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Abstract

This work is concerned with an evolution inclusion of the form

u(t) € uo + /O Au(s))dU (s) + /0 Blu(s))dM(s),

in a triple of spaces “V — H — V*” where U is a continuous non-decreasing pro-
cess, M is a locally square-integrable martingale and the operators A (multi-valued)
and B satisfy some monotonicity condition, a coercivity condition and a condition on
growth in u. An existence and uniqueness theorem is proved for the solutions, using
semi-implicit time-discretization schemes. Examples include evolution equations and
inclusions driven by square integrable Lévy martingales.
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Chapter 1

Introduction.

Let V — H = H* — V* be a normal triple of spaces. In many instances, the evolution
of the state u = {u(t) };cjo,7] of a dynamic system, subject to random perturbations,
can be described by an equation of the form:

u(t):uo—i-/o As(u(s))ds—l—Z/O BI(u(s))dW(s), (1.0.1)
j=1

where (W;)¢>0 is an r-dimensional Brownian motion and A and B are operators defined
on [0,7] x 2 x V with values in V* and H" respectively.

Using monotonicity method, the existence and uniqueness of a solution u of (1.0.1) is
proved in [16] and [15]. In [7] and [8] this result is extended to stochastic evolution
equations driven by martingale measures and semimartingales (which may have jumps).
More recently, [10] presents explicit and implicit space/time-discretization schemes and
demonstrates how solutions of the aforementioned schemes converge to the solution of
(1.0.1).

However, sometimes one may wish to consider a case when the operator A is multi-
valued. Then (1.0.1) must be paraphrased as an inclusion problem, in other words,

u(t) € up +/0 As(u(s))ds + Z/o B (u(s))dW(s), (1.0.2)
j=1

Inclusions of this type have been studied in [19] (see also [1], [20], [21], [2]), where
solutions have been shown to exist, using the method of Yosida approximations.
In this work we extend the results of [8] to the case

u(t) € up +/0 A(u(s))dU(s) + /0 B(u(s))dM(s), 0 <t <T, (1.0.3)

where U is a continuous non-decreasing real-valued process, starting from zero, M is
a Hilbert space-valued locally square-integrable martingale, with a continuous bracket
process (M), and the operators A (multi-valued) and B are defined on V.

We proceed in a sequence of stages.

Chapter 2 introduces the notion of the “maximal monotone” operator, central to our
discussion, and establishes a few basic results that will be needed later.

In Chapters 3-7, following an approach outlined in [10] and using a variety of techniques
from set-valued analysis, we deal with the inclusion (1.0.2), beginning with a (time-
independent) deterministic case (i.e., B = 0) and then considering a situation when



the operator A is assumed to depend on t and w explicitly.
Finally, in Chapter 8, we demonstrate how the results of the previous chapters can be
generalized in the case (1.0.3).



Chapter 2

Preliminaries.

2.1 Maximal monotone.

We begin by introducing the notion, central to our discussion, of a (maximal) monotone
mapping.

Suppose V is a Banach space and let V* denote its dual. We are given a set-valued
mapping A : V — 2V, Let (v,v*) = (v*,v) denote the duality product for v € V and
x € V*. The domain and (effective) range of A are defined as follows:

D(A) = {v € Vi A@v) £ 0}, R(A) = Uyepiny Av).
Moreover, the graph G of A is given by
G={(v,v") e VxV*:ve D(A),v* € A(v)}.
Definition 2.1.1. The operator A is called monotone, if
(v* —u* v —wu) >0, (2.1.1)
for all (u,u*), (v,v*), such that u,v € D(A) and v* € A(u),v* € A(v).

Alternatively, one can say that G is a monotone subset of V' x V* provided (2.1.1) is
satisfied V(u,u*), (v,v*) € G.

Definition 2.1.2. The operator A is called mazximal monotone, if G, viewed as a
subset of V- x V*  has no proper monotone extension. In other words, if, and only if,

(v* —u*v—u) >0, Y(u,u") € G,

implies

v € D(A) and v* € A(v).

Definition 2.1.3. An operator B : V. — 2V is called “monotone” (resp. “mazimal
monotone”) iff (—B) is monotone (maximal monotone).

2.2 Examples.

Example 2.2.1. (One-dimensional case) Suppose a function f : R — R, is increasing.
It follows that, Yu € R,
lim f(x) and lim f(x)

r—u—0 r—u+0
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exist and are finite. Moreover,

lim f(z) < f(u) < lim f(x).

z—u—0 rz—u+0

Define f : R — R by

Fw)={v: lm f(@)<v< lim f(a)}.

z—u—0 rz—u+0
Then, it is easy to show that f is mazimal monotone.
In particular, an increasing (decreasing) continuous function is mazximal monotone
( “maximal monotone”). Therefore, if f : R — R is a continuously differentiable convex
function, then f’ is mazimal monotone.

Definition 2.2.1. A function B : V. — V* is termed hemicontinuous, if, for all

z,y,z €V,
lin(1)<B(x +ey),z) = (B(x),2), e e R.
€E—

Example 2.2.2. (Infinite-dimensional case) If A :'V — V* is a monotone hemicon-
tinuous operator on the real reflexive Banach space V, then it is mazimal monotone
(see Proposition 32.7 of [22]).

Example 2.2.3. (Subgradients) If f : V — (—o0,+00] is lower semi-continuous, not
identically +oo, then the subgradient Of : V — 2V is mazimal monotone (Proposition

32.17 of [22]).

Example 2.2.4. (Time derivatives) Let V. — H = H* — V* be an evolution triple.
Fiz T > 0. We denote by X = LP([0,T],V), 1 < p < oo, the space of all measurable
functions u : [0,T] — V', for which

T 1
Jullp = ( / lu(t)[B.dt)> < oo.

It is also known that the dual X* (of X) can be identified with L1([0,T],V*), where
Lri=1

Then the set of alluw € X that have generalized derivatives u' € X* forms a real Banach
space, denoted by Wpl([O, T);V, H), with the norm

lullwy = [lullx + [ x--

Define the operator L by

Lu =1/,

where

D(L) = {u € W,([0,T);V, H) : u(0) = 0}.

Then the operator
L:D(L)CX — X~

is mazimal monotone (see Proposition 32.10 of [22]).

2.3 Some useful results.

Let us establish a few basic results, concerning maximal monotone operators.
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Lemma 2.3.1. Let A:V — 2" be mazimal monotone. Then, for any A > 0, vy e V*
and ug € V, operators A1, Ay, A3 : V — 2V defined by

(i) Ai(v) = AA(v),
(ii) As(v) = A(v) + v,
(iii) As(v) = A(v + up),

are mazximal monotone.

Proof. Monotonicity of all three operators is apparent.
(i) Assume that (v* —u*,v —u) >0, for all w € V and u* € A;(u). By construction,
u* € Aq(u) is of the form u* = A\a*, for some u* € A(u). Hence the above statement
can be rewritten as

(v* = Aa* v —u) >0,

or, equivalently,

,U*

(7—11*,11—71) >0,

for all w € V and @* € Aj(u), since u* and @* are in 1-1 correspondence. Using the

fact that A is maximal monotone, we conclude that

,U*

€ A(v),

or v* € MA(v) = Ai(v).
Assertions (ii) and (iii) can be verified in exactly the same manner. O
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Chapter 3

Inclusions with time-independent
maximal monotone operators.
Deterministic case.

3.1 Introduction.

Let V < H = H* — V* be an evolution (equivalently, normal) triple of spaces with
dense and continuous embeddings, where V is a reflexive Banach space, H is a Hilbert
space and V* is the dual of V. Fix T > 0.

The aim of this chapter is to solve an inclusion

u(t) € up + /OtA(u(s))ds, 0<t<T, (3.1.1)

where ug € H and A is an operator defined on V' with values in V*.

3.2 Assumptions and description of results.

Let (v,x) = (x,v) denote the duality product for v € V and = € V*, (-,-) denote the
inner product in H and ||v||, |h|, ||[v*| stand for the norms of v, h,v* in V,H and V*
respectively.

Definition 3.2.1. We understand the evolution triple V.— H = H* — V* to be the
following:

e (i) V is a real, separable and reflexive Banach space.
e (ii) H is a real, separable Hilbert space.

o (iii) The embedding V — H is continuous, i.e.,
lv| < const - [Jv||, Yv €V,

and V is dense in H.

Moreover, the inclusion H < V* (or, equivalently, H* < V*, provided we identify the
Hilbert space H with its dual H* by means of the inner product in H ) is the dual of the
inclusion V — H.

13



Remark 3.2.1. In order to justify that the embedding H — V™ is continuous and
dense, we notice that the mapping h — h from H into V*, given by

(h,v) = (h,v), veEV,

is linear, injective and continuous. Moreover, since V is reflexive, H is dense in V*
(see Proposition 25.13 of [22] for details).

We proceed by stating the precise assumptions made on the operator A.
There exist constants A, K1, Ko > 0, such that A satisfies the following conditions:

Assumption 3.2.1. A is “mazximal monotone”.

Assumption 3.2.2. (“Coercivity” condition) For all pairs (v,v*), such that v € V
and v* € A(v),
2(v*,v) + N||v||* < K1(1 + |v]?).

Assumption 3.2.3. (“Linear growth” condition) For all (v,v*), with v € V and v* €
A(v),
[o*]| < Ko (1 + [[v]).

Example 3.2.1. Let f, mapping R into subsets of R, be a bounded “mazimal mono-
tone” function and let I C R be a bounded interval. For example, one can have

f@) = 5 =D, 2 £0,
£O) = {-1L.0]}

Set 'V :W21 (1) and define an operator A:V — 2V by

AWw) = {oh i) € (0

%’U

(x)) for de — a.e. x € I}.

One can show that A is “monotone”. Moreover, it has a “mazimal monotone” exten-
sion, denoted by A. Set C' = A — J, where J is the duality mapping from V into V*
(see Appendiz C.1 for the definition and useful properties). Then the operator C' is
“maximal monotone” and “coercive” (Assumptions 3.2.1-3.2.2).

If X is a Banach space, let L?([0, T], X) denote the Banach space of X-valued Lebesgue-
measurable functions {z(¢) : t € [0,7]}, with the norm

T
1
lell gz oz = ( / 12(8)[2de)F < oc.

Definition 3.2.2. An H-valued continuous function v is a solution of (3.1.1), if v €
L2([0,T],V) and there exists a function o € L?([0,T],V*), such that, for dt-almost all
t 0,7,

a(t) € A(v(t)),

and .
v(t) = ug +/ a(s)ds, YVt €[0,T].
0

The main result of this chapter is
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Theorem 3.2.1. Under Assumptions 3.2.1-83.2.3, inclusion (3.1.1) has a unique solu-
tion.

Lemma 3.2.1. Provided inclusion (3.1.1) has a solution, it is unique.

Proof. Suppose u! and u? are solutions of (3.1.1). By definition, there exist functions
al, a?, such that

t
ut(t) = ug —i—/ ol (s)ds,
0
and

U2 = U tazs S.
(t) o+/0 (s)d

Set h(t) = [u?(t) — u'(t)|?. Then we have

0 < h(t) = /tI(s)ds,
0

where

I(s) = 2{(u'(s) — u’(s),a' (s) — a*(s))
is non-positive by Assumption 3.2.1. Hence
h(t) = 0, Vt € 0,7,
and we conclude that u!(t) and u?(t) coincide for every t. O

We proceed by showing that the inclusion (3.1.1) has a solution, using semi-implicit
time-discretization schemes.

3.3 Implicit time-discretization scheme.

Take n € N, divide the interval [0, 7] into n equal subintervals of length §,, = % and
set ty = kL, 0<k<n.

Definition 3.3.1. A Lebesgue-measurable function u™ is a solution of a semi-implicit
time-discretization scheme, if u" is defined by

u(t) = u"(tg), t € (th,th41), 0 <k <m—1,
where u™(ty) are solutions of a system of inclusions
u”(to) = O,
u"(tl) € ug + 5nA(u”(t1)),
un(ti+1) S u”(ti) + 5nA(u"(ti+1)), 0<t1<n—1. (331)

Theorem 3.3.1. Under Assumptions 3.2.1-3.2.3, the system (3.53.1), equivalently,
time-discretization scheme, has a unique solution for all large n.

Proof. Upon noticing that a typical member of the system (3.3.1),

u"(tiv1) € u"(t;) + o A(u" (tir1)),

15



can be re-written as
u(ti) € (I = 6pA)(u" (tiv1)),
where the identity operator I : V' — V* is given by

it becomes apparent that it is enough to show that an inclusion
u* e (I —06A)(u) (3.3.2)

has a unique solution u € V, for every u* € V* and all (sufficiently) small § > 0.
We proceed in a sequence of steps.
i) To begin with, I is monotone. Indeed,

(I(v) = I(u),v —u) = (I(v —u),v —u) = |v—ul>>0.

Moreover, I : V' — V* is continuous. Therefore, by Proposition 10.0.2 (Appendix B.1),
I is maximal monotone.

On the other hand, —d, A is maximal monotone, by part (i) of Lemma 2.3.1.

Since both operators are defined on the whole of V', we are justified in using Theorem
10.0.3 to conclude that the operator I — §,A : V — 2" is maximal monotone (n =
1,2,...).

Let us see that the operator I — 6, A is coercive (at least, for large n) in the sense of
Definition 10.0.7. Suppose u* € (I — §,A)(u). This means that Jv* € A(u), such that
u* = I(u) — d,v*. Then, by Assumption 3.2.2,

(u*,u) = (I(u) — 60", u) = [uf* = 6, (v*,u) >
6nK1
2
THUH T g

OnA
jaf? + 222 ) — (4 fuf?) 2

provided 6, < Kll (equiv., n > %) Hence

infu* €(I—-0nA)(u) <U*a u>
il

oK1
2] |ull

2 ) — 2L oo,
2

as ||ul| = +oc.

The fact that the operator I —d, A is coercive, by the above argument, together with

Theorem 10.0.4, imply that R(I — §,A) = V*, or, equivalently, that a solution to the

implicit scheme exists (at least, for all large n).

ii) Let us check that, for all such n, the inclusion (3.3.2) has a unique solution. Indeed,

if this was not the case, then, for some v* € V*, there would exist distinct uq,us € V

and corresponding v; € A(u;) and vy € A(uz), such that

v* = I(uy) — dpv] = I(ug) — 6,05.
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Then
0= (" —0v"us —uy) =

((I(u2) = 0v3) — (I(u1) — 6pv7),u2 —u1) =
lug — u1\2 — Op(vy — V], ug —u1) > |ug — u1|2 >0,

by monotonicity of —d,, A, which is a contradiction.
(iii) Finally, the function u™ is, clearly, Lebesgue-measurable, by construction. ]

3.4 Characterization of solutions.

In this section we introduce an approach, which allows one to characterize solutions of
the inclusion (3.1.1) as extremal points of some functional.

For notational simplicity, we let X = L2([0,7],V). Then, one can identify the dual X*
of X with L2([0,T],V*).

We make use of the following construction.

Definition 3.4.1. Let U denote the space of pairs (§,a), satisfying the following con-
ditions:

e {cH;
e g€ X*;

o There exists a function x € X, such that

x(t) =¢ —i—/o a(t)ds,

for dt-almost every t € [0,T].

Remark 3.4.1. Note that, by Theorem 17.0.5 (Appendiz E), the function x permits
an H-valued continuous modification, denoted x™, such that

t

" = ais)as .
x (t)—§+/0 (s)ds, ¥Vt € [0,T]

Let (¢,a) € U. Take arbitrary y € X and set

T
Fy(€,a) = Jup — € +2 / ((t) — y(t), at) — v (1)) dt,

and
G(& a) = Sl;p{Fy(E,a) y € X},

where y* € W (y) and the operator W : X — 2X" is defined as follows:
W(v) = {v* € X*:v*(t) € A(v(t)), dt-a.e. t € [0,T]}.

Theorem 3.4.1. The operator W is defined on the whole of X and is “mazximal mono-
tone”.

Proof. See Appendix C.2 for details. O
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Due to Assumption 3.2.3,

"I < K3(1 + [loll)* < 2K3 + 2K3|lv]%,

which means that y* € X* Vy* € W(y). Moreover, since z —y € X and a — y* € X*,
an application of Holder’s inequality yields

( —y,a—y") € LY([0,T)).

Therefore, Fy is well-defined.

Since one can set y = = (Theorem 3.4.1), when calculating sup Fy, it is evident that
G(&,a) > 0, for any choice of (§,a) € U.

The main result of this section is

Theorem 3.4.2. e (i) Suppose assumptions 3.2.1-3.2.3 hold and let u be a solution
to (3.1.1). Then

inf{G(&a): (& a) € U} = G(ug,u*) =0, u* € W(u).

e (ii) Assume conditions 3.2.1-8.2.3. If there exists a pair (§,a) € U, such that,
Vy € X,

Fy(€7&) S 07
then é = ug, and
t

W) =u a(s)ds
(1 0+/0 (s)ds, t € [0,T),

is a solution of (3.1.1).

Proof. (i) Recall that if u is a solution of (3.1.1), then there is a (square-integrable)
V*-valued function o = {a(t) : t € [0, T}, such that, for dt-a.a t € [0,T],

a(t) € Afu(t),
and .
u(t) = ug +/O a(s)ds, YVt € 10,T).
Thus -
Fyfun,a) =2 [ (ult) = y(t).alt) =y (0)dr <0,

for every y € X and y* € W(y), due to “monotonicity” condition 3.2.1. It follows that
G(up, o) < 0.

On the other hand, as we have previously observed, G(£,a) > 0 (V(§,a) € U). Conse-
quently,

G(up, ) = 0.
(i) Suppose the pair (€, ) satisfies {Assumptions 3.2.1-3.2.3. Setting y = u in Fy(f, a,
we get [€ — ug|? = 0, which implies § = uo.
The condition Fy(&,a) < 0 can now be rewritten as

(u—y,a—y“)x =

18



T
/0 (wlt) — y(2),alt) — y* (1)) dt < 0.

Since the operator W is “maximal monotone”, by Theorem 3.4.1, we deduce that
a € W(u), or
a(t) € A(u(t)),

for almost every t € [0, 7] (definition of W). O

3.5 Convergence of the implicit scheme.

Recall that for a fixed m, an approximation v to w, by the time-discretization scheme,
is defined as follows:
u™(to) =0,
um(tl) € ug + (5mA(um(t1)),
u™ (tip1) € u™ (i) + om A(u™ (tig1)),
u™(t) :=u"(t;) for t € (ti,tit1], 0<i<m—1.
We have seen previously that such a scheme has a unique solution for any sufficiently
large m. It means that there exist functions a™(t;) € A(u™(¢;)), 1 <1i < m, such that
the above can be rewritten as a system of equalities:
u™(tg) =0,
um(tl) = ug + 5m0ém(t1),
um(tH_l) = um(ti) + 6mam(ti), 0<1<m-—1.

Using induction on time intervals, it is easy to show that u™ can be cast into integral

form as follows!:
K1 (t)

u™(t) = uoX (1>t} +/ a™(ka(s))ds. (3.5.1)
0
Indeed, if 0 <t < t1, then

k1(t)=0
u™(t) = u"(tg) =0 —i—/o a™(t1)(t) = 0.

Likewise, if t; <t < t9, then

u™(t) = u"(t) = ug + Sma™(t1) =

K1 (t):tl
up +/ a™(ka(s))ds.
0

Assume further that equality holds for the k’s interval, namely, [M EL) " Then, for

(k+1)T mom
kT
te %, =],

W) = um () = u™ (1) + O™ (t) =

The functions k1, K2 : [0,7] — [0,T] are given by k1(t) = t; and k2(t) = tit1, t € (ti,tit1), and
K1(t:) = ka2(t;) = .
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te—1 tk
UOX{t>t,} T /0 a™(ka(s))ds + / a™(ka(s))ds =

tk—1

rk1(t)
UOX {t>1,} +/ o™ (k2(s))ds.
0
We proceed by establishing some useful estimates on the function u™.

Lemma 3.5.1. There exist constants L1, Lo, Ly > 0, such that, under Assumptions
3.2.1-83.2.8 ,

sup _|u™(s)|* < L,
s€[0,7T

T
/O ™ (1 (5)) %ds < Lo,

T
| lam Gea(s)) s < L,
0
for all large m.

Proof. To start with,
u™(t1) = up + oma™ (1),

which implies
™ (t1) — O™ (1) * = [uol?,

or, upon expanding and rearranging the terms,
™ (t1)* = uol* = 2(u™(t1), @™ (t1))0m — | (t2) |67,

Similarly,
[ (ti1)|? = Ju™ ()] =

20u™ (ti41), o™ (1)) 0m — @™ (ti41)]?62,

for 1 <i<m — 1. Adding these equalities up to ¢ = k — 1, we obtain

™ (t)[* < Juol® + /0 2™ (ra (), ™ (wa(s)) .

Using “coercivity” condition 3.2.2, we get

tr tr
" (t)2 < Juol? — A / ™ (a(s))ds + Ko / ™ (ko (s)) 2 ds + KT
0 0

If we choose m7 so large that

then, for all m > mq,

1 m tk m
SO+ [ s Pas <

K;T)|um(tk)|2 + )\/ k ||um(’€2(8))||2d8 <
0
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tk—1
ot [ ea(s)) P,
0
where C' = KT + |ug|?. So
te—1
[u™ () |* < 20 + 2K1/ [u™ (ko(s))|*ds, (3.5.2)
0

2<k<m(m>m).
Using discrete version of Gronwall’s lemma (Appendix D), one can immediately write

2K;T

W (1) 2 < 20(1+ 21k,

Taking into account that (1 4 %)I, x > 1, is bounded from above by e,

2K4T
m

™ (1) 2 < 20(1 + =y =

2K\T  _m_
2C1(1 + ;)ZKlT]QKlT < 20?87 = [} < .
m
Moreover,
k—1
)\Z [u™ (i 1)|[20m < C+ K1Y [u™ (tig1)]*om
=0

Letting £ = m and using inequality (3.5.2), with the above estimate, we get

T
leu )% = [ s <

C n K\ LZ\T
A A
Finally, due to the “linear growth” condition 3.2.3,

T
/0||a< Hds—Zua 1) |26 <

= Lo < 00.

m—1
2K5 > (1 + [[u™(ti41) 1*)0m =
=0

T
2K22T+2K22/ Hum(ﬁg(s))H2d8§
0

2K2T +2K2Ly = L3 < oo.
O

The above estimates imply that there exists a subsequence, denoted again by u™, such
that

u™(T) — u™(T) in H,
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u™(K2(-)) = voo in X,

a™(ka()) = s in X7,
where, as usual, “ — 7 stands for “converges weakly to”.
We are, finally, in the position to demonstrate the validity of the existence part of

Theorem 3.2.1.
Theorem 3.5.1. Under Assumptions 3.2.1-3.2.3,
(i) For dt-a.e. t € [0,T],

t
Voo (t) = ug +/ Ao (8)ds. (3.5.3)

0

Moreover,
T

u™(T) = wy +/ oo (S)ds; (3.5.4)

0

(i) For ally € X,

Fy(uo, ax) <0, (3.5.5)

and the function vZ is a solution of (3.1.1);

(iii) The sequence u™(T') converges strongly to u>(T) in H.

Proof. (i) For a fixed N > 1, let ¢ : [0,7] — V be a Lebesgue-measurable function that
satisfies

lp(t)| < N, t e [0,T).
Recall that

Hl(t)
u™(t) = uoX {11} +/ a™(ka(s))ds.
0

Therefore
T T
| @ @600 = [ e o, ole)dr+
0 0
T Hl(t)
/O ( /0 o™ (ra(s))ds, (1)) dt —
/T(an o(t))dt +J — Ri — Ry, (3.5.6)
0
where

T t
J= /0 ( /0 o™ (1 (3))ds, B(t))dt,
Ry = / (w0, 6(1)),

m=[(f ;t) o™ (o () s, ().
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To begin with,

Ryl = | /0 (o, d(1))dt] < /0 Juo) - |5(2)]dt.

Taking into account that |¢(t)| < const - [|¢(t)|| < const - N, we obtain
t-NT
|R1| < %W(ﬂ — 0, as m — oo.
m

Moreover,

T t
Ro| = | /0 ( / s, o) <

/ / ™ (13(s))ds]| - |¢<>||dt</ la™ (ra(1)) |t <

ML s fen o) < X+ 1) o

In order to tackle .J, the following simple observatlon proves useful.

Define a (linear) operator G : X* — X* by G(g fo s)ds, g € X*. Then

IG(9) % = / H/ (s)ds||*dt <
[ isnaspa< [T 1oz <

T T
/O 7( / lg(s)|ds)dt < T2g]%..

Hence G is a bounded linear operator. This means, in particular, that if x;
X*, then G(z;) = G(xp) in X*. Therefore,

m— 00 m—00

/0 " / ))ds, 6(1))dt
/0 < /0 eoodls, (1))t

Letting m — oo in equation (3.5.6), we observe that

T T T t
/0 (vmo (), B(t))dt = / (o, (1)) dt + / ( / too(8)ds, (1)) dt

T [t
lim J = lim ; </0 a™(ka(s))ds, p(t))dt =

— 1z in

from which it follows (since N in the definition of ¢(¢) can be arbitrarily large) that

t
Voo (t) = up +/ axo(8)ds, dt-a.e. t € [0,T],
0

which is (3.5.3).

23



Repeating the above argument with ¢ € V (||¢|| < N), we obtain (3.5.3).
(ii) We have seen previously that there exists an H-valued continuous modification v
of Vs, s.t.

