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Abstract

Stochastic differential inclusions (SDIs) on R¢ have been investigated in this

thesis,

dx(t) € a(t,z(t) dt—l—Zb]th )dw?

where a is a maximal monotone mapping, b is a Lipschitz continuous function,
and w is a Wiener process.

The principal aim of this work is to present some new results on solvability
and approximations of SDIs. Two methods are adapted to obtain our results: the
method of minimization and the method of implicit approximation. We interpret
the method of monotonicity as a method of constructing minimizers to certain
convex functions. Under the monotonicity condition and the usual linear growth
condition, the solutions are characterized as the minimizers of convex functionals,
and are constructed via implicit approximations. Implicit numerical scheme is
given and the result on the rate of convergence is also presented. The ideas of our
work are inspired by N.V.Krylov, where stochastic differential equations (SDEs)
in R? are solved by minimizing convex functions via Euler approximations.

Furthermore, since the linear growth condition is too strong, an approach is
proposed for truncating maximal monotone functions to get bounded maximal
monotone functions. It is a technical challenge in this thesis. Thus the existence
of solutions to SDIs is proved under essentially weaker growth condition than the
linear growth.

For a special case of SDEs, a few of recent results from [5] are generalized.
Some existing results of the convergence by implicit numerical schemes are proved
under the locally Lipschitz condition. We will show that under certain weaker
conditions, if the drift coefficient satisfies one-sided Lipschitz condition and the
diffusion coefficient is Lipschitz continuous, implicit approximations applied to
SDEs, converge almost surely to the solution of SDEs. The rate of convergence
we get is 1/4.

Finally it is shown that SDEs can directly be associated to mini-max problems.
It is demonstrated that there exists strong solutions which are ‘saddle points’ of
mini-max problems. This technique provides a simple proof of the existence

results.
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Notations

R¢ the Euclidean d-dimensional space

|| the norm |z| = (3¢, 22)"/? for vector = = (z;) € R

b the norm [b] = (32, Y7, b7;)"/? for b is a d x dy matrix

Ty zy = Y. xy; for vectors x = (x;),y = (y;) € R?

bz the product of matrices if b is a d X d; matrix and z € R?
notice that bz € R? and |bz| < |b]|2|

C constant, usually without indices that may change line by
line in the same proof

C=C(--) C depends only on what are inside the parenthesis

X =Y X is equal to Y by definition

B(R%) the o—algebra of the Borel subsets of R?

B,.(x) the closed ball B, of radius r centered at x: {y € R% |z —y| < r}

convM convex hull of the set M

convM closure of convex hull of the set M

E mathematical expection

w = {w; : t > 0} | dj—dimensional Wiener Process

1,62, , €4 an orthonormal basis in R?

a.e. almost surely

— strong convergence

— weak convergence

SDE stochastic differential equation

SDI stochastic differential inclusion

The following assumptions will be adopted throughout this thesis.
Let (§2, F, P) be a complete probability space with natural filtration {F; }o<i<r
carrying a d;—dimensional F;—Wiener martingale w = {w, : ¢ > 0}. Fix an

integer d > 1.



Chapter 1

Introduction

This thesis is devoted mainly to stochastic differential inclusions (SDIs). SDIs
represent an important generalization of the notion of stochastic differential equa-
tions (SDEs). In the case of an SDE, one wants to find a stochastic process

x = z(t), whose stochastic differential dz(t) is given by an equation:
d1 .
do(t) = a(t,z(t))dt + Y (¢, a(t))dw] (1.0.1)
j=1

with a deterministic drift term a, perturbed by a noisy diffusion term b, where
a:[0,00) x R* — R4 b:[0,00) x RT — R™% are Borel functions and w is a
d;—dimensional Wiener process. For SDIs we require dz(t) belong to the set of
stochastic differential described by the right-hand side of (1.0.1). In the thesis,
the following SDI will be investigated on domain of R? with a multi-valued drift

term:

{ da(t) € a(t, x(t))dt + 0, W (t, 2(t))dw] (1.0.2)

z(0) = .

There is a great variety of motivations that lead us to study SDIs. By the
classical results of Ito’s SDE (1.0.1) with a specified initial value (independent
of w), SDE has a unique solution if a and b are Lipschitz continuous in z and
satisfy linear growth condition. It is shown that under the so-called monotonicity
condition, the existence and uniqueness of a solution to SDEs is obtained in [20].
In many practical problems, several applications are possible like solving SDEs
with discontinuous right-hand side. In such case the existence of a solution is not

always guaranteed. For example, let us consider the following [t6’s SDE:

dx(t) = a(z)dt + xdw,
(0= o
with a(z) = 1 for x < 0 and a(z) = —1 for > 0. Obviously, there exists no

solution. On the other hand, assume that we consider an explicit Euler approxi-

mation 2™ for the SDE (1.0.3). It is easy to show that 2™ converges almost surely
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to some stochastic process x, but x is not the solution of the given SDE (1.0.3).
It is both practical and essential to extend SDE to SDI. However, if a is extended
to be multi-valued and SDE to be a stochastic inclusion, we can show that it is a
unique solution of the SDI obtained. Nonetheless it can be found that this equa-
tion falls into a general class. Generally, we understand SDIs as an enlargement
of SDEs. The right-hand side of an SDI is a set rather than a single value. So far
we can see that SDIs play a crucial role in the theory of SDEs with a discontinues
right-hand side.

It is noticed that the nature of the existence and uniqueness solution for SDIs
problem has been extensively studied for long time by using different methods.
Articles have appeared recently in which SDIs or SDEs with multi-valued opera-
tors are studied [25], [31]. The concept of solutions to SDIs has been introduced
in these papers. Numerically approximate methods have also been tackled in [31],
[27], and [8]. There has been a strong desire to produce numerical solutions to
SDIs. This is also our main interest in this thesis. We shall see that SDIs are
solved by a minimization method for some convex functionals via implicit ap-
proximations (also known as semi-implicit method or backwark Euler method).

During our study of implicit method for SDIs, some recent results from SDEs,
by Higham, D.J., Mao, X. and Stuart,A.M. [5] and Hu, Y. [16] are generalized,
from where a rate of convergence is derived. It is shown that, the existing proofs
of the convergence results on such numerical schemes in both of these two papers
are proved under the locally Lipschitz condition. This is the main reason why
these work have a better rate of convergence. In this thesis, the local Lipschitz
condition of the drift term is weaken and replaced by one-sided Lipschitz condition
comparing with those previous papers. We will show that implicit approximations
converge almost surely if the drift satisfies one-sided Lipschitz condition and the
diffusion is Lipschitz continuous.

In the last chapter of this thesis, it is demonstrated that SDEs can directly be
associated with mini-max problems in suitable infinite dimensional spaces. This
adapts an idea of N.V. Krylov. More precisely, if the coefficients of an SDE satisfy
the so called monotonicity condition, then one can construct a mini-max problem
such that its saddle point is the solution of the given SDE.

A brief description of the chapters contained in this thesis is presented as

follows:

e Chapter 2: this chapter presents the background material and some results

that are required in later chapters;

e Chapter 3: in this chapter, some new results are generalized from SDEs by
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comparing with the paper [16] and [5];

Chapter 4: this chapter is devoted to the existence and uniqueness of solu-

tions for SDIs by minimization method;

Chapter 5: this chapter contains the extension of monotone and maximal

monotone function that are useful technique needed in the following chapter;

Chapter 6: this chapter further studies the existence of solution for SDIs

by truncation method;

Chapter 7: this chapter shows that the solution of a SDE can be considered

as saddle points of a mini-max problem.



Chapter 2

Preliminaries

The purpose of this chapter is to present some general background and briefly
summarize some results from the theory of probability and stochastic differen-
tial equations which we will need in later chapters. Such theory is much more
extensive than what I present here and can be found in many textbooks. For
example we refer the reader to books by N.V.Krylov [23], [24], B. Qksendal [30].
Most definitions and results in this chapter are due from lecture notes [15]. This

chapter covers:
e section 2.1: this section gives the background of probability theory;

e section 2.2: this section gives the definition of stochastic process, and the

special class Wiener process;

e section 2.3: this section contains some basic inequalities and statements

which will be used through whole thesis;

e section 2.4: in this section we discuss the important theory of monotone

and maximal monotone mappings.

2.1 Probability Theory Background

Definition 2.1.1. Let 2 be a set. Then a o-algebra F is a collection of subsets
of ) such that

1. Qe F.
2. It A; is a sequence of elements of F, then U, A; € F.
3. If Ae F, then A° € F, where A° = Q\ A.

Definition 2.1.2. A probability measure defined on a o-algebra of € is a function

P : F —[0,1] that satisfies the following properties
7



1. P(Q) = 1.

2. If Ay, Ay, - -+ is a sequence of elements of F that are pairwise disjoint (i.e.
AN A = 0 for all i # j), then P(|_JA;) =) "P(A)).
i=1 i=1
Definition 2.1.3. Let (Q2,F, P) be a probability space. Then, a function X :
2 — R is called a random variable if and only if the set {X € [a,b]} = {w € Q:
X(w) € [a,b]} € F for all a < b.

Definition 2.1.4. The Borel o-algebra B(R) is defined as the smallest o-algebra

containing all intervals of the form [a, b], where a and b are real numbers (a < b):
B(R) = o([a,b] : a < b)
(in other words, B(R) is generated by intervals of the above form).

Definition 2.1.5. If X is a random variable defined on the probability space
(Q, F, P), then the expected value or mean value of X is

EX:/XCZP.
Q

Expectations satisfy various properties. For example

1. It is a linear functional: If E|X| < oo and E|Y| < oo then E|aX + Y| =
aB|X|+ BE|Y| for every o, 3 € R.

2. If X >0, then E|X| > 0.
Moreover, the following assertions hold:

Lemma 2.1.1 (Borel-Cantelli Lemma). If A, are any events with ) P(A,) <
oo, then
P(limsup A,) = 0.

n

If the A, are independent and ), P(A,) = 400, then P(limsup, A,) = 1.

Theorem 2.1.2 (Beppo-Levi’s theorem). If { X, },>1 is a sequence of nonnegative
increasing sequence of random variables that converges almost surely to a random
variable X, then

EX = lim FX,.

n—oo

Lemma 2.1.3 (Fatou’s lemma). Let {X,},>1 be a sequence of non-negative ran-
dom variables. Then
E(liminf X,,) < liminf £X,,.

n—oo n—oo
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Theorem 2.1.4 (Lebesgue’s Dominated Convergence Theorem). Let {X,},>1
be a sequence of random variables, converging(a.s.) to some random variable X .

Assume that there ezists a (non-negative) random variable Y such that | X,| <Y
for alln(a.s.) and E|Y| < 0o, then E|X| < oo, and

E|X| = lim EX,,.

If there is an infinite sequence of random variable, then it is necessary to
know the convergence of sequences. The following are given the different modes

of convergence:

Definition 2.1.6. A sequence of random variables {X,,(w)} converges with prob-
ability one to X(w), if P{w € Q : lim,, o X, (w) = X(w)}) = 1. This is also

called almost surely convergence.

Definition 2.1.7. A sequence of random variable { X, (w)} converges in proba-
bility to X if
lim P(|X,(w) — X(w)| > €) =0, Ve > 0.

Definition 2.1.8. Suppose that X,, and X are real-valued random variables with
distribution functions F}, and F' respectively. We say that the distribution of X,

converges to the distribution of X as n — oo, if
F.(X) — F(X), asn — 0.

Definition 2.1.9. We say that the sequence X, converges in r-th mean or in
the L"-norm towards X, if r > 1, E|X,|" < oo, for all n, and

lim E (|X, — X[") = 0.

n—oo

2.2 Stochastic Processes and Wiener Processes

Definition 2.2.1. A stochastic process X = {X; : t € T} is a parameterized

collection of random variables with index set T. For each fixed w € €, the function
t— Xi(w); teT

is called a trajectory. When T is discrete, then X is called stochastic process in
discrete time; When T is an interval or half line of the real line, or the whole
real line, e.g., T = [0,7] or T = D C R? then X is called stochastic process
in continuous time. In this case we always assume that the stochastic process
X : Q2 x T — R? is measurable in (w,t) with respect to the product oc—algebra
F @ B(R).



Definition 2.2.2. Let T'=[0,7]. Then, X :={X; : t € T} is a continuous pro-
cess if the trajectories are continuous, i.e., each w € €2 is mapped to a continuous
function of time defined on [0,7], w — X.(w) € C(]0,T]).

Definition 2.2.3. A stochastic process X := {X; : t € T} is called cadlag, if the
trajectories are right-continuous with left limits, i.e. for every fixed w € 2, X,(w)

is right-continuous and the lim,y; X exists for every ¢ € [0, 7.

An important class of stochastic processes is that with independent incre-

ments; that is, where the difference X (tx41) — X (fx) are independent.

Definition 2.2.4 (Wiener Process). A standard one-dimensional Wiener process
(Brownian motion) with respect to {F;} is a continuous F;—adapted process
W = {W, :t > 0} defined on (2, F, P) with properties

1. Wy =0,a.s;
2. for every 0 < s < t, W(t) — W(s) is independent of F
3. W(t) — W (s) is normally distributed with mean zero and variance ¢ — s.

Definition 2.2.5 (Martingale). A stochastic process X; is called a martingale

with respect to F; if it satisfies the following conditions:
1. X, is F;—adapted;
2. F|Xi| < oo, for all t > 0;
3. E(Xi|X;) = X, for every s,t > 0, such that s <t.

A stochastic process X; is called a local martingale with respect to JF; if there
exists a sequence of stopping time 7, such that 7,, T oo a.s. and X\, is a

martingale with respect to Fin,, for n € N.

2.3 Fundamental Inequalities and Statements

Next we present some important inequalities and statements that will be used in

the following chapters:

Proposition 2.3.1 (Chebyshev’s inequality). If & is a random variable then
P(I§] > N) < ATE([€]%),

VYA >0, a>0.
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Lemma 2.3.2 (Young’s inequality). If a,b,p,q and 6 are positive real number
with 1/p+1/q = 1, then we have

o 1
ab < —a? + bY.
P q6Q/P

Theorem 2.3.3 (The Roger-Hélder inequality). For any random variables £, n

E(&n]) < [€lplnlg, Vp > 1,

whereq::%ifp>1cmdq:ooifp:1.

Remark 2.3.1. The special case p = ¢ = 2 of the Roger-Hdlder inequality is often
called the Cauchy-Bunyakovsky inequality.

Theorem 2.3.4 (Minkowski’s inequality). For any random variables &, n, and
for p € [1,00]
1€+ nlp < €l +

Theorem 2.3.5 (Jensen’s inequality). If f is a conver function then f(EE) <
Ef(&) for every random variable &, provided E¢ is finite.

Theorem 2.3.6 (Burkholder-Davis-Gundy’s inequality). For any p € (0,00),
there exists constant C,, < oo depending only on p, such that for every T > 0,

t T
Esup| [ fodw," < C,E( / f2ds)P/?,
0

t<T 0

for every Fi—adapted stochastic process {f; :t € [0,T]}.

Theorem 2.3.7 (Gronwall’s inequality). Let T'> 0 and ¢ > 0. Let u be a Borel
function on [0,T], such that

0<u(t) < c+/0 v(s)u(s)ds,

holds for all 0 < t < T, where v is a non-negative function having finite integral
over [0,T]. Then

t
u(t) < cexp( / v(s)ds),
0
forall0 <t <T.

We need the following discrete version from the above Gronwall theorem to

get some estimates for the discrete time approximations.
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Lemma 2.3.8 (Discrete Gronwall inequality). Let {a;} be a sequence, i =0,1,2,---  k—
1. If for k=1,2,--- ,n the inequality

k-1

ak§C+KZai

i=0
holds, where C', K > 0 are constants. Then
lax| < C(1+ K)*.

Proof. Define by, := C + KZ?:Ol b;. Then we claim that

ap < by.
Indeed,
ag < C =by; a1 <C+ Kag < C+ Kby = by;
we get the claim by induction. Since,
bpr1 — b = Kbg, by = bp(K +1).
So
b1 = bp(K +1) = b1 (K +1)°
= bp_o( K +1)% = -+ = (K + 1)F*!
Finally, we obtain
a1 < gy = bo(K + )M = C(1 + K)F.
O

In order to construct (maximal) monotone extensions of (maximal) monotone

functions, we will make use of the following well-known result:

Theorem 2.3.9 (Separation of Convex Sets [34]). Suppose A and B are disjoint,
nonempty, convex sets in a topological vector space X. If A is compact, B 1is
closed, and X 1is locally convex, then there exist a € X*, v € R, v € R, such
that

(a,r) < <7 <({a,y),
for every x € A and for every y € B, where (x,x*) denotes the duality product of
x e X and z* € X*.

2.4 Monotone and Maximal Monotone Mappings

We devote the last part of this chapter to a very important theory of monotone
and maximal monotone mappings. The material covered in this part is the base
for the rest of the thesis.

12



2.4.1 Introduction

The theory of monotone and maximal monotone mappings play an important
role in several fields of mathematics such as functional analysis, partial differ-
ential equations. They have turned out to be very useful in the study of the
existence and uniqueness theory for ordinary differential equations, partial differ-
ential equations, differential inclusions, stochastic [t0’s equations. This is a very
simple but important technique. We have seen in many works, that the property
of monotonicity and maximal monotonicity make a big contribution to the SDEs
problems. For the beginning, let us summarize some general sources and concepts
of the monotone and maximal monotone mappings. Then in chapter 5, we will
give the extension of monotone and maximal monotone mappings that will lead
to our proof.

We start with some basic definitions:

2.4.2 Notation and Some Definitions

Definition 2.4.1. A mapping a : R — R? is called monotone, if

(a(z) = a(y))(z —y) <0,
for all z,y € RY.

The definition of monotone mapping can be extended to a multi-valued case.
A mapping a : R? — 28" is multi-valued, where 28 is all the subsets of R?, and
a will be viewed as the subset of R? x R?. If a C R% x R? we define,

a(r) = {y € RY: (z,y) € a} is the image;
D(a) = {z € RY: a(z) # 0} is the effective domain of a;
R(a) = U{a(z),z € D(a)} is called the range of a;
a ' ={(y,z): (z,y) €a} is the inverse mapping .
If a is multi-valued then the above definition of monotonicity is replaced by,

Definition 2.4.2. A mapping a : RY — 28 is called monotone, if (z* — y*)(x —
y) <0, for all z,y € RY 2* € a(x),y* € a(y).

Example 2.4.1. We give an example of a multi-valued monotone function. Let
a:R—=R; a(x)=0,if x<1; alx) =114 x> 1, and let a(l) be any subset
of 10,1].

