a Hopf algebra. In this
section we will give definitions of these, and related, concepts - material that can
all be found in, for example, [1], [4], [8], and [22].

Definition 1.1.1. A coalgebra (C,A,€) is a K-vector space C, together with
K-linear maps A : C — C' ® C, called the comultiplication, and € : C — K,

called the counit, such that the following diagrams commute:

Y e
cCedC CeC cCeC id CC
wa ;%m e% %e
CrCxC C



Remark 1.1.2. If we think of an algebra as being a K-vector space A, together
with K-linear maps p: AQ A — A, n: K — A representing multiplication
(a ®b— ab) and unit (o — « - 1) respectively, then the commutative diagrams
in the previous definition are exactly those that one obtains by “dualizing” the

commutative diagrams involving p and n that represent the usual algebra axioms

for A.

Notation 1.1.3. We will follow the Sweedler notation convention and write
Alc) = Z c1 ® ¢y

for an element c € C.

Definition 1.1.4. An element g in a coalgebra C' is said to be grouplike if A(g) =
g®g and e(g) = 1.

Definition 1.1.5. A map [ : C — D between coalgebras C' and D 1is said to be
a coalgebra morphism if it is a linear map such that Apo f = (f ® f) o Ac and

epo f=c¢€c.

Definition 1.1.6. A subspace I of a coalgebra C' is a coideal if A(I) CC ® I +
I®C and e(I) = 0. It is easy to see that C/I is then a coalgebra with the induced

comultiplication and counit.

A coalgebra that also has the structure of an algebra is called a bialgebra if the

two structures are well-behaved with respect to each other, that is:

Definition 1.1.7. A bialgebra (B, i, n, A, €) is a K-vector space B, together with
K-linear maps p,m, A, € such that (B, p,n) is an algebra, (B, A, €) is a coalgebra

and the following equivalent conditions hold:
1. A and € are algebra morphisms, or
2. and n are coalgebra morphisms.

Definition 1.1.8. A map f : B — D between bialgebras B and D is a bialgebra

morphism if it is both an algebra morphism and a coalgebra morphism.

Definition 1.1.9. A subspace I of a bialgebra B is a biideal if it is both a coideal
with respect to the coalgebra structure of B and an ideal with respect to the algebra

structure. In this case it follows that B/I is a bialgebra.



Definition 1.1.10. A Hopf algebra (H, u,n, A €, S) is a K-vector space H with
K-linear maps u,n, A, e making (H, u,n, A €) into a bialgebra, together with a
K-linear map S : H — H called the antipode, such that, in Sweedler notation,

> S(h)hy =e(h) -1z =Y h1S(ha)

for all h € H. Let us define the convolution product *, of two maps f,g €
Homyg(H, H) to be

(f*g)(h) =D f(h1)g(ho)

for h € H. Then the previous condition on S may be written as,
Sxid=mnoe=1idxS.

We will often say “H is a Hopf algebra” instead of “(H,u,n, A€, S) is a Hopf

algebra” taking the various maps as implied.
The following well-known lemma is useful when working with Hopf algebras:

Lemma 1.1.11. The antipode, S, of a Hopf algebra, H, is an algebra anti-
morphism, that is, S(ab) = S(b)S(a) for all a,b € H.

Definition 1.1.12. A map f : H — G between Hopf algebras H and G is a
Hopf algebra morphism if it is a bialgebra morphism such that f o Sy = Sg o f.

In Chapter 2 we will have cause to show that certain maps between Hopf algebras
are Hopf algebra morphisms. To reduce the amount of work needed to be done
in these instances we will call upon a result that we have found only in [8]. Being

less well-known we provide a specific reference:

Proposition 1.1.13. [8, Proposition 4.2.5] Let f : H — G be a map between
Hopf algebras H and G. Suppose f is a bialgebra morphism. Then it follows that
f 1s a Hopf algebra morphism.

Finally the definitions we have seen for coideals and biideals have their appropriate

Hopf-analogue:

Definition 1.1.14. A subspace I of a Hopf algebra H is a Hopf ideal if it is a
bitdeal such that S(I) C I. In this case H/I is a Hopf algebra.



Dual to the notion of modules of algebras is the concept of comodules of coalge-

bras:

Definition 1.1.15. Let C be a coalgebra. A right C-comodule is a K-vector
space V' with a linear map p : V — V ® C, called the coaction, such that the

following diagrams commute:

V %4
® C Ve

V C id Vel
VelCel V

" of an algebra we are re-

Just as when we talk about the “representation theory’
ferring to its modules, when we talk of the “corepresentation theory” of an object

with a coalgebra structure we refer to its comodules.

To end this section we define a structure that we will encounter in Chapter 3.
Suppose we have an algebra H and an H-module, A. If H is in fact a bialgebra
and A is in fact an algebra, then it is desirable that these extra structures interact

in a “nice” way, that is:

Definition 1.1.16. Let H be a bialgebra and A an algebra. We say that A is a
left H-module algebra if A is a left H-module such that

1. h(ab) =", (h1(a))(he(b)) for h € H and a,b € A; and

2. h(14) = e(h).14.

1.2 Skew Polynomial Rings

In this section we give another set of definitions and results that will form part of
the fundamental language that we use throughout this thesis. All this material

and much more can be found in [17].

Let R be a ring and let ¢ be an automorphism of R.

Definition 1.2.1. An additive map § : v — R is called a o-derivation (more
precisely a left o-derivation) on R if 6(rs) = o(r)d(s) + d(r)s for all r,s € R.

Let 0 be a o-derivation on R. Then we can form the skew polynomial ring R[x; o, 0]

where zr = o(r)z+4d(r) for r € R. This can be constructed explicitly as a subring
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of a certain ring of endomorphisms, but we are only concerned with the properties

that it possesses:

Definition 1.2.2. Let R be a ring, let o be an automorphism of R, and let § be

a o-deriation on R. Then T = R|x;0,d] means
1. T is a free left R-module with basis {x" : n € N}.
2. xr =o(r)z+46(r) for allr € R.

Remark 1.2.3. The above definition would work just as well if o were only an
endomorphism of R, but we will always require o to be an automorphism. Also
we note here, that if R is also a K-algebra then we will always assume that o is

a K-algebra automorphism and ¢ is K-linear.

When working with skew polynomial rings we will always write elements with
left-hand coefficients, that is for f € R we will write it in the form

f=raa™ +rp_a" i g
where 7,,...,r9 € R and we will say that f is of degree n (assuming r, # 0).

Definition 1.2.4. If our § = 0 then we may localize R[x; 0| at the set consisting

of the powers of x and form the skew-Laurent ring R[z,z ™!

;0]
We now give two key results concerning skew polynomial rings.

Lemma 1.2.5. If R is a domain then the skew polynomial ring Rlx;o,d] is a

domain.
Theorem 1.2.6. If R is noetherian then so is R[x;0,0].

Many of the algebras that we encounter are not only skew polynomial rings but
are in fact iterated skew polynomial rings over K. We now give a precise definition

of what this means.

Definition 1.2.7. We say A is an iterated skew polynomial ring over R and

write

A = Rlz1;01,601][12;02,02] - - - [T0; On, 6]
if R[x1;01,01] s a skew polynomial ring and for each A; = R|xy1;01,01] -+ - [24; 04, 4],
A; is a skew polynomial ring over A,y (i=2,...,n).

Remark 1.2.8. Of course a quick induction extends the previous two results to

the case of iterated skew polynomial rings.
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1.3 Quantum Groups

The area of Quantum Groups that we will be interested in is that of “quantized
coordinate rings” viewed from an algebraic perspective. By a quantized coordi-
nate ring we mean a noncommutative “deformation” of the coordinate ring of an
algebraic group or a related algebraic variety. The simplest example is that of
the quantum plane. The classical coordinate ring of the plane, O(K?), is just
K[z, y], polynomials in two commuting variables. For a nonzero element ¢ € K*
we define the quantized coordinate ring of the plane (or quantum plane for short)
to be
O,K?) = K(x,y : vy = qyx).

We do not just allow any noncommutative version of a classical object but usually
restrict ourselves to ones which retain certain “nice” properties from the classical
case. With the quantum plane it is not hard to see that it is an iterated skew
polynomial ring over K and so is a noetherian domain, properties that hold for
the classical coordinate ring of the plane. Also setting ¢ = 1 brings us back to

the classical case - another feature of desirable quantum analogues.

The standard example of a quantized coordinate ring that we will keep in mind
throughout this thesis is that of Quantum Matrices [32], [33]. In the classical
case the coordinate ring of n X n matrices is just the polynomial ring generated
by the n? coordinate functions, ¢;; say, that pick out the ij-th entry of a matrix.
The standard quantum version of this is defined below. Throughout what follows

q will be a nonzero element of our base field K and we shall write § := (¢ — ¢ 1).

Definition 1.3.1. Let n be a positive integer. The coordinate ring of quantum
n X n matrices, O,(M,) is the K-algebra generated by the n? indeterminates

{tij 11,7 =1,...,n}, subject to the following relations:

Lijta = qlatsj,
tijlij = qtejtis,
tatr; = tijta,

tijt = traty; + qlates,

for 1 <i <k <nand1l < j <1l < n. The language we have established
in the previous two sections now comes into play. It is known (see for example
[4, Theorem 1.2.7]) that O,(M,,) is an iterated skew polynomial algebra over K

and hence a noetherian domain. It also possesses a bialgebra structure with the



natural comultiplication and counit:

Alty) =D iy @ty
j=1
€(tik) = i

There is a distinguished element of this algebra known as the quantum determi-

nant, denoted by det,,

dety = Z (=) Dt xytom@)  tar)
TESY
where [(7), is the length of the permutation 7. Note that if we set ¢ = 1 then we
have the classical definition of the determinant. By [33, Theorem 4.6.1] we know

that det,, is in the centre of O,(M,,). So analogously to the classical case we may
define O,(GL,,) and O,(SL,,) as follows:

Oy(My)

O (GLy) == Og(My)[det, '] and  Oy(SLy,) = et~ 1)

Now it can be worked out that det, is a grouplike element of O,(M,,), that is
A(det,) = det, ® det, and €(det,) = 1, and so the bialgebra structure of O,(M,,)
induces bialgebra structures on O,(GL,) and O,(SL,). Furthermore from [33,
Theorem 5.3.2] we know that O,(GL,) and O,(SL,) are Hopf algebras with
antipode given by
S(tiy) = (—a)' [ j | 1 ]det; "

where i = {1,...,n} \ {i}. We will now explain what we mean by [ j | i ]. Just
as in [16], for index sets I, J with |I| = |J|, we use the notation [I|.J] to denote
the quantum determinant of O, (M, ;) the quantum matrix subalgebra of O,(M,,)
generated by the elements ¢;; with ¢ € I,j € J. We will call [I|J] the quantum
minor with rows I and columns .J. This leads us on to the definition of our
final example of a quantized coordinate ring, namely the quantum grassmanian
[23]. Firstly we note that Definition 1.3.1 can be naturally extended to enable us
to define quantum m x n matrices, Oy(Myy,). The quantum m x n grassmanian,
G4(m,n) is then defined to be the subalgebra of O,(M,,,) generated by the m xm

quantum minors of O, (M,,,,).

Before leaving this section we should point out that the original objects to be
defined in Quantum Groups were not quantized coordinate rings but rather quan-
tized enveloping algebras. These are noncommutative deformations of the univer-
sal enveloping algebra of a Lie algebra. We will not discuss these here, although

we shall encounter an example of such an object in Chapter 3.
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1.4 Noncommutative Properties

This section is a mixed bag of definitions. For completeness we collect here the
definitions of various “noncommutative properties” that we refer to later in the
thesis. We begin by presenting the definition of Gelfand-Kirillov dimension, a
useful tool when dealing with noncommutative algebras. The standard reference
for all things Gelfand-Kirillov is [26].

Definition 1.4.1. Let A be a finitely generated K-algebra. Let V be a finite
dimensional K -subspace of A containing 14 such that V' generates A as an algebra

and let V™ denote the linear span of all products of at most n elements of V. The
Gelfand-Kirillov dimension of A is defined to be:

GKdim(A) = limsup M.

00 logn

Remark 1.4.2. In [26, Lemma 1.1] it is shown that the above definition is inde-
pendent of the choice of V.

We will use GKdim more than once to show that a map under consideration is
an isomorphism. To do this we will make use of the following two results which

we record here:

Lemma 1.4.3. [26, Lemma 3.1] If B is a subalgebra or a homomorphic image of
a K-algebra A, then GKdim(B) < GKdim(A).

Proposition 1.4.4. [26, Proposition 3.15] Let I be an ideal of a K-algebra A,
and assume that I contains a right reqular element or a left reqular element of A.
Then

GKdim(A/I)+1 < GKdim(A).

Next we deal with various homological properties that are considered “nice” for
a noncommutative ring to satisfy. They can be viewed as the appropriate non-
commutative analogues of homological conditions used in commutative algebra.
Requiring a noncommutative noetherian ring to have finite injective or global
dimensions turns out to be too lenient to be useful and so an extra condition is
imposed, see for example [28], [35], [36]. Our sources for the presentation of these

definitions are the survey paper [6] and [4, Appendix 1.15].

Let R be a noetherian ring.
Definition 1.4.5. The grade of a finitely generated R-module M s defined to be
F(M) :=inf{i > 0: Ext,(M, R) # 0}.

10



Definition 1.4.6. Note that for a left (right) R-module M and for i > 0,
Ext', (M, R) is a right (left) R-module via the right (left) action on R. We
say that a noetherian ring R satisfies the Auslander condition if j(N) > i for
all finitely generated R-submodules N C Exty(M, R) for every finitely generated
right or left R-module M and for all ¢ > 0.

Definition 1.4.7. A noetherian ring R is Auslander-Gorenstein if it satisfies the

Auslander condition and has finite right and left injective dimension.

Definition 1.4.8. A noetherian ring R is Auslander-regular if it is Auslander-

Gorenstein and has finite global dimension.

Definition 1.4.9. An algebra A is said to be Cohen-Macaulay if
J(M) + GKdim(M) = GKdim(A) < oo

for every nonzero finitely generated A-module M.

Finally, we briefly record the definition of the noncommutative Nullstellensatz

given in [4]:

Definition 1.4.10. [4, Definition I11.7.14] Let A be a noetherian K-algebra. We
say that A satisfies the Nullstellensatz over K provided A is a Jacobson ring and

that the endomorphism ring of every irreducible A-module is algebraic over K.

1.5 Skew-symmetric Matrices and Pfaffians

In the final three chapters of this thesis we will be concerned with investigating
the quantum analogue of the coordinate ring of skew-symmetric matrices. In this

section we recall the basic setup of the classical situation and recall some known

identities.
An n x n matrix over K, A = (a;;) say, is skew-symmetric if A" = —A. In
that case we have aj; = —a;; for ¢ < j and in particular a; = 0, that is A has

zeros on its main diagonal. So we can see that a skew-symmetric matrix A is

completely determined by its upper-triangular elements, and we shall write A as

Q12 - Q1n

Ap—1,n

The coordinate ring of skew-symmetric matrices, O(Sk,), is therefore commut-

ing polynomials in the n(n — 1)/2 upper-triangular coordinate functions. This

11



coordinate ring is a representation for the general linear group GL,,. If we think
of our a;; as the coordinate functions on a general skew-symmetric matrix and

arrange them in our matrix A, then the action of GL,, on O(Sk,) is given by
X(A) = XAX", for X € GL,.

We see O(Sk,,) in this context in [2]. Crucial to the understanding of O(Sk;,)
in [2] are the Pfaffians of skew-symmetric matrices - a concept related to the
determinant. If n is odd then the determinant of a skew-symmetric matrix is

zero. So from now on we restrict ourselves to the cases where n is even:

det ( a12> =al,,

a2 a1z daiq
Q23 A24

det
34

= (a12a34 — a13024 + A14023)°.

We see that the determinant in these two examples is the square of a polynomial
in the entries of the matrix. In 1849 Cayley proved that this held in general, and
the polynomial in question is the Pfaffian of the skew-symmetric matrix (for a
historical overview of Pfaffians we refer the reader to [25]). We will now give a
precise definition of a Pfaffian and then some Pfaffian identities. The following

material comes from [13, Appendix D], [24], and [19].

Let A be a n x n skew-symmetric matrix with n = 2m.

Definition 1.5.1. Let '), be the subset of S, consisting of elements o such that
0(2i —1) < 0(2i) fori =1,..mand 0(2i — 1) < (2i+ 1) fori=1,..,m — 1.
Then the Pfaffian of A, which we denote Pf(A), is

Pf(A) = Z (=)' a,(1y02) *  * Qo (n1)0(n)
oel'y,

where [(o) is the length of the permutation o.
Since all the a;; commute we have the following equivalent definition:

Definition 1.5.2. Let Q, :={oc € S, : 0(2i — 1) < 0(2i) fori=1,....,m}. Then
1 I(o
Pf(A) = ml zﬂj (=)' a61)0(2) ** * Gom-1)(n).
oclly

Since aj; = —a;; for ¢ < j we can relax the restrictions on the permutations still

further and so we also have the equivalent definition:

12



Definition 1.5.3.
1
Pf(A) = S ; (=1)"a501952) * ** Qo(n-1)o(n)-

There is also a recursive definition of the Pfaffian. For this we require the notion of
a sub-Pfaffian . By Pf;,

matrix formed by the entries of A which belong to the rows and columns 4, . . . , i,.

i (A) we mean the Pfaffian of the r x r skew-symmetric

77777

Definition 1.5.4. If n =2 Pf(A) := a12 and if n > 2 then

where 7 means “remove v from the list”.

This last definition is in fact a special case of a more general result. Being a
related concept, we would hope to have Pfaffian versions of the Laplace expansion
of determinants. The following result shows that we can expand the Pfaffian along

any row:

Theorem 1.5.5. For fixed i,k = 1,...,n we have,

0uPE(A) =) (=) ayPty o s (A + > (D) ayPf s (A)

k<j k>j

Unlike determinants there is not a simple identity for expanding along a fixed set

of rows, however we do have the following:

Theorem 1.5.6. Let 1 < d <m.

m ag
(d) Pf(A) = Z (—1)"PE, 1), o@a) (A) Pl @at1)..om)(A).
0(1)2-6--1"0(2@
o(2d+1)<---<o(n)

In later chapters we will establish g-analogues of these identities.
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Chapter 2

Multiparameter Quantum SL,

Let K be a field. Let A be a nonzero element of K with A # —1, and let p be
a multiplicatively antisymmetric n X n matrix over K. In this chapter we are
concerned with the multiparameter deformation of the coordinate ring of n x n
matrices Oy ,(M,) [3]. This is the K-algebra generated by n? indeterminates

{z;; 11,7 =1,...,n}, subject to the following relations:

TimTij = PLiPjmTijTim + (A — 1)DriimTy; forl >i,m >j (2.0.1)
TimTij = APliDjmTijLim forl >i,m<j (2.0.2)
Lim Tl = DjmT1Lim for m > j (2.0.3)

where 4,7,l,m=1,...,n.

The algebra O, ,(M,,) is an N-graded noetherian domain [4, Theorem 1.2.7]. It

is also a bialgebra with the natural comultiplication and counit:
n
A(xzk) = inj & Tk
j=1

The Quantum Determinant is [4, Definitions 1.2.3] the element

Dx,pzz H (=Pr(i)m) | 10 T207(2) - Trm() -

€Sy | 1<i<j<n
m(1)>m(j)

It is known (e.g. [15, Section 1.3]) that D), is a normal element of O, ,(M,),

satisfying the following relations, for all ¢, j,

D)\,pl’ij = /\jii (Hpjlpli> SL’ijD,\,p.

I=1
In the literature Oy ,(SLy,) is only defined when D, ;, is central. When it is merely

normal, factoring out (D, , —1) from O, ,(M,,) leaves us with the coordinate ring

14



of a torus. Such a degenerate factor does not provide us with a useful analogue of
O(SL,). A quantum analogue of a classical object should retain certain features
from the classical case. In particular, we expect the quantum analogue to be “of
the same size” as the classical object, or more specifically we want it to have the
same Gelfand-Kirillov Dimension (for details of this concept the reader is referred
to [26]). The coordinate ring of a torus certainly does not have the same Gelfand-
Kirillov Dimension as O(SL,,). So, motivated by work in [10, Section 5] in which
the corepresentation theory of O,(GL,) and O,(SL,) are linked via a certain Hopf
algebra embedding, we look for another candidate for Multiparameter Quantum

SL,. This is precisely the objective of this chapter.

Remark 2.0.7. We note that Dipper Donkin Quantum SL,, will be a particular
instance of this work since Opp (M) = O 1)(M,) where (1) is the n X n matriz
with all entries 1. This answers the problem of a lack of suitable Opp 4(SLy,) that

was observed in [9].

2.1 Noncommutative Dehomogenisation

We recall the work done in [23, Section 3]:

Given a commutative N-graded algebra R, and a homogeneous degree one nonze-
rodivisor x € R, one usually defines the dehomogenisation of R at x to be the
factor algebra ﬁ [5, Appendix 16.D]. This definition is unsuitable in a non-
commutative algebra if = is merely normal rather than central (the factor algebra
often being too small to be useful). However, in the commutative case, an alter-
native approach is to observe that the localised algebra S := R[x™!] is Z-graded,
S = B;ezS;, and that Sy = ’fl

(z—1)"

The authors of [23] then make the following definition ([23, Definition 3.1]):

Definition 2.1.1. Let R = ®R; be an N-graded k-algebra and let x be a regular
homogeneous normal element of R of degree one. Then the dehomogenisation of
R at x, written Dhom(R, z), is defined to be the zero degree subalgebra Sy of the
Z-graded algebra S := R[z™1].

Remark 2.1.2. The central idea of this chapter is to use this work to define
our Oxp(SLy,). However, we observe that in our case the regular homogeneous

normal element under consideration, D) p, is of degree n and not of degree one.

Before ending this section we note a result from [23] that we shall need later,
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Lemma 2.1.3. Let R and x be as above. Then R is a domain if and only
if Dhom(R, x) is a domain. Moreover, if R is noetherian then Dhom(R,z) is

noetherian.

2.2 Skew-Laurent Extensions and Hopf Algebras

The following results concerning the creation of new Hopf algebras and bialgebras

from existing ones will be necessary in the next section:

Lemma 2.2.1. Let H be a Hopf algebra and let o be a Hopf algebra automorphism
of H. Then the skew-Laurent extension H|[t,t™'; o] is also a Hopf algebra.

Proof. We extend the algebra morphisms A and ¢, and the algebra antimorphism
S on H, (the comultiplication, counit and antipode maps of H, respectively), to
maps on H[t,t~1; 0] in the obvious way; that is, for >, A9t € H[t,t71; 0],

)

A <Z JNOFN - Z [Z h(li)tz‘ ® héi)ti
i i Lno

€ <Z RO¢ | = Z e(h),
S (Z WO = 17 8(h),

It is now a matter of checking whether these definitions give H|[t,t~1; 0] a Hopf

algebra structure. The fact that H[t,t7';0] is a coalgebra follows immediately
from the coalgebra properties of H. To show that H|[t,t~!; 0] is also a bialgebra
is not as straightforward. We must show that our extended A and € are algebra
morphisms of H[t,t™}; 0]
Let
u=>Y_ht v=> "¢ e Hlt,t7};0].
i J

We show that our extended A is an algebra morphism. Now,
A(uv) = A <Z h(i)ti> (Z g(j)t]))
i J
=A Zh“)tig(”tj)
1,J
=A Zh(i)o"(gm)t”i) :
1,J
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by definition of H[t,t1;c]. Applying our extended definition of A to the RHS

glves,

Au) =Y | X (W0 (g @ (i ()t
%,] h(Dgi(gld)
=3 Y (90 © (00 (gl @)

1] h( )o"‘ g(]))

_ Z ’L) 7, (tl+] ® tl“r])]

by definition of A on H. Since H is a Hopf algebra, A is an algebra morphism
on H, hence,
Auw) = Y [AD)A( (¢D) (T @ 7).
0,5
Now o is, in particular, a coalgebra morphism on H, so it follows that,

Afuv) = Y [AMRD)(0" ® ") (A(g9)) (@ 1))

i?j

_ Z h(z Z (Q(J)) Q0 (g( )) (tH—j ® tz‘+j>]

g(])

— Z[A(h(i)) Zai@j))ti 2o (¢t | (¢ @ )]

g

=AM (Yot @t | (F @)
i,J

g

—Z AR @) | Y gV @g | (17 @)

g(@)
i h(®) J g(@)
INIRNCY
i J

= A(u)A(v),

where the above deductions have used the definitions of A, H[t,t™!; 0], and sim-
ple rearranging. So we have shown that A is an algebra morphism. The proof

that € is an algebra morphism is similar.

Finally we must show that our extended S is an antipode for H[t,t !;0]. Tt
17



suffices to show that S % id = id x S = ne. We show that id * S = ne, the other

case being similar. Now by definition of the convolution product,

(id * S) (Zh > Z[Z(hﬁ%i)smg%i)].

i h(®)

Applying our extended definition of S we deduce that,

(id  S) (Zh )ﬁ) > Z(h§")ti)(t‘i5(h§”))]

i LG
= Z(h%“S(hé“))]
i h(1)

=) le(n?

where the last equality holds since S is an antipode for H. Finally by our extended

definition of € we have,

(id * S) (Z h“)ti) —¢ (Z h“)ti) :

and so we are done. O

Lemma 2.2.2. Let R be a bialgebra and let o be a bialgebra automorphism of R.
Then the skew-Laurent extension R[t,t™'; 0] and the skew extension R[t;o] are

bialgebras.

Proof. The proof is similar to the proof of the previous result. O]

2.3 Constructing a Candidate for O, ,(SL,)

We noted in a previous section that D) ,, was of degree n, thus preventing us from
using directly the Noncommutative Dehomogenisation of [23] to define Oy ,(SLy,).
Instead we make the following construction. For the sake of clarity let us set

A, = O, p(M,). At this point we must suppose there exist
p € K and q = (g;;) € M,(K) such that A= p" and p;; = g} (2.3.1)

with q multiplicatively antisymmetric. Define a map

og:A, — A, by o(x;) W (H qjkq;m) Tij. (2.3.2)

extending in the natural way.

18



Lemma 2.3.1. The map o is a bialgebra automorphism.