H
00

¢
v (1) = ug +/ Qoo (8)ds, Vt € [0,T].
0
Moreover, by Theorem 17.0.5 (Appendix E),
T
D) = o +2 [ (vn(t) e ()t (3.5.7)
0

Clearly, v (T) = u>(T).
Take arbitrary y € X, y* € W(y) and set

T
=2 /0 (™ (k2(1)) — y(t), @™ (ra(t)) — y* (£))dt =

T T
2 /0 (W™ (a(t)), 0™ (e (£)) )t + 2 /0 (), 4" (£))dt—

T T
2 /0 (W™ (rat)), " (£))d — 2 /0 (), @™ (a(t))) dt. (3.5.8)
Substituting .
WD) ol <2 [ " a(t), @ ()
0

(Lemma 3.5.1) into (3.5.8) and using the fact that F;" <0 (by Assumption 3.2.1), we
obtain

0> Fy* > [u™(T)* — Juo|*+

T
2 [ (o). (0)dt 21— 28, (3.5.9)
0
where
T
By = / (W™ (a(£)), 5" (B)
T
By — /0 ((8), o™ (ko (1))t
Clearly,
T
By — /0 (vsot). 4" (1)),
and
T
Ba— [ (ole).am ()it
as m — oQ.
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Since u™(T") converges weakly to u>°(T") and using the fact that if x,, — ¢, then
lim inf ||z, | > [|zol|,
there exists d > 0, such that
lim inf [u™(T)|? = d + [u*(T)|* = d + [o2(T) 2.

Passing to the limit in (3.5.9) and making use of identity (3.5.7), we obtain

T
0> dt [of () — Jugl? — 2 / (0o (1), 5" (£)) di—
0

T T
2 /0 ((2), o ()t + 2 /0 (), y* ())dt =

d + Fy(uo, aso(t)).

Note that
Fy(up, as(t)) <0, Yy € X.

Hence, by Theorem 3.4.2, v is the solution of (3.1.1).
(iii) Setting y = voo, we get d < 0, and so, in fact, d = 0. Thus

liminf [u™(T)| = [u>°(T)|.

It follows that
lim [u™(T)| = [u™(T)|.

Indeed, if there is € > 0 and a subsequence {m;}, such that
™ (T = [u=(T)[] = ¢,

then, clearly,
[lim inf [u™ (7)] — [u™(T)]| >

which is in contradiction with
liminf [u™(T)| = [u>(T)|,

(just rewrite the above proof with m; in place of m).
Finally, since
u™(T) = w>(T) and [u™(T)] = [u™(T)],

we deduce that
u™(T) = u™(T) in H.
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Chapter 4

Inclusions with time-independent
maximal monotone operators.
Stochastic case.

4.1 Introduction.

Let V. — H = H* — V* be an normal triple of spaces with dense and continuous
embeddings. Let W = (W})i>0 be an r-dimensional Brownian motion carried by a
stochastic basis (2, F, (Ft)t>0, P). Fix T'> 0. In this section we consider the following
inclusion problem:

u(t) € uo + /Ot A(u(s))ds + Z /Ot B (u(s))dW(s), 0 <t <T, (4.1.1)
7j=1

where ug is an H-valued Fp-measurable random variable, and A and B are operators
defined on V' with values in V* and H" respectively.

We shall demonstrate that, under certain assumptions on operators A and B, the
problem (4.1.1) has a unique solution.

4.2 Assumptions and description of results.

Let (92, F, P) be a complete probability space with a filtration (F;):>0, satisfying the
usual conditions of right continuity and completeness. Let A\, K1 > 0 and Ky > 0 be
given constants.

Assumption 4.2.1. (“Monotonicity” condition) For any u,v € V and u* € A(u),v* €
A(v),

2(u—v,u* —v*) + > |BI(u) - B/(v)[* <0.
j=1

Assumption 4.2.2. (“Coercivity” condition) For all pairs (v,v*), with v € V and
v* e A(v),

T
2(v*,0) + > [BI()* + Mv[? < K1 (1 + [o]?).
j=1
Assumption 4.2.3. The operator A :V — 2V is “mazimal monotone”.
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Assumption 4.2.4. (“Linear growth” condition) For any v € V' and v* € A(v),
0% < Ka(1 + [lv]]).
Assumption 4.2.5. The function ug : 2 — H is Fy-measurable and such that
B(Juof?) < +oc.
Assumption 4.2.6. B/ : (V,B(V)) — (H,B(H)) is measurable, 0 < j < r.
Remark 4.2.1. Since, by Assumption 4.2.4,

[2(v", 0] < 2fjo]| - [lo* ]| < floll* + [lv*]* <

[v]|2 + 2K2|jv||?> + 2K2 = (2K32 + 1)||v]|> + 2K3,
it follows from Assumption 4.2.2 that

,
D IB )P < Kifo? + [2(0%, )] = Allo]|? + Ki <
j=1

Ko + (2K3 + Dlof* + K3 < C(1+ [[o]f),

for some (positive) constant C' (keeping in mind that |v] < const - ||v||).

Example 4.2.1. Let D be a bounded domain of R?, p € [2,00), V :W,pl (D), H =
L*(D) and V* =W (D), % + % = 1. Define operators A and B by

i(z, Vu(x)),

||M&

B*(u) = ¢"(z, Vu(z)) + h*(z, u(x)), k=1,2,...,m,
where fi, g* and h* are real-valued functions that meet certain requirements (for details,

see [10]).
Then one can show that A and B satisfy Assumptions 4.2.1-4.2.4.

Set S = ([0, T]xQ, P, dt x P), where P is the completion of P, the predictable o-algebra,
with respect to the measure dt x P.! Given a Banach space X, let L?(S, X) denote the
Banach space of X-valued measurable stochastic processes {z(t) : t € [0,7]}, with the
norm

1
el = (8 [ 1) Bt

Definition 4.2.1. An H-valued, Fi-adapted continuous process v = (Ut)te[O,T] 18 a
solution of (4.1.1), if v € L*(S,V) and there exists a process o € L*(S,V*), such that,
for dt x P-a.e. (t,w) € [0,T] x Q,

a(t,w) € A(v(t,w)),

1P is generated by the sets 0 x A, A € Fo, and (s,1] x A, with 0 < s <t < T and A € Fs.
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and, almost surely,

()—w+/aﬁw§1/ﬂ AW (s),

for all t € [0,T].

Theorem 4.2.1. Under Assumptions 4.2.1-4.2.6, inclusion (4.1.1) has a unique solu-
tion.

As far as the question of uniqueness is concerned, then we have the following result.
Lemma 4.2.1. Inclusion (4.1.1) has, at most, one solution.

Proof. Suppose u! and u? are solutions of (4.1.1). Then there exist processes o', a?,
such that

U%ZUO—{—/ 1d$+Z/ Bj dVVJ
and

t L
uf:uo—{—/ o?ds + E / B (u?)dw?.
0 — Jo
Jj=1

Set h(t) = |u? — ui|>. An application of Ito’s formula from [7] yields

OgMﬂ:/%@®+N@,
0

where

I(s) = 2(ul —u? ol — a2 +Z!Bj B (u)?

is non-positive by Assumption 4.2.1, and

-JEl/uuB]) B (u?))dw?

is a local martingale, starting at zero. It follows that, almost surely,
N(t)=0, te|0,T],
from which we deduce that the processes u! and u? are modifications of each other. [

We show that the inclusion (4.1.1) has a solution, by considering semi-implicit time-
discretization schemes, defined next.
4.3 Time-discretization scheme.

For a given n € N and time mesh §,, = %,

Definition 4.3.1. A (predictable) process u™ is a solution of a semi-implicit time-
discretization scheme, if u™ is defined by

u"(0,w) := 0,
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un(t’w) = un(tkaw)v te (tkatk-i-l]? 0<k<n-1,

where u™(tg,w) are solutions of a system of inclusions
u"(to,w) = 0,

u"(t1,w) € up(w) + o A(u"(t1,w)),

U (tig1,w) € U (ti,w) + S A(u™ (tis1, w +ZBJ (ti,w)) AW} (w),

where AWtJZ( w) = W,gjﬂ( )—Wt{@)

Theorem 4.3.1. Under Assumptions 4.2.1-4.2.6, the time-discretization scheme
has a unique solution for all large n.

Proof. Observe that the typical inclusion can be rewritten as

(I — 6, A) (W (tir1,w)) 3 u"(ti, w) +ZBJ " (ti, w) AW ().

7j=1

Moreover, since
2(v*,v) + \||v||? <

(v +Z|BJ )1+ Allo]? <

Ki(1+ [v]?),

it follows that, if the pair (A, B) satisfies “coercivity” condition 4.2.2, then the operator
A is “coercive” in the sense of Assumption 3.2.2. It follows that the results of Theorem
3.3.1 apply and we are justified in concluding that the time-discretization scheme
has a unique solution, for every w and all large n (note that the choice of n only depends
on how small ¢, is, but not on w).

In order to see that u' is predictable, it is enough, by construction of the process in
question, to verify that u"(¢;,-) is an J;,-measurable random variable, 0 < ¢ < n.
The last assertion follows easily, by mathematical induction, from the fact that the
operator (I —8§A)~! is demicontinuous (at least, for small § > 0) and hence measurable
(see Lemma 10.0.8, Lemma 10.0.9 and Remark 10.0.2, all Appendix B.1). O

4.4 Characterization of solutions.

For notational simplicity, we let X = L?(S, V). Then, one can identify the dual X* (of
X) with L2(S,V*), by means of the duality product

T
(¥, 2)x = E/o (x*(t), z(t))dt,

where r € X and x* € X*.
We proceed as before.

Definition 4.4.1. Let U denote the space of triplets (§,a,b), satisfying the following
conditions:
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- Q) — H is Fy-measurable, with E|£]? < oo
5 0 ) ’

e g€ X*

Vel?S H),1<j<r,

o There exists a process x € X, such that

t Tt
xt:§+/asds+2/ Vdw?,

for dt x P-almost every (t,w) € [0,T] x €.

Once again, we shall denote by 2! the H-valued continuous modification of x, which
exists by Theorem 17.0.5 (Appendix E).
Let (¢,a,b) € U and y € X. Set

T T '
Fy(€,a,b) = Blug — £* + E/O [2(x(t) = y(t),a —y* (D) + D _ b — B (y(t))[*]dt,
j=1
and
G(fa CL, b) = SUP{Fy(fa (l, b) : y € X}a
where y* € W(y), and the operator W : X — 2% is defined by
W) ={v* € X" :v*(t,w) € A(v(t,w)), dt x P-a.e. (t,w) € [0,T] x Q}.
It turns out that the following assertion is true.
Theorem 4.4.1. The operator W is “mazimal monotone”, with D(W) = X.

Proof. See Appendix C.3 for details. O

It follows from Assumption 4.2.4 and Remark 4.2.1 that F,({, a,b) is well-defined.
Moreover, G(&,a,b) > 0.
The main result of this section is

Theorem 4.4.2. e (i) Suppose that conditions 4.2.1-4.2.6 hold and let u be a so-
lution of (4.1.1). Then

inf{G(§,a,b) : (§,a,b) € U} = G(up,u™, B(u)) =0, Yu* € W(u).

e (ii) Assume conditions 4.2.1-4.2.6. Suppose there exists a triplet (é, a, B) e U,
such that, Yy € X, o
Fy(ga &7 b) S 0.

Then f = ug, and

t oot '

u{f:u0+/ &Sds—i—Z/ bLAWY, t € [0,T],
0 4 0
7j=1

is a solution of (4.1.1).
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Proof. (i) Recall that u is a solution of (4.1.1) if there exists a process o € X*, such
that, for dt x P-almost every (¢,w) € [0,T] x €,

a(t) € A(u(t)),

and, almost surely,
t Tt .
u(t) = ug + / agds + Y / B (u(s))dW(s).
It follows that

T r ) )
Fy(up, , B) = E /0 20u(t) — y(t),r —y* (1) + S 18] — B (y() e < 0,
j=1

for any y € X and y* € W(y), due to “monotonicity” condition 4.2.1. Hence,
G(u0> «, B) <0.
Since, as we have remarked, G(&, a,b) > 0, we conclude that

G(up, o, B) = 0.

(ii) Suppose the triplet (f ,a, B) satisfies assumptions of the Theorem. Setting y = u
(recall that D(W) = X by Theorem 4.4.1) in Fy(&, a,b), we note that

El€ —up|?>=0
and

T T ) )
E/mz]@—WWMWﬁ—O
0o =
7=1

Therefore £ = ug, almost surely, and IA)g = BI(u(t,w)), for almost all (t,w) € [0,T] x Q

(j=1,...,7).
The condition Fy(&,a,b) < 0 can now be rewritten as follows:

(u—y,a—y")x =

T
B [t - 040 - v @0)ar <.
0

Since y € X and y* € W (y) are arbitrary, and keeping in mind that, by Theorem 4.4.1,
W is “maximal monotone”, we deduce that a € W (u), or

a(t,w) € A(u(t,w))

for almost every (t,w) € [0,T] x Q. O

4.5 Convergence of the implicit scheme.

Recall that an approximation u™ to w by an implicit time-discretization scheme is
defined by
u™(tp) =0,

u™(t1) € ug + 6 A(u™ (t1)),

31



Um(ti+1)€u ( )+6 A 2+1 +ZB] AWtJa

u™(t) :=u"(t;) for t € (ti,tHﬂ,O <i<m-—1.

We have established that such a scheme has a unique solution for all large m. So, for
a (permissible) fixed m, one can find a™(t;) € A(u™(t;)), 1 < i < m, such that the

above system of inclusions can be rewritten as
u' (to) = O,

um(tl) = ug + 5mam(t1)
u™(tipr) = u"(t;) + oma™ (t;) + Z B (u AW]

One can easily check that the process «™ has the form:

K1 (t)
w%ﬂzuwﬁﬁﬁ+/’ o™ (ra(s))ds +
0

r l{l(t) ) )
Z/ Bl (u"(k1(s)))dW] =
j=174

Ii1(t)
1mmgh}+/ o™ (1a(5))ds+

Z/ (u™ (k1 (s)))dWY,

where B (u™(r1(s))) = B (u"(k1(s))), t1 <t < T, and B (u™(r1(s))) =0, 0 < ¢ < t.

We proceed by establishing some useful estimates on the function u™.

Lemma 4.5.1. There exist (positive) constants Ly, Lo, L3, Ly, such that under As-

sumptions 4.2.1-4.2.6,
sup Elu™(s)|* < L,
s€[0,T]

T
E/nwwmmstm,
0

T
E/rwwmmstm,
0

T T .
SB[ 1B (ea(s)) s < Lo
j=1 70
for all large m.

Proof. Since
um(tl) = ug + 5m04m(t1),

means
[u™ (t1) = dma™ (t1)]* = Juol?,
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it follows that

[u™ (1) > = Juol® = 2™ (t1), ™ (t1))0m — 0™ (t1)[*5-
Likewise
™ (ti1)[? = [ ()P =

2(u™ (tis1), o™ (tig1))Om — |&™ (tig1) |20+

2 (u™(t:), BY (u (1) AW, + | ZBJ " (t:) AW,
=1 j=1
for1<i<m-—1.
Adding these equations up to ¢ = k — 1 and taking expectations, by Ito’s isometry of
stochastic integrals, we get

Elu™(t)[2 < Eluo|> + 2E / (W12 (5)), 0™ (5a(s))) ds+

D E / 1B (1 (5))) Pds < Bluol*+

j=1

E / 200 (k3(5)), 0" (2 (5))) + 3 1B (" (1 (5))) 2.
0 =

Using “coercivity” condition 4.2.2, we obtain

ty
Elu™(t)* < Eluo|? — AE/ [u™ (r2(s)) || ds+
0

ty
KiE / ™ (ko (s))2ds + K4 T,
0

or
KiT

(-2 B <tk>|2+AE/'“\u (1a(s)) 2ds <

tkl

C—|—K1E/ 1o (5))2ds,
where C = K1T + Elug|*.
Following precisely the same steps as in the proof of Lemma 3.5.1, we derive estimates

(4.5.1), (4.5.2) and (4.5.3).
For (4.5.4), we note that, by Remark 4.2.1 and the above estimates,

ZE/ 1B (" (1 () s =
ZE/ (B (u™ (1 (5))) Pds =

T—0m

ZE [ B ) s <
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T
C(T + E/O |u™ (ko(s))||?ds) < C(T + La) = Ly < oc.
O

The above estimates imply that there exists a subsequence, for simplicity of notation
denoted again by u™, such that

u™(T) — u™(T) in L*(Q, Fr, H),
u™(ka(})) = Voo in X,
™ (ka(-)) = aoo in X*,
Bli(k1(-)) = bl in L*(S,H), j=1,...,r

We are now in a position to prove the existence part of Theorem 4.2.1.
Theorem 4.5.1. Suppose that conditions 4.2.1-4.2.6 hold. Then

(i) For dt x P-almost every (t,w) € [0,T] x Q,

t oot .
Voo (t) = ug + / (oo (8)ds + Y / bl (s)dW7, (4.5.5)
0 — Jo
7j=1
and, almost surely,
T T A
u(T) = g + / ao(5)ds + / b (s)dW; (4.5.6)
0 — Jo
j=1
(i) For ally € X,
Fy(ug, oo, boo) <0, (4.5.7)
and the function vl is a solution of (4.1.1);

(iii) The sequence u™(T) converges strongly to u™(T) in L*(Q, Fr, H).

Proof. (i) Forafixed N > 1,let ¢ = {¢(t) : t € [0,T]} be a V-valued adapted stochastic
process, such that

llp(t,w)|| < N for every t € [0,T] and w € Q.

Since

T

K1 (t) . )
S [ Bureanan,

Iﬂ(t)
W™ (8) = wox gty + / o™ (ka(s))ds +
0 e

it follows that

T T
B /0 (™ (1), $(1))dt = B /0 Nieotsy (o, S(0)di+

T K1(t)
B /0 ( /0 o™ (1 (3))ds, (1)) dt-+
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r T rea(t) ‘
2.F X /0 B (u" (s (5))) AW (1))t =

E/ ug, ¢ dt+J1+J2—R1 Ry — R3,

g = E/ / ())ds, o(1))dt

Jy = ZE/ /Bﬂ s))AWZ, ¢(t))dt,

Ri—E /0  (wo, (1))t
T t
R, :E/O (/m(t)a (ka(s))ds, b(1))dt

T T prt )
-5 /0 ( / o B @)W o)

where

To begin with,

t1 t1
]R1]—|E/ o, & dt\<E/ ol - [(t)|dt <

Moreover,

By the isometry of H-valued stochastic integrals and Holder’s inequality,

|R3| < const - NE/ / B (W (k1(s)))dWi|dt <
I{l(t
T T t . 1
const-N | (B> B (u™(ky(s)))dWI?)2dt <
0 j=1 K1 (t)
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w\»—'

const - N

/IQ]M (O)))hdt <

T
const - N(_)} (T éE/ ZyBJ ))2dt)E = 0,

by virtue of estimate (4.5.4).
With a view of tackling .Jj, let us make the following observation.
Let G : X* — X* be a (linear) operator defined by

G(9)t :/0 g(s)ds, g € X*.

Then, by Holder’s inequality,

1G(9)]% = E/n/ (s)ds||dt <

B[ lotsitas2ar <
E/ /Hg )% ds)( /t12ds)dt§

TE[;Q/W(MMﬁMt—TWWOMiw

The above calculation shows that G is bounded. Hence “x; — zg in X*” implies
“G(z;) = G(xp) in X*”. So,

T t
lim Ji = lim B [ / ™ (k1 (5))ds, 6 (8))dt
0 0

m—00 m—00

E/ ( lim a™(k1(s))ds, p(t))dt =

m—ro0

E// ()ds, o(1))dt

Likewise, for j = 1,...,r and g € L%(S, H), define

E@@zAg@W@tGMH

An argument similar to the one used above shows that F;(g) : L*(S, H) — L*(S, H) is
continuous, and, consequently,

J2—>ZE// s) AW, ¢(t))dt.

Letting m — 400 in equation (4.5.8), we obtain

T
E/ (Voo (t), P(t))dt = E/ ug, ¢(t))dt+
0

36



E/ /ozoo )ds, ¢(t) dt+ZE// dW?, p(t))dt

It follows that
Uoo()—u0+/aoo ds—|—ZE/ dW]

for dt x P-almost every (t,w) € [0,7T] x £, which is (4.5.5).
Repeating the above argument with a function ¢ € L?(Q, Fr, V) that satisfies E|v]| <
N, for a given N > 0, we get

E™(T),¢) = E(uo, ¢)+
T
E(/O " (ko(s))ds, )+

T ~ . .
ZE(/O B (u™(k1(s)))dW{, ) =

j=1
E(UanzZ)) + jl + j27
where

T T
Jp = E</0 a™(ka(s))ds, )y — E</0 Qoods, ),

jQZZE(/OTEj(u (k1(s)))dWY, ) HZE/ VAW,

Passing to the limit and taking into consideration that N is arbitrary, we obtain (4.5.6),

N u (T)_uo+/ Qoo (8 ds+ZE/ s)dW! (a.s.).

(ii) By Theorem 17.0.5 (Appendix E), there exists an H-valued continuous modification
T of vy, which satisfies
H (|2 2
Eloge(T)” = Eluo|™+

T r )
B [ [2lon(t).ane(t) + 3 W0 (15.9)
0 =

By the argument above, v (T) = u>(T) (a.s.).
Now take arbitrary y € X, y* € W(y) and set
El =

T
E/ [2(u™ (r2(t)) — y(t), ™ (k2(t)) — ™ (1)) +
0

ZIBJ t))) — B (y(t)[*)dt =

T
28 / ), a™ (ra(t)))dit + 2 /0 ((t), 5" (£))dt—
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2E/ dt—2E/

E/ Z|B] (ka(t \dt—2E/TiBJ (Kot
E/ Z|BJ

))|2dt.

Since ( see Lemma 4.5.1)
Elu™(T)* < Eluo|*+

2E/ ,a™

E/ Z|Bﬂ

2(t)))dt+

)2t

))dt+

), B (y(t))dt+

(4.5.10)

after substituting this expression into (4.5.10) and using the fact that Fy* < 0 (by

“monotonicity” condition 4.2.1), we get

0> F" > E[u™(T)

2E/

— E]u0|2+

dt —2L1 — 2Ly — 2L3+

T T
/Z|Bﬂ ) |2dt,
where -
Li=FE ; (u™(K2(1)), y*(t))dt,
T
Ly=FE ; (y(t), o (k2(t)))dt
T T .
L= E [ (B (ealt), B (y(0) it
i
Clearly,
T
L — ) (Voo (t), y* () dt
and
T
Ly — ; (y(t), aco(t))dt
Note that
E/ZBJ ), B (y(t)))dt = E/ZBJ
E/ZBJ ), S B (y(t)))dt = E/ZBJ
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E/ Z (B (u™ (1 (1))), B (y(1)))dt,

where S, is the averaging operator, defined by
t)+20m,
(SmZ)(t) :=0,, / s)ds, if 0 <t <T — b,

and
(S Z)(t) :=0, if T — 0y, <t <T,

for Z € L?(S,H). Since, as one can check,

T
lim E/ |(SmZ)(t) — Z(t)|?dt = 0, VZ € L*(S, H),
0

m—r0o0

we have

L3—>E/ bﬂ Bi(y(t)))dt.

Furthermore,
liminf Eju™(T)|? = d + E|lu®™(T)|? = d + E[vZ(T)?, d > 0.

Passing to the limit in equation (4.5.11) and making use of identity (4.5.9), we obtain

T
02 do BT = Bluof =2 [ (o). ()
T T
2 / (), ane (£))dt + 2 / ((t), v (&) dt+

/ Z|BJ 2dt—2E/ bJ B (y(t)))dt =

d+Fy(u0,aoo,boo).

Therefore, by Theorem 4.4.2, vZ is a solution of inclusion (4.1.1).
(iii) The last claim can be verified in a manner wholly analogous to that of part (iii) of
Theorem 3.5.1. Ul
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Chapter 5

Inclusions with time-independent
K-maximal monotone operators.

5.1 Introduction.

This chapter is concerned with the inclusion (4.1.1), i.e.,
t oot '
u(t) € uo —i—/ A(u(s))ds + Z/ B (u(s))dW(s), (5.1.1)
0 — Jo
7=1

but under somewhat different assumptions on the operators A and B, which we now
proceed to state.

5.2 Assumptions and description of results.

Let K, A\, K1 > 0 and K > 0 be given constant.

Assumption 5.2.1. (“Monotonicity” condition) For any u,v € V and u* € A(u),v* €
A(v),

.
2(u—v,u* —v") + > |BI(u) — BI(v)* < 2K|u —vf*.
j=1

Assumption 5.2.2. (“Coercivity” condition) For all pairs (v,v*), with v € V and
v* e A(v),

T
2(0%,0) + > |B (o) + AJv[|* < Ki(1+ [v]).
j=1
Assumption 5.2.3. The operator A is K- “mazimal monotone”, that is, the operator
A — K1 is “maximal monotone”.

Assumption 5.2.4. (“Linear growth” condition) For all pairs (v,v*), withv € V and
v* e A(v),
[[o¥] < K21 + [[of]).

Assumption 5.2.5. B/ : (V,B(V)) — (H,B(H)) is measurable , 0 < j <.

Assumption 5.2.6. ug : Q — H is Fy-measurable and E(|ug|?) < +oc.

40



Remark 5.2.1. Precisely as before, one can check that

r

Y 1B ) <o+ |ol),

J=1
where C' is some (positive) constant.

Let S and L%(S,V) be as above.

Definition 5.2.1. An H-valued, Fi-adapted continuous process v = (Ut)te[QT] s a
solution of (5.1.1), if v € L*(S,V) and there exists a process o € L*(S,V*), such that,
for dt x P-a.e. (t,w) € [0,T] x Q,

a(t,w) € A(v(t,w)),

and, almost surely,

()—u0+/ozsds+2/ B (u(s))dW(s),

for all t € [0,T7].
Our main result is

Theorem 5.2.1. Under Assumptions 5.2.1-5.2.6, inclusion (5.1.1) has a unique solu-
tion.

Lemma 5.2.1. Provided inclusion (5.1.1) has a solution, it is unique.