In more general case, we give the definition of a K —monotone mapping:

13



Definition 2.4.3. A multi-valued mapping a : R — 2B is called K —monotone
if
(" —y)(x —y) < Klz —y|*, ¥ o,y e R, 2" € a(z), y* € al(y),

where K is a constant.

In order to introduce the definition of maximal monotone mapping, we con-
sider their graph first.

We say that the set I'(a) = {(z,y) : © € D(a),y € a(z)} is called the graph of
a. The map a : R? x R? is called an extension of a if T'(a) C I'(a).

Definition 2.4.4. If ¢ : R — R?' is a K—monotone mapping, such that it
does not have a proper K—monotone extension, then it is called a maximal

K—monotone mapping.

If K = 0, in Definition 2.4.3 and 2.4.4, we shall call 0—monotone and 0—maximal
monotone simply monotone and maximal monotone.

From Zorn’s lemma, the graph of every monotone map is contained in the
graph of a multi-valued maximal monotone map. It shows that monotone map-

ping can get extended to a maximal monotone mapping.

Remark 2.4.1. Notice that monotone (maximal monotone) mapping we defined
here is based on monotone decreasing, while most of the definitions in textbooks

are monotone increasing.

Remark 2.4.2. We can see that maximal monotonicity is a property for continuous
monotone function, i.e., if a continuous function a : R — R? is monotone, it is

maximal monotone.

In order to get a better understanding of a maximal monotone function, let

us give an example.

Example 2.4.2. We consider a multi-valued function f from R to 2%, If f is
monotone discreasing but discontinuous at x, where x € R. Then f is monotone
but not mazimal monotone. It is easy to see that the set I'(F) = {(z,y) : « €
R, f(z+0) <y < f(x—0)} is a monotone set and that every monotone extension

of f is contained by it. Such multi-valued function F' is maximal monotone if and

only if F(x) = [f(x +0), f(x —0)].

Remark 2.4.3. If a is a K—monotone function, we set @ = a(z) — Kz. Then a(z)
turns out to be monotone. Furthermore, if a is a maximal K —monotone function,

then it is easy to see that a is maximal monotone.

Proposition 2.4.1. A multi-valued map a is monotone (maximal monotone) if

1

and only if its inverse a~' is monotone (mazximal monotone).

14



Proposition 2.4.2. Let a be mazximal monotone. Then its images are closed and

conver.

These results are consequences of definition of maximal monotone function.
We omitted the proofs.

2.4.3 Known Results

The property of maximal monotonicity is closely related to the surjectivity of the
operator I + a, in which I is the unit operator in R?. This result is a theorem of
Minty, (see e.g., Aubin and Cellina|2])

Theorem 2.4.3 (Minty). Let a be a monotone set-valued map from X to X. It

is maximal if and only if I+ a is surjective.

Here X denotes Hilbert space.

For details of proof of the above theorem, we refer to Aubin and Cellina [2].

We give some well-known properties of maximal monotone mappings. The
relevant material can be found in Aubin and Cellina [2] and E. Zeidler [40]. The

following lemma is sufficient for our later proofs.
Lemma 2.4.4. Let a be a mapping on RY, the following statement are equivalent:
(a) a is mazimal monotone;
(b) a is monotone, and Im(I + a) = R4,
(c) (I + Xa)~! is a contraction on RY.
A fundamental characterization of maximal monotone mapping is as follows:

2.4.3.1 Yosida Approximation

Let A be a maximal monotone map on R%. For A > 0, the inclusion y € x+ \A(z)
has a unique solution z, for any fixed y , denoted by (I + AA)~'y = Jyy. The
mapping Jy is a contraction from R? — R?¢. We put A, := % It can be shown
that A, is maximal monotone and Lipschitz continuous. Such Lipschitz mapping
Ay is known as Yosida approzimation. We state some important properties of

Yosida approximation without proofs due to Aubin and Cellina [2].
Theorem 2.4.5. Let A be a mazimal monotone map on R?. Then

1. For all x € D(A), there exists a unique point Az such that |A%z| =
min{|y| : y € Az}.
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2. | e — | < |x —y|, for all X >0 and x,y € R%.

3. Jx, Ax are Lipschitzean with constants 1 and 1/\ respectively.
4. Ay is mazimal monotone.

5. Ayx € Adyx for all X > 0 and z € R%.

6. For x € D(A), |Axz| < |A%|, and Ayz — A%z as A\ — 0.

7. Forx € D(A), Jyx — x.

We can see that in particular, a maximal monotone mapping A can be approx-
imated by single-valued Lipschitz mapping A, that are also maximal monotone

to some extent.
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Chapter 3

Implicit Approximation Schemes
for Stochastic Differential
Equations

In this chapter, some resent results on stochastic differential equations from [5]
are generalized. We will prove that implicit approximations for SDEs on domain
of R? converge almost surely if the drift satisfies one-sided Lipschitz condition

and the diffusion coefficient is Lipschitz continuous.

3.1 Introduction

Let us investigate the following SDE in this chapter, for z € R, and ¢ € [0, T,

For simplicity, we consider the time-independent case.

It is well known that numerical methods are extensively applied to solve SDEs
problems. There are various types of methods to solve numerically SDEs. An
overview of the existing numerical methods is given in Kloeden and Platen [26].
A numerical solution z™ := {z"(¢),t € [0,T]} is a stochastic process that approx-
imates the solution = := {z(¢),t € [0,7]} of an SDE. The first step towards the
development of numerical solutions to SDEs is Euler’s polygonal approximation,
which is the simplest discrete approximation, (it is also known as Euler-Maruyama
approximations). One can define Euler’s polygonal approximations as follows: for

every integer n > 1, given a partition
O=to<ti1 <---<tpy<---=T, k=1,2,---,n

of the time interval [0, 7], with a step size At = %, it allows us to express the
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discrete time stochastic process in the form of

dy

" (ty) = 2" (1) + alz" (te) AL+ YV (2" (ter)) Aw]_y,

Jj=1

for Aw]_, = w{k — wfk_l.

We notice that the convergence of Euler’s approximations is discovered by
many authors under different conditions. It is worth mentioning that it is first
known from Maruyama, G. [28] in the case of the Lipschitz continuity of the
drift and diffusion coefficients. In [19] Krylov, N.V. showed that the existence of
strong solutions can be constructed under the Euler polygonal line method. Then
it is shown in [1] that Euler polygonal lines can be used as a new proof of the
existence of solutions under the monotonicity and the linear growth condition by
Alyushina, L.A. . She also obtained an estimate for the speed of convergence.
Afterward, it is known from Krylov, N.V [20], where a simple proof of solvability
by Euler’s polygonal line method is presented under monotonicity and under a
condition which is weaker than the usual linear growth. Later a proof of solvabil-
ity, based on very general conditions by Euler’s approximations, can be found in
[9]. Gyongy, I. and Krylov, N.V. obtained that Euler’s approximations converge
in probability to strong solutions, even if the drift term is only measurable and
the diffusion term is Lipschtiz, while a description of convergent proof by Euler’s
approximations, based on the monotonicity of the drift and Lipschitz continuity
of the diffusion can be found in Gyéngy, I.’s paper [10]. Higham, D.J., Mao, X.
and Stuart,A.M., in [5] gave a strong convergent result for Euler method when
the drift and diffusion coefficients are locally Lipschitz. As a further extension,
they showed a more widely used implicit variant of the Euler methods by relating
two implicit methods. One is split-step extension of the backward Euler method.
The other, more naturally extends the backward Euler method (we call it im-
plicit approximations). In this chapter we are interested in implicit discretization

scheme in the forms of:
di
2" (ty) = x"(tp—1) + a(x"(t)) At + Z bj(x"(tk_l))(wfk - w{kil), 1 <k<n,
j=1
for T,, := {tx = kAt}, where At = % for n > 1. In their work [5], under a
local Lipschitz condition, and the boundedness of the pth moments of both the
exact and numerical approximations for any p > 2, combined with a polynomial
growth condition, they proved that the backward Euler approximations converge
in mean square with a rate of 1/2. The other published work in this area that we

are aware of is Hu, Y [16]. He proved the strong convergent result when the drift
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coefficient satisfies the one-sided Lipschitz condition and exponential growth, the
diffusion coefficient has the bounded derivative. He obtained that implicit scheme
has the convergence rate of 1/2. This chapter is influenced by the works [16], [5].

Our main result is to prove the convergence of implicit scheme under some-
what weaker conditions. It is worthwhile to compare our work with that in the
above two papers [5] and [16]. As we can see, the existing proofs of the conver-
gence of such numerical schemes in both of these two papers require the locally
Lipschitz condition. This is the main reason why they have a better rate of con-
vergence. In our work, we obtain boundedness of the gth moments of both the
exact and numerical approximations for any ¢ > 1, where the diffusion is Lips-
chitz continuous and the drift satisfies a one-sided Lipschitz condition. Further,
we require the drift behave polynomially. We show that implicit approximations
converge almost surely to solutions of SDEs. Moreover, the rate of convergence
we proved is n=® for every o < 1. (See Theorem 3.2.6 and 3.2.7 below.) Our
results are comparable to the results in [5] and [16].

This chapter is organized in the following way:

e section 3.2: in this section we describe our discretization implicit scheme,
prove the existence and uniqueness of implicit approximations precisely, and

state the main results of this chapter;

e section 3.3: this section gives the preliminary lemmas that will be used
to establish the main proofs. Boundedness of the implicit approximation

solutions is given in this section;

e section 3.4: in this part we provide the main proofs of main theorems.

3.2 Formulation of the Results

We consider the stochastic differential equation as follows:

{400 = oty + S b () dud, o)
z(0) = o,

where a(x), b(z) are Borel functions on R? taking values in R? and R respec-
tively.

By a solution of SDE (3.2.1) we mean an F;—adapted R?—valued stochastic
process z(t) = z;(w) satisfying equation (3.2.1) on the interval [0, 7] for almost
every w € €} .

The hypothesis on convergence theory are usually sufficient, but not necessary.
Some of those are quite strong, but can be weakened in several ways. In what

follows we list assumptions that are concerned in this chapter:
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Assumption 3.2.1. Let z, be an Fy—measurable random variable in R¢ such
that E|zq| < oo.

Assumption 3.2.2. a is continuous in z € RY.

Assumption 3.2.3 (Local Monotonicity of a). For any R > 0, there exists a

constant Lg, such that

(z —y)(a(z) — aly)) < Lrlz —y|%,
for any x,y € RY, with |z|,|y| < R.

Assumption 3.2.4 (Local Lipschitz of b). For any R > 0, there exists a constant
Ly, such that

lb(z) — b(y)| < Lglx -yl

for any z,y € R, with |z|,|y| < R.

Assumption 3.2.5 (One-sided Linear Growth of a, b). There exist non-negative
constants C7, Cy, C3, such that

za(z) < Cy|z)? + Cy;
b(z)] < Cs3(1 + |=]).

Remark 3.2.1. Notice that in the local conditions 3.2.3 and 3.2.4 if Ly := L for all

R and L is a non-negative constant, then we get the global conditions as follows:

Assumption 3.2.6. There exist constants L, L, > 0, such that for all z,y € R?,
(i) (2 = y)(alz) — a(y)) < Lz —y|%,

(ii) [b(z) — b(y)| < Lo|z —yl.

Remark 3.2.2. Inequality (i) in Assumption 3.2.6 is also known as one-sided Lip-

schitz condition. This means, the function a is a K —monotone function.

Remark 3.2.3. Notice that Assumptions 3.2.6 implies Assumption 3.2.5.

Assumption 3.2.7 (Polynomial Condition of a). For any integer r > 1, there

exists a constant Cy > 0, such that
|a(z)| < Cy(1 + |z[").

We now describe implicit discretization schemes. Let n > 1 be any integer,
and set t;, = kAt for 0 < k < n.
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3.2.1 Implicit Approximation Schemes

Under the above conditions, we approximate the solution z(t) of the equation

(3.2.1) by the process 2™ (t) solving the following equation:
{ 2 () = 2" (tkr) + al@"(te)) At + S0 b (@™ (ten)) (w], — wl, ), (3.2.2)
,I'n(to) = Xy,

and defined as
" (t) = 2" (ty_1), for t € [tx_1,tx),

for 1 < k < n. Here we denote Awy_y := w;, —wy,_,. This scheme is also known as
backward Euler method [5] or semi-implicit Euler-Maruyama time discretization
scheme [16].

The following statements establish the existence and uniqueness of x™(t) for

this system of stochastic equations (3.2.2):

3.2.2 Existence and Uniqueness of Solution of the Implicit
Schemes

The lemmas below give the existence and uniqueness for the solution to the equa-
tion f(x) = z, which deduce the proof of existence and uniqueness of solutions to

the implicit schemes.

Lemma 3.2.1. Let f be a vector field on RY and consider the equation

flz) =2 (3.2.3)

for a given z € R%. If f is monotone, i.e.,

(z —y)(f(x) = f(y)) >0 (3.24)

for all x,y € R, x # y, then the equation has at most one solution.
If f is continuous and it is “coercive”, i.e., there exist constants ¢c; > 0, and
co € RY, such that
rf(x) > ci|r)? + ¢y, Vo€ RE (3.2.5)
then for every z € R?, the equation has a solution v € R?, and
1 262

2~ Z 2 _
of* < -

(3.2.6)

with constants depending only on ¢ and cs.
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Proof. If x and y are solutions to equation (3.2.3), then f(z) — f(y) = 0. Hence
(x —y)(f(z) — f(y)) = 0 and condition (3.2.4) implies z = y.

If f is continuous and satisfies the “coercivity condition”, then the existence
of a solution z € R? is a classical result, see, e.g. Zeidler’s book [40]. To show
the estimate (3.2.6) for a solution z of equation (3.2.3), notice that the coercivity
(3.2.5) implies

clzP + e <af(x) =22 < %|I|2 + 2—i1|z|2
Hence,
of? < s = =2,
which proves (3.2.6). O

Corollary 3.2.2. Let a be a continuous vector field on RY satisfying local mono-
tonicity and one-sided linear growth conditions: 3.2.3 and 3.2.5. Then for At
satisfying C1At < 1, (where C is the coefficient in one-sided linear growth con-

dition) and for every z € R%, the equation
r—a(x)At =z (3.2.7)
has a solution x € RY and
lz] < (1 —C1AL) 2|
If for R := (1 — C1At)7Yz|, and we have LrAt < 1, then the equation (3.2.7)
has a unique solution.

Proof. Notice that f(z) := x — a(x)At is a continuous vector field on R?, such
that
vf(x) = |z)? — za(x)At > |z|* — CLAtz]* = c1]z]?,

with ¢; : =1 — C1At.

Clearly, for sufficiently small At the constant ¢; is strictly positive and hence
f is coercive.

Then by Lemma 3.2.1, (3.2.7) has a solution = and by estimate (3.2.6),

jz] < Clz],

with C = (1 — C1At)"L. Let x,y be solutions to (3.2.7), then |z| < R, |y| < R,
with R := C(z), and by the local monotonicity condition

(x —y)(f(x) — f(y)) > |z — y|* — Lelz — y[?At = (1 — LpAt)|x — y/?,

which implies x = y if LAt < 1. m
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Corollary 3.2.3. Let a be a continuous vector field on R? satisfying the lo-
cal monotonicity condition 3.2.3 and the one-sided linear growth condition 3.2.5.
Then for At satisfying CiAt < 1 there is a Borel function p : R? — R? such
that * = pay(2) is the solution of the equation (3.2.7), for all = € R%, and
lpac(2)] < (1= CLAE) !z

Proof. If Lr = L for all R, i.e., the one-sided Lipschitz condition 3.2.6 holds, then
for LAt < 1 and C1At < 1, equation (3.2.7) has a unique solution = := pa(2)
for all z, which defines the Borel function pa;. If C1At < 1, then there exists a
solution x for each z € R? but there may be many solutions. In this case one
knows that it is possible to pick up a solution pa.(z), such that the function pa,

is Borel measurable. From the above corollary, [pas(2)] < (1 — C1At) 7Yz O
Under the above preparation, we go back to the system of equations (3.2.2).

Theorem 3.2.4. Let Assumptions 3.2.1, 3.2.2 and 3.2.6 hold, then the system
of equations (3.2.2) has a unique solution {x"(ty) : k =1,--- n}, if At is suffi-
ciently small, i.e., if n is sufficiently large. Moreover, x™(t) is Fi, —measurable

for any k.

Proof. The system (3.2.2) can be written as
f@"(te)) = 2 (tr) — a(a" (tr)) Al = 2

where
dy

= xn(tk_l) + Z bj(xn(tk—l))Awiflv k= 1a 27 N

j=1
Hence we can get the existence and uniqueness of the sequences {z"(t) : k =
1,2--- ,n} by induction on k from Lemma 3.2.1. Notice that, the random vari-
ables 2" () are F;, —measurable.

O

Theorem 3.2.5. Assume Assumptions 3.2.1, 3.2.2, 3.2.8 and 3.2.5 hold, then for
sufficiently small At, the system of equations (3.2.2) admits a solution {x"(t) :
k=1,2,---,n} such that x"(tx) is F, —measurable.

Proof. Define

dy

2" () = par (2" (temr) + >V (2" (temr)) Aw],_y), (3.2.8)

Jj=1

where pa; is 2™ (tg) — a(z"(t))At. Corollary 3.2.3 implies the result.
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Remark 3.2.4. In the proof of the main theorem 3.2.7 given as below, we will
define implicit approximations as (3.2.8). In the point of my practice, under
the local conditions pa; is bounded by an increasing sequence C(R). Further

explanation is given later in this chapter.

Our goal is to show that implicit approximations converge to a stochastic
process, which is the solution of equation (3.2.1). The theorems below are the
main results of this chapter. Moveover, we obtain a rate of convergence result for

the implicit method which is a generalization of [5].

Theorem 3.2.6. Let r > 1 and ¢ > 1 be any real number. Assume E|xo|?" <
0o. Then under Assumptions 3.2.2, 8.2.6 and 3.2.7, there exists a constant C
independent of n, such that

E n _ q —a/4
Orgggxnm (tx) — z(tg)|* < Cn

We can weaken the assumptions of Theorem 3.2.6 as follows:

Theorem 3.2.7. Under Assumptions 3.2.1 and 3.2.2, let Assumptions 3.2.3,
3.2.4 and 3.2.5 hold. Then z"(t) defined by (3.2.2), converges to x(t) almost
surely for each t € [0,T]. Moreover, for every a < %1, there exists a finite random
variable &, such that almost surely

sup |z(t) — z"(t)| < &n™7,
t<T

for alln > 1.

3.3 Preliminary Lemmas

In order to establish the main results, we shall need to prepare some lemmas. We
will show that under Assumption 3.2.5, the true solution of SDE (3.2.1) has a
finite gth moments for each ¢ > 1, and the ¢th moments of the numerical solutions

is bounded by some constants independent of n.