Proof. To prove that o is a well-defined algebra morphism it suffices to show that
it respects the relations (2.0.1), (2.0.2), and (2.0.3). We deal with (2.0.1), the

other cases being similar. Let [ > ¢, m > j. Then,

o (TimTij) = 0(Tim)o (i)

= (H kaQkIijQki> TimTij

k=1

=yt (H kaleijka) (PLiPjm@ijTim + (A — D)priimi;),
k=1

where the last equality holds by (2.0.1). Thus,

n
o (Timij) = Mmﬂfl*i(H Uk Qk1 9k ki ) PLDjm i T,
k=1

+ (A — 1)pliﬂm+j7l7i(H Uk Qridik k) TimT1j -
k=1
By definition of ¢ it follows that,
0($lm9€z‘j) = plipjma(iUij)U(ﬂﬁzm) - (>\ - 1)pli0($im)0($l]’),
and since o is, by construction K-linear, we have,
0 (TimTij) = O(PuDimTijTim + (A — 1)putimi;).

Hence o is indeed an algebra morphism. Our next task is to show that o is a

coalgebra morphism. Now,
e(o(xi)) = e(p’™ (H ijka) Tij)
k=1
= (H ijka‘) e(zij)
k=1
= (H ijQki> ij.
k=1

Since 0;; is nonzero only when 7 = j, we may deduce that
G(U(xij)) = Mi_i (H Qikai) dij.
k=1
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But ¢;xqr; = 1 by definition of q, so,
e(o(wij)) = b
= E(.Z'ij).

Also,

n

(0©0)(Alzy)) = Y o(ta) ® o)

r=1

- Z('“H <H quqki> i) @ (W (H ij:ri) Trj)
r=1 k=1 k=1

= Z W (H quri%in1<> (Tir ® Tr),
r=1 k=1

and since ¢.rqr- = 1,

(U & U) (A(xlj ] ‘ (H Qqulm) Z Tir ® Lrj

(H q]kaz) Izj

n
(H Qqum> ng
k=1

= Ao ().

So o is also a coalgebra morphism. Hence o is a bialgebra morphism.

Finally we note that o is clearly an automorphism of A,,. O

So by Lemma 2.2.2 we may form the bialgebra A,[u;o]. We note that the au-
tomorphism ¢ has been constructed so that " commutes like Dy ,. Now A, is

N-graded so clearly if we let u have degree one then A,[u; o] is also N-graded.

Let B := A,[u;0]/(u™ — Dy ). We are, in essence, adjoining an n'* root of Dy,
to A,. Now, by definition, u is a grouplike element of A,[u;0]. It is also the
case that D, , is grouplike (this follows from the argument on page 890 of [3]
concerning the invariance of comultiplication under so-called twists and the well
known result that the standard quantum determinant is grouplike [32, (1.11)]).
So it follows that (u™ — D, p) is a homogeneous biideal of A,[u;c]. Hence B is a

N-graded bialgebra.

Now, by definition of o, the element u is normal in A,[u;c]| and hence u (or
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more precisely the element u + (u™ — D, ,); we shall henceforth abuse notation

and refer to this element as u) is normal in B.

We now go on to show that w is regular in B. However, before we do, we re-

quire the following result which shows us that v and D), commute.
Lemma 2.3.2. 0(D, ) = Dy p.

Proof. Since o is an algebra morphism it follows that,

cDap)=>_| TI peiyrii)) (Ua(fﬂmm))’

TESRK 1<i<j<n
(i) >m(F)

by the definition of ¢ we have,

O’(DA}p) = Z H (_pw(i)ﬂr(j)) (H /fr(r)ir(H QW(T),quT)xr,ﬂ'(T)> )

TES 1<i<j<n r=1 k=1
w(i)>m(j)

which can be written equivalently as,

o(Dyp) =

n

Z H <_p7r(i),7l'(j)) MZf:l(ﬂ(r)ir) (H(H QW(T),kar>> (H xT,ﬂ'(T)) .
r=1

TESR 1<i<j<n k=1 r=1
(i) >m(f)

Now S w(r) = 3"_ rsince m € S, is a bijection. So p2r=1("=") = 1. Also, 7
being a bijection, together with the fact that q is multiplicatively antisymmetric,

allows us to deduce that [[,_,([T_; ¢r()kqkr) = 1. Hence,

o(Drp) = H (—=Pr(@)r(i)) (H%w(r))

m(i)>m(j)

Lemma 2.3.3. The element u is reqular in B.

Proof. We first require the fact that elements of B may be expressed as polyno-

mials in u over A, of degree less than or equal to n — 1.
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Let f € Aufu;o]. Then f = Y7 fiu' for some m € N and f; € A,. Sup-
pose m > n. Then,

m

[ = Zflul

m—1
= fmumfn(un - D)\,p) + (fmfn + me)\,p)umin + Z fzul

=0
i#Em—n

since v and D) , commute by Lemma 2.3.2. So modulo (u™ — D) ) the element f

is equivalent to a polynomial of degree m — 1. Hence, by induction, we are done.

Now suppose there exists ¢ € B such that ug = 0 in B. By the above we
may write g = Z?:_ol giut, say. So we have, by the definition of B,

ug € (u" — Dy p)

n—1

u (Z giui> € (u" — Dyp)

i=0

n—1
U(gi)uHl € (u" — Dyp).

i=0

By consideration of degree in u it follows that,

—

n—

o(g)u™ = b(u" — Dyp) for some b € A,.

I
o

i
Comparing coefficients of u” yields that bD, , = 0, and so, since 4, is a domain,

we have that b = 0. It follows that ¢ = 0. Hence u is not a left zero divisor.

Similarly w is not a right zero divisor, and so we are done. O]

We have just shown that the normal element w is regular in B. We also have, by
definition, that u is of degree one. So w is such that we may use the method of
Noncommutative Dehomegenisation to consider the algebra C' :=Dhom(B,u). It

is this algebra, C', which we propose as a candidate for Oy ,(SLy,).

Definition 2.3.4. Given that K is such that (2.3.1) holds,

O, p(SLy) := Dhom <O<,\ui(]l47g£u;>a] , u) .

The rest of the chapter is concerned with proving results concerning the properties
of C.
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2.4 Properties of our O, ,(SL,)

We note that, as an algebra, C'is generated by {z;;u™' : 4,5 =1,...,n}. This can

easily be seen by examining the definition of B and Dhom(B, u). Let ¢;; = z;;u™"

Then, using relations (2.0.1), (2.0.2), and (2.0.3), together with (2.3.2), it may

be calculated that, for ¢,5,l,m =1,...,n,

n
o itm—j—1
CimCij = ! (H ijQikakal) PliPimCijCim

k=1
+ (A= Dpuap”™ (H Qikal> CimClj

k=1
for l >4, m > j, (2.4.1)

CimCij = ApuPympt "0 (H ijQikak:kal> CijCim

k=1
for I > i, m <y, (2.4.2)
ClmClj = Pjmp™ (H ijqu> CijClms
k=1
for m > j. (2.4.3)

Now by Lemma 2.2.2 since A, is a bialgebra and (u" — D, p) is a biideal it
follows that Blu™'| = A,[u,u™';0]/(u® — D,p) is a bialgebra (we note that
Blu™] = A,u,u™t;0]/{(u™ — Dyp) by [17, Exercises 91 and 9L]). Now, as in
Lemma 2.2.1, we may extend A and e as defined on A,, to A,[u,u™!; o] and hence

to Blu™']. So, in particular, we have,
Afcij) = Awyu™)

n
-1 -1
:5 Tipth Q@ Triu
k=1

n
= E Cik X Cljs
k=1

and,

Hence C'is a subbialgebra of Blu™!] (it is sufficient to check closure on the gen-

erators since A and € are algebra morphisms on Blu™']).
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Proposition 2.4.1. C is a Hopf algebra.

Proof. We have just shown above that C' is a subbialgebra of B[u™!]. We noted
that
Blu™'] = Au[u,u™t; 0]/ (u™ — Dap),

and so the bialgebra structure of B[u™!] comes from the bialgebra structure of
A,. Likewise, we will show that C' is a sub-Hopf-algebra of Bu~!], the Hopf al-
gebra structure of which comes from the Hopf algebra structure of Oy ,(GL,,) =
A, [D;L] This can be seen more clearly upon inspection of the following com-
mutative diagram

An u;o
[ " [% i <“"_[2A,]p> =B
Ay Al e
| @
\ N - An DT uu— Yo
An[D)\;)]C—> (An[D)\;)]) [U, u 1; 0'] — ( [D/\,p )[ ]

(u"—Dj p)

A little thought yields that ¢ is in fact an isomorphism (with «~" being sent to

-1
D/\,p

under ¢). So we have that,
(An[D3 1)) [u,u™t; 0]

(um — Dk,p>

I

Blu™

Now in [3, Theorem 3] the authors prove that A, [D;L] is a Hopf algebra with
antipode S : A, [D;L] — A, [D;;] defined by

S(e) = (T o) ([T -pus) [ 7 171052,
S(DX,;) = Dyp

We are using here the terminology of quantum minors, [ j | i ], as in [16].
That is, ¢ = {1,...,n} \ {i} and [I | J] denotes, in our case, the multiparam-
eter quantum determinant of the matrix subalgebra generated by the elements
rrs with r € I and s € J, where I and J are index sets of the same cardinal-
ity. More extensive definitions of these terms are given in [3, Theorem 3] but
with [ j | 4 ] denoted by Us;. Since An[D):;} is a Hopf algebra it follows by
Lemma 2.2.1 that (An[D;;D [u,u'; 0] is a Hopf algebra. It is not hard to see
that (u" — D, p) is a Hopf ideal of (An[D;L]) [u,u™!; o], and so it follows that
(An[D3 1)) [, u™'0]/{u™ — Dyp), and hence Blu~'], is a Hopf algebra. Keeping
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in mind that “u behaves like a n'"

for Blu™], coming from S, is S : B[u~!] — B[u"!] defined by

-root of D) ,”, it is easy to see that the antipode

Stes) = (] pu) ([T -pa) [ 5 17 1
S(u) =ut,
S(u™t) = u,

Claim: S induces an antipode on C.
Proof: The bialgebra C is a subbialgebra of B[u~!] so it suffices to show that
C' is closed under S. Since S is an algebra antiendomorphism it suffices to check

this on the generators of C'. Now,

By definition of S and [ j | 7 ], we may write,

n

S(%j) = 1ij Z walﬂr(l)‘-‘xi—l,w(i—l)xi—ﬁ—l,ﬂ(i—f—l)‘“xn,ﬂ(n)u_ )

™

for some 7;;, 7. € K, where the above sum runs over all bijections
m:{l,..,i—1i+1,..n}—A{1,..,j—1,7+1,..,n}

Hence,

—-n

S(Cij) = Uuni; ZT7r931,7r(1)---5171'71,7r(¢71)35i+1,7r(i+1)~~517n,7r(n)u

We note that in each term of the above sum we have a product of exactly n — 1
Ty’s. It is clear from the definition of A,[u,u™!; 0] that we may “move along

powers of u past the x;,,” to obtain,

S<Cij) = Nij Z Tr H(“:Ir,w(r)uil)v
T r=1
r#i

for some ] € K. But this is just

S(ei) = miy Y7 | [ (57 erntr)):

m r#i

Hence C' is a Hopf algebra. n
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Proposition 2.4.2. C is Noetherian.

Proof. Since O, p(M,,) is Noetherian, so is Oy p(M,)[u; 0]/{(u™ — D, p). Hence C
is Noetherian by [23, Corollary 3.3]. O

Lemma 2.4.3. A, /A, D, is a domain.
Proof. This is [20, Example 3]. O
Proposition 2.4.4. C is a domain.

Proof. Now by Lemma 2.1.3 it suffices to prove that B is a domain. Now, as seen
earlier, any element of B = A, [u; o]/(u"— D, p) can be thought of as a polynomial
in u over A,, of degree less than or equal to n — 1. Let us write § = D, for
convenience. Let 0 # f,g € A,[u;0]/(u" — ). Say,

n—1 n—1
F=S =g
i=0 Jj=0

where f;, g; € A, and are not all zero. Suppose
fg=0 in A,[u;o]/{(u™ —0).

We will show that this leads to a contradiction. Now we have,

(Z fﬂﬂ) (Z gﬂﬂ) € (u" —9)
=0 =0
that is,

n—1 n—1
Z fiu'giw? = Z fio'(g))u'™ € (u" - §).

4,j=0 4,j=0

By consideration of degree in u, we have,

[\

n—

n—1
S folgu = 3 vt - ),

i,j=0 s

Il
o

for some ry € A,,. Since u and ¢ commute (by Lemma 2.3.2),

[\

n—

n—1
> fiot g™ = 3 (r = rgu),

i,j=0 5=0
which can be rewritten as,

2 [ Z fiai(gj)] u™ = i Tm—nt" + i(—?‘mé)um.

m=0 Li+j=m



Comparing coefficients we have,

(4) Y. fio'(e) =

itj=n—1
(B) Y fiotlg) =~ Y fio'(g) §=0,..,n—2.
itj=s i+j=s+n

We may as well assume there exist ¢, j such that § 1 f; and 01 g; (in A,) since

otherwise, using the fact that A, is a domain, we could replace the problem with

> folg)) =

i+j=n—1
! z / 7, —
g fio gj g fio g] s=0,...mn—2
i+j=s i+j=s+n

where deg(f;) < deg(f;) or deg(gj) < deg(g;). Iterating this process we would
eventually come to a stage where we have an f; ™ and a g](-t) not divisible by 4.
Let k& be minimal such that § { fi and let [ be minimal such that § { g;. Suppose
8| fro®(gi). Then since A, /A,d is a domain by Lemma 2.4.3, 6 | fi, or & | o*(g1).
So by choice of k we must have § | 0*(¢g;). Now by Lemma 2.3.2 we have that
§ = d*(6) | o¥(g); that is, o*(g,) = yo*(9), for some y € A,. Since o is an

automorphism it follows that § | g;, which contradicts our choice of . Hence

51 fro®(g1). (2.4.4)

This will be the main tool to show that our supposition that B is not a domain

leads to a contradiction.

We will require that £ +1 —n > 0. Let us prove this now. First, suppose
k+1<n—2. Now, for s =k + 1, (B) says,

§ | oo (Grrt) + oo+ foc10™  (gia) + fuo™(g1) + fer10™  (g1m1) + oo+ frrid™ (g0).

By definition of k£ and [, along with the fact that ¢ is an automorphism with
o(0) =9, we know that § | f; for i =0,....,k — 1 and ¢ | o%(g;) for j =0,...,01 — 1
and for any ¢. So we can deduce that § | fro%(g;) which contradicts (2.4.4). Hence
k+1>n— 2. Now let us suppose that k +1=n — 1. By (A),

fro"(ar) = — > fio'())- (2.4.5)
i+j=n—1 st (i,5)F(k,l)

By choice of k£ and [,
S| fi Vi<k=n-1-1, (2.4.6)
d| g Vi<l=n-1-k. (2.4.7)
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Consider f;o%(g;) such that i +j = n — 1 with ¢ # k. First suppose i < k. Then
8 | fio'(g;) by (2.4.6). Next, suppose i > k. Then j=n—1—i<n—1—Fk=1
and so by (2.4.7) we have § | g;. Hence § = o"(0) | o*(g;), and so d | f;0"(g;).
Thus by (2.4.5) we have § | fyo"(g;) which contradicts (2.4.4). So we may deduce
that £k +1 > n.

We are now in a position to consider f;o’(g;) such that i+ j =k +1—n > 0.
Suppose i > k. Then j=k+l—-n—1<k+l—-n—k=[0l—n. Butl <n-—1,
so 7 < —1 which is clearly false. Hence i < k. Suppose 7 > [. Then, as above,
it follows that ¢« < —1 which again is clearly false. Hence j < [. So by choice of
k and [, we have, ¢ | f; and ¢ | g;. It follows that 62 | fio*(g;). For s=k+1—n

(B) says that,
Z fio'(g;) = — Z fio'(97).

i+ j=k+i—n it+j=k+
Now, we have just shown that 62 | f;o%(g;) Vi +j = k + 1 —n, so we can deduce
that
1 > fio'(gy)e.
i+j=k-+

Since A,, is a domain we have that

S | fo0° (grst) + oo+ fim10™ N gin) + foo® () + fr10™ (gm1) + oo+ frrio™ (g0).

Since we know that 4 | f;Vi < k and ¢ | g;Vj < [ it follows that 6 | fro"(g;) which
is a contradiction by (2.4.4). Hence f =0 or ¢ = 0, and so B is a domain. O

2.5 A Link with O, ,(GL,)

Now in [10, Section 5] a link between the corepresentation theory of O,(SL(n))
and O,(GL(n)) is given by the authors showing that one can find a Hopf algebra
embedding,

Oy(GL(n)) = Oy(SL(n))[z,z7"].

It is a further argument in favour of our candidate for O, ,(SL,,) that we can find
a similar relationship between it and O, ,(GL,,) (which, as alluded to earlier, is
a Hopf algebra by [3, Theorem 3]). Reflecting the fact that in our case we have
normal rather than central Dy p the embedding is not into Laurent polynomials

over Oy p(SLy), rather it is into Skew-Laurent polynomials over Oy ,(SLy).
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Now by [23, Lemma 3.2],

where 7 is the automorphism on C induced by the automorphism of B[u™'] given
by b +— ubu~! for b € B. One can sece that,

0:C — C isgiven by ¢;— uj’i(H QikQri)Cij- (2.5.1)
k=1

That is,
(cij) = o(zy)u™
Lemma 2.5.1. 7 : C — C is a Hopf algebra morphism.

Proof. By [8, Proposition 4.2.5] it suffices to show that & is a bialgebra morphism.
Now we know that o : A, — A,, is a bialgebra morphism. One may check that
this can be extended to a bialgebra morphism ¢’ : A, [u,u™!; 0] — A, [u,u™; 0]
by setting o'(zu®) := o(x)u® for x € A,,. Now by Lemma 2.3.2 0(Dyp) = Dip,
SO
o' (u" — Dyp) =u" —o(Dyp) = u" — Dyp.
Hence o’ factors to give a bialgebra morphism ¢” on
Blu™'] = Au[u,u™ Y 0] /{(u™ — Dip).
On C, we observe that ¢” = 7, and so we are done. H

We are now in a position to form the Hopf algebra C|[z,27!; 5] by Lemma 2.2.1.

Henceforth we shall abuse notation and write o for . Before establishing the

Hopf algebra embedding we require the following lemma,

Lemma 2.5.2.

n

Z H (_pﬂ'(l),ﬂ'(j)> HO-T_1<CT,71'(T)> = 1.

TESR 1<i<j<n r=1
m(@)>m(4)

Proof. Now, by definition of the c;;,

S I ey | T o (ermne)

TESH 1<i<j<n r=1
m(i)>m(j)

n

- Z H (=Pr(i)n(5)) HUT*l(%m(r)ufl),

TESH 1<i<j<n r=1
m () > (5)
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and by definition of ¢ this gives,

Sl I Crrome) | 1107 ermn)

TESH 1<i<j<n r=1

m()>m(j)

n

- Z H (=Pr(i)x(s)) Ha“l(:pmm)u—l_

eSSy, | 1<i<i<n r=1
m(1)>m(j)

1

Since, for x € A,, ru™' = u~'o(z), we can see that,

HUT_I(xT7W(T)>u_1 - (H x?",ﬂ’('l‘)) u—n’ (252)
r=1

r=1

and using this to rewrite the previous equation gives,

Z H —DPr(i) 7r(] H o" cr 7r(7‘

eSSy, | 1<i<i<n

m(1)>m(j)

-S| T o | ([T )

€S, | 1<i<j<n
m(i)>m(4)

= D,\,pu_”

= 1.

Proposition 2.5.3. There exists a Hopf algebra embedding,
O p(GL,) — Oxp(SL,)[z, 27 o).
Proof. Define an algebra morphism
(VR An[D;’;] — Clz,27" 0] by i+ ¢z and D;llo oz

We first show that this is indeed a well-defined algebra morphism. That is, we
show v respects the relations of An[D;?;]. Firstly,

YDap) =0 [ > | [ (~priy Hfﬁw(m

S, | 1<i<j<n

m(4)>m(5)

- Z H (_pﬂ'(i)v”(j)) (H C'r,ﬂ'(r)z)
meSy | 1<i<j<n r=1

(i) >m(4)
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Similar to (2.5.2) in the proof of the previous lemma, because of the definition of

Clz,271; 0], we can “move the z’s to the right” in the above product, giving us,

n

v(Dap)=> | TI pro=i)) | o (Crmir))2"

TESy 1<i<j<n r=1
m(i)>m(4)

= Zn7

where the last equality holds by the previous lemma. We now show that 1 respects

relation (2.0.1). For [ >4, m > j, we have

w(fflm%‘j - plipjmifijfﬂlm—(/\ - 1)plz’$im$lj)
= CimZCij% — PiPjmCijZCim% — (A — 1)pricimzci;2
= (szU(Cij) - plipjmcija(clm) - (>\ - 1)]91¢Cim0(01j)>22
=0

where the last equality is a consequence of relation (2.4.1). Similarly 1 respects
relations (2.0.2) and (2.0.3).

By [8, Proposition 4.2.5], to show ¢ is a Hopf algebra morphism it suffices to
show that it is a bialgebra morphism. So it remains to show that it is a coalgebra
morphism. The task of checking that (¢ ® ¥) o A = Ao and eop = € is
a straightforward case of writing down definitions. Hence 1) is a Hopf algebra

morphism.

We now show that ¢ is an embedding. Suppose Kery) # 0. Let g €Kery)\{0}.
By multiplying by some power of D, , if necessary we may as well assume that
g € A,. Now A, is N-graded by total degree and C|z,27';0] is Z-graded by
degree in z. We observe that 9|4, is homogeneous (since z;; — ¢;;z), and so we

may as well assume that g is homogeneous, say of degree s. So,

N s
g= Z)\k [Hmikrjkr] where N € N\, € K and ., jk, = 1,...,n.
k=1 r=1

Then,

o
Il
<
—~

Na
~—

I
WE
2

H w('rikrjkr )]
Lr=1
ﬁ Cik,«jkr Z] .

Lr=1

>
I
—_

I
WE
2

i
I
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Now, again similar to (2.5.2), we “move the z’s over to the right”, giving,

N s
0= Z Ak [H O'T_I(CiijkT)] 2°.
k=1 =1

;0] is a domain,

[ s

r—1

/\k HU (Cik,«jk,«)

Lr=1
[ s

r—1 —1
HU (xikrjkr)u
Lr=1
[ s
—S8

Hxikrjkr u
Lr=1

Therefore, since C[z, z7*

] =

T
I

Il
WE
=

B
Il
—_

I
WE
b

e
I
—

Hence,

=0

N s
§ ,)‘k H Li, Gy
k=1 =1

That is, g = 0, which is a contradiction. Thus Kery = 0, and so we are done. [

2.6 An Unexpected Isomorphism

We now observe that Oy ,(SL,) is in-fact the usual Multiparameter Quantum
SL, for a different choice of the parameters A and p. Given A, p, u, and q as

above, then we have,

Proposition 2.6.1. Let v = (pipd " [, ¢jxqri). We note that Dy, is central
in Oy r(M,), so the usual Oy (SLy) is defined, and we have

OA,I'(Mn)

Oxr(SLyn) = Dre 1)

>~ 0, ,(SL,).

Proof. Consideration of the defining relations for O,,(M,) and the relations
(2.4.1), (2.4.2), (2.4.3) for Oyp(SL,,) certainly yields that z;; — ¢;; is a sur-
jective Hopf algebra morphism O, (M,,) — O, p(SLy).

Before we proceed we require the following result, which says that D, , gets sent
to 1 under this map,

n

Yol I Cpromimm™ ™ ] L antriarm) | [ ermer = 1.

TESH 1<i<j<n k=1 r=1
() >m(5)
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Proof: By Lemma 2.5.2 if we can show

n

Z H (_pﬂ'( ) ()M ﬂ- ) =) H Qr(5),kQk,n z) H Cr(r)

€S, | 1<i<j<n

w(1)>m(j)

= Z H ( —Pr(i),m(j HO—T 1 CT‘7T(T

€S, | 1<i<i<n
m(1)>m(j)

we are done. Fix m € S,,. Then one may see it suffices to show

n

I w7 L aeiwtiee) = [T [T grernan)™
k=1

1<i<j<n k=1 r=1
m(§)>7(5)

Now if we write out the product [["_, (™™~ [T}_, ¢r(ryxqer) " in full, with-
out any rearranging or simplification, then we will be presented with a product
of elements of the following forms u®, p=° (IT,_, ¢e), and ([T;_, gra) where
a,b,c,d € {1,...,n}. Similarly for the other side of the desired equality. Fix
s € {1,...,n}. Let Z be the number of times p* occurs on the right-hand side of
the equation, Y the number of times 1~ occurs, X the number of times ([[;_; ¢sx)
occurs and W the number of times ([[;_, gxs) does. Let A, B, C, D be the similar
numbers for the left-hand side of the equation. Since g;;q;; = 1 if we can show
that Z —Y = A— B and X — W = C — D then we are done. We first observe
that Z =X, Y =W, A=C,B = D so it suffices to show that Z — Y = A — B.

First let us consider [\, (™™~ [Tr_; ¢r(ryx@ir) . Clearly Y = s — 1 and
Z=rs)—1.S0 Z-Y =7"(s) —s.

Now let us consider []1<j<j<n (u™9~"® [15_1 4n(j)kGrn())- A little thought yields
w(i)>m(j)
that A is the number of ¢ such that 1 < i < 7 !(s) and 7 (i) > s, and B is the

number of j such that 77!(s) < j < n and s > 7(j). We define the following
subsets of {1,....n},

a={m <71 (s)
b={m>n""(s)
c={m>n"1(s)

(s)

d={m <7
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Since 7 is a bijection it follows that,

la| + |d| = 77" (s) — 1
0] + || = n — 7 '(s)
la| + |c|] =n—s

bl + |d| =s—1

and hence A — B = |a| — |b| = (77 (s) =1 = |d|) — (s = 1 —|d]) = 7 1(s) — s.

So the claim is proved.

Hence, since D), and 1 are grouplike, we can deduce that our map passes to

a surjective Hopf algebra morphism
v : Oxe(SLy) = Oxp(SLy).

We shall argue that v must in-fact be an isomorphism via consideration of Gelfand-
Kirillov Dimension [26]. We shall denote Gelfand-Kirillov Dimension by GKdim.

Suppose 7 is not an isomorphism. Then Kery is a nonempty ideal of Oy (SLy,).
Since O, »(SLy,) is a domain [29, Corollary], Kery will contain a regular element
so by [26, Proposition 3.15],

GKdim(Oxr(SL,)/Kery) < GKdim(Oy - (SLy)).

Now certainly O, ,(SL,,) is a homomorphic image of Oy ,(SL,)/Kery and so by

[26, Lemma 3.1] we have,
GKdim(Oy p(SLy,)) < GKdim(Oy (SL,,)/ Kery).

So,
GKdim(O, p(SLy)) < GKdim(Oy»(SLy,)).