1

Proof. Suppose u' and u? are solutions of (5.1.1). Then there exist processes a' and

a?, such that

u) :u0+/ 1ds+Z/ Bl (ub)dw?,
and . N
u? = ug +/ o?ds + Z/ B (u?)dW?.
Set h(t) = exp{—2Kt}|u? — ui|?. By Ito’s formula from [7],
t
0<h(t)= / exp{—2Ks}I(s)ds + N(t),
0
where
I(s) = 2(ul —u2, 0l —a?) + Z 1B (ul) — BI(u?)]? - 2K |u} — u??

is non-positive by Assumption 5.2.1, and

_22/ exp{— 2Ks}u —u B]( ) Bj(ui))dWsj
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is a local martingale, starting from zero. A standard argument shows that, almost
surely,
N(t) =0, Vt €[0,T],

and the result follows at once. O

In order to show that the inclusion (5.1.1) has a solution, we consider semi-implicit
time-discretization schemes, defined in the next section.

5.3 Implicit time-discretization scheme.

Let neNand 6, :=L

no

Definition 5.3.1. A (predictable) process u™ is a solution of a semi-implicit time-
discretization scheme, if u" is defined by

u"(0,w) := 0,
u"(t,w) == u"(tg, w), t € (tgytrpt1), 0<k<n-—1,
where u™(tg,w) are solutions of a system of inclusions
u"(0,w) = u"(tg,w) =0,

u"(t1,w) € up(w) + o A(u"(t1,w)),

U (tig1,w) € U (i, w) + Sp A(u™ (tigt1, w)) ZBJ (t,w) AW/ (w),  (5.3.1)

where AWtJZ( w) = Wtj+1( )—Wtjl@u)

Theorem 5.3.1. Under Assumptions 5.2.1-5.2.6, the time-discretization scheme has
a unique solution for all large n.

Proof. Note that

W (ti1) € u™(t;) + 0n A(u" (tiy1)) +ZBJ ) AW/

implies

u”(tiﬂ) cu ( ) + O A tz+1 + ZBJ AWJ

Kéu™(tig1) + Kopu" (tz‘+1),

from which it follows that

(1= K8,)I = 6(A — KD)(u"(ti1)) 3 u”(t:) + Y B (u"(t;)) AW,
j=1

7= 1—5K5 (A= KI)(u"(tit1)) 1_1K5 " (t;) +ZB] D)AWY),
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and we are done, provided the operator I — 1_‘57;}6”(A—K I) can be shown to be maximal
monotone and coercive (see Theorem 4.3.1).

The first claim is an immediate consequence of Assumption 5.2.3, Lemma 2.3.1 (part
(i), with §,, < %) and the fact that the sum of two maximal monotone operators is
maximal monotone (Theorem 10.0.3, Appendix B.1). For the second, it suffices to show
that A — KT satisfies a condition analogous to 3.2.2. To see this, note that, for a given
veV,u* € (A—KI)(v) if, and only if, u* = v* — K1(v), for some v* € A(v); in other
words, elements of A(v) and (A — KT)(v) are in 1 — 1 correspondence. Hence, for any
veVand u* € (A— KI)(v), we have

2(u”,v) + Allo||* = 2(v" = KI(v),v) + Aljo||* =

2(v*,v) + A||v||? = 2K|v|* < K1(1 + [v]?) = 2K|v|* < K1(1 + |v]?).

The fact that the process u™ is predictable can be verified in a manner identical to that
of Theorem 4.3.1. O

5.4 Characterization of solutions.

For simplicity of exposition, we consider a Banach space Y, defined to be L?(S,V),
with the (equivalent) norm

T 1
lully = (E/O exp{—2Kt}||u(t)|*dt)2 < co.

Then, using the duality product

T
(u*,uyy = E/o exp{—2Kt}{u"(t),u(t))dt,

one can make an identification of the dual space Y* and L?(S,V*), with the corre-
sponding norm

T
[u*|ly- = (E/ exp{—2Kt}|Ju*(t)]%dt)? < oo.
0

Moreover, let L?;(exp{—2K-}) denote the space L*(S, H) with the norm

T
1
Il ey = (B | exp{=2tn(0) i)t < o

Definition 5.4.1. Let U denote the space of triplets (§,a,b), satisfying the following
conditions:

e £:Q — H is Fy-measurable and such that E|£|? < oo,
e g Y™
o Ve L% (exp{—2K-}),1<j<r,

o There exists a process x € Y, such that
t oot .
xt—§+/ asds—i—Z/ bldW?,
0 =0
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for dt x P-almost every (t,w) € [0,T] x €.

Precisely as before, we shall denote by xz the H-valued, continuous modification of
the process .
Let (¢,a,b) € U and y € Y. Set

T
Fy(& a,b) = Elug — &* + E/O exp{—2K1}[2(x(t) — y(t), (ar — KI(2(t))) —y"())

+2T: b7 — B (y(t))[*)dt,
j=1

and
G(§ a,b) = sup{Fy(§,a,0) 1y € Y},
where y* € W (y) and the operator W : Y — 2Y" is given by

W(v) ={v* € Y :v*(t,w) € (A— KI)(v(t,w)), dt x P-a.e. (t,w) € [0,T] x Q}.
Theorem 5.4.1. The operator W is “mazimal monotone” and D(W) =Y.
Proof. Consult Appendix C.4. O

It follows from Assumption 5.2.4 and Remark 5.2.1 that F,({,a,b) is well-defined.
Moreover, G(&,a,b) > 0.
The main result of this section is

Theorem 5.4.2. e (i) Suppose that conditions 5.2.1-5.2.6 hold and let u be a so-
lution of (5.1.1). Then

inf{G(&,a,b) : ({,a,b) € U} = G(ug,u™, B(u)) =0, Yu* € W(u).

~ ~

e (ii) Assume conditions 5.2.1-5.2.6. If there exists a triplet (§,a,b) € U, such
that, Vy € Y,

then é = ugp, and

Uy —uo+/asd8+2/ blAWY, t € [0,T],

is a solution of (5.1.1).

Proof. (i) Recall that a process u is a solution of (5.1.1), if there exists a process a € Y*,
such that, for dt x P-a.e. (t,w) € [0,T] x €,

a(t,w) € A(u(t,w)),

and, almost surely,

()—uo+/a5ds+2/ B (u(s))dW (s),
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for any ¢ € [0,7T]. Hence

T
z@mm¢xﬁ>—zaé exp{— 2Kt} [2(u(t) — y(t), (s — KI(u(t))) — y"(1))+

> 18] — B (y(t))[*]dt < 0,

for every y € Y, due to “monotonicity” condition 5.2.1. Therefore, G(ugp, , 5) < 0. On
the other hand, as we have previously noted, G(¢, a, b) > 0. Thus G(ug,a, ) = 0.
(11) Suppose a triple (f , 4, b) satisfies assumptions of the theorem. Setting y = u in
(f ,@,b), we observe that
E|§ —uol® =

and

T r )
E/ exp{—2Kt} > |b] — B (u(t))Pdt = 0.
0 =1

Therefore, almost surely, £ = ug and (A)g = BI(u(t)), for almost all (t,w) € [0,T] x Q

(Gj=1,...,7).
The condition Fy(&,a,b) < 0 now assumes the form

(u—y,(a—-KI(u) -y")y =

T
E/O exp{—=2K1}{u(t) —y(t), (a(t) — KI(u(t))) —y"(t))dt <0,

Yy € Y and y* € W(y). Taking into consideration that, by Theorem 5.4.1, W is
“maximal monotone”, we infer that a — KI(u) € W (u), or

a(t,w) € A(u(t,w)),
for dt x P-almost all (t,w) € [0,7T] x Q. O

5.5 Convergence of the implicit scheme.

According to Theorem 5.3.1, the time-discretization scheme has a unique solution for
all large m. This means that, given any such m, one can find o™ (t;) € A(u™(t;)),
1 < i < m, such that the system of inclusions (5.3.1) can be written as a system of
equalities as follows:

W™ (t) = 0,
um(tl) = ug + 5mam(t1)

U™ (ti) = u™ () 4 Spa™ +ZBJ (t:) AW}

As we have noted in the previous chapter, the process ©™ has the form:

K1 (t)
w%w:uMﬁﬁﬁ+/‘ o™ (ra(s))ds +
0

45



r r(t) _ )
;/o B ()

The next result can be verified in a manner wholly analogous to that of Lemma 4.5.1.

Lemma 5.5.1. There exist (positive) constants Ly, Lo, L3, Ly, such that, under As-
sumptions 5.2.1-5.2.6,

sup E|um(5)|2 < L1,
s€[0,T]

T
E / [ (a(s))|ds < Lo,
0
T
B / o™ (ka(s))|ds < L,
0

T T .
ZE/O B (u™ (1 (5)))[2ds < La, (5.5.1)
j=1

for all large m.

Set u” = u™(t;) and af* = a™(t;) for notational simplicity. By construction,

uiy, = uj" +5m%+1+ZB] AW]
j=1

so that

'
uiyy = up 4 oy — Kopuit + Kopuly + Z Bj(u;”)AWij,
i=1

or
(1= Kom)ui'ty = ui" + om(ogyy — KI(ufy)) +ZB] AW
7j=1
It follows that

(1 —K6,)2Elul? — Elug)? < 2(1 — K6,)Eul, o — KI(ul"))om,

(1=K6)* Elum[*=Elupy_ |* < 2(1=K6,) E(upy, amm—K I (u))6m+» | E|B (upn_)[*6pm.
j=1
Multiplying the i(th) inequality (i = 1,...,m) by (1—K6,,)**~1) and adding them up,
we obtain
(1 — K&,)*™Eu|? — E|u0|2 <

m
EY) " 2(1— K&n)* N uf", of" )0 —|—EZ (1—K6,)% 2Z|Bﬂ
i=1
Recall that
T
ti=i— =iy, 1=1,....m
m
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Thus
EZ2 1— K6,,)% ™, ot — KI(ul))6p, =

=1

EZ2 1 — Kp) 25 i, ol — KI(u™))o,, =

)

=1
2E/ (1= K6)> B~ (0 (105(5)), 0™ (s2(s)) — KT(u" (s2(s))))ds =
2 / Sum(s) (™ (k2(s)), ™ (Ra(s)) — KI(u™(ra(s))))ds,
where “
Om(s) = (1= Kb) o
Likewise -
EY 21— Koy, ZZQZ\BJ R
=1 7j=1
s T—20m ,
J s s
ZE/O 9B (™ (ry(s)))Pds <
ZE/ b (5)| B (1™ (152 (5))) s <
with “
Y (8) = (1= K6,)* o 2
Finally,

(1= Kon)*"Blu™(T)” — Eluo|* <

T
2E/0 Pm(s)(u™ (ra(s)), o™ (ra(s)) — KI(u™(ka(s))))ds+

T T ‘ )
S)IB? (u™(ko(s S.
ZE/O o (5) | B (u™ (1 (5))) 2

This inequality will be required shortly.

The above estimates imply that there exists a subsequence, denoted by u™

u™(T) — u>®(T) in L*(Q, Fr, H),
u™(k2(")) = Voo In Y,
a™(K2(+)) = aoo in Y™,
B (1 () = ble in Ly (exp{~2K-}), j = 1,....r
We are now in a position to prove the existence part of Theorem 5.2.1.

Theorem 5.5.1. Suppose that conditions 5.2.1-5.2.6 hold. Then
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(i) For dt x P-almost every (t,w) € [0,T] x

t Tt
Voo (t) = ug —|—/ ano(8)ds + Z/ bl (s)dW?, (5.5.3)
0 . 0
7j=1
and, almost surely,
T T .
u>(T) = g —|—/ Ao (S)ds + Z/ bl (s)dW/; (5.5.4)
0 0
7j=1
(i) For ally €Y,
Fy(uo, oo, boo) <0, (5.5.5)

and the function vil is the solution of (5.1.1);
(iii) The sequence u™(T) converges strongly to u®(T) in L*(Q, Fr, H).

Proof. (i) Identities (5.5.3) and (5.5.4) can be verified using the same argument as that
put forward in the proof of Theorem 4.5.1.
(i) As we know, there exists an H-valued continuous modification v of vy that
satisfies

Elof ()2 = Eluol*+

T T )
B [ [2lon(t).ane(t) + 3 (0.

Thus, by It6’s formula from [7],

E(exp{—2KT}[v(T)*) = E|uo|*+

T
B / exp{— 2K 1} [2(00 (£), oo (£) — KT (voo ()))+
0

T

> bl (®))dt. (5.5.6)
j=1
Moreover, v (T) = u>(T) (a.s.).
For y € Y and y* € W(y), set
B =

T
E/O exp{—2K1}[2(u"™ (r2(t)) — y(1), (@™ (r2(1)) — KI(u™(r2(1)))) — y* (1)) +
> 1B (W (k1)) — B (y(t))*)dt =
j=1
T
2F /0 exp{ — 2Kt} (u™ (ko (t)), ™ (ka(t)) — KI(u™ (ko (t))))dt+
T
28 [ exp{-2Kt)(y(0) " ()t~
0
T
2E/ exp{ —2Kt}{u™(ra(t)),y"(t))dt—
0
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T
28 /0 exp{ 2Kt} (y(t), a™ (ka(t)) — KI(u™ (s (£))))dt+

T r ‘
E / exp{—2Kt} > |B(u™(ra(t)))|*dt—
0 =
T T ) ]
23 F /0 exp{ 2K tH(BI (u™ (ks (1)), B (y(1)))dt-+
j=1

T T )
Z E /0 exp{—2K1t}| B’ (y(t))|?dt. (5.5.7)

Making use of inequality (5.5.2) and taking into consideration that FjJ* < 0 (by “mono-
tonicity” condition 5.2.1), we obtain

0> F" > (1— Kom)*™E[u"™(T)|* - Eluo|*+
T
2B /0 lexp{—2Kt} — 6™ (D] (u™ (2 (1)), a™ (k1)) — KT (u™ (o (1))t +
r T ‘
SB[ lexp{-2Kt} - 6" OB " (ral0) P+
j=1 70
T
28 [ exp{-2Kt)(y(0) " ()t~
0
T
25 / exp{— 2Kt} (™ (ka (1)), y* (1)) dt—
0
T
25 /0 exp{~2K 1}y (1), a™ (ka(8)) — KI(u™ (ka(1))))dt+
T r . .
2F /0 exp{—2Kt} S (B (u™ (k5(1))), B (y()))dt+
j=1
r T '
S5 [ exp{-2KBy(0)) e =
=1 70

(1 — K6pn)*Elu™(T)> = Eluo|® + L1 + La—

T
Ly~ Li— Ls+2E /0 exp{— 2Kt} (y(t), " (£))dt+

T T )
Z E /0 exp{—2Kt}| B’ (y(t))|?dt. (5.5.8)

where

T
Ly = 2E/0 lexp{—2Kt} — ¢ (t)[{u™ (k2(t)), & (r2(t)) — KI(u™(r2(t))))dt,

T T
Lo = 38 [ lexp{=261) = 6" O (0" (raft)) P,
j=1
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T
Ly=E /0 exp{—2Kt}u™ k(1)) y* (1)) dt,
T
Li=E /0 exp{—2Kt}(y(t), a™ (ka(t)) — KT(u™ (a(t)))) dt,

T T
Lo =B [ exp=2Ke) (0 (™ (ra(t). B (u(t)i.

Jj=1

Since, as is easy to check, functions ¢™(t), 9" (t) converge to exp{—2Kt}, uniformly in
t (t € [0,T]) and keeping in mind estimates (5.5.1), we observe that

Ll,LQ — 0.

Furthermore,

T
Ly — /0 exp{— 2K} (vso (£), 4" (£))dt,
T
L= [ expl=2K0}u(0).an(t) = KT(on(0)t

r T
Ly — 2E /0 exp{—2K1} (b, BI (y(£)))dt.

Besides, dd > 0, such that
liminf E((1 — K&,,)*™[u™(T)*) =

d + E(exp{—2KT}[vZ(T)?).
Passing to the limit in equation (5.5.8) and using identity (5.5.6), we obtain

0> d+ Blexp{—2KT} (D)) — Eluol~
T
2 /O exp{—2K (v (1), " (1))t —
T
2 / exp{—2Kt}(y(t), aco(t) — KI(vsc(t)))di+
T
2 [ exp{-2KeHy(o). O)e+
0
r T A
SB[ ew{-2K01B (y(0)Pdt-
j=1 70

28 [ exp(-2Kt) 0, B (y(0))dt =
=1 70

d + Fy(uo, oo, boo)-

Since, by the above, Fy(ug, @oo,boo) < 0, Vy € Y, Theorem 5.4.2 tells us that v is the
solution of (5.1.1).
(iii) Same as in the relevant section of Theorem 3.5.1. O
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5.6 Example with a Lipschitz term.

Suppose we want to solve an inclusion

u(t) € ug —I—/O (A+ F)(u(s))ds+

i /Ot B (u(s))dW(s), 0 <t < T, (5.6.1)
j=1

under assumptions (on up, A and B) of Chapter 4. We further assume that
Assumption 5.6.1. F : H — H is Lipschitz-continuous, with a constant K > 0.
Set A=A+ F - KI.

Lemma 5.6.1. e The operator A + F is K- “mazimal monotone”, that is, A is
“mazximal monotone”;

e Operators A+ F and B satisfy “monotonicity”, “linear growth” and “coercivity”
conditions.

Proof. We proceed in a sequence of steps.
(i) A is “monotone”.
Indeed, F — KT is “monotone”, since

(u—wv,F(u) — KI(u) — F(v) + KI(v)) =

(u— v, F(u) = F(v) — KJu—vf* <
Klu—v* = Klu—v|?> =0.

It follows that A is “monotone”, as the sum of two “monotone” mappings.

(ii) Moreover, since the operator F'— KI : V — V* is | clearly, continuous and “mono-
tone”, by (i), it is, in fact, “maximal monotone” (Theorem 10.0.2). It follows that A
is “maximal monotone”, as the sum of two “maximal monotone” operators (Theorem
10.0.3).

(iii) The pair (A + F, B) satisfies “monotonicity”, “linear growth” and “coercivity”
conditions.

(a)(“Monotonicity” condition) Note that, for any u,v € V and v* € A(u),v* € A(v),
by Assumption 4.2.1,

0>2(u—v,u"—v")+ Zr: |B? (u) — B (v)|* >

j=1
2(u— v, (u* + F(u) — (v* + F(v))) = 2K [u— o[> + > [B/ (u) — B/ (v)]?,
j=1

2(u — v, F(u) — F(v)) = 2(u — v, F(u) — F(v)) < 2K|u — v|?.

(b)(“Linear growth” condition) To begin with, fix ug € V. Then, for any u € V,

[F(u)] < |F(u) = F(uo)| + [F(uo)| <
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Klu —uo| + [F(uo)| < |F(uo)| + Kluo| + Klu| <
M(1+ |ul),

where M = max{|F(uo)| + K|ugl|, K}.
Since embeddings V' — H = H* < V* are continuous, there exist (non-negative)
constants C'1, Cs, such that

lulg < Cillully and |[ul

v < Colulp.

Thus,
[ F(u)]|v+ < Co|F(u)|g < CoM(1+ |ulg) <

CoM (1 + Chllully) < CaMCs(1 + [Jullv),

with C3 = max{1, C;}, which implies that F' has a “linear growth” property.
Consequently, A+ F satisfies “linear growth” condition, since it is the sum of two terms,
each of which does.

(c)(“Coercivity” condition) For arbitrary v € V' and u* € A(u), we have

2(u,u* + F(w)) + Y |B (u)* + Au® <
j=1

K (14 [ul?) + 2| (u, F(w)] < Ki(1+ [ul?) + [u® + |F(u)]? <
Ki(1+ [uf) + ul? + 2M + 2M|uf* < P(1 + [uf?),
where P = Ky +2M + 1. ]
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Chapter 6

Space-time-discretization scheme.

6.1 Introduction.

Let us briefly summarize what we have done so far.
We have studied the inclusion

t T t
u(t) € ug + /0 A(u(s))ds + /0 B (u(s))dWi(s),
j=1

and have demonstrated that, under certain assumptions on the operators A and B,
the above problem has a unique solution. Our strategy has been to consider a time-
discretized version of the original problem. At the heart of the existence argument for
the solution of the time-discretization scheme lies a well-known result from set-valued
analysis, which states that a weakly coercive, maximal monotone operator is surjective.
In general, this is an infinite-dimensional problem and although we are now secure in
our knowledge that a solution exists, the above approach tells us nothing about how
the latter can be computed.

In order to address this issue, we proceed to discretize not just in time, but in space as
well. Here are the details.

6.2 Assumptions and description of results.

Our main result is

Theorem 6.2.1. Under Assumptions 4.2.1-4.2.6, inclusion (4.1.1) has a unique solu-
tion.

Lemma 6.2.1. Inclusion (4.1.1) has, at most, one solution.

Proof. See Lemma 4.2.1. O
The existence part is verified, using semi-implicit time-space-discretization schemes,
defined next.

6.3 Implicit time-space-discretization scheme.

To begin with, there exists a sequence of elements of V', {e; € V : i =1,2,...}, which
forms a complete orthonormal basis in H. For a fixed n € N, set V,, = Span{ey,...,e,}
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and let V* denote the dual of V;,.
We define an operator II,, : V* — V¥ by

where €}, =1,2,..., is given by (e}, u)y, = (e;,u)m, u € Vj,.

For v € V, let ||v|ly;, = |[v|lv denote the restriction of the V-norm to V,,, and let
|v|m,, = |v|m denote the restriction of the H-norm to V,,. We denote by H,, the Hilbert
space V,,, endowed with the norm |- |g,. We have V,, = H,, = H} = V¥, as topological
spaces, where H,, is identified with its dual H, by means of the inner product in H,,.

Lemma 6.3.1. V,, and 11, satisfy the following properties:

e (i) The sequence (Vy,,n > 1) is increasing, i.e., Vi, C Vyq1, and |J,, Vs is dense
inV, that is, |J,, Vo = V.

o (ii) For every u € V,, and u* € V*,
(u, I () by = (u, T (u"))v,, = (u, u®)v
e (iii) For every h € H,
(M (P)la; < [hlm,
and
lim |TT,,(h)| gz = Uim |IL, (k)= = |h| 5.
noo noo
Proof. (i) Since {e;}5°, is a complete orthonormal basis in H, for any v € V, one has

o0

v = Z(U, €i)HEi-

i=1
In other words, v = lim,,_, f,, where

n

fn = Z(U7ei)Hei and fn eV, C UVna

=1

which justifies the claim.
(ii) We give a sample proof of the fact

(u, M (u))v;, = (u, u")y.
(the first equality can be dealt with in a similar manner).
Take any v € V,, and u* € V*. Then, by definition of II,,

n

LHS = (u,IL,(u")y, = > (u*,ei)v(u,e;)n.
=1

On the other hand, u = """, (u, ¢;) e;. Hence

n

RHS = (u,u")y = (Z(U, e) e, u )y =
i=1
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n

Z<U*, ei)v(u,ei)g = LHS.

=1

(iii) Suppose h € H. Then, by construction, II,(u) € H,;. Moreover,

o () = Mo (L(w) iy = 1 Y (L(u), ei)ve; iy =
=1

n n o0
1> e mefli: =Y 1w e)uli <> |(ue)ult = |ulf
=1 i=1 =1

The final claim follows from the fact that {e;},, is a complete orthonormal basis in
H. O

Now fix n,m € N and set §,, = %

Definition 6.3.1. A (predictable) process u™™ is called a solution of a space-time-
discretization scheme, if it is given by

u(E) = M (t), t € (b tpga], 0<k<n—1,

W) = (),

where u™™(t) are solutions of a system of inclusions
un’m(to) = 0,

un,m(tl) e Il ug + 5nHmA(un’m(t1)>,

u (tigr) € U (t) + Tl A(uM ™ (1) + > T B (W () AW
j=1

Theorem 6.3.1. Under Assumptions 4.2.1-4.2.06, the space-time-discretization scheme
has a unique solution for all large n and m.

Proof. Observe that a typical inclusion problem

W (tir) € W) + STl G (tig1)) + Y L BI (™ (1) AW
j=1

can be rewritten as

(I = SaTLn A) ("™ (t111)) 3 u™™ (8) + S T B (u™™ (1)) AW
j=1

Also recall that when we discretize with respect to time alone, the corresponding scheme
has a unique solution, due to the fact that the operator I — d, A is surjective (provided
A is “maximal monotone” and satisfies a “coercivity” condition).

Let us show that, for each m € N, II,, A : V;;, — 2Ym is a “maximal monotone” operator,
satisfying Assumption 4.2.2.

To begin with, the operator I1,, A is “monotone”. To see this, take arbitrary ui,us € Vi,
and corresponding vy, vg, such that vy € II,, A(u1) and vy € II,;, A(uz). This means that
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there exist uj € A(u;) and ub € A(uz), with
vy = I (u]) and vy = I, (u3).
Then, by part (ii) of Lemma 6.3.1,
(ur —ug,v1 —v2)v,, = (w1 — ug, M (ug — u3))v,, =

(U1 —ug,u] —uz)y <0,

since A is “monotone”.
In fact, it turns out that II,, A is “maximal monotone” (see Appendix G.2 for details).
Moreover, given u € V,, v* € II,, A(u) and u* € A(u), where v* = II,,, (u*),

2(u, vy, + Alull¥,, = 2w, w )y + Alulff <
(u, u* +Z\BJ )2+ Ao < K1(1+ |v]?).

Note that, since the family of operators {II,, A} satisfies the same “coercivity” condi-
tion, there exists ng € N (independent of m), such that Vn > ng and all m, each of
the above operators is coercive (in a sense of Definition 10.0.7; review the proof of
Theorem 3.3.1).

Adaptability can be dealt with in a manner identical to that of Theorem 4.3.1. O

6.4 Characterization of solutions.

Review Section 4.4.

6.5 Convergence of the implicit scheme.

Recall that an approximation u™™ to u by a space-time-discretization scheme is given
by
u™(tg) := 0,

m(tl) S Hmuo + 5nHmA(u"(t1))
W (tig1) € U () + 0T A(u” (tig1)) ZH BI(u"(t;)) AW},

u™™(t) == um™(t;) for t € (i, tig1], 0<i<n-—1.