Lemma 3.3.1. Let ¢ > 1. Assume El|zg|? < oco. Under Assumptions 3.2.2 and
3.2.5, if x(t) is a solution of SDE (3.2.1), then there exists a constant C, such
that

E sup |x]? < C.
0<t<T

This statement is well-known, see e.g. in Krylov [22]. For the convenience of

the reader, we give a brief proof.
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Proof. By Itd’s formula, we can derive that for all ¢ € [O T1,

dy
dz(t)]> = (Zx(t)a(:p(t))+2|bj(x dt+Z2x t))dw]

< CO(1+ Jz(t) dt—i—ZZx t))dw!,

where C' = C(Cl, Cg, Cg)
Set xf(t) := x(t A 7r), where 73 is a stopping time defined by

Tr =1inf{t > 0: |x;] > R} for each R > 0.

Then
t/\TR

sgp |Z‘R<S)|2].TR>0 < wo)*Lloys0 + C/ (14 |z(s)[*)ds

s<t 0

sATr ‘ ‘
+2sup | Zm(r)bj(x(r))dwﬁ :
s<t 0 -
7=1

Hence for any ¢ > 1,

Esup ]xR(s)|q17R>0
s<t

t
< Cy(Blaolt + 2B / (1+ [ (s)[7)ds
0

s 4

+Esup| ZxR<r)bf(xR(r))dwg;|q/2). (3.3.9)
s<t o =
Notice that the right-hand side of the inequality (3.3.9) is finite since |xf(s)| < R
and
s
I = FEsu x ))dw? |/
wl [ W 0]
t d1 A
< GE([ 30 e)re)”
< o0,

by the Burkholder-Davis-Gundy inequality.
Moveover, by the Cauchy-Schwarz and the Young’s inequalities, also let C;, =
Cy(C1,C4, C5,q) be a constant that may change line by line

I < CyB(sup IasR(s)|3q/4(/0t(1 +1a"(r) )"

s<t

t
< §Esupyx3<s>|q+cqtq*1E / (1 + |25 (r)|")dr
0

4 s<t
< 0oQ.
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Thus, with (3.3.9), we have

1 t
ZE sup |xR(s)|q1TR>0 < CyE|xol? 4+ Cyt? + thq_lE/ sup |xf|q1m>odr,
0

s<t r<s

for every t € [0, T.
By applying the Gronwall’s inequality 2.3.7, we get

E sup [2%(s)|"1,,50 < Cy(E|zo|? + 19)eCat" (3.3.10)
0<s<t
Hence
E sup |2%(s)|? < E sup |27(s)|" 150 + Elxol. (3.3.11)
0<s<t 0<s<t

Since 7z — oo for R — oo, we have 2%(s) — x(s), then consequently,

sup |z(s)]? = sup liminf|2zf(s)|? < liminf sup |2f(s)|7.
0<s<t 0<s<t R—oo R—oo <<t

Hence, by Fatou’s Lemma, together with (3.3.10), (3.3.11)

E sup |z(s)|? < E(liminf sup ]a;R(s)|q)
0<s<t R—oo p<s<t
< liminfE< sup |xR(s)|q> 1,50 + Elxol?
R—o0 0<s<t
S Cq;

where C, := C,(q, E|zo|?, C1,Cs, Cs,T). The assertion is proved. O
The next lemma provides important bound for implicit approximations.

Lemma 3.3.2. Let Assumptions 3.2.2 and 3.2.5 hold. Let g > 1 be any real num-
ber, and assume that E|xg|? < co. Then there exists a constant C' independent of

n, such that the solutions of the system of equations (3.2.2) satisfy

E max [z"(t,)|? < C,
0<k<n

for all sufficiently large integer n.

Proof. Step 1. First we prove that E|z"(t;)|? < oo for each n and k.

For fixed n we proceed with the proof by induction in £ = 0,1,--- ,n. For
k =0, we have E|zo|? < oo by assumption. Assume that E|z"(tx—1)|? < oo , for
1 < k <n. We want to show that

E|z"(ty)]? < o0.
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Take a constant K > 0, for [ =1,2,--- ,n, and notice that

6—Ktl |l’n(tl)’2 - e—Ktl,l \$n(t1—1)|2

= e (e ()P — |2 (te)P) + (e = e TR 2 (1)
< eI () = o (1)) — CuKe K o (1) A,
where | kar
C, = _Ke—At >3 for sufficiently small At.
Then
e M) — et 2 ()

1
e M (2" (WP — 2" () P) — SKe et (#)PAL

Notice that from (3.2.2) we have
d1
2" () — 2" (tioy) = a(@"(t)) At + > V(2" (t_y)) Aw]_,.
j=1

Furthermore, by using the formula b? — a? = 2b(b — a) — (b — a)?, we get,

2" (t)|* — |2 (ti-)
= 22"(t)(2"(t) — 2" (ti-1)) — " (t) — 2" (i) ?

dy
= 22" (t)a(x"(t;)) At + ZQx"(tl)bj(x”(tl_l))Aw{_l — |a(z"(t;))[*| At[?
—ZW (ti-1)?|Awi_|? — ZQa E (2" (ty)) AtAw)_,

= 22" (t))a(z"(t;) AH—Z ") — 2" (- 1))bj(93n(tl—1))szjf1

+ Z 20" ()b (@ (f1-1)) Ay = Ja(a" (0) P| At f?

—ZW (ti-1))?|Awi_,|* - Z2a t) (2" (t1)) AtAw]_,
= 2z"(t)a(z"(t)) At + Z2x”(tz—1)bj (@" (i) Aw] 4 — a(@"()]*| At

+Z|b’ (i) PlAw]_, 2

dy
22" (t)a(x" () At + ) 22"ty (2" (o)) Aw]_,

i=1

IN

27



+Z|b] (t1—1)) [P Awi_, .
Then
e Ml ()P — e Nt 2" ()P

< e—Ktl_1{(2$n(tl)a(xn<tl))At + i: 22" (4 1)V (2" (t1-1)) Aw)_,

J=1

1
+ZW (o)) Py ) | = S KR o 1) P A

dy
< e MO (L [ ()P At + e Ky 20 ()Y (2" (i) Aw]_,

j=1

1
+e i IZW (D)) PlAw], | — e an () At

by making use of Assumption 3.2.5. For K > 2C'}, we obtain

e Mz ()P — e 2t
di
< Cre ALY " 2e Mg (1 )b (" (t)) Aw]

j=1

+Z€ Bty (2 ()] ‘Awl 2

By
k
G_Ktklxn(tk”Q —e Kt0|x Z _Ktl|:L‘ i 6_Ktl_1|$n(tl_1)|2),
summing up, we deduce that
e—Ktk‘xn<tk)|2
k
<zl +Cr Y M- 1At+zz TRy (2" () P Aw]_y |
=1 j=1 I=1
dq k ‘
423 ) e Kt (4 )V (2" (o)) A,
j=1 I=1
o—Kto di k '
< wol® + O ZZ TR (2 ()P Aw]_y |
ik A
+2) 0 e Kt (g ) (2" (t-) ) Aw]_y. (3.3.12)
j=1 1=1
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For sufficiently small At, 0 < Tom — 2¢ K% =2 hence

e | ()2
dq .
< e ()P 4 Y eI Y (@ () P A [

j=1

di
+ Z e K= (1 )b (2" (1)) Awl_,.

j=1
Then raising both sides to the power ¢/2, we take expectations to give
Be™ 30Kt 2 (1,)]¢

< Cq{E(e’%th’“*l|x"(tk,1)|q)

dy
Y BB (@ (1)) A

d1
430 2B B gy )9 0 ) S 7,

j=1

Notice that, by the linear growth condition of b,
ZEW (tx-)) || A, |

< ZEW (te—)|"B| Aw]_, |
< 03(1+E|93 (te-1)|) (A1) 72,

and

di
> Bl (b)Y (2" (te1) || Arw],_y |2

J=1

< C3(1 + E|z™(tre_1)|9) (A1),
Both are finite by assumption E|z"(t;_1)|? < oo, which proves that
E|z"(tx)]? < o0,

for k=1,2,--- ,n and finish the induction proof.
Step 2 Now we would like to prove the statement of E maxy<, |2"(tx)|? < C.
From (3.3.12), we raise to the power ¢/2, for k < i < n, then take expectations
to get
Eorggge—%%”(tk)w < CAEBl|xol” + (2C: A0 + 1) + 2971}, (3.3.13)
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with

di k
Kty /2
1= Y B max (e N (o (60)) P Aw] )"
j=1 - =1
and
d1 k , P Ng/2
b= DB e (3¢ () o () ) "
j= - =1

Notice that I; < C,(I + I{), with

d k
L —Kt;_ q/2
I = Egrgl?é e o (2" (ti-1))|PAt)
j=1
d; k A
I = Eg%?ici (Ze_K“—l|bj(wn(tz—1))|2(|Awl]f1|2 - At))q/z
=1 =1

Estimation of []:

d1 7
< YTy e I (B (2 (0o)) ) A

7

< Gy Z 6_%‘mtl—lE(l + |2 (o)) )2 At

=1
i—1
< qa/2-1 qa/2-1 Kty INE.
< 205TY* 1 4 CT ;Egrggée 29Kt 27 (1)1 AL
Estimation of I
di k
- i ‘ 2
I = EIE?ZX (Ze B o7 (2™ (1)) P (|Awy_y P — At»q/
j=1 = =1

To estimate I} we define a stochastic process {m,(t) : t € [0,T]} by

0=3 [/ ntpan,

for each n > 1, where g,(t) := 2(w; —wy,_,) for t € [t;_1,t], {1 =1,2,--- ,n. Then

m,, is an F;—martingale for each n, and

M (t) — M (ti—1) Z!sz |2 = A

Set k1(t) :=t;—1, when t € [t;_1,%;]. Then

k

dy tr )
Z G_Ktl_l|b(ZL‘n(tl_1))|2(|Awl_1|2_At) = Z/O e_Km(t)|bj(xn(/{1(t)))|2-gn<t)dwl]f'

=1
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Hence by the Burkholder-Davis-Gundy inequality,
dy t '
Bo< GY B[ e O o))
j=1 0

< GB{ [ RO ) g0}

By using Young’s inequality: for % + % =1, with p = %, q = 4, we obtain,

]’//
1
ti )
< CuB{supe sFmO(1 4 |27 (1, ())]) %4 / e 25O (1 4 2™ (k1 (8))]) g (¢)dt)* }
t<t; 0
3
< —-Esupe” 3Kara(t) (14 |2"(k1(8))])?
4 t<t
OB / SO 4 | (e (1))])g2 (1)t}
1
e L Kqty, -
< 4Er2%xe 2R (1 2" ()] )+4CJ7L,
with "
7, ::E/ e HERO (L 4 o (1 (1)) g2 (1)),
0
where
t;
J, < Tq_lE/ e~ 3Ke O (1 4 (2" (5 (1))[9) g2 (t)dt
0
< Soorrt [ RO )t —
. 0
4 ‘ b 1 4 .
< Y crty / Be 2 ®ah=1(1 4 2™ (t,21)|) [w] — w]_ [*dt.
j=1 =1 7t-1
Since

ot A ,
Z/ Elw! —w]_|*dt < CAtT,
— Jt_1

Jo <O B AL 03 Be R a(t A,
=1 =1
Hence we get

3
Hos pPpaee LRGN

LO(3 b a4 30 B )

I=1
3 i—1
Z Kqt a Kqt q
< 4Eri1§3<e TRate | (1)) + C’ZEmaxe 2R | () |TAL
1 Ce3Kat,
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where C' is a constant changing line by line.
Combining 7, I{, we obtain

i—1
3 _1 n _1 _1 n
L < JEmaxe2 B (2" (15)|* + Ce quow}lo;E%);e 2R |27 (8,) |7At,

where C' = C(q, T, E|zo|?, C1, Co, Cs).
Estimation of I5: Also, by applying the Burkholder-Davis-Gundy and Young’s

inequalities, we get

dy k
— _1.7 ] n j /2
o= Y Emax (e ()b (@ (o) )’
j=1 = =1
t;
< CqE(/ G_QKM(t)<1+|$n(ﬁl(t))|4)dt)q/4
0
3 —LKqri(t) n 1 h —LKkri(t) n 4q/4
< JEspe B0 @)+ 30{ [ e 00 i (0))ar)
t<t; 0
i—1
3 ClKatel m oKt —LKqty |, m
< Gl QT+ O Brgxe et PAL

Together with [, putting into (3.3.13), again with a possible different constant
C:=C(q,T, E|zo|?, C1,Cs, C3), we obtain,

E max e~ 2955 |27 (£,)]
k<i

i—1

< C+ C’Z Ergg;(e_%qm’“\x(tkﬂth.
=0

Consequently by the discrete Gronwall’s Lemma (See Theorem 2.3.8), we have

—lthk n q
Erggl;x:e 28 | ™ ()|

< C(1+CAt)
< CeT.

So for sufficiently small At, we get Fmaxg<; e 295t |z ()7 < CeCT, where C
is a constant dependent of ¢, T, C, Cy, C3 and E|x¢|?, independent of n.
Hence e_%qKTEmanSi |z (tp)]9 < CeT) ie., Emaxpe; |2™(ty)]d < CearT,

where ¢; = ¢1(q, K). O

Remark 3.3.1. In the work of Higham, Mao and Stuart [5], when they begin to
bound the moments of the numerical solutions by the split-step backward Euler
method, they firstly deal with the estimates of the discrete approximations, (see

Lemma 3.7, [5]). They acquire a fine boundedness i.e., Esupycy<y [Yn|? <
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Ce®T | where C := C(p,T). These estimate seems right to us, but in fact here
the constant C' depends on M as well. So this result is not useful. Indeed, in the

proof of their lemma, (see P1052, line 4, [5]) they apply an inequality of

(X oA < 8 Y ) AW

7=0

This is not accurate, since N goes to infinity as At — 0. In our proof, I; is
not a well-defined stochastic integral, which means Burkholder-Davis-Gundy’s
inequality can not be applied directly. In order to overcome this problem, we split
|Aw,|? into two terms, i.e., At and |Aw,|? — At. Obviously, At part ] is easy to
estimate, while regarding I{ part, it is natural for us to define a stochastic process
m,. Apparently m,, is an F;—martingale for each n. Therefore, the problem can

be solved.
Recall that for 0 < k < n and t € [ty_1,tx), we set

/fl(t) =1r_q, and Kg(t) = 1, for t € [tk—l,tk)-

Then equation (3.2.2) can be cast in the integer form

z"(t) = x"(to) —i—/o a(z"(ka(s)))ds + Z/o V(2" (k1(s)))dw?. (3.3.14)

We also give the following useful estimates that will lead to the proof of our

main theorem.

Lemma 3.3.3. Let ¢ > 1 and r > 1 be any real number. Assume E|xq|?" < oco.
Then under Assumptions 3.2.5 and 3.2.7, there exists a constant C independent
of n, such that

Elz(t) — z(k1(2))|? < Cn~92,

Proof. By the inequality |a + b|? < 2971(|a|? 4 |b]), it is easy to see that
t

Elelt) = s(a)f < 2'E] | o @P+§ZW1E\ ba(s)dul]".
Iﬂ(t)

Using the Burkholder-Davis-Gundy’s inequality, one can derive that
Elz(t) — z(k1(t))]? < I + I,

with

t
I = 2q1Atq_1E/ la(x(s))|%ds;

K1 (t)
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and
di t

I = ZCqZQ_lE(/ |b7(:v(s))|2ds)q/2.

j=1 K1 (t)
Clearly,

t
CL2 I A / (1+ |a(s)[")ds

Kl(t)

I

IA

t
0,201 A1 / (1+ Ela(s)['")ds

K1 (t)

IN

< Cn™1,

by the boundedness of E|x(t)|?", where C' := C(r,q,Cy,T).

Now
t
L < Cye,2 B / (1 + J2(s)[?)ds) "
Hl(t)
t
< CAtq/2+0E(/ |(s)[2ds) ™.
H1(t)
Note that

t
E(/ 2(s)Pds) "
Rl(t)

E{sup |x(s)|V*( / (99"

s<t

IN

VAN

E(sup 2(s)[1)/2{E( / 2(s)[ds) "} V/?

s<t k1(t)

VAN

C’(At)(q_l)/Q{E/t |317(s)|qu}1/2

Kl(t)

C(AL) T VRAL (Ela(s)|")?
Cn~92,

IN

IN

Hence we obtain
Elx(t) — x(k1(2))]? < Cn~92,

where C' is a constant independent of n.

]

Remark 3.3.2. By using the similar method, we can get the following estimates

as well:
Ela(t) — x(ka(t))]* < Cn~"?,

E|a"(t) — 2"(r (1)) < Cn~/2,

Elz"(t) — 2"(ro(t))]? < Cn~Y2,
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3.4 Proof of the Main Results

Now under the assumptions described above and the additional assumption that

a is polynomial, it is possible to prove the main result of Theorem 3.2.6.

Proof of Theorem 3.2.6. Step 1. The first step of proving the theorem is to
find a formula for |z(t) — z"(¢)|>. We would like to use the formula b* — a* =
20(b — a) — (b — a)? again.