From [29, Corollary] we know GKdim(O,,(SL,)) = n* — 1, it follows that,
GKdim(O) ,(SL,)) < n* — 1.
Now from Proposition 2.5.3 we know,

Oxp(GLn) = Orp(SLa)z, 271 0],
in other words O, ,(GL,) is isomorphic to a subalgebra of O, ,(SL,)[z, 27} 0],
so by [26, Lemma 3.1] we have,
GKdim(0y p(GL,)) < GKdim(O, ,(SL,)[z, 271 0]).
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From [39, Example 7.4] we know GKdim(O, ,(GL,,)) = n? giving,
n? < GKdim(O, ,(SL,)[z, 2715 0)).

Now [27, Proposition 1] states that if o is a locally algebraic automorphism then

we may deduce that
GKdim(O) ,(SL,)[z, 271 0]) = GKdim(Oy p(SL,)) + 1.
In this case, given that GKdim(O, ,(SL,)) < n* — 1, we would then have
n?* < GKdim(Oy ,(SLy)[z, 27 0]) = GKdim(Ox p(SL,)) +1 < (n*—1)+1 = n?

that is n? < n? which is a contradiction, and hence v would be an isomorphism.

So if we can show that o is locally algebraic then we are done.

In [27] an automorphism, o, on a K-algebra A is said to be locally algebraic
if every finite dimensional K-subspace of A which contains the identity is con-

tained in a o-stable finite dimensional K-subspace.

To show that o is a locally algebraic automorphism on O, ,(SL,,) it clearly suffices
to show that every a € O,,(SL,) is contained in a o-stable finite dimensional
K-subspace of Oy,(SL,,). Let a € Oyp(SLy,). Then a can be written as a finite

K-linear sum of finite monomials in the ¢;;, the generators of Oy ,(SLy,,), say

I

S
a = E Brm | | Cimny Gy
m=1 t=1

where ,, € K. Clearly a is contained in the K-linear span of the monomials

i";l Cimyjm,> M = 1,...;5. The K-linear span of a finite number of elements of
Oxp(SL,) is a finite dimensional K-subspace. It is also o-stable since, by defini-
tion of o, o(c;;) = ;¢ for some «;; € K, and so J(Hi’il Cimtjmt) =pu Hizl Cirmy iy

for some p € K. So o is as required, and we are done. O

Remark 2.6.2. We point out that the last result shows our candidate for Oy ,(SLy,)
has the correct GK-dimension in terms of the desired properties for a potential
Oxp(SLy,) expressed at the beginning of this chapter. So our Oxp(SLy,) is an
affine noetherian domain, with a Hopf algebra structure, the same GK-dimension
as its classical analogue, and the embedding of the last section shows that its

(co)representation theory is linked to that of Oy p(GLy) in an appropriate way.
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2.7 Twisting

The question of how O, (M,) and O, ,(M,) are related now poses itself. The
answer is via twisting by 2-cocycles. For a general discussion of this process we
refer the reader to [3, Section 3], [15, 1.5 (d)], and [4, [.12.15-16]. We now give
the details of this relationship.

We note that Oy p(M,) can be given a bigrading (namely a ZZ, x Z%-bigrading)

under which ;; has bidegree (¢, ¢;) (where 4, ..., €, is the standard basis for Z%).

Define a map ¢ : Z%, x Z%, — K> by

C((ab ceey an), (bl, ceey bn)) = H(qu_] H Qikaj)aibj,
k=1

1>7

which on the basis elements of Z%, is,

ST G >
c(si,gj):{ s kalqlquﬂ zz; _ (2.7.1)

Now c is clearly a 2-cocycle (in-fact it is clearly bilinear), that is,
c(z,y + 2)e(y, 2) = clx +y,2)c(z,y) Va,y,z € L.

Also ¢(0,0) = 1, where 0 is the identity element of L3, So all the conditions
of [3], for using ¢ to twist the multiplication, are met. We now twist Oy ,(M,,)

simultaneously on the left by ¢!

and on the right by ¢ to get O (M,,)" canoni-
cally isomorphic to O, ,(M,,) as vector spaces via a < a’, but with multiplication
given by

a't! = c(uy, vl)_lc(u2, vg)(ab)’

for homogeneous elements a,b € Oy, (M,,) of bidegrees (uy,us) and (v, vs) re-

spectively. Given (2.7.1) it is routine to go through the relations and check that

O)\,p(Mn)/ = O/\,r<Mn)~

So, given a choice of parameters making D) , non-central in O, ,(M,,), our con-
struction of Oy (SL,) via Noncommutative Dehomogenisation is equivalent to
the process of taking O, ,(M,), twisting its multiplication to get O, ,(M,), a
choice of parameters for which the quantum determinant, D)., is central in
Oxr(M,), and then forming the usual O, ,(SL,,).
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2.8 The Dipper Donkin Case

We remarked at the beginning of this chapter that Dipper Donkin Quantum SL,
would be a particular instance of the work done. In-fact the original motivation
for this work was the statement in [9] that Dipper Donkin Quantum SL,, did not
exist. It was only after a candidate for Opp ,(SL,) was constructed that the work

was extended to the more general setting of Multiparameter Quantum Matrices.

We shall now run through the particular case of Opp ,(SLy,). As observed before
Oppqg(M,) = Oy q)(M,), where (1) is the n x n matrix with all entries 1. So the

relations for Opp ,(M,,) are:

TimTij = TijTim + (q— l)ximxlj forl >i,m>j
TimTij = qTijTim forl >i,m<j
TimTlj = T Tim form > j

where 7,7, l,m =1,....n.
The Dipper Donkin Quantum Determinant is

0pp = Dg1) = Z (=121 (1) T2 (2 e

TESy

where [(7) = #{i < j: w(i) > 7(j)}. The commutation relations for dpp are
Sppi; = ¢ '2i;0pp.

Given the existence of an n-th root of ¢ in our base field K, say p € K with
p" = ¢, we may apply the construction of Section 2.3 to produce a candidate for
Opp¢(SLy,). By Proposition 2.6.1 we have that

Now the standard single parameter deformation of the coordinate ring of n x n
matrices, denoted O,(M,,), has central quantum determinant and so O,(SL,,) is
defined in the natural way. One can easily observe that O,(M,,) = O, p(M,,) with

q 1>7;
/\:q_2 and p;; = 1, 1=7;
¢l i<y

Writing out the relations it is not hard to see that in the 2 x 2 case we have,
ODD#(SLQ) = Oq’(pjfi)<SL2> - Op—1<SL2),

that is, Dipper Donkin Quantum SLo, with parameter ¢, is just the Standard

Quantum SL,, with parameter p~—!, where p? = q.
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2.9 The Standard Quantum Matrices Case

It would obviously be desirable for our construction of O ,(SL,,) to be applicable,
in general, to the case of central quantum determinant and for it to produce in
this case the usual Multiparameter Quantum SL,,. That is, given O, ,(M,,) with
parameters A and p such that D, is central, we would always like to be able to
find parameters p and q satisfying (2.3.1) such that our construction yields an al-
gebra isomorphic to O, »(M,,)/(Dxr—1). Now by Proposition 2.6.1 our Oy ,(SLy,)
is isomorphic to the standard O, ,(SL,) where r = (p;;j/ " [1i_; ¢jrqri). So we
would require our parameters y and q to be such that p/~*[[,_, ¢jeqr; = 1 for
1 < 4,57 <n. Unfortunately, one cannot always find suitable ;1 and q. We provide

an example of when such parameters do not exist in the case n = 3.

R S
2
Let K =C, A = %, p=1| 2 1 %wQ , where w is a primitive cube root of
w 2w 1

unity. One can check that with this choice of parameters M~ ([[\_, pjipu) = 1
and so D, ,, is central. Suppose there is a choice of cube roots of %, 2,w, 2w, say

i, &, 3, obeying the required relations, ie

pa’fyt =1
oy =1
pa Byt =1

The product of the first two of these equations gives p?a®3% = 1. In other words

%2(4) =1, that is w = 1. But w # 1. So we have our contradiction.
However, all is not lost, as our construction when applied to Standard Quan-
tum Matrices does produce the usual Quantum SL,. We shall now illustrate why

this is true.

We observed in the previous section that O,(M,) = O, p(M,,) with

q, 1>7;
)\:q_2 and p;; = 1, 1=7J;
gt i<y

Assuming that we may find a p € K with p™ = ¢ then we may define a p and q

suitable for the construction of Section 2.3 as follows,

P, 1>
p=p2 and q= (¢ij) where ¢;; = 1, i=7;
ptoi <.
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To show that our construction agrees with the usual definition of O,(SL,,) it
suffices to show, as observed above, that p/ =" [[,_, gjrqr; = 1 for 1 < 4,5 < n.
Now, keeping in mind that ¢; = ¢;; = 1,

n

. -1 i—1 n
= T = ([T IT o)L IT )
k=1 k=1 =

k=j+1 k=i+1

29) (1) (p D) () ()
2i—2j+j—1—n+j—i+1+n—i

as required. So our construction does produce the usual O, (SL,) when applied
to Oy(M,,).
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Chapter 3

Quantum Skew-symmetric
Matrices

Let K be a field. Let ¢ € K*. Unless specifically stated otherwise K is the
ground field and ¢ is as above throughout the rest of this thesis.

The definition of “Quantum Skew-symmetric Matrices” that we use in this chapter
comes from a paper by Strickland [38]. Strickland is concerned with establish-
ing a quantum version of the first and second fundamental theorems of invariant
theory for the symplectic group. In the classical setting (see [7, Section 6]) the
symplectic group acts on n copies of an even dimensional vector space endowed
with a symplectic form, and the ring of invariants is found to be generated by co-
ordinate functions of an n x n skew-symmetric matrix with relations determined
by ideals of Pfaffians of a certain size (depending on the value of dimV'). In look-
ing for a quantum analogue of this situation Strickland is naturally led to define

“Quantum Skew-symmetric Matrices” and the notion of a “quantum Pfaffian”.

It is well known that, under certain conditions on ¢, the representation theory of
U,(gl,) “mirrors” the classical case (this result is stated explicitly in the following
chapter, see Theorem 4.2.4). Now O(Sk,) is a representation of U(gl,), and so
Strickland’s definition of a quantum analogue is motivated by the representation
theory of U,(gl,,). We need not concern ourselves with the details of this here, it
is enough for our purposes that “Quantum Skew-symmetric Matrices” are given
in [38] in terms of generators and relations, and that we have an action of U,(gl,,).
We note that in Strickland’s paper the ground field of her algebra is taken to be
rational functions in a variable q over a field of characteristic zero. The definitions
and preliminary results that we extract from [38] all remain valid with our choice
of K and q. These same definitions and results were later obtained by Kamita [21,

Section 3] (in Kamita’s paper there are some notational differences that should
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1

be noted: ¢~' is used in place of ¢ and U,(gl,) is presented differently, notably

the roles of F; and F; are reversed).

3.1 Definitions and Preliminaries

O,(Sk;,) is the K-algebra generated by {a;; : 1 < i < j < n} subject to the

following relations ([38, (1.1)], but we use simpler notation):

QijGir = qQiQ;; fori<j<t (3.1.1)
a;jQjr = qQjtQij fori<j<t (3.1.2)
Qjjs; = (Qs;Q;; fori<s<j (3.1.3)
QjjAst = gy fori<s<t<y (3.1.4)
A;jGst = Al + Qi Qgj fori<s<j<t (3.1.5)
A;j0st = Qs + §QisQjr — GGt Q5s fori<j<s<t (3.1.6)

where ¢ := (¢ —q71).

It will prove useful to also define
a; =0 and aj := —qa;j, for j > 1,

and view all the a;; as the n? coordinate functions on a generic n x n Quantum
Skew-symmetric Matriz. However when referring to the generators of O,(Sky)

we will, of course, only be referring to the a;; with 7 < j.

When ¢ is a non-root of unity we may define U,(gl,) to be the K-algebra gen-
erated by By, Fy, ..., E,_1,F,_1 and L7, ..., L*! with the following relations [31],
[14]:

L,L; =L;L,,

LiE; = qﬁ(iJ)EjLia

LiF; = ¢ "D FE L,

EiF; — F;E; = 65 (Li Ly}, — Ly ' Liya),

E}E; — (q+q YEEE + E;E; =0 for |i —j| =1,

E,E; = E;E; for |i—j|>1,

F?Fj — (¢ +q EFF + FFf =0 for [i—j] =1,

EE; = E;E; for |i —j| > 1,

where
1 ifj=1
k(i,j) = -1 ifj=i—-1
0 otherwise.
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It is endowed with a Hopf algebra structure with comultiplication given by

ALY = L o L] (3.1.7)
AE)=E®1+LL 4 ®FE, (3.1.8)

and with counit and antipode as follows,

e(Ei) =e(F) =0,  €(L;) =1,
S(L)=L;', S(E)=-L7'Li,E;, and S(F,)=—FL;L;}

+1°

Remark 3.1.1. There are many different presentations of U,(gl,,) that are used
in the literature, with the same symbols sometimes used to represent different
elements, and with no standard way of defining the Hopf algebra structure. It
is important, therefore, for us to define what we mean by U,(gl,). Although
Strickland does not explicitly state which version of U,(gl,,) is used in [38], it can
be deduced from the proof of [38, Proposition 1.2] and then verified that it is the

version given above.

There is an action of U,(gl,) on O,(Sk,) defined, for ¢ < j, as follows [38, (1.2)]:

0 ifi,j#s+lori=j5—1=s
Esaij = Ai—1.5 le:S+1 (3110)
a;j—1 ifj=s+1landi#s

0 ifi,j#s+lori=j—1=s
Fsaij = Qi41,5 if i = s and ] 7£ s+1 (3111)
ajjr1 ifj=s

Lsa;; = { ay iti,j#s (3.1.12)

qa;; ifi=sorj=s.
This action, defined on the generators of O,(Sk,), extends to an action on the
whole algebra, making O,(Sk,) into a U,(gl,,)-module algebra. In particular, the
action of Uy,(gl,) on products is given by,

u(ab) =) (w(a)) (uz(b)),

for uw € Uy(gl,,), a,b € Oy(Sk,). So, for example, the action of the F; on products
is given by

Fi(ab) = Fy(a)L; 'Ly 1(b) + aF;(b) (3.1.13)
for a,b € O,4(Sk,). This U,(gl,)-action on products will be used repeatedly in
proofs throughout the rest of this thesis.
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In [38, (1.6)] the author makes the following definition:

Definition 3.1.2. Let 1 < iy < iy < -+ < iy, < n for some 1 < h < [n/2]. We

define the Quantum Pfaffian [i1is...i05] inductively as follows:

Ifh=1,
[’6.12.2} = ailig
and if h > 1,
2h
[il’iQ...’iQh] = Z(—q)rqaim ZQZTZQh]
r=2

where i, means “remowve i, from the list”.

Remark 3.1.3. This is the natural quantum analogue of the recursive definition
of the classical Pfaffian (see Definition 1.5.4).

Example 3.1.4. In the case n = 4 the 4 x 4 ¢-Pfaffian is,
[1234] = a12a34 — qai3ass + ¢*araass.

We make the following notational definition Pf (k) := [1...k]. When dealing with
O,(Sk,) we shall shorten Pf,(n) to Pf,. Also, when convenient, we shall make
use of the convention that odd length g-Pfaffians are zero. The use of the term
length in reference to a g-Pfaffian has the obvious meaning, so that in general
[i1 - - - i) has length m and Pf, is the highest-length g-Pfaffian in O,(Sk,).

We have previously stated that the U,(gl,,)-action will be utilised throughout the
proof of many upcoming results. Vital to this method will be the knowledge
of the U,(gl,)-action on g-Pfaffians. This following result, [38, Lemma 1.4], is,
therefore, key:

Lemma 3.1.5. For E, Fs € Uy(gl,)) and for a g-Pfaffian [iyia...i2n] € Oy(Sky),

we have,

L 01...94-1 S T441...00n] if s+ 1 =1; for somet and s # i,
Eg ([iviz---ian]) :{ | t 0 v | otherwise t t

and

L [i1..0p-1 S+ 1 dg1...00n] if s =1y for somet and s+ 1 # 1441
Fo ([iaiz...izn]) = 0 otherwise.

Remark 3.1.6. Although not included in the above lemma we note that trivially

we also have,

. _f qliv...ion] if s =1y for somet
LS ([2122...Z2h]) o { [7/17/2h] otherwise.
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3.2 O,(Sk,) is an Iterated Skew Polynomial Ring

There is a general consensus in the literature that quantized coordinate rings are
desired to be affine noetherian domains (see, for example, [4]). Now O,(Sk,) has
been defined in terms of generators and relations, so it is certainly affine. We will
show that O,(Sk,) is also both a domain and noetherian, along the way proving

that it is an iterated skew polynomial ring.

Definition 3.2.1. We will say that a monomial a;,;, ...a;,,;,, s ordered if iy, < jy
for k= 1,...,m and (i1,751) < -+ < (im,Jjm) where we are using < to denote
the usual lexicographic ordering. We shall refer to such monomials as ordered

monomials.

In [38, Proposition 1.1] the author states that the set of ordered monomials is
a basis for O,(Sk,). The fact that such monomials span O,(Sk,) is clear from
the defining relations. The key step is to prove that these monomials are linearly
independent. We give an alternative to Strickland’s proof of this fact. Instead
of her argument we use the Diamond Lemma (see, for example, [4, 1.11.6]). We

note that there is no restriction on q needed in our argument.
Proposition 3.2.2. The ordered monomials form a basis for Oy (Sk,).

Proof. 1t remains to show that the ordered monomials are linearly independent.
We are going to apply the Diamond Lemma so our first task is to define an appro-
priate total order, which we will denote by <,,, among the words on the letters
a;; (1 <i<j<mn). In [32, Theorem 1.4] the authors use the Diamond Lemma
to show that the ordered monomials form a basis for O,(M,,). We will later use
this result to reduce the work that needs to be done in our case. Therefore, it is
necessary for us to take the same total order (this also saves us the task of show-
ing that our total order satisfies the requirements for application of the Diamond
Lemma). To a word, a;j, - - - a;,;,, we associate a matrix B = (b;;) € M,(N),
where b;; is the number of times a;; occurs in the word. For example, to the word
ai1a12a3,a1; we associate the matrix B with by; = 2,b1p = 1, by = 3 and all other

entries zero. To such a matrix, B, we associate a sequence

(> b bir, bia, oy bor, bas, oo, b)) € NVFT
]

We well-order M, (N) via the lexicographic ordering of such sequences. The or-
dering on words is then defined by first ordering via this well-order on the as-
sociated matrices, B, and then by the lexicographic ordering of the sequences

(ilvjla i2aj27 "'7idajd) S NQd' SO? for examplea

2
1 <y Gppn <w @12 <y Q11 <o Q12031 <y 34012 <oy O71 <o A22033044.
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From the relations (3.1.1)-(3.1.4) we get the following reduction system:

QA5 = q_laijait fori<j <t
oy 1, 4. for i i<t
AjtQi5 > 4 Q5G4 ori<jy<
-1 . .
AsjQij — @ Qij0s; fori < s <y
QstQij F AjjAst fori<s<t< j
Qstij F— QijAst — (jaitasj fori<s< j <t
Ast@ij > QjQsp — Qs + qqQitQjs fori <j<s<t.

We note that in all cases the words on the RHS are lower with respect to our
ordering than the one on the LHS. Applying the Diamond Lemma, our proof
will be complete if we can show that all ambiguities are resolvable (for the exact
definitions of these terms we refer the reader to [4, I.11], but it will be clear enough
from the work we do below). We must show that a word, a;;asax, consisting of
three distinct letters can be unambiguously resolved (i.e. put into ordered form
using our reduction system). Consideration of the reduction system defined above

yields that ambiguities arise when,
Qjj > Qgp > Qg

where we denote by, <, the ordering induced by the lexicographic ordering in the

subscripts. Suppose |{4, j, s, t, k,l}| = 4. Then one can easily show that
aij7 Agt, Akl S K<auv u,v € {i,j, S, t7 k? l}> = OQ(Sk4)

So we may as well assume that a;;, as, ap € Oy(Sky). Now from the relations
(3.1.1), (3.1.3), (3.1.4), and (3.1.5), it can be readily seen that

K{a13, a14, ass, aze) = Oy(My).

So if a;j, ast, am € {ai3, a14, azs, azq} then all ambiguities are resolvable by the
proof of [32, Theorem 1.4]. We are left with the cases:

(1) z>y>ap
(ZZ) azq > Y > A12

(i4i) asy >y >,

where x,y, 2 € {ai3, a14, as3, azs}. Firstly, let us note that a;p and asy both g-

commute with a3, a4, ass, and asy. Secondly, we note that

Y = Z AiliZis
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for some y;, z; € {a13, aia, ass, ass}, N\; € K. Now, using our reduction system,

2yag 2(q rary) — ¢ Mg ae2)y — g a1 (30, Aivizi),
L i Az — 30 Aiyi(q T anez) — g P ane (30, Aiyizi)-

So ambiguity () is resolvable. Similarly (ii7) is resolvable. We turn to (i4):

azs(q taray) — q H(a12a3s — Gaizags + qgarsass)y, (1)

a34Ya1s - - - g ]
349012 { (¢ 'yazs)ars — ¢ ty(ainass — Gaizass + qgargass). (2)

Further reductions depend on y. Suppose y = ay3. Then (1) reduces as follows:

q ' (a12a34 — Garzazy + qGaisass)ars
- q_l(alg(q_1a13a34) — qai3(a13a24 — Gaigass) + éa14(q_1a13a23))
— ¢ (¢ ar2a13a34 — (035004 — GParsaraans + Gq ' (¢ ar3a1s)ass)
= ¢ a12a13a34 — ¢ Gaisass + (G*¢7" + G %) arzaraas

—2 1.2 N
= (q "012013034 — ¢ qaj3a24 + qa13014023,

where the last equality holds since ¢! + ¢=2 = 1. We now show that we obtain

the same result when we reduce (2):

-1 ~ ~
q " a13(a12a34 — Ga13a24 + q4a14as3)
1 ~1 52 A
—q ((q A12G13) 034 — (QT3024 + qqa13a14a23)

) 14 2 .
=@ "a12013034 — ¢ ~qaj3024 + §A13014023.

If y = agy then the reductions are similar to those above (except this time (2)
takes more steps and (1) less). If y = a4, a3 then y commutes or g-commutes

with everything and the equivalence of the reductions is easily checked.

Now we suppose that |{i,j,s,t, k,}| # 4. We will first argue that if 7, j, s, ¢, k,
and [ are such that relation (3.1.6) does not apply to a;;, as, and ay, then all
ambiguities are equivalent to ones that are resolvable by the proof of [32, Theo-
rem 1.4]. Suppose (3.1.6) does not apply to a;;, as;, and ay;. Then, when we try
to put the monomial a;jasay into ordered form using our reduction system the
reductions that we use only involve commutation, ¢g-commutation, and relation
(3.1.5). Apart from the g-commutation due to (3.1.2), these are all particular
instances of the relations that define O,(M,,). Immediately we may deduce from
[32, Theorem 1.4] that if (3.1.2) does not apply then all ambiguities are resolvable.
If (3.1.2) does apply then the resolution of the ambiguities is entirely similar to
cases covered by [32, Theorem 1.4].

We now consider cases to which (3.1.6) applies. There are many such cases
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and we do not explicitly go through all of them here, instead we show that the
ambiguity is resolvable in one of the more complicated examples. Consider the

monomial assa13a12. Then one possible reduction is:

-1
Q45013012 — a45(q a12a13)
-1 ~ ~
— ¢ (a12a45 — Gai4a95 + qGaisaz,)ars
—1 ~ ~
— ¢ ar2(ai3aus — qaisass + qGaisass)
—1a P A A
—dq qa14(a13al5 - qa15a23) + qal5(®13&24 - qa14a23)
-1 —1x A —1s7 —1
— ¢ 012013045 — G 012014035 + Q12015034 — ¢ Q(q a13a14)a25
—1,2 A1 A2 1
+q "¢ a14a15093 + Q(q a13a15)a24 —q (q a14a15)a23
= ¢ lapaizass — ¢ 'Gargaisazs + Garaisazy — ¢ 2Gaizarsass

+ Gq~ ' ar3a15a04.
Reducing the monomial in the other order gives:

ag5a13a12 — (a13045 — (a14035 + q4ar15a34)ara
— a13(@12045 — Ga14a25 + q4a15a24)
— qais(a12a3s — qaizass + qqaisass)
+ gdais(ai2a3s — qaizass + qgaisass)
-1 ~ A
- (q Gl2a13)a45 — §a13Q140Q25 + qqa13Q15024
| 29 1 9
— q(q  arpa14)ass + ¢° (¢ ar3a14)a25 — ¢4~ a14a15023
| A2 1 2., 1
+ q4(q arpa15)ass — qG° (¢ a13a15)a24 + ¢°G° (¢~ a14a15)aos
-1 ~ ~
= q Q12013045 — Q13014025 + q4a13015024
N 22 1 2
—{4q Q12014035 + q°q Q13014025 — qq° Q14015023
o 9 9
+ qa12015034 — G Q13015024 + GG~ Q14015023
-1 PSS | A a9
= q a12a13a45 — (4 — ¢°q " )a13a14a25 + (¢4 — §7)a13a15024
~ -1 ~
— 4q 12014035 + JA12015034
1 A 9 14
=@ Q12013045 — G ~A13Q14025 + ¢ (13015024
~ -1 ~
— 4q Q12014035 + §A12015034,
and so the two reductions give the same result. This exact same argument will of

course work for all monomials a;jaqar with s =k <1 <t <¢ < j. In a similar

manner one can show that all ambiguities are resolvable. O

In [38] O,(Sk,) is shown to be a domain. The proof, however, relies on g being

transcendental. We will now show that this holds more generally.

Proposition 3.2.3. O,(Sk,) is a domain.
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Proof. For this proof we adapt an idea taken from [4, Proposition 1.8.17]. Order

the generators of O,(Sk,) according to the lexicographic ordering of subscripts,
Az < a3 < -+ <A < A3 <+ 0 < Gpp,

and label them, in order, u; = a2, Uy = 13, ..., Up—1 = A1p, Up = A23, ..., Up(n—1)/2 =
apyn- Then from (3.1.1)-(3.1.6) we may see that,
i—1

wiu; = qijuu; + Z agusut, (3.2.1)

s,t=j5+1
s<t

for 1 < j < i < n(n—1)/2, where ¢;; € K* and o} € K (in-fact, ¢;; = 1 or
g~! and 04?,; = 0,4, or —qq, depending on the values of 7, j,s,t). We now set u;
to have degree d; = 2°. Let O,(Sk,)o = K -1, and for d > 0, let O,(Sk,)q be the

K-subspace spanned by

{uiluiQ---ui :di1+"'+diT <d}

r

This clearly defines a filtration of O,(Sk,). It is also clear that the associated
graded ring, gr(O,(Sk,)), is generated by the elements y;, where

Yi == U + Oq(Skn)di—l € (gr(0q<5kn))>dr

For ¢ > j we know that w;u; — g;;uju; is a linear combination of products ugu;

with j < s <t < i (where this makes sense, and zero otherwise). Now,
dy+dp=2°+20 <272 4 271 < 207 4 9 = 2(207 ) = 20 < 20 4 20 = d; + d;.