Since, as we have observed, such a scheme has a unique solution for any sufficiently
large n and arbitrary m, there exist ™™ (t;) € A(u™™(t;)), 1 < i < n, such that we
have

™(t) = 0,

m(tl) = ug + 5nHman’m(t1),

ut M (tign) = um(t) + 0Tl (t) + Y My BI (™ (1) AW
j=1
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One can easily verify that the process u'»™ assumes an integral form:

nl(t)
u™™(t) = HpuoX >t} + / I, ™™ (ka(s))ds+
0

T K1 (t) . )
S [ B )
j=1

Lemma 6.5.1. There exist (non-negative) constants Li, Lo, L3, Ly, such that under
Assumptions 4.2.5-4.2.6,

sup Elu™™(s)|* < Ly,
s€[0,T]

T
E/wa@@stm,
0
T
E/rwmmwm&wsm,
0

r T

SB[ I B e (9)) P < Lo

j=1 70
for all large n and arbitrary m.
Proof. To begin with,

u™M(t1) = pug + pIlna’™™ (1),
which means that
[ (1) = 6uTLma™™ (t1) 3. = Mool By,
or, upon expanding,
[ (1) [F = 2(u™"™ (1), W™ ™ (1)) 115, 0 + @™ (1) | 67 = (Mol -
Using parts (ii) and (iii) of Lemma 6.3.1, we get
™™ ()| — Juolfr < 2(u™™ (1), ™ (t1)) v b

Similarly,

™™ (b)) 3 — [ () i < 200 (tig), o (1)) v Ot
T

23 (W (t), B (u () m AW + 1Yy BI (u™ (8) AW | <
j=1 j=1

2(u™" (ti1), @ (Hi1))v 8 +2 Y (W (t), BY (W (8:) m AW+
j=1

| B () AW I,
j=1
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1 <i <n—1. Adding these inequalities up to ¢ = k — 1 and taking expectations, we
obtain, by Ito’s isometry of stochastic integrals and part (iii) of Lemma 6.3.1,

Eu™™ () < Elugl*+

E/O 2™ (ko (s)), 0™ ds+Z]B7 (5)))[2ds],

by Ito’s isometry of stochastic integrals.
To complete the proof, we proceed as in Lemma 4.5.1. O

The above estimates imply that there exists a subsequence, denoted again by u™™
such that
u™™(T) — u™(T) in L*(Q, Fr, H),

u™(ka(+)) = Voo in X,
o™ (13(+)) = o in X,
I, B (k1) — bl in L*(S,H), j=1,...,r
Theorem 6.5.1. Suppose that conditions 4.2.5-4.2.6 hold. Then

(i) For dt x P-almost every (t,w) € [0,T] x Q

voo()_uo—l—/aoo ds—l—Z/ de

Moreover, almost surely,

u (T)—uo+/ Aoo(s ds—i—Z/ EALER

(i) For ally € X,

Fy(an Ao,y boo) S 07
and the function vE is the solution of (4.1.1);
(iii) The sequence u™(T) converges strongly to u™(T) in L*(Q), Fr, H).

Proof. (i) Precisely as before, one can show that

voo()—uo+/ozoo ds—i—Z/ dW]

for dt x P-almost every (t,w) € [0,7T] x 2, and

(T)—uo+/ QoS ds—i—Z/ s)dW?,
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almost surely.
(ii) An H-valued continuous modification vZ of v, satisfies

Elog(T)? = Eluo|*+

T o
E/ 2(0so(t), e (1)) + 3 |1 (1) 2. (6.5.1)
0 o

Furthermore, as we have noted previously, almost surely, v (T") = u>(T).
Let y € X and y* € W(y) be arbitrary. Set

Fpm =
T
= E/ [2{u™™ (r2(2)) = y(t), "™ (r2(t)) — y* (1)) +
0

3 M0 12 (6) = B (0) Pt =
2E/ nm /{,2 (Iig( ))>dt—|—2E/ (t))dt_
2E/ nm /432 dt_QE'/ (t)))dt—i—
i Z‘H B (malt))) Pt = 28 / Z<HmBj<u"’m<m<t>>>,Bj<y<t>>>dt+
0 =1

E/ Zm B (y(t))|dt. (6.5.2)

By Lemma 4.5.1,
Blu™™(T)[? = Eluo|* <

T T T , ,
2B /0 (WP (1)), 0" (1))t + E /0 ;\HmB (™ (o (1)) .

Substituting this inequality into equation (6.5.2) and using the fact that £, < 0 (by
part (iii) of Lemma 6.3.1 and “monotonicity” condition 4.2.1), we get

0> F"™ > Elu™™(T)> — Elug|*+

2E/ ))dt — 2Ly — 2Ly — 2L3+

E/ Zm B (y(t))|%dt, (6.5.3)

where

T
L=E /0 (W (a(1)), y* (D),
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As, n,m — o0,

and

Moreover, by part (iii) of Lemma 6.3.1,

r T
EZ/ 1L, B? (y(t zdtaEZ/ | B7 (y(t))|2dt.
j=170

Precisely as before, we have
Eliminf |[u™™(T)|* = d 4+ E[u™(T)|> = d + E|vZ (1), d > 0.

Finally, letting n, m — oo in equation (6.5.3) and utilizing identity (6.5.1), we obtain

T
0> d+ B (T)]? - Elugl® — 2B / (vme (1), y* (1)) dt—
0
o / ), aoo(£))dt + 2 / (1) di+

J 2 _ J _
E/O Z|B dt 2E/ bJ BI(y(8)))dt =

d—}—Fy(uo,aoo,boo).

To draw the desired conclusion, we use Theorem 4.4.2.
(iii) Can be dealt with in a manner wholly analogous to that of Theorem 4.5.1.
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Chapter 7

Inclusions with time-dependent
maximal monotone operators.

7.1 Introduction.

In this section we study approximations to an inclusion
t Tt ,
u(t) € up +/ As(u(s))ds + Z/ B (u(s))dW(s), (7.1.1)
0 ~ 0
7j=1

where A is defined on [0,7] x 2 x V', with values in V*, and B is defined on V, with
values in H". In other words, in contrast to the cases we have considered thus far, the
operator A is assumed to depend on t and w explicitly.

7.2 Assumptions and description of results.

Let (€2, F, P) be a complete probability space with a filtration {F: },¢(0 1), satisfying the
usual conditions of right continuity and completeness. Fix arbitrary (¢,w) € [0,77] x €.
Let A\, K7 > 0 and K3 > 0 be given constants, independent of (¢,w).

Assumption 7.2.1. (“Monotonicity” condition) For anyu,v € V andu* € A, (u),v* €
At,w ('U),

,
2(u — v, u* —v*) + Z | B/ (u) — B (v)]? < 0.
j=1
Assumption 7.2.2. (“Coercivity” condition) For all pairs (v,v*), with v € V and
v* e A y(v),

r
200", 0) + Y [B/ (o) + Alfol® < Ki(1+ [of).
j=1
Assumption 7.2.3. The operator A, : V — 2V is “mazimal monotone”.
Assumption 7.2.4. (“Linear growth” condition) For any v € V and v* € A, (v),
[o*]] < Ka(1 + o).
Assumption 7.2.5. The function ug : 0 — H is Fy-measurable and

E(|Juol?) < +c0.

61



Assumption 7.2.6. B? : (V,B(V)) — (H,B(H)) is measurable, 0 < j < r.

Remark 7.2.1. It follows from Assumptions 7.2.2 and 7.2.4 that there exists a (posi-
tive) constant C, such that

ZIB’ )| <O+ o))

Let S and L?(S,V) be as in Chapter 4.

Definition 7.2.1. An H-valued, F;-adapted continuous stochastic process u € L*(S,V)
is a solution of (7.1.1), if there exists a process a € L*(S,V*), such that, for dt x P
almost all (t,w) € [0,T] x 2,

a(w) € A(t,w,v(t,w)),

and, almost surely,

()—uo+/asds+2/ B (u(s))dW(s),

for every t € [0,T).

Following the same steps as in the proof of Lemma 4.2.1, one can easily demonstrate
the validity of the next result.

Lemma 7.2.1. Inclusion (7.1.1) has, at most, one solution.

We now consider a semi-implicit time-discretization scheme and show that a (unique)
solution of the above scheme converges (in an appropriate sense) to the solution of
(7.1.1).

7.3 Implicit time-discretization scheme.

Let 0 < s <t <T. We define the operator f_l(s’t} :VxQ — 2V as follows. Assume that
to each u € V, there corresponds v’ € L?(S,V*), such that v/(x,w) € A(z,w,u), dz X
P —ae. (z,w) € (s,t] x Q. Then, for all those w € Q, s.t. fOT | (t, w)||?dt < oo,

fst o (x,w)dx

A(s,t] (v, w) ={u" e V*:u® = t—s

Y

and
A5 (u,w) = 0, otherwise.

For notational simplicity, given a partition
0=ty <t <...<tn_1<tn:T,

where, as usual, t; = z , 0 <i < n, we shall write

AN
A(ti,tiﬂ} = i41-

Let w € Q2. We make the following additional assumptions on fl(s’t]:

62



Assumption 7.3.1. The operator fl(sjﬂ is defined on the whole of V, i.e., D([l(&t]) =V
(a.s.).

Assumption 7.3.2. The operator /_1(87,5} is “mazximal monotone” (a.s.).

Remark 7.3.1. (i) It is not difficult to check that if A : V. — 2V is “maximal
monotone”, then, for any 0 < s < t < T, fl(m] = A (a.s.), which shows that
Assumptions 7.3.1 and 7.3.2 are justified. Similarly, one can demonstrate that if
A [0,T] x Q xV — V* is hemicontinuous, then the above assumptions are satis-
fied.

(ii) On the other hand, suppose V.= H = R. We know that there exists C, a subset of
[0, T, which is not Lebesgue-measurable. Define A : R — R by

A(t,u) = u + xe(t).
Then, it is easy to check that R(A(sy) = 0.
This simple observation leads us to conclude that, in general, some kind of “measura-
bility” condition on A is required to ensure that the operator A,y does not have a void
range and satisfies the above assumptions.

Lemma 7.3.1. Almost surely, the operator A(&t] satisfies “linear growth” and “coer-
ciity” conditions.

Proof. (i)(“Linear growth”) Take (u,u*) € A(sy. By definition, 3u’ € L*(S,V*), such

t_
that u* = w, with /(z,w) € A(x,w,u), for de x P — a.e. (z,w) € (s,t] x Q.

Making use of Assumption 7.2.3, we obtain

ot @)de [ ()| da
lall = = < e <
t
Ko(1 + ||ul])dz
S E(1+ Jul) _ KoL+ [ul).

t—s
(ii) (“Coercivity”) Upon noticing that

f;<u’(x), u)dx

* ==
() t—s ’

(this equality holds for step functions; passing to the limit shows that it is true for any
u’) and using Assumption 7.2.5 inside the integral, we arrive at the desired result. [

With the above notation in mind, we make the following definition.

Definition 7.3.1. A (predictable) process u™ is called a solution of a time-discretization
scheme, if u" is defined by

u”(t) = u”(tk), t e (tk7tk+1]; 0<k<n-1,

u™(T) = u"(t,),

where u™(ty) are solutions of a system of inclusions
un(tO) =0,

uf € ug + 6, AT (ul)
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T
ufy € uf + 0p ATy (ufy) + ) B (W) AW,
j=1

0<1<n-—1.

Let us recall the line of reasoning of Theorem 4.3.1: the conclusion that the process u”
is predictable rests on the observation that the operator (I —d,A)~! is demicontinuous,
and, hence, measurable.

To ensure that the same holds true in the present case, we make the following assump-
tion.

Assumption 7.3.3. For all large n € N and every 0 < i@ < n — 1, the operator
(I —8,A") Y is F, @ B(V)-measurable.

Remark 7.3.2. One can check that if Ay : V. — 2V is “mazimal monotone” or
A9 1 [0, T x QxV — V* is hemicontinuous, then both operators satisfy condition 7.5.3.
Furthermore, an argument similar to that advanced in Appendix H.2 can be used to
show that if an operator A has the form A = Ay + As, then Assumption 7.3.8 is, once
more, justified.

The main result of this section is

Theorem 7.3.1. Under Assumptions 7.2.1-7.2.6 and 7.3.1-7.3.8, the time-discretization
scheme has a unique solution for all large n.

Proof. Review the proof of Theorem 4.3.1. O

7.4 Characterization of solutions.

Let X denote L?(S,V). Then, as have seen, the dual X* can be identified with
L2(S,V*). We proceed as before.

Definition 7.4.1. Let U denote the space of triplets (§,a,b), satisfying the following
conditions:

o ¢:Q — H is Fy-measurable and such that E|£]? < oo,
e ag € X*
o WV eL*S,H),1<j<r;

o There exists a process x € X, such that

¢ Tt
xt:§+/asds+2/ bdw?,

for dt x P-almost every (t,w) € [0,T] x €.

Let (§,a,b) € U and y € X. Set
T o _
Fy(€,a,b) = Blug — &> + E/O [2(2(t) = y(t),ar =y (D)) + Y b — B (y(t))[*]t,
j=1

and
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G(&,a,b) = sup{Fy(¢, a,b) : y € X},
where y* € W(y) and the operator W : X — 2X" is given by
W(v) = {v* € X*:v*(t,w) € A(t,w,v(t,w)), dt x P-a.e. (t,w) € [0,T] x Q}.

Assumption 7.4.1. The operator W is “maximal monotone” and D(W) = S (see
Appendiz H.1 for justification and examples).

Following exactly the same steps as in Theorem 4.4.2, one can prove the main result of
this section.

Theorem 7.4.1. e (i) Suppose that conditions 7.2.1-7.2.6, 7.3.1-7.3.3 and 7.4.1
hold and let u be a solution of (7.1.1). Then

inf{G(&, a,b): (& a,b) € U} = G(ug,u”, B(u)) =0, Yu* € W(u).

o (ii) AssymeAconditions 7.2.1-7.2.6, 7.3.1-7.8.2 and 7.4.1. Suppose there exists a
triplet (§,a,b) € U, such that, Vy € X,

Fy(é» &7 l;) S 0

Then f = ug, and
t Tt
ull :u0—|—/ &sd”Z/ bidw?, t e [0,T],
is a solution of (7.1.1).

7.5 Convergence of the implicit scheme.

By Theorem 7.3.1, the time-discretization scheme has a unique solution for all large n,
which means that there exist af = a"(t;) € A and corresponding &'(-) € A(-,ul),
. n ftt:H d?ﬂ(z)d&? .
with oy = =——F5——, 1 <4 < n, such that
un(tO) =0,

ul = ug + dpaf,

.
ufyy = uf 4 0oy + > BI(uf) AW,
Jj=1

0<i<n—1.

One can easily derive the following expression for u” :

Hl(t) T K1 (t) - )
u"(t) = uoX{i>t,) + / o (ka(s))ds + > / B (u"(k1(s)))dW{ =

k1(t) r k1(t) _ . .
wxen + [ ato s+ Y [ B Ga(s)av.
0



Lemma 7.5.1. There exist (positive) constants Ly, Lo, L3, Ly, such that, under As-
sumptions 7.2.1-7.2.6 and 7.3.1-7.3.3,

sup Elu"(s)]* < Ly,
s€[0,7T

T
E / [ (ra(s))|*ds < Lo,
0

E/ d s)||?ds < Ls,

T T .
;E/o | B (u" (k1 (5)))Pds < La,

for all large n.

Proof. See Lemma 4.5.1. O

Therefore there exists a subsequence, denoted again by u', such that

u™(T) — u™(T) in L*(Q, Fr, H),
u"(Ka(-)) = Vo in L2(S, V),

a", ) (1) = aco in L*(S,V*),

6"

Bi(k1(-)) = bl in LA(S,H), j=1,...,7
The next result asserts that the inclusion (7.1.1) has a solution.
Theorem 7.5.1. Suppose that conditions 7.2.1-7.2.6, 7.3.1-7.3.3 and 7.4.1 hold. Then
(i) For dt x P-almost every (t,w) € [0,T] x Q,

voo()—uo—l—/aoo ds—l—Z/ s)dW?,

and, almost surely,

u (T)—uo+/ oo (S ds+2/ s)dWY;

(i) For everyy € X,

Fy(UO, U0, boo) < 07

and the function vfl is a solution of (7.1.1);
(iii) The sequence u™(T) converges strongly to u™(T) in L*(Q0, Fr, H).

Proof. The above statements can be verified in a manner completely analogous to that
of Theorem 4.5.1. O
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Chapter 8

Square-integrable martingales.

8.1 Assumptions.

Let (€2, F, P) be a complete probability space, with a filtration {F:}.c(o,1), satisfying
the usual conditions of right continuity and completeness.

We are given M(t), a locally square-integrable martingale, taking values in a real
separable Hilbert space F, with a continuous bracket process (M), and U(t), an
adapted non-decreasing real-valued continuous process, starting from zero, that sat-
isfies dU (t) > d(M); and U(T) < M (Yw € Q), for some positive constant M.

One can show that there exists a predictable process @ = (Q(t)):>0, taking values
in L?(E, E), the space of Hilbert-Schmidt operators on FE, such that for any fixed
orthonormal basis (e;)72; in £, almost surely,

ar = [ Qi)
(0,¢]
for all t € Ry and integers i,j > 1, where M* = (M,e;)g, QY(t) = (Q(t)ei,ej)E.
Moreover, almost surely, Q(t) is a non-negative self-adjoint nuclear operator for all
t > 0 (see [8] and references therein).
Hence there is a predictable L?(E, E)-valued process Q%, such that, almost surely,
Q%(t) is a non-negative definite self-adjoint operator, satisfying

(Q2)?=Q, t>0.

Let us denote by L?(E, H) the Hilbert space of the Hilbert-Schmidt operators mapping
E into H, and by Lg(FE, H) the set of all operators C', mapping Q%E into H, such that
CcQ: e L*(E, H). We shall denote by |C|¢g the Hilbert-Schmidt norm of CcQ:.

We consider an inclusion problem

ur € ug + /OtA(us)dU(s) + /OtB(us)dM(s), 0<t<T, (8.1.1)

where A (generally, multi-valued) and B are operators, defined on V, such that, for
every v € V, A(v) is a subset of V*, B(v) € Lo (E, H), V(t,w) € [0,T] x Q, and the

67



function BQ? : [0,T] x Q x V — L%(E, H) is O x B(V') measurable.!
Fix (t,w) € [0,T] x ©Q and let K > 0 be a given constant. Then A and B are assumed
to satisfy the following requirements:

Assumption 8.1.1. (“Monotonicity” condition) For any u,v € V and u* € A(u),v* €
A(v),
2(u—v,u* —v*) + |B(u) — B(v)|§ < 2K |u—v|*.

Assumption 8.1.2. The operator Ax = A — K1 is “mazimal monotone”.

Assumption 8.1.3. (“Coercivity” condition) There exists a constant A\ > 0, such that
200", 0) + [B)|g + Allvl® < K(1+ [of),
for all pairs (v,v*), with v € V and v* € A(v).

Assumption 8.1.4. (“Linear Growth” condition) There is a constant Ko > 0, such
that, for all pairs (v,v*), with v € V and v* € A(v), we have

[o¥] < K21 + [[of]).

Assumption 8.1.5. ug is an H-valued Fo-measurable random variable, with E|ug|% <
00.

Remark 8.1.1. Using Assumptions 8.1.83 and 8.1.4, one can easily check that
1B(v)[g < C(L+|lvl®),
for some constant C' > 0.

Remark 8.1.2. Although we have assumed, for simplicity of exposition, that the oper-
ator A does not depend on time, our results can be extended to a time-dependent case
(see Chapter 7).

Set S = ([0,T] x Q,0,dU(t) x P), where O is the completion of O with respect to the
measure dU(t) x P. Given a Banach space X, let L?(S, X) denote the (Banach) space
of X-valued, well-measurable processes {z; : t € [0,T]}, with the norm

T
1
nauagx>=<514 |l xdU(£)F < oo.

Definition 8.1.1. An H-valued, Fi-adapted continuous process v = (Ut)te[o,T] 18 a
solution of (8.1.1), if v € L%(S,V), there exists a process a € L*(S,V*), such that, for
dU(t) x P-a.e. (t,w) € [0,T] x Q,

at(w) € A(v(t,w)),

and, almost surely,

w=w+AEJW@¢[B@MM®,

for all t € [0,T7].

1O denotes the o-algebra of the well-measurable sets, i.e., O is generated by the sets [s,t) x A, where
0<s<t<T,AcF,.
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Our main result is

Theorem 8.1.1. Under Assumptions 8.1.1-8.1.5, inclusion (8.1.1) has a unique solu-
tion u.

Let us deal with the question of uniqueness first.
Lemma 8.1.1. Inclusion (8.1.1) has, at most, one solution.

Proof. Suppose u! and u? are solutions of (8.1.1). Then, by definition, there exist a?,
a?, such that

t t
u,}:u0+/ a;dU(s)+/ B(ul)dM (s),
0 0
and

t t
u,?:u0+/ aidU(s)Jr/ B(u?)dM{s).
0 0

Set h(t) = exp{—2KU (t)}|u; — u?|?. Then, by It6’s formula from [7],

t
0<h(t) < / exp{—2KU (s)}I(s)dU(s) + N(t),
0
where
I(s) = 2(ul —u2,al —a?) + [B(ul) — B(u?)|3 - Klul — u?]?

is non-positive (Assumption 8.1.1) and N(¢) is a continuous local martingale, starting
at zero. It follows that, almost surely, N (t) = 0, for every t € [0, 7], and the result now
follows at once. O

In order to see that (8.1.1) has a solution, we investigate time-discretized approxima-
tions to the original problem, which are discussed in the next section.

8.2 Examples.

(1)(Poisson process) Suppose 7, is a Poisson process with parameter A > 0. Recall that
Definition 8.2.1. An adapted counting process 7 is a Poisson process if
e (i) For any 0 < s <t < oo, m — 7y is independent of Fs.

o (ii) Forany 0 < s <t <ooand 0 < u < v < oo, witht —s = v —u, the
distribution of my — ms is the same as that of m, — my.

e (iit) The random variable 7y has the Poisson distribution with parameter \t, t €
RT.

Lemma 8.2.1. Let my be a Poisson process with parameter X > 0. Then w — At and
(my — At)? — Xt are martingales.

Proof. (i) Since the process m — At has zero mean and independent increments, we have
E(m — At — (w5 — As)|Fs) = E(m — At — (w5 — As)) = 0.

(ii) Similarly,
E((m — M) = M — ((ms — As)? — \s)|Fs) =
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E(Wg + 2mg(my — ms) + (M — 7Ts)2 — 27 At — 2(my — W) NE+
(M)2 = At — (72 — 27 hs + (As)2 — \s)| Fs) =

(At = 8) 2+ At — 8) + 2T A(t — 8) — 2T A — 2MEA(t — )+
(M) — Xt + 2 As — (As)? + As = 0.

In light of this simple observation, one can write
<7T - A>t = \t.

(2)(Wiener process) An argument similar to the above shows that if W; is a (one-
dimensional) Brownian motion, then W2 — ¢ is a martingale and, thus, (W), = t.
(3)(Levy processes with bounded jumps) More generally, if X; is an arbitrary Levy
process, with bounded jumps (i.e., if sup, |AX;| < C < oo a.s., where C' is a non-
random constant), then there exist constants «, 8 > 0, such that (X — a-); = ft. For
the benefit of the reader we provide a sketch of a proof of this assertion (for details,
see [18]).

We proceed in a sequence of steps.

e (Step 1). Fix A, a Borel set in R bounded away from zero (in other words, the
closure of A does not contain the origin).
For a given Levy process X, define a sequence {T,,} of stopping times recursively
as follows
Ti =inf{t >0: AX; € A},

T =inf{t > TR : AX; € A}

The cadlag paths of X imply that lim7;, = oo a.s., since a finite accumulation
point would contradict the fact that paths have left limits.

e (Step 2). Define N by
N} = Z XA(DX;) = ZX{Tngt}
0<s<t n=1

and note that NtA is a counting process without an explosion. In fact, one can
show that it is a Levy process with parameter v(A) = E(N{) (v(A) < o).
Moreover, the following holds true.

Proposition 8.2.1. The set function A — N{* defines a o-finite measure on
R/{0} for each fived (t,w). The set function v(A) = E(N{) also defines a o-
finite measure on R/{0}.

Definition 8.2.2. The measure v, defined by

v(A) = B(NDY) = E( ) xa(LX,),
0<s<1

1s called the Levy measure corresponding to the Levy process X .

e (Step 3). We have
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Lemma 8.2.2. Suppose A is as above and let f be Borel and finite on A. Then

/f Widr) = 3 F(AX)xa(AX,),

0<s<1

where for notational simplicity we have suppressed w.

As a Corollary to the above result, we obtain

- /A J(2)Ni(da)

is a Levy process in its own right.

(Step 4).

Theorem 8.2.1. Let A be a Borel set bounded away from the origin. Let v be a
Levy measure associated to process X and assume that f is Borel and finite on

A. Then
B( /A f(2)Ny(dz)) = ¢ /A f(@)v(de)

/f Ntd:c—t/f v(dz)) _t/f

(Step 5). We require two more results.

and

Proposition 8.2.2.
X — / xN¢(dx)
A
18 a Levy process.

Proposition 8.2.3. If Ay and Ay are disjoint, then fAl xN(dx) and fA2 xNi(dx)
are independent Levy processes.

(Step 5). Set A = (—o0, —1]|J[1,00). Then, as we have previously remarked,

Jﬁ:/Ath(dx):/lxmet(dx)

is a Levy process. It can be thought of as that component of the jump process
A Xy, which is responsible for “large” jumps. Moreover,

V=X, —Jr=X, —/ N, (dz)
lz|>1
is a Levy process with bounded jumps, since sup |AY;| < 1.

It turns out that the following result holds.

Theorem 8.2.2. Let X be a Levy process with jumps bounded by a > 0. We
know that E(|X|") < oo, for allm € N. Set Z, = X; — E(Xy). Then Z; is a
martingale and Z; = Z§ + Z§, where Z{¢ is a martingale with continuous paths,
Z¢ - a martingale and Z§ and Z¢ are independent Levy processes.
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Proof. (i) To begin with, since Z; has independent increments and mean zero, it
is a martingale (as well as a Levy process).
For a Borel set A (bounded away from the origin) define

M} = /A Ny (dx) —t /A zv(dz).