For the equation (3.2.1), it is natural to define z(¢) on [t;—1,t;), which is given

by:
di

(1) :x(tl_l)—i-/l a(x(s))ds—kZ/l b (2(s))duw.

ti—1 =1 Jt-1

With equation (3.2.2), we get the difference,

z(t) — 2" (t)

dy

= x(tll)—x"(tll)—i-/l (a(x(s))—a(x"(tl)))ds—l—z

ti—1 j=1

[ @) -Vat))io!

ti—1

(3.4.15)
Notice that,
jz(tr) — 2" (W) — |2(ti-1) — 2" (i)
= 2(x(t) — l’”(ﬁ)){(x(tz) —2"(t) = (x(tia) — 2" (ti1)) }
~{(a(t) = ") = (@(tir) = 2" (0}
Putting equation (3.4.15) into it, after simple arithmetic computation, we could

get

|z(t) — 2™ ()" = [a(tia) — 2" (ti-1)) [
= 20et) =) | (alats) = ala(0) ds+z [ @t - in)
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di
+2(a(ti) — o (tl_l))Z/t (V((s)) — (2" (t10)) )
#2(at) =a"(0) =~ (wlt) ") 3 [ (Vials) =P (00)))aud

+2(a(tir) = 2" (tr-1) Z / (¥ (a(s) = ¥/ (@"(ti-0)) ) du!

d1 4 ‘ ‘ ‘ i
S0 () = it ))dul | [ (afas) - ata”(0))asf
By
w(te) — 2" ()P = Y () — 2" ()] = (tir) — 2" (t0))]),
summing up, when [ = 1,2,--- |k, we obtain

2 (tk) — 2" (te) |

< [ atatato)) = ") (ao(s) o)) s
b

+ i /O““ 21 (5)) — 2" (2 (5))) (¥ (2()) — (2" (2 (5))) ) o

2

[ (#ato) - v )

Raising both sides to the power ¢/2 and taking expectations, for k <1i < n, we
have
E max |z(ty) — 2" (t)|? < Cy(I1 + I + I3), (3.4.16)

0<k<i
with
q/2

I := F max (/Otk 2(z(ka(s)) — 2" (ka2(s))) (a(z(s)) — a(x”(@(s)))ds) ;

0<k<s
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Step 2. Estimation of I:

q/2

I < tiq/2_l2q/2E/0 i ((x(/@(s)) — 2" (ka(s))) (a(z(s)) — a(x”(@(S)))) ds

Let C be a constant, C' := C(T,q,r, L1, Lo, Cy) that may change line by line, by
one-sided Lipschitz condition (i) of Assumption 3.3.11,

I, <CFE /Oti <|x(s) — 2" (ka(s))]* + I{)q/st,

with I} == |((ka(s) — 2(s))(alx(s)) — ala"(xs(s))],

o= or /0 ((sa(s)) — 2ol DI + () — ol s)) 2+ 15) " s

i—1

< CY Emax [x(ty) — 2" (1) /At
=0 -

ti t; ’
+CE/ |z(s) —m(ﬁg(s))|qd8+CE/ Ilq/st.
0 0
From the known estimate from Lemma 3.3.3, it is easy to get
t;
CE/ |2(s5) — 2(ko(s))|9ds < Cn~Y2.
0

Then polynomial condition on a shows that,

t; ,
CE/ 1%ds
0
t;
< CE/ [(ra(s) — a(8)| 72 (L 4 |2(s)|72 + [2" (ko (s))|*/?)ds
0
ti 1 1
< C [ Bllatnals) — s(9)0HEQ+ ()" +1a"(0) 7)) 2
0
< Cn~Y%,
Hence
i—1
I < C; Erilgix |2 (t) — 2" (ty) |9At + Cn~4/*  On~9/2, (3.4.17)

Step 3. Estimation of I5:
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By Burkholder-Davis-Gundy’s inequality,
L < oiE(/j 18 ((s)) — V(2" (a () ds)
< on( [ ot~ (o) Pas)”
< on([ Jalra(s)) — 2 ea () Pds) " + O / alra()) — a(s) Pds)

< CZEmaX|x(tk) — 2" (ty)|"At + CE / lx(k1(s)) — z(s )|2ds)q/2,

note that

/ 21 (5)) — () °ds) "

< (Esuplz(r(s)) - x(S)!q)l/z{E(/O (o (5)) — 2(s)lds)} 2

< C(Esuplz(ri(s)) - SC(S)I")”Q{E(/O (ki (s)) — a(s)|ds)} 2

t<t;
< Cn 92
Then -
< — 2" (ty)|? —a/2, 4.
I, < CZErilg;dx(tk) 2" (tp)|7At + Cn (3.4.18)

Step 4. Estimation of Ij:
Finally,

ho<oon( "W(s))_xn<m<s>>|2\bf<x<s>>_bj@n(m(s)))f@)q/“

q/4

< CBfsupla(m () ~ (a0 [ 5D~ ) s}

< %E I%gfdx(tk) —a"(tg)|T + C’E(/O |z(s) — 2"(k1(s))] ds)‘W.

i—1

1
- R = —q/2
< SEmax|o(t) - (tk)|q+c§E%x\x(tk) 2" () |1AL + Cn~Y? (3.4.19)
Finally combining 3.4.17, 3.4.18, and 3.4.19, putting into 3.4.16, we obtain
E max |x(ty) — 2" (t)[*

i—1

< O Bmax fo(ty) — " (8)[*At 4+ On /2 4 O~/
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Consequently, by discrete Gronwall’s lemma (see Theorem 2.3.8), we obtain

E max |z(ty) — «"(tg)]?

0<k<i
< (Cn~92 + Cn~ ") (1 + CAt)
< C’eCTn_Q/4,

where C' depends on the coefficients in the assumptions, and T, g, r, F|zo|?", but

independent of n. [
We begin to prove Theorem 3.2.7:

Proof of Theorem 3.2.7. Remember in (3.2.8) that {z"(t) : t € [0,T]} satisfies

"(t) = 17n(tk—1)+a<pAt (tk-1) +Zb] (tr1)) A, J)At

di

+ > V(@ (b)) A,

j=1

fort=1t,, k=1,2,--- ,n. Hence

2"(t) = 2" (tp—1) +a (0, (2" (te-1)), Aw], ) At+ZbJ (te—1))Aw] _, (3.4.20)
J=1
for t = t;, where 6, : R¢ x R4 — R? is defined by 6, (z,y) = pas(z + b(z)y), for
reRY yeRY,
Notice that
0.(,9)] < (1= CLAD (] + [b() 1y (3.4.21)

< (1= CA) ™ (Jo] + Cs(1 + J])ly]),

by Corollary 3.2.3, where (35 is the constant from the linear growth condition
3.2.5 on b. Fix € > 0 and let ny > 1 be an integer such that 1 —C,T/ng > €. Then
by (3.4.21) there exists an increasing sequence {(C(R))}%_,, such that C(R) T oo
and

10 (2,y)| < C(R),

for all n > ng, |z|, |y| < R. Such a sequence can be defined for example by

C(R) := R+ sup sup sup |0,(z,y)|.

n>ng |z|<R|y|<R

Then from the truncation result of functions (a,b), (see, e.g., [13]), for each R

there exist bounded Borel functions ap : R* — R?, by : R* — R¥% such that

ar(x) = a(z), br(x) = b(z),
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for all z € RY, |z| < C(R), and for some constant L = Lp,
(z —y)(ar(z) — ar(y)) < Llz —y|*

br(2) = br(y)|* < Lz —y|,
for all z,y € RY.
Consider the problem

dzp(t) = ))dt + Z t))dw! (3.4.22)

with the initial condition zz(0) = @01}, <p_1 and let {z(f),¢ € [0,T]} denote
its implicit approximation defined on the interval [0, T]. They applying Theorem
3.2.6 to equation (3.4.22), for every ¢ > 1 we have a constant C' = C,x such that

— (1) < O~
E max |zp(t:) — o(t:)[* < Cn73,

then by Lemma 3.3.3,

E sup |zp(t) —2%(t)]7 < Cn~4 (3.4.23)

0<t<T
holds for all sufficiently large integers n > 1, where % is the implicit approx-
imation, and zg is the solution of equation (3.4.22). Hence by virtue of the
Borel-Cantelli lemma (see Lemma 2.1.1) for every 0 < a < %, there exists a finite

random variable ng such that
su;) |2 (t) — zr ()] < nrn” %(a.s.) (3.4.24)
t<

for all n > 1.
Define the stopping times

=inf{t € [0,T] : |z(t) — 2™ (t)| > =},

N | —

mr = inf{t € [0,T] : 2|w!| + |z(t)] > R — 5},
op =T"NTg,
for all R > 1, where z(t) is the solution of

{ da(t) = a(a(t))dt + Y501, W (x(t))dw],
z(0) = xg

and z"(t) is its implicit approximation on [0,7]. Then z(¢) satisfies equation
(3.4.22) on [0,0 AT], w € [tR > 0] = [z0 < R — 1] € Fo. Let us denote
Ap == [y < R — 1]. Hence
x(t) = xzg(t), fort €[0,05 ANT),
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for almost all w € Ap.
By virtue of (3.4.20) and the definition of ar, br

z"(t) = a}(t), ont €[0,05 ANT)

for almost all w € Ag. Hence by (3.4.24), we have a random variable ng, such
that for almost every w € Ag,
sup [z"(t A o) —x(t AoR)| < nrn™¢, (3.4.25)
teT

for all n > ng. Since 7 T o0 as R — o0,
0 =UX Qg (3.4.26)

where Qp :={w: 17 > T}.
Notice also that
Qp C Ap. (3.4.27)

Therefore (3.4.25)-(3.4.27) imply that almost surely
sup [z"(tAT") —x(tAT")| < EnTC,
te[0,T

for all n > ng, where £ is a finite random variable defined by
E(w) ==& (w), for w e Q;

and
¢(w) :=nr(w), for w € Qr\Qr_1, R > 2.

Hence by using Lemma A.0.2 in Appendix, we get a finite random variable n such
that almost surely

sup |2"(t) — x(t)] < nn°
te[0,7

for all n > ng. The proof of the theorem is complete.
O

Theorem 3.4.1. Let the assumptions of the previous theorem be satisfied. As-
sume moreover that E|zy|? < oo, for some ¢ > 1. Then for every 0 < p < q,
Esup [2"(t) — 2(t)]” — 0,
t<T

as n — oQ.

Proof. From the fact above that x"(t) converges a.s. to x(t) , when n — oo .
Also from the boundedness of E'sup, |2"(¢)|? and E sup,.p |2()|?, we know that
both sup,p ["(t) [P and sup, |2(t)|? are uniformly integrable. So sup,< |2"(t)—
z(t)[P is also uniformly integrable. Then one can interchange the limit with the

expectation, which proves the theorem. Il
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Chapter 4

Solutions of Stochastic
Differential Inclusions

In the next few chapters stochastic differential inclusions (SDIs) on domain of R¢

have been investigated as follows:
dx(t) € a(t,z(t) dt+2b] (t,z(t))dw], z(0) = xo,

where a is a maximal monotone mapping, b is a Lipschitz continuous function
and w is a Wiener process.

In this chapter we are concerned with the existence and uniqueness of solutions
for SDIs. The existence of solutions is proved by monotonicity method in terms of
minimizing certain convex functionals and in this way solutions are approximated

by implicit schemes. Moreover a result on the rate of convergence is presented.

4.1 Introduction

There are a variety of motivations that lead us to study such class of SDIs. If we
deal with an SDE, in many practical problems, the existence of a solution is not
always guaranteed. There are many cases when there is no solution to the SDEs,
even though the Euler approximations converge. For example, let us consider the
following It6’s stochastic differential equation on R%:
{ ifo(i):—oa(x(t))dt + (t)dw; (4.1.1)
with a(z) =1 for x <0 and a(z) = —1 for x > 0.
In order to prove the existence for such problems, assume that we consider
an explicit Euler approximation " for the SDE (4.1.1). Then it is easy to show
that x™ converges almost surely to some stochastic process x. On the other

hand it does not have any solution of SDE (4.1.1). This may be inconvenient
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in certain applications. Nonetheless we shall see that this equation falls into a
general class. If we extend however, a to be multi-valued and the SDE to be a
stochastic inclusion, it can be proved that there exists a unique solution of the
SDI obtained. Therefore the equation is no longer a usual SDE type, but the one
with a multi-valued drift term. Generally, the right hand side of an SDI is a set
of values rather than a single value. So far we can see that SDIs play a crucial
role in the theory of SDEs with a discontinues right-hand side.

In the last ten years, it is noticed that existence and approximation of solutions
to SDIs have received broad attention. Existence and numerical approximation
methods have been tackled in several papers. P. Krée introduced the notion
of multi-valued stochastic differential equations in his paper [25] (we call it as

stochastic differential inclusions). In his type, he showed SDI in the form as:
dx(t) € al(t, z(t))dt — ))dt + Z b (t,x(t))dB, (4.1.2)

where A is a so-called multi-valued ‘maximal monotone’ map, (B;)¢>o is the stan-
dard Brownian motion on R?% Krée’s work presented the existence of a solu-
tion to (4.1.2) in a product situation. This indicates that a composition of RY,
R? = R? x R?P can be made so that for x € D(A), the pth first components of
Az is 0 and bj; = 0 for i = p+1,--- ,d and all j. Such type of SDIs has also
been developed by other authors. Pettersson in [31] defined approximate solutions
when the maximal monotone map A is replaced by Yosida approximation A,. He
proved convergence and acquired the existence of a solution to the multi-valued
stochastic differential equations under suitable conditions. It is well known that
such technique of Yosida approximation was employed before on differential inclu-
sions problems. Aubin defined approximation solutions by replacing the maximal
multi-valued monotone map by the Yosida approximation, and proved the exis-
tence and uniqueness of solutions to differential inclusions (as we can see in the
book [2]). In [38] Y.S.Yong consider the SDIs associated with following form:

dx(t) € a(t,z(t) dt—l—Zb]tx ))dBi,

where B is a Brownian motion. He proved the existence of solution for SDIs
under the condition that the drift and diffusion terms satisfy the local Lipschitz
property and linear growth condition. Our aim is to prove the existences and

uniqueness of solutions to the SDIs on R? as follows:
z(0) = xg. o
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We will use the method of monotonicity, which is interpreted as a method
of minimizing certain convex functionals. The idea of our results is inspired by
N.V. Krylov [19], where SDEs in R? are solved by minimizing convex functionals
via Euler approximations. It provides the basis for a promising adaption. Such
technique is a straightforward method to obtain the existence results, which are
also developed by Gyongy, I. and Millet, A. in [12]. They made use of such
corresponding construction for stochastic partial differential equations to obtain
the solution via Euler-Galerkin approximation.

Before we move on, we recall the minimization method for convex functionals.
A brief explanation on SDEs is given as follows. The main source of information
for this part is [19].

4.1.1 Minimization method

Krylov characterized the solutions to stochastic differential equations
dz(t) = dt+Zb’ t,x(t))dw!, z(0) = xg (4.1.4)

as the minimizers of a suitable convex functional G. Let H be the space of
pairs (a, ) of Fi—adapted stochastic processes, i.e., « = {ay : t € [0,T]} is
Ré—valued, and 8 = {3, : t € [0,T]} is R —valued with EfOT|as|2ds <
00, EfOT 2?1:1 |37|?ds < oo, and such that

t A pt
z(a, B) = xo + / asds + Z/ B dw?, (4.1.5)
0 = Jo

is an F;—adapted stochastic process, where zy is an JFy—measurable random
variable in H. Let us define x(t) := z;(«, 5) as in (4.1.5) and set functional

Gl ) = sup E /0 2a(t)—y(t)) (o —af +ZW (0)2dt, (4.1.6)

yey

for
Y = {y(t): E / (1) Pt < oo},

We say that

is a generalized solution of equation (4.1.4) in the sense of extremals, if G attains

its minimum at (&, 3).
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Our aim in this chapter is to formulate the method of monotonicity in terms
of finding extremals of convex functionals. We construct the solutions to SDIs via
implicit approximations. Implicit approximate schemes are presented for SDEs
in the previous chapter. We will show that implicit approximations defined by
x™(t) converge almost surely to a stochastic process z(t), given as the unique
solution of inclusion (4.1.3). Finally, we establish the existence and uniqueness
of a solution to SDIs. The convergence of the approximations to the solutions of
SDIs is proved, moreover the rate of convergence is also presented.

This chapter is organized as follows:

e section 4.2: this section defines the SDIs, gives the definition of solution to

stochastic differential inclusions and states the main results of this chapter;

e section 4.3: this section links the minimization methods to SDIs, defines
the implicit approximations, and discusses the existence and uniqueness of

solutions to the implicit schemes;

e section 4.4: this section proves the existence of a solution to SDIs via implicit

method, and shows the rate of convergence.

4.2 Stochastic Differential Inclusions

We first introduce some notions used in this chapter. Let T" be a fixed positive
constant. Let a : [0,00) x RY — 28" be a multi-valued function. Let b : [0, 00) x
R? — R be a Borel function. Consider the following SDI in R¢ on the time
interval [0, T'):

{ dx(t) € a(t,x(t))dt + 2?1:1 b (¢, 2(t))duw] (4.2.7)

z(0) = xo.
Definition 4.2.1 (Definition of a solution to stochastic differential in-
clusions). We say that z(t) := z(a,8) = {x(t) : t € [0,T]} is a solution
to stochastic differential inclusion (4.2.7), if there exist F;—adapted R?—valued

stochastic process @ = {a; : ¢t € [0,T]}, and R*¥ —valued stochastic process
B=1{B :t€0,T]} such that

t di et
x(t) = o +/ asds + Z/ 3 dw?
0 = Jo
holds almost surely for all ¢ € [0, 7], and ax(w) € a(t,z(t)) for dt x dP—almost
every (t,w) € [0,T] x Q, where §; = b(t, z(t)) for almost every (¢t,w) € [0,T] x Q.

The following assumptions are needed.
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Assumption 4.2.1. Let 2y be an Fy—measurable random variable in R?, such
that E|zq| < oo.

Assumption 4.2.2. Let a be a maximal K —monotone (multi-valued) function

in x € RY for t € [0, 7], and b be a Lipschitz continuous function.

It can be seen that maximal monotonicity of a together with the Lipschitz

continuity of b imply the following monotonicity condition of pair (a,b).

Assumption 4.2.3 (Monotonicity of (a,b)). There exists a constant K, such
that

2(z —y)(alt, z) = a(t,y)) + Z V() =V (t,y)|* < K|z —y|*,

for all z,y € RY | and t € [0,T].

Assumption 4.2.4 (Linear growth of (a, b)). There exists a constant L;, such
that for dP x dt almost every (w,t) € Q x [0,7],

dy
la(t, z)|* + D V(¢ )P < Li(1+ [2]?),

j=1
for all z € R
Sometimes the following weaker condition is considered:

Assumption 4.2.5 (Growth condition of (a,b)). There exists a constant Lo, such
that almost surely

di
2eaft,x) + 3 (L) < Lo(L+ [2])

7=1
for all z € R, and t € [0, T,
Remark 4.2.1. Tt can be seen that monotonicity condition 4.2.3 implies that dif-
fusion term b must be single-valued and continuous in = € R

Remark 4.2.2. Without loss of generality, we may assume K = 0 in Assumptions
4.2.2 and 4.2.3. Notice that, if x is a solution to (4.2.7), and Z(t) = e K¥/2x(¢),
then by Ito’s formula, z exists if and only if the process Z solves (4.2.7) with (a, b)

instead of (a,b), where
K
a(t,x) = e K2t 5V%z) — DhL

b(t,x) = e K2p(t, X 2g),

K is the constant in the monotonicity condition. Therefore we will assume K = 0.

The following monotonicity assumption will be used throughout this chapter.
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Assumption 4.2.6 (Monotonicity of (a, b) ). For all z,y € R?, for t € [0,T]
such that

dy
2(x —y)(a(t,x) —alt,y)) + Y P (t,2) =V (t,y)] <0.

=1

For simplicity of presentation, we assume that a and b are time-independent.
In this chapter, we aim to prove the existence of a solution to the SDI (4.2.7) on
the interval [0, 7] under certain assumptions . The following theorem is the main

theorem of this chapter.

Theorem 4.2.1. Under Assumptions 4.2.1, 4.2.2, 4.2.4 and 4.2.6, stochastic

differential inclusion (4.2.7) has one and only one solution.