So we see that in gr(O,(Sky,)), viy; = ¢ijy;v: for i > j. It follows that we have an

onto algebra morphism
7 Og(K" V) — g2(0,(Sky)),

where q is the obvious multiplicatively antisymmetric matrix of scalars. Using
GKdim we will argue in a similar manner to the proof of Proposition 2.6.1 that
this is in-fact an isomorphism. Suppose, for a contradiction, that ~ is not an
isomorphism. Now since Oy (K™""1/2) is a domain [4, Theorem 1.2.7], Kervy is

a nonempty ideal containing a regular element, and so by [26, Proposition 3.15],
GKdim(Og(K™" V') /Kery) < GKdim(Og(K™"1/2),

and hence
GKdim(gr(0,(Sk,))) < GKdim(Oq(K”(”*l)/Z).
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Now GKdim(O4(K™"~Y/2) = n(n—1)/2 [4, Proposition 11.9.9], so if we can show
that GKdim(gr(O,(Sk,,))) = n(n—1)/2 then we will have our contradiction. Since
O,(Sky,) is a K-algebra with finite filtration and gr(O,(Sk,)) is finitely generated,

we may deduce that
GKdim(gr(O,(Sk,))) = GKdim(O,(Sk,))

by [26, Proposition 6.6]. An easy consequence of the previous Proposition, show-
ing that the ordered monomials form a basis for O,(Sk,), is that each graded
component of O,(Sk,) (with the canonical grading) is in bijection with the cor-
responding graded component of the commutative polynomial ring in n(n — 1) /2
variables. It follows from the the definition of GKdim (Definition 1.4.1) that,

GKdim(Og4(Sky,)) = GKdim(K[z1, ..., Tpm-1)/2]) = n(n —1)/2.

Hence v must be an isomorphism. Therefore, since Oq(K™"~Y/2) is a domain,
gr(0,(Sk,)) is a domain, and we may deduce that O,(Sk,) is a domain by [4,
Lemma [.12.12]. O

Before we proceed to the main result of this section, we recall the following lemma

taken from [4, Exercise I.1.L] which we will need in its proof:

Lemma 3.2.4. Let R C S be rings, and suppose that there is a reqular element
d € S such that iR+ R = Rd+ R and dRNR =0 = RdN R. Then there
exist unique maps 7,0 : R — R such that T is an automorphism of R and J is a

T-deriwation on R.
Proposition 3.2.5. O,(Sk,) is an iterated skew polynomial ring.

Proof. Let us define an ordered series of subalgebras,
Bl?a Bl37 ) Bln) 3237 ERERE) Bn—l,n

of O,(Sk,) as follows,
Bij = K(ag : ag < a;j),

where < denotes the ordering of the generators, a;; (i < j), induced by the
lexicographic ordering of subscripts. Since the ordered monomials form a basis
for O,(Sk,) we may deduce that that each subalgebra, B;;, is a free module
over the preceding subalgebra with basis {ajj : m > 0}. Now By = Klaa].
We will show that in general B;; is a skew polynomial extension of the previous
subalgebra, B,s. Examining the relations (3.1.1)-(3.1.6), it is not hard to see that

a;jBys + Bys = Bysa;j + B,s. Now clearly since the ordered monomials form a

49



basis for O,(Sk,,) it follows that B, has a basis consisting of ordered monomials
in {as : ast < aps}. The fact that, a;; ¢ {as : as < a5}, together with the
relations (3.1.1)-(3.1.6), implies a;; B,s N B,s = Bysa;; N B,s = 0. We have already
shown that O,(Sk,) is a domain and so certainly a;; is regular in B;;. Therefore
we may apply Lemma 3.2.4 to get B;; = B,s[a;j; 0, 7]. Hence O,(Sk,) = By_1,,

is an iterated skew polynomial ring over K. ]
We can now deduce, using Theorem 1.2.6, the following:

Corollary 3.2.6. O,(Sk,,) is noetherian.

Before leaving this section we note that the work we have just done allows us
to apply two results from [4] to our algebra O,(Sk,). These show that O,(Sk,)

satisfies certain “nice” properties of noncommutative algebras.

Firstly we recall [4, Theorem I1.7.19]:

Theorem 3.2.7. Let A be a K-algebra with a Zsq-filtration (Aq)a>o such that
Ag = K -1 and all Ay are finite dimensional over K. Assume that grA can be gen-
erated by homogeneous elements yi, ..., Ym satisfying relations y;y; = ¢;;y;y; for

i > 7, for some q;; € K*. Then A is noetherian and satisfies the Nullstellensatz.
Corollary 3.2.8. O,(Sk,) satisfies the Nullstellensatz.

Proof. Looking at the proof of Proposition 3.2.3 we immediately see that O,(Sk,)
satisfies all the conditions of Theorem 3.2.7. ]

Secondly we recall [4, Lemma I1.9.10]:

Lemma 3.2.9. Let A = K|x1][z2;72,02] - -+ [Tn; Tn, 0n] be an iterated skew poly-
nomial algebra over K. Then A is Auslander-reqular. Now suppose that for
1 <j<i<n, wehaweTt(z;) € K*x; and §;(z;) € >, ,_; Kxsxi. Then A is also
Cohen-Macaulay.

5,t<1

Corollary 3.2.10. O,(Sk,,) is Auslander-regular and Cohen-Macaulay.

Proof. We have shown that O,(Sk,) is an iterated skew polynomial algebra over
K. It remains to show that at each stage the automorphism and derivation
of the extension are as required. However this is an immediate consequence of
(3.2.1). O
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3.3 A Torus Action

When studying an algebra one of the central areas of interest is its ideal theory.
In particular the composition and structure of both the prime and primitive spec-
trums. In [4, Part II] the ideal theory of many quantized coordinate rings are
investigated and numerous results are proved for certain iterated skew polynomial
algebras. In this section we quickly show that O,(Sk,) satisfies (under certain

conditions) the setup of [4, I1.5.1] which allows us to deduce many results.

[4, I1.5.1]:
(a) Let A = Klx1|[xa; T2, 02] « - - [T Tin, O] be an iterated skew polynomial alge-
bra over K.

(b) Let H be a group acting on A by K-algebra automorphisms.
(c) Assume that xq,...,x,, are H-eigenvectors.

(d) Assume that there exists hq, ..., h,, € H such that h;(z;) = 7i(x;) for j <

and such that the h;-eigenvalue of x; is not a root of unity for any .

The reason a group acting by automorphisms on our algebra is of interest is
because the study of the prime spectrum can be aided by considering its “H-
stratification”. To explain what we mean by this we give some definitions and
results from [4, II.1 and I1.2]:

Definitions and Results 3.3.1. Let H be a group acting by automorphisms on
a ring R. An H-ideal of R is an ideal of R such that h(I) =1 for allh € H. An
H-prime ideal of R is any proper H-ideal P of R such that in R/P any product of
non-zero H-ideals of R/P is nonzero. The largest H-ideal contained in an ideal

I in R is written

(I:H)=()h().

heH
If P is a prime ideal in R then (P : H) is H-prime. The “H-stratum” of the

prime spectrum (specR) corresponding to an H-prime ideal J is
spec;R = {P € specR: (P : H) = J},
and we have an H -stratification of specR,

specR = |_| spec; .

JeH —specR
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Knowledge of the H-spectrum and the structure of the H-strata therefore leads

to knowledge of the prime spectrum.

We now show that O,(Sk,) satisfies [4, I1.5.1] (when ¢ is not a root of unity)

and then give some of the results that this allows us to deduce.
Lemma 3.3.2. When q is not a root of unity O,(Sk,) satisfies [4, 11.5.1].

Proof. Condition (a) is satisfied by Proposition 3.2.5. Now instead of x1, ...z,
we label the indeterminates by a;; with 1 <4 < j < n according to the lexico-
graphic ordering of subscripts as in the proof of Proposition 3.2.3. Let H be the
algebraic torus, (K*)" and let H act on O,(Sk,) by K-algebra automorphisms
as follows,

(aq,...,0p) - a;; = 0oya,,

for any (aq,...,a,) € H. Then clearly conditions (b) and (c) are satisfied. Now
for (d) we label the distinguished elements of H by h;; with 1 < i < j < n and
define h;; to be the row vector with all entries 1 except for ¢~ s in the i-th and

j-th place, so for example,

hio= (¢t ¢ N1, 1)
hos = (1,741,474 1,...,1).

So hy; - a;; = ¢ %a;;. Since we are assuming ¢ is not a root of unity then clearly
the h;j-eigenvalue of a;; is not a root of unity for any (é,7). We note that if
(r,s) < (i,7), then [{r,s} N{i,5}| <1 and so for (r,s) < (i,j) we have,

Ris = o = q_larén if’{T,S}ﬂ{i,j}‘:l;
YOI ays, if |{r,s}n{i,j} =0.

Inspection of the relations (3.1.1)-(3.1.6) yields that condition (d) is satisfied. [J

Theorem 3.3.3. [4, Theorem I1.5.12] Let A and H be as in (11.5.1). Then all

H-prime ideals of A are completely prime, and there are at most 2" of them.

Corollary 3.3.4. When q is not a root of unity all H-prime ideals of Oy(Sk,)

are completely prime and there are at most 2™ of them.
Proof. By Lemma 3.3.2 we may apply [4, Theorem I1.5.12]. ]
To deduce further results we require the following lemma.

Lemma 3.3.5. The H-action on Oy(Sk,) is rational.
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Proof. By [4, Definition I11.2.6 and Exercise I1.2.F], since our H is a torus it suffices
to show that the H-action on O,(Sk,) is semisimple, that is O,(Sk,) is a direct
sum of its H-eigenspaces, and that the H-eigenvalues induce rational characters.

These are easy consequences of the definition of H and Proposition 3.2.2. O

Theorem 3.3.6. [4, Theorem 11.6.9] Let A and H be as in (11.5.1). Assume also
that H is a K-torus and that the H-action on A is rational. There are scalars
Nij € KX such that 7,(x;) = Njjx; for all i > j. If the subgroup (Ni;) € K* is

torsionfree, then all prime ideals of A are completely prime.

Corollary 3.3.7. Suppose q is not a root of unity. Then all prime ideals of
O,(Sky,) are completely prime.

Proof. By Lemma 3.3.2 and Lemma 3.3.5 the conditions on H are satisfied. Now
in our case (\;;) C (¢) so assuming ¢ is not a root of unity (\;;) is torsionfree. So

we may apply [4, Theorem 11.6.9]. ]
Theorem 3.3.8. [4, Theorem I11.8.4] Let A be a noetherian K-algebra, with K

infinite, and let H be a K-torus acting rationally on A by K-algebra automor-
phisms. Assume that H-spec is finite, and that A satisfies the Nullstellensatz over
K. Then

primA = {locally closed prime ideals}
= {rational prime ideals}

= |_| {maximal elements of spec;A}.
JEH—specA

Corollary 3.3.9. Suppose that K is infinite and q is not a root of unity. Then

primQy(Sk,) = {locally closed prime ideals}
= {rational prime ideals}

= |_| {mazimal elements of spec;Oy(Sky,)}.
JEH —specOq(Sky)
Proof. Again by Lemma 3.3.2, Lemma 3.3.5, and Corollary 3.3.4 the conditions
on H and H-spec are satisfied. By Corollary 3.2.6 and Corollary 3.2.8 O,(Sk,) is
noetherian and satisfies the Nullstellsatz over K. So we may apply [4, Theorem
11.8.4]. O

3.4 A Laplace Expansion of Pf,

Recall the expansion of the classical Pfaffian given in Theorem 1.5.5. We now
prove that an analogous Laplace expansion holds in the quantum case. However

before we do we make the following remark.
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Remark 3.4.1. We note here a key point that will be used implicitly in the proof
of many results to come. The presentation of U,(gl,,) that we gave in Section 3.1
required q to be a non-root of unity. It follows that whenever we use the U,(gl,)-
action in our proofs we should also impose this condition. However, this will not
always be necessary. As in the proof of [23, Corollary 1.1], when the relations we
establish using the U,(gl,)-action have coefficients in Z|q, ¢~ '] we will be able to
drop the restriction on q. Our proofs will show that the relations hold in Oy4(Sk,,)
over Zlq, ¢ ] and there is a natural homomorphism from O,(Sk,) over Z|q, ¢!

to O,(Sky,) over K which preserves the established relations.

Proposition 3.4.2. For fired i,k = 1,....,n we have,

(Szkpfq = Z(—q)”’“ﬂam[lk n]
j=1

where
[ i—k-1 ifi>k
M= j—k ifj<k.

We note that, for simplicity, we are including some redundant terms in our sum

(odd-length q-Pfaffians and elements of the form ass both being identically zero).

Proof. Fixing k, we proceed by induction on 7. We first prove the case i = 1. Now
it k =i = 1 then the proposition reduces to the definition of Pf; since p11; = j —2
for 7 > 1. So we must prove that for k > 1,

n

Z(—q)”"‘ja”[l...k... ..n] = 0.

j=1
Now, using Definition 3.1.2, with (i1, ...,ip_2) = (1, .., k, .., ], .., n) gives,
n n n—2
Z<—Q)#kja1j[1...k... n] = Z(—q)“"jalj (Z(-q)rQalir[ig...ir...in_2]> s
=1 =2 r=2

since g-Pfaffians of odd length are identically zero we can rewrite this as,

n n n—2
D (—gyayl k. j.n] =) > (=) Payay, 2. k. ).
j=1 j=2 r=2
ik

An application of relation (3.1.1) gives,

= Z (_Q)ukjﬂ;zqﬁjrG1mm(j,i,ﬂ)a1mm(j’m [QIvszrn
j=2
j#k
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0 ifj<i,

where ;. = ..~ _ . . The sum on the RHS consists of an even number
J —1 if 7 >4,

of terms of the form alsalt[Q...k...é.. n] where s < t. For a given s < t, terms of

1.
the above form appear twice, since (s,t) = (min(j, i), maz(j,i,)) yields the two
possibilities, (s,t) = (j,4,) and (s,t) = (i, 7). We prove that the sum is zero by
showing that, for a fixed pair s < t, the coefficients of a15a1t[2.../;:....§...f...n] that

occur add up to zero.

There are three general cases to consider depending on the relative ordering of
k,s,t. First suppose k < s < t. We need to calculate the value of (—q)#ki+7=2¢l%r
in the two cases (s,t) = (4,4,) and (s,t) = (i, ). If (s,t) = (J,4,) then we have
k < j <. Given that (iy,...,in_2) = (1,..,k,..,,..,n) we may see that in this
case r =t — 2. This fact, together with the definitions of u,;; and 3;;, gives

(_q)ukj—l—r—Qq,@jr _ (_q)(s—k—1)+(t—2)—2q0
— (_q)s—k+t—5.
If (s,t) = (i, 7) then we have k < i, < j and so r = s — 1. Hence,
(_q)uk]-—i-r—Zq/Bjr _ (_q)(t—k—l)—i-(s—l)—Qq—l

— (_q)sfk+t75.

So the two coefficients do indeed sum to zero.

Next suppose s < k < t. If (s,t) = (j,4,) then we have j < k < 4, and so

r =1t — 2. Hence,
(_q),uijrerq,Bjr _ (_q) (sfk)+(t72)72q0
— (_q)s—k+t—4‘
If (s,t) = (i, ) then we have i, < k < j and so r = s. Hence,

)p,kj—&—r—Q Bjr — (_q)(t—k—1)+(s)—2q—1

(—q q

_ —(—C])S_k+t_4.

So again the two coefficients sum to zero.

Finally, suppose s < t < k. If (s,t) = (j,i,) then we have j < i, < k and

sor =t — 1. Hence,
(_q)ﬂkj-i-r—Zqﬁjr _ (_q)(s—k)+(t—l)—2q0
= (—q)* 3,
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If (s,t) = (i, 7) then we have i, < j < k and so r = s. Hence,

(_q>ﬂkj+r—2q5jr _ (_q)(t—k)+(8)—2q—1
— _(_q)s—k—i-t—?)
So the two coefficients sum to zero in all cases. Thus we have proved the base

case in our induction. Next we turn to the inductive step. Assume that we know,

n

> (—q)agL.. k...j..n] = 6uP1,. (3.4.1)
j=1
We wish to show that the same statement holds for c4+1. Throughout the following
argument we will use Lemma 3.1.5 and Remark 3.1.6. We recall (3.1.13) and act

on both sides of (3.4.1) by F., yielding,

0=F. (Z(—q)w%[1...;2;...‘...n]>

j=1

=> (- (Fc(acj)LglLC+1 ([LJej.n]) + agF. ([1.-F..j..n)) ) (3.4.2)

At this point we must split our argument into three cases, k = ¢, k = c+ 1 and
k # c,c+ 1. First suppose k = ¢. Then we have,
n

0= 3= (Felae) L Lo ([1-2-3-0]) + gy e ([1-.5..n]) )

j=1
n

— Z (—@)" acsr; (qll.c..5.n]) .

7j=1
jF#c,c+1
dividing through by ¢, and noting that a.;1.+1 = 0 and [1..¢..n] = 0, allows us to
deduce the required identity,

n

D (@) e ]1.6.5.n] = 0, (3.4.3)
j=1
Now suppose k # ¢,c+ 1. Then using Lemma 3.1.5 and Remark 3.1.6 we obtain
the following from (3.4.2),

n

0= | > ()" aerrj[1.k.j.n] | +(=q)" < ace[l.k..¢.n)
=1
T
where the last term on the RHS comes from the fact that, when k& # ¢,c + 1,
F.([l.k.j.n]) = [1.k.c.n] if j = c+ 1 and F, ([1..k..j..n]) = 0 otherwise. We
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rewrite a..+1 and deduce that,

and since pig c+1 — 1 = g this gives,

n

D (@) a1k j.n] =0 for k#cc+ 1. (3.4.4)
j=1
Finally suppose k = ¢+ 1. Then (3.4.2) says,

n

0= (—g)ters (z«ﬂfz(acj)Lgch+1 ([ F1,.5.n]) + agFo (1., ¢ 7 1,.5..n)) )
j=1
we note that a.. = 0 = [1...,c+ 1, ..n] and apply Lemma 3.1.5 and Remark 3.1.6,

n

0= E (—q)retts <ac+17j (q—l[l.,, c+1, jn]) + acj[l..é..j'..n]>,
—
et

multiplying through by ¢ and rearranging gives,

(—q) Y (=) agll.éjnl= Y (=q)"aeyl.,c+1,.j.1]
j=1 =1
j?gC»C'H j;éjc,c—&-l

Z (—q)te+itlag[l..6.5.n] = Z (=q)" " aeyy j[1..,c+1,..5..n].
j=1 j=1
Jj#c,et+1 j#c,c+1

Now if j #c+ 1, pley1; + 1 = pej, SO

g (—q)"ag[l..¢..5.n] = g (—q)"* i aeys 1., c+1,.5..n]. (3.4.5)
=1 =1
jFet ie

We now observe that since, a..11 = (—q) ' dey1,, it follows that,
Aeei1[l.Ge+ 1,0 = (—q) acr1c[l..6,c+ 1, .1]

(_q)uc,c+1acjc+1 [1..67 C + 17 .n]

(_q)ﬂc,c+1*1ac+17c[1..é7 C —\i/— 1, _,n]7
and since fieoi1 —1=0—1=—1=c— (c+ 1) = fie41, We have,
(_q)u67e+1ac,c+l[1-.é7 & _\[_ 17 n] = (_q)uc+l,cac+17c[1“é’ c _'V_ ]‘7 n] (346)

Adding (3.4.5) and (3.4.6) gives us,

n n

D (=)'t L (c+1).j.n] = > (—q)'ag[l.c.j.n].

j=1 j=1



By our inductive hypothesis, (3.4.2), this says,

n

> (=)' aceg[l..(c +1)..j..n] = Pf,. (3.4.7)

J=1

We are now finished, for (3.4.7), (3.4.4), and (3.4.3) together give,

n

Z(_q>ukj&c+1,j [1]{'577,] = 5k,c+1Pfq

j=1
thus completing the inductive step. Keeping in mind Remark 3.4.1 we see that

our proof is complete. O

The proof of the above proposition only relies upon the relative ordering of the

numbers 1,...,n. So we have in-fact proved the following more general result:

Corollary 3.4.3. Let 1 < iy < iy < -+ <o < n for some 1 < h < |n/2]. For
fixed r,t =1, ..., 2h,

2h

67"15 [iliQ...iQh] = Z(—q)““ams [il..ivt..ivs..igh] .
s=1

3.5 Pf, is Central

From now on we will use the notations a;; and [ij] for the generators of O,(Sk;,)
interchangeably. We thus also view the generators as length-2 g-Pfaffians. How-
ever we should make clear that although we will allow ourselves to write [ji] when
j > 1, for g-Pfaffians of length greater than 2, writing [iy - - - i95] will always imply
that i1 < -+ < igp.

Recall that in the case of standard quantum matrices, O,(M,,), we have a distin-
guished element, namely the quantum determinant, det,, that is well-known to
be central. Since, in the world of skew-symmetric matrices, we can think of Pfaf-
fians “playing a similar role” as the one determinants do in the world of general
matrices, it is natural to expect that we would also have a centrality result for
g-Pfaffians. We shall now proceed to prove that Pf, is indeed central in O,(Sk,),

a particularly nice property for an element of a noncommutative algebra to have.

Before we prove the main result of this section we require two Lemmas giving

some specific -Pfaffian commutation relations.

Lemma 3.5.1. For2 <l; < .. <ly, <n,
2m
(12][l1..lom] = [l1..-lom] [12] + ch(—q)r_l[llr] [211...l;...l2m].
r=1

o8



Proof. We proceed by induction on m, the base case being the relation (3.1.6) of
the algebra. Now, expanding [l;...l3,,] using Definition 3.1.2 gives,

2m

[12][11..dow) = > (=) 2[12) [0l [lz-y--Loa),

r=2
applying relation (3.1.6) we have,

2m

(12)[1 e dom] = 3 (=) (WL][12] + d[10][20] — qd[LL][20]) [la--dr-dam),

r=2

setting (uq, ..., Usm—2) = (lg, .., I, .. lom) and applying the inductive hypothesis to

[12][uy...ug) gives,

[12][l1.. o] =
2(_ o ([lllr] (- o] 12] + cj2§2(—q)k_l[1uk] 201t
+ 414120 [l Ly dom) — qd[11,] [211][52..1;..52m]> :
and so,
[12][11...lom] = zm: )21, [l .z;..zzm]> [12]
H?i ;nz )RS [Tu] [2u - Al U o]
+ (4] @Z(—q)"2[214[12..1;..5%]) + qim?(—q)r1[114[211][12..1;..12m],

two applications of Definition 3.1.2 gives,

[12)[11.. L] = [l L [12] + G Z Q)" 31 0,] [Lug] [2uy . ik tgm o)

r=2 k=1

G120 I —|—qz )L [20] [l D L)

So, for our proof to be complete, it remains to be shown that,

2m 2m—2 2m
DO (=Pl ) [2un ik g o] + Y (=)™ 1] [20] [T Ly L
r=2 k=1 r=2
2m
= (=) 1[0 dy do). (3.5.1)
r=2
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We consider the RHS of this equation. Writing (t1, ..., tam) = (2,11, ...0r, .., lom)

and using Definition 3.1.2 enables us to write the RHS as follows,

S (0 L R2h o] = S (—g) 1L (Z(—q)“[ztk] [tz..fk..tm]>

r=2 r—9 2
2m  2m

=33 () I 20 o b,
r=2 k=2

noting that t, = [;, we may rewrite this as,

2m 2m
> (=) AL R20 o] = (—q) T L] [20] [l Ly o)
r=2 r=2
2m 2m
+ ZZ )RR [2t ] [t Bk tom)-
r=2 k=3
So to prove (3.5.1) it suffices to show,
2m 2m—2 2m  2m
Z Z )31 [Luag) (201 Al s = Z Z(—q)”’“_g[llr][%k] [to. bk tom].
= r=2 k=3

Expanding the (2m — 2)-length g-Pfaffians on both sides, using Definition 3.1.2,

gives us, as our target,

2m 2m—22m—2

SN S (O L] 2wy [ws. bt o)

2m  2m 2m—2

= ZZ Z 'r+k+s 5 1l ][Ztk][llvs][Ug..ﬁs..vgm_g] (352)

r=2 k=3 s=2

where (w1, ..., Wom_2) = (2,U1, .., Uk, .., Uzm—_2) and (v, ..., Vom—2) = (t2, ., tr, -tom)-

Now the RHS of this equation is composed of terms of the form,
(1) [20)[11 1) [l2-la- o Do Do) (3.5.3)

with the numbers a, b, ¢ running through all the possible triples of distinct ele-
ments from the set {2, ...,2m}. We will show that this is also true of the LHS of
(3.5.2). To prove the equality we will then show that, for a given triple (a, b, ¢),
the coefficients of the respective terms appearing on either side of the equation

are the same.

Our first step is to rearrange [l1l,][1ug|[2ws]. This depends on the relative or-

dering of [, ux, ws so we must split this into the six appropriate cases:
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(Z) up < Wy <y :
By (3.1.5),and then an application of (3.1.5) and (3.1.4) we have,

[lux]) [2ws]

[l ] [Tu][2ws] = ([Lu][lhdy] = g[11:]
o) = Q] 20 ][l ws] — g1 ][2w][lug].

= [Lug] [2ws] [l

(ZZ) Wy < up < I, :
By (3.1.5), and then (3.1.5) applied twice we have,

[ [Lug] [2ws] = ([Tug] (L] — g1 ] [liug]) [2ws]
= [Lug)[2ws][l 1] — q[lug][20][Tiws]
— G[11,)[2w] [Tyug] + G2[11,][2ug] [lyws).

(1i1) up <l < wy :
By (3.1.5), and then (3.1.4) applied twice we have,

[lux]) [2ws]

[l [Tu][2ws] = ([Lug] (] — g[11:]
o] = G [2ws] [l

= [Lug][2ws][L

(iv) I, < ws < uy:
Two applications of (3.1.4) give,

(1] [Tug)[2ws] = [Tug][l1l][2ws]
= [Tug|[2wg][l11,].

(V) ws <l < uy:
By (3.1.4) and then (3.1.5) we have,

(1] [Tug] [2ws] = [Tug][l1l][2w;]
= [Tug][2ws][l11] — q[Lug][20-] [l ws]-

(vi) 1, <up < ws:
Applying (3.1.4) twice gives,

(0] [Tug] [2ws] = [Tug][l11-][2ws)
= [Tug][2ws][l11,].