By the same argument, MtA is a martingale.
Moreover, set

M = /n xN¢(dx) — t/n zv(dx)

and
Wit =M+ .. 4+ M.
Then
EWP) = E(M}) + ...+ E(M])
and

Var(W) = E(W"?) = Var(M}) + ...+ Var(M}"),

by Proposition 8.2.3.
One can show that W}* and Z; — W} are independent, which means that, for any
n?

Var(Wy) <Var(W*) + Var(Z; — W) = Var(Z;) < oo.

We conclude that W} is L?-Cauchy and, thus, convergent to a process VA
Moreover,

Var(Z3) = E(Z3)?) = lim E(W)?) = lim Var(W) =

lim(Var(M}) + ...+ Var(M]")) = i Var(ME) =
k

o
Zt/ 2*v(dr) = t/ 2?v(dx),

A== || <1
where the last equality follows by monotone convergence.

(ii) The process Z{ is a martingale. Indeed,
a) Z@ is adapted. This follows from the fact that W;* (adapted) converges in L?
and, therefore, in probability, which means that the sequence in question contains
an a.e.-convergent subsequence.
b) E|Z@| < co. Note that the p-norm (p > 1) is non-decreasing and that Z¢ is
square-integrable for each ¢ by construction.

c¢) Recall that conditional expectation is LP-norm preserving (p > 1), i.e.,
X —-Y = E(X|B) — E(Y|B).

So, for 0 < s < t,
E(WPF,) — E(Z4|Fs).
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On the other hand,
E(W[|Fs) =W — Z,

Due to the fact that W} is martingale.
Therefore, keeping in mind that the L? limit is unique,

E(Z{|F) = Z{.

iii) Let us show that (Z4), =t z2v(dx). We have
Jz|<1

B((2%)? —t/ 220(dz)| F) =

lz|<1

B((Z0)+228(Z8— 20+ (20— 292 —s /| .
x|<

x21/(da:)—(t—s)/ 2?v(dx)| Fy) =

lz|<1

hH2 _ g 2?v(dx d_zH2) _(t—s 2?v(dz) =
() /| (dx) + E((Z — Z8)2) — (t - ) / (dz)

lz|<1
(24)? —s/l 1x2y(dx),
z|<

due to independent increments and (Step 4 ).
(iv) One can also check that Z§ (which is an L?-limit of Z; — W}*) is a martingale
with continuous paths and that Z¢ and Z{ are independent (the latter property
is a consequence of W}* and Z; — W}* being independent).
Z§ has continuous bracket process due to continuity of its paths, whereas th - by
(iii). Furthermore,

(Z¢+ 2% = (Z°) + (2%

Indeed, let {T},} be an increasing sequence of stopping times, with
lim7, = oo a.s. ,

such that the stopped process (Zlf/\Tn)2 — (Z%¢ar, is a martingale for each n.
Then

E((Zing, + Zing,)* = (Zint, — (2 ia, | Fe) =
(Zinr,)? = (Z) st + (Zing, ) —
<Zd>s/\Tn + 2E(Ztc/\Tnszl/\Tn‘-7:8)

and
QE(ZE/\T,LZ?/\T,L’IS) =

E(Zgnr, Zg/\Tn + Z;:/\Tn(Zfl/\Tn - st/\Tn) + st/\Tn(Ztc/\Tn — Zgnr, )+

d d d
( f/\Tn - g/\Tn)(Zt/\Tn - Zs/\Tn)|]:S) = g/\TnZs/\Tnv

using independence and the fact that Z¢ and Z¢ are martingales.
So, finally,

E((Ziur, + Zing,)* = (Z°)ent, — (Z)inm, | Fs) =

(Zeng, + 2280 )2 = (Z) snt, — (ZYsnr, -
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(4) Suppose, besides inclusion (8.1.1), we want to consider an inclusion of the form

t
ut€u0+/A(ust —l—/Bus )d M

/ /Cus, (ds, dz), (8.2.1)

where ¢ is a stochastic martingale measure, which we now proceed to define (consult
6)).

Let (Z,)]) be a measurable space and let {Z,}°°; be an increasing sequence from
>, such that Z = |JZ, and let } = {T' € E ' c >,}. We assume that )
is countably generated. For each n and every I' € > . let ¢(I') = (¢(¢,I'))¢>0 be a
martingale belonging to M2 (R) and let V be an increasing predictable cadlag (real-
valued) process starting from zero.

Definition 8.2.3. We say that q(dt,dz) is a stochastic martingale measure, if q(t,T")
has the following properties:

o (i) For every (t,w) € Ry x §, there exists a measure on (Z,» ) - denoted by p;
- such that py is finite on )y, , the processes (p:(I'))i>0 are predictable, for every
e, and

¢
(@) =T(e.T) = [ pu(T)avi < oo,
0
for every (t,w,I') e Ry x Q x > (for each n).
e (ii) For everyI'1,T'y € > (for each n),

(a(T'), q(T2)); = (£, Ty [ T2).

For instance, ¢ can be a Brownian or a Lévy sheet, defined next (the exposition follows
closely that of [17]).

(i) (Brownian sheet) Let (2, F, (F)t>0, P) be a filtered probability space and let H be
a Hilbert space.

Definition 8.2.4. An (F;)-adapted cylindrical Wiener process on H is a linear (in
the second variable) mapping W : [0,00) x H — L?(Q, F, P), satisfying the following
conditions

e (i) For allt >0 and x € H, E|W (t,2)|* = t|z|%,

e (ii) For eachx € H, (W (t,z),t > 0) is a real-valued (F;)-adapted Wiener process.
Assume that W is a cylindrical Wiener process on L?(0), where O := {n = (m1,...,74) :

€ [0,a]}. For any t > 0 and n € O, define

Wt s - 5ma) = W Xom]x...x[0,n4])-

Then W is a Gaussian random field on [0,00) x [0,a]... x [0,a]. Note that it is a real-
valued Wiener process with respect to each parameter ¢,7;,...,7n4, when the others are
fixed. The field W is usually called a Brownian sheet.

(ii) (Lévy sheet) For a possibly unbounded domain O C R?, consider a Poisson random
measure 7w on [0,00) X O x R, with intensity measure dt\(d§)v(do), where A is a non-
negative Radon measure on O. Usually A is the Lebesgue measure 3. Let 7 be defined
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on a probability space (2, F, P), with a filtration (F):>0. We assume that = is adapted
to (Fi), that is, w([0,¢] x ") is (F;)-measurable, for all ¢ > 0 and I" € B(O x R). Finally,
we assume that 7((s,t] x I') is independent of F;, for all 0 < s <t and I' € B(O x R).
We denote by P the o-field of predictable sets in [0,00) x Q. Generally, ¥ may be an
infinite measure, but we will assume that v({0}) = 0 and that

/Ra%(da) < oo.

Let 7 be a compensated Poisson measure. We define, informally (for a formal definition,
see [17]), a measure-valued process Z by

Z(t,d§) = /Ot/RU%(ds,df,dU), t>0.

Given a compactly supported function ¢, written ¢ € C.(O), we define the real-valued
process

2(t,¢) = /O o(6) 2 (1, de).

Then

Proposition 8.2.4. (i) For each ¢ € C.(O), (Z(t,¢),t > 0) is a Lévy process with
respect to (Fy).
(ii) For allt >0 and ¢ € C.(O), E(Z(t,$)) =0 and

E\Z(t, )] =1 /R o2u(do) /O 6(6) PA(dE).

Now let A = I be the Lebesgue measure on O := [0,a]?. For t > 0 and & € O, define

Z(tv {17 B 7§d) = Z(t7 X[O,{l]x...X[O,ﬁd])'

One can show that, with respect to each parameter t,&y, ..., &y, with the others fixed,
the process Z is, up to a multiplicative constant, a Lévy process with the same jump
measure v. This is why Z is called a Lévy sheet.

Following the same steps as in the construction of It0’s integral, one can demonstrate
that that the stochastic integral

wei= [ [ ol atds. o

is defined for every P x Y -measurable function ¢, satisfying the condition

/Ot/Z‘PQ(&Z)H(ds,dz) < o0 (as.) .

Let us now show how I;(¢) may be rewritten as a stochastic integral with respect to
an [o-valued martingale. Let {I';}; be a countable family of elements of ., such that it
generates Y and ¢/(I';) < oo, for each i and every t. For every fixed (s,w), we denote
by L%&w) the Hilbert space of square integrable (with respect to ps(w, dz)) functions on
(Z,>"). Since, for every fixed (s,w), the family of functions {xr,} is total in L%&w),

can obtain, by the Schmidt orthogonalization procedure (in each L%S w)), the functions

we

g5 (2) having the following properties:
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2

e (i) for each fixed (s,w), {5 }n is an orthonormal basis in Lis )

e (ii) for every n, the functions ¢" : Ry x Q2 x Z — R are P X Y _-measurable.

For every n, let

t
m=nt [ ] s ),
0 Z

It is known that A € M7 (R) and it is easy to see that (h"); = n~2V;. Hence it follows
that H; =), h"e, € Mfoc(lg), where {e,} is an orthonormal basis in l5. Let

o = /Z (5, 2)g (2)pald2),

then, for every fixed (s,w), the series ), ¢"g" converges to ¢ (with respect to the
Liw—norm). For every fixed (s,w), let 15 = 1s(w) be a linear operator in [?, defined
by ¥sen, = ng?. Then, for each (s,w), s € Lg(I?,R?), where Q € Li(H,H) is
a non-negative operator, given by QY = 8772, and Lo(H,R?) denotes the set of
all linear (not necessarily bounded) operators C', mapping Q%(H ) into R, such that
CcQ: € Lo(H,R%). Now one can see that

/Ot/ch(s,z)q(ds,dz) = /Ot YsdHs.

Finally, let us note that the inclusion (8.2.1) can reduced to the inclusion (8.1.1) if we
rewrite the stochastic integral with respect to ¢(ds,dz) as a stochastic integral with
respect to an [?-valued ,artingale, and if we consider the Hilbert space H x [? instead
of H and the martingale (M;, H;) instead of M; (see [6]).

8.3 Implicit time-discretization scheme.

Let
O=mp <m'<...<7. =T

be a random partition of the interval [0, 7], where {TZ-”}?;BL !

times, such that

is a sequence of stopping

sup (U(r,) —U(7]")) = 0, n — oo, (8.3.1)
0<i<ky,

uniformly in w.

Example 8.3.1. For instance, one can set

' := min{inf{t > 0: U(t) > lLT}’

=3

7y = min{inf{t > 7" : U(t) = U(7]") > =}, T}, 1 <i < ky,

3

n .
Tk‘n+1 = T,

where kn, = [ Mn] (see Lemma 23.0.2, Appendiz I).
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Let S < S’ be stopping times. By a stochastic interval [[S,S’)) we mean a subset of
[0, 00] x €, satisfying

[15.57) ={(t,w) : [S(w) <t < F'(w))}.

Definition 8.3.1. For n € N, a well-measurable process u"™ is called a solution to a
semi-implicit time-discretization scheme, if u™ is given by

u(t,w) == u(w), (t,w) € [[TisTit1)), 0 <1 <kp,

un(T7w) = uszrl(w):
with functions u}' : 0 — V' defined recursively as follows:
ug =0
u(7]") € ug + AUT Ay (u™(17")),
uity € uil + AU A(uiyy) + B(u ) AMG, 1 <0 < ky,

where

AU =U(7) = U(1]") and AM] = M(7] 1) — M(7}").

K3 (2

Theorem 8.3.1. Under Assumptions 8.1.1-8.1.4, the time-discretization scheme
has a unique solution for all large n.

Proof. Note that, for a fixed 1 < 0 < k,, a typical inclusion problem
uy € ui + AU A(ui'yy) + B(ui ) AM
can be rewritten as
uiy = ui + B(ul')AM], if w e {AU]" =0},

ulyy € (I — AUPA) Hul + Bul)AMP), if w € {AU}" > 0}.

(i) (Existence and uniqueness) In view of condition 8.3.1, it suffices to show that the
operator (I —JA)~! is single-valued, for all small § > 0, which can be done in the same
way as in Theorem 5.3.1.

(ii)(Measurability). Since u™ is cadlag, it is enough to check that the process in question
is adapted (see [11]), where the latter assertion will follow at once, by Lemma 23.0.3,
provided we can demonstrate that u} is Fr,-measurable, 0 < i < k,, . We proceed by
induction.

ug = 0 is, clearly, 77, = Fo-measurable. Assume further that v} is F;,-measurable.
Recall that

uly = (I— AUPA) ™ (uf + Bul)AMY), w € {AUF > 0},

and
uly; =l + BuMAM), we {AU! = 0}.

Note that both sets {AU > 0} and {AU* = 0} belong to F, ,. Besides, uj +
B(uj(w))AM] is F;,  -measurable, by inductive hypothesis. On the other hand, the
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function

(I = AUPA) ™ (uf + B(ui) AM])

is Fr,,,-measurable, as a composition of measurable functions X and f, where X :  —

(0, £] x V* is given by

X(w) = (6(w),v"(w)) = (AU} (w), uj* (w) + B(uj' (w)) AM (w)),
and the function f : (0, ] x V* — V is defined by

F6,07) = (I =0A4)7 (v*) = (I = AUPA) ™ (uf! + B(ul ) AM)

(See Lemma 23.0.4, Remark 23.0.1 and Lemma 23.0.5, all Appendix I).
Finally, pasting together

ui|{avnsoy = (I — AUA) (u + B(uf) AM]")

and
uiq |l (aur=0y = ui + B(ui')AM,

we obtain a function - precisely, u;, |, - which is fTinH—measurable, which completes the
proof. O

8.4 Characterization of solutions.

For simplicity of exposition, we consider a Banach space Y, defined to be L?(S,V),
with an equivalent norm

T
|ully = (E/ exp{fQKU(t)}Hut”dU(t))% < oo, u€cY.
0
Then, using the duality product
T
(U, u)y = E/ exp{—2KU (t)}{u;,u;)dU(t),
0
one can identify the dual space Y* with L?(S,V*), with the corresponding norm
T 1
[u*lly = (E/ exp{—2KU (1) }||u;[|[dU ()2 < oo, u" € Y™
0

Let U denote the space of triplets (£, a,b), satisfying the following conditions:
e {:Q — H is Fop-measurable, with E|¢|? < oo;
e ac L3S, V*);
o bQ2 € L2(S, L3(E, H));
e There exists a V-valued process x € Y, such that
t t
Ty :£—|—/0 asts+/0 bsd M,

for dU(t) x P - almost every (t,w) € [0,T] x .
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Remark 8.4.1. There is an H-valued continuous modification of z, denoted x™, such
that, almost surely,

t t
af =§+/0 asdU (s) +/0 bsdM (s), Yt € [0,T].

For fixed (£,a,b) € U and y € Y, set

Iy<£7 a, b) = E’U’O - €’2+

T
E/ exp{—2KU () H{2(we — ye, (a — KI(2)) — y;) + |be — Bye)[5}dU (1),
0
where y* € W (y) and the operator W : Y — Y™ is defined by
W) ={v* €Y :v*(t,w) € (A— KI)(u(t,w)), dU(t) x P-a.e. (t,w) € [0,T] x Q}.

Theorem 8.4.1. The operator W is “maximal monotone” and D(W) =Y (see Ap-
pendiz C.2).

The next result reveals a connection between solutions of (8.1.1) and the above func-
tional.

Theorem 8.4.2. Assume conditions 8.1.1-8.1.1. Suppose there ezists a triplet (§,a,b) €
U, such that, Vy € Y,
I,(& a,b) <0.

Then & = ug, and
t t
ull = u0+/ asdU (s) —|—/ bsdM(s), t € [0,T],
0 0

is a solution of (8.1.1).

Proof. Suppose the triplet (&, a,b) satisfies assumptions of the theorem. Setting y(-) =
u(+) (which we are justified in doing, since, by Theorem 8.4.1, W is defined on the
whole of V), we get

El¢ —uol* =0

and -
E /0 exp{—2KU ()} b — Bly)BdU (t) = 0,

1 1
which imply that & = wup, almost surely, and b:Q7 = B(y:)Q7, for dU(t) x P-a.e.
(t,w) € [0,T] x Q.
The condition I, (§, a,b) < 0 can now be rewritten as

(u—y,(a—KI(u) —y*)y =

T
E/o exp{—2KU (t) Hur — yt, (ae — K1(ur)) — y7)dU () < 0.

Keeping in mind the definition of a “maximal monotone” operator, we deduce that
a— KI(u) € W(u), or
ay € A(Ut),

for dU(t) x P-almost every (t,w) € [0,T] x Q. O
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8.5 Convergence of the implicit scheme.

Recall that at the heart of the time-discretization scheme lies the following system of

inclusions:
un(Tg ) = 07

u" (') € ug + A1 (u"(r1) AUT,
u"(ri1) € u(7") + Aia (u® (750)) AU + B(u™(7]")) AM"

We have seen previously that such a scheme has a unique solution for all large n, which
means that there exist o™ (7") € A;(u"(7]")), 1 < i < ky, such that the above can be
rewritten as a system of equalities:

u"(ry) =0,
u™(1]") = uo + " (") AUT,
u"(rhq) = u"(1]") + " () AU + B(u" (1)) AM;.

Using induction on time intervals, it is easy to show that u} assumes the following
integral form? :

n

W =g+ [ a0 + [ B n(9)aM ).

where k is such that (t,w) € [[7]!, 7, ;)), and Bi(u"(k1(s))) = BI(u™(k1(s))), t <t <
T, and BY (u"(k1(s))) =0, 0 <t < t].
It turns out that the following result holds.

Lemma 8.5.1. There exist positive constants Ly, Ls, Ly and Ly, such that, under as-
sumptions 8.1.1-8.1.5, we have

sup Elu™(t)]> < Ly, (8.5.1)
t€[0,7]
T
E /0 (ka2 (£)|PAU(8) < Lo, (8.5.2)
T
E /0 la™ (ka(£))[2dU(8) < Ls, (8.5.3)
T o~
B [ 1B (m1 (6)BaU () < L, (8.5.4)
0

for all large n.
Proof. To begin with,
Wy = + ol AU + B(ul) AMY,

which leads to
|U?+1|2 — |u)* = 2(ui'y 1, oy 1) AU+

2(ui’, B(u ) AM]") + [B(ui ) AMP|* — |ogy, AUT.

2/<61(t) = 7; and liz(t) = Tit1 for t € ((Ti,T¢+1)); I€1(TZ') = I‘CQ(T»L’) = T;.

80



Set o = 1 and ¢; = I _((1 — KAU), i = 1,...,kn + 1. Then, clearly, i(s) are
positive (at least, for large n), decreasing in i and Frn-measurable.
Using identity

Yig1Ci11 — ViCi = ¥i(Ciyr — C5) + Cip1 (Vg1 — ¥5)
one can write
Vi |ul g |2 — wiul|? < {2(uly, ol )AUP + | B(u) AM )+

2 (uff, B(ui ) AMP) + Jufyy |* (i1 — i)

Taking expectations and summing up to ¢ = k — 1, we obtain

k1
Edplup?® — Eluol> < B 2¢(uflyy, of ) AU+
=0
k1 k1
EY il B)pAUP + B |ufy P (i1 — i) <
1=1 1=0
k1
EY i{2(ufy, 0fyy) + [B(uly)[DYAU!+
? Ujt1s Xiqq Uitq Q )
=0

k—1
EY " |uf [ (i1 — ).
i=0
Making use of “coercivity” condition 8.1.3, one gets
k—1
Egglu* — Eluol < B il K(1+ [ufy1[*) = Mluf [P} AU+
i=0

k-1
EY a1 — 1),

i=0
or, after simplification,
k-1 k—1
Egplup? + AB Y willui [PAU] < Co+ B [y Pdiga,
i=0 i=0
where
k—1
Cn = Elug|* + B vi KAUY
i=0
and

diy1 = Yiy1 — (1 — KAU).

Taking into account that 1;(s) are bounded above by 1, we conclude that C,, < El|ug|?+
KE(U(T)) < Elug|*> + KM.
Moreover, as is easy to check, d;11 =0 (i =0,...).
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Therefore we have

k—1
Eplup |+ AE Y ¢illuf( [PAU} < Elugl® + K M. (8.5.5)
1=0

Let us take a closer look at v, 41 = Hf;l(l — KAU"), which can be written in expo-

nential form as
kn

V41 = exp{z In(1 — KAU")}.
i=0
Take 0 < € < 1. Since supg<;<j, AU;" tends to zero, uniformly in w, we have KAU* <
e, for all large n and 0 < Zé?ﬁn
Now, using inequalities

T
1+

<In(l+z) <z, z>-1,
or, equivalently,
x
— 1 <1 <
exp{1 —i—x} <1+ <exp{z},

one can write

My <oty <y L =m0 KAUP) < exp( KU (D)),

eXp{l—e —€

Since 1; is non-increasing in i, by construction, the above argument implies
0<C < Yp,+1 <ty 0<0 < ky.

This simple observation, together with inequality (8.5.5), yield estimates (8.5.1) and

(8.5.2).
An application of “linear growth” condition 8.1.4 and Remark 8.1.1 establish estimates
(8.5.3) and (8.5.4). O

Recall that

or

uipr — KAUR I (ufyy) = wif + (aiyy — K1(uig)) AU + B(ui)) AM
Consequently,
(1= KAUP iy P — [l < 21— KAUP)(ulyy, ol ) AUP+
2(uy’, B(uf)AM") + |B(ul) AM .
Multiply both sides by z/JZ-Q, take expectations and sum up to i = k,, to obtain

EYp [ui |* = Elug)* <

o Fon
EY 207(1 - KAUM ufyy, oy — KI(uf ) AUP + E Y 07| B(uf)[GAU] <
1=0 1=1
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n
EY 2071 = KAUM) (uyy, g — KI(ufyy)) AU+
1=0

kn
E Z wz'QJrl‘B(“?H)%AUf- (8.5.6)
i=0
This inequality will be required shortly.

The above estimates imply that there exists a subsequence, denoted again by u", such
that

u™(T) — u>(T) in L*((, Pr, P), H),
W (ks () = voo i Y,
0" (a()) = o in Y7,
B(u™(51()))Q% — bwQ? in L2(S, L*(E, H)).
The existence part of Theorem 8.1.1 is addressed by the next result.

Theorem 8.5.1. (i) For dU(t) x P-almost all (t,w) € [0,T] x Q,

vao(t) = g + /0 oo (5)dU (5) + /0 beo (5)AM (s). (8.5.7)

Moreover, almost surely,

T T
u®(T) = uyg +/ oo (8)dU (s) —i—/ boo(8)dM (s). (8.5.8)
0 0
(ii) For everyy €Y,
Iy (ug, a0, bss) <0, (8.5.9)
and the function v& is a solution of (8.1.1).

(iii) The sequence u™(T) converges strongly to vl (T) in L*((Q, Fr, P), H).

Proof. (i) For afixed N > 1,let ¢ = {¢(t) : t € [0,T]} be a V-valued adapted stochastic
process such that

|p(t,w)|| < N for every t € [0,T] and w € Q.

Since

u™(t) ZUOX{@T{"}JF/OT]C am("éz(S))dU(S)Jr/oTk B(u™(k1(s)))dM (s),

it follows that
5 T . T
/0 (™ (1), (1) dU(t) = E /0 Nt (10, (1) AU (1) +
T 7',;”
E /0 ( /0 o™ (o (5))dUs, B(8)) AU (£)+
T T,?~
E /0 ( /0 Blum (1 (5)))dM (s), 6(8))dU (t) =
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T
E/ (ug, ¢(t))dU (t) + J1 + Jo — R1 + Ry — Rs, (8.5.10)
0

T t
5 —E / ( / o™ (1 (3))dU (3), S(8)) dU (1)

J—E / / $))dM (s), 6(£))dU (2),

Ri—E / (o, 6(£))dU (2)

Ry—E / / o™ (13 (5))dU (s), $(1))dU (2),

where

Ry—E / / (5)))dM (s), 6(£))dU (2).

One can easily check that
| R, | Ra|, [ Rs| — O,

and S
PN / aoe(8)dU (5, S(8))dU (1),

0 0

T t
Jo—E [ ( / boo (8)dM (s), $(£))dU (t).

0 0

Letting m — 400 in equation (8.5.10), we obtain

E/OT(UOO( E/ ug, ¢
E/OT</0taoo(s)d U (t +E/ / 5), $(1))dU (1),

from which it follows that
t t
Voo (t) = ug +/ oo (8)dU () +/ boo(8)dM (s),
0 0

for dU(t) x P-almost every (t,w) € [0,T] x €2, which is (8.5.7).

Repeating the above argument with ¢ € L?(Q2, V), that satisfies E|[1|| < N, for a given
N > 0, we obtain (8.5.8).

(ii) Clearly, vZ(T) = u®(T) (a.s.). Moreover, it can be shown that the process v
satisfies

T
Eexp{—2KU(T)}ol(T)[? = Eluo|? + E /0 exp{ 2K U (1) H2 (0o (1), 4o (1))~

—2K [vso (8)* + [boo (8)[H }U (t). (8.5.11)
Take arbitrary y € Y, y* € W(y) and set

o=
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T
E/O exp{=2KU () H{2(u"(r2(t)) — y(t), (" (r2(t)) — KI(u"(r2(t)))) = y"(t))+
| B(u"(k2(t))) = Bly(t)lg} U (1) =

T
2 [ exp{=2KU (W)} (0" (ralt)) 0" (ea(8) = KT(" (raft) ) U e)+
T
28 [ exp(=2KU O} ote)." (0)dU ()~
T
28 [ exp{=2KU O} (k2(0). 5" () AV (t)-
T
28 [ exp—2KU 0 Hu(0). 0" (52(8) ~ KT (ra(0)))dU 1)+
T
B [ exp{=2KU0}) B (ra(t) U ()~
T 1 1
28 [ exp{—2KUONBO (2(6)QF. Bly() QU0+

T
E /O exp{—2KU (1)} B(y(t))[3dU (t), (8.5.12)

where (-, -) denotes the inner product in L?(S, L*(E, H)).
By (8.5.6),
EyR Jui, [ = Blugl® <

kn
EY 2071 = KAUM)ufyy, afyy — KI(ufyy) AU+
i=0
kn

EY ¢l Buf) oAUy
=0

Substituting the above expression into (8.5.12) and using the fact that I;) < 0 (by
“monotonicity” condition 8.1.1), we get

0>1I">
By} |u™(T)[* — Elug|® + L1 + Lo—
T
Ly — Li— Ly + 2 / exp{—2KU(1)} (y(t), y" (£))dU (£) +
0

T
Eié exp{—2K U, }| B(y(1))[odU (t). (8.5.13)

where

T
Ly = 2E/0 [exp{—2KU (1)} —47 (1=K AUP)[(u" (r2(1)), " (r2(1) =K I (u" (k2 (t))))dU (¢),

T
Lo = B [ [esp{=2KU (0} ~ vl B (ra(0) BT ).
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T
Ly=E / exp{—2KU(£)} (u" (k1)) 4" (£))dU (2),
T
Li=E /0 exp{—2KU (1) }y(t), " (ma(t)) — KI(u"(5a(t))))dU(2),

T 1 1
Ls = E/O exp{—2KU (1) }(B(u" (r2(1)))Q2, B(y(t))Q>)dU(t).