Proof. Now we are going to prove the uniqueness of the solution. Suppose there

exist 2! (t) and z%(t) two possible solutions of inclusions (4.2.7), i.e.

t di et
ot (t) =z + / atds + Z/ B dw?

t di et
2 (t) =z + / a’ds + Z/ B2 dw?

and of € a(z'(t)), a? € a(z?(t)), where 37 = b/(z'(t)), 577 = b (2%(t)). There-

fore, from the monotonicity assumption, by It6’s formula, we obtain

d(e™[2"(t) — 2*(1) ")

d1
= M2 ) = 2O og — o) + DY (1) = V(W) dt
—e_ktk‘ﬂl'l (t) _ xZ(t)|2dt
dy
+3 e (1) — )V ' (1) — Y (1) du

Thus we get,
e M|z (t) — 2*(t)?

¢ dy
= /0 e ®(2(at (s) — 2°(s))(ay — @) + Z [V (z(s)) — ¥ (a*(s))?

—k|z'(s) — 2%(s)*)ds + m; (a.s.),

where
mj = / e (a1 (s) — 23(5)) (M (2 (s)) — U/ (2%(s)))d,
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is a non-negative local martingale, starting from 0. Hence,
0 < Ml (t) — 22(0) < m,

which implies m; = 0. Thus almost surely z'(¢) = 2?(t) and the uniqueness of
the solution is proved.

The existence of the solution will be followed after some preliminary lemmas:

]

4.3 Preliminary Results

4.3.1 Solutions as Extremals

We make the following natural construction.

Let us consider H be the space of pairs («, 3) of F;—adapted stochastic pro-
cesses such that o = {a; : t € [0,7]} is Ri—valued, 3 = {8 : t € [0,T]} is
R4 —valued with EfOT las|?ds < oo,EfOT 2?1:1 |37|2ds < oo. For (a,3) € H,

we define the process

e ﬂ)—xo+/ads—l—2/ﬁ]dw t€[0,7]. (4.3.8)

Let us consider also the space of processes

T
Y = {y(t) : F; — adapted process, |y|ly = (E/ ly(t)[2dt)"? < o}
0
Let us define x(t) := z;(«, 5) as in (4.3.8), and the functional

G(o, B) = sup Fy(a, B), (4.3.9)

yey

Fy(a,0) = E / 2(a(t) — y(t)) (o — aly +Z|ﬁt ).

This section contains preliminary results that are needed in constructive proof
of the existence of solutions. First, we explore the properties of maximal monotone

operators.

Lemma 4.3.1. Let a = a(z) be maximal monotone on R Define the multi-
valued operator A on Y as follows: For y € Y,z € Y belongs to A(y), if
z(w) € aly(w)) for dt x P—almost every (t,w) € [0,T], then A is a maxi-
mal monotone opemtor on Y, with respect to the inner product on'Y defined by
(u, Efo v(t)dt, foru,v €Y.
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Proof. Obviously, A is monotone. If z;, € A(yy,), i = 1,2, then

T
E/ (ztl - Zt2)(yt1 - th)dt S 0.
0

In order to prove that A is maximal, we only need to prove that for each A > 0,

and z € Y, there is a solution y € Y of the equation
Ay — Ay = 2. (4.3.10)

Since a is maximal monotone, so ay — \y = z;(w) has a unique solution y = y;(w),
for every w € Q. Because of the uniqueness, y; is an F;—measurable in (t,w). In
this way we get an F;—adapted stochastic process {y;(w) : t € [0,T]}, such that
ayt(w) — Ayt (w) = 2z (w) holds for all ¢ € [0,7] and w € 2, which means equation
(4.3.10) holds. It remains to show that {y; : t € [0, T]} € Y.

Since (1 — Aa)~! is lipschiz continuous, we could get

()] =11 = Aa) (0] < [y(t) = (1= Aa) " (0)] < [=(t)]-

Hence |y(t)] < |z(t)| + [(1 — Aa)~1(0)|, which implies
EfOT ly(t)|?dt < C + EfOT |2(t)]?dt < co. Tt means y € Y. O

The method to prove the existence consist in characterizing the solutions of
SDI (4.2.7) as the extremal values of a suitable convex functional. Below we

interpret this method.
Lemma 4.3.2. G is a convez function, and G > 0.

Proof. Notice that, the functional G defined in (4.3.9) can be transformed as

dy

Gla,f) = E / 2eltac-+ Y 6P +sup fa. ),

j=1 v

where

o) = 2 [ (= 20(t)or = 20(0)afy(v)

d1 dl
F2(0)aly(0) + 301D ) 32 260 (1))t (43.11)

=1 =1

In this case, from Ito’s formula,
G(a, B) = Ela(T)* = Elwo|* + sup f(a, B).
yey

Then it remains to note that x(a, ) is a linear function of (x¢, @, 3), while |z|?
is a convex function. Clearly from the expression above, f(«, () is a convex
function. Hence G(«, (3) is convex. Since one can take y(t) := {z(t) : t € [0,T]}
in calculating the supremum, we get G(«, 5) > 0.

[l
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In the following part we summarize the solution of SDI (4.2.7) in terms of

extremals of the functional G.
Proposition 4.3.3. The following statements hold:

1. Let Assumptions 4.2.1, 4.2.2, 4.2.4, and 4.2.6 hold, if the stochastic process
x = z(a, B) is a solution to SDI (4.2.7) for some (&, B) € H, then G(a, B) =
0.

2. Let Assumptions 4.2.1, 4.2.2, 4.2.5, and 4.2.6 hold, if for some (@, ) €
G(a,B) <0, then x(t) = x(a, 3) is a solution of SDI (4.2.7).

Proof. (1) Let z = x(@, 3) be a solution to SDI (4.2.7), i.e., by the definition of a
solution, we say that there exist @, 3, which are F,—adapted stochastic processes,
such that @, € a(z(t)), where 3/ = b/(x(t)), and almost surely

t d1

J:(t):xo—i-/ asds+/ Zﬁﬂdwﬂ

holds for all 0 < ¢ <T'. Then by monotonicity condition 4.2.6,

A 2(a(t) — (1))@, — aly( +§jm 0)Pdt < 0.

Hence,

E/O 2a(t) — y(t)) (@ — aly(®))) + Z B P @)Pdt<0.  (43.12)

Since one can take y := {z(t) : t € [0, 7]} in calculating the supremum,

G(a,p)

v

waA 2 (t) — y(t)) (@ — aly())de

yey
> 0.

Consequently, by (4.3.12)
G(a, 3) = 0.

(2) If G(&, 3) < 0 hold for some (@, 3) € H, then we have
T
E/ 2a(t) — y()) (G — aly()) + Z 137 — ¥ (y(1))[2dt < 0,
0

for all y € Y. For y := {a(t) : t € [0,T]}, this gives 3] = b/ (x(t)), for dt x
dP—almost every (t,w) € [0,7T] x €.
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Obviously,
T
B [ 2alt) - y(O)(a - aly()at < 0.
0
Hence by Lemma 4.3.1 a; € a(xz(t)) dt XdP a.e., and the proposition is proved. []

By the above proposition, in order to get the existence result, we need to find

the existence of (&, 3) € H, such that G(a, 3) < 0. The method is to generate a
sequence of solutions to SDI (4.2.7) by implicit schemes, and obtain weak limits
from this sequence to make sure that the functional G is non-positive. By the
end of this section, the implicit time discretization schemes will be described. We

will extend the technique of implicit methods introduced in the previous chapter
to SDIs.

4.3.2 Implicit Approximation Schemes

For every integer n > 1, we approximate the solution z(t) of the SDI (4.2.7) by

the process 2" (t) solving the following stochastic inclusions:

{ x”Et,@ € 2" (tr—1) + a(x"(tp)) At + Z;hzl bj(xn(tk—l))(w§k - wfk_l) (4.3.13)
l’n to = 29

for ¢ty := kAt, k = 1,2,--- ,n. The process 2"(t) are defined on the partition
[tk—1, k) as stepwise constant adapted stochastic process, i.e.

z"(t) := 2" (ty—1), for 1 <k < n. (4.3.14)

J o] J
Here we denote Awy_, 1= w;, —wy, .

4.3.3 Existence and Uniqueness of Solutions to the Im-
plicit Schemes

The following theorem gives the existence and uniqueness of solutions z"(t) to
(4.3.13) for sufficiently large n:

Theorem 4.3.4. Let Assumptions 4.2.1, 4.2.2 and 4.2.6 hold, then the system
of inclusions (4.3.13) has a unique solution {z"(ty) : k= 1,--- ,n} if n is suffi-
ciently large. This means there exist sequences of random vectors {x"(ty) : k =

1,2,---,n}, and {ay : k =1,---n}, such that

dy
2" () = 2" (1) + AL+ > B Aw] (4.3.15)

j=1

and ay, € a(x"(ty)), where B_1 = b(x"(tx_1)), for allw € Q, k=1,2,--- . n.
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Proof. First we prove the uniqueness. We fix n > 1, and use the notation &, =
x"(tg), for k=1,2,--- n. Then the system (4.3.13) can be written as

y € =& + a(&r)At,

where .
Y= =& — > V(&) Awl_), k=1,2,-- n.
j=1

Let &, &), be two solutions, such that
y ==& + At = =&, + o At,

where
ar € a(Sr), o € a(&y).
We note that {ay : k=1,2--- ,n} with

di
= 1 (6 = 6 = DG @ (0) — w1,

j=1
Obviously,
& — & = At(ap — al).
So,
|6 — &LI* = At(an — ) (€ — &)

By the monotonicity condition, we deduce that
|6k — &I” < 0, that is, & = &,

and hence oy = o, which proves that &, are uniquely determined for any given
y. Moreover by induction we get the uniqueness of the sequences {z"(ty) : k =
1,2,-- n}.
We now claim that the system of inclusions has a solution {& : k =1,--- ,n}.

We shall show this by induction on k. For k = 1, we have

dy

y € =& + a(&)At, where y = —xg — Z b (x0) Aw) is fixed.

j=1
Because a is maximal monotone, so Ata is maximal monotone in the usual sense.
By Minty Theorem 2.4.3, we know that —I+Ata is surjective, i.e., Im(—I4+Ata) =
R?. Hence for any given y, there exists a solution &; such that y = —&; +a(&)At.

Set a; := yzgl' So & satisfy inclusion (4.3.13) for £ = 1. Assume it holds when

1 <k<mn. Theny= —& — 2?1:1 b(ﬁk)Awi is given since solution & exists,

and by Lemma 2.4.4 the inclusion y € —&iq1 + a(§p41) At admits a solution §iy1.

That is, the assumption holds for k£ + 1. Hence by induction on k, the system of
inclusions has a solution {z"(t;) : k =1,2,--- ,n}.
m
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4.3.4 Estimates of the Implicit Approximations

From now on, we reformulated the stochastic inclusion (4.3.13) in an integral
form. Recall that for any fixed integer n > 1, for 0 < k < n, set t;, := kAt, we
define

Ky :=tg_1, Ko :=tg, fort € [ty_1,tx).

Then the pair of processes (", ") on each interval is defined as
af = ay € a(a"(k2(1))), and B == By = b(a"(k1(2))).

Let us define x™(t) for ¢ € [tr_1, k) as follows,

di
2" (t) = 2" (teor) + (t— teor)of + Y B (w] —wi ).
j=1

Then it is easy to see that {x"(t) : t € [0,T]} satisfies the following equation

t di t
x"(t)zyc”(to)—i—/ a’;ds+2/ B dw? (4.3.16)
0 =10

Le. 2"(t) := z(a™, 5").

The following lemma provides important estimates for the approximations.

Lemma 4.3.5. Let Assumptions 4.2.1, 4.2.2, and 4.2.5 hold, then the following
estimates hold:

(i) The solutions of the system of stochastic inclusions (4.53.13) satisfy

E max |z"(t)]* < C,
0<k<n

where C' is a constant independent of n.
(11)Assume moreover that Assumption 4.2.4 hold, then the pair {(a™, (")} is
in a ball of H, i.e.,
T di A
E [ (larP+ 1809 < R
for some constant R.
(iii)
supsup E|z"(t)|* < oo.
n t<T

Proof. (i) Lemma 3.3.2 in Chapter 3 implies this result.
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(ii) By using linear growth condition 4.2.4, we get

[ |2+Zw”|
-y |at|2+z|ﬁz”r

IN

2,3 E/ (14 |2 (8 + |o" (b [2)dt
k=1

tp—1

< 2L T+ 4LALY Bl (b))
k=1

Hence by the first statement,
/ |at\2+2| 2dt < 2LyT + 4L,C

where C' is the constant from the first estimate. The first assertion is proved when
we let R := 2L1T + 4L1C
(iii) From the definition of the approximations of x™, repeating the steps in

lemma 3.3.2, we are able to obtain

2" () * — |2" (taa)|*

< 22" (ty)ap At + QZx tk—1)) 0" 1Awtk Lt Z |ﬁ,?lewtk 12
7j=1
k=1,2,--- n. When adding these inequations and takmg expectations, we get

t; t
E|x”(tl)|2§E|x"(t0)|2+2E/ a2 (Ka(s)) ds+E/ ZW” 2ds,
0

with [ =1,2,--- ,n. Growth condition 4.2.5 implies
Elz"(t)[?

t; 17}
< Ela™(t)|* + 2L2E/ (14 2" (ko(5))|*)ds + LQE/ (14 |2"(rk1(s))[})ds
0 0
t
< E|x"(t)|* + 3L T + 3L2/ E|z™(ka(s))|ds.
0

Hence by discrete Gronwall inequality 2.3.8, we can get the existence of a constant
C > 0 such that

sup sup E|z"(t)]* < C < oo,
n 1<Ii<n

where C' depends on T', E|xg|, and coefficient in the growth condition.
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4.4 Proof of the Main Results

We begin to prove the last part of Theorem 4.2.1.

Proof of Theorem 4.2.1. To prove the existence of a solution to SDI (4.2.7), it
remains to show the existence of (a, 3) € H such that G(a, 3) < 0.

Observe that (o™, 3") is in a bounded set of H, z™ is bounded in Y and
2"(T) is bounded in Lo(€; R?). Thus, by Banach-Alaoglu Theorem (see book [7])
each of their subsequence has a weakly convergent subsequence. Let us denote
their subsequences in the same way as the sequences themselves, and their limits
denoted by

(", ") — (a*,5%), inH; (4.4.17)
" = Ty, InY (4.4.18)
2" (T) — 25(T), in Ly(Q;RY) . (4.4.19)

Here “—7 denotes the weak convergence.

Let us define operator I(«, 3)(t) := fot ads + 2?1:1 (;e

that I is a bounded linear operator from H into Y. Indeed, for (o, 3) € H,
T t I
HapP = B[ || ads+ " slau)fa
t d1 t . .
T sup E| ozsds—i-Z/ Bldw! |?
t<T 0 =170

T d1 T
2T(E/ |a8|2ds+ZE|/ BFdw!|?)
0 =1 0

T dy
OTE / (louf? + 313 2)ds

< 00,

Bldwl. Tt is easy to see

IN

IA

IN

where [8] == (32, 85)"/? is the Hilbert Schmidt norm for matrix 3. Hence, we
have that

/ afds + ) / Bridw] — [ aFds+ > / 39 dud.
0 —, JO 0 —

We define

Then clearly () = x(t) for dt x dP—almost all (t,w) € [0,7] x Q. It is easy
to see that 2°°(T") = 2, (T) (a.s.).
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The final part of is to prove for fixed y € Y,
F,(a®, 5*) <liminf F (o™, ") < 0. (4.4.20)
We consider the function G(a™, %) = sup F,(a™, 5%), where z(t) = x,(a>, ).
yey

For the first inequality of (4.4.20), observe that

Ra", 6" = Ble" (D) = ")+ [ (= 29(0)af = 20" (0al(0)

dy
+2y(aly(t)) + Z ) =D 26070 (y(¢)) )t

When n — oo, due to (4.4.16) — (4.4.18) we know that

E/T 2y(t)ay dt — E/T 2y(t) ey dt;
E/o 22" (t)a(y(t))dt — E/o 22 (t)a(y(t))dt;

T T
B [ 2movua — B [ 26w o)
0 0
For the term E|z™(T)|?, since z"(T) converges weakly to zo(T) = 2>(T) in
L2<Q;Rd)7
hmlnfE]w (T))? > E|z°(T)[*.

Thus, for some constant d > 0,
ngiongyx"(T)P =d+ E|lz>(T)|.
Hence, we get the first inequality of (4.4.20)
Fy(a™,5*) < li}giolgf F,(a™, 5").

For the second inequality, we know that,

Fy(a" 0" = E / 2a™(t) — (1))} )+ Z 1829~ b (y ()P,

and of € a(z™(k2(t))), where 3] = b(2"(k1(t))). By monotonicity condition 4.2.3,

we get

Ey(a", 5")

< E/O 2(a" (k3 (1) — y())(af —aly(?))) + Z 7 (2" (K2 (t))) — b (y(1))|dt
+1 + 1 -

< L+ Iy
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with

L=E / 22" (t) — 2" () (0 — ay(t)))dt:

dl T . .
B=d0F / V(@™ (ka (£))) — B (2" (o (1)) Pt

Now we estimate each term:

Kg(t)
L < C / / P)2dr) 2 (Ely(n)[2) 2t
ka(t) k2(t) ) 1/2
< C / (B[ tan dT+Zth | ) oy ar
0 t t

< On~ V2

and

Ng(t)
L < CTE / 12" ()
Hl(t)
2(t)

I{Q(t
CTE/ la”| dr+ZE/ |67 2dr-.

l(t) K1 (t

IN

< On%,
where C' is a constant. Combining both estimates, we find that
Fy(Oén,ﬂn) S Cn_1/2,

where C' is a constant depending on y € Y.

Hence, F,(a™,3>) < 0, which implies G(a*, 3*) = sup, F,(a>, 3°) <
Consequently by Part (ii) of Proposition (4.3.3), we conclude that {x*(t) : t €
[0,77} is a solution of stochastic inclusion (4.2.7). O

We can thus conclude that from the proofs presented above, there exists sub-
sequence of the implicit approximation z" which converges weakly in Y to a
solution x> of the stochastic differential inclusion (4.2.7), and z™(7T') converges
strongly in Ly(€;R?) to °°(T) with the same sequence. Since the solution to
SDI (4.2.7) is unique, we get the convergence results hold for any sequences of
approximations z"(t) and z"(T") as n — oc.

The following theorem is given the rate of convergence result:

Theorem 4.4.1. Let ¢ > 1 be any real number and assume that E|zy|? < oo.
Let Assumptions 4.2.2, 4.2.4 and 4.2.6 hold. Then there exists a constant C
independent of n, such that
E sup |z(t) — z"(t)|? < Cn~9/4,
0<t<T
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for all sufficiently large integers n, where x"(t) defined by (4.3.15) and x(t) is a
solution to SDI (4.2.7) .