Now for r = 2,....2m, k = 1,...,2m — 2, and s = 2,....2m — 2, (I, ug, ws) runs
through all possible triples of distinct numbers from the set {ls, ..., lo;, }. So from
(1) — (vi) it follows that the LHS of (3.5.2) is composed of terms of the required
type. It remains to show that, for a given triple (a, b, ¢), the coefficients of terms

of the form (3.5.3) are the same on either side of the equation. We begin by
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calculating the coefficients of terms on the LHS, by examining the cases (i) — (vi)
above and seeing when a nonzero term of the required form arises. Again this

depends on the relative ordering of 1, ly, [. so we split this up into six cases:

(1) I, <l <l

The only nonzero term is in (i) when (ly, Iy, l.) = (ug, ws, [.). We wish to calculate
the value of the coefficient which is, in this case, (—¢)" #7575, So we must express
r,k, s in terms of a, b, c. Let us recall how uy, w,, [, are defined. We start with the
ordered list (la, ..., lo;). We remove [, and relabel the new list (uq, ..., ugm—2). We
then remove uy, and relabel the new list (ws, ..., wa,_2). And finally we remove
ws. So the values of k£ and s that give u, = [, and w, = [, will depend on whether
the elements removed from the lists before the respective relabelings came before
or after uy (resp. wg) in the ordering. In the case we are in the relative ordering
of 1, ug, ws is up < wy < I, giving (r, k,s) = (¢,a —1,b—1). So the coefficient of

the term in question is

(_q)r+k+s—5 — (_q)a—i-b—i—c—’?‘

(2) I <l, <l

The only nonzero term is in (44) when (ly, Iy, l.) = (ug, ws, ). The relative order-
ing of I, ug, ws is wy < ug < I, giving (r, k,s) = (¢c,a — 1,b). So the coefficient
is

(_q)r+k+375 — (_q)a+b+c76.

3) Iy<l.<l,

In this case there are two nonzero terms. The first occurs in (i7) when (Iy, ly, 1) =
(I, ws,uy,) with coefficient —G(—q)"t5+575; the relative ordering in this case is
ws < ug < l. giving (r,k,s) = (a,c — 1,b). The second occurs in (v) when
(la, ly, 1) = (ug, ws, 1) with coefficient (—¢)""*7*=5; the relative ordering in this

case is wg < I, < uy, giving (1, k, s) = (¢,a — 2,b). So the combined coefficient is
(_q)a+b+c—7(1 + C]Cj) — (_q)a+b+c—5‘

4) I, <l.<l

Again in this case there are two nonzero terms. The first occurs in (i) when
(o, 1y, 1) = (up,l,, ws) with coefficient —G(—q)"*+575; the relative ordering in
this case is uy < ws < I, giving (r,k,s) = (b,a — 1,¢ — 1). The second occurs
in (iii) when (lq,ly,l.) = (ug,ws,l,) with coefficient (—q)"***+*=5; the relative
ordering in this case is uy < [, < w; giving (r,k,s) = (¢,a — 1,b — 2). So the

combined coeflicient is

(_q)a+b+c78(q(j T 1) — (_q>a+b+c76.
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(5) 1 <l <l

In this case there are three nonzero terms. The first occurs in (i) when (I, I, l.) =
(ug, I, ws) with coefficient —G(—q)"™*+575; the relative ordering in this case is
ws < u < I, giving (r,k,s) = (b,a — 1,¢). The second occurs in (#ii) when
(la, Iy, 1) = (I, ws, up) with coefficient —G(—q)""#T5=%; the relative ordering in
this case is uy, < [, < wg giving (1, k, s) = (a,c—1,b—2). The third occurs in (vi)
when (Iy, 1y, 1) = (ug,ws,l,) with coefficient (—¢)""*75=5; the relative ordering
in this case is [, < ux < w; giving (1, k,s) = (¢,a —2,b — 2). So the combined
coefficient is

(_q)a+b+c—9(q3qA + qtj + 1) — (_q)a+b+c—5.

6) L<l,<l,

In this last case there are four nonzero terms. The first occurs in (i) when
(la, 1y, 1) = (I, ws, ug) with coefficient —G(—q)"*+575; the relative ordering in
this case is u, < wy < I, giving (r, k, s) = (a,c—1,b—1). The second occurs in (77)
when (I, Iy, l.) = (I, u, ws) with coefficient ¢*(—q)""*5=?; the relative ordering
in this case is wy < uy, < I, giving (r, k, s) = (a,b— 1, ¢). The third occurs in (iv)
when (Iy, 1y, 1) = (ug,ws,l,) with coefficient (—¢)"t*75=5; the relative ordering
in this case is I, < wy < u giving (r,k,s) = (¢c,a — 2,b — 1). The last occurs
in (v) when (Io,l,l.) = (ug, 1., ws) with coefficient —gG(—q)"t5+5=5; the relative
ordering in this case is ws < I < uy giving (1, k, s) = (b,a—2, ¢). So the combined

coefficient is

(_q)a+b+c—8<qqA + C]2C_?2 +14+ ch) — (_q>a+b+c—4'

Our final task is to show that in cases (1) — (6) the coefficients that we have
calculated on the LHS match those on the RHS of (3.5.2). Recall that the RHS

is
2m  2m 2m—2

>N j{: )1 )12 [Lvs] [a. Vs Vo)

r=2 k=3 s=2
where (t3,...,tom) = (I2, o lom) and (va, ..., Vo_o) = (t3, .., g, ..tay). For a
given a, b, ¢ the coefficient of the term of the form (3.5.3) is (—¢)"™***~° where
Iy, te,vs) = (lay Iy, lc). In case (1) the relative ordering of I, tx, vs is [, <t < vg
so (r,k,s) = (a,b,c — 2) and so the coefficient is (—q)**T¢~7 as required. In
case (2) the relative ordering is ¢, < I, < vs so (r,k,s) = (a,b+ 1,¢ — 2) and
so the coefficient is (—q)*™*T¢=6 as required. In case (3) the relative ordering is
ty < wvs <l.so0 (r k,s) = (a,b+1,c— 1) and so the coefficient is (—q)*™*+ ™5 as
required. In case (4) the relative ordering is I, < vs < t so (r, k,s) = (a,b,c—1)

and so the coefficient is (—¢)?t+¢=6 as required. In case (5) the relative ordering is
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vy < I, <ty so (r,k,s) = (a,b,c) and so the coefficient is (—q)?***¢=5 as required.

Finally, in case (6) the relative ordering is vy < ty < I so (r,k,s) = (a,b+ 1,¢)

a+b+c—4

and so the coefficient is (—q) as required. O

Lemma 3.5.2. For2 <l < ... <lym_1 <n,
[]_2] [2l1---l2m—1] = q[2l1l2m_1][12]

Proof. Now, using Definition 3.1.2 and then relation (3.1.2) we have,

k=1

Z q[20e) [12] [y T lgm 1)

k=1

Applying Lemma 3.5.1 while setting (j1, ..., jam—2) = (I1, --; bt .-, lom—1) gives,

[12][21...Jopn—1] =

2m—1 2m—2
Z (—C])k_IQ[Zlk] ([11-.l;c--l2m—1][12] +q Z (—Q)T_l[ljr] [23'1-']1.']'2771—2]) )
k=1 r=1
and by Definition 3.1.2 we can deduce
2m—12m—2
[12][20 D] = q[20 - Dom—1][12] 404 Y Y (=) 220 [1,) (271 o).
k=1 r=1
So it suffices to show that
2m—12m—2
Z > (=) 2015, 241 Gr--Gam 2] = 0. (3.5.4)
=1 r=1
Now, by Definition 3.1.2,
2m—12m—2
Z Z Q)20 [15,][271- G- Jom—2)
k=1 r=1

2m—12m—22m—2

Z Z Z q) 220 [1,][200] [wa. 4Dy wam o] (3.5.5)

k=1 r=1 =2

where (wy, ..., Wam—2) = (2,51, Jrs -+, Jom—2). We now express [2/][17,][2w;] in
terms of ordered monomials. This depends on the relative ordering of I, j.., wy so

we split this into the appropriate cases:

(a) b <jr <wp:
By (3.1.4),
[20k] [17:] [2we] = [150][20k] [2w].
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(D) Jr <l < wy:
By (3.1.5),

2U][15:)[2we] = ([15:][20] = G[14][25,]) [2w,]
[L5r][206])[2w0:] — q[L1][270] [2we].

() Jr <wp <ly:
By (3.1.5), and then (3.1.1) we have,

21][15:][2w,] = ([17,][20] — q[11k][250]) [2we]
= ¢ L] 2w ][20] — a[104][27,][2uw].

(d) I <wp <jp:
By (3.1.4),
2] [157)[2wd] = [15,][20] [2we].
(e) wy <lp < jp:
By (3.1.4), and then (3.1.1) we have,

2] [15-][2w] = [15:][20k] [2w,]
= ¢ M1j0][2wy] [201).

(f) wt<jr<lk:
By (3.1.5), and then (3.1.1) applied twice we have,

L)1) [2wd] = ([15,][20] = G[1][25,]) [2w:]
= ¢~ [Lg][2w][20] — ¢~ [Li] [2w][25].

So we may express the RHS of (3.5.5) as a sum of terms of the form
[10.)[20)[20 ][0 o oo Do dogm ] with I, < L.

We shall show that, for a given a,b, ¢, the coefficients of these terms are in-fact
zero, thus proving (3.5.4). We proceed in a manner similar to the proof of (3.5.2)

in Lemma 3.5.1 and split this into cases:

l, <lpy <l

From (a)—(f) we have a contributing term in case (b) with coefficient (—q)*+ =2,
when (ly,lp,l.) = (jr,lk, ws). Noting that j. is chosen from (ji, ..., jom—2) =
(ll, ..,lvk, ..7l2m_1) and Wt is chosen from (’UJQ, ...,’U)Qm_2> = (jl,..,j;,..,jgm_Q) it

follows that (k,r,t) = (b,a,c — 1). There is also a contributing term in case
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k+r+t—2

(c) with coefficient ¢~!(—q) , when (lg, 0y, 1) = (jr,wy, lg). In this case

(k,r,t) = (c,a,b). So the combined coefficient is,

)a+b+c—3 4 q—l(_ >a+b+c—2 _ O

(—q q

I, <l, <,

FrH=2 when

We have a contributing term in case (a) with coefficient (—¢q)
(lay Uy, 1) = (Jr, Ik, wy), and so (k,r,t) = (by,a — 1,¢ — 1). There is a contribut-
ing term in case (b) with coefficient —q(—q)**" =2, with (1o, 1y, l.) = (Ix, jr, W),
and hence (k,r,t) = (a,b,c — 1). Also there is a contributing term in case (f)
with coefficient ¢~ (—q) ™" +=2 with (4, l, l.) = (j,, ws, [x), and hence (k,r,t) =

(¢,a,b+ 1). The combined coefficient is,
(=)™ (1494 — ¢°) = 0.

I, <l.<l,

k+r+t—2’ when

We have a contributing term in case (¢) with coefficient —g(—q)
(la,lp, 1) = (g, jrywy), and so (k,r,t) = (a,b,c). There is a contributing term
in case (d) with coefficient (—q)**" =2 with (I,,ly,1l.) = (j,lr, w;), and hence
(k,r,t) = (b,a—1,c). Also there is a contributing term in case (e) with coefficient
g H—=q)* 72 with (Iy, Iy, ) = (jr, ws, [y ), and hence (k,r,t) = (c,a — 1,0+ 1).
Finally, there is a contributing term in case (f) with coefficient —q=1G(—q)*+ -2,
with (Ig, Iy, l.) = (Ig, wy, jr), and so (k,r,t) = (a,c,b+1). The combined coefficient
is,

(=)™ 3(gg+1—1—qq) =0.

We are now in a position to prove the main result of this section,
Proposition 3.5.3. Pf, is central in Oy(Sky).

Proof. Now, by definition,

n

a12Pfq = Z(—q>r72a12a17« [an]

r=2
= a12a12[3...n] + Z(—q)r_Qalgalr[Q..f‘..n],
r=3
applying Lemma 3.5.1 gives,
a12Pt, = as ([3...71]@12 + QAZ(—q)’”_gahﬂ [27‘n}> + Z(—q>r_2a12a17« 2..7..n],
r=3
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and hence,

a12Pfq = a12[3...n]a12—|—

(q—q ")) (=) Paa,[2..7.n] + Z(—q)r_Qalgalr[Q..f..n]
r=3 r=3
= CL12[3 77, a2 + Z r Clnalr 2 T 77,]
=3
using (3.1.1) we have,

alngq = a2 [3...71]0,12 + (—qil) (—q)rfgqalralg[Q..f..n].

r=

w

Applying Lemma 3.5.2 to a;2[2..7..n| gives,

a12Pf, = a12[3..nJarz + (—¢7") Y (—q) *¢ar,[2..7..n]ays,
r=3

and so,

alszq = <a12[3...n] + Z(_q)r72a1r[2“f, n]> a12
r=3

= PquL12.

Now by Lemma 3.1.5, Fs(Pf,) =0, and since A(Fy) = F; ® L' Loy + 1 ® F, it
follows that,

Fy(a;;Pf,) = Fy(ag;) L, Loy (P1,)
= Fs(aij)Pfq.

Similarly, Fy(Pf,a;;) = Pf,Fy(a;;), so,
Fs(aiijq — Pfqa”) = FS<CLZ])Pfq — PquS(aU)
We have shown, a;oPf, — Pf,a;2 = 0. Hence,

Fg(alngq - PquLlQ) =0
Fg(alg)Pfq - Pqug(alg) =0
alngq - Pfqalg = 0.

A trivial induction using the action of the Fj gives,
a1;Pty — Pfya1; =0, for j=2,...n
For fixed j we may then proceed in a similar manner to prove
a;jPt, — Pfya;; =0, for 1 <i<j <n.

Keeping in mind Remark 3.4.1, the result follows. O]
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We end this section with the observation that the centrality of the g-Pfaffian en-

ables us to employ another result of [4].

Recall [4, Lemma I1.9.11]:

Lemma 3.5.4. Let A be a noetherian, Auslander-reqular, Cohen-Macaulay K -
algebra.

(a) If z € A is a central reqular element, then A/(z) is Auslander-Gorenstein and
Cohen-Macaulay.

(b) Assume that A = @;°,A; is a connected graded K-algebra. If c € A is a
regular normal element such that cA; = Asc for all i, then Alc™Y] is Auslander-

reqular and Cohen-Macaulay.

Corollary 3.5.5. O,(Sk,)/(Pf,) is Auslander-Gorenstein and Cohen-Macaulay
and Oy(Sk,)[Pf,"] is Auslander-regular and Cohen-Macaulay.

Proof. We saw at the end of Section 3.2 that O,(Sk,) is noetherian, Auslander-
regular, and Cohen-Macaulay. Given that Pf, is central and that O,(Sk,) is a
domain (Proposition 3.2.3), the conditions of the previous lemma are all trivially

met in our two cases. O

3.6 A Link with G,(2,n)

We now show that there is a link between O,(Sk,,) and G,(2,n). More specifically,
we will show that if we factor out the ideal generated by the length-4 g-Pfaffians
from O,(Sk,) then the resulting algebra is isomorphic to G,(2,n). To do this
we first recall the presentation of G(2,n), in terms of generators and relations,

given in [12, Example (5.7)] (except we reverse the roles of ¢ and ¢~1):

G4(2,n) is the K-algebra generated by {b; : 1 < i < j < n} subject to the

following relations:

biibit = qbibij, fori < j<t, (3.6.1)
bijbjr = qbjibij, fori < j <t, (3.6.2)
bijbs; = qbs;bij, for i < s < 7, (3.6.3)
bijbst = qustbij — Gbitbs; + q_lébisbtj, fori<s<t<y, (3.6.4)
bijbst = ¢°bsibi; — Gbisbjt, fori<s<j<t, (3.6.5)
bijbs = q2bstbij, fori < j<s<t, (3.6.6)
bijbst — qbishji + ¢*bibjs = 0, fori < j <s <t (3.6.7)
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Proposition 3.6.1. Let I, be the ideal of O,(Sk,) generated by {[ijst] : 1 <i <

j<s<t<n}. Then,
O,(Sk,)

I
Proof. We define a map G,(2,n) — O,(Sk,)/1s by bjj — a;;, where we abuse
terminology and think of the a;; as generating O,(Sk,,)/I,. This map is clearly

= G,(2,n).

onto. We show that it is an algebra morphism. It suffices to show that the a;;
satisfy the relations (3.6.1)-(3.6.7). Relations (3.6.1), (3.6.2), and (3.6.3) are the
same as (3.1.1), (3.1.2), and (3.1.3). Since we are working in the algebra with I,
factored out we have “set the length-4 g-Pfaffians to equal zero”, and so (3.6.7)
trivially holds for the a;;. It remains to show that (3.6.4), (3.6.5), and (3.6.6) hold.

(3.6.4):
Let i < s <t < j. Then by (3.1.4) we have,

A;Qst = AgtQyj,
multiplying both sides by ¢? gives,
q2aijast = q2astaij-
Since [istj] = 0 we may add a multiple of it to the RHS and deduce,
Gaijasq = ¢ agai; +q " glisty)
= (Paga; + q  G(aisay; — qagas; + ¢ aijas)
= (Pasa;; + q ' qaisay — qagas; + qdaijas
(¢* — qd)aijas = ¢Pasai; + ¢ qaisay — Gagas;
Q;jQst = q2astaij + q_lqaisatj — (a0,
since ¢> — q¢ = 1. This is relation (3.6.4) as required.

(3.6.5):
Let i < s < j <t. Then by (3.1.5) we have,

Q;jQst = QstQij + Qi Qgj.
Since [isjt] = 0 it follows that,
_ ~ 2 —1
Qs = Qspi; + G(—q "isje + @ Qijag)

A1 Jg!
(1 — g )agas = asai; — Gq  aisa

—2 _ !
q “Qij0sp = AsQi; — 44 ~QysAjt

2 N

A;5Ast = q AstQij — qQ45Q5¢,
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and this is relation (3.6.5).

(3.6.6):
Let i < j < s <t. Then by (3.1.6) we have,

Q;jAst = AstQij + qAisQp — G443 Q s

= s + §(aisaj — qaiajs).
Since [ijst] = 0 it follows that,

aijas = asaij + (g aijag)
(1 - qqil)aijast = QstAyj
q_QCLz'stt = Q505
Qi Qsp = anst(lij
and this is relation (3.6.6). So the map sending b;; to a;; is an onto algebra

morphism. We can show in a similar manner that the map sending a;; to b;; is

an onto algebra morphism, and the result follows. O
Corollary 3.6.2. I, is completely prime.

Proof. We know G,(2,n) is a domain [23, Theorem 1.4], so by the previous propo-

sition O,(Sky)/14 is a domain. Hence I, is a completely prime ideal. O

Remark 3.6.3. Let Ir,, (1 <2m < n) be the ideal of O,(Sk,) generated by the
length-2m q-Pfaffians. In [38] Strickland shows that the previous result holds for
all Is,,. However, her proof relies on q being transcendental and does not hold
i our more general setting. It is natural to ask whether this result is true when

there is no restriction on q # 0.

Conjecture 3.6.4. Iy, is a completely prime ideal for all 2 < 2m <n.
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Chapter 4

Oy(Skn), A Different Perspective

“Quantum Skew-symmetric Matrices” are also mentioned in a paper by Noumi
[31]. The main objects of concern in the paper are certain ‘quantum homogeneous
spaces’, that is quantum analogues of the coordinate ring of certain homogeneous
spaces. One of these in particular is of interest to us, namely the quantum ana-
logue of the homogeneous space G Lo, /Spam- In the classical world SLs,,/Spam
can be realized as an orbit of skew-symmetric matrices. It is in exactly this
context in which Noumi refers to “Quantum Skew-symmetric Matrices”. This
approach is not the same as that given in the previous chapter. We describe this
different method in the following section, extracting the relevant definitions from

Noumi’s remarks.

4.1 Noumi’s Approach

Let n be even, say n = 2m. Let T = (t;;)1<i j<n be the matrix of the n? canonical
generators of O,(M,). Let us define the following R-matrix in Endg (K" ®x K"),

R = Z Qe ®ejp+q Z eij @ e, (4.1.1)

1<i,j<n 1<i<j<n

where e;; € Endg(K™), 1 < i,j < n, are the matrix units with respect to the
natural basis of K™ and ® is used here to mean the Kronecker product of matrices.
We think of R = (RY) as an n® x n? matrix whose rows and columns are indexed
by pairs (i,k) and (j,[) respectively. For a general n x n matrix A = (a;;) we
make the following notational definitions, A; := A® I and Ay := 1 ® A, where [
is the n x n identity matrix. So A; and A, are both n? x n? matrices and, if we
think of them also as having rows and columns indexed by pairs, then we have
that (Al);’f = a;;0r and (Ag);’f = d;jar;. With this notation in place we are free
to observe that the commutation relations of the ¢;; can be succinctly expressed

as follows,
RT2T1 - TITQR.
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In [31, Section 4, pg 41] the following definition is given

Definition 4.1.1. Oy (Sk,) o) is defined to be the K -subalgebra of O4(M,) gen-
erated by the following quadratic elements,

m

Tij 1= Z(ti,Qk—ltj,Qk — qtiontjon—1).
k=1

This can also be expressed as,
X = (2ij)h<ij<n, X =TJT"

where J € Endg(K™) is the matriz of a “quantized”-symplectic form defined, in
terms of the e;; € Endg(K"™), as follows,

J =

<€2k—1,2k - q€2k,2k—1)-

m
k=1

The relations amongst the x;; are given in [31, Proposition 4.4],

Proposition 4.1.2. The z;; satisfy the following relations
;=0 fori=1,..,n, Ty = —quy; for1 <i<j<m,

RXQRtZXl == XlRtQXQR,
where R is an n® x n? matriz with rows and columns indexed by pairs (i, k), (4,1)
respectively, with entries given by (R™)% = RY,.
Finally, Noumi also makes the following definition [31, Remark 4.12], which can
be seen as a quantum analogue of Definition 1.5.2:

Definition 4.1.3. Let Q,, :={c € S,,: 0(2i — 1) < 0(2i) fori=1,...,m}.

1
[m] !

Pf(noy(n) := Z (=)™ 2 1yu(2) * * * Tu(zm—1)w(E@m)

wEQn

where l(w), the length of w, is the number of inversions in w,

Hw) =3 <jw(@) > w(j)}

and

=1+ .4 ¢"*D, [m]ga! o= T [*]go-
k=1

We note that this definition is valid only when [m]a! # 0. If we assume q is not

a root of unity then this is certainly the case.
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Example 4.1.4. We now see what this definition means in the case n = 4.

Pf (noy(4) = (T12%34 — qT13T24 + ¢ T14T23

[2]q4!
3 2 4
— " To4T13 + ¢ To3T14 + G T34T12).

Contrast this with the 4 x 4 g-Pfaffian given in Example 3.1.4 in the last chapter.

Remark 4.1.5. In making the above definition Noumi observes that

Phyv(n) = dety(T).

Since dety(T) is central in Oy(M,) and Oy(Skn)(noy s a subalgebra of O4(M,)
this yields the centrality of Pf,(voy in Oy(Skn)(vo). This does not invalidate our
result in the previous chapter since Pf,(no) is only defined when q is a non-root

of unity.

We now generalise Noumi’s definition, in the obvious way, to sub-qg-Pfaffians of

any (even) length.

Definition 4.1.6. Let 1 < i1 < iy < -++ < dgp < n for some 1 < h < m. Let
Qop = {0 € Sop, : 0(2i — 1) < 0(2i) fori=1,...,h}. For q not a root of unity,

. . 1 l(w
[21'-'22h](N0) = [h] 4! Z (_q) ( )xiw(l)iw(2) * Vi an—1)bw(2h) *
!

So from Noumi [31] we have the notions of the coordinate ring of “Quantum
Skew-symmetric Matrices” and of g-Pfaffians that are apparently distinct from
those of the previous chapter. The question arises as to how these rival concepts

are related. This matter is addressed in the next section.

4.2 The Equivalence of Strickland and Noumi

In Section 3.1, O,(Sk,) was presented abstractly in terms of generators and rela-
tions. In the previous section Og4(Sky)no) Was defined to be a specific subalgebra
of O,(M,,). We shall now show that these two objects are in-fact (under certain

conditions on ¢) isomorphic. First of all we show that, with no restrictions on g,

Proposition 4.2.1. There is an onto algebra morphism,
Oy (Sky) = Oy(Skn)(voy  given by a;j — x4

Proof. It suffices to show the x;; € Oq(Skn)(NO) obey the same relations as the
a;; € Oy(Sk,). Comparing the relations of the a;; given in Section 3.1 and those
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of the z;; given in Proposition 4.1.2 it is clear that if we can deduce relations
(3.1.1)-(3.1.6) from
RX,R”X, = X;R*X,R (4.2.1)

then we are done. Now, for a given (i, k), (j,[), (4.2.1) says,
(RX2R”?X,)% = (X1R*X5R)%.
Writing out what this means in full gives,

Y RBX)@R?)G(X)5 = D (X)) (R2)&M(Xa)eG R
a,b,c,de,f a,b,c,de,f
and then,
S RERSSedptpare = Y R REOuOectiaray.
a,b,c,d.e,f a,b,c,d.e,f
Taking into account the Kronecker deltas, we deduce,
> RERSmyre = Y Ry Rifwiary. (4.2.2)

a,b,d,e a,de,f

We now look to eliminate terms in (4.2.2) which are always zero, no matter the
value of (i,k), (j,1). To do this we translate the definition of R given in (4.1.1)

into a more usable form,

q, 1=j=k=1
L i=j#k=1

R]l =N G il<j—k (4.2.3)
0, otherwise.

We now examine the LHS of (4.2.2) taking into account (4.2.3). We see that
R% is nonzero when (a,b) = (i, k), (k,i); note that these two possibilities are
distinct only when &k # i. Suppose (a,b) = (i,k) then R*RY = RER! and
this is nonzero when (e,d) = (i,1), (l,7); once again note that these two cases
represent two distinct terms only when ¢ # [. We proceed in this manner, taking
into account all the possible cases, to eliminate all the terms on the LHS and
RHS of (4.2.2) which are identically zero. After some careful thought, we deduce
from (4.2.2) that,

R Rzlxklxw + (1 — (5 ) thklxl] + ( - 5Zk>PL Rklxllxkj
+ (1 — (Skl)(l — 6kz)R lel’zkl’l] Rijﬂxijxkl + ( - 5@)R§iR§§ZEZkZEﬂ
( 55])leRJZEllfL‘k]‘ + (1 - (5]'[)( (5k1)R R llElka‘l] (424)
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Recall the remaining relations from Proposition 4.1.2,
xy; =0 Vi, xj; =—qu;; forj>i. (4.2.5)

We complete the proof by examining (4.2.4) under various restrictions placed
upon the values of (i, k), (7,1), using (4.2.5) and (4.2.3) to simplify the resulting

equation.