Clearly,
Ll, LQ — 0,
T
Ls - /0 exp{—2KU () Hom (£), 5" (D)dU 2),
T
Ly /0 exp{—2KU (1) Hy(t), ae (t) — K T(0o(£)))dU (1),
and
T 1 1
Ls + E /0 exp{—2KU (1) }boQ¥, By(H)QE)dU (1),

as n — oQ.

One can write
liminf 2 E(|Ju™(T)|?) =

d + E(exp{—2KU(T)}o(T)?), (8.5.14)

where d > 0. Letting n — oo in equation (8.5.13) and using (8.5.11), we obtain

0> d+ B(exp{—2KU(T) ol (T)[?) — Elup|>—
T
2 /0 exp{—2KU (1)} {ome (1), 5 (1)) dU (1) —
T
2 /0 exp{~2KU (1)} (y(1), aso(t) — KI(vmo(1)))dU (1) +
T
2 /0 exp{—2KU (t)} (y(t), y* (1))dU (1) +
T
E /0 exp{—2KU ()} B(y(t))|dU (t)—

T
2E /0 exp{—2KU (1) Hbao Q¥ B(y(1)Q)dU (1) =

d+ Iy (ug, oo, boo ). (8.5.15)

Consequently, I(y) < 0. Taking into consideration that y € Y is arbitrary, it now
suffices to quote Theorem 8.4.2 to arrive at the desired conclusion.
(iii) It follows from (8.5.15) and (8.5.14) that d = 0 and

lim E([u™(T)[*) = B(ju(T)[*),
which, combined with the facts that u™(T) — u™(T) and u™(T) = v (T), a.s., imply

that the sequence u™(T) converges strongly to v (T) in L?((Q, Fr, P), H).
O
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Chapter 9

Appendix A.

Proposition 9.0.1. Convergence principle. Suppose {u,} is a sequence in a (Haus-
dorff) topological space S, which has the following Property:

o cvery subsequence {uy, } of the original sequence contains a subsequence, which
converges to the (same) limit ug.

Then, u, converges to ug.

Proof. Recall that {u,} is said to converge to ug in S if, for any U(ug) - a neighborhood
of ug -, AN, such that Vn > N,
Uy € U(UQ)

Assume the contrary, i.e., 3V (ug), s.t. VN,3In > N, for which
un € V(up).

Therefore we can choose a subsequence {u, )}, which lies entirely outside V'(ug), and,
as a consequence, cannot have a subsequence converging to ug. A contradiction. ]

Taking into account that every subsequence of a convergent sequence u,, in a (Haus-
dorff) topological space has the same limit, we note that convergence and the above
Property are equivalent.

Definition 9.0.1. A topological space (S, o) is called a Cy-space if every element of S
has a countable base of neighborhoods ([12]).

Proposition 9.0.2. Let f : (S,0) — (T,7) be a mapping between topological spaces.
If (S,0) is a Ci-space, then the following statements are equivalent:

(i) f is continuous at up;

(ii) for any {u,}, un — uo,

Definition 9.0.2. A boundary of a subset A of a topological space (S, o), denoted by
A, is defined by

dA={x € S:VU(x),U(x)NA#D and U(x) N A® # 0},

where U(x) denotes a neighborhood of x.
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Definition 9.0.3. A set A, together with its boundary, is called a closure of A, and
denoted by A.

The following result is a triviality.

Lemma 9.0.2. Suppose (S,0) is a Ci-space and let A C S. Then,
€ Aiff {z,} € A, stz — 2.

Definition 9.0.4. Let (X, F) and (Y,G) be measurable spaces. A mapping f : X =Y
is called F/G-measurable, if

fY(B)eF, ¥VBeg.
Let us state without proof two elementary results.
Lemma 9.0.3. 7' ={Aec F: A= f1(B),B € G} is a o-algebra.
Lemma 9.0.4. ' ={B e G: f~1(B) € F} is a o-algebra.
Using Lemmas 9.0.3-9.0.4, one can easily establish the following result.

Proposition 9.0.3. A function f: (X, F) — (Y,0(Q)) is F/o(G)-measurable if, and
only if,

f~YB)eF, VB e,
where, as usual, 0(G) denotes the o-algebra, generated by elements of G.

Definition 9.0.5. Let (S,d) be a metric space. By Borel o-algebra on S, denoted by
B(S), we mean a o-algebra generated by a collection of open subsets of S.

Bearing in mind that a complement of an open set is closed, and that a o-algebra is
“closed” under comlementation, we conclude that Borel o-algebra can, alternatively,
be viewed as the family of subsets of S generated by closed subsets of S. Moreover,

Proposition 9.0.4. If S is separable, then
B(S) = o{open balls in S}.

Proof. Tt suffices to show that an arbitrary open (proper) subset V' of S can be written
as a countable union of open balls. So take any z € V. Since V is open, Je > 0, s.t.

an open ball
B(xz,e) C V.

Set 0(z) = sup{e > 0: B(z,e) C V}. Clearly, §(x) is finite (due to the fact that V is a
proper subset of S). Besides, one can easily verify that

B(z,0(x)) C V.

Let C' = {x1,x2, ...} be a countable dense subset of S, and denote by Cy = {xy,, Zpn,, ...}
its restriction to V.
For an arbitrary x € V| there exists z,, € Cy, such that d(z, z,,) < @. This means

that B(xy,, %x)) C B(z,d(x)). Then we obtain the following sequence of inclusions

88



from which it follows that

k

as required. ]
Likewise,
Lemma 9.0.5. Provided S is separable, B(S) is generated by closed balls.

Lemma 9.0.6. Let X be a separable normed linear space and M its subset. Then M,
equipped with a subspace (norm) topology, is also separable.

Proof. Recall that in a normed linear space (n.l.s.) every point z has a countable base
of neighborhoods:
1
B(z) = {B(x, ﬁ),n € N}.

It is easy to see that
1
B/(.T) - {B/(x7 7)777' € N}u
n

where ! ]
Bx,~)={yeM:||z—y|| <~
(z, ~) =1y lz =yl <},

is a base of neighborhoods for each x € M.

In order to show that M is separable, we need to produce a countable subset D =
{y1,v2, ...} of M, such that each neighborhood of the form B’(z, ) contains an element
of D.

To begin with, suppose D' = {x1, 29, ...} is a dense subset of X. Then
1, .
C = {B(.’I,'Z, E) . ’L,k S N}

is a countable collection of neighborhoods. Although in each particular case, B(z;, %) N
M may be an empty set, not all such intersections are empty. Therefore, if we choose
a single member of M from every non-empty intersection, then we will have obtained
at most a countably infinite subset D of M. To show that D dense in M, take an
arbitrary x € M and n € N. Since D’ is dense in X, Jx; € X, s.t.

1
x; € B(x, %)
By the choice of elements of D, Jy; € M, s.t.
1
yj € B(z, %)
It follows that

[ < |+ | < SR
i —x P —x; T; — T —+ — = —.
Yi = 1Y ! ! 2n  2n n

So,
1
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Proposition 9.0.5. If V*, the dual of a real Banach space V, is separable, then V is
separable as well ([15]).

Proof. Let D = {f € V* : ||f|]| = 1}. Then, by Lemma 9.0.6, D is separable. Let
D' ={fi1, f2,...} be a dense subset of D.
Recall that

IfIl = sup [f(z)].

llzll=1

Therefore, there exists a sequence of elements of V| {z,}, s.t.

|fr(xn)] > = and ||z,|| = 1,Vn € N.

N |

Define M = {ryz1+...+rgzr: r1,...,71 € Q, k € N} and M' = Span{x1,...,Zn,...}.
Clearly, M C M’ and is countable.

The claim is that M’ = V.

If this was not the case, then there would exist z € (M’)¢ and f € D, satisfying

farr =0and f(z) # 0.

Then

< [ fa(@n)l = [fa(@n) = fzn)] < fo = Flllznll = [1fn = fIl, V7 €N,

[N

which is a contradiction, as D’ is dense.
Finally, it is clear that

Therefore,

Let us state an easy, but often useful fact about weak convergence.

Lemma 9.0.7. Suppose V' is a real reflexive Banach space and x, — x in V. Then
|lz|ly < liminf ||x,|v.

Proof. Take arbitrary f € V*. From the definition of weak convergence
(f,z)v = m(f,zn)v,

which implies

[(fsx)v| = lim [(f, zn)v| < liminf || f]

v |lznllv = || fllv- iminf ||z, |y,

and the desired result follows upon recalling that, in a reflexive Banach space V,

*
folly = sup I0V]
veve  [[v*[lys
v*£0

We proceed with a definition.
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Definition 9.0.6. Let U be a metric space and V' a Banach space. A function f: U —
V' is called demicontinuous, if

u, converges (strongly) to u in U

implies
f(un) converges (weakly) to f(u) in 'V,

in other words, if

The main result of this section is

Proposition 9.0.6. Let U be a separable metric space and V - a real separable reflexive
Banach space. Moreover, assume that a function f : U — V is demicontinuous.
Then f is B(U)/B(V)-measurable.

Proof. Since V is separable, one can characterize the Borel o-algebra B(V') as a family
of subsets of V' generated by closed balls (Lemma 9.0.5). Then, by Lemma 9.0.3, in
order to show that f is measurable, it suffices to check that, for any closed ball B(v, )
inV,

f~Y(B(v,r)) € B(U).

We shall do this by demonstrating that f~!(B(v,7)) is a closed subset of U.

Assume the contrary: f~!(B(v,r)) is not closed. In other words, by Lemma 9.0.2,
there exist {u,} € f~1(B(v,r)) and u € (f~1(B(v,r)))¢, such that u, — w.

Since f is demicontinuous, f(u,) — f(u), and f(u,) —v — f(u) — v. Now, by the
choice of uy, {f(un) —v} € B(0,r). Making use of Lemma 9.0.7, one can write

£ () — vlly < liminf | f(un) — o]y <7

It follows that, f(u) —v € B(0,r), and, thus, f(u) € B(v,r). A contradiction. O
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Chapter 10

Appendix B.1.

In this section we collect a few basic results, pertaining to monotone operators.

Theorem 10.0.2. If A:V — V* is a monotone hemicontinuous operator on the real,
reflexive Banach space V', then it is maximal monotone.

Proof. Proposition 32.7 of [22]. O

Theorem 10.0.3. Suppose mappings A:V D D(A) =2V and B:V D D(B) — 2",
defined on the real reflexive Banach space V', are mazimal monotone and let

D(A) NinteriorD(B) # 0.
Then, the sum A+ B:V — 2V is also mazimal monotone.
Proof. Theorem 32.1 of [22]. O
Definition 10.0.7. An operator A:V — 2V is coercive if

inf. *
W%m, as [[ul] = +o00, u € V.
u

Moreover, A is weakly coercive if

inf |u*|| = +o0, as||ul| = 400, ueV.
*€Au
Remark 10.0.1. Note that
(u®s u) < Ju[] - flull.
Therefore,

. *
Infureanlt®s ) 1,

Jull wt e

which means that coercive implies weakly coercive.

Theorem 10.0.4. Let A : V — 2V be mazimal monotone and weakly coercive mapping
on the real reflexive Banach space V. Then,

R(A) = V*.

Proof. Theorem 32.H of [22]. O
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Let 6 > 0 and set Bs = I —JA. We have seen before (Theorem 3.3.1) that under certain
assumptions on the operator A (e.g., “coercivity” condition), the inclusion

(I —0A)(u)>u”

has a unique solution u € V, for every u* € V*. To put it differently, the operator Bé_1
is defined on the whole of V* and is single-valued. Moreover, the following result holds.

Lemma 10.0.8. The operator B(;_1 :V* = Vs demicontinuous for all small §.

Proof. Suppose v, — v* in V*. Our aim is to show that v, = B;'(vi) — v :=
B(s_l(v*). To see this, we check that every subsequence {v,,(;)} has a weakly convergent
subsequence, with the limit v.
Take any subsequence {v;’;(i) .- It is convergent and, therefore, bounded. Recall (see
Theorem 3.3.1) that
O[] + |v]?(2 — 6 K1) — 6K; <
2(0",v) < 2fv7| - ol <
* (|2
V2 4 ol e

for every v € V and v* € (I —0A)(v) = Bs(v).
Grouping identical terms, we obtain
lv* |

(A — &)|Jv]|* + (2 — 0Ky |v|* < +0K;.

Choosing € and ¢ (latter first, then the former) so small, that both (dA—¢) and (2—JK7)
are greater than zero, we observe that the sequence {vn(i)} is also bounded, which means
that it contains a weakly convergent subsequence, for notational simplicity denoted
again by vy,(;), with a limit 0 € V.

For any w € V and w* € Bs(w), we have

<U;(7,) - w*7vn(i) - ’LU> > 0,

since Bs is monotone (as the sum of two monotone operators). So,
(U5 = 0%, Vngay — w) + (0* = w* 0,6 — w) > 0.

As far as the first term is concerned, then

[(ongy = v vngy — W) < Mlogy — ¥l llon — wll <

Mlvg iy —v*[ =0,

as i — +oo (where we have used the boundedness of v,,;)).
Moreover,

i_l}gloo(v* — W, vy ) — w) = (v —w*, 0 —w).
Combining these results, we obtain

Jim () = w, vnge) —w) = (07— w0 —w) 20,

YV w eV and w* € Bs(w).
Keeping in mind that Bj is maximal monotone, we deduce that v € Bs(0), or v =
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& = B;'(v) (due to the fact that B;' is a single-valued operator). Finally, by the
Convergence principle (Proposition 9.0.1, Appendix A),

Up — 0,
as desired. O

Remark 10.0.2. We have seen previously (Proposition 9.0.6, Appendiz A) that “demi-
continuous” implies “measurable”. Hence if f : (2, F) — (V*,B(V*)) is measurable,
then, by the above result, so is

Bé_nl of:(QF)—= (V,B(V)),
as a composition of two measurable mappings.
Lemma 10.0.9. The process u™ is predictable.

Proof. Since the process u”™ is left-continuous with right limits, by construction, it is
enough to check that u is F;,-measurable (i = 0,1,...,n). We proceed by mathemat-
ical induction.

ug is, clearly, Fo-measurable. Assume that u' is F3,-measurable. Then, since

u(tip1) = (I = 8, A) 7 (W"(t:)) = B, (u"(t:)),

and using the above result, we infer that v, ; is F3,,  ,-measurable. 0

i+1
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Chapter 11

Appendix B.2. Local
boundedness of monotone maps.

The aim of this section is to illuminate one fundamental property of monotone maps,
namely, local boundedness.
As before, let V' denote a real reflexive Banach space and V* its dual. To begin with,

Definition 11.0.8. A monotone map A : V 2 D(A) — 2V is said to be locally
bounded at x € D(A), if there are constants M > 0 and r > 0, such that

ly*ll < M, ¥y € D(A) (B, r). y* € Aly),

where B(x,r) ={y eV :|y—z| <r}.
Moreover,

Definition 11.0.9. If C C V is a nonempty set, a point x € C' is an absorbing point
of C, if the set C' — x is absorbing, i.e., V =Jys0 A(C — x).

Let us note in passing that every interior point of C' is, clearly, absorbing.
Our main result is

Proposition 11.0.7. If A : V. 2 D(A) — 2" is monotone and x € D(A) is an
absorbing point of D(A), then A is locally bounded at x ([5]).

Proof. We may assume that z = 0 and 0 € A(0) (i.e., (0,0) € A). Otherwise, we can
consider a map

Ai(y) = Ay + ) — 2%,

evidently, monotone, with D(A;) = D(A) — x, which meets the above requirements.
Therefore what remains to do is demonstrate that the operator A is locally bounded
at 0.

Define a function ¢ : V' — [0, +o0] by

p(u) = sup (" u—y).
yeD(A),llylI<1,y*€A(y)

Then ¢ is convex and lower-semicontinuous.
As far as the first assertion is concerned, given arbitrary (y,y*) € A, |y|| < 1, and
a € (0,1), we have

(" aur + (1 —aJuz —y) = (", 0u + (1 — Jug —ay — (1 —a)y) =
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afy’sur —y) + (1 =) (y",u2 —y) < ap(ur) + (1 = @)p(uz),

and the result follows at once, upon taking the supremum of the LHS.
For the second, assume the contrary. In other words, for some ¢ > 0, ug € V and
Up, — UQ

o(up) < @(ug) — €, for every n € N.

By the definition of ¢,
(Y* un —y) < p(ug) — €, for allnm € N and (y,y") € A.

Since there exists a pair (yo,yg) € A, with |lyo|| < 1, such that

€
<y87u0 - y0> Z QO(UO) - 57

we conclude that Vn € N,

€

(Yo un — Yoy < (yg, uo — Yo) — 2

which contradicts the fact that

lm(yg, un — yo) = (Yo, uo — yo)-
Set C' ={u €V :p(u) <1}. Then C is a convex, closed subset of V| containing the
origin.
i) Take any uj,us € C and a € (0,1). Using the fact that ¢ is convex, we observe that

plaur + (1 — a)ug) < ap(ur) + (1 - a)p(ug) <o+ (1 -a) = 1.

ii) Due to the fact that V is a Cj-space, it suffices to show that u, — uy and u, € C,
n =1,2,..., together imply that ug € C, which is, in fact, an immediate consequence
of the lower-semicontinuity of ¢, since

o(up) < liminf ¢(u,) < 1.
iii) By monotonicity of A and the assumption that (0,0) € A,

(y*,y) = (y* — 0,y — 0) > 0, for any (y,y*) € A.

So
¢(0) =sup(y*,0 —y) <0,

and, since we can always set y = 0, y* = 0, we deduce that
©(0) = 0.

We proceed by showing that C' is an absorbing set. Take u € V. We have assumed
that D(A) is absorbing (z = 0 is an absorbing point!), which means that we can find
A > 0, such that Au € D(A), that is, the set A(Au) is nonempty. Let v* € A(Au). If
(y,y*) € A, by monotonicity of A, we get

<U* _y*v)\u_y> Z Oa
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or
(", du—y) < (0", Au—y).

It follows that

pOW) < sup (0, hu—g) < (0%, ) + o] < +oo.
yeD(A),[ly[|<1

Choose t € (0,1) in such a way that tp(Au) < 1. Due to the fact that ¢ is convex, we
have
e(tAu) = p(tAu + (1 —)0) < tp(Au) + (1 —t)e(0) = tp(Au) < 1.

This proves that C' is absorbing.

Let E = (C)()(—C). Then E is clearly closed, convex and symmetric. Furthermore, it
is an absorbing set and a neighborhood of the origin.

i) Since C' is absorbing, for an arbitrary u € V, there exist A1, A2 > 0, such that

Au € C and Aa(—u) € C ( or, equivalently, Aou € —C.)
Setting A = min{A;, A2} (> 0) and using the fact that ¢ is convex, we note that

A€ C and \u e —C.

Thus FE is an absorbing set.
ii) According to the definition, V' = (Jy.qAE. It turns out that we can replace [y
with the countable union as follows

V:UnE.

To see this, take u € V. By above, § € E, for some A > 0. Choose any n > A. Since
E contains a line segment, with 0 and § as its end points, we deduce that € E.
Therefore V' can be written as a countable union of closed sets, which, by the Baire
Category Theorem, means that for some ug € V, r > 0 and ng € N,

B(ug,r) € noE.

One can check that

ug T
B(=2, —)€E.
no Mo
Since E is symmetric, we also have
ug T
B(-=2,—)ecE
ng nNno

Finally, keeping in mind that F is convex, one has

B(0,—) € E.
o

Using the fact that E is a neighborhood of the origin, one can find § > 0, such that
p(u) <1, Vul| < 26.

This means that
(" u) <1+ (Y, ),
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Vy € D(A), |lyll <1, y* € A(y), |lull <26. Hence, if y € D(A) () B5(0) and y* € A(y),
then

20]|y*l = sup (y*u) <1+ |yl < T+0lly"[],
lull <26

* 1
and so [ly*]| < 5. O
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Chapter 12

Appendix C.1.

In this section we introduce the notion of the duality mapping, and collect all the
relevant (for our discussion) facts about it.
Let V be a real reflexive separable Banach space, and V* its dual.

Definition 12.0.10. The duality map J is a function from V', with values in V*, given

by
J(u) = {u* € V*: (u,u*) = [[ul]®* = |u*||*}, ue V.

Let us note that, Yu € V, J(u) is non-empty, which is a consequence of the Hahn-
Banach Extension Theorem. Moreover, the operator J has the following useful prop-
erties.

Lemma 12.0.10. Suppose V* is strictly convex and reflexive. Then J is single-valued,
mnjective and demicontinuous. Moreover,

(J(up) — J(u),up —u) = 0= u, — u.

Proof. (i)(Single-valued) Suppose, for some u € V, there exist uj and u} (in V*), such
that

(u,uf) = |lull® = [Juj|? i =1,2.
Then
uwl + ud ul + ud
R e L Y [ e P e I P
from which it follows that
ul + ud
Juill = [lus]l = |- 5 2],

or uj = uj (Lemma 13.2.1).
(ii)(Monotone) By the Cauchy-Schwartz inequality,

(J(u) = J(v),u =) = [[ull® + |v]* = (J (w),v) = (J(v),u) >
lull® + l[oll* = 2ljull - [loll = (Jull = [lv]))* > 0.
(iii) (Strictly monotone). Indeed,

u+v, Uu—"v U+ v u—v

(T(w) = T ()0 —v) = 207 () - (T, ) 4200 — (),

) >
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u-+v
2

u—+v

2(full - | :

ID* +2(lloll - | h*=o0

if, and only if,

u—+v
2

It also follows from the above result that J is injective.

(iv)(Demicontinuous) Suppose u, — u. Since

[ull = flvll = | I, or u = v.

(I (un), un) = || = 1| (un) I,

we note that
Un = u = [lupll = (Jull = [[J(un) || = |J(w)]]-

From boundedness of {|lu,||}, we infer that the sequence {||J(uy)||} is also bounded.
Keeping in mind that V* is reflexive, 3{n(i)}, such that J(u,q;) — v*, for some
v* € V*. Now, for any v € V,

(0", v) =l (J (up()), v) < T [Juge)l| - ol = [Jull - o]l
So, ||[v*|| < ||ul|. On the other hand,
(v, u) = Hm(J (i), tnsy) = Hm g1 = [full®.
Therefore, ||[v*|| = ||u||. Finally, since
(" u) = |lul]* = [lv"]1%,

using the definition of the duality map and the fact that the latter is single-valued (by
(1)), we conclude that v* = J(u), which, by Lemma 9.0.1 (Appendix B.1.), implies that
J(up) — J(u), as desired.

(v) Suppose (J(u,) — J(u),u, —u) — 0. Since, as we have seen in (ii),

(J(un) = T (), un = u) > ([Junll = [[ul)* = 0,
|lun|l = ||u]|. Consequently, there exists a subsequence {n()}, such that

Uy = u' and J () = u”.

Note that, for any v* € V*,

(v u) = Hm(o™, wny) < Hm o] - [lune) | = 07 - [l
Hence,
'] < [Jul]. (12.0.1)
Likewise,
[} < [Jul]- (12.0.2)

On the other hand,
(T (un) = J(u) up —u) = [funl® + [Jull* = (T (u), un) = (I (un), u) —

20[ull* + (J(u), u') + (u*, u) =
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Thus
(J(u), ') = Ju]* and (u*,u) = ||ul|>. (12.0.3)

Comparing (12.0.1) and (12.0.2) with (12.0.3), we deduce that
[/l = flull and [Ju*|| = [jul|.

Now, since

(J(u), ') = Jlul® = oI = || T (u)]%,

we get J(u) = J(u'), from which, due to the fact that J is injective, it follows that
u=nu'.

Finally, because the above argument can be repeated with any subsequence of the
original sequence, we conclude that

Up — U.

Let A:V — 2V be a “monotone” map. Then the following holds true.

Theorem 12.0.5. Suppose V is a real reflexive Banach space, such that V and V* are
strictly convex. Then the “monotone” (monotone) map A is “mazximal monotone” if,
and only if,

R(—A+J)=V*" (R(A+J)=V"),

where J denotes the duality mapping.
Proof. Theorem 32.F of [22]. O
It turns out that the condition “V and V* are strictly convex” is not too restrictive.

Proposition 12.0.8. In every reflexive Banach space V', an equivalent norm can be
introduced so that V and V* are locally uniformly convex and thus also strictly convex,
with respect to the new norms on V and V*.

Proof. Proposition 32.23 of [22]. O

Proposition 12.0.9. Suppose V is a real reflexive Banach space, and V and V* are
strictly convex. Let the mapping A : V. — 2V be “mazimal monotone”. Then the
inverse operator

(—A+) VvV
1s single-valued and demicontinuous.