Proof. We can easily check that we can repeat the proof of Theorem 3.2.6 in the
chapter 3. Remember that for ¢t € [0, 7], the implicit approximations z"(t) satisfy

and o} € a(x™(ka(t))), where B = b(x™(k1(t))). Then by using the formula
b> —a* = 2b(b—a) — (b —a)?, for t; = iAt and for any i = 1,2,--- ,n, we get

jz(ti) — 2" (t:)]*

< [ arleate)) — o salo)) (o o s
: & L ) ) 12
D> | (5=, )au

dy t; .
+Z /0 2(x(k1(s)) — x"(m(s)))(ﬁz - ﬁ;‘;{s))dwi,

and a(t) € a(z(1)), oy, ) € a(2"(k2(t))), where B = b(x (1)), By, () = b(z" (k1(1)))-
When raising both side to the power ¢/2 and taking expectations, for i < m <
n, we obtain

E max |z(t;) — 2" (t;)|? < Cy(I1 + I, + I3),

0<i<m

with

By making use of assumptions, we can finish the proof in exactly the same meth-

ods as we completed the proof of Theorem 3.2.6,

m—1
L <C ) Emax|e(t;) — a"(t;)|"At + Cn~"? 4 On~9/%;
o =k
m—1
I <C Y  Emax|a(t;) — a"(t;)['At + On~1/%;
k—0 =

58



m—1
1
il N e (4.)]2 N e (4.)]2 —q/2
Iy < S Emax [o(t:) — 2" (1) —I—C’;Erirggdx(tz) 2 (t;) 1AL + O~
Thus by discrete Gronwall’s lemma 2.3.8,

N (]9 < —q/4
E max |o(t;) — 2"(t:)|" < On™,

where C' is a constant which does not depend on n. Then by Lemma 3.3.3, we

obtain
E sup |z(t) —2"(t)]? < Cn~ Y4
0<t<T
holds for all sufficiently large integers n > 1. O]
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Chapter 5

Extension of Monotone and
Maximal Monotone Mappings

The purpose of this chapter is to discover more information about monotone
and maximal monotone mappings, which is required for the later proofs. The
theory developed in this chapter plays an important role in weakening the linear
growth condition when proving the existence of solutions for stochastic differential
inclusions. The complete proof will be given in the later chapter.

Our motivation for extending monotone and maximal monotone mappings
comes from the Krylov [21]. He further studied the properties of monotone map-
pings of a finite dimension space.

This chapter covers:

e section 5.1: this section states some properties of monotone mappings. This
results generalize an extension of monotone functions obtained by N.V.

Krylov [21], by using the similar techniques.

e section 5.2: this section gives the further concept of maximal monotone

functions.

5.1 Extension of Monotone Mappings

A general local boundedness result for multi-valued monotone functions will be
established, which implies the boundedness of monotone function on every ball
in R%.

Remark 5.1.1. In what follows we note that for convenience we remain to use the

definition of monotonicity function from [21]. A multi-valued function a defined

on some set D(a) C R? with values in R?, is called monotone, if
(x —y)(a(z) —a(y)) > 0, for any =,y € D(a).
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We shall assume that D is a fixed bounded convex domain on R¢.

Theorem 5.1.1. Let a be a multi-valued monotone function on R:. Then a is

bounded on every ball of radius r.

In proving of this theorem, we will state some useful lemmas which are the

main ingredients of the proof for this theorem.

Lemma 5.1.2. Let r > 0, o € D(a). Then there exists an € > 0, depending
only on d, such that if yi1,yss, -+ ,y+q € D(a), satisfying the conditions:
i) the angles between yi; — xo and te; are smaller than e,
it) 7 < |yai — xo| < 2r,
where |i| = 1,2,--- ,d, then
esup{|z| : z € a(xp)} < max inf{|v|: v € a(y;)}.

1<i<d

Remark 5.1.2. For this proof, it is sufficient for us to show that if |o| = 1,
2er < max{a(y; —xo) : 1] =1,2,---d},
for some € > 0. So we first prove the following lemma.

Lemma 5.1.3. Let r > 0 and xy € R?. Then there exists an ¢ > 0 depending
only on d, such that if yi1,Yse, - ,Yra are vectors from R? satisfying

i) the angle between yi; — xo and te; is smaller than ¢,

i) r < |yss — xo| < 2r,

where |i| = 1,2,--- ,d, then

2er < max{a(y; — xo) : |i] =1,2,---d} (5.1.1)
for any a € R? with |a| = 1.

Proof. We may assume that zy = 0, since we can consider y; — x( in place of y;.
Indeed, let a = 2 azes, |oy| = max{|aa|,- - - , ||}, where |oy| > 1/+/d.
Then

ay, = Za ey = ey + Z Q€Y

1#li=1
It is easy to see that,

ayr = Zaz eiyr = au(ewy) Z |ci(eiyn)| (5.1.2)

i=1 i#li=1

Since ey, e, -+ , €4 is an orthonormal basis,
d
> lew)| Z [Ceayn) * + e |* = [wl?,
i=1 i#1i=1
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so for fixed [, if the angle between e; and y; is smaller than ¢, and € > 0,

d
S e = bl = l(ewn)? < lul?
i#li=1
Since
(elyl)Q > |yl]2 cos’e = \yl|2(1 — sin? g) > |yl|2(1 — 52).
Hence

d
> llew)] <elul.

i#li=1
According to (5.1.2), we get that

d
aye > anllylv/ (1 =€) —e Y laillyl

i£li=1

> %\/(1 —£2) — 2rVde.

Let 2e < \/LE (1 — €2) — 2V/de, then we get that ¢ is a fixed constant depending
only on d, i.e. € = ¢(d), this implies (5.1.1).
O

Proof of Lemma 5.1.2. Apply the result of Lemma 5.1.3 with a := = | where

||

0 # z € a(xg), and together with the monotonicity condition, we get

2 < 1) < (s — x0) < Ay —
ETIZI_@Z%Z(% xo)_lgﬁgdvz(yz xO)_lgﬁ“;{dWZHyz To|

< 2r max |v,
1<i]<d

for any v; € a(y;).

Hence
elz| < Jnax in {lv] v € aly:)}
Thus we get
1
: < - inf : i)}
sup{[z] : z € a(wo)} < = max inf{fv] : v € aly)}
where [i| € {1,2,---d}. O

This lemma immediately allows us to conclude the following statement:

Lemma 5.1.4. Let D be a fized bounded convex set of RY such that D(a) is
everywhere dense in D. Then for every compact I' C D, the function a is bounded
on I'N D(a).
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Proof. Let Y be a set of the form {y41,y+o, - ,y+a}, where yo; € D(a)}. For
r > 0 and fixed ¢, let

U,y = {x € R?: z satisfies the conditions (i) and () in Lemma 5.1.2},i.e.,

r < |ys; — x| < 2r, and
the angles between yy; — x and +e; are smaller than ¢,

then U,y is an open set, I' C U, yU,y. For the compactness of I', every open
covering of I' has finite subcovering, i.e. , I' C UfilUrl,yl. Hence for all z € T,

from the above lemma, we may get that a is bounded on I' N D(a). [

Proof of Theorem 5.1.1. This theorem follows immediately from the application

of the above lemmas. O

The main sources for the following part is in [21]. We present some results that
we will use in our later chapters. From now on we study the monotone function
a defined on D bounded on D instead of on the dense subset of D. Lemma 5.1.4
allows us to extend the monotone function a defined on a dense subset D(a) in
D to the D, taking as a(x) for x € D\ D(a) any limit point of a(z,), where
T, — x, x, € D(a). Since the so-extended function remains monotone and will
be locally bounded in D, one can reduce the study of an arbitrary monotone
function defined on a dense subset of D to a monotone function bounded on D
defined on D.

The following functions will be useful in studying the properties of monotone
functions.

Let

R(a,z,y) = sup{(a(z) — y)(x — 2') + 2y,2" € F}
= sulp{(m — 2 )a(z") + 2y, 2’ € F}, (5.1.3)

xT

where F is a dense subset defined on D. Let set Z C R? x R? := {(x,y)} be

monotone.
Lemma 5.1.5. Let a be a bounded monotone function on D. Then
1. R(a,z,y) is a function of (x,y) on R? x RZ

2. R(a,r,y) > xy on D x R, R(a,z,a(z)) = va(x) on D.

3. R does not change if in (5.1.3) one replaces F' by D.
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4. Set Z(a) = {(z,y) : v € D, R(a,x,y) = xy}. If the integer n > 1, a; > 0,
(i, y;) € Z(a),i=1,--- ,n, > ,a; =1, then

z": XY > z": 0T z”: QY. (5.1.4)
i=1 i=1 i=1

5. The set Z(a) is closed and monotone.

6. If (xp,yn) — (7,9y), 2, € D, and bounded monotone function a,, is defined
on D with a,, — a on F, then
liminf R(ay, zn, yn) > R(a,z,y).

7. For any x € D, the set Z(a,z) = {y : (x,y) € Z(a)} is the convex hull of

the set of partial limits of a(x,) as x, — x.
8. {xe€D:R(u,x,y)=azyt #0, for any y € R<.

We refer to Appendix for the detailed proofs.

5.2 Properties of Maximal Monotone Mappings

We have seen that Lemma 5.1.4 allows us to extend the monotone function a
defined on a dense subset D(a) in D to the D, taking as the convex hull of
partial limits of a(x,) (see result 7 in Lemma 5.1.5.) Such so-extended function
remains monotone and will be locally bounded in D. Hence we can extend the
result concerning monotone mappings into maximal monotone. A main goal of
this section is to examine the consequence of the monotone set Z(a). An easy
consequence of the following version of the lemma states that Z(a) is a maximal
monotone set.

We make the following observation on the maximal monotone mappings.

Lemma 5.2.1. From the result 7 in Lemma 5.1.5, Z(a) is the convex hull of the
set of partial limits of a(x,) as x, — x, then Z(a) is a maximal monotone set

when x is restricted to D.

Proof. The monotonicity of Z(a) is obtained from result 5 in the previous Lemma,
when one takes n =2, oy = ap = 5 in (5.1.4).
To show that Z(a) is maximal monotone, assume that for some set (x,y),x €

D, such that Z(a) U {z,y} is monotone, this means, in particular, that
(a(z") —y)(z —2") <0,V a2’ € F.
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This gives sup,{(a(z’) —y)(x — '),V 2’ € F} =0.
Then we get R(a,z,y) = xy. From result 4 in the above lemma, it shows

(z,y) € Z(a). In other words, Z(a) is a maximal monotone set. O

Definition 5.2.1. We say that a multi-valued function a is maximal monotone

on a set D, if it does not have a proper extension to a monotone function defined
on D.

The following Theorem shows how to establish a maximal monotone function

from a monotone function.

Theorem 5.2.2. Let a(z) : x € RY be a monotone function. Define a(z) is convex
hull of the partial limits a(x,,), when x, — x. Then a is a mazimal monotone

function.

Proof. First, we prove the monotonicity. We have to check that for any z,y € R¢,
(z — y)(alx) — aly)) > 0.
Let us take a ball By for some sufficiently large R, such that z,y € Bgr. Then
by the previous result a|p,, is a maximal monotone function restricted to Bpg.
Then we show that @ is a maximal monotone function. Take z,y € R%, such
that a U {(x,y)} is monotone. Then its restriction to any ball Bg containing z is
monotone, and it is contained in a maximal monotone set restricted to Br. Hence

y € conv{lim,(a(z,)): for z,, — x}, which means a is maximal monotone. [
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Chapter 6

Solution of Stochastic Differential
Inclusion without the Linear

Growth Condition

It is the intention of this chapter to keep concentrating on the existence of solu-
tions to stochastic differential inclusions. In chapter 4, the linear growth condition
to ensure the existence of solutions are quite strong, but can be weakened in this
chapter. The properties of (maximal) monotone functions, applied with trun-
cation methods, yield the existence of solution while under a growth condition

which is weaker than the usual linear growth condition.

6.1 Introduction

In this chapter we still consider stochastic differential inclusions:

dy
dx(t) € a(t,x(t)dt + >V (t,(t))dw], (6.1.1)
j=1
with a multi-valued drift term. Hence the existence and uniqueness of solutions
taking values in R? is proved in chapter 4 under some strong conditions for the
coefficients a,b. a,b are required to satisfy the usual linear growth condition of
the type
la(t, 2)[* + [b(t, =) < K(1+ |2]?),

together with the monotonicity condition. In chapter 4 we approximate the so-
lution by implicit approximation schemes. In that case, linear growth condition
ensures that the drift term o™ of implicit approximation solutions is still in a
bounded set (see, lemma 4.3.5 in chapter 4). Then the SDI admits one and only
one solution by means of minimization method. In chapter 5, we further study

the extension of monotone functions. It is shown that (multi-valued) monotone
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function is bounded in the ball over R%. Here is our motivation for continuous
exploring the existence of solutions to SDIs. Our idea is based on the technique
of truncating a maximal monotone function. If we can prove that there exists a
maximal monotone function ag such that ar = a on the ball Bg, then our restric-
tion on growth is essentially weaker. We will make use of the special structure of
maximal monotone functions to overcome the lack of boundedness.

Showing the existence of solutions to SDIs stems from N. V. Krylov’s paper
[19], where he employed truncation method on the monotone pair. This tech-
nique provide the inspiration to apply it to maximal monotone functions. It is
known that such technique has already been used by many authors such as I.
Gyongy and N.V.Krylov in [13], where they gave a way for truncating monotonic
pairs but did not preserve monotonicity afterwards. Later proof in N.V. Krylov
[19] indicated truncation method for monotonicity functions, which leads to the
monotonicity functions being bounded and still monotonic. In this paper, N.V.
Krylov solved the truncation problem under the conditions that if a is a mono-
tone and continuous function, then there exists a continuous bounded monotone
function function ag, such that ar = a on the ball Bg. Here we can already see
the similarity to our situation. Hence our proofs are mainly based on this method
used by Krylov. Influenced by his work, we will make use of this approach on
truncating the possibly discontinuous maximal monotone drift term, then get the
existence of the solution for the SDI. Our assumptions are similar to those in
chapter 4, but it should be mentioned that if we apply the truncation method to
the maximal monotone function a, then growth condition can be weaker than the
usual linear growth condition.

This chapter is organized as follows:

e section 6.2: this section formulates the main theorem and necessary condi-

tions;

e section 6.3: this section presents some preliminary lemmas about the trun-

cation methods;

e section 6.4: this section gives the proof of the main theorem.

6.2 Formulation of the Results

Once again we consider stochastic differential inclusion (SDI) of the following
form on domain R%:

d1 y j

dz(t) € a(t,z(t)dt + 5L, V (¢, 2(t))dwy, (6.2.2)

x(0) = o,
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where z, is an Fy—measurable random vector with values in R¢, and E \x0|2 <
00, a : [0,+00) x RY — 28" is a multi-valued function, b is a Borel function

on [0,+00) x R? taking values in R™% and continuous in z, with norm |b| =

(Z?:l 2?1:1 bij)l/Q-

We use the following assumptions from [9]:

Assumption 6.2.1. Let D be a domain in R?. Assume there exist an increasing
sequence of bounded sub-domains Dy C D; C --- and a non-negative function
V e C%*(]0,4+00) x D; R) such that the following conditions hold:

(i) U2, Dy = D, and for every k,t € [0, k]

sup |a(t, )| < My, sup [b(t,2)|* < My,

€Dy z€Dy,

where M), is a constant;
(ii)

LV(t,x) < MV(t,x), Vte[0,T], =€ D,
Vi(T) = inf  V(t,x) = o0

€Dy, t<T
as k — oo for every finite T', where M = M(T) is a constant, 0D;, denotes
the boundary of Dy and L is the differential operator

d

8

0?

Zaxﬂ

Uta;

(iii) P(zo € D) = 1.

Under our assumptions above the solutions of SDI (6.2.2) will never leave D,
therefore the values of a, b outside D are irrelevant and for convenience, we define
a(t,z) =0, b(t,z) =0 for x ¢ D,t > 0.

Definition 6.2.1. By solution of the SDI (6.2.2) we mean an J;—adapted process
x(t) lives in D, in other words, it does not leave D and satisfies SDI (6.2.2).

An explanation of the definition can be found in the following statement from

[9]:

Lemma 6.2.1. Let z(t) be an F,—adapted process defined for all t > 0. Assume
that x(t) satisfies SDI (6.2.2) for t < 7 := inf{t : x(t) ¢ D}, and assume (i)
though (iii). Then T = oo (a.s.).

68



Proof. Define 7% as the first exit time of z(¢) from Dj. Obviously 7% T 7. Therefore

to prove the lemma it suffices to show that for any k and §,T > 0 we have

1 1 T
P(tF < T) < P(xy ¢ Dy) + P(V(0,29) > log 5) + SV(T) exp/o M (t)dt.
(6.2.3)
Indeed,
P(rth<T) < P(r" < T, 29 € Dy) + P(zo ¢ Dy)
< P(Tk < T,z9 € Dg,exp(—=V(0,xq)) <)
+P(r" < T, 29 € Dy, exp(=V(0,20)) > 6) + P(zo & Dy). (6.2.4)

Now the first term of right-hand side of (6.2.4)
1
P(exp(=V(0,20)) < §) = P(=V(0,z9) <logd) = P(V(0,z9) > log 3)

To estimate the second term on the right-hand side of (6.2.4), we use assumption

(ii) and apply It6’s formula to v(¢)V (¢, z(t)) where

v = exp[— /t M(s)ds — V(0,x)].
0
Then it follows that for all ¢ < T
VOV (AT 2t AT Xm0 < Y(0)V(0, 20) + m(t),
where m*(t) is a continuous local martingale starting from 0. Hence for any R > 0

P{sup 1OV (t, 2(t))xorn0 > R} < = E(v(O)V(0, o)) <

tSTk R ﬁ )

As a result, we obtain
P(m* < T, 20 € Di, exp(=V(0,20)) > 0)

< P(swpa(OV(ta(t) = Vi(T)iexp(- / M (1))
exp( [} M(t)dt)
- Vi(T)o 7

which implies (6.2.3).

Notice that P(7%F < T) — 0 as k — oo. Indeed since V(0,zy) < oo, and
logs — oo as § — 0, this gives P(V(0,z9) > log§) — 0; by assumption (ii)
Vi(T) — o0 as k — oo, this gives P(#(T) exp fOT M (t)dt) — 0; together with the
fact P(x¢ ¢ Dy) = 0, we obtain the assertion of the lemma. O
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Assumption 6.2.2. Assume that a is a maximal K-monotone function such that
for each k its restriction to D, has a maximal monotone extension a; to the whole

R? which satisfies the linear growth condition.