(4, k), (G, 1) = (1), (4, 1), i<j<t:
(4.2.4) gives,

ii it ii it _ piipjt j pJt
ti tI it ptj
+ RtiRjtxitxij + RtiRjtxiimtj

qTitTi5 = XTjjTst.

This is relation (3.1.1).

(iak)7 (]7 l) — (Z.aj)v (]a t)a i <j <t:
(4.2.4) gives,

tJ it j it ij pjt ij pJt
Rinit-Tjtmij + Rintixjixtj + RjiRjtxitmjj + RjiRtjxijxtj

— piipit,. ... X = Y P Jt
= Ry R vijee + R R vir; + Ry

tj
Ry,
. .. q 2 .. . A2 .. . f— .. .
L jt L + qq TijTjt — q qTi5T5¢ = qTi5T 4t
_ ~2 ~ 2
Ty = (4 + 49 — 40 )i
xijxjt = q:zjtxij.

This is relation (3.1.2).

(1, k), (1) = (i, 8), (4, J), i<s<j:
(4.2.4) gives,

RERIx iy + RER xgw;; + RS R wy; + R R )
TsjTij + TijTsj = qTijTsj
Tsjlij = (q - Q)%’jﬁsj

ZL‘Z‘]‘ZL‘S]' = qxijij-

This is relation (3.1.3).
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(i,k), (4,0) = (4,),(J,t), i<s<t<j:
(4.2.4) gives,

is Dt 18 DIt 1S st is st
RiRyxani; + R Ryweityy + RGRywats; + R Ry Tisty
_ pispit,. sjpit.. .. ts Pt o oo stpli . ..
= R Ryvijre + Rj Rxistj + RigRywatsy + Ry Rywisay
. A 9 _ - . 9
TstTij — 4qTisTj + qTiTsj + " TisTj = TijTst — qQTisTej + qTiTsj + ¢ TisTyj

Tstliy = LijLst-

This is relation (3.1.4).

(i,k), (4,01) = (4,),(J,t), i<s<j<t:
(4.2.4) gives,

is it is Dt 1S st is 1St
R Rywsi; + RigRywsity; + RGRGwxs5 + RG Ry sty
_ R pity S pity o o PPl o L pstplio o
= Rj Rjwijrg + R Ryxisty + RGR3xats; + R RjwisTy
~ 92 ~ ~2 ~
TstTij + 4Q°TisTjt + qQTitTsj — 4 qTisTjt = TijTst + qTisTjt
_ ) . .
1T = Ty + (49" — 7 — Q)TisTj + Ty Ts;

TijTst = TstLij + qTTs;-

This is relation (3.1.5).

(i,k), (G, 1) = (i,5), (j, 1), i<j<s<t:
(4.2.4) gives,

is it is it is 1St 1S st
RiiRyxavi; + RigRyxaxy + RGRyxuts; + RG Ry w5y
_ pispity S pity o 4 RERUL o pstplio o
= R Rywijrg + R Rjwiswy + RGRvars + R RjTisty
~ 9 A 2
TstTij + 4Q°TisTjt — QqTiTjs — § qQTisTjp = TijTst
A9 9 A _
Taij + (09" — §°Q)TisTjt — QqTaTjs = TijTo

TotTij + qTisTjr — QQT3Tjs = TijTs
This is relation (3.1.6). O

Our proof of the existence of an algebra isomorphism between O,(Sk;,) and
O4(Sky) (o) relies upon the following well-known theorem ([31],[38],[32],[34],[30])
concerning the representation theory of U,(gl,). Before we state the theorem we
require some definitions. In what follows, unless stated otherwise, modules will

be assumed to be left-modules.
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Definition 4.2.2. Let M be a U,(gl,)-module. Let m € M. We say m is a
weight vector with weight A\ = (\y,..., \,), if, for s = 1,....,n, Lym = ¢*m where
As € Z. Furthermore, we say m is a highest weight vector if we also have that
Exm=0 fork=1,..,n—1.

Definition 4.2.3. Let M be a U,(gl,,)-module. We say M is a weight-representation
of U,(gl,,) if it has a K-basis of weight vectors.

Theorem 4.2.4. Let q be a non-root of unity. The finite-dimensional irreducible
weight-representations of U,(gl,) have the same indexing and characters as in
the classical case of GL,. That is any finite-dimensional irreducible weight-
representation of Uy(gl,) is isomorphic to some V(X) with A\ € P*; where V()
is the unique irreducible U,(gl,,)-module generated by a highest weight vector with
weight X\, P is the weight lattice for GL,, that is the free Z-module of rank n with
canonical basis (€;)1<j<n, and PT is the set of dominant integral weights in P,
that is

Pr={A=) A& €P: N> ..>)\}
s=1

We now require some results concerning the representation theoretic properties
of Oy(Sky) and Oy(Sky)(no)- So far we have not defined a U,(gl,)-action on
Oy(Skn)(noy- In [31] Noumi gives the Ugy(gl,)-bimodule structure of Oy(GL,,)
in terms of, so called, L-operators. It can be checked that these right and left
U,(gl,)-actions are exactly those that are specified explicitly in his earlier joint
paper [32, (1.35.a),(1.35.b),(1.35.c)]

Lyti = "t tiLs = q*it,;, (4.2.6)
Egtij = dg1,tij—1, tijEs = Ogitiv g, (4.2.7)
Fitij = 0g5ti j41, tijFs = ds41tiz1 ;- (4.2.8)

where the Ly, E;, and F; are the generators of U,(gl,) and the ¢;; are the gen-
erators of O,(M,,), thought of as a subalgebra of O,(GL,,) (we shall implicitly
regard O,(M,,) as a subalgebra of O,(GL,,) hereafter). With this U,(gl,)-action
O4(Sky)(no) is easily seen to be a right U,(gl,)-module. However the result we
shall use concerning the representation theory of O,(Sk,) is in the context of it
being a left U,(gl,)-module. This problem can be overcome, for there is in-fact
another subalgebra of O,(G L,,) which is isomorphic, as an algebra, to Oy (Sk,)(vo)
[31, Remark 4.5]. We shall call this algebra Oy (Sky){y,- It is defined by Noumi
to be the K-subalgebra of O,(M,,) generated by the quadratic elements y;; defined
by

Y = (Yij)i<ij<n, Y = T 1T, (4.2.9)
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The algebra isomorphism is given by x;; — v;;. This different subalgebra is indeed
a left U,(gl,)-module under the stated action. In [31] Noumi states the following

representation theoretic result relating to Og(Skn){y,)-

Proposition 4.2.5. [31, Remark 4.5] Let ¢ be a non-root of unity.
Let <Oq(Skn)'(No),detq(T)*l> be the subalgebra of Oy (GLy) generated by the y;;
and det,(T)~". Then we have the following multiplicity free decomposition as a

U,(gl,)-module
(Og(Skn)(o dety(T) ) = ) V()

\eP}

where

Py ={NeP:X=> by, byeNforr=1,..m-1andb, €L}

r=1

denoting the fundamental weights by A, = > 1 _, €.
We may use this result to prove the following decomposition of Og(Sky){y,-

Lemma 4.2.6. Let q be a non-root of unity. As a Uy(gl,)-module Oy(Skn){y,

has the following decomposition

Oy(Skn)ivg = @ VN

MePJ

where -
Pis={ e P:)\:ZbrAQT, b, €N forr=1,..,m}
r=1

and each irreducible component occurs with multiplicity one.

Proof. Now from (4.2.9) it follows that the y;; are given explicitly by

m

Yij = Z(t%,it%—l,j — q Ytop_1itan)- (4.2.10)

k=1
From (4.2.6) it follows that all the weights on Oy(Sk, )|y, are nonnegative. Fur-
thermore it easily follows from (4.2.6) that all positive weights in P} are possible

on O,(S kn)’( No)- The result then follows from the previous proposition. n

Remark 4.2.7. We note that this decomposition into irreducibles is exactly the
same as in the classical case (i.e. the coordinate ring of skew-symmetric matrices

decomposes as a GL,-module into irreducibles indexed by Pds [18, Proposition

4.2]).
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We now turn to O,(Sk,). Strickland proves that it too decomposes analogously

to the classical case.

Proposition 4.2.8. [38, Proposition 1.3] Let q be a non-root of unity. As a
U,(gl,,)-module Oy4(Sk,,) has the following decomposition

O,(Sk.) = €D V(N

AePE
where each irreducible component occurs with multiplicity one.

Remark 4.2.9. We note that this is not the phrasing of the proposition as stated
in [38]. However it is exactly the same result translated into the notation we are

using.
We are now in a position to prove the following,

Proposition 4.2.10. For g not a root of unity,
O,(Skyn) = Oy(Skn) (vo)-
Proof. We have the following onto algebra morphism by our work above,
U Oy(Skn) = Oy(Skn)(no,) given by —aij = yij.

One can check from (4.2.6)-(4.2.8) and (4.2.10) that U,(gl,) acts on the y;; in
exactly the same way as it acts on the a;; (as given in (3.1.10)-(3.1.12)). Hence ¥
is clearly a U,(gl,)-module morphism. It follows that KerV is a U,(gl,)-module.
Suppose Ker® # 0. Then by Proposition 4.2.8 there must exist a v € Pgg
such that V(y) C KerV, where V(y) is an irreducible U,(gl,)-module that oc-
curs once in the decomposition of O,(Sk,). That is U(V(y)) = 0. But by
Lemma 4.2.6 Oy(Skn )y, has the same decomposition into irreducible Uq(gl,)-
modules as O,(Sk,), with each irreducible component also occurring once. So
U(V(y)) = 0 contradicts the surjectivity of W. Hence Ker¥ = 0 and we have

shown that ¥ is an isomorphism. O

Now that we can view the z;; and a;; interchangeably (for ¢ not a root of unity)
we may apply our original definition of a g-Pfaffian, Definition 3.1.2, to the x;;
and ask whether it is related to Noumi’s g-Pfaffian. We first consider the case
n =4.

Lemma 4.2.11. For q not a root of unity,
[1234] (o) = [1234].
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Proof.

[1234](1\/0) = (1234 — qT13T24 + 14703

[2] q* !

3 ) 4
— °T24T13 + ¢ Ta3%14 + ¢ T34T12).

We rewrite this using (3.1.5), (3.1.4), (3.1.6), and Definition 3.1.2,

[1234] (o) = 2 ([1234] — ¢* (713794 — (T14T03) + ¢° 14723
!
+ ¢ (T12%34 — (T13%24 + qGT14T23))

1

= 2. ([1234] + q4(a:12w34 — qT13T24 + q2$14$23))
!
1

=gt )[1234]

— [1234].

We now prove that the two g-Pfaffians are equal in general.

Proposition 4.2.12. Let 1 < iy < iy < -+ <9, < n for some 1 < h <m. For
q not a root of unity,
[i1.. G2n) (No) = [i1---T2p].
Proof. We proceed by induction on h, the base case h = 1 being trivial. We
note that the proof of Lemma 4.2.11 translates directly into a proof of the case
h = 2. So we may assume h > 2. With this assumption in place we now prove
the general inductive step. By definition,
[i1-i2n] (o) = ! Z Zw(l)iw@) " Ty (2m— 1y b (2m)
weQy,
Recalling that €, := {0 € S, : 0(2i — 1) < ¢(2¢) for i = 1,...,m} allows us to

rewrite the above equation as,

2h—1 2h
T —)@.
[i1.i2n] (Vo) = 4, E E Ligij E (—9) Li@yiwa) " Liwn-1)iwzh)
s=1 j=s+1 wENap,
w(l)=s
w(2)=j

(4.2.11)
We will attempt to rewrite the sum in brackets in such away as to allow us to
apply the inductive hypothesis. Fix w(l) = s < j = w(2). Let (l1,...,lop—2) =

(il, ..,is, ..,ij, ..,igh), that 1S,

I, 1<k <s;
Iy, = ik+1, s<k< 7 —1; (4212)
ko, J—1<k<2h—2.
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Define w’ € Q9,,_5 by

w(k + 2), I1<wk+2) <s
w(k)=<¢ wk+2)—1, s+1<w(k+2)<y; (4.2.13)
wk+2)—2, j+1<w(k+2)<2h.
)

We will now express [(w) in terms of [(w'). By definition,

l(w) =#{i < j:w(@) > w(j)}
This can be expressed equivalently as,
:=§E#{w@)<UKH:T<tL
S0, -
Hw) =#{w(t) <w(l): 1<t} +#{w(t) <w(2):2 <t}
+ i #{w(t) < w(r) v <t}
s
We are assuming that w(1) = s < j = w(2), so we have,

l(w)=#{w(t) <s: 1<t} +#{w(lt) <j:2<t}
+Z#{w ) <w(r+2):r+2<t}

Now the relative ordering of w(3), ..., w(2h) is “the same” as w'(1),...,w'(2h — 2)
by definition of w’. So

2h—2 2h—2
Z#{w <w(r+2): 7"—|—2<t}—z#{w (t) <w'(r):r <t}
r=1
Hence,
2h—2

(w)=(s=1)+ (G -2+ > #w' ) <w'(r):r <t}
r=1
But by definition of [(w’) this is just,
l(w)=1(w)+s+j—3. (4.2.14)

Using (4.2.12), (4.2.13), and (4.2.14), we may rewrite the sum in brackets on the
RHS of (4.2.14) and deduce that,

[7;1-~-7;2h](N0)
2h—1 2h
}: }: Q) 3, 2 : (—q)!™z e
4[ isij q Lt (1ylw! (2) Lt (2n—3)lw! (2n—2)
s=1 j=s+1 w' €Qop_o



By the inductive hypothesis it follows that,

2h—1 2h
(i1 ian] , Z S (=) B wi, ((h = plfldona])
T os=1 j=s+1
SO,
B 1 4| 2h—1 2h
[legh]( = Z Z S+J_3l'l‘sij[il..is..ij..igh].
s=1 j=s+1

Writing the s = 1 term separately we have,

[il---iQh](No)

1 2h A 2h—1 2h ‘
= e <Z(_q)]—2xi1ij [i9..15..195] + Z Z (—q)*H 3, [il..is..ij..igh]> :

q j=2 5=2 j=s+1

and by Definition 3.1.2 this is just,

2h—1 2h
. . 1 . . S y . ~ e .
[Zl-"ZQh](No) = [h] . ([“---hh] + Z Z (—q) + 3$i5ij Zl..ZS..’lj..’lgh}) . (4215)
q

s=2 j=s+1
Suppose
2h—1 2h
Z Z (—q)s+]_3$isi]. [21251]7,2}1] = q4[h 1] [ lgh] (4216)
s=2 j=s+1

Then (4.2.15) would give,

1
h

[i1-~-i2h](No) = ([2122}1] + q4[h 1] [ Zzh])

i

—
—

q

= g ] (1 ' = 1))

—_

[N

—
—

—_

=5 [igoion] (L4 ¢ (14 ¢* + ... + ¢02))
q

hlq

L
) (Bl

il...igh],

—
—

N

—_

[i1..don) (1 + ¢* + ... + "7 D)

—

i

—

IS

—

and the proof is complete. So it suffices to prove (4.2.16).

Now, writing (I1, ..., lon_2) = (i1, ., 45, , 14, .., 421) allows us to express the LHS

of (4.2.16) as follows,

2h—1 2h 2h—1 2h
Z Z (—Q)SJH*SI’Z'SZ‘J, Z1252]22h] = Z Z (—Q)S+]7dl’isij [ll...lgh,Q].
s=2 j=s+1 5s=2 j=s+1
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Using Definition 3.1.2 this gives,

2h—1 2h
S+—3 . ~ ~ .
E E (—q) J JTiSij[Zl..Zs..Zj..Zzh]
s=2 j=s+1
2h— 2h  2h—2
_ s+j+r—5 i
= E —q) Ty g w, lyd don—o]
s=2 j=s+1 r=2
2h— 2h  2h—2
_ 8+ +T'_5 . ~ ~ > .
= (—q)*™ Tii; Tigt, (T2l 1y L on ).
s=2 j=s+1 r=2

(4.2.17)

We proceed by rewriting the RHS of (4.2.17) in terms of ordered monomials. Now
i1 < is < ij and i3 < [, so when we rearrange r;,%;,;, there are three cases we
must consider:

(Z) <l <is< ij by (316), Tigij Tisl, = Tiyl,Ligi; — qTiyig Tl + QqTiyi; Tl -

(Z’L) il < ’is < lr < ’ij by (315), xisijxillr = xhlrxisij — qAxilijl'islr-
(ZZZ) 1 <, < ij < lr by (314), TigijTigl, = Tigl, Tigij-

So we can see that when written in terms of ordered monomials the RHS of

(4.2.17) is a sum of terms of the form
xiliaxibic [Z2Z;val;l2h]

witha =2,...,2h, b=2,....,.2h — 1, and ¢ = b+ 1, ..., 2h. For a given (a,b,c) we

now calculate the coefficient of such a term in each of the three appropriate cases.

a<b<c:
Examining (i) — (#i7) we see that the only term that arises occurs in (i) when

(g, b, 0c) = (Ir,45,%;). In this case r = a so the coefficient is

(_q)s+j+r—5 _ (_q)a+b+c—5'

b<a<c:
There are two such terms that arise. One occurs in (i) when (iq, i, ic) = (is, I, 75)

with coefficient —¢(— q)S+J+’“ 5.

; in this case r = b. The other occurs in (i) when
(tay by ic) = (lp,is,15) with coefﬁment (—q)**7*=5; in this case is < I, < i S0

r =a — 1. So overall the coefficient is
(_q>a+b+c—6(qqA + 1) — (_q)a+b+c—4‘

b<c<a:
Three terms of this form arise. One occurs in () when (i4, 4, .) = (i, 1, 5) with

coefficient qG(—q)***"=5; in this case r = b. The second occurs in (ii) when
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(Gayipy i) = (ij,1s, 1) with coefficient —g(—q)*™"~?; in this case is < I, < is S0
r = ¢ — 1. The third occurs in (i74) when (iq, i, %) = (I, is,%;) with coeflicient

(—q)¥T777=5: in this case i, < ij <l sor =a— 2. So overall the coefficient is

(_q)a+b+c77(q3q+ qé+ 1) — (_q)a+b+cf3_

5, a<b<c
So, defining . = ¢ 4, b<a <e¢; , wemay deduce from (4.2.17) and the work
3, b<c<a.
just done that,
2h—1
S+ _3 . Y Y .
E E J J%Sij[ll..ls..lj..lgh]
s=2 j=s+1
2h 2h—1
a+b+c_0a c . ~ e e .
= g E g P Xy ia Tiyic[12--La-Tp--Tc--Ton)
a=2 b=2 c=b+1
S0,
2h—1 2h
S+ _3 . e e .
E E (—(]) J misij [Zl..Zs..Z]’..ZQh]
s=2 j=s+1
2h 2h—1 2h
_ a+2 b+c +2 - TT
= E Tijig E E Oave )Zﬁbic[ZQ..Za..Zb..ZC..ZQh].
a=2 b=2 c=b+1
Writing (w1, ..., usn—4) = (92, -, Tay -y by -+y Gey -, o) and using the inductive hy-
pothesis gives,
2h—1 2h
S+ _3 . e e .
E E (—Q) J misij [21..Z5..Z]’..22h]
s=2 j=s+1
2h 2h—1 2h
a:2 b=2 c= b+1
1
E — )l .
x [h _ 2] n ( q) xuo(l)ua(2) xua(2h75)u0(2h74)]' (4'2'18)
1" 0€Qop_y

Now let (vy, ..., v9n_2) = (i2, .., %q, .., ion) and define o’ € Qy,_y so that Vor(1) = I,
Vg!(2) = le, aNd Vgr(py) = Ug(r—2) for 7 > 2. Then,
2h—2

- Z #{o'(t) <o'(r):r <t}
=#{o'(t) <o’ (1): 1 <t} +#{o'(t) < d'(2): 2 < t}

2h—2

+ Y #{o(t) < o'(r) <t}
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and similarly to our earlier calculation of I(w) we find that,
(o) =1(0) + #{co'(t) < o’(1) : 1 <t} + #{o'(t) < 0'(2) : 2 < t}.

Since (Ul,...,Ugh_Q) = (ig,..,i;,..,igh) and Vor(1) = ib, Vo' (2) = ic the value of
#{o'(t) < o'(1) : 1 <t} +#{o'(t) < 0'(2) : 2 < t} will depend on the relative

ordering of a, b, c.

a<b<c: o)
b<a<c: o)
b<c<a: o)

l(o)+(b—3)+ (c—4).
l(o)+ (b—2)+ (c—4).
l(o)+ (b—2)+ (c—3).

So, l(c") =l(0) + b+ ¢ — (Oapc + 2). Hence from (4.2.18) we may deduce,

2h—1 2h
S+—3 . ~ ~ .
E E (—q) J Z)L'Z'Sij[ll..ls..lj..lgh]
s=2 j=s+1
2h 1 2h—1 2h
_ a+2
—E (—q) %z‘a—[h_z] N E E [Ty X
a=2 T p=2 c=b+1
E — )@ e
X ( Q) on"(S)’Uo"(él) xva’(2h73)fuo/(2h72)]’

o' €Qap 2

Vgl (1)=1b

’L)U/(Q):ic

and so,
2h—1 2h
+_3 . ~ ~ .
E g (—q)"7 7wy, i1 is. . 0]
s=2 j=s+1
2h 1
_E:_a+2”— E —q)@)
- ( q) Litia [h o 2] 4 ( q) x”a’(l)”a/@) xvo’(2h73)vo’(2h72)
a=2 - g’ €Qop_o

By the inductive hypothesis applied to the sum in the brackets we have,

Z Z (_q)8+j 3xisij [Zl..ls..lj..’LQh] = Z(—q>a+2$ilia[h—zfl[vl...vgh_g]
s=2 j=s+1 =2 — 4t
2h
= ¢'[h— g > (@) i, liz- 1o, .i2]
a=2

= ¢"[h — 1 g[i1...i2n).
So (4.2.16) is proved and we are done. [
Corollary 4.2.13. For q not a root of unity,
Pf, = Plyo)-
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Remark 4.2.14. We end this section by noting that, when q is not a root of
unity, we are now in a position to view Oy (Sk,) as a subalgebra of O,(M,). It
is natural to ask what properties of O,(Sk,,) can be deduced from its relationship
with Oy(M,,), a much-studied object. We give one answer to this question in the

next section.

4.3 Another Laplace-type Expansion

Laplace expansions for quantum minors in O,(M,,) are well known [32]. We use
these known expansions and our realisation of O,(Sk,) as a subalgebra of O,(M,,)
to produce a Laplace-type expansion for g-Pfaffians which mirrors a classical re-

sult.

Let us first fix some notation. For I = {iy < ... < i, },J = {j1 < ... < j.} C
{1,...,n} let & denote the quantum minor of O,(M,) with rows I and columns
J. That is,

I ._ (o
fJ = Z (_Q) ( )thja(l) o 'tirja(r)'

oES,

Define the symbol sgn,(I; J) as follows,

0, if INJ#0;
sgnqg(1; J) —{ (_q)l(I;J) HINJ=10

where
U T) = #{(,J) i € Lj € Ji> g
Finally, for I = {i; < -+ <9} C {1,...,n} we denote [i;...ig;] by [[]. With all

this notation in place we may begin to gather the necessary results for our proof.

Proposition 4.3.1. Let g be a non-root of unity. For I = {i; < --- < iy} C
{1,...,n}.
m(No) = Z ££k171,2k1,...,2kT71,2kr’

1<k < <kr<m

Proof. From Noumi [31, (4.43) and (4.59)] we have that,

Z (Uh N Uj1 AN Uy, A Uj'r' & xl1j1"'xl7»jr)

L<jis..5ler<jr
_ | S81...82p
= [r]qa! E (1151 A AUy, @ E €2k11,2k1,...,2krl,2kT) (4.3.1)
§1<--<82p 1§k1<"'<kr§m

where the v; are the canonical generators of the quantum exterior algebra /A q(V)

with relations
v ANv;=0(1<i<n) and v; Av;=—qu; Av; (1 <i<j<n).
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Rearranging the LHS of (4.3.1) into a sum of terms of the form vy, A... Avg,, with
s51 < -+ < 89, and then equating the term v;; A ... A v, & * with the respective

term on the RHS gives us the result. O

The known Laplace expansion of O,(M,,) that we shall use is taken from [32]. We
note that in that paper the ground field is taken to be C however the argument

used is valid over any field.

Proposition 4.3.2. [32, Proposition 1.1] Let r,ry,rs be positive integers with
1<r<mnandri+ry=r. Let I and J be subsets of {1,...,n} with #I = #J =r.
Let Ji, Jy be subsets of J with #J, = r1,#Js = ry. Then,

Sgnq(J1§J2)§§ = Z (_Q)l(h;b)fifi;
IUlo,=1
where the summation ranges over all partitions Iy U Iy = I such that #1, =

7’17#—7227’2'

Finally, before we proceed, we state the following combinatorial result taken from
[37, Proposition 1.3.17] which we will need,

Lemma 4.3.3. Let G,,4 = {(a1,....,an) : d of the a; are 0 and m — d are 1}.
For m = (ay, ..., am) € Gpa define inv(m) = #{i <j:a; > a;}.

m _ 4inv(7r).
HIRPR

Tl'GGmyd
m L [m] 4!
where {d](# = —[d]q4![nf_d]q4!.

We now have all the tools necessary to prove the main result of this section.

Proposition 4.3.4. Let g be a non-root of unity. Let n =2m. Let 1 < d < m.

m o

{d] 4 Pf.(n) = Z (=) [o(1)...0(2d))[o(2d + 1)...a(n)].
! 0(1)26--%0(2(1)
o(2d+1)<--<o(n)

Proof. Fix 1 < d < m and let s = m — d. The following summation will be

restricted to disjoint subsets I, J of {1,...,n}. Now,

Y NI = Y (=" e v,
#I=2d #I=2d
#J=2s #J=2s
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using Proposition 4.2.12. We now apply Proposition 4.3.1,

> (=) )

#I=2d
#J=2s

= Z (_Q)Z(I;J) < Z §5k1—1 ..... de> ( Z 55]11—1 ..... 2ls>a

ﬁ{]:?d 1<k1 < <kg<m 1<li<-<ls<m
=2s

rearranging the RHS gives,

Z (_Q)Z(I;J)[IHJ] = Z Z (—Q)I(I;J)&Ikrl ,,,,, 2kdfé]zrl ..... 21,

#1=2d 1<k1<--<kg<m \ #I=2d
#J=2s 1<hi<---<ls<m #J=2s

An application of Proposition 4.3.2 gives,

S (=B = Y sgng(K L&,

#1=2d 1<ki <--<kg<m

#J=2s 1<l <--<ls<m
where K = {2k; — 1,2kq,...,2kg — 1,2k,} and L = {21y — 1,20y, ..., 21, — 1,2l,}.
Now & = det,(T), so,

.....