Proof. To begin with, if A is “maximal monotone”, then R(—A + J) = V* (Theorem
12.0.5). This means that the operator (—A + .J)~! is defined on the whole of V*.
(i)(Single-valued) Suppose the operator in question is not single-valued. Then there
exist distinct vy, vy € V and v} € A(v1),v5 € A(v2), such that, for some v* € V*,

v' = —v] + J(v1) = —v5 + J(v2).
Since A is “monotone”, we have

(v3 — v, v —v1) <0,
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which implies
0 < (floall = lloal)* < lJoal|* + [for||* = (T (v1), v2) = (T (v2), 1) =

<J(’U2) — J(’Ul),vg — ’U1> S 0.

Therefore,
[val| = [lv1]] and (J(v1),v2) = [[va] - [Joa]]-

Now
(J(v1),v2) = [[va - [Joa | = [Jval® = [|T(01)]1*.

Hence, J(v1) = J(v1), and, using injectivity of J (part (iii) of Lemma 12.0.10), v1 = v1.
A contradiction.
(ii) (Demicontinuous) Suppose

Uy = =ty 4 J(un), uy, € A(un), = v* = —u* + J(u) in V",

n = —

The operator (—A + J)~! is monotone and, hence, locally bounded at v* (Proposition
11.0.7, Appendix B.2). For us it means that the set {||u/|, ||un||,n = 1,2, ...} is bounded.
It follows that

(vy —v,up —u) = ((—uy, + J(up)) — (—u* + J(u)), un, —u) =

<_(U:L - U*)7un - u> + <J(un) - J(U),Un — U> — 0.

Since both terms are non-negative, we deduce that
(J(un) = J(u), un —u) =0,

which implies, by part (v) of Lemma 12.0.10, that w, — u. O
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Chapter 13

Appendix C.2.

13.1 Introduction.

We are going to demonstrate the validity of a somewhat more general result.

Suppose S = (A, F, u) is a complete finite measure space, V' is a real, reflexive, separable
Banach space and V and V* are strictly convex. Let X = L?(S,V) denote a (Banach)
space of V-valued F/B(V)-measurable functions = {z(s) : s € A}, with the norm

lellx = ( /A le(s)|Pdu)? < oo.

Then the dual space X* can be identified with L?(S,V*), by means of the duality
product

(2% x = /A (x(s), 2*(5)) vl

where z € X and z* € X*.
We define the operator W : X — 2% by

W(v) ={v* € X" :v"(s) € A(v(s)),du — a.e. s € A},

and claim that W is “maximal monotone” and D(W) = X.

We shall proceed in a sequence of stages. First, we verify that if V and V* are strictly
convex, then X and X* are also strictly convex. Next, we show that the operator W+.J’,
where J' denotes the duality mapping from X into X*, is surjective. The latter fact,
coupled with a simple observation that W is monotone, will lead us to conclude, by
Theorem 12.0.5, Appendix C.1., that the operator W is “maximal monotone”. Finally,
we check that W is defined on the whole of X.

The details are as follows.

13.2 Strictly convex.

We begin with a definition of what it means for a normed linear space to be strictly
convex and derive an alternative characterization of the above property, which lands
itself more easily to verification.

Definition 13.2.1. A real B-space V is said to be strictly convex, if for all (distinct)
x,y €V, such that ||z|| = ||ly|]| =1, and any o € (0,1)

laz + (1 —a)y|| < 1. (13.2.1)
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It turns out that
Lemma 13.2.1. A Banach space V' is strictly convex iff it has the following Property:

laz + (1 = a)y| < allz] + (1 = a)llyll, (13.2.2)

for any x,y € V' (not multiples of each other) and Va € (0,1).

Proof. (i) < Note that if x and y (z # +y) are such that ||z]| = |ly|| = 1, then
(13.2.2) yields

lax+ (1 —-a)y]| <a+(1—-a)=1,YVa e (0,1).

The case x = —y follows immediately from the fact that |1 — 2a| < 1.
So, Property implies strictly convex.

(ii) = Suppose V is strictly convex, but (13.2.2) fails for a particular choice of xg, yo €
V' (not multiples of each other) and ap € (0,1) .
Since, by triangle inequality,

laz + (1 = a)yl| < allz] + (1 = )]yl;

we conclude that

llaozo + (1 = co)yoll = aol[zol| + (1 — ao)llwoll- (13.2.3)
Set z = aoﬁgiﬁig:gggﬁz@” (z is well-defined, since the condition “z and y are not

multiples of each other” means that neither is the zero element). Due to (13.2.3),

lz|]| = 1. Moreover, it is easy to check that
Zo Yo
T (1= ) =
[zl %ol
: _ aol|zol| . .. . L. .
with v = aollzoll+(1—co)[yoll (0 <y < 1), which is in contradiction with (13.2.1).

So, strictly convex implies the Property.
O

Remark 13.2.1. Later we shall use the Property in the following context: Suppose
x,y €V are non-zero and such that, for some v € (0, 1),

vz + (L =)yl = vllz|| + (T =yl

Then, by the Property, x and y must be proportional, that is, x = ky, k € R. In fact,
one can assume that k > 0, since, otherwise,

vz + (1 =)yl = || = ~Ikly + (1 —7)yll =

1= (&l + Dyl -yl < X+ (K =Dyl = Azl + @ =Dyl
The result we are aiming for at this stage is
Proposition 13.2.1. If V is strictly convez, then X = L?(S,V) is also strictly convex.

Proof. In order to be able to use the above Property, we take arbitrary z,y € X, not
multiples of each other. This means that

{k e R:z(s) = ky(s), for du-almost all s € A} = 0.

104



Then, by triangle and Holder’s inequalities respectively,

loz + (1 - )yl = / laz(s) + (1 - a)y(s)|du <!

[@lal)l+ 0= a)ly(s)di = a2+

(1= a)?[lyl% +20(1 - ) / ()] - lly(s) e <2

o?llalk + (1= a)?llyl% +2a(1 - a)llz]x - lyllx =
(aflzllx + (1 = a)lyllx)*.

We proceed by showing that either <! or <? (or both) is necessarily strict.

Let us take a closer look at <2.
For fixed (non-zero) u,v € X, define a function f : R — [0, +o0) by

) = /(AHU(S)H = Jlo(s)I)?dp =

Nl + o]k — 22 / la()] - ()l

Since, VA € R, f(A) > 0, it follows that

4(/ lu(s)]| - llo(s)ldp)? — 4flulk - o]k < 0.

Moreover,
4(/ [u(s)] - lo(s)lldp)? = 4llulk - o]%

or

/HU(S)H Nos)lldp = Nlullx - llollx
if, and only if, 3!\, such that f(N\g) = 0. Thus

[o(s)ll = Aollu(s)ll, dp —aa. s €A,

(13.2.4)

in which case \g > 0, since we have assumed v not to be (almost everywhere) zero.
In view of this observation, it becomes apparent that we have two possibilities:

1. z and y are as before, plus there does not exist a constant k£ > 0 (independent of
s), s.t. (13.2.4) is satisfied. In this case <? is, by the above argument, strict and

we are done.

2. x and y are not proportional, but their norms are, i.e.,
[z(s)ll = Elly(s)ll, dp —ae. s €A,

for some k > 0.

(13.2.5)

Let A = {s: |ly(s)|| > 0}. Since y is not (almost everywhere) zero, 1(A) > 0. Moreover,

due to (13.2.5),
|z(s)|] >0, du —a.e. s € A.
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Now,
/ lo(s) + (1 — a)y(s)|2dp = / (allz(s)]| + (1 — a)lly(s)I])2dp,
if, and only if,
laz(s) + (1 — a)y(s)]| = alla ()] + (1 — &) [u(s)]l

for du-a.e. s € A, which means, by the Property, that there exists a non-negative
real-valued function ¢ (see Remark 13.2.1), such that, for such s,

z(s) = c(s)y(s). (13.2.6)
On the other hand, if s € A, ||y(s)|| = 0, by definition of A, and hence, taking (13.2.5)
into account, ||z(s)|| = 0, for du-a.e. s € A°. For such s, one still has an equality similar

to (13.2.6).
To sum up, <! is an equality, equivalently,

/ lacz(s) + (1 = a)y(s)|[*dp = /(an(S)H + (1= a)lly(s)ll)*du,
if, and only if, there exists a function ¢ : A — [0, 00), such that
x(s) = c(s)y(s), du—ae. s € A. (13.2.7)
Comparing (13.2.5) and (13.2.7), we conclude that ¢(s) = k, for almost all s, and hence
x(s) = ky(s), du —a.a. s € A,
which contradicts our initial assumption that = and y are not proportional.
Therefore, X is strictly convex. O
13.3 Maximal monotone.
To begin with, W is non-empty. To see this, take any v € V' and u* € A(u) and set
v(s) :=u and v*(s) := u*,Vs € A.

A similar argument shows that W is defined for all simple functions. Hence, D(W) is
dense in X.
The main result of this section is

Theorem 13.3.1. W is “mazimal monotone”, with D(W) = X.

Proof. [1] (Maximal monotone). Define J' : X — X* by
J'(u(-)) = Jou().

Then J' : X — X* is the duality map.

First, note that J ou : A — V* is single-valued, since J is. Besides, it is measurable:
u is measurable by definition, and J is demicontinuous (Lemma 12.0.10 of Appendix
C.1), and hence also measurable (Proposition 9.0.6, Appendix B.1). Recall that in
the construction of Bochner integral, we require the given V-valued function to be
strongly measurable. However, if V' is separable, then “measurability” and “strong
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measurability” are equivalent notions (Proposition 18.0.2, Appendix F). Finally,

(' (), u)x = / (7 u(s)), u(s))dps =

A

/A la(s) |12 = [Jull%,

and, similarly,

(J' (), u)x = || (W)l

So by Definition 12.0.10, J’ is the duality map, as claimed.
Moreover, W is “monotone”, since

(W —ut v —u)x = //\(v*(s) —u*(s),v(s) —u(s))dp <0,

due to the fact that the integrand is (almost everywhere) non-positive by Assumption
3.2.1.

Crucially, the operator J' — W is surjective. Indeed, take any v* € X* and consider
the following inclusion problem:

v e —W(u)+ J'(u).
We claim that, for each s € A, an inclusion
v*(s) € —A(u(s)) + J(u(s))

has a unique solution. This follows immediately from Proposition 12.0.9 (Appendix
C.1).

Thus we can construct a function u(-) pointwise. What remains to be shown is that it
is an element of X and is a solution of

vt e —W(u)+ J'(u).

Clearly,
uw:=(—A+J) oov*,

is measurable, as a composition of two measurable functions. Moreover,

vi(s) € —A(u(s)) + J(u(s)),
means Jw*(s) € A(u(s)), such that

v*(s) = —w*(s) + J(u(s)).
Making use of condition 3.2.2, we obtain

(0" (5), u(s)) = (—w"(s) + J(u(s)), u(s)) =
—(w(s),u(s)) + {J(u(s)), u(s)) =
K,

A
Slu@)* = = (L [u()*) + [luls) 1,
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On the other hand,
(u(s),v"(s)) < lluls)[| - [l ()| < %IIU(S)H2 + %Ilv*(S)HQ-

Combining these results, we get

1 * 2
Sl ()] +

K oA 1 )
s (24 )
L2 (545l

Hence u € X.
Moreover, w* is in X*. To see this, recall that

v*(s) = —w*(s) + J(u(s)), s € A.

Consequently,
w = J (u) —v*

is measurable as a linear combination of measurable functions. Furthermore,

*112 * 2 _ — v*(s 2
™[I —/Allw (s)ll du—/AHJ(U(S)) (s)l[*dp <

2 /A 17 ()|l + 2 /A o (5)]2dp =
u(s)]? v*(s)|2dp =
2/AH (s)] du+2/AH (5) 2 dp

2|lullk +2[lv* 1% < oo

So, w* € X*.
This completes the proof of the assertion that

R(-W +J) = X*.

Therefore, by Theorem 12.0.5, W is “maximal monotone”.

[2] (D(W) = X). Suppose u € X is arbitrary. There exists a sequence of simple
functions {uy,}, such that u, — u. Let v, € W(uy), n =1,2,.... Then, by Assumption
3.2.3, for each n,

Jonlk- = [ on(o)lPdu <
A
K2 | (14 |lun(s)])?ds = 2K3p(A) + 2K5|Jun||% < oo.
2 A n 2 2 114n il X

The sequence {u,} is convergent and, therefore, bounded; it follows that |lv,|/x+ is
bounded as well. Hence, it contains a (weakly) convergent subsequence, denoted again
by vy, with the limit v € X*. Since W is, in particular, “monotone”, we have

(U —w* up —w)x <0, Yw € W,w* € W(w).
Letting n — oo, we obtain
(v—w'u—w)x <0, Yw e W,w* € W(w),

which means that v € D(W). O
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Chapter 14

Appendix C.3.

To start with, W is non-empty. Indeed, take any u € D(A) =V, u* € A(u) and set
v(t,w) := u and v*(t,w) = u*, V(t,w) € [0,T] x .

Furthermore, suppose v(-) can be written in the form
n

v(t,w) = ZuiXBw
i=1

where u; € V and {B;} is a partition of [0,T] x Q, with every B; - of the form B; =
(si,ti] X A;, for some A; € Fs,. Then, v*(-) € X*, defined by

n
v (t,w) = ZU;‘kXBN
i=1

with u} € A(w;), j =1,...,n., satisfies
V() € W ().

Finally, let us note that functions of the above kind are dense in X. In other words,
D(W) is dense in X.

Now, following the same steps as in the proof of Theorem 13.3.1, one can demonstrate
the validity of

Theorem 14.0.2. Let A : V — 2V be an operator that satisfies Assumptions 4.2.3,
4.2.4 and 4.2.2. Then W is “mazimal monotone” and D(W) = X.
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Chapter 15

Appendix C.4.

Recall that the operator W : Y — 2Y" is defined by
W) ={v* e Y*:v*(t,w) € (A— KI)(v(t,w)), dt x Pae. (t,w) € [0,T] x Q}.

Theorem 15.0.3. Let A : V — 2V" be an operator that satisfies Assumptions 5.2.2,
5.2.8 and 5.2.4. Then W is “mazimal monotone” and D(W) =Y.

Proof. By definition, if A is K-“maximal monotone”, then Ax = A — KT is “maximal
monotone”. Moreover, one can easily check that the operator Ay satisfies “linear
growth” and “coercivity” conditions (that is, Assumptions 5.2.2 and 5.2.4, perhaps,
with different constants). This means that Theorem 14.0.2 is applicable, and we are
justified in concluding that the operator W is “maximal monotone” and D(W) =Y. O
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Chapter 16

Appendix D.

Gronwall’s Lemma 16.0.4. Suppose {a;} ,i =0,...,m, is a sequence of real numbers
that satisfy
k—1
laol < C and |ax| < C+ K ail,
i=0

for some positive C, K and 1 < k < m.
Then
lag] < CA+ K)*, 1<k <m.

Proof. Set g = C and by = C + K Zi':ol b;. We would like to show that
(i) b = C(1+ K)F;
(ii) |ag| < by.

(i) We proceed by induction.
bo=C =C(1+K)°. If

bj=CA+K),0<j<k<m-—1,

then
k k—1
a1 =C+KY bi=C+EK> b+ Kb =
=0 1=0

(14 K)bp = C(1 + K)*1.

(ii) |ap] < C = by. Assume further that
]aj\gbj, Ogjgkgm—l

It follows that
k k

ari| SC+ K lai| <C+ KD by = by,
1=0 i=0

as required. ]
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Chapter 17

Appendix E.

Theorem 17.0.5. Let v = {x(t) : t € [0,T]} be a V*-valued, Fi-adapted stochastic
process of the form

x(t):x0+/o a(s)ds+2/0 b (s)dW(s),

where wo is an H-valued Fo-measurable random variable, a = {a(s)}scpm and b =
{(b"(s)) }sejo,r) are Fi-adapted stochastic processes, with values in V* and in H" respec-
tively, such that

T T )
/0 la(s)||ds < oo, ZZ:/U |b°(s)|7ds < o0 (a.s.).

Assume that there exists a V-valued, Fi-adapted stochastic process v = {v(t) : t €
[0,T]}, such that v(t,w) = xz(t,w), for dt x P almost every (t,w) € [0,T] x Q, and

T T
/0 Jo(s) ds < oo, / lo(s)] - lla(s)lds < oo (a.5.).

Then x is, almost surely, an H-valued, continuous, Fi-adapted stochastic process and

()| = |ao]® +/0 [2(z(s), a(s)) + Z b (s)|)ds+

t . .
23" [ (s, b)),
for all t € [0,T7].
Proof. See [9]. O

Remark 17.0.1. We are justified in using the above theorem for the following reasons:

(i) voo is V-valued, by construction. On the other hand, it is also V*-valued, since

fg Uoo(8)ds is.
(ii) Since as € L2(S,V*), by Holder’s inequality,

T
B / lavsols)llds <
0
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N

<

T T
27.\3 s
wA|ma$ww<EA1d>

1 T 1
T3 [ ()P < o

It follows that, almost surely,

T
/ oo (5)|ds < o.
0
(iii) Recall that b, i =1,...,r, are elements of the space L*(S,H), and so
T .
EZ/ 15 (s)|2ds < oo.
—Jo

Therefore, a.s.,

T
Z/O 15 (s)|2ds < oo,

(iv) Finally, keeping in mind that s € L2(S,V*) and vso(-) € L?(S,V), an applica-
tion of Holder’s inequality yields

T T
AH%@M%ﬂ%AH%@WWﬁw%<me-
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Chapter 18

Appendix F.

Suppose (S, F, u) is a complete measure space and V' a separable Banach space.

Lemma 18.0.1. Let f,g : S — V be functions, such that f = g, almost everywhere.
Then, if f is F-measurable, g is F-measurable as well.

Proof. Suppose N C F is such that u(N) = 0 and f and g agree on N€. Since V
separable, B(V') is generated by open balls B = B(z,r), where z € V and r > 0
(Proposition 9.0.4, Appendix A). By Proposition 9.0.3, in order to see that g is F-
measurable, it suffices to check that if f is strongly measurable, then g~!(B) € F,
which is an immediate consequence of the following simple observation:

{s€ S:g(s) e B} =

[{s € S: f(s) e B} NI Jl{s € S: g(s) € B}[ | N.
O

Definition 18.0.1. A function f : S — V is strongly measurable, if there exists a
sequence { fn} of simple functions, such that, for p-almost every s € S,

F(s) = lim fu(s).

Similarly, f is called weakly measurable if, Vo € V*, o(f) = (o, f) : (S,F) —
(R, B(R)) is measurable.
The following result due to Pettis.

Theorem 18.0.6. A function f : S — V is strongly measurable if, and only if, it is
weakly measurable.

Proof. See [4] for details. O
Using this result, one can easily demonstrate the validity of

Proposition 18.0.1. An almost everywhere limit of a sequence of strongly measurable
functions is strongly measurable.

Proof. Suppose ¢(s) = lim,, 00 fn(s) (a.e.), where each f, is strongly measurable. By
the Theorem of Pettis, (g, f,) is measurable, Vn € N and ¢ € V*. Furthermore, for
u-almost every s € S,

(0, 9(s)) = liminf (e, fn(s)).
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Since the RHS is F-measurable, it follows, by Lemma 18.0.1, that (p,g) is also F-
measurable. Hence, invoking the Theorem of Pettis one last time, g is strongly mea-
surable. O

Moreover,

Proposition 18.0.2. Under the above conditions, the following statements are equiv-
alent:

o f:(S,F)— (V.,B(V)) is measurable;
e f is strongly measurable.

Proof. < Let B(xz,r) = C be an arbitrary open ball. Suppose {C),} is an increasing
sequence of open sets, satisfying

C1CCiCCCCRC...CC, and | JCn=C.

For instance, one can have C,, = B(z,r(1 — %)), n=12 ...
(i) Assume that
f(s) = lim f,(s), Vs €S,

n—oo

where f,, are simple. Then

A=o)=J U £ Cw)) = B.

m=1 n=1 k=n

To begin with, since simple functions are measurable, by definition, B € F.
Suppose s € A, or, equivalently, f(s) € C. There exists m, s.t. f(s) € Cy,. Due to the
fact that C, is open, dng, such that Vn > ng, f, € C,,. It follows that, for such n,

se [ fi'(Cm).

Hence, s € B.
Now, let s € B. Then dm, such that

se [ J() £21(Cm)).

n=1 k=n
This means that there exists ng, s.t., Vn > ny,
s€ fH(Ch), or fu(s) € Cp.
Consequently,

f(s) = lim fu(s) € Cin C C.

n—oo

Therefore s € f~1(C) = A.
(ii) If we have p-almost everywhere convergence, then, using the above notation,

A[N®=B[N°,
where the set NV is such that

u(N) =0 and f(s) = nh_)r{)lo fn(s), s € N€.
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It follows that AAB C N, and, keeping in mind that F is complete, u(AAB) = 0.
Finally, A € F.
=. Let D = {x1,z2,...} be a dense subset of V. Fix n € N. Then

V:UB@&)

Define

_ 1
Ct = f 1(B(171, 7))7
1., 1
cr = 7 Bl N 1 Bl ), i 22
j=1
Then the sets CI', i = 1,2,..., are measurable (since f is assumed to be measurable),

disjoint ( though some maybe empty) and satisfy
Ucr=s
i

Define -
fn(s) = Z Tixop
i=1

and
m
Im = Z TiXCypr-
i=1

Each f, are, at most, countably valued and

f(s) = lim f,(s), Vs € S.

n—oo

Moreover, g, are simple and satisfy

fn(s) = lim g (s), Vs € S.

m—0o0

Therefore f,, are strongly measurable, by definition, which, in turn, implies (Proposition
18.0.1) that f is also strongly measurable. O
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Chapter 19

Appendix G.1. Characterization
of maximal monotone operators.

19.1 Introduction.

Recall that an operator A : V — 2" is called maximal monotone if, and only if,
(" —v*,u—v) >0 (Vv e V0" € Av) = u* € Au.

Despite its seeming simplicity, it may be a challenge to decide, on the basis of the above
definition, whether a given operator is indeed maximal monotone.

In this section we offer an alternative characterization of maximal monotone maps that
is more conducive to testing.

We begin by showing how a monotone operator can be extended.

19.2 Extending monotone maps.

Suppose V is a real reflexive Banach space and D C V an open, bounded and convex
subset. Let an operator A : D — 2V be monotone and bounded, that is,

sup{||u*]| : v* € A(u),u € D} < M < oo.

As before, (x,y) = (y, ) shall denote the duality product of z € V and y € V*.
Set
R(A,z,y) =

sup{—(z* —z,y" —y) + (x,y) : 2" € D,y* € A(z")} =
sup{(z — z*,y") + (z*,y) : ¥ € D,y" € A(z™)}.
the following result is due to N.Krylov ([14]).
Proposition 19.2.1. o (1) R(A,z,y) is a function on V x V*.
e (2) R(A,z,y) > (x,y) on D x V*, R(A,z,y) = (z,y),z € D,y € A(x).
o (3) The set Z(A) = {(z,y) :x € D,R(A,x,y) = (z,y)} is closed and monotone.

e (4) For any x € D the set Z(A,x) = {y : (x,y) € Z(A)} is the closure of the
convex hull of the set of partial (weak) limits of {yn}, where y, € A(xy,), as
Ty — T.
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NB: In the finite-dimensional case this statement can be strengthened as follows:
Z(A,x) is the conver hull of the set of partial limits.

o (5) Givenn>1,a; >0, (z4,y;) € Z(A),i=1,...,n,> a; =1, then

n n n
<Z QT Z oY) < Z i (@i, Yi)-
i=1 i=1 i=1

Proof. (1) Finiteness of R follows from the boundedness of A (on D) and D itself. So
R is well-defined.

Moreover, it is convex. Indeed, take (z1,y1), (x2,y2) € V x V* and arbitrary a € (0, 1).
Then, for any «* € D and y* € Az*,

LHS = (ax1 + (1 — @)z — 2™, y*) + (", a1 + (1 — a)y2) =

(ax1 + (1 — a)rs —az™ — (1 —a)z™,y") + (2%, ayr + (1 — a)ys)
a{z1 —2%,y") + (@ 1) + (1 — a)((z2 — 2%, y7) + (27, 42)) <
@R(Av I, yl) + (1 - OJ)R(A,.CIJQ,:I/Q),

and the result follows by taking the sup of the LHS.

Note that the product space V' x V* can be made into a normed linear space, if we
define the algebraic operations coordinate-wise and define the norm, for instance, by
[z, ) |lvxv+ = ||z]|lv + |ly|]|v+. Moreover, it is not difficult to see that topology induced
by the above-mentioned norm coincides with a product (normxnorm) topology. it is
known that if R is a proper, convex and bounded function, defined on a topological
vector space, then it is continuous.

Since V' x V*, by the above construction, is a C'-space, the continuity properties of R
can be stated in terms of sequences, rather than neighborhoods, the fact that we shall
often use.

(2) For any (z,y) € D x V*, one can set z* = x (Definition of R), which means that
R(A,z,y) 2 (z,y)-

The second claim is a direct consequence of the monotonicity of A.

(5) Keeping in mind that D is convex, we get, by (2),

n n n n
R(A,Y S oiws, Y aiys) > (O cims, Y i)
=1 =1 =1 i=1

On the other hand, using the fact that R is convex, we deduce that

R(A, Z ;T4 Z ay;) < Z o R(A, x,y;) = Z i (T, i)
i1 i—1 i—1 i—1

where the last equality follows from the fact that (z;,vy;) € Z(A), i.e., R(A, x;,y;) =

(3) Take {(xn,yn)} € Z(A), with z,, — = and y,, — y (in respective norm topologies).
Then, by (2) and continuity of R,

R(A,z,y) =lim R(A, x, yn) = im(x,, yn) = (x, 7).

So (z,y) € Z(A) and, hence, Z(A) is closed.

The assertion that Z(A) is monotone follows from (5), with n =2 and a1 = ag = 3.
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(4) Denote the closure of the convex hull in question by P(A, z).
To begin with, Z(A, z) is closed. Indeed,

yn =y and R(A, 2,y,) = (T, yn)

imply
R(A7 x? y) = <':U7 y>'

Furthermore, Z(A,x) is convex. Take y;,y2 € Z(A,x) and o € (0,1). Then, by (2),
(1) and the definition of Z(A, x),

(o091 + (1 —a)y2) < R(A,z,ay; + (1 — a)yz) <
OéR(A,ZL‘,yl) + (1 - OZ)R(A,.%,yQ) = Od(.%', y1> + (1 - Oé)<.%', y2> =
(z,ay1 + (1 — a)y2),
from which it follows that
R(A,z,ay1 + (1 — a)y2) = (z,ay1 + (1 — )ya).