Remark 6.2.1. If Dy is a ball then we have proved (see chapter 4) that the ex-
tension a; regenerated in the above Assumption exists. In the later part of this

chapter we consider the situation when the set D; contains a ball.

Assumption 6.2.3 (Local Lipschitz of b). There exists a constant Lj > 0, such
that
|b(t, ) — b(t, y)| < Lylz —yl,

fort > 0,z,y € Dy.

Theorem 6.2.2. Assume that a is a mazimal K-monotone function defined on
D, and b is locally Lipschitz defined on D. Let Assumption 6.2.2 hold. Then SDI
(6.2.2) has a unique solution z(t) which lives in D for all t > 0.

Proof. Since b is locally Lipschitz in D for every k, we have a bounded measurable
function by, on the whole [0, +00) x R, such that b and by, are agree on [0, T] x Dy,
and by, is locally Lipschitz on R¢. Define the stopping time

™ =inf{t > 0,2"(t) ¢ DL} AT.

From the proof of Theorem 4.2.1, we can get that for ¢t < 7%

t di ot
()00 = 20 + / asds + Z/ V (s, z"(s))dw,
0 = Jo

where o € a(t, z%(t)).
Let [, k be integers, such that k& < [. Set 7% := 7% A 7!, Then by using Itd’s
formula,
exp(—Lt)|(a" — 2") (¢ A TP Lwsg < mM(2),

where L is a sufficiently large constant, and m* is a local martingale starting
from 0. Hence z*(t) = 2!(t) for t < 7*.. Since k < [, then 7% < 7!, There exists a

stopping time 7 with

7:= lim 7% = inf{t > 0,2(t) ¢ D} AT,

k—o0

such that x(t) := limy,_., 2%(t), satisfies the SDI (6.2.2). Thus by Lemma 6.2.1,
we know that 7 = T". The uniqueness can be achieved in the same way as Theorem
4.2.1. The proof is completed. [
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Notice that taking V(t,z) := e (1 + |z|?) in the case of D := R, D) =
{x € R?: |z| < k}, condition (i) in Assumption 6.2.2 can be restated as follows:

Assumption 6.2.4 (Growth Condition). There exists a constant M, such that
2za(t,x) + |b(t,z)]* < M(1+ |z[*), (6.2.5)
for t >0, z,y € R%

Our goal is to present the existence of solution to SDI without the linear
growth condition. More precisely, if the linear growth condition is weakened by
Assumption 6.2.4, the SDI is still solvable by means of truncating on the maximal

monotone drift term a. Below is the main theorem in this chapter.

Theorem 6.2.3. Assume that a is a maximal K—monotone function defined
on R?, b is locally Lipschitz defined on RY. Under Assumption 6.2.4, stochastic

differential inclusion (6.2.2) has one and only one solution.

The uniqueness of the solution can be obtained in the usual way. The existence
of the solution will be followed after some preliminary lemmas. For simplicity, we

consider time-independent case.

6.3 Preliminary Lemmas

Before we prove the main Theorem 6.2.3, let us give the truncation procedure.
This is the most technically hard part in this chapter. We will discuss the method
of truncating the maximal monotone function a, which leads to be bounded and
again maximal monotone. For this purpose we require several propositions, which
carry out the facts that will make the realization of truncation method.

Let Bpr be the closed ball.

Proposition 6.3.1. If a is a (possibly multi-valued) monotone function defined
on the ball Bg, then for every a € R?, there exists v € Bg, such that

(z —y)(a—aly)) <0.

Proof. Tt follows directly from the last statement in the Lemma 5.1.5, which is
equivalent to the statement {x € Bg : R(a,z,a) = za} # 0, for any a € R,
with R(a,r,a) = sup,{(—a—a(y))(z —y) +wa, y € Br} by applying y := —a in
Lemma 5.1.5. We leave the proof to Lemma 5.1.5 in the Appendix. Il

Proposition 6.3.2. Assume that x € R? is a non-zero vector. Set Z, = {z €
R?: zz < 0}. Let h: Z, — R? be a bounded function such that h(z)z < 0 for
every z € Z,. Then the closure H of the convex hull of {h(z) : z € Z,} contains
px for some p > 0.
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Proof. Assume that C' := {uz : u > 0} and H are disjoint. Then C' and H are
disjoint convex sets, C' is closed and H is compact. Therefore by the theorem
of “strong” separation of convex sets (as we can see Theorem 2.3.9), there exist
numbers v; < ¥, and a continuous linear functional on R?, i.e., a vector a € R?
such that

ay <7 <72 < aw,

for all y € C' and w € H. In particular, ar < 7; < 72 < aw for every w € R%.

Hence ax < 0, because otherwise pax > v for sufficiently large . Hence we have
ay <0<y <y <aw (6.3.6)

for all y € C'and w € H.
Let a. := a — ex for € > 0. Then a.x = ax — €|z|*> < 0, and from (6.3.6), we
obtain
aw = (a — ex)w = aw — exw > 7y — eK|z| > v > 0, (6.3.7)
for all w € H and for sufficient small € > 0, where K = sup{|w|: w € H} < cc.
On the other hand, since a.r < 0, then for a. € Z, and h(a.) € H, we have

h(ac)a. <0,
which contradicts (6.3.7). Consequently, H contains pz for some u > 0. O]

These two propositions motivates the following lemma. The next two lemmas
extend Lemma 3 and Lemma 4 by N.V. Krylov [19] to possibly discontinuous

maximal monotone function.

Lemma 6.3.3. Lety, R > 0 and let a(x) be a mazimal monotone function defined
on the ball B =: {x € R? : |z| < R}. Assume that |a(z)]? — |a(0)]* > 2 if
|z| = R. Then {a(z) : |z| < R} D B,.

Proof. Let us take any a € B,,. From Proposition 6.3.1, there exists an x € Bg,

such that
(r—y)(a—aly)) <0, for y € Bg.

We want to show that |z| < R and a € a(x). To this end we define
Z; ={z€R%: 22 < 0}
and
75 ={zeR%: —2zx < 0}

Then for sufficiently small A > 0, for every z € Z_ we have |z + A\z| € Bg, and

for every z € Z, we have |x — \z| € Bg.
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For all z € Z_, taking y := = + Az above, Az(a(x + Az) —a) < 0. This
yields z(a(z + Az) —a) < 0,. Then there exists a subsequence A, — 0, such that

a(r + A\pz) — a,-. Because a is maximal monotone on Bg, a,- € a(r) and
z(a,- —a) <0, this is true for any z € 7.

Then by the proposition (6.3.2) above, let H be the closed convex hull of the
vectors {a,- }, then there exists y > 0, such that puz € H. Hence a,- —a = pz,
ie.,

a=a, — p.

Therefore repeating the above augments with Z" in place of Z, we get @+ € a(z)
and there exists v > 0, such that —vz € H, where H is the closed convex hull of
the vectors {a,+ } i.e.,

a = a,+ + vz.
xT

Define a = aa_+ + fa_-, with a = ;%, and = uiv’ we see that a = a, where @
is the linear combination of (a,+,a,-).
The last step is to show that |z| < R. Because of the monotonicity, xa,- <

za(0). Assume that |z| = R then

v > a]* = |&z;|2 —2a,-px + 12z
> di: —2uza(0) + p?|z|?
= la. * = [a(0)* + |pz — a(0)]*
> 7

which is impossible. Consequently |z| < R. We conclude that if |a| < 7, then
a € {a(x) : |z| < R}.
[l

Now we can see how the truncation method is applied to maximal monotone
function to get bounded maximal monotone functions. Notice that the second

assumption of the following lemma is needed to ensure that |a| < 7.

Lemma 6.3.4. Let v, R > 0, and a(z) be a mazimal monotone function defined
on Br. Assume the following conditions hold:

(i) (x —y)(a(z) —aly)) < —€|lz — y|?, V x,y € Br with a fized € > 0.

(ii) la(x)]|* — |a(0)|? > 2, if |x| = R, where v # 0 is a fived number.

We introduce

F(a,z) = zlelg(x —y)(a—aly)),

where D = {x : |a(z)| < v} N Bg. Then,
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(a) F(a,x) is continuous in (a,z), F(a,z) >0 for all |a| < v, where a € RY.
(b) for each x € R?, there exists y(z) € D, such that F(a,z) = 0, where
a(x) € a(y(x)); here if F(a,x) =0, |a|] < v, then a = a(z).

(c) @ is monotonic in RY, and y(x) = x for all x € D.
Proof. First, by Lemma 6.3.3, we have B, C {a(z) : |z| < R}. Hence,
(a) for |a| <+, we can find y, such that |y| < R, a € a(y). So

F(a,z) = 225(9” —y)(a—a(y) = 0.

Due to the boundedness of D and of the function a = a(y) on D, F' is continuous
in (a,x).

(b) Fix z, set A = (a(y) : y € D), I' = convA. We prove the solvability of
F(a,z) =0 on I'. Since a = a(y) is maximal monotone, for each y € D, the set
a(y) is convex and closed. Consequently, D is compact. Further we know that I’
is compact. Since F' > 0, it suffices to show that

Ipilgl F(a,x) <0. (6.3.8)
ac
Take in D a countable everywhere dense subset z; and define

Ut = max (z—y)a@—a(y))

ye{z1,22, ,xn}

Clearly, ¥" is continuous in (a,x), F'(a,x) is a bounded convex function on ev-
ery bounded convex set. Hence it is continuous. By Dini’s theorem, V" — F

uniformly on I'. So in order to prove (6.3.8), it suffices for us to prove that

min ¥"(a,x) <0,V n. (6.3.9)

acl’

Forpe P:={p=(p1,--- ,pn) 1 pi > 0,> 1, pi = 1}, consider the functions
Yp,a,x) = pile —z;)(@— alx;)).

Obviously, U" = max{y : p € P}. By the minimax theorem the left side of
(6.3.9) is equal to
max min ¢ (p, a, x). (6.3.10)

peP ael
Noting that for |a| <, F(a,z) > 0. F(a(z),x) = sup, (v — y)(a(r) — a(y)) = 0,
for |#] < R. Then by using the same method as in Lemma 5.1.5, we deduce that

Zpﬂia(%) < ZPiIiZPiQ(%)- (6.3.11)

74



Hence we get ¥ (p, a, x) < 0. Consequently, (6.3.10) is negative, inequality (6.3.9)
is proved, and we get the existence of a solution of the equation F(a,z) = 0 on
I

Next step is to show that this solution lies in A. For it, obviously, (z —y,a —
a(y)) <0, for all y € D. From Lemma 6.3.3, a € a(y) for some y € D, we see
that a € A, let y = y(x) denote such y.

Now let us prove the uniqueness of the solution of F'(a,z) = 0 and the unique-
ness of y such that @ € a(y) on U = {|a] < v} x L(H,R?). Let F(a;,z) = 0,
i =0,1, |a] <7, as = a1s + aop(1 — s). Since F is the sup of functions that
are convex in (a,z). But F' > 0 on the convex set U and (as,z) € U, therefore
F(as,x) = 0 for s € {0,1}. We know that a5 € a(ys) for some y € D and
(x —y,as —a(y)) <0 forally € D, s € [0,1]. This in particular implies that for
every s € [0, 1], the function

(x — ys) (@ — alys)) (6.3.12)

is convex in r on [0, 1], is non positive on [0, 1] and equal to 0 at » = s. This
is possible only if the function (6.3.12) is 0 for all » € [0,1]. The derivative of
(6.3.12) with respect to r is 0. Since we have

(‘T - ys)(dr - a(ys)) = (I’ - ys)(dl - a(ys))T + (I’ - ys)(do - a(ys))(l - T)

= (z = ys)(@1 = ao)r + (z = ys)(ao — a(ys)),

which gives

(x = ys)(@1 — ao) = 0, and (z — ys)(ao — a(ys)) = 0.

Hence for s, s1,s5 € (0, 1), one has

(x - ys)(asl - d82) =0, (y51 - ySZ)(ELSI - a’82) =0,

and
(ysl - ysz)(a(ys1) - a(ysz)) =0.

Finally, we conclude that ys, = ys,, @1 € a(ys,) = a(ys,) > ao, o = 1.
(¢) The equalities y(z) = x comes from the uniqueness of the solution of

a € a(y) on D. The monotonicity of a follows from (6.3.11), if we take i = 2, and
P1 = P2 = 1/2 D

Theorem 6.3.5. Let v, R > 0 be constants and let a(x) be a mazimal monotone
function defined on R, Assume the following conditions hold:
(i) (x —y)(a(z) — aly)) < —€|lz — y|*,V z,y € Br with a fized € > 0.
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(ii) la(x)]* — |a(0)]* > 42, such that || = R, where v # 0 be a fived number.

Then there exists a maximal monotone bounded function ar on R? such that
ag(z) = a(z), for allx € D,
where D = {x : |a(z)| < v} N Bg.
Proof. From the above lemma, we define that
ar(z) as the maximal monotone extension of {a(y(z)) : z € R?}.

Then for z € D, a(y(z)) = a(x) is a consequence of the uniqueness of the solution
of F(a,z) =0 on Bg, and y(z) = x on D follows from the uniqueness of solution

of the equation a € a(y). The theorem is proved.
[l

Remark 6.3.1. We will apply this theorem in a situation when the set D defined

above contains a ball B, for a given v > 0.

Lemma 6.3.6. Let a be a mazimal K—monotone function defined on the R<.
Then there exists a maximal K—monotone function ar such that ar = a on the

closed ball Br and agr satisfies the linear growth condition.

Proof. First, we define a(x) := a(x) — Lz, where L is a constant. Notice that
a(x) satisfies the conditions of Theorem 6.3.5 if L is sufficiently large. Indeed (7)

clearly holds. To show (ii) we notice that for || = R we have
la(2)?] —[a(0)|* = la(z) — La|* — |a(0)|*

> la(z)[* + [La|* — 2Lz|a(x)] — |a(0)|”

> lo(a)? + LR® ~ 2L Rla(2)] ~ |a(0)
> Ja(@) + 2R~ (Fo + 2la(@)? ~ |a(0))

> ZI2R® — 2M2,

DN | —

where My := sup,¢p, |a(z)|. Clearly, for L large enough (ii) is satisfied with
v? := 1 L?R?— M. Moreover, for R large enough, v > Mp, which means D = By
for such R. By Theorem 6.3.5 there exists a maximal monotone bounded function
ar on R? such that ar = @ on D. Hence there exists ap := ar + Lz on R¢ such

that ar = a on D. Linear growth condition is clearly satisfied. O]
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6.4 Proof of Theorem 6.2.3

Now we are going to finish the proof of the Theorem 6.2.3.

Proof. For every n > 1, for sufficiently large L = L(n), by applying the above
lemma, we obtain that there exists a bounded maximal monotone function a™(x)
on R% such that a"(z) = a(z) on D := B,.

We now consider SDI

dx"(t) € dt—l—Zb’ t))dw?.

Moreover by virtue of Theorem 6.2.2, for every n there exists a unique process
x™, such that

and of € a™(x) = a(x), where 5" = b(z(t)). Let us define the stopping time
" =inf{t > 0: [2"(t)| > n}

and 7" := 7" A 7. Then x™(t),2™(t) are in the ball of radius n, m. It follows
that the processes x™(t A 7"™), x™(t A 7™) satisfy the same SDI

dz(t) € a(z(t))lycmmdt + Z Y (2(t)) Ly rnmduwl, (6.4.13)
z(0) = xo.

The uniqueness of the solution of (6.4.13) implies that 2" (t) = «™(¢) until 7"
Let m be an integer larger than n, then 7 < 7™ a.s. and there exists a stopping

time 7 with 7 := lim,,_,o 7" a.s. on [0, 7], such that

oy = lim o,
n—oo

Gy o= lim .
z(t) := lim z"(1),

satisfies the SDI (6.2.2). Hence,

di
z(tAT) :xo+/ ozsds+/ Zﬁgdwg,
[0, tAT] [0, tAT] j=1

hold. Finally by Lemma 6.2.1, we know that 7 = co. x(t) is the solution of our
SDI. The proof the theorem is completed. O
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Let us conclude the proof of the main theorem 6.2.3. As we can see also in
[19] and [13], such proofs usually involves two parts. The first part is to show the
existence of a solution before the first exit from D; The second part is to deduce

the time of departure to infinity of the solution is equal to infinity.
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Chapter 7

Solving SDEs via Mini-Max
Theorems

It is shown that SDEs can be demonstrated related to mini-max problems in cer-
tain infinite dimensional spaces. We will show that the proper mini-max theorem

provides a simple proof of the existence of strong solutions to SDEs.

7.1 Introduction

Mini-max theorems are useful and important tools in various fields of mathe-
matics. It is the fundamental theorem of game theory, and was first proved by
von Neumann in 1928. We are going to study the connection between SDEs and
mini-max problems. Adapting an idea of N.V. Krylov, we show that SDEs can
be associated with mini-max problems in suitable infinite dimensional spaces.
Specifically, if the coefficients of an SDE satisfy the so called monotonicity con-
dition, then one can construct a mini-max problem such that its saddle point is
a solution of the given SDE. This connection between SDEs and mini-max prob-
lems can be applicable in many ways. In this chapter, we will give a constructive
theorem of mini-max problems, inspired by the well-known mini-max theorem
from Fan [6]. This theorem is then applied to give an alternative proof of the
existence of (strong) solutions to SDEs. We will combine this with minimization
method. Such method has been introduced in chapter 4 on SDIs problems. We
would like to present that the suitable mini-max theorem can be applied to give
a very simple proof of the traditional SDEs problems.

The organization of this chapter is given as follows:

e section 7.2: this section formulates the problem and the main result;

e section 7.3: this section constructs mini-max theorem, which will be used

in the main proof;
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e section 7.4: this section gives the finial proof by application of mini-max

theorem.

7.2 Formulation of the Results

We consider the following stochastic differential equation:

{ dr(t) = a(t, x(t))dt + S0, U (¢, 2(t))dw], (72.1)
x(0) = xo,
where a : [0,00) xR — R%and b : [0, 00) x R4 — R are measurable functions,
and ¢ is an JF;—measurable random variable with values in R?, independent of
w, and such that F|zg|* < oo.

We first introduce the conditions we will be placing on the drift and diffusion

coeflicients.

Assumption 7.2.1 (Monotonicity of (a, b)). The pair (a,b) satisfies

dy
2(z —y)(alt,z) — alt,y)) + > V(t,2) =V (t,9)]> < M(1)|z -y,
j=1
for all z,y € R ¢ > 0, where M is an F,—adapted non negative process such
that fOT M(t)dt < oo a.s., for every T > 0.