> (=)L) = > (=)' | det,(T),

#I1=2d 1<ki1 < <kg<m
#J=2s 1<li<-<ls<m
KNL=0

applying Remark 4.1.5 gives,

> (=] = Yo (=)' | Pl

#I1=2d 1<k1 < <kg<m
#J=2s 1<l <-<ls<m
KnL=0

Using Proposition 4.2.12 we can deduce,

Y (=) = . (PP, (4.3.2)

#1=2d 1<k1 < <kg<m
#J=2s 1<lhi<-<ls<m
KNL=0

Now, recalling that we are restricting our summation to disjoint subsets I, J of
{1,...,n}, it is not hard to see that,

> = Y (=0 @lo).o2d)[o(2d + 1)...0(n)).
o 5,

(4.3.3)
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Combining (4.3.2) and (4.3.3), all that remains of our proof is to show,

> o[

1<k <-<kg<m
1<li<-<ls<m
KNL=0

We use Lemma 4.3.3 to reduce the problem to showing that,

Z (—q)' L) = Z )

1<k < <kqg<m WEGm’d
1<l < <ls<m
KNL=0
Now
)
(K;L) _ (KK
> ()P =y (—q)!5m),
1<k1 < <kg<m 1<k1 < <kg<m
1<hi<<ls<m
KNL=0

where K = {1,...,n}\ K. We can define a bijection between &,, g and {(ki, ..., kq) :
1<k <--+ <kqg<m} in the following obvious way,

{(kla"wkd):1§k1<"'<kd§m}—>6m,d

(k‘l, ceey k‘d) > T,

where

0, if ¢ = k; for some j;

Thyody = (A1, ooy Q),  With ai:{ 1 otherwise
, )

So clearly all that remains to be shown is I(K; K) = 4inv(my, . x,). For clarity

.....

let us recall the following notation,

K = {2k — 1,2k, ..., 2kg — 1, 2k,},
K =1{2l, —1,2,...,21, — 1,2l,}.
0, if i = k; for some j;

1, if ¢ =[; for some j,
{l, ..., s} partition {1,...,m}. Hence,

since {ky,...,kq} and

Therefore we may write a; = {

inu(Thy k) = #{0 < J:a; > a;}
:Z#{j<r:a]~>ar}
r=1
d
= #{jki> 1} (4.3.4)
i=1
By definition,

(K;K)=#{(k,]): ke K,l € K,k>1}.
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The RHS of this equation, taking into account the definitions of K and K, may

be expressed as follows,

d
(KGR =Y (#{j L2k > 25} + #4{) : 2k > 21, — 1}
=1

A 2k — 1> 2+ G 2k — 1> 20— 1}). (4.3.5)

Now
ki > 1; < 2k > 2l; < 2k, — 1> 20, — 1

and since k; and [; are distinct integers we also have
l{iz>l]<:>k'2—]_/2>lj<:>2]€l—].>2lj

and

So (4.3.5) may be rewritten as,

d
WK K) =4 #{j ki > 1},
=1

and so by (4.3.4),

]

Remark 4.3.5. We note that this result serves as a g-analogue for Proposi-

tion 1.5.6 which holds in the classical case.

90



Chapter 5
Further Properties of O,(Sky,)

In the classical case, relations amongst Pfaffians are central to the understanding
of skew-symmetric matrices and so-called “Pfaffian varieties”. In-fact, in papers
such as [7, Section 6], [2], and [11], the use of such relations is key. In the
quantum world much work has been done on understanding quantum matrices
and the associated quantum determinantal ideals through the use of quantum
minors, and here too establishing relations amongst the quantum minors, as done
in [33] and [16], plays a central role. We note that in [16] an analogous result
to Conjecture 3.6.4 is proved. It is only natural, therefore, to look for similar
results for quantum skew-symmetric matrices. In this chapter we concentrate on
investigating the structure of O,(Sk,,) in terms of the relations amongst the set
of g-Pfaffians.

5.1 Commutation Relations

We first establish commutation relations between the generators of O,(Sk;,) (that
is length-2 ¢-Pfaffians) and g-Pfaffians of arbitrary size. It will prove expedient,
in-order to clearly phrase the forthcoming proof of the relations, to first define

the following terminology.

Definition 5.1.1. Let I = {b; < -+ < by} C {1,....,n}. We say there is a
gap in [ at s + 1 if by # bs + 1 for some s < m. The gap is of length k if
bst1 = bs+ (k+1). The initial string of I is by < --- < bs where bj 1, =b; +1 for
1 < j < s and either s = m or there is a gap in I at s+ 1; in this case the initial
string 1s of length s. If there is a gap in I at s+ 1 then the string in [ at s+ 1
i8 bgyr < -+ < by where bjy 1 =b; +1 for s+1 < j <t and either t = m or there
is a gap in I at t + 1; in this case the string is of length (t — s). For an integer
1 < j < n we will say that j lies in the string in I at s + 1 if 7 = b, for some
s+1<r <t wherebgy < --- < b is a string in I (with the obvious adaptation
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to the case when j lies in the initial string of I). Similarly we will say that j lies
inagapin [ at s+1 if thereisa gap in I at s+1 and by < j < bsr1. We will drop
the suffix “at s + 17 when using all of the above terminology if it is unimportant
or obvious from the context. Finally, we will use phrases such as “the first gap of
17 or “the gap after the second string of I” where the implicit ordering of strings

and gaps involved is the canonical ordering induced by the ordering of N.
With these definitions in place we may proceed to prove the following result.

Lemma 5.1.2. Let i,j € {1,...,n} withi < j and I = {by < -+ < by} C
{1,...,n}, where m > 2 is even. Recall that we denote [b;...b,] by [I].
(a) If i,5 € I, then
[ig][1] = [1][z4]-
(b) If i,j & I, then

[i]1] = U[E] + G Y (=)' PRI U {53\ (k)]

kel
k>j

=) (=) IR U i)\ {k)]

kel
k<1

Z @)1 GO0 g] [T {3, 53\ {7, 5]

r.sel
T<i,s>j

(c) Ifi ¢ I,jel, then

(i) = q[Nlig) = 4> (=a) "Mk U (i} \ (k).

kel

k<i
(d) Ifiel,j ¢ 1, then
[i)10] = g [1lig] + @ Y (=)' VPRI U {5} {R}].
i

Before commencing with the proof we make the following remark, reminding

ourselves of an important point.

Remark 5.1.3. Throughout the proofs in this chapter we will be using the U,(gl,,)-
action on Oy(Sk,) to form inductive arguments and so we should technically
require q to be a mon-root of unity. Recalling Remark 3.4.1 we see that we may

drop this restriction on q.

Proof. (a) There is a K-algebra isomorphism

O,(Skm) = K(ap.:r,c € I) C O,(Sky,),
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sending Pf,(m) to [I]. So by Proposition 3.5.3, in which the centrality of Pf,(m)
in O,(Sk,,) is proven, part (a) follows.

(b),(c),(d) Our first remark is to note that for m = 2 these relations are just the
defining relations of O,(Sk,) given in (3.1.1)-(3.1.6). To prove the more general
case we start with the specific commutation relations established in Lemma 3.5.1
and Lemma 3.5.2. We note that the proofs of Lemma 3.5.1 and Lemma 3.5.2
only rely on the relative orderings of 1,2 and the [;. So in-fact Lemma 3.5.1 is
an instance of relation (b) in the case ¢ < j < by and Lemma 3.5.2 is an instance
of relation (c) in the case i < j = by. Fix [I]. We know that [ij] and [I] satisfy
the required commutation relations when ¢ < 57 < b; and ¢ < j = b;. Given these
established starting points we will use the action of U,(gl,) on O,(Sk,) to form
an inductive argument proving that [ij] and [I] satisfy the appropriate relation
forall 1 <i < 7 <mn. We do this by first holding ¢ < b; fixed and using the action
of the Fi’s (3.1.11) to ‘move j along’, that is from cases where we know that [ij]
and [/] satisfy the appropriate relation we will use the Fi-action to deduce that
[i,7 4+ 1] and [] satisfy the correct relation. Once we know that the appropriate
commutation relation holds between [I] and [ij] for all 1 <i < j <n with i < b;
we will then hold j fixed, with either j € I or j ¢ I, and ‘move i along’, so that

we can deduce that [/] satisfies the correct relation with [ij] for all 1 <i < j < n.

Until stated otherwise ¢ < by:

For the sake of clarity let us just repeat the specifics of the situation. I is fixed.
We also fix i < b;. We want to show that [I] and [ij] satisfy the appropriate
relation (that is either (b) or (c) since ¢ ¢ I) for all i < j < n. Given that
we know [/] and [ij] satisfy the right relation when i < j < by and i < j = b;
(that is when j comes before I and when it lies in the first place of the ini-
tial string of ) we will use the Fj-action to ‘move j along’ and show that the
right relations hold for all j. We note that (b) and (c) are simplified in this case

since the fact that ¢ < b; means that in both relations there are terms that vanish.

Our first step is to move j along the initial string of I. We will prove by in-
duction on the length of the initial string of I, call this r, that if j lies in the
initial string then [ij] and [I] satisfy relation (c¢). The case r = 1 is already done
since then 7 = b;. We turn to the inductive step. Assume that [ is such that

r = k + 1. Then inductively we know that [ib;] and [I] obey relation (c) for
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t=1,...,k, so in particular we have,
(1] [1] — q[1][ibg] = 0.

Recalling the comultiplication defined in (3.1.9), we act on this relation by Fj,,

Fy, ([ibe]) Ly, Ly, 41 ([]) + [ibe] By, ([1])
— aFy, ([1]) Ly, Loys1 ([i0x]) — qlI] Fy, ([ibi]) = 0.
Throughout this proof we will use (3.1.11), Lemma 3.1.5, and Remark 3.1.6 to
work out the various Fs-actions. In this case, noting that by + 1 = byyq € I, the
equation simplifies to,
[ibk1][1] — q[I][ibg+1] = 0,

which is relation (c), since ¢ < b;. So the inductive step is complete.

We turn next to moving j off of the initial string of /. Suppose I has initial
string by < -+ < b.. We show by induction on r that [i,b, + 1] and [I] satisfy

relation (b). From above we know,

Acting on this relation by Fj, gives,

By, ([ib,]) L Loy 1a ((1]) + [ib,)Fy, (1)
— By, (1)) Ly, Lo, o1 ([ib,]) — ql1) By, ([ib,]) = 0.

As before we use (3.1.11), Lemma 3.1.5, and Remark 3.1.6 to simplify. Since
b, + 1 ¢ I it follows that,

q i, b+ 1[I+ [ib ] [TU{b, + 13\ {b,}] = [TU{b, + 1} \ {b, }][ib,] — q[I][i, b +1] = O.

Multiplying through by ¢ and rearranging gives,

[i, b, + 1][I] — ¢*[1][i, b, + 1]
= —q([ib ][I U {b, + 13\ {b,}] = [T U {b, + 1} \ {b,}][ib,]). (5.1.1)

Consider the base case r = 1. Then IU{b,+1}\{b,} = b1+1 < by < --- < b,. We
are assuming in this section that ¢ < b; so ¢ < by +1 and we may use Lemma 3.5.1

(translating it into the appropriate form) to say,

[ba] [T U {by + 13\ {ba}] = [T U {by + 1} \ {bs }][il1]

=g > ()OO N ODGRITU (b 1)\ (k).

kelu{bi+1}\{b1}
k>b1
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Substituting this into the RHS of (5.1.1) with r = 1 gives,

[i,by + 1][I] — ¢*[1][, by + 1]

=—q§ Z (=) CrONUEABFINIIG R T U {by + 1} \ {k}]

kelU{b1+1}\{b1}
k>b1

q(j[i, bl + 1][1]

/B DN C)

keIU{bi+1}\{b1}
k>b1+1

(b YNNI T U {by + 13\ {k}].

Since {k € ITU{bi +1}\ {1} :k>b+1} ={kel:k>0b +1} we can rewrite

the index of the summation on the RHS; together with rearranging this gives,

¢*[i; by + 1] = ¢*[1][i, by + 1,]

——gq Y (—q)ORnaIOENODIE] TG {by + 13\ (k)]
k241
(6, by + ][] —[1][i, by + 1]
e Z )| CrONEHbHINDIG R T U {by + 13\ {k}]
k:>kbe1[+1
Z AU U by + 1)\ {k)]
iy Z (_q)l(bﬁlvk)ﬁ”[ik] [TU{br + 13\ {k}]
kel

where the last equality holds since |(by+1, k)NI| = [(by, k)N(LU{b1+1}\{b: })|—1.
The above equation is relation (b), as required. So the base case of our induction
is done and we turn to the inductive step. Now I U {b,. + 1} \ {b.} has initial
string of length » — 1 and b, = b,_; + 1, so by the inductive hypothesis we have,

[ibe] [T U {br + 13\ {0r}] — [T U {br + 13\ {br }][ibr]

=g Z (— ) CrPNAUAb AN DGR U {b, + 11\ {kD].
keIu{b,+1}\{b,}
k>by

We can now substitute this into the RHS of (5.1.1) and the rest of the proof of
the inductive step follows in an exactly similar manner to the » = 1 case. So we
have shown that we can move j off of the initial string of I and the appropriate

relation (in this case relation (b)) is satisfied.

Next we turn to moving j along the first gap in /. We have just shown that

if j lies immediately after the initial string, by < --- < b,, of I then [ij] and [I]
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satisfy relation (b). With this as the base case, we will now show by a quick
induction on k that relation (b) is also satisfied if j = b, + k, for any k£ > 1 if
r =m or for any 1 < k < p if the first gap in I has length p. We now prove the
inductive step. Suppose j,j + 1 ¢ I. For the inductive hypothesis we assume,

(i) = [1[i] = @ ) (=)' OPMk] [T U {53\ (k). (5.1.2)

We proceed by acting on this by Fj. Let us once again remind ourselves of (3.1.9),
A(F}))=F;® L 'Ly +1® Fj.
Since j,j + 1 ¢ I it follows that,

Fy (1) =0,
L Ly (1)) = 1),
F(TU {7\ () = [TU (G + 11\ {8},

for k such that & > j and k € I. Hence acting on (5.1.2) by Fj gives,

iy + 1] =[5+ 1] = ¢ (=) POMERIT U {j + 13\ (k).

Since j,j + 1 ¢ I it follows that [(j,k) N I| = |(j + 1,k) N I|. So we may rewrite

the above equation as,

(i g+ ] =[G+ =6 Y (=) OPMERITU {7+ 13\ (K],
K55+

This is relation (b) (since we are in the case i < by).

If I contains more than one string, then for our proof of the case ¢+ < b; to
be complete we must show that we may ‘move j from a gap to a string’. We do

this now. Suppose j ¢ I and j + 1 € I and assume inductively that,

(i3] = [1[if] = ¢ Y (=)' PPMI[k] [T U {53\ {k}].

kel
k>j

As usual we act on this by F} giving,
qli, g + 1] = [][i, 5 + 1] = qli, j + 1][1]. (5.1.3)

To see why this is so, the main point to note is that, since j4+1 € I, by Lemma 3.1.5
it follows that unless k = j + 1,

Fy ([TU{3 \{k}]) =
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and if k = j + 1 then,
F (TU{g3 \ {k}) = [1].

Simplifying (5.1.3) results in,
(i, 5 + 1] = ql1][i, 5 + 1] = 0,

which is relation (c) as required.

We have now done enough to show that we may deduce that [I] and [i,5 + 1]
satisfy the appropriate relation from the knowledge that [I] and [ij] do, for all
the possible transitions from j to j + 1. We should make clear that though tech-
nically we have only shown that we can move j off of the initial string of I, the
argument used can easily be adapted to work for moving j off of any string. All
that is required for the adapted argument to hold is that the appropriate relation
already be established for j lying in the gap preceding the string in question.
This will be so because of the way our proof is constructed, since we are ‘moving
j from low to high values’. So one can see that the work done above allows us to
make the transition from j to 7 + 1 no matter if this keeps us in a string, takes
us from a string to a gap, keeps us in a gap, or takes us from a gap to a string.
This is all that is required to finish the case i < b;.

We now turn to more general cases where we allow the possibility that ¢ > b;.

We now know that the appropriate relation is satisfied by [/] and [ij] for any
1 <1i < j < n with the condition that ¢ < b;. So we will now think of j as fixed
and from the known cases, that is from the cases ¢ < by, we shall ‘move i along’
to deduce the required relations for any ¢ < 7. The details of this process will of

course depend on whether j lies in I or not.

jé¢rI
As noted at the beginning of the proof the cases when 5 < b; have been done

in Lemma 3.5.1. So we shall assume that j > b;. We will initially make the
assumption that by > 1 so that we may use the work done in the previous section
to form the base case of an inductive argument. That is, so we have something

to ‘move ¢ along’ from.

Our first step is to show that we may ‘move ¢ onto the initial string of I’. The

work done above shows that [ij] and [I] satisfy relation (b) for all i < b;. Since
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by > 1 it follows that 1 < b; — 1 < by so we know,

by = L] = [ = 1,5] = ) (=)' WPy = 1K1 U {53\ {k}].

kel
k>j

Noting that F,,_; kills [/] and [/ U {j} \ {k}] where & > j > b;, we act on the

above equation by Fp, _; giving,

q[buf)[1] = [b1g) = ad Y (=)' P [bik][1 U {53\ {K)].

kel
k>j
Dividing by q gives,
L)) = a0 [b1d) = @ Y (=) [b k[T U {53\ {k}]
3

which is relation (d) as required.

We next turn to moving ¢ along the string. Suppose 7,7 + 1 € [ and that we
know [I] and [ij] satisfy relation (d),

[i111] = [1]fid) = ) (=)'PPMGR]T U (5} (k)]

Since i,i+ 1 € I, F; kills [I]. Since j > by and j ¢ [ it follows that j > ¢+ 1 and
so F; also kills [I U{j} \ {k}] for £ > j. So acting on the above relation by F;

gives,

i+ 1,50 =g '+ 1,5] = 4 (=)™ i+ 1RO {53\ (K],

kel
k>j

which is relation (d) as required. So we may move i along the first string of I

and the required relations have been shown to hold.

If j lies immediately after the initial string of I then we are done, so suppose
it does not. Then we must show that we may move i from a string to a gap. Let
r be the length of the initial string of I. We are assuming that ;7 > b, +1. We
have just proved that,

[brg11] = brjl = @) (=)Mo K][L U {73\ {K)].

kel
k>j
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We act on this by Fp,_ giving,

“Hbe A+ L) + [brg][1 U {be + 131\ {0, }]
—q "L U{b, + 11\ A{b:}[brg] — ¢ (][ + 1, j]
=q'q) (=), + L E][T U {5} {k}]

kel
k>j

+d) (=) YOI U (b + 1,53\ (b, KD,

kel
k>j

Multiplying by ¢ and rearranging gives,

b + 1, j][1] = [1][br + 1, 7]
— qbeg][L U{b, + 13\ {b ] + ¢ [T U{b, + 13\ {br }][br]]
+4 ) (=)', + 1, KT U {53\ {k}]

kel
k>j

+q4 Y (=) VM K] U b, + 1,53\ {by, kY. (5.1.4)

kel
k>j

We will prove by induction on r that [b.+1, j| and [I] satisfy relation (b). Consider
the case r = 1. Then TU{b, +1}\{b,} =b1+1<by <--- < by and by < by + 1

so we know from the work done in a previous section of the proof that,

o1 U by + 13\ {b1}] = [T U {by + 1} \ {01 }][b17]

a0 Y (=) Uk (b 41,51\ (b k).
keTu{bi+1}\{b1}
k>j

We use this to rewrite ¢~ [T U {b; + 1} \ {b1}][b17] in (5.1.4) in the r = 1 case,

by + 1, 5][1] = [1][bs + 1, j]
= q[oug)[T U {by + 13\ A{bi}] + g7 [oug][T U {1 + 13\ {u}]

—q ' Z (—q)|GROTHABAINODI by K] [T U {by + 1,5} \ {b1, k}]

keTu{bi+1}\{b1}
k>j

Gy (=) + LR (I {K)]

kel
k>j

+4d Y (=) POV BRI U b + 1,53\ {br, kY.

kel
k>j

We note that since j > b+ 1, {k € TU{by +1}\ {1} : k> j}={kel:k>j}
and |(7,k) N (L U{by + 1} \ {b1})| = |(4,k) N I|. So the fourth term on the RHS
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can be rewritten; together with grouping like terms, this gives,

by + 1,511 = [1][by + 1, j]
— o] U by + 13\ {b1}]

—q'q) (=) UIMIBRIIT U by + 1,5\ (b, K]

kel
k>j

+q) (=) + LRTU G} (K]

kel
k>j

+93 > (=) VPV k] [T U {by + 1,53\ {br, kY]

kel
k>j

Combining the third and fifth terms of the RHS produces,

by + 1, 5] = [1][bs + 1, j]
- A[ ‘][IU {or + 13\ {b1}]
+¢ ) ()P by + 1L E[TU {53\ {k}]

kel
k>j

+ @3 (—) PP U (b + 1,53\ {1, kY.

kel
k>j

We rewrite the second and fourth terms on the RHS so that they are of the
required form, noting, for example, that {k € I : k < by + 1} = {b1} and
|(r,b1 +1)N 1| =0,

by + 1, 5111 = [1][bs + 1, j]

—§ (—q)~ DML T U {by + 13\ {k}]

kel
k<bi+1

+q) (=) + LRIV G} (K]

kel
k>j

+@E > () @RISR TG (b 4+ 1,5\ {r, K.

rkel
r<bi+1,k>j

This is an instance of relation (b), so the case when r = 1 is done.

To show that in general [b, + 1, j] and [I] satisfy relation (b), we must now do the
inductive step. Now, if I has an initial string of length r then I U {b, + 1} \ {b,}
has initial string of length r — 1, so by the inductive hypothesis we know that
[b,j] and [I U {b, + 1} \ {b,}] satisty relation (b). Using this fact we rewrite the
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third term on the RHS of (5.1.4) to produce,
[br + 1, 51T = [1][br + 1, ]
= qlbe ]I UA{by + 13\ {br }] + (ql[brj] (LU {br + 13\ {br}]

—qha Y () OB KU (b, + L b kY]

kelU{b,+1}\{b,}
k>j

+q7' Z (—q) 71 RbINUUb AN DI T U {b, + 1)\ {k}]

keIU{by+1}\{br}
k<by

—q ¢ Z (_q)I(jﬂs)ﬁ(lu{bﬂrl}\{br})l—\(tbr)ﬁ(lu{errl}\{br})l %

t,seIU{b,+1}\{b,}
t<br,s>j

X [ts][TU{br + 1,51\ {t,s}])
+G ) (=) b, + LR[OG} {k)]

kel
k>3

+93 > (=) VPV K][TU b, + 1,53\ {by, K},

kel
k>j

We group together the second and third terms on the RHS. The fourth, fifth,
and sixth terms are rewritten as follows: the indexes of the summations and the
indices of (—¢q) are simplified. We note that j > b, + 1, so, for example in the

fourth term, we may observe that, |(j, k) N (I U{b, + 1} \{b.})| = |(j, k)N I|. All
of this rewriting gives us,

b, + 1, j][I] = [1][br + 1, 4]
— b ][ T U b + 13\ {b,}]
—q7'q> (=) 9P k[T U {b, + 1,5} \ {by, k}]

kel
k>j

+q7'G > (=) EIM AT U (b, + 13\ ()]

kel
k<b,

—q7 '@ ) (=) [T U (b, + 1,53\ {2, )]
t,sel
t<br,s>7j

+4) (=)Mo, + LRI U {53\ {k)]

kel
k>j

+4d Y (=) MR U b, + 15} {by K.

kel
k>j
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amalgamating the third and seventh terms on the RHS gives,

[br + 1, j][1] = [1][br + 1, ]
—q[b rj][IU{b + 13\ {6 }]
+q7G > (=q) 1 EIMG) T U {b, + 13\ {R)]

kel
k<b,

—q '@ ) (=)0 [T U {b, + 1,51\ {t, s}
t,sel
t<br,s>j

+d) (=)W b, + 1 RIT U (5} (k)]

kel
k>j

Z )R k)T U {b, + 1,53\ {by, k}]-

kel
k>j

Since |(k,b,)NI|+ 1= |(k,b, +1)NI| and |(b.,b, + 1) N I| = 0 we can rewrite
the above as,

[br + 1, 51T = [1][br + 1, j]
—ci[ eI U A{br + 13\ {br}]
=y (=q) 1RSI b, + 13\ (K]

kel
k<b,

@Y (—q) GO [T U (b, + 1,5\ {t, 5)]

t,sel
t<br,s>j

+4 ) (=) UPM b, + 1 K][T U {53\ (k)]

kel
k>j

Z Y GRINT=brbr 00T, f1 T b, + 1, 53\ {by, k)]

kel
k>j

Finally, grouping together the second and third terms, and the fourth and sixth
terms on the RHS gives,

b, + 1,401 = [D[b, + 1.)
—0 Y () I U (b, + 1\ ()]

kel
k<br+1

+q0 Y (=)@ [T (b, + 1,53\ {t, s}
t,s€l
t<br+1,5>j

+d) (=) UPM b, + LRI U} (R,

kel
k>j
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which is relation (b) as required, completing the inductive step. So we have just
shown that if ¢ lies immediately after the initial string, b < --- < b, of I then
[ij] and [I] satisfy relation (b). It remains to be shown that we can move i along

a gap in I and that we can move i from a gap onto a string.

Firstly let us show that we can move i along a gap. Suppose that i,7+ 1 ¢ I and

assume that we know,

[i)11) = (1) + @ > (=) OPMk] [T U {53\ {k}]

kel
k>j

=) (=) SIMIEGIT U i)\ (K]

kel
k<t

@Y (g U i) {rs)]. (5.05)

r,sel
r<i,s>j

Keeping in mind that i + 1 ¢ [ we act on this by F; yielding,

i+ 1,400 = [i + 1,41+ ¢ > (=) PV + L E[TU {5} \ {k}]
—§> (=) BT U i+ 13\ {k}]

@Y ()OI g [T U i+ 1,53\ {r, s)].

r.sel
r<i,s>j

Since both i,7 + 1 ¢ I we may rewrite this as,

i+ 1,10 = W+ 1,50+ @) (=)D + 1K U {5} {k)]

kel
k>j
—q > (=g MBSO {i+ 1)\ (k)]
kel
k<i+1
+ @S (@)D TG {4 1,5} {r s,
r<;f1€,£>]‘

which is relation (b) as required.