Thus, ay + (1 — a)ys € Z(A, z).

Suppose z,{zp}o2; € D and {y,}°°, are such that =, — = and y, € A(x,). Let
y be a partial (weak) limit of the sequence {y,}. To put it differently, there exists a
subsequence {n(i)}2,, such that x,;y — 2 and y,;) — y. Then, by monotonicity of
A, for any z* € D, y* € A(z*),

—(T" = Ty U = Yn(i) T (i) Yn()) < (Tnli) Yn(i))»
or, passing to the limit,
(@ =z, y" —y) + (z,) < (z,y),
which implies, due to arbitrariness of * and y*,
R(A,z,y) < (2,y),

and, finally, by (2),
R(A, z,y) = (z,y).

Therefore the set of partial (weak) limits is contained in Z(A, z). Furthermore, taking
into consideration that Z(A,x) is both closed and convex, we infer

P(A,x) C Z(A, ).

NB: If the set P'(x) is defined by P’(x) = { partial limits of {y,} : yn € A(zn), 2n —
x}, then in the finite-dimensional setting, P’(z) is closed. To see this, suppose z, — z,
zn € P'(x). Then 3 {x,} and {y,}, such that

Tpn — T,

and )
lzn — ynll < e Yn € A(zp),

which makes it apparent that z is a partial limit in its own right (since y,, — z), and,
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consequently, an element of P’'(x).

Moreover, P'(z) is bounded, due to the fact that A is a bounded operator. Therefore,
P'(z) is compact. Recalling that a convex hull of a compact set is compact, we conclude
that P(A,x) is closed.

We have seen above that P(A,z) C Z(A,z). Suppose there exists y € Z(A,z)/P(A,x).
By the strict separation theorem for Banach spaces (which we are justified in using since
P(A,z) is closed and convex), one can find z¢ € V, such that

sup (z0,2) =a < b= (x0,y). (19.2.1)
z€P(A,x)
We proceed to show that
¢ = limsup(zo, yn) < a, yn € A(zy), zn — . (19.2.2)

From the definition of limsup and the fact that A is bounded on D, it follows that
there are {z,,;)} and {y,; }, satisfying

Tn(i) =7 Ty Tp(i) eD,

Yn(i) = ¥ Un(i) € AlTn())-
Since y' is a partial weak limit, we have y' € P(A, x). Consequently,
¢ = limsup(zo, yn) = lim(zo, yn(s)) = (20,y") < a.
Now, due to the fact that y € Z(A,z), R(A,x,y) = (z,y). Moreover, for any z* € D

and y* € A(x™")
<‘T>’< —$7y* _y> > Oa

otherwise, there would exist 2’ € D and y € A(2’), such that
(@' — 2,y —y) <0,
which would, in turn, imply
R(A,zy) =2 =@’ — 2,9 —y) + (,9) > (z,y) = R(A,z,y).

Let us choose {x,} in such a way that z, — = and x,, — x is in the same direction as
xp. Then, by the above observation,

(0, Yn —y) 20, yn € A(zn).
It follows from (19.2.1) and (19.2.2) that
0 < limsup(xo, yn — y) = limsup(xo, yn) — (z0,y) <a—b <0,

a contradiction. Hence
P(Ax)=Z(A, ).
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19.3 Maximal monotone extension.

We have just demonstrated that if A : D — 2V is monotone and bounded, then Z(A)
is a monotone subset of V' x V*, containing A. On the other hand, by Zorn’s lemma,
A permits a maximal (monotone) extension A. A natural question is how the two are
related, which is addressed by the following

Lemma 19.3.1. Let A : V. — 2Y" be a monotone map. Define Z'(A) : V — 2V
point-wise by “Z'(A,x) is the closure of the convex hull of the set of partial (weak)
limits of {yn} (yn € A(xy)), as x, — x”. Then

Z'(A) = A.
Proof. Clearly, Z'(A) C A (viewed as subsets of V x V*). In particular, for any z € V,
Z(A,x) C A(x).

To verify the reverse inclusion, take arbitrary « € V. Recall that, by Theorem 11.0.7
(Appendix B.2), if x is an absorbing point of D(A) (for instance, an interior point),
then A is locally bounded at x, that is, 3r > 0 and non-negative constant M, such that

sup{||u*|| : v* € A(u),u € B(z,r)} < M. (19.3.1)

Since, in our case, D(A) = V, x is absorbing and, therefore, (19.3.1) holds. If we set
D = B(x,r), then results of the previous section apply, and we deduce that

Z'(A,z) = Z(A, ).

By definition, Z(A, z) consists of all those y’s, for which R(4,z,y) = (z,y). However,
this condition is obviously satisfied when y € A(x):

(x,y> < R(Aax7y) =

sup{—(a?* - x??/* - Z/) + <$,y> SE NS D7y* € A(CC*)} < <$,y>

So,
A(z) C Z(A,z) = Z'(A, ).
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Chapter 20

Appendix G.2.

Suppose the operator A : V. — 2V" is “maximal monotone”, satisfying Assumptions
4.2.1-4.2.6.
For n € N, define II,, : V* = V¥ by

n

I, (u") = Y (u”,es)vef,

i=1
where e}, i =1,2,..., are given by (ef,u)y, = (e;,u)p, u € Vy.
Proposition 20.0.1. For any n € N, II,A : V,, — 2¥2 is “maximal monotone”.

Proof. We have previously seen that the operator II, A is “monotone”.
In order to show that it is, in fact, “maximal”, we have to check, in view of Proposition
19.2.1 (Appendix G.1), that for any u € V,,, a set {II,,A(u)} is a convex hull of (partial)
limit points.
To begin with, we know that Yu € V| {A(u)} is, in particular, convex. Since II,, is
linear, {II,A} is convex as well. Consequently, it suffices to show that the above set
contains all limit points. To this end, suppose {u,,} € V,, and {v},} € V,* are sequences,
satisfying

Uy, —> U E Vi

and
vy, =0T eV v € I A(uy,).

Then Juf, € A(un), m =1,2,..., such that v}, = II,(u},).

m
Since A satisfies the “linear growth” condition and {u,,} is bounded (due to the fact

that it is convergent), we conclude that the sequence {w),} is also bounded. Thus it
contains a weakly convergent subsequence {u:‘n(i)}, ie.,

@) — ut, ut e V*.
Recall that A is “maximal monotone” iff

(u—v,u" —v*) <0 Vo,v* € A(v) = u* € A(u).
Suppose {up,} € V and {u},,} € V* are sequences, such that

U, — U,
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and
up, = u*, ur € Aup,).

Then for any (v, v*), with v* € A(v),
(U, — v, uy, — ™) <0,
by “monotonicity” of A, and, passing to the limit,
(u—v,u* —v*) <0.

Since (v,v*) is arbitrary, it means that u* € A(u).
Finally,

U:n(i) = Hn(ujn(i)) = ZW%(i)v eje; — Z(U*, ej)e; = I (u®).
j=1 j=1

Due to uniqueness of the limit, we note that

v* =10, (u*) € I,,(A(u)).
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Chapter 21

Appendix H.1.

21.1 Maximal Monotone.

Proposition 21.1.1. W is K-maximal monotone.

Proof. Since we have used a similar argument before, a sketch of the proof will suffice.
Recall that A is called K-maximal monotone if and only if A— KT is maximal monotone.
We will show that W', defined by:

W (v) ={v* € Y*:v*(t,w) € (A1 — KI)(v(t,w)), dt x dP -a.e., v € Y}.

W’ is non-empty as well (at least, for step functions). Moreover, one can easily see that
it is also monotone. In order to show that it is, in fact, maximal monotone, we use
a well-known result, which states that a monotone operator A : V — 2V is maximal
monotone iff R(—A + 6J) = V* for all (equivalently, at least, one) § > 0. It means
that demonstrating that W' is maximal monotone is equivalent to establishing that an
inclusion

V() € =W (u(") + 67" (u())

has a solution for any v*(-) in X.
Notice that the above inclusion can be solved point-wise for every (s,w), since A, — K1
is maximal monotone (definition).
Moreover, u is measurable (see Appendix H.2). ]
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Chapter 22

Appendix H.2.

22.1 Introduction.

Suppose the operator A : [0,T] x Q2 x V — V* is such that, for every (t,w) € [0,T] x Q,
A(t,w,u) is “maximal monotone”. Let X = L2(S,V) be as before. Then, X* =
L2(S,V*).

In order to see that the operator W : X — 2% is maximal monotone in its own right,
it suffices to check that, for Vu* € X*, the function u, defined point-wise by

u(t,w) = (Ag + A\J) "Lt (t,w), A >0,

is measurable.

As we have observed before, if A; : V — 2" is (multi-valued) maximal monotone
or Ag : [0,T] x 2 x V. — V* is a (single-valued) hemicontinuous operators, then the
above condition is satisfied. Our aim is to show that if the operator B is of the form
B = Ay + Ay the above statement holds true.

To this end, take arbitrary u* € X* and A > 0. Set A} = A; + A\J and A, = Ay + \J.
Then the function u, given by

u= (A + Ay + 20J) 1wt = (4] + AY)
is a (unique) solution of the inclusion problem
u* € Al (u) + AL (u).

Using the fact that A is maximal monotone (as the sum of two maximal monotone
operators), the above inclusion can, equivalently, be re-written as a variational inequal-
ity:

(u —v,u* — AL(u) —v*) >0, (v,v*) € Al. (22.1.1)

Using Galerkin method, we intend to demonstrate that, given a sequence of finite-
dimensional subspaces of V', corresponding variational inequalities all have unique,
measurable solutions u, and that this sequence of solutions converges weakly to u, the
solution of (22.1.1), i.e.,

Up — U,

(See Theorem 32.A of [22]). This means that, for any u* € V*,

(U™, up(t,w))y — (U™, u(t,w))y,
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and, consequently, that (u*, u(t,w))y is measurable.
Finally, quoting Theorem 18.0.6 (Appendix F) , we conclude that u(¢,w) is indeed
measurable.

22.2 Galerkin approximations.
Let V,, and II,, be as in Chapter 6. We are looking for u € V,,, which solves
(1 — v, 0" — Ap(u) —v) > 0,

where (v,v*) € A} and v € V,.
Recalling the properties of II,,, one can see that the above inequality is equivalent to
the following one:

(u — v, I, (u*) — I, A (u) — I, (v*)) > 0. (22.2.1)

Let us show that the operator A, = Ay + \J is pseudomonotone. Indeed, since J is
demicontinuous, it is hemicontinuous. According to Proposition 27.6 ([22]), “hemicon-
tinuous + monotone” implies pseudomonotone. By the same argument, Ay is also
pseudomonotone. Finally, a sum of two pseudomonotone operators is again pseu-
domonotone (Propotition 27.6 of [22]). Finally, by Theorem 32.A ([22]), inequality
(22.2.1) has a solution.

Moreover, as we have observed before (Proposition 20.0.1, Appendix G.2), the operator
I1,, A; is maximal monotone. Set

Let us check that J, = II,,J : V,, — 2" is the duality mapping.
Lemma 22.2.1. J,, is the duality mapping.

Proof. Recall that J : X — X*, where X is a real, reflexive, strictly convex Banach
space, is the duality map if, and only if,

(u, J(w)x = lullk = [J(w)]%-, Yu e X.

Since J is positive homogeneous and I, linear, it suffices to consider those u € V,, that
satisfy [|ullv, = ||ullvy = 1. So, what we have to demonstrate is that, for such u,

(u, Jnw)v,, = [[Jnully = 1.

To begin with,
(w, Ju(w)v,, = (u, T (u))y;, = (u, J(w))y = [[ullf = 1.

Furthermore,
1= (u,1nJ (w)v, < [InJ(u)v; =

swp (0, J(w)y, = sup (v, J(w)y <
lvllv,, S1,0EVR lvllv,, S1,0EV,
sup (v, J()v < |7 (w) v = 1.
lvllv <1,0eV
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Therefore
([ (w)]

%/Tf = [T J (w)] ‘2/n =1

O

Since II,,J is the duality mapping, it is maximal monotone (Proposition 32.21, [20]). It
follows that the operator II,,A; + AIL,J is also maximal monotone, for it is the sum of
two maximal monotone operators (Theorem 10.0.3, Appendix B.1). Keeping in mind
the definition of a maximal monotone operator, we observe that u, is a solution of
(22.2.1) if, and only if, it is a solution of an inclusion problem

(I, Ay + M1, J) (up) € Ty (u*) — I, A (uy,).

That wu, is a unique solution becomes apparent if we rewrite the above problem as
follows:
(T, Ay + I, AY) + ML, J ) (uy,) € I, (u®).

Since 11,41 + I1,, 4% is monotone and IL,(V*) = V,*, the existence of a solution im-
plies, by Theorem 12.0.5 (Appendix C.1), that II,,A; + I, A} is, in fact, maximal
monotone. Moreover, Proposition 12.0.9 (Appendix C.1) tells us that the operator
(T, Ay + T1,, AY) + AL, J) 71 is single-valued. Finally, one can write

Uy = (M, Ay + NI, J) (T, (u*) — 1, A (ug)). (22.2.2)

Let us summarize what we have shown so far. We have established that, for n € N,
variational inequality (22.2.1), corresponding to V,,, has a unique solution u, € V,,
which has the above form. Moreover, the following holds true.

Proposition 22.2.1. The function u,, : [0,T] x Q — V,, is measurable.

Proof. Note that identity (22.2.2) can be written as
Up =g o h((tvw)aun)a

with
g = (I, Ay + \II,,J)"

and
h((t,w), un) = I, (u*(t,w)) — I, A (uy,).

As we know, ¢ is demicontinous. However, since V,, is finite-dimensional, it is, in fact,
continuous. Similarly, A is continuous in w, (hemicontinuity is equivalent to continuity
in a finite-dimensional setting) and measurable in (¢,w). So

Un = G((t> w)? Un),
where G := goh is measurable in (¢,w), continuous in u,, and has a unique solution for
each pair (t,w).
Taking into consideration B(V") is generated by closed balls, it suffices to show that,
given an arbitrary closed ball B,

Ch ={(t,w) :u—G((t,w),u) = 0,u € B}

is a measurable set.
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Set
Cr = {(tw) + inf Jlu = G((t,w), u)llv = 0}.

Clearly, C; C Cs.
On the other hand,

inf [lu— G((t,w),u)llv =0,
ueB

means that 3{u,,} € B, such that
[ = G((£, @), um)[lv = 0.
Hence, there is a convergent subsequence {u,, }, satisfying
Um,; — Up € B.
Using the fact that G is continuous in u, we, finally, obtain

uo — G((t,w), up) = 0.

To conclude, C1 = Cy. Suppose {v,,} is a dense subset of B.
Set

1
Cs ={(t,w) : Vn € N, 3i, s.t. ||[v; — G((t,w),v)||v < ﬁ}

and
(o) (o] 1
Ci = () JLtw) : loi = G((t,w), vi)llv < 1
n=1i=1
Then, one can show that Cy = C3 = Cy.
Note that since Cy is a measurable set, C'; is also measurable.
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Chapter 23

Appendix I.

Lemma 23.0.2. Let functions 7' : Q@ — [0,T], 0 <i < kp+1 (k, = [Mn]), be defined
as follows:

—_

1" = min{inf{t > 0: U(t) > —},T},

=3

7y = min{inf{t > 7" : U(t) = U(7]") > =}, T}, 1 <i < ky,

3

T]:.Ln+1 = T.
Then {Ti”}f;;rl is a sequence of stopping times, satisfying (8.3.1).

Proof. Recall that o : Q — [0, 00] is a stopping time, provided {o <t} € Fy, Vt > 0.
(i) Clearly, 7¢* and 7;! | are stopping times.
(ii) As far as 77" is concerned, we consider three cases:

e t =0. Then {r{* <0} =0 € Fo, due to continuity of U(t).
e t =T. In this case, {r]' < T} =Q € Fr, since 7] < T.

e 0 <t <T. Due to the fact that U(¢) is adapted,
n 1
{r' <t}={w:U(t) > E} € Fi.
(iii) In general, ignoring two trivial cases, if 0 < t < T, then
(M <ty={w:U{t)> '} e F.
n

Moreover,

1
sup AU < ——0,
0<i<kn n

uniformly in w, as desired. O

Lemma 23.0.3. Ifu} : Q =V, 0<1i<k,+1, is Frn-measurable, then the process
u™ is adapted.

Proof. To start with, the space V is separable, which implies that its Borel o-algebra
B(V) is generated by open balls (Theorem 9.0.4, Appendix A). So, it is enough to check
measurability on such sets.
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(a) If t =T, then up = uy, ., which is Frn L =77 by assumption and the fact that
Teoo1=1.
(b) Fix t < T'. Then, for an arbitrary open ball B C V, we have

kn,
{wiup e B = J{w:uf € B} w: 7 <t <7)).
=0

Let us check that each of the sets on the right belongs to ;. Now
{w:up(w) € B} {w:r'(w) <t <7l (w)} =

{w:uf(w) € B (({w: f'(w) < t}/{w: i (w) < 1)
Using the identity
A(\(B/C) = (A B)/(A[)O),

one can write
{wiup e BY(fw:rP <t <7y} =

{w:uf € By fw:r" <t})/(w:uf € BY [w: 7 < 1}).

Recall that if 7 is a stopping time, then the o-algebra F; is defined by
Fr={AeF: A[{r<t}eF, vt}

A useful observation is that, if S < 7T are stopping times, then Fg C Fr.
Since u;' is Fr,-measurable and by definition F;,, we have

{w:up € B} fw:7 <t} € Fu

Likewise, due to the fact that 7; < 7341, {w : u}'(w) € B} € F;,
argument,

., and, by the same

{w:u}(w) € B} ﬂ{w (T (w) <t} e F
0

We require the following construction. Let (Si,d;) and (S2,d2) be separable metric
spaces. The set S = S; x S1 = {(s1,82) : 51 € S and s2 € S} can be made into a
metric space in a variety of ways. We shall define a metric d on S by

d((ug,v1), (ug,v2)) = max{d; (u, us),ds(vi,v2)}.
It is not difficult to check that
e (1) d is, indeed, a metric and, thus, (S, d) is a metric space.
e (2) (S,d) is separable.

e (3) A sequence (up,v,) — (u,v) in S if, and only if, u, — w in Sy and v, — v in
S.

An immediate consequence of (2) is that a Borel o-algebra B(S) is generated by a
collection of open balls B(z,r) = {y € S : d(y,z) < r}, where x € S and r > 0.
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Moreover, note that
B((s,t),r) ={(u,v) € S:d((u,v),(s,t)) <r}=

{(u,v) € S : max{di(u,s),da(v,t)} <r} =
{(u,v) € S :di(u,s) <rand da(v,t) <r} =
{u € S :di(u,s) <r}x{veSy:da(v,t) <r}=
By (s,r) x Ba(t,r),

where By and Bs denote open balls in S7 and S respectively.
Suppose (€2, F) is a measurable space and let X; — S; and Xy — Sy be functions.
Define X — S by X = (X1, X2). Then

Lemma 23.0.4. X is F/B(S)-measurable if, and only if, X1 is F/B(S1)-measurable
and Xy is F/B(S2)-measurable.

Proof. (i)= Define projection operators m; : S — S;, i = 1,2, by 7;(x1,x2) = x;. Since,
as is easy to verify, m; is continuous (hence, B(S)/B(S;)-measurable), X; = m; o X is
measurable, as a composition of measurable functions.

(ii)<= On the other hand, as we have remarked above, B(SS) is generated by open balls,
so, in order to see that X is F/B(S)-measurable, it is enough to check measurability
on sets of this kind.

Take an open ball B C S. We know that B = By X Be, where B; C 57 and By C Sy
are open balls. Then

{w: X(w) € B} ={w: X1(w) € Bi}[ fw: Xa(w) € By} € F.
]

Remark 23.0.1. Set Qi-‘,—l = {Un(TﬁH) > Un(TZn)} S fTiTl+1. Then (Qi+1’FT?+1 m Qi—i—l)
is a measurable space.
Deﬁne X Qi—f—l — (0,50] and X : Qi+1 — V= by

X1 =U(r) —U(") = AU

and
Xo =i + Bl ) (M(7iy,) — M(7]")).

7

Note that Xy is Frn | /B((0, do])-measurable, and X is Frn  /B(V*)-measurable. There-
fore, by the above lemma, a function X : Qi1 — (0,0] x V*, defined by X = (X1, X2),
is Frn /B((0,60] x V*)-measurable.

Recall that a function f : S — V, where S is a metric space and V is a separable
reflexive Banach space, is called demicontinuous if

Up, = uin S = f(u,) = f(u) in V.

Let us demonstrate that

Lemma 23.0.5. A function f : (0, %] x V* =V, given by f(5,v*) = (I — 6A)~Lv*, is
demicontinuous.

Proof. Suppose (0p,v;) — (9,v*), or, equivalently (see (3) above), §, — ¢ and v, — v*.
It follows that
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e Ju > 0, such that 6, > u, Vn € R;
e The sequence {||v}]} is bounded.

Set u, = (I — 6,4)" % and u = (I — §A) " *v* (recall that, by Theorem 3.3.1, the

operator I — 0 A is single-valued). This means that 3{w}} € V*, with u) € Au,, and
u* € V* u* € Au, such that

vy = Tuy, — Opu,, and v* = Tu — du™.
Now, by “coercivity” condition 8.1.3,
2007 up) = 2|un|* — 26, (v, uy) >

2tn|? + O\ ||tn||? — K6n — Kdp|un|?> > p)||ua||® — 1.
On the other hand,
. o]l 2
vt un) < I 4 lfun 2, Ve > 0.

Choosing € in such a way that pA — e > 0, and combining the above estimates, we

obtain o
vl

€

(A = €)lJunl|* < +1<C,

due to the boundedness of {||v}]}.

It follows that {u,} is also bounded and thus contains a weakly convergent subsequence
{tn()}, such that u,) —a € V.

Take arbitrary w € V and v’ € (I — §A)w. One can find w* € Aw, such that v’ =
Tw — dw*. Moreover, keeping in mind that A is, in particular, “monotone”, we have

(Vi) — W'y tny — W) =
((Ttn(iy = On(iyting)) — Hw — 0w"), up) — w) =
iy — w[* = (e tigpy — Ow*, sy — w) =
U (i) — w|? — Oni) (U iy — W, Un(iy — W) = (i) = O) (W™, Up(iy — w) >

_(571(2) - 5) <w*¢ Un(i) — w>

Letting i — 0o, we obtain
(W —w' a—w)>0.

Since (w,w’) is arbitrary and the operator I — §A is a maximal monotone (Theorem
3.3.1), we deduce that

v* € (I —8A)aor ot = (I —5A) ¥,

from which it follows, due to the fact that (I — §A)~! is single-valued, that @ = u, as
required. ]

132



Bibliography

Bensoussan, A. and Rascanu, A.: Stochastic variational inequalities in infinite
dimensional spaces, Numerical functional amalysis and optimization(1997),
18 (1,2), 19-54.

Chen, X.: Stochastic differential inclusions, PhD Thesis (2006), University of Ed-
inburgh.

Cohn, D.: Measure theory, Boston, Mass.: Birkhauser, 1980.
Diestel, J. and Uhl, J.J.: Vector measures, American Mathematical Society, 1977.

Gasinski, L. and Papageorgiou, N.S.: Nonlinear analysis, Chapman and
Hall/CRC, 2006.

Gyongy, I. and Krylov, N.V.: On stochastic equations with respect to semimartin-
gales 1., Stochastics (1980), Vol.4, 1-21.

Gyongy, I. and Krylov, N.V.: On stochastic equations with respect to semimartin-
gales 2., Stochastics (1982), Vol.6, 153-173.

Gyongy, L.: On stochastic equations with respect to semimartingales 3., Stochas-
tics (1982), Vol.7, 231-254.

Gyongy, I. and Martinez, T.: Solutions of stochastic partial differential equations
as extremals of convex functionals, Acta Math. Hungar. 109 (1-2), 127-145.

Gyongy, I. and Millet, A.: On discretization schemes for stochastic evolution equa-
tions, Potential analysis (2005) 23: 99-134.

Jacod, J. and Shiryaev, A.N.:Limit theorems for stochastic processes, Berlin:
Springer-Verlag, 1987.

Jameson, G.J.O.: Topology and normed spaces, London: Chapman and Hall, 1974.

Kreyszig, E.: Introductory functional analysis with applications, John Wiley and
Sons, 1978.

Krylov, N.V.: Some properties of monotone mappings, Litovsk. Mat. Sb. 22
(1982), no.2, 80-87.

Krylov, N.V. and Rosovskii, B.L.: Stochastic evolution equations, Journal of
Soviet Mathematics 16(1981), 1233-1277.

Pardoux, E.: Stochastic partial differential equations and filtering of diffusion pro-
cesses, Stochastics 3(2) 1979, 127-167.

133



[17] Peszat, S. and Zabczyk, J.:  Stochastic partial differential equations with Levy
noise (2007), Cambridge: Cambridge University Press.

[18] Protter, P.: Stochastic integration and differential equations: a mew approach
(1990), Berlin; London: Springer-Verlag.

[19] Rascanu, A.: Ezistence for a class of stochastic parabolic variational inequalities,
Stochastics (1981), Vol.5, 201-239.

[20] Rascanu, A.: On some stochastic parabolic variational inequalities,Nonlinear
analysis, theory, methods and applications, (1982), Vol.6, No.1, 75-94.

[21] Rascanu, A.: Deterministic and stochastic differential equations in Hilbert spaces
involving multivalued mazximal monotone operators, Panamerical mathematical
journal, 6 (1996), No.3, 83-119.

[22] Zeidler, E.:  Nonlinear functional analysis and its applications. Vol 2/A,B., New
York: Springer-Verlag, 1990.

134