Assumption 7.2.2 (Boundedness of (a, b)). There is an F;—adapted process R

such that
dy

la(t, 2)* + D V(L 2)* < R(t) (a.s.),

J=1

for all t > 0, z € R%, and fOT R(t)dt < K2, for some deterministic constant K.
Assumption 7.2.3 (Continuity). a(t, ) is continuous in « for all ¢t > 0.

Remark 7.2.1. Notice that by taking z(t) — z¢ in place of z(t) we may and will

assume that xy = 0.

The following theorem is well-known:

Theorem 7.2.1. Let Assumptions 7.2.1, 7.2.2 and 7.2.3 hold. Then stochastic

differential equation (7.2.1) has a unique solution on [0,T].

This theorem was first proved in [18] and then it is generalized in [13]. As
we shall see, the proofs given in these two papers are rather complicated. Later
Krylov gave a simple proof of the existence of a solution in [20]. We shall give
another simple proof based on our extremal approach and on the mini-max the-
orem. It is the purpose of this chapter to display the connection between SDEs

and mini-max problems.
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Proof of Theorem 7.2.1. The uniqueness of solution to SDE (7.2.1) follows from
monotonicity condition (7.2.1) by Itd’s formula. Indeed, if z'(¢) and z?(t) are two
possible solutions of SDE (7.2.1), then we obtain

d(e™|2'(t) — 2* (1))

= e M2 (1)~ () alt, 2 (1) —alt. 22 (1) + 3 (12 () =V (1, 2> () )
—e MMzt (t) — 2*(t)|? dt

dy
+ Z e Mz () — () (P (¢, 21 (1) — U (t, 2°(t))) dw!

Thus we get,
0 < e ™al(t) —2*(O)

:/0 e*M‘S(2(:61(5)—:162(5))((1(5,301(3)—61(3,3U2(s))—|—‘Z\bj(s,3:1(3))—17]‘(5,352(3))\2

—M|z'(s) — 2°(s)]*)ds + m; < m; (as.),

where
mh= [ 3o Al ) = ) (50" (9) = B s, s)

is a non-negative local martingale, starting from 0. Hence, z'(t) = 2?(t) almost
surely.
To prove the existence we will use the following well-known mini-max theorem.

]

7.3 Mini-Max Theorems

Let V and U be convex subsets of some metric vector spaces, such that they
are compact metric spaces with respect to some metrics. In the application V
and U will be closed balls in some separable Hilbert spaces considered in the
weak topologies. Notice that bounded closed balls in Hilbert spaces are compact
sets in the weak topology and that the weak topology restricted onto any ball is

metriczable. Then the mini-max theorem of Fan [6] reads as follows:

Theorem 7.3.1. Let L : V x U — R be a function which satisfies the following

conditions:

(1) L is convex and lower semi-continuous in v € V for each u € U.
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(ii) L is concave and upper semi-continuous in u € U for each v € V.

Then

min max L(u,v) = maxmin L(v, u).
veV ueU uclU veV

For the proof we refer to [17].
We will develop a mini-max theorem which leads to our proof. It is a gener-

alization of the above well-known mini-max theorem.

Theorem 7.3.2 (Mini-Max Theorem). Let L : V x U — R satisfy the following

conditions:
(i) L is lower semi-continuous and convex in v € V for each u € U.

(ii) L is upper semi-continuous inu € U for eachv € V, and there is a countable
dense subset M = {u; : i = 1,2,--- ,n} of U such that for every integer
n>1,

sz v, u;) < L(v szuz

for all uy,-- ,u, € M and p € P, := {(p1,p2,--+ ,pn) € R* : p; >

Then

min max L(u,v) < maxmin L(v, u),
veV ueM ueU veVv

where M is the closure of M.
Proof. Let us define
)= pil(v,u;),
i=1

forveV and p € P,,. Then L, satisfies the condition of Theorem 7.3.1. Hence
for some v € V and p™ € P,, we have

) MY — - i
Ln(v™, p™) = minmax Ly (v, p) = maxmin Ln(v, p)

< < =: . 0.
ilé%}:gélxrfllz z:p,uZ < glezx[:}crgg\lrflL(v u) = a < oo (7.3.2)

The sequence {v™} contains a subsequence, denoted also by {v(™} such that v

converges to some element v € V. By (7.3.2) and the definition of L,

> (n) ()Y _ _ () 4.,
a> Lo, p™) gel%ian(vn,p) lrgg;L(v , Uj)
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Hence
o > L(v(”), u;),

for each 7 < n. Consequently, by the lower semi-continuity of L

L(v,u") <liminf L(v",u") < o,

n—oo

for all 4 > 1. Therefore

min max L(v,u) < max L(7,u) < o = maxmin L(v, u).
veEV yeM ueM uelU veV

To apply the above theorem we need to introduce the following objects:
Let V denote the set of F;—adapted processes v = («, ) on the interval [0, T]

such that « is R¢—valued, 3 is R¥*% —valued and
T T & ,
lv|? := E/ loo(t) |dt + E/ Z |3 (t)]2dt < K*.

Let Y denote the set of R¢—valued F;—adapted processes y = {y(t) : t € [0,T]}
such that .
lyl* = E/ ly(t)|Pdt < AT K>
0

Define also the following functionals:
L(v,u) :== L((a, 8), (y,7,0)) := E/O e MH2((t) — y(t))(a(t) — (1))
dy
+ Z B7(t) = &7 ()] = M()|(t) — y(t)[* (7.3.3)
for (o, ) € V and (y,v,9) € Y x V =: U, where
t d1
z(t) == zap(t) ::/0 a(s)ds + A 3 (s)dw.

Let u(y) := (y,a(y),b(y)) for y € Y, where a(y),b(y) are the processes

{at,y(t)) - ¢ € [0, TT}, {b(t, y(t) - t € [0, T1}.



Notice that
sup F'(a, 3,y) > 0,

yey

for every (a, ) € V. Indeed if (o, 3) € V, then it is easy to see that
Elz(t)]? < oo, Vt < T,

and

B < B[ 200 dHZW )eds)
t 1

< —E/]a: |ds+2E/|a 2ds+E/Z|ﬁJ )|?ds

which gives

T T T d1
E/ | (t)|2dt §4TE/ |a(t)\2dt+2T/ > E|F () dt
0 0 0 4

< ATK?.

Consequently, for (a, ) € V, we can take y := z,3 € Y, which gives
F(v,y) = 0.

The method to prove the existence consists in characterizing the solutions of
equation (7.2.1) in terms of extremals of the functional F'. Moreover, the following
theorem holds,

Theorem 7.3.3. Assume Assumption 7.2.1, 7.2.2 and 7.2.3 hold. Then the

following assertions hold:

(i) Ifx ={z(t):t €[0,T]} is a solution to SDE (7.2.1), then

sup F(a, 0,y) =

for (a,B) € V, where a(t) := a(t, 2(t)), B(t) = b(t, z(t)).

(ii) If for some (a,3) € V,
sup F(a, 3,y) =0, (7.3.5)

yeY

then
t di

x(t):/ota(s)ds+/ Zﬁ] Ydw?, t € [0,T]

is a solution to SDE (7.2.1) on [0,T].
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Proof. Assume that © = x(&, 3) is a solution to equation (7.2.1). Then by mono-

tonicity condition 7.2.1, we have

F(a,py) = E/O e MH{2(x(t) — y())(a(t) — aly(t)))

+ Z 37 (t) = ¥ (y(O))* = M(B)](t) — y(t)[*}dt <0,

thus sup,cy F(a, §,y) = 0.
Now we prove part (ii). Let (7.3.5) hold for some (&, 3,y) € V, we have that

F(a,B,y) <0,

for any y € Y. Hence it is sufficient for us to show that if F' < 0 for some &, 3,t,w,
then a; = a(t,z), and (3, = b(t, z). For these &, 3,z and any y € Y, we have

B / e M2 (t) — y(1)) (alt) — alt, y(1)))

+ Z |37 (t) = ¥ (t,y (D))" = M(t)|(t) — y(t)]*}dt < 0.

In particular, taking y(t) := x(t), this gives 8(t) = b(t,x(t)) for dt x P—almost
every (t,w) € [0,T] x Q. Now, let y = x — ez, where ¢ > 0 and small enough, for
z€Y. We get

T
QeE/ z(a(t) — a(t, x(t) — ez(t))) — M(t)e|z|*dt <0,
0
then divided by 2¢ and let € — 0. By the continuity of a(t¢,y) in y, we get

E/Tz(d(t) — a(t,z()) dt < 0.

This is true for all z € Y. Therefore a(t) = a(t, z(t)) dt x P—a.e., which, together
with 3(t) = b(t, z(t)), imply that

t d1

a:(t):/ot@(s)ds—l—/o ;Bﬂ'(s)dwi

is a solution to SDE (7.2.1). O
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7.4 Proof Theorem 7.2.1

It is also important to notice the following properties of the functional L = L(v,u),
for v € V, u € U, defined by (7.3.3).

We equip V with the weak topology of the Hilbert space defined by the inner
product

(v1,03) = E / (as(t)an(t) + B (6)57 (1))t

for vy = (au, B1), v2a = (ag, F2). We consider U with the product topology, with
the topology introduced by the norm |y| = (F fOT ly(s)|?ds)'/? on Y and with the
weak topology on V.

Definition 7.4.1. We say that a sequence u" = (y",~",d") converges to u =

(y,7,0) in U if y" — y strongly in Y, 4" — « and ™ — § weakly in V.

Before proving the theorem, we will state a theorem which introduce the idea
that will lead to the proof of Theorem 7.2.1. The following statements will be

crucial for applying mini-max theorem.

Theorem 7.4.1. Under Assumptions 7.2.1, 7.2.2 and 7.2.3, the following prop-

erties hold:

(1) L(v,u) is conver and lower semi-continuous in v = (o, ) € V for fived
ue U;

(2) L(v,u) is continuous in u € U for fixzed v € V;

(3) For M :={(y,a(y),b(y)) : y € Y} C U, it has a dense subset M = {u; : i =
17 27 e 7n}

(4) For every integer n > 1,

L(v, Xn:pzuz) > Xn: L(v, u;)
i=1 i=1

for everyuy,--- ,u, € M and for allp € P,,, where P, = {(p1,p2, -+ ,pn) €
R™:p; > 0,3 pi = 1}.

Proof. (1) Recall that L(v,u) is defined by
T d1 ‘ ‘
L(v,u) = E/O e MH{2(x(t) — y(0)(a(t) — () + Z 37 (t) — &' (1)

—M ()| (t) — y(t)]*}dt,
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where v = (o, 3) € V, u = (y,7,0) € Y x V = U. It follows from Itd’s
formula that for fixed u € U,

L(v,u) = e ™ E|x(T)|* + Hy(a, B),

where

Hy(o,8) = E / e M2y (t)a(t) — 2u(t)y(t) + 2y (D)1 (1) +

dq dq
Z |07 (t)]* — 2 Z B(t)d7 (t) — 2M (1) |y (1)) + 2M (t)x(t)y(t) bdt.

From the expression above, the function L(v, u) is convex in v = (o, 3) € V,

and is lower semi-continuous of («, 3) € V in the weak topology.

(2) Let v — w in U. By definition (7.4.1), that is, y" — y strongly in Y,

A" — 7, and 0" — 0 weakly in V. Then,

|L(v,u™)—L(v,u)| = | =L — Iy + 13— 1y =I5+ Ig| <[]+ 1|+ |15+ -+ 1]
(7.4.6)

it goes to 0 as n — oo, with
W= B [ -y -,
b= B [ e -y 20t
b= SO P ORI
o= B [ 2 B0 - P
o= B [ 2 @ OF - 0P,
o= B [ 2 @0 - o

Indeed for n — oo, the first term clearly goes to 0 by Holder inequality;

I, < 8TK?FE /|7 t))|dt — 0;
I; < KE/ 25"3 () (6™ (t) + & (t))dt
< K(E / 1679 (£) — 67 (¢)|%dt)/2(E / T|c5”’j(t)+5j(t)|2dt)1/2
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since 0" converges to ¢ weakly.

Similarly, we can get
Iy — 0;15 — 0; 1 — 0.

(3) First, we can easily see that there exists countable everywhere dense subset
{y;i i =1,2,---,} of Y. Then for all y € Y, there exists subsequences
denoted by y; converging to y. Since y; — y strongly in Y, we have a(y;) —
a(y) and b(y;) — b(y) weakly in V| i.e., there exists subset M := {u; : i =
1,2,--- ., n}, where u; = {y;,a(y;),b(y;) -y € Y}

(4) It is sufficient to prove

sz / M2l (1)) + 3 W GO — M)l P
<5 [ e Mpaao) + LW wO)F - MOOR:

where 5 := 371" piyi, @ = Y1 piayi), b= Y1 pib(yi).
Let us define

fulas B) = sup L(v, u(y)) — E / e M2 (t)a(x (1))

yeY
+ ) I OF = M(6)|e(t)*]dt.
J
Notice that, sup,cy L(v,u(y)) > 0 and

sup L(a(t, x),b(t, x),u(y)) =0,

yeY
where (a(t,z),b(t,z)) € V, because of the monotonicity condition of (a, b).
Then

FlenB) = =F [ e Raaa(t) + Z B0~ MO)la(0)Pdt

and

fula(z),b(z)) = —E / e Mz (t)a((t))

+Z |37 () = M ()| (t) [")dt.
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Furthermore, f, is a convex function. Hence we get

ful@(y(t)), b(y(1)))
< Zpifu(a’(yi(t))’ b(yz(t)))u

where 5 := Y"1 pivi, @ =Y 0 piay), b =Y pib(y:).

From above we can obtain that

—E/O e M2g(t)aly(t) + Y [V (y(0)1° — 2M(1)]g(t) ) dt

and we also have

:—sz / M2y (1) +Z|bﬂ B0 = 2M (1) (1) Pt

The theorem is proved.

Now we are in the position to show that the existence of a solution is a

consequence of Theorem 7.3.2.

Proof of the existence. By virtue of the previous theorem we can apply Theorem
732 to L, F,U, V, M. Recall that L = L(v,u) := L((«, ), (y,7,0)) is defined
in (7.3.3) and F(v,y) is given in (7.3.4); V is defined as F,—adapted processes
v = («, 3) on the interval [0,7]; U is defined by Y x V, where Y is the set of
R?—adapted processes y = {y(t) : t € [0,T]}.

Consequently, for

F(v,y) = L(v,u(y))

we have

o
IA

F L
min max F(v, y) = min max L(v, u(y))

< maxmin L(v, u).
uelU veV

Notice that for each u = (y,v,9) € U we can choose

v:=(7,0) €V,
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which gives L(v,u) = 0. Consequently,

min L(v,u) <0,
veEV

for every u € U. Hence

i F —0
min max F'(v, y)

which proves the existence of a solution to SDE (7.2.1) by virtue of Theorem
7.3.3. u
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Appendix A

The follow lemma is from the version of Lemma 3.5 from [14].

Lemma A.0.2. If Z, = {Z,(t) : t € [0, T} is a sequence of cadlag stochastic
processes. For a fized € > 0 define

" =inf{t € [0,T] : |Z.(t)] > €.}
Then the following statements hold:

1. If Zpe ={Z,(t NT") : t € [0, T]} converges in probability to 0, uniformly in
t € (0,T], then Z, converges to 0 in probability uniformly in t € [0,T.

2. If almost surely Z,. converges to 0, uniformly in t € [0,T], then almost

surely Z, converges to 0, uniformly int € [0,T].

3. If for some sequence 0 < a(n) — 0, there is a finite random variable n, such
that almost surely
Sup | Zne(£)] < na(n), ¥n,

then there is a finite random variable & such that

sup | Zn(t)] < Ea(n).

For the proof we refer to [14].

Now we give the proof of of Lemma 5.1.5:
Proof of Lemma 5.1.5. 1. Easy to see that R is finite, convex and continuous.

2. If we take the limit point a(z) of any sequence a(z},) in (5.1.3), when !, —
z,x, € D(a), then we get

sup(a(z’) — y)(z —2) > 0.

m/
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Hence, R(a,x,y) > zy is obtained.

The equality is a consequence of the monotonicity of a, that is,

R(a,z,a(x)) = slllp{(a(x’) —a(x))(x — ') + za(x) : ' € D} = za(x).

. From above R > zy on D x R we see that the graph of R lies above the
tangent plane of xy for any 2’ € D, i.e., R(a,z,y) > (v — 2')a(z’) + 2’y for
any ' € D.

. From the convexity of R(a,x,y), by virtue of the second result,

n
Z%’%yz Zaz a %7% > R Za 372,20%3/1
=1
n n
> Z G, Z ;s
=1 =1

. The monotonicity is obtained from the result above if one takes n = 2,
a; = ay = 1/2, and make simple transformations. The closedness of Z(a)

is from the continuous of function R.
. Using the rule for passaging to the limit under limsup sign.

. We denote the convex hull mentioned by P(a,x). We want to show that
P(a,z) = Z(a,x). The set P(a,z) is closed, as the convex hull of a closed
set. Since R(a,z,y) — xy for fixed x is a nonnegative convex function of
y, Z(a,z) is a convex set. From the boundedness a, there exist bounded
subsequence a,, , and (z,,y,) — (z,y) for any z,,y, € D, such that a, — a
on D. Then liminf,, R(a,, z,,y,) > R(a,z,y). So any partial limit of a(z,,)

as x, — x lies in Z(a,z). hence P(a,x) C Z(a,x).

Now we want to show P(a,x) = Z(a, ). Assume there exists y € Z(a,x) \
P(a, ), then one can find ¢ € R? and numbers a < b such that ¢y =
b, limsup,, pa(z’) < a as x’ goes to z. Moreover, R(a,z,y) = xy and
(a(2')—y)(x—2') <0 for all 2’ € D. Choosing 2’ — =z, so that x — 2’ and ¢
have the same direction, we conclude that 0 < limsup(a(z’) — y)¢ < a — b.

which is impossible.

. We may assume that y = 0, since we can take a — y instead of a. From
the fact in result 2, we know that R(a,z,0) > 0. Hence it suffices for us to
prove that

min R(a,x,0) < 0. (A.0.1)

zeD
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From (5.1.3), it is easy to see that

min R(a, z,0) = min sup (za(z’) — 2'a(z)).
zeD z€D z'eD

Let L be the convex hull of {a(2'), —2’a(2’) : 2’ € D} := {(p,q) € L}, then

sup (za(z') — 'a(x')) = sup {zp+q}.
z’'eD (p,gq)€EL

By using the Mini-Max theorem, we can prove (A.0.1) by showing that

sup min{xp + ¢} < 0.
(pg)eL TED

Any point (p,q) € L admits a form (3, ayi, Yo, aix;y;), where a; >
0, a; = 1,y; = a(x;). We apply result 4 to get

n n
min x E ;Y — E oy < 0.
i=1 i=1

zeD

Consequently, inequality (A.0.1) is proved.
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