Now we show that we can move ¢ from a gap onto a string. Suppose that i ¢ [
and ¢ +1 € I. We again assume that [/] and [ij] satisfy relation (b), that is
(5.1.5) and we act on this relation by F;. This time i + 1 € I, so the third and
fourth terms are killed, since, for example, F; ([I U {i} \ {k}]) = 0. So acting by
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F; on (5.1.5) produces,

qli + 1, ]1] = (i + 1,50+ ad Y _(=a)/P™ i+ L R][T U {53\ {R}].

kel
k>3

This is relation (d) as required. We have now done enough to show that we can
move i from a gap onto a string, along a string, off of a string into a gap, and
along a gap, while proving that the appropriate relations between [I] and [ij] are
satisfied after each transition. This is almost sufficient; however, one small task
remains. At the beginning of this section of the proof we made the assumption
that 1 < by in order that the previous section of the proof could serve as the base
case of our “overall” induction. So we must now show that relations (b) and (d)
remain valid even when b; = 1. To see why this is so we make the observation

that there is an obvious K-algebra isomorphism
Oq(Sk’n) = K(aij : Z,j > 2) - Oq(Sl{?n+2>,

sending a;; to a;42 j42. To establish a relation involving I = {b; < --- < by, }, with
by = 1, we can look to the appropriate relation involving I' = {b] < --- < b/}
where 0] > 1 and I is sent to I’ under the above isomorphism. Since 0] > 1,
by the work done so far, we will know the relation involving I’ and so we may

transfer the known relation to the b; = 1 case. We have now finished the case
jel.

jelr

If i € I then we are in case (a) which has already been done. So we assume i ¢ I.

The cases when 7 < b; have also been done. We therefore concern ourselves with
proving that [ij] and [I] satisfy relation (¢) when i ¢ I and b; < i. Given that we
know [/] and [ij] commute if ¢ lies in a string in I, our method will be to ‘move i

off of strings in I and then along the gaps’.

We begin by proving that relation (c) is satisfied by [I] and [ij] for i = ¢t + 1
where t lies in the initial string of I and ¢t + 1 ¢ . That is we will prove we can

‘move ¢ off of the initial string’. Now we know that,
[£5]11] = [1][¢5]-
Acting on this by F} gives us,
¢ [t + 1))+ [T Ut + B\ A{t}] = ¢ [T U {t + 1P\ {}][tg] + [1][¢ + 1. ).
Multiplying through by ¢ and rearranging gives,

[t+1,51U] = ql]ft + 1, 5]+ [TU{E+ 1\ {8}][E5] — qtg] 1T U {t + 13\ {t}]. (5.1.6)
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Now suppose [ has initial string of length 1. Then ¢ comes before the initial string

of TU{t+ 1} \ {t} and so by previous work done in this proof we know,

[ ULt + 13\ {t}] = qll U{t + 1} \ {t}][t5].

We can use this to substitute for the second term on the RHS of (5.1.6) giving,

[t + 1, 1U] = qlI][t + 1, 5] — qlts][T U {t + 1} \ {t}]

Writing the second term on the RHS in the form of a sum (albeit a sum with

only one term) gives,

¢+ 1) = alll[t+ 1,51 =4 Y (=) BTV U+ 13\ (k)]

kel
k<t+1

which we can see is relation (c¢). Now suppose inductively that [ has initial string
of length r, then I U {¢t 4+ 1} \ {¢} has initial string of length » — 1 and ¢ comes

immediately after it, so by our inductive hypothesis,

][Ot + 13\ {t}] = gl U {t + 13\ {t}][t7]

—q Y, () ORI e+ 1)\ (R,

keTU{t+1}\{¢}
k<t

As before, we use this identity to substitute for the second term on the RHS of
(5.1.6), yielding,

£+ 1, 51U] = ql][t + 1, 5] — qltg][T U {t + 13\ {t}]

+q7'q Y (g ORI U {4 13\ {R)].
keTU{t+1}\{¢}
k<t

Rewriting the the index of the summation in an equivalent way gives,

[t + 1, 4]] = qlI][t + 1, 5] — é[tj][f Ut + 13\ {t}]
— ) (—q) 1IN I U {8+ 13\ (R,

kel
k<t

since |(k,6) NTU{t +1}\ {t}| +1=|(k,t +1)NI| we have,

[0+ 151 = [t + 1, 5] = qeg)[T U {t + 13\ {£}]
=) (=) BRI U+ 13\ {K}),

kel
k<t
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grouping the second and third terms on the RHS gives,

¢+ L1 = gt + 1.5] = ¢ Y (=) SR U {t + 13\ {k}).

kel
k<t+1

This is relation (c) as required. So we have shown we can move ¢ off of the initial
string of I. One can see that a similar argument will hold for moving ¢ off of any
string in I given that we know relation (c¢) holds for ¢ in the gap preceding the
string in question. For example, suppose I contains more than one string and we
want to know that [ij] and [/] satisfy relation (c) when i lies immediately after the
second string. Now ¢ — 1 will lie in I and so we know that [i —1, j][{] = [{][i —1, j].
We may act on this by F;_; similarly to above and then use the fact that if the
second string is of length 1 then ¢ — 1 lies in the first gap of I U {i} \ {i — 1} as
the base case of an inductive argument on the length of the second string of I in

an exactly similar manner to the inductive argument that we have just done.

To finish the proof, we will now show that relation (c) is satisfied if i lies anywhere
in a gap in I (or if I does not contain any gaps then anywhere after the initial

string of I). Suppose i ¢ I and i+ 1 ¢ I. Suppose we know,

(i) = ql1][ij] — (=) "M k)1 U {i} \ (R},

Acting on this by F; produces the following,

i+ 1,501) = Ui + 1, 5] = 4 > (=) "Mk U {i + 13\ (K},

kel
k<i

Since ¢ ¢ I the summation on the RHS can be rewritten,

i+ L = qlfi+ 1,51 = ¢ > (=) &MU {i 4+ 13\ {k}],
kel
k<i+1
which is again relation (c). At last, our proof is complete. n

We now observe that there are equivalent expressions for the relations (c) and (d)

given in the previous lemma.
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Corollary 5.1.4. Let i,j € {1,....,n} withi < j and I = {by < -+ < by} C
{1,...,n}, where m > 2 is even.
(2) Ifi ¢ I,jel, then

[ig]l1] = ¢ [1][ig +qz )/ ERI R U {i) \ (k).

(2) If i€ 1,5 ¢ I, then
[i)10) = ql1][if] — G Y (=) "M k][T U {3\ {k}].

kel
k<j

Proof. We begin by rewriting Corollary 3.4.3 in more convenient notation for our
purposes. It can easily be seen that, for fixed r,t € J where J = {j; < -+ < jop}
and |J| is even, we have,

0] =D (=) s [T\ {5, 63] + ) (=) rs) [T\ {s,4}]. (5.1.7)

seJ seJ
s<t s>t

First let us consider (¢2) and suppose i ¢ I,j € I. We use equation 5.1.7 with
r=jand J = I U{i,t} where we choose some t > i, j, b,, (we note this is always
possible since if it happens to be the case that b,, = n then we may always think
of our [ij] and [/] as lying in some O,(Sky) with N > n due to the canonical
embedding O,(Sk,) — O,(Sky)), giving us,

0="> (=) 1] [T\ {s, )]

sed
s<t

= 37 (=g 1IN U i)\ {s}]

selU{i}

= > (=) GO IT U {i}\ {s}] + (—g) 70NN i 1]

sel
s<1

—I—Z [(s,t)N(TU{3})|— 1[]5][IU{1}\{S}]

sel
s>1
Now a little thought will yield that,
|(s,8) NV I|+ [[i,t) N (U {a})], s < i
((s,)n (LU {ib)| =< [li,5) N (T U{i})| =1, s =1

—(|(i,s) NV I| +2) + |[i,t) n (TU {i})], s> 1.

So we may divide through by (—¢)~FONUYDI=1 in the previous equation to

obtain,
0="> (=) M1 U (i} \ {s}] + (—q)[jil[1]

+ ) (=) EEGS T U i) {s)].

sel
§>1
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We replace [js] and [ji] with —¢[sj] and —q[ij] respectively; then divide through
by —q, obtaining,

0=> (=a)M[sf][T U {i}\ {s}] + (—a)[iA][1]

sel
s<1

+ 3 (=) ENIH G| T U {i}\ {s)].

sel
§>1

Substituting into relation (c) of Lemma 5.1.2 gives us,

[i)l1] = q[)lig) = q | alif)l1] +a D> (=) “PMIGEIT U G3\ {RY] |

kel
k>1i
which simplifies to,
[i][0] = ¢ i) + @ Y (=) PV GRI T U {ad\ (kY
kel
k>i
as required. Relation (d2) is proved in a similar manner. O

5.2 Reflection in the Anti-diagonal

The relations established in the last section all involve sums that consist of terms
of the form [rs|[J], where the length-2 g-Pfaffian appears on the left. Inspired
by the quantum matrices case, we are led to also look for relations in which the
sums involve terms of the form [J][rs], where the length-2 g-Pfaffian appears on

the right. Indeed we shall need both types in the proof of Proposition 5.3.3.

As in [33], where certain automorphisms of O,(M,,) are used in the proof of
relations amongst quantum minors, we now define a map that will enable us to

generate new commutation relations from those we have already determined.

Definition 5.2.1. Define a map
T Oq(Skn) — Oq(Sl{n) by T(CLZ‘J') = Op4+1—jn+l—i, fOT' Z,j = 1, ., n

Trivially 7 is a bijection. In-fact if we arrange the generators a;; in an n x n

matrix then we may think of 7 as reflection in the anti-diagonal.

Lemma 5.2.2. 7 extends to an algebra anti-automorphism on Oy (Sk,).
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Proof. We extend 7 to an algebra anti-morphism in the obvious way. That is we
insist that 7 is K-linear and make the definition 7(a;;as) := 7(as)7(a;;). It suf-
fices to show that 7, thus extended, respects the defining relations (3.1.1)-(3.1.6)
of O,(Sky).

T respects (3.1.1):

Let i < 5 <t. Then,

7(aijair) = 7(aie)7(ai;)
= An+1—t,n+1—in+1—jn+1—i
= {On4+1—jn+1—iQn+1—t,n+1—i
= q7(ai;)7(ai)
= qT(aitaij)

= T(qaitaij),

where the third equality holds by (3.1.3) sincen+1—t<n+1—j<n+1—i.

T respects (3.1.2):

Let i < 5 < t. Then,

T(aijaz) = 7(a)T(ai)
= Up41—t,n+1—j0n+1—jn+1—i
= qOn41—jn+1—iGntl—t,n+1—j
= q7(ai;)T(a;)

= T(qajtaij)a

where the third equality holds by (3.1.2) sincen+1—t<n+1—j<n+1—i.

T respects (3.1.3):

Let i < s < j. Then,

T(aijas5) = 7(as;)7(ai;)
= Qn41—jn4+1-sAn+1—jn+1—i
= qQn+1—jn+1—iOn+1—jn+l1—s
= q7(ai;)T(as;)

= T(qasjaij)>

where the third equality holds by (3.1.1) sincen+1—j<n+1—s<n+1—i.
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T respects (3.1.4):

Let « < s <t < j. Then,

T(ajjas) = 7(as)(as;)
= Op41—tn+1—sAntl1—jnt+1—i
= Op+1—jn+1—iGnt+l—tn+l—s
= 7(ai;)7(as)
= 7(asai;),

where the third equality holds by (3.1.4) sincen+1—j<n+1l—t<n+1l-s<
n+1—q.

T respects (3.1.5):

Let i < s < j <t. Then,

T(ijlst) = Qns1—tmt1—sOnt1—jnt1—i
= Ont1—jnt1—iOnti—tmti—s T §Ont1—tmt1—iOnt1—jnti—s
= 7(aij)7(as) + 47 (i) 7 (as;)
= T(asai; + qasjai)

= T(asa;j + qaias;),

where the second equality holds by (3.1.5) sincen+1—t <n+1—j <n+1l—-s<
n+ 1 — i, and the last equality holds by (3.1.4).

T respects (3.1.6):
Let i < j < s <t. Then,

T(aijast) = Op4+1—t,n4+1—sAn+1—jn+1—i
= Ont1—jnt1—iOnti—tmti—s T QOn1—t nr1—j0ntl—snt1—i
= q4Un+1—tn+1—i0n1—sn+1—j
7(ai)T(ast) + q7(aze)7(ais) — q4r(ai)T(ajs)

= T(asti; + qQisaje — q4a;sait)

= T(asai; + §aisaje — q4aajs),

where the second equality holds by (3.1.6) sincen+1—t <n+l—s<n+1—j <
n+ 1 — 1, and the last equality holds by (3.1.4). O

In-order to use 7 to generate new commutation relations we must first show what

effect 7 has on the g-Pfaffians. In-fact 7 behaves very nicely.
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Lemma 5.2.3. Let 1 < i1 < -+ <19y < n. Then,
T([legm]):[n—l—l—lgm, ,n+1—11]

The proof of this result requires the knowledge of the expansion of a g-Pfaffian
“on the right”. We will restrict ourselves in the following lemma only to the

particular case needed, thus greatly simplifying the proof.

Lemma 5.2.4. Let 1 < i1 < -+ <9y, < n. Then,

2m—1

(i iom) = Y (=q)* " i1y dom o]
r=1

Proof. By Corollary 3.4.3,

2m—1

[legm] = (_q)l"‘(Zm)’r [igmir][il...ir...igm_l]
r=1
2m—1

(—q) e i i iy iy iom1]
1
-1
= (—q
1

ﬁ
Il

o
3

)r 2m+1[2 ng][ll 2 ...igm_l]

1
I

where the last equality holds since, as we recall from Proposition 3.4.2, j;; = j —1
when j < i. We now apply relation (b) from Lemma 5.1.2 to the last term in the

series yielding,

2m—2
[i1...iom] = ([z'l...z'gm_Q][¢2m_1@'2m] =G> (=) P iigy) [il...i;...igm_1]>
r=1

2m—2

+ Z )2 g [i1 e o 1),

combining the two sums on the RHS gives,

2m—2
(i1 iam] = [i1--dom—2]lizm—172m] + Z( Q)" ivigm][i1. -y 2 —1].

r=1
We again apply relation (b) from Lemma 5.1.2, this time to the last term in the

rightmost series, giving us,

[Z1Z2m] - [il-'-imeQ] [i2mfli2m]

+ (—q) <[i1...i27;_2...i2m—1][i2m—2i2m] —q Z_ (— T 2m+3[z7«@2m][11 ZV ...iQm_1]>

r=1
2m—3

+ Z V2 g | [ e G
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[i1..iayn] =

2m—1 2m—3
> (=) iy diomipiom] Y (@) 2 i [i1 o]
r=2m-—2 r=1

where the last equality holds by writing out ¢ in full, that is § = ¢— ¢!, and then
simplifying. It should now be clear that repeated application of relation (b) from
Lemma 5.1.2, at each stage to the last term in the rightmost series, will gives us

the required result. For example, at the k-th stage we would have,

2m—1 2m—k
Z (—q)2m_1_r[il...iT...iQm_l][iTiQm]+Z( Q)T 2m+2k— l[lrlgm][ll ir--‘i2m—1]7
r=2m—k+1 r=1

with an application of relation (b) giving,

2m—1

> (=) i m (i) +
r=2m—k+1
—(k+
(=@)* | i1t i2m—1][F2m—ki2m] — Z )R o] [0 g1
2m—(k+1)
+ Y (=) i [in ).
r=1

Simplifying this yields the expected result,

2m—1

> (=) i o [irizm]
r=2m—(k+1)+1

+1)

T 2m+2(k+1)[ 7~Z2m] [le;ZQm—l] .

IIM

[]

Proof of Lemma 5.2.3. We prove this by induction on m. The case m = 1 is

Definition 5.2.1. We proceed to the inductive step. By Definition 3.1.2 we have,

7 ([t dam]) = 7 (Z( Q)" 2[iviy][ia-. ZV.-‘izm]>

= (=) 7 ([igeripeiom]) 7 ([irir])
= (=q)" 7?7 ([igetpoiom]) [+ 1 —ip,n + 1 — i3]

= (=) *n+1—dgmyeon+1—dpn+1—ig)n+1—d,n+1—1i),
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where the last equality holds by inductive hypothesis. Let us now relabel the

n+1—ig say jp=n+1—tiop1 4k for k=1,....2m. So j; < --+ < jo, and we

have,
2m—1
7 ([ir-iom)) = D (@)™ v dom-1][Fdom]
k=1
= [J1---Joml
where the last equality holds by Lemma 5.2.4. O

Recall that we only proved a particular instance of expanding a g-Pfaffian “on the
right” in Lemma 5.2.4 in-order to keep the proof manageable. With Lemma 5.2.3

now proved this allows us to give a more general Laplace expansion “on the right”.

Lemma 5.2.5. For fived r,t € J where J = {ji < -+ < jon} and |J| is even, we

have,

0] =Y (=) 1IN s, Y][sr] + D (=) COIIN {s, 1] [s].

seJ sed
s>t s<t

Proof. We use the formulation of Corollary 3.4.3 as given in (5.1.7) and to it we
apply 7. This gives the result. O

Knowing the effect of 7 on g-Pfaffians also puts us in a position to obtain new

commutation relations by applying 7 to those of Lemma 5.1.2 and Corollary 5.1.4.

Lemma 5.2.6. Let i,j € {1,...n} withi < j and I = {by < --- < b} C
{1,...,n}, where m > 2 is even.

(B) If i,5 ¢ I, then

[i]l7] = Ulif] + @ Y (=)' P U {53\ {k}][ik]

kel
k>j

=) (=) "ML U i} {RY]TR]]

kel
k<i

i3 (—a) IO Gy Y]

r,sel
r<'i,s>j

(C) Ifi¢ I, j€l, then

(611 = q[1lig) = ad Y (=)' ®™[1 U )\ {R}][kS)-

kel
k<i
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(C2) Ifi ¢ I,j€l, then

[i)10] = g~ Hlig] + ' ) (=) SR U {a \ (R} [R).

kel
k>i

(D) Ifiel,j¢l, then

[i)10) = ¢ ' [G] + g1 (=) 9P U {53\ (R} ][R

kel
k>j

(D2) Ifie€l,j¢ I, then

(11 = q[1]lig) +a Y (=)' ™M1 U {3\ {R}][kd):

kel
k<j

Proof. This follows by applying 7 to relations (b), (c), and (d) in Lemma 5.1.2
and, (c2) and (d2) in Corollary 5.1.4, together with Lemma 5.2.3. O

5.3 A Partial Ordering

We have so far concerned ourselves with establishing various commutation rela-
tions amongst the g-Pfaffians of O,(Sk,). We now observe that, as in the classical
case (see for example [11]), the set of g-Pfaffians of O,(Sk,) possesses the struc-
ture of a partially ordered set. We will show that the relations we have established
are well-behaved, in a way that we will soon make precise, with respect to this

partial order.

Definition 5.3.1. The set {[i1 - - -ion] € Oy(Sky) : 1 < 2h < n} is endowed with

the following partial order:
[iy - -is) < [j1---7¢) iff s>t and i, <j. forr=1,..,t.

The figure on page 115 illustrates this poset in the case n = 6.

We shall now give a precise formulation of what we mean when we say that our

commutation relations are well-behaved with regards to this partial order.

Definition 5.3.2. For an algebra A and a poset Q C A we shall say that an
element ¢ €  is normal modulo lower elements in €2, , if ¢ is normal in the
algebra A/{({d € Q : d < c}). If it is obvious from the context we shall drop the
reference to ) and just talk of ¢ being normal modulo lower elements. For a given
c € Q we will also talk of relations involving ¢ holding modulo lower elements or
modulo elements lower than ¢ and we will write the relations using =—., by this

we will mean that the relations are true in A/{({d € Q :d < c}).
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Figure 5.1: The 6 x 6 Poset
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Proposition 5.3.3. In O,(Sk,) the g-Pfaffians are normal modulo lower ele-

ments.

Proof. 1t will suffice to show that, modulo lower elements, a given q-Pfaffian [/]
in O,(Sk,) commutes up to a scalar with the generators [ij], 1 <i < j <n. We
shall proceed by using the commutation relations established in previous sections.
Accordingly we must split up our argument into the usual cases.

1,7 €1I:

Trivial by relation (a) in Lemma 5.1.2.

iel,jé¢l:

By relation (d) in Lemma 5.1.2 we have,

(i) = ¢ ' [)i] + @ Y (=) VPRI U {53\ ().

kel
k>j

For k > j it is clear that [ U {j} \ {k}] < [{]. So, in the factor algebra
O,(Skn)/{[J] : [J] < [I]}), [ig] and [I] commute up to a scalar.
i¢l,jel:

By relation (c2) in Lemma 5.1.4 we have,

[i)l1] = ¢ lig] + G Y () @O R U )\ (k).

kel
k>i

As in the previous case, for k > i, [ U {i} \ {k}] < [I] and so we are done.
i,j ¢ I:
By relation (b) in Lemma 5.1.2 we have,

[i]l7]) = (i) + G Y (=)' SP™M k][ U {53\ (k)]

kel
k>j

DD S R 7 1AV G ANTS)

kel
k<i

Z |(G,s)NI|— I(m)ml\[rs][[ U{i, i} \ {r,s}]. (5.3.1)

r,sel
r<i,s>j

Now for k > j, [I U{j} \ {k}] < [I] so, modulo lower elements, we may ignore
the second term on the RHS. The final two terms are not apparently of the form
which we may ignore. We may, however, rewrite them so that they are of the

required form using the Laplace expansion of the g-Pfaffian given in (5.1.7). Now
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replacing J by I U {i,j} in (5.1.7) gives,

Fu{iyl= ) (=) 1IN g1 U (i, )\ {s, )]

seIU{i,j}

+ Z (r,s ﬁ(IU{zJ})|[rs][]U {Z j} \ {3 r}] (5_3.2)

selu{i,j}
s>r

Looking to rewrite the third term on the RHS of (5.3.1) we set r = j in (5.3.2)

giving us,

Tufig}l= > (=g NN U i)\ {s}]
sGIU{fL’,j}

+ ) (@)D {i}\ {s}].

selu{i,j}
§>7

Noting that ¢ < j we may rewrite the RHS of this expression as follows,

Tu{igyl= Y (=) DMUMD U {i\ {s}]

selu{i,j}
5<1

+ (_q)fl(i,j)ﬂ(lu{i,j})lfl[ji] 1]

+ 3 (—q) NN [T U (i} {s)]

selu{i,j}
1<s<g

+ Y (@)D U {i}\ {s}].

selU{i,j}
5>7

We now simplify the RHS of this equation. For the first term, s < < j, so
{selU{i,j}:s<i}={sel:s<i},
[(s,0) V(T ULe, P = |(s,0) OV I+ [ 5) NI+ 1,
[js] = —qlsj].
For the second term, |(z,7) N (L U{i,7})| = |(4,7) N I| and [ji] = —¢[ij]. The last
two terms are simplified in a similar manner leaving us with,

(LU {i Y] =) (=q) 1 eIMIHEINI g U {i} \ {s}]

sel
s<1

+ (—q)"”’”“”['ﬂ[f]

+ Y (=) IV ]I U {i}\ {s)]

sel
1<s<J

+ 3 (=) G| [T U {3\ {5},

sel
s>7
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Multiplying through by (—¢)!/@)™I+1 and rearranging gives,

> (=) s U ik \ {s}] = gl 1]

+ (=) IO = Y () SO GS|TU (i) {s)]

osel
1<8<]J

_ Z GO G8][TU{iy\ {s}] | . (5.3.3)

sel
s>j

Now [1 U {i,j}] < [I] and for both i < s < jand s > j >, [[U{i}\ {s}] < []].
So modulo elements lower than [I] (5.3.3) gives,

> (=) M U ik \ {s}] =<in alid ],

s€l

s<1
Substituting this for the third term on the RHS of (5.3.1) and remembering that
modulo lower elements we may ignore the second term on the RHS of (5.3.1), we

have,

[i7)[1] =<y [1][ig] — éq[ij][f]
@* Y (=)0 (1O (i, )\ {r,s}]. (5.3.4)

r,sel
r<i,s>j

So it remains to show that the last term on the RHS can be written in the required
form. We go back to (5.3.2) and this time we fix » > j > 4. This allows us to
rewrite (5.3.2) as

Tufig}l= D (=g GO U {i, 3\ {s, 7)]
seluf{i,j}

+ 3 () IEINUSEDI g [T U (i, )\ {5, 7))

selU{i,j}
i<s<r

+ ) (@I T U i 3\ {s, r}].

selu{i,j}
s>r

We rewrite the first term of the RHS of this equation as follows: we note that

since s <1 < j <1, we have,
{selU{i,j}:s<i}={sel:s<i},
[(s,m) N (L ULd, 31)] = [(s, ) 0 I+ [[i,r) 0 (LU L4, 5],
[rs] = —ql[sr].
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So we are able to deduce,

LU {i, j}] = (—q) IEONEREITY 7 (—g) oM sr)[TU {3, 3\ {s,7}]

sel

s<1
+ 3 (g eI g1 U (G, 5} s, 7))
selu{i,j}
1<s<r

FY () O[T U (i {50

selu{i,j}
s>r

Multiplying through by (—q)/E"NUED1 and rearranging gives,

> (=) s U (i, )\ {s, )] =

sel
s<1

(=) BB [T U i Y] = Y (—g) OIS [T U i, )\ {s,7)]

selU{i,j}
1<s<r

= Y () DT U i, {5,

selu{i,j}
s>r

We can now substitute this into (5.3.4) (keeping in mind that the parameters r

and s are interchanged in the two equations). From (5.3.4) we have,
(i3]I} =< U]Mig] = qqlig]]

@Y (=)0 Y (=) IS [TU {3\ {rs)] ]

sel rel
s>j r<i

substituting for the expression in the brackets gives,

(5111 =<y U] — qqlig][1]

Z ]s ﬂ[|+|[1 3) (IU{Z’J})l <[I U {7/7]}]

sel
s>7

= > () NI [T U i )\ (s, )]

relu{i,j}
i<r<s

- > (—Q)'(S’””(IU“’”)[ST][IU{i,j}\{S,T}])

relu{i,j}
r>s

119



Since we are working modulo elements lower than [I] we may simplify this equa-
tion. It is true that [/ U {i,j}] < [I] and also, for s > j > ¢ and r > 4, it is true
that [I U {i,j} \ {s,7}] < [I]. So the above equation reduces to,

[i5]11] =< U][ig] — qaligll]-
Simplifying this gives the required result,

¢if)[1] =< [][i4].
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